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Preface

Over the last few decades, numerous topics from industrious applications and issues on en-
vironmental protections have witnessed the increasing significance of underlying mathematical
models. A considerable number among them can be expressed by partial differential equations,
and the related fields such as system control and black box inference are mostly reduced to the
corresponding inverse problems. The present dissertation concentrates on two kinds of evolution
equations originating from respective backgrounds, that is,

e the multiple hyperbolic equations for phase transformation kinetics, and
e the multi-term time-fractional diffusion equations for anomalous diffusion phenomena.

Since both governing equations are recent generalizations of their hyperbolic and parabolic
prototypes, we carry out systematic analysis from various viewpoints and develop the related
numerical methods. The present researches are not only motivated by the theoretical interests,
but also root in their direct applications in practices. The study of phase transformation is
essential for understanding the material properties and controlling the manufacturing processes,
and that of anomalous diffusion contributes to the modeling of the pollution mechanism as well
as source identification and purification. Especially, by treating both topics simultaneously we
will be able to investigate a series of complex phenomena of contaminants in heterogeneous
medias, including dissolution, diffusion and accumulation.

Part 1

Phase transformation phenomena occur extensively in many spontaneous and artificial pro-
cesses, in which nucleation and crystallization greatly dominate the final mechanical properties.
Part I is devoted to the reformulation and thorough analysis of the hyperbolic-type equations
derived from Cahn’s time cone model (see [17])

u(z,t) = / U(y,s)dyds (z € R t>0), where (0.1)
QP(I’t)

Qy(z,t) :={(y,9); 0 <s<t, ly—z| < R(t)—R(s)}, R():= /0 p(s) ds. (0.2)

Here u, p and ¥ denote the expectation of transformation events, the growth speed and the
nucleation rate, respectively. In Chapters 1-4, we shall investigate the forward problem and
the reconstructions of p and ¥ from both theoretical and numerical aspects.

Chapter 1

The time cone model (0.1) involves multiple integrals, preventing us from smooth arguments
on both forward and inverse problems. Hinted by d’Alembert’s formula in the one-dimensional



case and the combination of Poisson’s integral formula and Duhamel’s principle in the three-
dimensional case, in Chapter 1 we derive a class of equivalent formulations of (0.1) in all odd
spatial dimensions.

Theorem 0.1 Let the spatial dimensions d = 2m +1 (m = 0,1,...) and u(z,t) satisfy
(0.1)-(0.2). Assume that u(z,t), ¥(x,t) and p(t) (x € RY, ¢t > 0) are sufficiently smooth
functions, and p(t) is strictly positive for t > 0. Then u(x,t) solves the following initial value
problem for the multiple hyperbolic equation

{H:Jn+1u($,t) = Cm \IJ(QI, t)/p(t) (33 € Rd’ t> 0)’ where (03)

Ofu(r,0) =0 (x eRY £=0,1,...,d),
1 7] t
How(w,t) == —= 0O (%) — Aw(z,t), ey = (2m)2mtigm,

The above result is an immediate corollary to the governing equations of the auxiliary
function U(z, ) := u(z, R~'(7)) after the change of variable 7 := R(t)(= fot p(s)ds), which
reads

(02 = )" U (2,7) = e ¥(2, RTH(7))[p(R™' (1)) (z € R, 7 >0),
=:F(x,T) (04)
olU(x,0)=0, £=0,1,...,2m+1 (z € R+,

The derivations of (0.3) and (0.4) provide remarkable convenience in the quantitative analysis
of the time cone model, and we outline the general strategy.

U(- m)i=u(-,R™H(T))

U= [y, F

|

(02 — Ay = ¢ F

u:pr\IJ

v

u(-,t)=U(-,R(t
W o) (- )=U(-,R(t))

p:unknown l/p: given
Coefficient inverse problem Forward solver, Inverse source problem
As the first application, we implement numerical simulations of forward problem for d = 1,3

with satisfactory accuracy and efficiency by means of the alternating direction implicit method.

Chapter 2

In Chapter 2, we investigate an inverse problem of determining the growth speed p(t) in the
one-dimensional time cone model by the final observation data. By imposing the homogeneous
Dirichlet boundary condition, the problem turns out to be the following coefficient inverse
problem in view of the hyperbolic governing equation (0.3) with m = 0.

Problem 0.1 Let L > 0, T > 0 be given, and u satisfy

1 Opu(x, t) ~ Aulz 2U(z,t) .

p(t)at (7[)@) ) A ’t)+7p(t) O<zxz<L,0<t<T),
u(x,0) = dyu(z,0) =0 (0<ax <L),

u(0,t) = u(L,t) =0 0<t<T).

Provided that the nucleation rate V is known, determine the growth speed p by the final mea-
surements y° € L*(0, L) satisfying |ly® —u(-,T)||r2(0,r) < 0, where § > 0 is the noise level.



Using the eigensystem of —A, we can write u(-,T) in form of R(t) defined in (0.2). Since
p(t) = R/(t), this suggests a two-step reconstruction. First, we reconstruct R(¢) by the truncated
Tikhonov-type regularization

N 2

.2 o . /TnT
RMN .— argmin = Z (/0 (y°(x) — u(z,T)) sin (T) dx) + a||R||2L2(07T),
1

ReEPM n—

where a > 0 is the regularization parameter and Pj; collects all polynomials with orders
no higher than M. To seek for a minimizer, we solve the Euler equation by the pseudo-
spectral method. Second, since the numerical differentiation is also ill-posed, we employ another
regularization method to reconstruct the growth speed p(t). Numerical prototype examples are
presented to illustrate the validity and effectiveness of the proposed scheme.

Chapter 3

In view of the multiple hyperbolic equation (0.3) for phase transformation, the reconstruction
of the nucleation rate ¥(x,t) turns out to be an inverse source problem. However, existing
works on the related numerical methods are absent even for the single hyperbolic case. As a
preparation, in Chapter 3 we develop an iterative method for the following problem.

Problem 0.2 Let Q C R? (d = 1,2,3) be open bounded with a smooth boundary, w C
and T > 0 be suitably given, and u(f) satisfy

O2u(x,t) — Au(z,t) = f(z)h(z,t) (x€Q, 0<t<T),
u(f) < u(z,0) = dpu(z,0) =0 (z € ),
Opu(z,t) =0 (x€ed, 0<t<T).

Provided that h is known, determine f by the measurements of u(f) in w x (0,T).

Under certain conditions on w and 7" due to the finite wave speed and regularity assumptions
on f and h, a global Lipschitz stability for the above problem is guaranteed (see [31]).

Numerically, we formulate the reconstruction as the following minimization problem

. s
min J(f), J(f) = [ulf) = 0’| Zax 0.0y + Al 2200 (0.5)
feL?(Q)

where a > 0 is the regularization parameter and u® denotes the noisy data. By investigating
the Euler equation for the minimizer, we propose the iteration

K
K+«

1 T
fmt1 = fm_K+a/0 hz(fm)dt (K >0, m=0,1,...), (0.6)

where z(f,,) is the solution to the corresponding backward system. Abundant amounts of nu-
merical experiments are presented to demonstrate the accuracy and efficiency of the algorithm.

Chapter 4

Chapter 4 establishes both theoretical stability and numerical method for the reconstruction
of the nucleation rate ¥ in the three-dimensional time cone model, which is an inverse source
problem for (0.3) with m = 1. Assuming ¥(z,t) = f(x) g(x,t) and imposing the homogeneous
Neumann boundary conditions, we formulate the problem as follows.



Problem 0.3 Let Q C R3 be open bounded with a smooth boundary, w C Q and T > 0 be
suitably given, and u(f) satisfy

Hou(x,t) = f(x) h(z,t) (xeQ, 0<t<T),
u(f) 4§ Ofu(z,0) =0 (xeQ, £=0,1,2,3), where h(z,t):=
u(x,t) =0, Au(xz,t) =0 (z€0Q, 0<t<T),

8mg(z,t)

5 ()

Provided that g and p are known, determine f by the measurements of u(f) in w x (0,T).
By a Carleman estimate in [31], we prove the following global Lipschitz stability.
Theorem 0.2 Let O be of C? class and u be the solution to (0.7), where f € L*(Q),

g € HY(0,T; L>(Q)) and 3go > 0 such that |g(-,0)| > go a.e. in Q,
p € C[0,T] and 3 py > 0 such that p > pg in [0,T].

Suppose that w is a subdomain of Q0 such that
{z € 0 (v — xo) - v(x) > 0} C Ow for some xp ¢ L\ w, and
T
R(T) = / p(t)dt > sup |z — xo.
0 zeQ

Then there exists a constant C' = C(Q,w, T, g, p) > 0 such that

3
I fllz2) < C <|5fu — P70} Dl L2 (x (0.1)) + 10l L2072 ) + D |5tkU||L2(wx(o,T))> -
k=2

Based on the preparation in the previous chapter, without lose of generality we suppose
p(t) = 1 and propose the same minimization problem (0.5) for numerical treatments, which
leads to a parallel iteration as (0.6). Extensive numerical experiments up to three spatial
dimensions show the feasibility of the iteration, and detailed analysis of the computational
performance are also provided.

Part 11

Regarding the diffusion phenomena in highly heterogeneous medias, field experiments in-
dicate a remarkable deviation from that described by the classical diffusion equation. As one
candidate for modeling, the time-fractional diffusion equation with a Caputo derivative, for

example,

Ofu = Au(+F) with 07 f(t) := F(ll— a) /0 (tfi(z))a ds (0 <a<1),

has been studied intensively from various aspects (see, e.g., [121]). To improve the modeling
accuracy, we generalize the above formulation to consider the following initial-boundary value
problem for the multi-term time-fractional diffusion equation

> 0 u(w,t) + Au(z,t) = F(z,t) (x€Q, 0<t<T),

=t (0.8)
u(x,0) = a(x) (x € Q),
u(z,t) =0 (x €0, 0<t<T),



where  C R? is open bounded with a smooth boundary, aj,q; (7 = 1,...,m) are positive
constants such that 1 > a3 > -+ > a,, > 0 and g1 = 1, and A is a symmetric uniformly elliptic
operator. Chapter 5 is devoted to the strong maximum principle and a related inverse source
problem for m = 1, and Chapters 67 are concerned with the theoretical well-posedness and
the numerical treatment for m > 2, respectively.

Chapter 5

The strong maximum principle is one of the remarkable characterizations of parabolic equa-
tions, which is expected to be partly inherited by fractional diffusion equations. Based on the
corresponding weak maximum principle, in Chapter 5 we establish the following strong maxi-
mum principle for single-term time-fractional diffusion equations (i.e., (0.8) with m = 1), which
is slightly weaker than that for the parabolic case.

Theorem 0.3 Let a € L?(Q) satisfy a > 0 and a # 0, F = 0, and u be the solution to
(5.1)~(5.3) with m = 1. Then for any x € Q, the set {t > 0; u(x,t) < 0} is at most a countable
set which admits only oo as its possible accumulation point.

Next, we consider an inverse source problem for (0.8) under the assumption that the inho-
mogeneous term F' is in form of separation of variables.

Problem 0.4 Let zg € Q and T > 0 be arbitrarily given, and u be the solution to (0.8)
withm =1, a =0 and F(z,t) = p(t) g(z), where p € C*[0,T] and g € C§°(R2). Provided that g
is known, determine p(t) (0 <t <T) by the single point observation data u(xg,t) (0 <t <T).

As a direct application of the obtained strong maximum principle, we give a uniqueness

result for the above problem by assuming the positivity of the spatial component in the source

term.

Theorem 0.4 Under the same settings in the above problem, we further assume that g > 0
and g £ 0. Then u(xg,t) =0 (0 <t <T) implies p(t) =0 (0<t <T).

Chapter 6

In Chapter 6, we investigate the well-posedness and the long-time asymptotic behavior of
the solution to (0.8) for m > 2. First, by exploiting several important properties of multinomial
Mittag-LefHler functions, various estimates follow from the explicit solution in form of these
special functions.

Theorem 0.5 Define the fractional power A” and spaces D(A"Y) with v > 0.
(1) Let F =0 and a € D(AY) with v € [0,1]. Then there exist a unique solution to (0.8)
and a constant C' > 0 such that

[u(-,t)llm2@) < Cllallpeant™ =Y, -
[18su( -, )]l 20y < Cllalpeant™ ™, a
Moreover, if v > 0, there holds for 0 < 8 <1 that
Hatﬁu( : at)HL?(Q) < CHCLHD(Aw)tawf’B, 0<t<T.

(2) Leta=0 and F € LP(0,T; D(AY)) with p € [1,00] and v € [0,1]. Then there exists a
unique solution to (0.8) and a constant C > 0 such that

lullL2(0,7;pav+1)) < ClIF | L20,75p047)) i P = 2,



C )
lull o0, 7;D(A7+1-)) < :HF”LP(O,T;’D(AW)) for each e € (0,1] if p # 2.

Based on the above theorem, we further verify the Lipschitz continuous dependency of the
solution to (0.8) with respect to (a1,...,m), (q1,...,qm) and the diffusion coefficient in A,
which is fundamental for the optimization approach to the related coefficient inverse problem.

Second, by a Laplace transform argument, we show that the decay rate of the solution as
t — o0 is given by the minimum order «,.

Theorem 0.6 Let u be the unique solution to (0.8) with F =0 and a € L?(2). Then there
exists a constant C' > 0 such that

am A la
[(1 — ) tom

C”a”L2(Q)

— tmin{am_l,Qam}

u( -, t) — as t — oo.

H?(2)

Chapter 7

Based on the results obtained in the previous chapter, in Chapter 7 we develop both semidis-
crete and fully discrete Galerkin finite element methods (FEM) for problem (0.8) with A = —A.

Let X} be a finite element space over a triangulation of {2 with a maximum diameter h.
The semidiscrete Galerkin FEM for problem (0.8) is to find {up(t)}o<i<r C Xj such that

qu' (Gf‘juh(t),vh) + (Vup(t), Vop) = (Fp(t),vn), Yo, € Xp, 0<t<T, 0.9)
j=1 .
uh(O) = Qp,

where a;, and F}, stand for appropriate approximations of a and F according to their smoothness.
By the discrete counterparts of refined estimates for the solution to (0.8), we deduce nearly
optimal error estimates for the scheme (0.9).

Theorem 0.7 Let u and up, be the solutions to (0.8) and (0.9), respectively.
(1) Let F =0 and a € D(AY) with —1/2 <y < 1. Then there exists a constant C' > 0 such
that for 0 <t < T,

Jun(t) — w(®)l| 22 () + PIV (un(t) — u(®))l L2

= JCPr?allpay, =1
= Ch2(1+min('y,0))| 1nh|HCLHD(AW)tal(maX(’Y’O)_l), _1/2 <y < 1/2

(2) Let a = 0 and F € L*>(0,T;D(AY)) with —1/2 < v < 0. Then there exists a constant
C > 0 such that for 0 <t <T,

lun(t) — u(t)|lL2() + AV (un(t) — (@)l z2@) < C h* )| 1n h|2||FHL°°(O7t;D(.A‘Y))-

By discretizing the Caputo derivatives in (0.9) with a step size 7 > 0, the fully discrete
Galerkin FEM is to approximate the solution to (0.8) at knots {t@}é\]:to in time.

Theorem 0.8 Let a € D(A), F € L>(0,T;D(AY?)) and {uf}, C Xp, be the solution
to the fully discrete scheme. Suppose that the solution u to (0.8) is sufficiently smooth. Then
there exists a constant C' > 0 such that

lug, — ulte)l|l L2y < C {h2 <|a|D(A) + [ Los (0,0:D(A1/2)) + omax |3tu(t)||D(A))

e 2 =1,...,N;.
#7200 [ =1 N



Finally, abundant numerical experiments for one- and two-dimensional problems confirm
the above convergence rates.
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Chapter 1

Derivation and Numerical
Simulations of the Multiple
Hyperbolic Equations

We discuss Cahn’s time cone method modeling phase transformation kinetics. The model
equation by the time cone method is an integral equation in the space-time region. First we
reduce it to a class of hyperbolic equations, and in the case of odd spatial dimensions, the reduc-
tions turn out to be initial value problems for multiple hyperbolic equations. Next we propose
a numerical method for these hyperbolic-type equations. By means of the alternating direction
implicit method, numerical simulations for practical forward problems are implemented with
satisfactory accuracy and efficiency. In particular, in the three-dimensional case, our numerical
method is extremely fast on the basis of the reduced double hyperbolic equation.

1.1 Introduction

Phase transformations such as the crystallization of liquids and materials are important
kinetics arising in both spontaneous phenomena and artificial processes. In such transforma-
tions, nucleation and structure growth consist of the most determinant kinetics which greatly
characterize the final mechanical properties. In retrospect, the earliest stochastic modeling of
the phase transformation can trace back to Johnson-Mehl-Avrami-Kolmogorov theory (usually
abbreviated as JMAK theory, see Kolmogorov [43], Johnson and Mehl [39] and Avrami [2—4]).
These pioneering works were concerned with an infinite specimen without transformation ini-
tially, in which the random events of generation were expected to follow the Poisson distribution.
Hence the fraction of phase transformations reads

P=1-¢", (1.1)

where u denotes the expectation of the generation events. More importantly, newborn nuclei
were assumed to appear randomly in the remaining untransformed space with a constant ex-
pected nucleation rate, and each nucleus was supposed to grow radially at a constant speed
until impingement.

Efforts on extending the original JMAK theory have then been devoted extensively in the last
several decades (see, e.g., [16,36,37]), and one of the most remarkable works should be attributed
to Cahn [17], which inherits the Poisson distribution assumption on generation events but

12



1.1. Introduction 13

greatly polishes the model of nuclei growth. More precisely, instead of constants the nucleation
rate is allowed to be time- and space-dependent while the growth speed can be time-dependent,
written as W(z,t) and p(t) respectively. With these settings, in general spatial dimensions the
expectation of generation events is modeled as

u(z,t) = /Q " U(y,s)dyds (xR t>0), (1.2)
o\,

where Q,(z,t) denotes the so-called “time cone” defined as
t
Q(x,t) ={(y,5); 0<s<t, l[y—x| <R(t)—R(s)}, R(t):= / p(s)ds. (1.3)
0

Obviously, R(t) — R(s) = f; p(7)dr stands for the radius of a transformed domain at time
t generated by a nucleus which was born at time s without impingement. Therefore, a time
cone Q,(x,t) can be physically interpreted as the ensemble of all pairs (y, s) which would have
caused transformation at (x,t). Especially, when W, p are positive constants and d = 3, the
phase transformation fraction can be easily calculated from (1.2) and (1.1), yielding the well-
known JMAK equation

P(xz,t) =1—exp (—77\1',03 t4/3) . (1.4)

For an intuitive understanding of time cones, see Figure 1.1. As subsequent researches after
Cahn’s time cone method, we refer to [5,54].

15

10

time
time

20 20

space space

Figure 1.1: Examples of the two-dimensional time cones Q,(z,t) with z = (0,0) and ¢ = 67,
generated by different growth speeds. (a) p(t) =1+ 0.9cost. (b) p(t) = 1.

Although models on phase transformation kinetics have been well established and have
been widely utilized in industry, mathematical considerations on related forward and inverse
problems are limited. To the best of our knowledge, only a similar but parallel concept named
“causal cone” approach was proposed to study the morphology of crystalline polymeric systems,
upon which several forward problems were investigated (see [12,13, 15,21, 24,26, 50]). For a
comprehensive collection of mathematical topics on the polymer processing, we refer to Capasso
[19].

As will be explained later, the time cone model (1.2)—(1.3) in its original expression is difficult
to handle because it involves multiple integrations. Therefore, the purpose of this chapter is to
develop an alternative formulation describing Cahn’s model which provides convenient methods
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for the discussion of both forward and inverse problems. Here by forward problems we mainly
refer to finding w by (1.2) with given ¥ and p as well as suitable initial and boundary values,
while inverse problems stand for the determination of W or p by partial observations of u. The
derived equivalent representations turn out to be a class of multiple hyperbolic systems, in the
most concise forms only in odd spatial dimensions. Consequently, such treatment allows direct
applications of abundant existing results concerning hyperbolic equations. We shall demonstrate
the dramatically efficient forward solver in this chapter and deal with several inverse problems
in the forthcoming chapters.

The rest of this chapter is organized as follows. In Section 1.2, we briefly mention the
motivation to find hyperbolic alternatives of Cahn’s model (1.2)—(1.3) and state the main result,
which proof is given in Section 1.3. Section 1.4 shows numerical simulations of the forward
problem in practical dimensions, and Section 1.5 gives concluding remarks and prospections of
future works. Finally, proofs of technical lemmata are postponed to Appendix 1.A.

1.2 Motivation and the main result

From now on we concentrate on Cahn’s time cone model (1.2)—(1.3), which takes the form of
an integral equation. More precisely, the nucleation rate ¥ (z,t) acts as the integrand function,
and the growth speed p(t) is embedded in the domain of integration. Therefore, although the
solution w is explicitly expressed in (1.2), in view of numerical treatments of forward problems it
involves a (d+1)-dimensional numerical integration to approximate u only for a single pair (z,t),
not to mention the tremendous computational complexity in practice. On the other hand, note
that the profile of a time cone ,(x,t) becomes irregular when the growth speed is no longer a
constant (compare Figure 1.1(a) and Figure 1.1(b)). Thus it is also inconvenient to investigate
corresponding inverse problems based on such an integral equation with a complicated domain
of integration. These difficulties indicate the necessity to replace the original formulation by an
equivalent time-evolutionary governing system, where ¥ and p are directly attainable.

In fact, such consideration is motivated by a first observation when d = 1 and p is a constant,
in which case equation (1.2) takes the exact form of d’Alembert’s formula

t px+p(t—s)
u(z,t) = // U(y, s) dyds.
0Jz

—p(t—s)

In other words, providing certain regularity ¥ € C%(R x R, ), the function wu(z,t) should
satisfy an inhomogeneous wave equation with homogeneous initial condition

(02 — p2 0% u(x,t) =20 ¥ (x,t) (v €R, t>0),
u(z,0) = du(x,0) =0 (x € R).

Furthermore, obviously the growth speed and the nucleation rate play the roles of the propa-
gation speed of wave and the source term (up to a multiplier) respectively. As a result, there
is sufficient evidence to expect hyperbolic-type governing equations with respect to u with
time-dependent p in higher spatial dimensions.

Now we state the main conclusion of the derived systems.

Theorem 1.1 (Multiple hyperbolic equations) Let the spatial dimensions d = 2m+1 (m =
0,1,...) and u(x,t) satisfy (1.2)-(1.3). Assume that u(x,t), ¥(z,t) and p(t) (xr € RY, t > 0)
are sufficiently smooth functions, and p(t) is strictly positive for t > 0. Introduce the hyperbolic
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operator

How(x,t) = ! O¢ (Lw(x,t)

p(t) p(t)

Then u(x,t) solves the following initial value problem for the multiple hyperbolic equation

) - st

(1.5)

H (e, t) = 2m)!1 27 am Wz, ) /p(t)  (z € RY, ¢ >0),
Ofu(z,0)=0, ¢=0,1,....d (z € RY).

Remark 1.1 (a) From the physical interpretation of the nucleation rate, we have ¥ (z,t) > 0
and thus wu(z,t) should be non-negative by (1.2). However such non-negativity is not used in
this chapter.

(b) On the other hand, for simplicity we assume that ¥, p and u are sufficiently smooth.
In fact, if p € C?0,7T] and ¥ € L*(R? x (0,7)) for some T > 0, then by a priori estimates
(e.g., Lions and Magenes [47]) and the multiple hyperbolic system (1.5), we can establish the
corresponding regularity of « in Sobolev spaces, but here we do not discuss the details.

It is readily seen that H, is a hyperbolic operator with a damping term and the propagation
speed of wave is indeed p(t). Actually, in the next section we can find a change of variable in
time by which H, corresponds to the d’Alembertian with respect to the new time axis. For
any odd d, the above theorem indicates that the integral in the d-dimensional time cone model
(1.2) can be completely eliminated by acting (d 4 1)/2 times of the operator #H, to both sides.
For instance, taking m = 0,1 in Theorem 1.1, we obtain a single hyperbolic governing equation

O2u(w,t) _P(t) Opu(z,t)
2(0) A0

for d = 1, and an interesting double hyperbolic governing equation

_ 2V (z,t)

— 2U/ x
P ==

Hou(z,t) = (xR, t>0)

Gu(x,t)  6p(1) Fula,t)  {4p()p" () — 15 (9 (1))*) Bula, )

Hu(x,t) = -
! p*(t) p°(t) po(t)
_ 1P (1) — 10 p(t)p' ()" (t) +15 (p'(1))°} ru(=, t)
p(t)
B 202 Au(z,t) 20/ (t) 0rAu(x,t) 20 (s
s pwm e
8w W(w,t) . 3
O (r e R’ t>0)

for d = 3. Moreover, in these multiple hyperbolic systems, ¥ /p appears explicitly as the source
term (up to a multiplier), and the initial conditions are always homogeneous. Unfortunately,
such concise expressions as (1.5) are unavailable for any even d. In these cases, it can be inferred
from Proposition 1.1 that at best Hg/ 2u equals d/2 terms of integrals concerning ¥ and p which
cannot be further canceled. As will be witnessed in Section 1.4, this drawback remains certain
inconvenience even in the numerical simulation of the two-dimensional forward problem. The
apparent difference between odd and even dimensions can be explained by Huygens’ principle
(see Remark 1.2 in Section 1.3).

1.3 Proof of the main result

In order to deal with the physical model (1.2)-(1.3) in general spatial dimensions, we start
from some overall settings. Throughout this section we adopt the smoothness and positivity
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assumptions on ¥ and p in Theorem 1.1. Denote x = (1, ...,74) € R? and let
By(z,r) :={y €R% |y — x| <r}, Sa(x,r):= dBa(x,r)

be the open ball and the corresponding sphere centered at x with radius » > 0. Then equation
(1.2) becomes

¢
u(x,t) = // U(y,s)dyds (z € R, t>0). (1.6)
Bg(z,R(t)—R(s))

Recall that p(t) is not a constant in general which generates the irregularity of the domain
Q,(x,t) of integration. However, this difficulty can be overcome by introducing the change of
variable in time

T =R(t) :/0 p(s)ds (t>0), (1.7)

which is also adopted in Cannon [18] to treat parabolic equations. Thanks to the strict positivity
of p, the function R(t) is nonnegative and strictly increasing for ¢ > 0, allowing a well-defined
inverse function ¢t = R~!(7) for 7 > 0. Moreover, it turns out from taking derivative in the
identity R(R™!(7)) = 7 that (R~!(7))’ = 1/p(R™1(7)). Therefore, performing the same change
of variable in the integral on its right-hand side, we further simplify (1.6) as

. U{E y7 1(C)) T d T
Uo(z,7) := u(z, R~ //B =N dyd¢ (zeRY, 7>0).  (18)

Consequently, it is convenient to consider Uy (z, 7) instead of u(z,t) hereinafter since now the
integration is taken in a regular cone Q(z,7) with vertex (x,7) and unit slope (see Figure
1.1(b)). In fact, for any smooth function w in R% x [0, 00), we discover by simple calculations
that the same change of variable (1.7) and the definition W (z,7) := w(z, R~1(7)) give

oW (a,7) = 1 0 (M;t)) L oW (a,0) = 200

p( t=R-1(r) p(0)

or equivalently, by taking 7 = R(t) and recalling the operator #, in Theorem 1.1,

{pr(x,t) = OW (z, R(t)) (z e R t>0), 19)

w(z,0) = W(z,0), duw(z,0) = p(0) 0, W(x,0) (zcR?),

where O := 92 — A denotes the d’Alembertian with 7 as the time variable.

For later convenience, we denote by o, the surface area of the d-dimensional unit ball,
and write F(z,7) := ¥(z, R~(7))/p(R~1(7)) for simplicity. Then we introduce the following
integral brackets for £,j = 0,1,..., z € R and 7 > 0 that

. AIF(y,¢) B

[0, Sa, A (2, 7) o= //Sd(wo e doac (e<a-), (1.10)
. AFyC)

[, By, N(2,7) := //Bd(“o Caar dyd¢ (¢ <d). (1.11)

The restriction on ¢ guarantees the well-posedness of the above definitions, that is, there is
no singularity near 7 = 0. Furthermore, by the smoothness assumption and an averaging
argument, we find

1118[12, Sa, N (z,7) =0 (£ < d—1), lifg[é, By, N)(x,7) =0 (¢ < d),
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which allows the redefinition
[0, Saq, N)(2,0) =0 (( <d—1), [{,Bg,N](z,0)=0 (£ <d). (1.12)

Now we relate the two brackets by differential operations.

Lemma 1.1 Let the spatial dimensions d > 2, £ = 0,1,...,d—1 and j = 0,1,.... Let
[, Sq, Nz, 7) and [¢, Ba, N)(z,7) (x € RY, 7> 0) be defined as in (1.10) and (1.11) respec-
tively. Then

N[, Sq, N = [€,84, N, A, By, N = [¢, Bg, AT, (1.13)
. /R J j+1 _
8T[€,Sd,Aj]: (d f 1) [é—’—lasdaA]j—[‘gaBdaA ] (€<d 1)7 (114)
g N F +[d—1, By, AT (t=d-1),
O-[0, Ba, N] = —L [0+ 1, By, A7) + [, Sq, NN]. (1.15)

The proof involves only elementary calculations and it will be given in Appendix 1.A. Now
we are able to state the first conclusion.

Lemma 1.2 (Single hyperbolic systems) Let d = 1,2,.... Then
(a) Uo(z,T) defined in (1.8) satisfies

_)2F(x,7) (d=1),
Do, 7) = {(d D) @2 ©€ R, £>0), (1.16)
Uo(z,0) = 0,Up(,0) =0 (x € RY),
where
Ui(z,7) :=[1, S84, A%(z,7) (d>2). (1.17)
(b) u(z,t) in (1.6) satisfies
_ ) 29(x,t)/p(t) (d=1),
Hou(,t) = {(d DU RE) @2 € RY, 1> 0) (1.18)
u(z,0) = dyu(x,0) =0 (x € RY).

Proof. (a) For d =1, we return to the original definition (1.8) and write

T pr+(1—C)
Uo(w,7) = / / F(y, ¢) dydc,
0Jz—(7—()

following the fundamental differentiations
0.ln(w.7) = [ (Flat (7= 0,0~ Flo (7= 0, ) &,
O20n(w,7) = [ @uF (o (7= 0).0) = 0.F@ ~ (r = 0.0,
0.Un(w7) = [ (Flat (r= 0.0+ Flo (7= 0, ) .

07U (, ) =2F(’I,T)+/OT (0 F(z 4 (1 =€), ¢) = 0 F(x — (T = (), () d¢
= 0%Uo(z,7) + 2 F(x, 7).

On the other hand, the homogeneous initial condition is easily checked for d = 1.
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Considering dimensions d > 2, we recognize Uy(z,7) = [0, By, A°](x,7) and apply Lemma
1.1 with ¢ = j = 0 to obtain

0 Uo(x,7) = 970, Ba, A°)(x,7) = [0, Sq, AY](z, T),
02Uo(2,7) = 94]0, Sa, AV)(z,7) = (d — 1) [1, Sq, A%(z, 7) + [0, Bg, AY)(z, 7)
= AUy(z,7) + (d — 1) Uy (z, 7).

Simultaneously, it follows from (1.12) that the initial condition is still homogeneous for d > 2.
This completes the verification of (1.16).

(b) The substitution of w = v and W = U in relation (1.9) yields (1.18) immediately from
the above result. O

Remark 1.2 The above lemma demonstrates Theorem 1.1 for d = 1 and suggests an in-
ductive approach to higher dimensions. Although one may apply a d’Alembertian once more
to Uy (x, 7) for d > 3 to obtain similar wave equations, another observation provides a straight-
forward reasoning. Write

Ul(x,T):/ Vi(z,7;¢)d¢  with (1.19)
0

1

T_C Sa(x,7—C)

Vi(z,7;¢) :== F(y,{)do (d>2). (1.20)
In view of Duhamel’s principle (see, e.g., Evans [27]), U; and V; satisfy the same type of
equation with corresponding inhomogeneous right-hand term and initial condition.

(a) Especially, we claim for d = 3 that Vi (z, 7; () is of the form (1.20) if and only if

{DVl(a:,T;C)z() (x €RY, 7> (), (1.21)

Vl(xaT; C)|T:C = 07 ar‘/l(xaT; C)|T:C = 47TF(:E7 C) ({E S Rd)
Actually, under the translation £ = 7 — ¢, (1.21) with d = 3 is equivalent to

(02 = DVA(2,6+¢¢() =0 (x €R3, £>0),
Vi(@, &+ G Q)le=0 = 0, 0V (2, € + (5 C)|e=0 = 4m F(x,¢) (x € R?).

Noting that the above system is now independent of {, we may apply Poisson’s formula for the
Cauchy problem of the three-dimensional wave equation to obtain

1

F(y,¢)do,

which is exactly (1.20) by replacing £ with 7 — ¢. On the other hand, Duhamel’s principle
implies that under the relation (1.19), system (1.21) holds for Vi (x, ;) if and only if Uy (z, 1)
satisfies a wave equation for d = 3. Consequently, together with Lemma 1.2(a), it turns out that
Uo(x,t) satisfies a double wave equation and thus Theorem 1.1 for d = 3 follows, stimulating
the further discussion in higher spatial dimensions.

(b) However, it follows from [27, §2.4.1] that (1.20) cannot be the solution to (1.21) in even
dimensions. Actually, for even d the solution Vi(-, -;() to (1.21) is affected by F(-,() inside
the cone {(y,7); 7 > (, |y — x| < 7 — (}, while V; in (1.20) only on the lateral. This indeed
coincides with Huygens’ principle, namely, functions depending only on a sharp wavefront in
even dimensions do not satisfy wave equations.
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Proposition 1.1 Let d > 2m + 1 with m = 0,1,... and Uy(x,7) be defined as in (1.8).
Then there holds

m-+1_m —
o, [ E (d=2m+1), R R,
d—0C2m+1)Upy1 (d>2m+1) (1.22)
Un(-,0) =0, Upn(-,0)=0 in RY,
where we have for m > 1 that
Un, = Z b, PE(d)[2m — ¢, =192 p, AW2N 0 in particular (1.23)
=1
Pri(d)=1, Pp(d)=(d—2(m—[((+1)/2])) Py_1(d) 1< <m—1), (1.24)
-1
ch=dn=1, =41 (Ceven), o < p<m—1). (1.25)
Cm—1 + Cm—1 (é Odd)

Here we understand 0* By = Sq, 0°By = By, | | denotes the integer part of a positive number,
and those terms without definitions automatically vanish.

We comment here that the recursion formulas (1.22)—(1.25) result from the conjecture by
executing brute-force calculations for the first several m’s, which will be presented in Appendix
1.A.

As a direct application of the above conclusion, we immediately obtain the governing equa-
tions for Uy in odd spatial dimensions.

Corollary 1.1 (Multiple wave equations) Let the spatial dimensions d = 2m + 1 (m =
0,1,...), u(z,t) satisfy (1.2)—(1.3) and Up(x,T) := u(x, R71(7)), where R(t) is defined in (1.6).
Assume that u(z,t), ¥(x,t) and p(t) (x € RY, t > 0) are sufficiently smooth functions, and
p(t) is strictly positive for t > 0. Then Uy(x,T) solves the following initial value problem for
the multiple wave equation

{(83 — D)™ g (2, 7) = (2m)! 2 ™ Uz, R7(T)) /p(R7Y(T))  (z € RY, 7>0), (1.26)

0tUy(2,0)=0, ¢=0,1,...,d (r € RY).

The multiple wave equations for Uy is equivalent to the multiple hyperbolic equations for
u in view of the change of variable (1.6). Nevertheless, Corollary 1.1 will demonstrate its
advantage especially in the numerical simulations for the forward problem (see Section 1.4) and
the investigation of the inverse source problem (see Chapter 4).

The verification of Proposition 1.1 requires a technical lemma, and the proof is postponed
to Appendix 1.A.

Lemma 1.3 Let the integers ¢, (m = 1,2,..., 1 < £ < m) be defined as in (1.24) and
(1.25). Then
(a) Form > 2 and 2 < ¢ < m, we have

P (d) = ((d=m) + (=1)(m — 2(¢/2])) Py (d). (1.27)

(b) For m > 3 and 2 < ¢ <m — 1, we have

OctHt (¢ even)
2m =), =4 ™ ’ 1.28
(m=£)em {(2m—e— e (0 odd). (1.28)
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Proof of Proposition 1.1. It is natural to adopt an inductive argument since the result for m = 0
has been proved in Lemma 1.2(a). Thus it suffices to show for some m > 1 that

(a) Up, in (1.23)—(1.25) satisfies the wave system (1.22), and

(b) for d > 2m + 1, OU,,/(d — (2m + 1)) preserves expression (1.23)—(1.25) for m + 1.
To this end, first we unify (1.14)—(1.15) in Lemma 1.1 succinctly and substitute ¢ with 2m — ¢

to derive
0, [2m — £,00-D9/2p, AlL/2)]
1-(=1)f (1—(=1)")/2 Le/2)
=(@-)————2m+e)2m—L+10 Bg, ALY/
4 2m— 0,00V T2R, AlED/2))
yielding
0:-Um =Y ¢, PL(d) 0;[2m — £,00-CD0/2, ALL/2]]
=1
- 1)£ (1—(=1)%)/2 Le/2]
=> d, —2mA4 L) [2m—£+1,0 By, AL/2])
=1
+[2m — 0,000 TN2p, ALERD m]}
= (d — 2m) P}, (d) [2m, Sq, AY]
m _(_1\¢
+ > ch Pr(d) (<d - 1)% —2m+ é) [2m — £+ 1,807 D)/2p, Al
+Y e PN ) [2m - 041,007 D9/2p, Al
+ m, 80D AltmEn /2]y
— PL_ 1 (d)[2m, Sq, A% + U,
where

7. o (1-(=1)%)/2 L€/2] (A=(=1™*hH/2 L(m+1)/2]
Up, : Q,,(d) [2m — (41,0 Bg, A ]+ [m,0 Bg, A 1,

in particular

1— (=1
Q°.(d) :=ct Pt (d) <(d = 1)# - 2m+£> + PN Ay (=2,...,m).
Here we have applied (1.24) with m replaced by m + 1 to get (d — 2m) P} (d) = P}, (d).
Meanwhile, using the fact that d > 2m + 1, we may apply (1.12) to argue that each integral
bracket in U, and 0;U,, vanish at 7 = 0 and hence (1.22), holds.
Furthermore, we employ a similar argument for ﬁm to obtain

~ m — (— ¢
Un =2 Qrn(d) { ((d — 1)71 (2 Y omae— 1) [2m — £+ 2,00-CD9/2B, Ale/2])
=2

L Pm—041,00-CD g, Aum)/zq}

m+1
N <(d Pl Gt L m) [+ 1,00-(-D" /2 g AlLmn)/2)
2 ) )
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+ [m, 8= ED2 By Alm/2IH
=—(2m—1) P}, (d) [2m, Ba, A']

+ ﬂg {fo(d) ((d - 1)# —2m +{+ 1) T Qf;jl(d)}
- x [2m — £, 3(1—(—1)2)/23(1, Aler21+
+ { m(d) + ((d - 1)%1)7%1 _ m)} m+1,00-CD"N/2g, Alm=1)/2]41)
+ [m, o-=0"72g, AL’”/%H],
where we have used (1.25), (1.24) and Lemma 1.3(a) to find
Q%,(d) = 2, P2(d) (=2m + 2) + ¢}, PL(d) = (d — 2m) P%(d) = P2 ,(d).

On the other hand, we differentiate [2m, Sq, AY] with respect to d to proceed

82 m— m+1(d) T[2m Sd,AO]+8fﬁ7n
() (04 F + [2m, By, AY) + 8,0, (d=2m+1),
- P,}mﬁ ) ((d —2m — 1) [2m + 1, S4, A°] + [2m, By, A'))
+0:Upn (d>2m+1),
while
Zc ) [2m — £,00-C0/2g, A2,

Representing (1.22); by the above expressions and comparing the both sides, we claim that it
suffices to prove for d > 2m + 1 that

Tami1 Pry1(2m + 1) = 2mH

) , (m>1), (1.29)
Pm+1(d) - (2m - 1) Pm+1(d) (d 2m — 1) m+1 Pm+1(d)
and
Q@+ (-0 = ) et
=(d—2m—1) i Pri(d) (m>2), (1.30)
042 _ 1 - (‘UZ . 1y L pf
Q@ *(d) | (d = 1)— 2m+L+1) + Q4 (d) — ¢, Pl(d)
=(d—-2m—1)ct2 PLA(d) (m>3, (=1,...,m—2). (1.31)

In fact, as long as (1.29)—(1.31) are valid, requirements (a) and (b) are satisfied simultaneously
and the proof is complete.
First, the repeated applications of Lemma 1.3(a) with m replaced by m + 1 yields
Pﬁz+1(d) =(d-2) P72n+1(d) = (d—2)(d —2m) Pm+1 (d —2j),
j=1

which, together with the fact oo,,11 = 2™ 7™ /(2m — 1)!!, leads to

2m+1 m
O2m+1 p! +1(2m + ].)
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and meanwhile
Pria(d)—(@2m—1)P?,  (d) = (d—2) Pﬁm(d) (2m—1) P}, ,(d)
= (d —2m — 1) m+1 Pm+1(d)7

that is, (1.29). Next, it follows from the expansion of Q77 (d) that

Qﬁ(d) + <(d - 1)# _ m) _ cm—l P::Z_l(d)

_ <(d - 1)# _ m) + et P d) + ((d_ ploeum m)

—cnt P (d)
=d—2m—1=(d—2m— 1) Pril(d)

or (1.30). Similarly, we expand Q51 (d) and Q%%(d) for £ = 1,...,m — 2 and utilize Lemma
1.3(a) to calculate

~ (1)’
2

Q42(d) ((d— e Com e 1) QU (d) — &, P(d)

_ {cf;f P (d) ((d - 1)%_1)2 —2m + £+ 2) +eptt Pi“(d)}

x ((d—1)#—2m+4+1)

e pnia (-G
- {cf;jz <(d —p— g_l)z —2m+ {+ 2) ((d— P (2_1)4 —2m+ L+ 1)

+cH N (d—am+ 20+ 1)(d—m+ (—1)"(m —2[¢/2] — 2))} P2(d)

—2m+ L+ 1) +cfnpf;(d)} —ct Pt (d)

P em—e—2)2m — 0= 1)+ T (d—4Am + 20+ 1)(d — € —2)} PLF2(d) (€ even),
O {d—2m e+ 1) (B2 (d—2m+0) + L (d — dm + 20+ 1))} PEE2(d) (¢ odd).

On the other hand, it immediately follows from (1.24) that

d —2m + () P4F2(d) (¢ even)
PEF2 (d) = (d — 2m — (£ +1)/2])) PL2(d) = | ¢ " ’
R = = 2m = L )2 PR = ¢ T e,
Therefore, by Lemma 1.3(b) and (1.25), we obtain for even ¢ that

EF2m—0—2)2m — 0 — 1)+ & (d—4m + 204+ 1)(d— - 2)
= 2m—t—1)2m—L—1)+ (d—4m+20+1)(d - —2)}
= (d—2m—1)(d—2m+¢) =2 (d—2m —1)(d — 2m + 0),
and parallelly for odd ¢ that
(d—2m+0+1) (52 ( —2m+£)+cﬁjl(d—4m+2e+1))
=(d-2m+0+1){((t+ Z+2—2(m—€—1)cf,‘fl)+(cf,f1+cf;j2)(d—2m—l)}
=ctl (d-2m—1)(d—2m+(+1).

In other words, we balance the both sides of (1.31), which finishes the proof. O
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At this stage, the main conclusion of multiple hyperbolic systems degenerates to a straight-
forward corollary of the above result.

Proof of Theorem 1.1. In view of Proposition 1.1, it suffices to show by induction on m that
form=20,1,... and d > 2m + 1, there holds

(2m)!12m T irm @ /p (d=2m+1),

m+1,, m . d

M= T2~ DU RCY) @ omyry BED R g
£=0

du(-,00=0, £=0,1,...,2m+1 in RY.

The result for m = 0 was obtained in Lemma 1.2(b). In order to verify (1.32) for each m > 1,
we suppose the validity for some m — 1, especially there holds for d > 2m + 1 that

m—1

Hyu(z,t) = [[(d—20—1)Un(a,R(t)) (z€R?, t>0),
(=0

Olu(x,0)=0, £=0,1,....2m—1 (z € R?).

Taking w := H}'u, then in view of (1.9) we find

m—1
W(z,7) = w(z, R™(7)) = H'u(w, )| _p_i () = [ @-20-1)Un(x,7),
=0

where U, satisfies (1.22) by Proposition 1.1. This, together with (1.9), yields immediately

Hzﬂ'lu(a:, t) = How(x,t) =0OW(z, R(t)) = ml__[ (d—2¢—-1)0U0,,(x, R(t))
=0
m—1
[ @—20—1)2m 7™ P2, R(t)) (d=2m+1)
— (=0
- m—1
[[@—20-1)(d—2m—1)Upia(z, R(t)) (d>2m+1)
£=0

@2 " W ) /p(t)  (d=2m+1)

[1d—2t—1)Unir(z, RE) (d>2m+1)
£=0

(x € R, ¢ > 0),

while the initial condition for d > 2m + 1 reads

m—1
Hyu(z,0) = [] (d—20—1)Upn(x,0) =0,
=0
m—1
OHu(x,0) = p(0) [] (d— 20— 1) 0:Up(x,0) = 0.
(=0

Since p(0) # 0 and H'u(z,0) is now a linear combination of Au(z,0) (j=0,...,2m —1,2m),
it follows from the inductive assumption on the homogeneous initial condition for lower order
time derivatives than 2m that 9?™u(z,0) = 0 and thus 97" u(z,0) = 0 (z € RY). This
completes the demonstration of (1.32) for m > 1 and hence Theorem 1.1. O
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1.4 Numerical simulations for forward problems

In this section, we implement numerical computations for forward problems in practical
dimensions, namely, solving for the expectation number u(z,t) of transformation events by
given (discrete) data of W(z,t) and p(t) with d = 1,2,3. It will be demonstrated that even
finite difference schemes for the derived hyperbolic-type systems can dramatically improve the
efficiency of simulations compared with direct approaches based on (1.2)—(1.3).

Throughout this section, we consider the systems in the time interval [0, 7] and assume the
periodicity of u(z,t) in space. More precisely, it is supposed, e.g. for d = 3, that there exist
Ly >0 (¢=1,2,3) such that

U(ﬂ?l +iL15$2 +jL2,$3 + kL3at) = u($1;$2;$37t) (\V/Z,j,k € Z)7

so that it suffices to restrict the systems in Q x [0, 7], Q := H?Zl((), Ly) (d =1,2,3) and impose
the periodic boundary conditions. Thus the data of ¥ and p are assigned only on the knots

O=to<ti<---<tn, =T, O=a} <a?<---<a)’ =Ly (1<{<d).

Without lose of generality we assume an equidistant lattice in space, that is, zf = (i—1) Az (i =
1,..., N¢) with the step size Az > 0.

Although one may solve for the unknown u by, e.g., hyperbolic-type systems (1.5) with the
periodic boundary condition when d = 1, 3, it is advantageous to consider the wave-type systems
(1.26) for Uy and utilize the relation u(-,t) = Uy(-, R(t)) instead. In this manner we can not
only circumvent the numerical differentiation problem for p, but also simplify the choice of the
step length in time. For simplicity, we write U := Uy and introduce V :=OU for d = 2,3. To
clarify, we formulate the initial-boundary value problem, e.g., for the three-dimensional case,

as
OU =V, OV =81 F in Q x (0,77,
U=0.U=V=09,V=0 in$ x {0}, (1.33)
U,V : periodic on 09 x (0,71,

where we recall 2 = H'Z:l(O, Ly) and F(z,7) = ¥(x, R71(7))/p(R71(1)).

Such a consideration of the equivalent systems relies obviously on the knowledge of the
change of variable 7 = R(t) = fot p(s)ds, whose accurate value is absent due to the discrete
data {p(tn)}fygo. Hence we shall first apply, for instance, a composite trapezoid quadrature to
provide a piecewise linear approximation of R(t), say }A%(t) Now that U satisfies a wave equation
with the unit propagation speed, we may partition the alternative time interval [0, }A%(T)] of 7
by a uniform step length A7 > 0, yielding the knots 7, = nA7 (n = 0,1,...,N;) with
N, AT = ]?Z(T) Note that At is required to satisfy the Courant-Friedrichs-Lewy condition
Vd At < Az when using an explicit scheme of the finite difference method, which can be loosen
or removed if some weighted multilevel schemes are employed. For later use we introduce the
ratio x := (A7/Ax)2.

Thanks to the strict positivity of p, it is easy to find out an increasing sequence {tAn}fy;O
such that R(%,) = 7,,. Thus, the estimation of U(-,7,) stands for a reasonable approximation
of u( -, %) due to the relation (1.8). Moreover, we recognize that the equidistant partition in 7
corresponds with a self-adaptive partition in t, i.e., the knots {tAn} accumulate where p is large
while are sparsely distributed for small p (see Figure 1.2).

Interpreting ¥ and p as piecewise linear, we may obtain the term

V(R () Y(,Tn)

F( . 77'11) = p(Rfl(Tn)) ~ p(%‘n)

(0<n<N,)
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(a) (b)

—p(t)

Figure 1.2: An example of the self-adaptiveness. (a) Plot of p(t) = (t + 0.01)~*/2. (b) Plot of
R(t) ~ 2(vE+0.01 — 0.1), circle = 7, and diamond = %,.

by interpolating the discrete data {¥(-,t,), p(t,)}2*,. For d = 3, we denote

n=0"

\Ij(m,i7x%7x§’%\n)

Fé’j’k = =
p(tn)

3

let U7 be the approximation of U(z?, ), 2%, 7,,), and define the difference operators

02 Uik o= LIk _ g Uik 4 [TiLik (=1, Ny),
2 7ri4,k . rig+1k 0,3,k i,j—1,k ;=

5r2U7ZLJ T UﬁLJJr _2U7ZLJ +U7ZLJ (] - 13"'7N2)a

B2, UL = Uikt _ 2 Uik 4 U (k= 1,..., Ny),

where we understand U%/F = UNvik gNitlik — 7Lk ete. due to the periodicity. Similar
notations are parallelly shared by the counterparts of U and ¥ for d = 1,2 as well as V for
d=2,3.

Now we are well-prepared to explain the implementation of numerical approaches. Due to
the difference between odd and even spatial dimensions, we treat the casesof d = 1,3 and d = 2
separately.

1.4.1 One- and three-dimensional cases

We start from the one-dimensional case. Applying a three-leveled finite difference scheme
to (1.16) with the periodic boundary condition, we obtain

Upir =20, + Uy =562, (MU} — (L =20 Uy + U}, y)
+2A7°FL (1<i<Nj,1<n<N,-1),

Up=Ui=0 (1<i<N),

vl =uM, Mt =Ul (1<n<N,-1),

(1.34)

where 7 € [0,1/2] is a parameter. (1.34) becomes the von Neumann scheme when n = 1/4,
and it is unconditionally stable as long as n > 1/4. The numerical result with n = 1/4, T =1,
Ly = 7 and the given

) = yompe Vot = -

is illustrated in Figure 1.3.

(z —m/2)?
2

) (1 — cos(10 2)) exp (1 - 1%) (1.35)
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Figure 1.3: Numerical result of the one-dimensional forward problem with ¥ and p given by
(1.35).

Next, for d = 3 it suffices to solve for V' by the given data 47 F' first, and then solver for U by
the source term V according to (1.33). To avoid massive matrix manipulations while preserve
the unconditional stability as the von Neumann scheme for d = 1, we apply the alternating
direction implicit (ADI) method (see Fairweather and Metchell [28]) to both V and U as follows

1,7,k . 1 k 1 k i.q. N
Villys =2Vl b 4+ Vili = k3, ( Volls + (1—2) Vot A )
+ (87, + 07,V + 8T AT ERIT,
1,7,k W5,k __ 1 k 1,7,k 1,5,k
VnJi?/B _anl/:a k102, ( nJi2/3 — YLk Ly ) ,

.7,k i,k __ ij 0,7,k 1,5,k
‘/n+1 - ‘/71+2/3 “775 ( n+1 = 2V + Vn—l ’

0,7,k 0.7, N 0,7,k .7, .7,k
Unil/?) -2 Un/j F + Unil - K:(Sil (UU il/3 (1 _ 27]) Unj/k + UUnil)
+ K (02, + 02 ) ULF + A2 VIk,

ULlsss = Ut s = w2, (U373 —2U”k+U”k),

n+2/3 n+1/3 n+2/3
ULt~ Uk = wnd2, (V2% - 2035 + U,

where 1 € [0,1/2]. Such a scheme inherits the unconditional stability property when n > 1/4
as that for d = 1. Here the initial and boundary treatments are parallel to that of (1.34), and
such notations as Un 1 /3 stand for some intermediate values in pursue of U il We implement
the above scheme with n =1/4, T =100, L1 = Ly = L3 =1 and

) = 5 W0 =10 (1-ew (-55) ). (1.36)

Here the spatial component f of ¥ describes a soccer-shaped structure satisfying the periodicity
with the addition of a random noise subjected to the Cauchy distribution, producing few out-
standing pixels with a low-amplitude background (see Kaipio and Somersalo [41, §3.3.2]). The
numerical simulation results at four moments are illustrated in Figure 1.4. At each moments
we show several representative sections cut at x3 = 0.25, x3 = 0.5, x3 = 0.75 and x3 = 1.

1.4.2 The two-dimensional case

Now we consider the two-dimensional case. In Remark 1.2 we mentioned the different
situations between even and odd spatial dimensions, and such difference results in practical
difficulties in the treatment for d = 2. After a polar coordinate transform, the source term in
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t = 3.8253 t =21.5014

u(wy, x2,0.25,1) u(wy,29,0.5,t) u(wy,2,0.25,) u(wy, x2,0.5,t)

10 20 30

u(zy,22,0.75,t) w(xy, x9,1,t)

t = 53.5616 t =100

u(zy,22,0.25,t) w(xy, 29,0.5,t) u(xy,22,0.25,t) u(zy,29,0.5,t)

u(wy, 22,1,t)

Figure 1.4: Numerical simulation for the three-dimensional forward problem at four moments. ¥
and p given by (1.36). At each moment we show several representative sections with zs = 0.25,
z3 = 0.5, z3 = 0.75 and x3 = 1.
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the governing equation (1.16) reads

V(%T) = [LSQ,AO](%,JSQ,T) :/ W(xl,xzﬂ', C) d¢, where (1-37)
0

2m
quhmmﬂC)?:/‘«F@1+(T—C)“B¢HM‘F@”‘Osm¢%Od¢- (1.38)
0

In other words, we shall numerically treat the integral on the lateral of the cone Qq(x,7). At
the moment it is necessary to discretize the above integral at all grid points.

Suppose that we are now in a position to approximate V (x4, x%, Tp) for some 1 < i < Ny
and 1 < j < N,. First we discrete (1.37) by a composite trapezoid quadrature as

i 1 W ! ] n — 1 j W ¢ ] nyn
V(ay,@h, m) = AT Wiz, 23, 7n, 70) + Z W (2, 23, 7, ) + Wiz, 7, Tn)
2 — 2
n—1 ; i
i j i j w 17 J7 n
= AT <7r F(xy, 2}, 1) + Z W (', 2, Ty Treie) + w> , (1.39)
k=1
where W (zi, 23, 7, 7n_1) (k = 1,...,n), by definition, denotes the integral of F(z, 23, 7,_1)

on a ring centered at (xi,x%) with radius k£ A7. Therefore, it suffices to develop a sampling
strategy to collect sufficient knots on the ring so as to employ another numerical integral.
Meanwhile, we observe that regardless of the strategy we utilize, the relative positions between
the obtained sampling points and the corresponding center is independent of 7,7 in the same
level time. On the other hand, for fixed 7 and j, the sampling points at 7 = 7,, can be recycled
repeatedly afterwards. In this sense, the information from any reasonable strategy is global,
implying the sufficiency of considering the ensemble of concentric rings with radiuses k AT,
k=1,..., N, prior to the computation.

Actually, a naive but pragmatic strategy works, namely, collecting all the intersection points
with the spatial lattice on each ring and then approximating (1.38) by a non-equidistant com-
posite trapezoid quadrature with respect to the arguments of these points (see Figure 1.5).
Evidently, such strategy is by nature self-adaptive in sense of the observation that it collects
O(k) knots on the ring with radius k£ A7, which supplies sufficient amount of samplings to re-
sult in good approximations of the integral W (z¢, xé, Tns Tn—k ). On the other hand, since most
probably the desired knots do not locate at the lattice, such interpolation as weighted average
of the two adjacent grid points are required for the approximation.

To this end, we shall first identify one of the adjacent grids and then record the relative
direction (up/down/left/right) of another. Without lose of generality, we specify the first grid
point be the one closer to the origin. Thus it is easy to obtain the corresponding weight and
argument. Consequently, six pieces of information

(,7,3,7,0,0) (1.40)
are necessary for the identification of a desired point: (?, 3) € 7?2 for the relative position of the
first reference point from the origin, (i,4) € {(%1,0), (0, +1)} for the relative direction of the
second point from the first, b € [0, 1] for the relative distance from the first grid, and ) € [0, 27]
for its argument.

Thanks to the equidistant assumption of the spatial lattice, it suffices to lock on the inter-
section points in the x1-direction in the first quadrant (see Figure 1.5(a)). In other words, we
search for the desired points on the horizonal lines

Y = {(x1,72) €ER? |0 < 21 < Nax Az, 20 =m Az}, m=0,1,..., M,
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where My := [ﬁ(T) /Azx] assigns an optimal search range according to the largest radius.
Suppose now we are executing the searching process on %,,. Since the distance between the
original point and ¥, is greater than m Az, we may eliminate the shorter radiuses by finding
the smallest k such that k A7 > m Az. On the other hand, it also turns out to be unnecessary
to search on the whole line ¥, especially for large m; only such interval that 0 < z? <
R(T)? — (m Az)? should be under consideration. In conclusion, these tricks greatly trim the
unnecessary searchings, and it is not difficult to identify the nearest grid point left to the
intersection point and the second one is always on the right. Equipped with the weight b and
argument 1 which are easily computed, by this means we are able to collect all the desired
information in the horizonal direction in the first quadrant.

(a) Search in the x—direction in the first quadrant (b) Double the information to the y—direction in the first quadrant

5
& y—direction
4r O overlapped

(c) Double the information to the second quadrant (d) Double the information to the lower half-plane
5
6 O Quadrant
5 O Quadrant 2|
4
3
0 F
2
1
0
-1
-5
-5 0 5 -6 -4

Figure 1.5: Demonstration of the detailed implementation of the searching strategy for inter-
section points between the equidistant lattice and the concentric rings with Az = /2 At.

Owing to the uniform mesh size Ax, we may duplicate the above information to the perpen-
dicular direction in the first quadrant. Noting that later we will make a rotation of 7/2 so that
the intersection points on the x1-axis will transfer to the xo-axis, we do not exert the duplication
for ¥y. More precisely, for a given point identified by (1.40), its reflection with respect to the
diagonal reads (},Z 3\,2, b,7/2 — ). To fit into the framework of numerical integral (1.41), we
shall rearrange the obtained points on each ring so that their arguments are in increasing order.
We make rearrangement in this stage because the rotation afterwards will definitely keep such
order. Here it is noticeable that occasionally several intersections just locate on the lattice so
that the horizonal and perpendicular searching overlap (see Figure 1.5(b)). However, since they
share the same argument, the substitution into (1.41) will cancel the extra term automatically
so that such special cases are ignorable.

At this step, we may first apply a rotation of 7/2 to double the information from the first
quadrant to the second, and then rotate another 7 to double from the upper half plane to the
lower half. These are equivalent to the transformation of the already obtained information (1.40)
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0 (=j,i,—j,i,b, ¢ + m/2) and (—i,—j, —i, —j, b, + 7) subsequently (see Figure 1.5(c)-(d)).
Until now we have finished the collection of all information

(i85 ik bELE) with0=of <. <ok =21, k=1,...,N;, m=0,...,Ny,

m?]m? m?]m?

which can be immediately applied into the following composite trapezoid quadrature for 1 <
iSNl,lngNgthat

Nk k
. -y 4 . & ] . &
W (2, ), Tny Taek) = Z % {F(xll +m Az costhy, 1, xh+mAzsingy, |, Tm_k)

m=1

+F (2% +m Az cos k| &) + m Azsinygk,, Tn_k)}

Nk 1 k
m+1 _pk n—Fk k n—=k
~ Z {(1 b )ka s, T Om Fi#ﬁﬁhmﬁmﬁz}
¢N,€71 _¢1 n— k n k
+ (w—f {(1—bO)F O E +1j} (1.41)
for k = 1,...,n. Of course, here we extend F(-,7) periodically so that all the indexes above

make sense, which can be equivalently implemented by taking module operations with respect
to N1 or No in either direction. Finally, the combination of (1.39) with (1.41) is expected to
return a good approximation V7 to V (z¢, 3, 7,).

Now we are ready to proceed to the discretization of the system (1.16) with d = 2. Similarly
to that for d = 3, we take advantage of the two-dimensional version of the ADI method (see
Lees [45])

Uiy =208 + U = 182, (UL, + (L= 2) U 49032,
+ k02U + ATP VT,
+1_2U{LJ+U7J )

0,
Un+1 - U

n+1/2 = k1 07, (U

n

with n € [0,1/2] (1 <i < Ny,1<j < Noy1 <n < N,;—1). Still the stability properties are
identical to that of odd spatial dimensions. We implement the above scheme with n = 1/4,
T:50, L1:ngland

o) =55 V)= 1) (1- e (-15) ) (1.42)

In Figure 1.6, we capture several cuts at different stages of the phase transformation.

1.5 Conclusion and future works

In summary, it reveals that Cahn’s time cone model (1.2)-(1.3) concerning phase transfor-
mation kinetics can be equivalently described by a class of multiple hyperbolic equations with
the homogeneous initial condition, in which the growth speed p(t) mainly plays the role of the
propagation speed of wave. Especially, such systems take the simplest forms in odd spatial
dimensions, where the nucleation rate ¥(z,t) accounts for the source term (see Theorem 1.1).
Moreover, by the change of variable (1.7) which only involves p(t), the governing equation (1.5)
is further reduced to a class of multiple wave equations with a unit propagation speed (see
Corollary 1.1). To a certain extent, the derivation of hyperbolic-type governing equations pro-
vides an appropriate formulation which enables systematic investigations of problems related
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Time = 0.2707 x107 Time = 16.5661

20 40 60 80 100

Time = 33.2307 Time = 50

2 ’ .
40 '
6! X
0.06

8 ’ 0.04

. |

100
20 40 60 80 100 20 40 60 80 100

Figure 1.6: Numerical simulation of the two-dimensional forward problem with ¥ and p given
by (1.42).

to structure transformations in both theoretical and numerical senses. As a tentative appli-
cation, it was demonstrated in the previous section that efficient forward solvers are readily
implemented on the basis of this alternative framework instead of the original model.

More significantly, as can be witnessed in the remaining chapters of Part I, the transform
from an integral equation to partial differential equations also initiates smooth discussions on
the corresponding inverse problems by using classical results of inverse hyperbolic problems. In
Chapter 2, we shall study the numerical identification of the growth speed p(t) on the basis of
Theorem 1.1 in a framework of the coefficient inverse problem. In Chapter 4, we will investigate
the determination of the nucleation rate W(z,t) on the basis of Corollary 1.1, and it turns out
that the reasoning can be easily carried out from a viewpoint of inverse source problems of the
hyperbolic type. More challenging topics may involve the simultaneous identification of both
¥ and p by more informative observations. At the same time, the computational methods for
the above mentioned inverse problems are also of great interests.

For a better understanding of the overall scenario, we outline the framework of the above
contents as follows.

U(-.m)=u(- vRil(T))

U= [y, F

|

(02 — AN)"FWU = ¢, F

uzfQP\I'

v

HZI+1U =cp \Ij/p u( : 7t):U( . 7R(t))

lp: unknown l/p: given

Coefficient inverse problem Forward solver, Inverse source problem
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1.A Technical details

Here we provide detailed proofs of the technical lemmata in Section 1.3.

Proof of Lemma 1.1. For the boundary integral [¢, Sq, A7], we introduce the polar transform
y=x + (T - C)p(w) (dj = (djla ERE) ¢d727wd71) S Dd = [07 W]dig X [07 271—])7
p(¥) := (cos 1, sin by coshy, ..., sinhy - - - sing_o coSg_1,8in 1 - - sing_o sinhy_1).

Then the Jacobian reads (7 — €)% ! q(¢), where ¢(¢) := sin? 24y - - -sintpy_o. Therefore, we
can write expression (1.10) equivalently as

16, 54, ) (2, 7) / /D O () AIF (x4 (r — ¢) p(), ¢) dupeC.

Parallelly, for the interior integral [¢, B4, AJ], we apply a similar polar transform

y=z+rp) O<r<7-¢ ¥=1,...,%i-2,%i-1) € Dq)

with the Jacobian r?~! ¢(¢), where p(v)), D4 and ¢(¢)) are defined as before. Then (1.11) can

be rewritten as

(6, Ba, )@, 7) /T/T /D Ajli(?)j’"p(w)’o dipdrdc.

With these alternative representations, it is straightforward to verify (1.13) that

Alt, 54, 8]z, 7) / /D Q)41 () ATFLF(z + (1 — €) p(a), ¢) dwdC
é S’d,AJJrl](x 7')

A, By, N](x,7) /T/T /D rq AJ:I_FC(;+Tp(w) 39) depdrd(

= [¢, Ba, A (2, 7).

For [, Sg, A7) with £ < d — 1, we apply Green’s formula and notice the fact that p(1) coincides
with the unit outward normal vector v(y) at y = = + (7 — ) p(¢)) to proceed

Ot S, () = / o (/ (1= <w>NF(a:+<T—<)p(¢>,<)dw>dc
—6= //D Q2 q(w) A F(z + (1 = ) p(¥), () dyd¢

/ /D 0 () VAT F( + (1 — ) p(ah), C) - p(ah) dupel¢

=(d—-1-1) [£+1’Sd’Aj](x’T)+/()T/S ) VAJfT'(y_,gE. v(y) dod¢

(- N+ [ AF(y,Q)
— (A=t 1)[0+1, 50 A (a, )+/O/Bd(mc 5 ayac
=(d—0—1)[(+1,84, A](z,7) + [¢, Ba, N (2, 7).

For / = d — 1, a similar argument yields immediately

0.[d— 1, S, A](x, 7) = /D o) APz, 7) dip
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//D VAIF(x+ (1 =) p(¥),¢) - p(v) dipd¢

e [ SO

J+1
= 0g N F(z,7) + // o F(yoddg
By(z,7—C) T_C)
=04 N F(z,7) + [d— 1, Bg, A (2,7),

which is indeed (1.14). For [¢, By, /A7) with £ < d — 1, we employ a parallel calculation to derive
(1.15) as

0,1¢, By, N (z, 7 / (/T /Dd AiF—(CZ)—Z rp(¥), () d¢dr> d¢
_ _g/f/f /D NF(x +r];£11b) 6) dpdrdc

//D O () A F(z + (1 — Q) p(¥), ¢) dyd¢
= L[l +1,Bg, N](2,7) + [¢, Sq, N)(, T).

The proof is completed. O

Proof of Lemma 1.3. We proceed for both assertions by induction on m.

(a) For m = 2, (1.24) reads Ps (d) = d — 2 and PZ(d) = 1, indicating (1.27) immediately by
taking m = ¢ = 2. Supposing (1.27) holds for some m > 2, we shall show that it still holds for
m + 1, namely

Prii(d) = ((d=m—=1)+ (=1)"(m+1-2[£/2])) P y(d) (2<E<m+1, m>2).
The case ¢ = m+1 is trivial, otherwise we replace m by m+1 in (1.24) and apply the inductive
assumption (1.27) for m to find

Ppy(d) = (d—2(m+1— [£/2])) P, (d)
= (d—2(m+1—[£/2])) (d—m+ (=1)"(m — 2[£/2])) Py(d),
Pryi(d) = (d—=2(m+1—[(£+1)/2])) Py (d).

As a result, it suffices to show

(d—2(m+1—[£/2])) (d—m+ (=1)"(m —2[£/2]))
=(d-—m—1+ =D m+1-2[£/2]))(d—-2(m+1—|(£+1)/2])),
which can be easily verified by discussing the parity of /.
(b) For m = 3, (1.25) implies ¢3 = 1 and (1.28) follows immediately by taking m = 3 and
¢ = 2. Supposing (1.28) is valid for some m > 3, we shall show that it still holds for m + 1,
namely

0ttt (¢ even)
(+1 m+1 To(2<t<m, m>4).
2(m ) et = {(Zm (+1)ct (£ odd) 2<bsm, m=24)

For odd ¢, (1.25) yields cf,,, = ¢! + ¢!, and cf,ﬂl = ¢!, while the inductive assumption

m?

(1.28) implies 2(m — £+ 1) ¢!t = (¢ — 1) ¢!, since £ — 1 is even. Therefore

2(m—L+1)c m+1—2(m é—l—l)( —l—cﬁl):(2m—€+1)c£1:(2m—€+1)cfrﬂl.
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Parallelly, we obtain for even ¢ that
2m —L+1)ch y=2(m -+ 1)t =2m—0) ek, =0(ch, +chy =0
since now £ — 1 is odd. This ends the proof. O

Finally, we explain the discovery of the recursion relations (1.22)—(1.25) in Proposition 1.1.
In Lemma 1.2, we have shown the validity of Proposition 1.1 for m = 0. In the sequel, we
start from Uy (x,7) defined in (1.17) and proceed to the case of m = 6. In this way, it is not
only possible to confirm that each U, (z, 7) satisfies the wave equation (1.22), but also essential
to make a conjecture on the recursive expression of Uy, (z, ).
To this end, we apply repeatedly Lemma 1.1 and condition (1.12) to obtain (1.22) for
m=1,2,...,5, where
Us = (d—2)[3,54,A° + [2, Ba, A,
Us = (d —2)(d —4)[5,S4, A°] + (d — 4) [4, Bg, A + [3, Sq, A,
Uy = (d—2)(d—4)(d—6)[7,Sq, A] + (d — 4)(d — 6) [6, Ba, A]
+2(d — 4) [5, Sq, A'] + [4, Ba, A7,
Us = (d—2)(d—4)(d — 6)(d — 8)[9, Sqg, A°] + (d — 4)(d — 6)(d — 8) [8, By, A']
+3(d — 4)(d — 6) [7,S4, A'] +2(d — 6) [6, Bg, A?] + [5, Sa, A?],
Us = (d —2)(d — 4)(d — 6)(d — 8)(d — 10) [11, Sq, A°]
+ (d —4)(d — 6)(d — 8)(d — 10) [10, Bg, A] 4 4(d — 4)(d — 6)(d — 8) [9, Sq, A']
+3(d — 6)(d — 8) [8, By, A%] +3(d — 6) [7, Sq, A%] + [6, By, A3].
According to the above expressions, it is straightforward to conjecture that U, (m > 1) is a
summation of m terms. Moreover, each term consists of three components, namely an integral
bracket, a polynomial with respect to d, and a positive integer parameter. First of all, it
is not difficult to infer that the integral bracket in the ¢-th term of U, takes the form of
[2m — ¢,00-(=D/2B, AL4/2]] which is indeed that in (1.23). On the other hand, since the

relations of the polynomials and parameters are not too obvious, we collect all the information
of P! (d) and ¢!, form =1,2,...,6 and £ = 1,2,...,m in Table 1.1.

Parameters in P/, (d) c
l 1 2 3 4 5 6 |1 2 3 4 5 6
m=11() 1
N
m=2|(2) 0 1 1
NN
m=3|(24) (4) ) 1 1 1
NG NN
m=4|(2,4,6) (4,6) @ 0 1 1 2 1
NP N
m=51(2...,8 (468 (4,6 (6 ( 1 1 3 2 1
NN NN
m=6|(2...,10) (4,...,10) (4,6,8) (6,8) (6) ) |1 1 4 3 3 1

Table 1.1: Recursive relations of the P! (d) and ¢, for the first several m’s.

Then it is obvious that P™(d) = 1 and ¢}, = ¢™ = 1. For £ < m — 1, it is observed that

P! (d) can be obtained by multiplying (d — 2(m — [ (¢ + 1)/2])) to P!,_,(d), that is, (1.24).

m
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Regarding ¢/, for 2 < ¢ < m — 1, we find out that the dependency of ¢/, on the previous level

differs from each other according to the parity of ¢, and we indicate the dependency in Table
1.1 by arrows. Finally, we conclude (1.25) as the possible iterative relation for ¢/, .



Chapter 2

Growth Speed Identification
in the One-Dimensional
Time Cone Model

In Chapter 1, a class of hyperbolic-type equations was derived for the time cone model which
describes the phase transformation kinetics. Such a derivation provides remarkable convenience
for the mathematical treatments and the corresponding numerical analysis especially in odd
spatial dimensions.

As one of the applications, in this chapter we investigate an inverse problem of determining
the growth speed in the one-dimensional time cone model by the final observation data. On the
basis of the hyperbolic equation, the problem turns out to be a coefficient inverse problem which
is highly nonlinear with respect to the observation data. A two-step truncated Tikhonov-type
regularization method is proposed to reconstruct the growth speed from the noise contaminated
data. Numerical prototype examples are presented to illustrate the validity and effectiveness
of the proposed scheme.

2.1 Introduction

As was explained in Chapter 1, nucleation and growth mechanisms are important kinetics
of phase transformations which arise in various subjects in material sciences. We recall that the
nucleation event appears randomly in the untransformed or uncrystallized part of the specimen,
and the growth event describes the expansion of each nucleus which is usually radial and
ceases at the contact surface when two nucleating regions tie each other (impingement). The
mathematical models for these important physical phenomena rest on statistical principles,
which are formulated by Kolmogorov [43], Johnson and Mehl [39] and Avrami [2-4] at the
earliest stage. Under certain simplifications that the nucleation rate ¥ and the growth speed
p are constants, those pioneering works results in the well-known JMAK equation (1.4) in the
three-dimensional case.

Activities on investigating an alternative variable instead of the expected crystalline volume
fraction was started by Jackson [36] in a one-dimensional infinite specimen. Cahn [17] gener-
alized the approach in high-dimensional finite specimens and proposed the time cone model,
which avoids the concepts of extended volume fraction appearing in the classical theory. The
time cone model was further investigated from different engineering disciplines, for instance,

36
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in [5, Chapter 21]. Exact solutions of the expected nuclei number as well as the degree of crys-
tallization can be obtained for finite specimen geometries with a nucleation rate ¥(z,t) and a
time-dependent growth speed p(t).

At the same time, independently of the time cone model, a similar concept of the so-called
causal cone (see [13, Figures 1-2] and [24]) is investigated for the polymer crystallization, where
results for both heterogeneous nucleation rate ¥ (z, t) and growth speed p(z,t) are derived. The
non-isothermal polymer crystallization process based on the causal cone approach is investigated
by [13] and a series of papers [12,50] later on. From an averaged viewpoint, the non-isothermal
nucleation model yields a nonlinear hyperbolic-parabolic coupled system (see [13]), where the
hyperbolic equation describes the degree of crystallinity and the parabolic equation describes the
heat conduction process of the specimen. In the coupled system in [13], the latent heat released
by the growing nucleation region or crystals plays the role of the heat source. For further details
concerning the time cone model and the causal cone approach, we refer to Section 1.1 and the
references therein.

Though mathematical modeling of the phase transformation process has been well extended
from different viewpoints, the literatures on inverse problems of the nucleation process are
limited. To the best of the author’s knowledge, only [11,14,20] and the dissertation [10] are de-
voted to the inverse problems appearing in polymer crystallization processes based on the casual
cone approach in the one-dimensional case. In [14], the authors investigate the non-isothermal
hyperbolic-parabolic coupled system and provide a Landweber iterative regularization scheme
for a stable reconstruction of the nucleation rate ¥ which depends on the temperature. Abun-
dant theoretical justification and other iterative regularization schemes in [11] support the
accurate and efficient identification of the nucleation rate. In particular, we note that the
dissertation [10] well analyzes both the forward and the inverse problems of the polymer crys-
tallization process. The recent work in [20] extends the nucleation rate identification from the
deterministic setup to a stochastic one.

The aim of this chapter is to investigate the identification of the time-dependent growth
speed p(t) in the one-dimensional time cone model by the final observation data. In the original
formulation (1.2)—(1.3) of the time cone model, p(t) is coupled in the integral and thus is not easy
to de-convolute and identify. Nevertheless, on the basis of the hyperbolic governing equation
(see Lemma 2.1) derived in the previous chapter, the determination of p(t) turns out to be a
coefficient inverse problem, and the spectral method along with a two-step truncated Tikhonov-
type regularization can be applied for the reconstruction.

The rest of the chapter is organized as follows. In Section 2.2, we first revisit the govern-
ing equation in the one-dimensional case and then represent the solution by an eigensystem
expansion to formulate the parameter identification problem for the time dependent growth
speed p(t). A reconstruction algorithm based on the eigenfunction expansion method and the
nonlinear Tikhonov regularization is proposed in Section 2.3 to solve the inverse problem. A nu-
merical example in Section 2.4 verifies the accuracy of our proposed method. The final section
gives remarks and conclusions.

2.2 Hyperbolic governing equation and spectral method

As the starting point, first we recall the one-dimensional time cone model and the equivalent
initial value problem for a hyperbolic equation. Although this is the simplest case of Theorem
1.1, we collect the result here for self-containedness.
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Lemma 2.1 Let u(x,t) satisfy

u(z,t) = / U(y,s)dyds (r €R, t>0), where
QP(I’t)

Q,(z,t) := {(y,s); 0<s<t ly—z| < /Stp(T)dT}.

Assume that u(x,t), ¥(x,t) and p(t) (x € R, t > 0) are sufficiently smooth functions, and
p(t) is strictly positive for t > 0. Then u(x,t) solves the following initial value problem for the
hyperbolic equation

2U(x,t)

1 Opu(x,t) — Puls .
(0 5*( (1) ) Gulmt)+ =g ek £>0) @)
u(z,0) = dyu(x,0) =0 (x € R).

Following the path in [13], the time cone model can be coupled with the heat conduction
process to obtain a similar hyperbolic-parabolic coupled system in the non-isothermal phase
transformation process. Namely, in one dimension we have

A,0(x,t) =k 020(x, t) + ne @D du(x, t),

1 Opu(x,t) — Pulx 2V (f(x,t))
o0 8t< o) ) Opul: 1)+ — oy

where 6 is the temperature, the constant x denotes the heat conductivity, and the constant n
denotes the latent heat.

In the rest of the chapter, we will mostly investigate a one-dimensional model problem
slightly different from the original one. More precisely, with fixed L > 0 and T > 0, we restrict
the problem in a bounded space-time region (0, L) (0,T") and impose the homogeneous Dirichlet
boundary condition to consider the following initial-boundary value problem

1 Opu(x,t) _ NIl 2V (z,t) .

o0 O <7p(t) ) Oy (D(x)0gu( ’t))+7p(t) O<ax<L,0<t<T),

u(z,0) = dpu(z,0) =0 (0<z <L), (2.2)
u(0,t) =u(L,t) =0 0<t<T)

where D € C'[0,L] and D > 0 on [0, L]. The basic solvability and the stability of the forward
model can be found in the classic literatures, e.g., Lions and Magenes [47]. We note that
the boundary condition we consider here is slightly different from the BCE model in [13], but
it can be released to the periodic Dirichlet boundary condition. Here we only consider the
homogeneous Dirichlet boundary condition for illustration.

We clarify our coefficient inverse problem as follows.

Problem 2.1 Let L > 0, T > 0 be given, and u satisfy (2.2). Provided that the nucleation
rate W(z,t) is known, determine p(t) (0 <t < T) by the final observation data y® € L?(0, L)
satisfying ||y° — u(-,T)| 120,0) < 0, where § > 0 is the noise level.

To represent the explicit solution to (2.2), we introduce the eigensystem {(\,, ¥n)}52; to

the elliptic operator therein, that is, the pairs (A, ¢,) satisfying

=0, (D(2)0z0n(x)) = Mpon(z) (0 <z <L),
¢n(0) = pn(L) =0.
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After normalizing, the eigenfunctions {p,,} form a complete orthonormal system of L?(0, L).
We then seek an explicit solution of the governing equation (2.2) in the form of separated
variables

=3 unt)pn(e). (23)

n=1
Simultaneously, the nucleation rate ¥ (z,t) which plays the role of the source term in (2.2) can
also be represented as

oo L
(2,1) :Z on(z)  with \I!n(t):/O U (z, t)pn (z) da.

Substituting the eigenfunction expansion (2.3) into problem (2.2), we obtain the following initial
value problems for ordinary differential equations with respect to w,:

( ) + Ay (t

un(O) =, (0) =

_2W,(t)
Copt)

A series of calculation gives

un(t) =

{sm \/7]-1’ /oan cos \/7]-1’ )
—cos \/_R )/O\I/n sm \/—R ) }, (2.4)

vew

where (see also (1.7))
R(t) = /0 p(s)ds. (2.5)

Together with the expansion (2.3), the solution u(x,t) to problem (2.2) is

- i \/i_n {sin (Vs R() /Ot W, (s) cos (v/An R(s)) ds
— oS (\/)\—nR(t)) /Ot U, (s) sin (\/)\—n R(s)) ds} on (). (2.6)

In the simplest case, i.e. D(z) = 1, the particular eigenvalues \,, and eigenfunctions ¢,, of

the elliptic differential operator are

An = (%)2, on(x) = \/%sin (\//\_na:) . (2.7)

To show the accuracy of the eigenfunction expansion method, the numerical comparison between
the eigenfunction expansion (2.6) and the standard finite difference method for the forward
model (2.2) will be provided in the Section 2.4.

2.3 Identification of the growth speed

Coefficient inverse problems are of interest to many theoretical studies and practical applica-
tions such as [33,51,52]. Generally speaking, these results are investigated under the assumption
that lateral boundary data was given. In this chapter, such kind of additional data is of absence,
instead we have a finite time observation. Recall the governing hyperbolic equation (2.2), the
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kinetics of the phase transformation process are determined by the nucleation rate ¥(z,t) as
well as the growth speed p(t) (see also (2.1)). These two functions become interesting when
one want to identify the unknown properties of a specimen. As mentioned in the introduction,
existing literatures on the identification problems arising in the phase transformation process
are mostly lying in the reconstruction of the nucleation rate [10,11,14] where these results are
obtained for the parabolic-hyperbolic coupled system in the one dimensional sample. In the
remaining of this chapter, we will investigate, at a first stage, the identification of the spatially
homogeneous growth speed p(t) in the isothermal case.

In view of the formulation in Problem 2.1, the observation data is polluted by the measuring
error or the numerical discretization error of the forward model. Due to its nature of the ill-
posedness, we employ the Tikhonov regularization method to solve it. In order to reach the
final goal p(t), we shall first reconstruct an intermediate variable R(t) defined in (2.5) because
only R(t) appears explicitly in the representation (2.6) of the solution.

Suppose that we have the noisy final observation data y° () satisfying [|y° —u(-,T)|| 2(0,) <
5. Denote by y° the Fourier coefficient of y°(z) with respect to ¢, (z), i.e.

P =Y enle). o = / C P (@)n(a) da.
0

n=1
Taking ¢ = T in the expansion (2.3) and applying Parseval’s identity, we have

e 2
> (s —un(D)” =y’ —u(-, T)l[720.1) < 5 (2.8)
n=1

According to (2.4), we see

un(T) = — {sin (Vs B(T)) /0 " (s) cos (V- R(s)) ds

A"L
T
—cos (VA2 B(T)) /O W, (s) sin (VA R(s)) ds}, (2.9)

where the unknown variable R(t) needs to be reconstructed.

To seek a regularized solution of (2.8), we restrict R € Py, where Py collects all polynomi-
als with orders no higher than M. To treat the infinite summation in (2.8), we simply make a
truncation until n = N. In such a manner, we propose the following truncated Tikhonov-type

regularization
N
RM:N.— arg min Z (5 — un(T))2 + OéHRH%2(07T), (2.10)

RePu .5

where e > 0 is the regularization parameter. Substituting (2.9) into (2.10) and taking Fréchet
derivative with respect to R, we obtain the following Euler-Lagrange equation for the minimizer:

20 R(t) = 4 iv: [yi - \/i_ {sin (\//\_ R(T)) /OT W, (s) cos (\/X R(s)) ds
n=1 n
~ cos (\/)\—nR(T)) /OT U,,(s) sin (\/ER(S)) dsH
X {— cos (\//\_nR(T)) /T U, (s) cos (\/ER(S)) ds
0
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+sin (@ R(T)) U,,(t) sin (@ R(t))
— cos (\//\_n R(T)) U, (t) cos (\/E R(t))

+sin (\/ER(T)) /OT U, (s) sin (\/ER(S)) ds}. (2.11)

Generally speaking, Euler-Lagrange equations are nonlinear Fredholm type integral equations
of the second kind with respect to the unknown functions. Notice that we are seeking for
a solution in the polynomial function space and the Euler-Lagrange equation involves heavy
computational costs on the numerical integration. Therefore, it is reasonable to utilize the
pseudo-spectral method to solve it.

Denote by {9;,0; }j]‘/io the (M + 1)th-order Gauss-Legendre-Labbato points and their cor-
responding weights respectively. Define R(t) = ij\io R;p;(t), where p;(t) denotes the j-th
Lagrange interpolation polynomial for t; = T'(1+9,)/2 (j =0,1,...,M). We substitute such
an R(t) into the Euler-Lagrange equation (2.11) and evaluate it at each ¢t (k =0,1,..., M) to
deduce

N T M
20/ Ry, = 4 o= in (VR U, (t5) cos (VA Ry ) 0
a Ry ,;1 Y \/x sm( M)Z j cos( J) 0

Jj=0
M

— cos (\/)\—nRM) U, (t;)sin (\/)\—nRj) oj

Jj=0

X —% cos (\/ERM) i U, (t;) cos (\/ERJ-) of

j=0

+sin (\/A—HRM) W, (1) sin (\//\_an)
— cos (\/E RM) U, (L) cos (\/E Rk)

—|—§ sin (\/)\—RRM) i‘yn(tj) sin (\//\_nRj) aj (- (2.12)

To solve this nonlinear algebraic system, we turn to MatLab routine which employs several stan-
dard iterative solvers, for instance, Levenberg-Marquardt method or Gauss-Newton method.

Provided that by (2.12) we have obtained RV with the appropriately chosen regularization
parameter a by the discrepancy principle, we can now proceed to the final destination to
reconstruct p(t). At a first glance, it seems that one can immediately find a good approximation
of p(t) as pMN(t) = (RMN(t)) = Dy RMAN(t), where Dy is the discrete difference matrix
related to the Gauss-Legendre-Labbato points. However, the numerical differentiation is known
to be another ill-posed problem which may cause tremendous error. We refer to [55] where a
natural spline based Tikhonov regularization method is proposed to solve this problem. The
regularization parameter here can be chosen in some heuristic or noisy-dependent rules, but we
omit the details here.

2.4 Numerical example

In this section, we implement a numerical example to illustrate the validity and efficiency
of the proposed schemes in the previous two sections. Notice that in the reconstruction al-



2.4. Numerical example 42

gorithm of the growth speed, namely, (2.12), an analytical form of the exact solution u(x,T")
is considered. For creating the final observation data, we employ two methods to solve the
forward problem. One is a stochastic simulation based upon the definition of time-cone and the
other is a finite difference scheme on the deterministic equations (2.2). Both methods produce
reasonable results (see Figure 2.1), which confirms that the deterministic equations (2.2) well
describe the average status of the crystallization of polymers. For the stochastic case, there are
several algorithms for simulation of a Poisson process and we utilize the standard approach, i.e.,
thinning method which is a random sampling method (see [10, §2.6.2]). For the finite difference
scheme, the standard three-points stencil method is adopted to solve the deterministic differen-
tial equation (2.2), which verifies the validity and effectiveness of modeling and eigenfunction
expansion method.

For testing our numerical schemes, set

1
D(x)=1, pt)= EN A

Then the eigensystem {(\,, ©n)} is given by (2.7), and a simple calculation yields

U, (t) 2/0 U (z,t)pp(z) de = \/710615/ 2gin (71'723:) d

eft 4
_ \/ngsnf (1— (—1)™)(12 — x%n?).

For the sake of completeness, we discuss the procedure of stochastic simulation in a rea-

U(z,t) =10e " 2%(L — x)%

sonable detail. Generating equally separated sub-cells ;0 in the domain [0,T] x [0, R], we
calculate the value U,y = fQu U(x,t) daedt. Here the nucleation rate ¥(x,t) is assumed to be
separable, i.e., ¥(x,t) = f(x)g(t), where f(x) represents the spatial probability density func-
tion. Utilizing such a value ¥;; as a parameter, we can generate a positive integer by a Poisson
distribution generator, e.g. MatLab function poissrnd. We then label each sub-cell with this
positive integer which represents the random number of nucleation events in this sub-cell. Fi-
nally we calculate u at discrete points (z;,7") and collect the positive integers in the time cone
which overlaps the sub-cells €2;,. The overlapping portion of the time-cone with respect to each
sub-cell €, determines the ratio to the positive integers labeled in specific sub-cells. For the
standard three-points stencil finite difference scheme, we omit the details here.

The computational results are shown in Figure 2.1, where (a) represents one stochastic
simulation, (b) and (c) are average values of nucleation events of two thousand and twenty
thousand stochastic simulations, respectively. In this particular example, we choose T'=1 and
the discretization levels for time and space are (50, 160) respectively such that 8000 sub-cells
are generated in the whole domain. From Figure 2.1, we can observe that the expectation of
stochastic simulations is close to the performance of the deterministic governing equations (2.2).
In real situations, this expectation can be obtained by measuring one-dimensional observation
data, for instance, at different places of a high-dimensional specimen.

Finally, we are ready to proceed to the reconstruction of the growth speed p(t). As mentioned
above, to treat the instability of the inversion, we consider the finite difference solution as the
exact solution. The noisy observation data y° then are generated by two ways: one is from the
expectation of stochastic simulations, e.g., Figure 2.1(b)—(c), and the other is from the following
form

v’ =u(-,T) x (1+drand(—1,1)),
where rand(—1, 1) denotes the uniformly distributed random number in [—1,1] and § is the rel-
ative noisy level. Note that the computation of the Fourier coefficients y% in the Euler-Lagrange
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Figure 2.1: (a) Plot of u( -, T) by one stochastic simulation. (b) Average of 2000 simulations and
finite difference/eigenfunction expansion solutions of (2.2). (c¢) Average of 20000 simulations.

equation (2.12) involves numerical integration as well, we adopt the Gauss quadrature again
which is associated to the Gauss-Legendre-Labbato points and weights {¥;, 0, }jj\io mentioned
in the previous section. More precisely, we obtain the approximated yg by a linear interpolation
with respect to the pointwise values y°(R(1+9;)/2). Substituting y into (2.12) and employing
the standard solver for the nonlinear system, we obtain the regularized reconstruction of RM:-N
where the regularization parameter « is chosen in an a posteriori manner by the discrepancy
principle. The value of the regularization parameter « for different examples can be found in
the captions of Figures 2.2-2.3 respectively.

To reconstruct the growth speed p(t), we need to extract further information from the
intermediate result RM-" which involves another ill-posed problem, i.e., the numerical differ-
entiation. It is known that a direct inverse of the discrete matrix for the Gauss-Legendre
polynomials is ill-posed in the sense that its conditional number is 10'7 when M is chosen to be
8. To obtain a stable and appropriate reconstruction of p(t), a natural spline based Tikhonov
regularization method in [55] is utilized. The intermediate reconstructed R as well as the
reconstructed growth speed p(t) are shown in Figures 2.2-2.3 respectively under different noise
levels.

The performance of our proposed method essentially depends on the choices of the regular-
ization parameters M and «. The parameter M plays the role of the discretization level for
Gauss-Lobatto rules where the numerical integration can be calculated in an accurate manner.
The larger the M, the more accurate approximation of the integral equation, but it yields a
large ill-posed linear system. In our numerical test, we fix M = 8 which provides reasonable
reconstruction of the growth speed. One can adjusts the choice of M under the a priori smooth
assumption, i.e. on the known W¥,,(¢) which might provide better results. At the same time, the
regularization parameter « is more important compared with the discretization level M and
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we refer to the monograph [25, Chapter 4] where detailed discussion on parameter choice rules
are presented. In our proposed method, a classic discrepancy principle is implemented to the
first-step Tikhonov regularization such that the choice of « satisfies

N
3 (42— un(D))” =~ (e16)?,

where ¢; &~ 3, M = 8 and N = 20. As for the second-step Tikhonov regularization on numerical
differentiation, we simply choose a ~ (85)? where we expect that the noise level in the second-
step is enhanced from the previous step. Discussion on the error estimation for such a parameter

choice can be found in [55].

Figure 2.2: The numerical performance for the growth speed identification with the noisy

observation data y° from averaged stochastic simulations. (a) The intermediate reconstructed
RM:N(t) with M = 8 and o = 2 x 1074 (b) The reconstructed p25¥(¢) from RM:N(t) by
implementing the regularization method in [55] with a regularization parameter o = 1.6 x 1072

SR G

—— Exact p(t) = 0.5x (1+) 2|

‘o= p, (O vith A=7.6x10"

000000,

Figure 2.3: The numerical performance for the growth speed identification with the noisy
level 6 = 1% of finite difference solution. (a) The intermediate reconstructed RM-N(t) with
M =8 and a = 3.5 x 1072, (b) The reconstructed pM-¥(¢) from RN (t) by implementing the
regularization method in [55] with a regularization parameter o = 7.6 x 1073,

2.5 Conclusion

In the phase transformation kinetics, both the nucleation and the growth mechanics are
crucial in describing the properties of the specimens. Mathematically, the crystallization process
obeys a governing equation of the hyperbolic type with the homogeneous initial condition
and an appropriate boundary condition, where the nucleation rate W(z,t) and the growth
speed p(t) determine the specified kinetics. As for the inverse problems, the identification of
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the nucleation rate can be formulated to an inverse source problem where a series of papers
[11, 14, 20] are devoted to the non-isothermal hyperbolic-parabolic coupled system. In this
chapter, we restrict to the one-dimensional case and follow the derivation in Chapter 1, where
the consistence between the BCE model in [13] is also provided. In particular, an analytic
solution of the hyperbolic governing equation is considered by a spectral method. A two-
step truncated Tikhonov-type regularization scheme is proposed to identify the growth speed
p(t) in the form of a coefficient inverse problem for the hyperbolic equation. We note that a
similar idea is recently considered to reconstruct a random source in the Helmholtz equation
[6,46]. Numerical examples show that the proposed scheme reconstructs the growth speed in
an accurate manner.

We close the chapter by some general remarks for the future work mainly on inverse prob-
lems. Notice that in existing literatures, only one-dimensional inverse problems are considered
for identifying the nucleation rate or the growth speed. How to extend the current work to
higher dimensional cases would be important for both academical and industrial researchers.
Simultaneously, concerning the identification of the nucleation rate ¥(z,t), a degenerate form,
for instance, ¥(x,t) = f(z) g(x,t) where g(x,t) is known, might be interesting since in a prac-
tical sense a priori spatial information would be available. This will be the main concentration
of the next two chapters.



Chapter 3

Iterative Thresholding Algorithm
for Inverse Source Problems for
Hyperbolic Equations

In the previous chapter, the derivation of the hyperbolic-type equations from Cahn’s time
cone model demonstrated its significance in treating a corresponding coefficient inverse problem.
In view of the hyperbolic equation, the identification of the nucleation rate turns out to be an
inverse source problem, which is also important in practices especially in the three spatial di-
mensions. However, existing works on the related numerical reconstruction methods are absent.
As a preparation, in this chapter we derive an efficient iterative thresholding algorithm for iden-
tifying the source term in a hyperbolic equation from partial interior measurements. We adopt
the classical Tikhonov regularization to transform the ill-posed inverse source problem into an
output least squares nonlinear minimization, which will be solved by the proposed iterative
algorithm. It reveals that the iteration is computationally very easy and efficient: the mini-
mizer at each step possess an explicit solution. Abundant amounts of numerical experiments
are presented to demonstrate the accuracy and efficiency of the algorithm.

3.1 Introduction

Let T > 0 and Q be an open bounded domain in R? (d = 1,2,3) whose boundary is
of C? class. Consider the initial-boundary value problem for a hyperbolic equation with the
homogeneous Neumann boundary condition

Pu(z,t) — Au(x,t) = f(z) h(z,t) (z€Q, 0<t<T),

u(f) § u(z,0) = du(z,0) =0 (x € ), (3.1)
Opu(z,t) =0 (x €0, 0<t<T),
where v = v(z) is the unit outward normal vector at z € 02 and d,u := Vu - v denotes

the normal derivative. Here we write the solution as u(f) to emphasize its dependency upon
the time-independent function f. Various conditions in (3.1) will be specified later, and the
corresponding well-posedness result will be provided in Lemma 3.1.

The main focus of this chapter is the numerical treatment for the following inverse source
problem.

46
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Problem 3.1 Let w C Q and T > 0 be suitably given, and u(f) solve (3.1). Determine
f(z) (x € Q) by the partial interior observation data u(f) in w x (0,T).

The investigation of the above problem from numerical aspects not only originates from
the interest on mathematics, but also roots in its significance in practice. In our formula-
tion (3.1), the source term f(z) h(z,t) is incompletely separated into its spatial and temporal
components, and the purposed inverse problem means the determination of the spatial com-
ponent. Especially, if the source term is in form of complete separation of variables, i.e. h is
space-independent, (3.1) becomes an approximation to a model for elastic waves, and the term
f(x) h(t) acts as the external force modeling vibrations (see Yamamoto [56]). Recently, it reveals
in Liu and Yamamoto [49] that the one-dimensional time cone model for phase transformation
kinetics (see Cahn [17]) is equivalent to (3.1), where f(z) stands for the spatial distribution of
the nucleation rate.

Although inverse hyperbolic problems have attracted considerable attentions during the last
two decades, there are not many specific works on Problem 3.1 in our setting, that is, inverse
source hyperbolic problems with the Neumann boundary condition. In [31,32,35,57], Problem
3.1 was discussed as a linearization of the related inverse coefficient problem. Meanwhile, in spite
of the physically more natural realization of the Neumann boundary condition, the majority of
existing works dealt with the Dirichlet counterpart which is technically easier (see, e.g., [53,56,
57] and the references therein). With the establishment of Carleman estimates for Neumann
problems (e.g., [30,44]), the global Lipschitz stability for the reconstruction was proved for the
boundary measurement case in Imanuvilov and Yamamoto [32] and the interior measurement
case in [31] under the probably optimal geometrical condition on observable regions. The present
chapter is mainly motivated by [31, Corollary 3.1] which dominates the unknown function f
by the data u(f)|.x 1) in system (3.1). For comprehensive discussions on inverse hyperbolic
problems by Carleman estimates, see Bellassoued and Yamamoto [8].

Correspondingly, works on numerical reconstructions of source terms in hyperbolic equations
are quite limited compared with those of coefficients. Regarding the numerical approaches to
coeflicient inverse hyperbolic problems and related topics, we refer to the two monographs
[40,42]. In [48], the authors developed a spectral method for the inverse coefficient problem for
the hyperbolic equation derived in [49]. On the other hand, a class of iterative thresholding
algorithms was purposed for linear inverse problems in early 2000s, whose convergence was first
rigorously analyzed in Daubechies et al. [22]. As an extension of classical gradient algorithms
with regularization, the iterative thresholding algorithm and its updated versions have proved
to be feasible mainly in the abundant applications to image processing due to their simplicity
(see [7,9,23,29]). However, the flavor of this method is not familiar among the school of inverse
problems for partial differential equations. Very recently, the iterative thresholding algorithm
was utilized in Jiang et al. [38] to treat inverse problems for elliptic and parabolic equations.

In this chapter, we interpret the numerical solution to the ill-posed Problem 3.1 as the
minimizer of an object functional with the Tikhonov regularization. By calculating the Frechét
derivative and introducing the adjoint system of (3.1), we find the Euler equation that the
minimizer should satisfy. This leads to the desired iteration method, which only requires to
solve one forward and one backward problems at each step. It turns out that the derived
iteration coincides with the iteration thresholding algorithm, and the convergence automatically
follows. On the basis of dramatically fast forward solvers, a lot of numerical experiments up to
three spatial dimensions are implemented to test the performance of our method from various
aspects. To the best of the author’s knowledge, the present chapter is the first attempt to apply
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the iterative thresholding algorithm to inverse hyperbolic problems.

The remainder of this chapter is organized as follows. In Section 3.2, we briefly introduce the
well-posedness of the forward problem (3.1) and the stability result for Problem 3.1. In Section
3.3, we reformulate our inverse source problem for numerical treatments, and purpose the
iteration thresholding algorithm. Abundant amounts of numerical tests along with discussions
on the performance are carried out in Section 3.4. Finally, concluding remarks and future works
will be mentioned in Section 3.5.

3.2 Preliminary

We start from introducing some notations and relevant works on forward and inverse prob-
lems for hyperbolic equations. Let H'(Q), H*(Q x (0,T)), etc. denote usual Sobolev spaces.
For later use, first we give a definition of the generalized solution to the initial-boundary value
problem (3.1).

Definition 3.1 (see Isakov [34]) Let f € L*(Q) and h € L?(0,T;L>(2)). We say that
u(f) € HY(Q x (0,7T)) is a generalized solution to problem (3.1) if it satisfies

/()T/Q(Vu(f) -Vz — (Qwu(f)) Orz) dadt = /OT/Q fhzdedt

for any test function z € HY(Q x (0,T)) with z|;=7 = 0, and the initial condition u(f)|;=o = 0.

The above definition of the generalized solution is easily understood by applying integration
by parts to sufficiently smooth solutions. Concerning the solvability and stability issues for
(3.1), we refer to the following well-known result.

Lemma 3.1 (see Lions and Magenes [47]) Let f € L?(2), h € L?(0,T; L>(2)) and 09 be
of C? class. Then there erists a unique generalized solution u(f) € D to the initial-boundary
value problem (3.1), where

D= {w e C([0,T]; H'(Q)); dyw € C([0, T]; L*(Q))} - (3.2)
Moreover, there exists a constant C = C(§, T, h) > 0 such that

()l + 10u(f) (- D) ll2@) < Cllfllz@)-

Regarding the uniqueness and stability of Problem 3.1, we state without proof the following
result which is a special case of [31, Corollary 3.1].

Lemma 3.2 Let w be a subdomain of Q) such that

{z € 0 (x — x0) - v(x) > 0} C Ow for some xo ¢ L\ w, and T > sup |z — zo|. (3.3)
e
Further assume that for any x € 02\ Ow, there exists an open ball U, centered at x such that
Uy N Q is convex. Let u(f) be the solution to the initial-boundary vale problem (3.1), where
feL?Q), he H(0,T; L>=(Q)) and |h(-,0)| > ho a.e. in Q for some constant hy > 0. Then
there ezists a constant C = C(w,Q, T, h) > 0 such that

£l 22y < C (10l )l 22(wx 0.1y + 1070 )| 22w 0,7))) -
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Lemma 3.2 is the starting point for developing a feasible numerical reconstruction of the
source term, because the theoretical stability is guaranteed under condition (3.3) on the ob-
servable subdomain w and duration 7. Although such a condition mainly originates from its
necessity in the proof of Lemma 3.2 by Carleman estimates, it also follows naturally from the
essence of wave propagation. On the one hand, w cannot be too localized to capture waves in
all directions. On the other hand, due to the finite propagation speed, adequate observation
time should be given for the distant wave to reach w. We illustrate a typical choice of zg, w
and T in Figure 3.1 for readers’ better understanding.

{z € 9| (x — zy) - v(z) > 0}

Figure 3.1: A typical example for the spatial and temporal assumption guaranteeing the stability
of Problem 3.1.

3.3 Iterative thresholding algorithm

In this section, we specify fiue € L?(Q2) as the true solution to Problem 3.1 and investigate
its numerical reconstruction by the noise contaminated observation data u’ in w x (0,T'), which
satisfies [|u® — u(firue)||L2(wx (0,7)) < 0 and 4 stands for the noise level. For avoiding ambiguity,
we interpret u® = 0 out of w x (0,T) so that it is well-defined in Q x (0,T).

With the a priori knowledge on the boundedness of fi,,e and appropriate observation data,
the reconstruction can be carried out through a classical Tikhonov regularization technique. We
formulate the reconstruction as the following output least square formulation with the Tikhonov
regularization

Sin Iy I = u(f) = w1 Fax 0. + @l FIF2(q), (3.4)
where @ > 0 is the regularization parameter.

Nearly all effective iterative methods for solving nonlinear optimizations need the informa-
tion of the derivatives of the concerned objective functional. It follows from a direct computation
that the Fréchet derivative J'(f)f of J(f) for any direction f € L2(€2) reads

_2// (f)f)dxdt+2a/ffdx
—2// (f)da:dt+2a/ffda: (3.5)

Here u'(f)f denotes the Fréchet derivative of u(f) in the direction f, and the linearity of (3.1)
immediately yields

W (f)f = lim = u(f).

e—0

= u(fref)—ulf)
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Obviously, it is extremely expensive to use this formula to evaluate J'( f)ffor all f € L?(Q),
since one should solve system (3.1) for u(f) with f varying in L2(Q2) in the computation for a
fixed f.

In order to reduce the computational costs for computing the Fréchet derivatives, we in-
troduce the adjoint system of (3.1), that is, the following system for a backward hyperbolic

equation
Oz — Nz =xu (u(f)—u®) inQx[0,T),
2(f)§2=02=0 in Qx {T}, (3.6)
Oz =0 on 0Q x [0,T),

where x,, denotes the characterization function of w. The generalized solution to (3.6) can be
defined in the same way as that in Definition 3.1. On the other hand, since Lemma 3.1 and
f € L*(Q) indicate u(f) € D (see (3.2) for the definition of D), we have y,, (u(f) —u’) €
L?(Q x (0,7)) and thus z(f) € D again by Lemma 3.1. Therefore, by the definition of the
generalized solutions, the first term in (3.5) is further treated as

/OT/w (U(f) —u5) u(f)dxdt _ /OT/Q " (u(f) _ua) U(f)dxdt
= /OT/Q (VU(f) - Vz(f) = (Du(f)) 8tz(f)) dadt
= /OT/Q fhz(f)dadt, (3.7)

implying
o~ T o~ o~
J’(f)f:2/9</0 hz(f)dt+af>fda:, Fe12(Q).

This suggests a characterization of the solution to the minimization problem (3.4).

Proposition 3.1 f* € L?(Q) is the minimizer of the functional J(f) in (3.4) only if it
satisfies the Fuler equation

T
/ hz(f*)dt+a f*=0, (3.8)
0
where z(f*) solves the backward system (3.6) with the coefficient f*.
To solve the nonlinear equation (3.8) for f*, one may employ the iteration

Fopr = o - L /Th ()t (3.9)
m+1—K+am K+ o : Z\Jm 5 .

where K > 0 is a tuning parameter acting as a weight between the previous step and the
iterative update.

To discuss the choice of K to guarantee the convergence, we take advantage of the fact that
the iteration (3.9) in principle coincides with the iterative thresholding algorithm, which can
be derived from the minimization problem of a surrogate functional (see, e.g., [22]). Actually,
fixing f € L2(€2), we introduce a surrogate functional .J*(f, f) of J(f) as

T F) = T + KN = FlEag) = Iulf) = w12 o.m)-

For the positivity of J*, there should hold KHfH%Z(Q) > Hu(f)”%2(w><(07T)) for all f € L?(Q).
This is achieved by choosing
K > || Al (3.10)
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where A is a linear operator defined as
A:L*(Q) — L*(w x (0,T)),
[ u(f)|w><(O7T);
and the boundedness of A is readily seen from Lemma 3.1. Therefore, there holds
J() = T ) < T D)

and thus J*(f, f) can be regarded as a small perturbation of J(f) when fis close to f. On
the other hand, it follows from (3.7) that

ﬁwjﬁzzliluw>@dﬁ—uﬁdmu+wﬁﬁwmm¢»—nwfméwx@n>
+alfllz) + KIS - f||2L2(Q)
=K|f- f”%z(n) +all fllFz) + 2/0T/thz(f) dadt
- |\U(J7)||%2(wx(o,:r)) + |\U6H%2(wx(o7:r))
= (K + )| f720) — Q/Qf (Kf— /OThZ(f)dt> dx
+ K||J7||2L2(Q) - ||U(J7)||%2(wx(o,:r)) + 10012 0,)) -

Since this is a quadratic form with respect to f when u° and f~are fixed, we see

argmin J*(f, ) = o J — /Thaﬂdt
rg min ) = - z .
fegLQ(Q) K+« K+« 0

Consequently, the iterative update (3.9) is equivalent to solving the minimization problem
minger2q) J°(f, f) with f = f,,. Moreover, the convergence of this iteration was proved in [22]
for any bounded linear operator A, provided that the constant K > 0 is chosen according to
condition (3.10).

Now we are well prepared to state the main algorithm for the numerical reconstruction.

Algorithm 3.1 Choose a tolerance € > 0, a reqularization parameter o > 0 and a tuning
constant K > 0 according to (3.10). Give an initial guess fo, and set m = 0.

1. Compute fmi1 by the iterative update (3.9).

2. If || frnv1— fnll2) /| fmlL2() < €, then stop the iteration. Otherwise, update m <+ m-+1
and return to Step 1.

It turns out that at each iteration step, we only need to solve the forward system (3.1) once
for u(f,,) and the backward system (3.6) once for z( f,,,) subsequently. Therefore, it is very easy
and cheap to implement Algorithm 3.1. As will be shown from many numerical experiments
in the next section, we see that our proposed Algorithm 3.1 is also considerably efficient and
accurate even for three spatial dimensions.

We conclude this section by stating the convergence result of Algorithm 3.1, which is a
direct application of [22, Theorem 3.1].

Lemma 3.3 Let K > 0 be a constant satisfying condition (3.10). Then for any fo € L*(2),
the sequence { fm}20_ produced by the iteration (3.9) converges strongly to the solution to the
minimization problem (3.4).
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3.4 Numerical experiments

In this section, we will apply the established Algorithm 3.1 to the numerical identification of
the spatial component f of the source term in system (3.1). The general settings of the numerical
reconstruction are assigned as follows. For simplicity, we take Q = (0,1)? (d = 1,2,3). The
duration 7" may change with respect to the choices of w according to condition (3.3) which
guarantees a reasonable reconstruction. Actually, since an observable subdomain w has certain
thickness in practice, the condition on T can be relaxed to 7' > diam(€2 \ @) in numerical tests.
Although in Section 3.3 the difference between the noiseless data u(firue) and the actually
observed data u’ was evaluated in the L?(w x (0,7))-norm, here for simplicity we produce u’

by adding uniform random noises to the noiseless data, i.e.
u® (2, 1) = u( firue) (2, 1) + drand(—1,1), Vz ew, YVt e (0,T),

where rand(—1, 1) denotes the uniformly distributed random number in [—1,1] and § > 0 is the
noise level. Here we choose ¢ as a certain portion of the amplitude of the exact solution, i.e.

0 :=00 max |u(firue)|, 0 <o < 1.
Qx[0,T]
As for the various parameters involved in Algorithm 3.1, we take ¢ = 1% dy as the tolerance,
and choose the regularization parameter as o = 0.1% §. The initial guess fj is always taken as a
constant, which is usually rather inaccurate in the test problems. Finally, the tuning parameter
K > 0 will be chosen according to the size of the subdomain w, the duration 7', and the known
component h(x,t) of the source term.

At each step of the iteration (3.9) in all of the numerical experiments, the forward sys-
tem (3.1) and the backward system (3.6) are solved by some absolutely stable schemes of
the finite difference method. In our implementations, we apply the von Neumann scheme for
one-dimensional case and the alternating direction implicit (ADI) method for two- and three-
dimensional cases (see [28,45]). For instance, in case of d = 3, we work on the equidistant
grids

vt =ab =2l =iAr (i=0,1,...,N.), t,=nAt(n=0,1,...,Ny)

with N, Az = 1 and Ny At = T, where h and 7 are the step lengths in space and time
respectively. By introducing the ratio x := (At/Az)? and the difference operators

2 ik i+1,5,k i, g,k i—1,5,k
5x1“2{j7 - u;:r ok 2u;{]7 _,_U:L L
2 dgk . gLk o ig.k i,j—1,k
Oy U™ = a0 = 2P TR

2 gk .60kt .5,k i,,k—1
Op up?™ = uy, —2u;p? +uy ,
we discretize the time evolution of the governing equation in (3.1) as

igk o gk igk _ Koo i,j,k i,k i,4,k 2 2 ig.k
un+1/3 2u7’b + Up—1 = 4 6$1 un+1/3 + 2un + Up—q + R (5902 + 59@3) Uy,

+ AL f (2], 3, 25) h(al, 2h, 25, tn),

igk igk R oo ik o, ik i,k
Unays = Un1ys = g 0as \Uniays = 2" U )

igk gk R oo ik o ik W4,k
(e un+2/3—45963 w,y — 2ut w0

0,5,k .5,k
n+1/3" “'n+2/3
intermediate values. The backward system (3.6) is discretized in the same manner. It turns out

where u?J* stands for an approximation of w(z?,a?, x5 ,), and u u denote some
n 1>429 43> 3
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that the ADI method performs efficiently even in three-dimensional case. In fact, it only takes
about 5 seconds for a problem of 50% x 100 scale. On the other hand, the involved integrals in
time are simply approximated by the composite trapezoidal rule.

In what follows, we shall demonstrate the reconstruction method by abundant test examples
in one, two and three spatial dimensions. Other than the illustrative figures, we mainly evaluate
the numerical performance by the number M of iterations, the relative L? error

. ”fM - ftrue||L2(Q)

err
||ftrue||L2(Q)

and the elapsed time, where fj; is recognized as the result of the numerical reconstruction.

3.4.1 One-dimensional examples

In case of d = 1, we always take T' = 1 and divide the space-time region 2 x [0,T] =
[0,1] x [0,1] as a 101 x 101 equidistant mesh and test the performance of Algorithm 3.1 from
various aspects. The choice T' = 1 is sufficient because there always holds diam(Q \ @) < 1

whatever w we set.

Example 3.1 In this example, we carry out numerical tests with different combinations of
the noise level § and the observable subdomain w to see their influences upon the reconstructions.
Take the known component of the source term as h(z,t) = x +t+ 1, let firue(z) = cos(mz) + 1
and set the initial guess as fo = 1. First we fix w = Q\ [1/10,9/10] and change the noise levels
as 1%, 2%, 4% and 8% of the amplitude of u(firue). Then we fix an 1% noise and reduce the
size of w from w = Q\ [1/5,4/5] to w = N2\ [1/20,19/20]. The choices of parameters in the tests
and corresponding numerical performances are listed in Table 3.1. For a better understanding
of reconstructions, we visualize several representative examples in Table 3.1 to compare the

exact and recovered solutions in Figure 3.2.

Table 3.1: Parameters and corresponding numerical performances in Example 3.1 under various
combinations of noise levels and the observable subdomains.

do w K M err  elapsed time (s) | illustration
1% Q\[1/10,9/10] 0.02 | 113 1.86% 271 Figure 3.2(a)
2%  Q\[1/10,9/10] 002 | 84 291% 2.04

4%  Q\[1/10,9/10] 0.02 | 73 3.32% 1.65

8% Q\[1/10,9/10] 0.02 | 65 3.79% 1.63 Figure 3.2(b)
1%  Q\[1/5,4/5] 004 | 118 1.15% 2.78 Figure 3.2(c)
1%  Q\[1/20,19/20] 0.015 | 122 2.77% 2.81 Figure 3.2(d)

Example 3.2 Now we compare the numerical performances by selecting various exact
solutions fiyye with different monotonicity and smoothness. More precisely, we fix h(z,t) =
2+ 72t? and choose (a) f..(z) =z, (b) [ (x) = sin(rz) + 2, (¢) fu(z) = 5 cos(2rz)+1 or
(d) fd,.(x) =1—|22—1|. In all cases, we set the noise level as 5% of the amplitude of u(firue),
and take w = 2\ [1/10,9/10]. Correspondingly, the tuning parameter is chosen as K = 0.1.
The comparisons of exact and reconstructed solutions are shown in Figure 3.3. The numbers
M of iterations and relative errors are listed in Table 3.2.

In the above examples, it is readily seen that even with quite coarse initial guesses fj, the
numerical reconstructions appear to be satisfactory in view of the ill-posedness of the inverse
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Figure 3.2: Illustrations of the exact and reconstructed solutions in Example 3.1 with several
combinations of the noise level and subdomain. (a) do = 1%, w = 2\ [1/10,9/10]. (b) dp = 8%,
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Figure 3.3: Tllustrations of the exact and reconstructed solutions for Example 3.2. (a) f3,.(x) =
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Table 3.2: Numerical performances of the reconstructions in Example 3.2 for various choices of
exact solutions with different smoothness.

Srrue() initial guess | M err illustration

x 0.5 6 1.41% | Figure 3.3(a)
sin(mx) + x 2.5 43 2.03% | Figure 3.3(b)
1 cos(2mz) + 1 1 179 7.55% | Figure 3.3(c)
1— |22 — 1| 0.5 223 11.41% | Figure 3.3(d)

source problem. We evaluate the performance of our algorithm by analyzing the numerical
results from the following aspects.

First, it is readily seen from Figures 3.2 and 3.3 that both of the above examples yield
quite smooth reconstructions. In fact, according to the regularity result in Lemma 3.1, one can
expect an H'(Q)-regularity throughout the iteration (3.9), as long as the initial guess fy and
the known component h(x,t) of the source term are sufficiently smooth. Such a smoothness,
however, prevents us from proper identifications of non-smooth true solutions (see case (d) of
Example 3.2).

Second, the reconstructed solutions appear more sensitive to the size of the observable
domain w than to the data noise, but the non-monotonicity outside w is difficult to reconstruct.
The influence of the smallness of w is witnessed from the second part of Table 3.1, which
obviously comes from the limited information captured in w. On the other hand, cases (a)—(c)
in Example 3.2 imply a tendency that the better the monotonicity of fiye is, the more accurate
the identification will be, and the convergence will also be faster. In conclusion, although the
conditional stability of the reconstruction is guaranteed by Lemma 3.2, in practice the signal
strength from Q\ @ is overwhelmed by that inside w, so that the behavior of f outside w cannot
remarkably influence the observation data in w x (0,7T).

Third, Example 3.1 suggests a considerably strong robustness of our algorithm against the
measurement error. Actually, one can see from the first part of Table 3.1 that the relative
errors of the reconstructions only increase temperately as the observation noises are doubled.
This phenomenon can be explained as follows. Suppose that the m-th iteration f,, is of certain
regularity, say f,, € L?(2). According to Lemma 3.1, the solution u(f,,) to (3.1) should be
sufficiently smooth, namely u(f,,) € D (see (3.2) for the definition of D). Since the iteration
(3.9) in principle aims at minimizing the surrogate functional J*(-, f,,), it turns out that
u(fm)lwx(o,1) tends to take an averaged state of u? in a sense that the error can be minimized.
Therefore, provided that the observation data keep oscillating around the accurate ones, the
reconstruction performs stably and insensitively in spite of the noise amplitude to a certain
extent.

3.4.2 Two-dimensional examples

Now we turn to the case of d = 2. Without lose of generality, we always generate the
subdomain w by removing a closed rectangle in Q = (0,1)? whose edges are parallel to the
coordinate axes. Due to the geometry condition for the reconstruction, @w should include at
least two adjacent edges of Q. Simultaneously, the condition 7" > diam(f2 \ @) implies that the
time duration 7" should be longer than the diagonal of the removed rectangle. In the sequel, the
largest size of such rectangles will be taken as 0.92, and hence we will set 7 = 1.3 > 0.9 x v/2 in
all tests for consistency. As before, we set the step size as 0.01 and divide the space-time region
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as a 1012 x 131 mesh in computation. Since the one-dimensional examples suggest that the
reconstruction is insensitive to the noise, the noise level is always set as 5% of the amplitude of

u(ftrue)~

Example 3.3 In the first two-dimensional example, we fix h(z,t) = 5 + 7%¢? and

firue(T) = firue(x1,22) = %cos(mcl) cos(mxe) + 1. (3.11)

We test the algorithm by changing the subdomain w as follows. First, we keep the coverage
99 C w and reduce its thickness from 1/5, 1/10 to 1/20, that is, we take w = Q\ [1/5,4/5]% w =
Q\[1/10,9/10])? and w = Q\ [1/20, 19/20]? subsequently. Next, we fix the thickness as 1/10 and
reduce the coverage of 9N from 3 edges to 2, for instance, we choose w = Q\[1/10, 1]x[1/10,9/10]
and w = Q\ [1/10,1]%. The choices of w and various parameters as well as the corresponding
numerical performances are listed in Table 3.3. The surface plots of the exact solution firye
and several representative reconstructions fj; are illustrated in Figure 3.4.

Table 3.3: Parameters and corresponding numerical performances in Example 3.3 under various
choices of observable subdomains.

w K fo | M et  elapsed time (s) | illustration
O\ [1/5,4/5 3 1 |31 09%% 30.28
Q\ [1/10,9/10]2 L7 1|21 221% 26.79 Figure 3.4(b)
Q\ [1/20,19/20]2 11 |27 296% 26.35
Q\ [1/10,1] x [1/10,9/10] 1.3 1 |27 3.46% 26.40 Figure 3.4(c)
Q\ [1/10,1]2 1 15|73 751% 71.72 Figure 3.4(d)

Example 3.4 Parallelly to Example 3.2 for the one-dimensional case, we investigate the
influence of the monotonicity of fiue upon the numerical performance. To this end, we fix
h(z,t) = h(x1,z2,t) = 21 — 22 + 3t + 2 and select three true solutions

1
ft?ue(x) = ft?ue(xlﬂ x2) = 5 COS(ﬂ'{El) +1, (312)
Foel@) = fbuelar, @2) = 3 — exp (1 - %) , (3.13)
1
Fiuel@) = fiuel@r,v2) = 5 cos(ma) cos(2maa) + 1. (3.14)

Here we take w = Q\ [1/10,9/10] x [0,9/10] as an intermediate choice, and set K = 0.27,
fo = 1. We compare the exact and reconstructed solutions in Figure 3.5. The numbers M of

iterations and relative errors are shown in Table 3.4.

Table 3.4: Numerical performances of the reconstructions in Example 3.4 for various choices of
exact solutions.

Jrrue M err illustration
[ (see (3.12)) | 33 2.70% | Figure 3.5(al)—(a2)
[ (see (3.13)) | 41  2.97% | Figure 3.5(b1)-(b2)
foue (see (3.14)) | 119 7.22% | Figure 3.5(c1)—(c2)

As expected, the above two-dimensional examples inherit mostly those phenomena observed
in their one-dimensional counterparts and here we will not repeat the discussion again. Nev-
ertheless we shall mention that, other than the thickness of w, the iteration steps and relative
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Figure 3.4: Comparison of the true solution to some reconstructed solutions in Example 3.3
with different subdomains of observation. (a) The true solution fiyye defined in (3.11). (b) Re-
construction with w = Q\ [1/10,9/10]2. (c) Reconstruction with w = Q\ [1/10,1] x [1/10,9/10].
(d) Reconstruction with w = Q\ [1/10, 1]2,
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(a1) (a2)

Jeruea

firued

Jerue.e

Figure 3.5: Illustrations of the exact and reconstructed solutions in Example 3.4 with the same
settings and choices of parameters. (al) f,, defined in (3.12). (a2) Reconstruction of f2 .
(b1) fb.. defined in (3.13). (b2) Reconstruction of fP .. (c1) fS,. defined in (3.14). (c2)
Reconstruction of f$ .
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errors of the numerical reconstructions also depend heavily on how much @ can cover 0. Al-
though in all tests the algorithm performs quite well when 0f2 is included in @, it performs worse
when @ only covers 3 or 2 edges of Jf) in the sense of larger relative errors and more iteration
steps. We can see clearly from Figures 3.4(c) and 3.5(c2) that the numerical solutions f fail to
match with fiue especially on the uncovered edge, though fine are well-reconstructed inside w.
In particular, Figure 3.4(d) indicates a dramatic difference at the uncovered corner = = (1, 1)
when w = Q\ [1/10,1]%. These demonstrate again the numerical ill-posedness regardless of the
fact that the theoretical stability (Lemma 3.2) is valid under condition (3.3).

3.4.3 Three-dimensional examples

Finally, we proceed to the three-dimensional reconstruction of the source term firye. Sim-
ilarly to the previous subsection, the subdomain w is generated by removing a closed cube in
Q= (0,1)® whose edges are parallel to the coordinate axes. According to the geometry condi-
tion for the reconstruction, @ should include at least three mutually adjacent faces of 2. Since
the largest size of the removed cubes will be 0.96%, we set T = 1.7 > 0.96 x v/3 in all numerical
tests in order to guarantee the condition T' > diam(Q2 \ @). Considering the computational
complexity for d = 3, we enlarge the mesh size in space and time as 0.02 to produce a 512 x 86
mesh for Q x [0, T]. As before, we still set the noise level as 5% of the amplitude of u(firue)-

Example 3.5 Fix h(z,t) = 2 + 37t* and

1
Sirue () = firue(x1, 22, 23) = 5 cos(mxy) cos(mag) cos(mas) + 1. (3.15)

Similarly to the previous subsections, we study the influence of the choice of w upon the numer-
ical performance. First we keep the coverage 92 C @ and use the thicknesses 2/25 and 1/25 to
generate w = Q\ [2/25,23/25]3 and w = Q\ [1/25,24/25]3. Next we fix a thickness of 1/25 and
reduce the faces of 92 that @ covers from 5 till 3 which is the minimum possible, that is, e.g.
w=0\[1/25,24/25]? x [1/25,1], w = Q\ [1/25,24/25] x [1/25,1]? and w = Q\ [1/25,1]3. The
choices of w and various parameters as well as the corresponding numerical performances are
listed in Table 3.5. To visualize three-variate functions fi,ne and several of its representative
reconstructions fys, we show 4 sections for each of these functions at x3 = 0.2,0.4,0.6,0.8 in
Figure 3.6.

Table 3.5: Parameters and corresponding numerical performances in Example 3.5 under various
choices of observable subdomains.

w K fo | M er  elapsed time (s) | illustration
O\ [2/25,23/25° 22 1 |40 1.83% 608.68
Q\ [1/25,24/25]3 12 1 |38 249% 496.60 Figure 3.6(b)
O\ [1/25,24/252 x [1/25,1] 10 1 | 38 3.07% 546.37 Figure 3.6(c)
QN [1/25,24/25] x [1/25,12 7.5 1 | 40 3.87% 520.20 Figure 3.6(d)
Q\ [1/25,1)3 6 05|39 8814% 515.18

Example 3.6 Finally, as before we test our algorithm by selecting true solutions with

different degrees of monotonicity. We fix h(z,t) = 5 + 7%t?, and choose

2
1 1 1 1
fiwe(®) = fio(T1, T2, x3) = (xl — g) (!Eg — 5) ~3 cos(mxy) T3 + §CC2 e '3, (3.16)
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Figure 3.6: Comparison of the true solution to some reconstructed solutions in Example 3.5
with different subdomains of observation. (a) The true solution fiye defined in (3.15). (b)
Reconstruction with w = Q\ [1/25,24/25]3. (c) Reconstruction with w = Q \ [1/25,24/25]? x
[1/25,1]. (d) Solution with w = Q\ [1/25,24/25] x [1/25, 1]2.
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1

ft';ue(x) = ft};’ue(a:l, To,X3) = 5 cos(mxy) cos(2mwe) cos(mas) + 1, (3.17)
1

foone(®) = fSue(T1, T2, 3) = 5 cos(mxy) cos(2mwe) cos(2mas) + 1. (3.18)

Here we set w = Q\ [1/25,24/25] x [1/25,1]?, K = 3.5 and f, = 1. Comparisons of the
corresponding sections of exact and reconstructed solutions are shown in Figure 3.7, and the
numerical performances are listed Table 3.6.

Table 3.6: Numerical performances of the reconstructions in Example 3.6 for various choices of
exact solutions.

Jrrue M err illustration
fie (see (3.16)) | 64  3.45% | Figure 3.7(al)—(a2)
fb.o (see (3.17)) | 120 7.85% | Figure 3.7(b1)-(b2)
fitue (see (3.18)) | 101  11.98% | Figure 3.7(c1)—(c2)

Again, the three-dimensional examples show almost identical behaviors to that in lower di-
mensional cases. In summary, thinner observable subdomains w result in worse reconstructions,
and their coverage of 0f2 also dominates the numerical performance to a great extent. On the
other hand, the oscillation of fiue in Q \ @ is extremely difficult to recover.

3.5 Concluding remarks

We have proposed in this work an efficient iterative thresholding algorithm for the inverse
source problem in a hyperbolic system from partial interior measurements. By introducing
the adjoint system (3.6) and the surrogate functional J*®, the stable nonlinear minimization
formulated by the Tikhonov regularization can be solved by the iterative thresholding algorithm,
which leads to get the explicit minimizer at each iteration. We have observed from many
numerical tests that the proposed algorithm is very accurate and efficient. In particular, our
algorithm is considerably robust against the measurement error, but is sensitive to the size of
the observable domain.

In the next chapter, we will investigate the reconstruction of the nucleation rate ¥(z,t) in
the three-dimensional time cone model (1.2)—(1.3). Since the derivation in Chapter 1 provides
a convenience to consider an inverse source problem for the equivalent double wave equation

(0F = D) *u(w,t) = F(x,1),

we can discuss the theoretical and numerical topics on the determination of the spatial compo-
nent of F'(x,t) similarly to that in this chapter. We will establish the global Lipschitz stability
and develop the corresponding iteration thresholding algorithm for this inverse problem in the
next chapter.
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Figure 3.7: Illustrations of the exact and reconstructed solutions in Example 3.6 with the same
settings and choices of parameters. (al) f,, defined in (3.16). (a2) Reconstruction of f2 .

(b1) ft?ue defined in (3.17). (b2) Reconstruction of ft?ue. (cl) fSue defined in (3.18). (c2)
Reconstruction of fS$,..



Chapter 4

Nucleation Rate Reconstruction
in the Three-Dimensional Time

Cone Model

In this chapter, we consider the reconstruction of the nucleation rate in the three-dimensional
time cone model, which turns out to be an inverse source problem for a double hyperbolic
equation. More precisely, we attempt to recover a spatial component of the nucleation rate by
the partial interior observation data. After a direct derivation of the hyperbolic-type governing
equation from the original model, we establish the well-posedness result for the forward problem
by the classical hyperbolic theory. To guarantee the validity of the reconstruction, we prove the
global Lipschitz stability for the inverse problem based on a Carleman estimate. Motivated by
the iterative thresholding algorithm for the same problem for the hyperbolic equation proposed
in the previous chapter, we develop a similar iterative approach to the identification in a parallel
framework. Extensive numerical experiments up to three spatial dimensions demonstrate the
efficiency and accuracy of the algorithm, and detailed analysis of the computational performance
are also provided.

4.1 Introduction and main results

As was introduced in Chapter 1, the time cone model (see Cahn [17]) describes the phase
transformation kinetics which is essential in many natural phenomena and industrial processes.
Other than the simulation of the phase transformation on the basis of the forward model,
it is also important to identify the involved physical quantities (that is, the nucleation rate
U(x,t) and the growth speed p(t)) from some observation data of the expectation u(z,t) of
transformation events. The investigations of these related inverse problem are significant in the
system control and monitoring in many practical applications, for instance, to achieve certain
mechanical properties of the materials as well as to improve the manufacturing efficiency.

Since the time cone model in its original formulation is inconvenient for mathematical anal-
ysis, in Chapter 1 we derived a class of multiple hyperbolic equations that are equivalent to
the original model in any odd spatial dimensions. From the viewpoint of the partial differential
equations, the problem on reconstructing the growth speed p(t) reduces to a coefficient inverse
problem and that on reconstructing the nucleation rate W(x,t) reduces to an inverse source
problem. As a first attempt, in Chapter 2 we discussed the determination of p(t) in one spatial

63
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dimension.

The main concentration of this chapter is the inverse source problem for Cahn’s time cone
model with the partial interior observation data in three spatial dimensions, which is especially
of practical importance. We recall that the original three-dimensional model takes the form

t
u(x,t) = // U(y,s)dyds (z € R3 t>0), (4.1)
0 Bs(w,R(t)—R(s))

where Bs(z,7) denotes the three-dimensional ball centered at z € R? with radius r > 0.
Although the equivalence of (4.1) and a double hyperbolic equation was a special case of
Theorem 1.1 with m = 1, for the sake of self-containedness we still state the conclusion here.

Proposition 4.1 Let u(x,t) satisfy (4.1), where u(x,t), ¥(x,t) and p(t) (x € R3, t > 0)
are sufficiently smooth and p(t) is strictly positive for t > 0. Introduce the hyperbolic operator

_ Orw(z,t)
Howl,t) = 5 O ( o(0)

Then u(x,t) satisfies the following double hyperbolic system

! ) — Aw(z, t).

(4.2)

Hou(x,t) = 8r W (x,t)/p(t) (x€R3 t>0),
Ofu(z,0) =0 (r eR3, £=0,1,2,3).

The above proposition reveals that, in the terminology of differential equations, the term
U(x,t)/p(t) acts as the source term in a hyperbolic equation. On the other hand, the nucleation
rate usually takes the following form of incomplete separation of variables ¥ (z,t) = f(x) g(z, 1),
and we are interested in the determination of the spatial component f. To this end, we restrict
the system (4.2) in a finite space-time region Q x (0,7"), where Q C R3 is an open bounded
domain and T > 0. Consider the corresponding initial-boundary value problem

H?)u(x,t) = f(z) h(x,t) (xeQ, 0<t<T),

Ofu(x,0) =0 (xeQ, £=0,1,2,3), where h(z,t):=
Ou(z,t) =0, Au(z,t) =0 (x €0, 0<t<T),

8mg(x,t)

PO

Here v = v(z) is the unit outward normal vector at « € 9, and d,u := Vu - v denotes the
normal derivative. Although we impose the boundary conditions 9, u = 9, Au = 0 on 90 x (0,7
which seems artificial, it is necessary for the formulation of such a fourth order equation, and
the Neumann-type boundary conditions are natural in reality.

Now we are well prepared to purpose the following inverse source problem.

Problem 4.1 Let w C Q and T > 0 be suitably given, and u satisfy (4.3). Provided that g
and p are known, determine f(z) (x € Q) by the partial interior observation data w in wx (0,T").

To state the main results concerning the above problem, we briefly introduce the basic
notations. For k = 1,2,..., let H*(Q), H*(Q x (0,T)), etc. denote usual Sobolev spaces (see,
e.g., Adams [1]). For m =0, 1,... and a Banach space X, define

C™([0,T); X) := {w € C([0,T); X); &w e C([0,T); X), j=1,...,m},
H™(0,T;X) :={we L*0,T; X); dw e L*(0,T;X), j=1,...,m}

and introduce the norms

wllem o) = Y N wllcqrix),  wlamorx) =Y 07wl o.rx)-
j=0 J=0
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Regarding the known functions g and p, we assume that

g€ H0,T; L>(2)) and J g > 0 such that |g(-,0)| > go a.e. in £,

4.4
p € C3[0,T] and 3 py > 0 such that p > pg in [0, 7. (44

On the well-posedness of the forward problem for (4.3), we summarize as follows.

Proposition 4.2 Let 9 be of C? class, f € L*(), and g, p satisfy (4.4). Then there is a
unique solution u to the system (4.3) such that u € ﬂizl C*([0,T); H3>7%(Q)). Moreover, there
exists a constant C = C(, T, p) > 0 such that

3
> lullexo -+ < Cllfllz@lgllm o,z «)- (4.5)
k=1

Now we state the stability result for Problem 4.1 under certain spatial and temporal condi-

tions on the observable subdomain w and the duration 7.

Theorem 4.1 Let 9Q be of C3 class and u be the solution to (4.3), where f € L*(Q) and
g, p satisfy (4.4). Suppose that w is a subdomain of 0 such that

{z € 0; (v — x0) - v(z) > 0} C Ow for some xg ¢ N\ w,

T
R(T) = /0 p(t)dt > stelg | —xz0], and (4.6)

Vo e d\ dw, U, : open ball centered at x such that U, N is conver.

Then there exists a constant C' = C(Q,w, T, g, p) > 0 such that

C™'D <||fllz2) £ CD, where (4.7)
3
D = [|0fu = p*0F Al 2w 0,1y + 100wl L2 0. 1312(w)) + Y 10l L2 0.1))- (4.8)
k=2

In the above theorem, although the conditions on w and 7" mainly come from the proof by
Carleman estimates, in principle they originate from the nature of the finite propagation speed
of wave. We emphasize that the estimate (4.7) gives an equivalent relation between || f|| 12(o) and
D, where the first inequality almost follows directly from Proposition 4.2, and the second one
guarantees a global Lipschitz stability for the inverse source problem. On the other hand, the
term ||0fu — p?0F Aul|2(wx (0,)) In (4.8) seems incompletely decomposed. However, it can be
seen from the proof of Proposition 4.2 that neither d}u nor 92/Au makes sense in L2(Q x (0, 7)),
whereas one can show dfu — p?02 Au € C([0,T]; L?(Q)). In other words, inequality (4.5) in
Proposition 4.2 is a sharp estimate in our setting.

Theorem 4.1 is the main theoretical result of this chapter, which also motivates the develop-
ment of corresponding numerical reconstructions by a similar iterative thresholding algorithm
introduced in the previous chapter. By use of the adjoint system of (4.3) in correspondence
with Problem 4.1, it turns out that a parallel deduction of the iterative update is also valid
for the double hyperbolic equation, followed by a similar guarantee for the convergence on the
choice of the involved parameter.

As was mentioned before, the literatures on inverse problems for the phase transformation
kinetics are quite limited, and most of those works are concerned with the one-dimensional
prototype problem (see [10,11,14,20]). The present chapter is the first work on identifying the
nucleation rate in the three-dimensional model from both theoretical and numerical aspects.
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The remainder of this chapter is organized as follows. In Section 4.2, we give proofs for
Propositions 4.1 and 4.2 concerning the forward problem. Theorem 4.1, which asserts the
global Lipschitz stability for Problem 4.1, is proved in Section 4.3 by the Carleman estimate.
In Section 4.4, we reformulate our inverse source problem for numerical treatments, and purpose
the iteration thresholding algorithm. Numerical tests up to three spatial dimensions along with
discussions on the performance are carried out in Section 4.5. Finally, as an appendix, in Section
4.A we consider the inverse source problem with the same unknown function f but by the final
observation in a slightly different setting. In this case, tt turns out that the reconstruction is
only available in small domains.

4.2 Proofs of Propositions 4.1 and 4.2

We start from the derivation of the double hyperbolic equation (4.2) from the original model
(4.1), and then validate the well-posedness of the corresponding initial-boundary value problem
(4.3). Although a generalization of Proposition 4.1 was already proved for all odd spatial
dimensions in Chapter 1, here we still provide a proof only in the three-dimensional case, which
is a concrete realization of Remark 1.2.

Proof of Proposition 4.1. Introduce the change of variable in time

T =R(t) :/0 p(s)ds (t>0). (4.9)

Thanks to the strict positivity of p, the function R(¢) is nonnegative and strictly increasing for
t > 0, allowing a well-defined inverse function ¢ = R_l(T) for 7 > 0. Moreover, it turns out from
taking derivative in the identity R(R~!(7)) = 7 that (R=1(7))’ = 1/p(R~'(7)). Therefore, we
perform the same change of variable ( = R(s) for 0 < s < ¢ in the integral on the right-hand
side of (4.1), and introduce an auxiliary function

Uz, 7) = u(z, R(1)) (4.10)
to deduce

V(z, R~ (7))
p(R=1(7))

Now that the integral in (4.11) is taken in a regular cone 4 (z,7) with peak (x,7) and unit

Uz, 7) = /T/ F(y,)dyd¢ (z €R3 7>0), F(z,7):= (4.11)
0 J Bs(z,7—()

slope, it is convenient to study U(z,7) instead of u(z,t) hereinafter. In fact, for any smooth
function w defined in R3 x [0, 00), it turns out that the same change of variable (4.9) and the
definition W (z,7) := w(z, R71(7)) yield

0w (5, 1) = 0 (2t ) - oW(e,0) = 2080
OO . o(0)
or, by taking 7 = R(t) and recalling the operator H,,
How(x,t) = OW (2, 7)|;=r@) (x €R3, t>0), (4.12)
w(z,0) = W(z,0), dyw(x,0) = p(0) 0, W(x,0) (zcR?), '

where [ := 92 — A denotes the d’Alembertian with 7 as the time variable.
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Now we proceed to the derivation. First, it is readily seen that U(z,0) = 0 by (4.11). To
proceed, we adopt the polar coordinate transformation

y=x+rp,s) O<r<7—-¢ 0<yr <m 0<1s<2m), where
p(th1,12) := (cos 1)1, sin g cos g, sin 1y sinhs).

Since the corresponding Jacobian is 72 sin1)y, (4.11) is then equivalently represented as

T pr7—C T 27
U(a:,r)z/O/O 1"2/0 sin 1y ; F(x 4 rp(th1, 1), ) dipodipy drd(.

Now we can directly verify

T r7—C T 27
AU(x,T)z/O/O 7’2/0 sin 1y ; AF(z+ 7 p(¢1,12), ¢) dipadip1drdC

-/ T/BW_O AF(y,¢) dydc

and, as a byproduct, we have AU(z,0) = 0. On the other hand, we calculate
T T—( T 27
0. U(z,T) = / Or {/ r2/ sin 1y F(x+rpb1,12),C) dwgdwldr} d¢
0 0 0 0

T T 2
- / (r—0)? / singy [ Flo+ (r— ) p(tr, da), €) dibadpydC
0 0 0

and hence 0,U(z,0) = 0. To deal with 92U, we notice the fact that p(i1,12) coincides with
the unit outward normal vector v(y) at y = x + (7 — () p(11,2) to obtain

T T 27
02U (2, 7) = / af{v—o? / s | F<x+(r—op(wl,w,odwzdwl}dc
T T 27
—2 / (r—¢) / singy [ Flo+ (r— ) p(r, d2), €) dipadprdC
0 0 0

T T 27
4 / (r— () / sind [ VE(e+ (1 — O plr, o), ©) - plibr, o) dibadipnd
0 0 0

T 1 T
—2 /0 F(y, ¢)dodc + /0 /8 o VE0.0) ot

T — C B3 (x,7—()
Vs [ [ AR = V(e + AU
0J Bs(z,7—C)
or equivalently
OU(z,7) =V(z,7), (4.13)
where we utilize the polar coordinate transformation y = x+ (7 —¢) p(¢n, 12) for y € 0Bs(x, 7 —
¢) in the third equality and apply Green’s formula in the fourth equality. Here do stands for
the surface infinitesimal, and we write

1

T = C B3 (z,7—()

V(z,7) = 2/ Ve, 7;0)d¢, V(z,75¢) = F(z,¢)dy. (4.14)
0

Regarding ¢ > 0 as a fixed parameter, we observe that \7( -, +;¢) takes the form of Poisson’s

formula for the Cauchy problem of the three-dimensional wave equation (see [27]), that is,

V(-, -; () satisfies

D‘/}(QJ,T;C)ZO (x eR3 7>(),
V(2,750 |r=c =0, 8, V(2,7:()|r=¢c = 4m F(2,{) (2 €R?).
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Consequently, it follows from Duhamel’s principle that V' still satisfies a wave equation

{DV(x,T) =8rF(z,7) (z€R% 7>0), (4.15)

V(z,0)=0,V(z,0) =0 (zeR3).
Together with (4.13), we obtain
02U (x,0) = AU (x,0) + V(x,0) = 0.
Similar calculations indicate 9, AU (x,0) = 0 and thus
03U (x,0) = 0, AU(x,0) 4+ 9,V (z,0) = 0.
Therefore, the combination of (4.13), (4.15) and the above initial conditions implies

U(z, R7(7))
p(R=1(7))

Finally, the double hyperbolic system (4.2) for v immediately follows from (4.16) and repeated
uses of the relation (4.12). O

where F(z,7) = (4.16)

02U (z,7) =87 F(z,7) (z €R3, 7>0),
0LU(x,0) =0, (xeR3 £=0,1,2,3),

In the above proof, it is readily seen that arguments based on the auxiliary functions U
defined in (4.11) and V introduced in (4.14) are more convenient than that based on the
original w in (4.1). Correspondingly, instead of the system (4.3) for w, it suffices to investigate
the following two initial-boundary value problems

OU(z,7) =V(x,71) (x e, 0<7 <R,
U(z,0) =0.U(z,0) =0 (z€Q), (4.17)
0, U(z,7) =0 (z €0, 0 <7< R(T))

and
OV(x,7) = f(x) H(zx,7) (x€Q, 0<7 < R(T)),
V(z,0) =0, V(2,00=0 (z€Q), (4.18)
OV(x,7)=0 (x €0, 0 <7< R(T)),

where

Ho,r) o B9 R
p(R=(7))
Actually, provided that the growth speed p is sufficiently smooth (e.g., p satisfies (4.4)), all the
properties of w and U can be mutually converted according to the relation (4.10). It will soon
be witnessed that the arguments can be greatly simplified by using (4.17)—(4.18).
To investigate the solvability and stability of (4.3), we first recall the classical well-posedness
result for the following initial-boundary value problem

Zw—Aw=G inQx(0,T],
w=a, w=>=b inQ x {0}, (4.19)
d,w=0 on 02 x (0,T].

Lemma 4.1 (see Lions and Magenes [47]) Let k = 1,2,.... Assume that 0Q is of C**!
class, G € HF"1(Q x (0,7)), a € H*(Q), b € H*1(Q), and the k-th order compatibility
condition is satisfied on 9Q x {0}. Then there is a unique solution w to the system (4.19)
such that w € C([0,T); H*(Q)) N C*([0,T]; H*=()). Moreover, there exists a constant C =
C(2,T) > 0 such that

lwlleqor:mr @) + 10wl eqo,m a1 < C (IGlme-1@xo,ry) + lallme@) + [1bllm-1(0)) -
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Based on the above lemma, it is straightforward to establish the well-posedness result for
the initial-boundary value problem (4.3).

Proof of Proposition 4.2. In this proof, C' > 0 denotes a generic constant dependent at most
on 2, T and p, which may change line by line. As was mentioned before, instead of the system
(4.3) for w, it suffices to study systems (4.17)-(4.18) to deduce

3

S MU lerqo,rerysms-—r@) < ClIE 2@ lH |12 0,m¢my:L5 () - (4.20)
k=1

In fact, by the relation (4.10), we formally calculate

AVOFu(x,t) = p*(t) 910~ U (x, R(t)), k=01, |y| <2,
07 0Fu(x,t) = p*(t) 0702U (z, R(t)) + p' () 070, U (x, R(t)), |y <1, (4.21)
ulw,t) = p(t) B2U (w, R(1)) + 3p(t)p' (1) 02U (2, R(1)) + p" (1) 0, U (w, R(1)).

As long as the estimate (4.20) is verified, it follows from the above relations that for 0 < ¢ < T,

0Fu(- )| a2y < CIORU (-, R()] 2y, k= 0,1,

. koo (4.22)
10Fu( -, )| ms-r 0y < C Y NOLU (-, RO ms-r(ays k= 2,3

j=1
On the other hand, since p is sufficiently smooth and strictly positive, by definition we have
H € HY(0,R(T); L>(9)) and
[ H || 10, R(T);2(2)) < Cllgllm 0,750 () (4.23)

Therefore, the combination of (4.20)—(4.23) yields (4.5) immediately.

Now we turn to systems (4.18) and (4.17) subsequently. Since f H € L*(Q x (0, R(T))),
by taking k = 1 in Lemma 4.1 we see V € C([0,R(T)]; HX(Q)) n C([0, R(T)]; L*(Q)) C
HY(Q x (0,R(T))), and

VIl @x0,rery) < C (IVlleqo,rerysa @) + 1Vl qo.remz2c)
< C|If Hll2(ax 0,51 < Cllfllzz 1H | 200, r(T); L (90)) (4.24)

Next we consider V := 8.V, whose governing system is easily derived from (4.18) that

Ov = fo.H in Q x (0, R(T))],
V=0,0.V=fH(-,0) inQx{0},
8,V =0 on 99 x (0, R(T)).

As fO,H € L?>(Q x (0,R(T))) and f H(-,0) € L?(Q2), we apply Lemma 4.1 again with & = 1
to conclude V e C([0, R(T)]; HX(2)) N C*([0, R(T)]; L2(Q)) € H(Q x (0, R(T))) and

18Vl i1 o 0,y = IVl x 0,00y < C (1 0= Hll L2 0,r¢ryy) + I H(-,0)l|£2(6))
< Ol fll2 1H | 1 (0, r(T): Lo (92)) - (4.25)

Especially, we obtain

102V oo, reryzzc)y < Cl ez |1 H a0, mer); Lo 0))- (4.26)
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In view of the system (4.17), V € H1(Q x (0, R(T))) acts as the source term. Therefore,
now the application of Lemma 4.1 with & = 2 indicates U € C([0, R(T)]; H*(Q2)) and, along
with (4.24),

1Ullctio,reryiaz ) < ClIV I @xo,rery) < Cllf 2@l H 20, rir): @) - (4.27)
Further, we introduce U := 0,U and consider its governing system

OU =8,V =V inQx(0,R(T),
U=08,U=0 in Q x {0},
0,U =0 on 9Q x (0, R(T)).

Similarly, by applying Lemma 4.1 again with £ = 2 and using (4.25), we obtain 0,U = Ue
C([0, R(T)J; H2(©)) and

10-Ullcqo,rerystz@) < ClIVIIa @xo,rery)) < Cllflz@) 1H 120, Ry @) (4.28)
Finally, we take higher time derivative U= BTﬁ and consider

OU =0,V indQ x (0, R(T)],
U=0.U=0 inQx {0},
8,0 =0 on 9Q x (0, R(T)],

where 9,V € L2(Q x (0, R(T))) by (4.25). Consequently, Lemma 4.1 with k¥ = 1 implies
07U =U € C([0, R(T)}; H()) N C*([0, R(T)]; L*(2)) and
102U | to, meryys ) + 103U llon o, meryizzca < ClO-V L2 o,rery)
SOl M H |5 0,r(T)in () (4:29)
Collecting the estimates (4.27)-(4.29), we obtain (4.20) and the proof is finished. O

4.3 Proof of Theorem 4.1

This section is devoted to the proof of Theorem 4.1 which is the key focus of this chapter.
The main ingredient for the global Lipschitz stability (i.e. the second inequality in (4.7)) is the
following Carleman estimate, which is a simplified version of [31, Proposition 2.1] (see also [30]).

Lemma 4.2 Let 9Q be of C? class and assumption (4.6) be satisfied with fized xo,w and
T. Define the weight function o(x,t) with a parameter A > 0 as

o(z,t) ==exp{A(lz —zo|> — Bt*)}, where 0 < B < 1. (4.30)

Then there exists N\g > 0 such that for all A > Ao, there exist & = &o(N\) and a constant
C = C(&, Mo, Q,x0,w, T, g,p) > 0 such that

T T
/ / € (|opw]® + |[Vw]? + £2w?) e*¥ dadt < C/ / |02w — Awl|? e*¢ dadt
-rJo ~-rJo

T
+ C/ / € (|10w]? + E2w?) e dadt  (4.31)
—TJw
for all € > &y, where w satisfies

Zw— Aw e L*(Q x (=T,T)), we HY(Qx (=T,T)),
w=0w=0 in Q x {£T}, (4.32)
dyw =0 on 00 x (=T,T).
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Applying the above lemma with another a priori estimate to some suitably chosen auxiliary
functions, we are able to prove Theorem 4.1 in a similar methodology to the proof of [31,
Theorem 3.1].

Proof of Theorem 4.1. We divide the proof into five steps.
Step 1. We first show the first inequality of (4.7), that is,

3
D = |[0fu — p*0F Al L2(wx 0,1y + 100l L2 0. 7312(w)) + Y 10Full L2wx 0.y < CllflL2cy-
k=2
In this step, C' > 0 denotes a generic constant dependent at most on Q,7, g and p. Except of
the term dfu — p?0? Au, a direct application of Proposition 4.2 indicates

3 3
[0sull 20,752 (w)) + Z 10 ull L2(wx (0.1)) < CZ lull o o,77, 13-+ )y < Cllfllz2(0)-
k=2 =1

To treat dfu — p?d2 Au, we perform a further formal calculation on the basis of (4.21) to find

0fu(x,t) = p*(t) 07U (w, R(t)) + 6p°(1)p' (1) 02U (w, R(t))
+ {30/ (1)* +4p(t)p" (1)} O2U (2, R(1)) + p" () 0:U (, R(t)),

Together with the expression of 92/Au, we estimate

0w — p*07 Aul| 2w x 0,1)) < ClOFu — p*0F Aull e (0,77 12(02))

3
<C <|53V|c<[o,R<T>};L2<Q>> +y |U|Ck<[o,R<T>1;H3—k<n>>>
k=1

< Ol fllz2(0),

where the last inequality follows from (4.26) and (4.20).
Step 2. For the second inequality in (4.7), from the viewpoint of the equivalent systems
(4.17)—(4.18) for U and V, it suffices to show

[ fllz2@) <C D,  where D* := |02V |72 x 0, r¢ry)) T 107V 172 (0% (0,R(7)))- (4.33)

In fact, similarly to (4.21), we can represent 92V and 0,V in terms of p,u and their higher
order derivatives, enabling the dominance of D by D.

In order to utilize the Carleman estimate (4.31) to verify (4.33), several preparations are
required to fit into the framework of Lemma 4.2. Since the negative time is involved in Lemma
4.2 and the initial value of V' vanishes up to its first derivative in 7, we perform even extensions to
V and H so that the governing system (4.18) still holds in Q x (—R(T), R(T')). For convenience,
we still denote the extended functions as V' and H respectively. Simultaneously, the observation
data in w x (0, R(T)) are also duplicated into w x (—=R(T), R(T)).

On the other hand, noting that the initial/terminate condition in (4.32) is not satisfied in
general, it is necessary to introduce a cutoff function in 7, and we proceed as follows. According
to assumption (4.6), R(T) is strictly larger than sup,cq |z — zo|, which allows a delicate choice
of B € (0,1) such that /8 R(T) > sup,cq |z — xo|. By definition (4.30) of the weight function,
this indicates

o(z, £R(T)) = exp {\ (|z — 20|* = BR*(T))} <1, VzeQ.
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Due to the continuity of ¢, the above fact implies that for any € > 0 satisfying ¢ < 1 —
Sup,cq ¢(x, £R(T)), there exists § = () > 0 such that

o(x,7) <1—¢, V(z,|7|) € Qx[R(T)— 26, R(T)]. (4.34)
Fixing the above € and 0, we define a cutoff function n € C§°([—R(T'), R(T')]) such that

1, |T| < R(T) - 267

0, R(T)—0d<|r| <R(T). (4.35)

0<n<l, n(T)Z{

Since the choice of § depends only on Q, z¢,w, T, g and p, we can suitably specify 1 such that
7’ and 1" are bounded by a constant depending only on the above factors. Figure 4.1 provides
an intuitional graph of the relation of (-, 7) and (7).

o(x,7)

R —RT) 72 To BT =2 BT

Figure 4.1: The profile of ¢(z,7) for some x € Q and the choice of a cutoff function n(7) with
a suitable 5.

Step 3. Henceforth, C' > 0 denotes a generic constant dependent at most on A\, Q, zg,w, T, g
and p but independent of &£, which may change line by line. For simplicity, we abbreviate
Q := Q@ x (=R(T), R(T)). N

Now we have collected all the necessities to apply Lemma 4.2 to W := 1 9, V', which satisfies

OW =F:=nfo,H+20 0%V +1"8,V inQ,

W=0,W =0 in Q x {£R(T)},
W =0, 0,W = f H(-,0) in Q x {0}, (4.36)
8,W =0 on 9Q x (—R(T), R(T)).

Since 8,V € H'(Q) by the a priori estimate (4.25), we see F' € L%(Q) and thus W € H'(Q)
again by applying Lemma 4.1. Now that all the conditions in (4.32) are fulfilled, the application
of Lemma 4.2 asserts that there exists Ao > 0 such that for all A > )¢, there exists {5 = {o(\)
and C' > 0 such that

I = / £ (J0-T + [V + €2 T772) €9 dadr < C (I + ;) for all € > &, where (437)
Q

I ::/ |Dﬁ//|2e2§“’dxdrz/ |F|? e%% dadr,
Q Q

R(T) N —

Iy = / / ¢ (|8TW|2 te WQ) %% dzdr.
—R(T)Jw

To deal with I, we take advantage of the definition (4.35) of 1 and the property (4.34) of ¢ to

estimate

R(T)—5

I < C/ |n f 0, H|?e*¢ dazdr + C / (I 2V + " 0-V|?) e*% dzdr
Q Q

R(T)—26
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R(T)—6
< O/ |f 0-H|?e®% dzdr 4+ C / (|02V 2 +10,V|?) e*¥ dadr
R(T)—26

< O 0.H 9|2, ) + C 202 / / (102V| + 0,V ]?) dedr

R(T)—26
< C||f 0-H e*||72(g) + C ™l 1_€)H8‘FVHH1(Q)
< C||f 0-H e | 22— nery.memyy) T C €| fll G2y for all € > &, (4.38)

where the last inequality follows from the a priori estimate (4.25) for 9; V. Similarly, we bound
I3 by using the definitions of ¢ and 7 that

R(T)
Ig<§3exp{2§sup<px 0) }/ / |0F W|2—|—W2) dxdr

R(T)
< ce05/ / (102V)? + 10, V|?) dadr = Ce““D? for all £ > &. (4.39)
0 w
Therefore, we collect the estimates (4.37)—(4.39) to conclude

L<C (HfaTHewH?mQ) + 20 112 ) + eC€E2) for all £ > &. (4.40)

Step 4. Next, we further introduce an auxiliary function W= Wes¥ = N0,V e, and
formally calculate

0, W = {a W+ € (8, )W}ew, VW = {VW-F&WV@}E}W,
W = {02W + 26 (9:0) 0, W + € (020 + € |0, pl) WheSe,  in @,
AW = {AW+2§W VW + € (Mg + £|Vel?) }ew
= (D, W) 5% 4+ £ (D, p) W 5% on 9Q x (=R(T), R(T)).

Along with the system (4.36) that W satisfies, we derive

OW = Fet® in @,

W=0,W=0 in Q x {£R(T)},

— —~ where
W =0, 0.W=fH(-,0)e5¢09 in Q x {0},

O,W =€ (0,0)W on 09 x (—R(T), R(T)),

Fi= F+2{(0:0) 0, W = Vip- VIV } + £ {Dp + € (10,01 — [V )} W.
Note that for a fixed A, such functions as ¢, d,¢, Vi and Oy are all bounded by a constant
independent of £&. With this observation and inequalities (4.38) and (4.40), we multiply 0, W
to OW and integrate in Q x (—R(T),0) to deduce
0
I ::2/ /(DW) O, W daxdr g/ |EF[|0, W] e dadr
Q
< / {|ﬁ| +og (|5TW| LIV + ¢ |W|)} (|aﬁ| +Ct |W|) % dzdr
Q

< / |F|? %% dzdT + c/ ¢ (|87W|2 + VW2 +¢2 WZ) P dadr = I+ CI;, (4.41)
Q Q

where the third inequality is obtained by, for example,

2|0, W||VW| < |0, W[+ [VW[2, 26|90, W|[W| < [0 W[* + €2 W2,
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On the other hand, by an integration by parts and the condition (4.4), we can also estimate
1, from below as

I =2 /OR /Q (aﬁW - AW) 8, W dadr

0
:/ o, </ |8TW|2dx) dT—|—2/ /vw V(0, W) dadr — I
—R(T) R(T)

0
= 0 () 3| R(T)+/R 8T</|VW|2dx)dT—I5

= 1 HC 00D By + IV D) Fage | ey
87r90er€sa( , ||L2(Q) Is, where I5 := 2/ (0, W Or W dodr. (4.42)
p(0) R(T)J o0

To deal with I5, we recall 9, W = £ (0up) W on 09 x (=R(T),0) and apply again integral by
parts and the trace theorem to obtain

15—25/ / (O,p) W 3Wdad7'—§/ / 9, (W?)drdo
R(T)J o o0

=¢ (/ (Ov) w2 da) / (0-0,9) W2 dodr
o0 T=—R(T) R(T)J o0

< CS/ HW ||L2 QQ d’T < Cg/ / |VW|2 + WQ) dl’dT

< Of/ / 2 |VW|2+§2|V<,0|2 WQ) —|—VT/2}e25‘Pda:d7'
R(T)JQ
0
< cg/ / (|VW|2 +¢& W2) ¢ dadr < O L. (4.43)
—R(T)J

Hence, collecting the estimates (4.41)—(4.43) and applying (4.38) and (4.40), we immediately
get
15 0O Ry < O (17 0-H 6 [[Zagy + X0 [ [2agq +c$5%)  (4.44)

for all £ > &.

Step 5. The final step aims at absorbing both terms including f on the right-hand side of
(4.44) into the left-hand side by choosing sufficiently large £ > &;. By definition (4.30), we see
¢(2,0) = exp (Az — z9|?) > 1 for all z € Q, indicating that e~ 5)||f||L2(Q is absorbable in
the sense that 260 5)||f||2 e25(1*€)|\f|\2

VL) oy RO (4.45)
5*00 | feSel: O)HL2(Q) §—o0 e2€HfH%2(Q)

Similarly, we treat || f 07 H e*?]|75 o) as
R(T)
HfaTHe5<P||%2(Q) _ / |f(33)|2 o28p(2,0) (/ 0, H (z, 7_)|2 e28(e(@,m)—¢(x,0)) d7-> dz
Q —R(T)

< [ 5@ e
Q

R(T) , N 2 [ _xga?
X |07 H (-, 7)||Foo e €xp § 26 eMF%01 (77T — 1) b dr| da
/_R(T) L= { ( )}
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R(T)

< ||few("0)|\%2(9)/ pe(t)dr,  where
—R(T)

pe(r) = |0 H (- )3y exp {CE (¢ 1)}, £> 60

It follows from 0. H € L*(—R(T), R(T); L>°(2)) that the sequence {i¢}esg, is dominated by
an integrable function ||0,H(-,7)||% . () Meanwhile, it is readily seen that {yc} vanishes
pointwisely except for 7 = 0 as & — oo. These allow the usage of Lebesgue’s dominated
convergence theorem to absorb

\|fo-H eWHQLQ(Q) R(T)

lim < lim pe(T)dr = 0. (4.46)
§—o0 ||fe§<p(-,0)||%2(ﬂ) §€=00 J_R(T) :

Since C' > 0 in the estimate (4.44) is independent of &, (4.45)—(4.46) guarantee a constant
& > &o such that

_ 1 .
C (150, H e#1ag) + 0| f 320y ) < 5150 V22
for all £ > &, and consequently
1£172) < 1F 520032y < Ce“D? forall £ > &

The verification of inequality (4.33) is completed by fixing any £ > &; in the above estimate,
which ends the proof. |

4.4 TIteration thresholding algorithm

In this section, we concentrate on the development of an efficient iterative thresholding
algorithm for the numerical treatment of Problem 4.1 by using an appropriate backward system
of (4.3). The derivation of the main algorithm essentially proceeds parallelly as that in Section
3.3. For simplicity, we only handle the case of a unit growth speed p(t) = 1 because the
discussion on p is not the main concentration of this chapter, and such a simplification will not
affect the generality. For clarification, we formulate

(02 — AN)u(z,t) = f(x) h(z,t) (z€Q, 0<t<T),
u(f) 4 Ofu(z,0) =0 (ref, £=0,1,2,3), (4.47)
Opu(z,t) = 0, Au(z,t) =0 (xed, 0<t<T),

where f € L?(Q) and h € H'(0,T; L>(2)) by assumption (4.4). Here we write the solution
as u(f) to emphasize its dependency upon f. For later use, first we give a definition of the
generalized solution to (4.47).

Definition 4.1 Let f € L?(Q2) and h € L*(0,T; L>=(Q)). We say that u(f) € H>(Qx(0,T))
is a generalized solution to problem (4.47) it u(f) = Owu(f) = 0 in Q@ x {0}, dyu(f) =0 on
00 x (0,T), and it satisfies

/OT/Q (07u(f) — Dulf)) (072 — Az) dadt = /OT/Q Fhzdadt

for any test function z € H2(Qx (0,T)) with z = 0z = 0 in Ox{T} and 8,z = 0 on 9N x (0, T).
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The above definition of the generalized solution is easily understood by applying integration
by parts to sufficiently smooth solutions, and it is also in accordance with the classical well-
posedness result (see Lemma 4.1). Actually, by a similar reasoning as that for Proposition 4.2,
one can show that u(f) € H%(Q x (0,T)) automatically holds, and the unspecified initial and
boundary conditions are also satisfied in the sense of distributions. On the other hand, since
we require h € H(0,T; L>°(Q)) for the theoretical stability, Definition 4.1 is definitely valid in
our setting.

Henceforth, we specify fiue € L?(Q) as the true solution to Problem 4.1. By u® we denote
the noise contaminated observation data in w x (0, T) satisfying [[u® — u(firue)|| L2(wx (0,7)) < 6,
where & stands for the noise level. To avoid ambiguity, we interpret u® = 0 out of w x (0,7) so
that u9 is well-defined throughout Q x (0, 7).

As many of the numerical treatments for ill-posed problems with measurement errors, now
we reformulate Problem 4.1 as the following minimization problem with a Tikhonov regulariza-
tion

1 R 512 2
feHng(lQ) S, J) = llu(f) —u HL2(wx(0,T)) + a||f||L2(Q)7 (4.48)

where o > 0 is the regularization parameter. As usual, first we investigate the Fréchet derivative
J'(f) of J(f) at the direction f € L%(Q) to find

—2// (f)f)dxdt+2a/ffdx
:/O/w(u(f)—u) (f)dxdt+2a/ffdx (4.49)

Here v/(f)f denotes the Fréchet derivative of u(f) in the direction f, and the linearity of (4.47)
with respect to the source term immediately yields
€

e—0

Obviously, it is extremely expensive to use (4. 49) directly to evaluate .J "(f)f for all f € L2(Q),
since one should solve the system (4.47) for u(f) with f varying in L2() in the computation
for a single fixed f.

In order to reduce the computational costs in evaluating the Fréchet derivatives, we introduce
the adjoint system of (4.47) for Problem 4.1, that is, the following backward terminate-boundary
value problem

(07 — A%z = X0 (u(f) —ud) inQx[0,T),
2(f)§0fz=0 (£=0,1,2,3) in Q x {T}, (4.50)
O,z =0,Nz=0 on 002 x [0,T),

where x,, denotes the characterization function of w. The generalized solution to (4.50) is
similarly defined as that in Definition 4.1. In fact, since x., (u(f) —u’) € L*(Q x (0,T)), it is
readily seen that z(f) € H2(Q x (0,T)). Therefore, for f, f € L%(Q), we use z(f) and u(f) as
mutual test functions for each other to further treat the first term in (4.49) as

/OT/W (U(f)—u5)u(f)dxdt:/T/ . (u(f)—u‘s)U(f)dxdt

= [ [ @20~ 5200 (32 ~ b)) awar

//fhz £) dadt, (4.51)
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~ T ~
J’(f)f:2/ﬂ</0 hz(f)dt—i—af)fdx.

Since fis arbitrarily chosen in L?(£2), the above observation suggests a characterization of the

solution to the minimization problem (4.48).

indicating

Lemma 4.3 f* € L?() is the minimizer of the functional J(f) in (4.48) only if it satisfies

the Euler equation
/Thz(f*)dt+ocf*:0, (4.52)
where z(f*) solves the backward sysgem (4.50) with the coefficient f*.
To solve the nonlinear equation (4.52), one may employ the iteration

K 1

ferl:K—i—ozfm_K—i—oz

T
/ h2(fm)dt, (4.53)
0

where K > 0 is a tuning parameter acting as a weight between the previous and current steps.

It turns out that the convergence of the above iteration relies on the choice of K. To this end,
we notice the fact that (4.53) in principle coincides with the iterative thresholding algorithm,
which can be deduced from the minimization problem of a surrogate functional (see, e.g., [22]).
Actually, fixing ]76 L?(2), we introduce a surrogate functional J*(f, ]7) of J(f) as

T F) = T + KN = e = Iulf) = w2 o.m)-
For the positivity of J*, there should hold K||f||%2(9) > ||u(f)||%2(w><(07T)) for all f € L?(Q).
This is achieved by taking any
A:L2(Q) = L?(w x (0,7)),
K > ||A||?, where ) ( 1) (4.54)
[ u(f)|w><(O,T)-

The boundedness of the linear operator A immediately follows from Proposition 4.2. Hence,
there holds

I =T ) ST, Y el?(9)
and thus J*(f, f) can be regarded as a small perturbation of J(f) when f is chose to f. On
the other hand, we see from (4.51) that

~ T ~ ~
Ty =2 [ ut) () = o) dodt 4 o B egoimy = BlDl ooy
+allfls + KN = Pl
f12 2 Z/T/fh (f) dzdt
=K|f— 2 2 z T
1f = fllZ2) + el Fllz2@) + o

- ||u(f)||%2(w><(0,T)) + Hu6||%2(w><(07T))
T
=<K+a>||f||%2m)—2/9f(Kf—/ hZ(f)dt> dr
0

+ K| f ||2L2(Q) - ||U(f)||%2(wx(o,:r)) + ||U6||2L2(wx(0,T))'
Since this is a quadratic form with respect to f when u® and fare fixed, we conclude

K -~ 1

T
argmin J*(f, f) = — / hz(f)dt.
xguin (1.1 = g T = g [ he)
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Consequently, the iterative update (4.53) is equivalent to solving the minimization problem
minger2(q) J°(f, f) with ]7: fm- Moreover, the convergence of this iteration was proven in [22]
for any bounded linear operator A, provided that the constant K > 0 is chosen according to
condition (4.54).

Now we are ready to state the main algorithm for the numerical reconstruction.

Algorithm 4.1 Choose a tolerance € > 0, a regularization parameter o > 0 and a tuning
parameter K > 0 according to (4.54). Give an initial guess fo, and set m = 0.

1. Compute fm+1 by the iterative update (4.53).

2. If | frs1 = fllz2) /| fmllL2) < €, stop the iteration. Otherwise, update m < m + 1
and return to Step 1.

It reveals that at each step in the iteration, it suffices to solve the forward system (4.47) once
for u(fy,) and the backward system (4.50) once for z(f,,) subsequently, which only involves
the computational costs for solving four wave equations. Therefore, the implementation of
Algorithm 4.1 is easy and time-saving. As will be shown in many numerical experiments in the
next section, the purposed algorithm is also considerably efficient and accurate even for three
spatial dimensions.

We summarize this section by stating the convergence result concerning Algorithm 4.1,
which is a direct application of [22, Theorem 3.1].

Lemma 4.4 Let K > 0 be a constant satisfying condition (4.54), and o > 0 be a suitably
chosen regularization parameter. Then for any fo € L*(Q), the sequence {fm}5°_, generated
by the iteration (4.53) converges strongly to the solution of the minimization problem (4.48).

4.5 Numerical experiments

Now we are well prepared to apply the iterative thresholding algorithm developed in the
previous section to the numerical treatment for Problem 4.1. Although the double hyperbolic
equation was derived from the three-dimensional time cone model, we are also interested in
implementing several examples in lower spatial dimensions in order to observe the numerical
performances, because Algorithm 4.1 itself is independent of dimensions.

On the basis of the governing equation (4.47), we assign the general settings of the recon-
struction as follows. Without lose of generality, we set Q = (0,1)? (d = 1,2, 3), and the duration
is basically taken as T' = 1. Nevertheless, considering assumption (4.6) for the theoretical sta-
bility, sometimes we may enlarge T with respect to the choices of w to guarantee a reasonable
reconstruction. Although the difference between the noiseless data u(firue) and the actually
observed data u’ was evaluated in the L?(w x (0,T))-norm in Section 4.4, here for simplicity
we produce u° by adding uniform random noises to u( firue), i-e.

u’ (x,t) = u( forue) (2, 1) + drand(—1,1), Vaz €w, Vt € (0,7T),

where rand(—1, 1) denotes the uniformly distributed random number in [—1,1], and § > 0 is
the noise level. Here we choose § as a certain portion of the amplitude of the true solution,
namely

0 :=00 max |u(firue)|, 0 <o < 1.
Qx[0,7]

Regarding the parameters involved in Algorithm 4.1, we take & = 1% dg as the stopping criteria,
and « = 6% as the regularization parameter. The choice of « is based on repeated experiments,
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which mostly leads to accurate results. We will always take constant initial guesses fo, which
are usually rather inaccurate in our numerical tests. Finally, the tuning parameter K > 0 will
be selected according to the size of w, the duration 7', and the known component h(z,t) of the
source term.

We briefly mention the numerical discretization for solving the forward system (4.3) and
the backward system (4.50) at each step of the iteration (4.53). Similarly to (4.17)—(4.18), we
define v := 9?u — Au and deal with two wave equations with respect to u and v instead of
(4.47). In our implementations, we employ the von Neumann scheme for the one-dimensional
case, and the alternating direction implicit (ADI) method for two- and three-dimensional cases
(see [28,45]). For instance, in case of d = 3, we work on the equidistant grids

vt =ab=ak=iAr (i=0,1,...,N.), t,=nAt(n=0,1,...,Ny)

with N, Az = 1 and Ny At = T, where Az and At are the step lengths in space and time
respectively. Introducing the ratio x := (At/Az)? and the difference operators
52wk = :’;rlu’,k — ik i Lk
52 ik gLk g ik | gLk
’I’L n n Y
2 gk . 00 k1 .5,k i,5,k—1
6z3wnj E w:LJ - 2w’7;LJ + w:LJ )
we discretize the time evolution of the governing equation in (4.47) as
i,j,k i g,k ik K o2 i,j,k k .k 2 2 .k
U:Lil/g = 2v M oty = Z‘Swl (”2111/34'2”” +u,Z e ) "’"(5 + 0z ) W

+ At? f(leﬂ !E‘g, xlg) h(xlia x%a xlgatn)a

”215/3 - ”ﬁi]f/:a 52 ( 71715/3 — 20k oy el k) )
Ut = 0 = —52 (b2t - 207% 4+ 0}21)
u;ilf/B —2u! ’Jk—|—u ’Jk = 1521 (uZiT/B—l—Zu”k—Fu Jk) +I€(52 —|—52 ) i3,k
+ At2 ik,
Wy~ = T 0%, (il s — 2ul ),
wh =, = 52 (ubh = 20+ uf2h) |
where 7k and viIF stand for approximations of u(z?, x5, 2%, t,) and v(z}, 23, 25, t,) respec-

.3,k .5,k
n+1/3 “n+2/37
is discretized in the same manner. It turns out that the ADI method performs efficiently even

tively, and u etc. denote some intermediate values. The backward system (4.50)
in the three-dimensional case: it takes less than 3 seconds for a problem of 403 x 40 scale.
On the other hand, the involved integrals in (4.53) are simply approximated by the composite
trapezoid rule.

In the following, we shall test the reconstruction method by a lot of test examples in one,
two and three spatial dimensions. Other than the illustrative figures, we mainly evaluate the
numerical performances by the number M of iterations, the relative L? error

”fM - ftrue||L2(Q)

||ftrue||L2(Q)

err (=

and the elapsed time, where fj; is understood as the numerical solution to Problem 4.1.
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4.5.1 One- and two-dimensional examples

We start from the one-dimensional case, where we set a step length of 1/100 for both space
and time. We will choose such observable subdomains w that cover the boundary of the whole
domain, namely dw D 09 = {0,1}. In this case, it is readily seen that taking 7' = 1 is enough
to validate assumption (4.6). On the other hand, we always take h(z,t) = 2++¢, which is strictly
isolated from zero at t = 0 and hence satisfies assumption (4.4).

Example 4.1 In this example, we fix firue(z) = 1 — cos(mx) and the initial guess fo = 1.
We carry out numerical tests with different combinations of the noise level § and the thickness
of w to see their influences on the stability of reconstructions. First, we fix w = Q\ [0.1,0.9]
and enlarge the noise levels from 1%, 2%, 4% to 8% of the amplitude of u( fi;ue). Next, we fix
do = 8% and shrink the size of w from 2\ [0.2,0.8] to 2\ [0.05,0.95]. The choices of parameters
in the tests and corresponding numerical performances are listed in Table 4.1. For a better
understanding of the reconstructions, we visualize several representative examples in Table 4.1
to compare the true solution with the recovered ones in Figure 4.2.

Table 4.1: Parameter settings and the corresponding numerical performances in Example 4.1
under various combinations of noise levels and observable subdomains.

) w K M err elapsed time | illustration
1%  ©\[0.1,0.9] 1.5x107%* [ 9 0.22% 0.56's Figure 4.2(a)
2%  Q\]0.1,0.9] 1.5x107* | 8 0.25% 0.49s

4%  Q\[0.1,09] 15x107*| 8 0.36% 0.47s

8% 2\ [0.1,0.9] 1.5x1074 | 7 0.8™% 0.43s

8%  2\10.2,0.8] 4x107% [ 11 0.48% 0.59s

8% Q\ [0.05,0.95] 10~* 11 2.01% 0.62s Figure 4.2(b)

(&) (b)
* Reconstructio

= = =True Solution
* Reconstructio

Figure 4.2: Illustrations of the true solution and several representative reconstructed solutions in
Example 4.1 with various combinations of noise levels and observable subdomains. (a) dp = 1%,
w=0Q\1[0.1,0.9]. (b) o = 8%, w =\ [0.05,0.95].

Remarkably, Example 4.1 suggests a strong robustness of Algorithm 4.1 against the mea-
surement error. In fact, one can easily observe from the first part of Table 4.1 that the relative
errors of the numerical solutions only increase moderately as the noise levels are doubled. Con-
sidering the appearance of approximation errors at various procedures in the algorithm, relative
errors less than 1% in numerical reconstructions are more than satisfactory in view of the ill-
posedness of Problem 4.1. As was explained in Subsection 3.4.1 where a similar algorithm
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for single hyperbolic equations was studied, this phenomenon results from the tendency that
u(f)|wx(o,r) takes an averaged state of u® in a sense that the difference can be minimized.
Consequently, as long as the observation data keep oscillating around u( fi;ue), the algorithm is
insensitive to the noise level to a certain extent.

In contrast, the reconstructions appear more sensitive to the smallness of the observable
subdomains w than to the measurement error. This can be witnessed from the second part of
Table 4.1, which obviously comes from the limited information captured in w.

Here we emphasize that a delicate choice of the tuning parameter K is crucial to the conver-
gence speed. Although Lemma 4.4 ensures the convergence by taking sufficiently large K > 0, a
critical choice of K according to (4.54) can considerably accelerate the iteration (4.53). However,
to this end one should give a sharp estimate for the operator norm of A defined in (4.54), which
is impossible in general. Throughout this section, K are adjusted by repeated experiments to
achieve fast convergence and accurate results.

Thanks to the robustness of Algorithm 4.1 against the measurement error, henceforth the
noise level will be taken as 5% of the amplitude of u(firue) in all examples.

Example 4.2 Now we investigate the influence of the properties of the true solution fiyye
upon the numerical performance of Algorithm 4.1. More precisely, we fix w = Q \ [0.1,0.9],
and select () fi2o(@) = 7, (b) filue(@) = sin(mz) +, (¢) () = 1 — cos(2ma)/2 or (d)
fd.o(®) = |22 — 1]. Correspondingly, we set K = 10~*. Comparisons of the true solutions
with the reconstructed ones are shown in Figure 4.3. The numbers M of iterations and relative
errors are collected in Table 4.2.

(a)
= = =True Solution R
-9r|_* Reconstructiol e 3
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0. e B r = = = True Solution
o? G + Reconstructiol
o . . . . o . . . T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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(c) (d)
1. T T 1 T r
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& % £
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Figure 4.3: Tllustrations of the true solutions and the corresponding reconstructions in Example

?22 (a'l)| ft?ue(x) = . (b) ft?ue(x) = sin(mc) + . (C) ft(;ue(x) =1- COS(27T$)/2. (d) ftgue(x) =
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Table 4.2: Numerical performances of the reconstructions in Example 4.2 with various choices
of true solutions.

frrue() fo | M err illustration

x 1/2 | 20 6.16% | Figure 4.3(
sin(rx) + x 5 | 54 5.38% | Figure 4.3(
1—cos(2mz)/2 5 | 34 2.51% | Figure 4.3(
|22 — 1] -2 169 7.91% | Figure 4.3(

The last three lines of Table 4.2 suggest the delicacy in selecting the initial guess fo. Actually,
for the reconstructions of f ., £, and £ ., we adopt such initial guesses that are quite
separated from the true solutions. As is shown in Figure 4.3(b)—(d), these true solutions achieve
maximum (minimum) inside €2, and repeated experiments indicate that only an initial guess
strictly larger than the maximum (smaller than the minimum) can yield reasonable result.
This reveals the possible existence of local minimizers to which the iteration may converge with
different initial guesses.

Next, it appears in Figures 4.2 and 4.3 that the normal derivatives of the reconstructed
solutions vanish on the boundary. In fact, since fy is always taken as constant, by induction
we see from (4.53) that

K 1
81/ m "
K+« / K+«

T
8l/frn+1 - / hayZ(fm) dt=0 on 89
0

because 0,z(fm)loax,r) = 0 and h is chosen as z-independent. This may lead to certain
divergence of the reconstruction from the true solution near the boundary, which is extremely
obvious in Figure 4.3(a)—(b).

Finally, we also find a strong smoothing property of Algorithm 4.1. According to the reg-
ularity result in Proposition 4.2, one can expect an H3({)-regularity throughout the iteration
(4.53) provided that the initial guess fo and the known component h of the source term are suffi-
ciently smooth. Such an increased smoothness, however, prevents us from proper identifications
of non-smooth true solutions (see Figure 4.3(d)).

Now we turn to the two-dimensional case, where we set the mesh size in time and space
as 1/80. Without lose of generality, we always generate the subdomain w by removing a
closed rectangle in Q = (0,1)? whose edges are parallel to the coordinate axes. Due to the
geometry condition for the reconstruction, dw should include at least two adjacent edges of 02.
Meanwhile, although assumption (4.6) asserts that 7' > diam(2 \ @) is necessary, numerical
experiments demonstrates that taking 7' = 1 works in most instances.

Example 4.3 In this example, we fix h(z,t) = 1 + ¢ and consider the reconstruction of
ftrue() = ferue(@1,22) = 1 — cos(maq) cos(maz).
First, we fix the initial guess as fo = 1 and test the algorithm with the subdomains
w=02\1[0.2,087 w=2\[0.1,097 w=\[0.050.957 w=Q\][0.1,0.9] x [0,0.9].

In the first three choices, we keep the coverage dw D 02 and reduce the thickness of w from 0.2,
0.1 to 0.05. The last choice of w, however, only covers 3 edges of 9€2. The settings of w and K as
well as the corresponding numerical performances are listed in Table 4.3. As a representative,
the surface plot of the reconstructed solution with w = Q\ [0.05,0.95]? is illustrated in Figure
4.4(a).
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Table 4.3: Several pairs of parameter settings and the corresponding numerical performances
in Example 4.3 under various choices of observable subdomains. Here we fix T'=1 and fy = 1.

w K M err elapsed time | illustration
0\ 0.2,0.8]2 85x 107" | 18 0.19% 9.77s
2\ [0.1,0.9]2 5x107° | 16  0.26% 9.01s
2\ 0.05,0.95) 3x107° |17 0.40% 9.99s Figure 4.4(a)
Q\ [0.1,0. ] [0,0.9] 45x107° | 18 1.14% 9.85s

Next, we further reduce the coverage of 92 and fix w = Q\ [0,0.9]? to see the influence of
the observing duration 7" and the initial guess fy. More precisely, we consider the following

three pairs
T=1, fo=1; T=13, f=1 and T=1, fo=0.

The choices of K and the corresponding numerical performances are collected in Table 4.4.
Especially, we display the reconstructed values at the corner = (0, 0) for further comparisons.

The surface plots of the reconstructed solutions are illustrated in Figure 4.4(b)—(d).

(a) (b)

Figure 4.4: Tlustrations of several representative reconstructed solutions in Example 4.3 with
different settings. (a) w = 2\ [0.05,0.95]%2, T =1, fo=1. (b) w=02\1[0,09% T =1, fo = 1.
() w=0\[0,09% T=13, fo=1. (d) w=0\[0,0.9% T =1, fo=0.

As expected, it is readily seen from Example 4.3 (especially Table 4.3) that in the two-
dimensional case, our algorithm mostly inherits the robustness, accuracy and efficiency observed
in its one-dimensional counterpart. Nevertheless, we discover the difference on the length T'. As
was mentioned before, assumption (4.6) requires 7' > diam(2 \ @) for the theoretical stability,
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Table 4.4: Several pairs of parameter settings and the corresponding numerical performances
in Example 4.3 with the observable subdomain w = Q\ [0, 0.9]%.

T fo K M err fa(0,0) | illustration
1T 1 4x107° | 145 18.33%  0.89 | Figure 4.4(b)
1.3 1 34x107%|202 8.92% 0.40 Figure 4.4(c)
1 0 4x107° | 71 577% 0.01 Figure 4.4(d)

which is not satisfied in most of our tests. However, all test examples in Table 4.3 show
surprisingly high accuracy of reconstructions, indicating a possibility that assumption (4.6) on
T is more than necessary.

Other than those similarities to the one-dimensional case, here we should emphasize that the
numerical performance depends more heavily on how much @ can cover 92 than its thickness.
Typically, we compare the relative errors and iteration steps for w = Q\ [0.05,0.95]? and
w=Q\[0,0.9% Although the areas of w are identical in both cases, that w covering only 2
edges of 09 yields much larger error and requires more steps until convergence. In detail, we
pay special attention on the uncovered corner x = (0,0), and it turns out that fa,(0,0) ~ 0.89.
One can also see clearly from Figure 4.4(b) that the numerical solution fj; fails to match with
ftrue near x = (0,0), though it seems much better elsewhere.

To treat the case of w = Q\ [0,0.9]?, we enlarge the observing duration according to
assumption (4.6) and set T' = 1.3 > diam(Q \ @). After performing the same reconstruction,
we find a great improvement in the numerical result, namely, the relatively error is remarkably
reduced, and especially fus(0,0) ~ 0.40 (see also Figure 4.4(c)). This supports the feasibility
of assumption (4.6) in some sense, that is, an adequate observing duration is required for the
distant information to reach w due to the finite propagation speed of wave.

In addition, we adjust the initial guess to see the importance of a priori information. We
take again T = 1 and set fy = 0, which matches well with fi.,c near the uncovered corner
z = (0,0). We conclude from Figure 4.4(d) and Table 4.4 that the corresponding numerical
performance is even better than that with 7' = 1.3 and fy = 1, and the iteration converges
faster. As one can imagine, the reconstructed value at x = (0,0) becomes extremely close to
the true value fir46(0,0) = 0.

4.5.2 Three-dimensional examples

Finally, we proceed to the reconstruction of the source term fi,e in three spatial dimensions.
To reduce the computational complexity, we enlarge the mesh size to 1/40 in time and space.
Similarly to the two-dimensional case, we generate the observable subdomain w by removing
a closed cube in 2 = (0,1)3 whose edges are parallel to the coordinate axes, and require dw
to include at least three mutually adjacent faces of 992 according to the geometry condition.
For simplicity, we fix T = 1 and h(x,t) = 1 + ¢. To visualize the three-variate functions
far(x1, e, x3), we will show 4 representative sections for each of them at x3 = 1/8, 3/8, 5/8
and 7/8.

Example 4.4 Consider the reconstruction of
Sirue(®) = firue(®1, 22, 23) = 1 — cos(mxy) cos(mxs) cos(mas).

As before, we test Algorithm 4.1 by choosing various w with different thicknesses and coverage
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of 00 as follows

w=0\[0.1,0973, w=0)\]0.050953 w=0\][0,0.95] x[0.05,0.95]?,
w=0Q\[0,0.95]* x [0.05,0.95], w =0\ [0,0.95]>.

Except for the choice of w = Q\ [0,0.9]3, we keep fo = 1 as the initial guess, whereas choose
fo =1 or fo =0 to test the influence of the initial guess in this critical case. The settings of
parameters and the corresponding numerical performances are listed in Table 4.5, and several
representative reconstructed solutions are illustrated in Figure 4.5. Especially, we note that for
w = Q\[0,0.9]3, the reconstructed value at the uncovered corner x = (0,0,0) with fo = 1 is
approximately 0.94 and, in contrast, that with fo = 0 yields fa,(0,0,0) ~ 0.02.

Table 4.5: Parameter settings and the corresponding numerical performances in Example 4.4
under various choices of observable subdomains and initial guesses.

w fo K M err elapsed time | illustration
Q\[0.1,0.93 1 6x10° |39 0.61% 237.31s
2\ [0.05,0.95 1 4x1075% | 41 0.76% 265.43 s
2\ [0,0.95] x [0.05,0.95]* 1 3x107°% | 37  0.91% 236.40s Figure 4.5(a)
2\ [0,0.95]% x [0.05,0.95] 1 28x107° |42 1.50% 264.755s Figure 4.5(b)
Q\ [0,0.95]3 1 27x107° |8 12.31% 551.36's Figure 4.5(c)
Q\ [0,0.95]3 0 27x107° |60 6.23% 387.91s Figure 4.5(d)

Example 4.5 Finally, we test our algorithm by selecting true solutions with different de-
grees of monotonicity as before. We choose

fiwe(@) = fio(@1, e, x3) = 1 — sinxy cos(maa) x3, (4.55)
ftkr’ue(;v) = ftkr’ue(xl,xg,xg) =1+exp <$1 —;—xg) sin a3, (4.56)
e (@) = fue(@1, 2, 23) = 1 — cos(mxy) x2 cos(2x3) (4.57)

and set w = Q\ [0,0.95]% x [0.05,0.95], K = 3 x 107°. Comparisons of the corresponding
sections of true solutions and the reconstructed ones are shown in Figure 4.6, and the numerical
performances are listed in Table 4.6.

Table 4.6: Numerical performances of the reconstructions in Example 4.5 for various choices of
true solutions.

Strue fo| M err illustration
fie (see (4.55)) 1 | 26 2.18% | Figure 4.6(al)—(a2)
fbo (see (4.56)) 2 | 28 3.31% | Figure 4.6(b1)-(h2)
fiéue (see (4.57)) 1 |29 3.62% | Figure 4.6(c1)—(c2)

(=)

Again, the iterative thresholding algorithm behaves almost identically in the above three-
dimensional examples as that in lower dimensional ones. Collecting the phenomena observed
in all the above examples, we evaluate the performance of Algorithm 4.1 as follows.

e Algorithm 4.1 processes strong robustness against the oscillating measurement errors.

e The convergence speed of Algorithm 4.1 depends heavily on a delicate choice of the tuning
parameter K.
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Frc(1,22.7/8)
fre(1,22.5/8)

S (@1, 22,3/8)
Sfr(z1,22,1/8)

fx (11-1'2~5/8)

Figure 4.5: Ilustrations of several representative reconstructed solutions in Example 4.4 with
various observable subdomains and initial guesses. (a) w = Q\ [0,0.95] x [0.05,0.95]2, fo = 1.
(b) w =2\ [0,0.95]% x [0.05,0.95], fo = 1. (c) w=Q\[0,0.95]3, fo=1. (d) w=Q\[0,0.95],
fo =0.
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fre (1, 22,1/8)

5/8)

(1,22

flx:(11~lz~ 1/8)

Figure 4.6: Ilustrations of the true solutions and the corresponding reconstructions in Example

4.5. (al) f2,. defined in (4.55). (a2) Reconstruction of f2,. (bl) f . defined in (4.56). (b2)
Reconstruction of f2 .. (c1) f,. defined in (4.57). (c2) Reconstruction of £ ..
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e The thickness of the observable subdomain w influences moderately on the numerical
performance.

e The boundary behavior of the reconstruction relies on that of the initial guess fy and the
known component h(x,t) of the source term, which may cause local inaccuracy.

e The extent to which dw can cover 02 greatly dominates the numerical performance.

e When OJw fails to cover the majority of 0€2, the numerical performance can be improved
by increasing the observing duration 7" or adjusting the initial guess fj.

4.A Reconstruction by final observation data

Independent of the previous sections, in this appendix we consider the determination of f
from the final observation data u(-,7T"). More precisely, we impose the homogeneous Dirichlet
boundary condition to the three-dimensional time cone model and formulate the inverse source
problem as follows.

Problem 4.2 Let Q C R? and T > 0 be given, and u satisfy

Houw=fh in Q x (0,7,
lu=0 (£=0,1,2,3) inQx {0}, (4.58)
u=~Au=0 on I x (0,77,

where h was defined in (4.3). Provided that p and g are known, determine f(z) (v € Q) by the
final observation data uw in 0 x {T'}.

To discuss the stability for the above problem, we need the follow lemma, which is a Dirichlet

counterpart of Lemma 4.1.

Lemma 4.5 Assume that OS2 is of C? class, G € L*(2x (0,T)), a € H}(Q) and b € L*(Q).
Then there is a unique solution to

RZw—Aw=G inQx(0,T],
w=a, Qw=>b inQx{0}, (4.59)
w=0 on 9 x (0,T7.

such that w € C([0,T]; H}()) N CL([0,T]; L*()), and there holds the energy estimate

E(t) = (|0rw(- )]l 2@ + V(- 1) z2e))

1/2
< (Il 220y + IVall L2 ) %4 IGllLro,62200)) (0<t<T). (4.60)

Moreover, there exists Cq > 0 depending only on the diameter diam($2) of Q such that

1/2
(- Ollz(ey < Ca { (Ibllzaey + IVallzae) ' + Gl 020y} O<EST).  (4.61)

Proof. The basic solvability of (4.59) is the classical result (see, e.g., Lions and Magenes [47]).
To show the energy estimate (4.60), we multiply dyw to both sides of (4.59) and take formal
integral in Q for any ¢ € [0, 7] to obtain

B0 £'0) = 53 (F07) = 557 ([ (000(@.0P + 1Vute.0?) d
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— li </ |8tw(a:,t)|2da:> +/ Voyw(x,t) - Vw(x, t) dz

— Opw(z, t) d,w(x,t)do
0

= / drw(x,t) (0?w(x,t) — Aw(x,t))de = / Oyw(z,t) G(z,t) dx
Q Q
< |[[0w( -, )2 IG(, D)2 < E@) |G-, )| 220

or equivalently E’'(t) < [|G(-,t)|r2(q) except for the trivial case, where we have applied
Green’s formula and Hélder’s inequality. Hence, taking integral in (0,¢) and noting the fact
LY(0,t; L3(Q)) € L*(0,t; L*(Q)), we have

t t
B®) - B0) = [ B5)ds < [ 1609l ds < [Gluozzey ©0<t<T),
0 0
which is indeed (4.60). Moreover, we further apply Poincaré’s inequality to deduce
lw(-,8)[L2(0) < Ca[Vw(-,t)llL2@) < Ca E(t),

where Cq is a positive constant only dependent on diam(§2). By (4.60), we obtain (4.61)
immediately. O

Based on the repeated uses of Lemma 4.5, we can give a stability estimate for Problem 4.2
under the smallness assumption on §2.

Proposition 4.3 Let 9Q be of C? class and u be the solution to (4.58), where f € L*(Q)
and g, p satisfy

g€ H*(0,T; L), g(-,0) =dg(-,0) =0a.e. in €,
Jgo > 0 such that [g(-,T)| > go a.e. in
p € C30,T], Fpo >0 such that p > py in [0,T].

If diam(Q2) is sufficiently small, then there exists a constant C = C(Q, T, p,g) > 0 such that
[fllz2@) < CIA%M(-, T2 (4.62)

Proof. Similarly to the treatments in Section 4.2, it suffices to investigate the following two
initial-boundary value problem

OUu =V in Q x (0, R(T)], OV=fH inQx(0,R(T)),
U=0;U=0 inQ x{0}, V=0.V=0 inQx{0}, (4.63)
U=0 on 99 x (0, R(T)], V=0 on 9Q x (0, R(T)],
_ 8mg(-, R (7))
where H(-,7) := TR

First we introduce an auxiliary function V := 82V Since the assumption g(-,0) = d:g(-,0) =0
a.e. in Q implies H(-,0) = 0,H(-,0) = 0 a.e. in €, it is easily verified that V satisfies

OV = f82H in Q x (0, R(T)],
V=0,V=0 inQx/{0}

V=0 on 99 x (0, R(T)].
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According to (4.61), we have the estimate

||872—V('77')||L2(Q) = ||‘7('a7')||L2(Q) < Cq Hf872-H||L1(O,T;L2(Q))
< Call02H| 110,500 If L2y (0<t<T),

where Cq > 0 is a constant only dependent on diam(2). Therefore, by the assumption |g( -, ¢)| >
go a.e. in  and taking 7 = R(T') in (4.58), the above inequality immediately yields

8 87 go

) Mz < 182V (-, RO 22y + 1AV (-, RT) 2oy
< Cq ||3TH||L1(0,R(T);Lao(Q)) Il fllz2()

+[2AU (-, R(D)) 20 + [1A%u(-, T) | r2(0)- (4.64)

Here we have to further decompose V' by the relation V' = OU since V (-, R(T)) involves the
time derivative of U( -, R(T")) which is not observable.

Next, we shall give an estimate for the term [|0ZAU (-, R(T))||2(0)
L2(€2 x (0,T)), we further introduce an auxiliary function V := 9 \7 7)

T

in (4.64). Since fO2H €
3V, which satisfies

OV = f03H in Q % (0, R(T)],
V=0,0.V=f82H(-,0) inQx{0},
V=0 on 0 x (0, R(T)).
Then the application of Lemma 4.5 with respect to 1% yields the regularity 62 = 6717 S
C([0, R(T)); L*) C L*(Q x (0, R(T))). Furthermore, it follows from the energy estimate (4.60)
that
102V (-, |2y = 10-V (-, Tl 2y < I1FO2H(-,0) | L2y + I1f 2 H || L2 0,720
< ([|02H (-, 0)|| o) + 102 H | L1 (0, reryize=2))) 1] L2 (4.65)

for 0 <7 < R(T).
Finally, we introduce U := §?AU. Simple calculations give

OU = AV =92V — f92H in Q x (0, R(T)],

U=0.U=0 in Q x {0},
= on 002 x (0, R(T)],

e

where the inhomogeneous term has already been proved to be in L2(Q x (0, R(T))). Therefore,
it follows from estimates (4.61) and (4.65) that

IOZAU (-, R(T) 120y = U R(T)) | 2o
< Cq (||672-‘7||L1(0,R(T);L2(Q)) + Hf33HHL1(07R(T);L2(Q)))
< Co {R(T) (|02H(-,0)|| (o) + |02 H|| L1 (0.r(T);: L (2)))
HO2H | 10, mry:L= ) } 1F] 2,
which, together with (4.64), indicates

8w o7 go

oT) [ fllz2) < Ca {R(T) (|02H(-,0)| L= + 102H | 110, r(T): L (9)))

+2[|02H || 110, r(Ty: L)) } 1f 120y + 12%u(, T) || L2(0)-
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The coefficient of || f||z2(q) on the right-hand side can be absorbed into that on the left-hand
side provided that diam((2) is sufficiently small. In fact, if Cq is sufficiently small such that,
for example,

4w go

o) = 0 {R(T) (107H (-, 0) ]| e @) + 107H || 11 (0, rery: L= (0)) + 2 107 Hl| 110, meT); 2o (2)) } »
then there is a constant C' = C(Q, R(T),H) = C(2, T, p,h) > 0 such that (4.62) holds. The
proof is completed. O

It is natural to consider the removal of the smallness restriction on the domain Q as well
as various assumptions on g. However, it turns out that non-uniqueness of the reconstruction
may occur in a relaxed setting. Actually, a conditional uniqueness can be expected from the
following simplified one-dimensional example.

Example 4.6 Consider

Hou(z,t) = f(x)g(t)/pt) O<az<L, 0<t<T),
u(z,0) = dyu(x,0) =0 (0<x <L), (4.66)
u(0,t) = u(L,t) =0 (0<t<T),

that is, g is further assumed to be space-independent. In this case, f € L?(0,L) is uniquely
determined by u(-,T) if and only if there holds

B0 (R(T) =)\ g(R™! (1)) _
/0 sm( 17 ) AR(7)) dr#0 (n=1,2,...). (4.67)

In other words, (4.67) holds if and only if u(-,7T) = 0 implies f = 0.
In fact, as usually we investigate the equivalent problem

OU(@,t) =2 f(z) g(R~H(7))/p(R™ (7)) (0<z <L, 0<7<R(T)),
U(z,0) =0.U(z,0)=0 (0 <z <L),
UO,7)=u(L,7) =0 (0<7T<R(T))

instead of (4.66). By the combination of Duhamel’s principle and the separation of variables,
it is straightforward to write

=S Ty SBHO)

where (-, ) denotes the inner product in L?(0, L), and

An = (%)2, on(x) = \/% sin (\/Ex) (n=1,2,...)

form the eigensystem of —d? with the homogeneous Dirichlet boundary condition.
Now we suppose that u(-,T) =U(-,R(T")) = 0. Since {¢,}72, is a complete orthonormal
system of L?(0, L), there should holds

\/%(f’%) </OT%(T—O%CK) =0 (n=1,2,...).

However, condition (4.67) eliminates other possibilities than (f,¢,) = 0 for all n = 1,2,..,
indicating f = 0 immediately.
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On the opposite side, we argue by contradiction. Supposing that there exists a natural
number ng such that (4.67) is invalid, then it follows from (4.68) that (f, ¢n,) # 0 is possible
even if U(-, R(T)) = 0, indicating that f does not necessarily vanishes.

Consequently, the identification of f by w(-,T) is not unique once the condition (4.67) is
dissatisfied by any n € N.
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Chapter 5

Strong Maximum Principle for
Fractional Diffusion Equations
and an Application to an
Inverse Source Problem

The strong maximum principle is one of the remarkable characterizations of parabolic equa-
tions, which is expected to be partly inherited by fractional diffusion equations. Based on the
corresponding weak maximum principle, in this chapter we establish a strong maximum prin-
ciple for single-term time-fractional diffusion equations, which is slightly weaker than that for
the parabolic case. As a direct application, we give a uniqueness result for a related inverse
source problem on the determination of the temporal component of the inhomogeneous term
which is assumed to be in form of separation of variables.

5.1 Introduction and main results

Let © be an open bounded domain in R? (d = 1,2,3) with a smooth boundary (for example,
of C class), and 0 < a < 1. Consider

ofu(z,t) + Au(z,t) = F(z,t) (€, 0<t<T), (5.1)
u(z,0) = a(x) (x € Q),
u(z,t) =0 (z€dQ, 0<t<T), (5.3)

where 0;* denotes the Caputo derivative defined by

apiy . L SRNC)
0N =T g /0 t—s) ¥

and I'(-) denotes the usual Gamma function. Here A is an elliptic operator defined for f €
D(A) := H?(Q) N HL(Q) as

d

Af(@) == 9i(aij(@)dif (@) + c(2) f(x) (z € Q)

ij=1
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where a;; = aj; (1 <i,j < d)and ¢ > 0 in Q. Moreover, it is assumed that a;; € C1(Q),
c € C(Q) and there exists a constant § > 0 such that

d d

52612 < Z aij(x)fifj (Vﬂ? Eﬁ, V(fl,...,fd) ERd).

i=1 ij=1

The assumptions on the initial value a and the source term F will be specified later. For
various properties of the Caputo derivative, we refer to Diethelm [67], Kilbas, Srivastava and
Trujillo [86], Podlubny [116] and Zhou [134]. See also [75,123] for further contents on fractional
calculus.

The governing equation (5.1) is called a fractional diffusion equation and is a model equation
for describing the anomalous diffusion phenomena in highly heterogeneous aquifer and complex
viscoelastic material (see Metzler and Klafter [109] and the references therein). Indeed, although
the single-term time-fractional diffusion equation inherits certain properties from the classical
diffusion equation (i.e., a = 1), it differs considerably from the traditional one especially in
the senses of its limited smoothing effect in space and slow decay in time. In Luchko [101], a
maximum principle for (5.1)-(5.3) was established, and the uniqueness of a classical solution was
proved. Luchko [102] represented the generalized solution to (5.1)—(5.3) with F' = 0 by means of
the Mittag-Leffler function and gave the unique existence result. Sakamoto and Yamamoto [121]
carried out a comprehensive investigation including the well-posedness of (5.1)—(5.3) as well as
the long-time asymptotic behavior of the solution. It turns out that the spatial regularity
of the solution is only moderately improved from that of the initial value, and the solution
decays with order t~* as t — co. Recently, the Lipschitz stability of the solution to (5.1) with
respect to a and the diffusion coefficient was proved as a byproduct of an inverse coefficient
problem in Li et al. [96]. Very recently, Gorenflo et al. [73] redefined the Caputo derivative in
the fractional Sobolev spaces and investigated (5.1) from the viewpoint of the operator theory.
Regarding numerical treatments, we refer to [99,108] for the finite difference method and [79-81]
for the finite element method. Meanwhile, equation (5.1) has also gained population among
inverse problem researchers; recent literatures include [65,83,105,111,118,122,129,132]. On
the controllability theory, we refer to [70,71]. For other discussions concerning equation (5.1),
see, e.g., Gorenflo et al. [74], Luchko [100] and Priiss [117]. As a further generalized model
for the anomalous diffusion, Li et al. [89] discussed the time-fractional diffusion equations with
distributed orders and gave long time and short time asymptotic estimates.

In this chapter, we are interested in the strong maximum principle for fractional diffusion
equations. As one of the remarkable characterizations of parabolic equations, the classical
strong maximum principle asserts that the solution u to (5.1)—(5.3) with & = 1 and F' =0 is
strictly positive in © x (0, 00) if the initial value a satisfies @ > 0 and a # 0. Since (5.1) with
0 < a < 1 keeps some characters of diffusion, it is natural to expect the parallel generalization.
Based on the weak maximum principle obtained in [101] (see Lemma 5.3), first we establish a
strong maximum principle for the initial-boundary value problem (5.1)—(5.3) with F' = 0, which
is slightly weaker than that for the parabolic case.

Theorem 5.1 Let a € L?(Q) satisfy a > 0 and a # 0, F = 0, and u be the solution to
(5.1)~(5.3). Then for any x € Q, the set E, := {t > 0; u(x,t) < 0} is at most a countable set
which admits only oo as its possible accumulation point.

According to the weak maximum principle (see [101]), it reveals that actually E, = {t >
0; u(x,t) = 0}, and the above theorem asserts the strict positivity of u(z,t) for all x €  and
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almost all ¢t > 0 except for the zero measure set E,. So far, we do not know if E, = () although
it can be conjectured.

Next, we consider an inverse source problem for (5.1)-(5.3) under the assumption that the
inhomogeneous term F' is in form of separation of variables.

Problem 5.1 Let xg € Q and T > 0 be arbitrarily given, and u be the solution to (5.1)—
(5.3) with a = 0 and F(x,t) = p(t) g(x), where p € C*[0,T] and g € C§°(Q). Provided that g
is known, determine p(t) (0 <t <T) by the single point observation data u(xzg,t) (0 <t <T).

The above problem is concerned with the determination of the temporal component p in
the inhomogeneous term F'(x,t) = p(t) g(x) in (5.1). The spatial component g simulates e.g. a
source of contaminants which may be dangerous. Although g is usually limited to a small region
given by supp g(CC ), its influence may expand wider because p(t) is large. We are requested
to determine the time-dependent magnitude by the pointwise data u(xo,t) (0 <t <T'), where
x¢ is understood as a monitoring point.

For the case of z( € supp g, we know the both-sided stability estimate as well as the unique-
ness for Problem 5.1 (see Sakamoto and Yamamoto [121]). For the case of x¢ ¢ supp g, there
were no published results even on the uniqueness. From the practical viewpoints mentioned
above, it is very desirable that xy should be spatially far from the location of the source, that
is, the case xo ¢ supp g should be discussed for the inverse problem.

As a direct application of Theorem 5.1, we can give an affirmative answer for the uniqueness
regarding Problem 5.1.

Theorem 5.2 Under the same settings in Problem 5.1, we further assume that g > 0 and
g #0. Then u(zo,t) =0 (0 <t <T) implies p(t) =0 (0 <t <T).

For the same kind of inverse source problems for parabolic equations, we refer to Cannon
and Esteva [63], Saitoh, Tuan and Yamamoto [119,120].

The rest of this chapter is organized as follows. Section 5.2 introduces the notations and
collects the existing results on problem (5.1)—(5.3), and Sections 5.3-5.4 are devoted to the
proofs of Theorems 5.1-5.2, respectively.

5.2 Preliminaries

To start with, we fix some general settings and notations. Let L?(€) be a usual L2-space with
the inner product (-, -) and HJ (), H*(Q2) denote the Sobolev spaces (see, e.g., Adams [1]).
Let {(An, ©n)}52, be the eigensystem of the symmetric uniformly elliptic operator A in (5.1)
such that 0 < Ay < Ap < --+, A\, — 00 as n — oo and {¢,} C H2() N H(Q) forms an
orthonormal basis of L?(€2). Then the fractional power A is well-defined for v > 0 (see, e.g.,
Pazy [115]) with

D(A") = {f € LX(Q); Y I\ (fen)l < oo} A= N n) o,
n=1 n=1

and D(AY) is a Hilbert space with the norm

o 1/2
oo = (Z N mﬁ) |

n=1

Also we note that D(AY) C H*'(Q) for v > 0 and especially D(A'/?) = H}(Q).
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For 1 < p < o0, we say that f € L?(0,7;D(A")) provided

T 1/p
[ G0yt ) i1 <p <o
||f||LP(0,T;D(Aw)) = 0 < oo.

esssup || f(-,1)|lpar) if p=o0
0<t<T
Similarly, for 0 <ty < T, we say that f € C([to,T]; D(AY)) provided

1flle(tozipeany = max [I£(-, t)lloear) < oo

In addition, we define C'((0,7]; D(AY)) := Vg4, <1 C([to, T]; D(A)).
To represent the explicit solution of (5.1)—(5.3), we first recall the Mittag-LefHler function
(see, e.g., Podlubny [116])

E,p(z):= Z
k=

0

k

z
m (Z eC, a>0, g€ R), (54)

which possesses the following properties.

Lemma 5.1 (a) Let 0 < o« < 2 and € R be arbitrary. Then there exists a constant

C =C(a, ) > 0 such that

C
| Ea,p(—n)] < e (n>0).

(b) For A >0 and a > 0, we have

d
&Ea,l(—/\t"‘) = M B, o(=A ) (> 0).
Concerning some important existing results of the solution to (5.1)—(5.3) with 0 < a < 1,

we state the following two lemmata for later use.

Lemma 5.2 (see [121]) Fiz T > 0 arbitrarily. Concerning the solution u to (5.1)—~(5.3)
with 0 <t < T, the followings hold true.

(a) Leta € L*(Q) and F = 0. Then there exists a unique weak solution u € C([0,T]; L*(2))N
C((0,T]; H*(Q) N H}(KY)), which is explicitly written as

u(-,t) = Ea1(=Ant®) (a,¢0) ¢n (5.5)
n=1

in C([0,T]; L?(2)) N C((0,T); H*(Q) N H(2)). Moreover, u : (0,T] — L?(2) is analytically
extended to a sector {z € C; z # 0, |argz| < m/2}.

(b) Let a € H?(Q) N HY(Q) and F = 0. Then there exists a unique weak solution u €
C([0,T); H*(Q) N HY (), and the representation (5.5) holds in C([0,T]; H*(2) N Hi ().

(c) Let a = 0 and F € L*(0,T;L*()). Then there exists a unique weak solution u €
L?(0,T; H*(Q) N Hg () such that limy_ [u(-,t)| r20) = 0.

Lemma 5.3 (Weak maximum principle) Let a € L*(2) be nonnegative, F' = 0, and u be
the solution to (5.1)~(5.3). Then there holds u > 0 a.e. in X (0, 00).

We note that the above lemma is a special case of [101, Theorem 2], but the settings on
the initial value and the elliptic operator are more general. In fact, the same argument as that
in [101] also works in our settings, which indicates Lemma 5.3 immediately. Here we omit the
details.
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5.3 Proof of Theorem 5.1

Throughout this section, we take F' = 0 in (5.1). We divide the proof of Theorem 5.1 into
three steps.

Step 1. Using the Mittag-Leffler functions and the eigensystem {(\,, p,)}32,, for N € N
we set

N(z,y,t) ZEozl “nt®) (@) only)  (2,y € Q, t>0).

According to Lemma 5.2(a), there holds

N—>oo

= lim /Gny, (y)dy

in C(]0,00); L2(2)) N C([to, 00); H*(Q) N HE(2)) for any a € L*(Q) and any to > 0. Since the
spatial dimensions d < 3, the Sobolev embedding implies H%(Q2) C C(Q). Therefore, for any
fixed z € Q and t > 0, we see that Gy (x, -,t) is weakly convergent to

G(x,y,t) Z ) n(2) on(y) (5.6)

as a series with respect to y. In particular, we obtain G(z, -,t) € L?(2) for all z € Q and all
t > 0. Moreover, the solution to (5.1)-(5.3) can be represented as

u(x,t) /ny, y)dy (reQ, t>0). (5.7)

Next we show that for arbitrarily fixed € Q and ¢ > 0, G(x,y,t) > 0 for almost all y € Q.
Actually, assume that on the contrary there exist 1 € Q and ¢; > 0 such that

lw1] >0, wy:={y e G(ay,y,t1) <0},

where | - | denotes the Lebesgue measure. Then it is readily seen that

/Q G(xla Y, tl) Xw1 (y) dy <0, (58)

where ., is the characteristic function of w; satisfying x., € L?(Q2) and x., > 0. On the
other hand, Lemma 5.3 and (5.7) imply that for all x € Q and ¢ > 0, there holds

/ny, y)dy >0 (Yae L*(Q), a>0),

which contradicts with (5.8) by taking a = xu,, -

Step 2. Now we fix an initial value a € L?(Q2) such that @ > 0 and a # 0. Again by Lemma
5.3, we have v > 0 in  x (0,00). Meanwhile, by Lemma 5.2(a) and the Sobolev embedding,
we see u € C(Q x [0,00)).

Assume contrarily that there exists xop € Q such that the set E,, = {t > 0; u(zo,t) <0} =
{t > 0; u(xo,t) = 0} contains an accumulation point which is not oo. Since u(zo,t) is analytic
with respect to t > 0 (see Lemma 5.2(a)), we conclude u(zg,t) = 0 for ¢ > 0, that is,

an /Gx07y7 ) y:O (t>0)
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Since both G(zo, -,t) and a are nonnegative in Q, we deduce G(zo,y,t)a(y) = 0 for almost
all y € Q and ¢t > 0. Since a # 0, G(zo, -, -) should vanish in the cylinder w x (0, 00), where
w:={z € Q; a(xz) >0} and |w| > 0. By the representation (5.6), this indicates

D Eaa(=Ant®) @n(z0) n(z) =0 (>0, z € w). (5.9)

n=1

Henceforth C' > 0 denotes generic constants independent of n and ¢ > 0, which may change
line by line. Let ¢ € C§°(w) be arbitrarily chosen. Then it follows from (5.9) that

> Eaa(=Ant®) @n(xo)(on, ) =0 (t>0). (5.10)
n=1

We shall show that the series is convergent in C[0,00). In fact, by the Sobolev embedding
H?(Q) c C(Q) for d < 3, first we estimate

|90n(x0)| < ”Sanc(ﬁ) < CHQPnHH?(Q) < CHASDn”L?(Q) <Chp.
Next, since ¢ € C§°(w) C D(AY) for any ¢ € N, we have

nwAZ'@[J C||907’L||L2(Q)||¢HCQ1/ Q B
|((p77.71r/))| - |(SO )\E ) S )\E ( ) S O)\nf

On the other hand, we know )\, ~ n*? as n — oo (see, e.g., Courant and Hilbert [66]).
Therefore, the combination of the above estimates yields

Eo1 (=Mt on(x n <OXN D < 02D/ a9 5 00
|Ea,1( ) n(20) (P, V)| " :

where Eq 1(—A,t%) is bounded by applying Lemma 5.1(a). Since we restrict d < 3, it suffices
to choose ¢ = 3 so that the order 2(¢ — 1)/d > 1, which guarantees

D 1B i (=Aat®) @ulz0)(pn, )| < oo (VE 20, V¢ € CF°(w)).
n=1

Step 3. Recall that the Laplace transform of E, 1(—M\,t%) reads (see, e.g., Podlubny [116,
p.21])

za—l

22+ A\,

which is analytically extended to Rez > 0. Since the series in (5.10) is convergent in C0, 00),

(Rez > AL/,

/ e By 1 (=M, t*) dt =
0

we can take the Laplace transform with respect to ¢ in (5.10) to derive

& a—1

> s #n(0)(en¥) =0 (Rez>0, V9 € GR(9),
that is,
— 1
ZH—)\‘P71($O)(¢1’L;¢):0 (Re¢ >0, Vo € C5°(2)). (5.11)
n=1 n

By a similar argument for the convergence of (5.10), we see that the above series is convergent
in any compact set in C\ {—X,}52 4, and the analytic continuation in ¢ yields that (5.11) holds
for ¢ € C\ {—A\,}52,. Especially, since the first eigenvalue \; is single, we can choose a small
circle around —A; which does not contain —A,, (n > 2). Integrating (5.11) on this circle, we
have

p1(z0)(p1,9) =0 (Vi € C5°(w))-
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Since ¢ € C§°(w) is arbitrarily chosen, there holds ¢;(xo) ¢1(z) = 0 for almost all z € w. This
contradicts with the strict positivity of the first eigenfunction ¢ (see, e.g., Evans [27]).

Consequently, for any z € Q, the set E, = {t > 0; u(z,t) < 0} contains at most oo as an
accumulation point. The proof of Theorem 5.1 is completed.

5.4 Proof of Theorem 5.2

Now we turn to the proof of the uniqueness for Problem 5.1. Recall that the governing

equation reads
O u(x,t) + Au(z,t) = p(t) g(z) (z€Q, 0<t<T),

u(z,0) =0 (x € Q), (5.12)
u(z,t) =0 (x e, 0<t<T),

where p € C'[0,7] and g € C5°(Q2). First we verify the following Duhamel’s principle for the
fractional diffusion equation.

Lemma 5.4 Let u be the solution to (5.12) with p € C1[0,T] and g € C§°(Q). Then u
allows the representation

where

() ;:ﬁ%/o %ds 0<t<T) (5.13)

and v satisfies
v+ Av =0 1in Q x (0,77,
v=yg in  x {0}, (5.14)
v=20 on 082 x (0,T].

We note that a similar Duhamel’s principle was provided in [93, Lemma 3.3], which considers
the case of multi-term time-fractional derivatives. Nevertheless, we give an independent proof
for the sake of self-containedness.

Proof. First, since pg € L*>(0,T;L?()), Lemma 5.2(c) indicates that u € L*(0,T; H*(2) N
H{ () and limy— [lu(-,t)][22(0) = 0. By setting

t
(1) ::/ = ) o(-, ) ds, (5.15)
0
we shall demonstrate
u=1uin L*(0,T; H*(Q) N Hy(Q)), @ =0 on 92 x (0,77, lim (-, t)] 120y = 0.
—

Since p € C1[0, T}, simple calculations for (5.13) yield

MG p— (— e BT AV ds>
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1 0 K '(s
- (ﬁ(i +/0 0 ’ i)za ds) (5.16)
and hence p € C(0,T]. Concerning the solution v to (5.14), since g € C§°(Q) C H2(Q)NH(Q),
it follows from Lemma 5.2(b) that v € C([0,T]; H?(2) N H}(Q)). Together with the fact that
p € L*(0,T) by applying Young’s inequality to (5.16), we deduce u € C([0,T]; H*(Q) N H (2)),
uw=0o0n 90 x (0,7] and u(-,0) =0 by definition (5.15). On the other hand, according to the
explicit representation (5.5) and Lemma 5.1(b), we see

ov(-,t) = —t*"tw(-,t), where

w(-, Z)\ Eoo(=2nt%) (9, 0n) ©n Z ) (Ag, on) @

n=1

A similar argument as that in [121] and Lemma 5.2(a) immediately yield w € C(]0,T]; L*(12)).

In order to show u = w, it suffices to verify that u also satisfies the governing equation (5.12),
which possesses a unique solution (see Lemma 5.2(c)). To calculate 9¢u, first we formally
calculate

8tﬂ(-,t):8t/0 u(s)v(-,t—s)dSZ/O () Dol -t — ) ds + () v( -, 0)
== [ ) =9l b= 9 dsu(0)s.

Since fot lp(s) (t — 8)* 1 ds < oo for 0 <t < T and w € C([0,T]; L?(R2)), we can easily justify
that the above differentiation makes sense in L?(Q) for 0 < ¢t < T. By definition, we have

o~ 1 Losu( -, s) B
R = gy [ e o =Dt Tag, wher

1 t 1 s

L= F(l—a)/o (t_s)a/o w(T) Osv( -, s — 7)drds,
_ 1 fopls) g,
Iy = F(l—oz)/o (t—s)o‘d'

The governing equation (5.14) for v and formula (5.16) for x imply respectively

L= / o[ Mt— asas
=—/Otu(T)Av(-7t—T =—A/ S t—T7)dT = —Au(-, 1),
L= et b o (5 f(>) ir) as
- eyt (10 ) gyt 70 [ s e )

— p(0) + / §(r)dr = p(t). (5.17)

Therefore, we conclude 95 + Au = p g and the proof is completed. O

At this stage, we can proceed to show Theorem 5.2 by applying the established strong
maximum principle.
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Completion of Proof of Theorem 5.2. Let the conditions in the statement of Theorem 5.2 be
valid, namely, it is assumed that p € C1[0,7T], g € C5°(Q), g > 0, g # 0, and the solution u
to (5.12) vanishes in {xo} x [0,7] for some zy € Q. According to Duhamel’s principle proved

above, we have
t
u(zo, t) = / w(t —s)v(xe,s)ds=0 (0<t<T),
0

where 1 was defined in (5.13) and v solves (5.14). It reveals in the proof of Lemma 5.4 that u €
LY(0,T). Meanwhile, Lemma 5.2(b) and the Sobolev embedding indicate v € C([0, T]; H*(Q) N
H(Q)) C C(Q x [0,T)), yielding v(zo, -) € C[0,T] € L'(0,T). Therefore, the Titchmarsh
convolution theorem (see [128]) implies the existence of Th,T» > 0 satisfying 77 + T» > T such
that u(t) = 0 for almost all ¢ € (0,77) and v(zo,t) = 0 for all ¢ € [0,75]. However, since the
initial value g of (5.14) satisfies g > 0 and g # 0, Theorem 5.1 asserts that v(zo, -, ) only admits
at most a finite number of zero points. As a result, the only possibility is 7o = 0 and thus
T, = T. Together with the fact that u € C(0,T], we have proved

p(t) =0 (te(0,T]). (5.18)

Next, we claim that p(0) = 0. In fact, if we assume contrarily that p(0) # 0, then by
p € C1[0,T) and the representation (5.16) for u, we estimate

ol g (57 - [ o) 2 i (o - 1) o<

a)

Therefore, for sufficiently small ¢ > 0 such that ¢ < a[p(0)|/]¢’[lcjo,r) the above inequality
indicates p(t) # 0, which contradicts with (5.18). Moreover, there holds lim; o u(t) = 0.
Finally, it suffices to utilize the following reverse formula

1 bopls)
/) =rq —a)/o G5y 0

which was already obtained as a byproduct in (5.17). The above formula, together with (5.18)

and limy_,o u(t) = 0, imply p = 0 in [0, 7] immediately, which completes the proof. O



Chapter 6

Initial-Boundary Value Problems
for Multi-Term Time-Fractional
Diffusion Equations with Positive
Constant Coefficients

In this chapter, we investigate the well-posedness and the long-time asymptotic behavior
for initial-boundary value problems for multi-term time-fractional diffusion equations. The
governing equation under consideration includes a linear combination of Caputo derivatives in
time with decreasing orders in (0,1) and positive constant coefficients. By exploiting several
important properties of multinomial Mittag-Leffler functions, various estimates follow from the
explicit solutions in form of these special functions. Then we prove the uniqueness and contin-
uous dependency of the solutions on initial values and source terms. As a direct application,
we further verify the Lipschitz continuous dependency of solutions with respect to coefficients
and orders of fractional orders, which is fundamental for the optimization approach to the re-
lated coefficient inverse problem. Finally, by a Laplace transform argument, it turns out that
the decay rate of the solution as t — oo is given by the minimum order of the time-fractional
derivatives.

6.1 Introduction

Let € be an open bounded domain in R? with a smooth boundary (for example, of C* class)
and T > 0 be fixed arbitrarily. For a fixed positive integer m, let o; and ¢; (j = 1,...,m) be
positive constants such that 1 > a1 > -+- > ay,, > 0. Consider the following initial-boundary
value problem for the multi-term time-fractional diffusion equation

i q;0, 7 u(z,t) + Au(z,t) = F(z,t) (z€Q, 0<t<T), (6.1)
i=1

u(z,0) = a(x) (x € Q), (6.2)
u(z,t) =0 (xed, 0<t<T), (6.3)

where the elliptic operator A and the Caputo derivative 0, are defined as that in Chapter
5, and we can assume ¢; = 1 without lose of generality. The regularities of the initial value

107
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a and the source term F' will be specified later, and we abbreviate a := (a1,..., ) and
q:=(q1,...,qm) for later convenience.

In the case of m = 1, equation (6.1) is reduced to its single-term counterpart (5.1). As was
mentioned in the previous chapter, the above formulation has been studied extensively from
different aspects due to its vast capability of modeling the diffusion in heterogeneous media
(see Adams and Gelhar [58], Ginoa et al. [72], Hatano and Hatano [76], Nigmatullin [114]
and the references therein). As a natural extension, equation (6.1) is expected to improve the
modeling accuracy in depicting the anomalous diffusion due to its potential feasibility. However,
to the authors’ best knowledge, published works on this extension are quite limited in spite of
rich literatures on its single-term version. Luchko [103] developed the maximum principle
for problem (6.1)-(6.3) and constructed a generalized solution when F' = 0 by means of the
multinomial Mittag-Leffler functions. Jiang et al. [77] considered fractional derivatives in both
time and space and derived analytical solutions. As for the asymptotic behavior, for m = 2 it
reveals in Mainardi et al. [106] that the dominated decay rate of the solution is related to the
minimum order of time fractional derivative. On the other hand, Beckers and Yamamoto [60]
investigated (6.1)-(6.3) with m = 2 and g2 = ¢2(z) and obtained a weaker regularity result
than that in [121]. Following the same line, Li and Yamamoto [94] further generalized the
formulation to m > 2 and ¢; = ¢j(z) (j = 2,...,m) and obtained the analyticity and the weak
unique continuation. On the inverse problems, we refer to [95] for the determination of m, a
and constant g, and [87] for that of m, «, z-dependent g and a zeroth order coefficient in A.
Very recently, Jin et al. [78] developed semidiscrete and fully discrete Galerkin finite element
methods for (6.1)—(6.3).

In this chapter, we are concerned with the well-posedness and the long-time asymptotic
behavior of the solution to the initial-boundary value problem (6.1)-(6.3), and we attempt to
establish results parallel to that for the single-term case. On the basis of the explicit representa-
tion of the solution, by exploiting several properties of the multinomial Mittag-Leffler function,
we give estimates for the solution, which imply the continuous dependency of solutions on ini-
tial values and source terms. Next we will deduce the Lipschitz stability of the solution to
(6.1)-(6.3) with respect to 5, ¢; (j = 1,...,m) and diffusion coefficients. As a direct corollary,
we can establish an existence result for the optimization approach to the simultaneous recon-
struction of various coefficients. Finally, for the long-time asymptotic behavior, we employ the
Laplace transform in time to show that the decay rate as t — oo is exactly ¢t~ where a,, is
the minimum order of Caputo derivatives in time.

The rest of this chapter is organized as follows. The main results concerning problem (6.1)—
(6.3) are collected in Section 6.2: Theorems 6.1-6.3 and Corollary 6.1 are concerned with the
well-posedness, and Theorem 6.4 gives the long-time asymptotic estimate of the solution. The
proofs of the well-posedness results are given in Section 6.3 on the basis of several properties of
the multinomial Mittag-Leffler functions. Due to the difference of techniques, the asymptotic
behavior is proved in Section 6.4. Next, the proofs of technical lemmata on the multinomial
Mittag-Leffler functions are postponed to Section 6.5. Finally, concluding remarks are given in
Section 6.6.

6.2 Main results

In this section, we state the main results obtained in this chapter. More precisely, we give
a priori estimates for the solution u to (6.1)—(6.3) with respect to the initial value (Theorem
6.1), the source term (Theorem 6.2), and Lipschitz continuous dependency of the solutions on
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coefficients and orders (Theorem 6.3) so that stability and uniqueness follow, and we describe
the asymptotic behavior of the solution in Theorem 6.4.

To this end, first we recall the settings and notations introduced in Section 5.2, especially
the eigensystem {(An, pn)}52, of the operator A as well as the fractional power A7 and the
induced function spaces D(AY) with v > 0. On the other hand, the orders e = (a1, ..., @)
and the coefficients ¢ = (q1, - . ., ¢mm) are restricted in the admissible sets

u::{(al,...,am)GRm;aZalZOZQZ"'ZOZMEQ})

o (6.4)
Vi={(q, . -..¢m) ER™;q1 =1, ¢; € [g,q] (j=2,...,m)},

where we fix 1 > @ > a > 0 and 7 > ¢ > 0. Without lose of generality, here we allow the
coincidence of some adjacent orders in a. Actually, if it happens that o; = aj41, then the
governing equation (6.1) just degenerates to its lower order version.

Now we are well-prepared to consider the dependency of the solution w to the initial-
boundary value problem (6.1)—(6.3) upon the initial value a and the source term F'. In view of
the superposition principle, it suffices to deal with the cases FF = 0,a # 0 and a =0, FF # 0
separately.

Theorem 6.1 Let F =0. Fixaa €U, q €V and a € D(AY) with some v € [0, 1], where we
interpret ﬁ = o0 if v = 1. Concerning the solution u to the initial-boundary value problem
(6.1)-(6.3), the followings hold true.

(a) There is a unique solution u € C([0,T]; L*(Q))NC((0,T]; H*(Q)NHE(2)) to (6.1)—(6.3).
Actually, v € Lﬁ(o, T; H2(Q) N HY(Q)) and there ezists a constant C = C(Q, T, at,q, A) > 0
such that

lullcqo,ri;z200)) < CllallL2(qy, (6.5)
Ju(, )20y < Cllallpant™ ™D (0<t < T).

(b) We have
%imHu(-,t)—aHD(Aw) =0. (6.7)
—0

(¢) There holds dyu € C((0,T]; L*(2)). Moreover, there is a constant C = C(Q, T, at, q, A) >
0 such that
9eu(- D)l z2(@) < Cllallopant™ " (0 <t<T). (68)

(d) If v > 0, then dPu € Lﬁ(O,T;Lg(Q)) for 0 < B < ay. Moreover, for 0 < 8 <1, there
exists a constant C = C(, T, e, q, A) > 0 such that

107u( -, )l o) < Cllallpant™™# (0 <t <T). (6.9)

We note that for larger v € (0, 1], the assumption a € D(.A7) on an initial value is stronger,
and estimates (6.6)—(6.9) are improved, that is, the singularities of the right-hand side at ¢t = 0
in (6.6), (6.8) and (6.9) are weaker and the norm on the left-hand side of (6.7) is stronger.

Theorem 6.2 Leta=0. Fira €U, g€V and F € LP(0,T; D(A")) with some p € [1, 0]
and v € [0,1], where we interpret 1/p =0 if p = co. Concerning the solution u to the initial-
boundary value problem (6.1)—(6.3), the followings hold true.

(a) If p = 2, then there is a unique solution u € L*(0,T; D(A"*1)) to (6.1)—(6.3). Moreover,
there exists a constant C = C(Q,T, e, q, A) > 0 such that

llull 207D av+1yy < CIF | L2(0,7:0(47)) -



6.2. Main results 110

(b) If p # 2, then there is a unique solution u € (o<, LP(0,T; D(AYT179)) to (6.1)—(6.3).
Moreover, there exists a constant C = C(Q,T, e, q, A) > 0 such that

C
lull oo, 1;D(a7+1-)) < ?HF”LP(O,T;D(.AW)) for each e € (0,1]. (6.10)

(c) If aup > 1, then
lim [|u( -, ?)|lpeax) =0 (6.11)

t—0

forO<rk<y+1--L

o1p
For larger «, the conclusions of Theorem 6.2(a) is improved, and in (6.10) if we would like
to estimate the left-hand side by a stronger norm in D(AY*17¢) then ¢ > 0 should be smaller
at the expense that the factor % of the right-hand side should be larger. The role of € is the
same for estimate (6.15) later.

Remark 6.1 We compare the conclusions in Theorems 6.1-6.2 with those of single-term
cases obtained in [121]. In case of the homogeneous source term, i.e. F' = 01in (6.1), it turns out
that Theorem 6.1 is a parallel extension of its single-term counterpart. For instance, in Theorem
6.1 the regularity results for initial values a € L?(2), a € HE(2) and a € H?(Q) N Hg () agree
with those in [121, Theorem 2.1]. Especially, it will be readily seen from the proof of Theorem
6.1 that the regularity of the solution u at any positive time can be improved from the initial
regularity by 2 orders in space, namely, u(-,t) € D(A"*1) if a € D(AY) for 0 <t <T.

On the other hand, if the source term F' does not vanish, the improvement of regularity in
space is strictly less than 2 orders except for the special case that F is L? in time. For example,
if F e L?(Q x (0,7)), then it follows from Theorem 6.2(a) that u € L?(0,T; H*(Q2) N H}(Q)),
which coincides with [121, Theorem 2.2]. However, if F € LP(0,T; L*(Q)) with p # 2, then
Theorem 6.2(b) asserts u € LP(0,T; D(A'~)), where € € (0,1] can be arbitrarily small but is
never zero. The technical reason is that only in case of p = 2 one can take advantage of a newly
established property in Bazhlekova [59] (see Lemma 6.4).

Now as the elliptic operator A, we consider a special but physically important form
Apu(z,t) == —div(D(x)Vu(zx,t)),

where D = D(x) denotes a diffusion coefficient. On the basis of these established results, we
can consider the dependency of the solution on D and the orders of Caputo derivatives. More
precisely, we evaluate the difference between the solutions v and @ to

> ;0 u+ Apu=0 inQx (0,7,

7=t (6.12)
u=a in Q x {0},
u= on 90 x (0,7]

and .
ST GO u+ Agi=0 inQx(0,T],

=1
in Q x {0}, (013

a
0 on 082 x (0,7

respectively.
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Theorem 6.3 Fiz a € D(AY) with some v € (0,1]. Let u and u be the solutions to (6.12)
and (6.13) respectively, where a,x €U, q,q € V (see definition (6.4) for U,V) and

D,DeW:={DeC'(Q); D>5inQ, |Dlcig < M} (6.14)

with fized § > 0 and M > 0. Then there exists a constant C = C(Q,T, ||a|par), U, V, W) >0
such that

_ C m _ m _ -
e =all 25 ) epaseey = ¢ 2 o — ay| + 2; |4 = @1 +1|D = Dll 1) (6.15)
j= j=
for each e € (0,1] if 0 < v < 3, and
lu =l 20y < C | D oy — a1+ >l — g5l + 1D — 5||cl(§) (6.16)
j=1 j=2

(SIS

if v >

The above theorem extends a similar Lipschitz stability result in [96] for the single-term
case. It is also fundamental for the optimization approach to the related coefficient inverse
problem by extra measurements. As a typical example, we apply Theorem 6.3 to establish
an existence result for the simultaneous reconstruction of a, g, D(z) by the partial boundary
observation of the normal derivative of the solution.

Corollary 6.1 Fiz p > d and a subboundary ¥ C 092 arbitrarily. Denote by u(e, q, D) the
unique solution to (6.12) with a € L*(Q),a € U, q € V and

DeWw:= {D € W2P(Q);D > 6 in 0, | Dlwera) < M} (6.17)

with fired 6 > 0 and M > 0, where U,V was defined in (6.4). Then for any given w €
LY(0,T; L*(X)), there exists a minimizer to the minimization problem

min _|[Jyu(e, q, D) — wl|L1(0,7;02(5))-
(e,q,D)EUXVXW
In [96], a similar result for the single-term case was established under the homogeneous
Neumann boundary condition with the observation data u(«, D) on ¥ x (0,T), which is phys-
ically more natural than the setting in Corollary 6.1. In fact, one can give parallel proofs for
Theorems 6.1-6.3 with the boundary condition d,u = 0 on 9Q x (0,7T] instead of (6.3), but
here we omit this part for consistency.
In Sakamoto and Yamamoto [121], the decay rate of the solution to the single-term time-
fractional diffusion equation (5.1) was shown to be t~ as ¢t — oo. Here we give a generalization
for the multi-term case where we specify the principal term of the solution as t — oco.

Theorem 6.4 Let F = 0. Fira € U, q €V and a € L?(). Then there is a unique
solution u € C(]0,00); L2(2)) N C((0,00); H2(2) N HE(Q)) to (6.1)~(6.3). Moreover, there
exists a constant C = C(, T, e, q, A) > 0 such that

Gm A la
(1 — ayy) tom

Cllall L2

— tmin{am_l,Qam}

u(-,t) — as t — oo. (6.18)

H?(Q)
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Remark 6.2 We explain the significance of the Theorem 6.4. It reveals that the decay rate
of u(-,t) in sense of H?(f) is exactly t~*m as t — oo. In fact, inequality (6.18) implies that
there exist constants Cy > C7 > 0 such that

Cl||a||L2(Q)t_am < |u(- ,t)HHz(Q) < CQ”G”LQ(Q)t_am as t — oo. (6.19)
Consequently, it turns out that the decay rate t~*™ is the best possible. In other words, if
lu(- ) 520 < Ct P ast— oo

for some order 8 > «;, and some constant C' > 0, then u(x,t) = 0 for x € Q and ¢ > 0.
Actually, in this case it is easily inferred from the lower bound in (6.19) that there should be
a =0 in Q. Therefore, Theorem 6.1 and the upper bound in (6.19) immediately imply u = 0
in 2 x (0,00). Furthermore, (6.18) also gives the convergence rate of the approximation

am A la

—_— in H?(Q) as
T —an) o —0 in H°(Q) as t — oo,

u(-,t) —

that is, ¢~ min{em—1.2am}

6.3 Proofs of main results

In this section, we give proofs for the well-posedness results stated in Section 6.2.

In the discussion of single-term time-fractional diffusion equations, it turns out that the
solutions can be explicitly represented by the usual Mittag-Leffler function (5.4), and it plays
a remarkable role especially for obtaining estimates for the stability. Since explicit solutions
to the multi-term case are also available by using a generalized form of (5.4) called the multi-
nomial Mittag-Leffler function, we shall take advantage of several important properties of this
generalization so that similar arguments are still feasible for multi-term time-fractional diffusion
equations. Here we only state those properties as technical lemmata in this section and provide
the proofs later in Section 6.5.

The multinomial Mittag-Leffler function is defined as (see Luchko and Gorenflo [104])

E(ﬁl ...757“)’50(21,...,27—”) = Z Z

k=0 k14 +km=k

(k; k‘l, ceey km) HT:I z;?j
" ’ 6.20
T(Bo + 22521 Bik;) o

where we assume 0 < By < 2,0< 85 < land z; € C (j =1,...,m). Here (k;ki,...,kn)
denotes the multinomial coefficient
k!

(kiki, ... k) = m with k = ij,
j=1

where k; (1 < j < m) are non-negative integers.
Concerning the relation between multinomial Mittag-Leffler functions with different param-
eters, we have the following lemma.

Lemma 6.1 Let0< 8y <2, 0< B <1 (j=1,....,m)andz; € C(j =1,...,m) be fized.

Then
1 m
ey > 2By, b ot (213 2m) = (g, 80 (21 -5 2m).-
(Bo) =
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Concerning the regularity of the solution to a single-term time-fractional diffusion equation,
the estimate (see [116, p. 35])

C

|Ea,p(—n)| < f (n>0)

is essential. Here we extend the above inequality to the multinomial case.

Lemma 6.2 Let 0 < S <2 and 1 > a1 > -+ > ay, > 0 be given. Assume that aym/2 <
w < agm, p < larg(z1)| < 7 and there exists K > 0 such that —K < z; <0 (j = 2,...,m).
Then there exists a constant C > 0 depending only on p, K, o; (j=1,...,m) and 3 such that

c
E 1,001 — o] —Q PR B 042 S .
| (1,01 —a2,..., 1 m),ﬁ('zl Z )| 1—|—|Z1|
For later use, we adopt the abbreviation
ED (1) = Elay o1 —an o) p (—Ant ™, =@t 702 Lt TOm) (£ 0),  (6.21)

where A, is the n-th eigenvalue of A, 0 < 8 < 2, and «;, ¢; are those positive constants in

(6.1). Especially, regarding the derivative of tor g (t) with respect to ¢t > 0, we state the

o’ 1+a;
following technical lemma.

Lemma 6.3 Let1 > a1 >+ >« > 1. Then

d {0 g )
S B 0} =T ED, ) (> 0).

Now we are ready to employ the multinomial Mittag-Leffler functions to show the well-

posedness results.

6.3.1 Proof of Theorem 6.1

When the source term F' vanishes, it was shown in [103] that the explicit solution to (6.1)—
(6.3) is given by
u( -, t) = Z (1 — Apt™ E«S?Hm (t)) (a, n) En, (6.22)
n=1
where ¢, is the n-th eigenfunction of .A. With the aid of Lemmata 6.1-6.3, it is straightforward
to give estimates for the solution by the initial value.

Completion of Proof of Theorem 6.1. Let a € D(AY) with some fixed v € [0, 1]. In this proof,
C > 0 denotes generic positive constants depending at most on 2,7, a, g, A but independent
of the initial value a, which may vary from line by line.

(a) First, a direct application of Lemma 6.2 yields

C

1 _ )\ntotlE("’L) t ‘ < 1 Antali <
| O] <12 5 <

o 14+aq

Thus, we take advantage of (6.22) to derive

0o 1/2
2
(Bl ey = {Z 2 B, 0 o, mF} < Clall 2oy

n=1
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for 0 < t < T, where we use the fact that {¢,} forms an orthonormal basis of L?(f2). Since the
summation in (6.22) converges in L?(£2) uniformly in ¢ € [0, 7], we get u € C([0,T]; L*(Q)) or
(6.5). Furthermore, by the definition of D(A), we see

oo

luC- Dby = Y (M

n=1

In order to treat the term 1 — A, t* EL,)HM (t), we substitute

At B o)’ 2
o 1ron D)) (@ en)l”

Go=1, Pp1=a1, z1=—-At", Bj:al—aj and Zj:—qj'taliaj (j:2,...,m)

in Lemma 6.1 and then utilize Lemma 6.2 to deduce

1—-A to‘lE‘(;f)Hm(t)‘ = 117})1 +Zq TR Eg})ual —oy (t)
(n or—ay | () g
S‘Ea/’ ‘—I—CZZ‘II JE’1+oz1a ‘ CZl+)\ tozl'
j=

Therefore, for 0 < t < T, we estimate

u- )by =D

n=1

2
N7 (1= At B, )] (a0

2
m A —vpor—aj

2 n 2
<C Z ;W |A% (@, on)

2

) o] m ()\ntal)l—'y arr—a, . 5
<C Z th ! A% (@, ¢n)]

e 2
oY=y Z |)\77L(a’ SDn)|2 < (CHGHD(AW)tal(V*l)) ,

A
Q

j=1 n=1
where we use the fact
L if At <1
ap)1—y o L An >
(fntA )t 1 j; );‘Zf ' <1
o
o Eswrk R

in the third inequality. This, together with the fact D(A) C H%(Q), yield the estimate (6.6).
Furthermore, it follows immediately from (6.6) and «; < 1 that u € LT (0, T; H*(Q)NHL(Q)).
(b) In order to investigate the asymptotic behavior near ¢t = 0, first we have

n 2 2
0 e O] XL (a,00)? < (Cllallpian)? < oo

lu(-,t) = allpany = Y [An

n=1

for 0 <t < T by a direct calculation and Lemma 6.2. On the other hand, in view of Lemma
6.1, the term A, t™ E(@Ha (t) can be rewritten as

A, 1 E<1})1+a (t) = (E(@l Z gt E(/ ter—a; (t).
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Thanks to the fact that hmt%o(E(”) (t) — 1) = 0 and the boundedness of E ‘ 1+a1 o, U
2,...,m) by Lemma 6.2 for each n = 1,2,..., the above observation implies

lim (X, ton g

o’ 1+a;

)=0 (Vn=1,2,...).

Therefore, (6.7) follows immediately from Lebesgue’s dominated convergence theorem.
(¢) In order to deal with d;u, we make use of Lemma 6.3 to obtain

Dpul - 1) = —1*1 1§:A EQ, (1)@, @n)¢n.

Then a similar argument to that for (6.6) indicates

[[Oru( - 7t)||2L2(Q) = =D Z P‘};’YE 7)041 ‘ A (a @n)'

n=1

2
o /\nt a1 (~v—
< Crglan- 1)2 (ﬁf G 1>) A2 (@, o)

< (CHCLHD(Aw)tawfl) (0<t<T)

or (6.8). This implies d;u € C((0,T]; L*(Q)) immediately.
(d) Finally, to give estimates for 8fu with 0 < 8 < 1 when v > 0, we employ (6.8) and turn
to the definition of the Caputo derivative to obtain

co [ Bt O,
L —Jo (t—s)8

t
< Cllallpean / 5177t — 5)7P ds < Cllallpant™ ™" (0 <t <T),
0

t .
Osu( -, s) ds

B, ,
[0y u(-, )l 220 L =3y

1
:Hhm‘

that is, (6.9), where the first inequality follows from Minkowski’s inequality for integrals. Espe-
cially, as long as f < aq, there holds ayy — 8 > v — 1 and obviously 5fu € Lﬁ(o, T; L*(Q)).

Collecting all the results above, we complete the proof of Theorem 6.1. O
6.3.2 Proof of Theorem 6.2

In order to construct an explicit solution when the initial value a vanishes, we apply the
eigenfunction expansion method. In other words, we seek for a solution to (6.1)—(6.3) of the

particular form

Z T,()en (0<t<T), (6.23)

where ¢y, is the n-th eigenfunction of \A. The substitution of (6.23) into (6.1) yields

Z Z q; 8;1j Tn (t) ©n = Z Anzjn Qpn + Z (Pn ©On-
j=1

Therefore, it is readily seen from the orthogonality of {¢,} and the homogeneous initial condi-
tion (6.3) that T, satisfies an initial value problem for an ordinary differential equation

S GOTH) 4+ MTalt) = (F(- 1), 00) (0<t<T)

T,_Z(O) =0.
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Then it follows from [104, Theorem 4.1] that

T, (t) = / @1 1BE) ($)(F(-,t — 5),0n) ds,

implying that the solution takes the form of a convolution

t
u(~,t):/ U(s)F(-,t — ) ds, (6.24)
0
where
— g 12]5;”) )(fs ©n)Pn- (6.25)

Before proceeding to the proof, we introduce a key lemma for showing Theorem 6.2(a).

Lemma 6.4 (see [59, Theorem 3.2]) The function t*'~ LE™)

aal

(t) is positive for t > 0.

Completion of Proof of Theorem 6.2. Let F € LP(0,T;D(A")) with some fixed p € [1, 00] and
€ [0,1]. In this proof, C' > 0 denotes generic positive constants depending at most on
O, T, a,q, A but independent of F' and the choice of e.
(a) Let p = 2. According to the expression (6.24)—(6.25), formally we write

Bl a) = ZAH(/ B (1t ) )

Using Young’s inequality for convolutions, we estimate

2

t 2
el rmiay = 3 A2 / B () (F(- 1t~ ), on) ds
n=1 LQ(O’T)
2
<Z< / ta11|E£3?a1<t>|dt) 1EC 80l Baor.
n=1

By Lemma 6.4, we can remove the absolute value of Eg}?al (t) and apply Lemma 6.3 to derive

T T
/0 e ED ()] dt = /0 T S (At =T ELY, (7).

Consequently, we use Lemma 6.2 to conclude

o 2
lullZ2 0.7 m20)) < CPllullizo:piay < C° Z ()‘ T B} ’)1+a1 (T)) ICEC- 1), en)ll720.m)

n=1

< c? Z [|(F )s Pn ||L2(o T) (C||FHL2 (2x(0, T))) .

(b) Fix € € (0, 1] arbitrarily. First we give an estimate for (6.25) with f € D(A"). Similarly
to the proof of Theorem 6.1, we apply Lemma 6.2 to deduce

IO s = 2 MBI 0P
n=1

. [ee) )\ntal 1—e o 6 2
s crton ) 3 (T ) s

n=1
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1 €E— 2
< (Ol flloant™=)? (0<t<T).

Using (6.24) and Minkowski’s inequality for integrals, formally we have

t
HwanquZHAUQWCJ—Qw

D(AH1—¢)
t
< [IUEFC =9l ods
0
t
< c/ IF(-t = 8)lpams™< ' ds (0 <t<T). (6.26)
0

Finally, it follows from Young’s inequality for convolutions that

t
ol o < €| [ IEC = llogus ds
0

L(0,T)
T . C
< C||F|\Lp(o,T;D(Aw))/O toreldqe < :HFHLP(O,T;’D(A‘*))'

This completes the verification of (6.10).
(c) Assume ayp > 1 and fix k € (0,7 + 1 — a%p) arbitrarily. To investigate the asymptotic
behavior near ¢t = 0, we apply Holder’s inequality to (6.26) with ¢ =+ 1 — & to see

t 1/p’
[u(-, D)llpeaxy < CIF|Leo,p0a7)) </ slon(yHi=r)=1)p d8> :
0

where p’ is the conjugate number of p, ie. 1/p+ 1/p’ = 1. Since K < v+ 1 — a%p, we
see (a1(y+1—k)—1)p" > —1 and then lim; o fg slen(rH1=m)=1p" g — (, indicating (6.11)
immediately. O

6.3.3 Proof of Theorem 6.3 and Corollary 6.1

As a direct application of Theorems 6.1-6.2, it is straightforward to show the Lipschitz
stability of the solution with respect to various coefficients.

Proof of Theorem 6.3. Let a € D(AY) with some fixed v € (0, 1]. In this proof, C' > 0 denotes
general constants depending at most on Q, T, ||a||p(4+),U, V, VW but independent of the specific
choices of the coefficients and € € (0, 1].

First, a direct application of Theorem 6.1 immediately yields u € LP(0,T; H*(Q) N HL(Q))
and afu € LP(0,T;L*(Q)) for 0 < B < aj, where we abbreviate p := ﬁ More precisely,
there exists C' > 0 such that

lull oo m2) < Cy 18] ull oo,z < C (0 < B < ay). (6.27)

On the other hand, by taking the difference of systems (6.13) and (6.12), it turns out that the
system for v := u — u reads

S G0 v =L+ F inQx(0,1),
j=1

v=0 in Q x {0},
v=20 on 0 x (0,77,
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where we set
m _ m
Fo=> "G00 u—0/"u)+> (¢ —3)0; u+ Lp_pu.
j=1 =2
Without loss of generality, we assume «q > &y, or otherwise we investigate v := u — u instead.
Therefore, together with D, D € C*(Q), we see F € LP(0,T; L*(2)) from (6.27). Now it is

straightforward to employ Theorem 6.2(b) to obtain

lu =@l oo, r:pa1-ey) = lollLrompar-o)) < ZIE | oo miz2(9)- (6.28)
Especially, if v > 1, we see p = ﬁ > 2 and hence LP(Q x (0,T)) C L?(0,T; L*(Q)). It then
follows from Theorem 6.2(a) that

lw =@l z20,1:m2(0)) < ClIFlz22x0,1)) < ClIF | Lr0,1:L2(02))- (6.29)

Therefore, it suffices to dominate || F'||1»(0,7;12()) by the difference of coefficients.
To this end, first it is readily seen from (6.27) that

IFl|oo.ric2) < D @05 w = 0wl Loo,rizac)) + 3 a5 — G105 ull e o,75220)
=1 =2
+ C|ID = Dl cag)llull oo, m2(02))

m

<O\ D0 w =0 ullwooriz) + Y la5 = Gl + 1D = Dl gy
j=1 =2

To give an estimate for 9,7 u — 8? ‘u by |a; — @;|, we adopt a similar treatment as that in [96,
Proposition 1] and decompose it by definition as

o &; B 1 t Osu( -, s) 1 t Osu( -, s)
O tul-,1) =0 “<'v’f>—r<1_aj>/0 (t— o) ds‘m—aj)/o o
=IL(-, )+ I5(- 1),
where
I}(-,t) — F(l_&j)_F(l_aj)aaju(_jt)’

INFE) !
2 1 ' &
I7(- [ —g) ¥ _— —g) % sl - .
e = py (=97 = = (- s
Since o, @; € [a, @] and the Gamma function is Lipschitz continuous in [1 —@, 1 — ¢/, it follows
from (6.27) that

'l —a;) —T(1 — o o .
”I;”LP(QT;L?(Q)) = ¢ ]) ~( J)| 10, JU”LP(QT;L?(Q)) < O|aj - O4j|- (6.30)
P(l — aj)

In order to treat I7, we recall the estimate (6.8) for dyu and utilize Minkowski’s inequality for
integrals to deduce

/O ((t— 5)% — (t— $)~F}Dyu( -, s) ds

1
1 (- 0l p20) = 5-——=
! @I Tra-a) L2(Q)

t
< / (£ = 5)~ — (£ — )5 | Bsuu( -, ) | 2(ey ds
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t
< c/ It )= — (t— $)~5 | 5271 ds
0
t ~
= C/ |s7 — 5% | (t — s)* 7 ds.
0

Using the mean value theorem, we have

|s7% — 7% | = |Ins|s~% ) |a; — @),

where @;(s) is a parameter depending on s such that
min{o;, &;} < @;(s) < max{a;,a;} < a

by the assumption oy > a;. Henceforth, we assume 7" > 1 without lose of generality. We prove
separately in the cases 0 <t < 1l and 1 <t < T. First, let 0 < t < 1. Then there holds

0 < s <1 and hence
Sfaj(s) < S*Otl — SESf(Jtl*E

— 3

where ¢ > 0 is sufficiently small such that a;(1 — ) +& < 1 —~. Since |Ins|s® < C for
0 < s < 1, we obtain

t
Hﬁ( )2 < Clag — &j|/ IIns| s~ @) (¢ — 5)M71 g5
0

t
< Claj — ajl / (|Ins|s%)s™ 1 (t — 5)*7 1 ds

0
< Claj —a;[t=a (=M= (0<t<1), (6.31)

where we apply the boundedness of the Beta function B(1 — a3 — €,a7) and v > 0. Second,
let 1 <t <T. Then it is readily seen that t —s > 1 —sfor 0 < s < 1 and |In s] s74i(8) < for
1 <'s < t. These observation, together with the inequality (6.31) for ¢ = 1, indicate

1 t
”Ijz(',t)”m(n) < Cloy — ajl (/ +/ > Ins| s~ ) (¢ — 5)2171 ds
0 1
1 A t
< Cloy = aj (/ |Ins| s~ (1 - 5)M7 1 ds + c/ (t = sy ds)
0 1
< C|Oéj — &j| (I<t<T). (6.32)
The combination of (6.31) and (6.32) immediately yields
I3 )2 < Cloy —ayl 772 (0<t <T)

and thus || 13| Lr0,;,02(0)) < Cley; — @] because a1 (1 — ) +e <1 -+ = 1/p. Consequently,
collecting the estimate (6.30) for I}, we conclude

1Pl oo.ric2c) < C | DN+ Bllsorizz@) + D14 — Gl + 1D = Dl
j=1 =2

m

<C Z|0‘j_&j|+Z|Qj_@|+||D_D||cl(§) ;
j=1 Jj=2

implying (6.15) and (6.16) with the aid of (6.28) and (6.29) respectively. O
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On the basis of Theorem 6.3, we can immediately show Corollary 6.1 by a minimizing
sequence argument.

Proof of Corollary 6.1. Fix a € L*(). First, by the assumption p > d, it follows from the
embedding relation (see Adams [1])

W2P(Q) c CVP Q) cc c1(Q)

that the embedding W2P(Q) C C*(Q) is compact. Especially, we have W C W (see the

definitions (6.14) and (6.17) for W, W). Therefore, for any triples (e, q, D), (a,q, D) € U X
V x W, the trace theorem and Theorem 6.3 with v = 0,¢ = 1/4 imply

|

< C |[u(ev.q. D) ~ u(@.4. D)

al/u(aa q, D) - auu(&v Eja 5)‘

L1(0,T;L3(%))

L1(0,T5D(A3/4))

<C D la—al+> lg; =gl +1ID=Dlera | - (6.33)
j=1 j=2

On the other hand, fixing the partial boundary observation data w € L*(0,T; L3(X)), we set

5o = inf _Novule,q, D) — wll 1o, 7.12(s))
(o,g,D)EUXV XW

and pick a minimizing sequence {(a(®,q®, DM} c U x V x W such that

lim lal,u(oz(g), q?, D(Z)) - w‘

{— 00

= . 6.34
LO0T:L2(R) O (6.34)

AsU,V, W are bounded and closed in respective reflexible spaces, we can extract a subsequence,
still denoted by {(a®,q®¥), D))}, such that

o 5 a* el and ¢¥) = ¢* €V in R™,
. as ¢ — oo. (6.35)
DY) —~ D* ¢ W weakly in W2P(Q)
Using the compactness of the embedding W27 (Q2) C C*(Q), we have
DY — D* strongly in C*(Q) as £ — oc. (6.36)

Now it suffices to verify that (a*, g*, D*) is indeed a minimizer. Actually, it follows from (6.33)
that

dpu(e’,q", D") = dyu(a),q, D)

19 u(e,q% D) = wllisomrzm) < ‘ L1(0,T3L2(3))

<C i a;f—a;e)‘-i-i
j=1 Jj=2

L1(0,T5L2(%))

* 14 *
@ = 4"+ 10" = DY) g

LY(0,75L2(%))

Passing ¢ — oo and applying (6.34)—(6.36), we conclude
[0, u(e”, g%, D*) — wl|p2(0,7;22(s)) < o,

indicating that (a*, ¢*, D*) is the desired minimizer by definition. O
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6.4 Proof of Theorem 6.4

Independently of the previous section, now we study the long-time asymptotic behavior of
the solution w to (6.1)—(6.3) with F' = 0 by a Laplace transform argument. In this section,
C > 0 denotes generic constants depending at most on 0, «, q, A but independent of the initial
value a.

Although an explicit representation (6.22) is available in this case, we write the solution in
form of

u(-t) =Y un(t)pn (t>0) (6.37)
n=1

by use of the eigensystem {(\,, ¢n)} of A, where a direct calculation and the orthogonality of
{Qon} yield

G077 un(t) + Apun(t) =0 (t>0),
;“ v " =0 i (6.38)

un(0) = (a, pn),

The proof of Theorem 6.4 relies on the following lemma.

Lemma 6.5 Let u, (n=1,2,...) solve the initial value problem (6.38). Then there exists
a constant C' > 0 such that

Cl(a, on)|

— Antmin{am_ 1,200 }

B Gm (a,¢n)
AnT(1— ) tom

Un () (t>1). (6.39)

Proof. We abbreviate a,, := (a, ¢, ) for simplicity. Applying the Laplace transform

n= [ Tty ar

0

to (6.38) and using the formula
LO7N)s) = "L (s) = "1 F(04) (0<B <),

we are led to the transformed algebraic equation
a m m
n 1 )
L(un)(s) = w(s) ;%50‘] ;ow(s) = ;%5% + An.

Noting that the Laplace transform of wu,, has a branch point zero, we should cut off the negative
part of the real axis so that the function w(s) does not vanish in the main sheet of the Riemann
surface including its boundaries on the cut. In fact, for s = re?, we see that sin(a;0) (j =
1,--+,m) share the same signal and thus Im(w(s)) = Z;n:l g sin(a;0) # 0 since ¢; > 0.
Therefore, the inverse Laplace transform of L£(u,) can be represented by an integral on the
Hankel path Ha(0+) (i.e., the loop constituted by a small circle |s| = ¢ with e — 0 and by the

two borders of the cut negative real axis). Actually, it suffices to consider the following integral

1
o [ L))o ds (6-40)
271 C
and estimate each
H(t;R):= [ Llun)(s)e™ds ((=1,---,5),
Cy

where the loop C and its partitions C; (¢ = 1,...,5) are illustrated in Figure 6.1.
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' C
iR Cy
—\ N
C
C ™ .
D e b
Cs
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B
Cy

Figure 6.1: The loop C and its partition.

For Hi(t; R), noting that |s| = R > 1 and using a change of variable, we have

|Hq(t; R)| = L(uy,)(s) e ds

C1

0 elttn
:CanRam/ S _dy (t>0)
ol [y w>0)

Furthermore, we break up the above integral in [—1, 0] into two parts and calculate their bounds

S C’|an|/ Rom eRt cos de
/2

respectively as

0 eRtn 71/2 0 eRtn
Ro"“/ ———dnp= R / —|—/ ———dn
—1 /1 =72 -1 “172) /1 —n?
-1/2 4 0
< Rom e71’%15/2 Ul + CRom / eRtn dn
—1 /1 —=n? —1/2

1— —Rt/2
< OROm o= RH/2 4 CR"""*% 50 asR— oo (t>0).

Therefore, for any ¢ > 0, we see that Hi(t; R) — 0 as R — oo. Similarly to the calculation of
H,(t; R), we have Hs(t; R) — 0 as R — oo for any ¢ > 0. On the other hand, since Rcos# <b
for all § € [Ag, /2] where O denotes the argument of point A, we have

/2
\Ha(t: R)| < C|an|Ram/ 249 < Cla R o (5 — 0
Or
@ bt [T 1
= Clap|R* " [ = —arccos= | =0 as R — oo.
2 R
Therefore, since w(s) has no zero in the main sheet of the Riemann surface including the
boundaries on the cut, the integral in (6.40) vanishes. By Fourier-Mellin formula (see, e.g.,

[124]), we have

1 b+iM 1
() = lim —— / Ll (s) et ds = —— [ L(un)(s) e ds.
b—iM 2mi Ha(e)
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Here the integral is taken on the segment from b —iM to b+iM, and Ha(e) denotes the Hankel
path in C defined as

Ha(e) :={s € C;args =+m, |s| >} U{se€C; —w <args <, |s| =¢}.

By a similar argument as above, we find

1 . 1 b am—1 st 1 am—1 st
— = lim D— s m e ds = — s e’ ds.
F(]. — am) tam M— o0 27T1 b—iM 271—1 Ha(s)

It is now straightforward to show that the contribution from the Hankel path Ha(e) ase — 0
is provided by

un(t) — y F(lqjlin o / H(r,\p)e " dr, where (6.41)
1 1 _7 q B
H )\’I’L = I _— .o 1 _im am 1
(ra ) p m w(s) J:Zl q]S )\n S |

To give the desired estimate (6.39), we observe that |w(s)| > CA, as long as r = |s| < g9y,
where g9 > 0 is sufficiently small. This indicates

A X0 g8 = 2T gyt
)‘H(Z;'nzl 5% + An)

C|6Ln| « oGt
Z||J 1+Z||1+m (V8] < coMn)-

[H (7, An)| <

7 with r > g\, we know that

Zm 11 4! + Z;n:l qjQmr®iTem =
T 3770 qis® | An|Tm 357 gy |

Using these estimates, we break up the integral in (6.41) into two parts and give respective

EQATL
/ H(r, M) e "t dr
0

Meanwhile, for any s =re

[H (7, An)| <

bounds as

IN

C oo [m—1 m
o0 A D SELED ST Pt
nI0 =t j=1

m—1

S Z +Q Z o tom ’

SC/ e_”drzig

+ego Ant

/ H(r,\p)e " dr
EQATL

nt?’
Collecting the above two estimates, we obtain (6.39) for sufficiently large t. O
Proof of Theorem 6.4. Let u take the form of (6.37) which solves (6.1)—(6.3) with a € L?()

and F' = 0, and fix any 7" > 0 sufficiently large. For all ¢ > T, it immediately follows from
Lemma 6.5 and the eigenfunction expansion that

2 e e

dm -A_la
[(1 — ) tom

u(-,t) —

H2(Q D(A)



6.4. Proof of Theorem 6.4 124

00 ( ) o\ 1/2
— - am a; Pn
n=1
c 0 1/2
2
T C— (Zl|(av%)| )
OHGHH(Q)

= tmin{am_l,Qam} ’
implying v € C([T,00); H%(2) N H(£2)). On the other hand, since Theorem 6.1(a) guarantees
u € C([0,T]; L*(2))NC((0,T); H*(Q)NHE(R)), the proof is finished by combining the regularity
results in the finite and infinite time spans. O

Remark 6.3 If some g, is negative, then we cannot obtain the asymptotic estimate for the
solution u of the initial-boundary value problem (6.1)—(6.3). In fact, for some n € N sufficiently
large, we study the following problem

O *u = 300 u+ Au=0 in Q x (0,00),

U= anpn = (a, Pn)Pn in Q x {0},

u=0 on 99 x (0, 00),
where (A, @,) is the n-th pair in the eigensystem of the elliptic operator A, and a € L?().
The Laplace transform of the solution reads

L)) = o5 (5772 = Bhus ) g w(s) 1= 72 = Bhas 4 0

We see that {s; w(s) = 0} is a finite set with all of the zero points having finite multiplicities
in the main sheet of the Riemann surface, and there is no zero point on the negative part of
the real axis since A, is sufficiently large. Furthermore, we can prove that there exist zeros of
w(s) having positive real parts. In fact, obviously

C3A EVOA2 — 4N, -
n 2

T+t
solves w(ry) = 0, and we have

1 _ 3\, —
w'(re) = §Til/2 - TT:I:B/4 # 0.

Note that

1 t st
e /C L(u)(s) et ds = 3 Res{£(u)(5) e, C},

where C is defined in Figure 6.1, Res{f,C} denotes the residue of function f in the domain

st

enclosed by C, and the sum is taken over all the poles of £(u)(s)e®" in this domain. Repeating

the argument in the proof of Lemma 6.5, we deduce

. 1 b st _ st L st
u(t) = lim —/b L(u)(s)e ds—ZRes{E(u)(s)e b+ /Ha(o+) L(u)(s) e ds.

M—oo 271 —iM 2mi

Here the sum is taken over all the poles of £(u)(s)e® lying on the left-hand side of the line
{z=0b+1M; M € R} with b > ry, and there are only finite terms in this summation since
w(s) only has a finite number of zero points including multiplicities in the main sheet of the
Riemann surface cutting of the negative axis. We can easily see that

7;1/2 — 3)\,17‘;3/4
w'(ry)

Of course e+ tend to infinity as t — oo since r+ > 0, indicating that the asymptotic behavior

r+t
e Ay P -

Res{(L(u)(s) €*")|s=ry } =

in Theorem 6.4 does not hold for this case.
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6.5 Proofs of Lemmata 6.1-6.3

This section is devoted to the verifications of the technical lemmata regarding several im-
portant properties of the multinomial Mittag-Lefler functions in Section 6.3. To this end, first
we recall the following formula for multinomial coefficients (see Berge [61])

m

S (k= Liky, ok ky = Lk, k) = (kika, .o k). (6.42)
j=1

If some kj, vanishes, we understand (k —1;k1,...,kj;—1,kj, — 1, kjo+1, ..., km) = 0 and (6.42)
degenerates to its lower dimensional version.

Proof of Lemma 6.1. According to definition (6.20), we directly calculate

m

Zzﬂ 61; 7/8m) BO+B](217"'7zm)

et (kikr, . k) 2 T 20
- z:: Z: Zm:k T(Bo + B + 224~y Beke)

co m k 1
:ZZ + N Z (k;kla~"7 )ZJH/ 1Z£ (643)
== | PBo+ Bﬂ(k +1) L5 o TG+ 8+ D=1 Beke)
ki<k
:ii 2t S (kski, .. ki1, by — ki, . k) Ty 20
k=0 j:1 F(BO + Bj(k + 1)) k1+---+km:k+l (60 + ZE:l ﬂfkf)
0<k;<k+1
e} m k+1 m
s N 3 (k4 Like, o k) TToey 20 (6.44)
= | = T+ BJ (k+1) G e Do+ 200, Beke)

ke<k+1 (V£)

m kj
Z (lﬂ—f—l;kl,...,km)HZ:le

k=0 ky++ ki =k+1 L(Bo + 2 ¢2y Beke)

> (kkr, o ko) TG 2 !
= T =Eg,....8).B0 (215 Zm) — ,

2o 2 T Ak s i)~ s

=1ki++km=Fk

where we apply formula (6.42) to obtain (6.44). In (6.43), we distill the case k; = k in the j-th
term and substitute k; + 1 with k; for the others to proceed to the next equality. O

Next, to give an estimate for the multinomial Mittag-Leffler function, we turn to a complex
variable argument which is motivated by a similar treatment in [104].

Proof of Lemma 6.2. Let cj,z; (j = 1,...,m) and S be assumed as that in the statement of
Lemma 6.2 and introduce the notation

Ea’7,6’(zla ceey Zm) = E(al,al—ag,...,al—am),ﬂ('zl7 ey Zm)

In the sequel, we denote by C' a general positive constant depending at most on pu, K, «;
(j =1,...,m) and 8. First we rewrite the multinomial Mittag-Leffler function (6.20) in an
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alternative form with the aid of the contour integral representation of 1/I'(z) (see [116, §1.1.6])

that
1 1

_ = — ex 1/(11 (]_,z,al)/al d ,
I(z) 2am7i /r(R,e) p(C7)¢ ¢

where R > 0 is a constant to be determined later and a;7/2 < 6 < u. Here (R, 0) denotes the
contour

T(R,0):={CeC; (| =R, |arg(()] <O} U{C € C; [C| > R, |arg(¢)| = £0}.
Then it follows from the multinomial formula that

Ea/ﬁ(zl, . .,Zm)

1 & | .
B 2&17Tiz Z (k7k17"'7km)j:1_[12j

k=0 ky+-+km=k

X {/ exp(cl/oq)C(l—ﬁ—al(k+1)—a2k2_..._amkm)/a1 dC}
T(R,0)

1
T 20q7i

[ explgtranygases
T(R,0)

00 P k1 m 2 k;

> > (k;kl,...,km)(?l) H(G_Tf/a) ¢

k

k=0 | kit thkm=k =2

! / Vanyp-g) /a1 3~ [ 2L N~ %
_ , exp(¢1/ar)c A=A /o SLUTED g TS
20(171'1 T(R,6) kZZO C jzz:z Cl_ay/al

In order to guarantee the convergence of the summation with respect to k, it is required that
z " z
1 j
?‘FZW <1, V(e TY(R,0).
j=2
Since |z;| < K for j = 2,...,m, the above inequality is achieved by taking R such that
m
R>|z|+ K R/,
j=2

Moreover, if we restrict, for example, |21| < K, then R can be fixed as a constant depending
only on K and ; (j =1,...,m). Now we deduce for |z;| < K (j =1,...,m) that

1 / exp(¢t/or)¢UA/e
T(R,0) G

— 21— XL, 2(

Next we fix 2o, ..., 2z, as negative parameters and regard both sides of (6.45) as functions

EOL’”B(Z]J e 7Zm) = dC (645)

20417Ti

of the single complex variable z;, which allows the application of the principle of analytic
continuation to extend equality (6.45) to a domain including {z; € C; p < |arg(z1)| < 7} (see
Figure 6.2).

For |z1| > R, we investigate the denominator of the integrand in (6.45). Since z; < 0 and
aj < oq for j =2,...,m, it turns out that the curve ¢ — 37", z;C%/% (¢ € YT(R,0)) locates
on the right-hand side of T (R, 0); that is, T (R, ) is shifted by the term — Z;n:? zj¢/e to
the positive direction. This observation immediately implies

m
min -z — 2;¢%/% > min — 21| > |z1|sin(p — 0).
N ; s = min 16— 21| > faasin(u — 0)
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Figure 6.2: Settings of Lemma 6.2 and the contour T (R, ). If z1 is located in the shaded domain
A, we employ the principle of analytic continuation and the contour integral representation
(6.45). When z; is in the shaded domain B, it suffices to argue by definition (6.20).

Therefore, we come up with the estimate

/ eXp(Cl/al)C(l—ﬁ)/al
Y(Ro) C— 21— ZT:Q z;¢eiln

1
o 204171’

1 1
D [ — exp(c /oy cA=8) /e q¢ | — .
< <2alm(u_ 7. o BRI ac )

The integral along T(R, 0) converges, because for ¢ such that arg(¢{) = £6 and |(| > R, there
holds

|Ea/7/3(z1, .. .,Zm)|

:

|exp(¢t/@1)| = exp(|¢|V/* cos(f/an))  with cos(f/a1) < 0,
while the integral on the arc {¢ € C; |(| = R, |arg({)| < 6} is a constant. Consequently
C
Bt (et € 70 < ang(a)] < 7 [aa] > R (6.46)
For p < |arg(z1)| < 7 such that |z1| < R, it is directly verified that

(kiky, o k) T 22

|E /”3(21,...,Zm)|: mj:1 J
; kZ:Olir»;cm:k (B + aik — Ej:Q ajk;)
) i > (s Kon) I 251
B F(ﬂ+0¢1]€—2?1:2aj1€j)

k=0 ki+-+km=k
(k7 klv R k?n) H;’;l |Zj|kj

<C> X (6 + (a1 — an)k)

k=0ki++km=k

k

= 1
=2 Tt (o o
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which, together with (6.46), finishes the proof. O
Finally, we treat Lemma 6.3. Here we recall the abbreviation EL,)B( ) in (6.21).

Proof of Lemma 6.3. By definition, we carry out a direct differentiation and utilize the formula
T'(s) =T(s+1)/s to derive

b

6 S SR Fom ) (=) TT7p (—gy) st (D mankemmantn
St F(1+a1(k+1) —2212 Ozjkj)

k=0 ky+-+km=k

]tozl k-‘rl) asko— - —amkm—1

. = (k§ ki, km)(_/\n)kl H;rl:z( QJ)
N Z Z C(ar(k+1) = X7, ajky)

(R, ) (A t) H;’;2< gyt )ks
(o + arky + Z " (1 — aj)k;)

k=0 ki+--+km=k
oo
NS
k=0Fki+-+km=k
_ - IE(“) (t).

(10(1

(n)
Here we use the fact that t*'E, e

tions are available. O

(t) is real analytic for ¢ > 0 so that termwise differentia-

6.6 Concluding remarks

We summarize this chapter by providing several concluding remarks. Concerning the
initial-boundary value problem (6.1)—(6.3) for multi-term time-fractional diffusion equations,
we mainly investigate the well-posedness and the long-time asymptotic behavior of the solu-
tion, which turn out to be mostly parallel to those of the single-term prototype. On the basis
of the representation of solutions and a careful analysis of multinomial Mittag-Leffler functions,
we succeed in dominating the solutions by the initial value a and the source term F. Although
uniqueness and stability also follow from the maximum principle developed in [103], we carry
out various estimates so that regularity and short-time asymptotic behaviors of the solutions
are directly connected with the regularity of @ and F' (see Theorems 6.1-6.2). Furthermore, in
Theorem 6.3 we establish the Lipschitz stability of the solution with respect to o, ¢; and the
diffusion coefficient, which is not only important by itself but also applicable to the correspond-
ing inverse coefficient problem when treated by a minimization approach (see [96, Theorem
5]).

Simultaneously, we also obtain an extended version of [121, Corollary 2.6] in Theorem 6.4,
which asserts that, if the solution does not vanish identically, then its decay rate cannot be faster
than ¢t~%m, where a,, is the minimum order of fractional time-derivative. It is a remarkable
property of fractional diffusion equations because the classical diffusion equation admits non-
zero solutions decaying exponentially. This characterizes the slow diffusion in contrast to the
classical one.

In the formulation of the initial-boundary value problem, we emphasize that the coefficients
g; of the time derivatives are positive constants because this assumption is obligatory not only
to acquire explicit solutions but also to apply the Laplace transform in time, which are essential
in the discussions of well-posedness and asymptotic behavior, respectively. On the other hand,
if ¢; are space-dependent, then explicit solutions are not available so that one should rely on
a fixed point argument for the unique existence of solution, and the improvement of regularity
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in space is strictly less than 2 orders (see [60, Theorem 2]). On the other hand, if some g, is
negative, then one may construct a counterexample in which the asymptotic property fails (see
Remark 6.3).

However, in view of practical applications and theoretical interests, the linear non-symmetric
diffusion equation with positive variable coefficients of Caputo derivatives in time can be re-
garded as a more feasible model equation than that we have studied in this chapter, but it will
be definitely more challenging. Though still under consideration, we expect to establish parallel
results for this more generalized case.



Chapter 7

The Galerkin Finite Element

Method for Multi-Term
Time-Fractional Diffusion
Equations

Based on the theoretical results obtained in the previous chapter, here we consider the
numerical treatments for the initial-boundary value problem for a multi-term time-fractional
diffusion equation on a bounded convex polyhedral domain. We analyze a space semidiscrete
scheme based on the standard Galerkin finite element method using continuous piecewise linear
functions. Nearly optimal error estimates for both cases of initial data and inhomogeneous term
are derived, which cover both smooth and nonsmooth data. Further we develop a fully discrete
scheme based on a finite difference discretization of the time-fractional derivatives, and discuss
its stability and error estimate. Extensive numerical experiments for one- and two-dimensional
problems confirm the theoretical convergence rates.

7.1 Introduction

In this chapter, we consider the following initial-boundary value problem for a multi-term
time fractional diffusion equation

iqjafju(a:,t)=Au(x,t)+F(a:,t) (zeQ, 0<t<T),
=t (7.1)
u(z,0) = a(x) (x € Q),

u(z,t) =0 (xed, 0<t<T),

where T' > 0, Q is a bounded convex polygonal domain in R? (d = 1,2, 3) with a boundary 992,
and 9,7 u denotes the Caputo derivative (see [86, p. 91]). The above problem is a special case
of (6.1)—(6.3) investigated in the previous chapter, that is, the operator A = —A instead of a
general symmetric elliptic operator. Here we inherit the assumptions on the positive coefficients
aj and ¢; (j =1,2,...,m), thatis, 1 > oy > --- > a;, > 0 and ¢ = 1. For later convenience,
we abbreviate a = (a1,..., ) and ¢ = (q1,-- -, ¢m)-

In the case of m = 0, the model (7.1) reduces to its single-term counterpart

Ofu=Au+F inQx(0,7] (7.2)

130



7.1. Introduction 131

This model has been studied extensively from different aspects due to its extraordinary capabil-
ity of modeling anomalous diffusion phenomena in highly heterogeneous aquifers and complex
viscoelastic materials [58,114]. It is the fractional analogue of the classical diffusion equation:
with o = 1, it recovers the latter, and thus inherits some of its analytical properties. However,
it differs considerably from the latter in the sense that, due to the presence of the nonlocal
fractional derivative term, it has limited smoothing property in space and slow asymptotic
decay in time [121], which in turn also impacts related numerical analysis [81] and inverse
problems [83,121].

The model (7.1) was developed to improve the modeling accuracy of the single-term model
(7.2) for describing anomalous diffusion. For example, in [125], a two-term fractional-order
diffusion model was proposed for the total concentration in solute transport, in order to distin-
guish explicitly the mobile and immobile status of the solute using fractional dynamics. The
kinetic equation with two fractional derivatives of different orders appears also quite naturally
when describing subdiffusive motion in velocity fields [110]; see also [85] for discussions on the
model for wave-type phenomena.

There are very few mathematical studies on the model (7.1). Luchko [103] established
a maximum principle for problem (7.1), and constructed a generalized solution for the case
F = 0 using the multinomial Mittag-Leffler function. Jiang et al. [77] derived formal analytical
solutions for the diffusion equation with fractional derivatives in both time and space. Li and
Yamamoto [94] established the existence, uniqueness, and the Holder regularity of the solution
using a fixed point argument for problem (7.1) with variable coefficients {¢;}. Very recently, Li
et al. [88] showed the uniqueness and continuous dependence of the solution on the initial value
a and the source term F', by exploiting several properties of the multinomial Mittag-Leffler
function.

The potential applications of the model (7.1) motivate the design and analysis of numerical
schemes that have optimal (with respect to data regularity) convergence rates. Such schemes
are especially valuable for problems where the solution has low regularity. The case m = 0,
i.e., the single-term model (7.2), has been extensively studied, and stability and error estimates
were provided; see [97,126,131] for the finite difference method, [90,91,130] for the spectral
method, [79-81,92,107,112,113] for the finite element method, and [62,69] for meshfree methods
based on radial basis functions, to name a few. In particular, in [79-81], the authors established
almost optimal error estimates with respect to the regularity of the initial data a and the right-
hand side F for a semidiscrete Galerkin scheme. These studies include the interesting case of
very weak data, i.e., a € D(AY) and F' € L>=(0,T;D(AY)) for —1/2 < v < 0 (see Subsection
7.2.1 for the definition of the fractional power A7 and the domain D(A7)).

Numerical methods for the multi-term case for an ordinary differential equation were consid-
ered in [68,84]. In [133], a scheme based on the finite element method in space and a specialized
finite difference method in time was proposed for (7.1), and error estimates were derived. We
also refer to [98] for a numerical scheme based on a fractional predictor.corrector method for
the multi-term time fractional wave-diffusion equation. The error analysis in these works is
done under the assumption that the solution is sufficiently smooth and therefore it excludes
the case of low regularity solutions. This is the main goal of the present study. However, the
derivation of optimal with respect to the regularity error estimates requires additional analysis
of the properties of problem (7.1), e.g., stability, asymptotic behavior for ¢ | 0. Relevant re-
sults of this type have recently been obtained in [88], which, however, are not enough for the
analysis of the semidiscrete Galerkin scheme, and hence in Section 7.2, we make the necessary

extensions.
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Now we describe the semidiscrete Galerkin scheme. Let {7p}o<r<1 be a family of shape
regular and quasi-uniform partitions of the domain 2 into d-simplexes, called finite elements,
with a maximum diameter h. The approximate solution uy is sought in the finite element space
X}, of continuous piecewise linear functions over the triangulation 7

Xy, = {f € Hy(Q); f is linear over w, Yw € Ty, } .

The semidiscrete Galerkin FEM for problem (7.1) is: find uy(t) € X}, such that

qu‘ (6;‘iuh(t),vh) + (Vup(t), Vop) = (Fr(t),vn) Vo, € Xp, 0<t<T), (7.3)
Jj=1 .

uh(O) = Qp,

where aj, and Fj,(t) are appropriate approximations of the initial data a and the source term
F(-,t) whose choice will depend on their smoothness. We shall study the convergence of the
semidiscrete Galerkin FEM (7.3) for the case of initial data a € D(AY), —1/2 < v < 1, and
right-hand side F' € L*>(0,T;D(AY)), —1/2 < v < 1/2. The case of nonsmooth data, i.e.,
—1/2 < v < 0, is very common in inverse problems and optimal control (see [83,121]); see
also [64,82] for the parabolic counterpart.

The goal of this chapter is to develop a numerical scheme based on the finite element approx-
imation for the model (7.1), and provide a complete error analysis. We derive error estimates
optimal with respect to the data regularity for the semidiscrete scheme, and a convergence rate
O(h? 4+ 1271) for the fully discrete scheme in case of a smooth solution, where 7 is the step size
in time, and o is the highest order of the Caputo derivatives in (7.1). Specifically, our essential
contributions are as follows. First, we generalize the regularity results in the previous chapter
by allowing less regular initial value and source term (see Theorems 7.1-7.3). Second, we de-
rive nearly optimal error estimates for a semidiscrete Galerkin scheme for both homogeneous
and inhomogeneous problems (see Theorems 7.4-7.7, which cover both smooth and nonsmooth
data. Third, we develop a fully discrete scheme based on a finite difference method in time, and
establish its stability and error estimates (see Theorem 7.8). We note that the derived error
estimate for the fully discrete scheme holds only for smooth solutions.

The rest of the chapter is organized as follows. In Section 7.2, we first recall properties of
Mittag-Leffler functions introduced in Chapter 6, and then refine the well-posedness results to
cover lower regularity cases. The readers not interested in the analysis may proceed directly to
Section 7.3, where almost optimal error estimates for their semidiscrete Galerkin finite element
approximations are given. Then a fully discrete scheme based on a finite difference approxima-
tion of the Caputo fractional derivatives is given in Section 7.4, and an error analysis is also
provided. Finally, extensive numerical experiments are presented to illustrate the accuracy and
efficiency of the Galerkin scheme, and to verify the convergence theory. In the sequel, we denote
by C' a generic constant, which may differ at different occurrences, but always independent of
the mesh size h and time step size 7.

7.2 Well-posedness and refined estimates

This section is concerned with the well-posedness of problem (7.1). We generalize and refine
the regularity results obtained in the previous chapter for the homogeneous and inhomogeneous
problems.



7.2. Well-posedness and refined estimates 133

7.2.1 Preliminary

For the sake of self-containedness, we recall the general notations and the multinomial
Mittag-Leffler functions for the solution representation, which were introduced in Chapter 6.

Let L?(€2) be the usual L?-space equipped with the inner produce (-, -). Denote by HJ (),
H~1(Q), etc. the Sobolev spaces (see, e.g., Adams [1]). For simplicity, (-, -) will also refer
to the pairing between H~1(Q) and H}(Q) throughout this chapter. Let {\,, pn}32; be the
eigensystem of A = —A such that 0 < A\ < Ay < -+-, Xy — 00 as n — oo and {p,} C
H?(Q) N H}(Q) forms an orthonormal basis of L*(2). Then the fractional power A7 is well-
defined for v > —1/2 (see, e.g., Pazy [115]) with

D(AY) = {f € H_l(Q); Z |\ (f, ‘Pn)|2 < OO} . AVfi= Z)\g(f; ©n)Pn,
n=1 n=1

and D(AY) is a Hilbert space with the norm

0o 1/2
[ fllpeary = (Z IX)(f, %)P) .

n=1

We know that {)\,11/2@,1}%":1 forms an orthonormal basis in H~"(Q2), and ||| p(4-1/2) ~ |-l z-1(e)

is the norm in H~'(€). Further, it is easy to verify that | fl|lp a2y = [|[Vfllz2(e) is also
the norm in H§(2), and ||f|pay = |Af]|L2(0) is equivalent to the norm in H?(Q) N H§ ()
(see [127, Lemma 3.1]). Note that {D(A”)},>_; /o forms a Hilbert scale of interpolation spaces,
and D(AY) C H?'(Q) for v > 0. For 1 < p < oo, we say that f € LP(0,T;D(A")) provided

T 1/p
(/ ”f('at)”%(Aw)dt) ifl1<p<oo
”f”LP(O,T;’D(AW)) = 0 < oo.

esssup [ f( -, t)[lpcam if p= o0
o<t<T

In order to represent the solution to (7.1), we shall utilize the multinomial Mittag-Leffler
function defined as (see Luchko and Gorenflo [104])

E(ﬁl ...757“)’50(21,...,27—”) = Z Z

k=0 k1 +-+km=Fk

(kska, . km) [T 2R

i=1%

T(Bo + X711 Bik;)

Here0 < 8y <2,0<B;<1,2;€C(j=1,...,m),and (k; k1, ..., k) denotes the multinomial
coefficiet

k! , n
YRR with k= kj,
e k! pt

where k; (j =1,...,m) are non-negative integers.

(k‘;kl,...,k}m) =

Concerning the properties of the multinomial Mittag-Leffler functions, we recall the following
lemmata proved in Chapter 6, which will play important roles in refining the regularity results.

Lemma 7.1 Let0< 8y <2, 0< B <1 (j=1,....,m)and z; € C(j =1,...,m) be fized.

Then
L, -
I'(6o) =

ZiEg,,....pm),Bo+8; (215 - - -3 2m) = E(gy,... 81n),B0(#15 - - - s Zm).-
1
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> ayy, > 0 be given. Assume that cqm/2 <

—K<z;<0(j=2,...,m).

Lemma 7.2 Let 0 < <2 and 1 >a; > ---
m) and 3 such that

w < oqm, p < larg(z1)| < m and there exists K > 0 such that
Then there exists a constant C > 0 depending only on pu, K, o (j =1

Blar,a1-az,.a1—am),8(215- s 2m)| < 7 + 21|
For later use, we adopt the same abbreviation
Et(;’b)ﬂ(t) : E(Otl70(1—O£27...,O£1—am)aﬁ(_)\ntal7 —qat™ T, —gmt™ ) (> 0)

(6.21), where A, is the n-th eigenvalue of A, 0 < f < 2, and «;,q; are those positive
constants in (7.1). To treat the inhomogeneous case, i.e., the source term F' # 0, we need the

following key lemma.
the function tal*lng?m(t) is completely monotone.

Lemma 7.3 For each n = 1,2,...,
Moreover, there exists a constant C' = C(a) > 0 such that

2

n c
a1 g (s )’ds <o (>0
According to the previous chapter, we can write the explicit solution to (7.1) by using the

multinomial Mittag-Leffler functions and the eigensystem {\,, ¢, } as

u(-1) =3 (1At B, (1) (a,gon)gon+/0U(s)F(-,t—s)ds 0<t<T), (14)

n=1

where
(7.5)

(6)f ==t~ 1ZE£:?Q1 )(fspn)en  (f € D(AY?)).

n=1

The operator U(t) has the following smoothing property.

Lemma 7.4 Fiz f € D(AY) with some v € (—=1/2,1]. Then for any 0 <t < T, there exists
a constant C = C(Q, T, a,q) > 0 such that for 0 < k —~ < 1, there holds

1T fllpeary < ClIF lpeanyt® 7= =1,

Proof. The definition (7.5) of U(t) and Lemma 7.2 immediately yield

10@ONan =70

n=1
oo 2
2(a1 (14y—r)—1) Z‘ Ant®1) wEg})m )‘ XL (f,em)]?
:1

2

MED ) om)|

n (10(1

& talfc'y

G s )

< (C ta1(1+'y—f-c)—1)

< (Ota1(1+'y—fc)—1) Z |/\%(f, (pn)|2 _ (OHfHD(.A‘*)tal(HJY K) 1) ,

n=1

where in the second inequality we use the fact
1 ) o
if A\t <1

ar\r—y a
(i\nt)\)t = 1_;/125 1 =
ai
o 1—|—n/\ to if Apt™ > 1

since 0 < Kk —~vy < 1.
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7.2.2 Solution regularity

First we recall known regularity results. In [94], Li and Yamamoto investigated the same
problem under a more general setting of variable coefficients, namely, ¢; = ¢;(z) (j = 2,...,m).
It reveals that the unique mild solution u satisfies

c C((0,T); D(AY=9) N C([0,T); L3(£)), when a € L?(Q), F =0,
SO0, T]: DAY 9) N L0, T; HA(Q) 1 HA(Q)), whena =0, F € L*(0,T; L*(Q)),

where € > 0 can be arbitrarily small. In Chapter 6, these results were refined for the case of
constant coefficients, i.e., problem (6.1)—(6.3). In particular, it was shown that for a € D(A")
with v € [0,1] and F = 0, there holds u € LY(=7(0,T; H*(Q) N H}(Q)). For a = 0 and
F € L?(0,T;D(A")) with p € [1,00],7 € [0,1], there holds u € LP(0,T;D(A 1)) for
arbitrarily small € > 0. Here we follow the same approach and extend these results to a slightly
more general setting, namely a € D(AY) and F € L?*(0,T;D(AY)) with v € (—=1/2,1]. The
nonsmooth case, i.e., v < 0, arises commonly in related inverse problems and optimal control
problems.

As before, we shall separate the cases of ' = 0 and a = 0 to derive the regularities of
the solutions, respectively. These results will be essential for the error analysis of the space
semidiscrete Galerkin scheme (7.3) in Section 7.3. First we consider the homogeneous problem
with initial data a € D(AY) with v € (—1/2,1].

Theorem 7.1 Let u be the solution to problem (7.1) with F = 0 and a € D(AY) (y €
(=1/2,1]). Then there exists a constant C = C(Q,T,a,q) > 0 such that for 0 < k — v < 1,
there holds

[u(-)pasy < Cllalpant™ O (0 <t <T).

Proof. Taking F' =0 in (7.4) immediately gives

u( : ,t) = Z (1 - A talEt(::})l—‘roz (t)) (a, ‘Pn)‘Pn-

n=1

Then by Lemma 7.2, we have for 0 < k — vy < 1 that

2
(- )b a Z(X”\ Mt B o, (8)]) N a0

To treat the term 1 — A\, to‘lE(")

o1 tan (t), we utilize Lemma 7.1 and apply Lemma 7.2 to deduce

)\ o E(”)

o’ 1+a;

()] = [t DS gt B, ()
Jj=2

’Ea/l ‘4.02#11 v

tozl Qy

(n)
B rtn-a,(8)] < sz-

IN

Therefore, we estimate for 0 < ¢t < T that

2
> M ARV

[u(- s 8)[pamy <C*D ZW A% (@, on)?

n=1 \j=1

2
tal T (0% —R)—Qy
Z ( I ) A, )P
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2

m o0 2
<2 Ztal(].‘FV*N)*Otj Z I\ (a, SDn)|2 < (C||a||D(AW)tal(77H)) .
Jj=1 n=1

The proof of lim¢ o |lu(-,0) — a|lpary = 0 coincides with that for Theorem 6.1(b) and we omit
the details here. O

Now we turn to the inhomogeneous problem with a nonsmooth right-hand side and the
homogeneous initial condition.

Theorem 7.2 Let u be the solution to (7.1) with a = 0 and F € L*=(0,T;D(AY)) (y €
(=1/2,1/2]). Then u € L>=(0,T;D(AYT1=9)) for any e € (0,1]. Furthermore, there ezists a
constant C = C(Q,T,a,q) > 0 such that

C 1€
lu(-,t)|lparti—e < :|\F||Loo(o,t;o(m))t ' (7.6)

Hence, it is a solution to problem (7.1) with the homogeneous initial condition in the sense that
limg o |lu( -, t)||parti-e) = 0 for arbitrarily small € > 0.

Proof. Fix e € (0, 1] arbitrarily. Taking @ = 0 in (7.4) and applying Lemma 7.4, we immediately
obtain

t t
u(-,t)||partaey = H/ U(s)F(-,t—s)ds < / U()F(-,t—s)|pavtr-o)ds
0 D(AV+H1I=¢) 0

t
— Q1€ O Q1€
< C/O sTIHNY (-t = 8)|lpan ds < ;HFHLw(w;D(Av))f e
which shows the desired estimate. O

Next we extend Theorem 7.2 to allow less regular right-hand sides F' € L2(0,7;D(A))
with —1/2 < v < 1. Similarly to Theorem 6.2(a), it will be verified that the solution u satisfies
the governing equation as an element in the space L2(0, T; D(Q*1)). However, it may happen
that the satisfaction of the homogeneous initial condition becomes meaningless in the usual
sense. In Remark 7.1 below, we argue that the weakest class of the source term that produces
a legitimate weak solution of (7.1) is F' € LP(0,T;D(A")) with p > 1/a; and —1/2 < v < 1.
Obviously, for 1/2 < a < 1, it does give a solution u € L2(0,T; D(AYT1)).

Theorem 7.3 Let u be the solution to (7.1) with a = 0 and F € L?>(0,T;D(AY)) (v €

(=1/2,1/2]). Then u € L*(0,T; D(AY*Y)), and there exists a constant C = C(Q,T,a,q) > 0
such that

llullz20,6:0047v+1)) < ClIF || 2206004y (0 <t <T).
Proof. Now we substitute the explicit form (7.5) of U(t) into (7.4) to formally write

2

0 t
lul-, by = > An (/O s TE) () AL(F (-t — s),wn)ds)
n=1

Using Young’s inequality for convolutions along with Lemma 7.3, we deduce

2

)
/O et Ea’,al(r) /\?L(F('aS—T),‘Pn)dT

el Z200,p(a0+1)) = Z A
n=1 L2(0,t)

oo t 2
<3 ([ s B0 05) INCFC 80 B

n=1
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> 2
<Y INEC8), 07200 = (CIF | L20.4:D(a7))
n=1

This completes the proof. O

Remark 7.1 The condition F' € L*°(0,7;D(A”)) in Theorem 7.2 can be weakened to
F e L?(0,T; D(A")) with p > 1/a;. In fact, it follows from Lemma 7.4 and Holder’s inequality
that

t t
lu(- )llpear < / |U(S)F(- t— ) lppan ds < C / S E( t— )|l ppan ds
t 1/p’
S CHFHLP(O’t;’D(A’Y)) (/ S;D (al—l) dS) = C”FHLP(O,t;D(_A’Y))tal_1/:0’
0

where p’ is the conjugate number of p, and we easily infer p’(a; — 1) = % > —1 from

p > 1/aj. Then it is obvious that the initial condition u(-,0) = 0 holds in the sense that
limg o |lu(-,t)||p(ar)y = 0. Hence for any a € (1/2,1) the solution remains a legitimate solution

under the weaker condition F' € L%(0,T;D(A")).

7.3 Error estimates for semidiscrete Galerkin scheme

Now we derive and analyze the space semidiscrete Galerkin FEM scheme (7.3). First we
describe the semidiscrete scheme, and then derive almost optimal error estimates for the ho-
mogeneous and inhomogeneous problems separately. In the analysis we essentially use the
technique developed in [81] and improved in [79,80].

7.3.1 Semidiscrete scheme

To describe the scheme, we need the L?({) projection Py, : L*(Q2) — X}, and Ritz projection
Ry, : HY(Q) — X}, respectively, defined by

(Pnfygn) = (fi9n), (VRuf,Vgn) = (Vf,Vagn) (Ygn € Xp).

The operators Ry, and Py satisfy the following approximation property.

Lemma 7.5 (see [127]) Let f € D(AY) with 1/2 <~ < 1. Then the operator Ry, satisfies

|RLf — fllrz) + MIV(Baf = F)llz2@) < C R fllpan-

Further, for k € [0,1/2] we have

CRU flpy (Y f € D(A)),

P f— )y <
H hf f”D(A ) = {C hli%”f”D(Al/?) (Vf c D(Al/Q))'

By interpolation, the operator Py, is also bounded on D(A"), —1/2 <k <0.

Now we can describe the semidiscrete Galerkin scheme. Introducing the discrete Laplacian
Ah : Xh — Xh defined by

—(Anfnygn) = Vi, Van)  (fr,gn € Xn)
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and setting F, () := Py F(-,t), we may write the spatially discrete problem (7.3) as
qua un(t) — Apun(t) = Fr(t) (0 <t <T),
(7.7)
Up (0) = Qp,

where a;, € X} is an approximation to the initial data a. Next, by using the eigensystem
{AR I AN | of the discrete Laplacian —Ap,, we can give a solution representation of (7.7) as

N t
up(t) = Z ( )\htalE(7f ﬂal( )) (an, ")l —l—/ Un(s)Fp(t —s)ds, where (7.8)
n=1 0
Un(t) f =t Z ESM () (fny @)l fr € Xa, (7.9)
E‘(;f Z)( ) = E(oq,oq7a27...,a17am)7,8(_AZtal7 _QZtal_a2a sy _thal_am)-

On the finite element space X}, we introduce the discrete norm

N 1/2
|||fh|||D(Aw) = (Z ‘(/\Z)W(fh#/’mf) (fn € Xn).
n=1

The norm |- p( vy is well defined for all y € R. Clearly, || fullpiai/zy = |fallpcar/z) and
I fullpca0y = IIfnllrz(e) for any f, € Xp. Further, the following inverse inequality holds
(see [81]): if the mesh 7}, is quasi-uniform, then for any x > v,

I fallpeary < CR2O N fullpary (¥ fn € Xn). (7.10)

Lemma 7.6 Assume that the mesh Ty, is quasi-uniform. Let up(t) satisfy (7.8) with F' = 0.
Then for any ay, € Xy, there exists a constant C = C(Q, T, a, q) > 0 such that for 0 < k—v < 1,
there holds

ln®llpaey < Cllanllpiant™ 0= (0 <t <T).

Proof. By the representation (7.8) , we have for 0 < k —~v < 1 that

N 2
i (M) = 3 (0777 1= A0t B, 0]) 00 )

By the same argument as that in the proof of Theorem 7.1, we apply Lemmata 7.1-7.2 to

deduce
a1 —a
1 e B, 0] < CZ 1:)\’1;‘11’
which yields
N m )\h)/{—'ytoq*aj ? 2
[RGIEAEe Bl i ey PR RENEA]
n=1 \j=1 n
N o\ 2
< (ermom)" S (S ) 108 onil

ar(y—k) 2
< (Cllanllpeant™ =)

forO<t<T. O
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The next result is a discrete analogue to Lemma 7.4.

Lemma 7.7 Let Uy(t) be defined by (7.9) and fr, € Xn. Then there exists a constant
C=C(T a,q) >0 such that

C|||fh|||D(A7)t°‘1(1+’7—'f)—1, 0<k—7vy<1,

IUR(E) fulllpasy < ~
P Cllfrllpant™ L k<.

Proof. The proof for the case 0 < k —~ < 1 is similar to that of Lemma 7.4. The another
assertion follows from the fact that {\?}2_, are bounded from zero independent of h. O

In view of the superposition principle, again we separate the discussions on the homogeneous
and inhomogeneous problems, that is, the cases of FF = 0 and a = 0 respectively. In the sequel,
we abbreviate u(t) := u( -, t) for simplicity.

7.3.2 Error estimates for the homogeneous problem

To derive error estimates for the homogeneous problem, first we consider the case of smooth
initial data, i.e., a € D(A). To this end, we split the error uy(t) — u(t) into two terms as

up, —u = (up, — Rpu) + (Rpu —u) =19 + o.
By Lemma 7.5 and Theorem 7.1, we have
lo()ll 20y + hlIVe(t)l L2) < Ch2||lu(t)lpay < Ch?[lallpay (0 <t <T). (7.11)

So it suffices to get proper estimates for 9(t), which is given below.

Lemma 7.8 Let F' =0, a € D(A), ap, = Rpa and 9(t) := up(t) — Rpu(t). Then there
exists a constant C = C(, T, e, q) > 0 such that for k =0,1/2, there holds

[9®)lpary < CR2allpay (0 <t <T).

Proof. Using the identity Ay R, = Pp/\, we note that ¢ satisfies

g0 0() — Apd(t) = =P [ > g0 e(t) | (0<t<T),
j=1 j=1
3(0) = 0.

By the representation (7.8), we have

ﬁ(t):—/o Un(s) P | 0,007 olt =) | s

Then by Lemma 7.7, Lemma 7.5 and Theorem 7.1, we deduce for Kk = 0,1/2 and 0 < ¢t < T
that

t m
19(t)]|pany < / Un(s) Po | 3 0500 ot — 5) ds
’ =t D(A")
+ m
< C/ sa=m—11p, Z g0, o(t — s) ds
0 =

L2(©)



7.3.  Error estimates for semidiscrete Galerkin scheme 140

SO (t—s) 07N " g;00 o(s) ds
’ =t L3(Q)
t m
< Cp2=R) / (t — s)i=r)=1 Z 40,7 u(s) ds
0 Jj=1 D(Alf*‘)

t
< ORI [ (=)™ 0 fus) e ds
0
t
< Chg(liﬁ)HaHD(A)/ (t — ) mm=tgnlsb qs < Ch* %) |la] pa),
0

where we use the fact that 37", ¢;0;"u = Au in the fifth inequality. O

Using (7.11), Lemma 7.8 and the triangle inequality, we arrive at our first estimate, which
is formulated in the following theorem.

Theorem 7.4 Let F = 0, a € D(A) and u,up be the solutions to (7.1) and (7.3) with
ap, = Rpa, respectively. Then there exists a constant C = C(Q, T, a,q) > 0 such that

lun(t) = u®)ll L2 (@) + PV (ua(t) = u(t) 2@ < Ch?allpey (0 <t <T).

Now we turn to the nonsmooth case, i.e., a € D(AY) with —1/2 < v < 1/2. Since the
Ritz projection Ry, is not well-defined for nonsmooth data, we use instead the L?(£2)-projection
ap, = Pya and split the error up,(t) — u(t) into two terms as

up —u = (up, — Ppu) + (Pru —u) =: 9 + 0. (7.12)
By Lemma 7.5 and Theorem 7.1, we have for —1/2 < v < 1/2 that

18(8) || L2 () + RIIVE(E)] L2y < € 2RO 14y(2) | o g14mineo.)y
< Ch2(1+min(0’7))t°‘1(ma"("’o)_l)HaHD(Aw) (0 <t< T)

Thus, we only need to estimate the term 5(75), which is stated in the following lemma.

Lemma 7.9 Let F = 0, a € D(AY) with —1/2 < v < 1/2, a, = Pha and 9(t) =
up(t) — Phu(t). Then there exists a constant C' = C(Q, T, e, q) > 0 such that for k = 0,1/2,
there holds

19(t) [ pasy < C RO g a4yt (00D (0 < £ < T),
where o, = |In h|.
Proof. Using the identities
P, quaf‘fg = quaf‘jPh(Phu —u)=0
j=1 j=1

and ARy, = P,/\, we see that J satisfies

> g0 0(t) — Apd(t) = —An(Ryu— Pou)(t)  (0<t<T),
=1 (7.13)

9(0) = 0.
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By the representation (7.8), we have
¢

I(t) = —/ Un(s) Op(Rpu — Pru)(t — s) ds. (7.14)
0

Then by Lemma 7.6, there holds for k = 0,1/2 and arbitrarily small € > 0 that

[Un(s) D (Rt — Pru)(t — 8)[lpeasy < C s HIAR(Rpu — Pyu)(t = )l pan—1+e)
< C s Y[[(Rpu — Pou)(t — 8)llpawey-

Moreover, by (7.10), Theorem 7.1 and Lemma 7.5, we have for —1/2 < v < 1/2 that

Un(s) An(Rpu — Pru)(t — s)|peax
<(C h2(1+min(7’0)7'€76) s"“e’l”u(t — S)||D(A1+min('y,0))

< Ch2(1+min('y,0)—rc—e)|‘aHD(A_Y)Sale—1(t _ S)al(max('y,())—l) (Ii =0, 1/2)
Then we plug the above estimate back into (7.14) to obtain
t
||19(t)HD(.A") < Ch2(1+min(7’0)_'{_6)HCLHD(Aw)/ Sale—l(t _ S)al(max('y,())—l) ds
0
< C€—1h2(1+min('y,0)—n—e)||a||D('Aw)toz1(max(’y,())—l) (FL =0, 1/27 0<t< T),

where the last inequality follows from the fact that

/t Sale—l(t _ S)al(max('y,())—l) ds = ta1(6+max('y,0)—1) F(ale)r(l + O‘l(max(’)/a 0) - 1))
o (1 + a1(e + max(v,0) — 1))

and the estimate I'(aje) = T'(1 + az€)/(are) < C e t. Now with the choice € = 1/, and the
fact that A='/I"™"l is uniformly bounded for h > 0, we obtain the desired estimate. O

Now the triangle inequality yields an error estimate for the case of a nonsmooth initial data.

Theorem 7.5 Let F =0, a € D(A"Y) with —1/2 < v < 1/2, and u,uy, be the solutions of
(7.1) and (7.3) with ap, = Pra, respectively. Then there exists a constant C = C(§, T, a,q) > 0
such that

[un(t) = u(®)llL2(0) + PIV (un(t) = u®))l|2(@) < C RPN gy ||a] gyt Pex0=D

for 0 <t <T, where o, = |Inh|.

7.3.3 Error estimates for the inhomogeneous problem

Now we derive error estimates for Galerkin approximations of the inhomogeneous problem
with a = 0 and F € L*°(0,T; D(AY)) (—1/2 < v < 0) in both L? and L*-norms in time. The
case F' € L>=(0,T; D(A")), 0 < v < 1/2is simpler and can be treated analogously. To this end,
we appeal again to the splitting (7.12). By Theorem 7.2 and Lemma 7.5, the following estimate
holds for p:

o)l z2() + RIIV(t)] 220) < ChQ(lﬂ_e)HU(t)HD(Au%E)t‘““
<Ce M| F|| oo ipiary  (0<t<T).

Now the choice o, = |Inh| and € = 1/0}, yields
o) 220 o)Lz < oh Lo (0,6 D(A7)) <T).
le@) + Ve < O gy, ||| (O<t<T)

Thus, it suffices to bound the term 9.
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Lemma 7.10 Let a = 0, F € L>=(0,T;D(A)) with —1/2 < v < 0 and U(t) be defined by
(7.14). Then there exists a constant C = C({,, T, at, q) > 0 such that

[9) )| 2y + RIVOE) | L2y < C A2 G2 || F|| oo 0.0m(aryy (0 <t < T).

where o, = |Inh|.

Proof. By (7.8) and Lemma 7.7, we deduce for k = 0,1/2 that
t
[9®) [ pas) < / [Un(s)An(Rru — Ppu)(t — s)|lpax) ds
0
t
<C [ s ARy~ Pra)(t — 5) o aorery ds
0
t
< c/ s Ry — Pyn)(t — )llpaeseyds (0 <t < T).
0
Further, using (7.10) and Lemma 7.5, we deduce
. t
I50)lan < 7 [ (R = Pra)(t = 5)oae) ds
t
< Ch2(1+7‘“‘€)/ St — ) parin ds (x=0,1/2, 0 <t < T).
0

Now by (7.6) and the choice € = 1/0y,, we get for K =0,1/2 and 0 < ¢ < T that

t

[9(t) || p(ar) < C6_1h2(1+7_”_€)||F|\L°°(o7t;D(Aw))/ st — 5)M1ds
0
< Ce RN F| pe (o ipiany) < C R0 || F | oo o, (am))

where the second inequality follows from

t t
/ s*E(f — g)Meds < t‘“e/ sl gy = 2 gore < e,
0 - 0 Qg€ o

This completes the proof of the lemma. O

An inspection of the proof of Lemma 7.10 indicates that for 0 < v < 1/2, one can get rid of
the factor o,. Now we can state an error estimate in L°°-norm in time.

Theorem 7.6 Let a = 0, F' € L*>(0,T;D(A")) with —1/2 < v < 0, and u,up, be the
solutions of (7.1) and (7.3) with Fy, = PpF, respectively. Then there exists a constant C =
C(Q,T,a,q) >0 such that

un(t) — u(®)|| 20y + AV (un(t) — ult)l| 2y < CR* o} ||F|| poco,ip(ary (0 <t <T),

where o, = |In k.

Finally, we derive an error estimates in L?-norm in time. To this end, we need a discrete
analogue of Theorem 7.3, whose proof follows identically and hence is omitted here.

Lemma 7.11 Let up, be the solution of (7.3) with ap, = 0. Then for arbitrary v > —1/2,
there exists a constant C = C(Q, T, a,q) > 0 such that

t t
| sl as <€ [ IR ds 0 <t<T)
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Theorem 7.7 Let a = 0, F' € L*>(0,T;D(A"Y)) with —1/2 < v < 0, and u,up be the
solutions of (7.1) and (7.3) with Fy, = PpF, respectively. Then there exists a constant C =
C,T,a,q) >0 such that

lun — ull 20,6220 + PIV (un — )| z200.602(0)) < C P2V Pl 204p(any) (0<t<T).
Proof. We use again the splitting (7.12). By Theorem 7.3 and Lemma 7.5,

181l 20,6:22(0)) + PVl £2(0,6:22(0)) < C B2Vl L2(0 12D a1+
< Chz(lJrV)”FHLQ(O,t;’D(A‘*)) 0<t<T).

By (7.8), (7.13), Lemma 7.11 and Lemma 7.5, we have for k = 0,1/2 that
t t
/0 13(5)|I2ary ds < C / A0 (Ri = Pre) ()1 ae 1 s

t 2
< C/ ||(Rhu — Phu)(s)”?)(Am) ds < (O B20+7—x) ||U||L2(O,t;’D(A1+W)))
0

2(1 2
< (Ch ( +77R)||F|‘L2(O,t;’D(AW))) 0<t<T).

Combing the above two estimates yields the desired assertion. O

7.4 A fully discrete scheme

Now we describe a fully discrete scheme for problem (7.1) based on the finite difference
method introduced in [97]. To discretize the time-fractional derivatives, we divide the interval
[0,T] uniformly with a time step size 7 = T/N; (N; € N). For 8 € (0,1), we perform the
discretization at each knot t, =07 ({ =1,...,N;) as

4

by 1 NP 1 N~ fE) = flt) [ ds o.r
Oy f(te) = NG ;/tu (t,— s)P ds ~ I'(1-p) ; T /tu (te — s)P * f

(21 52 Zd@f(b‘z Zﬂiﬁ f(te—si) + RO

where df :=i'"# — (i —1)""F (i=1,2,...), and R,"" denotes the local truncation error. Lin
and Xu [97, Lemma 3.1] (see also [126, Lemma 4.1]) showed that R,”" can be bounded as

,T 2—p " 2 —
(BT < O max |f"(1)](f € CP0.T], €=1,2,...,No). (7.15)

Then the multi-term fractional derivative Z * ;07 u(z,t) at t = t, in (7.1) can be discretized
by

quaf‘fu(x,u) = P-(0y)u(x, t¢) + R} (x), (7.16)

where the discrete differential operator Py (9;) is defined by

14
L ’t —i — 7t —1
Pr(at)u(x,tg) = I‘(2 — al) ZRU(x l -|-1/:a1 U/(JZ ¢ )’

and the coefficients P; (i = 1,2,...) are defined by

U I‘2—a1 qjal]To‘1 &5
Pyt mudir
j=1 J
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Then by (7.15), the local truncation error R} (x) of the approximation P-(0;)u(x, ) is bounded
by

T < 2=y 2 < 2—a . .
R} ()] < czqﬂ wax [0Fu(@, 1) < O max [0Fu(x,b)] (7.17)
By the monotonicity and convergence of {df } (see [97, Eqn. (13)]), we know that
Py>P>...>0 and P, —0asi— co. (7.18)

Now we are ready to propose the following fully discrete scheme: find uf € X, (¢ =
., N}) such that

(PT(at)qu,vh) + (Vufl,Vvh) = (Fg,vh) (Vop, € Xp), (7.19)

where F' = F(-,t;). By setting n = ['(2—ay) 7%, the fully discrete scheme (7.19) is equivalent
to finding ufl € Xj, such that for all v, € Xp and £ =1,..., Ny,

—1
Po(uby,vn) + n(Vup, Vor) = > (Picy — P)(uy " vn) + Proa(uf), vn) + n(F o). (7.20)
=1

The next result gives the stability of the fully discrete scheme.

Lemma 7.12 The fully discrete scheme (7.20) is unconditionally stable, i.e., there exists a
constant C = C(Q, T, a,q) > 0 such that

lupllz2) < llufllre) + Ofg?gg [F'llr2@) (E=1,...,Ny).

Proof. The case ¢ = 1 is trivial, and we proceed by induction. By observing the monotone
decreasing property of the sequence {P;} from (7.18) and choosing v, = u} in (7.20), w
deduce
-1
Polluj |l 20y < Z(Pi—l — P)llug, N2 + Peoallug | 2@y + nll Féll 2o

< Z i1 — P, "l r2@) + Pe-afluf 2@+ max, ||F IL2()
< P0||Uh||L2(Q) (C(Fo = Pr-1) +n) max, ||FiHL2(Q)
Using the monotonicity of {P;} again gives
C(Py—Pi—1) +n<CPy— (CPn, —n).

It suffices to choose a constant C' such that C' Py, —n > 0. Recalling 7 = T'/N; and noting the
concavity of the function b(7) = (T + 7)1, we get b(1) — b(0) < V' (0)7, i.e., (T + 7)i71 —
T < (1 —ap)T~ 7, and thus

Ay =N+ = N7 = (T4 )7 = To) 797 < (L= ay) T 7

Hence

(1—ay) T~
Py, < T 7% = Cy T~ 72,
Ni Z 2 — ) T 0 T

Thus by choosing C' = To‘l/Co7 we obtain

Pollupll L2y < PollupllL2) + C Po max I F | 2

The desired result follows by dividing both sides by F. O
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Next we state an error estimate for the fully discrete scheme. In order to analyze the
temporal discretization error, we assume that the solution is sufficiently smooth.

Theorem 7.8 Let a € D(A) and F € L>°(0,T;D(AY?)). Suppose that the solution u is
sufficiently smooth, and let {ufl}é\;‘o C X}, be the solution to the fully discrete scheme (7.20) with
up satisfying ||uf — al| 2y < Ch?|lallpay. Then there exists a constant C = C(Q, T, a, q) > 0
such that

ot = u(t ey < € {0 (oo + 1Pl oanmansy + o loaoliocy

172 max [Pt >||L2<Q>} (=1,....N).

0<t<t,
Proof. We split the error e’ := u(t;) — u} into two terms as
e’ = (u(te) — Rpu(te)) + (Ruu(te) — up) =: o° + 9"
Here o° is a special case of o(t) := u(t) — Rpu(t) with ¢ = t,. Applying Lemma 7.5, we have

o)l L2y < Ch?|lu(t)|lpay < Ch* (llallpeay + I1F| Lo o.rp(ar2)) (7.21)
[0c0(t)]| 20y < Ch2(|Opu(t) |l p(a)- (7.22)

It suffices to bound the term ¥”. By comparing (7.1) and (7.19), we derive the error equation

{(PT(at)ﬁ",vh) + (VO", Vo) = (€%, o) (Von € Xp, 1<SE< Ny, (7.23)

0 0
9" = Rpa — up,

where the right-hand side &7 is given by
§" = Pr(0)Ruulte) — Z%a u(te) = —Pr(0)e" — Ry = & + &,

and the truncation error R} is defined in (7.16). Using the identity
o ti
o' =0T = Owolt)dt

ti—1

and the inequality (7.22), we can bound the term & by

€8l 2y < C ZQ fi-1) Z / tg—S

ti—

L2(Q)
< —Z/“ 1010(t) |20 dt qu/ &
tioa by (te—s)%
te ds
< Ch? 01%1%); l|0su ()] pay ;Qj/o W < Ch? 023%); [|0su(t)||pa)-

Meanwhile, the second term &4 can be bounded using (7.17). Then by the stability from Lemma
7.12 for the error equation (7.23), we obtain

||19£||L2 @ <C (||190||L2(Q + nax, ||€1HL2(Q + 1121332 ||€2||L2 Q))
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< {1 (alow + s 10 (0loen ) + 727 max 02l | (720
where 1Y is estimated by the choice of uY) and Lemma 7.5 as
19°0 L2y = |1 Bra = upllL2(e) < [|Bha — all2(o) + la — uhllzz0) < Ch2[lallpa)-
The combination of (7.21) and (7.24) immediately yields the desired error estimate. O

Remark 7.2 The error estimate in Theorem 7.8 holds only if the solution u is sufficiently
smooth u. There seems no known error estimate expressed in terms of the initial data (and
right-hand side) only for fully discrete schemes for nonsmooth initial data even for the single-
term time-fractional diffusion equation with a Caputo fractional derivative.

7.5 Numerical experiments

In this section, we present one-and two-dimensional numerical experiments to verify the
error estimates in Sections 7.3 and 7.4. We shall discuss the cases of a homogeneous problem
and an inhomogeneous problem separately. Without lose of generality, we consider the following
initial-boundary value problem for a fractional diffusion equation with two Caputo derivatives
in time throughout this section

Ou+0lu=LAu+F inQx(0,T),
u=a in © x {0}, (7.25)
u=0 on 09 x (0,71,

where we basically fix @« = 0.5 and 8 = 0.2. Only in Subsection 7.5.1 and Example 7.1, we
choose various a to compare the numerical performances.

7.5.1 The case of a smooth solution

Here we consider the one-dimensional case of (7.25) on the unit interval Q@ = (0,1). In
order to verify the estimate in Theorem 7.8, we first check the situation that the solution w is
sufficiently smooth. Set

t2—0¢ tQ—B
G-—a) TG-5)

Then the exact solution u is given by u(x,t) = (1 + t?)(x — 22), which is very smooth.

a(r) = x — 22, F(x,t):Z(F >(m—x2)+2(1+t2).

In our computation, we divide the unit interval Q = (0,1) into N, equidistant subintervals
with the mesh size h = 1/N,. Similarly, the time span is also equally partitioned with a step
length 7. Here we choose N, large enough so that the space discretization error is negligible,
and the time discretization error dominates. We evaluate the accuracy of the numerical ap-
proximation u}, by the normalized errors |[uf, — u(t;)| 12(q)/|lal|L2(0)- In Table 7.1, we show the
temporal convergence rates, indicated under the column “Rate” (the number in bracket is the
theoretical rate), for three different a values, which fully confirms the theoretical result. See
also Figure 7.1 for the plot of the convergence rates.
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Table 7.1: Numerical results for the case with a smooth solution at ¢ = 1 with g = 0.2 and
a = 0.25,0.5,0.95, discretized on a uniform mesh of mesh size h = 270 and 7 = 0.2 x 2%
(k=1,...,5).

a Norm | 7=1/10 7=1/20 7=1/40 7=1/80 7 =1/160 Rate
0.25 L? 5.58e-4 1.73e-4 5.25e-5 1.51e-5 3.90e-6 ~ 1.81 (1.75)
05  L? | 1453  5.1le-d  1.78¢-4  6.17e-5  2.08¢-5 | ~ 1.55 (1.50)
095 L2 | 7.92-3  3.79e3 1823 8734  4.20e4 | ~ 1.06 (1.05)

107 J|——1%0=0.25
—=—124=05
——12,0=0.95

10

10° 10" 10° 107
error

Figure 7.1: Numerical results for the case with a smooth solution at ¢ = 1 with f = 0.2 and
a =0.25,0.5,0.95.

7.5.2 Homogeneous problems

In this subsection, we present numerical results to illustrate the spatial convergence rates in
section 7.3 in case of F' = 0in (7.25). We performed numerical tests for initial data with different
smoothness. In order to check the convergence rate of the semidiscrete scheme, we discretize
the fractional derivatives with a tiny time step, and thus the temporal discretization error is
negligible. For each example, we evaluate the error e(t) = u(t) — up(t) by the normalized errors
lle)llz2)/llallz2) and [[Ve(t)||L2()/llallL2(q). The normalization enables us to observe the
behavior of the error with respect to time in case of nonsmooth initial data. For simplicity, we
still consider the one-dimensional case with = (0, 1).

Example 7.1 We first choose a smooth initial value a(x) = sin(27x) which belongs to
H2(Q) N HY(Q), and perform the tests with 8 = 0.2 and o = 0.25,0.5,0.95. The numerical
results show that for all three different values of o, the convergence rates in L2- and H'-norms
of the error turn out to be O(h?) and O(h) respectively (see Figure 7.2). As the value of «
increases from 0.25 to 0.95, the error at ¢ = 1 decreases accordingly, which resembles that for

the single-term case in [81].

> P ——12,0=0.25

-1
10 v -e-H!0=0.25
Iy 1 5
1 R —=—°0=0.5
< R i -u-Hla=05
: 1

ey ~—12,0=0.95
o o e’ 1 -¢-H.a=0.95

10 10 10° 107 10 10°
error

Figure 7.2: Numerical results for Example 7.1 at t = 1 with 5 = 0.2 and o = 0.25,0.5,0.95,
discretized on a uniform mesh h =27% (k=3,...,7) and 7 =2 x 107°.

Example 7.2 Next, we choose a nonsmooth initial value a(x) = x(0,1/2(%), that is, the
characterization function of (0,1/2]. Tt is known that a € D(AY4~¢) for arbitrarily small ¢ > 0.
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Here we are particularly interested in the errors for ¢ close to zero, and thus we also present
the errors at ¢ = 0.01 and ¢ = 0.001 in Table 7.2. The numerical results fully confirm the
theoretically predicted rates for the nonsmooth initial data. Further, in Table 7.3 we show the
L?-norm of the error for fixed h = 276 as ¢t | 0. We observe that the error deteriorates as ¢ |. 0.
Noting that a almost belongs to D(A'/*), it follows from Theorem 7.5 that the error grows like
O(t=321/%), which is in excellent agreement with the numerical experiments in Table 7.3.

Table 7.2: Numerical results for Example 7.2 at ¢t = 1,0.01,0.001, discretized on a uniform
mesh h =27% (k=3,...,7) and 7 = t/(5 x 10%).

t Norm | k=3 k=4 k=5 k=6 k=7 Rate
1 L? 1.86e-3  4.64e-4 1.16e-4 2.87e-5 6.88e-6 | ~ 2.02 (2.00)
H! 4.89e-2 2.44e-2 1.22e-2 6.07e-3  2.96e-3 | ~ 1.01 (1.00)
0.01 L? 8.04e-3 2.00e-3 5.0le-4 1.24e-4 2.98e-5 | = 2.03 (2.00)
H! 2.3le-1  1.16e-1 5.79e-2  2.88¢-2 1.40e-2 | ~ 1.01 (1.00)
(2.00)
(1.00)

0.001 L? 1.65e-2  4.14e-3 1.03e-3 2.56e-4 6.18e-4 | ~ 2.01 (2.00
H! 5.15e-1  2.58e-1 1.29e-1 6.41e-2 3.13e-2 | =~ 1.01 (1.00

Table 7.3: Lo-error with h = 27% as ¢ | 0 in Example 7.2.

t le-3 le-4 le-5 le-6 le-7 le-8 Rate
L?>norm | 2.56e-4 5.39e-4 1.15e-3 2.91e-3 6.77e-3 1.55e-2 | ~ —0.37 (~ —3/8)

Example 7.3 In this example, we choose a nonsmooth initial value with even lower reg-
ularity as a(x) = 0y/2(z), that is, a Dirac function concentrating at x = 1/2. Actually,
a € D(A~1/4¢) for arbitrarily small ¢ > 0. The numerical results show a superconvergence
with a rate of O(h?) in the L?-norm and a rate of O(h) in the H'-norm (see Figure 7.3(a)).
This is attributed to the fact that in one spatial dimension, the solution with a Dirac function
as the initial data is smooth from both sides of the support point, and the finite element spaces
X}, possess a good approximation property. When the singular point = 1/2 is not aligned
with the grid, Figure 7.3(b) indicates an O(h3/?) and O(h'/?) convergence rate for the L2~ and
H'-norm of the error respectively, which agrees with our theoretical results.

7.5.3 Inhomogeneous problems

Now we consider the inhomogeneous problem with ¢ = 0 in (7.25) on the unit interval
Q = (0,1). Similarly to the previous subsection, we adjust the smoothness of data to test their
influence upon the numerical performance.

Example 7.4 We first choose F'(x,t) = X[0,1,2(%) (X[1/2,1)(t)+1), which belongs to L>(0, T’;
D(Al/ 4=¢) for arbitrarily small € > 0. Since Theorem 7.6 guarantees a time-independent error
estimate, we only present the errors ||e(t)||r2(q) and ||Ve(t)||12(q). In Table 7.4, we present the
L2~ and H'-errors at t = 1,0.01,0.001. The numerical results agree well with our theoretical
predictions, i.e., O(h?) and O(h) convergence rates for the L?- and H!'-norms of the error,
respectively.

Example 7.5 In this example, we choose F(z,t) = dy/2(x) (X[1/2,1)(t) 4+ 1), which involves
a Dirac function concentrating at z = 1/2 in space and then F' € L>°(0,T; D(A~'/4¢) for arbi-
trarily small € > 0. In Table 7.6, we show the error and convergence rates at ¢t = 1,0.01,0.001.
Here the mesh size h is chosen as h = 1/(2¥ + 1) (k = 3,...,7), and thus the support of



7.5. Numerical experiments 149
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Figure 7.3: Numerical results for Example 7.3 at t = 0.005,0.01,1 with the step length 7 =
t/(5 x 10%) in time. (a) x = 1/2 aligns with the grid when h =27% (k=3,...,7). (b) x = 1/2
does not align with the grid for h = 1/(2F +1) (k=3,...,7).

Table 7.4: Numerical results for Example 7.4 at ¢ = 1,0.01,0.001, discretized on a uniform
mesh h =27% (k=3,...,7) and 7 = t/(5 x 10%).

t Norm | k=3 k=4 k=5 k=6 k=7 Rate
1 L? 1.76e-3  4.40e-4 1.10e-4 2.71e-5 6.53e-6 | ~ 2.01 (2.00)
H! 4.72e-2  2.36e-2 1.18e-2 5.86e-3 2.86e-3 | ~ 1.01 (1.00)
0.01 L? 6.34e-4  1.59e-4 3.96e-5 9.82e-6 2.38e-6 | ~ 2.01 (2.00)
H! 1.89e-2  9.46e-3 4.72e-3 2.35e-3 1.15e-3 | ~ 1.01 (1.00)
0.001 L? 4.55e-4 1.15e-4 2.88¢-5 1.15e-6 1.73e-6 | =~ 2.02 (2.00)
H! 1.45e-2  7.31e-3 3.66e-3 1.82e-3 8.88e-4 | ~ 1.01 (1.00)
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the Dirac function does not align with the grid. The results indicate an O(h!/?) and O(h3/?)
convergence rate for the H'- and L?-norm of the error respectively, which agrees well with the
theoretical prediction. However, if the Dirac function is supported at a grid point, both L?-
and H'-norm of the error exhibit a superconvergence phenomenon, namely, order O(h?) and
O(h) respectively, which are one half order higher than theoretical ones (see Table 7.5). This
superconvergence still awaits theoretical justifications.

Table 7.5: Numerical results for Example 7.5 at t = 0.1,0.01,0.001, discretized on a uniform
mesh h =1/(2¥ +1) (k=3,...,7) and 7 = t/(5 x 10%).

t Norm | k=3 k=4 k=5 k=6 k=17 Rate
1 L? 1.02e-2  4.01e-3  1.49e-3 5.35e-4 1.82e-4 | ~ 1.49 (1.50)
H! 3.24e-1  2.35e-1 1.65e-1 1.1le-1 6.94e-2 | =~ 0.50 (0.50)
0.01 L? 4.66e-3 1.91e-3 7.29e-4 2.64e-4 9.02e-5 | ~ 1.45 (1.50)
H! 1.54e-1  1.14e-1 8.16e-2 5.54e-2 3.47e-2 | ~ 0.55 (0.50)
(1.50)
(0.50)

0.001 L? 4.30e-3 1.83e-3 7.12e-4 2.6le-4 8.97e-5 | =~ 1.45 (1.50
H! 1.47e-1  1.11e-1 8.05e-2  5.50e-2  3.45e-2 | ~ 0.55 (0.50

Table 7.6: Numerical results for Example 7.5 at ¢ = 1,0.01,0.001, discretized on a uniform
mesh h =27% (k=3,...,7) and 7 = t/(5 x 10%).

t Norm | k=3 k=4 k=5 k=6 k=7 Rate
1 L? 5.35e-4 1.34e-4 3.35e-5 8.3le-6 2.0le-6 | ~ 2.01 (1.50)
H! 1.49e-2  7.48e-3 3.74e-3 1.86e-3 9.07e-4 | ~ 1.01 (0.50)
0.01 L? 6.67e-4 1.67e-4 4.17e-5 1.04e-5 2.52e-6 | ~ 2.03 (1.50)
H! 2.56e-2 1.29e-2 6.44e-3 3.20e-3 1.56e-3 | ~ 1.02 (0.50)
(1.50)
(0.50)

0.001 L? 8.19e-4  2.08e-4 5.22e-5 1.30e-5 3.19e-6 | ~ 2.02 (1.50
H! 3.96e-2  2.00e-2  1.00e-3 4.98e-3 2.45e-3 | ~ 1.01 (0.50

7.5.4 Two-dimensional examples

Finally, we present three two-dimensional examples with various choices of initial value and
right-hand side on the unit square Q = (0, 1)2.

(a) Nonsmooth initial data a = x(0,1/2)x(0,1) and F' = 0.

(b) Nonsmooth initial data with lower regularity a = or and F' = 0. Here I" denotes the union
of {1/4} x[1/4,3/4]U[1/4,3/4] x {3/4} clockwise and [1/4,3/4] x {1/4}U{3/4} x[1/4,3/4]
counterclockwise. The duality is defined by (dr,v) = fr v(s)ds. By Hélder’s inequality
and the continuity of the trace operator from D(A'4+€) to L(T') for any ¢ > 0 (see [1]),
we deduce or € D(A~/47¢) for arbitrarily small € > 0.

(C) Nonsmooth right—hand side F(Qf, t) = X(O,1/2)><(071) (33) (X[1/2071/10] (t) + 1) and a = 0.

To discretize the problem, we divide the each direction into N, = 2* equally spaced subin-
tervals with a mesh size h = 1/N,, so that the domain [0, 1]? is divided into N2 small squares.
We get a symmetric mesh by connecting the diagonal of each small square.

The numerical results for example (a) are shown in Tables 7.7, which agree well with the
theoretical rate in Theorem 7.5, with a rate O(h?) and O(h) respectively for the L?- and H'-
norm of the errors. Interestingly, for example (b), both the L2-norm and H!-norm of the errors
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exhibit superconvergence (see Table 7.8). The numerical results for example (¢) confirm the
theoretical results (see Table 7.9). The solution profiles for examples (b) and (c) at ¢ = 0.1 are
shown in Figure 7.4, from which the nonsmooth region of the solution can be clearly observed.

Table 7.7: Numerical results for example (a) at ¢ = 0.1,0.01,0.001, discretized on a uniform
mesh h =27% (k=3,...,7) and 7 = t/10%.

t Norm | k=3 k=4 k=5 k=6 k=17 Rate
0.1 L? 5.25e-3  1.35e-3 3.38e¢-4 8.24e-5 1.98e-5 | ~ 2.06 (2.00)
H! 9.10e-2 4.53e-2  2.25e-2  1.09e-2 4.99e-3 | ~ 1.04 (1.00)
0.01 L? 1.25e-2  3.23e-3  8.09e-4 1.97e-4 4.65e-5 | ~ 2.05 (2.00)
H! 2.18e-1 1.08e-1 5.35e-2  2.62e-2  1.27e-2 | ~ 1.05 (1.00)
(2.00)
(1.00)

0.001 L? 3.02e-2  7.84e-3 1.97e-3 4.8le-4 1.16e-4 | = 2.03 (2.00
H! 5.30e-1  2.64e-1 1.3le-1 6.38e-2 3.14e-2 | = 1.04 (1.00

Table 7.8: Numerical results for example (b) at ¢ = 0.1,0.01,0.001, discretized on a uniform
mesh h =27% (k=3,...,7) and 7 = t/10%.

t Norm | k=3 k=4 k=5 k=6 k=17 Rate
0.1 L? 1.18e¢-2  3.18e-3 8.4le-4 2.18¢-4 5.4le-5 | ~ 1.92 (1.50)
H! 2.25e-1  1.13e-1 6.60e-2 3.40e-2 1.66e-2 | ~ 0.92 (0.50)
0.01 L? 2.82e-2 7.62e-3 2.28e-3 5.26e-4 1.25e-4 | ~ 1.95 (2.00)
H! 5.66e-1 3.09e-1 1.65e-1 8.52e-2  4.19e-2 | ~ 0.94 (1.00)
(2.00)
(1.00)

0.001 L? 6.65e-2  1.83e-3 4.98e-3 1.33e-3 3.30e-4 | = 1.91 (2.00
H! 1.66e0  8.93e-1 4.75e-1 2.43e-1 1.21e-1 | = 0.95 (1.00

Table 7.9: Numerical results for example (c) at ¢ = 0.1,0.01,0.001, discretized on a uniform
mesh h =27% (k=3,...,7) and 7 = t/10%.

t Norm | k=3 k=4 k=5 k=6 k=7 Rate
0.1 L? 2.28e-3 5.86e-4 1.47e-4 3.58e-5 7.91e-6 | ~ 2.07 (2.00)
H! 3.97e-2 1.97e-2 9.77e-3 4.76e-3 2.13e-3 | ~ 1.06 (1.00)
0.01 L? 1.06e-3  2.73e-4 6.86e-5 1.67e-6 3.70e-7 | ~ 2.06 (2.00)
H! 1.85e-2  9.18e-3 4.56e-3 2.22¢-3  9.94e-4 | ~ 1.06 (1.00)
(2.00)
(1.00)

0.001 L? 8.66e-4 2.28e-4 5.75e-5 1.40e-6 3.11e-7 | =~ 2.04 (2.00
H! 1.56e-2  7.82e-3 3.88e-3 1.90e-3 8.47e-4 | =~ 1.05 (1.00

7.6 Concluding remarks

In this chapter, we have developed a simple numerical scheme based on the Galerkin finite
element method for a multi-term time fractional diffusion equation which involves multiple Ca-
puto fractional derivatives in time. A complete error analysis of the space semidiscrete Galerkin
scheme is provided. The theory covers the practically very important case of nonsmooth initial
data and right-hand side. The analysis relies essentially on some refined regularity results of
the multi-term time fractional diffusion equation. Further, we have developed a fully discrete
scheme based on a finite difference discretization of the Caputo fractional derivatives. The
stability and error estimate of the fully discrete scheme were established, provided that the
solution is smooth. The extensive numerical experiments in one-and two-dimension fully con-
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Figure 7.4: Numerical solutions of examples (b) and (c) with h =276 at ¢t = 0.1.

firmed our convergence analysis: the empirical convergence rates agree well with the theoretical
predictions for both smooth and nonsmooth data.
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