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1. Introduction

Study of the elasticity of rocks at the melting point is one of the
essential subjects in geophysics, especially with reference to the nature
of the earth’s interior. Many attempts have been made by several
authorities to measure the elastic moduli of rocks at high temperature.
Notwithstanding their valuable results, the problem of elasticity near
the melting point remained obscure. As the ultrasonic pulse method
is considered to be suitable for this problem, an attempt has been made
to measure the velocity of ultrasonic compressional wave in the specimen
material from room temperature to above the melting point. In a
previous paper®, the author has measured the velocity of ultrasonic
pulse in wood’s alloy in the wide range of temperature covering the
melting point. Discontinuous decrease in velocity was markedly obser-
ved at the melting point; however, no further discussion could be
made due to the lack of such physical quantities as density variations
and compressibility of the specimen meterial.

Therefore, in the present experiment, polycrystalline sodium was
tested as a specimen material of which many physieal quantities are
accurately known.

The ultimate object of the present experiment is the measurement
of the variation of the elastic moduli of rocks at elevated temperatures
especially at the melting point; however, as a preliminary experiment,
the present paper describes the results of experiments on the thermal
dependence of the velocity of ultrasonic compressional wave in poly-
crystalline sodium for the temperature range between room temperature
and several degrees above the melting point. Discussion on the rigidity
modulus at the melting point is also deseribed.

1) D. SHIMOZURU, Bull. Farthq. Res. Inst., 32 (1954), 271.
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2. Experimental procedure

Ultrasonic equipment

Ultrasonic pulse equipment has been constructed for the measure-
ment of the velocity of elastic wave in rocks. The basic instrument
is composed of an electronic equipment for generating pulses and one
for measuring the transmission time. Trigger pulses, delayed about
10 microseconds by a variable delay line, and amplified by the pulse
amplifier are impressed on the driving 1MC X-cut quartz crystal. The
pulse, transmitted through the medium, is received by a similar quartz
crystal and amplified and displayed on the screen of a cathode ray
oscilloscope which is synchronized with the main trigger.

Specimen material

The sodium specimen was prepared by cutting from the interior
of a large coherent block of sodium. It was cut into a cylindrical rod
of 4cm in length and 2em in diameter. The specimen was kept
carefully so as not to acidify, but was not chemically distilled, being
A immersed in kerosene in a cylin-
drical glass vessel as shown in
N Fig. 1.
B ] B Diameter of the specimen is a
] ' little smaller than that of the
vessel so as not to compress the
specimen due to its large thermal
expansion. A eylindrical rod- of
fused quartz, on the upper end of

Solid_Sodium Liguld Sodium ™ which a 1MC X-cut quartz crystal
Fig. 1. is cemented, is immersed in kero-

A: Pulse generating crystal, ) -
B: Cylindrical rod of fused quartz, Sene'_ Thus, the UItra’SOmc com

C: Kerosene, pressional wave generated from

D: Pulse receiving crystal. the quartz crystal and propagated

along the fused quartz rod, kerosene, sodium specimen and bottom of
the vessel is received by a similar quartz 1 MC crystal cemented to the
bottom of the vessel. If the specimen melts, the above procedure
becomes inadequate, and the fused quartz is immersed into the melted
sodium directly in order to avoid the inaccuracy of the estimation of
the transmission length coming from the surface curvature of the fused
medium.
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3. Experimental results and discussion

Measured velocities for the respective temperatures of the ultrasonic
longitudinal wave are tabulated in Table I and are illustrated in Fig. 2,
together with the variation of density

with temperature. Table I. :
The velocity decreases almost line- Temp. Velocity ~ Density
arly with temperature from room tem- < m/sec grfom®
perature to several degrees below the 27.9 3030 0.9690
melting point (=97.6°C). At the neigh- 28.0 3014 0.9688
bourhood of the melting point the velocity 58.5 2969 0.9612
begins to drop very sharply. At the 60.5 2966 0.9688
. . . 71.5 2920 0.9582
melting point, the velocity decreases 73.0 09104 0 9577
discontinuously from 2735m/sec to 2542m/ 815 2015 0.9557
sec. This discontinuous jump in the 89.0 2900 0.9542
velocity at the melting point was also 93.5 2838* 0.9527
observed in the author’s previous experi- 94.2 2862 0.9525
ment® in the case of Wood’s alloy. In 95.9 2805* 0.9523
the both experiments, the discontinuous 96.5 2705 0.9522
jump in the measured velocity occurs in 97.0 2735* 9.9520
almost the same manner. It is very 97.9 2542* 0.9286
interesting that the large drop in the 103.6 2520* 0.9270
velocity begins from several degrees 110.6 2534% 0.9247
below the melting point. * denotes velocities measured as

For pulsed compressional waves, ge- shown in the right hand side of Fig. 1.
nerally, the propagation velocity in a bounded medium is not constant,
but depends upon the stiffness of the medium as well as the ratio
between the radius d of the medium and the wave length 4. When
the ratio d/4 is very small, the measured velocity is approximately
expressed as (E/p)'?, where E and p are the Young’s modulus and the
density of the medium. For a large value of d/4, the velocity ap-
proaches the bulk velocity (14-2p/p)'?, where 2 and p are the Lame’s
elastic constants of the medium. When d/4 is very near to unity, the
velocity decreases and seems to approach Rayleigh surface wave velocity.
Therefore, the longitudinal velocity will be masked by the surface
wave velocity in such a case.

As d/4 increases, the pulse velocity increases rather sharply, and
it becomes constant from a certain value of d/4. As this critical ratio

2) D. SHIMOZURU, loc. cit., 1).
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of d/4 is about 2.5 for usual metals, the compressional disturbance
may be considered as being propagated in a medium of infinite extent
for the ratio greater than 2.5.
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Fig. 2. Density variation with temperaﬁure (upper curve) and velocity
variation with temperature (lower curve).

In the present experiment, as the ratio d/4 is considered to be

about 3.3, the measured velocity may be sufficiently near the bulk velocity
1/2

(A+2p/p)'* or may be expressed as (K+%i/z/p) , where K, p are the

bulk modulus and the rigidity modulus of the medium.
At the melting point, the density decreases from 0.9519 gr/cm’® to
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0.9287 gr/em® as the consequence of the sudden expansion on melting.
From the measured velocity and the corresponding density, the change

of stiffness (K +%y) is calculated for each temperature. Fig. 3 shows

the change of (K +% ,u) with temperature thus calculated. (K +§—p)

also shows a catastrophic drop in
the neighbourhood of the melting
point. It means that the stiffness

of the medium largely decreases
from several degrees below the mel- ,
ting point. From the theory of the dynes scm'
liquid state or of the study of the
nature of the earth’s core, the rigi- ne
dity modulus at the melting point
is the most interesting.

If the thermal variation of adia-
batic bulk modulus (3K,/oT) is known,
the thermal variation of adiabatic 1.
rigidity modulus (oy/oT) can be
calculated from Fig. 3 up to the
melting point.

Supposing that Mie’s formula B T
Temperature °C
pr)—— @ 1 b | SR
pm pn ’ Eig. 3. Change of stiffness with
temperature.

gives an adequate potential curve
for sodium, Griineisen® derived the following equation from simple
thermodynamical considerations, i.e.
1 (aKT
aK,\ T

)p=m+n+6/3 .

Using thermodynamical identity between adiabatic bulk modulus and

: 1 (oK) _, 1 (3K,
isothermal bulk modulus EKs( oT )p T—l—a KT< ST ),, , and

r=m+n+3/6,

3) GRUNEISEN, Handb. der Phys., 10 (1926), 33.
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we get finally as the temperature dependence of adiabatic bulk modulus
as follows ;

1 (aK) ___m+n+9
aK,\ 3T /» 6 )

For body-centred cubic structure the average value of (m+n) is 7,
(perhaps m=2, n=5).

Therefore, we have

1 (aK )
— s ) =—2.67.
aK N\ 3T /»
The above considerations, however, give unreliable conclusions because
of the obscurity of the value of m and n in Mie’s formula.
Next, we consider (0K,/oT"), in another way.
From thermodynamical identities, the following relations hold,

ac ) ) Gr ) ey

where 7 eesececess Griineisen’s parameter,
Poeecesencns compressibility,
Qessoscsans coefficient of linear thermal expansion.

According to Bridgman’s experiment®,

(X,;;’T (%_)p=4.4 '

Using the value 7y=1.25" for sodium, we get for the temperature
variation of adiabatic bulk modulus divided by «K, as follows ;

L(E’K) ——3.15.
aK N\ T /»

As the coefficient of linear thermal expansion « is 71x10-° in the
temperature range between 0°C and 90°C®,

4) P. W. BRIDGMAN, Proc. Amer. Acad., 58 (1923), 202.
5) GRUNEISEN, Handb. d. Phys., 10 (1926), 33.
6) P. W. BRIDGMAN, Proc. Amer. Acad., 70 (1935), oA,
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i(ﬁ) ——2.24% 10,

K\ 0T /»

According to the compressibility measurement”, Bridgman shows that
the volume change of sodium polycrystal at 30°C is expressed as a
function of pressure as follows ;

av_ —159.83x10""p+ 3 x 109+ 1.6 X 10-"p%.

V,
The above formula would give for the initial compressibility at 80°C
over the range of 500 kg as

Kr(30)=6.277 x 10" dynes/em?>.

If we put the values T'=3803, a=T71x10-° r=1.25 in the following
relation between adiabatic and isothermal bulk modulus

KK, =1+Tar ,

we obtain the adiabatic bulk modulus at 30°C as follows ;

K (3°0y=6.446 x 10" dynes/em®.
Consequently, the thermal variation of the adiabatic bulk modulus is
found to be,
( oK,

) =1.44x 10" dynes/cm* degree.
oT /»

Thus, the numerical value above
yields the adiabatic bulk modulus
for respective temperature. Fig. 4 K

shows the temperature variation of ne
K, of polyerystalline sodium up to ¢
the melting temperature calculated
in this way. At the melting point,
the compressibility of solid phase is
smaller than that of liquid phase | | l r | I |
generally. According to Bridgman®, ow % sr:’mp;:fu»:o . o
the change of compressibility A‘B of Fig. 4. Temperature variation of
sodium on melting is found to be, adiabatic bulk modulus.

65~ x10° dynes / cm®

7) P. W. BRIDGMAN, Proc. Amer. Acad., 58 (1923), 202.
8) P. W. BRIDGMAN, Phys. of High Press. (1949), 217.
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AB=pf,—B,=84x10-*cm’/dyne ,

where By eecccere . compressibility of liquid sodium,
By erer .. ... compressibility of solid sodium.

As ﬁl —K,=6.35x 10" dynes/em? at the melting point, we get ?1_=K,
1

=5.23 x 10° dynes/em® for the liquid sodium at the melting point.
From the measured variation of (K + -g-p) and the thermal variation

of K which is calculated by the
above procedure, we get the thermal
variation of rigidity modulus g up
to the melting point as shown in
Fig. 5. Rigidity modulus which
decreases almost linearly with tem-

20~xj0° A,mn/c-m‘

Table II.
Material —0u/0T %108
Na 1.0
Pb 1.1
Zn 1.1
TR s'o 7 810 qlo ,o'o Al 4.7
Temperature °C Ag . 2.4
Fig. 5. Temperature variation of Fe - - 2.2
adiabatic rigidity modulus. Cu 1.7

perature begins to drop very sharply from several degrees below the
melting point. Table II. shows the tabulated values of (24/0T), of
sodium obtained by the present method as well as that for other
materials measured directly by T. Kikuta®. At the melting point,
the rigidity modulus does not vanish but seems to remain and decrease
by a factor of 8 when the temperature is raised from room temperature
to the melting point.

Kornfeld® has also observed the very large drop of rigidity modulus
in the neighbourhood of the melting point in the case of stearine. His
result indicates that the approach to the melting point is accompanied
by a large drop in g as may be seen from the following table. (Tdble
II1.)

9) T. KIKUTA, Sci. Rep. Toholw Imp. Univ., 10 (1921), 139.
11) M. O. KorNFELD, C. R. Ac. Sei. U. R. S. S., 36 (1942), 58.
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Table III.
T°K 88 | 273 ‘ 300 314 | 319 ‘ 321.5 | 322.8
ux 1010 ‘ 0.78 l 0.54 \ 0.34 0.14 i 0.048 i 0.014 i 0.005

The exact theory as to whether or not liquid has rigidity does not

exist since the mechanism of fusion is very complicated. But, Born’s
criterion C,,=0 for the instability of crystal lattice or his definition of
the melting point corresponding to a vanishing value of the rigidity
modulus seems to be inadmissible in the light of these experiments.

As for the earth’s core, it is very likely that the cause of the
opacity. of the earth’s core for S wave is not due to vanishing rigidity,
but to the large absorption of its energy.

It must be stressed finally that the stiffness constants must be
considered to be complex on account of the visco-elastic effect of the
medium in the present experiment. In such a case, bulk modulus and
rigidity modulus are expressed, for instance, as follows ;

K=K*—iwy,
p=p*—iwl
where K-.-eoevennn measured bulk modulus,
K* eeeennnnn true bulk modulus,
Pooreennnans measured rigidity modulus,
pE o true rigidity modulus,
/EEEEEE bulk viscosity or voluminal viscosity,
gee+veeeeooo shear viscosity or equivoluminal viscosity,
Wereonn .«+. frequency.

Accordingly, if the frequency of the transmission wave can be changed,
true elastic constants and viscosities in the above sense could be
measured separately.

4. Summary and Acknowledgment

The velocity of ultrasonic longitudinal pulse transmitted through
sodium ecylindrical rod was measured as a function of temperature from
room temperature to several degrees above the melting point. The
velocity decreases almost linearly with rising temperature and begins
to decrease largely in the neighbourhood of the melting point. At the
melting point, the velocity decreases discontinuously by an amount of
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7 9. Thermal variation of rigidity modulus was calculated from ther-
modynamical considerations using Bridgman’s compressibility measure-
ment of sodium. Rigidity modulus, thus calculated, decreases largely
in the neighbourhood of the melting point and seems to remain
considerable.

In conclusion, the writer wishes to express his sincere thanks to
Prof. R. Takahasi who has shown interest and given him valuable
suggestions regarding the present study. He is also indebted to. the
Grant in Aid for Scientific Research of the Ministry of Education given
for the present series of experiments.
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