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Appendix

A Euler Parameters

A.1 Definition and properties

[he Euler parameters are defined as a quaternion and

are represented by a point on

the surface of 4-dimension unit hypersphere S2. The Euler parameters €, namely,

orientation from the standard orientation is expressed by the rotation axis n and

the rotation angle  about the axis as follows [Spr86. Cho92]

e g —€ —ey —ey
b ( €y —C3 ( ep
e ey €3 ey ~—¢ \ e cgE
e e3 —Cy ¢ e
e
where e = ey E denotes a 3 x 3 identity matrix and e* denotes a cross
€3

product matrix of e. Quaternion is a lincar algebra which doesn’t satisfy the

commutative law. Note that the Euler parameters have the following constraints:

=1 (7.3)

Namely, the orientation space is a non-

clidean space S°

The relation between Euler parameters and angular velocity is expressed as:

w = 2¢é€”
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A.2  Numerical differentiation with Euler parameters
We perform numerical differentiation 1
d  de d
e de I€
is as follows

1sing the Gibbs vector and its transformation

The relationship between the Gibbs vo tor and the Euler parameters

¢

Ty
¥ (&} 8
For € = . & s given as € = ey
5] Co
C3
€3
Then
—c g 0 0
% 1 k A
—=— 2 0 ¢ 0 7.5
de €y

B The Yamada’s algorithm of Optimization [Yam93]

B.1 Optimization

Yamada considered the change of satell

te orientation when the manipulator makes
a closed trajectory motion in joint space. When the

closed trajectory of q=a,s

mani tor joints follow a

+b,s5+ ¢, where parameters s1 and s> make a closed
path in their space, the satellite orientation ¢ hange Ae is obtained as

Ae (L‘j D,b, (7.6)

where D, denotes a 6 x 6 tensor whose (i J) element is defined as

g dq;

~1

where f; is defined by the cquation between the satellite ang

ular velocity and joint
velocity as

= "Zfr‘/' (7.8)
Let the criterion Q as

W= u: a, + b‘i b, (7.9)

Adding this criterion Q and the constraint e — €4 and using Lagrange multiplier

A, the augmented criterion J is represented by
J=ala,+b]b,+ A" (Ae - Ae,) (7.10)

which is to be minimized with the variational method.
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The necessary condition of optimal solution is that J has a stationary value at

b,. Then it is expressed as

ar\’
= 2a, +
da,,

}J/j’ aAe\" Al
2, + =
(,mw e ( ab, ) PG

a,.

On the basis of the assumption that the integrand of Eq.(7.7) is constant and

invariant to a, and b,. Eq.(7.11) can be rewritten as

2a,+ Db, = o =5
(7.12)
2by —~Dysa, = 0
where D,y denotes a 6 x 6 matrix whose (i, j) element is
deof .
Dyij L“'."M/\‘ (7.13)
k

and D = g\ is skew-symmetric from Eq.(7.7)

1
b, D, a,. and Eq.(7
9

From Eq.(7.12), we ) yields the nonlincar

simultancous cquations as

D,." DA +20Me, =0 (7.14)
1 )
([, =B \)u“fu (7.15

trix whose (i, k) element is

Dy S 3" D, iintty j 7.16

where D, denotes a 6 x 4 m

Solving Eqs.(7.14) and (7.15), we find solutions a,. b,, A satisfying Eq.(7.11).

C Definition of Chaos

88!

The definition of chaos is rigorously presented by Wiggins [Wig90](pp. 608) as
follows:
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Lemma 1: We consider a C”

(r 2 1) autonomous vector field on R" and

represent it by
& = f(z) 7.1T,
We denote the flow generated by Eq.(7.17)

by o(t.x) (Vt > 0) and assume that
\' C R" is a compact set inva

ant under o(t, ), i.c., ¢(t, \) C A for all ¢ € R.
Then A s said to be chaotic if

(1) Sensitive dependence on initial conditions (sud.iie.)

there exists = > 0 such
that, for any

A\ and any neighborhood U of @, there exist y € U and
t > 0 such that

[6(t. ) — o(t, y)| > =

(2) Topologi

il transitivity : for any two open sets U,V C A, there exist

such that

o(t.U)NV £

Averaging Method

D.1  Theorem for periodic averaging

Theorem 3 (periodic ave raging) Consider the initial value problems

v €f(t,.zy), r(0) ro,

with f: R"" — R" and

7=€f(y), y(0) =z,

with
: Tl i
IE = ,Iun 7/ f(t,y)dt
*0c 0
7,y % €D CR" t€0,00),e€ (0, €]
Suppose

a) f has period T;
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b) f is Lipschitz-continuous in x on D c R", ¢t > 0
R™ x D and with average f°;

, continuous in ¢ and x on

¢ . " 1
¢) y(t) belongs to an interior subset of D on the time-scale
€

then,
1

€

r(t) — y(t) = O(e) as € | 0 on the time-scalc

D.2 Theorem for second-order averaging

Theorem 4 (sccond-order averaging for periodic system)

Consider a periodic-perturbed system as

and an averaged system as

y==f(y) + 2 (y) +29°(y)

where A
. dfr A s
flz.1) = =y (z.,t) — =—F°(=)
Jdx da
'
v (2,1) = / (fr(z,7) = f%(x))dr + a(z)
0
and a(x) is a smooth function of r such that the average of y' becomes 0. Then,

r =y + =y (y(t),t) + O(z?)

as € | 0 on the time-scale ‘










