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Abstract

To ascertain and supplement previous results obtained in the
case of a P wave incident upon a corrugated interface, the case of
incidence of an SV wave and the phase change upon reflection and
refraction were considered. In the case of normal incidence of an
SV wave, computation for three models and in the case of oblique
incidence of an SV wave that for angles of incidence smaller than
16° for one model were made. Although these results support those
for the case of an incident P wave, there are several new features.
For example, it is not always valid for large angles of incidence
that the effect of corrugation is larger on reflection than on refrac-
tion, since the amplitude of regularly reflected S waves is affected
by the angle of incidence.

Phase changes upon reflection and refraction are not large for
regular waves. The velocity contrast between media concerned
seems to play an important role for phase changes. For irregular
waves there are large phase changes, but it is considered that the
contribution to the amplitude of waves is not large since irregular
waves travel in different directions to each other.

1. Introduction

In order to see the effect of corrugated interface on the propagation
of elastic waves the author presented the results for the case of normal
incidence of SH, P, and SV waves and also for the case of oblique
incidence of a P wave by applying Rayleigh’s method.”* The formulas
were derived for an arbitrary periodic interface by assuming the amplitude

1) S. AsaNo, Bull. Earthq. Res. Inst., 38 (1960), 177; 39 (1961), 367.
2) S. ASANO, Bull. Seism. Soc. Amer., 36 (1966), 201.
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and the slope of a corrugated boundary surface to be small. In a
case of normal incidence it is found that the effect of corrugated inter-
face on reflection is larger than on refraction and the velocity contrast
being important in this problem. In a case of oblique incidence of a P
wave for one model, although with small angles of incidence, it was
concluded that almost all results for the case of normal incidence are
supported, the effect of the angle of incidence on the reflected S (both
regular and irregular) waves being the largest of all though not large
in general, and that large differences in the amplitude of irregular
waves at different angles of incidence may be expected, and so on.

In this paper, first the results of incidence of an SV wave will be
presented and compared with previous results and, second, phase changes
for all kinds of waves upon reflection and refraction at a corrugated
interface will be considered.

2. Formulas used®

The coordinate system is shown in Fig. 1. The equations of motion
are

(7*+h3)-4,=0, (F*4-0:h3) ;=0
where /?—Laplacian, \;, ¢#;=Lamé’s constants,

é;, ¥;=displacement potentials, 2}=p0,0*/(N;+21)
o;=density, o, =(\;+2x,)/pt;, 1=1 or 2,

Por SV wawe
2 s
m
Q | I l\é X
Por SV dorg
4

Fig. 1. Coordinate system.

3) Presented in more detail in 1) or 2).
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The periodic interface is represented as
C= Z:l {Ca-exp (1npw)+L_,-exp (—inpx)}

where {,=C(_,=¢/2, {.,=(c.*1s,)/2, ¢, and s, are the cosine and sine
Fourier coefficients, respectively.

The following displacement potentials are adopted :
for the incident SV wave

W =exp [1V/0, hy(z cos B+ sin B)] ,

for regular waves
reflected waves:

é6=A,exp[ih(—zcos a-+xsina)],

=B, exp [1V 0, hy(—2 cos B+ sin B)] ;
refracted waves:

¢=C, exp [th,(z cos y+x sin 7)],

=D, exp [1V/0, hy(2 cos 6+ sin )] ;

for irregular waves of the nth order
reflected waves:

¢=A, exp [th(—=z cos a,+ sin a,)]+ A}, exp [th,(—2z cos ar,+x sina})] ,

4r=DB, exp [iV/ 0, hi(— z cos B,+x sin 5,)]
+ B! exp [1V 0, hy(—zcos B+ sin BL)] ;

refracted waves:

¢=C, exp [th,(z cos v, + sin v,)]+C}, exp [th_(z cos v,+a sin 7;)] ,
vr=D, exp[iV 0, h(zcos d,+ siné,)]
+ D! exp [1V/0, hy(z cos &+ sin 37)] .

In the above formulas, the common time factor exp (iwt) is omitted.
There are the following relations between «,, a, 8, ete:
sin ., —sin a =np/h, , sin o, —sin = —np/h, ,
sin 8, —sin B=np/(V o, b)),  sinB,—sin B=—np/(V o, h,),
h,sina,=1v'0, hysin B,=h,sinv,=v'0,h,sind, .
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The above potentials are substituted into the boundary conditions,
the continuity of stresses and displacements across the interface z=(.
Then by assuming (., and (., to be small and taking terms of the order
as high as (%, into account, the formulas of first approximation for
A,, B, Aj, etc. and then those of second approximation for A,, B,, ete.
are derived successively. In computation, N;=p; and {=c cos px were
assumed,

3. The case of incidence of an SV wave

First, in order to see mainly the effect of velocity contrast on this
problem, the results of normal incidence of an SV wave for three models
in Table 1 are presented in Figs. 2 through 5. These figures show that
these results support those in a case of normal incidence of a P wave,
that is, the larger the corrugation amplitude, the larger the variation of
amplitude with the wavelength of corrugation; the larger the velocity
contrast, the larger both the variation of amplitude of elastic waves
with the wavelength of corrugation for a given ¢/Ls, where ¢ is the
corrugation amplitude and Lg, the wavelength of an incident SV wave,
and the amount of decrease or increase in the amplitude of elastic waves
for a given L/Lg where L is the wavelength of corrugation, there ex-
isting a possibility of there being a significant difference in the amplitude
of elastic waves for a given interface with a difference in elastic con-
stants (Figs. 2 and 4). In Fig. 3 results of regular waves for the three
models are superimposed so that the points for each model in the case
of a plane interface, ¢=0, correspond to the same point in the figure.
This figure shows results quite similar to those of an incident P wave
such that the amplitude of the reflected SV wave decreases while that
of the refracted SV wave increases as the corrugation amplitude in-
creases and the amount of decrease in the amplitude of the reflected SV
wave is, in general, greater than that of the increase in the amplitude

Table 1. Models used

P wave velocity in the P wave velocity in the s L
incident medium refracted medium i Rigidity ratio
km/sec | km/sec ‘ Hal 11
2.5 5.0 4.8%
6.0 8.0 2.0
5.5 6.0 1.2

* This is called “the model (2.5/5.0)” in this paper.
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of the refracted SV wave.

In Fig. 4, it is clear that the amplitude of irregular P waves,
especially the reflected wave (represented by A,), and that of the irregu-
larly refracted SV wave (represented by D,) increases with the decrease
of wavelength of corrugation in units of that of the incident wave, L/Lg,.
This result corresponds qualitatively to the increase in amplitude of
irregular S waves with the decrease of wavelength of corrugation in
units of that of the incident wave, L/Lp, in the case of a normal in-
cidence of a P wave,

Next, the results of oblique incidence of an SV wave are given
mostly for 4° and 16° of angles of incidence in Figs. 6 through 10.
The computation was carried out for the model (6.0/8.0) and for angles
of incidence smaller than 16°,

Fig. 6 gives the results of regular waves for ¢/Lg=0.05 and shows
the following. Most of them are quite similar to those for an incident
P wave, but some are different from such.

(1) Regardless of the angle of incidence, the variation of amplitude
with the wavelengh of corrugation is not large but becomes larger as
the wavelength of corrugation decreases.

(2) Reflected and refracted P waves have a tendency to increase in
amplitude as the wavelength of corrugation decreases. This tendency
becomes clearer as the angle of incidence increases. For an incident P
wave, regular P waves, especially a refracted wave, has a similar tend-
ency. Reflected and refracted S waves have the same tendency for
small angles of incidence, though not so clear as P waves, but for the
angle of incidence, 16°, there appears a tendency to decrease as the
wavelength of corrugation becomes smaller.

(3) The amplitude of SV waves, the same kinds of waves with an
incident one, varies more than that of P waves, especially for large
angles of incidence although in the case of incidence of a P wave the
variation of amplitude of SV waves is large.

(4) The dependency of the amplitude of reflected P wave on the
corrugation amplitude in units of wavelength of an incident wave, ¢/Lg,,
is reversed at a fixed value of wavelength of corrugation, L/Ls, that
is, in the range of L/Lg larger than this fixed value the amplitude of
reflected P wave decreases with the corrugation amplitude increasing,
“while for another range, it has an opposite tendency. In the case of an
incident P wave, only the dependency of refracted S wave on ¢/Lp, is
reversed in some ranges of L/Lp,.
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Fig. 6. Reflection and refraction coefficients of regular waves in the case of oblique
incidence of SV waves.

Ay is the reflection coefficient for P waves; D, is the refrac-
tion coefficient for S waves; and so on.

The abscissa is the wavelength of corrugation
in units of the wavelength of the incident SV wave: the parameter is the amplitude

of corrugation in units of the wavelength of the incident SV wave.
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This feature is quite interesting from the macroseismic view-point,
since anomalous distribution of seismic intensity may be explained by
this feature. In this calculation, small amplitude of corrugation is
assumed, the cases for small angles of incidence only being considered.
Yet, the above result for limited cases suggests that for large angles
of incidence and for large amplitude of corrugation, the dependency of
amplitude of seismic waves on the corrugation amplitude may vary quite
significantly so that this may cause the anomalous distribution of seismic
intensity. Also there is a possibility of explaining this phenomenon by
certain irregular waves as seen from figures for such waves.

In Fig. 7, to see the dependency of amplitude of regular waves on
both corrugation amplitude and angles of incidence, all curves for different
angles of incidence are superimposed so that the points for ¢/Lgs, =0 coin-
cide with one another. Therefore, the absolute value of ordinate is
arbitrary. The wavelength of corrugation in units of that of incident
wave, L/Lg, is fixed as 5.8. Fig. 7 shows the following :

(1) The amplitude of reflected SV wave depends fairly largely on

L L
o : 005 ¢/Lsi  0OIO o 0.05 c/Lsi

1 1 L I I L L L \ 1

010

Fig. 7. Reflection and refraction coefficients of regular waves in the case of the
oblique incidence of SV waves. Ag is the reflection coefficient for P waves; Do, the
refraction coefficient for S waves and so on. The abscissa is the amplitude of corru-
gation in units of the wavelength of the incident SV wave.
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angles of incidence, while that of a refracted S wave has a rather small
dependence. The dependency of amplitude of reflected and refracted P
waves is between that of S waves. However, the extent of dependency
of S waves on the corrugation amplitude, ¢/Lg, larger than that of P
waves irrespective of angles of incidence. The amplitude of reflected P
as well as SV waves decreases and that of refracted both P and SV
waves increases as the corrugation amplitude becomes larger. It is in-
teresting to compare this result with the result for an incident P wave.
Irrespective of incident waves, the reflected SV wave varies fairly largely
in amplitude. However, as the angles of incidence increase, the amount
of decrease in the amplitude of a reflected S wave increases in the case
of an incident P wave and decreases in that of an incident SV wave.
Since the dependency of amplitude of a regularly reflected S wave on
the angle of incidence is large in the case of an incident SV wave, it
is not always valid for large angles of incidence that the effect of cor-
rugation is larger on reflection than on refraction.

With regard to irregular (or scattered) waves, two kinds of waves,
forward and backward, have to be taken into account for the oblique
incidence. In Fig. 8 the results for forward irregular waves and in Fig.
9 those for backward ones are given. The following points can be ob-
served from these figures.

(1) The general pattern of variation of amplitude does not change
much with the angles of incidence.

(2) The pattern of variation of amplitude with the wavelength of
corrugation is quite similar for both forward and backward irregular
waves.

(8) There is a possibility of there being a significant difference in
amplitude between different angles of incidence at a given L/Lg,.

(4) There is a tendency for an increase in amplitude as the wave-
length of corrugation decreases.

(5) The amplitude of refracted S waves does not change much with
the angles of incidence.

The above features are quite similar to those for an incident P wave.

(6) Among forward irregular waves, the amplitude of P wave com-
ponents is in general comparable with or larger than that of S wave
components. In the case of an incident P wave, the amplitude of P
wave components, the same kinds of waves with the incident wave is
usually larger than that of S wave components.

(7) Some of the irregular waves, especially backward ones of both
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irregular P waves; Di, the refraction coefficient for forward irregular S waves; and
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reflected P and refracted SV waves, have a peak for small L/Lg,. This
feature seems to have a slight dependency on angles of incidence. There
is no steep decrease as in the case of an incident P wave.

Fig. 10 shows the dependency of amplitude of irregular waves on
the corrugation amplitude. The abscissa of this figure is the corrugation
amplitude in units of the wavelength of incident wave, ¢/Ls,. From this
figure the following can be pointed out.
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(1) The effect of the corrugation amplitude on refracted S waves
is small. '

(2) Besides reflected S wave, reflected and refracted P waves are
affected fairly largely.

(3) The effect on backward irregularly reflected waves is extra-
ordinary for 16°. This is probably because one of the irregular waves
is a boundary wave when L/Lg =5.8.

4. Phase changes upon reflection and refraction
at a corrugated boundary surface

So far attention has been paid to the effect of corrugation on the
absolute values of reflection or refraction coefficients, that is, the am-
plitude of elastic waves, and the consideration of the phase changes of
each wave upon reflection and refraction has been omitted. As mentioned
previously,” once one of the irregular waves becomes a boundary wave,
all coefficients become complex numbers. This means that there are
phase changes for each wave. For example, since for the regularly
reflected P wave a complex coefficient 4, is written as A,=| 4, |-exp {ip(4,)},
the displacement potential can be represented as follows:

o=\ A, |-exp [{h(x-sin @ —z-cos @) +p(A4,)}] .

For other waves, the formulas for displacement potentials are quite
similar. It is interesting to show that even for a boundary wave there
is phase change, for example, the displacement potential of forward
irregularly reflected P waves is represented as

¢=|A,|-exp (~hz-|cos a,|)-ext [i{h sin &, +p(A,)}]

which has phase change ¢(4,).

If we are concerned with the change of wave form, attention has
to be paid only to the case in which the waves concerned travel almost
in the same direction with the same phase velocity, since the distortion
of wave form is expected by superposition of waves with different phases.
Although there are significant phase changes for irregular waves, in
general irregular (or scattered) waves propagate with each other in dif-
ferent directions and the contribution from irregular waves can be ignored,
On the other hand, if the difference of phase velocity along different
wave paths is the subject to be studied, phase changes sometimes become

4) S. AsaNo, loc. cit., 1) or 2).
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important.

Now, the results mainly for an incident P wave are given in Figs.
11 through 15, the general features being summarized briefly in the
following.

(1) In general, the phase changes of regular waves are not large and
do not depend much on the wavelength of corrugation (Figs. 11 and 13).

(2) In a case of normal incidence of a P wave, the larger the
velocity contrast, the larger the phase changes of regular waves (Fig. 11).

(8) The phase changes are relatively large around the wavelength
of corrugation in units of that of incident wave, L/Lp;,, where the varia-
tion of amplitude is fairly large irrespective of angles of incidence.

(4) It is interesting to note that the phase change of regular S
waves is larger than that of regular P waves for an incident P wave.
Since also the amplitude of a regularly reflected S wave is affected more
than other regular waves by angles of incidence, it may be said that
S wave components are sensitive to the corrugation.

(5) The phase changes of irregular waves are quite large. There
are even discontinuous phase changes depending upon the wavelength of

!#(Co)
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0.5
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Fig. 11. Phase changes of regular waves upon reflection and refraction for three
models in the case of normal incidence of P waves. ¢(Ao) stands for the phase change
of regularly reflected P waves; ¢(Co) is the phase change of regularly refracted P
waves. c¢/Lpi, the corrugation amplitude to the wavelength of incident P wave, is
put equal to be 0.05.
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For example, ¢(Ay) is the phase change of forward irregularly reflected
P waves; ¢(D1), that of forward irregularly refracted S waves.
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corrugation as well as angles of incidence.

(6) The phase changes of irregular waves increase rapidly as the
angle of incidence increases. Therefore, the dependency of phase changes
on the angles of incidence seems to be fairly large.

5. Concluding remarks

In order to ascertain and supplement the results obtained in the case
of an incident P wave, the case of the incidence of an SV wave and
the phase changes of waves upon reflection and refraction were considered
in this paper by using Rayleigh’s method as previously. Most of the
results for the case of incidence of an SV wave support previous results
for an incident P wave, That is, (1) the larger the velocity contrast,
the larger the effect of corrugation although computation was done only
for three models in the case of normal incidence; (2) the variation of S
waves with both wavelength and amplitude of corrugation is large; (3)
the amplitude of regularly reflected waves decreases and that of regularly
refracted waves increases and so on.

On the other hand, there are a few results particular to the case
of an incident SV wave. For example, (1) for large angles of incidence,
the amplitude of regularly reflected as well as refracted S waves has a
tendency to decrease as the wavelength of corrugation decreases; (2) it
is not always valid for large angles of incidence that the effect of cor-
rugation is larger on reflection than on refraction, since regularly reflected
S waves are affected by the angle of incidence.

With regard to phase changes, mainly the results for the case of
an incident P wave are presented since those for the case of an incident
SV wave have similar features. Generally speaking, the phase does
not change much for regular waves with the wavelengh of corrugation.
Even for phase changes, it seems that the velocity contrast between
media concerned play an important role. Also phase changes depend on
both the angle of incidence and the wavelength of corrugation. Large
phase changes are obtained for irregular waves especially in the range
of small wavelength of corrugation. On occasions, this becomes important.
However, since the irregular waves travel generally in different directions
to each other and some of them become boundary waves, it seems that
the contribution to the amplitude of waves from irregular waves is not
large. These results are expected to be examined from different approaches.

In conclusion, the author would like to express his sincere gratitude to
Mrs. J. Yanagisawa, Mr. Y. Ichinose and Miss E. Iwata for their assistance
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in preparing figures in the text.
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66. M OBIFW ICHIT A Mk O K, JhiT
3 SV A O AR X OMHEEL

seEmgm % WA =

EHOGERE~ SV EXAALET256%, Hi#eE U< Rayleigh ok Xo Tk, m|H
AHDOBE L P EASON: L FE U 3HED € F iz onT, fdAMOBEIElo20EF AT
DWTAGAE 16° LITiCoWT, FHERTROTHEROMEL i L Thic., KMo P FANH
DBEDFEREFE LA, AFIESERL B IcDIZEHET M Ao nWT Beof B,
AZZIER S EC DL TASALPKE e R mMOBERIEN b LB ofRrsRoh 5,
Fiz, ERES S EAAMAZ X2 TURE D b 50T, KEWASFHAZ 2L TEMNDOR)
BREWHE L D LRFEFIZRECEZLT L VR,

B4, B OBEOE MBI onTiE, SV AN O L 3Bt cnsD7T, P A
WOBEDRER LIS, EFEICOWCTUIIHEETOL DO L/E WA, Mo R L2TH
VLD b, BEEAHOBECHELO RS 3T O =7 Mizk3 5% #EErD, {(HZE iz
LEELNEEL EZ bR b, BERzOWTL, AMA, MSEE LoTkE EENEET
5. REFECIIER AN BEVC R D, T, HERNERLL0LHBDT EHL kv
E2 bR DM, Mok stFHATIEh S,



