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In the preceding paper, we had no space to.go into details. We wish
here to treat some of them.

1. On the secular equation and its solutions of three dimensional model.
In the Paper I we first considered lattice structure, then by taking the
average in all directions we obtained an isotropic model. But it is not
meaningless to deal directly with lattice structure, for our granular substance
might have locally this lattice structure and show aeolotropic nature and we
might observe some of its velocities.

In I-22 we gained the equation of motion for the three dimensional
granular lattice

(v/vy)? Qi—nﬁ QU (S E5=0, e (1)
or ({ A (U/v;)zl}Al +ap A +apd; =0,
ApAs+ (A — (0007} A, Fagds =0, s (2)
MzAy +apdot (A~ (©/vef} As=0,
where A=(A,, Ay A3) , 1i=(ti, ti ti)
7»11=:2i tif (sti), hngtjl A CRT) e (3)
Then the secular equation can be immediately written as follows
Ay (0/vo) Ap A I
A A— (v/v,)? Az =0 ... 4)
A - Az Ap—(v/v)?

1) Bull. Earthq. Res. Inst., 2T (1949), 11. Cited as I hereafter.
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If the three roots are vy, v; and v3 (;>v2>v3), from (4) we get

Z;(Z)i/v())?‘:).n'*‘?\.lz‘*‘ 7\.33=21(S fj)" .................................... (5)
i- . i=

1.1 Simple cubic type. (n=6)
t

t z 3 . (st5)=sj, ‘
ti " 10 0 rii=s7, Xii=0 (=).
tiy ! 01 0 Erom (wilve¥=s7 (i, j=1, 2,3), ......... (6)
£s ‘ 0 0 1 (Ua/0l=0.6 ..ooovriiieiiiiiiee, (7)

When s=l; , »; has its maximum value », In this case only the lon-
gitudinal wave exists. (From (2) A7=0 for 7Xj.)

1.2. Body-cenired cubic type. (n=8)

b b ko4

Nii=4/9 , Ni;j=(8/9) sisj (i=).

vV3thp 1 -1 1 1 3

VilvgP=4/3 ... 8
Vit 11 11 A ®
V3t 11 1 —1 The secular equation becomes

{1—(9/4) (v/vy) }3—4 (s? 52+ 5% s&+ s s12) {1—(9/4) (v/vy)?}
+16 312 Szz 332:O ................................................ (9)
and (ValveP=0.8 ..(10)

When s=ti, v) has its maximum value.?

2) If we put &={(9/4)(0/)2—1}/2, p=s2e2+sp2s2+s5252 q=2525%552,

(9) becomes B—pt—g=0
By definition p/3 = (q/2)23 = 0.
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Both p and g have their greatest value when s12=5y2=532=1/3, Fig. 1 shows (g—%) and
(p—%) curves, where shadowed domains are forbidden. From these curves we see that
the greatest value of § corresponds to the greatest values of p and q.
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In this case, we have
p=1/3, q=2/27.
putting it in (14)
(¢+1/3) (£—2/3)=0

or (00,2 =28/27 , (Vo/vol=(Va/vo)?=4/2T ... (11)
If s=t, from (2) we have
for vy , Aj=A,=A;, or Uls. (longitudinal wave)
for v; and vz, A;+A,+A3=0, or (A s)=0. (transversal wave)

1.3. Face centered cubic type. (n=12)

t, t, o, f
T2 3 45 % nii=1+sA2, nii=sisi,

V280 01 1 1 =1 @/f=12 e (12)
_— _ 3
Vel | 1=10 0 1 1 S ppan o, (13)
Vv3tz|1 1 1—-10 0 =1
The secular equation becomes
L (A+sH2— (/v 5152 5183
S281 (1 + 522)/2'— (v/vo)z 253 = 0 ...... (14)
S3S1 ’ S3S2 (1+s2)/2—(v/vy)

When s=l; , »; has its maximum value.
If we put s=t; , from the secular equation we have

(/=312 , (WS P=Wa/Vel=T1/2 ittt (15)

From (2) we know that »; and v, (or v3) correspond to longitudinal and
transversal waves respectively.

2, Decomposition of a symmelric tensor.

Next we must complete the calculation involved in 4 3 of the first report.
That is, to accomplish the following integration,

Cr= %gv*(r) CVr)de ... e )

where V(7) is the representation of the rotation group by means of a sym-
metric tensor of rank 2, or a 6-6 matrix of the coefficients of the following
linear transformation®

3) 1In the paper I we used the symbol » for the strain tensor, which suffers same
transformation as the one used here, i. e. V' () is same in both cases.
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22\ ) ( 22\
yiz 2
2 22 i
0y =V (») oz |7 with a2 924 22=x2 492422 (2), (3)
'z 2y
24’7 2x2

\2x’y'} \2xy

(2) may be written briefly *'=V(#)x,. ... 2y

x and &’ being the above 1-6 matrices or vectors in a 6-dimensional space.
We have transformed V(#) to a orthogonal matrix U(#)

Ur)=T VAT, UAU@)=10.cooeooooeo . e, 4)
And (1) was written )

CoT= é jU*(r) CTUANAL ) oo (5)

where

CT=T*CT , CT=T*CT.c..ceccooeeeeoiveeoeeeeee . (6), (7)

(3) means that in the considered 6-dimensional vector space x2+4-24-22 forms an
invariant one dimensional subspace. As we have no other restrictions to the
six functions #2, .. ... » 2yz, ...we may expect U(#) to be the sum of two irreducible
parts of 1st and 5th order. (This is also a consequence of general theory
of representations) i

Then U(») has the following form

Ulr)= 0 N Y F (8)
0 _

where U(r) is a 5-5 matrix, irreducible and orthogonal, If Cf and C)T are
cofactors of ¢fj and ¢{f (1-1 elements of CJ and C{T) the integrand of (5)
becomes

U()CTU(r)= ?Ulw)c;Ul(r)
0

b
Then from (5) we get

GF=ch , dT=cT=0 (G=2, 3oy 6) worooooooo . )

cor= %jwm CTUAAEL ..o, (10)
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Now C{T commutes with all Uy(s). (s means an arbitrary element of rotation
group.) For

Uy(s)™ CI* Uy(s)= }2 gUl(S)*Ul*(f’)Ci‘iUl(f)Ul(S)d!i, (t=7s)
= Llvioctuwae=cr,
Then CYT must be a multiple of unit matrix as () is irreducible.
(Schur’s lemma?)

The trace (sum of all diagonal elements) is invariant under orthogonal
transformation. Comparing both sides of (10) we have

G .
€T= L ST (22) e, (12)
5 =2
Before determining 7, it is necessary to remark that 7" cannot be orthogonal.
For the square sum of #2,....., 2yz,..... is not invariant under three dimensional
rotations, but the sum of #%......, 1/ 2 yz,... is invariant. We express by X
the vector with these components: x*=(x2, .. . » V' 2 Y2, D) ‘
Then X=SX oo e (13)
where 1 0
1 .
1
S= N R —— (14)
V2
0 ' 1/ 2
(4) means that the vector x is transformed by 7" to another vector £.
x=TE, F=UWE i (15)
From (13) and (15)
X=RE, T=SR .. i, (16)

As the transformation of X is orthogonal
X'=W@rx , Wrnw*»=1,
from (15) and (16) W(#r=R1U#R

4) For the proof of Schur’s lemma, literature on group representations should be
consulted; e. g., H. Weyl, Classical Groups, Chap. 1II. (1939).
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From (4) and (17) I=WW*=R1IU@F{RR*)U(»)*(R*)!
Thus RR* commutes with all U(7), therefore it must be a multiple of unit
matrix. To make calculation easier, we choose RR* for unit matrix.

RR* =1 e, (18)

As said before, one component of & must be « (a2+y2+22). Then (16) is
written as

x? foe (224 3P+ 2°)
(1/ 2 yz ZR(
or ‘@ o a000
R—lz( .........
From (19) a?=1/3 _
and 1/v3 1/v/3 1/v/3 0 0 0\
: Re= s (20)
Putting (16) in (7)
CT=R*S*CSR=R*CsR, ........c.cotvveieivirininnn, 21
where Cn € Ci3 2C4 2C5 2¢5
Cs=S*CS={ e, (22)
Co1 Cez €3 2Ceq 2C5 2Ce
6
From D = Z;lf,-m-lcf,-: %’(Cn‘l"(‘zg'{‘ Cs)+ %(clg—'rcm—kczg) ...... (23)
L, 7=
and L.CT=1C=cy+Cnteg+2(CutCstCp)eenennennnnn ... (24)
Then from (9) and (11) we get
el =(1/3) (cu+cocx)+(2/3) (coteateyn) ......... (24)

E=(1/5) (t-.CT—CH)=(2/15) (11 + €+ €3) —(2/15) (€2 + €3+ Ca1)
+(2/5) (€t €5+ Cev)
(21) may be also applied to C°,
CS=RC'T R*

Considering that C97 is diagonal, we calculate the elements as follows,
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c% _ZV;L rie = — ) viy 7'j1+c-‘}gTZﬁrm vik
=(f =) rawi+ ot 8is
011—022—633—(1/3) cif +(2/3) &
Q=a=ch=1/3) (=) . e (25)
= = cs=(1/2) i =(1/2) () —ct2)
Putting (24) in (25) we get final resuits. (1. ¢3 (12))

Complete form of T was not necessary in our calculation, but it is of
some interest to determine it.

As already said in the previous paper, five components of & are solid
harmonics. And £*¢ must be invariant, therefore
((1/1/ 3 (x2+y2+zz)w

+B(—x—y*+22%)

/38 (=)
+2vy/3 Byz
+21/3 Bxz
\+2v/3 By J
From (16) and (19) we can determine 8 and R (up to signs).

(1/v'3 —=1/v/6 1//20 0 0 ((1/.1/3(x2+}c+22)

13 —1/v/6 —1//20 0 0 (=1/y/ 6) &2+ 99)+(2/1/ 6)2
el U3 2vs 000 0] |y @)
0 - 0 0o 100/ V% vz
0 0 0 010 V5 xz
L 0 0 o 001 \yvzm )

T can be immediately gained by multiplying S to R.
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