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1.INTRODUCTION

Crackproblemsareusuallydealtwithbasedon

continuum modelinthesameway asin other

strengthproblemsofstructures.Butgenerallythe

necessary condition to be a continuum isnot

satisfiedaroundanactualcracktip.Fromthispoint

ofview,previously,adiscontinuouscrackmodel

whichexpressesthediscountinuitiesaroundacrack

tipasthefirsトorderapproximationandcanbe

regardedasthemostgeneralizedmodelofDugdalèS

wasproposedanditsusefulnesswasshownthrough
1)

theevaluationofcrackparameters .

Thepurposeofthisstudyistoconsiderageneral

methodtogivetheconstitutiveequationofthe

planetakingthediscontinuityintoconsiderationin

thediscontinuouscrackmodelAmethodtogivethe

constitutiveequationincaseofelasto-plasticbody

wasshowninthepreviouspaper,however,itpartly

containsthetheoreticallyinconsistentpartalthough

itpossessestheusefulnessthatthematrixconcerned

isgivenin asymmetricalform.Furthermore,the

discontinuousplanemaybecomeusefulnotonlyfor

theformerdiscontinuouscrackmodelbutalsofor

otherproblems.From thesereasons,herewecon-

sideragain,alsotakingnotonlytheelasto-plastic

problem butalsothecreepproblem intoaccount.

thewaytogivetheconstitutiveequationofthe

discontinuousplaneinwhichageneralityanda

theoreticalconsistencyarekept.

2.DISCONTINUOUSCRACKMODEL

ANDCRACKPARAMETERS

Inthediscontinuouscrackmodel,acrackedbody

isconsideredtobecomposedoftwoparts,i.e.the
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planeaheadoftheinitialcrackfrontcontainingthe

crackandtheother,beforedeformation(thetimeT

-0)asshowninFig.i(a).Afterdeformation(T
-i),theformerisstretchedasshownin Figs.1

(b) and (C)(Fig.1(b) Showsthestateinwhich

theplanehasbeenstretchedand,furtheremore,the

crackhasextendedtopresentcrackfront),andthe

latterbehavesasanordinarycontinuuml).so,for

theregionexceptfortheplane,Wegiveanordinary

constitutiveequationthatisexpressedbyarelation

betweenstresscomponentsandstraincomponents.

Therefore,whenwedefineLonJandL∂n上 refer-
ringtoFig.1(C),by

Lon｣ -Lo22023012｣ (1)
L8n｣-L822823821｣ (2)

andwegiVeaconstitutiveequationfortheplaneas

arelationbetweenLo乃｣ andL8n｣ ,thiscrack
Inltial

･＼､CrackFront

ialTIME ･T-0

∴ -

fl+eU )dxl

(C)

Fig.1Discontinuouscrackmodel
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model becomes one that enables us to anah'ze crack sional case is shou'n for simplicity) . Here, 6,- is the

prOblems according to actual history of loading     relative displacement in the direction of χ
―axis

process.

In this model, r'hen the strain energy plane
2 t 3 )  ,

densit1 14 ,,o," is giten b1'

I tro,*":  fdi l t ,o,. ,  dwo,onn-l o, l  \ct6, j  (  3 )

the crack energlr density"" '  at (.r  r ,r  r ,x.)-(X,,0,X.)
is defined by

e( t ,X , ,X) -  fd14/e lo ,n ( t ,X , ,X3)  
(4  )

and it distributes in jrr r3 plane. Moreover, the

crack t ip opening displacement CTOD at (r, ,r",rr)

-1X{,0,X{l on the present crack front is given.

even after the onset o{ crack grou.th, by

CT O D ( t ) : 6,,t t, x',, x'"1
where drr( l ,X,,Xu) distr ibutes in r,-"r,  plane. So

\ve can immediately estimate these parameters u'hen

we give an appropriate constitutive relation for the

discontinuous plane.

3. CONSTITUTIVE EQUATION OF

DISCONTINUOUS PLANE

It is desired that the constitutive equation for the

discontinuous plane given by a relation betu,een

Lo") and L 6,1 can be estimated based on the

constitutive equation for the region considered to be

a continuum without any contradiction. So we think

as follows.

Suppose that a point shov.n in Fig.2 (a) is

stretched under the application of stress L orr 6""o""
^  ^  6  |  a s  s h n u ' n  i n  F i o o  , h r  a n d  t h c  r p l e l i v ou z t  u ; r  u t z J  r r  r r r  r  r F , ,

displacement d,, between the opposite planes is

generated as the result (in the figure, tra'o dimen-

|

嘔 ― 1蟷
1 -ら

|
の2
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between the opposite planes perpendicular to r -

axis. Morecver. in Fig.2 (b) , v'e shorv the state in

u'hich a point at the initial state is stretched into a

region with finite dimensions under the stress of

finite value, though here v'e think that the applied

force is zero. ln order to relate the constitulive

equation given by a relation between stress and d,,

rn'ith the ordinary one for the continuum, it is

natural to assume the characteristic length /2,r,

define a strain like quantity by

L  " i l  " 2 2  
e 1 3  1  2 3  1  t t  t  I 2 r

: f  d , , / / 2 , ,  6 " r l  h r " 6 " " l  h " " 6 r " l  h r " + 6 u r l  h " r 6 " r l h r ,

(5)
十δ13//213δ12/た12+δ21/力21J (6)

and give the constitutive equation bet、 reen this

strain―like quantity and the stress by the same

relation as that bet、7een the strain and the stress fOr

the continuum Then,we can adiuSt parameter力 ″

so as to realize the actual relation betvreen δ   and

the stress

ヽヽrhen we think as the above一 mentioned, the

discontinuous plane in Fig■ can be considered as the

lirniting case v7hen δ ll,δ33'δ32'δ31'δ13'δ12~O  Here,

even at the state shov.7n in Fig l (b), the diSplace‐

ment %,(Xl,0,X3)Can be defined in the discOntinu‐

O u s  p l a n e , s o  t h e  i n―p l a n e  s t r a i n  εl l =∂ク1/∂Xl ,  ε3 8
=∂ク3/Ⅸ3and γコ=∂%3`Ⅸl+∂イメ3'∂ク2/X3and
∂ク2/∂χl are still existing Accordingly, in the

limitting case v/hen δll,δ33'δ32'δ31'δ13'δ12~0' it is

reasonable to consider that the relations as

キ= =ヽqF士,た=δ"=7女,

七十七=亀=L=士十七,光
=電設等,

論士      け )
hold and,therefore, 力ll,力33'力32'力31'た13'た12 gO zerO

when δ ll,δ33'δ32'δ31'δ13'δ12→O S°'the strain―like

quantity in Eq (6)can be shoWn as follows i

L  εll  δ22  ε33ア23γ31 7 1 2」
=[∂γ1/∂χl δ22ル22∂ク3/∂X3δ23/力23+∂ク2/∂X3

∂%3/aXl+∂ク1/ax3∂2ι2/aXl+δ21/た21J  (8)
Hence, the constitutive equation for the discontinu‐

ous plane is given by using the above strain― like

quantity instead of the strain in the constitutive

equation for the continuum

L鍋 。Ｌ
(ai                   lbl

Fig 2  A point stretched under stress
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L au"l aX I -l 0 Au,l 6X" 6u"l 6X,J
L 6; l  :L  d, l  + l  au" lax)  ln)
In case of Iinear elastic body When

stitutive equation for the continuum is

using an elastic matrix [r"] as

l-s,t I oi, I oi, ]t s-t
l o  I  l o "  l n "  ) t e " t

that for the discontinuous plane is given by

|  6 ,  l _ l  p i ,  p " , , 1 t  € i  t  , a ,
t o  J - L  D "  I  D "  l l i " )

or, using the relations o{ Eqs. (12) and (14) , bv

lo , l : lD i , lk i l  lD: , l th" l ' ra1 - t t l " t {  a . t : }
, " ' , ' |  6X  )

I  o , , t  =  |  D" , ) l  e i  |  1  |  Di , l th '  l '  t  a i t  r  I  n l , ,  l \K '  J
,17)

where the superscript e signifies that the quantity is

that for elastic behavior.

In case of elasto-plastic body In the same u.ay,

when the constitutive equation for the continuum is

given, by using an elasto plastic matrix fDp], as

{舟}=[批 ]{需}
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q'here the superscript I signifies that the quantity

is that for the total behar.ior that consists of the

elastic and plastic contributions.

When U?'] for the total behavior is given, the

constitutive equation is immediately obtained

from the elasto-plastic matrix [D'] as is shown

above. On the other hand, when [/2"] for elastic

and lhpl for plastic are given independently, the

constitutive equation is obtained as follou's (the

case of lh"l:[hFl is included in the above case)

Assume that the yield condition is given, in the

same \4ray as in the continuum, by

J \ O , , ) = O = c

and the plastic strain-like quantity

I  d iKl  I  deid i l , )  is  g iven.  by using

the  above  as  t he  p l as l i c  po ten t i a l .  by

t d i s t  tH \ , {  ( : : + \  , l a ! l a rt d d , i )  
' l . d o ) " '

M′here/(σ″), δ, c and σ is the yield function,the

equivalent stress,the parameter of hardening and

the proportional constant respectively l eヾxt,using

[σ」 =Lσ̀ σ″」and representing the equivalent

plastic strain―like quantity increment byグ ε:,we

define the plastic M70rk―like quantity increment

by

グラフ′=[σ J{″ε:}=δグε:

and cOnsider that the relatiOn

[σJ{ン∂σ)=/=δ
holds v′hen von Pvlises yield

Then,the relation

δ″′=グ ε:

is obtained frOm Eq (22) and,further,if εin Eq

(21)is assumed to be a function Of″́,〃
′

exists uniquely sO that the relation

グε夕=″δ/〃
′
                   (26)

holds TherefOre,cOnsidering the relation

グδ=のだ=L∂〃∂σ」{″σ}          (27)
the relation

σ″=L研 銅 {あ}
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We give the constitutive relations for linear

elastic, elasto plastic and creep cases concretely in

the following. Hereafter, we use the follou-ing

expresslons :

L o, I -l o,, o.. o'J
L u, - l  :L e,,  uu, e 'J
L e" l  : l  e " ,  T r "  / , r )
I - t l - - - l

L € , J : L € 2 2 T n r 1 2 )

I  6 ,1  t r l  '  '  |  6u , t l v l  - l  d ' ,1  lh l '  ' t2 ,

[川 = [器
]

where

( 9 )

( 1 0 )

( 1 1 )

(13)

( 1 4 )

the con‐

given, by

( 1 5 )

(18)

(20)

[″]=

た22 0  0

0  カ23 0

0  0  カ 21

[ I ] = ||||
( 2 1 )

increment

/ (σ″)in

( 2 2 )

(23)

(24)

condition is used

(25)

that for the discontinuous plane is given by

{分}=[券協 ]{分}  ほ "
Or

{″σ.}=[Da]{洗:}+[,多][″]1{″δ芳}

Jつ制{子}
化あた}=[D夕ι]化た:}十[D劣″][力

`]lttδ湾}

12月{等}

(28)

is obtained frOm Eqs (25) and  (26)  By the

way, when [グεg」=[″εfグε名J  and [″ε:」=

Lグε:グε鳥」,{″σ}can be giVen by

{あ)=[Dι]{グεg}=[Dθ][〃ι]1{孫た場キ}(29)
TherefOre,using Eq (21),we Obtain
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{あ}=[Dι][〃θ]1{珠ケ}
―σ[,°][〃

θ
]1[〃
′
]{″γ∂σ)の′  (30)

Substituting this into Eq(28),solVingrヽith respect

tO ごう∫ and substituting this σdr into Eq (30),

vre obtain the final formula l

固=い〃撃

{手|=τ̀{1鵬芳}

¶

一
〃十L`拳J pq[川¬由句{#

報

話}
I  Di ,  Dl, ,1t  dei  I:15,* p,_lt aEI | 

'rr

Using Eq. (13) , Eq. (31) can be expressed as

I d o, | - lD i l l ct e il lDl, lt, d6,l - lDl,)l t, ' \%ftt j

\ d o "l 
: lD i,l \ d e t\ + lD !,,1 \ d 3'"\

I r)r-| r,, I 6( y.; | 32t'  t u n n ) L t t , [  
, x  ]

Here, lh') in Eq. (32) can be dealt u'ith as follou.'s.

As the strain-like quantity increment can be

expressed as

Id€ ' " \ :  ld€" , ]+  \d ; l , j  (33)

the relation

th ' l '  { ( t6 , i }  : lh " ) - '  \d6  : }  +Ur t l - '  {d } ' f \  (34)

holds from Eq. (12) [ft'] changes momentarilv

u.ith the increase of load, and rn'e may use [/zt] at

the time r that is determined by substituting

really generated {/6"} in the period {rom r dr to

r into Eq. (34) as Uzrl for the variation betrn'een

r and r* dr.

Here, u'e consider the difference between Eq.

(32) and Eq. (20) . Eq. (20) is the relation

rn'hen [/zt] is given (for example, it can be given

as the function of equivalent plastic strain-like

quantity) , and, on the other hand, Eq. (32) is

for the case that lh"l and lhp) are given indepen-

dently, therefore, lh'l is determined by Eq. (34)

for each loading process. For this reason, the

meanings of lh') in the both equations are

dif{erent. But, in case of lh' l=l\z '1, Uz' l  is also

equal to these and Eq. (20) and trq. (32) completely

coincide with each other.

In case of creep The constitutive equation for

the continuum is usuallY given bY

(3"

where the superscript c signifies that the quantity

is that for creep behavior, and L びf/ご角J iS the

creep strain rate, /(σ″)iS the Creep potential of

the type of von /ヽ1ises and IC is the equivalent

creep strain rate that can be given as a function

o f  e q u i v a l e n t  t t r e s s  δ( = / ) a n d  t i m e  r  a s

τC =ごc (δ,τ)                ( 3 6 )

Therefore, for the discontinuous plane, assulll

ing that the equivalent strain―like quantity rate

L′SJ = [ ご'ど食J can be given by

€ ; : € c l d , f l

the constitutive equation is given as follot's

! ei l ;,1 Afl Ao, I
tt i l  - "t 6fl0o" )

Therefore, using Eqs. (12) and (i4) , u'e

J  E f  [ _ ; "pg .1  ! 6 f l do ,  I
t6;" l 

- . or" , l dfl do, l

( 3 7 )

(38)

obtain

( 3 9 )

4.CONCLUSION

A general constitutive equation for the plane

cOnsidering the discontinuity in the discontinuous

crack model、 「as discussed and it was shown that

it can be given based on the constitutive equation

Of the continuum v√ ith sufficient rationality The

discontinuous craCk model can be formulated by

finite element method and, therefore, it is expect‐

ed to be a crack model to analyze various types

of crack problems and to estilnate the crack

parameters  ヽ /1oreover, M″e should like to point

Out that the discontinuous plane of which the

constitutive equation vras given in this paper may

be successfully applied to other problems besides

crack problems  (1/1anuscript received,NIay 9,1986)
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