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Appendix

A Euler Parameters

A.I Definition and properties

The Eukr p,lrametl'rs arl' dl'finl'd as a quatpm/on and arl' ITplTsl'ntl'd by a poim on

thl' surface of .J-din1('nsion unit hypl'rsplwrl' 53. The Euler paran1l'ttTS E, IHlmt'h..

orientation from thl' standard oril'ntation is l'xpn'SSC'd by the rotation axis nand
t 11(' rotation anglt, IJ abont the axis as follo\\"s [Spr8G. Cho02J:

TIl(' abo\·c' l'xprl'ssion is basl'd upon Cjuatl'rnion algc'bra as

(/.1)

i('0] ( ('0
t?) (~t C'I

('2 ('2

('3 ('3

-('I -('2

-c, J('0 -P3 P2 = (('0 e
T

)
('3 ('0 -('I e poE+e x

-('2 ('I Po

(/2)

"b", " = (:: ) E d,"oc" , 3 , 3 ;d"'''''l m,,'d, ~" " d,',m" , "0,"

product matrix of e. Quaternion is a linl'ar algebra \\·hich doesn·t satisfy the

commutatin'lm\". ·ote that the Euler p,mlllll'trrs 11<1\"e the follo\Ying constraints:

i\amely, thl' orientation space is a non-Euclidean space Sa

The relation betwel'n Euler parameters and angular velocity is expressed as:

(/.-1)

1/6
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A.2 Numerical differentiation with Euler parameters

Iii

\Ye perform numl'riral difkrentiation using t1w Gibbs II('rtol'and its transformation
D rtf, D '. ,.
~ = d;D1,' The re!atllJllshlP 1ll'III'l'en tIll' CI!J!;s I'ertor and till' Euler parallll'tl'l's
io as folloll'o:

For E = i;~ ]. f, is giw'n as f, = ~ ( ;~ J
('2 ('0

('3
('3

Thrn

(i.5)

B The Yamada's algorithm of Optimization [Yam93]

B.l Optimization

Yamada considered till' rhange of satellite orientation lI'hen the manipulator makes

a closed trajc'rtory motion in joilll spare. \\'Ill'n the manipulator jointo follOlI' a

closed trajl'rtory of q = a'ls, + b,,82 + C'I lI'here parameters s, and S2 make a closed
path in their spare. thl' satellite oril'ntation rhange ~E is obtained as

whl're D" dc'notes a 6 x 6 tensor lI'hose (i.j) l'irnll'nt is defined as

j, (Df' Df) )D",,} = , -D. - -,;- + f i X f} EriE
f CJ} uq,

(i.6)

(i.i)

lI'here f, is dC'fined by till' equation bl'tll'een the satellite angular "clority and joint
"cloritY,1';

Let the criterion Q as

W = - Lf,q,
i=]

(i.8)

(i.9)

Adding this rriterion Q and the constraint E = Ed and using Lagrange multiplier
A, the a.ugmented criterion J is represented by

(i.10)

lI'hirh is to be minimized l\'ith the nlriationaJ method.
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TIl(' necess,try condition of optimal solution is that 11m, a stationary '"<tlue at

a'l" b". Then it is expressl'd as

( a1)7 (a::"E)T
aa" = 2a'l + aa" ), = 0

( DJ)T (a:::"E)T
ab" = 2b'l + Db; ), = 0

DE - ::"Ed = 0

(1.11)

On the basis of the ,~<;sumption that the integrand of Eq.(I.I) is constant and

illl'ariant to a'l and b'l" Eq.(I.ll) can be re\lTiuen as

2a" + D'I),b'l = 0

2b" - D"),a,, = 0

lI'here D'I), denotes a 6 x G matrix \I'hosl' (i,j) element is

D"),,,) '11 L D".,),.'\,.
k

(1.12)

(1.13)

and D = If'\ is sl.:rw-symmctric from Eq.(I./).
1

From Eq.(1.12). In' hal'(' b'l '2D,,),a'l" and Eq.(I.ll) yields thl' nonlinear

simultanl'ous equations as

(1 + ~D'I/) a" = 0

\I'!H'rl' D"o denotes a Gx -I matrix \I'hose (i. 1.:) clement is

D1/fl,iJ.; I~ L Dq.ijJ...(lq.j

J

(1.1-1)

(1.15)

(1.16)

Soh'ing Eqs.(I.l.J) and (1.15). we find solntions a". b,l'), satisfying Eq.(I.l1).

C Definition of Chaos

The definition of chaos is rigorously presented by Wiggins [\\·ig90](pp. 608) as

follows:
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Lemma 1: \\'l' consic!er " C" (I' 2: 1) autonomous H'ctor fidd on R" and
represent it by

x = f(x) (i.li)

\\'l' dcnotl' the HOII' gc'!wratl'd by Eq,(7.17) by o(l.x) (VI> 0) and assulllc that

,\ c R" is" com pan set im'ariant under o(l,x). i.(' .. 0(1,,\) c ,\ for all t E R.
Tlwn ,\ is said to be chaotic if

(1) Sl'nSiliH' dC'!JI'ndl'!lc'C' on initial conditions (s.d.i.c.) : there exists 0 > 0 such

that. for an" x E .\ and an." lll'ighborhood [: of x. there ('xist y E C and
t > 0 such that

10(1. x) - 0(1, y)! > 0

(2) Topological transiti"ity : for any ('YO open sets C. \' C ,\. thl'l'(' exists I E R
such that

o(l.U) n \' if/J

o

D Averaging Method

D.l Theorem for periodic averaging

Theorem 3 (periodic an'raging) Consider t he initial "'rlul' problems

,i' = c/(t,.r). .1'(0) = ,1'0,

with / : R,,+l ...... R" and

.Ii = cf"(y). y(O) = ,1'0

'''ith
1 foTf"(y) = lim - /(1, y)dl

T-oo T 0

:r,y"ro E D C R",t E [O,OC),c E (0. co]

Suppose

a) / has period T:
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b) f i5 Lipschitz-contilJuou5 in .r on D C R". 1 :::: O. continuOU5 in 1 and l' on

R+ x D and \\'ith average f";

c) .11(1) bdong5 to ,Ul interior 5ub5et of D on the time-5calc ~:
f

then.

.r(1) - .11(1) = O(!) <1<; flO on the time-scale ~ .
f

o

D.2 Theorem for second-order averaging

Theorem 4 (second-order awraging for periodic sy5tem)

Consider a periodic-perturbed 5ystem as

and an ayeraged system as

where

j'l( ) oIr I( ) 0.11
1

j'O( ).E.I = ax.IJ 1'.1 -7); .f

.I/(.E, I) = 10' (17f1. T) - /,,(.1')) ciT + a(.r)

and a(.r) i5 a smooth function of.r 5uch that the a"emge of .111 becomes O. Then,

as f J 0 on the time-5c,tle ~. o






