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A Note on Finite Element Synthesis of Structures (Part 3)
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where

proposed technique in order to modify the shape for

the purpose of stress reduction. In this section, how

to evaluate the stress sensitivities is formulated in

regard to the triangular, three-noded, constant

strain element.

2. 1 Sensitivity of stiffness matrix

The stiffness matrix is calculated by Eq, (1),

where t denotes the element thickness, S the area of

the triangular element, [E] the strain-nodal dis­

placement matrix and [D] the stress-strain matrix.

[D] and t are not affected by the change of the nodal

coordinates.

Suppose that the coordinates of the nodes i, j and k

of an element are changed through the design vari­

ables an assigned as in Eq. (2). The upper bar

indicates the values concerning the baseline design

hereafter.

X,=Xi (l+a,), ........ ·, Yk=Yk (1+a6)

The expression of [E] is given by Eq, (3),

[

b, 0 b, 0 b 3 0

[E] =~ 0 c, 0 C, 0 C3

C, b, c, b, C3 b 3

1. Introduction

The finite element method has enabled us to ana­

lyse numerically but in detail the structural response

corresponding to the given structural shape, mechani­

cal and geometrical boundary conditions and meterial

constants. Several methods have been proposed so

far to modify the structural shape on the basis of the

inverse variational principle and optimization

technique!),,),3).4). These methods necessitate the itera­

tion of structural modification until the objective

design is accomplished. The number of iterations is

desired as small as possible when the finite element

method is employed which requires sizable CPU time

for an implementation, The uniqueness of the objec­

tive design is not assured in inverse problems, and the

objective design is to be searched in the vast domain

of many candidate design. It turns out that the

methods proposed hitherto are likely to need a large

number of iterations.

This paper presents the numerical examples of the

shape modification for stress reduction by means of

the structural synthesis technique based on the notion

that the objective design is searched in the vicinity of

the baseline design5
). The design variables chosen are

the nodal coordinates of the finite elements along the

contour. The objective response is set so as to reduce and

the elastic stress in the structure of initial shape. A =Xib, +xjb, +Xkb 3=YiC, +yjC, +YkC 3 ( 5 )

2. Nodal coordinates and Stress Sensitivity The variation of [E] with respect to that of the nodal

The shape of structures is described by the nodal coordinates of Eq. (2) can be approximated by the

coordinates of the elements along the contour in the Taylor series expansion truncated at the first-order

context of the finite element method. The sensitiv- as given below.

ities of the stress with respect to the nodal coordi- [E] = eB] + ±[En] an

nates are to be evaluated at first in the case of the n= 1

'Dept. of Applied Physics and Applied Mechanics, In the above, eB] means the matrix defined by the

Institute of Industrial Science, University of Tokyo quantities at the baseline design, that is, Eqs. (3)
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through (5)with the upper bar The sensitivities     tional composed of the squared sum of α ″ and the

[B.]can be evaluated by differentiating [B]with     equality constraint conditions representing the attain

respect to α″,for instance,[a]is obtained in the   ment of the OtteCt市 e response by Eq (12).The

following form design variables are determined together with the

Lagrange multipliers p; as the solution of Eq. (13) u) .□=十lllL場ならL聯セ尻
The area S is also influenced by the change

nodal coordinates and can be approxllnated

f o r m  o f  E q . ( 8 ) , w h e r e  S  i s  4 / 2 ,

6

S=3+Σ 5%
″=1

with the sensitivities of

9=尻 屁/2

and so forth. Based on the above results, the varia‐

tion of[力]can be stlmmarized in the following form

of the first―order approximation

6

[た] =′ [ S [ B ] r [ D ] [ B ] +Σ { S ( [ B ]τ[ D ] [鳥]
″=1

+レ 現]r[D][B])十 鳥 [B]r[D][B])]

6
=[″]+Σ  [た″]α′             (9)

″= 1

2.2  Stress sensitivity

The variation of the nodal displacements caused by

that of the stiffnes matrix can be evaluated by

means of the perturbation technique6)and is expres‐

sed by Eq  (10), where (%}indicates the nodal

displacements in regard to an element.

6

(%}=(π}+Σ  (%″}α″
″= 1

Then the stress components in an

lated by Eq.(11)

{σ)=[D][B]{%}

=[つ][β](ク)+Σ [D]([B]{%″)
π= 1

6

+レ現](ク})鈴=(∂)十Σ (%)%   (11)
π= 1

This rneans that any stress index under col■sideration

can be expressed by the first―order approxilnation as

folloM/s,

Ⅳ

ろ=ろ+Σ ろηα″               ( 1 2 )
″= 1

where lV indicates the total number of the design

variables taken  The above result is employed to

determine the design variables based on the func‐

It is necessary to iterate the above soiution procedure

by renewing the baseline design and evaluating the

sensitivities for the renewed baseline design in order

to overcome the deficiency of the first order approxi-

mation included.

3 . Numerical Examples

3. I Shape modification of tapered plate

Suppose that a tapered plate is subjected to the

tension as showin in Fig. 1 . The plate is divided into

twenty elements, and the stress in the upper ele-

ments, the edge of which is located on the contour, is

set to be equal to 2MPa. The y coordinates of ten

nodes on the contour are chosen as the design vari-

ables. Figure 1 illustrates that the uniform stress

state is accomplished by only three iterations even for

the large change of the plate width. It is found that

(7)

of the

in the

( 8 )

(10)

element is calcu

μ‐
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Fig. 1 Shape modification of tapered plate for

stress uniformizatiorr
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Figure 2 shows a quarter model of a square plate rule for the change of the inner nodes, can be avoided

perforated at the center and subject to uniform bi- by setting the objectives by two steps, the first one of

axial tension. The vert ical tension is two t imes as whichisindicatedbyINTERMEDIATEinFig.3, to

large as the horizontal tension. The hole is circle suppressthelargedeviationof theobjectiveresponse
-shaped initially. The distribution of the equivalent from the baseline response appearing on the right

stress along the hole edge is shown in Fig' 3. I t  is handsideof Eq. (13)'  ThnumeralsinFig' 4indicate

aimed at to reduce the distribution of the equivalent the largest deviation of the stress value from the

stress indicated as INITIAL to the value indicated as objective in the unit of percentage. Figure 4 shows

FINAL in the figure. In doing so, the objective that the stress is converged sufficiently by six itera-

stre$ses in all the eight elements, whose edge is locat- tions, and that at least twelve iterations are required

the criterion of the uniform stress should be imposed

to the whole length of the plate to realize the objec-

tive design of the uniform stress state.

3.2 Hole shape of plate under bi-axial tension

ed on the contour, are used to compose the constraint

conditions, while the x- and/or y-coordinates of al1

the nine nodes on the contour are taken as the design

variables. The coordinates of the inner nodes are

changed by such a simple rule that the ratio of their

change to the change of the nearest contour node is to

be in proportion to the distance from the right upper

corner of the plate.

The iteration history of the axis lengths of the hole

is shown in Fig. 4. In this example, it is found that

0                      6                    12

1TERATION NUMBER

Fig 4  1teration history of long and short axes of

hole

there takes place the remarkable distortion of the

elements along the hole edge as shown in Fig. 2 (d )

when the FINAL objectives are imposed by a single

step. The distortion, probably caused by the simple

for the convergence of the long and short axes. This

implies that the convergence of the shape is slower

than that of the stress taken as the objective.

3. 3 Reduction of fillet bending stress of gear

The shape of involute spur gear teeth should be
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Fig. 2 Change of circular hole to elliptic hole in

plate subjected to bi-axial tension
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Fig 3  Distribution of equivalent stress along hole

edge
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Fig. 5 Objective stress values and finite element

division of involute spur gear
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Fig. 6 Net generation by boundary fitting for inner
nodes

symmetric with respect to their center line in spite of

the loading is asymmetricz). It is aimed at in this

example to reduce the fillet bending stress of a steel

gear to the values indicated in Fig. 5 in the unit of

MPa. The width of the domain subjected to the

element division is 116mm, and the loading to the left-

side face is 2kN. The objective values are set approx-

imately equal to 80'% of the initial values. The solid

circles in Fig. 5 indicate the nodes, the coordinates of

which are taken as the design variables. The shape

symmetry of the tooth is imposed as the additional

constraint conditions for the coordinate change. The

location of the inner nodes are renewed in the course

of the iteration based on the net generated by the

boundary fitting technique as shown in Fig. 6 to

avoid the excessive element distortion. The stress

reduction aimed at is obtained by seven iterations,

and the largest coordinate change, 3.49mm in the

horizontal direction, occurs at the point indicated by

the solid circie in Fig. 6. Figure 7 illustrates the

distribution of the equivalent stress before and after

the shape modification.

4 . Concluding remarks

The validity of the structural synthesis based on the

notion of the minimum change of design is exhibited

through the numerical examples of the stress reduc-

tion in problems of elastic plane stress state. Rather

large change from the baseline stress to the objective

stress or considerable change of shape can be resulted

by less than ten iterations even though the first-order

approximation is used. It should be noted for the

completion of the involute gear design that other

constraint conditions should be taken into account

such that the contour runs on the involute curve.

INITIAL CONVERGED

Fig. 7 Stress distribution before and after shape

modification
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