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Introduction

In the previous paper” (in Japanese) one of the present writers dis-
cussed the vibratory motions of a surface layer and a subjacent semi-
infinite elastic body when a dilatational wave is obliquely incident on
the common boundary where the two solids adhere closely. The first
chapter of that paper discussed the general properties of forced waves
propagated in the two solids, namely, in the surface layer and in the
subjacent solid when a dilatational wave of _harmonic wave-type of in-
finite extent is obliquely incident on the bottom surface of the surface
layer. In the second chapter were explained, analytically, the general
phenomena of free wave-motions in the two solids when a dilatational
wave of finite extent is obliquely incident on the common boundary.

The present paper, which is a continuation of the previous one, deals
numerically, aided with numerous figures, with the case when a dilata-
tional wave of harmonic type of infinite extent is obliquely incident on
the bottom surface of the surface layer and the angle of incidence of this
wave becomes 45°. From the mathematical results in the present
paper, we obtained a number of facts helpful in studying the forced
stationary vibrations of a particle in the surface layer of the earth’s
crust. We stated in the previous paper® that K. Sezawa® and K. Ka-
nai have studied the forced wave-motions in the surface layer when a
dilatational harmonic wave of infinite extent is obliquely incident upon
the bottom surface of a surface layer and the angle of incidence of
that wave becomes 45° as in the present paper. The elasticity condi-
tions dealt with in their paper, however, differ somewhat from those

1) G. NISHIMURA, Bull. Earthq. Res. Inst., 13 (1935), 540~554.

2) G. NISHIMURA, loc. cit. ’

3) K. SEzawaA and K. KANAL, Bull. Earthq. Res. Inst., 10 (1932), 806; 12 (1934),
269.
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treated in the present paper, namely, that whereas the ratio of rigidity
of the surface stratum to that of the subjacent medium is 1/2 in Se-
zawa’s case, in the present paper it is 1/10 for the purpose of theore-
tically investigating the seismal oscillation of the ground at Marunouti,
a ground typifying the down-town of Tokyo.

In recent years the predominating periods of seismic oscillations of
various grounds have been studied experimentally by M. Ishimoto®, T.
Saita®, and W. Inouye® Their views of the seismal oscillations of a
surface layer of the earth’s crust involve the assumption that the sur-
face layer may be treated as an isolated elastic pendulum, the subjacent
medium having no relation to the vibration in the surface layer. This
theory seems to be supported in particular by the results” of analysis
of the seismic acceleration of the ground at Marunouti. ‘Sezawa®, who
has mathematically studied the vibrations of a surface stratum when
elastic waves of infinite and finite extent are incident vertically upward
on the bottom surface of the surface layer, shows that it is not satis-
factory, in dealing with the seismal vibrations of the surface stratum,
to assume that the stratum is an isolated body, as we do in the case
of an elastic pendulum. He also extended his theory to enable com-
parison of his mathematical results with the actual facts” as learned
from the seismometrical observations at Marunouti.

As already mentioned, we shall study in the present paper the
forced stationary oscillations of the surface layer when harmonic waves
of infinite extent are obliquely incident on the bottom surface of the
surface layer. For this reason it will not be possible for us to ex-
plain from the results in the present paper the existence of predomi-
nating periods of seismal oscillations in the surface layer, which may
result from the seismal vibrations of the surface layer due to free
seismic waves propagated in the surface layer, although we shall be
able to explain satisfactorily the existence of resonance periods of vibra-
tion in the surface layer. The former we shall no doubt be able to
explain upon carefully studying the mathematical results contained in
the second chapter'” of the preceding paper.

4) M. IsHIMOTO, Bull. Earthq. Res. Inst., 8 (1931), 316; 9 (1931), 473; 10 (1932),
171; 12 (1934), 234. .
5) T. SAITA and M. Suzuki, Bull. Earthq. Res. Inst., 12 (1934), 517.
6) W. INOUYE, Bull. Earthq. Res. Inst., 12 (1934), 712.
7) T. SAITA and M. SUZUKI, loc. cit.
8) K. SEzZAWA, Bull. Earthq. Inst., 8 (1930), 1.
K. SEzAwA and K. KANA1, Bull. Earthq. Res. Inst., 13 (1635), 251.
9) T. SArrAa and M. SUZUKI, loc. cit.
10) G. NISHIMURA, loc. cit.
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Chapter I. Bodily Waves in a Semi-infinite Solid having a Surface
Layer When a Dilatational Harmonic Wave of Infinite Extent
is Obliquely Incident on the Common Boundary of
These Two Solids where They Adhere Closely.

1. General Solutions.

- Let the horizontal boundary of a surface layer of thickness H and
a subjacent medium be y=0, and let the axis

of 2 be on this common boundary, the axis of /ﬁ;ﬂf% 47
¥ being drawn vertically downward and positive, { / - Z Lx
I

as shown in Fig. 1. Again let o and 2, ¢ be ; NP Y
W NANNNN\N

the density and Lame’s elastic constants of the \\ hy

subjacent medium >0 and ¢/, and 4, ¢/ those Fig. 1.

of the surface layer.
If the primary incident wave in the subjacent medium y=0 be of

the type
¢0: qeite=rn-r (1)

where a is a constant representing the intensity of this wave; and
p=27/T, where T is the period of this incident harmonic wave; and
r2={{p? (A+2¢) ) —f2, obviously, f will depend on the wave-length L
and the emergent angle § of this wave. ~When the primary wave ex-
pressed by (1) is incident on the bottom surface of the surface layer,
the following two waves are reflected at the common boundary in the
subjacent medium y>0,

¢=Aei:h—:»ry—7)l) , (2)
¢=B€ic{l+8y_?") , (3)

where ¢ is the reflected dilatational wave and ¢ the reflected distor-
tional wave, both of which respectively satisfy the wave equations .

82¢ — Z+2‘ll .24 . .

e P “)
Bp 1 oy,

— == "y . 5
s G

In expressions (2), (8), A and B are arbitrary constants to be
determined from the boundary conditions at =0 and y=-—H, and
st=pp?/p—f2. Naturally wave expression (1) satisfies wave equa-
tion (4).
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Let the refracted and reflected waves in the surface layer due to
the incidence of the primary wave (1) be expressed by

¢/ — Cei(jz—r’y—pt)+ Dei(fx+7"y—pt) , (6)
S!j/ ____Eei(fz—s’y—);lj+ F'er'(frd-s’y—p 1) s (7)

where C and E are respectively intensities of the refracted dilatational
and distortional waves to be determined, and also D, F those of the
dilatational and distortional waves reflected at the free surface of the
layer y=—H; and let 7'2=p'p?/ (X +2¢') —f2, s 2=p'p?/pf —f* respective-
ly. Obviously, ¢’ and ¢’ satisfy the following wave equations in the
surface layer: :

o2 N +2u ,

g ®
oy

=T ©)

Let U’ and V'’ be the horizontal and vertical movements of the
particle in the surface layer respectively, and U and V be those in the
subjacent medium, when we shall then be able to obtain these move-
ments from (6), (7) and (1), (2), (3) respectively. Now we can easily
obtain the horizontal and the vertical displacements (u,, v,) of a par-
ticle due to the incident primary wave (1) as follows:

wy=1fae v i0, | .

: (10)

Vo= _qjq»aemﬁ—:-y-m . J \

The horizontal and vertical movements in the lower medium >0
due to waves ¢ and ¢ are respectively given by

frélzifAeiUH‘”J_m) , ]
/vl:?:/rAei(h&ry—pt) s I (11)
U, =1sBe!e+sv-r | \

(12)

Uy = —ifBe v
those in the surface layer due to waves ¢’ and ¢’ being expressed by
w; =ifCeXte=""v=10 y {f Deiretrv-rt | ]
(13)
/U;= __i,)-lcei(h:—r'y—]rl)+?:,'.'Dev'(fx—{-r'y—pl) , [ B
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Uy= —18' Eeit==5"v=rD 4 i’ Flg'Uects/y-pt) | ]

(14)
/U’) _ZfEei(fz sly—pt) __ ,L'fFei'Jz—fs’y«)ll). I
We then get the expressions
U=uy+u,+us,, V=v,+v,+v,,
U=u+u,, V' =vi+s,
or
U=,ifai(fz—1‘y—])l)+ ifAeif/t+1~y——pz)+?'SBei(fx+sg/-pz\ , (15)
V= —iraelr=mr10 4 jpAeiIrtrv1t —jfBeletv-rt) (16)

UI — ,l:fcei(fz—r/y—pl) + z'fDei(f;+7>'y—1»t)___{s 'Eev,(jz—s’y—pt) + ,L‘S/Fei(ft-f-s'_r/—pl) , (17)
V/ — _,I‘T‘Cef(fx—-r’y—pt) + i,'.’Dei(fx+ ' y—pt) __ ,’/'fEeéﬁf::—s’y—-]lt) __,ifFeﬂUz-(-s’y——]M) . (18)

The conditions in which the displacements and the stresses of both
solids are continuous at the common boundary y=0 are analytically
expressed by

uv=U’, V=V,
ﬂ+§K)+2 oV _ (3l ?K) 2wV
oy Dy on ey cy (19)

(aV > OV aU’>

ox 317 kax oy

and the conditions in which the top surface of the surface layer y=—H
is a free surface are also expressed by

(— —+a—V,> +2p V‘ =0,

oy aJ
(20)
(2420 .
ox ay

We obtain the following values of A, B, C, D, E, and F thus de-
termined from conditions (19), (20) :

4 ' 4 d,
A::__‘l- y B—_‘ ”a’ C:“i_ ,
4 a d Jd a
(21)
) J dps
D=2 s EF—="F s =7 ,
¥ a p a ¥ a

where
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It will be seen that the constants A, B, C, D, E, F thus determined
‘usually become complex values, being transcendental functions, the vari-
ables of which are composed of the emergent angle # and the wave-
length L of the primary wave (1), and also the densities, the elastic
constants of both media, and naturally the thickness of the surface
layer H. Now each orbital motion of a particle in both media due to
the seven waves expressed by (1), (2), (3), (6), and (7) is simple-har-
monic, the orbit of which becomes a straight line. The amplitude and
phase-differance of this simple-harmonic motion are transcendental
functions having the same variables as the six constants 4, B, C, D, E,
and F. For these reasons every particle in both media (the surface
layer and the subjacent medium) generally pursue elliptic orbital mo-
tions. The major and minor axes of the elliptic orbits and the incli-
nation angle which the major axis makes with the horizontal surface
are also transcendental functions, the variables of which are composed
of 0, L, H, p, p', 7, p, #, p/. We shall now study an example in which
o=p", t=p, =, p'/p=1/10" and the emergent angle of the primary
" wave 0=45°. We then get the following expressions of 4, 4,, 4, 4,,
dy, di, and dJ,. in order to determine A, B, C, D, E, F:

4="740496 + 6802609 cos(+'-+s") H + 4482215 cos (+'—s')H

—14388760 sin (+’ + ') H 41480220 sin(+'—s")H , (29)
4,=1210195—1505732 cos (1" +s") H — 3106149 cos (' —s") H

+ 1520046 sin (' +8")H —14052695 sin(»' —s")H , (30)
d,=917154 4+ 3344876 cos(1' + ') H 4 3451535 cos (»'—s") H , (31)
d,=2336645 + 2086088 cos (1’ +s')H + 574416 cos (+'—s'YH

—12086088 sin (2’ + s')H —1574416 sin(+/ ~s')H , (32)
4,=413626 — 622049 cos (v’ +s") H —1926347 cos (»’ —é’) H

—1622049 sin (7' +s'YH —41926347 sin(»'—s)H , (33)
1, =179836—811769 cos(?”" +s') H — 610075 cos (' —s") H

+1811769 sin (»' + 8’) H —i610075 sin(»'—s") H , (34)
4,=603094 + 660665 cos(r" +s') H + 749609 cos (+'—s") H

+ 1660665 sin (1" +8')H —1749609 sin(+'—s')H , (35)

11) K. Sezawa has already studied the orbital motion of the top surface particle
in the surface layer when p=¢/, A=}/, p=t’/, 0=45° and /n=1/2. K. SEzZAWA
and K. KaNA1, Bull. Earthq. Res. Inst., 10 (1932), 806; 12 (1934), 269.
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where

o"H=19'3657<l{-> ,
7
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sH= 34-1264(£) .
3
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(36)

The values A, B, C, D, E, and F, therefore, become complex values

which are transcendental functions, only H/L being variable.

We have calculated the values of A, B, C, D, E, and F for various
values of H L as shown in Table I.

H

0-01

0-02

0-04

0-048
0-05
0-06
0-07

0-08

0-13

i

0-146

0-15

Table 1.
A B C D r r
B TTE = — — - - (S P P . I ,1 S —
—0-2900 06263 0:2524 — 01755 —0-1066 0-1581
+140-01738 | +40-1311 —10-03596 | —140-03980 | +70°02334 | -+10-07362
—0-3203 0-5704 0:2631 —-0-1699 —0-1196 0-1228
+140:04315 | +140-2743 —10-07389 | —10:07989 | +40:04972 | +10-1552
—0-457 0:4270 0-2871 - ~0-1645 —~0-1551 0-02932
+10:07623 | +10-4301 —10-1142 —10-1210 +20:07910 | +70-2448
—06803 0-09698 0-3333 —~0-1745 —0-2426 —0-1935
—10-003673] +170-4805 —10-1454 —10-1795 +10-07678 | +10-2585
—0-8279 —01176 | 0-3682 —0-1689 —0-2964 —0-3342
—10-4387 +10-2021 —10.1489 —10-2937 —10-02473 | +10-03464
—0-7827 —0-1043 0-3733 —0-1512 —0-2884 | —0-3194
—10-5753 +170-1188 —10-1513 —10-3311 —40-05594 | —16-03344
—0-2547 0:07335 0-4259 0-045661 —0-1910 —0-1341
—10-9507 ~10-001686] —%0-1925 —10-4789 —10-1256 —10-1638
0-4040 0:01668 0-5753 0:3963 —0-1141 —0-0530
—10-9141 +10°01349 | —19-1877 —10-4612 —10-1171 —10-1477
0:8919 —0-02670 0-6863 0-6559 —0-05745 0:006337
—10-02904 | —140-2301 +140-01089 | —70:05989 | —10-(7488 | —70-1733
0:6612 0-2404 0:5596 0:4420 —0-04461 0-1112
+10-3374 —40-3772 +40-1813 41703079 —40:01663 | —70-1462
0:3057 0-4620 0-4215 0-1826 — 005534 0-1705
+40-5152 —10-2706 +140-1850 +10°3572 +140:02369 | —10-05858
0-1014 0-5458 0-3545 0-04778 —0-06902 ' 0-1804
+10-5494 —10:09880 | +170-1403 +10-3111 +170-05588 | +10-03998
—0-04678 0-5243 0-3319 —0-01636 —0:09132 0-1443
+20-6060 41008470 | +170-09623 | -+70-2711 +70:09267 | +10-1484
—0-2665 0:3488 0-3406 —0-06111 | —0-1482 0-01243
+10°7236 +10-2442 +10:07184 | —10-2708 +40-13337 | +10-2543
—0-7474 0:02267 0:3422 —0-1805 —0-2634 —0-2449
+10-6470 +10-69876 | -+10-1002 +10-2864 +40-1003 +170-1629
—0-9121 0:04820 0-3014 —0-2721L —0-2808 —0-2591
+10-3243 —10-16069 +10-1136 +140-2213 +40-01645 | —10-03174
—0-8805 0:1503 0-2770 —~0-2942 —0-2602 —0-1987
+10-1346 —10-2425 +40-1000 +40°1569 —40-02140 | —-$0-1079

(to be continued.)
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Table 1. (continued)
A A B C D E r
0:16 | —0-6951 0-4194 0-2333 —0-3012 —0-1927 —0-02214
—10:1003 | —i0-2253 | +40-04766 | +i0-03325 | —40-04930 | ~—i0-1384
017 | —0-5831 0-5227 0-2246 —0-2835 —0-1615 0-05252
—10-1681 | —10-09612 | —30-004865 —%0-04843 | —30-03740 | —i0-08033
018 | —0-5350 0-5449 0-2276 —0:2677 —0-1517 0-07266
—10-2163 | -+140-03658 | —10-05445 | —i0-1215 | —0-02233 | —0-01694
0-19 | —0-5274 0-5101 0-2407 —0-2485 —0-1557 005598
—10-2876 | +40-1574 | —i0-1082 | —i0-2055 | —i0-01061 | -+30:04148
020 | —0-5221 0-3998 0-2739 —0-2076 —0-1733 —0-003397
—40-4262 | +i0-2903 | —0-1230 | —40-320L | —<0-00893 | +1i0-08425
0-21 | —0-4378 0-1650 0-3615 —0-07867 | —0-2001 —0-1157
—10-7121 | +i0°3278 | —10-2417 | —i04766 | —%0'04021 | -+0-05599
0-22 6-07050 | —0-01654 0-5182 0-2422 —0-1629 —0-1274
~40:9944 | +40-05123 | —40-2151 | —i0-5153 | —40-1215 | —%0-1409
0-23 0-6484 0-2296 0-5603 0-4396 —0-04799 0-1033
—10:6635 | —40.09769 | —40-1039 | —40-2950 | —70-1023 | —i0-01651
6-24 0-8830 0-2767 0-5932 0-5393 —0-009823 0 1684
—10-1794 +40-08641 | —1%0°06207 | —0-1215 —10:009514] +10-01617
0-25 0-8653 0-04180 0-6603 06173 —0-04990 0-03877
+404845 | +40:07509 | +40:07471 | +40-2140 | -+0-07528 | +i0-1226
0-26 0-2670 0-6557 0-5331 0:3099 —0-1241 —0-04985
+40-8976 | —40-2258 | -+i0-2482 | +0-5315 | +40 08080 | -+30-03045
0-27 | —0-1903 0-3093 0-3678 —0-00%47 | —0-1446 0-00403
+40:7610 | —40-2763 | -+10-2360 | -+10-4820 | -+0-05485 | —i0-01997
028 | —0-3754 0-4486 0-2887 —0-1524 —0:1464 | 0-04777
+40:5888 | —:0-1672 | +40-1686 | +40-3557 | +40-04993 | -+i0-009689
029 | —0-4848 0-4864 0-2554 —0-2210 —0-1546 0-04958
+40-4843 | —40-02598 | +40-1053 | +0-2513 | +40-0590 | -+i0-06809
0:30 | —0-6200 0-4294 0-2453 —0-2674 —0-1814 ~0-004081
+10-4142 | +40-1191 | +40-04930 | +i0-1627 | +i0-07318 | +i0-1344
0:31 | —0-8554 0-2201 0-2611 —0-3075 —0-2457 —0-1568
+40:2662 | +40-1997 | —i0:00664 | +40-05902 | *+40-06682 | -+i0-1528
0:32 | —0-9637 —0-00547 0-3072 —0-2781 —0-2961 —0-2968
—40-2337 | —1i0-08623 | —i0:02099 | —40-08476 | —0-04435 | —30-08612
033 | —0-5461 0-2907 0-3019 ~0-1792 —0-1940 —0-06628
—40-5079 | —1i0-3375 | —i0-00043 | —i0-1287 | —10-1206 | —0-2681
034 | —0-3070 0-5226 0-2605 —0-1448 —0-1253 0-09951
—i0-4319 | —i0-2214 | —40-02013 | —40-1337 | —40-09193 | —:0-1926
035 | —0-2129 0-6014 0-2753 —-0-1278 —0-1006 0-1577
—40-3700 | ~—0-06320 | —0-05531 | —i0-1613 | —1i0-05843 | —30-09680

(Lo be continued.)
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Table 1. (continued.)
A A B C D E r
L
0-36 —0-1532 06117 0-2842 —0-1018 —0-09114 0-1734
—10:3509 +40:08624 | —10:09645 | —70-2065 —40-03191 | —i0-01299
0-37 —n08177 0-5749 0-3097 —0-05252 —0-08775 0-1656
—10-3605 +140-2359 —10-1434 —10-2672 —40-00910 | +70-06609
033 003885 0-4746 03641 0:04477 —0:08814 0-1320
—10-3800 +10-3959 —1i0-1955 —10:3361 +40:01407 | +170-1490
0-39 02626 0-2515 0-4762 0-2389 —0-09481 0-04968
—10-3438 +10-5480 —10-2340 —40-3742 | +140-04326 | +70-2372
0-40 0-5351 —0-1723 0:6585 0:5317 —0-1274 —0-1327
—10-01646 | -+10-5382 ~10-1653 —10-2072 +i0-08438 | +10-2874
0-41 0-2302 —0-5512 0-7112 05195 —0-2281 - 03887
+40.5118 +10:05002 | +70-08777 | +170-2370 +40-0.481 | +40-1137
0-42 —0-1461 —0-2375 0-5413 02158 —0-2268 —0-2833
+10-3267 —10-5773 +40-2394 +10-3765 —4005021 | —10-2559
043 —0°1493 0-2554 0-3923 0-03189 —0-1479 —0-01803
+10-2308 ~40-5901 +10-2240 -+10-3334 —40:06478 | —10-2791
0-44 —0-1734 0-4856 0-3181 —0:06523 —0-1141 0-1019
+10-2169 —~10-4207 +10-1702 +10-2639 —10:03934 | —10-1900
0-45 —0-2026 0-5850 0-2824 —0:1166 —0-1019 0-1506
+10-2074 —10-2597 +40-1198 +10-1996 —10-01469 | —i0-1048
0-46 —0-2281 0-6257 0-2650 —0-1444 - 0098566 0-1682
+10-2045 —10-1172 +140:07635 | +10-1454 +40-007830, —10-02853
0-47 —0-2550 0:6302 02582 —0-1595 —0-1015 0 1661
+140-2150 +40-01860 | -+i0-03760 | +10-1002 +40-03104 | +10-04647
0-48 —0-2982 0-5951 0-2601 —0:1650 —0-1127 0-1398
+10-2181 +40-1601 440001499 +10-06445 | -+70-05819 | -+70-1286
0-49 —0'4013 0-4835 0-2730 —0-1782 —0-1441 0-06220
+40-3112 +140-3133 —40-03177 | +40-03949 | +70-09097 | +170-2217
050 —0-6874 0-1999 0-3008 - 02161 —0-9270 —0-1392
+10-3272 +40-3848 —40-05010 | +%0:02101 | +70-1046 +10-2629
0-51 —0-9911 —0-01575 0:3048 —0-2880 —0-3013 —0-3069
—10-1167 +10-04249 | —10-03623 | —140-07397 | —i0-00%39 | +0-003146
052 —0-7262 0-2513 0-2776 —0-2546 —0-2239 —0-1181
~—10-5399 —10-1332 —10-06838 | —10-2202 —40-09184 | —10-1633
0-53 —0-4597 0-3912 0-2890 —0-1732 —0-1666 0-00253
—3i0-6680 | —0-00976 | —i0-1313 —~10-3298 —140-08871 | —1i0-1185
0-54 | —0-2259 0-3628 0-3446 ~0-04603 —0-1406 0-02685
—10-7822 +10-1383 —10-1988 —19-4416 —10'07982 | —170:05806
0'55 0-1573 0:1920 0:4729 0-2084 -0-1181 —0-00028
—10-8913 +140-2099 —i0-2422 —10-52925 —10:08254 | —10-03795

(to be continued.)
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Table I. (continued.)
H -
A A B c D E F
0-56 0:8097 —0-000271 0-6619 0-6051 —0-06393 0-00665
—10-5435 | —40-02810 | —40-1007 | —%0-2609 | —1i0-07543 | —10-1073
057 0-9062 0-1720 06294 05896 —0-02364 0-1159
+10-08601 | —10-2176 | +70-08278 | +i0-1234 | —40-02377 | —30-1027
0-58 06069 03899 0-5037 03596 —0-02765 0:1826
+40-507L | —i0-1238 | +401392 | +40-2989 | +40-04625 | -+i0-01920
0-59 03322 0:3768 0-4524 0-2273 —0-06557 0-1290
+107449 | +40-08694 | +40-1235 | +40-3397 | +40-1112 | +40-1732
060 | —0-1102 009750 0-4476 0-1098 —0-1682 —0-09655
+409639 | +i0-1301 | +40-1544 | +40-4330 | +40-1467 | +10-2335
062 | —0:6685 0-3361 0-2637 —0-2571 —0-2027 —0-06259
+10-2862 | —40-3129 | +401517 | +i0-2586 | —40:01298 | —i0-1202
0-885 0:3189 ~0-3082 06559 —0-4740 —01775 | —0-249
~10:8110 | —40-1115 | —40-1294 | —i0-3636 | —i0-1237 | —i0-1976
1:205 0-5145 0-2771 0-5191 0-3552 ~0-05784 0-1062
—i0-3859 | 404306 | —4i0-2071 | —40-3519 | -+40-01889 | +40-1668
1-525 0-5316 0-3314 0-5061 03436 —0-04688 0:1383
—i0-6787 | —1i0-06654 | —i0-1163 | —1i0-3141 | —70-09924 | —30-1509
1-845 0:03301 0-2226 0-4387 0-1350 —0-1294 —0-00484
—10-8618 | +40:25503 | —70-2499 | —10-5245 | —10-07142 | —40-00860
2165 | —0-6765 —0-1947 0-4218 —0:06479 | —0-2891 —0-3501
~i0:5605 | +40-2536 | —10-1889 | —40-3735 | —40-03234 | -+i0-04173
2:485 0:01920 0-5465 0-3385 0-00835 | —0-07914 0-1674
—10:4298 | +i0:2565 | —i0:1635 | —40-3094 | —i0-01483 | +i0-06543
2:805 | —0-2088 0-05807 0-4397 007520 | —0-1874 —0-1345
—i09627 | —10:09933 | —i0-1635 | —i04438 | —i0-1416 | —30-2168

2. The Orbital motion of a Surface Particle in the Surface Layer.

Now, taking the real parts only, we get the following horizontal
and vertical oscillations U’ and V’ on the top surface of the surface

layer.

LU
27a

’

!

+

~h| %

] =cosﬁcosz[(0’—D')sina—(C”+D”)cosa
+»;~{— (B’ + F')sinb + (E'”~F’-’)cosb}]
+ cosf sin z[(C’—D")sinb+ (C' +D")cosa

— (E"+F")sinb + (—E' +F")cosb] ,

(37)
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LV’
27a

]x —cosﬁcosz[f‘ (C'+D")sina+ (C"— D")cosa}
— (E'—F")sinb+ (E"+ F'")cos b]
+cosﬂs1nz[?—{ C"+ D”)sina+(—C’+D’)cosa}
—(E"-F’-’)sinb~(E’+F’)cosb], (38)

where z=27¢, "' 43588, S =7-6811, a=19-3657<£) and b=
7" f f L

34:1264 (%{_) As will be seen from the following expressions (39),

C’, D', E', and F’ are real parts of C, D, E, and F respectively, while
C", D", E", and F" correspond to imaginary parts of them:

C=C'+iC", D=D'+iD",

(39)
E=E +iE", F=F+if". | -
Expressions (37), (88) are next rewritten:
LU,] =1a?+ @ sin Iz+'can"l'i} , (40)
2ra \ a ‘
LV’] =V a2+ 32 sinfz+ tan-2 | (41)
27q dx=0 \ a')
where
w= { (C"—D'"ysinb+ (C'+ D) cosa,}
+%{—(E”+F")sinb+ (—E’+F')cosb} , (42)
ﬂ:{(C’—D') sing — (C"4-D") cosa}
: f (E'+ F"ysinb+ (E"—F") cosb) , (43)

@ = ;{_ (C"+D")sina+ (—C’'+D’) cosa}

+ {_ (E"—F")sinb— (E’+F’)cosb} , (44)
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f = }_' {_ (C'"+D')sina+ (C"”"—D") cosa}

+ {- (E'—F")sinb+ (E" + F"") cos b} , (45)

and the values «, 3, a’, §/ become circular functions, H L alone being
variable. tan~'(8a) and tan'(3'/o’) should be taken satisfying the
conditions that

Vel tfsiny=a,
1//025':@7 cosy=j,

A B
b
o

y=tan

Va+ f2sing =ao,

Va2 + B2 cosy’=f,

7"=tan"—ﬁ’4 .
(Y/’

It will be seen from expressions (40), (41) that forced stationary
harmonic vibrations (horizontal and vertical) are caused in the stratum
by the periodic incident wave (1). The amplitudes of the same vibra-
tions (vertical and horizontal) and the phase-differences are both trans-
cendental functions, only H/L being variable. The phases of the
vibrations on the free surface of the layer usually differ from those of
vibrations (horizontal and vertical respectively) at the bottom surface.
We shall return to the horizontal and vertical stationary oscillations
(40) and (41) in the next chapter.

Now we can easily get from expressions (40) and (41) the orbit of
the particle in the surface layer as follows:

[0 V2 2 cose 4722 .
) T+ — > U'V'="-_sin2¢, 46
(a?+ ﬂz) (' +B2) ]/062_*_‘32 Va?ype L? (46)
where
e=tan-'P__tan-1 £, 47)
o' 172

It will be seen from expression (46) that the orbit of the particle
in the surface layer is usually an ellipse, whose major and minor axes
& 7 are respectively given by
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g sine
/7 ’
" (48)

p= S ‘
N J

where 7, 6 are the roots of the equation
2 2 2 12 in2:
p_(@+fra?tf),  sinte (48)

(a? + ) (a2 + ‘3/2'){ (2 + B?) (a2 + 72

the inclination angle - which the major axis makes with the horizontal
surface being

tan 2o 2 €08V (a2 + @) (224 f2)

(22 + f32) — (a? +‘52) (49)

We calculated the major and minor axes of the elliptic orbit of
the particles on the top and the bottom surfaces of the surface layer,
the ratio of the minor to the major axes, and the inclination angle of
the same elliptic orbit for several cases of H L, the results being given
in Table IT and Table III, and shown in Figs. 2~T7.

.

Table II. Major and Minor Axes of Elliptic Orbit of
Particle on Top Surface.

bﬂ, ; (Mai . 7 . . ’—T"("In'clipati&ri_’of)
I ajor axis)| » (Minor axis) /& major axis
in degrees
0-01 2:08 . 010 0-048 41°
0:02 2:32 0-20 0-086 38°
0-03 2:80 0-45 0-160 35°
0-04 3-55 _ 112 0-316 28°
0-05 3-90 2:25 0-577 35°
006 3-00 2:30 0-767 99°
0-07 3-85 1-46 0:376 90°
0-08 4-54 1:05 0:231 86°
0-09 373 0+50 0-134 73°
0-10 2:95 0-40 0-135 66°
0-11 2:60 046 0-203 57°
0-12 250 075 0-30 46°
0-13 2:85 1-36 0477 34°
0-14 3:10 2-14 0691 10°
0-15 2:85 170 0-596 - 154°

(to be continued.)
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Table II. (continued.)
q ¢ (Major axis) | 7 (Minor axis) g 7 (Toclination of) -
0-16 2:46 1:03 0429 136°
0-17 2:15 0-44 0:205 130°
0-18 2:08 014 0:0673 128°
0-19 2:17 0:20 0:0922 125°
0-20 2:57 0-64 0-249 121°
0-21 3-22 1-30 0-4035 113°
022 3:55 194 0-546 98°
0-23 3-88 1:25 0-322 76°
0-24 375 014 0-0373 76°
025 417 055 0-1318 92°
0-26 3-84 0-50 0-132 99°
0-27 3-05 0-145 0-0492 108°
0-28 2:54 0-15 0-0590 116°
0-29 2:34 0-50 0-214 - 125°
0-30 2:40 0:900 0:375 137°
0-31 2.78 1-50 0-540 157°
0-32 3:40 177 0521 5°
0-33 3-03 1-20 0-364 25°
0-34 2-84 0-65 0-230 44°
0-35 2:24 040 0-1785 43°
036 2:20 0-34 0-154 50°
0-37 2:43 0-25 0-1028 53°
0-38 2:90 030 0-1034 57°
039 3:59 0-54 0-1504 58°
0-40 4-55 1-02 0-224 58°
0-41 5:45 0 0 49°
0-42 470 050 0-1063 44°
043 350 0-10 0-0286 46°
044 2:68 0-07 0-0161 47°
0-45 2:34 0-10 0-0428 47°
0-46 2:10 0-15 0-0714 45°
0-47 2:05 0-20 0-098 45°
0-48 2:20 0-32 0-1454 38°
0-49 2:63 0-61 0-232 31°
0-50 3.23 1-18 0-365 21°
051 3-35 1-89 0-564 179°
052 2:67 1:60 0-60 150°
0-53 2:57 1-04 0-405 125°
054 2-85 0-64 0-2245 111°
0+55 351 0-31 0-088 102°
0-56 4-20 0-28 0-0667 90°
0'57 3-95 0-65 0-1645 86°
058 3-30 0-45 0:1363 68°
0-59 3-14 1:25 0398 60°
0:60 3:10 2:37 0764 55°
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Fig. 2. Major and minor axes of the elliptic orbits of
a particle on the top surface of the surface layer.
A: Major axis, B: Minor axis.
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Fig. 7. Inclination angle of the elliptic orbit of the
particle on the bottom surface of the surface layer.

Table III. Major and Minor Axes of Elliptic Orbit of
Particle on Bottom Surface.

g &’ (Major axis)| 7/ (Minor axis) wE 7/ (Iﬁ?ﬁ?igggf)
0-01 2:03 0-10 0:0493 42°
0-02 1-95 0-20 0-1025 43°
0-03 1-79 0:36 0:201 45°
0:04 145 0:58 0:400 62°
0:05 125 0-22 0-176 94°
0:06 1-16 0-90 0-776 77°
0-07 1-18 0-80 0:678 2°
0:08 1-43 0-08 0:056 1°
0:09 1-67 0-38 0-2275 20°
0-10 1-85 0-46 0-2485 29°
0-11 1-92 0-52 0-271 32°
0-12 1-90 061 0:321 34°
0-13 1-61 0-87 0:540 36°
0-14 1-31 065 0:496 89°-5
0-15 1-50 0-23 0-1533 75°
0-16 175 0-38 0-217 57°
017 1-85 0-25 0-135 54°
0-18 1:90 0:20 0-1052 59°
0-19 1-85 0-15 0:0811 59°
0-20 1-75 0-20 0-1143 55°

(to be continued.)
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Table III. (continued.)

% &’ (Major axis) | %/ (Minor axis) e 7/ (I'I’gg%ai,hg;‘i :f)
0-21 1-45 0-36 0-2481 66°
0-22 0-99 0-97 0-970 90°
0-23 1-68 0-52 0:3095 8°
0-24 1-79 0-21 0-1173 9°
0-25 1-25 0-32 0:256 0°
026 1-18 0-87 0-737 43°
0-27 1-58 0:57 0-361 52°
0-28 172 0-47 0-273 51°
0-29 1:76 0-45 0-256 52°
0:30 1:71 0-53 0-310 55°
0-31 1:60 0-10 0:0625 65°
0-32 1-36 0-30 0-2205 90°:5
0-33 1-57 0-83 0-529 51°
0-34 1-85 058 0-3135 41°5
0-35 1-95 0-41 0-210 40°
0-36 2-00 0-33 0-165 39°
0-37 1-98 0-27 0-1363 38°
038 1:86 025 0-1344 37°
0:39 1-70 0-24 0-1412 33°
0-40 1-25 0-125 21°
0-41 055 0-13 0-2363 141°
0-42 115 0-27 0-2347 52°
0-43 1-70 0-110 0-0588 42°
0-44 1-93 0 0 4 41°
045 2-:00 0-08 0-040 -oa°
0-46 2:04 0-15 0-0736 40°'5
0-47 2:04 0-23 0-1128 41°
0-48 2-00 0-35 0175 42°
0-49 1-85 051 0-276 43°
0-50 1-50 0-75 0500 59°
0-51 1-40 0 0 90°
0-52 1:50 ‘ 066 0-440 69°
053 1-62 068 04195 53°
054 1:60 0-70 0-438 -49°
0-55 1:35 0-80 0:593 42°
056 1-35 0-40 0-2963 A
057 1-63 0-18 0-1105 8°
0-58 1-82 0-48 02637 18°
059 1-78 0-69 0-388 19°
060 1-23 1-00 0-8130 23°
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Upon comparing these figures with those obtained by K. Sezawa'®,
it will be seen that the minor and major axes, their ratio, and the in-
clination angle of the elliptic orbit of the top surface particle in the
surface layer in the present case of ¢//¢=1 10 have markedly larger
fluctuations with respect to the variation in H/L than those in the case of
¢/p=1/2. As already pointed out by Sezawa'®, these fluctuations of &, 7
and »/§ or - may be caused by interference effects of the reflected and
refracted waves in the surface layer, while the fact that fluctuations in
the case of p//;r=1/10 become larger than those in the case of z//p=1/2
may mainly be caused by the fact that the selective resonance in the
surface layer in the former case becomes markedly more effective than
in the latter. The resonance phenomena in the surface layer will be
discussed in the next chapter.

We calculated the types of orbital motions on the free and the
bottom surfaces of the surface layer for the respective cases of H/L in
the present example, the results being shown in Fig. 8~127. In these
figures, the emergent angle of the primary wave in the subjacent
medium is always 45° at the lower boundary of the surface layer. It
will be seen on comparing these figures, that the minor and major axes,
their ratio, and the inclination angle which the major axis makes with
the horizontal surface fluctuate markedly with respect to the variation
in H/L.

Chapter II. Resonance Phenomenon in the Surface Layer.

We have already calculated the forced stationary vibrations (hor-
izontal and vertical) on the free surface of the surface layer when a
dilatational harmonic wave of infinite extent is obliquely incident on
the bottom surface of the stratum, being expressed by (40) and (41),
namely,

é‘_{lé/]z;o_,,=1/a;2~l;ﬂ2« sin{z+tan"€} ’ (40
g-rzl]ifﬂl:‘/m sin {z + tan_lgj ’ (41,)

in which ¢ and b become 193657 H/L and 34:1264 H/L respectively. If
we numerically calculate the amplitudes of the forced vibrations expressed
by (40) and (41) with the respective values of H/L, we get Table IV,
the results being shown in Figs. 128, 129. Phase-differences tan~!f/«

12) K. SEzAWA and K. KANAIX, Bull. Earthq. Res. Inst., 12 (1934), 269.
13) K. SeEzawa and K. KANAI, loc. cit.
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are also shown in Table IV.
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Table IV.

H Horizontal Vertical B P -
A amplitude amplitude tan=t - tan IE)
0-01 1-59 137 ) 3-03 3-09

0-02 1-838 1-470 2:895 3-05

0-03 2:356 1632 2:662 2:914

0:04 3:227 1-93 ‘ 2:201 2:914

0-05 3-410 2-88 1-431 2:821

(to be continued.)
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Table IV. (continued.)

427

Horizontal

Vertical

y

% amplitude amplitude tan~! '5,‘ tan“‘%
0-06 2:340 3-004 0-825 2-522
0:07 1-482 3-86 0-544 2:160
0-08 1'980 4:552 0:614 1-915
0-09 1-169 3-59 0641 1-102
0-10 1-248 2743 0-489 0-813
0-11 1-474 2:220 0:298 0:670
0-12 1-873 1-957 0-0327 0:605
0-13 3-517 1-957 2:767 0-555
0-14 5:145 2:162 2:05 0-356
0-15 2:680 1-975 1-269 0-0819
0:16 1-£80 1-81 0:717 3-06
0-17 1456 1-633 0-350 3-0
0-18 1-279 1-682 0-0254 3-04
0-19 1-265 1-866 2:821 3:00
0-20 1-414 2:247 2:393 2-937
0-21 1750 3-012 1-780 2:743
0-22 1-994 3:55 0-930 2-344
0-23 1-531 3-78 2:936 1.929
0-24 0-938 3660 1:893 1-734
0:25 0-557 4-174 0-209 1-346
0-26 0-753 3-832 1-541 0-832
0:27 0-966 2:927 0638 0:492
0-28 1-124 2:300 0-134 0-322
0-29 1-380 1-943 2:913 0-225
030 1:824 1-78 2:567 0163
0-31L 2:620 1:794 2:103 0-0894
0-32 3-38 1:830 1:350 3-03
0-33 2-812 1:630 0-617 2:863
0-34 2:08 2:02 0-213 2:905
0-35 1-682 1-542 3-130 2:797
0-36 1-44 1-690 3-060 2:753
0-37 1-492 1-950 2:874 2:677
0-38 1-61 2:403 2:759 2:539
0-39 1925 3-103 2:611 2301
0-40 2:59 3-97 2-358 1-883
041 3-580 4-09 1-830 1-303
0-42 3:400 327 1-079 0:840
043 2:473 2-503 0610 0-574
0-44 188 2:015 0-372 0-418

(to be continued.)
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Table IV. (continued)

. . /
Z Hoontal | gyetlel |t |
0-45 1-605 1-710 0-239 0-314
0-46 1-52 1-534 0-132 0-252
0-47 1-455 1431 0-0249 0-203 ©
48 1-77 1-40 3-02 0-173
049 2:997 1-449 0787 0-144
059 3-054 1-626 _ 2:339 0-0928
0-51 3.380 1-873 . 1496 3-070
052 2-453 1-958 0-890 2:918
053 1-670 2190 0-470 2817
0-54 1180 2:680 0-12 2:671
055 0738 3-480 0-867 2-404
056 0-292 4-237 0-677 1-852
0-57 T 0701 3-950 0-134 1-402
058 1-268 3-145 9-546 1-088
0-59 1-854 2788 0-943
0-60 2:60 2:90 0-740
0-62 1-855 2120 —_— 0-142

Taking next the real parts only, we easily get the stationary vib-
rations of the bottom surface of the surface layer from expressions (15)
and (16) as follows:

£=40

UL]

peel cos? (1 + A'+B’)2+(A” + ;B”)z sin(z+a) , (50)
T

ﬂ‘_] y=0= cosﬂ;/(—;—'-% »;';A’—B’>2+(B” —%A”)2 sin(z+a') , (51)

Ta dz=0

where

—(A”+%B”> | N

(1+A’+E-B') ’ 2
f

i) |

(—%—F%A'—-B/))

and cosf=07071. Obviously « and «’ should be taken satisfying

a=tan™!

o' =tan™ (53)
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;/(1+A’+%B/)2+(A” +%B//)2 sine= —<A" +_]s¢_Bu> ,

2 2
, 1+A’+3B'> + A"+iB"> cose=14-A"+5B,
‘/( f ( f f

.]/(--*/;“+§ A'_B/>2+< ’.’-—§AH>2 Sinob'=(BH—%A”) ’

,/ (_; f;A'—B'>2+(B"—§A")2 cosw’=(— ?+—?A’—B’> .

In these expressions, A’, A” and B, B” are the real and the imagi-
nary parts of A and B such that

A=A"+i4", B=B'+iB", (54)

the values of which are given in Table I with the respective values of
H/L when p=p/, A=p, V=, 0=45°, ¢//np=1/10. In the present actual
case, we calculated the amplitudes of the forced stationary vibrations
(horizontal and vertical) at the bottom surface of the surface layer
(shown in Table V), the phase-differences « and o’ being also calcu-
lated. Figs. 130, 131 show the amplitudes (horizontal and vertical) of
the bottom surface of the surface layer.

Table V.
H Horizontal Vertical @ &/
L amplitude amplitude :
0-01 1-491 1-358 2:996 3-080
0-02 1-457 1-347 2-817 3-020
0-03 1-330 1-327 2:548 2-952
0-04 0-847 1-302 2:035 2:875
0-05 0-219 1-271 1-623 2:749
0-06 0-937 1-157 0-815 - 2:516
0-07 1-195 0-785 0-550 2-155
0-08 1415 00714 0-414 2-504
0-09 1-594 0-650 0-227 0-890
0-10 1-654 0-989 0-0385 0-597
0-11 1:647 1-120 2:185 0:422
0-12 1-605 : 1170 2:784 0-320
0-13 1-398 1-191 2:444 , 0288
0-14 0-652 1-310 1-906 0-300
0-15 0-433 1-460 0-730 0-183

(to be continued.)
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Table V. (continued)

H Horizontal Vertical @ o
L amplitude amplitude

016 0:978 1:493 0-453 0-0591
0-17 1-154 1-490 0:237 310
0-18 1-194 1-481 0-0798 3-02
0-19 1-1425 1:476 3-075 2922
0-20 0-983 1-450 2982 2:785
0-21 0:659 1:350 0-706 2-288
0-22 0-960 0-982 3-135 2:548
0-23 1:672 0573

0-24 1-770 0-336

0-25 1-460 0:315

026 1-037 0975 2:871 0-953
0-27 1-065 1-289 3-01 0-393
0-28 1-160 1:395

0:30 1064 1-464 2:671 0-143
0-31 0:676 1-455 3-03 0-0321
0-32 0-302 1-388 1-514 3-065
0-33 1-185 1-:305 0-852 3:05
0-34 1-479 1-30 0-462 3:025
0-35 1:550 1:30 0235 2:974
0:36 1:570 1-285 0-0713 2:899
0-37 1-562 1-245 3-06 2:796
0-38 1:510 1-146 2:904 2:647
0:39 1:434 0-941 2692 2:408
0-40 1168 0-443 2-339 2:056
0-41 0-441 0-362 1:567 1-127
0-42 0-719 0-906 1-248 0:783
0-43 1:267 1-150 0-654 0-529
0-44 1-445 1-255 0:362 0-366
0:45 1-513 1-310 0-175 0-256
0-46 1-535 1-330 0-0264 0-172
0-47 1-530 1:340 3:03 0-103
0-48 1-498 1-340 2:851 0-0462
0-49 . 1-387 1-332 2-599 3:130
0-50 10-997 1:335 2:139 3-116
0-51 0-0240 1-402 2-452 3:06
0-52 0-837 1-427 0-787 2:939
0-53 1-110 1-388 0-449 2:80
0-54 0-714 1:297 0-487 - 2616
055 1-169 1-067 0-260 2:326

(to be continued.)
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Table V. (continued)
H Horizontal Vertical @ @
L amplitude amplitude
056 1-3475 0-3885 | 0-323 1-608
0-57 1-644 0-2852 0-173 0-851
" 0-58 * 1760 0-710 3-05 0-679
0-59 1-690 0-874 2:734 0562
0-60 1-184 1-037 2:294 0-604

It will be seen from
Figs. 128, 129, 130, and
131 that the horizontal
and the vertical vibration
amplitudes on the top sur-
face are usually larger
. than the respective ampli-
tudes on the bottom sur-
face of the surface stra-
tum. It will be seen,
moreover, that the re-
spective positions of the
maxima and minima of
the horizontal (or vertical)
vibration amplitudes with
respect to the same values
of H/L are completely
changed in both ampli-
tudes on the top surface
and those on the bottom
surface of the surface
stratum. Generally
speaking, the amplitude
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Fig. 130. Horizontal displacement amplitude of the

particle on the bottom surface of the surface
layer.
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layer.

at the bottom surface of the surface layer becomes minimum and very
small for the values of H/L, for which the amplitude on the top

surface of the surface layer becomes maximum and very large.

It is

clear that the curves shown in Figs. 128, 129 are resonance curves of
the vibrations (horizontal and vertical) of the surface stratum. And
it will be seen from Figs. 128, 129 that the amplitudes of the forced
oscillation at the top surface of the surface layer become relatively large
at such periods as are synchronous successively with the resonance periods
of vibration of the surface stratum. These resonance periods of oscil-
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lation of the surface stratum usually differ in their horizontal and ver-
tical vibrations as may be seen in Figs. 128, 129. The curves shown
in Figs. 128, 129 are not regular as in the resonance curves when the
primary waves are vertically upward incident on the bottom surface of
the surface layer'®.

When the primary wave is vertically upward and incident on the
bottom surface of the surface layer, and the periods of the primary in-
cident wave become synchronous with the resonance periods of oscilla-
tion of the surface stratum, the bottom surface of the surface layer
should become a nodal plane™, that is, the displacements of particles on
the bottom surface of the surface layer become zero. This fact, how-
ever, may not necessarily obtain when the primary wave is obliquely
incident on the bottom surface of the surface layer, as may be seen
from Figs. 130 and 131. It is noteworthy, moreover, that the funda-
mental resonance period of oscillation of the horizontal seismal vibration
becomes longer than that of the vertical seismal vibration, and that in
the case of horizontal vibration the ratio of the resonance period of
higher order to the fundamental one tends to become larger than the
ratio of the resonance period of the same higher order to the funda-
mental one in the case of vertical vibration, as may also be seen from
Figs. 130 and 131. The resonance curves in Figs. 130 and 131 show
that the amplitudes of the horizontal vibration usually become smaller
than those of the vertical one, as may conspicuously be seen in resonance
conditions.

Calculating from expressions (40) and (41) the vibrational move-
ments of particles in the surface stratum, we obtain Fig. 132 which shows

the elliptic orbits of particles on surfaces y=0, y:%H R y———%H ,
3 4 5 6 7

Yy=—-H, y=—--H, y=——~H, =—_H, —_—— ’and Y= —

y=—oH, y=—2H, y=—2H, y=—2H, y=—2H y=—H

when H/L=0048, 0080, 0100 and 0-145 respectively. Of course, in Fig.
132, the cases of H/L=0'048 and H/L=0'145 correspond to the move-
ments of particles in the surface layer when the periods of the primary
incident wave become equal to the fundamental and the second resonance
periods of horizontal vibrations in the surface layer respectively, and
the case of H/L=0080 corresponds to the movement of particles in the
surface stratum when the period of the primary incident wave becomes
equal to the fundamental resonance period of vertical vibration of the
surface stratum. The horizontal movements of particles in the surface

14) K. SEzawA and K. KANAI, loc. cit.
15) K. SeEzAwA and K. KANAI, loc. cit.
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layer when H/L=0'048, 0:080, 0:100 and 0-145 are shown in Figs. 133,
134, 135 and 136 respectively'®. It will be seen from Figs. 132~136
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Fig. 133. Horizontal displacement in the Fig. 134. Horizontal displacement in
surface layer when H/JL =0-048. : the surface layer when H/'L=0-08 .
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that even if the period of the primary incident wave becomes synchro-
nous with the resonance periods (of horizontal and vertical vibrations)
of the surface layer, the amplitudes of displacement (of horizontal and
vertical vibrations) do not become infinite as in the case of an isolated
elastic pendulum. It will be seen, moreover, that the vibration modes

16) To obtain the results shown in Figs. 132~136, we used expressions (44) and
(45).
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(of horizontal and vertical vibrations) in the resonance conditions do
not necessarily become equal to the free vibration modes that may be
excited in the surface layer when it may be assumed as an isolated
elastic pendulum. It may be worth noticing, furthermore, that the reso-
nance periods of the vibrations (horizontal and vertical) of the surface
" stratum are not constant, but depend upon the angle of incidence of
the primary wave at the bottom surface of the surface layer. From
Figs. 130 and 131, we can get the resonance periods of vibration when
the incidence angle of the primary dilatational wave becomes 45°, as
shown in Table VI. If then the wave velocity V, of the dilatational
wave in the subjacent medium and also the period 7 of the primary
incident dilatational wave are known, the resonance periods of vibration
of the surface stratum in an actual case can easily be determined by
the values shown in Table V and by the relation L = VT, when the
angle of incidence of the primary wave becomes 45°.

Table VIa. Resonance Periods Table VIb. Resonance Periods

of Horizontal Vibration. of Vertical Vibration.
1st ond 1st ond
0-048 H/L 0-145 H/L 0-08 H/L 0-245 H/L

Recently T. Saita™ and M. Suzuki studied the seismal vibrations
at Marunouti, Tokyo, Japan. The English abstract of their paper in
Japanese reads as follows:

Lately the authors have observed seismic disturbances at Marunouchi where is the
representative ground of the down town in Tokyo. These observations were held at
the same time in three places; which are surface ground, 30 feet and 68 feet deep
underground respectively. The 68 feet deep underground level is exactly the boundary
of alluvium and diluvium. The diluvium is made of compact materials and its bearing
power is greater than 20 tons per square foot, while the alluvium is made of soft
materials and its bearing power is less than 1 ton per square foot. Therefore, these
observations have determined how 68 feet thick soft alluvial layer vibrates by seismic
disturbances. The instruments were Ishimoto’s seismic accelerometers. The authors
have found that, in alluvial layer, there are numerous waves having about 0-2 sec.
and 0-7 sec. periods; in diluvial formation, 0-25 sec. and 0-45 sec. respectively. In con-
sequence of drawing the resonance curve for vibrations in the alluvium, the author
are able to ascertain that 0-25 sec. and 0-75 sec. are the proper periods of the alluvial
layer. Moreover, the acceleration in 68 feet deep undreground was about 1/3 to 1/5
of the surface ground. These data will be available to engineering seismology and
prevention of earthquake disaster.

The amplitude ratio curve obtained by them is shown in Fig. 137,

17) T. Saita and M. SUuzUKI, ‘“On the Upper Surface and Underground Seismic
Disturbances at the Down Town in Tokyo,” Bull. Earthq. Res. Inst., 12 (1934), 517.
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in which the abscissa corresponds to the vibration period of the alluvi-
um surface layer and the ordinate shows the ratio of the horizontal
accerelation amplitudes at the

top surface to those 68 feet |
underground. We do not
know, however, the angle of
incidence of the seismic waves
at the bottom surface of the
alluvium surface layer or the
particular kind of incident
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seismic wave referred to in . . . .
Saita’s dat £ ob ti Fig. 137. Horizontal acceleration amplitude
alla’s data ol observations, ratio obtained by T. Saita and M. Suzuki.

so that our mathematical re- .

sults may not be theoretically applicable to Saita’s observation. But if
we assume that the acceleration in Saita’s data is of harmonic type, it
is possible to say that the ratios of the maximum horizontal displace-
ment amplitudes at the top surface to those at the bottom surface,
which are shown respectively in Figs. 128 and 130, become approximately
the same 'as the actual ratios of the large horizontal accelerations at
the top surface to those at the bottom surface of the alluvium layer in
Saita’s data. The values of the actual ratios obtained by Saita are
from about 1/3 to 1/5 as mentioned in his paper. By calculating the
ratio of the displacement amplitudes on the top to those on the bottom
surfaces with the respective values of H/L from Table III and IV, we
get Table VII in which the ratios are given, the results being shown in
Figs. 138 and 139. Fig. 138 corresponds to the horizontal displacement
amplitude ratio and Fig. 139 shows the vertical displacement amplitude
ratio. If we compare next the amplitude ratio curve in Fig. 138 with
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Fig. 138. Horizontal displacement amplitude ratio.
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Fig. 139. Vertical displacement amplitude ratio.
Table VII
Horizontal Vertical Horizontal Vertical
H displacement | displacement H “displacement | displacement
L amplitude amplitude L amplitude amplitude
ratio ratio ratio ratio
0-01 1:066 1-022 0-32 11-20 1:318
0-02 1-1675 1:091 0-33 2:373 1-250
0-03 1-771 1-230 0-34 1:415 1-554
0-04 3-810 1-482 0-35 1-085 1-186
0-05 15-552 2-265 0-36 0-917 1:315
0-06 2:498 2:597 0-37 0-956 1-566
0-07 1-240 4-918 0-38 1:066 2:096
0-08 0-764 3:754 0-39 1-342 3295
0-09 0-734 5-511 0-40 2:22 896
0-10 0-755 2:775 0-41 8-120 11-28
0-11 0-895 1-982 0-42 4:786 3-610
0-12 1-167 1:672 043 1:952 2:173
0-13 1-799 1-642 0-44 1-301 1-605
0-14 4-825 1-650 0-45 1:061 1:305
0-15 6:200 1-352 046 0-990 1-154
0-16 1-923 1-212 0-47 0-951 1-067
017 1-262 1-096 0-48 1181 1-045
0-18 1:071 1-135 0-49 1-655 1-137
0-19 1-1075 1-264 0:50 3-064 1-219
020 1:438 1-550 0-51 1-408 1:336
0-21 2655 2-231 0-52 2930 1-373
0-22 2:076 3616 053 1-550 1:577
0-23 0-917 6:600 0-54 1-652 2:065
0-24 0529 10-90 0-55 0636 3:262
0-25 0-479 13-25 0-56 0-217 10-90
0-26 0-726 3-932 057 0:427 13-85
0-28 0-969 1-649 0-58 0721 4-430
0-30 1-715 1-215 0-59 1-097 3-190
0-31 3-861 1.232 0-60 2:195 2:798
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that in Fig. 187, it will be seen that the first and second resonances in
Fig. 188 correspond very roughly to the maxima at 07 sec. and 0-2 sec.
respectively in Fig. 137. Since Saita has obtained only the amplitude
ratio curve shown in Fig. 137, and has not shown the resonance curve'®
such as that shown in Fig. 1838. It is impossible theoretically to com-
pare Fig. 138, which is obtained from the resonance curve in Fig. 128,
with the amplitude ratio curve in Fig. 137 obtained by Saita, with the
result that we assume here that when the resonance curve is construct-
ed from Saita’s actual data, the resonance periods of Marunouti ground
will work out to about 07 sec. and 02 sec. The magnitudes of these
amplitude ratios at the respective resonances are then not strictly the
same in Figs. 187 and 138. The ratio of the abscissa, at which the
first maximum occurs, to that which gives the second maximum in Fig.
138, is about 3, the same ratio in Fig. 137 being about 3:5. These two
values are also approximately equal in the two cases, that is, our ma-
thematical results and Saita’s experimental results.

From the foregoing discussion, it may be said that it will be in
order to use the mathematical results in the present paper for obtain-
ing the wave velocity of the dilatational wave in the diluvium lying
under a top surface 20 m. thick at Marunouti. Therefore, using the
value of the abscissa which gives the first maximum of the amplitude
ratio in Fig. 138, such that

=0-048,

H_H
L VT

and the assumed resonance period of 07 sec. in Fig. 138, we get

H

— =0048, or V,;=570m/s,
V%07

assuming that the thickness of the alluvium at Marunouti is 20 meters,
and the densities of the alluvium and diluvium are the same there.

Conclusion.

The present paper is a study of the forced stationary vibration of
a surface stratum when a dilatational wave of harmonic type of in-

18) Saita has not shown in his paper the resonance curve of the horizontal seis-
mal vibration of the surface stratum of alluvium, but he informed the present authors
that he had also obtained it.
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finite extent is obliquely incident on the bottom surface of the surface
layer, therefore showing that there are resonance periods of oscil-
lation in the surface layer. = The amplitudes (horizontal and vertical)
of the forced oscillations at the top surface of the surface layer
become of course relatively large at such periods as are synchronous
successively with the resonance periods of vibration of the surface
layer. These resonance periods of oscillation of the surface stratum
usually differ in their horizontal and vertical vibrations, and the
fundamental resonance period of oscillation of the horizontal vibra-
tion becomes longer than that of the vertical vibration. When the
primary wave is obliquely incident on the bottom surface of the surface
layer, and the periods of the primary incident wave become synchronous
with the resonance periods of oscillation of the surface layer, the bot-
tom surface of the surface layer does not become necessarily a nodal
plane of oscillation, as in the case when the primary wave is vertically
upward and incident on the bottom surface of the surface layer. The
forced vibration modes of horizontal and vertical vibrations of the sur-
face layer in resonance condition do not necessarily become equal
to the free vibration modes that may be excited in the surface layer,
when it may be assumed to be an isolated elastic pendulum. Even
if the period of the primary incident wave becomes synchronous with
the resonance periods (of horizontal and vertical oscillations) .of the
surface layer, the displacement amplitudes (of horizontal and vertical
vibrations) do not become infinite as in the case of the isolated elastic
pendulum. It is inoteworthy, moreover, that the resonance periods of
vibrations (horizontal and vertical) of the surface layer are not constant,
but depend upon the angle of incidence of the primary wave at the
bottom surface of the surface layer.

We are yet unable theoretically to deal with ,the predominating
periods in the surface layer in the seismal disturbance, which have an
important connection with the prevention of earthquake disasters. It is
our intention, on the next occasion, to study the predominating periods
in the surface layer in a seismal disturbance by using the mathematical
results given in the second chapter* of the previous paper. The wave
phenomena in the surface layer when distortional waves of both finite
and infinite extents are obliquely incident on the bottom of the surface
layer having now been brought under mathematical treatment, the full
results will be made available in the near future.

19) G. NISHIMURA, loc. cit.
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