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1 00
2 00

2.1 ODOoOooobobobodoooo

gboooooobobooooboboboooooobbooooooon
oo QUbOoO0ooU0UoU0oooUOooooOoUOUooooooOoQUUuOoO
go0o0OO0oO0OoooooOooOoOOoooooOoOoOoooooD Qooood
ooo

22 0JO0O0OoOooOO

ooooooo X.,Xe,---0000000000DQOO0O0ODODOO S=
{s1,---,85}0000X,00002,€S000¢t0000000000

goooooooobooooo Xy, 00000 X, 000o0oO0oooo
goboooo¢tooooo 0000

P(Xip1 = x| Xy = a1, Xe = ) = P(Xig1 = @1 | Xt = 21)

0o0ooo0obo0ooo0oooooo0ooo0ooo0oo0oo0ooon
000 t0 P(Xy41 =sj|1 Xy =) =P(X2 =5s|X1 =s;) 0000000
O0PX,=sj|X1=s;) 000000000P;000000
0000000000000 000000 (Markov Decision Process : O
OMDP)ODOOODOOOOOOODOODOODOOOODODOOOOOO
00o0o0ooooo 400 (S, u,c,Py000000O0O0OOOO

e S:000DOODOO
o U:000O0OOOO
e C:00 SxSxU—=R

e P: 0000 SxSxU —=1[0,110000 s €S000ueUD0
000

Z P(Si,Sj,’LL) =1

s;€S

SO0O00O0O00000ooDDoDOo0O000O0 X4,X.,--- 0000000
goboooobooooboooooooo n,Y,,--- 0000y, 0000 uweU
gbotoooooooooo

PXpyi =z | Xa =2, Y1 =wa, -, Xy =24, Y, = uy)

=P(Xy =241 | X1 = 2, Y1 = wy) = P24, Teq1,we)

goooo



00 s;,s; € SO0ueUDOODOOC(si,s5,u) 0 Ciy(w)D P(s;, s5,u) O
P,w)000000000

O000000o0ooooo0ooooooOooooooooooOM ={S—>U}
00000 (u1,pe, ) EMOIDDDDOD00000O0O0O000000
O0YV,=w(X,)OOODDOOOOOOOOOOoODoOOoOo

P(Xip1 = 5| X1 =21, , Xy = 83) = P(Xy 1 = 85| Xy = 55) = Pij(pe(s4))

0000000 Py(m(s:)) 0 |S|x|$|000 x, 000000000000
O00P()000000000000¢#0 u,=wm 000000000000
00000X,,X,,--- 000000000000000 5,000 x000
000d000000000000000000000000000000
0000000

d
Vilp,d) = By [ Y 7" Clae, g, () |21 = s4]

t=1
0000Vi(p) = liminfy,e Vi(p,d) 00D D000y €[0,1]000000
00000000V(u,d 00000 Vi(u,d D00000e(n) O 0DOO
0 YW Py(u)Ci;(n) 0000000000

d
Vip,d) =Y 7 P(w) - Pluu—)e(w)

000000007, : RS RSO T, (z) = c(u) +yP(u)x 0000
000
V(N: d) = Tm B 'Tltd (0)

gooooo

2.21 0O0OO0OO

000000000000V =sup,emong Vi) 00000000
007 :RS - RS O T(x) = max,em T, (x) 0000000000000
0000000000000 000000000000000000000
000000000000000000 [?][?)000 000+0+y<100
0Ooo00ooooooo

. VO RSIOooo TooDOooOOoOOOOOOD

2. 000 zeREI 000 peMO0000lM 0 THx)=V*000
limy oo Th(x) = V() 0O DO00

3.0000 (pp*---)000000000000000000 T,-(V*) =

v*oooo

T(x)=2z00000U0O0O0OOOOO0OO



2.22 000000

MDPOOOOOOOOOO0O000O s; € SO0000P(sy,s1,u) =10
C(s1,s1,u)=00000 «0000000000000000 s,0000
000000000000 peMOO000000 pe = (yp,---) 0000
00000000 s €S50000 lim,o[P(p)t]s =1000000000
0000000000000000000000000000000

000000000000000000000 [7]?)000 000000
OMDPOOOOOODOOO0OO0OO0OODOO0O0OO0OODOO00O0O0OOOO
0000 -co0000000000000000000

L. V'O {zeRSz, =0} 0000 700000000000
2. 000 2z eRSI00000lm; . THz)=V*00O0000

3. 0000 (p*,p*,---)000000000000000000 T;(VY) =
V*0ooo

2.3 QOO

000000000000000000000000000000¢00
00000000000000000¢0000000000000000
000000000000000

000000 Q*:|S|xU — RO Du = u(s;) 000 0Q*(i,u) = [T,(V*)]
00000000000000000000000000

S|

Q*(iau) = Cz(’U,) + Z-sz (U) E;Iglrjl Q*(jav)

QO000Qu*")YOOUDULOOOOOO0OODODOoDUULOoooooooo
Qu*)00000000000 p*(i)0 argmax,cy) Qiu(p*) 0000000
X,,Y, 00000 s;,,u, 0000

Q(ig,ur) = (1= (i, ur))Q (i, ue )ty (i, ur) <C'm'¢+1 (ug) + 7%163(}(Q(it+1,v)>
(1)

0000, 000000000000000D00000000000000
P(ay(i,u) = 0|(Xe, Y2) # (s5,u) =10000% 2 eulis,u)? <oco0D0ODO
S oaulinu) =cc 0000000000

0000000000 0000000Vs; € S,u e UDOY 2, Pluy =
u,i; =i) =00 000000000000 ¢t000 s 00000000
ne(i,u) D000 au(iyu) = 55y 000000000000

000000000 4000 QUODO0OD00 100000000000
000000000000000000000000




l.y<1O000O0O
2. 000000000000000000000
3.00000000 QG,uw000000000 10000

24 0O00OO0OO0OODO
25 U0OOooOooOO

0000 e0000e00000000000000000000C N,Z,R
0ooo

000000040000 (N,S,R,$)0000000

e N:ODOOODOOOOODO

eY: 000000000

e R:000O0O0DOOOO

e S:0000,5€eN

000000000 GOO00O0OD L(G)oooooo
000000o0oO00oDOobOo0o0oooDOOobOooDoooDoooon
opbooooooboo
e a,bc,d: 0000
e w,zx,y,z: 0O OOOOO
AB,C,D: 00000
a,B,y,6: 000000000
e 'A:0J000O00DDOOOODODOOO

00000 A—eO00000000010000000 azef0000
0000000000000000000 a3z« 000000000000
00 000000 G=(%,R,N,8)0 G =(2,R,N',$Y000000
ooo0oOOOOOOOOOOOO
Y=Yy
000 A:N N OOOOOO
R ={h(A) > h(T)| A>T €eR}
S’ = h(S)

= W N

GO GUOOO0O0U0oooGE~@E'o00ooog

00000000 G=(X,R,N,S)00000000O0OOOODOOO0O
AeNDOOOOOSS Az 2y 000000000000000

00 0ooooo G@=(N,X,R,S)000000000O00OOOOOOO
0000000 A—-eOO0O0O0OOoOoOoOoOoOoOoo



0000000000000000000G = (N,%,R,S)00000
#:R— 70

#(r)=(reROODOOOOOOOOOOO)-1

gooooo

2.6 0000

OO0 CFGGE=(N,X,R,S)000000 (Simple Grammer : 00 SG)
gobododoooboooobobuoooon

l. JO0O0O0OoOopooooooo

2.000000 A—aa,B>be ROODODOODA=B00a=0b00
Oa=4

goooosGooooOooo0odoooooogoooooopooboooo
gbooooooboboooooboboooon
oooooosGUUOUOOoOooooooOoOosgoooooon

e 000D OOO (Right-unique Simple Grammar : 00 RSG) 0000

e 10 OOOOO (Nonmultiplicative Simple Grammar : O O NMSG)
oo

e 100U ODOODOO (Nonmultiplicative Right-unique Simple Gram-
mar : OO NMRSG)OOOO

00 RSGOOOOSGOOO (HOODOoOOoUoooOooooooooo

2. 000000 A—a,B»b3ec ROOOO00a=b000a=4

00000 SGUOO0O (2)00000000000RSGUOOOO SGOO
gboooooo
NMSGOOO NMRSGOOOOOOOOOO

27 0DO0ODOOODO

goobobgooobbooobbooobbooooboooobboobn
gobooboooobgoobooboobobooboobooboon
0000000O0U00ooO0O0Uoo0O (0D 1o0)oooooooooooo
gboooobobooooobooboooooboobboboooobobo
gogbooboobooboobogn



00 00 Fooouoooodooooo
d:N — L(G)

gooo
GO0D00000D0000000 Dg={d:N—>L(G)|dOOO }y000O0O
OO0 0000000000 0U0oooooO A: {(w,: - ,wy)|w; €
¥* n €
mathbbN} - GOO OO0 dO0O0D0O0000 G'O000000000O0 no €N
00000000 n>n000000A(d(1),---,d(n))=G 000000
ooooo
00 0doodoo goooooodogooooooooon Goo
000GUOOO0OO0000000000000L(G)=LG) 000000 G’
J0000000ooooooooooooogod
O00000000000000@O)RSGOOOOOO0OO0O000000
000000000000000 O(EfRPH) 000000 0000OROO
oooooOoocOooooOobOoooooo@Oo)NMSGOOOOOOO000n
oooo

G A

3 EDE E
W1,W2, - 7 )15 1) XL

O 1:g00booooo

2.8 RSGOOOODO

00 f:¥*—->z0O0000OOD0OODOOOOOOODOOO
1. 000 z,yex*00000 fzy) = f(z) + f(y)
2. f(e)=0

00 000 RSG G =(N,%,R,S)0000000000 #¢:% - 7Z
O0A—>aax e ROODOOO#g(a)=|a—1000000000000#¢
0 GO0O0O(shape) 0000

#c(x)0OD0O0D 2000000000000000O00OOOOOOOOO
O00000000a=[Glz 000 |a|+#¢(x)=|f|000000



00 000 RSG G =(N,%,R,$)0000000$¢:X*—»Z0000
0o0o00ooo

1. $¢(e) =0
2.0002zeXt000008%¢(x) = max{l — #¢(2')|2’/0D 0000
ooooo )

000000000000000000000000000000000
00000000000 14 (—#¢(¢))000000000000000
000$¢(z) 0000 :00000000000000000000000
0000000000003 [Glz8000 |a] >$¢(zx)000000

O0ORSGOOOOOOOOO0O0DO0OO0O0DO0O0O0O0O0O0D00000
00000000000 #0$000000000

00 RSG G =(N,%,R,S$)0000000000GO0O0O0O0O0OO0
00000000000 A — ado--Aye € ROODDODOi #5000
A;#A;,000000 A—ado-- Ay, B—bBy---Bypy € ROOODOD
a#b000 {Ag,-, Ap(a)} N {Bo, -, Buw} = 20

000000RSGOOOOOOOOOO0O0O0O0OOOO0O00 RSG GO
O00O0LG)= LG 00 #¢=#¢ 000000000 ¢'000000
0000000000000000000000000000000000
000000000000000000000

00 LCcY 000000000000 #:3-5Z0000aeex00
00 #(e)>-100000000000000000 ze 00000

1. #(z) =-1
2. $(z)=1;000$0000 $(c) = 108(z) = max{1 — #(z')|z'0 = O
oooooooo

000000000#¢=#00LCL(G)000RSGGOOOOOOO
0oooooo

000000 #0 LO0OD0O “00000 (possible shape)” 00000
0000000L000000000000RSGOOOOOOOOOOOO
00000000000000000000

29 RSGOOO

000000000000000000000000000000000 GO
000000000000000t000000000 Ly = {wy,ws, - ,w}
0000L00000000000000000000000 G, 0000
00000000000000000000lim,0L 000000000
00000000 Gy 00000L(Gy) =limeeo Ly C L(G,) 000000
0000LO0000D00RSGOOOODOOORSGOODOOOOOOOOMO



0000000000000000000000000000000000
000D0L(Gy) C L(G,)00000L, € L(Go) € L(G,) 000G, 000
00000000000

29.1 0O0O0O0OO0OOOOO

t000000 {w,ws, - ,w,} 000000000000000000
000000000000 0ODDOOOo

Yi={a€X|al w,wy, - ,w,0000000 } ={a,az, - ,a5,}
O000w:2* > 2Z=oooooon

vi(w)=wOOOOO0OO ;000

gboooooo

ooooorL = {w1;w27"' ,’U}t}DS = (%Z(al))%z(a@))“' )%‘é(aﬁ]i\)) oo
gobodoo 28000 200

v(wl) -1
v(w2 T _ -1
v(wy) -1

0000000000000 000000000028000 10000
0000000000000 28000200000000000000
000(%),6)00 M, 0 M, = (07 (w),v7 (ws), -+ 0T (wy)) DO0O00D
000000000 dimker(M,) 00000000000 e € %, 000
00 -1 < #(a) < max{|wi|, |ws],-- ||} 00000000000000
(max{|wy|, |wal, -, |w|} + 1)dimker(M) OO0 OO0

00000 Odimker(M,) = limy—, o dimker(M;) O O 0 Odim ker(M,) < k
000000 kD00D000000Odimker(M;) 0000000 k00000
0000000000000000000000000000000000

2.9.2 0J000O0O0O0OOCORSGOOOODOOO RSGOOO

go LCE*DDDDDDD%&DLDDDDDDDDDDDDDDDDD
O0000000RSG GoOOOOOOOO LOOOOO0O0OO0O0003000
goooooooboo

1. # =#¢, 00 L C L(Go)
2. #=#¢ 0000000 RSGGOOOOOLCL(G) 000 L(Go) C
L(@)



Input {wy,ws, -+ ,we},w; EXL* k€L
O if(dim ker(M;) > k){
Udoutput 0O O0OOO;

0}
08§ :=g;
O Sp:={(s1, - ,s,)]s;,000,-1<s; <max{|wy|, |wa|, -, |we|}};

O for(each (s1,---,sk) € Sr){

ODif( Mys=-1000000000 -100000000
0000000000 w0 $(w;)=1000)

000 S:=8SU{s});

oo}

o)

O output S and halt

02000000000000000O0

Input {wy,ws,--- ,w b, w; €L* 00000000 #
O N:={S}U{duila€=,0<i<#()};

0 R=g;

O for(each w;){

00 for(n:=0;n < |wl; n:=n+1){

000 S = [RlzAal |z| =n0w; = zay 0000
0000 R:=RU{A— ads 0441 -Aa,#(a)};
0o}

o)

O output (N, Y, R,S) and halt

03 00000000000RSGODOOOOOOODO

00 {wy,ws, - ,w}000000000RSGOOO00O0O0ODDOOO
0000000000000000 2920 GoOOOOO00000000
0000000000000000{wy,w,, - ,w}0000000000
000 RSGO {Gy,-+,G,} 00000RSGOOOODOO0OO0OODOMO
00000000(MO0)G,¢"O0RSGOOOOL(G) Cc L(G)O0O0O0O00
O(T°R®) 0000000000000 0000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
000 Gy, ,G,,0000000000000000000000000
(0 400)0



Input 00000 G ={G1,G2, - ,Gn}
O Go :=Gy;

0 for(each G € G){

00 if(G € Go){

000 Go =G,

0o}

0}

O output Gp and halt

04 000000000RSGODOOOODOOOODO

2.9.3 RSGOOO0O
00000 RSGOOOOG = (N,%,R,S)
R = { S = aA0A1A2, S = bBoBl, {Ao,Bg,Eo} — CC(), {AQ,C()} — d, C[) — 6EOE1E2, E[) — f,
A1 — 9, Bl — hHo, {AQ,H[)} — i, E2 —>] }

0000000000000 0O000000O00D0OUO0ooOOon dimker(My)
ogooosdodooooooooooooboooooooooooooooag
W = {bcefijhi,bcecdijhi, bedhi, bedhi, ace fijgi, bedhi, acececefijijijgi, acdgd, acdgi, bedhi,
acecefijijgi, acece fijijgi, bedhi,bee fijhi, acecdijgd, bee fijhi, bedhi, bee fijhi, beece fijijhi,
acefijgi, beefijhi, bedhi, acdgi, acdgd, bedhi, acdgd, acecececdijijijgd, - - - }
000000 ¢t000000000000O0dimker(My)O|2,]0000
{wy,wq,---,w} 000000000000 0O0OOS00000
0000000000 0ooDoOo0oooooo0nD G.00d
R* = { S—)aAoAl, S—)bBoBl, {Ao,Bo,Eo} —>CCO, {Co,Go}—)d, CO —)6E’0E’1E’2, EO —)f,
A1 = gGo, B — hHy, {A2,Ho} =i, B> = j }
O00000LG)=L(G,) 00000000
000oo00ooooooooooooooooobooooooo 2.7od
00000000000 |¥|oo0000oo0U0ooooooooooo

0000000O0dimker(M) DO00O0O000OD0O0OO0OO0OOOOOOOOO
00o0o0o0ooo0x|o0oo0o0ooUoooooo

3 Uouobuoboboobogd

3.1 Oogooooo

G=(N,L,R,S)0 0000000000 CPGOUOOODOOOOOOO
oooooOo P:R—1[0,1]000000000O00O0OOOOOOOGPE

10



T T T
10 SR KKK KKK K KKK KKK K KKK K 30
=4 25
8 [ ¥ px-%
/ %)
= & g
a 0 g
g 6 k x %
Q X-X 56 X0 Xm 3 — X 3 K== KKK K- X -X- % 1D 5
E .
i 4k £
©
{10 2
o L dim ker(M;) ---x---
41 5
I o
num. of candidates —+—
O ! | | | | O
5 10 15 20 25

num. of datas
O 5. 000000 RSGOOODOOO

00000000000Ge =(N,%,R,S,P)00000000 Ae NOO
Y,en, Pr)=10000

0000000 Xy,X,,---000000000000000000000
O(NUX)*000000000000000000000(NUS)*000
0000000000000000000000 X, 0000000000
000000000000000000000000X,,---,X, 00000
ry,--,r,00ooo

PXy=TyX1 =T, -, X4m1 =T41) = P(Xo =T4| X5 =T44)

goooooooooobooooo r,,=I,00000000000DDOO
oboooooo

1 :Ty,=I/,0000000000000:, =Ty, e¥*000O
0 0000

6(Ft717 Ft) =

goooooboboooooooobobobD roooboOo
P(XQZFt|X1 :thl):(S(thl,Ft)P(T‘)

00000000r,, e 0000000000000000000P(r) =1
0000X, =S000000@Gp,000000000000000000
we L O00000Pw) = Plime X, = w) 00 w0DDOO0O0O00

11



0000 000000 GEpO0O0OO0O0OOOOOGpOOOOOOODOLOO
X1, Xo,--- 0¥ 000000000000C0O0 0O OCOO0OODOGPpODO
gbobooooobooboboo EweL(G)P(w)zlElElElEl

3.1.1 0J0000b0Oo0oboogobod

gboooooobooooooobobooooobooboooooobaon
gbobooooobobooboooobooboobooboooboOoboooon
gboboooooboboooooooobooboooobooooDbobo
gbooooooboooon

uboooooobobooooboooooooboobooooboooobon
goodooooooopoooooD00 GoobboooooOooooooo
gooo0 NuEXOO0O0OD0OO0O0ODOOO0DOOOOOO0bObOOooDbbOOoooooD
gboooooo

1. 0000000o0ooo S

2. 00000000000000 NOODOOOOODOODOOOOOOO
000000000000 0000000000 AeNOOODOODO
000 Xy, ,X, 0000 A> X;---X, e RODODOO

3. 00000000000000®000000000000000

oooooobOoO0o NOOOOOOOOOOOOOOOODbOOOODOODO
goboooooboooooobooobobooooboobooboobooooobobo
gooooboooobboooobooob obooooooobooboboooooo
goooooOooooOoOoooboooooooboOoooobroooobooooo
00000000000 NOOOOUOODOOOUDODOOO |TY'oooooo
00070 7"oo0000o0000oo0o0oooTCeTooooooo
007TcT'0000TO000 nO00000OO0O0O0T'0000X 0000
O00Or=n'"0000000000R=n"00000000000000O
gboooooogn
00 qO000Dooooooorooooooodg

f(T)=(roooooon)

000000000000 fOO0O0OOODOOOOOOOODOOOOOO
gpooo

fo(T)=(T0000000000000000)
AT =(T0000000000000000000000000000)

goooooooboooffOODODDODOAODDDDOOOOOOOOOO
o00000oooo00 Gp00O00O0OO0 GFOOOOOOOD GpOOO
oooooooooOdG@EeOOOD fOOOODOOOOOODOCOCOCODO
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T(f(T).r)

06000

00000000000000000000000000000 X3, Xa,---
0000000000000 000000Do0oonooood Ty,---,7, 00
O0Gp,fO00000000D0D0DOO

PX; =T X, =T, -, X4 1 =Ty 1) = P(T; 1, T})

000000000000000000700000000000 000
0000 L(p)0000T7T00000 r=L(n)»TeRO0O0O0RO000
roo000000000T(e,r) 000000000

P(r) :T,,00000000000 7€ Ryger_,y00 Ty = Toa(f(Thmr),r) DO O
P(Ty—1,Ty) =4 1 .T,,00000000007T,=T,.,000
0 0000

gooobooooooooD xy,0oooboooo0 Yy, 0000dy;,Ys, -
0000000 @GpOOOOODOOOOOODODO

00 GpOODODO fOO0000O0DODOGOODOOOOOOOOOOOO
ToboooobobooooboDnbOO0ODOO

P{VieN, f(X;) #n}|X1=T) =0

000000000000000X,,X.,---0GpO000 0000000
00000X,=7T0000 0G@Gp0000 f0000000000 T,n0
000000 ,j00000Y,P(f(Xi)=n|TCX;) =10

Proof. f(X;)=n 0000 00000 n000000000000000
0000i<j0 f(X;)#n000 f(X;,)=n0000i0000000 O
007TCc X;0000 X,0n0000000000000 k< ;0000
ooooooOoooooO0 O
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0000000000 GepO0OOO0O00O0OO0DOOGpOOOODOOOOOO
00000oo0ooo0o000 00 ODoooo0Ooo0O0 Gepooooooono
00 f000X,Xs,---0Gp,f0000000000000000000
000000000 TO00000P(T) =P{3i,TCX;})00000

P(T) = P(r1)--- P(ryr))
oooooooodr---rp0T0OD0O000OOOOOOOO
Proof. |T|0D0000O00DOO0

IT|=000007T=S0000VI'0 §SCT'000P({3,TC X;}) =10

T'" = T(n,r) D0O0DD00O0{T(n,r) C X;} € {T C X;}00DO
P(T(n,r), T)=P(T(n,r)) 000000 P(T(n,r)|T)=P(r)000000O0O

P(T nr|T ZP

= ZP(f(XZ) = n,Xi+1 - Xi(ra n)|{3])T C XJ})

, T = X,})

= 3" P(Xin = Xilr,m)|F(X) =, {33.T € )P = n[ {3, © X))

= > POP(F(X) = n[{3i,T € X,}) = P(r)

3.2 UUOggooood

G=(,N,R,S)U00000UO0OODOOCFGOOOOODOOOODOOO
ooovuvooooooooo

P:RxU—[0,1]0 Vu e UVAEN, Y P(r,u) =1
r€ERA
goooo
C:RxU—->R

0000 Gupe =(%,N,R,S,U,P,C)0000000000000000
0000000000000000000000000SG-DPOOO0 “DP?
00000000000000
0000021000000Gypec0 GOOOD fO00000O00000
0000000000000000000000000000000000
0000 X1,X,,---00000000000000000000 Y3,Ys,---
0ooo

P(Xt = Tt|X1 =T,Yi=u, -, Xe1 =T, Y1 = 'Uftfl) = P(thlyTt;Utfl)

14



O7o0o00obooogon

goboobooboooood

P(r,u) :T,.,00000000000 7€ Rygper_,n00 Ty = Tia(f(Timr),r) 00O
P(Ty—1,Tyu) = 1 :T,.,00000000007T,=T,,000
0 0000

0000007, ,,7,0000000000 r(T,_y,T,)0000CF(Ty—1,Ty), ur1)
0000000 C(T—y,Ty,w_,) 0000000000000000000
7TO0000OM={T ->U0}00000 (,p2,--- )0 e M OO00000
0000000000000000000000000000000000
00000000000000D0000000000000000|X;| =i
000D0D04,jeNi#j0000 X,;0 X;,00000000000000
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GO0000000000 AeNOOOOODOO N'0D00000 N'(4)0
000000 BeN'(A)OODODOOB—a e RO00 A—axe ROD
0000000A—>sae ROODODOO BeN'(A)DOO0O B—ad € R
oooo
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a---aym € L(G)OD0000DGELOOO0OO0OOOOOOOOOOOOO
dr,---,r, 000HOOODOOOOOO sq,-+-,8,0000r; = A — a;«
,$i=B—aqad 00000 BeN'(ADODODODUDODODODODOODOO reR
O00000Or=B—ad0BeN(AU0D000Q((r)=PA—-ax)000
00000 we L(G)0D00O K(Gp)(w) =K(Go)(w) DOODDODO O

00 PRSGOOOOOOOOODOOOOODOOOODDOOOODO

Proof. 0O0D0O00D0O0OD0O0ODOOOODOOOOODO
L = {ace, acf, ade, adf, bee, bef, bde, bdf }
000 L0000 RSGOODOOODOOODOOODOOOOOd
¥ ={a,b,c,d,e} 0000
Gp=(N,X,R,S,P) N ={A;,B,As,B>,S}

Rp ={S — aA Ay :p,
S —bB1By:1—p,
Al = ciq,
Ay —>d:1—q,
By —»c:ry,
By —»d:1—rq,
Az = e q,
Az = fil—go,
By —e:rg,

B2 —>f:1—7“2 }
'Q:<N',Z,R',S,Q> N'={A,B,C,D,S}

Ry ={S—aA:p,
S—=bB:1-p,
A—cC:q,
A—dD:1—q,
B — cC :ry,
B—dD:1—¢,

C —e:q,
C—f:1-4¢,
D —e:rj,

D—f:1-rh}
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P(ace) P(acf) P(ade) P(adf)
Gp || pngz | pi(1—q2) | (1 —q1)g2 | p(1 —q1)(1 — ¢2)
Gp || Pdidy | Pai(1 =) | pP'(A—q)ry | p'(1—qp)(1 —r))

P(bce) P(bcf) P(bde) P(bdf)

(I=p)rire | (1=p)ri(L=r2) | A=p)(1=r)ra | (1 =p)(1—r1)(1—rs)
(I=p)rigs | (A=p)ri(1—qy) | (1 —p )X —r))ry | (1—p)(1—r))(1—15)

ooooOoo
Placf) 1—qo Pladf) 1—qo
Place) o P(ade) ¢
P'lacf) _ 1-q P'(adf) _ 1—m
P'(ace) g P'(ade) 1)

P(acf) _ P(adf
000000000 POOOD 328 = J4 000000g, #£r,000

000000000000 G, 0000 K(Gp)=K(Gp)0ODOOOOP
0000000000

P(bce) 1—prir Plbef) 1—-pril—re
Place) P qig» P(acf) P al—q
P'(bce) 1—-p'r] P'(bef) 1-p'r]
P'(ace)  p' ¢, P'(acf) Pod

D00000 PO000 5 = £l 000000¢#r,00000
0000000000 GpOO0D K(G)=K(Gp)00OOO0O0 P00
00000

O0000KG) 0 KG)000000000000HO L(H)=LOO
D0000000RSGOOOOOO0 4300 HCGOOO HCG OO
000000 HO GO ¢'0000000000000000000000
Usrec K(G') CK(Gy) 000000 Gy eGOOOOO0OONONOD 4300
PRSGOODO000O0DOO0ODO m

4.4 PNMSG

oooooopPNMSGUOOOOOOOOOOOOOOOOOOOOOO
gboboooooooobon

NMSGOOODOOOOOOOOoOoOooOoooopoooooooooooo
000000oU0poUoooUoOo G=(NV,%,R,S)0NMSGOOOOOOO
O00000AeNOOOOOOOOOOOOOOO

U(A) ={aeX|?ae N* (A — aa) € R}

oooo
UA)=UB)000 A=B
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0O00oO00ooO0oooo

NMSG O O Deepest Form 00000000000 0000000O0
G=(N,T,R,S$)0 NMSGOOOOAe NO Be NOODOOODOOD
000000000000

S5 wAa 000 a= By

0000000000000000wE S* a,8,v € N*
000000000000000ADOOOOOODD BOOOOOOOO
ooooo

G O Deepest Foom 000000000 Ae NOOOOODADODOOOOO
000000000000

Deepest Form 000000000000 1200000000

Rp={A|A0 BOOOODOOO}

ggodg

Input G

0 while( Rg #2000 BOODOOO ){
00 for( each C — ac € R ){
000 if(C € Rp ){

0000 a0 «BOOOOOO;
ooo}

00 for( each A € Rp ){

000 «(000 «B)OO ABO AODDOODOO;
oo}

0}

O output G and halt

0 12: Deepest Form OO0 0000000000

ooo0o0oO0o0ooooooooooooooo@o)ol12000ooo00
ODFOO0OODOOGGE OOOONMSGOOODO

1. DF(G) O NMSG O O 0O Deepest Form 000 O
2. L(G) = L(DF(G))O
3. DF(G) ~DF(G")0 L(G)=L(G") 00000000000

00 GO HONMSGOOOOOL(G) = L(H)ODOO K(G) = KH) O
ooooo

Proof. 00 44000L(G) = L(H) 00 DF(G) ~DF(H)0000000
O000O0KG) =KDF(G) 0000000
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gooooo
0000000000 BOODODDOOODODOUODODOOODOOOG O
G'000000000000 700061300000

AB if A€ Rp
fB(4) =

A otherwise

0000083 [Geal00000000 S=[G"zfe(e)0000000
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0000000000000 0000000000000000S8 S [Glzda
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[DF(@)]zAB 0000000000 Pre(Gp)(z) = Pre(DF(Gp))(z) 000
OODODF(Gp) 000000

Pre(Gp)(za) = Pre(Gp)(z)P(A — ay) = Pre(DF(Gp))(z)P'(A - av') = Pre(DF(Gp))(za)

000000000000 weL(G)D000 K(Gp)(w) = Pre(Gp)(w) O
O000U0000K(Gp)(w) = K(DF(Gp))(w) 0OOOOO
O

OO0 PNMSGOOOOOOOOOOOOOOOOOOOOOOOO

Proof. NMSG OO ODODODDODOONMSGOOOOOOOOOOOOO A0
00000 GOOO000000dO00000G* =lim;,. A(d;) 00000
0000 L(G)=L(G*)000 004400 K(G) cKG*) 0000000
PNMSGOOOOOOOOOOO0 O

OO00OO0OPNMRSGOOOOODOOOOOOOODOOOOOOOOOO
O000000O0O0OOoOoOoONMRSGOOONMSGOO RSGOOOOOO
OOO0O0O00o0 PNMSGOOO PNMRSGOOOOOODOOONMSGOO
goooooboooboboooboooboobboooooobooobboboooo
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000000 430000 NMRSGOOOOOODOQOOOOOOGUOOO

Ua

goboobooon

1 :UB1 :{C,d}DUA2 :U32 :{e,f}DDDAl

GP: <N727R757P>

231DA2 :B2

N ={A;, 45,5}

RP = {S — CLAlAQ Ip,

S — bA1A2

Al —e
A = d
Ay — e
Ay — f:

:1—p,
“q,
11—,
q2,
1—g }

ooo

0000G 000Us =Ug = {¢,d}0Uc = Up = {e,f} 000A = BO
C=Dp000000000000

Gy = (N',S, R’

Ry ={S—dA

7S7Q>

S —bA:
A—cC
A—dC:
C—e:

C—f:

N'={4,B,S}

:p,

l_pI7

!

4y,

!

]-_ql)
@,

1—gq}

000000000 L(G)O0ODO0Do0o0oO00o0oooooooooooooo

P(ace) P(acf) P(ade) P(adf)
Gp || iz | (1 —gq2) | P —q)g | p(1 —q1)(1 — ¢2)
Gp | Paigs [ Pail—q) | PA-—q)g | P —q)(1 —q))

P(bce) P(bcf) P(bde) P(bdf)
I-pae | A-pal-¢) | A-pQ-qa)e | A-p)(1-a)l—-g¢)
(1-p)gigs | A-p)ai(1—¢) | (1 -p)(1—-q))gs | A =p)A —q)(1 —g5)

D0000p=p,¢1=q,¢=¢00000000 K(Gp)=K(Gy)DOO
0KG) =KG)0o00

4.5 SG-DPUO0O0OO0ODOODODOO QOO

goSsSG-bPpOOOOOOOOODOOODOUOOOODOOOOOOOOOO

ooooooa=
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Input G,Q, U, wy,--- ,wp,

0 if( G # G(wy, -+ ,wm) )
od G::é(wl,---,wm);
00 Q= Q(G,U);

0}

0 w:=e¢:

O while( (a:= Env(u)) #e ){
00 w:=wa

00 if(S = [Glwa){

000 Q:=SG-QLODOOO;
oo}
OD0«00000000;
0}

0 output G,Q, U, wy, - ,wm,,w and halt

0 13:SG-bpO0OO0O00O0OOOODOOOOODOOOODOO

0000000 13000000000000000000000000Env
0Gupce¢O00000000000MDPOODOOOOONO0OOO0O
0000000000000 .00000000000e00000000
000000000000GO ¢ 0000000000000000000
00 GHODODOOSGOOOOKG) CKH)DDODODDOO Gupe 00
000000000 Hype 0000000000000000

2. U0=U0

3. 000 zay € L(G)UOO0O0OD w e UOOOOOP(r(za),u) =
P'(r'(za),u) 000 C(r(za),u) = C'(r'(za),u)0
0000r(za)'(za) 0000008 S [Glyda S [Glyaa’0S >
[HlyBf = [Hlyaf' 000 07r(za) = A = ay € ROr'(za) = B —
ay € R 0000

Proof. 0 4200 K(G) =K(H)DODOOU' =0 0000
HOOODODUOOO se ROD0O0OO0Os=r'(ya)Jyaz € L(G) OO O ya
00000000 420007 (za) =7'(ya)Dzaw € L(G)O0OOO0OO za
0000O0r(za) =r(ye) J000000000P 0 C'0000 w0000
P'(r'(ya),u) = P(r(ya),u)0 C'(r'(ya),u) = C(r(ya),u) OODDOOOO O

Gupc O SG-DPOO00Gupc 0000000000000 MDP OO
ooosGUoOooOOoOO0O T, =SU000000000 PX;=T;)#0000
;000002 e L(G)000 20000000000000D000000O
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p:T - U00000f:{z e Fy,ay € L(G)} > U 00000000
0000 00000000000000000000000000Hy p ¢
0 GupcOO00SG-DPOOODDAE O Guee 00000000000
Hy pe 000000000000000000

00 ¢O0SG-DPOODONODONONOOCOOOOOOONONONONONONONONOOODO
000000001300000000 ADOOD(Gy,Q,,wy,ws,--- ,w) =
AY(Gy, Q(Go),e) 0D DEnw 00000 Gupe €G0000 peMOD
0000000000Q, 0000 Go,Q(Go) 00000t — 0ol Gupe
0000 Gy p» 0000000000000

Proof 000000 pe MOOOOODOOO00000 4200 (Q,, wy,ws,--

000000000000¢000000000G,0 L(G)=L(G*) 000
Gr000000
0000¢O00000000000000000000 KG) C KG*)
0000004500 GupcOOO00 Gy p o 0000D000000G*O
00000000 34100 Gy p o 0000000000000 O

00000O0NMSG-DPO NMRSG-DPO000000000000000
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OO0OONMRSG-DP0000000O0000000000000000O
00000000000000000000000000000 24000
00 RSGOOOOOOOODODOOOOORSGOOODOO0O0O0OOOOO
0000000000000 430000 130000000000000
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000000000dimker(M;) 000000 k00000000000
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000000000MDPOOODOOOOOO0O00O00OO0OOOOOO0O
0000000000
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2. dimker(M;) > k000 100

3. RSGO0OO000DOOO0O00DOOOoU0ODODOO Geoooo
4. G, 00000000 @UUUODODODOOOODO

5. G, 000 SG-QLOOOCOOOOOuoooo
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7. 000000200
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4.6 UD0O0OOooOoOobOoObOOOoOoOoOoboOOOoo

Uu4oo0o0ooooogodsboooooooooooooooooon
ooo0oo0O00 +1000000000000000DODO BOODOOOOO
00 ‘bad’00000O0DOOCOOO =30000000O0

014000002
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000000000000 A BeEN,A#BOOODO U(A)#£U(B)0ODO
O0OO0ONMRSG-DPOOOO0O00000000O0O000000 150000
00000000035000000000000000000000000
0000000000000000000000000000000000
00000000000000000000000000 NMRSG-DP OO
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000000000000000 (0 17)00000000000000 (0
16)000000000000000000BOOOOOOOOOOOOO
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5 HUooububobubooobibbgd

In grammatical inference in the limit from positive data, there is a trade-
off between the richness of the language class and the efficiency of the algo-
rithm. Although some general conditions on learning grammars from only
positive data have been found [1, 2] and are well-known, these conditions
only establishes the existence of a learning algorithm, and does not say any-
thing about its efficiency. Preceding research has proposed several efficient
algorithms that identify some subclasses of context-free languages [2, 6]. In
particular, recent studies [10, 12, 13] have found some nonregular context-
free languages that are efficiently learnable from positive data. Yoshinaka
has proposed a polynomial-time algorithm that learns a subclass of context-

free grammars, called right-unique simple grammars (RSGs) [13], which is a

superclass of very simple grammars (VSGs) found as a efficiently learnable
class by Yokomori [12].

Both the classes of RSGs and VSGs are subclasses of simple grammars
(SGs). In this paper, we consider the properties and the unification meth-
ods of the subclasses of probabilistic simple grammars. In learning these
subclasses from positive examples, since if the grammar is not probabilistic,
the problem becomes the classical problem of grammatical inference from
positive data, it may seem that there is no problem: first infer the target
grammar from positive data, and then determine the probabilities of pro-
duction rules by using a statistical method. However, this solution is not
sufficient because although the inferred grammar generates the correct lan-
guage, there is not necessarily some probability assignment of production
rules on the inferred grammar such that it generates the correct probabilis-
tic language. For example, let us consider CFGs G and G’ whose rules are
{S — aS|b} and {S" — aA'|b, A" — aA'|b} respectively. Then it is obvi-
ously impossible for G to generate the same probabilistic language as G’ if
Pr(S" — aA') # Pr(A' — aA’), although L(G) = L(G").

In Section 3, we introduce the notion of the probabilistic generality of

simple grammars (SGs), where the class of SGs is a superclass of RSGs
and VSGs. Probabilistic generality of a grammar is defined as the set of
the probabilistic languages generated by probabilistic grammars that are
obtained by assigning probabilities to the production rules of the grammar.
We show that, for the class of SGs and the class of RSGs, there exist two
grammars whose languages are equivalent, and for which the probabilistic
generality of any grammar in the same class is not larger than both of them.

In Section 4, a new subclass of SGs called unifiable simple grammars
(USGs) is introduced. The class of USGs is a superclass of RSGs. We show
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that for any two USGs that generate the same language, there is a USG
whose probabilistic generality is larger than the two. This implies that all
RSGs whose languages are equivalent can be unified to one USG, since the
number of those RSGs is finite.

In Section 5, we give an application for which the results of this paper are
required. We introduce context-free decision processes, which are an exten-
sion of finite Markov decision processes (MDPs), and introduce a modified
Q-learning algorithm for their optimisation. A simple context-free decision
process intuitively may be thought of a finite MDP with stacks. The class
of RSGs is sufficiently large so that context-free decision processes based on
RSGs include all episodic finite MDPs. We use Yoshinaka’s learning method
to output all the minimal grammars that can generate the histories, then
construct a USG by unifying the output RSGs, and use the extended Q-

learning for learning optimal decisions.

5.1 00U

First, we outline some standard notation and definitions.

A context-free grammar is denoted by (V, X, R,S), where V is a finite
set of nonterminal symbols, ¥ is a finite set of terminal symbols, R C
V x (VUX)* is a finite set of production rules and S € V is the start symbol.
Let G = (V,%,R,S) be a CFG. We write XAZ=cXYZ if A—-Y €R
and X,Z € (VUZX)*, and =, denotes the reflective and transitive closure

of =¢. When G is clearly identified, we write simply = instead of =¢g. G
is said to be reduced iff for all A € V', there are some x,y,z € ¥* such that
S = xAz > zyz. The language of G, L(G),is defined as {z € £* | S = z}.
Let L(G,X) = {x € ©* | X = 2}, where X € (VUZX)*. When G is clearly
identified, we write simply L(X) instead of L(G,X). For A € V, let Ra
indicate {4 - X € R}.

Let ¢ denote the empty sequence and |z| denote the length of a sequence
z. For a set V, let |V| denote the number of the elements in V. For a CFG
G =(V,%,R,S), let |G| denote ), v p|AX].

Hereafter, let terminal symbols and nonterminal symbols be denoted
by a,b,c,--- and A, B,C,--- respectively, and finite sequences of termi-
nals symbols and of nonterminal symbols be denoted by --- ,z,y,z and
a, 3,7, -+ respectively.

Subclasses of CFGs we discuss in this paper are defined below.

00 1. A CFG G =(V,X,R,S) is called a simple grammar (SG) iff G is
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Greibach normal form, and
A—=ax€R and A — af € R imply a = [5.

An SG G is called a right-unique simple grammar (RSG) iff

A—aa € R and B — a3 € R imply a = 5.

An SG @G is called a very simple grammar (VSG) iff

A—aax€R and B — aff € R imply o = and A = B.

An RSG G is normal form iff it is reduced, and for all C € V, A —
aaCB,B = a'a'CB' € R impliesa=d',a=a, 3= and C #8.

CFGs in GNF G = (V,X,R,S) and H = (V' X, R',S") are equivalent
modulo renaming nonterminals iff there is a bijection ¢ : V' — V' such that
#(S) = S', A - aa € R iff $(A) — ad(a) € R’ where ¢ is the unique

homomorphic extension of ¢.

While the class of SGs is not learnable in the limit from positive data, for
both the class of VSGs and the class of RSGs, there are the efficient learn-
ing algorithms, which satisfy conservativeness and consistency and output
grammars in polynomial time in the size of the input positive examples.

Those algorithms for VSGs and RSGs are based on the following strat-
egy. Let C be either the class of VSGs or the class of RSGs. Let pos-
itive presentation of the target grammar in C be si,s2,---, and output
grammars be G1,G2,---. For each i-th input of positive data, if s; is in
L(G;—1) then G; := G,;_1, otherwise G; := G, where G € C such that
{s1,---,si} C L(G) and L(G) is minimal, namely, VG' € C[L(G") C L(G)
implies {s1,---,s;} ¢ L(G")]. C has finite thickness, namely, for any fi-
nite language D = {s1,...,s;}, at most finitely many (modulo renaming
nonterminals) grammars G in C generate a language including D.

A function #¢4 : ¥* = {-1,0,---} for G = (V,X,R,S) € C is defined
as #a(e) =0, #¢(a) = |a| — 1, where A — aa € R for some A € V, and
#(ax) = #(a) + #(x). Note that #(a) is well-defined due to the definition
of the class C. Since D C L(G) implies that #¢(s) = —1 for all s € D and
#a(t) > 0 for each proper prefix ¢ of s, the number of possible #s for D
is finite. When a possible # is given, it is easy to determine the minimal
grammar in {G € C | #¢ = #}. The algorithm outputs a minimal grammar
among those minimal grammars.

Although Yoshinaka’s algorithm can decide the inclusion of every two

RSGs G and H in polynomial time in |G|+|H]|, since the number of possible
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#s can be exponential in |X|, those algorithm is also in exponential time in
|2].

Let G = (V,%,R,S) be an SG. A probability assignment P on G is a
map from R to [0,1] such that )  .p P(r) = 1 for all A € V, where
R4 = {A — aa € R}. A probabilistic simple grammar (PSG) is a pair
(G, P), where P is probability assignment on an SG G. (G, P) is reduced
iff G is reduced and P(r) # 0 for all r € R.

When G is an SG, every z € L(G) has a unique sequence of production

rules that are used in the left-most derivation of S =« z. Let us denote that
sequence by r(G,z,1), -+ ,r(G,z,|z|). Then, the probabilistic language of
a PSG (G, P), Pr( - (G, P)) : ¥* — [0,1], is defined as

o] 1)) if
Pr(m|<G,P>):{gizlP(T(G’x’l)) fzeL(@),

otherwise.

We define similarly that Pr(z|(G, P), A) = leill P(r(A,z,i))ifz € L(G, A),
otherwise 0, where r(G,A,z,1)---r(G, A, z,|z|) are the sequence of rules

used in the derivation A =¢ .

5.2 0UU0OUOOooOobOOOOd

00 2. The generality of an SG G is defined as
K(G) = {Pr(:|(G, P))|P is a probability assignment on G}.

G is more general than an SG H iff K(G) C K(H).

The following lemma establishes requirements for K(G) C K(H).

00 1. Let G = (V,X,R,S) and H = (V' X, R, S"Y be reduced SGs.
K@) C K(H) iff L(G) = L(H) and there is some map ¢ : Vi, - V
such that VA € VL,Vz € * [ S S5 xAa implies S =g m/J(A)ﬂi], where
Vi, ={AeV'||Ry] >2}.

Proof. We first show the “if” part. Let G, H, and v be as above. It is easy
to see that for each A — aa € R' with A € VI,, G has exactly one rule of
the form ¥(A) — af for some § € V*. For a given probability assinment P
on (G, define a probability assinment () on H by

P((A) = a if AeV!

00 oy = | P = 09) .,

1 otherwise.

Clearly Pr(|(G, P)) = Pr(|{H, Q).
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Second we show the “only if” part. Suppose that K(G) C K(H) holds for
two reduced SGs G and H. If (G, P) is a consistent PSG, there is a consis-
tent probability assignment @ on H such that Pr(-|(G, P)) = Pr(-|(H, Q)).
We have L(G) = L(H) = {w € ¥* | Pr(w|(G, P)) = Pr(w|(H, Q)) # 0}.

To derive a contradiction, suppose that L(G) = L(H) and there are
some z,y € ©* such that S Sy rda,, S' =5 yAay,, S ¢ BB,
S 3G yCBy, |Ra| > 2 and B # C. Since L(G) = L(H), Ya € % |
Iya[A — aya € R) iff Iyg[B — ayp € R'] | holds and thus |Rp| = |R¢| =
|Ry| > 2. Let A - aya € R, B - ayp € R, C = ayc € R. For
|R,| > 2, a consistent probability assignment P can be found such that
P(B — avyg) # P(C — avc)- Let @ be a consistent probability assignment
on H such that Pr(-|(G, P)) = Pr(:|(H,Q)). Then,

_ Pr(eaS*|(G, P) _ Pr(zaS|(H, Q)
PB =) = 5 oSG Py~ Pr@y (6, Q)
_ _ Pr(ya¥*|(H,Q)) _ Pr(yaX*|{G,P)) _
= QU= ) = BT Q) PG Py T )
This is a contradiction. O O

00 3. Let C and D be subclasses of SGs. C is unifiable within D iff
for all G1,G2 € C such that L(G1) = L(G2), there is H € D such that
K(G1) UK(G2) C K(H).

The main purpose of this paper is to construct an SG G, that is more
general than a finite number of given RSGs whose languages are equivalent.
However, neither the class of SGs nor the class of RSGs is unifiable within
itself, as we demonstrate in what follows. In the following, we say that C is

unifiable when C is unifiable within C.
00 1. The class of SGs is not unifiable.

Proof. Let G = (V,X,R,S) and G' = (V' X, R',S") be SGs, whose rules

are, respectively,

{S = aAB, A — aB|blc, B = aAB|bC}|cC3, C; — aB|ble, Cy — aB|b|c} and
{S" = aB'A', A" - aB'|b|c, B' = aA'B'|bC}|cCy, C; — aB'|ble, Cy — aB'|b|c}.

First we show that L(G) = L(G"). G and G' are isomorphic if we disregard
the rules S — aAB and S — aB'A’. Clearly

L(A) = L(Cy) = L(Cy) = L(A) = L(Cy) = L(C}), and L(B) = L(B').

Moreover, it is not hard to see that for every z € ¥* and v € {A}*, the

following are equivalent:
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o AA S za with ¢(a) = v for some a € V*,
e B = xf with ¢(8) = v for some 5 € V*,

where ¢ : V* — {A}* is the homomorphism such that ¢(4) = ¢(Cy) =
¢(C2) = Aand ¢(B) = AA. Therefore, L(AA) = L(B) = L(B') = L(A'4"),
and thus L(S) = L(S").

Second, we show that no SG H is more general than both G and G'. Let
H = (Vyg,X, Ry, Su) be an SG such that L(H) = L(G) = L(G'). Since
a’"b>" 2 ¢ L(Q), there are D,, € Vi and o, € Vi such that

* *
Sy =>H aZ"Dnan = a®np?nt?

for each n € N. Since Vp is finite, we can find m,n € N such that m < n
and D,, = D,. Let k and E be such that D,, = D, =y b""'E=bF,
A =g " T27F and a,, =5 b2"1T27F. Note that £ < 2m + 2 < 2n + 2.
Since a?"b* 1eh?+2F € L(G) = L(H), we have E — ¢y € R and

Sy =g a*"Dpay, = a2"bk*1Ean:>a2"bk*107an = @Znplep?nti—k,

Since H is an SG, v*"*2°% € L(ya,) N L(ay,) implies v = . Therefore, we

have
Sy =g a®"Dya, = a®bray,, Sy =g ad®D,a, = a>"b* ' ca,,.
Since k < 2n+ 2, a,, #e. f k =25+ 1< 2n + 2, then
S =q a? e, B, S S a? b teCoB™ .

By Lemma 1, H is not more general than G. Similarly, if £ = 2j+2 < 2n+2,
then H is not more general than G'. O

The class of RSGs is also not unifiable. Let us consider the finite language
L = (a|b)(c|d)(e|f) = {ace, acf, ade, adf, bce, bef, bde, bdf }. In normal form,
any RSG that generates L is equivalent, modulo renaming nonterminals, to
either G = (V,X,R,S) or H = (V' X, R',S), whose rules are, respectively,

{S = aA|bB, A — cC|dD, B — ¢C|dD, C — e|f, D — e|f} or

{S — aA0A1|ngB1, AO — C|d, By — C|d, A1 — €|f, B; — €|f}
|Ra| = |R)y| =2forall AcVand A € V'. S =g acC and S ¢ adD,
while S = acA; and S =g adA;. Thus K(G) ¢ K(H) from Lemma 1.
On the other hand, S =¢ acC and S =¢ beC, while S =5 acA; and

S =g beB;. Thus K(H) ¢ K(G). Tt follows that there is no RSG I such
that L(I) =L , K(G) C K(I) and K(H) C K(I) from Lemma 9.
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5.3 UUuugoboboooobobobbouooan

In this section, we introduce unifiable simple grammars (USGs). The

class of USGs is unifiable and is a superclass of the class of RSGs. This
implies that the class of RSGs is unifiable within the class of USGs. This
is the main result of this paper.

Let G = (V,X,R,S) be an SG. Let 0g(A) ={a € ¥ | A = aa € R} for
A e V. We write AB iff 0g(A) = 0g(B). is an equivalence relation, thus
let A denote the equivalence class containing 4, i.e., A = {4’ € V | A’A}.
We also introduce the notation U = {A’ € V | 34 € U, A’ € A} and
A A, =A,---A,,, where U C V.

00 4. An SG G is a Unifiable Simple Grammar (USG) iff
A=B,A—ax€Rand B—af € R implya = (.
For a USG G = (V, X, R, S), we define a USG G/ = (V/,%,R/,S) as

V/:{Z|A€V}
R/={4A—aB;...B, | A—aB,...B, € R}

USGs G = (V,%,R,S) and H = (V', %, R',S") are g-isomorphic iff G /o and
H/o are equivalent modulo renaming nonterminals. From the definition of
USGs, G/o is also a USG and L(G/o) = L(G).

To show the USGs are unifiable, we define neighbourhood pairs for a

USG, and eliminate them keeping its generality. The intuitive meaning of
neighbourhood pairs can be seen in Lemma 3. For all USGs G and H that
have no neighbourhood pair, L(G) = L(H) implies that G is o-isomorphic
to H (Lemma 7). If G and H are o-isomorphic, it is easy to unify them
(Lemma 8).

G — G,
eliminating
L(G) = L(H)7 neighbourhood . hi
not o-isomorphic pairs(Alg.1) g-isomorpiue

H HO
Definition 5 and 6 are required for the definition of the neighbourhood pairs.

00 5. The upstream of A € V is defined as ups(A) = {B €V | B = zA},
and upg(U) = Uscp upg(A) where U C V.

00 6. Let Uy, Uy CV and Uy NUy = &. Let us define W(Uy,Us) as the

minimal subset of V* such that,

e c € W(U,,Us).
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e o€ W(Uy,Us) implies A € W(Uy,Us) for all A ¢ Uy.
e o € W(Uy,Us) implies aAB € W (Uy,Us) for all A € Uy and B € Us.

If aAp € W(Uy,Us) for some A € Uy, B = Bf' for some B € Us. Thus

we have the following lemma.

og 2. OZBEW(Ul,UQ) iff

o, e W(UL,Us) ifa=dA, 3=DBf and (A,B) € (Uy,Us)
a,B € WU ,Us)  otherwise

00 7. A pair (U;,Us) € P(V) x P(V) is called a neighbourhood pair iff
the following conditions hold.

1. UyNU; =@.

2. 3JA eV (U =up(A)).

3. dAeV (U, =4).
4. S¢U;p.
5. For all A — aa € R,

o A e U, impliesaB € W(Uy,Us) for some B € Us.
o AU, implies o € W(Uy,Us).

00 3. (Up,Us) is an neighbourhood pair iff conditions 1, 2 and 8 in Defi-

nition 7, as well as the following condition, hold.
o S = xa implies a € W(Uy, Us) for all =.

Proof. First, we show the “only if” part. We prove this by induction on
|z|. For the base case, S € W(Uy,Us) since S ¢ U;. For the inductive
step, assume that S = zAB and A € W(Uy,Us). We show that, for all
A= aa € R, S = rAB=xaaf implies af € W(Uy,Us).

In the case of A € Uy, since Af € W(Uy,U,), we can express [ in the
form g = Bp', where B € Uy and ' € W(Uy,Uz). aB € W(Uy,Us) from
the condition 5. Thus we have aff = aBf’ € W(U;,U,). In the case of
A& U, B € W(U,Us), since A € W(Uy,Us). a € W(Uy,Us) from the
condition 5. Thus we have o € W(Uy, Us).

Second, we show the “if” part. For the condition 4, S ¢ U; since S €
W(Uy,Usz). For the condition 5, since G is reduced, for all A — aa € R,
there exists some /3 such that S = zAB=>zaaf and AB,aB € W(Uy,Us).

49



In the case of A € Uy, A € W (U, Usz) implies § = Bf' for some B € Us,.
Thus we have aB € W(U;,Us) since aff € W(U;,Us). In the case of
Ag U, if a =cthen a € W(U;,Us). f a =d'A',ie. A— ad’A' € R,
then A € up(A’). By the condition 2 and A ¢ Uy, we have A’ ¢ U;. Thus
we have a € W (U, Us), since aff € W (Uy, Us). O O

00 8. Let (Uy,Us) be an neighbourhood pair of a USG G = (V, %, R, S).

We define a map ¢u, v, : W(Ur,Us) = V™, where V! = (V—-Up)U(Uy xUs),
by

i ¢U1,U2 (5) =¢&.

AB¢U1,U2(B’) ZfA € Ul and 6 = Bﬂla

i ¢U1,U2(A6) = { .
Adu, v, (B) otherwise.

®(G, (U, Us)) denotes the USG obtained by eliminating useless nontermi-
nals and rules from the USG (V' %, R’ S), where

R’:{A—)agzﬁUl,Uz(a)|A—>aa€RandA€V—U1}
U{Ap = a¢uy, v,(aB) | A —aa € R and Agp € Uy x Uz }

Note that ¢y, v, is a bijection.

OO0 4. Let G' = ®(G,(U1,Usz)). For all z, a and B such that f =

¢U17U2(a)7
SSqza iff S zb.

Proof. We prove this by induction on |z|. We write ¢ for ¢y, y,. For
the base case, S = ¢(S). For the inductive step, first we show the “only
if” part. Let S =¢ zAB=zaafB. By the induction hypothesis, we have
S S xp(AB).

Case 1. A ¢ U;. G' has the rule A — a¢(a) € R'.

S Sa wp(AB) = zAP(8) = zad(a)(B) = zagp(ap).
Case 2. A € Uy. Due to Lemma 3, 8 = Bf' for some B € Us. G’ has the
rule Ap — a¢p(aB) € R'. Thus,
S S 2¢(ABB') = 2 Ap(B') = zad(aB)p(B') = vad(aBp') = zad(af).

Second, we show the “if” part. Let S =¢ zA'3'=zaa'B’. By the induc-
tion hypothesis, we have S = A with ¢(AB) = A'F'.

Case 1. A" ¢ Uy x Us. A = A’ and G has the rule A —» aa € R,
where ¢(a) = o due to the definition of ®. Thus S =g rAf=zaaf and

p(af) = o'f'.

50



Case 2. A’ = A € U; x Us. G has the rule A — aa € R where
p(aB) = o due to the definition of ®. ThusS =g zAf = zaaf. By
#(AB) = AppB', B = B~y for some v with ¢(y) = f'. Thus ¢(af) =
p(aB) = B(aB)p(y) = a'f. O O

00 5. Let (Uy,Us) be an neighbourhood pair of a USG G. (G, (Uy,Us))

is more general than G.

Proof. Let ¢ : V! — V where V' = (V — Uy) U (Uy x Usz) be defined as
Y(A)=Afor Ae V—-U; and p(Ap) = A for Ag € Uy xU,. By Lemma 4,

1 satisfies the condition in Lemma, 1. O O

Algorithm 1 Transformation of USGs
Require: G is a USG.
while There exists an neighbourhood pair (Uy,Uz) in G. do
G := (G, (U, U,)).
end while
return G, =G.

00O 6. Algorithm 1 terminates for all G € USGs.

Proof. Let (Uy,Us) be an neighbourhood pair of G, H = (Vy, X, Ry, Su)
denote ®(G, (U,Us)), and G' = (Ve , X, Rgr, Sev) denote G/o. The fol-

lowing claims are easy to prove but useful for what follows:

e (Uy/o,Us /o) is an neighbourhood pair of G', and ®(G’', (U1 /o,Us /o))

is equivalent to H /o modulo renaming nonterminals.

G ®(-,(U1,U2)) i )
/o l /‘Tl modulo renaming
®(

nonterminals
(Ur/o,Uz/0c})

G’ H'

Let H' = (Vi', X, Ry, Spr) denote ®(G', (Uy /o, Uz /o).
e @ has no neighbourhood pair if G’ has no neighbourhood pair.

e There is a trivial bijection 7 from Vg to Vi such that og/(4) =
om (m(A)).

We define p(G', A) € Vi for A € Vg as the longest sequence in {y € V5 |
Vz [Sq: = rAa implies Aa = ya']}. From Lemma 3, if [p(G', A)| = 1 for
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all A € Vi, there is no neighbourhood pair in G'. Thus, it is enough to

Y Ip(H w(A) < Y Ip(G A, (4)

A€V A€V

prove that

from the second claim noted above. In the following, let us denote ¢y, /5,0, /o

as ¢. From Lemma 4, we have p(H', 7(A)) = ¢(p(G', A)). It is obvious that

d(p(G', A)) < p(G', A) for all A € Ve from the definition of p(G', A).
When A € U/, since p(G', A) is written as ABfS, where {B} = U/,

o(p(G', A)) = Apg(B). Thus |p(p(G',A))| =1+ [4(B)] <1+ B8] = -1+
|ABf|. Consequently, we obtain Eq. 4. O O

Since the above proof shows that the number of loop is less than |G/o|?, it
is easy to prove that |G,| is O(|G||G/”|2), while |G, /o] is O(|G/o|?), where
G, is the output USG of Alg.1. This implies that the time complexity of
finding neighbourhood pairs are O(|G/c|%) in all. Thus the time complex-
ity of Alg.1 is also O(|G|‘G‘2) when concerning only |G|. Let the ambiguity
amb(G) of a USG G be defined as |{ H/o modulo renaming of nonterminals | H €
USGs, L(H) = L(G)}|. Since |G,| is limited to O(|G[>™>(%)), the time com-
plexity of Alg.1 is limited to O(|G|max{amb(G).6}),

00 7. Let two USGs G, and H, have no neighbourhood pair. If L(G,) =
L(H,), then G, and H, are o-isomorphic.

Proof. Let G = (V,X,R,S) and H = (V', ¥, R', S’} denote G,/ and H,/,
respectively. It is sufficient to show that L(G) = L(H) implies that G' and
H are equivalent modulo renaming nonterminals. Note that A = {A} for
all A €V, and thus og(A) = 0g(A’) implies A = A’.

First, we prove that 0g(A) = og(B) implies L(G, A) = L(H, B) for all
A€V and B €V. When og(4) = oy (B),

Vz[S ¢ rAa iff S Sy 2Bf),

since L(G) = L(H). Thus y € L(G, A) implies that, for some z € L(H, B),
z is a prefix of y or y is a prefix of z (if not so, L(G) # L(H)). We may
assume that y is a prefix of z. Suppose that y is a proper prefix of z, i.e.,

A 34y and B = p yCr, then we have
JyCyVz [S ¢ zya iff S S5 zyCyp.

It follows that « = D for all &, where D € V and 6 (D) = oy (C). Thus
there exists some D such that, for all z, S =¢ zA« implies @ = Da. For
A" € upg(A), we also have, for all z, S =g zA’a implies a = Da, because
S 5g xA'a = rzAa for some z. Thus, by Lemma 3, (ups(A), {D}) is an
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neighbourhood pair of G. Clearly, G, has some neighbourhood pair iff G
has some neighbourhood pair. This is a contradiction. Thus y € L(G, A)
implies y € L(G, B) and vice versa, so L(G, A) = L(G, B).

Second, we show that G and H are equivalent modulo renaming nonter-
minals. Let 0g(A) = oy (B), A > aa € Rand B — afl € R'.

If a =¢,  =c¢since L(G,A) = L(H,B). If a = A;---A,, and m >
1, we may assume that 8 = By;---B, and n > m. Let us prove that
oc(4;) = og(B;) by induction on i. For the base, 0¢(A41) = op(B;) since
L(G,A) = L(H,B). If og(A1) = ou(B1), --- and 0g(4;) = oy (B;), then
L(G,A,---A;) = L(H,B; -+ B;). It follows that og(Ait1) = og(Bit1),
since L(G,A) = L(H,B). We have also n = m, since L(G, A1 --- A,,) =
L(H,B;---By,) and L(G,A) = L(H, B). O O

Let G1 = <‘/1,2,R1,51> and G2 = <V2,Z,R2,SQ> be USGs for which
L(G1) = L(G2), neither having any neighbourhood pairs . Let

V' ={ (A1, A2) € Vi x Va | s, (A1) = sg, (4s)},

R = { (A1, 42) = a(B1.1,B2.1) - (Bim, Bam) | (A1, 43) € V7,
Ay = aByy -+ Bim € Ry and Ap, = aByy - Bam € Ry },

S, = (S, S).

The USG G., obtained by parallelizing G; and G, is defined as (Vi, X, R., Si),
where V, and R, are arrived at by eliminating the useless nonterminals and

rules from V' and R’, respectively.
00 8. G. is more general than Gy and G>.

Proof. Let m; : Vi, — V; be a map such that m;(A;,A2) = A;. From
Lemma 7, A; — aa; € Ry iff A, — aa, € Ry, m(4s) = A; and
mi(as) = ap. Tt follows that S, =g, za, implies S; =¢, zm(a.) for
all z. O O

00 1. The class of USGs is unifiable.

Proof. Let USGs Gy and Hy be output by Algorithm 1 for the input USGs
G and H, with L(G) = L(H). Go and Hp are more general than G and H,
respectively, by Lemma 5. Therefore G, obtained by parallelizing Gy and
Hy is more general than G and H. O O

For every RSL, there is a finite number of RSGs, modulo renaming non-
terminals, that exactly generate the RSL. Moreover, it is easy to prove the

following lemma.
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00 9. For every RSG H, there is an RSG G in normal form, where G is

o-isomorphic to H and more general than H.

It is easy to modify Yoshinaka’s learning algorithm so that, for a given
RSG G, it enumerates all RSGs in normal form that generate the same
language as G. In that learning algorithm. From the above theorem, we

have the following:

00 2. For every RSG G, we can construct a USG G, such that for
any RSG H with L(H) = L(G), it holds that K(H) C K(G.). |G|
is O(m(G)%2mP(@) where m(G) = max{|H| | H is an RSG and L(G) =

6 UOdoboobouoobuoobboobd

At first, let us introduce simple context-free decision processes, which are

a natural extension of finite-state Markov decision processes.

00 9. Let G = (V,X,R,S) be an SG. Gypc = (V,X,R,S,U,P,C) is

a simple context-free decision process iff U, P,C are the following set and

functions.
e U is a finite set of actions.

e P is a map from RxU to [0,1], called a probability assignment, where
Vue UNVA eV, cgr, P(r,u) =1] holds.

e C is a map from X to (—o0,00), called reward.

Hereafter, if G is an SG or an RSG, simple context-free decision processes
Gy, p,c are called an SG-DP or an RSG-DP, respectively.

Corresponding to a given SG-DP Gy, p,c, the sequence of discrete random
variables is given as X1,Y1, X3,Ys, - -+, where the domains of X; and Y; are

¥*V* and U respectively, and X; = S. The following properties hold.
Pr(Xe =z | Xh = S, Y1 = wa, -, Xom1 = 2101, Y1 = ug—1)
=Pr(X; = mpoy| X1 = @1, Vi1 = up—q)

P(ryui—1) if z4—104—1=> gy with the rule r

=41 ifoyg 1 =2, and sy =y = ¢

0 otherwise
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An SG-DP Gy, p,c is called an episodic finite Markov decision process iff
G = (V,%X,R,S) is reduced and can be expressed in the form:

for somen > 1, k> 0and Vi, -,V CV,
V:{Al(: S)a 7An}7 E:{afla"' 7an+k}7
R:{A—>a]’A]’|AE‘/j,j:1,"' ,TL}U{A—)CLTL+J'|AEVn+j,j:1,"' ,k}

The above definition is obviously equivalent to the usual definition of episodic
finite MDPs. Note that G is an RSG whenever Gy p,c is an episodic finite
MDP.

Let Gupc = (V,X,R,S,U,P,C) be an SG-DP. A map p : V. — U
is called a policy. One of the main purpose of reinforcement learning is
to determine the policy p so as to maximise the expectation of the total

reward from S. The value function J : V' — (—00,00) under p is defined as

||
Tu(A)= Y Pr(@[(G,P.),4) ) Clai),

z€L(G,A) i=1
where x = a1 ---a),|, and P, is the probability assignment of G under p,
namely, for B — b € R, P,(B — b3) = P(B — bj, u(4)).

Let M(Gu,p,c,p) be a (|V],|V|) matrix whose element M(Gu p,c, 1t)i;
represents the expectation of the number of A; derivable in one step from
Aj under p, where V- = {A;, Az, -+, Ajy}. It is known that P, is consistent
it p(M(Gu,p,c,p)) <1, where p(M) is the spectral radius of M [11].

When p(M(Gu,p,c, it)) < 1forany p € 7, where 7 is the set of all policies,
the optimal value function J, : V' — (—o00,00) can be defined as J,.(A4) =

max,cr J,(A). There exists some policy p. such that J,, (A) = J.(A) for
all A € V, called an optimal policy. The optimal action-value function
@« : V xU — R are also defined as Q«(A,u) = > 4 ,,p,..B,en, P4 =
aBj -+ By, u)(C(a) + Zle J.(B;)). Note that the above definitions are a

natural extension of the usual definitions on reinforcement learning whose

discounting factor equals 1.

Let Gupc = (V,%,R,S,U, P,C) be an SG-DP, and H = (V', ¥, R, S")
be an SG such that K(G) C K(H). Let ¢ : Vi, — V be some map that
satisfies the property in Lemma 1. We can construct P’ , a probabilistic
assignment of H, such that, for A - aa € R and u € U, P'(A — aa,u) =
P(p(A) — af,u) if A € VL, otherwise P'(A — aa,u) = 1. We have the

following:

00 3. Assume that p(M(Gu,p,c, 1)) <1 forallp € n(V,U), Q. defined by
the following iteration (Q-Learning) converges to the optimal action-value
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function of Hy pr.c ast — oo w.p. 1.

k
Qit1(Ap,up) := (1 — ke) Qe (Ar, ur) + ke (Ca) + vaneal}( Q:(Bi,v)), (5)

where the rule Ay — aBy--- By, € R’ is randomly chosen with probability
P(y(Ar)

— af,ug) if Ay € Vé2, otherwise 1. k; € [0,1] is a random variable depend-

ing on Ay and uy, called a step-size parameter. We assume that Ay, uy and k;

satisfy the following conditions for all (A,u) € V'xU; Z{teNKAt,ut):(A,u)} k? <
00, D {teN|(Ar,ui)=(4,u)} Kt = 00

Proof. By the definition of P, We may assume that G = H and 1) is the
identity map. If G = H, the convergence of the Q-Learning method in the
above theorem is proved by modifying the contraction mapping and the
weighted norm in [4]. O O

Now, we explain the relationship between learning an SG from positive
data and Q-Learning on an SG-DP, and the necessity of probabilistic unifica-
tion. We identify elements of ¥ with observations and nonterminal symbols
with unobservable states. The division of a process into observable and un-
observable states follows the same scheme as appears in partially observable
Markov decision processes (POMDPs) [7]. The difference from POMDPs is
that nonterminal symbols are unobservable in SG-DPs but are determined
if its grammar is known. In order to use the extended Q-learning method
(Eq. 5), we must identify the sequence of nonterminals that corresponds
to observations. We can regard histories of observations as positive data.
Thus we can use the extended Q-learning method (Eq. 5) after identifying
the grammar from histories of observations.

We assume that the class of environments belongs to the class of RSG-
DPs, instead of to the class of SG-DPs, because the class of RSGs is of
the most suitable size among subclasses of SGs. The class of RSGs is large
enough to include all episodic finite MDPs, while also small enough to be
learnable from positive data efficiently. Moreover, the class of RSGs is a
probabilistic unifiable class within the class of USGs. Recall other subclasses
of SGs we mentioned in this paper; the class of VSGs are efficiently learnable
but VSG-DPs do not include all episodic finite MDPs, USGs are learnable
from positive data but no efficient learning algorithm for them is known,
and SGs are not even learnable from positive data.

Alg. 2 is a learning method for one episode in order to optimize the

policy for RSG-DPs when the grammars are unknown. Let Gypc =
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(V,%X,R,S,U, P,C) be an RSG-DP (unknown). Let Env be a oracle func-
tion from {prefixes of L(G)} x U to L U {e}. Env(z,u) = ¢ if z € L(G),
otherwise, Env(z,u) = a such that a is randomly chosen with probability
P(A — aa,u), where S = zA. As the initial parameters, let the USG H,
Q@ and Hist be as follows. H = (V' ¥, R, S), where V' = {[a]|a € £}U{S}
and R’ = {[a] — b[b],S — b[b] | a,b € B}. Qu(A,u) =0forall A eV
and u € U, where Qg : V x U — (—00,00). Hist := &. Let Str(H,Qg) :
{prefixes of L(H)} — U be some strategy e.g., e-greedy strategy [9].

By the definition of the learnability from positive data, it holds that, for
some n € N, for all m > n, H,, = H,, and K(G) C K(H,,), where H,, is the
inferred grammar at the n-th episode. Thus, by Theorem 3, Q) i, converges

to the optimal action-value function.

Algorithm 2 A reinforcement learning for one episode on RSG-DP
Require: H = (V,X,R,S) is an USG and Qg : V x U — (—00, 00).
x:=¢ and u:=Str(H, Qu)(z).
while (a := Env(z,u)) #¢ do
if S S5 cAa=zafa then
Update Qu (A, u) according to Eq. 5, u := Str(H, Qg )(xa), and z :=

ra.

else
z := za. u is randomly chosen under the uniform distribution on U.

end if

end while

Hist := Hist U {«}.

if ¢ L(H) then
G = all the RSGs in normal form generated by the algorithm for learn-
ing RSGs from Hist.
H :=[the USG obtained by unifying all the RSGs in G|, with Qg ini-
tialized to 0.

end if

Finally, as an example of an RSG-DP and an application of the unifica-
tion algorithm, we consider the problem of maximizing total reward under
some conditions. An agent starts from the position s = (1,2) on the map
(Fig. 19), and can move left, right, up or down, unless there is a wall in
that direction. It costs 1 (—1 as a reward) per single step, and the agent is
allowed to occupy a location either fy = (5,6) or f_ = (5,2) at most one
time. When reaching to the goal g = (9,2), if the agent has passed through
f+, it observes hy w.p. 0.9 or h_ w.p. 0.1, whereas if the agent has passed
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through f_, it observes hy w.p. 0.1 or h_ w.p. 0.9. The observation of
hy implies that the agent gets 100 as a reward, and of h_ implies that
it gets 50. In this case, the RSG G = (V,X, R, S) is written as follows.
Y =MapU{hy,h_},V ={[a,0] | a € Map and a # g} U {[f+, 1], S}, and

R ={[a,0] — b[b,0] | b € mov(a) and b & {f+, f-,g}}
U{]a,0] = b{b,0][5, 1] | b € mov(a) and b€ {f+,f }}
U{[G’:O] — g | g€ mov(a)} U {[er)]-] — h:l:) [f*: 1] — hﬂ:: S — 5[570]}7

where Map = {(4, j)|(4, j) is a reachable position on the map.}, and mov(i, j)
denotes a set of positions where the agent can move from (i,j) in one
step. For example, mov(S) = {(1,1),(2,3),(2,2)}, mov(f+) = {(6,6)} and
mov(g) = .

There is another RSG H = (V'E, R', S) such that L(G) = L(H), where
V' ={[a,0] | @ € Map}U{S} and R' = {[a,0] — b[b,0] | b € mov(a)}U{S —
s[s, 0], [g,0] = hy}. Note that the RSG-DP based on H is an episodic finite
MDP.

G and H are all the RSGs in normal form whose language is equivalent
to L(G), thus both G and H, and only G and H are output by the learning
algorithm of RSGs from positive data. The USG G, = (Vi, X, R, S.) trans-
formed from G by Alg. 11is as follows. Vi = {[a,0] | a € West}U{[a,0]+ | a €
East} U {[f+, 0]+, S.}, and

R. ={[a,0] — b[b,0] | b € mov(a) and b € West}
{[a,0]+ — b[b,0]+ | b € mov(a) and b € East}
[a,0
[

c C

{a7 ]ﬂ: — g[f:l:a]-] | g€ mov(a)}
U{ (474:|:2))0] - fﬂ:[fﬂ::o]ﬂ:) [er)]-] - h:l:) [f*)l] - hﬂ:: S — 5[570]}7

where East = {(¢,5) € Map | j > 6, (i.j) # g}, West = {(i,j) € Map | j < 4},
and [a,0]+ denote [a,0]js, 1). Table 3 shows the neighbourhood pair and
changed rules for each loop in Alg. 1 for G.

G, is o-isomorphic to H and clearly K(H) C K(G,). Thus K(G,) is more
general than both G and H. Note that G, is not an RSG but a USG.

The optimal length of episode of this problem is 16 when the agent is
through fi, and thus the maximum total reward is 79. Fig. 20 is an ex-
periment of Alg. 2 on the above problem. It demonstrates that the agent
approaches the optimal path and obtains maximum total reward after the
grammatical inference and the unification are complete at approximately the
200th episode. In Fig. 21 our method is comparing to the naive Q-Learning
method, in which the environment is assumed to be an episodic finite MDP
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O 3: Neighbourhood pairs in Alg. 1 for G.

Loop U, U, New rules obtained by ®(-, (Uy, Uz))

1 {[f+50]} {[fial]} {[(4’6)50] — f+[f+70]+7 [f+50]+ — (656)[(656)’0][f+7 1]}

2 {l/- 01y | {lr= 1} | {[(4,2),0] = f-[f-,0]-, [f-,0]- — (6,2)[(6,2),0][f-, 1]}

{[a,0] | {[fx, 0]+ — [(6,4£2),0]}U
3 " e ’East} {[f+, 11} {]a, 0]+ — b[b,0]+ | b € mov(a) and b € East}U
{[a,0]+ = g[fx,1] | g € mov(a)}

(same as H). The total reward obtained by the naive Q-Learning method
is approximately 40, indicating that the agent passed through f_.

episode length
total reward

O 19: Example prob-
lem of RSG-DP. »

-100
o 200 400 600 800 1000
num. of episodes

0O 20: Total reward
and episode length.

total reward

0 200 400 600 800 1000
num. of episodes

O 21: Comparison of
QL and SG-QL meth-
ods.
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