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1.1 &

AFXTIEBEL 7 74 F > ZCHN 2 PP BN 5 € v 7 v n ks v 7 BuiE!
BFEIZOWTE#L 5.

BT 74 F VAN S IEFEIEE UTRENEDIZT AV Y (NIa—K V) F
TV a Ul TH B, TAVAY (NI a—K V) ATV a vk 3 E COERDKE
R (FOEDSNTEER R CTRIAEMTHERE A TS a v Th B, MERATH T
R DATHRER I — B T v - A 7Y a Uik, $#EmEES ARROMIZZ D, Black-
Scholes €& 7 )V 7% ¥ DIARN L E TIVOGE RN RE RO, 72, IR E R0 54
%+ Feynmann-Kac OEHIZ LD, HHITORS A 7 OHFHEICRZ7-0, TV T A7)0k
WZ X BEUEFH R FIEPNEREE AR TH B.

—75, BT EAIREAR A 7Y 3 Uik 12 E B R & XN B IR AR ) SRR R D fig
220, FE ALY OGAMNRIIFEET, UTFTHHT L2 LS ICEVTHLBIEIZ LD
EEFE LB L .

EBEEFITAVAY - AT a v e EhdEoTh, HROTHEHEH 2RO/ 2—
Ry - F T avThd I %<, MFRTRENIa2—XY - X7V a VITESEYTTH
HT 2. NIa—XY - ATV asfiilkzRkdDdZeiE~ VFEBIZED, TR IL
VIR S S NS ARG ATTAE & 1 E 3 B —Rf S5 D Option ik O ST HATEME &, 17 (Al
ED K ZWEZKED KL KD S Daynamic Programming IZW@&E I 5. Z 2T, ki
CAFEAAE D KNI &\ S FEREMED D B 728D, T S NEIZ 4R 1 ks At % 3155 L
TWL BENH, 5%41%%%%ﬁﬁ@ﬁ®ﬁ@%ﬁ%iﬁ%?*f%éﬁ,ﬁ%ﬁ@ﬂ
A % R DRAVZIR > TRIMEMIZFE I DB T AVRERZ ERHAWS Z 2 IETE R,

—HT, %/Tﬁwuﬁi?»:UZA#KEW%%T%égtt%ﬁmﬁiwﬁkﬂﬁ
LY <INAMREWZO, REEHKTELND 20N, £ EEE2SRT 58N, HEEDET
VRS IRTEDHERBEFE TR I NI EAEIL, €Y T N EUAND T T F OAfifE % 2913
HZLEHLVWEINT VWS, ZODEMRAXF—L%2FFDOTVNT 2 THBIDEINT 5
WZONT I NT 4 TOMEIMIZE VT AL ERHNSNE I ENLEL R STET NS,
E7z, KIZERTOTVNT 1 7 Offisg il % € > 7 )L a L THE T%%f 25 P o O fiff
WEFHAT D HEZBR DA TEE - #H AT N TES720 Ra—Rv - X7
Va Uit EEY T AN BEEEHWTIMETT 2 A Y v MIKE .

IO UEEBREILIGZA DD, NIa—KY -7 a U Afikz €y T hraikzHwCEE
flig 2 Z & Z2AREIC U728 L WEFEFED R I Nz, TV T vk VT AN a—&
Vo F Ty a Uik EE T B BRI, FERE S A DRIRBEIZ B 1T B Sl I A T LA
TBHI LI DD, FIRNEROMED S FMAAHHRFHEZ state DEIE L U TEM T 2 Z L 2544
P72 5. RENLTFHEE U T Longstaff and Schwartz[13] 12 & % Least Square Regression
HEaRBITHZENTES. ZNIEMAMFEZ HiGER L 2% >0 0B CRR T 550



UFEEHAVTE Y, FHEDEOHTENT NS, F7z, FIEMETRA 4 7 &2 D 5B
DB L 1370 5 VHIPH TR TR MEE 2 A TE L e DPHRAINTVWS Z L 2%
ZTC, EFHBTHALAHVSNTWS. UL, FRICEISFEORME LT, fEOHE
PHATNER U 2[R BB DA MKAFE T 5728, BN U 72 B TR EARHEDY S £ < EML
TEA2LHICIIHEEDOEVEIHEERNP B OND D, 5 TRVWEGAITIIIER TSR WitEH
FEWEUD BMEFRITEIENTES. TH LRI LB RAZREEL, X OEHEOEE
ZHEHMUFEL UT, Broadie and Glasserman[2], Glasserman|7] I Sotchastic Mesh 7%
BREUZ. ZOHEZRMAEMAHEEZ 5 0 X LR E UTOET 2 HIETH D, 7277
U, ZOFREFFMMNUPFHMEZEIE T HRICHEEOHBREEBEZ b EL 5720, #HH
TELETANRONTLUES LWIHINZRD. 20X, NIa—-Ky - ATVayv
il DE >V TN BiEE HOZFHEFEICE U TIRA R HEMREINT VSN, JEW
BRABIIMELINTE ST, BETHERBRATARE R >TWAS.

BHL T 74 F Y AEN S I REO h TR EFEH 2 EDTWBE DA, CVA(Credit
Valuation Adjustment) DOFHEFETHS. CVA X OTCEH) 7Y NT 1 THEIZ BT
AT UR=NN—=F 1 - VAT ZEHRTE72DDOMRTH D Sl faRsoARE, KFSRE %
HFUMZIAKTER I T WA, CVA IXEEIEFAERT 7 4L b L72BITZ 1T 2 B0
fEe ULTHEBI NS D, ZNIZHGIHET L&A TV 2 2R D GEHEED IEDE S TH
5728, CVA Offit&EHRITIFMIL R TE L 72 5.

A X DOFESIIA T O@ED TH 5. £9 5 1 B CHEOTERPEFMSE, £ U TARX TR
SNTAEREZMB T 5. £ LT 2 EIZBE\WT Hormander B D JEHUHEFEIZ A L, Stochastic
Mesh #EZ W NI a2 =Xy - A 7Y a Ui DEMPE Y T ANV BEDY I ab—Y 3
VAR T Z & T, BEOMEICINRT 5 Z & 2FEHT 5. £7z, re-simulation & FEIXH
% FiHEIZ Stochastic Mesh 2 A L7255 2 F8E L, YT HIVBEIED/NAITHT 2R
DA —RX—IZBT 55l %17 5. % 3 = TIX Least Square Regression 15D i % 47 - 72 5
AT, FHlZBEN S KHE, BRI HWSBEZCROBRIZOWT OGS, &0 X5 4B
HREZHVDDONREODIZDOWTHET 5. 2 4 5 Tld Stochastic Mesh %% #H U 72 CVA
DEVTHIVHEIEIZ LS 2 DDEMFEZODVTHNATS. £ LT, 2 DDOELFEICET
DNHZFEHL, TOA—X—IZDOW T L 5.

AL XDIERIZH 720, WOb TEIZTIREZWiHE< 230, Z<DBE2HEEL
T RRA BB I D & D B OEEH LU EIFET.

1.2 NIa—¥%v - FTY 3 v OMmET

AHITRINI 2 =K Y - ATV a3 VEEFEEEERIC O W TS 5. (Q,F, {Filiz0, P) %
T AR EHERZER E U, NIRuORE—Z o 2 B R e 20008 X (6 x) 2%
Z5. TUT, z0 ZEE LT X(t,20) &IHE#FE (Underlying Process)! &3 5. ZUL T,
MICAEFRZEDE (Pt 2 0} ZIRD XS IZEHRT 5.

(Pef)(x) = E[f(X(t,2))].

ZZT, z3KFZ0IIZBITRMETHSE. 0=tg <t1 < ---<t, =T ZFHEERZ & L
g:[0,T] xRN - R, 2%t T 7Y a v FMHELUEBORS A THEBE 5. O,

'Underlying Process % U3 UILIFEREMiR @R L BER S 1B 0, EEME 7S iz, RRI 51
TAETNVREDEE, TORIT 1V TAHEE X(t,xo) BAHAVWTRINDG 20D, T 2 TIFEEIEFRE L IEI.




Rl t; 12BN a—RY - X T 3 Uiifl v(z) IFIRD LS ickI b,

vi(x) = sup{E [g(1, X (T — t;,x))]; 7 € Si}, (1.1)
Si = {T Q) — {ti, . ,tn}; {]:t}—f‘?Jtﬁ% } (12)

NIa—=Rv - X7 a Y t; TOAfiff v; 1XLA T D Dynamic Programming (2 & 0 i
S OAHIHE P SMEIZIRD TV ZENTES.

n — tn7'7
Un = g(tn,") (1.3)
vi=g(ti,-)Ve, i=1,...,n—1

ZZTc(z),i=0,...,nldROLIITEDSNS.
n — tTL)'v
{c g(tn,") | (1.4)

C; = Pti+1*tivi+17 1 = 1, ey — 1.

7, NIa—KY - ATV 3 ViKkEED S (1.1) KT sup & FHT 2 BlAT ] 7
&,

7 = min{tg; k =1,...,n,cp(X(tg,x)) = g(tg, X (i, x))}, (1.5)

ERBIEVHONT VWS,

1.3 NIa2—49Y -T2 a VO EYTHIOERICL DEESTE

EVTAIVEEIIERE X ¢ LY(Q, P) 2L, X &R %R DI 7 iR 255
(X} VT, X OHIFHE E[X] 235003 2 HETH 5. & X, 2HlBEHVEZY I 2
L—a VTRAESE, TOEBUE X, (w) DFEE

=~

1 &
X =2 Xiw)
/=1

A OELME L 35 [HETH 5.

NI a—RY - AT a ik %z BUEFHE 3 5 72912, Dynamic Programming (23T
¢; DEMAIFRHEAEE YT AN BIETRD B Z e 2E 25, Thbb, Hilt, I2BWT, =
W OHFHET B {Xo(tivr, i)}, ZHEL,

L
~ 1
eilwi) = - > v (Xe(tisn, 7))
=1

REET S, 25U,
Vi1 (Xe(tivr, i) = g(tig1, Xe(tivr, Xe(tiv1,2i))) V cip1(tivr, Xe(tit1, 7))

Thh, B4 T eI Xg(ti+1,$i) PoHFET S {X;Iﬂ(ti—i-%X@(ti+1,$i))}]€:1 HAEL,
civ1(Xe(tig1, 7)) BBV THNVRIETERMGRT 2 Z 212485, 207D, 2T LY F—
X—OFtEVPBEL D, HHETHEERWHEZB IS Z & 3# L.



ZFIT, NIa—RY - A TvavzEVTAVAETHETIHE, ¢ 2K LT
FRLS 2 Z EWEEIZRD. T4bL fEVIBBICHLT{X ()}, twS¥3Iab—
YavRAEHWT, P f,t>s 2N ERGEBT E008 70T ZLDHEL %> T
w5,

it,g@%ﬁtbf@ﬁmab%_o LU TEsNZELES. O,
Ra—RY - ATV a3 Uik vo(zo) @ﬁfy\& b’C EARIZ Go(z0) = Co(z0) V 9(0,z0) %%‘K
L5ZehHKS.

—H, NIa—RKv - ATV a VEGEITHERZIN (1.5) KTHRA6NDEZens6, 1, DI
L7 ZIRDEIIZEZBILNTES.

7A'Z = min{tk; k= i, e ,N, ék(X(tk,xo)) g(tk, X(tk,xo))},i = 1, oy

ZFULT, NIa—&v - &7 a Ak vy DL vy %
1 L
o= ;g(ﬁ,Xg(ﬁ,xg)) Vv g(0, zg) (1.6)

YIh. ZOWE, & 3 TR 2 KD B RIFIT D, Z OMEIRE IR v (o) 12
EHZBZWZ EICERINZV. (L) RTENiE, ¢ 2l LEARITHNTVWE S &% 17
fFifHiRg & D KNEFRE 2 L I L ¢ ORI K AEEEIX—UE U .

ZD7=O, 1)0(.%'0) & 'Uo(xo) SODBHRVWIELUZR>TWA EHIfFTE 5. KX TlE
i % re-simulation D J5k & R,

PUF T, B e OB E L TORERBGEIZODVWTHRR S,

1.3.1 Stochastic Mesh ;&
(1) &=E

(E,B) #q[fllZEfile LU, E FOMHIEABOESE%E m(E) L35, KETIE X(t2) X
Holmander BLOHLHGEFETH D & U, HBEE p(t,z,y),t > 0,2,y € EPFIETH &L,
vi(dz) = p(t,zo,dz) &35, £72, X(t,x),t =0 &FGATHLRHERIEREEZ Xo(t),t =
0,0=1,2,... &L, filtration {F*};>0 %

FX =o0{Xy(s),s <t l=1,2,...}

&9 %. Broadie and Glasserman 23 % U 7z Stochastic Mesh {5 Tl Pr_, f ®ifle U T,
WMDE DT Vv X LIEHZE2EAT 5.

L

1 p(t—S,l’,X[(t))f(Xg(t))
Q f - , reE, fem(F).
(Qas D) = L= ¢t} (Xo(1)) < fem®)
Z T,
0\ (v w Z) — 5, Xe(s,w),y),  YyeEE, well

Thd. QL) f) FRD & 5 I & O,

EPIQY f)(@)|F] = (Pf)(z),  vs—a.ex € E.



(2) Stochastic Mesh EZD7ILT) XL

Broadie and Glasserman [2] (Z & % Stochastic Mesh % Wz NI a—&X Y - X 7Y 3
Ui FHED TV T R L EIRT

Step 1: {Xy(t1),..., Xo(tn)}i2, WS ¥ Iab—vay - "2AZAET 5.
Step 2 : én(x) = g(tn,x) L, £LT Cit1 FTHhFEST-ET S, Z@H#@Hl(w) = Cit1 V
g(tiJrl,l‘) t?é‘%bf él %

éi(z) = (QFF), bi1) ()

WZEDEDS.

INzi=0FTHOKRTILIZED, do(z) 2/5.

E7z, Kti,i=0,...,nITHL, & 2L LTHRTWSDT, re-simulation (2 & D ¢ (o)
ERDDZEHHKS.

(3) INRICEET % %THE

Stochastic Mesh {EDINHIZEI U TIFIXD, Avramidis-Matzinger [1] (Z & 2 IR DGR A
H5.

Theorem 1.1 5 C > 0DFHEL, EED k,{m=1,..., L,k #LIZHL, ARHBED
NDETB.

() Xt E) <

IZX U, IRAKDALD.

W

ZOWK, FEDS>02 0<y<1/

5 5 \" 6Cn N
P <|vo(:co) —vp(xo)| > (1 + L’Y) — 1> < ST +O(L2H),

1.3.2 H2EZDHER

RETIHELATOBRETEZS. N,d>212L, Wy = {w € C([0,00); RY); w(0) =0} &
$5. F % Wy E®D Borel algebra & U, u % (Wy, F) L£D Wiener measure &3 %. %7z,
{(B'(t),...,B%t);t € ]0,00)} % d-¥X7t Brown & L, BO(t) =t t€[0,00) £ T 5. %
LT, Vo.Vi,....Vae CPRN;RY) &L, (UFG) &fieardr¥5. 2LT, X(t 1),
t €10,00), z € RN, XD Stratonovich I DKM HfE RO L 3 5.

d .t
XXLx):a%%E:/n%LX@;@)OdB%ﬁ. (1.7)
i=0 /0



W2, NIa—Ry - ATV a it %€ T>0,2L, ¢:[0,T]xRY =R %
sup{(1+ |z|)"tg(t,2)|; z € RN, t € [0,T]} < oo Z {7z 3G ET5. ZLT, n>1,

O=th<t1i <...<t, = T, C:;(‘J'L/ Cty g 1yenstn - E — R, el 51(5535“_1 77777
k=nn—1,...,0, L2>1, 2ZNZFNIFNANIRD LS IZEDS.

e, () = &7 () = g(T,2), x € E,

.....

Ctk7tk+1 ..... tn (:U) = /;p(tk—‘rl - tk) xZ, y) (g(tk-‘rl? y) \ ctk+1 ..... tn (y))dy7

~(L L ~(L
Cgk;kﬂ tn () = Qgh)tkﬂ (9(thy1,-) v Cglﬂ)»l

.....

ZOW, MOTEHNESNS.

.....

Theorem 1.2 n(L) =21, 0=t < ¥ < <D —Tr3z. %7,

n(L) —
n(L)
0 3 e
k=1

EBBe>0NEETHETE. ZDeE, ROEHIELINS.

~(L) 2
Chb) (1w (0) — ey o) tiL&)(xoﬂ ]—=0, L— oo

.....

E]l

Theorem 1.1 (& 9g(z0) D% vo(wg) 12 L — 0o DH & THERINKT 2 Z &2 BRTVB A,
Theorem 1.2 X L2 KT 25 Z 2 2 ERLTWS, F7z, ITHORMEIZ L DKRE SITHEVE
DIRINSLTEBZLZTRLTVWS,

RIZ, re-simulation IZB T2 ¥EEERDE, n>1, L 0=To<Th <...<T,=T%
BEELTHERS. K we QIZXU stopping time 71,Wo — {T1,..., T} ZIRD &S 1Th
25,

Prw=min{Tk; k=1,2,...,n, & 1, 1, (X(Tk, 20),w) < g(Th, X (Tk, 20))}-

FLTé: Q>R %
¢(w) = E*g(T1w, X (71w, 20)]
35, ZDLELTFIMD LD,

Theorem 1.3 v € (0,1] & L, RZRKET 5.

D&, BED ac (1/2,(14—’7)/(2—!—7)),C:;(ﬂ‘bj’oé QreF,L=21,&C>0 DMEAE
U, P(Q) =1, L — oo, WOEED weQp & L=11THL

‘é(w) - CT(),Tl 77777 Tn‘ § CL_a

NI AIRYASR



1.3.3 Least Square Regression j&

Least Square Regression & TIXHATIZEIR U7z e, - ex ZHWT Pr_ f ZIXD &
SR TIEAT 5.

h = Zakek, (1.8)

ERNITHEDICHRD B,

(1) Longstaff-Schwartz ® 7L T X L

Longstaff-Schwartz [13] (Z & % Least Square Regreesion {£%& Wz NI a—&K Y - F T
a UKEEIEO 7V T XL %R
Step 0 : e1,--- ,ex ZERT 5.
Step 1: {Xo(t1),..., Xe(tn) o, LW HEFED NS A ZFAEIES.
Step 2 : ép(x) = g(tn,x) &L, TUT ¢ FTHRESZLT D, T

7 = inf {t € {tivr, .. ta ks g(Xo(t) > &(t, Xo(t))}

Y55 2L Caipnk=1,.. K%

M=

9(Tig1,6, Xo(7, H” Zazkzek Xo(t;

1
L

o~
Il

1
ERMET DL ITRDB. THUITED ¢ BREL. ZOHEE i =1 FTHLIRT.
Step3: EVFALE - ¥ Iab—vaVYHDNA{X(t),. .., Xo(tn)} 12, & FEHE S re-
simulation D J5¥£T 0g(xo) ZFHHT 5.

Lo

Bo (o) = (;29(71(][()7)24(%1(5)))> V g(to, o), (1.9)

/=1

(2) WWRICET % %&THE

Least Square Regression Iﬁ@”ﬂ?ﬁkﬁ@?é%ﬁﬁﬁﬁt U T Clement-Lamberton-Protter
[4] IZ & BFERITDONTHRARS. P ) % L*(Q,F,P) 25 {e1(X(t5)),...,ex(X(t)))} Tik
SNBNS MLERADEANEL T 5. Z LT, %)%ﬁ®i9&i&?6

J

~(K)

(K) = tn,
%(K) =11 (K) ~(K) 1/ ~(K) +741 (K) =(K) (K)
J T gty X (ty,0)) 2P g(7)400 X (75 o))y T {g(ty, X (t,20)) <P 975301 X (753 x0))}

ZoeE, AR D,



Theorem 1.4 {ep}°, & E EOFRIBEEDIIT, % j=1,...,n L, {ex(X(t))}2,
X L2 (0(X(t))) DREERRICRS>TWVWE LT . ZOLE,

lim E[g(7\" X7 = vy,  in L%

K—oo

Wz, () OT TV ZLT, FHZEYF ALY Iab—2a VADRZ (X (t), ..., Xe(ty) 122,

ZERZHANZ R A X (t), ..., Xo(tn) M, ERILEDET S, ZOLE, ROEHHEL
URVASN

Theorem 1.5 P(¢;(X(t;, 7)) = ¢;(X(t5,2))) =0,i=1,....,n. LIRETS. TD&E, X
LY NLD.

I}L)H;ozzg 7,0 7 13 7x0))vg(07x0):E[g(Tz 7X(7:7,(K)7x0))\/g(07x0)]7 a.s.

(3) HIBORE

2T 1318 (1) OBRETIMA, ROFBEZEITD. %1 =1,2,...,nITXHL, ¢ =
g(ti,)) € LAE;dwn,) &L, 512 v,c % (1.3) ATEHRINDZEDLT B, F£7z, D
EO P, =Py, =1 tl, X5X,(t) % XD e ELT 5.

V % m(E) DARRGGHRIEH 2R OEG L 95, (E,B) LOEEOMERHAEL v 12 L
V(v) &2V DHFEAET, 4£ @VeV( ) IR LIRDGEMZTH72TED LT 5.
1) ge V. IZHL, [pg(x)v(de) <
2)geV &g(x)=0v—a.e.ux, &béigzo.

ZL T AN(V,v) and M\ (V,v) ZIRTEET 5.

Jp9(x)'v(dz)
([pg(x)v(dz))

o~ o~

Mo(V,v) = sup{

7; 9 € V\{0}}

d1m 14
1(V;v) = inf{ / 2u(dx); {e,}3™V is an orthonormal basis

of V as a subspace of L?(E;dv) }.
DK, IRHED LD,
M(V;v) S (dim V)2 Ao(Viv) and Ao(V;v) £ Mi(Viv).
EEDi=01,...n—1¢L>11HL DY m(E) x m(E) x Q — [0,00) 2RO &
IIZEHRT .
L 1 & ¢ ¢
D (g, Nw) = (5 (0 @) = FEL@ND2 g, f € m(B).
/=1

EEDi=1,... . n— 1128, VP k=12 % V() OEICAT B R M ILER
oFlc, U,V B LA(E;dy) DR CHETH DL T 5.



zLT g a-5vW i=01,.. . n—1,L=12... BKEHETLEET S

Di1 (9" (), g (@) v fi) (W)

lmuzlwgl()vﬂ)hev@N)} (1.10)
fori=1,2,...,n. 22T ¢¥) = g, TH 5.
it,<”z_12 NI T B2 L IIRT N TE B,

’L

EDREDS & T, m®i@ﬁﬁbﬁo.

Theorem 1.6 i = 1,...,n — 1 (XL, )\1(V )/L—>O as L - 00 &35, ZD&
g, b5 QLG}",L—LQ,..., & MR ZL, =1,2,..., ™FAEL, AT %= 1d.
P(Qr) =1, as L — oo,
o~ 9" @) £ Zuw). L2l wedy
E[Z2,01)Y? =0, as L — cc.

51T, BUFDED LD,
E[Z%vQL]l/Z

= 6ZL1/2A1 Vw44 MoV wi) el

+5 Z Hcl - 7Ti7‘/7;(L)Ci"L2(E;dVi)'

22T, & LAE,dv) 25 VY AOBZHETH S,

1.4 Credit Valuation Adjustment (CVA)

2007-2008 DEElfEHIZ LD, ATV R —R—F 1 - ) AV EHFHEICET A EEH AR
IZEE D, Credit Valuation Adjustment (CVA) & IFFIEH 2 i % % 152 U 72 53 [ ik
BEENMTOND XDz, ATV R—NR—F a4 BT 73 LB AELE2 T Y
AR=T ¥ =W, Bt IZB 3T AR=—V vy =3 v R —NR—=F 1 ATV
RO R =74 VADT 7 %)V b % ERE L RWGE OAfE Vo (1) DIEDES Vo(t) VO
YEZ5NE. FLT, CVAIRAI T VR —N—F 4 — I T AERICEL Y AR—V vy —
DOHIFHEE L TIRD XS 1zkRI NS,

CVA = E[L(7)D(0, 7)1, <7y (Vo(7) V 0)] (1.11)

ZIZTC, LIET 74V MREEE, DEEEIRESTS, (1L1) BAV Y E—N—=T 4 DT 7+
Vb DAEFELUTZ CVAZH, CVA ZHIZE L -Hil& CHS 2175 H&iE, BfOT 7 40
FEFRLURITIIE, EVOIRT A& —5E3, WEIAHRSILARw. 22T, (1.11)
ZF#1Z Unilateral CVA LI, HEDT 7 40V M X 2F%IH, $hbbh Y v R —1—
7 4 5 H 7z Unilateral CVA % Debt Value Adjustment(DVA) &IECY, HUBIDERIZIZIRD
Bilateral CVA Z % IHE U THHT 5.

Bilateral CVA = Unilateral CVA — DVA.



1.4.1 Duffie-Huang DR

CVA OH1KIE Duffie-Huang [5] 1285 5 & 5. Duffie-Huang [5] IZEHtLE 1Y v X —

N=TF 4 =WIFDFT 74NNV AT EJIKRLUZHEDT VNT 1 7T OB 723 R &
HRREAZEH L, 20— MlE UTHED CVA DEBIZHYTEEHD0EHNDE Z & 2R
U7z. ANIZZEOME %2 /RT.
r % short rate process & UT, Q & Z3UIAIHES % Equivalent Martingale Measure &9 5.
i=1%2H%, i =220V R—N=FT42RIAVTYIREL, L @ ZTNTNDT T 4V
b U7BRDIEHE, N, & TN Z D hazard rate process £ 3 5. £7z, s;(t) = (1—L;(t))Ni(t)
EL, REMDEDIZEET 5.

R(v,t) = 7(t) + 51(t) L{p<oy + s2(t) 1020

ZUTHAT Tg(X(T)) LW0WHIRA A7 %2FFoa -7y - AFvay, 774V b%
N U 7= i EEFE VAIZ WL DR DORED T, RO SGRER% 7.

V(t) = EQ |e= JF BV @)dug x(T)) | 7|, t< T (1.12)

(1.12) KZEfRNT V(t) ZKD B Z &1, XD Backward Stochastic Equation (BSDE) % fi#
ST eAFETHS.

dV(t) = R(t, V)V (t)dt + Z(H)dB(t), V(T) = g(X(T)). (1.13)

BSDE Ofifz kb2 Z L I3HEL W=, V(t) ZKDEDTIERL, 774V IATLw R
IZBY s —IEBEE X S.

(1.12) THEZONBEV 2T 7ANVMATL Y Ry =s— s ONEEE LTHT V()
&Y. TITEULTnIZBIYT % Gateaux 7 VV (t;n) &R &7z §HER@ER & UTESR

3 5.
V(t;en) — V(t0)
&

=0.

VV(t;n) —

lim sup
e—=0, ¢
ZDLE, IRDMED YLD,

Proposition 1.7 LR DA FHIEFE n 1IZBIL T, Gateauz 15> VV (t;n) BMEEL, IRTH:
Zohd.

T
VV(tn) = —E9 / o= i RV0).0)du (17 (. 0) v/ 0V(5)ds| Fil. (1.14)
t

1.4.2 CVA OEFtEF%

Z 2 TiE CVA OBUEFHRETFEIZOWTIEAR S, CVA OBEFHEIZB W TIE, D 2 1D
HLIDVDH 5.
(A)CVAIIR— b7+ VAN TEHBEINDZEDTH S0, ST I2EEOHENEL, £
RO DBAEFH AP BETH D &
(B) T AR—Y ¥ —DEBMMEED EDHITH 2 &\ 5 FEPIEEZRFOZ &
CVA OFHETIX (A) DEHIC L D @EE Y TNV RIEIC L 25 TS, £ LT, Cesari
et al [3] TIX V(t) DEMAEIZ Least Square Regeression EZ WS Z L #RIELTEH D, 5
BB ZTD XS ICERI NG ZLhZ .
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1.4.3 HBA4EZEDHER

AEiTl Stochastic Mesh 5% 7= CVA OFHEIEL, ZTORNEMIZOWTHRT 5.
AHICTIEA T DEREZELTS.
X0 (t),m=0,1,..., M, % RN (HEDFEEMIREIEE U, X (1) = (XO(1),..., XM)(1)
35, XO0u) Befnrovrury s 2=k, lxDFVNT 4 TOM Ty, k =
LK IZBIARAFZIIRDESITHEZoNELT 5.
M

Fr i (XO(T), X™/(T3)).
=1

3

ZOLE, VylImo kS izRkINB

M
=B > D(t,Ti) Fo e (XO(T3), X ™(T}))| 7).

m=1k; T, >t

ZUT, CVARKD LS 1c£IND,
T t -
CVA = B] /0 L(t) exp(— /0 A(s)ds)A()D(0, ) (Vo (t) V 0)dt]

T t
_ B /O L(t) exp(— / As)d)AE) (Vo(t) v 0)dt], (1.15)

0

(Y
(
o)

XZZF XO(T,), X™(Ty)) | F,

m= lka>t

WO Epp 3T 4 ATV IR AT
Fo s (XO(Ty), X"N(T3,)) = D(0, Ti) Fo o (X O(T3), X ™(T},))

U7,
ZZT, L(t)exp(— fo t) Rt & X (t) DBIITRIND LIEL, g(t, X(1))
B, Zorkx, CVA i{ﬁw)i')kﬁé.

T
CVA — E[/O o, X (6) (Vo(t) v 0)d]. (1.16)

MZ>21,Ny,=21m=1,--- , M 3%, ZUTN = Ny+---+Ny 52 Ny, = No+ Ny,
N = max,—1._ . Ni &Té
Wo = {w € C([0,0);RY); w(0) =0}, F % Wy L® Borel algebra & U, u % (Wp,F)
® Wiener measure &3 5. {(B(t),...,B%t);t €[0,00)} % d-IX7t Brownian & & L,
B(t)=t, t€[0,00) £ T 5.
Let V\” € C0(RNo; RM), V™ € Cpo(RNo x RNm;RNm) i =0, ,dym=1,--- , M.
% U TR D Stratonovich BLOMERM D HFEXEE R 5.

d t
mem=m+z/nwﬂwwmmm@, (1.17)
i=0 /0

11



d .t
XM (¢, 5) = Fn + Z/ V(X O (s, 20), X (s, Fpm)) 0 dBy(s), (1.18)
i 0

fora:mERm:Um—(xg, )ERNOXRN’"m—l , M.
X5z, Xm (t ) = ( (t 20), X (t, ) & L, V™ e Cpo(RM x RNk RN x

RM),i=0,---,d, m=1,--- MZRDODXIIZEHT 5.
3 (0)
Vi(m) («i'm) _ ng) (7o) :
Vi (@m)

ZorE, X(t E,) IZIRO Stratonovich B ORI HRERDMIZ 725,

d ¢
X (¢ 5) = & + Z/ V(X0 (¢, 30,)) 0 dBy(s). (1.19)
i=0 /0

72, X(t,z),z € RV HIROD Stratonovich B DR SHFEN % 725

X(t,x) —:L‘+Z/ ) o dB'(s), (1.20)
ZITVyi=1,...,d 3RO &S IZ5x6n5bDE L.
V% ()
1)~
V.
v -|
VM (@)

ZZT, EmITHL, Vector fields V™, i =1,...,d % (UFG) &M% 23 & 5.
%ZUTE,, % Section 4.2 D (4.11) TEHIND B DL TE. ZDLE Ty € Ep, THN
i, X (4 2,) O p T 2046 1208 5 2 BB p™) (, 2, ) : RV — [0, 00) for
t>0m=1,..., M 2D LIWRINS.
¥ = (xf,...,25) e RN. 2L, (1.20) THAOLND X(t,2*) HEHEL L TEZXS.

i, = (xh,ah,) € Emym=1,..., M

t?é
D(R") % R", LOBEBOZEHTRTHEZ 6N bDET 5.

aOé

DR") = {f € C*R"):]| fuoo < oo, for 1 < |a] < 2},

ST [[flloe = sup{|f(z)[;z € R"} TH 5.
sz(R”) Z R", L® Lipshitz /2D ZE/- & U,

1fllLip = sup 1f(z) = )l

z,yeR™ x#y ‘l’ - y‘

Y$%. Let M(R") % Lip(R") OS2 T {f Vg; f,g € DR} THESNBLDLT
5.

, feLipR")

12



P, : Lip(RY) — Lip(RN) %
(Pif)(z) = B*[f(X(t,2))], f € Lip(RY),
YU, P Lip(R¥) = Lip(RY»),m=1,..., M, %
(P f)(&m) = BM[F(X™(t,8))], f € Lip(R™).

b

g:[0,T] x RN — [0,00), ZIRDEMEH-TED LT 5.
(1) g(t,z) &t IZBH LU THAAIBET, 5 ny, & C1 >0 DFEL, REHAT.

sup |=—g(t, )| £ C1(1 + |z|™), xRV,

579

te[0,7 ot
(2) g(t,x) &2 IZEAL T 2N AIRET, H D ng, & Cy > 0, BIFAEL, (LD multi index
lo| S 2 1T LR %729,

sup |6—ag(t,x)] < Co(1 + |2]™), 2 eRV,
te[0,T] Oz

LEDFZEDE L, g ZIRDEDIZEET S.

T M
COZEM[/O {gt, X (&, ))E*> " Y Frp(X™(Ty, &5,)) 1 F] v 0}at]. (1.21)

m=1k:T, >t

BT co DEBEIHEIZET 5REICDOVWTIHRANS.,

Let (Q,F,P) Z#fERZERE L, X,:[0,00) x Q= RN, £ =1,2,..., &#fE fEREkET,
ETDL=1,2,...0Zx5 L, X,(-) DCO([0,00); RN) LD P IZBT 2 0M1% X(-,50) £HU
ThHY, o{Xpt); t20}0=1,2,..., WHNTHBEDLT .

Tt RN = RV m = 1,... M, % mp(z) = Zm = (m0,2m), £ L, o >0 & gy =
ming << (Tp — Th—1) £35. TLT, fe Lip(RNm) 123 L T Stochastic mesh operator
QU = QI 0<t ST 0<e <y, BIRDESITEHT 5.

1L SO TP (Tt (X(T) g <
T = m,L,w ) = t<Tg— €,
L 2o qi,T}CL’ (7 (Xe(T1))) g

(m,L,w) ~ .
Qere D) =1 f(@), Ti-e<t<T,
0, Tp<t é T.

L
m,L,w) /~ 1 m ~
where ¢{" )(ym)=ZZp( (T — t, 7 (Xe(1), im)-
/=1
I Z70E A ={tg,t1,...,tn} CO=tg<t1 < ...<tn =T W2 {T};k=1,..., K} CA
t@é%@%{$@%é\tj—é if:, |A|:maxi:1 n(ti+1_ti) (‘.’.3—6

.....
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ZUT, coDiifl & =¢i(e,A,L): Q= R,i=12%RDLXIIEHT 5.

éi(e, A, L) (w)
L n—1 M

fzz i1 — ) gt Xo(t:)) (Y (Q & Fo o) (e (X (1)) V 0), (1.22)
=1 i=0 m=1k: T, >t;
<e A, L)(w)

Z i1 —t tz,X tz,l' Z Z mk 7TkX Ty, x )))

m=1k:Ty2t;11

(QimTi L:)Fm k)(ﬂkX(tmx*)))EO}}'
(1.23)

1 y
SRV DL S

141

G IE T AR—=T vy —DEHE % Stochastic Mesh fEFHHZETEZHZ 25D TH D, X 51T
Stochastic Mesh fEfiZ& % 5153 5 /XA & Stochastic Mesh {EFH 3 % i > THEMFHEZF
EIFHONAFFALCBDEM > TNWE L ZAIZRED DS, — 1, ¢ Tl Stochastic FEHFHE
i, Z0EDOMFHLNEDTIHARL, FROKR— b 7V AHifE D EEDHEDAIZ N
55, £D7=®, Stochastic Mesh fEFZDFENEARIZKELTH, FEADHEX X
ME-> TWARIT NI, ZOEBIEAEIZ X 232 134E U RV 72O BE U725 Z & D3
HENd., ZOMEINI2—=KY - ATV avizBl} 3 re-simulation O 57k & FREDH 2
HThb.
DOFHMIZBI LT, IROEHAEL D LD,

Theorem 1.8 ag = (14+6)(N +1)f/4V1 £33, {e1}3°, C (0,20) % e, < CoL Mires)
Y753 Co> 0 BHET B LS BAIE TS, COLERTOL21 & AcIl kL, W%
i7=9 C € (0,00) DAL 5.

EP[|é1(e, A, L) — col] € C1 (LT + |A))
by DIEMIZEI LT, ROEBA D 7.

Theorem 1.9 a1 = (1+8)(N +1)/2V1, £F3. {e£1, C (0,80) % e < CoL For+1
ZWi729 Co >0 DEMET D LI RFET S, T6IT, ye(0,1] & C, >0 PMFEEL, T
RTDOe (0,1 ITNL, REHRLTET L.

supz i+l — |Z S WX (t,27)| £ 6) £ C,07.

m=1k: Tk>tz+1

ZDrEC e (0,00) & QL) e F, L>1, BMEEL, BTD L>1, & AelliZHL,
VN RVASH
P(Q(L) =1, L — oo,
R (+( 5))1+v
Loy lea(er, A, L) — ol = Co(L 7272517287 4 [A[)
Remark 1.10 Q'(L) XD & 51252 5.

0 _1-5
QQJZ{WGQENQJ¥D—fd§CLHW}'
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ZD& E Theorem 1.8 12X DIR%EES.
P(Q(L)) = 1,L — oo,

)
IQ(L)‘él(EL,A,L) — C0| é CL_ll*'iaO.
&> T, Theorem 1.9 TIRHN5 ¢ DL é; DFElIL VRS R TWVWBHE WA 5.
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582% Stochastic mesh methods for
Hormander type diffusion
processes

In the present paper the authors discuss the efficiency of stochastic mesh methods in-
troduced by Broadie and Glasserman [5]. The authors apply stochastic mesh methods
to certain type of Hormander type diffusion processes and show the following. (1) If one
carefully takes partitions, the estimated price of American option converges to the real
price with probability one. (2) One can obtain better estimates by re-simulation methods
discussed in Belomestny [4], although the order is not so sharp as his result.

2.1 Introduction

Stochastic mesh methods were introduced by Broadie and Glasserman [5], and Avramidis
and Hyden [1] and Avramidis and Matzinger[2] proved the efficiency of them in some cases
( see [11] also ). Also, Belomestny [4] showed in Bermuda options that once we have esti-
mated functions for the so-called continuation values, we have a better estimated value if
we construct a pre-optimal stopping time by using these estimated functions and estimate
the expectation of pay-off functionals based on this stopping time by re-simulation.

In the present paper, we consider the efficiency of stochastic mesh methods and re-
simulation in the case that we apply them to Hormander type diffusion processes.

Let N,d > 1. Let Wy = {w € C([0,00); R%); w(0) = 0}, F be the Borel algebra over
Wo and p be the Wiener measure on (Wy, F). Let B : [0,00) x Wy — R, i=1,...,d, be
given by Bi(t,w) = wi(t), (t,w) € [0,00) x Wy. Then {(B'(t),...,B%t);t € [0,00)}
is a d-dimensional Brownian motion. Let BY(t) = t, t € [0,00). Let Vo, Vi,...,Vy
e Oy (RN;RM). Here C’boo(RN ;R™) denotes the space of R"-valued smooth functions
defined in RN whose derivatives of any order are bounded. We regard elements in
C°(RY; RY) as vector fields on RY.

Now let X(t,z), t € [0,00), z € R, be the solution to the Stratonovich stochastic
integral equation

d ot
X(t2) = o+ Z/ Vi(X (s,)) o dBi(s). (2.1)
i=0 "0

Then there is a unique solution to this equation. Moreover we may assume that X (¢, x) is
continuous in ¢ and smooth in  and X (¢,-) : RN — RY ¢ € [0,00), is a diffeomorphism
with probability one.

17



Let A = {0} UU,{0,1,...,d}* and for a € A, let |a| = 0 if a = (), let |a| = k if
a=(al,...,a*) € {0,1,...,d}¥ and let || a || = |a| + card{1 < i < |a|; o = 0}. Let
A* and A* denote A\ {0} and A\ {0, 0}, respectively. Also, for each m 2 1, A¥ |
{ae A [[a|s m}. )

We define vector fields V., a € A, inductively by

‘/[@]207 Vv[z}:‘/h ZIO,].,,d,

‘/[01*7:]:[‘/[04]7‘/;]7 z:o,l,,d

Here axi = (a,...,a" i) for a = (a!,...,0*) and i = 0,1,...,d.

We say that a system {V;;i =0, 1,...,d} of vector fields satisfies the following condition
(UFG).
(UFG) There are an integer £y and ¢, 5 € C°(RY), a € A™, B € AL, satisfying the
following.

Vi = D ¢asVig, acA™
peA*

<[0

Let A(x) = (Aij(x))i,jzlw,N, t >0z RN bea N x N symmetric matrix given by

Ad@)y= > Vi@V (x), ij=1,...,N.

aEAg‘e

Let h(x) = det A(z),z € RN and E = {z € RY; h(z) > 0}. By Kusuoka-Stroock [15], we
see that if € F, the distribution law of X (¢,x) under p has a smooth density function
p(t,z,-) : RV — [0,00) for t > 0. Moreover, we will show in that pr(t,m,y)dy =1,
reD.

Now let z¢p € E and fix it throughout this paper. Let (2, F, P) be a probability space,
and X, : [0,00) x Q@ — RY, £ =1,2,..., be continuous stochastic processes such that the
probability laws on C([0, 00); RY) of X g(') under P and of X (-, xg) under p are the same
for all £ =1,2,..., and that o{X,(t); t 2 0}, £ =1,2,..., are independent.

Let ¢ : Ex Q= [0,00),t > 520, L 2 1, be given by

qst Y,w Zpt—ngsw) Y)s yeE, we,

Let m(E) denote the space of measurable functions on E.
We define a random linear operator Qg’Lt), t>s=20,L =1, defined in m(E) by

It =se Xe( ) f(Xe(t))

=1 qst (Xé( )

Mh

(Q , reE, fem(E).

Now let T > 0, and g : [0,7] x RV — R be a continuous function with sup{( +
lz|)~Yg(t,z)|; 2 € RN,t € [0,T]} < co. Forany n > 1, and 0 = tg < t1 < .. =T,
we define ¢y, ¢, 1.0, * £ — R, and ci(ka)tk-Q—lp--,tn ExQ—=R, k=nn-1,.. ,0 L > 1,

inductively by ¢, (93) = cgf) () =¢g(T,z), z € FE, and

Ctpotig1semstn (.Z‘) - /Ep(tk+1 - tk7x7y)(g(tk+1vy) \% Clioy1,enntn (y))dy7

18



and

~(L L ~(L

&l @ = Q) (gt ) var L ())()
force Fandk=n—-1,...,0.

Then we will show the following.

Theorem 2.1 Suppose that n(L) = 1, 0 = t((]L) < tgL) <. < t;L()L) = T. If there is an
e > 0 such that

n(L)
R ST
k=1
then
~(L) )
EHCtéL)’tgL)’“"tiLL&)(:CO) - ctéL>7t§L)7._.7tilL()L)(:z:g)| ] =0, L — oo,

Letn =21,and 0 = Ty < Ty < ... < T, = T and fix them. For each w € €, let
71wWo — {T1,...,T,} be a stopping time given by
P =min{Ty; k=1,2,...,n, & 1., 1, (X(Th, 70),w) < g(Th, X (Ti, w0))}-
Let ¢: Q2 — R be given by
e(w) = EM[g(Tr,w, X (71w T0)]-
Then we have the following.

Theorem 2.2 Suppose that v € (0,1]. If

Z M(|0Tk,Tk+1,m,Tn (X(Tk? $0)) - g(Tkv X(Tkv :UO))| < 6) = O(E’y)a as € 0,
k=1

then for any o € (1/2,(1 +)/(2 + 7)), there are Q, € F, L 2 1, and C > 0 such that
P(Qr) — 1, L — oo, and

|é(w) — erymy,..m| S CL™ for any w € Qp, and L 2 1.

2.2 The basic property of Hormander diffusion processes

-----

Let J:[0,00) x RV x Wy = RN @ RN, J(t,z) = (J;(t, x));j=1,..,N be given by

i 9 i
Then it has been shown in [13] Section 2 that there are by [0,00) x RV x Wy — R,
a, B € .A“;*[O, such that

V(@) = Y 0ato)d(ta) Vg (X (),  ac AL,

3k
ﬂEAgeO

and

sup  EF[b(tz)P) <oo  a,BE€AL,, T>0,p=1
z€RN t€[0,T] -
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So we see that for any ¢ € RV,

(A@)6,8) = D (Vu(@),9)?

* 3k
O‘eAgeo

< D0 e Y (Jta) Vg (X(t2)),6)%)

ac AL, BeAZ, BeAZ,

=( Y Y W) (tL)AX ) I (t2)E E)

* %k * %k
aeAgO ﬂGAgO

Therefore we see that

W) S (Y Y0 b3t x))Ndet(J(t, x))*h(X (¢, z)). (2.2)

acAY, BEAL,
Then we have the following.

Proposition 2.3 (1) u(X(t,x) € E) = 1 for any v € E and t > 0. In particular,
p(t,z,y) =0,y e RN\ E, z € E.
(2) For anyp > 1 and T > 0, there exists a C > 0 such that

EF[R(X(t,z))"P] £ Ch(x)P, xeE, te]0,T].
(3) For anyn,m 20, p € (1,00), and T > 0, there exists a C > 0 such that
|R(X (t,2)) ™| lwne < Ch(z)~" "™ 2zeE, te0,T)].
Here || - ||wn.» is the norm of a Soblev space W™P (c.f. Shigekawa [19]).
Proof. The assertions (1) and (2) are easy consequence of Equation (2.2). Note that
D(h=™(X (t,x))) = —mh~ "X (t,2)) D(h(X (t,2))).

Thus we easily obatain the assertion (3) by induction. 1
By Kusuoka-Stroock [15], we have the following.

Proposition 2.4 Let dg > 0 be given by

d
8o = (BN(sup > [Vi(z)]*)™"
zeRN k=1
Then we have the following.
(1) For any T > 0,
90

2
sup FFlexp(— | X (t,z) — z|?)] < .
t€(0,T], zeRN t

(2) For any T >0,n 21, and p € (1,00),

0
sup 2] exp(—O\X(t,x) — z?)||wne < o0,
te(0,T], zeRN t
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Proposition 2.5 For any v € Z>07 there are gy.a,,....an € CEO(RN), E=1,...,19|, a; €

g}o, 1=1,...,k, such that

-----

o il
h( ) ‘8567 Z Z Jy,01,e 50, (x)(v[al] T V[ak]f)(.f), T € RY
k=1a1,.. 7ak€“4:jzo

for any f € CEO(RN),

Proof. Let A(z) = (A;j(2)); j=1...n be the cofactor matrix of the matrix A(z) for x € RY.
Also, let cqi(z), x € RN, a € A’g}o, 1=1,...,N, be given by

Then we see that h,c; € CR°(RY), and

> cai(®) (Vo ) (@) = h(z) 5% (), i=1,...,N.

* %k
aEAgeo

So we have the assertion for the case that |y| = 1. Since

9 ahl
Iyl+1
h(@)" (@) 555
) oMl Oh oMl
— Il — ()
B@) o (W15 (@) = Iyl @) (@) 5 £ (@),
we have our assertion by 1nduction. I

Now we have the following lemma.

Lemma 2.6 For anyt >0,z € E and 0,71 € Z2), there are kyy 1, (t,x) € W7 such
that

/ 0P 0] p(t, x,y) f(y)dy = E* (X (t,2)) 2o £(X (¢, 2)) kg, (8, 2)], f € CRRY),
RN
and

sup  tholFmDo/2) k(¢ 2|y, <00, T >0, neN, pe(1,0).
te(0,T],z€E

Here 9y = 01/027 and 8 = 01! /oy .

Proof. First, by the argument in Shigekawa [19] we see that for v € ZJZVO, there are
Jypt,z) e W= t 20,z € RN, B € Z>0, |B| < ||, such that

DXt = D (OIHX (@)t ),

B€Z>O, [BIZ]
and

sup || Jy,8(t,x)||wnp < 00, T>0,neN, pe (1,00).
te(0,T),zeRN
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Then we have for any » € E and f € C°(RY),

| eyt sy

P [ ot )@ Py
= (—1) o B3] £)(X (1)
=S B )X () (0, 0)

pezl, 181=hvol

[y1|+18]

==y > Yo B () g e (X (1)

BeZY, 1BI<hol k=0 au1,..okEAL,

XJ’Yo,ﬁ(t7 m)(V[m] T V[ak]f)(X(tv x))].
So by the integration parts formula in [13] Lemma 8 and by Propositions 2.3 and 3.3,

we have our assertion. I
Proposition 2.7 For anyt >0,z € E and vy, 71 € Zgo,
0700, p(t,r,y) =0 a.ey € RY\ E.

Moreover, for any vo, 71 € ZJZVO, p € (1,00), T >0, and m € Z with m < 2(|yo| + |71]),

Sup{t(l’yoH'Yl|)fo/2h(x)2(|'yo+|'yl|)20m(/ h(y) exp(@] _ ‘ )lagoaglp(t,x,y)\p

1/p.
E p(t) xZ, y)pil dy) ’

€(0,7T], z € E} < 0.

Proof. Let
1)
Gra(y) = eXp(TOIy —z[?), z,y €RYN, t>0.

Then we have for any ¢ > 0, f € C°(RY) and v € E
[ B0 a0 + b))y

= BMA(X (¢,x)) oD £(X (1, 2) (e + A(X (8, 2)) ™ 010 (X (8, 7)) R (8, 7)]

By Propositions 2.3 and 3.2, we see that

| oroypite ) )™ e o0)dy

= EF[R(X (t, )" 200D p(X (2, 2)) 10 (X (E, ) Ko o (8, 7).
Let k/(t,2) = h(X (t,z))™~2olHmDloy, (X (t,2))ky, -, (t, 7). Then we see that

sup  t{holHmDe/2p ) 2hol+nhlo=m prfi/ (¢ 2)[P]VP < oo, T>0, pe (1,00).
te(0,T],z€E
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Note that there is a Borel function l;:(t, z): RN = R, te(0,T], z € E, such that

EM[K (t,x)|o{X (t,z))}] = ];;(t,x)(X(t,a:)), te (0,T], z € E.
Then we have

/RN 0200, p(t, =, y) f(y)h(y) " pr.(y)dy

= EV[K(t2) f(X(t2)] = BX[k(t,a) (X (L) f(X (L)) = | Fly)k(t ) (y)p(t,z,y)dy,

RN
for any f € Cg°(RN). This implies that 87°07 p(t, z, y)h(y) ™. (y) = k(t,z)(y)p(t, z,v)
a.e.y, t 2 0, x € E. Therefore letting m = 0, we have the first assertion. Since

)/ X
/Eh(y)pm%:,x(y) W / Ik: (t,z,y)Pp(t,z,y)dy

= B*[[k(t, 2)(X (t,2))P) < B*[|K'(¢,2) "),

we have our assertion. I
Proposition 2.8 For any T > 0, there is a C > 0 such that
p(t,z,y) < Ot~ WNFDO/2p () 72(NFDbo ey (— —Oly —z|%), te (0,7], z,ye E
and
plt,a,y) < Ct=NHDO/2p () =2V exp(—275°\y —z[*),  te(0,T], z,y € E.
In particular, for any T > 0 and m 2 1, there is a C > 0 such that
plt,,y) < Ot~/ ()=2(NV+D0 (1 L p2ym(1 4 |y )=t e (0,T), 2,y € E

Proof. Let Cy

az N+1
= sup{t/2h(z)*( / exp( 2 D% - Doy, 1210 p(( " ST ). e (0,7, € B, > 0},
E

y)N

Y Y

Let
20,
pe(tz,y) = (plt, 2, ) + exp(~(1+ =)y — )Y/ VHD.

Then we see that
26 0
([ ooty = al?) 5 et )y O
RN Yy

9,1 (p(t 7,9) +eexp( (Lt Z0)ly — 2P vy
(p(t, z,y) + cexp(—(1 + 20)|y — z[2))¥
10,ip(t, 2, y) N+
(p(t, z,y) + cexp(—(1 + 20)|y — z2))

26, |0, (g exp(—(1 + 20|y — z|2))| N+
N (p(t,z,y) +eexp(—(1+ )|y — z[?))

— ) (X Rlpal)

26
<([ | ex(* 2y~ af?)
RN
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< Gyt 02 (2)2 + (5/ @l — 2 )N + 2)N+1 exp(—|y — a]?))dy)/ V.
RN
Also, we have
20
(/ eXp(Toly — 22 pe(t, m,y) N dy)/VHD
RN

26

26
= (/RN exp(TO\y —z|?)(p(t, z,y) +eexp(—(1 + To)w _ x|2))dy)1/(N+1)

= (B*exp(2X X (1, 2) — af)] + 7o) O,

and

(/RN(Ié‘ i(exp((]\fjiol)tw — z[)|p=(t, z, )N T ldy) YO+

46 i — Xy 2(5 20

= ( /R G . 1 e e y) e exp(= (1= ly—al)dy) VY
4 2 4
< 200 g1 1,0~ e X (1)) O 210

¢ N+
¢ (/RN i |V exp(—y|?))dy) Y/ V.

Then by Sobolev’s inequality, we see that there is a constant C' > 0 such that

26
sup (eXP(TOIy — 2 ((p(t, 2, y) + e exp(—|y|?)))/ N+

1
< C(Cot™2p(z)" 2o 4 Ct~Y2 4 Ce(1 4 ).

So letting € | 0, we have our first assertion.
Let

- 20,
pe(t,z,y) = (p(t,a;,y)h(y)Z(NH)éo + eexp(—(1 + TO)‘y _ x‘2)>1/(1v+1).

Then similarly we can show that

/RN(GXP((NQ_f_l)w:d )pe(t, 2, y)) N1

26 _
+Z|az (b7 gy e Ipebm )V )dy S OO0 te 0T e B
i=1

So we have our second assertion.
Finally note that

lzl  of

1
1—|—t2dt|<|x y| < +€]:E yl%, z,y € RN, £ >0.

| log(1-+]z|*)—log(1+]y[*)| < |

ly]

So we have the final assertion. 1

Proposition 2.9 Let § € (0,1/N), o, € ZJZV0 and T > 0. Then there are C > 0 and
q > 0 such that

10200p(t, z,y)| < Ct=(elHBEDO/ 2 () =2l HEFDo ¢ 2 )10 2y e B, t€(0,T],
and

0200 p(t, 2, y)| < CtUHHBEDO 2y )20l 81 Do 0 )10 4y € B, te (0,T).
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Proof. Let p=1/§ > N, and let

920y p(t,,y)
p(t,z,y) +e)t=°
for € > 0. Then we see by Proposition 3.5 that there is a C; > 0 such that

ps(tvxvy) = (

020, p(t, z,y)[”
. t, ’ Pq 1/p — / ‘ x Y'Y y Ly d 1/p
([ etz = ([ SEAPLEEE )

< Cyr(lal+18D00/2p ) =20l +18D 250 ¢ e (0.7, z € B

Also, we have

d|@meww@
RN

/ |8§‘058yip(t,x,y)‘pd )i/p
ry (p(t,x,y) +e)p!

102800 p(t, , )| ) /) / |0y, p(t, 2, y) [ ) /),
ry (p(t,z,y) +e)2P! ry (p(t,z,y) +e)P!
So we see by Proposition 3.5 that there is a Cs > 0 such that

J%mmmwwm
RN

A

+(1 - 8)(

< C’zt*(\a|+|5\+1)fo/2h(y)*2(\a|+|5\+1)507 £>0,te(0,7), = €kE.

So by Sobolev’s inequality, we see that there is a C's > 0 such that

sup |pe(t, z,y)|
yeRN

< Cst*(\aHlﬂHl)@o/?h(x)*2(\a|+|5\+1)’ e>0,te(0,T], z€E.

Letting ¢ | 0, we have the first assertion.
Let

929y p(t,z,y) ()2 (lal+181+D)
p(t,z,y) +e)t=°
for € > 0. Then a similar argument implies that there is a Cy > 0 such that

pe(t,z,y) = (

sup |pe(t, 7,y)|
yeRN

< oyt~ HBEDL2 o 50, t e (0,T), x € E.

So we have the second assertion. I

Proposition 2.10 Let m = 0, a, 3 € Z]ZVO, p € [l,00), 0 € (0,1) and T > 0. Then there
is a C' > 0 such that

/IW@%@%J@W@%@M
RN
< O(t — s)PUalHI2me2)0/2p ¢ g, )0

for any t € (0,T], s €[0,t), y € RV,
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Proof. First note that

d
1
op(t,z,y) = Lap(t, 2, y), where L = 5 PR
k=1

So it is sufficient to prove the case m = 0.
Let r = 1/(1 — 6). Since p > 1 — §, we see by Propositions 3.6and 3.7, that there are
C > 0 and b > 0 such that

050, p(t — 5,2, y) [P < C(t — s)P IO R (2)Pp(t — s, 2, 4)'

for any t € (0,T], s € [0,t), v € E, y € RY. So we see that
| 102000 = s.2.)Po(s. 0.0
RN

SCt— s)p('“ﬁ'“)%”/ h(2)"p(t = 5, 2,9)""p(s, x0, 2)dz
RN

< C(t - 5)p(a|+|,8+2)zo/2(/

(h(z)_b/‘;p(swo, z)dz)a(/ p(t — s, z,y)p(s, o, z)dz)l_‘s.
RN

RN
Since

AN p(t - S, Z,y)p(S, Zo, Z)dZ = p(t)$07 y)u

we have our assertion. 1

Proposition 2.11 Let a € (0,1], and b € (0,a). Then we have

/R 25,0, 2)"p(t = 5,8, )" () da < p(t,20,9)"( /E darp(s, o, x)\ /1D (a) /D) 0

for any t > s 2 0, and non-negative measurable function ¢ : E — [0,00).

Proof. Let 6 = (a—b)/(1 —b), p=1/b, and ¢ = 1/(1 — b). Then we see that 1 — § =
(1-—a)/(1—b)and a—6=0b(1—a)/(1—b), and so we have

/RNp(s,xo,x)“p(t—s,%y)%(x)dw=/RNp(swo,x)‘sp(s,xo,x)“‘””’p(t—s,m,y)”pcﬁ(w)dw

< / p(5, 20, 2)°p(s, 20, ) p(t — 5,2, )dz) /P / p(s, 20, 2)° () idr) /1
E E

= p(s, zo, y)b(/ (s, 0, )70/ A0 () 1/ (1=0) gy 10,
E

This proves our assertion. 1

Proposition 2.12 Letp =21, m 2 1. a,8 € ijvo, T>0,a€(0,1/p] andb € (a—1/N,a).
Then there is a C > 0 such that

[ 02 0(s.0.2)) P02 = 5..9)

< O PUAHDOR (¢ — o) 7P U0 2 8, g, )P (1 + |y 2)

for anyy € E and s,t € (0,T] with s < t.
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Proof. Let 6 = (a —b)/2 < 1/N. Note that 0% (p(s,xo,z)*) is a linear combination
of a(a — 1)---(a — m + 1)p(s,xo,x)* "0 p(s, g, ) - - - OF™p(s, xo,x), m = 1,...,|a|,
ap € Zxg, lag| 2 1L, k=1,....m, a1+ - + oy = .

Then by Propositions 3.7, we see that there is a 'y > 0 such that

102 (p(s, z0, 2)*)[|05p(t — 5,2, 9)]
< CIS*(|0‘|+1)£0/2(7§ _ s)’(|B|+1)‘0/2h(x)’2(|5‘+1)50p(s,a:o,a;)“*‘;p(t _ S@)y)lf5

for any a € (0,1/p], b € (a —1/N,a), x,y € E and s,t € [0,T] with s < t. By Proposi-
tions 3.6, we see that there is a Cy > 0 such that

plt = 5,.9)1 77 £ Colt — ) 7/2h () 2NV (1 1 [f2)(1 4 [yf2) =050
for any z,y € E and s,t € [0,T] with s < t. So we have
102 (p(s, w0, 2))||07p(t — 5,2, )|
< 01028—(|a\+1)€o/2(t _ 3)_(|B|+2)£0/2h($)_2(|’8‘+N+2)€0p(3,mo,m)a_‘sp(t _ s,x,y)b
(1 + a2 (1 4 [yf2) 0=/

Note that pb < p(a — d) < 1, and so we have

/ (h(x)2UBHENT2 0 (5 20, 2)*Op(t — s, 2,y)°(1 + |z[*)™)Pdzx
E

= / p(s, o, 2P0/ APV (g g, 4P AP0/ =Pl (3 g )PP
E
X(h(x)—2p(lﬂl+N+2)€o(1 + |m,2)mp dx

< / (s, w0, 2)PLO7070/ APl (5 g ) AP0/ U=P0)yy (4 5 o ) dar)PP
E

X

—~

/ (s, mg, 2)P@7070)/ (1=pb) py () =PUBIFNF2)/(1=pb) (1 || 2)mp/ (1=Pb) gy 1-pb
E

— p(t, 70, )P / (14 [22) N p(s, 2o, 2)P(@— =)/ (1=b) ) =2p(1B1+ N +2)/(1-pb)
E
X(l + |:L,‘2)mp/(1—pb)+N dl’)l_pb
= p(t, w0, y)pb(/ (1+ |2|*) "V p(s, o, 2)h(z) PUSHENFD/Lolpa=0-b))
E

X (14| |?) P+ N(1=pb))/(p(a=6-b)) dx)p(“_‘s_b)(/E(IH:clz)_N dz)1—P(a=0-0))/(1=pb)

= p(t, zo, y)pb(/ (14 |z|?) N da)1-r0)/ (1)
E

><E':“[h()((57 ;po))*(\5|+N+2)€0/5(1 + |X(S, xo)’2)(mp+N(lfpb))/(p6)]p§'

So by Proposition 2.3, we have our assertion. I
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2.3 Stochastic mesh and random norms
Let .Ft(L), t=>20,L=0,1,...,00 be sub g-algebra of F given by
FE = o{Xy(s); s€[0,4], £=1,2,....L},

and
F) = o{Xy(s); s€[0,4], £=1,2,...}.

Let v, t = 0, be the probability law of X (¢,z9) under u. Then we see that vy is the
probability measure concentrated in zg, and v(dx) = p(t, xo, x)dz, t > 0.

Then for any t > s = 0, we can define a linear contraction map Ps; : L'(E;dv) —
LY (E;dvy) by

(Poef)(z) = /E Pt — o) f(@)dy,  ©€E, feL\E;dn).

Proposition 2.13 Lett > s =20, a € Z]ZV0 and bounded measurable function f: E — R.
Then we have

E02@QY (@) F = 02(Pyuf) (@), vs —ace.

and

L[ (09p(t—s,z,y)*|f(y)?
/.

E[102(Q45 £)() — 92 (Posf) (@) PIFC) < s
QSt (y)

ll

Proof. Note that

L

Bt~ s e )f)
KZI/E Ty X b

Bl5 QY ) @)IF) =

- /E Op(t = 5.,y)f(y) dy = 2(Posf) ).

This implies the first assertion.

Let
1 oSp(t — s, x,
mi=p [ EHE S0 xi,) dy
E qs,t (y)

and

10gp(t — s, @, Xo(t)) f(Xe(t))
L al (Xe(t)
for =1,...,L. Then we see that

Eld|F v F Y =0,  ¢=1,... L

Here we let ]_-t(o) = {0, Q}. Moreover, we have

L
S de = 02(Q7 (@) — 02(Parf) (@)
/=1
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So we see that
L

E[102(Q7 £)(x) — 82(Paef) (@) PIF)] < EI(Y |de|*)|F)]
/=1

L 1 02p(t — 5,2, Xy(t)) f(Xe(t)) 2
<Y E|(==2 F
‘; 7 a7 (Xe(t)) B

L Ot s 1)) 2
2;/ 8 ) 7y)) ’f(y)’ p(t—S,Xg(S),y) dy

A

qi,? ()2

_ 1/ (2p(t — s,2,9)*f (W)
LJp " ()

So we have the second assertion.
(E)xQ —[0,00),t =20, L =1, be random

Now let Mt(L) :m(E) xQ — R, and Nt(L) :m(E

functionals given by

L
M) = MP (F0) = £ S0 A f em(B)
=1
and .
1
NP = NP s = MEPAAD = 7 3D 15C f em(E).
=1
t( ) is a semi-norm in m(E).

Then we see that Mt(L) is a linear function and N,

Proposition 2.14 Lett > s 20 and L 21 (1) For any f € m(E),

(2) For any f € m(E)
NI(QU) £ N

=1" k=1 ,
1 Ll — s, Xols), Xi(8) F(X(D))
"Iz 0 (Xi(1)) )= M)

So we have the assertion (1).
The second assertion is an easy consequence of the assertion (1)
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Proposition 2.15 (1) Let T > 0 and m = 1. Then there is a C > 0 such that

| —
M=
=

(Xe(5)) = (Poaf ) (Xe(8))?|FE]
(=1

<¢

=L

(t—5)"FDO2 max h(Xy(s)) 72V (14X (5) / FWPA+y?) ™™ dy  as.

forany L 21 and s,t € [0,T] with s < t.
In particular,

EINP@QY f - Pouf)?)
(t — )" OB max h(Xo(s) 2V (L4 [ X(s) / F@)2(1+y>) ™™ dy

forany L 21 and s,t € [0,T] with s < t.
(2) For any e >0 and T > 0,

=

=~ Q

lim L7° sup E[ max h(X,(s))~ 2(N+1)(1+ 1 X,(5)[*)™ =0
L—oo SG[O T} £:17L

Proof. By Proposition 3.11, we see that

L
=D BIUQT D(Xels)) = (Paaf) (X)) F)

Then by Proposition 3.6 we have the assertion (1).
Let € > 0. Let us take p > 1/e. Then we have

E[ max h(Xy(s)) NV (1+ [ X(s)*)"]

ceey

L
< B[ (h(Xe(9)) 2N+ | Xo(s)?) ™)) M)

(=1

L
S B (A(Xe(s) NI+ [ X (s)P)™))1P

~
Il
—

= LYPEF[1(X (s,20))" N1+ | X (s, 20)|%)"P) /P
< Ll/pE“[h(X(s,xo))*‘lp(N*l)}l/@p)E“[(l + ‘X(87x0)|2)2pm]1/(2p)

So we have the assertion (2) by Proposition 2.3.
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2.4 Application 1

Let 7 > 0, and let B, be the set of Borel measrurable functions f : RV — R such that
supper (1 + o) /2| f(2)] < oc.

Then we see that Qgi) and Psy, t > s 2 0, can be regarded as linear operators on 5;.

Now let ¢s: : R" X R, s,t € [0,00), s < t, be measurable functions. We assume that
there is a A 2 0, such that

st (2, ) — ¢st(, 2)] < exp(A(t = s))|y — 2|, reRY, y,z€R, t>520.

Also, we assume that ¢s(-,0) € B,, t > s 2 0.
Let us define a nonlinear operator ®,; : B, — B,, s,t € [0,00), s < t, by

(®5:f) (@) = Gsp(x, f(2), =z €E, feb.

Then we have
NI (@i f — @s09) S exp(A(t — s))NE(f - g)

for any f,g € B,.
Let us define operators Q 1 ) and Pst on B, by Qst =®,;,0 Qg’Lt) and P&t =®,,0Psy.
Then we have the following easily from Propositions 2.14 and 2.15.

Proposition 2.16 (1)
NIQL £ - Q9 < exp(A(t = )N (f — g)

for any f,g € B,.
(2) Let T > 0 and m = 1. Then there is a C > 0 such that

E[ s (Qstf Pstf }

A

%Q(L) exp(Q)\(t_s))( (N+1)€0/2/ f 1+ |y| ) (r4+N) dy

forany L 21 and s,t € [0,T] with s < t. Here

a(L) = sup E[ max h(X,(s)) 2N (1 + [X,(s)])™]
s€[0,77] /=1...,L

Note that by Proposition 2.15(2), we see that for any § > 0,
L7%(L) -0, L — .
So we have the following.

Theorem 2.17 For T > 0, there is a C > 0 satisfying the following. For any n = 1, and
O=to<t1 <--<t, &T,

H(Qto,tl Qtn 1,tnf)(370) - (Pto,h T Ptn_17tnf)($0)|2]1/2

k=1

( /E Poytnrs - Prorn D21+ [y) ) a1/
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Proof. Note that
Q5 Q) ) (@o) = Py - Py ) (0))]
= N, B o ) = (Pogy - P )

3

A

((Qto t1 : th 1 tthk:tk+1 e Ptnflytnf)_(ngo,zfl T ngzz,tk_lptkflatk e Ptnflytnf))

=
Il
—

n L _ 5 _ _
= ZeXp()‘tk‘*l)Nt(k 1(th Pt P ) = By Pr )
k=1
Also, we have by Propostion 2.16

L) AL > > 5 >
E[Nt(k_)l (ngzl,tkptkvtk+l e Ptnflytnf) - (Ptk—latk e Ptnflvtnf))z]l/Q

01/2 B
< 1172 a(L)Y2 exp(A(tg — tj_1))(ty — t_q )~ N Db/
X(/E(ﬁtk,tm"'ptn_l,tnf)( V(14 [y~ dy) ',
These imply our theorem. 1

Now we apply the above theorem to American option. Let g : [0,7] x R" — R be a
continuous function such that there are r =2 1 and C7 > 0 such that |g(¢,z)| < C1(1 +
|22)7/2, t € [0,T), x € R™ Let ¢ 4(x,y) = g(s,x) Vy, for € R*, y € R, and s,t € [0, 7]
with s < t. Then we have ¢, ¢(x,y) — ¢si(x, 2)| S |y — 2|. It is easy to see that there is a
a 2 0 such that

El sup (1+|X(t,2)]?)/% < exp(al)(1 + |z|?)/?, zeR"
te(0,7

So we see that

sup (14 |2[%)7"/?|Pyy f(z)] £ expCy Vexp(a(t — s)) sup (1+[x’) 2| f(z)],  f€B,.
zeR" zeR"™

Then we see that
(/E(ptkﬂfkﬂ T P’tnflytng(tn7 ))( ) (1+’y‘ ) () dy)1/2 <O eXp( (tn_tk)) /E(1+|y‘2)_N dy)l/z'
So we have by Theorem 2.17, we see that there is a Co > 0 such that

Ell@Q), - Qﬁfl 0,9ty )(20) = (Proy - Pro_y 109 (tns ) (o) [2]72

< L1/2 1/2 Z (tk — to_1) —(N+1)4p/4

foranyn>1,and0:t0<t1<---<tn§T.SoifwetakenLglandO ( )<t( ) <
<t( ) =T for each L = 1, and there is a dp,d1 > 0, with 09 < 61 < 1/2 such that

nL
i - L L) \—
fim L7036 2" —o,
k=1

then we see that

—(1— ~(L A(L 5 5
LTOPIQD o Q9T ) (w0) = (P o -+ Py (T2 (o) = 0
0 "1 ) nyp—1"n

ny—1° nL

in probability.
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2.5 Preparations for estimates of functions

be independent integrable random variables.

Proposition 2.18 Let Z;, k=1,2...
(1) For any p 2 1, there is a C > 0 only depend on p such that

(2 - Elz)") < sz + (Y IEZID), n2 1.
k=1

M:

E]l

=

there is a C > 0 only depend on p such that

1+ QO IEZD?), n 2 1.
k=1

E(Y "zl £ CEIY Z))
k=1 k=1

II\/ il

(2) For any p

(3) For any m € N, there is a C > 0 only depend on m such that

m+1 n

E|| ZZ ey Qo EZ DT nz
r=1 k=1

Proof. (1) If >_3_; E[|Zk|*] = oo, the right hand side is infinity, and so the inequality is

[|Z1]?] < co. Then by Burkholder’s inequality we have

valid. So we assume that > ;_;
n

|Z Zy, — BZy))*P) £ CoE[(> _(Z1 — E[Zk))*)).

k=1

Since we have
n n

B[O (2 — E[Z)*P) £ PE[(D (2} + E[Zi)?))]
k=1 k=1

2(Y Bz < 2PE((Y_ Z)P + 27 (Y |E1Z])™

n
<27 B((3. B + 2 <
k=1 k=1 k=1 k=1

we have our assertion.

(2) Note that
E| ZZk|2p] = E[|Y _((Zr — E|Z)) + E[Zy))[*"]

k=1

n
<2P(E)|Y (%~ E Zk|2p+|ZEZk|2p)
k=1 k=1

So we have our assertion by the assertion (1).
We can show the assertion (3) easily by induction and the assertion (2). 1

Proposition 2.19 For any m =2 1, 7 2 0, a € Z]ZVO, 0 € (0,1), and T > 0, there is a
C > 0 such that

1~ : "

E| ;(;ltp ]!(* > 8]osp(t — s, Xu(s),y)) — & 05p(t,x0,y)|*" ]

S ,L—€ /=1

< e 2" GHa D [ 72" [ir g0 )10 (L7 4 p(t, o, )02

m
Y

foranyy € RN, L >1,t€ (0,T)], € € (0,1).
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Proof. Let us note that

o )
aag@;‘p(t, x,y) = Lwagagp(t,x, ), t>0, zeE, yeRY,

where
14
k=1
So we see that 8g8§‘p(t —5,X4(s),y), s € [0,t), h > 0, is a martingale, and

<aga§p(t - '7X€(')a y)>s

d s
-y / 302 Vi (t — 1, X (r), y) [2dr.
k=170

So we have by Burkholder’s inequality and Proposition 2.18 (3),

L

E[ sup | (8]op(t — s, Xo(s),y) — 005 p(t, 0, y))
s€[0t—e]

2

L d t—e .
< Cpn B Y / 0 Viap(t — 5, Xe(s), y)Pds)”"]
¢=1k=1"0
m d L t—¢ y m
< Comind? ZE[(Z/ 0 Viaplt — 5, Xo(s), y)2ds)?"]
k=1  ¢=1"70

d m L t—e —r
SOOI SB[ 10 Viwn(t = 5. Xu(o).) s )
d m L t—e ) L
<o STy B /0 1005 Viap(t = s, Xe(s), )| ds])™

d m t—e . .
D I S S A I e O e

k=1r=0
Then by Proposition 3.8, we have
L

Bl sup ]!Z(ﬁiaﬁp(t—s,Xe(S),y) — 3] ogp(t, 70, y))
s€|0,t—e I—1

S

m
é Clt2m€72m(j+|a|+3)fo Z L2m_Tp(t7 o, y)Zm_T(lfJ).
r=0

< e 2 U 127 L (8w, y) O (LT + plt, w0, y) ' 0)P"

This implies our assertion. I

Proposition 2.20 For any § € (0,1/2), T > 0 and p € [2,00), there is a C > 0 such that

L
E[( sup sp 4S5 () — p(t, 0, y)|
yERN tele, T],s€[0,t—¢] (L_l/(l_é) + p(t, Zo, y))(l_é)/Z
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Proof. Let us take an m = 1 such that p + N < 2™. Note that
L1+ p(t, wo,y)' ™0 < 2(L7 070 4 p(t, 20, 9))' 0.
Let

P B = L1050 3 (8, w0, ) A-9/2

0<s<t<T, yeRV.

We see by Proposition 3.7, we see that for any a > 0, j =2 0, and « € Zgo, thereisa C >0
such that

(LY 4 p(t o, y)) =2 D] 0 (L7070 4 p(t, 20, 9) ™)

< ot~ @HaDboyt 2o,9)70,  y e RY, t € (0,T).

So we see that by Proposition 2.18, for any a > 0, 7 = 0,1, and « € ijvo with |a| £ 1,
there is a C' > 0 such that

. m—+1
B[ sup |0]8%pr(s,t,y)[?
s€[0,t—e]

]

< Ce LT Ip(t, e, y) TP, yeRN, L21, e €(0,1), te (e, T).

Therefore we see that

E[/ dy sup |8{8;‘pL(s,t,y)!2m+1]
RN s€[0,t—¢]

< Cem / p(t,zo,y) " *dy,  L=1,e€(0,1), te(sT).
RN

Note by Proposition 3.6 that there is a C' > 0 such that
/ p(t, o, y) " FPdy < OtV e (0,7
RN

Also, note that

T
% pulsitn) = O pu(s T — [ rGpuls
t

and so we see that

sup / 001 (s,t,y)|*" dy

tele,T),s€[0,t—e] J RN

<2m“/ dy sup |05pL(s, T,y)*"
s€[0,T—¢]

+2m (T 4 1) /dr/ dy sup \35/)L(877"’?/>‘2m
RN s€[0,r—¢)

Then by Sobolev’s inequality, we see that there is a C' > 0 such that

E[ sup sup ’pL(S, t, y)‘2m+1]1/2m4r1 g CE—(4+(N+1)/2m+1)£0L_1/2+1/2m+17

yeRN tele, T],s€[0,t—¢]
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L =1, £ €(0,1). This implies our assertion. 1
Let

L
7 (8 té‘) = su |q§,t)(y) _p(t7x07y)|
e yepgv (L=Y/(1=0) 4 p(t, g, y))1—9)/2’

t>0, s€|0,t)

and

ZL (67 55 T) = sup ZL(S, i 5)
tele, T),s€[0,t—¢]

for T'>0,e € (0,7], and 6 € (0,1). Note that Z(s,t;d) is F) measurable.

Then we have the following.

Proposition 2.21 (1) Let T > 0, ¢ € (0,T], and 6 € (0,1). Then for any p > 1, there is
a C > 0 such that

E[(LO=)2Z, (c,8,T))P)/P < Ce=dlo—p0%/2+1/p, L>1.

(2)Let 6 € (0,1), t > 0, and s € (0,t). If L(1*52)/2ZL(s,t;5) < 1/4, and p(t,xo,y) 2
L=(1=9) then
qﬁ,Lt)(y)

< st )
= p(t, z0,y)

1
5 <2, te(e,T], s€l0,t—c¢l.

Proof. The assertion (1) is an immediate consequence of Proposition 2.20. Note that
L —1/(1— _
147 () — p(t, 20, 9)| < Z1(5,4:8) (LY 4 p(t, g, y)) 1702

. forany y € RN, t € [¢,T] and s € [0, — €.
If p(t, xo,y) 2 L=(1-9 we have

qi,Lt) (y)
p(t, zo,y)

| — 1| £ Zp(s,t:0) (LY p(t, o, y) ™ + 1)1 2p(t, g, y) ~(HH9)/2

< Zp(s,t0) (L7710 4 ) A=02[A=09/2 < 9 1=/2 7, (5. 1: ).
This implies our second assertion. 1
Proposition 2.22 Let T >0, and § € (0,1). Let Br(s,t) € F, L 2 1, be given by
Br(s,t) ={weQ: L(1_52)/QZL(s,t;5) < 1/4}, t > ands € (0,t),

and ¢, - E— {0,1}, t € (0,T], L 2 1, be given by

PrL = Lyepp(taoy)>L-0-9} t>0.

(1) Let a € (1/(2N),1/2), b € (a —1/(2N),a), and m = 1. Then there is a C > 0 such
that

L 5.0 El(sup (s, 70, 2)(Q (0r,0.1)) (@) — (Poa(per)) (@) FE]

70920 ) W (e, ) T ) e )P o,
E

[IA
=~Q
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fort e (0,T], s € (0,t), L 2 1, and any bounded measurable function f defined in E.
(2) Let a € (0,1/2), and m = 1. Then there is a C > 0 such that

1BL(s,t)E[(Slelgp(Sv 20,2) 2 QS (11 1)) (@) = (Pas(iprn ) (@) FE)]

¢ - - -m
< L1—58 (N+2)€o(t _ 8) (N+2)o /E(l + ’y‘2) %,L(y)f(y)gdy a.s.

fort e (0,T], s € (0,t), L =21, and any bounded measurable function f defined in E.
(3) Let a € (0,1/2) and b € (a —1/(2N),a). Then there is a C > 0 such that

L, sy El(sup p(s, 20, 2)°|QL (0,00t 70, ) ™)) (@) = (Paa(pr,p(t w0, -) ™) () )2 FE)

zeFE

< O -toy _ g-Ne2t0

fort e (0,7, s € (0,t), L = 1.

Proof. Note that for a € Zgo

U, (5. B0 (0(5, 20, ) (Q7 (0.0 ) () = (Pay(01,1.0)) () PFE)]

1 \6§(p(s,xo,:v)“p(t—s,x,y))
e A7)

15, (s, /E 10 (p(s, w0, ) p(t — 5,2, 9))1*p(t, 20, y) ~ 0r, L) f (¥)* dy

So we have by Proposition 3.10 there is a C' > 0 such that

A
Sik

2
| SOt,L(y)f(Z/)Q dy

=

i

e B do 1020l 0,00 (@L (1. 0) @) = (Pualion ) @) EFE)

C _ _ - —m
< Ss (- ) (NH)EO/EP(@Q?OJJ) 2001+ [y[3) " ™r 1 (y) f(y)dy.

This and Sobolev’s inequality imply the assertion (1).
In the assertion (1), if a=1—9/4 and b > 1/2 — §/2, then we have

p(tv Zo, y)_1+2bs0t,L(y) § L_(S'

This implies the assertion (2).
In the assertion (1), if m = N + 1 and f = p(t, o, -)~° then we have

/Ep(t’”fo’w‘l””(l + [y12) "L (y) (y)Pdy < L1 /RNU + [y?) "Dy

This implies the assertion (3). 1
Similarly by using Proposition 3.10, we have the following.

Proposition 2.23 Leta € (1/(2N),1/2) and b € (a —1/(2N),a). Then there is a C > 0
such that

sup p(s, o, ©)"|(Ps.f) ()|
zeE

= o
fort e (0,T], s € (0,t), and any bounded measurable function f defined in E.

pp(ta Zo, y)b’f(y)’
E
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2.6 Application to Bermuda type problem

Let us think of the situation in Section 4. Then we have the following.

Theorem 2.24 Let 0 =Ty < Ty <...<T, <T,6€(0,1/2), and f € B,, for some r =
0. Then there are C > 0, QF € F, L = 1, and measurable functions d( ) : ExQ —[0,00),
m=1,....,n—1,i=1,2, L 2 1, such that

lim LP(1 — P(QF)) =0, p € (1,00),

L—oo

1QL|(Q Toet " QT ' D@) = (Prmy - P,y (@)
gdfn)( ) +dh(), weB m=1,..n-1 L21

and

£ /E 45, (£)p( T, 0, 2)da] < CL-0-07
E[/E Ao ()2 p(Ton, o, w)da] < CL™170)
foranyL=1,m=1,...,n—1.
Proof. Note that for f, g € By
Q57 D) — (@7 9)(@)]

= [ps,e(2, (QU) F)(2)) — dsu(, (QS g) ()]
< exp(A(t — 5))(Q(1f — g))) (@)

So we see that

QY Q) D) = (@ Q) 1 a)(@)]
< exp(\(Thy — T)) QT Ty - Q% 1, (I — 9))(@)

Similary we have

QS 1)(@) = (Posg)(@)] < exp(A(t — ))IQL ) (@) — (Porg)(@)]

Let us take ag, k =0,1,...,n such taht 1/2 > a9 > a1 > ... > a, > 1/2 — 4. Also, let

em(®) = (Pr, T - Pr, 1, )(@).

Note that
Q) gy Q) @) = (Pry s+ Pr 1, (@)
(I - -
§ (@ Tm,Tm+1 T Tm+k_17Tm+kPTm+k7Tm+k+l . .PTnthnf)(x)
k=1
_(Q .OW P P )]
Tm7Tm+1 Tm+k—27Tm+k—1 Tm+k717Tm+k Tnfl»Tn L
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n—m
Qo QY ek Pr Tk (@)

< eXp )\T Z TM7 m+1 ’
k=1

Let
—Pr_ 1, (@Tk,Lck) D (x)v

Ry =1p, (1, 1) iggP(Tk—h T, )" (!QTk)ﬂ,Tk (¢1,,LCK)

Zy,
_ak)_PTk—lka ((PTk,Lp(Tk, o, ')_ak)‘)(x)a

1B, (Tyo1.T0) Supp(kala-1'07x)ak_l(‘Q’E]“kll,Tk(‘PTk,Lp(Tkaan )

and
Dy, = Sugp(Tk 1,20, )" (Pr,_, 1, (o1, .0(Tk, 0, ) ")) () < 00,
xTE

k=1,...,n.

Then R; and Zj, are F}Zo)—measurable for k =1, n, and by Proposition 2.22 we see
that there is a C' > 0 such that

ERIFI <L, BZFES) ) < om0

forany L 2 1, and k = 1,...,n. So inductively we have

k k
B[R} ] (Zi+ DPIFEY] < 2t—fokai=p=t T (D2 + o109
i=l+1 i=0+1

forany L =1, and 1 £ ¢ < k < n. Let QF =}, BL(Tx—1,Tk). Then we have

102 QY | 7 (p(Tio w0, ) ™) (2)

= 100 Q4) | 1, (o1, 10(Th w0, ) ) (@) + Q4 1, (1 = o1, )p(Tie w0, ) ") (2)

< ]-QL (Zk + Dk) (Tk l)x())x)iakil + 1QLQTk71,Tk((1 - @Tk,L)p(Tk7x07 ) ak)(a:)

Therefore we have
- PTm+k71’Tm+k Cm+k|)<x)

(L)
1QL (QTmmi+1 QT + k=2 T k— 1(|QT +rk—1,1; m+kcm+k

L _
< Lo Rt Q) 1y QB oy PTremt 00,) "4 (1)
L L
+lar (Q’-(T'rrfmi+l o Efm)-wc 2, Ttk 1(QT r-1,T m-Hc((l = T |Cmik])

+PTm+k711Tm+k((]‘ - 30Tm+k,L)’Cm+k’|)))(x)

é Jm,2($) + Jm.l(l')a

where i
d525(@) = B ([](Zinsi + Don))p(Tom, w0, )~
i=1
and
(L
diy ()
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L L a _
Z etk H (ZADN@QE 4 Q5 o (=01, )P(Tongeo1, 30, ) +1)) (x)

(L) ((1

(QT’mva+1 QT77L+k 2 7n+k' 1( T7n+k:717T7n+k; - SOTm-‘rkvL)‘cm‘i’k’)

+PTm+k:717Tm+k ((]‘ - ¢Tm+kyL) ’Cm+k|))) (‘T)

Note that
m+k .
Elfmirl [T Zot D@ gy Qs (1 DD T, 0, )4 ()
i=m-—4+~4+1
m+k
= BlBRmir( [] (Zi+ D)IFE]
i=m-+L+1
(QTm, Tnt1 QT m+e—2:Tm+eo— 1((1 o sOTerzfl7L)p(Tm—&-é—173707')amMil)(x))]
m+k
é (2kck+1L—1 H (DZQ + CL_(l_é)))1/2
i=m—+~L+1
[QTm,TmH QT mae—2,Tmyo— 1((1 - <me+[71,L)p(Tm+g_1,:I:o,~)am”*1)(x))]
m—+k
=@Mt I (DFHCL NP g (=, £)P(Tone1, 70, ) ) ().
i=m-+4+1

Note that for a = 0

/PTm Toier (L =01, 0 1 2)P(Trnge—1, 20, -)*) () p(Ton, w0, )dw
E

N / 1{P(Tm+£717$07$)§L_(1_5)}p(Tm+£_1’xo’ x)H_adx
E

[IA

_(1_58)2
L~1-9 /p(Tm+g1,x0,x)5+“d:U.
E

Then we have our assertion. 1

2.7 re-simulation

We think of application to pricing Bermuda derivatives.
Let r =2 1 and let g : [0,7] x R — R be a continuous function such that

sup (14 [2*)""|g(t, 2)| < oo
zeRN, t€[0,T)

Let ¢si(z,y) = g(5,2)Vy, 0Ss<t<T,zeRNandy e R. Let 0=Tp < T3 < ... <
T, <T,andlet ¢y : E— R, m=0,1,...,n, be given by

Cm( ) (PTmy 7n+1 e PTnfl,Tng(Tn’ ‘))(x)’ m é n— ]'7 and Cn(x) = g(Tn'x)'
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Now let ¢, : E - R, m=1,...,n— 1, be given and let ¢, = g(T),, ). We regard ¢&,, as
estimators of ¢, m=1,...,n.

Let us think of the SDE in Introduction. Let 7 : Wy — {T1,...,T,,} and 7 : Wy —
{T1,...,T,} be stopping times given by

7 = min{Ty; cx(X(Tk,20)) < 9(T, X (T, x0), k=1,...,n}

and
T = min{Tk; 5k(X(Tk,J:‘0)> < g(Tk,X(Tk,l‘o), k= 1, .. .,n}

Let ¢, m =0,...,n, be given by inductively, ¢, = g(T,,-), and

Cm-1=Pr,_, 1, (g(TTm ')1{5m§g(Tm7.)} + 6m1{gm>g(Tm7‘)}), m=n,n—1,...,1.
Then we have the following.

Proposition 2.25 (1) Form=0,1,...,n— 1,

E*g(r, X(7,20)|Br, | L{r27 413 = cm(X (T, 20)) {727,010} @-5-
and

E'u [g(%a X(%7 .’1'0) ‘BTm]l{?szJrl} = Em(X(T’n% wo))l{%szJrl} a.s.
Here B; = o{B'(s); s <t, i=1,...,d}.
(2) Form=0,1,....,n—1, and x € E,
0= em(®)=Cm(2) = Pry T ([ems1—=Cmat ) (@) 4P, 10 (L 1> g0 g1} (Ema1 —Cma1)) ().
In particular,

n
0§Cm<37)—6m($) § Z PTmaTk(‘ck_ék‘)<$)7 mzovlv"'an'
k=m+1

Proof. Since we have
EFg(7, X(T,20)|Br,, 1721,

= EM[E"[g(T, X(T, 20)1(521,, 1} 1B ] + 9(Tms X (T, %0)) Lz=1,,} BT, 4 ],

we can easily obtain the assertion (1) by induction.
Note that

= Pr, Tt (L 29T, (9(Tms1s ) V ems1) — 9(Tnt1, )
+Pry Tois Ui >g(Tmir, )} ((G(Tmt1s ) V Cn1) — Emey1))
= Pr, T (L1 <o(Tmsr )y (9(Tnt1s ) Vo ema1) = (9(Tmt1,7) V Gmt)))
+Pr,, Tois (Ui >9(Tmar, )} (G (Tmt1, ) =Cms1)VO) = ((9(Ton1, ) —€m+1)VO0) +Cimt1—Cmt1))
S Pr T ([ems1 = Cmt ) + Pr Tt (W 15T} (Gma1) — Cmet))

This implies the first inequlity of the assertion (2). The second inequality follows from
this by induction. I
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Proposition 2.26

co(zo) — €o(zo)
< ER: /E(|5kz = k| + lex — k) (@) 11a,—ch | +ler—cn|ze} (T) + €1q19(Th, ) —cx| <3P (Ths To, T)dx
k=1
for any € > 0.
Proof. Note that
co(wo) — Co(wo) = EM[g(7, X(7,20)) — 9(7, X (7, x0))]
= EF[g(, X(7,20)) — 9(7, X (7, 20)), 7 > 7] + E[g(7, X (7, 20)) — (7, X (T, 20)), T < 7]

= EM[EF[g(T, X (7,20))|B7] — 9(7, X (7, w0), T > 7]

+E#[9(7—7X(Tv xO) - Eu[g(%’X(%vao)NBr]yT < ﬂ

1

=) (EMew(X (T, z0)) — 9(Tho, X (T, x0)), 7 > T, T = T}]
1

—i—E“[g(Tk,X(k,xg)) — Ek(X(Tk,x())),T = Tk,Tk < 7:])

3
|

B
Il

n—1
<O (BM(r(X (Th, 20)) = 9(Tiey X (Ths 0)) L2973y <} (X (Thes 0))]
k

1
+E[((9(Tk, X (k,w0)) — k(X (Tk,20)))) V 0) e, <g(Ty, )<} (X (T, 0))])-
0,

For any € > 0, we see that

(e — Q(Tk: '))1{5k§g(Tk7')<ck}

= eligm ) <en<o(mi)+ey T (e — 9(Ths ) i, <g(Ty )<} Hgnte<en}
= elig(m, )< )+er + (€ = C) e, —a,5e) La<g(Th, )<}
and
((9(Ths ) = &) V 0)lge, <g(my..) <e}
= ((9(Tk, ) =r)VO) e, <g(Ty ) <t Hln—cnl+len—erl 2} T((9(Ths ) =Ck)VO) Lie, <g(Th, )<} L{|En—cr|+lex—arl<
< (16 — el + lek = D1z, —cp +en—eilze} LewSo(Th)<an} T EL{er<a(Th) <crte)
So we have our assertion. 1

Now we have the following.

Lemma 2.27 Let dp,; : E — [0,00). m = 1,...,n, i = 1,2, be measurable functions.

Assume that |G — | S dm1 +dm2, m=1,...,n. Then we have the following.

Co (ZEQ) — Cp (ZEQ)

n

<n /E di1 (2)p(T, xo, x)dz +n (D _( / o ()2 p(Ty, xo, x)dz)'/?)

k=1 k=1 "E
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(e7M%( Z/dm p(Tk, xo, ) Z/dkg (T, 20, )dz) /%))

k=1

+2e Z /E 1{|g(Tk:')_Ck‘<2€}p(Tka X0, x)dac
k=1
for any € > 0.

Proof. Let

Then by Proposition 2.25, we have
e (z) — em(@)] + [Em(2) — em(2)] = de,l(fE) + dm2(z).

Note that

E(dmyl(x) + dm2(2) g | () rdma(@)z2e (E)P(Tns 20, ) d

< [ dus@p(Taador( [ dnalePoToo,2)de) ([ 1, o @m0, 2)do) 2

/ {dm,2(x) >€} )(Tm,$0,$)d$)l/2)

A

/ G 1 (2)p(Tom, 0, ) d-+( / Gn2(2)2p(To, w0, 2)der) /(=12 / dyo 1 (2)p(To, 0, ) da)
E

el /E A 2(@)2p(Tyn, 20, 2)dx) /2)

Also, note that

/CZ ( ) (Tm,l'o, da:< Z/dkl Tk,xo, )d ,
E

and

( /E 2 (2)?p(Ton, 0, ) da) /2 < k:zm( /E di2(x) (T, w0, 7)dx) /2.

This and Proposition 2.26 imply our assertion. 1
Now we apply this Lemma and the results in the previous section to a Bermuda deriva-
tive.
Let ¢si(z,y) = g(s,2) Vy, 0 < s <t =T,z € RY and y € R. Let &, : E — R,
m=1,...,n—1, be given by

em(z) = (QTm,Tm+1 QTn L Tn9 9(Tn, ) ().

Then by Theorem 2.24, we see that for any ¢ € (0,1/2), there are Q;, € F, L=21,C >0

and measurable functions dg“)l ExQ—[0,00),m=1,...,n—1,1=1,2, L =2 1, such
that

lim P(Q)) =

L—oo
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|Em(x) — e ()] = dim () + dm2(2), reB,weQ,m=1,....n—1, L=1

and
E[/ dm,l(x)p(Tmax(]ax)dx] § CL_(l_é)Q m = 1> cee, = 17 L 2 17
E
and
E[/ A2 (2)?p(Tin, w0, x)dx] < cr-(1-9? m=1,....n—1, L =2 1.
E
Let

T ={we; / 1 (2)p(Trn, xo, x)dx 2 L—(1=97° ) / dmyg(:v)2p(Tm,a:0,x)dx 2 L_(1_6)3}.
E E

Then we see that
POQ\Q)) <2cL (-0 [ >
Let Q =Q), NQ7, L 2 1. Then we see that P(Qr) — 1, 1 — oo. So if we use these ép, (),
m=1,...,n— 1, as estimators and use the re-simulation method, we have
Co(x[)) - Eo(x[))

< n2L7(175)3 + n3L*(1*5)3/2(5’1/2L*(1*5)3/2 + 5*1L7(1*5)3/2)

+e Z /é 1{|g(Tk,-)—Ck|<€}p(Tkv xo, l‘)dlE
k=1

for any € > 0, w € Qp, and L = 1. Suppose that

n—1
Z /E 19Ty, ) —er|<e}P(Tks 2o, w)dz = O(e”), €0,
k=1

for some v € (0,1]. Then letting ¢ = L9/ we see that co(zg) — Go(mo) =
O(L~(1=0* A/ a5 L — 0.

Since 4 is arbitrary, this proves Theorem 3.18.
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2 3E Least Square Regression methods
for Bermudan Derivatives and
systems of functions

Least square regression methods are Monte Carlo methods to solve non-linear problems
related to Markov processes and are widely used in practice. In these methods, first we
choose a system of functions to approximate value functions. So one of questions on these
methods is what kinds of systems of functions one has to take to get a good approximation.
In the present paper, we will discuss on this problem.

3.1 Introduction

Least square regression methods are Monte Carlo methods to solve non-linear problems
related to Markov processes. These methods were introduced by
Longstaff-Schwartz [18] and Tsitsiklis-Van Roy[20] and are widely used in practice. There
are many works related to this methods. Concerning the applications for pricing Bermudan
derivatives, the convergence to a real price was proved by Clement-Lamberton-Protter [7]
and rate of convergence was studied by Belomestny [4]. In these methods, first we choose a
system of functions to approximate value functions. So one of questions on these methods
is what kinds of systems of functions one has to take to get a good approximation. In
the present paper, we will discuss on this problem. Related topics have been discussed by
Gobet-Lemor-Warin [10] and Bally-Pagés [3].

Let (2, F, P) be a probability space, M = 1, and {G,,}M_, be a filtration on (2, F, P).
Let (E, B) a measurable space and m(E) be the set of Borel measurable functions on E.
Let p : ExB — [0,1], m =0,..., M —1, be such that p,,(x,-) : B — [0, 1] is a probability
measure on F for any x € E, and py,,(-, A) : E — [0,1] is B-measurable for any A € B.
Let zp € E and fix it throughout. Let X : {0,1,..., M} x Q — E be an E-valued process
such that Xy = zg, X, : Q@ — FE is G,,,-measurable, m = 0,..., M, and

P(Xm+t1 € AlGm) = pim(Xim, A) a.s. AeB, m=0,...,M—1.

So X is a Markov process starting from xy whose transition probability is given by

Pm(z, dy).
Let v, m = 1,..., M, be the probability law of X,,, m = 0,1,..., M. Then vy is the
probability measure concentrated in zg, and

Vm+1(A4) :/Epm(a:,A)Vm(dx), yekEm=0,1,...,M — 1.
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Let P, : L*(E;dvp1) — L*(E;dvy,), m = 0,1,..., M — 1, be a linear operator given
by

(Puf)(z) = /E e d) @), f € LA(E; dumy).

Now let f,, € L*(E;dvy), m = 1,2,...,M. We define f,, f* € L*E;dv,), m =
0,1,2,..., M, inductively by the following.

v = far,

and
f;l:fm\/fma fm—lZPm(fmvfm), sz,M_].,71

Then it is well-known that
fo =sup{E[f-(X;)]; 7isa {Gn}M_,-stopping time with 7 € {1,2,..., M} a.s.}.

fo is the price of a Bermudan derivative for which exercisable times are 1,..., M, and
pay-off at each time is f,n(X,n), m = 1,..., M. Our concern is to compute fo numerically.
Let V denote the set of finite dimensional vector subspaces of m(E). For any probability
measure v on (E, B), let V(v) denote the subset of V such that V' € V(v), if and only if V/
satisfies the following two conditions.
(1) If g € V, then [, g(2)v(dz) < oo
(2) If g € V and ¢g(z) =0 v — a.e.z, then g = 0.
For any probability measure v on (E,B) and V' € V(v), we define A\o(V,v) and A1(V,v)
by the following.

Jp9(x)'v(dz)
(Jp9(z)?v(dx))

Xo(V, v) = sup{ 5 9 € V\{0}}

1(Viv) = inf{ / H2(de); {e,}4mV is an orthonormal basis

of V as a subspace of L?(E;dv) }.

We will show in Proposition 3.4 that

M (V;v) £ (dim V)?Ao(V;v) and M\g(V;v) £ M (V;v).

Now let (Xég), Xy), e ,X](\?), ¢ =1,2, ..., beindependent identically distributed EM+1-
valued random variables such that the law of (X, Xf, e ,Xﬁ/[), {=1,2,...,1is the same

as the law of (Xo, X1,..., Xas) under P.
For any m =0,1,...,M — 1, and L = 1, we define D%):m(E) x m(E) x Q — [0,00)
by

L
1 ¢
Di(g. @) = (7 20X D (@) ~ FE @)D g, f € m(B).
=1
Let Vn(lk), k=1,2,..., be a sequence of strictly increasing vector spaces in V(v,,) such

that J;, V) is dense in L*(E;dvy,) form=1,...,M — 1.
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Now we assume that gy(f) Q- VngL), m=0,1,...,M —1, L = 1,2,..., satisfy the
following.

Dy (951 (@), g8 (@) V fin) ()
= inf{ D1 (h, g5 (W) V fin); 1€ VP (w)} (3.1)

form=1,2,..., M. Here we let gj(\ﬁ) = fu-

We will show that such gg“ )’s always exist.
Then we will prove the following.

Theorem 3.1 Suppose that )\1(V77(1L); Um)/L — 0, as L — oo form=1,...,M —1. Then
there are Qp, € F, L =1,2,..., and random variables Zr,, L = 1,2, ..., such that

P(Qr) =1, as L — oo,

1fo—olP W) € Zlw), L=21, weQy,

and
E[Z2,01)Y? =0, as L — cc.

Moreover, we have

E[Z%n QL]1/2
M— 1 ~
=6 Z 7/ L um)1/4(1+/\0(V( ) Vm))1/4Hme;1+1‘|L4(E;dym)

m=1

M-1 . .

+5 Z P frng1 — Wm,V,Sf)Pm ;1+1||L2(E;d1/m)'
m=1
Here T L) 18 the orthogonal projection in L?(E,dv,,) onto V7$LL), m=1,..., M.

»Ym

So roughly speaking, g(()L) — fo in probability as L — oo in a certain rate.

It is obvious that A\g(V;vy,) = 1 and A\ (Vivy,) = dim Vo for any V € V,,, m =
1,2,..., M. So the above theorem raises the following question. Can one estimate \o(V';v)
and Hme:nH — 7rm7Vme:n+1HLz(E;d,,m) for V€ V(vp,) 7 If we can do it, we may find a
sequence Vn(f) € V(vp,) such that the convergence rate is good.

We give an estimate when an underlying process is a 1-dimensional Brownian motion
and V is a space of polynomials in Section 6. Also, we introduce a random systems
of piece-wise polynomials in Section 8, and we give some estimates when an underlying
process is a Hormander type diffusion process as discussed in [14]. As far as we judge
from these estimates, a usual polynomial system is not good, and such a random system
of piece-wise polynomials is better.
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3.2 Preliminary results

Let P;(E x E) be the set of probability measures on (E x E, B x B) whose supports are
finite subsets of Ex E. Let m; : Ex E, i = 1,2, be natural projections given by m(z,y) = z,
mo(x,y) =y, x,y € E. For any p € P¢(E x E), let S(-,*; p) : m(E) x m(E) — R be given
by

S(g: f3p) =/ (9(2) = f(W)’pldz,dy),  g,f €m(E). (3.2)

ExXE

Then we have the following.

Proposition 3.2 Let p € Py(E x E). For any f € m(E) and V €V, let

s«(f;V,p) = inf{S(g, f;p); g€V}
and
L(f;V,p) ={9€V; S(g, fip) = s:(f, V,p)}.

Then we have the following.
(1) T'(f; V, p) is not empty for any f € m(E) and V € V.
(2) Let Ve V. If fem(E) and g € I'(f;V, p), then

| ma)(f) = @)z, dy) =0 for any h e V.
Moreover, @f f17f2 € m(E)7 9i € F(f27V7 p): i =1,2, then

S(g1— 92,05 p) = S(0, f1 — f2;p).

B)If fem(E), geI(f;V,p) and g € V, then

S(g —§,0;p)"/* = sup{]| . hx)(f(y) — §(x))p(dx,dy)|; h €V, S(h,0;p) =1}.

Proof. (1) It is easy to see that

S(g, f;p) = S(0, f; p) + S(g,0; p) — 25(g,0; p)/25(0, f5 p)/%, g€ V.

Let Vo ={g € V; S(g9,0;p) =0} ={g € V: g(xz) =0 for p -a.e. (z,y) € E x E}. Then
it is easy to see that 1} is a vector subspace of V. So there is a vector subspace V; of V
such that Vo + V1 =V and Vy N V; = {0}. It is easy to see that g € V1 — S(g, f; 4) is a
continuous function from V; to [0,00) and that S(g, f; A) — 0o as ¢ — oo in Vj. So we
see that there is a minimum point go € V4. Note that S(g + h, f;p) = S(g, f; p) for any
g € V and h € V. Therefore we see that S(go, f;p) = s«(f;V, p) and that I'(f; V, p) is not
empty.

(2) Let g € I'(f;V, p). The first assertion is obvious, since

0= %S(g +th, f;p)|t=0 = /EXEh(x)(f(y) — g(x))p(dz, dy)

for any h € V.
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Let f; € m(E), gi € T'(fi;V,p), i = 1,2. Then we have
S(g1 — g2, f1 — f2;p)
= —=S(g1 — 92,05 p) + S(0, f1 — fa; p)
—2/ (91(x) = g2(2)) (f1(y) — 91(x) — (fa(y) — g2(x)))p(dz, dy).
ExXE
By the first assertion, we see that
S(0, fi = f2;p) = S(g1 — g2, f1 — fa;p) + S(91 — 92, 0; p).

So we have the second assertion.
(3) Let g e I'(f; V, p) and g € V. Then we have

S(g+h, fip)

— (g, f:p) + 5(h,0;p) — 2 /E  ha) () = gla))pld, dy).

Let
¢ = sup{ h(z)(f(y) — 9(x))p(dz, dy); h €V, S(h,0;p) =1} 2 0.

Then we see that
s«(f;Vip) =55, f;0) + gg(tQ —2tc) = S(g, f;p) — ¢
Also, we have by Assertion (2)
S(g,f.p)=S(g+(G—9).fip)=5(g,fip) +5(G—9,0:p)

So we see that ¢ = S(§ — g,0 : p). This implies our assertion. 1
For any m =1,2,...,M, V € V(vy), and p € Ps(E x E), let

om(Vip) = sup{[S(h,0;p) —1[sh €V, / h(x)? vy (d) = 1}
E
Then we have the following.

Proposition 3.3 Let m = 1,2,...,M, V € V(vy,), and p € Pf(E x E). Let {ey; k =
1,...,dim V} be an orthonormal basis of V. Here we regard V as a Hilbert subspace of
L*(E,B(E),dvy,), and so we have

/ ei(x)ej(z)vm (dz) = 045, i,j=1,...,dim V.
E
Let A be a (dim V) x (dim V)-symmetric matriz valued function defined in E given by

Alw) = (A @)EY = (ei@)ey@)fy,  ze k.

,j=1 h,j=1"
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Then 6,(V;p) is equal to the operator norm of the dim V x dim V-symmetric matriz

A — I. Here I is the identity matriz and A = (flij)gi]n;}/, where

A = / ei(z)ej(z)p(dx, dy), i,j=1,...,dim V.
E

In particular,
dim V

on(Vip)? £ ) (/E(ei(x)ej(w) — &ij)p(da, dy))*.
ij=1
Proof. 1t is easy to see that
dim V/ dimV/
(V5 p) = sup{|S( Z a;e;, 05 p) — 1; Z a? =1}
i=1 i=1
dim V dim V
=sup{| Y aia;(Ai; —5;j)l; Y a7 =1}
ij=1 i=1
Since A — I is symmetric, we see our assertion. 1

Proposition 3.4 For any probability measure v on (E,B), and V € V(v),
M(V,v) £ (dim V)*xo(V, v)

and
)\O(Vv V) § /\1(V7 l/)'

Proof. Let {e,}d™V be an orthonormal basis of V. Then we see that

dim V dim V
/( > en(2)?)?v(dx) §/(dim V) er(@))v(de) < (dim V)2 Xo(V, v).
E r=1 E r=1

So we have the first assertion.
Let g € V. Then we have

dim V
[ stervtdn) = [ (3 (gren)zaqanen () vlds)
E B2
dim V dim V
< [ (30 @erliaun* (3 erlaf)Puida).
r=1 r=1
Note that
dim V
>~ (e = [ o(@Puldo).
r=1 E
So we have the second assertion. 1
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3.3 random measures

Form =1,...,M, and L 2 1, let p%: ) be a random probability measure belonging to
Ps(E x E) given by

) = T#re 1 Ly (XY X W) e Ay, AcBxB

For any m =0,1,...,M — 1, and L = 1, we define N :m(E) x Q — [0,00) by

h

L L
N(D) *ZfXZ 2)1/2,
=1

Then we see that
L
N (g) = S(g,0; o)), gem(B), m=1,...,M.
Then we have the following.

Proposition 3.5 Let m = 1,....M — 1, L =2 1, and V € V(v,). Then we have the
following.
(1) If 6,(V p)) < 1/2, then

~

1
NP < [ a@Pualdn) SN @R gev.
(2) ,
Elbom(Vi o)1 £ 221V, vm).
In particular, we have
1 4
P((sm(va ;0%)) > 7) = *)\1(‘/, Vm)'

2 L

Proof. (1) Suppose that 0,,(V; pgn ) £1/2.1f h € V and [, h(x)?vp,(dz) = 1, then from

the definition we have

So we have our assertion.
(2) Let {e,}9m Y be an orthonormal basis of V. It is easy to see that

dim V L
1
E[ém(vvp%)) ] = Z ZZ 67” er XZ ) - 5r,r’))2]
ror/=1 =1
d1mV dlmV
- Z / er(z)ep () = 8y pr)*vim (dz) <— Z / )2 v (da).
1 dim V'
— 2\2
_ L/E( Zl er(2)2)2vm(d).

So we have the first part of our assertion . The second part is an easy consequence of
Chebyshev’s inequality. 1
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For any m = 1,2,...,M — 1, and V € V(up,), let [y, v : m(E) x Py(E x E) — V be
defined by the following. g = fmyv(f, p), feEm(E), pePy(ExE),if geT'(f,V;p) and

/()dex mf{/ Vum(dz); § € T(f,V:p)}.

fmy is well-defined by Proposition 3.2 and the definition of V().

Let F: E x Q) — R be B x F-measurable function. Then it is easy to see that the
mapping w € Q — s*(F(-,w),V,p,(#)(w)) is F-measurable. So we see that the mapping
weQ = Ty (F(,w), p%) (w)) is also F-measurable (see Castaing [6] for example).

For V€ V(vm), m=1,..., M, let Ty : L*(E;dvy) — V be the orthogonal projection
onto V.

Then we have the following.
Proposition 3.6 Let m = 1,...,M — 1, and L = 1. Then for V. € V,, and f €
LA(E,B(E),dvm+1), we have

EINS (T, Prof = Ty (£ 050))%, 8 (Vo pl)) <

m

]

| =

< 2OV (1 do(Vin) Y / F ) vin 1 (dy)) 2.
E

Proof. Let g = mp v Py f, and {er}f}i:“i V be an orthonormal basis of V. Note that

Eler(X5) (f (Xpp1) — 9(X3))] = /Eerr(fB)(f(y) — 9(@))vim(dz)pm (2, dy)

—/Eer(:r)(me(ac)—g(m))ym(dx)—0, r=1,.. . dimV.

By Proposition 3.2(3) we see that

EING g~ P (00002 6 (V2 p0) < ]
< 2B fsup{| EXEh(x)(f(y)—g<x>>p5511<dx,dy>|2; hev, /E () v (d) = 1)]
dim V . dim V
Bowp(| 3 ar [ er)i0) - DALt 3 ok =1}
dim V L
2613 /E N () — 9(2))pE), (d, dy))?
dim V 1 L
=2 3" Bl(7 Y erXE)(F(Xhi) — 9(X0)))
r=1 /=1
9 dim V'
= 2N Bl (XA (X h) — 9(X5)
r=1
dim V
— 13 [ el () ~ g(a) Pom(dn)pn (e dy)

r=1
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9 dim V
S TR el Pmda) 2 ([ (50) = 0(a)) v )
Note that
[ (0) = 9@ vnlde)pm (. ds) £16 [ (1) + o) in ). )
ExE ExE

— 16( /E £ () Vs (dy) + /E 9(2) vm(dz)).

By Proposition 3.4, we see that

/ 9(2) vm(dz) < Xo(V, Vm)(/ (P f)(@)?vim(dz))* < Mo (V, Vm)/ F ) vms1(dy).
E E E

So we have our assertion . 1

The following is obvious.

Proposition 3.7 Let m =1,..., M, and L = 1. Then for any f € L*(E,B(E),dvy,), we

have
N(L) / f(x l/m (dz).

3.4 Proof of Theorem 3.1

Now let us think of the setting in Introduction. Let ¢, : EXR - R, m=1,..., M,
be given by

Om(T,2) = fm(z) V 2, rek zeR, m=1,2,..., M.
Then we see that
|om (2, 21) — dm(x, 22)| < |21 — 22|, r€FE, z1,0€R, m=1,..., M.
Note that
Fr(@) = ém(@, fn(x)) and fr1 = Pmoafy,  m=1,...,M.

Remind that V7£LL) € V(m), L 21, m = 1,...,M. Let us take g,(nL) Q — V(L)
m = M,...,0, such that
L
9t (@) = for,

0D (W) € T(bmir (- 05 @) (), Vs ph(w),  m=M-1,...,0.

Then we see that Equation (3.1) is satisfied. Let Z,(nL), m=0,1,...,M — 1, be given by
20

= NP (P — 7Tm7VTgLL>PmﬁZ+1) + NP (Trm,vrglL)me;H-l — Lo v (Fraas PR)).
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Also, let Z,(TIL:), m=20,1,...,M — 1, be given by

and

F s s r ~ 5 L
= 1fm =7, oo Fonll 2B ) + 2N (Fn = 7, 0 fons ) +2 3 27,

m=1,...,M — 1. Finally, let

Then we have the following.

Proposition 3.8 (1) |fo — g\ (w)| < 2V
(2) For any w € QW)

175 = (6P (@) V )l 2 (zsavn) S |1 — 9P|z @y S 28, m=1,..., M.

3)

M-1
PQ\ Q) =
k=1

AV, ),

SIS

and

E(IZ{1, )

B 21+ 2oV ik )V YY 2 Py i ot ()

M—1
<6 {(;
k=1

1
L
M-1 . )
+5 Z H‘Pkf;ek—&-l - 7-(-]€7‘/'1€(L)F)kf/j—l-lH[/Q(E;duk)7 m=0,1,...,M —1.
k=1
Proof. Note that
N (fm = 952 (W), w)
< N (Pafmsr = T (Frsts i)y @) + NS Convi o (et o) = 987 (@), w).
By Proposition 3.2(2), we have
N @ v (Fri1i o)) = 90 (@), )
< N G (3 fn1 ) = S (g (@) (), )

< N ot — 65 @) (), w).

So we see that

M-
NS (f — Z Pkkarl Ui (Frs1s pE),w).

=m
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Then we have

_ M-1 .
N (f = 6P (w),w) < (L)
k=m
In particular,
L) =0 D
o — 9P ()] < v =7
k=0

This implies Assertion (1).
Also, we see that if w € Qf, then

Hfm gm ( )HL2(E,dum)
= Hfm -7 V<L)]FmHL2(E,dum) + ||7T L)fm gm ( )HLQ(E,de)
<||fm—m (L)meL2(Edum)+N( (mr <L)f — g (w),w)

< ||fm — Wm’vr(nm.meL?(E,dumﬂ + 2N (fon =7 fm7w) + 2N (fin = g5 (W), w).

This implies Assertion (2).
The first assertion of (3) is obvious from Propositions 3.5. By Propositions 3.6 and 3.7,

we have
E[(Z§))?, Qu)M?
= H]Zm - merglmpmmeL?(E,dum)
1 ¥
+3(Z(/\1(Va v)(1+ Ao(V, V))1/2)1/2Hfm+1"L4(E;dum+1)-
So we have the second assertion of (3). 1

Theorem 3.1 follows from Proposition 3.8 immediately.
The following is an easy consequence of Proposition 3.8.

Proposition 3.9 Asuume that A\i(Vy, &L, Um)/L — 0, L — oo, m = 1,...,M — 1. Let
0 €(0,1), and let

M-
= Z E[(Z\)2 Q)2 L>1,

m=0

and let Q) € F, L > 1, be given by

M-1
0 =pn ({2 <d; )
m=1

Then dg, — 0, and P(Q}) — 1, L — oo. Also, we have

H-]Em _gm(w)HL2(E;dum) = dlL_av m=1...,M, we QaL? L 2 1.
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3.5 re-simulation

Let us be back to the situation in Introduction. Let h,, € L*(E;dvy,), m =1,..., M,
with hys = far. Let o a stopping time given by ¢ = min{k = 0,1,..., M; fip(Xy) 2
hi(Xk)}, and let

co{hm}m=i) = Elfe(Xo))-

Then we have the following.

Proposition 3.10 Let 8 = 0. Assume that there is a Co > 0 such that
Vi {|fim — fin| Se}) £ Coe®, e>0, m=1,2,..., M.

Then we have

M-1
1 (2
[fo—col £ (Co+1) > Hfm—hmHLJgﬁléd:/B))'
m=1

Proof. Let iLm, m=MM—1,...,0, be inductively given by
hat = fu = b,

Bon—1 = P (14,23 frm + 1{fm<hm}ilm)7 m=MM-1,...,1.

Then we see that ¢y = ﬂo.
Note that

fmfl = mel(l{fmzfm}fm + 1{f7n<,fm}fm)’ m=MM-1,...,1.
Therefore we have
fm—l - hm—l
- Pm—l(l{fm<fmmm}(fm —hun) + Y < < fin }(fm —Im) < p gy (fm = Tim))

= I'm— 1(1{fm<hm}(fm - )+ 1{h <fm<fm }(f — fm) + 1{fm<fm<h }(f fm))»
and so we see that

|fm—l - Bm—1|

é mel(|fm - ]Alm|) + mel(l{‘fm_fm|§|fm_hm|}|fm - fm|)

§ Pm—1(|fm - }Alm|) + Pm—1(1{|fm_fm|§5}|fm - fm|) + Pm—1(1{€<|fm_hm|}|fm - hm‘)
So we have
[ fm-1 = hm-1ll21 (B:dvrn_1)
< || fm — ilm||L1(E;dum) +evm({[fm — fnl S€}) + 7| fin — hmH%Q(E;dum_l)
= Hfm - ﬁm’|L1(E;dum) + Co‘lerﬁ + Eil”ﬁn - hm”%?(E;dum)
So letting

2/(2+
& = 11Fm = bl Lot
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we have

1t = Bntll s By < I Fm = Bonl| 22y + (Co + Dl fon = Bl 5 gy -

Since far = har = har = far, we have our assertion. I

Now let X" = (X{)‘,)N({‘, e X}\}), n =1,2,..., be independent identically distributed

EM+1_valued random variables whose distribution is the same as (Xo, X1, ..., X3s) under

P. We assume that o{X,,; m = 0,1,...,.M}, o{X., m = 0,1,...,M, £ > 1} and
o{X": m = 0,1,...,M, n >} are independent. Let ggd)(w) € V,,(ALL), m,L 2 1, as in
Introduction. Let

To(w) = min{m 2 0; g (W) (X} (@) Z f(X (@)}, nZ1,
and let

1 <& _
&(w) = - Z Jru(w) (ka(w) (w))
k=1

Then by law of large number, we have

¢ (w) — CQ({Q%)(W) %[;11) a.s., n — 00.

By Proposition 3.8, we see that
fo— gV @) Sdr,  wey.
But Propositions 3.9 and 3.10 imply that
[fo = co({gm(@) I £ Cdy =PI e 0

even though $ is unknown. So &} (w) can be a better estimator of fo.

3.6 Brownian motion Case

From now on, we try to give estimates for A\o(V,v) and ||me;;+1 - ﬂmvamf;;HH for
some examples.

Let {By; t =2 0} be a standard Brownian motion and 7' > 0. Now let V,,, n = 1, be
the space of polynomials of degree less than or equal to n. Let P, t = 0, be the diffusion
operators for the standard Brownian motion, i.e.,

(z —y)?

1
(Pa) = (o) | ot exp(=,

oIt ) Y, g m( )
Let v be a probablhty law of B{l . So we have

1 x2

ex
VorT p( 2T

v(dx) =

Then we have the following.
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Proposition 3.11 We have

lim —log)\o(Vn,l/) = lim —log/\l(Vn,V) log 9.

n—oo n n—oo N

Also, let f: R — [0,00) be given by f(x) =z V0, x € R. Then there is a Cy > 0 such
that
|Pif = mnPufll 2 (ayy = Con /(1 +¢/T) "2, n 2 1.

Here T, is the orthogonal projection in L*(R,dv) onto V.

Proof. Let
2 dn 2
H,(z;v) = exp(g—v)@ exp(—%), zeRN, v>0,n20.
Then we have
oo
t" z? (z +1)2 ot 12
Z T Hn(250) = exp(%)exp(— 9 )= eXP(—; - %)
n=0
and -
" s™ x(t+ s t2 + 52
S L w0)> H (i) = exp(- T TS
n,m=0
So we have
L gm
n!'n! Jgr
n,m=0
_ (t+s)? 2452 s s
= oo or ) = oxP(y) _;n!w’
and |
n!
R
So we see that e,(x;T) = (%)I/QHn(x;T), n = 1,2,..., is an orthonormal basis in
L*(R,dv).
Note that
t;" , (i ti) 2ty
> (T T Hu (o) = exp(~ =t - Sy,
ni,n2,n3,na=0 i=1 i=1
and so
SERIE / T o (e: ()
n;! :
ni,n2,n3,na=01i=1 i=1
(Z?—l ti)2 Z?—l t? 1
—oxp(Zet Tt ol S ),
2T 2T T sy
So we have
1 d" dr 1
M 4 = ——— s — —_— . . 2”
/RHn(x’T) v(de) = (2n)! dty dt?(T2n(1<§<4tltJ) Dtr=--=ts=0-
Si<gs
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Note that
Z tit; =t1(t2 + 13+ ta) +ta(ts + ta) + tata

15i<js4
and so we have
dr 2n)!
T (C > it )ln=0 = (n,> (o + t3 + ta)" (ta(t3 + ta) + tata)",
L g<icj<a :
dr dr o
@@(( Z titi)"" )|ty =ta=0
1<i<y<4
2n)! " /n\ n! e nl i S
= — —(t t t t t3t
n 2
n _
= (Zn)' Z <k‘> (tg + t4)2k(t3t4)n k.
k=0
So we have
- ) o [\ (2K
—_—— titi) ™) =t —0 = (2n)!(n! .
g S o = oty () ()
1Si<js4 k=0

Therefore we see that

/R en(m;T)‘ly(dx):(%)? /R oo T ow(de) = S (Z>2<2:>

Let

Then it is well known that {a,}>2 is bounded.

Since 1
log(n!) = nlogn —n — 5 logn + an,
we have )
1 n 2k 1 n 1 2k
=1 —2°1 |
s () () =2om (i) + 5w (3)
k 1
= Qh(ﬁ) + ﬁ(_ logn + log(n — k) + log k + 2ay, — 2a,—k — 2ay,)
2k 1 1
+—log2 + —(—= log(2k) + log k + asy, — 2a9s),
n n 2
where

h(z) = —(zlogz + (1 — x)log(1 — x)), z € [0, 1].

e () (=) )

1 n\ 2 [ 2k 1
< 21 21 1).
= o Og((k) (k>)+n og(n +1)

Also, we have
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So we have

1 - 212k

- log(kzo <Z> < B )) — xrél[%’)i@h(x) + 2z log2) =log9, n — 00.
Therefore we have by Proposition 3.4

1
- log(/ en(x; T) v (dz)) — log9, n — 00.
R

Since

/ e (s T (dz) < Mo(Vi, v)
R
and

AV, v) M (Vi) £ (n+1) Z/ ex(z; T) v (dzx)

< (n+1)* max /ek(a:;T)4y(dx),
k=0,...n JR

we see that ] 1
lim —logA\o(Vp,v) = lim —log A1 (Vj,,v) = log9.

n—oo n n—oo n

Note that d2f( ) = d(x). So we have

d? 1 x2
@(Ptf)(l’) = ez exp(—g).

Then we have .
Z % /R Hypo(2; T)(PLf) (2)v(d)

dn+2 2

—Zn. Nere! / s (exp(— ) (P ()

T 2
—Zn, [ el ) s (P e

1 ST 52 x2 z?
- =T L e — SR el g expl g )ds
1 tT s> 52 1 s?
= Vamm ey Parr ) T T G o am ey
So we have
[ ot D) == e O

and so

/ eom+2(x; T) (P f)(z)v(dz)
R
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_ 1 ( 1 )1/2
2n(T +t) (2m +1)(2m + 2)

(2m)"e(2m) "V exp(azm/2) -
T -DM1+ =)™
x 2mmme=mm=1/2 exp(a,,) (=170 + T)
So we see that ;
im_ (14 /R eamta(@; T)Puf (2)v(de)|

exists and is positive. Since we see that
|| cansa@ DRI S P = 7o Pof o

we have our assertion.

3.7 A remark on Hormander type diffusion processes

Let N,d = 1. Let Wy = {w € C([0,0);R%); w(0) = 0}, F be the Borel algebra
over Wy and u be the Wiener measure on (Wy, F). Let B* : [0,00) x Wy — R, i =
1,...,d, be given by Bi(t,w) = w'(t), (t,w) € [0,00) x Wy. Then {(B(t),...,B%t);t €
[0,00)} is a d-dimensional Brownian motion under u. Let BY(t) = ¢, t € [0,00). Let
Vo, Vi,..., Vg € C2(RY; RY). Here C2°(RY; R™) denotes the space of R"-valued smooth
functions defined in RY whose derivatives of any order are bounded. We regard elements
in C°(RN; RY) as vector fields on RY.

Now let X (t,z), t € [0,00), z € RY, be the solution to the Stratonovich stochastic
integral equation

d t ‘
anx):a:FE:/AWQX@gm)odB%$. (3.3)
i=0 /0

Then there is a unique solution to this equation. Moreover we may assume that X (¢, x) is
continuous in ¢ and smooth in x and X (¢, -) : RY - RN, te [0,00), is a diffeomorphism
with probability one.

Let A = {0} UU;2,{0,1,...,d}* and for o € A, let |a| = 0 if @ = 0, let |a| = k if
a=(at,...,a*) € {0,1,...,d}* and let || a || = |a| + card{1 £ i < |a|; o = 0}. Let
A* and A™* denote A\ {0} and A\ {0,0}, respectively. Also, for each m = 1, A¥ |
{ae A7 [ alls m}. )

We define vector fields Vi, a € A, inductively by

Vig=0, V=V, i=0,1,....4d

‘/[a*i]:[‘/[a]v‘/i]a Z:O7lvad
Here axi = (a',...,aF i) fora = (a!,...,0*) and i = 0,1,...,d.
We say that a system {V;;i = 0,1,...,d} of vector fields satisfies the following condition

(UFG).

61



(UFG) There are an integer £y and ¢, 3 € C°(RY), a € A™, B € AL, satisfying the
following.

Vi) = E ©a,8V(3); ae A,
BeAL,

Let A(z) = (AY(z))ij=1, .~,t >0, 2 € RV be a N x N symmetric matrix given by

Al(z) = Y Vig@Vi(@),  iji=1,...,N.

k%
aEAgeO

Let h(z) = det A(z),z € RY, and E = {z € R"; h(z) > 0}. By Kusuoka-Stroock [15],
we see that if z € E, the distribution law of X (¢, z) under p has a smooth density function
p(t,z,-) : RV — [0,00) for t > 0.

By Kusuoka-Morimoto [14] Propositions 3, 8 and 9, we see the following.

Proposition 3.12 For any p > 1 and T > 0, there is a C € (0,00) such that
/ p(t, z,y)h(y) Pdy < Ch(z)7P, x€E, te(0,T).
E
Proposition 3.13 For any T > 0, there are C € (0,00) and 6y > 0 such that

p(t,z,y) < Ot~ HDO/2p () =2(N+Do exp(—zj%\y — /%)

and
p(t,,y) < Ot~ Do/ 2p () =2(N+ 1) exp(—%%\y —zf?)

for any z,y € E, and t € (0,T).

Proposition 3.14 Let § € (0,1/N), o, € ZJZV0 and T > 0. Then there are C' € (0,00)
such that

050 p(t, z,y)| < Ct~ (TN () =201l op 1 )10

and
10000 p(t, )| < Ct= (el HIBFD /2 (o) =2 HBFDOp ¢ g )10

for any z,y € E, and t € (0,T).
Then we have the following.
Proposition 3.15 For any m =1 and T > 0, there is a C € (0,00) such that
p(t, z,y) < Ct—Nop(z)~UN+m+) o ym x,y € B, t € (0,7T].

Proof. Note that for any € > 0 we have

(Pt 29) (e + b)) P

0 .
< 2N“\afy,p(t, 2, y))|N T (e + h(y) N

)
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Oh

2NN (2, )N e+ h(y)) DD 2
Yi

( )|N+1'
By Proposition 3.12 and 3.13, we see that

sup{t (/2 YOO D [yt ) (e 4 b))y
RN

tel0,T], z € E, >0} < oc.
Also letting § = 1/(N + 1) in Proposition 3.14, we see by Proposition 3.12 that

sup{t(N DN+l y () AN (N+1)lo+(m+1)(N+1)

xz / 5otz (e + b))y

te0,T], x € E, € >0} < 0.
These and Sobolev’s inequality imply that there is a C' > 0 such that
tNOR () O (¢, 2 ) (€ + h(y) T < C,

for any x € E, y € RV, t € (0,7], and ¢ > 0. This proves our assertion. I
Let P, t = 0, be a diffusion operator defined in C’l‘)’O(RN ) given by

(Pef)(@) = BIf(X(t,x),  feCPRY).

Then we see that

(PN@) = [ ptniwiy, ek
E
Then we have the following.
Proposition 3.16 For any T >0 and o € Zgo, there is a C € (0,00) such that

P )] € O (20 2 )2l 84200 (| 12) )2
for any t € (0,T], z € E and f € C°(RY).

Proof. By Proposition 3.14, we see that there is a C; € (0,00) such that for any f €
Cyo(RY)

(Pf) (@ r</r (t,2,9)I1f )|y
< clﬁ‘a'ﬂﬂoﬂh(x)*2““‘*% /E p(t,2,y)* NN f(y)|dy

< ot b2y 20| [ )2ty

| / p(t, 2, y) D/ AN42) g 11 /2.
E
By Proposition 3.13, we see that there is a C > 0 such that

/ p(t, z,y) PN/ ANF2) gy < Cop=(NFDO/Ap () =(NFDO - 0o e Bt e (0,T).
E

So we have our assertion. 1
The following is an easy consequence of Proposition 3.14.
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Proposition 3.17 For any B € (0,1/N) and T > 0, there is a C > 0 such that

0

57 P2 ) S CORh@) 0,z e B, te (0T

3.8 A random system of piece-wise polynomials

Let v be a probability measure on RY.
For any m 2 2, let

logm, logm),

N
m (2(k; — 1) —m)
o =11l

m

(Qki — m)

i=1

for £ = (ki,....kn) € {1,...,m}". Let Dy, = {DU"); £ € {1,...,m}"}. Then we have
UDy = [~ logm,logm).
Let X, Xo,..., ii.d. random variables defined on a probability space (2, F, P) whose

distributions are v. Let Dy, ,(w), m,n 2, w € Q, be a random sub-family of D,, given by
Dpyn(w) ={D € Dy,; thereis a k € {1,...,n} such that X;(w) € D }.

Let P, 7 = 0,1,2,..., be the set of polynomials on R" of degree less than or equal to
r. Now let Vj, pr(w), m,n 2 2, 7 2 0, w € Q, be a finite dimensional vector subspace
of m(RY) hulled by flp, f € P., D € D (w). It is obvious that dim V. (w) <
N™(N +1)".

Now let us use the notation in the previous section. Let X (t,z), t € [0,00), z € RY, be
the solution to the SDE (4.6) and we assume the (UFG) condition holds. Let zo € RV
such that h(xg) > 0, and so 29 € E. Let Ty > 0 and p(z) = p(Tp, v0, x), * € RYN. We think
of the case that v(dz) = p(x)dz.

Then we have the following.

Theorem 3.18 Letr 20,6 >0, v >0, and T > 0, and let n,,, m =,2,..., be integers
satisfying m™N Y < n,, < 2mNY. Then there are Q, € F, m =1,2,..., and C € (0,00)
satisfying the following.

(1) P(Qy,) = 1, m — oc.

(2) For any w € Qu,

1
inf g
inf p(z) 2 5 sup p(),
and

V(D) > C—lm—(2N+’y+6)

for any D € Dy, p,. (w) and m = 2.
(3) For any w € Qumy Mo(Vinny, s v) S Cm2VH740,
(4) For any w € Qu,, f € CC(RY) and t € (0,7,

”Ptf - va,nm,rPtfHL2(dV)

é C(tf(r+2N+3)€omf(r+1)+6 + mf'y/4+6)( f(y)4p(To +t, 70, y)dy)1/4.
RN

Here my,, . . is the orthogonal projection in L*(E;dv) onto Vi pr(w).
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We make some preparations to prove Theorem 3.18.

Proposition 3.19 For any r = 0, there is a C, > 0 such that

(A s ee i

—e, )N
for any e >0 and f € P,.

Proof. Let us fix n = 0. Since P, is a finite dimensional vector space, any norms on P,
are equivalent. So we see that there is a C, > 0 such that

4 1/4 < 2 1/2
(f, Me@raise | u@pa ser.

(_171)N

Then we see that

2 dp) /4 — oN/4 2 d) /4
(f | J@t =i et

(~1,1)N

é CT€N/4(/

o flex)? dx)'/? = CTEN/4(/( ” fa)? da)'/?.

This implies our assertion. 1
For any Borel subset 4 in RY and n, let N,,(A4) be N,,(A) = Y7, 1a(X;).
Let v > 0 and ¢ € (0,7v/2), and fix them. Let 7o = N +~v— /3 and v = 2N ++v+4/3.
Now let D,(S) and Dg) be subsets of D,,, m = 1, given by

DY) = {D € Dpp; v(D) =m0},

and
DY) = {D € Dp; v(D) = m M},

Then it is obvious that D,S?) C D,%).
Then we have the following.

Proposition 3.20 (1) Let Qo mn, m = 2, n 2 1, be the set of w € Q such that DSS) -
Dyyn(w). Then we have

P(Q\ Qmn) EmY exp(—nm~ N+ yd/3), n=1 mz2.

(2) Let Qmp, m =2, n 21, be the set of w € Q such that Dy, n(w) C Dq(%). Then there
is an my1 = 1 such that

PQ\ Q) < (2log2)nm~ N Fm=03 > 1 m = my.

Proof. Since (1 — 1/z)*, x € (1,00) is increasing in z, we see that
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Thus we see that
P(Nu(D) = 0) < exp(—nw(D))

for any D € D,,, and
9-2(D) < P(N, (D) = 0)

for any D € D,,, with v(D) € [0, 1/2]. So we see that for any D € D,,, with v(D) € [0,1/2],
P(N,(D)=1) £1—exp(—(2log2)nv(D)) < (2log 2)nv(D).

Note that

v(D) £ (2m ™ logm)Y sup p(z).
zeRN

So there is an m; = 1 such that v(D) £ 1/2 for D € D,,,, m = m;.
Therefore we see that

P(Q\ Qumn) £ Y P(Ny(D) =0) £ m" exp(—nm ™),
Dep Y
and

PO\ Qmn) S Y, P(Nu(D)Z1) £ (2log2)nm™™"  m

DeD,\DY

v
&

So we have our assertions. 1

Proposition 3.21 There is an mo = 1 satisfying the following.
If D e DY, then

|
inf p(z) 2 o sup p(x) = m~ VIR = my,

Proof. Assume that D € DY Let 21 € D be a maximal point of p(z), € D. Then we see
that p(x1) = (2logm)Nm~N=7=%/3_ Appliing Proposition 3.17 for 8 = 1/(2(N+y+6/3)) >

0, we see that there is a Cy > 0 such that

p(2)? = p(y)?| < Colz —y|,  z,yeRN.
So we see that ON 1
ogm
(@)’ = pa)’| £ Co=="2. weD
and so
2N logm

p(x)’ = p(x1)’ - Cy

1 _ _ _ 2N logm
> (5p(@1)’ + (1= 27)(2logm) NPm /2 _ s

So we see that if m is sufficiently large

1
inf p(x) 2 2 sup pla) 2 m~ (V).

zeD €D

Thus we have our assertion.
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Proposition 3.22 There is an m3 2 1 satisfying the following. If w € Qq pm and m 2
ms, then
Ao (Vinr(w);v) = m2Nr+o,

Proof. Let my 2 1 be as in Proposition 3.21. Suppose that w € 1 ,,,, and m = mg. Then
Dy (w) C DY
Let f € Viynr(w). Then there are fp € P, D € Dyy,.n(w), such that

f= > folp

DeDm.n(w)

Then we see that

Nf($)4V(d$)_ Z /fD v(dz) = sup p(x /fD )ide

DEDp n(w) DED,y,. n(w) z€D

A

4 —1 —N 2 2
> 3 int pla)Clem ogm) V([ fo(a)dr)
DeDrrL.n(W)

;4m_1om_N z)%v(dzr))?
2 3 msCiem ogm) ([ fp(w)utn)

DEDm.n(w)

A

< mN I N O =3 log m) M) ([ f(a)Pu(dar))
RN

This implies our assertion. 1

Proposition 3.23 For any r 2 0, there is a C € (0,00) satisfying the following.

w(( 1) gl g € Py

v o°f
< Ce +1 Z (/( . ‘@(x”%x)lh

aezgo,r+1§|a\§r+N+l
for any f € C¥(RN) and ¢ € (0,1].

Proof. By Sobolev’s inequality, we see that there is a Cy > such that

s f@ISC Y </( D @ypaxy 2, f e co®RY),

_11\N N Ox?
ze(—1,1) acZ¥ Jo|<N 1,1)

So we see that

ap ME@ISG | / o e P

z€(—e,e)N 2 7‘a| N
>0

<Oy Z gal—N/2</( » ‘g ij( ’ d )1/2.

acZl la|SN
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For any f € C®(RY),

1 0o f Lty drt)
_ —_ -4 ol <
- B e OIS | G ol
a€Z3|alsr

< r—+1 8af
S |z Z sup |@(taz)|,
aezlz\’o,|a\:r+1 o,

and so we have

w(( 1) =gl g € Py

é (2N€)r+1+N/2 Z sup ‘a f

o
_€7€)N ox

()]

aezgovkﬂ:”"“l z€(

T T aa—l—ﬁf
<e +1CO(2N) +1+N/2 Z (/ ) ‘ama% (x)Ide)l/z'
a7ﬁEZg0,\a|:r+1,|m§N (=€)

This implies our assertion 1

Proposition 3.24 For any T > 0 there is an mgq = 1 such that for any D € Dﬁ,?,
mZ my,

inf{ / Pif(x) — g(0)Pvda); g € o}
D
< 228/ (2N )02 / PfP)@v(de), e (0,T), feCP®RY).
D

Proof. Let my 2 1 be as in Proposition 3.21. Then
plx) 2 m~(N+7+20/3) xe€D, De D%)
for any m = ms. By Proposition 3.15, there is a Cy > 0 such that

h(z) =2 Com %/ (B(r+2N+3)o) zeD, DeDW m>ms.

m

Then by Proposition 3.16 we see that there is a C; > 0 such that

o«
Z ’@Ptf(a?)‘ < ClTné/4tf(7"+2N+3)€0/2(pt(|f’2)(QC))l/Z7

a€Zl r+1<|a|SN+r+1

20’

for any x € D, D € Dfﬁ), m = mg, and f € Cg°(RY). Then by Propositions 3.23 we see
that there is a Cy > 0 such that for D € DT(%), m 2 mao,

inf {( /D Pf(x) — g(2)Pu(dz) Y2 g € Py}

< (sup p(o)" 2 int{( /D Pf(x) — g(a)Pda) /2 g € Py
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< a(inf p(a))/Caf2m ™ logm)™+! / o P f () )
aezg ,r+1<\o¢|<r+N

< 2C5(2m~  logm)™ 1 Cym /4= (2N H0/2( / (PIF 1)) (@)v(dz)) /2,
So we have our assertion. "’ 1
Proposition 3.25 Let Ay, = Ul)?(?g). Then there is an ms = 1 such that
VRN \ Agm) ST m = ms.
Proof. We see by Proposition 3.13 that

V(BN \ Ag) = v([~log m, log m)™ \ Ag,) + (R \ [~ logm, log m)")

= Z v(D) + /R p(To, xo, x)dx

N\[—log m,log m)™)

DeD,\DY
N- —(N+1)t0/2 —2(N+1)L 200|z — xo|?
g m o + CTO 0 h(x(]) (N+1)fo exp(_i)dw
RN\ [— logm,logm)N) To
This implies our assertion. 1

Proposition 3.26 Let r = 0, and T > 0. There is an mg = 2 satisfying the following.

For any w € Qommn, m = mg, n 2 1,
P f = TV Pl L2(an)

< (PN 202 ) ([ (T 4t )y
RN
for any t € (0,T], and f € C°(RY).

Proof. Let m4,ms 2 2 be as in Propositions 3.24 and 3.25. Let w € Qqpn, and

m 2 my V ms. Then we see that Dy, »(w) D Dﬁg) and so we see that

inf / Pf(x) - g(x)Pu(da); g € Py}

= 1nf{/ [(Pif)(z) — g(z)Pv(dz); g € P} +/ |P,f (z)|*v(dx)

DEDyy n(w) RN\U D, (w)

A

Z m_z(r+1)+25/3t—(r+2N+3)€o/Dpt(|f|2)(x)u(d:n)

DGDm,n(w)

RN\ Ag )2 / IPyf () ' (d))
RN

A

i 2(r 1) +26/34—(r+2N+3)0o F)?p(Th + t, 20, y)dy
RN

+m- 'y 6/2/ f To-i-t o, Y )dy)l/Q.

So this and Proposition 3.25 imply our assertion. 1
Now we have Theorem 3.18 from Propositions 3.20, 3.21, 3.22 and 3.26, letting £,

= QO,m,nm N Ql,m,nm~
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4% Application of Stochastic Mesh
Method to Approximation of CVA

In this paper, we give two estimations of CVA by Monte Carlo simulation. Stochastic
Mesh method is applied explicitly to one method and implicitly to the other. We show
both of the estimations converge to the true CVA value. We also discuss the convergence
speed.

4.1 Introduction

The credit valuation adjustment (CVA) is, by definition, the difference between the risk-
free portfolio value and the true portfolio value that takes into account default risk of the
counterparty. In other words, CVA is the market value of counterparty credit risk. After
the financial crisis in 2007-2008, it has been widely recognized that even major financial
institutions may default. Therefore, the market participants has become fully aware of
counterparty credit risk. In order to reflect the counterparty credit risk in the price of over-
the-counter (OTC) derivative transactions, CVA is widely used in the financial institutions
today.

Although Duffie and Huang [8] has already introduced the basic idea of CVA in 1990’s,
several people reconsidered the theory of CVA related to collateralized derivatives (cf. [9])
and also efficient numerical calculation methods appeared(cf. [16]).

There are two approaches to measuring CVA: unilateral and bilateral (cf. [12]). Under
the unilateral approach, it is assumed that the the own company is default-free. CVA
measured in this way is the current market value of future losses due to the counterparty’s
potential default. The problem with unilateral CVA is that both the own company and the
counterparty require a premium for the credit risk they are bearing and can never agree
on the fair value of the trades in the portfolio. Therefore, we have to consider not only the
market value of the counterparty’s default risk, but also the company’s own counterparty
credit risk called debit value adjustment (DVA) in order to calculate the correct fair value.
Bilateral CVA (it is calculated by netting unilateral CVA and DVA) takes into account
the possibility of both the counterparty default and the own default. It is thus symmetric
between the own company and the counterparty, and results in an objective fair value
calculation.

Mathematically, unilateral CVA and DVA are calculated in the same way, and bilateral
CVA is the difference of them. So we focus on the calculation of unilateral CVA in this
paper.

CVA is measured at the counterparty level and there are many assets in the portfolio
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generally. Therefore, we have to be involved in the high dimensional numerical problem to
obtain the value of CVA. This is the reason why CVA calculation is difficult. On the other
hand, each payoff usually depends only on a few assets. We will focus on this property
and suggest an efficient calculation methods of CVA in the present paper.

Let us consider the portfolio consist of the contracts on one counterparty. Let X (™ )(t), m =
0,1,..., M, be RNm_valued stochastic processes. We think that X (t) = (X (¢),..., X(M)(¢))
is an underlying process. We consider the model that the macro factor is determined by
X©)(t), and the payoff of each derivative at maturity Ty, k = 1,..., K, is the form of

M
Fnn(XO(13), X™(T})).

m=1

Let T' = Tk be the final maturity of the all contracts in the portfolio. Let 7 be the default
time of the counterparty, A(t) be the its hazard rate process, L(t) be the process of loss
when default takes place at time ¢, and D(¢,T") be the discount factor process from ¢ to T
We assume that D(0,) is the function of X () (¢) and that L(t), A(t) and exp(— fo
are the function of X(¢).

Let Vp(t) be the total value of all contracts in the portfolio at time ¢ under the assumption
that counterparty is default free. Then V(¢) is given by

M
=E[Y_ Y D(t,Ti)Fus(XO(Ty), X™(T3))| F),
m=1k;T}, >t

where E denotes the expectation with respect to the risk neutral measure. Then unilat-
eral CVA on this portfolio is the restructuring cost when the counterparty defaults. So
unilateral CVA is given by

CVA = E[L(7)D(0, 7)1 <1} (Vo(7) V 0)]

T t
= B[ LOesp(= [ A@BNODO.OT0) v o)
T t
=B L= [ ANV v o) (4.1)

where

Z > F(XO(T), XM (13)| 7,

m= ]-k‘Tkzt

and Fy, ;, is a function such as

Fo i (XO(T}), X™(Ty)) = D(0, Tp) Frn i (X O (Th), X ™(T)).

Since L(t) exp(— fo ) is a function of X (¢), we denote it by g(¢, X (¢)). Then CVA
is given by the followmg form.
T
CVA = E[/ (t, X (¢ Z S Fus(XOT), XD F v o). (42)
0 m=1 k;T}, >t
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Now we prepare the mathematical setting. Let M = 1 be fixed, N, Z1,m=1,--- , M,
N =Ny+---+ Ny and Nm = No + Np, N = max,,—1... M Nm
Let Wy = {w € C(]0,);R%); w(0) = 0}, F be the Borel algebra over Wy and u be
the Wiener measure on (Wy, F). Let B® : [0,00) x Wy — R, i = 1,...,d, be given
by Bi(t,w) = w(t), (t,w) € [0,00) x Wy. Then {(B(t),...,B%t);t € [0,00)} is a d-
dimensional Brownian motion. Let BY(t) = ¢, t € [0, 00).
Let V\? e Cpo(RM; RMo), V™ € Cpo(RM x RN RNm) i = 0,-+ ,dym = 1,---, M.
Here C;°(R™;R™) denotes the space of R™-valued smooth functions defined in R™ whose
derivatives of any order are bounded. We regard elements in C;°(R"™;R") as vector fields
on R".
Now let us consider the following Stratonovich stochastic differential equations.

d t
XO@t,z0) =20+ / V(X O (s, 20)) 0 dBy(s), (4.3)
i=0 70
d t
Xt ) =2t Y [ VKO 500, X 5,50 0 dBi(s), (04)
i=170
where z,, € RN &, = (xo,xm) € RN x RNm m =1,..., M.

Let XM (£, 3,) = (XO(t, 20), XM (£, 3,,)) and V™ € C2° (RN x RN RV x RVE) i =

0,---,d, m=1,---, M be
) ()
W”@m=(m @@)
X
Then we have
Xt G) = T + Y / V(X0 (4, 20,)) 0 dBy(s). (4.5)
i=0 70

There is a unique solution X ™) (¢, Z,,) to this equation. Then X (¢, z),z € RV also satisfies
the solution to the following Stratonovich stochastic differential equation.

d .t
X(t,x)=x+z/ Vi(X(s,x)) o dB'(s), (4.6)
i=0 70

where V;,i=1,...,d is

VM (@)

We assume that vector fields V;,i = 1,...,d, satisfy condition (UFG) stated in the
section 4.2. Let E,, be defined by (4.11) in Section 4.2. By [14], if Z,, € E,,, the
distribution law of X(™(t,%,,) under p has a smooth density function p(™(t,a5,,-) :
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RVm =5 [0,00) for t > 0,m =1,..., M.
Let z* = (z,...,2%,) € RY. We assume that the underlying asset process is X(t) =
X(t,z*). We also assume that

i = (xh,25) € Epym=1,..., M.

Let D(R™) denotes the space of functions on R™ given by

8&

DIRY) = {f € C*(R™): |9 2 o < o0,for 1 < || £ 2J,

where | f]loc = sup{|f(z)];z € R},
Lip(R™) denotes the space of Lipschitz continuous functions on R", and we define a semi-
norm || - ||zip on Lip(R™) by

IfllLip = sup M

., f € LipR").
z,yeR™ x#y |'r - y‘

Let M(R™) be the linear subspace of Lip(R") spanned by {f V g; f,g € D(R")}.

We define linear operators P; : Lip(RY) — Lip(RN),t > 0, by
(Pf)(x) = BM[f(X(t,2))], [ € Lip(RY),
and P\"™ : Lip(RVn) — Lip(R¥n),t > 0,m =1,..., M, by
(P F)(@m) = BYIF(X(8,80))],  f € Lip(RY™).

We remind that L(t) exp(— fo ) is represented by

L(t) exp(— /0 Ms)d)A(E) = g(t, X (1, 27)).

We assume that g : [0,7] x RY — [0, 00) satisfies the following two conditions.
(1) g(t,x) is differentiable in ¢ and there is an integer n1, and a constant C > 0 such that

0
sup |2 g(t,z)| < C1(1+|a™), =eRY.
te€[0,T] 8t
(2) g(t,x) is 2-times coninuously differentiable in = and there is an integer ng, and a
constant Cy > 0 such that

aa
sup |=—g(t,z)| £ Co(1 + |2]"2), z e RN
t€[0,T Oz
for any multi index |a] = 2.
We assume that a discounted payoff functions F,, ,m =1,..., M,k =1,..., K in equa-
tion (4.2) belong to M(R™m). Under the assumptions above, CVA ¢y is given by

co = E“/ (o(t, X () B Z S B n (X (T, 35))|F VO, (47)

m=1k:T}, >t
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We will introduce numerical calculation methods by Monte Carlo simulation for cg.

Let (2, F, P) be a probability space, and X : [0,00)xQ — RY, ¢ =1,2,..., be continuous
stochastic processes such that each probability law on C([0, 00); RYV) of X,(-) under P is
the same as that of X (-,2*) for all £ = 1,2,..., and that o{X,(t); t 2 0}, £ = 1,2,...,
are independent.

Let us define projections m,, : RN — RNm, m=1,...,M, by mp(x) = &y, = (x0, ), and
define gg > 0 by g = min1<k< k(T —T)—1). We define random linear operators (stochastic
mesh operators) Qiﬁ}i . Qt T 6“]) 0St<T,0<e<ep, on sz(RNm) by

L5 FE (T ™ (Tt Fm i (Xe(T1))
Let=t 0 (o (Xo(T)) ’

(th“;fé@f)(jm) Y f(@m), Th—e<t<Ty,

O§t<Tk—€,

0, Tpy<t § T.
1 L
L ~
where qt(nr_fch ) (Um) = 7 Zp(m) (Th — t, i (Xe(t)), Gim))-
(=1

Let II denotes the set of partitions A = {tg,t1,...,t,} such that 0 = tp < t; < ... <
tn, = T and that {Tj;k = 1,..., K} C A. Let |A| = max;j=1,., (tit1 —t;). We define
estimators ¢ = ¢;(e, A, L) : @ — R,i = 1,2, in the following.

é1(e, A, L) (w)

L n—1 M
1 m w
0D (i = gt X)) (Y (QU5 S P i) (i (Xe () V0), (4.8)
Z:l i=0 m=1k:Ty2t; 11
and
é( A, L)(w)

M
Z i+1 _t tle tzaSU Z Z Fm,k(WkX(Tk’x*)))

i=0 1 kT, >tz+1

(ngT]; E)Fm k)(WkX(tiﬂr*)))EO}]'
(4.9)

M
{er;:l Zk:Tkzt

141

Our main results are following.

Theorem 4.1 Let ag = (14 6)(N +1)lp/4V 1. Let {1}, € (0, 50) be a sequence and

suppose that there is a constant Cy € (0,00) such that e, < CoL 2<1+0‘0) ,L =2 1. Then
there exists a constant C € (0,00) such that

1
E"[je1(e, A, L) — col] £ Ci(L™ 0 + |A])
forany L 21 and A €11

Theorem 4.2 Let a; = (1+6)(N +1)¢y/2V 1, and let {e1}3 1 C (0,€0) be a sequence
such that there is a constant Cy € (0,00), such that e, < CoL 2a1+1 ,L 2 1. Suppose that

74



there are constants v € (0,1] and Cy € (0,00) such that
supZ S S (P P Xt D) £0) £ O
m= 1kaZtL+1

for all 6 € (0,1].
Then then there exists a constant Cy € (0,00) and Q(L) € F, L 2 1, such that

P(Q(L)) = 1, L — oo,

and
9) y1+y

(1
Lo la(er, A L) — o] £ C(L™ T30 4 A))

forany L 2 1, and A € 11.
Remark 4.3 Let V(L) be
~ _1-5
V(1) = {w e ler(er, A L) — o] S CL To0 |
Then by Theorem 4.1, we see that
P(QY(L)) = 1,L — oo,

and L
~ L)|61(5L,A,L) —co| £ CL Troo,

Theorem 4.2 shows that the estimation of ¢o may be better than ¢1.

We can compute the estimators ¢é;,7 = 1,2, practically in the following way.

First, we generate a family of independent paths
X ={Xp(t);0=t =T, 4=1,2,...,L}.
Next, by using X1, we compute

(anng m.ke) (T (Xm (8:))), for every k such that Ty, > ¢;.

Then our estimator ¢ is

|
—

n

L
SO gt Xet)( D (@5 P ) (i (Xe(t:)) V 0) (tigr — ta).

=11 k:Tp2tiq

wH
I
o

We used the same paths for Monte Carlo simulation and construction of Stochastic mesh
operator.
For ¢o, we generate another independent family of independent paths

Xy ={X, (1);0<t<T,m=1,2,..., M},
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and we compute

1 M n—1
- /
b= LSS X Y R KO
m=1i=0 kaEtzﬂ

QU B ) (i (Xt 203 it — i)-

t,T,e

1
{Zk:Tk;t

i1
In the above computations of ¢; and ¢, we use the values of X,(¢;),t; € A, only.

As for the computation of ¢, we do not use th oL, M)Fm &, explicitly. We use Qtrjnﬂfw)Fm’k

only to judge whether (P( ) Fot)(me(X,,(t:)))) > 0 or not. So the approximation has

no error when the signs of (Qt”;L ) B o) (X (1)) and (P Fr ) (me( X, (1)) are the

same, even if there are large dlfferences between them.

4.2 Structure of Vector Fields

Let A= J32,{0,1,...,d}} and A* = A\{0}. For o € A, Let |a| = kifa = (al,...,aF)
€ {0, 1,...,d}, and let | || = |a| + card{l < i < |a; o' = 0}. Also, for each m > 1,
m = {ae A5 | a|ls m}.
We define vector fields V},), @ € A, inductively by

‘/[2]:‘/’57 izoala"'7d7

Viaxi) = Vja]» Vil, i=0,1,...,d.
Here axi = (a',...,aF i) fora = (a!,...,0*) and i = 0,1,...,d.
We assume that a system {V;;i = 0,1,...,d} of vector fields satisfies the following
condition (UFG).
(UFG) There is an integer ¢y and there are functions p, 5 € C°(RY), a € A%, B € ALy
satisfying the following.

V= > ¢apVg, €A
peAy,

Proposition 4.4 A system {f/i(m);i =0,1,...,d} of vector fields also satisfies the (UFG)
condition.

Proof. We prove following by induction on |«|.
Vi (f 0 7m) = (V7 f) o T, f € CE (RN, (4.10)

foranya e Aand m=1,..., M.
It is trivial in the case of || = 1. By the assumption for induction,

‘/[a*i](f 0 Tm) = (Vv[oc}‘/l - V;Vv[a])(f 0 Tm)

= Vil (V"™ f) 0 7m) = Vil(V" ) 0 7m)
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_ (V(m)(V(m)f)) 0 Ty — (Vi(m)(f/(m)f)) o,

[0 \Vi [o]

So we have (4.10). From (UFG) condition, we have

V[a}(foﬂ'm) = Z (Paﬁv[,ﬁ}(foﬂm)
peAz,

= > Gap V5V F) o mm.
BEAL,

Let j, : RV» — RN be

Jm(Em) = (20,0...,0, 2,0, ...,0).

Then
Vil f = (Vi h) o T 0 i
= (Y sV Nomm)ojm= Y (apoimVy F.
peAz, peAz,
So we have our assertion. 1

Let A (im) = (A% (Em)) t>0, Zn € RV be a Ny, x Ny, symmetric matrix

6,j=1,00sNm?
given by
AZEn) = Y Vi @)V @)y i =1, N
aGAjnééo

Let Ay () = det A (Em), Zm € RV and
Ep = {&m € RY™; hup(@m) > 0. (4.11)

By [15], we see that if Z,, € Ey,, the distribution law of X (™) (t, Z,,) under x has a smooth
density function p("™(t, #,,, ) : RNm — [0,00) for t > 0. Moreover, by [14] we see that
[, Pt &y G )dy = 1, F € Ep. We have pp,(t, Zm, y) = 0,y € E5, by [14].

4.3 Prepareations

In this section, we use the notation in [13]. We have the following Lemma similarly to
the proof of [13] Lemma 8 (3).

Lemma 4.5 For any ® € D} _,a € A“;KO, let

(DB ®)(t,z) = (DO(t, z), kP (t,2))
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and

Oo(t,z)= Y t 12— DP &t 2)M_ (¢ x)

aB
peAz,
() (ta)My) () DY M (8, 2) M (¢, 7)
’71“/264;40

+ (t,x) M5 (t,2)) D'’ (t,2)}, ¢>0,0 € RV,

Then
EF[®(t,2)(Vig /) (X (,2))] = t 112 B, (1, ) F(X (¢, 2))],

and

sup E[|®.(t, z)[P] < 0.
t€[0,7],zeRN ;pe(1,00)

Let ¢ be a smooth function such that

p(z) = best (4.12)
0,z <0,
¢'(2) 2 0. (4.13)
Let ¢m(z) = ¢(mz) and @ be
ons) = [ i) (4.14)

Then for any z € R,
&m(2) = 2V 0, m— oo.

Lemma 4.6 If ® € DL _, then |®| € DL _.

Proof. Let ¥ (2) = @m(2) + @m(—2). Then for any z € R,
() > lel, o o0,

and |9/, (2)| £ 1. We have

D($m(®(t,2))) = ¥, (2(t, 2)) DB(t, 2)
=(em(®(t, 7)) — om (=2 (t,2))) DO(t, ), m 2 1.

Then {D(m(®(t,7)))}_; is a Cauchy sequence in LP(Wp, [%2)

(H;R)),p > 1, because
ID(@m(2(t, 2))) = D(Wn(@(t,2)) 1 = Lawa)lefo1/mp D2t @)1, nZm 2 1.

Because D : Dzl) — LP(WO,E%@(H;R)) is a closed operator, we have |®(¢,x)| € Dllﬂ for

any p > 1. So we have the assertion. 1

Let us denote ||VF oo = SUp,cRr~N \(g—fl(x), 2B (2)], FeC®®RN).

) Oz Ny
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Lemma 4.7 Let T > 0. Then there exists a C > 0 such that
Ellg(t, X (t,2"))(Pr— ) (X (t,2%)) V 0 — g(s, X (s,2") (Pp—s F) (X (s,27)) V O]
<NVl [ 672 4@~ 1)
for any F € C*(RN) and any 0 < s <t < T.
Proof. Let {M(t)}o<i<r be
M(t) = EF[F(X(T,2"))| 7] = (Pr—F)(X(t,27)).

{M(t) }o<i<r is a {Fi}i>o-martingale. Let Y(t) = g(t, X (t,2%)),0 <t < T.
Let

Li= —+Vg+ ZVQ

By It6 formula,

Y (t)@m(M(t)) ZY(S)@m(M(S))Jr/ Y (r)pm (M (r))dM (r)

45 [ VORI )
+ [ o)Ay () + [ d¥,pm D))
Note that,
)+ (Pr_F)(X (r,2*))dBI (1),
?z/s :
(M) (1 943 / (Pr F)(X(r,2")))2r,
j=17°%
d ' t
YO =Y+ [ VG XlraNdBie) + [ (Lig)(X(ra))ir,
j=17s s
and

j=1
So we have
EMY (8)@m(M(t)) = Y (s)pm(M(s))]]
Z/ EM[Y (1)@ (P F)(X (r,27))) (Vi(Pr— F)(X (r,2%)))” ||dr

= [ B M) L)X D+ 3 [ B U0 Wi P )Xl

j=17°%

79



Now by the definition of ¢,, and g, we have,

/ EMle ) (Leg) (X (r,27))[Jdr = / EM(|M (r)P) 2 EM|(Leg) (X () )2 dr
< sup EH[|(Leg)(X 1/2/ EM{|M ()2 2dr.
te[0,T

By Burkholder’s inequality,
/ EM|M ()P 2dr < BP{(M),]V2(t — ) < sup [[Vi(Pr_r F)lloolt — s).
re(s,t)

On the other hand, we have,

d  nt
Z/ EF[[(Vig)(X (7, 2%)) (Vi (Pr— F)) (X (r, 27))||dr

d ot
= ||Vj(PTrF)|OOZ/ EM|(Vig) (X (r, x7))]]dr
j=17¢

d
= Z sup ||V (Pr—rF)|loo(t — s),
j=1 re(s,t)
for any F € C3°(RY) and any 0 < s <t < T.
On the other hand
O (Pr_r F)(2%)) (V;(Pr— F)(2%))?

= (Vi(pm o (Pr—F))) (%) (Vj(Pr—F)) (z*)

— V; (om © (Pr—y F)(@*)Vy(Pr_F) (2")) = om o (P F) @) VA(Pr_, F)(a").

Notice that ¢!, = 0, we have
EM[[Y (r)gh, (Pror F)(X (r, %)) (Vi(Pr—p F)(X (r,2%)))? |
= E*|Y () |y, (Pr— F)(X (r,2%))) (Vi(Pr— F)(X (r,2%)))?]
= Il,j(?", f) - I2,j(7"7 f)7

where

1 (r, F) = EMlg(r, X (r, )|V (om © (Pr—r F)V;(Pr— F)) (X (r, 27))],

Lj(r, F) = EMlg(r, X (r,2"))lom o (Pr—F)(X (r,a")) V7 (Pr— F)(X (r,2"))].
Let ®y(r,z) = |g(r, X (r,2*))|. Then by Lemma 4.6, &, € D). Let ®y;(r,z),i =1,...

be defined by the formula of Lemma 4.5. Then we have
Lj(r, F) = v V2B @4 5(r, @) pm © (Pr— F)(X (r, ) Vi (Pr— F)(X (r, 2"))],
and

sup B[ Dy (t, )] <
tel0,T),zeRN
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Then there exists a constant C' > 0 such that
i (r, )| < Cr 2| Vi(Pr—y F)| oo

Also we have
L j(r, F)| £ CE[|g(r, X (r, 2*)) IV} (Pr—+F) | o

for any F' € C°(RY) and any 0 < r < T.

Let vector field V; be represented by V; = Zz 1 J( x) 8(2:1-' Then we have

where @y ;(t,x) = %ﬂgf’x) and
(Ta, (1) F)(2) = EF[®p(t, 2) F(X (¢, 2))].

Moreover, we have

N N
VAPrF)@) = 3 Y (Vieh(o) (T, (T = r) 500 (&) + 13 0) (VT (T = 1) ) (2).

i=1 k=1

Then by Corollary 9 of [13], since ®; € Ky and there is a constant C' > 0 such that
||‘/}(PT—7‘F)HOO é CHVF||007

and
IVH(Pr—F)|loo < C(T — 1) "2 VF| o,

for any F € C°(RY),j=1,...,d, and any 0 < r < T.

So we have
Ellg(t, X (¢, 27))om((Pr—F)(X(t,2))) — g(s, X (5,27)) pm((Pr—s F)(X (s, 2)))]]
< C|VF|loe /t(r_1/2 (T =)
Letting m — oo, we have our assertions. 1
Corollary 4.8 Let T' > 0. There exists a constant C' > 0 such that
Ellg(t, X (¢, %)) (Pr—F)(X(t,27)) V 0 — g(s, X (s, 2")) (Pr—sF)(X (s, 27)) v 0[]
< WFly [ 7 4+ (T~ 07,
for any F € Lip(RN) and any 0 < s <t <T.

Proof. For F € Lip(RY), there exists F,, € C;°(RN),m =1,2,---, such that [|VE,,| <
| F||Lip and Fy,(x) — F(x), for any 2 € RY. So we obtain the result from Lemma 4.7.
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Lemma 4.9 Letm=1,...,M, and T > 0. There exists a constant C > 0 such that

EM{|g(t, X (t, ) (PSR (X0 (8, 35,) — h(X ) (1, 25,))]]

SC(|IVAloo + [V2Rlloo) (T — 1), (4.15)
and
E*[lg(t, X (t,2)) (PR (A V 0) (XM (t, 55,)) — (h v 0)(X™(,3,))]]
(4.16)

SC(IVhllso + [IVhlloo)(T — t).

for any h € CbOO(RNm),t €[0,7).
Proof. (4.15) follows from It6’s formula. So we show (4.16).
Let ¢,k =1,..., are as defined in (4.14). Let

L, = ~0(m)

d
PUARE

N

By Itd’s formula

So we have

Notice that ¢}, = 0, then we have

Ellg(t, X (t,2) E*[@r(h(X ™) (T, 3,)) | F™] = (WX ™ (¢, 35,)]

< Bllg(t, X (t, ) || Lihlloo (T — ¢)
1 & T * / v (m) ~ % ~r(m) v (m) ~ % 2
3 [ Bl X0, R 5, 50) TR s, 35,)) s,
i=1 "1

On the other hand, we have
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=V ((er 0 W@V R(E3)) = (or 0 ) (@3) (V™) ?R(5).

Let ®,4(t,z) = [g(t, X(t,2%))| and ®g;(t,z),7 = 1,..., N be defined by the formula of
Lemma 4.5. Then it follows that

1B [0y (t,2) V™ (1 0 (X (5, 25,V X (5, 5)) ) oo

< CsV2EM|@y 1 (8, 2) ||l (01 0 W)V |0 < Cs™ 2V R oo,
and
IEH[@4(t, ) (0r 0 W) (X (s, 75,) (V™) 2R(X ) (5, 75)]lloo < CIV™)2h] 0.

m

So we have

s [T LR (s 3 ) (7 () 2
52 [ Bla(t X2 ek (X (5,25 (VR 5, 37,)) s
i=1"1t

T
= / C'(IVhlloo + IV?hlloc) (1 + s71/2)ds
t

< C'([|[Vh]|oo + V2| s)(T — ) (1 + (T2 + £1/2)71),

Letting &k — oo, we have the assertion. 1

Corollary 4.10 Let m = 1,...,M,T > 0 and F € M(RN’”). There exists a constant
C > 0 such that

E[lg(t X (t,2")) (P} F) (mm X (£, 2%)) = F(mn X (¢, 2"))]] £ C(T — ), (4.17)
for any t € [0,T).

Proof. Notice that m, X (¢, z) = X(™) (¢, %) and Lemma 4.9 is valid for h € @(RN’"). On
the other hand, for F € M(R"™), we have the expression that

KF KF
F=> ar(fvar) =Y ax((fr —9c) VO +gr),
k=1 k=1
ar € R, fr, g € ﬁ(RNm), k=1,...,Kp. So our assertion follows from Lemma 4.9. 1

4.4 Discretization

Let ca, A € 11, be given by

n—1
ca = (tis1 — t:) E"[g(ts, X (t;,2%) {Z Z (PY™, Foe) (e X (£, 2)))} V 0].
1=0 m=1 ;T 2t; 11
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Let i),k =1,..., K, be such that Ty, =1 Then we have cpa is as follows.

i(k)"

K ik~ M K
ca=Y_ Y (tir1 —t)E gt X(ts, 2D > (PéthiFm,k’)(ﬂmX(fia33*))} v 0]
k=1i=ti_1) m=1k'=k

Let }"too), t 2 0, be sub o-algebra of F given by

F = o {Xy(s); s €[0,4], £=1,2,...}.

Proposition 4.11 There exists a constant C' > 0 such that

co—cal £CIAl, Ae

Proof. Let
M K
Z Z Tk/ Tk mk’)(ﬂ'mx),k:l,7K

m=1

Then by Lemma 4.7, there is a constant C' > 0 such that

lco — CA|
K -

<Z Z /Hl\E# (t, X(t,z")) ((PkatFk)(X(t,x*))V(])}

k=11i= Z(k: 1) ti
— B [g(ti, X (ti, 7)) (Pric—1, i) (X (£, 7)) V 0]t

K 7“(k:)_l tiv1 t
§CZ Z / dt/ (7“71/2 + (T, — r)*1/2)d7“
k=1i=ig,_q) "t ti
K Z(k:) 1

<claly. Y / (2 4 (T — )" ).

k=1i= Z(k 1) i

So we have

lco — eal < ch/ (r 2 (T — 1) )dr.

Tk-1

So the assertion follows. 1

4.5 Property of Stochastic Mesh Operator

To estimate the stochastic mesh operator, we use the following estimation of transition
kernel p{" (t, Z,,,, ) obtained by Proposition 8 of [14].
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Proposition 4.12 Let 5(()m) be given by

d
5™ = (3Nw( sup S [V (@)?)

rERNm i=1

then for any T > 0, and m = 1,..., M, there is a C' > 0 such that

_ . (m)
P (t,w,y) < Ct=Nmd Do/, () =2(Nm+ 1o exp(—%g ly—z?),  te(0,T), 2,y € En,
and

. 8 (m)
P, ) < O (ot 0002, () 2m 00 (20 1y a2y e (0,7), 2y € B

In particular, for any T >0,m =1,..., M, and q = 1, there is a C > 0 such that
Pt 3,y) < =Wt D2 () =2Wn D (14 22014y )71, e (0,T], 2,y € B,

Let l/t(m)(dl‘) = p(M)(t, #%,, x)dx. From Proposition 13 , 21 and Proposition 15 (1) of [14]
, we have the followings.

Proposition 4.13 Lett > 0, f € L?*(Ep; dut(m)) and t > s 2 0. Then we have

EP(QU ™) 1) ()| F = (PS ) (@), o™ —aea € By,

S,

and
(m) (¢ — 2 2
EPQUyM) £) (@) — (PEY £) (@) P < % / p™(t (nfﬁl)y) IO,
m qs,t, 7 (y)

Proposition 4.14 Let § € (0,1) then there ezists a C > 0 such that

. 1/2
(; STEPIQ _f) (mm(Xel1))) - (Pé?ﬁfxﬂm(Xe(t))P])

(=1
< LT, — )/ / F@P (L + Py~ mdy)'
Em
foranye>0anym=1,....,M, and any f € Lip(RNm).
Proposition 4.15 Let

a1 ) — U (T, 7, )|
(LY A=) 4 plm) (T, 3+, y)) (10027

Zém’k) (t;0) = sup

yeRNm

Zém’k)(t;é) = sup ngm’k)(s;(s).
s€[0,t]

Then we have following.
(1) For any 0 € (0,1), and p > 1, there is a Cp5 > 0 such that

EP[(L(1—52)/221§J7””“) (Ty — &;6))P]H/P < C ge0lo [ 775" /2+1/p
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forany e € (0, T, k=1,...,K, and L = 1.
(2) Leté € (0,1),t € (0,Ty) and e € (0,T). IfL(l_‘sg)/QZgn’k)(t; 8) £ 1/4, and pt™ (Ty,, zg, y) =

L=1=9) then
m,L,w
1 q,f,Tk o

2= pim(Ty, 2, y)
foranyte (0, Ty —¢|, k=1,...,K. and L 2 1.

||/\
A

2,

Now we introduce the following sets and functions. Let B(":F) (t,0,L) € F, om ., m =
LM E=1,..., K, be given by

BU™M (¢85, L) = {w € Q; L9228 (1 5) < 1/4},

and
Pk, L) = Liyeppom (T m0,9)>L-0-9}-
Let d(m " :[0,T] x E x Q — [0,00),i = 1,2,3, be the measurable functions given by
Ay () = [(QVF5 (0 = @ £) P ) (7o (2)) = (P, (1= P 1) Fon ) (7o (2)) 10,13, —2 (1),
A5 (8,2) = L) (1,6, (@1 e P Foa ) (o () = (P 0 b2 Fon ) (i () L0 1) (8),
A (1, 0) = QU Fon ) (7)) — (PR Fo ) (o () 1,1, (1)
= | Fy (7o (X (T, 2))) = (PR Fo ) (o (@) Uy ey (), k=1, K.

Let p(t, x,dy) be the transition kernel of X (¢, x).
Proposition 4.16 Let 6 € (0,1). Then there exists a constant C' > 0 such that

[ BT ot oot o) £ 0L 100 g0, @)
() BTy o) ot ", do)) 2
éCL—(l—é)/2(Tk _ t)_(1+6)(N+1)€0/41[O,Tk—s) t), (4.19)
and
[ e algte. )i, de) < O = 1,0 (120)

m

for any e € (0,e9),t € (0, T3], L =21, m=1,...,M, and k=1,..., K.

Proof. Equation (4.20) follows from Lemma 4.9. So we will show (4.18) and (4.19). Note
that if t =2 T} — e, both side of (4.18) and (4.19) are 0. So we will consider the case
t < Ty — . By Proposition 4.13, we have

| BT mae)gte oot o
/ EPIQVY) (1~ o) Fon) (2) = (P, (1 = @y go£) Fne) (i (@) Nl (2, ) |p(t, 2, dx)
/E (BPHQ 11 = Gt ) P ) (7 (1))

+ (P11 = o) Fl) (o (@) g (8, 2) |p(t, 2*, d)

<2 [ (P40 = ) Eoal ()t 2o, 2", )
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Using Holder’s inequality for p = %, q= l—lé,

/ (Pj(“:l_)t(l - Som,k,L)|Fm,k:

[ ) ()t 2) ot d)
<{ E(P}:‘Ztu = P, n) | Fn ) (o (2)) /(8 2, dr) } 10
<A [ lott. o) pit. o do))?
U ot G Fa o) OB T ), G i}
<A [ latt. ). )
< L=y /E | Fr o (i ()| OO0 pU) (T 0 (27), i)} 0

< /E lg(t, )| Vop(t, o, d) .

We used (1— @ k.1 (Gm)) /=D pr™) (T, 7 (), G ) 170 < L9 in the last inequality.
So we have Equation (4.18).

Next we will show Equation (4.19) . Noting that from B (T, —¢,8, L) ¢ B™#*)(t,6,L),t €
0,7, —¢),k=1,...,K,and L = 1,

m,k m m
dS™R) () < L (5.0 (QVF) Pt Fond) (T () — (P oot Frne) (i ().

Since Propsition 4.13, 1B<m,k>(t757L)q§%’€L’w)(j&m)_l < 2N (T, o (2%), Gm) "L, And by
Proposition 4.15, we have

Lot 1.0y BT QYT @mi Finge) @) — (P 0o Fon o) () 2| F)
1 / | ke, Fon e (i) 120 (T — t, Zomy Gim)
En

<1 —
=1pB(m.k)(t,5,L) Lw) (~
L QE?,C W)(ym)

p(m) (Tk —t, i'ma gm)Qdy

2
dym,

<2/ ‘@m,k,LFm,k(ng)P
=7 "

- m p(m)(Tk,Wm(.T*),ﬂm)

Then we have

( /E B[S (4,22 p(t, o, d)) 2

A

([ B 00050 B IS, s P i) @) = (P o P i) @) Tt 2, )2

(g / |§0m,k,LFm,k (y)‘Q

L Em p(m) (Tk, Wm(x*)7 gm)

( 2 / |, L. Fm ke (y)]?
E

[IA

( / PN (T = t, &g ) 0T O (8, 2%, d) )i )M/
E

A

L

)t T (2%), & )P (T =, Es ) T2 A7) i) 2.
e ([ mn(0), B (T~ ) i)

Let ¢ = N. From Lemma 4.12, there exists a constant C' > 0 such that

P (T = t, By i) S C(Ty, — £)~ AV R (G )= N D0 (1 4 12, )9 (1 + |G| ?) 72
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We set C; as

Cy = sup maX (/ hm(m)—(ﬁm+l)€0(1+6)/6(l+’x‘Q)q(l-i-é)/&p( )(t,mm, )dx)é/Q
te[0.7) = % -

7 2]

< ([ latt.a)la)

Oy is bounded by Proposition 3 of [14]. Then since @y, .1,(y)p"™ (Th, i5,,y) 70 < L°, we
have

/ B2 LS 0,2 2lg 1, 2) (e 2 )
<

< PN (T, @y )~ @omte, L Pt () |2 (1 A+ (G |2) "1 g (T — )~ (HONFD0/2)

Since ¢ = N, and F,, i, is Lipschitz continuous,

[ o PGB0+ 0+, < .

So we have the assertion. 1
Let a,b,a, f > 0, and a;, by, g, B; = 0,7 = 1,2. Let ¢¥) (¢, ;a, o, b, B) and é(e,v),t € [0, T})
be
¢(k) (ta g a,q, b7 5) = a(Tk - t)_al[O,Tk—s) (t) + b(Tk - t)ﬂl[Tk—e,Tk)(t)a
ey Ly >1,
é(g”y) = IOgS 7’7:17
1 0y < 1.

Proposition 4.17 There exists a constant C > 0 such that

n—1
Sttii—t) S 0¥t eia,a,h,8) < Clad(e,a) +b51),  (421)
1=0 k’TkEtzH
and,
n—1
St =t DY, ¢Wtisan0b,B))( Y W (ti g a2, a2, b2, 52))
=0 k1§Tk1 2t¢+1 k1§Tk1 gtiJrl
§C (alagé(a,al + 0[2) + a1b2€/82+1 + a2b1€/81+1 + b152851+’82+1) (4.22)
for any € > 0.

Proof. Let us take i) as t;, = Ty, k = 1,..., K. If t; € [Ty—1,T}] and k' > k then
Ty, — t; > €. So notice that

1[Tk’—5’Tk')(ti) =0, for Z(k 1) <:<4 Uk) — 1, K > k. (4.23)
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So we have

n—1 K i1

K
Z(tl-i-l Z ¢(k tz,é‘ a, o, b /8 Z Z tH—l Z (b(kl)(tivg; G,Oé,b,ﬁ)
k'=k

=0 kath—l k=11i= ’L(k 1)

K k1 K

=D > (i —ta) (a(Tk' —ti) Lo, —e)(ti) + b(Thr — ti)ﬁl[Tk/—a,Tk/)(ti)>

k=11i= ’L(k 1) k'=k

K Ty—e HORY
<> Z/ a(Ty — 1) dt+ > bl _emy ()t — ) (T — )7 |
k=1 \k'=k”Tk—1 =i (1)

because (T — ;)" < (T —t) " for t; St < tiyq.
On the other hand,

Z_: Z/ ) (T — t)~%dt < K?é(¢, ),

and ‘
K Z(k)—l

ST Umeemy )ty — ) (T — 1) < Ke2,

k:1 l:l(k—l)

So we have Equation (4.21).
Next we show Equation (4.22).

n—1

D i —t)( D ¢F(tiga,00,00,80))( Y 6™ (b, g5 az, 02, b, B2))

i=0 k1T, Ztig k15T, 2tiy1
I
<> D (-t fo]§>
k=11=i(_1)
where
K
Ii(ﬁ) = Z araz(Ti, — 1)~ (Thy — 1)~ ** 10,13, —e) (t0) Lo, 13, —) (i)
Ky ka=k
K
15 = 3" aba(Thy, — )7 (T, — 1) 2101, —o) )1y, e, (F),
kn ka=k
K
I = > ashi (T, — 1) (T, — 1) Loz, o) (1) iy, —emy, ) (1),
Ky ka=k

Z b1ba(Thy, — )™ (T, — )2 iy, —emy ) (8 V7, —e1y, ) (F)-
k1,ko=k

Note that (4.23) and

0,k1 <k

1 o)ty —e ) (ti) =
[0,Tk, —¢) [Ty—e,Tx)
) ) ' 1[Tk_5,Tk)(ti)) kl > k’
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we have for i € {i(y_1),---,i(k)-1}

K

k —a
Ii(,Q) = Z arby(Th, — i)™ (Tk — ) Lpy e ) (1)
ki=k+1

< K(Th1 — Ti) " arbo(Th, — ) Ligy oy ()

We have the followings similarly.

n—1 K ti ATy, ATy, —€)
k (k=1 NIy ATy _
Z(ti_H — ti)Ii(,l) < aja Z (Tkl A Tkg — t) (a1+a2)dt,
i=0 k1, ka=k 7 tige—1) N Ty ATiey =€)
n—1

Z(ti—i-l - ti)Il'(Z) < Capbpe™ ™,

n—1

Z(ti—i—l - ti)Iz‘(’];) < Caghye” 1,
=0

n—1

Z(ti_H — ti)li(,]ji) § b1b2€51+52+1‘
=0

So we obtain (4.22).

4.6 Proof of Theorem 4.1 and Theorem 4.2

Theorem 4.18 There exists a constant C > 0 such that

EP[|é1(en, A L) — cal] £ C (L_(1_5)/2é (g, (1+8)(N + 1)e0/4) + 82) L>1.

Proof.
EPHél(é‘L,A L) _CAH
1 L n—1
< 20D (i - Z > Elgti, X(ti,2))
¢=1 i=0 m= 1ka>t1+1

Q) Frpy i) (e (X (t2)) — (P, Fg) (i (X ()]

Then by Schwartz’s inequality |,

L
L SB[yt X (6, 2) Q55 By (m(Xelt)) — (P, Fr) (me(X ()]
/=1

h

EP]|g(ti, X (ti, ) [(Q"55 Fr ) (i (X)) — (P, Fr) (i (X)) 10,1, —)]

A
Ik
Mh

)
I

+C(Tk — )7 —e1)

1/2
PIQY™SE) Fr i) (i (Xe(t)) — <P}’,j>tFm,w(m(Xe(t))PJ) o7, —)

IMh
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X Elg(ti, X (t;, ))4* + O(Ty, — 11— 1)
By Proposition 4.14
EPHél(&‘L, A, L) - CAH

|
—

n

<Ot —t) Y (ke L2 (14 6)(N + 1)6/4,1,1).

kT 2ty

~
I
o

By Proposition4.17, we have the assertion.

Lemma 4.19 Let a,b € R and ¢,0 > 0. Then we have

clal|Lp=0y — Liaz0y| = €lb — all{p_q20y + cOljaj<o)
Proof. If |a| > |a — b|, then
Lpz0y = Hazoy = 0.

So we see that
lal(11p=0y — 1{az0}]
< lallyjalzia—s)y

< Ja = b|1gja—piz0y + lall{jq)<0}-

Theorem 4.20 Let § € (0,1),p > 1. Suppose that there is v € (0,1] and C, > 0 such
that

n—1 M
sup > (tir —t (| D Y (PR, B i) (mn X (t,27)))| £ 0)
A =0 mzlk:Tkzti_‘_l
< 0,607,060 € (0,1).

Then there exists a constant C >0 , Q(L,¢) € F, such that

5(14)
P(Q(Lja)c) é o <(L(15)2/2 (L,(1,5)2/2é (E, (1 o 52)(N —+ 1)60/2) + 63(175)/2>) 2+ > ,
and
Loele(en, & L) = cal
(A=9)(1+y)

<C (L—(1_5)2/2 (L_(1—6)2/2é (5, (1— 52)(N + 1)50/2> + 53(14)/2)) 2+
for L = 1.

Proof. In this proof, we denote X (t,z*) by X (t) for simplicity. Let

M K
B.= () (B™" (T} —e,6,L).
m=1 k=1
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Let Fp; : RY — R be given by

Fra@)= > (P, Fuk) (),
m=1,....M
kT2t

and let F; : RY — R be given by

Foi(x) = Z (Qt,,T,C Fon o) (T ).

m=1,....M
kT 2tit1
Then
g |é2(ern, A, L) —cal
n—1 M
S 1g ) (b —t)[E*g(ti, X ()] Y B i (1 (X (L)) (L s 1) 20y — L (X ey 201l
=0 m=1k:T}, 2ty

i
L

S1p ) (i — ) EM[|g(ts, X @) Fpi(X ()1 {ry, (x(t)z0y — LFp(x )20y )

s
Il
=)

since ‘g(ti?X(ti))‘(l{FQ’i(X(ti)EU} - l{FP,i(X(ti)EU}) is -Ft measurable.
Applying Lemma 4.19 to a = Fp;(X(t;),b = Fg(X(t;), and ¢ = |g(t;, X (t;))|, we have

lg le2(er, A L) —cal = I + I,

where
Z (titr — ) E*[|g(ts, X ()| Fi(X (t:) — Fpi(X (8)|1{1Fg. (X (1)~ Fps (X (1) >0} )5
=0
n—1
Iy = 1B (tivr — t)OE |g(ti, X E) 1 Fp,(x () <0} )-
=0

By Holder’s inequality,
I < 0B [|g(t:, X (1)1 u(| Fpa(X (t)] £ 6)'~ < COu(Fpa(X (1:)| £ 6).

From assumption, we have
I, < cpr+H-9),

Next we will estimate I7.

M
|Foa(X(t:)~Fra(X(t) < Y () (b, X (8)) S (s, X () +dy ™) (8, X (1))

L <15 th-t,-l_tz "lg(ti, X (t:))]

<

>y (dg“; P (i, T (X () + A5 (13, (X (8) + d5) (8, Wm(X(ti))

m=1k:Tj 2t; 41

X 1{23,{:1 Semyze, . @2 b (X (8)))+dS ) (timm (X (u))+d§f’;j’z>)(ti,wm(X(ti)))>9}]'

it+1
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I, is dominated by
L Shi+Lip+1Lig+ 1,

where
n—1 M
k
Il,l = Z liv1 — tz Z E“ |g(tu ( ))‘dlwal L)(ti77rm(X(ti)))]7
1=0 m=1 k:T}, 2t
M
k
11,2_2 tist — B Y [g(ts, X(t)|dS™) (b mm (X (1))
i=0 m=1k:T2t; 11

(M) Ty 2y, () (tama (X (8) 45T (tsimm (X (t))>0/2)

n—1
L= (tiy1—ti E“Z S gt X @)™ (o (X (1))
1=0 m= 1kaEt1+1

k .
{(hs zk:Tk;t,.H Ay (ki mm (x(t0)>0/2)

Iy = Z tiv1 — ti) EV| Z Z g(ti, X(t:)) |d3€L)(t“7Tm(X(ti)))]
=0

m=1k:T2t;11

From Proposition 4.16,

n—1
Bl = Yt —t) / EP ™Y (4, 20) gt ) |p(t, 2", )
=0 m=1,....M
kT2t
n—1
<O (tii—t) Y. oP(ti,e L7079°0,0,0)
i=0 kath

< e (5,L’(1’5)3) .

Next, we will estimate I . By Holder’s inequality

hzéZtm—tz JE( Z S A (b mn (X ()))2)] 2

=0 m=1k:T2t;41

M . gk (g . ja-0rz
{1 Zk:TkgtiJrl (d1,E,L (tuﬂm(X(tt)""dg,e,L (ti,mm (X (t:))>0/2}

Y

gcztm—t Euz Do dyy (T (X (1))

= m=1k:Ty2t; 41

E“Z > dgngi tzaﬂm(X(ti)+dgf’;ﬁ)(ti,ﬂm(X(ti))])(l—é)/z

m=1k:Ty2t;11
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So we have

Il2 <C\/72 t“‘l_tl Z / déﬂzi tl: p( )(tl’ L )dx]1/2

m= 17 *y 7
k:Ti=tit1

m,k m,k m
XEP[ Z /E (dg,e,L)(t'La )+d( )(t“ ))p( )(tz, )dx](l 8)/2
m=1,...,M, m

kT2t
n—1
<COTI=23 (i —t) | > 6Bt e LTI (1 - 6%)(N + 1)£0/4,0,0)
i=0 kT2t

’ ( 2 ¢“”(n,s;L<15“/2,0,1,<16>/2)) '

kT2t

By Proposition 4.17,
EP[Il,ﬂ < 00—1/2 (L—(1—6)4é (6, (1 . 52)(N + 1)&)/4) + L—(l—5)2/2€3(1—5)/2) )

Similarly, we have

n—1
EP[IL?,] < 09_(1_6)/2 Z t i+1 — t Z / 2 5 L tu $ ( )(ti’ jZa Sc)dx](l_é)
=0 m= 17 .y ’
ka>t1+1

n—1
<COTUI=2N (i — ) (Y 6W (ty, e L7721 62)(N +1)00/4,0,0))?

1=0 k Tp2tit1

<op~'-(1-9% (5, (1—6%)(N + 1)50/2) .

It follows easily that
EP[IlA] é CEZ.

Notice that
0=(=0/24(c, (1 — 6%)(N + 1)fo/4) < 0 1¢ (5, (1 - 6%)(N + 1)t /2) ,
we have
EF<C (m“ 4o 1002 (L_(1_5)2/2é <5, (1—8%)(N + 1)50/2) + s3<1—5>/2)) .
In particular if we take 8 = 0f, as
01— O (L0012 (L0912 (=, (1= 83 + D)to/2) +20-9/2) )77

then we have

N 1+9)/(2+
EP|I<C (L—(1—5)2/2 (L—(1—5)2/2é (5’ (1 - 62)(N + 1)60/2> n 53(1‘5)/2>>( N/( w)'
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Let Q(L,¢) be

Q(L,e) =B.N{weQ;
A=8)(1+v)

I<c ((L*(176)2/2 (L*(Lé)Q/Qé (5, (1—0)%(N + 1)60/2) + 53(14)/2))) By

From Proposition 4.15, we have

3(14+)

P(Y(L,e)) £ C ((L‘“—W/2 (L—<1—5>2/2é (s, (1—6%)(N + 1)@0/2) + 530—6)/2)) 2

)

+(5—5€o L—p52/2+1/p)p>

and

(A=86)(A+v)

<C (L*(lﬂs)z/2 (L*(1*5)2/2é ((57 (1- 52)(]\7 + 1)50/2) n 53(1%)/2)) 2+
1

Corollary 4.21 Theorem 4.1 and Theorem 4.2 follow from the Theorem 4.18 and Theo-
rem 4.19.

4.7 Numerical Example

Let {B(t);t = 0} be 1 dimensional Brownian motion. Let ¢; = i/n,i = 0,...,n. Let ¢
be

1
2
c=F E[B(1)|F] V0) dt] = .
[ EBE 0 af =
Let ca be the discretization of ¢, such that
n—1
ca = (tiy1 —t;)E[B(t;) v 0].
i=0

We approximate ¢ as Remark 4.3, where F(z) = z. Let Xy = {Xy(t;);i = 0,1,...,n}L,
be i.i.d sample paths of {B(t;);i = 0,1,...,n}. We compute QELYLL;) and ¢; by using of
paths X;.

n—1

L
SN @QEFY(Xo(t:) v 0) (tir — 1)

(=1 i=0
Let Xo = {X(t;);i = 0,1,...,n}, be another i.i.d sample paths of { B(t;);i = 0,1,...,n}.
We compute é2 by

b{H

Lo n—1

o=1 i=

We have ¢ = 0.2659615203. When we take n = 100, we have ca ~ 0.2638855365. We also
take Ly = 10000 and L = 100, 200, 400, 800, 1600, 3200, 6400. We replicate 100 estimators
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of |¢; —cal,i = 1,2 for each L. Let ”average i” denote the average and ”standard dviation
i” denote the unbiased standard deviation of these 100 estimators for ¢ = 1,2. We show
the result in Table 4.1. Table 4.1 display the numerical result of |¢; — ¢|, and unbiased
standard deviation of ¢;,i = 1,2. We see in Figure 4.1 that both |¢; — ca| and |é2 — ca|
approach 0 as L — oo, but |é; — ¢| is more stable than |¢; — ¢|.

L average 1 average 2 standard deviation 1 standard deviation 2
100 0.0453447368 0.0053580746 0.0334099140 0.0039872730
200  0.0287991842 0.0052000712 0.0244301557 0.0038576326
400  0.0216224492 0.0051810512 0.0168528548 0.0039305129
800  0.0161228222 0.0051754299 0.0114840865 0.0039276461
1600 0.0117769017 0.0051955081 0.0092734158 0.0039546398
3200 0.0082335939 0.0052074140 0.0071782226 0.0039613689
6400 0.0060464529 0.0052099324 0.0050607508 0.0039677394

7% 4.1: Average and Standard Deviation of Absolute Error

0.05
0.045

0.04
0.035

=O—=averagel =Zraverage?2
0.03

0.025 \

0.02 - \

0.015 \

0.01 - \ :

0.005

100 200 400 800 1600 3200 6400

4.1: Average of Absolute Error

96



S Xk

1]

[11]

[12]

Avramidis, A.N. , and P. Hyden, Efficiency improvements for pricing American
options with a stochastic mesh, in Proceedings of the 1999 Winter Simulation Con-
ference, pp. 344-350

Avramidis, A.N. ; and H. Matzinger Convergence of the stochastic mesh estimator
for pricing American options J. Computational Finance, 7 (4) (2004), 73-91.

Bally, V., and G. Pagés, A quantization algorithm for solving multi-dimensional
discrete-time optimal stopping problems Bernoulli 9 (2003), 100371049.

Belomestny, D., Pricing Bermudan Options by Nonparametric Regression: Optimal
Rates of Convergence for Lower Estimates, Finance and Stochastics, 15(2011), 655-
683.

Broadie, M., and P. Glasserman, A stochastic mesh method for pricing high-
dimensional American options J. Computational Finance, 7 (4) (2004), 35-72.

Castaing, C., and M. Valadier, ”"Convex analysis and measurable multifunctions”,
Lecture Notes in Mathematics, Vol. 580, Springer-Verlag, Berlin-New York, 1977.

Clement, E., D. Lamberton, and P. Protter, An analysis of a least squares regression
algorithm for American option pricing, Finance and Stochastics, 6(2002), 449-471.

Duffie, D., M. Huang, 1996, Swap Rates and Credit Quality, Journal of Finance,
Vol. 51, No. 3, 921

Fujii, F., A. Takahashi Derivative Pricing under Asymmetric and Imperfect Collat-
eralization, and CVA CARF Working Paper F-240, December 2010

Gobet, E., J-P. Lemor, and X. Warin, A regression-based Monte Carlo method
to solve backward stochastic differential equations, Ann. Appl. Probab. 15 (2005),
217272202.

Glasserman, P., "Monte Carlo Methods in Financial Engineering” Springer, 2004,
Berlin.

Gregory, J., Counterparty credit risk and credit value adjustment: A continuing
challenge for global financial markets, Second Editio, John Wiley & Sons, 2012.

Kusuoka, S., Malliavin Calculus Revisited, J. Math. Sci. Univ. Tokyo 10(2003),
261-277.

97



Kusuoka, S., and Y.Morimoto, Stochastic mesh methods for Hormander type diffu-
sion processes Adv. Math. Econ. vol.18 (2014),61-99.

Kusuoka, S., and D.W.Stroock, Applications of Malliavin Calculus II, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 32(1985),1-76.

Laborde’re,H. Cutting CVA’s Complexity, Risk Magazine, July, 2012, pp. 67-73.

Liu, G., and L.J. Hong, Revisit of stochastic mesh method for pricing American
options, Operations Research Letters 37(2009), 411-414.

Longstaff, F., and E. Schwartz, E, : Valuing American options by simulation: a
simple least-squares approach, Rev. Financ. Stud. 14 (2001), 1137147.

Shigekawa, 1., ”Stochastic Analysis”, Translation of Mathematical Monographs
vol.224, AMS 2000.

Tsitsiklis, J., and B. Van Roy, Regression methods for pricing complex American
style options. IEEE Trans. Neural Netw. 12(1999), 694-703.

98



