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Abstract

In this report, the variations of the amplitude and phase of RST
(resultant) and RD (reflected and diffracted) waves and further the
decaying modes in the canal are discussed through the numerical
calculation. The following facts are then exposed.

The same behavior of the wave as that in the case of the
breakwater (Momot, 1967), i.e., the appearance of high waves (>2.0in
amplitude) and rotating waves is found for RST wave in the open sea.

Concerning the decaying modes in the canal which show the
reflecting behavior of the wave in the canal, it is found that the
invading wave advances along the (two) banks of the canal to be
reflected toward the open sea in the middle part.

In Section 6, the behavior of the wave around the estuary is
elucidated through the numerical calculation of the wave around
the right-angled corner.

In the last section, the examination of the wave around the
estuary is made by use of the approximated method (of mirror
image) using the model of the right-angled corner.

1. Introduction

Succeeding the previous works (Momoi, 1965a, 1965b, 1966 and 1968),
the long wave around the estuary is discussed in this paper. The last
article is referred to as paper IV in the following sections.

2. Theory

The definitions and notations used in the present paper are exactly
the same as those in the previous works, unless otherwise stated.

In the previous paper IV, we have obtained the following infinite
simultaneous equations:
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Equations (1) and (2) are given respectively in (6) and (7) of paper IV.

In the foregoing papers, the calculations of integration (3) were
carried out through the use of the ascending power series of the Bessel
functions J,(x) which are approximated by finite series in proportion
to the extent of the used approximation. In the present work, the
direct caleculation of integral (3) was made by use of Simpson’s formula
and Filon’s method (Filon, 1928). The former is employed in the cal-
culation of integral (3) for m=0, while the latter is used in the cal-
culation for m=1. Filon devised a new method which makes possible
the numerical calculation of the integral

§b</f(x) sin (kx+e¢e)dzx , (4)

with large £ (constant), where ¢(2) is a function with a limited number
of turning-points in the range of integration, @ and b the lower and
upper limits, and ¢ the phase. The actual calculation of integral (4) by
quadrature when k is large is, in practice, a matter of very considerable
difficulty on account of the rapid oscillation of the function sin (kv +e)
which makes the application of the ordinary quadrature formula such
as Simpson’s prohibitive.

In the calculation of (3) by Filon’s method, setting J,.(x) (or
Jona(®)/2) equal to ¢(x), mzfkd (m=1) to k, 0 to a, and kd to b, integral
(3) is reduced to integral (4), where e=z/2. Following the procedure
devised by Filon, integral (3) for m>=1 can then be calculated.




A Long Wave in the Vicinity of an Estuary [V] 1239

When the approximation
Ja(2)=0 (m=20+1) } for
Ja(2)=0  (m>2l+1)

where 1=1,2,8, ---, is given upon infinite simultaneous equations (1)
and (2), these are reduced to the following finite simultaneous equations:

le|<kd (5)
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The above reduction is the second step of our method (the method of
the buffer domain) (it is the first step to express the wave height by

orthogonal functions).
Solving the above equations (6) and (7), the unknowns

Eé“’ and g (n=0,1,2, -+, D) (8)

begin to be known.
Under the approximation (5), equations (1) and (3) of paper IV be-
come as follows:
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Substitution of (8) into (9) to (11) makes

Y lincident .
T Cvcolven possible the calculation of
w
Domain g ¢™ and ¢ (m=0,1,2,--+). (12)
D T . .

2 E Under the approximation (5), the
<6 /Domoin D;\\ é 50 §erial expres_sions of the wave height
~ —--—F-qu in the domains D, D, and D, (refer to
;/;;Z DorSoin Fig. 1) are respectively

L= 5.0 cos M . exp (— ik ,
«—2d — 1 '”‘Z:‘JO ' ad p{ ' y}
(13)

/ C= _'>L’_, e cos 2n0.,,(kr)

n=0

Fig. 1. Geometry of the model used. .
+C sin (2n+1)00,,,,(kr))  (14)

and

£,=2¢, cos ky+ S Cem cos 2mOH D (kr) . (15)
m=0

TFor the derivation of the above expressions, reader should refer to the
previous work (Momoi, 1965a). Using the factors ¢™, £, c&n+) gand
¢¢™ which have been obtained in (8) and (12), the behavior of the wave
can be discussed through the expressions (13) to (15).

The above-mentioned procedures are, in practice, carried out by
use of an electronic computer.

3. RST Wave

RST is an abbreviation of “resultant”. That is to say, RST wave
stands for resultant wave which is described by expressions (13) to (15).
The amplitude and phase variations around the estuary are depicted
respectively in Figs. 2a to 9a and Figs. 2b to 9b.® The former is
computed by |¢;] (7=1,2,3) normalized by ¢, (the amplitude of the
incident wave), the latter being calculated by arg¢; (7=1,2,3). The
computed range of kd is 1.6 to 3.0. Inspection of these figures reveals
the following facts. The region of high amplitude exceeding 2.0 ap-
pears along the coast facing the open sea and off-shore (refer to Fig.
10). The phenomenon is very similar to that exposed in the case of

*) Figs. 2a (2b)-7a (7Tb) are depicted under the 13th approximation and Fig. 8a (8b)-
9a (9b) under the 15th approximation.
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the breakwater (the case of normal incidence of wave) (Momoi, 1967).
For the generation mechanism of high wave, the same interpretation
as that in the case of the breakwater might be permissible. According
to the figures concerning the phase variation (Figs. 2b to 9b), the
diverted and reflected wave appears in the waters near the estuary
which produces the rotating wave between the

invading and reflecting waves (see Fig. 11). ,gh
The high wave along the coast is a result of rnpmude

the collision of the above-mentioned diverted Conal (>20)
wave with the coast, while the one off-shore
is caused by the superposition of the diverted
and reflected wave upon the wave directly Fig. 10. Appearance of
reflected (refer to Fig. 12). high amplitude over 2.0.
QQ;
\l\o @0“ \% o
\Q’Q 0‘0\\ \ed ngh
Q\“?’ \/\ (ef\\e wave
Dxrecﬂy
eflected

Obliquely wave
\\x?’ "é\&‘\j//{reflected
0 el e Canal High wave

Canal
Fig. 12. Generation mechanism of
high waves.

Fig. 11. Generation of rotating wave.
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Fig. 13. Correspondence of the point of the
lowest amplitude and the center of rotating wave. Fig. 14. Appearance of

quasi-standing wave.

Comparigon of the figures concerning the amplitude and phase vari-
ations shows that the point of the lowest amplitude corresponds to the
center of the rotating wave (refer to Fig. 13), the feature of which is
also found in the case of the breakwater (Momoz, 1967).
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As kd increases, the feature of standing wave begins to be clearer
in the waters facing the straight coast (refer to the figures of the
amplitude variation). It is illustrated in Fig. 14.

According to Figs. 2b to 9b, the rotating wave in the open sea
rotates with a period of the incident wave, which is also ascertained
in the case of the breakwater (Momoi, 1967).

In Figs. 15a (15b) and 16a (16b)**, the convergence check is made.
These figures denote that the convergence of the employed approxima-
tion is good enough to discuss the behavior of wave around the estuary.

4, RD Wave
As already mentioned in paper IV, the RD wave expressed by
A =C—Cexp (—iky)  (7=1,2,3),

where the notations used are the same as those in paper IV. The
amplitude and phase variations are shown respectively in Figs. 17a to
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*%)  Fig. 15a (15b) is based on the 15th approximation and Fig. 16a (16b) on the 13th
approximation.
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Case of estuary Case of breakwater 24a and Figs. 17b to 24b.***

The computed range of kd is

1.6 to 3.0. The numerals

7 7 — stated in the figures relevant

;2% Z(l/// Emitting point to amplitude denote |(] (7=

Emitting point of RD wave 1, 2, 3) normalized by &,, those

of RD wave concerning phase variation

being arg ¢!. According to

these figures, the following
facts are found.

The amplitude and phase variations of RD wave in the open sea
for the case of the estuary and those in the windward waters for the
case of the breakwater (normal incidence) (Momoi, 1967) are so alike
that the discussion in the present case seems to go along the same
lines as that in the case of the breakwater except for the emitting
point of RD wave. The emitting point of RD wave in the case of the
former is a point slightly away from the corner of the estuary, while
that in the latter is, according to the result of numerical experiment,

Fig. 25. Difference of the emitting points of
RD wave in the cases of the estuary and break-
water.

#%)  Figs. 17a (17b)-22a (22b) are depicted under the 13th approximation and Figs. 23a
(23b)-24a (24b) under the 15th approximation.
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Case of kd=2.4 to 2.8 Case of kd=30 Center of Point of lowest
' ! rotohng wave omplnud=
5 ] CorrespOnd
’ @ :U’ 6'
Fig. 26. Appearance of rotating wave Fig. 27. Correspondence of the center
in the canal. of rotating wave and the point of the

lowest amplitude.

a terminus of the breakwater wing (refer to Fig. 25).

A conspicuous feature of the phase variation in the canal is an
appearance of rotating wave for kd over about 2.2 (refer to Figs. 21b
to 24b and Fig. 26, i.e. the figurative explanation). The above rotating
wave is a phenomenon peculiar to the waters of the canal of estuary.
It will be shown in the later section concerning the variation of RD
wave around a right-angled corner. Comparing Figs. 2la to 24a with
Figs. 21b to 24b, the center of the rotating wave corresponds to the
point of the lowest amplitude (refer to Fig. 27).

5. Decaying Mode

In this section, the numerical calculation for the decaying mode in
the canal is carried out. Since the calculated range is, for the present
kd <z, the decaying mode is expressed as

kad (m mr _ip(m)
Cdecay: mZJlCi cos "EZ* T-e M“ v ] (16)
where
Cl = Cadv + Cduay ’ Cudv = CJ(.O) e-—iky .

The above expression (16) denotes the reflecting behavior of the waves
which invade the canal. The calculated results of the amplitude are ar-
ranged in Figs. 28a for kd =0.02 to 2.2 and in Fig. 29a for kd =2.4 to 3.0,
those of the phase being shown in TFigs. 28b for kd=0.02 to 2.2 and in
Fig. 29b for kd=2.4 to 3.0. The calculations of the amplitude and phase
are based on [{4..,/Col and arg L.y :

In Figs. 28a and 29a, the growing nature of standing wave (first
mode) is found in the canal with increase of the value of kd from 0
to «.
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the reflecting wave (from the canal
to the open sea) moves up in the
middle part of the canal, the waves
moving down along the banks of
the canal as the counter flow of
the above reflecting wave (refer to
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6. Waves around the Right- angled Corner
When a train of periodic wave
Cin=0, exp (iwt+1ky)

(&: the amplitude of the incident wave, w: the angular frequency, ¢:
the time variable, k: the wave number, and y: the y-component of the
cartesian coordinate) invades the right-

Incident wave angled corner (for the geometry of the
}/ Texp(iut+iky) model used, Fig. 31 should be referred
(r,©) to), the solution of the wave equation
0] Xe>=00 azc 62C _ 1 3ZC
7 s

ozt oy* ¢ ot
/ (v: the a-component of the cartesian
yeo coordinate, {: the wave height, and c:
§=3/2.1 the velocity of the long wave) is readily
Fig. 81. Model of the right-angled OPtained, after the procedure developed
corner. by Stoker (Stoker, 1965) for the model

of a single breakwater wing, as follows.

n=1

Cl= % Jler)+ % Sexp (4 7;—”) cos "7 cos % Wpler), (A7)

where r and 6 are the polar coordinate, the time factor being omitted
as usual (the derivation of the above solution is detailed in Mitsui’s
work (Mitsui, 1967)).

Using expression (17), the amplitude and phase variations are
depicted, respectively, in Figs. 32a to 36a and in Figs. 32b to 36b for
the range of kr=0.002 to 15.0.” Inspection of these figures reveals
that: (i) the wave exceeding 2.0 in amplitude appears along the coast
exposed to the incident wave and in the offing (refer to the shaded
regions in Figs. 35a and 36a), and (ii) rows of rotating waves appear
also in the windward waters facing the windward coast (refer to Figs.
35b and 36b).

The variations of the amplitude and phase of RD wave

Cra=C—¢, exp (tky) (18)

) The amplitude and phase variations are depicted by use of [¢/¢o| and arg ¢/¢o.
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(the time factor is omitted as usual), which denotes the purely reflected
and diffracted wave excluding the incident wave from (17), are shown
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Fig. 82a. Variation of the amplitude of RST
wave around the right-angled corner for
kr=0 to 0.02.
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The variations of the amplitude

and phase in the present case are very similar to those in the case of

the estuary (refer to Section 4).

That is to say, (iii) a packet of wave

) The numerals stated in the figures denote |(+a/Col in Figs. 37a to 41a and arg ¢,a/Co

in Figs. 37b to 41b.
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is found which is reflected at the coast near the corner to move away
toward the open sea. The above packet of wave accompanies a com-
plementary flow along the neighbouring region of the packet. These
phenomena are illustrated in Fig. 42. The above-
mentioned three phenomena (i), (ii) and (iii) show - 5‘0
definitely that the generation mechanisms of high / 03 : qié
waves (>2.0) and the rotating waves in the open / é’sb

sea for the case of the estuary be not caused as S
the result of the coupling of waves diffracted from t@j
two corners of the estuary. f—w"’

As shown in Figs. 37b to 41b, a rotating wave /
such as that appearing in the canal of the estuary
for RD wave does not appear, but the wave in the /

leeward waters advances monotonically. From this
fact, the rotating wave in the canal of the estuary
is interpreted to be the result of the multi-reflection
of the diffracted waves (from two corners of the
estuary) in the canal.

Fig. 42. Illustration
of a wave packet and the
complementary flow.

7. Solution by the Method of Mirror Image

The coupling effect of two coasts of the estuary, one of which
extends along the positive z-axis and the other along the negative one
(refer to Fig. 1), begins to be small as the wave-length of the incident
wave becomes small for the width of the canal. Construction of mirror

image of the single right-angled corner

Symu’;‘g'ical | incident wave (the model used in the foregoing Sec-
2t | Bexplivt+iky) tion 6) with respect to the line parallel

to the leeward edge, therefore, makes

r<0  (-24,0) possible the investigation of the wave

around the estuary with comparatively
ey medium to small wave-length compared
Image” /1 | with the width of the canal. Referring
to Fig. 43, the origin is located at the
corner of the right-hand model, the
coordinate of the corner of the image
being (—2d, 0) in the cartesian coordi-
nate. Let ¢, exp (iwt+1iky) be the
incident wave (the same notations as those in Section 6 are used). The

L A
o)

Fig. 43. Geometry of the model
used on the basis of the method of
mirror image.
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reflected and diffracted (RD) wave from the right-hand corner is given
by (18) in Section 6, i.e.,

:;gh! — Cright — CO exp (iky) , (19)

where super-suffix ‘right’ denotes the quantities relevant to the right-
hand corner, (" being expressed in (17). Since the corner point of
the left-hand (image) model is located at the coordinate (—2d, 0) with
the windward coast extending along the z-axis to the negative direction,
the resultant (RST) wave for the image model is given by

n=1

grert= % Jo (k') + g i exp (z %) cos &; cos —?7 0Ty 5(kr’) ,  (20)

where

" =V'r*+4rd cos 0 +4d* ,
0'=tan™ (y'/2’) ,
&'=—1rcos0—2d ,
Y'=y=rsind.

The wave reflected and diffracted from the image model Cy is
then (using (20)) '

Gt =8t —¢, exp (ky) . (1)

The solution by the method of mirror image is now described, by
using (19) and (21), as follows.

ST =0 O ¢, exp (Thy) (22)

where £7577" stands for the wave height of the resultant wave by the
method of mirror image, the last term ¢, exp (iky) being the incident
wave.

The solution of the reflected and diffracted wave by this method
(¢rirrory is then

M=y, (23)
which is the form excluding the incident wave from the resultant wave
(22).

In the solution by the present method, only the primary reflection
is taken into account, the higher order reflections (secondary and tertiary
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ones) being neglected. The higher order reflections might be more
striking in the canal than in the open sea.

Using the expressions (22) and (23), the variations of the amplitude
and phase are depicted in Figs. 44a to 44d for kd=2.0 and Figs. 4ba to
45d for kd=3.0. The stated values in the figures denote |[{7i™7/¢,| in
Figs. 44a-4ba, arg =" in Figs. 44b-45b, |Crimer/g,| in Figs. 44c-45c
and arg ¢rim°" in Figs. 44d-45d.

Comparison of the above figures with those in Sections 3 and 4
(Figs. 4a, 4b, 9a, 9b, 19a, 19b, 24a and 24b) reveals that the agreement
of the variation of these figures (the former is based on the method of
mirror image and the latter on the rigorous method) is fairly good in
the area of the open sea with disappearing tendency towards the inside
of the canal. Since only the primary reflection is, as already mentioned,
taken into account in the method of mirror image, the good agreement
in the open sea indicates that the behavior of the wave for kd =2.0 in
the open sea can be explained as the result of only the primary reflec-
tion of the incident wave. On the other hand, the disagreement in the
part of the canal suggests the predominance of the secondary reflection.
Comparing the phase variation of RD wave in the canal based on the
mirror image method (Fig. 45d) and that on the rigorous method (Fig.
24b), it turns out that the rotating nature of RD wave in the canal
appearing in the result of the rigorous method is produced by the
secondary reflection of the wave which is nearly in a state of resonance
(of lateral mode) for kd=r.
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