Chapter 6

DEVELOPMENT OF ECRF FIELD

MEASUREMENT SYSTEMS

In Mini-RT, directly measurements of electron cyclotron range of frequency (ECRF) electric
and magnetic fields have been carried out to identify whether the EBW heating is a promising
and an actual mechanism of producing overdense plasmas in the dipole magnetic field [86]. On
the steady injection experiments, the profiles of ECRF electric and magnetic field from which
one can evaluate a wavelength, a polarization, a phase velocity and a Poynting vector, which
corresponds to the energy flux of electromagnetic modes, can be obtained. On the other hand,
the pulse injection experiments, one can directly obtain the direction of energy the flux, which
corresponds to the group velocity, of both of electromagnetic and electrostatic (longitudinal)
modes. Therefore, ECRF field measurements provide the characteristics of waves in a Mini-RT

plasma, especially that in an overdense plasma.

6.1 Principles of Diagnostics in Mini-RT

6.1.1 Schematic Diagram of Steady Injection Experiments

Interferometry enables one to obtain a snapshot of the profiles of an electric or a magnetic
field [5]. Figure 6.1 shows the schematic diagram of diagnostics. This system has 3 oscillators,
which are synchronized by a Phase Locked Loop (PLL) [65].

One oscillator, named LO1, sends a microwave signal to excitation antennas with frequency

of 1—2.1 GHz (100 MHz step). A variable attenuator (V-att, 10 dBc, 1dBc step) and a phase
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Figure 6.1: Schematic diagram of the steady injection experiments.

shifter control the injection power and phase, respectively. The microwave signal is amplified
by an amplifier up to a power level of 10 W, and is launched from excitation antennas. Figure
6.2 shows the excitation unit, which contains the LO1, a phase shifter, an amplifier and an
isolator. A microwave with 2.45 GHz and 2.5 kW produces and heats a plasma, thus the
diagnostic microwave does not affect to plasma heating.

Probing antennas detect the injected signals and send it to a mixer. The second oscillator,
named LO2, is connected to the mixer's second leg with frequency of 1.01—2.11 GHz (100
MHz step). One has to lock the difference of the frequency between LO1 and LO2 to 10 MHz.
By using an IQ demodulator, one can obtain the two signals , i.e. Acos¢ and Asing, where
A and ¢ are the amplitude of signal detected by a probing antenna and its phase, respec-
tively. Figure 6.3 shows the receiver unit, which contains three mixers, two local oscillators
(one of them has 1.01-2.11 GHz (100 MHz step), and the other has 10 MHz) and three 1Q
demodulators. Furthermore, the phase ¢ can be written as ¢(r) + ¢,, where ¢(r) represents

the phase of the measurement point and ¢,, depends on the length of a transmission line.
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Figure 6.2: A photograph of the excitation unit. Signals excited by a Local Oscillator is

sent to excitation antennas via a Band Pass Filter.

By changing the phase of the microwave launched from the excitation antennas with a phase
shifter, one can obtain a snapshot of ECRF signals of any phase in a period. Figure 6.4 shows
output signals of an 1Q demodulator. In this figure, results with frequencies of 1.0, 1.5 and
2.0 GHz are shown, where horizontal and vertical axis denote the indicator of a phase shifter
and an output signal. One can see that each signal can be fitted by a sinusoidal function,
moreover, the period is inversely proportional to a frequency. In addition, Fig. 6.4(b) shows
the phase of this signal, i.e. the argument of it corresponds to the phase. One can see that
when the length of a transmission line is increased, i.e. it corresponds to the increasing of an
indicator of a phase shifter, the phase decreases. As shown in Fig. 6.1, the phase shifter is set
at the front side of excitation antennas, so that the increment of the indicator of the phase
shifter corresponds to the interference between reference signal and delayed one. Thus one
can understand that the gradient of a phase corresponds to the direction of a phase velocity

because a larger phase represents a more advanced arrival of a signal.
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Figure 6.3: A photograph of the receiver unit. A received signals is interferenced at a

mixer and is down-converted to 10 MHz. The phase of this output signal can be obtained
by an IQ demodulator. Since this system has three channels, three mixers and three 1Q

demodulators are used simultaneously and independently.

By changing a frequency of the diagnostic microwave, we can investigate wave character-
istics for various plasma conditions such as an overdense and a low-density plasmas for the
same discharge condition. Since the O and X modes are governed by the ratio of wave (angu-
lar) frequency to plasma frequency wy,. (O-wave) or to left hand frequency wy (X-wave), the
wave propagation characteristics can be studied by sweeping of the frequency of the diagnostic
microwave. Such frequencies are determined by the electron density and the magnetic field

strength.
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Figure 6.4: Examples of an IQ demodulator signal; (a) shows raw data of three, i.e. 1.0
GHz, 1.5 GHz and 2.0 GHz, frequencies, and (b) shows the polar plot of the 1.5 GHz in
(a). Here, for this test, the transmission line is short-circuited via an attenuator of 40
dBc. An arrow in (b) represents the direction when the indicator of an 1Q demodulator

is increased, which corresponds to increasing of a length of the transmission line.

(a) (b)

0? 2.26Hz : -0.68dB
REACTELL ’%“ —20:, 2 45GHz : -44. 5dB
] g -40 | ]
= -60 [ ]
3
& -80¢
o L
[
<-100 |
20 o
0 1 2 3 4 5 &

FREQUENCY [GHz]

Figure 6.5: A photograph of Band Pass Filter is shown in (a), and the frequency charac-

teristics of it is shown in (b), respectively.
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A Band Pass Filter (BPF) prevents the 2.45 GHz ECH microwave for the plasma production
from penetrating the diagnostic circuits (see Fig. 6.5 (a)). Since we investigate frequency
of 1-2.1 GHz, which is nearly as high as 2.45 GHz, BPFs need to have a steep enough
frequency characteristic to pass 2.1 GHz and cut 2.45 GHz effectively. BPFs have the frequency
characteristic of -0.68 dBc at 2.2 GHz, -44.5 dBc at 2.45 GHz and -100 dBc at 3.0 GHz (see
Fig. 6.5 (b)). If one assumes all the power of the heating microwave with power of 2.5 kW,

i.e. +64 dBm, is sent to a BPF, only ~100 mW, i.e. 20 dBm, of power penetrates into the

circuit.

6.1.2 Poynting Vector Measurements

If an electromagnetic field can be described by a propagating wave, the direction of the
Poynting vector is conserved, and it corresponds to the direction of an energy flux of an
electromagnetic wave. On the other hand, if it can be described by a standing wave, the
direction of the Poynting vector vibrates. From the temporal variation of a Poynting vector,
one can obtain a reflection coefficient of an injected wave. If the mode-conversion efficiency
is around unity, little proportion of an injected wave is reflected, thus it is expected that there
are correlations between the reflection coefficient and the mode-conversion efficiency.

For simplicity, we consider one-dimensional case. Let the directions of magnetic field,
wavenumber vector be z direction and x direction, respectively. The electric field of an X-wave
has y components, and the magnetic field of it has z components. The electric field can be

written as

E, = Asin (/x kdx—wt-l—d)l) + aAsin (/x(—kdx) —wt+¢2> ,

Ry Ry

Ro

X sin [—wt—l— é1 ;Qﬁz + tan™? (1 ;Ztan [/R: kdz + @])} , (6.1)

= A\/(1+a2) + 2a:cos (2 xkdx+¢1 —¢2>

where A, a, k, Ry, ¢1 and ¢, denote an amplitude, a reflection coefficient, a wavenumber,
the reference position, a phase factor of an injected wave at R, and that of a reflected wave

at there, respectively. The magnetic field can be derived from Maxwell equation (Eq. (A.25)):

B, = —k—A\/(1+a2)+2acos (2/z kdz + ¢ —¢2>
w Ro
X sin [—wt—l— ¢ ; ¢ +tan™! (iigtan [/R: kdx + 2 ; ¢2])] . (6.2)
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Therefore the Poynting vector can be represented as

Y, = kA” (1+a?) +2acos Q/zkdx+¢ — ¢
T Zﬂow Ry 1 2
X [cos (B — 0B) — cos (—2wt + ¢1 + ¢2 + O + 0B)], (6.3)

where 0 and 0pg is written as

g = tan~! (i;gtan [/ kdx +¢ 2¢2]), (6.4)
Ry

g = tan! (i_’_gtan [/ kdz +¢ 2¢2]> (6.5)
- Rp

If the parameter « equals to 0, i.e. mode-conversion or absorption occurs efficiently, Eq. (6.3)

is represented as

k;A2 5 T
Y, = oS kdz —wt+¢1 ). (6.6)
2“0(“) Ro
On the other hand, if the parameter o equals to unity, i.e. completely reflected, it is
kA2 x
Y. = - cosz(/ kdx+¢1+¢2)
2pqw Ro 2
X COS (—th + ¢+ P2 + g) . (6.7)

Obviously, in order to measure a Poynting vector, an ECRF magnetic field measurement
is necessary. ECRF magnetic field measurement and electric one use common circuit system.
The only difference is the shape of antennas, i.e. monopole or dipole antennas are used for an

electric field measurement whereas loop antennas are used for a magnetic field measurement.

6.1.3 Pulse Injection Experiments for the Direct Evaluation of

a Group Velocity

It is well known that a group velocity is equivalent to a velocity of an energy flux. By
injecting a pulse signal and detecting the spacial dependence of arrival time of it, one can obtain
an energy flux velocity experimentally. In order to carry out the pulse injection experiments,
we used a PIN diode switch which opens when the gate signal exceeds a threshold voltage.
Unfortunately, the switch used in this research does not have a sufficiently short time constant
to flatten the transmitted pulse, and it is quite difficult to make a flat gate signal of the order
of nanosecond. Figure 6.6 shows the comparison between the steady and the pulse injection

experiments. The only difference between these two experiments is whether the PIN diode
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switch is assembled or not; Fig. 6.7 shows a photograph of a switch and a circuit of generating
a gate signal. Moreover, Fig. 6.8 shows the circuit of the pulse injection system. By connecting
the manual trigger switch (see Fig. 6.7), which lies around A in Fig. 6.8, one can send the
trigger signal to two transistor-transistor logics (TTLs), which correspond to B and C in Fig.
6.8. And the output signals from these two TTLs are fed to another TTL (D in Fig. 6.8), i.e
SN74ALSO0AL, which outputs a low level signal when both of the two input signals are high
level. This signal is divided and be sent to PIN Diode Switch and an oscilloscope via buffers.
The signal sent to an oscilloscope corresponds to a trigger signal of this measurement, and
the sampling rate of the oscilloscope is 20 GS/s (maximum), which enables one to observe
a waveform of microwave with frequency of the order of GHz directly. Figure 6.9 shows two
examples of a pulse generation. An output signal from B never change, whereas it from C is
changed by resistance of a potentiometer. The output form D corresponds to the gate signal,

which outputs high-level when both of B and C are high-level, then PIN diode switch opens.
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Figure 6.6: Comparison between a steady injection and a pulse injection experiments.
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Figure 6.7: A photograph of a switch of the pulse injection experiments.
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Figure 6.8: The circuit of the pulse generator.
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Figure 6.9: Examples of a pulse injection. The time-lug of an output of a pulse microwave

from a gate signal is due to the difference of a length of a measurement cable.
6.2 Excitation Antennas

Dipole antennas were adopted for excitation antennas because of the flexibility of intercon-
nection between antenna elements and the diagnostic circuit. Design of excitation antennas
has been carried out as follows. As described in Sec. 3.4, in Mini-RT, the X-wave injection
from low field side is expected to be the most efficient methods for excitation of an EBW
from electromagnetic mode. Therefore, excitation antennas have to fulfill the following three
demands. At first, antennas have to be set at the low field side of a plasma. Second, antennas
inject microwaves with the extraordinary (X) polarization. Magnetic field directs the poloidal
direction, and what we investigate is the wave propagating into a plasma core across the mag-
netic flux (radial direction). Thus an ECRF electric field excited by antennas need to direct
toroidal direction. Third, the excited X-wave propagates perpendicular to the magnetic field.

Excitation antennas are located at R = 450 mm on the mid-plane. Since antennas are
set in the vacuum vessel, one should protect antennas from touching by a plasma. A feeder
cable is protected by an Alumina (Al2O3) tube, and an antenna element is sheathed in ceramic
glue. Figures 6.10 and 6.11 show photographs of an antenna element before and after ceramic

sheath, respectively.
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Figure 6.10: Photograph of an ex-
Figure 6.11: An excitation antenna

citation antenna element, which is
element sheathed in ceramic glue.
made of copper.

A polarization of an excited wave is determined by the direction of an antenna element.
In order to check whether an excitation antenna used in Mini-RT produces a pure linear
polarization, a polarization selectivity has been measured experimentally. Figure 6.12 shows
the polarization selectivity of a dipole antenna used in Mini-RT. The abscissa denotes an
external phase given by a phase shifter, and the ordinate denotes the output of cosine and sine
signals. One can evaluate the amplitude from a cosine signal by sinusoidal fitting. Parallel
and perpendicular mean the experimental conditions, i.e. fixed half-wavelength dipole antenna
excite microwaves, and another antenna, which has been used as excitation antenna in Mini-
RT, directs its element parallel or perpendicular to the fixed antenna. Figure 6.12 shows
an almost linear polarization since the amplitude of a detected signal in the case of parallel
antennas is ten times larger than that of perpendicular antennas.

The phasing of multiple antennas enables one to control the direction of launching. This
technique has been adopted to a lower hybrid wave current drive (LHCD) and an ion Bern-
stein wave (IBW) excitation, and so on [9][53][54]. In order to launch electromagnetic waves
perpendicular to the magnetic field, antennas need to be located parallel to the magnetic field
and phases of them should be matched. Finiteness of an antenna width causes the spreading
of the k/, spectrum, where k;, denotes a wavenumber parallel to the magnetic field. Let the
width of an excitation antenna element and the distance between each antenna be d and a.

If the amplitude of the antenna currents are same, antenna currents are represented as

_ Je™ (na —d/2 <z < na+d/2)
ja) = = , 9
0 (others)
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Figure 6.12: Polarization selectivity of an excitation antenna; parallel and perpendicular
mean the relative direction between fixed reference antenna and testing (excitation) an-
tenna. In the parallel case, amplitude is approximately ten times larger than that in the

perpendicular case.

where n, J and ga denote an integer, an amplitude of an antenna current and a phase difference

between adjacent antennas (see Fig. 6.13). Therefore the Fourier transformation of it is

i = [ " ded™j(a)

—00
n' ) na+d/2 )
— J§ :emqa/ dxe]k:a:
n=n' na—d/2

sin(kd/2) €2 k09 4 gin=0H(k 4 g)q

Jd
kd/2 sin®tdq ’

(6.9)

where n/ and n” are also integers, i.e. n” —n’ + 1 is the number of antenna element pieces,

thus

sin®(kd/2) sin?(2=2*1 (k + g)a)
(kd/2)? sin?(%4q) '

2

j(k)3* (k) = JJ* (6.10)

In Fig. 6.14(a), a wave spectrum is shown for different antenna numbers, where the distance
between antenna elements a is fixed to twice of the antenna element width d. We can see that
the wave spectrum becomes narrower as the antenna number is increased, and an antenna

system with more than three elements might be necessary. Next, the effect of the distance
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between adjacent antennas on the wave spectrum is calculated in Fig. 6.14(b), where three
antennas are employed. We can see that the side band of the wave spectrum cannot be
neglected, with increased distance. From these considerations, three dipole antennas were
introduced in Mini-RT, and the distance between these antennas were fixed to be a/d of 5/3
with an antenna element width d of 6 mm. Figure 6.15 shows the drawing of the excitation
antenna system. Antenna elements are arranged not to be interfered by elements themselves,
and they are coated by ceramic glue. Feeder lines are made of semi-rigid co-axial cables and

coated by ceramic tubes, and they are connected to transmission line by BNC connectors.

T T ™t T

Temporal Current

Position

Figure 6.13: Spacial distribution of antenna current: In this figure, five antennas case

with a/d = 4 and ga = 7/7.5.
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Figure 6.14: Relations between antenna configuration and power spectrum. (a) Increment

of the number of antennas reduces the spectrum broadening. (b) Parameter a and d
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Figure 6.15: Drawing of the excitation antennas.
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6.3 Probing Antennas

6.3.1 For the ECRF Electric Field Measurements

The ECRF electric field is directly measured with the probing antennas inserted inside a
torus plasma. These antennas should hold a high selectivity of polarization for an ECRF electric
field. However, so as to keep a high spatial resolution for the measurement, a small antenna
is requisite for the probing antenna. The polarization selectivities of the antennas, which is
hereafter defined by the ratio of the amplitude of two signals when the source antenna is
parallel and perpendicular to the testing one, are experimentally examined in Fig. 6.16, where
the 1 GHz of frequency, a half-wavelength dipole antenna as source one are used for this
calibration. We can see that a quarter-wavelength antenna has a high selectivity. Here we
employed a monopole antenna with a length of 35 mm. Although the resolution between
different components of the electric field is not so superior, the separation of the poloidal (O-
wave) and toroidal (X-wave) components of an ECRF electric field could be available with this
type of an antenna. Elements of these monopole antennas are straight rods with 35 mm of a
length. When an element is directed to the toroidal direction, the difference of radial positions
of antenna head and end is evaluated to be 2 mm when an antenna end lies at R = 300 mm.
In the poloidal direction, this special difference is smaller because the magnetic field directs
approximately to the poloidal direction on the mid-plane. To measure a radial component of
the electric field, a small tip electrode with a length of 1 mm is prepared, so as to ensure a
high spatial resolution. This electrode is not sheathed in an insulator like a ceramic. This
is just an electrostatic probe, and has no polarization selectivity on the electromagnetic field.
These three components of ECRF electric field can be measured simultaneously in plasma.
Figures 6.17 and 6.18 show the allocations of antennas and a triple probe in vacuum vessel
and a photograph of antennas.

Dipole antennas were also adopted for an ECRF electric field measurement. An element
length is 40 mm, i.e. one side of it is 20 mm. In Chap. 7, several experimental results in
Mini-RT are shown with above mentioned two types of probing antennas. Thus the author

mentions every time that which antenna is used in that experiment.
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Figure 6.16: Polarization selectivity of a probing antenna; Short (5 mm) monopole an-
tenna does not have selectivity, whereas quarter-wavelength monopole antenna has high

selectivity.
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Figure 6.17: Photograph of the alloca- Figure 6.18: Photograph of the head of

tion of the antennas and a triple probe. the probing antennas.

6.3.2 For the ECRF Magnetic Field Measurements

Small loop antennas were adopted for an ECRF magnetic field measurement. If a radius of
a loop antenna is sufficiently smaller than a wavelength, one can consider a loop antenna as a
magnetic dipole. Since the conductivity of copper is 6 x 107 m/f2, the skin depth of the outer
conductor of a loop antenna for a 1 GHz microwave 4 is 0.58 pm. Therefore by shortening
the gap length of an element, one can obtain signals only from the variation of the magnetic

field. In addition by locating the gap at the center of a loop, one can avoid the unbalanced
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feed. Figure 6.19 shows a schematic drawing of a loop antenna in Mini-RT. At the end of a
loop, outer conductor of a semi-rigid cable and a copper tube are welded, and at the center of
it, inner conductor of a semi-rigid cable and a copper tube is connected. The shape of a loop
is a square 10 mm on a side. Inner and outer conductor of a semi-rigid cable are 0.32 mm
and 1.6 mm, respectively, and an insulator of them is a Teflon. Whole this cable is coated by
a ceramic. Figures 6.20 and 6.21 show photographs of a loop antenna in Mini-RT before and

after the coating by a ceramic.

Gap

|}e— Semi-rigid

bl
We | ded cabie
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Figure 6.19: Schematic drawing of a loop

Figure 6.20: Photograph of a loop an-

tenna element before ceramic coating.

antenna on Mini-RT.

Figure 6.21: Photograph of a loop an- Figure 6.22: Photograph of the modified

tenna element after ceramic coating. probing antenna system.
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Three loop antennas are fixed to the manipulator with two dipole antennas, an electrostatic
antenna and a triple probe. Figure 6.22 shows a photograph of antennas of the simultaneously
ECREF electric and magnetic field measurement system. Here x, y, z is defined as radial, toroidal
and poloidal direction, respectively.

If a time constant of a measurement circuit is longer than a signal, the waveform skews.
Sinusoidal wave is turned down its amplitude and delayed its phase due to a long time constant
of a measurement circuit, i.e. the shape of a signal is not changed. The self-inductance L of

a square loop antenna is written as
2a
L=28a (ln g 1.467) [#H], (6.11)

where a and r denote a side length and a radius of an antenna element, respectively. Therefore
it is 85 nH. The time constant of the measurement circuit on Mini-RT is 1.7 ns, where the
characteristic impedance of it is 50 2. This time constant is as fast as a period of a diagnostic
microwave, so that the calibration of a phase is a crucial issue. However the absolute calibration

of a phase of an ECRF electric and magpnetic field has not been established yet.

6.3.3 For the Pulse Injection Experiments

Since an EBW is an electrostatic mode, an above mentioned small tip (1 mm) antenna
was used for a pulse detection. However the amplitude of signal is so small that we used
a center-fed square antenna whose length of a side is 6 mm. In addition, this antenna is
sheathed in ceramic glue, whereas a small tip antenna is not be done. This antenna detects a
mirror charge at an element. Whether an antenna element is sheathed in an insulator or not
gives essentially no difference. Figures 6.23 and 6.24 show photographs of a center-fed square
antenna before and after ceramic coating, respectively.

By feeding at the center of an element, one can approximately cancel an induction current
due to an electromagnetic (transverse) signal. It enables one to detect a fluctuation of the
charge due to an electrostatic (longitudinal) wave. However relatively small signal from an
electromagnetic wave remains. We compared the amplitude of signal between a center-fed
square antenna and a usual, i.e. the edge, fed one. As the result the latter one was about 10
times larger than the former one. Thus we considered this antenna detects an electrostatic

signal selectively.
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Figure 6.23: Photograph of a center- Figure 6.24: Photograph of a center-

fed antenna before ceramic coating. fed antenna after ceramic coating,.

6.4 Verification of the Measurement Principles

Signals measured with the probing antenna include information of the amplitude and the
phase of the electric field. By utilizing the 1Q demodulator, the amplitude and phase can
be derived from two output signals, i.e. cosine and sine components. Figure 6.25 shows the
waveforms in vacuum, where suffixes 1, 2 and 3 correspond to electrostatic, poloidal (parallel
to the magnetic field) and toroidal (perpendicular to the magnetic field) components of ECRF
electric field, respectively. The wave frequency is 1.2 GHz. Cosine and sine components derive

the amplitude and the phase of the signal as follows,

X = Acosg,
Y = Asing,
A=VX2+Y?,

¢ =sgnYtan™ (Y/X), (6.12)

where X, Y, A and ¢ denote cosine and sine components of signal, amplitude and phase,
respectively. Figure 6.26 shows the amplitude and the phase profile of ECRF electric field
derived from channel 2 of Fig. 6.25. The wavelengths measured are comparable to that in
vacuum, i.e. 250 mm.

The validity of our diagnostics system was examined in more detail. Figure 6.27 shows
profiles of cosine component, where black lines are results in the case that the phase is artificially
changed, whereas red lines correspond to reconstruction data from the amplitude and the
phase profiles in 6.26. We could see a fairly good agreement of the experimental data with

reconstruction ones.
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Figure 6.25: Cosine and sine signals of each channel, (chl) rf electrostatic potential, (ch2)
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l__| 1 1 1 1 I_l_ 1 1 1 I 1 L 1 IJ L L 1 1 l 1 1 1 1 l 1 1 1 1
3 M.
lt_a.‘ — b
[}] = L
)
o — -
>
£ ] 2
£
< - -
%‘ 1.0
W
- 05 \l, I
X 0.0- -
0 -0.5 -
a
—1-0 L L L] [ § Il T 71 I 1 1 1] ] I L ] | i I L 1 T L] I L} 1 ] ]

200 o0 300 350 400 450 500

Radial Position [mm]
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data, respectively. Experimental time-delay means time-delay was given by phase shifter,
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coincide each other.
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Reproducibility of wave characteristics during scanning measurement of the probing antenna
has been examined. Figure 6.28 shows a typical waveform of the electric field, where plasma
is confined inside of the last closed flux surface located at R = 320 mm. Fluctuations on
the ECRF electric fields measured by scanning the probing antenna can be seen in Fig. 6.28,
and it is found that electric field fluctuation in the vacuum region ( R>320 mm) seems to
be relatively larger than that inside the plasma. To check the reproducibility of the ECRF
electric field, we have measured the spatial profile of the ECRF electric field shot by shot, by
holding the antennas at a radially-fixed position during one shot. In Fig. 6.28, the scatters of
the signals of this shot-by-shot measurement are shown with vertical bars. Measurement over
multiple shots at different radial positions are in good agreement with scanning measurements

over a single shot.
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Figure 6.28: A solid line is a smoothed ECRF electric field profile of O-mode, and the

dots show accuracy of signal in plasma.

Since an EBW has a group velocity of the order of an electron thermal velocity, it arrives
at a probing antenna with a time delay from an electromagnetic wave. Figure 6.29 shows an
example of signals of a 35 mm monopole antenna and a 1 mm small tip antenna. A pulse
signal arrives at a monopole antenna at approximately the same time in a plasma, whereas it

arrives at a small tip antenna, and the time delay depends on a location of a small tip antenna.
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Therefore one can evaluate a group velocity of an electrostatic wave in a plasma. This is due
to a difference between an electron thermal velocity and a light speed. Although a monopole
antenna also breaks a symmetry between grounded and ungrounded sides of an elements, i.e.
there is not an ungrounded one, it is sensitive to a signal owing to an electromagnetic wave.
It seems that signals from both of an electromagnetic and an electrostatic wave reach at a
monopole antenna. However a signal from an electromagnetic wave may be larger than that
form an electrostatic wave due to a dimension of the antenna. On the other hand, it may be

smaller when a small tip antenna is used.
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Figure 6.29: Time delay of a signal on a small tip antenna. By comprising the arrival
time in several locations in a plasma, one can evaluate a group velocity of an electrostatic

wave in a plasma.
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Chapter 7

ECRF ELECTRIC FIELD PROPERTY IN
MINI-RT

As described in Chap. 3, the EBW has several characteristics, i.e.

1.

An EBW does not have the density limit.

An EBW has a long-wavelength at the UHR, i.e. an EBW is excited at the UHR from

an electromagnetic wave.

The typical value of the wavelength of an EBW is of the order of an electron Larmor

radius.

. Polarization of an EBW is electrostatic (longitudinal).

EBW resonates with an electron gyro-motion at any harmonic ECR layers.

EBW has a negative group velocity, i.e. the direction of a group velocity is opposite to

a phase velocity.

The phase velocity and the group velocity of an EBW is of the order of an electron

thermal velocity.

7.1 Short-Wavelength Excitation

Since an EBW is excited around the UHR, electron density profile plays a crucial role to

determine the location of excitation of an EBW. In Mini-RT, an electron density depends on
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the heating power, the magnetic configuration (levitation coil current), a filling gas pressure
and a working gas species. The location of the UHR is determined by an electron density
and a magpnetic field strength, so that the author investigated following cases. One is the
configuration dependence, the other is the injection frequency dependence. ECRF electric field
measurements were carried out in several density profiles to investigate a relationship between
a location of the UHR and a short-wavelength region. Figure 7.1 shows an electron density
profile and three components of an ECRF electric field. In this case, injection frequency of the
diagnostic microwave is 1.0 GHz, and the height of the measurement position is 20 mm above
the mid-plane. Two 35 mm monopole antennas and a 1 mm small tip antenna were used for
this experiment. The location of the separatrix is R = 303 mm. The electrostatic component
exhibits a relatively short-wavelength at which an electron density gradient is steep, whereas the
transverse (electromagnetic) components do not show such a characteristic. The wavelength
of this signal is around 20 mm, which is evaluated from the waveforms, i.e. the refractive
index of this wave is 15. The location of the UHR can be evaluated from a vacuum magnetic
field, i.e. 8 =0, and a density profile that is obtained from a triple probe measurement. The
location of the UHR is R = 300 mm, which approximately coincides with the location of a
short-wavelength excitation. Figure 7.2 shows the various frequency, i.e. a plasma frequency,
the absolute value of the electron cyclotron frequency, an upper hybrid frequency, a right hand
frequency, a left hand frequency and an injection frequency. Figure 7.3 shows the expanding
of it around the separatrix. The locations of the plasma cutoff (P-cutoff) and the left hand
cutoff (L-cutoff), which correspond to the cutoff of O-wave and X-wave, are R = 297 mm and
R = 293 mm, respectively. Therefore the short-wavelength signal mainly propagates in the
evanescent region of the cold waves, moreover the amplitude of the longitudinal (electrostatic)
component is relatively small outside of the separatrix. Figure 7.4 shows the amplitude profiles
of each component of an ECRF electric field in Fig. 7.1. Note tat the scale of an electrostatic
component is different from another ones, i.e. the toroidal and the poloidal components
are shown in a same scale. However in the present circumstances, the absolute value of an
amplitude cannot be obtained. The ordinary component is smaller than the extraordinary
component, both of them decrease inside the evanescent region. The wall of vacuum vessel
lies at R = 500 mm, where tangential components of an ECRF electric field go to zero.

As expected theoretically and shown experimentally above, the short-wavelength signal is

observed around the separatrix (or the UHR), so that one can consider the excitation of a
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Figure 7.1: A result of an ECRF electric field measurement.
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Figure 7.4: Profiles of an amplitude of each component of an ECRF electric field.

wave with an electrostatic component is dominated by a plasma shape. In the separatrix
configuration, a plasma is not symmetric to the vertical direction. Thus one can expect that
a profile of an ECRF electric field at a different vertical location differs from Fig. 7.1. Figure

7.5 shows the electrostatic component on different measurement paths, i.e. one is z = +20
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mm which corresponds to Fig. 7.1 and the other is z = —20 mm. Similarly to Fig. 7.1, the
short-wavelength (10 mm) signal is observed around the separatrix in this case. In addition
the amplitude is quite small at outside a plasma. Thus one can realize a plasma having a steep
density gradient affects the excitation of a short-wavelength wave. The reason why there is
a difference of the harmonic ECR locations of z = +20 mm and Z = —20 mm cases is due
to the vertical asymmetry of the magnetic field configuration. Since the levitation coil, which
determines the location of the separatrix, is located above the vacuum vessel, influence by the
levitation coil is more strong at z = +20 mm path.

Same behavior is observed when the electron density profiles are changed. When an electron
density profile is spread, the location of excitation of the short-wavelength wave goes to
outward of the device. In fact, the region where a short-wavelength wave is observed always
locates around the UHR. Figure 7.6 shows profiles of an electrostatic component in several
configurations. In this figure, each color of an electron density profile corresponds to the same
color of an electrostatic component of an ECRF electric field profile. This property suggests
the excitation of an electrostatic wave around the UHR, and wavelengths of them are of the
order of 10 mm, which corresponds to a refractive index of 10 ~ 30. Typical wavelength of an
EBW in Mini-RT was calculated, and it predicts a refractive index of 100 to 200 around the
harmonic ECR layers [84]. Experimental wavelength is approximately ten times greater than

the calculated one. This discrepancy is discussed in Sec. 7.5.
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Since the electron Bernstein wave has a short-wavelength, it is absorbed sufficiently at the
harmonic electron cyclotron resonance layer. For instance, in Fig. 7.1, the short-wavelength
signal damps around R = 270 mm, which locates the 3rd harmonic ECR layer, i.e. R = 275
mm. In addition an EBW propagates locally, i.e. between the excited location, which corre-
sponds to the UHR, and absorbed location, which corresponds to the 3rd harmonic ECR layer.
Figure 7.5 also shows such a local propagation of short-wavelength wave, and it propagates in
the evanescent regions of cold plasma waves. Similar results were obtained in many foregone
experiments [83][84][85].

By changing an injection frequency of a diagnostic microwave, it is possible to change
the location of the UHR without changing any condition of a discharge. Figure 7.7 shows the
profiles of an electrostatic component of an ECRF electric field for various injection frequencies.

The location of a short-wavelength excitation moves inside the plasma with increasing of
the injection frequency. Therefore this result also support the excitation of EBW around the
UHR.

Although the quantitative verification is remained as a future work, excitation of EBW at

the UHR is suggested qualitatively.
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7.2 Phase Profile of ECRF electric Fields

As shown in Chap. 3, an EBW has a backward characteristic, i.e. a phase velocity directs
opposite to a group velocity [71]. The phase is a function of spatial location and the lengths
of a transmission line. Moreover, the gradient of the phase (gradient of the eikonal) gives the
direction of phase velocity, i.e. if the gradient is positive, the phase velocity directs outward
of the device.

Profiles of the phase of each component are shown in Fig. 7.8, and we have confirmed
the phase reversal around the UHR. Similar experiments have been conducted for different
frequencies, and the characteristic of the phase reversal has been observed in all cases for
each frequency (see Fig. 7.9) [84]. Results also indicate that this phenomenon occurs on the
high-field side of the cyclotron harmonic resonance layer of each frequency, and the location
coincides with a short-wavelength region. It is well known that there are two extraordinary
modes around the UHR, i.e., the slow X-wave and the EBW. A slow X-wave, which is all-
(non-) reflective at the L-cutoff (UHR), would represent a characteristic of a standing wave,
where a phase is constant between the nodes, whereas the experimentally observed phases
(Fig. 7.9) change gradually around the UHR. This might indicate a propagating wave, such
as a mode-converted EBW. Moreover, we consider the direction of group velocity, i.e., energy
flux, which should be inward of the device. Since the EBW has characteristics of a backward
wave with a short wavelength [13], experimental results shown in Figs. 7.8 and 7.9 suggest
the direct measurement of the mode-converted EBW between cyclotron harmonic resonance

surfaces.
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7.3 Simultaneous Measurements of ECRF Electric
and Magnetic Fields

ECRF magnetic field measurements support that the detected short-wavelength wave is
a mode-converted EBW from an electromagnetic wave. Figure 7.10 shows profiles of ECRF
electric and magnetic fields. We used a square plate antenna for an electrostatic wave detec-
tion, two 40 mm dipole antennas for the electric field of an electromagnetic one and three
loop antennas for the magnetic field measurement. Here x, y and z directions correspond to
radial, toroidal and poloidal directions, respectively. In addition, y component of an electric
field and z component of a magnetic field correspond to the X-wave. The amplitude of an
X-wave decreases around at which the short-wavelength wave is excited. The observed wave-
length of the short-wavelength wave is around 20 mm, which coincides with former results.
Unfortunately, the location of the UHR could not obtained by a triple probe. It is expected
that the UHR lies around at R = 300 mm. Moreover the short-wavelength wave is damped at
the 2nd harmonic ECR layer. This result suggests an X-wave is mode-converted into an EBW
around the UHR.

Profiles of a phase of Fig. 7.10 is shown in Fig. 7.11. It does not coincide with a notion,
i.e. we injected an X-wave from outside of a plasma the phase velocity of it directs outward at
outside a plasma. Moreover the phase velocity of a short-wavelength wave directs inward. Such
a property was observed in former fundamental experiments in another device [23]. Figure 7.11
may show the inverse process of mode-conversion, i.e. the B-SX-FX conversion. However, at

the current moment, detailed discussions have not be done sufficiently.
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7.4 Group Velocity Measurements

Figure 7.12 shows the preliminary results of a pulse injection experiment with a small tip
antenna [31]. The arrival time of a pulse depends on the measurement point. It tend to
be later as the location of the antenna lies inward. Therefore the direction of the group
velocity is inward direction. Since this measurement was not carried out simultaneously with
a steady injection experiment, one cannot conclude whether this wave is a backward wave or
not. However, the direction of the phase velocity is outward in a number of experiments. Thus
it is feasible to think that a detected time delay is due to such a wave which has the outward
phase velocity. The locations which can be observed the time delay approximately coincides

the short-wavelength region.
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By comparing the arrival time, one can evaluate the group velocity of this wave. Figure
7.13 shows the spacial dependence of the arrival time in a plasma. Around the plasma edge,
the arrival time is spatially independent within the margin of error, whereas there is significant
difference for R = 270 mm. From the gradient of this figure, one can evaluate the group

velocity is approximately 5 x 106 m/s, which corresponds to an electron thermal velocity of 50
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eV electron. As mentioned in Chap. 3, an EBW has a group velocity of the order of an electron
thermal velocity. In addition Chap. 5 shows a typical value of an electron temperature, i.e.
mean energy of electrons, is 10 eV. Therefore this experiment also supports the excitation of
an EBW around the UHR, of coarse this model cannot explain completely the experimental
results. Note the light speed is approximately 100 times larger than the group velocity of the

detected wave. If the electron thermal speed doubles, the energy, i.e. temperature quadruples.

7.5 Consideration of the Discrepancy of a Wavelength

Between an Experiment and a Theory

Although observed signals have most of characteristics of an EBW, i.e. propagates in
the evanescent region, damps at the cyclotron harmonic layer, be excited around the UHR,
has a short-wavelength, an electrostatic wave and a backward wave, there were quantitatively
discrepancies between observation and theoretical values. Since an EBW has wavelength of
the order of the electron Larmor radius, electron temperature is one of the most important
parameters for determining a wavelength of it. Moreover, as derived in Chap. 3, finite Larmor
radius effect is effective when the wavelength is comparable with the electron Larmor radius.
Therefore it is expected that a wave energy is coupled with relatively high energy electrons.

As well known, the ECH enables one to produce high energy electrons due to the quasi-
linear diffusion of resonant electrons [29]. In Mini-RT, a plasma is produced by the ECH,
thus we have prospects of production of high energy electrons. We estimate the effective

temperature of high energy electron is 5 keV by using the scaling law of Ref. [76].
p/L=5—6x1072 (7.1)

where p and L are a high energy electron Larmor radius and a magnetic scale length, respec-
tively. We have estimated L ~ 4 cm and the magnetic field strength B equals to 0.0875 T.
We assumed an electron distribution function has two components isotropic Maxwellian, i.e.
summation of bulk electrons (10 eV) and high energy electrons (5 keV), for simplicity. We
calculated for four cases, i.e. (a) no high energy electrons, (b) 10% of them exist, (c) 30% of
them exist and (d) hot electrons. We also assumed the internal coil current I = 30 kA and
the levitation coil current I, = 15 kA, which corresponds to a typical magnetic configuration

in Mini-RT. In this configuration, the mode-conversion occurs between 3rd and 4th harmonic
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ECR layers. The dispersion relation of hot waves propagating perpendicular to the magnetic

field is written as

Koo(Ky — N?) — Ky Kye =0, (7.2)

where N and K are a refractive index and a specific dielectric tensor of a hot wave, respectively.
And each component of K is defined in Egs. (A.167), (A.177)-(A.179). High energy electrons
affect the dispersion relation of a hot wave especially around the UHR. If there is no high energy
electron, i.e. under the case of (a), the refractive index dramatically rises around the UHR.
Refractive indices have relatively a long wavelength region (refractive index is small) when
the fraction of high energy electrons is increased. The reason why the refractive indices, for
(b) and (c), are so complex is due to assumption of two components Maxwellian distribution
function. The finite Larmor radius (FLR) effect from high-energy electrons around the UHR
causes the propagation with a long wavelength. On the other hand, the refractive indices show
identical characteristics around the 3rd harmonic ECR, for the case with (a), (b) and (c) of
Fig. 7.16. Around the resonance region, a wavelength is comparable to an electron Larmor

radius, therefore sufficient FLR effect from bulk electrons can be expected.
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typical profiles of density and magnetic field.

refractive indices for 1 GHz of hot waves on

Temperature of the high energy electrons only affects the wavelength of a hot plasma wave.
Figure 7.17 shows the variation of wavelength with respect to the temperature of high energy

electrons. One can see that temperature affects only the wavelength, i.e. not affect to the
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width of the middle-wavelength region, at where the wavelength is between EBW's and cold

X-mode's values. Experiments shows middle wavelength not only around the UHR but also

around the harmonic ECR layer.
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Chapter 8

CONCLUSION

8.1 Summary of this Research

This work is concerned with the dipole plasma confinement, which is carried out in the Mini-
RT device. Researchers who works on dipole devices are oriented to the high beta, i.e. high
ratio of plasma pressure to the magnetic field, plasma confinement by the nature's way, e.g.
like the Jovian magnetosphere. In order to produce and sustain such a plasma, an advanced
auxiliary heating method plays a crucial role. As well known a conventional electron heating by
rf-waves have difficullties due to the cutoff by a plasma. The electron Bernstein wave (EBW)
heating is one of the most promising methods for the high beta plasma heating because it can
propagate without a density limit and effectively absorbed at any harmonic electron cyclotron
resonance layer. This wave is studied in many spherical tori, which is oriented to the high beta
plasma heating and non-inductive sustainment, or sterallators, which can achieve super-dense
discharges.

Overdense plasmas were observed in Mini-RT when the internal coil was magnetically
levitated. In order to investigate the mechanism of such a high density plasma only with an
rf-heating, the heating properties were investigated from the profiles of an electron density and
electron temperature. Moreover directly electron cyclotron range of frequency (ECRF) electric
and magnetic field measurements by inserting antennas into plasma were carried out. The
author showed experimentally an EBW heating is quite favorable method of producing and
sustaining an overdense plasma in Mini-RT, which is a dipole confinement device and oriented
to producing a high beta plasma.

As mentioned in Chapter 1, in order to enhance a plasma performance on a magnetic
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fusion, one should produce high beta plasmas. The EBW heating seems to be most promising
method, and it is investigated experimentally and theoretically. In 1960s and 1970s, many
fundamental experiments of waves in plasmas were carried out, and the existence of EBWs
were verified experimentally in linear devices. On the other hand, from electron cyclotron
emission measurements, mode-conversion from an electromagnetic wave into an EBW was
investigated in many torus devices.

In Chapter 2, the concept of a high beta plasma confinement with a dipole device and the
overall of the Mini-RT device are described. Self-organization of a flowing plasma enables one
to confine a high beta, i.e. of the order of unity, plasma confinement. Driving of Alfvénic
flow is necessary to achieve this concept. This is a candidate mechanism of extremely high
beta plasma confinement in the Jovian magnetosphere. Mini-RT is a dipole device having an
internal coil, which produces a magnetic field like a planet. The internal coil is made from a
high temperature superconducting coil to avoid the energy loss of a plasma due to mechanical
support structures of it.

Chapter 3 mentions theoretical basis of waves in plasmas with electron cyclotron range of
frequency. Since an EBW has a wavelength of the order of an electron Larmor radius, it cannot
be excited outside the plasma. One should excite it in a plasma through the mode-conversion
process. In order to achieve it, one should reach an extraordinary wave (X-wave) to the upper
hybrid resonance (UHR) layer with overcoming the evanescent region. In Mini-RT X-wave
injection from the low field side is most promising way because it has a steep density gradient
around the separatrix.

In chapter 4, the basic diagnostic tools in Mini-RT were referred. We obtain the profiles
of an electron density and electron temperature by a triple probe. In addition, the integrated
electron density is measured by a transmitting interferometer.

Chapter 5 shows the heating property of plasmas in Mini-RT. By applying a current to
the levitation coil, one can change a location of the separatrix without touching to a plasma.
From experiments with the supported internal coil, density transition was observed when the
heating power exceeds a threshold value. It depends on a size of the plasma confinement
region. Such a transition has been observed in many other devices, e.g. low confinement (L)
and high confinement (H) mode transition in tokamaks. However, even if a plasma shows
good confinement property, the peak value of an electron density is approximately up to the

cutoff density of an O-mode of 2.45 GHz. On the other hand, more improvement of the
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plasma performance was experimentally verified when the internal coil was levitated. One can
produce a plasma with relatively low filling gas pressure of 10~3 Pa. It suggests the decrease
of energy loss from mechanical structures. Moreover overdense plasmas were produced in such
condition. This suggests the heating mechanism without density limit.

In chapter 6, the electron cyclotron range of frequency (ECRF) electric and magnetic
field measurement system is described. There are two kind of operations, i.e. a steady
injection and a pulse injection. In the steady injection experiments, interferometry is adopted
to obtain snap-shots of ECRF electric and magnetic field. The frequency and the power of a
diagnostic microwave are 1-2.1 GHz and 10 W, respectively. By using a separate frequency
form the heating microwave, i.e. 2.45 GHz, one can obtain waves in overdense plasmas and low
density plasmas with the same discharge condition. This system has 3 channels, so that each
component of an ECRF electric or magnetic field can be obtained simultaneously. In the pulse
injection experiments, the time of arrival of a wave in an antenna is measured. By comprising
the time delay signal at several locations in a plasma, one can obtain a group velocity of this
wave.

Chapter 7 shows experimental results of ECRF electric and magnetic field measurements.
Relatively short-wavelength wave is detected when a plasma has a steep density gradient
around the separatrix. This wave propagates in the evanescent region of cold waves, and
the polarization of it is electrostatic (longitudinal). In addition, this wave excites around
the UHR and dumps around the harmonic electron cyclotron resonance layer. Moreover the
phase reversal is observed at which the short-wavelength wave is detected. If we assume
that the group velocity of this wave is inward of the device, this suggests the negative group
velocity characteristic. Pulse injection measurements directly verify that the group velocity is
inward to the device; however, the phase reversal and inward group velocity have not identified
from same experimental condition. These characteristics coincide with the characteristics of
an EBW qualitatively. However the experimentally obtained wavelength is approximately 10
times longer than the theoretically obtained one. The existence of high energy electrons has
possibility of increasing of a wavelength, but if we want to explain the discrepancy of the
wavelength only by high energy electrons, quite high fraction, i.e. several ten 9%, is needed.

This is one of the open questions.
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8.2 Future Visions and Issues

There still be mainly two open questions, i.e. one is the quantitative discussion of a
wavelength and the other is mode-conversion efficiency.

In order to investigate the former one, the parallel component of the wavenumber may need
to be considered. In this work the discussions about a wavelength were carried out by neglecting
the parallel component of a wavenumber since an EBW is an electrostatic wave propagating
perpendicular to the magnetic field. One possibility of the experimental investigation method
of it is phasing of the excitation antennas by phase shifters. Or one can change the direction
of the propagation by using a waveguide for the injection and controlling the frequency of a
diagnostic microwave. In addition, the parallel component of a wavenumber plays an important
role for absorption, and it can be generated by the reflection at the vacuum vessel wall.

The latter one is crucial for applying the EBW heating and current drive to larger device, eg.
RT-1. The establishment of the Poynting vector measurement is quite a promising principle
because one can evaluate the energy flux and its reflection only from the electromagnetic
mode, i.e. it may be possible to evaluate the mode-conversion efficiency at outside the plasma
directly. The calibration of relative phases of different channels is necessary to achieve it. One
should carefully evaluate not only the length of a transmission line but also the inductance
and the capacitance of each component of the diagnostic system, e.g. an antenna element, a

band pass filter, a mixer and so on.
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Appendix A

THEORETICAL BASIS OF WAVES IN

PLASMAS

Because an electron Bernstein wave (EBW) is an electrostatic mode, and its wavelength
is comparable with an electron Larmor radius. In this chapter, an EBW and a cold plasma are

described as adequately defined limit of a hot plasma.

A.1 Waves in Cold Plasmas

In this section, waves in cold plasmas are described. " Cold” means that a plasma has a

small Larmor radius, i.e. the Larmor radius is much shorter than a wavelength.

A.1.1 Basic Equations

A plasma behaves as a dielectric medium, so that waves in a plasma are described by

Maxwell equations,

V-E =2 (A.1)
€o

V-B = 0, (A.2)
oB
1 0E .

VxB = 2 g T Hols (A4)
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where p and j denote a charge density and a current density, respectively, which are determined

by the Oth and 1st moment of a distribution function,

p = ZQS/d3vfsa (AS)
i = Ya [, (A.6)

where f, and g, denote a distribution function and a charge of "'s”, respectively, and s denotes

a specie.

The distribution function is determined by the Boltzmann equation,

Ofs qs . Ofs
ot +v vrfs"'E(E_"VXB)'vvfs_ ((5t )Coua (A7)

where m,, denotes a mass of s, and the right hand side of this equation denotes the collisional

term for distribution function. We divide f, B and E into a steady term and perturbed ones,
i.e. fj = fjo+ fj1, B=Bg+ By, E = E;. Suffix 0 and 1 correspond to a steady value and
perturbed ones, respectively, and we assumed a quasi-neutral plasma, i.e. Eq = 0. A steady
electric field plays important roles for a non-neutral plasma. In addition, we also assume right

hand side of Eq.(A.7) is 0 for simplicity:

6fs+V-VTf3+£(E+VxB)~vas=O. (A.8)
ot Mg

Equation (A.8) is called Vlasov equation.

A.1.2 Relasionship Between Electric Fields and Current Den-
sity

There is an essential difference between conductivity of a metal or an unmagnetized plasma
and that of a magnetized plasma. The former one is a scalar, i.e. the direction of a current
is parallel to the applied electric field. While, the latter one is a tensor, i.e. charged particles

have both parallel and perpendicular velocity components due to the Lorentz force, thus
=) 7. E (A.9)
8

Suffix 1 denotes an induced current density due to electric field. We can consider not only a
plasma is a conductor but also that it is dielectric a medium. The polarization vector is defined

by an induced current density:

. oP
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Then Eq.(A.4) is written as,

1 0E OE oP

VxB; = 20t + toj1 = €ofto—F + Ho—— 5t

= (A.11)

0 D

— (e0E+P) = po—,
= Ho ot (E+P) = o Y
where D is an electric displacement vector. By assuming perturbed values vary as expli(k -

r — wt)], we can find relationship between conductivity and a dielectric tensor,

D=?-E:(eol + — ZH) —6()([ +ZH) (A.12)

where ¢, 7, X and I are the dielectric tensor, the conductivity tensor, the susceptibility tensor
and the unit tensor, respectively. Detailed expression of these tensors are given in Section A.1.3

and later.

A.1.3 Dielectric Tensor for a Homogeneous Cold Plasma

In a cold plasma, a motion of each charged particle is equivalent to that of its guiding
center. This section mentions about the corrective motion of charged particles in a fluctuated
electromagnetic field. Taking zeroth order moment of Eq. (A.8), one can derive continuity

equation
ong
ot

where n, denotes a density of the particle 's’, and the relationship between a density and a

+ V- (nsv) =0, (A.13)

distribution function is

/d3vfs = n;. (A.14)
Taking the first moment of Eq. (A.8) and substituting Eq. (A.13) into Eq. (A.8), then
du,
MNg— e -V P + ¢sns(E + us x B), (A.15)

> . Y . . .
where u; and P, denote a mean velocity and a pressure tensor of 's’, which is defined as

/d3vfsvs = u,, (A.16)
MsNs / dEvfww, = E, (A.17)

where w, = v, — u,. In a homogeneous plasma, the divergence of a pressure tensor is zero.

On the other hand, pressure gradient plays important role in the inhomogeneous plasmas, i.e.
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drift waves. As describes above, collective motion, which causes polarization current, can be

represented by the cloud of single charged particles, i.e. from Eq. (A.15)

du,
ms (; = ¢,(E+u, x B). (A.18)

Here let average velocity u, expand into
us(t) =us +ug(t) +--- (A.19)

Averaging in Eq. (A.19) is the time average, whereas that in Eq. (A.16) is average in the

velocity space. Non-trivial zeroth term of the equation of motion and Maxwell equations are

ms d:il;O = ¢5(Eo + us0 x By), (A.20)
0By
Ep = —— A21
v X g at ’ ( )
) 1 0E,
VxBy = ;.lso 5 g = Mo Xs:qsnsuso, (A.22)
V-Ey, = el gsns = 0, (A.23)
0 Ej

Equation (A.23) means a quasi-neutral plasma. These lead Eq = 0,u,, = 0. In addition, we

assume first order variables vary sinusoidally. Then,

—iwmsusl = q.s(El + u, X BO), (A24)
ik x E1 = iU)Bl, (A25)
A . w w
ik x B1 = U ZJsl — —EEI = —c—z( I + (-_)Z)) . E1 (A26)
From Eq. (A.24)
s 145
(1 z}—') Vs = wm, E+, (A27)
(1 + —i) v = L p (A.28)
w wmg
Vsz = s Ez, (A29)
wmyg
where vg, v,_, E,, E_ and Q) are
Voy = Usg + Wy, (A.30)
Vs = Usy — sy, (A.31)
E_ = E,—iE, (A.33)
Qs = qSBa (A34)
mS
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respectively. Parameter ), is called the cyclotron frequency. A polarization current due to a

motion of particle 's’ is

] NsQsV insg, =0 FE
s = NsqsUst = =05 y
Js+ qsUst Me(w £ ) Ex + 04+
: 2
. nsq
sz — s{sVsz = = = zEz-
j NgQsV — o
Equation (A.35) derives
. js-l— + js— Os+ + 05— Os4 — Os— .
st = = T E y
’ 2 g et (B)
. Jst+ — Js— ~Osy + 05— . Ost + 05—
s = = EZ' E .
J Y 22 2 (l ) + 2 Yy

Therefore, a dielectric tensor € is

€ow
S —iD 0

= ¢| iD S 0],
0 0 P

where S, D and P are defined as

Qs wzs
D = Zzoﬂ - Q2

2

P = 1—2%,

8

respectively, where plasma frequency wy, is defined as

2

2 Nsqs
wps = —.
€My

Moreover, for the later discussion, parameters R and L are defined as

w2

B = 5§+D=1 ;w(w-l-ﬂs)’

w2

— — ps
L = S—D—l—;m

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

Note that if magnetic field is zero, i.e. Q, = 0, Eq. (A.39) becomes scalar ¢, P , which is

corresponding to permittivity of unmagnetized plasma.
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In this work, we consider a hydrogen plasma and an electron cyclotron range of frequency

(ECRF) if not otherwise specified. Each component of dielectric tensor of it is

w2

§ = 1- 5T (A.46)

D — %wz‘*’_ﬁegg, (A.47)

P = 1—‘:%, (A.48)
2

R = 1—7@)“1‘2—%, (A.49)

L = 1-%. (A.50)

A.1.4 Dispersion Relation of Homogeneous Cold Plasma Waves

The dispersion relation can be obtained from a dielectric tensor, which has been derived

in the previous section. Substitute Eqgs. (A.25) and (A.39) into (A.26) then

L d
NXNXE1+K'E1=0, (A51)

Lo e e . k &
where a refractive index vector N and a specific dielectric tensor are N = —,
w

respectively. Thus, let a refractive index vector N be as

N = (N,,0,N,) = (Nsiné, 0, Nsinb), (A.52)

so that Eq. (A.51) is written as follows:

S — N2cos?0 —iD  NZ2cosfsinf Ei,
iD S— N2 0 By, | =0. (A.53)
N2cosfsind 0 P — NZ2%siné E.,

The determinant of 3 x 3 matrix in Eq. (A.53) should be 0 to have non-trivial solutions of

Eq. (A.53), i.e.

AN*—-BN*+C =0, (A.54)
where A, B and C are
A = Ssin®0 + Pcos?6, (A.55)
= RLsin* + PS(1 + cos®d), (A.56)
C = PRL, (A.57)
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respectively. Equation (A.54) is a dispersion relation of a homogeneous cold plasma and the

solutions. Qf it are
_B+F

N? A58
where the parameter F' is written as
F? = B — 4AC = (RL — PS)’sin*6 + 4P?D%cosf. (A.59)
For instance, if the propagation angle 6 is equal to 0,
P=0,N?=R,L, (A.60)
and if § is equal to /2,
N? = %Ii, P. (A.61)

Figure A.1 shows the directions of a wavenumber and a magnetic field. Obviously, an assump-
tion in Eq. (A.52) does not break the generality of the direction of propagation since the

system in consideration is rotationally symmetric around the magnetic field lines.

 B-Field

Wavevector
Figure A.1: Directions of a wavenumber and a magnetic field. The angle 6
is the angle between the wavenumber vector and the magnetic field.

Each solution of dispersion relation, i.e. Eq. (A.54), gives its own eigenmode, so that we

can obtain two independent polarizations,

2AS—-BFF
E:t = ITEy, (A62)
—B + Fcos@sin&
. 924 2AS—BFF
E, =i - BiFsin29 54D E,, (A.63)
2A

where the double sign should be same order. If propagation direction 6 equals to 0, then

E, = TFiE,, (A.64)
E, = 0, (A.65)
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where the upper sign and lower one correspond to right hand mode (R-mode) and left hand

mode (L-mode), respectively. In addition, if § equals to 7 /2, one polarization is
E,=FE,=0, E, =finite (0-mode), (A.66)

and another one is
D
E,=0,E, = igEy (X-mode) . (A.67)

A.1.5 Cutoff and Resonance

The cutoff occurs when the refractive index N = 0, whereas the resonance does when
N = oo. If the refractive index is an imaginary number, the amplitude of a wave spatially
increases or decreases. If N = 0 is the solution of the dispersion relation, parameter C' = 0
should be satisfied, i.e.

P=0, or R=0, or L=0. (A.68)

The case of P = 0 is called a plasma cutoff (P-cutoff), which occurs when the wave propagates
perpendicular to the magnetic field and the polarization of it is parallel to the magnetic field,
l.e. corresponding dispersion relation is N2 = P. The parameter P decreases with density
increment, so that P-cutoff means that if a plasma density is higher than the cutoff density,
i.e.

_ €m

Ne = ——w”, (A.69)

62

in such plasma, a wave cannot propagate. Here, for simplicity, we neglected the contribution
from ions. As shown in Eq. (A.60), if the parameter P equals to 0 and a wave propagates
parallel to the magnetic field, any wavelength satisfies the dispersion relation. That wave is so-
called the plasma oscillation. In the case of R = 0, another cutoff which is called the right-hand
cutoff (R-cutoff) occurs. For simplicity, we consider the two case of the propagating direction,
i.e. 6 = 0,m/2. Polarization for the solution of the dispersion relation N> = R (§ = 0)
corresponds to the right-hand sense of circular polarization. And N2 = % corresponds to
perpendicular both to the magnetic field and a wavevector polarization if plasma is tenuous,
whereas the right-hand sense of circular polarization when R = 0 is satisfied. In an analogous
way, one can easily find L = 0 corresponds to the cutoff of the wave exhibiting the left-hand
sense of circular polarization (L-cutoff).

The resonance occurs when A = 0 or B = co. The former one corresponds to S = 0,

which is so-called hybrid resonance, and latter one corresponds to R = 0o or L = oo, which are
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so-called electron cyclotron resonance (ECR) and ion cyclotron resonance (ICR), respectively.
More precisely, R = oo is taken place when w+Q, = 0, so that only negative charged particles,
e.g. negative ions and electrons, can resonate with a right hand wave. In this work, the hybrid

resonance plays a crucial role. Now we assume a plasma with single ion species, i.e.

w? w2

§ = 1--=__ _F
w2—-2 Ww2-0?2

4 2 2 2 2y, 2 2072 2 02 2 02
_ Wi - (Q: + wpe + O + w2 )w? + (20 + w2 + w2, Q2) = Wt = P 4l

(w? — ) (w? - 0F)

(A.70)
The parameter S goes to zero when

1 w? 2w wh
2 2 [ 4 4 1 2 2 Wy
we = — -+ — 4w =— (1% _ 2 ~ Wy, —5. A'71
2 [w1 “1 2] 2 ( ( wi )) b2 ( )

Note that the electron mass is much smaller than that of ion. The upper hybrid resonance

(UHR) occurs when w? = w2, i.e.

wi ~ (O + W) = Wi, (A.72)
Wi
is satisfied. On the other hand, the lower hybrid resonance (LHR) occurs when w? = w—g, ie.
1
4 2 02 2 -1
wy weille  wpefly 1 1 _
w2 Q. , 00—z \Z i) Y (A73)
1 Qg _ ﬁwzz es &y pi pi es by

is satisfied.
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A.2 Waves in Hot (Kinetic) Plasma

As mentioned in the previous section, the cold plasma approximation is valid when a
wavelength is much longer than the Larmor radius. At the resonance point, the cold plasma
approximation fails because of shortening of a wavelength. Therefore, we have to consider a

gyro-motion of charged particles and its interaction with wave.

A.2.1 Susceptibility Tensor for General Distribution Function

A dielectric tensor can be derived from a current induced by a perturbed electromagnetic
field. Moreover, this current is due to a perturbed distribution function fi. The Vlasov
equation (A.8) determines a time evolution of a distribution function in the phase space. For
simplicity, we consider linear response of a distribution function, thus a perturbed distribution
function is treated as a small variation from an unperturbed distribution function.

In the Lagrangian frame, the Vlasov equation is represented as follows:

dfs 0fs Ofs drs 9f, dv,
s} . s .78 A.74
(dt)L ot “or, dt v, ' (A.74)
where %rtf = v, and d(:ts = :1—3 (E + v X Byp). In the uniform and steady plasma, the zeroth
order of a distribution function obeys
dst ds 8st
= =v,xBg- =0. A.75
(dt )L msV>< " v, 0 ( )
Similarly, the first order distribution function obeys
d(fs _ st) _ 8fsl ds 8.fsl ds ast _
('T— . = ot +v, vfls+'7n—svs XB() aVs +ms (E1+V3XB1) avs = 0. (A76)

Therefore, a time evolution of the first order distribution function is written in the Lagrangian

frame,

dfsl _ qs . afs()
( = )L == =(B1 +v, x By) e (A.77)

In the Eulerian frame, a velocity is independent variable, so that we should relate a velocity
in the Lagrangian frame with that in the Eulerian one. If a perturbation from the zeroth orbit
by an electromagnetic wave is small, each particle moves on a unique trajectory. Therefore we
can easily evaluate a distribution function at a time ¢ from that at #’ by solving the equation
of motion with adequate initial conditions. Let a time, a location and a velocity of a charged

particle be ¢, x’ and Vv’, respectively, equation of motion is written as
dv.,
dw’

= V; X QS? (A78)
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q.B

8

where (25 is a cyclotron frequency having a direction, i.e. g = . The solution of Eq.

(A.78) with v. =v at ¢ =t and X, = x at t’ = t is represented as

Vig = Uzco8Qs(t —t') — v,sinQ, (¢t — t'), (A.79)
v, = UgsinQ(t —t') + vycosQ,(t — t'), (A.80)
vy, = U, (A.81)
z, = x— S—Zsian(t —t)+ ;;—Z(l — cos{(t — 1)), (A.82)
Yy = y-— S—Z(l —cosQs(t —t')) — ;;—yssian(t —t'), (A.83)
z, = z—u,(t—1t). (A.84)

By using these relationships, the Vlasov equation in the Eulerian frame is represented as

t

Foa0 v, )5 =~ [ AV [BA(,(¢)) + V) X By ()] - Vi fol3,) + fur (5, t0), VL (o), o).
s Jt

’ (A.85)

Hereafter, subscript E, which means the Eulerian, is dropped. Moreover, we assume the

angular frequency of perturbed fields E; and B, have positive imaginary parts, i.e. a perturbed

distribution function f; at ' = —oo equals to O:
rt
falev,t)= 2= [ QEW) + Ve x Bi ()] Vufolx).  (A86)

Perturbed electric and magnetic fields are

Ei(x,t) = Eexp[i(k-x — wt)], (A.87)

Bi(x,t) = Bexpli(k-x —wt)], (A.88)
and from Eq. (A.3),

Bi(x,t) = X ZEl expli(k - x — w)] (A.89)

can be obtained. Therefore first order of the Coulomb and Lorentz force are represented as

e~
[(1 - k—"> E- (V- E)E] expli(k - X, — wt)]. (A.90)
w w
Substituting Eqs. (A.82)-(A.84) into Eq. (A.90), the phase factor of it becomes

ik ¥, —iwt' = ik-x—iwt+ ?;—w[—kxsinﬂsf — ky(1 — cosQy7)]

+ g—y[—kysianT + kz(1 — cosQ,7)] + i(w — k,v,)7, (A.91)
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where 7 =t —t’. Moreover, since the parameters v, and v, are constant, following equations,

st(UJ.> vz) = st('Uia U;)’ (A92)
6fs0 Uy ast
= = A.
8vm (N 8’0_]_ ’ ( 93)
6f30 _ Uy 6st
8’Uy - V1 6’0_1_ ’ (A94)

are obtained. The amplitude of an integrand in Eq. (A.86) is

[(1 _k Vg) E- (v, E)k] Vo fo(V)

w w
1 6.st +& (afso __'léafm)jl

vy 0vy,  w \Ov, v Ov,

Ofso + _sz; + kyvy (Ofs0 _ iafso
ov, w Ov, v, Ov,

Ea: ast + Ezkz - Ezka: (3fso 'U; afso)]
w

(R 81&

= (Eﬁﬂv./sx + Eyv.lsy) [

+ |

= (’UmCOSQsT - 'UySianT) l: 81}z V1 8’UJ_

Ey ast + Eykz - Ezky <8f30 _ U_Lafso)jl
w

vy Ov) ov, vy Ovy

+  (VzsInQs7 + vy cosQT) [

6f s0
ov,

+ Ez (A.95)

A first order distribution function in the Eulerian frame can be obtained from Egs. (A.86),
(A.91) and (A.95), which is a function of a zeroth order (unperturbed) distribution function.
As shown in Eq. (A.91), the sinusoidal time evolution is contained in the sinusoidal (complex
argument of exponential) phase factor of integrand. The Bessel function enables one to simplify

the phase factor:

expli(k - x, — wt')] = expli(k - x — wt)]exp[—ibs(sin(¢p — ¢ + Q,7) — sin(¢p — ¥)) + ia7]

= expli(k - x — wt)] Z J;(bs) Jl(bs)ei(j—l)(¢—¢)ei(w—ms—kzvz)r,
Jl=—00

(A.96)

where a = (w — k,v,), by = kv /Qs, v, = vicosd, v, = vising, k, = kjcosy and
k, = k,siny, respectively. In the Eq. (A.96), Bessel identity has been used:

eibssino — Z Jj (bs)eim?' (A97)

Jj=—00

An integral with respect to 7 is represented as

—1
/dT_)w—lQ — (A.98)
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moreover, we assumed w has a positive imaginary part, then an integral constant should be

zero, i.e. it means the zero amplitude at the time ¢ — —oo. Equation (A.86) becomes

1(] D(¢—)
1Qs pillx—w
falrov) = ot 55§ U
J——OOI— z
Uz( s) ((Ofso 8fw  Ofw
g [ bs (aUJ. o (v du,  Zu, (Ezcosy + Eysing))

syl a.st 8st ast N .
+ iJj(bs) ((%L +— ( L5y, Y Do, )) (—E,siny + Ey,cosy)

+ Jl(b ) (afSO le (a.st _ Ez_afSO)) Ez]; (A99)

v, w \Ov, v Ovy

where following Bessel identities have been used

A ) (A.100)
Jn—l (bs) - Jn-l—l(ss) _ d 7
> = (b =7, (A.101)

In order to obtain a susceptibility tensor, the first order distribution function fs1 should be
integrated in the velocity space. The relationship between a dielectric tensor and a conductivity

tensor has been shown in Eq. (A.12), i.e

Ve Vg
27 00 00
st = ZQS/d3U Uy fsl :qu/ d¢/ v_LdU_L/ dvz Uy fsl
s s s 0 0 —00
R U,
cos¢
2 ) PN s
= qu/ d¢/ de/ dv, smgb fa="o- :—1egw(K — I)-E,
Z
(A.102)
e s : — € . .
where the specific dielectric tensor K = — In order to integrate with respect to angular
0
coordinate in the velocity space, following calculation is necessary:
bs : :
cose lJlb( )cos¢ + iJ/(bs)siny
iGie . bs) . .
E J;(b )/ deelU=D6=9) | ging | =or lJlb( )st/J—lJl’(bs)cosv,b
Jj=—00 VU, s v,
V1 Et]l(bs)

(A.103)
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Equations (A.99) and (A.103) lead a specific dielectric tensor for a general velocity distribution

function fy(vy,v,) in a magnetized plasma:

K + sin?y K,
«—>
K = | —K, — cosysiny K
cosy Kg — siny Ky

where

K3

Ky

Ks

Ko

K7

where [d%v =2 [%_ do, f0°° vidv,, and U, and Wy, is defined as

Ky — cosysingy Kg  cosyp K4 + siny K
K +cos?pKy  sinKy — cosyy K

sinyy K¢ + cosyy K7

)2 — PJE(bs)
19, — kyvs)

Z PsZ/dz [bJ'
z/&w
>3 ”SZ/dz

w—lQ —kvz)

w—lQ —k‘z 2

m —kz v,)

zwz/f
z/ff

lQ —k 0,) U,

—k ’Uz) v,

—m —kvz)

(A.104)

(A.105)

(A.106)

(A.107)

(A.108)

(A.109)

(A.110)

(A.111)

(A.112)

(A.113)

(A.114)

respectively. Equations (A.104)-(A.114) provide a dielectric tensor for a non-relativistic hot

magnetized plasma with a general unperturbed distribution function f,. This series expression

is convenient to evaluate each order of the Larmor radius effect.

The cold plasma approximation can be obtained as the limit of a long-wavelength, i.e.



bs — 0, then

Jolbs) — 1, (A.115)
dJo(bs) b,

B~ -3 (A.116)
Jbs) — % (A.117)
Joa(b) = Ju(bs), (A.118)

is obtained. Parameters Ky = K4, = K5 = K¢ = K7 = 0, and remaining are

K1 — 5, (A.119)
K, — —iD, (A.120)
K; — P (A.121)

The series expansion form is not applicable when each term is of the order of unity or

higher. We can simplify dielectric tensor by using sum rules of the Bessel function:

ioonp (; = S;p;pJp(z)J—p(z)—p, (A.122)
ni:w[p,',(2£2 = SmpJ'( )J’_p(z)+%, (A.123)
ni@% = S P2+ g, (A.124)
iw%)f(z) = Sar PO+ (A.125)
nifﬁ(f = ()]0~ L (A.126)
i 7;]%(2) = Sizferp(z)J—p(Z)- (A.127)
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Elements of a dielectric tensor without infinite series are written as

K — /d2 ﬂ'JI —Ps (b ) + % . 7rp2J (b )J_ps (b ) (A 128)
0 sin7rp, bs b2sinmp, >
_ ps 2. TP3Jp, (bs) J—p, (bs) _bs A.129
K, = 1+ Z / d*v ( e 3 ) U (A.129)
. ps 2 TrpSJPs (bs) —Ps (bs) Ds
K, = IZ—/d v( Fsin. +@ U, (A.130)
" JIpy(bs)J_p, (bs
K3 = 1 + Z P /d2 TJp, Slnﬂ-pps( )Wls
+ /d2 ﬂ-ps ps b )J_ps( ) _ 1 W2 (A.131)
sinmp, >
K= Yo [ (a0 ) Ly,
sinmp, bs v,
2 ﬂ-ps ps )J_Ps (bs) 1 Vi A
— = 132
+ /d ( s1n7rps Ds bs ) WQS, ( 3 )
_ ps 2 ﬂ-Jps b )JI ( ) l U_J_
Ks = 1Zw Q, / v ( sin7p, + b, ) v, Wi,
+ / 7rps Ps )J—p (bs) + & v__LW (A 133)
sinmp, by ) v, '
K¢ = / a2y (T2eTpe(b:)Tp,(bs) L\ 2y (A.134)
ss1n7rps bs ) vy
 Whs [ (T (0)JL, (Bs) 1Y v,
— —ps — | 2U,, A.135
K 1; wil, /d v ( bssinmp, + bs ) vi ( )
w — kz’Uz 8fs[) UzQs v, ast ast
= — = = — - = d Wy, = Wy,
where p; Q. Wis 81;2 Wos = " (U_L o, B0, an ! 15 +

W, respectively.
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A.2.2 Susceptibility Tensor for the Maxwellian Distribution

As well known, the Maxwellian distribution function is one of the simplest solution of
Eq. (A.75). First, only perpendicular directions are treated, so that fs, with a perpendicular

temperature T, can be written as
fo(vi,v;) = —71_"2—(3_1)L T, (A.136)

2K,T3 1

]

1/2
where the perpendicular thermal velocity v, = ( ) . The derivatives of f, with

respect to v, and v, are

S 2 S FS z —
Ofo _ _2ns0s (V) oz gy, (A.137)
Ovy Vir TG

!
Ofw _ nst(2vz) e/ (A.138)
a'Uz TV

respectively, where F! = ((iiFs. Substituting Eqgs. (A.137) and (A.138) into Egs. (A.95) and
(A.86), we obtain

qS i(k-x—w 00
fa(x,v,t) = —msﬂnge (kex—ot) /0 dT(Aszve + Asyvy + as2)
v2 4 v?
X  exp [— =t — i(aspVy — Asyvy) +i(w — kzvz)r] . (A.139)
sT
where
1 .
Asy = Q—[szIIlQST + k, (1 — cosQ7)], (A.140)
1 .
asy = Q—[kysianT — k(1 — cosQ,7)], (A.141)
Az = 04s5C0880T + 0uyySIN€ T, (A.142)
Ay = 05yCOST — QrezSIN€ T, (A.143)
. 2F, v, k.E, — k. E,
Ns UsT UsT w
s 2F; 2v, k.E, —k,E,
Qy _ 2hp (F; + -2’—1&;) (—L_yE) , (A.145)
N vi, vi, w
‘::z - F'E,. (A.146)
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In order to obtain a susceptibility tensor, integrating fs;v in the velocity space should be done:

< v:z:.fsl > = /de/dvyvzfsl

[es) 2
I / dre®s [ 1 T(Aza, + A yOy)Qz + v2 (iaza, — Am)] ,(A.147)

< 'Uy.fsl > = /de/dvyvyfsl
vl .
= ms/(] dre?s [ 4 T (Aza, + Ayay)a, + 2T(1ayaz—Ay)] ,(A.148)
< szsl > = /dvx/d'vyvzfsl
o] 1092
- %- / drete, [w:T(Axaz+Ayay)—az], (A.149)
s JO <

where the parameters ¢, and )\, are written as

¢s = (w—kv,)T — A(1 — cosQ,T), (A.150)
1
A = ékip%s. (A.151)
and the averaged Larmor radius for species 's’ is defined as p,;, = ?;T.

In order to integrate Eqs. (A.147)-(A.149) with respect to time, the following identity is

convenient:
o0

esc0ssT Z Il()\s)eilﬂsr — Z Il(/\s)e—ilﬂsr’ (A.152)

l=— l=—00

where I;(\,) is the modified Bessel function of the first kind. Since the following equation is

satisfied,
(1)
cos), T
Z / drI(\,)el@ 1 takzva)r sinQ, 7
l=—00
cos{2sTcos§d, T

\ sin®Q, 7 )
( (N \

. iZj(\,)
= > 3 () - lel . (A.153)
T OO - 1)
\ 2 OL() — 2L(A))
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equations (A.147)-(A.149) can be written as

irgse™ < KszzlfH—(mly—fc ky v/ Q)AL — I))

<VUpfs1>1 = —W Z 0. — ko (A 154)
C s zVz
W2rg.e™ N kil + (ki — Kk_kgv2n/QIN(L — I’
<ufa> = ———qum > (ir —5 _STI;/U Pl ’),(A.155)
8 S l=—00 8 zYz

iv2,.g.e” M, — L/ +ik_(I, — I!) — 22,01, /02
<ufy>, = Yerdse v Z Raldi/As +i6_ (I — I}) — 20,011 /v3r

Al
2Q,m, w — 19, — k,v, , (A.156)

=—00
where Kk, = ok, + oyky, K- = ayk, — ozky, Kiz = @zl — ak, and Ky, = @, lQ; — o ky,
respectively.
Next, we shall integrate over the parallel velocity. We assume that the parallel distribution

function F(v,) is the shifted Maxwellian, i.e.

1 Uy — Ugp)?
Fi(v,) = NG Lexp [_(_vz—O)] , (A.157)
s sL

2KZT3//

where v, is the parallel thermal velocity, which is defined as v,; = . Now we define a

S
function Fy;,, as

o0 v Fy(v,)
Fum = :
s /_oo dvzw +1Q — k,v,’

2

,(uso + v'v, e ¥
Fam(@) =~ \/_ / — é) , (A.158)
where
o o= U0 (A.159)
Vst
w+ le — k‘z’u,so
Gt = Toes : (A.160)
Then we obtain
1
Fsl,O(Csl) = _k v LZ(Csl)a (A161)
11 Usy
FarG) = [—Z'«s,) 07 (csl)] (A.162)

Faa(Ca) = %[(C; UL) Z'(Cst) — U;OZ(CS,)], (A.163)

sL

*° F'(v,) 1
= .164
/_oo dvzw +1Qs — kv, k02, U2, Z'(Ca), (A.164)
* v F'(v,) 1 1
= — Z' (s A.165
/—oo dvzw + Qs — kv, k. ver, (CSI * sL) (C l) ( )
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where the functions Z(,; and Z'((,;) are the plasma dispersion function and its derivative with

respect to (g [17]. The perturbed current density can be obtained from the following equation:
(o.9)
h= qu/ d’Uz[< Upfs1 >1 T+ < 'nysl > g+ <vyfa >0 2] (A.166)

Therefore a dielectric tensor for the Maxwellian distribution function is

Ki+sin®yK, K, — cosysin Ky costpKy + sing K

K = —Kj —cosysingy Ky Ky + cos® Ky siny K, —cosy Ky |, (A.167)
cosy Ky — sinyy K5 sinyp Ky + cosyy K K;
where
Ky, = Zwk“ Z As(Li(As) = (X)) Ag, (A.168)
K = 1 - A, Al
1 +Zwk o =Z )\ I (A.169)
Ky, = Zwk“ lel(/\ Ae))Ad, (A.170)
S = o
wier &2 w+ 19
Ky = 1- s)———By, A.
3 ;wkzm lzz_;ol,(A) o (A.171)
kiwZe ™ 1L\,
e
8 l=—00 s
k‘J_w e~
K = 1B S (00 - HoW)Cw, (A-173)
- wk, =
[ kzuso kzvsL T Zl (Csl)
Ay = _(1_ . )+ v (1 T//s) . ] (A.174)
[ lel TJ_S 2le/-Z-’//s'u'sO kzvsl
By, = |1 1— Z/(Cq) + L5730 (7 (A.1
: i + w ( T//s> (Cor) + wT'| gvsr, (Cl)+w+lﬂs (A-175)
[ le“sO T.J_s le T ZI (Csl)
sl = Z s 1-— .
C | wosL (Cl)+[T//s w ( T//s>] 2 (A.176)
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If the parallel and the perpendicular temperatures have a same value and assuming there

is no flow, i.e. Ty, = T\, us = 0, each component of the dielectric tensor is simplified as

follows:
2 —-/\s 0
Ko = ZwkvL Z As(Li(A As)Z(Car),s (A.177)
As 2L
K, = szk“ Z ’A( )Z(Csl) (A.178)
2 —-As o0
K, = Zwk X Zzzl ANZ(Ca), (A.179)
2
Ky = 1—Zwkev ZI,)\)(le (o), (A.180)
k s
N ”li”Z'(csl) (A.181)
s 2R =—o0 s
o Fwier & , ,
Ks = IZ%Z—Q— (Li(As) = I;(As)) 2" (Cat)- (A.182)
s A ] 1=—

A.3 Plasma Dispersion Function

Definition of the plasma dispersion function is [17]

1 [ e ?dx
Z(Q) = 7o a=¢ Im(¢) > 0. (A.183)

If the absolute value of ( is less than unity, the power series expansion is convenient:

Z(o:l\FZ( )
2

n=0 r
. —(2 2 2 4 4
On the other hand, if the absolute value of { is much greater than unity, the asymptotic is
useful:
N
1 @n-1It _
Z() = +ioy/me ¢
© = 72 (242)
1
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where (—1)!! = 1, N indicates the series truncates when successive terms no longer decrease

in magnitude, and

(Im(¢) > 0)
(Im(¢) = 0) (A.186)
(Im(¢) < 0).

Figure A.2 shows the real part of the plasma dispersion function with the power series
and the asymptotic expansion forms when a imaginary part of an argument equals to zero.
Plasma dispersion function is calculated by using a numerical code, which was developed by T.
Watanabe [79]. One can see that real part of the plasma dispersion function goes to minimum
value of ~ —1.08 when the valuable z is around 0.92. In addition, imaginary part of the
plasma dispersion relation, which is monotonic function, is shown in Fig. A.3.

| 1 | | |
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Figure A.3: imaginary part of the plasma dispersion function.
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A.4 Damping of Waves in Plasmas

A plasma can be heated by the energy transformation from a field to a plasma. The decay

of a field energy can be derived from Maxwell equations, i.e. Egs. (A.3), (A.4)

oD 1 0B
“Y+E-—+ —B-— =0, A.187
V-Y+E: =+ B 5 (A.187)
where Y is the Poynting vector
Y =E x iB. (A.188)
Ho

Second and third terms of Eq. (A.187) are electric and magnetic energy, respectively. Time

average of the product of virtually periodic value A and B is written as

S 1 t
AB = Re[A]Re[B] = Z(AOBS + A} Bo)exp(2¢;) = (AoBg + ApBy)exp [2/ widt'] ,
(A.189)
where we assumed A and B vary as
t
A = Agexp [—i/ (wr + iwi)dt':| , (A.190)
t
B = Byexp [—i/ (wyr + iwi)dt'] . (A.191)
The Poynting vector can be averaged as
<Y >= 4i(E’; x By + E; x B})e?. (A.192)
Ho
Similarly, the average of electromagnetic field energy density per unit time is
ow Wy * 1 * % )
<E—> = [%Bl . Bl + 5 [(U—,,El . (GT{) . E] + erl . (E_A> . El]:| e2¢’1, (A193)
where the Hermitian and the anti-Hermitian part of a dielectric tensor are
— > —>
o () i =i, (A.194)
2 2i
el = €, (A.195)
L=y el =4 (A.196)

Even if the decaying of a wave amplitude w; equals to zero, the wave energy can be damped
due to the anti-Hermitian part of a dielectric tensor. The physical meaning of this term is a

work per unit time and volume by electric field into charged particles

Wr Wy . . 1 . . =
S Bl € E1= S RelE] - (—)€ - Eq] = SRe[E] - ji] =E . (A.197)
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Then let propagation angle i) be 0, wave energy absorption per unit time and volume is

fowr

Py, = (| B, PIm[K ) + | Ey | Im([K,,] + | E.|*Im[K..]

+21m[E;Ey]Re[Kwy] + 2Im[E; E,|Re[K,.] + 2Re[E; E,|Im[K,.]). (A.198)

For a uniform plasma, we can evaluate the power absorption by solving a dispersion relation
and a polarization for it.
The series expansion of a dielectric tensor provides the finite Larmor radius (FLR) effects

for each order cyclotron harmonic damping;:

Ko=3 Bt 7o) = 2 + 2]+ (A.199)

Ki=1+ Z 2wkz P~ [Z2(Caa) + Z(Ca-DI(X = Ae) + As[Z(Co2) + Z(Co2)]] + -+, (A.200)

Ky = IZ ST Z(Cs1) + Z(C-1)I(1 = 2X) — As[Z(Ce2) — Z(Co2)] + -+, (A.201)

zvsL
2

Ky=1- Z u;:sv: [CSOZ (CSO)(]- —A ) %[CSIZ/(CSI) + Cs—lZl(Cs—l)]] +e (A202)

w1278 )‘3 ! !
Ky = Z M[z (Csl) -7 (Cs—l)] +e (A203)
K = 12 VR kz o 12(G) - S1Z(C) ~ 2]+ (A.204)

The imaginary parts of Z and Z’ functions contribute to damping effects.

A.5 Mode Conversion Theory

In this section, the theory of mode conversion efficiency with X-Wave injection from low
field side is reviewed. The conversion efficiency from an electromagnetic wave into an EBW is a
function of density, magnetic field strength and gradients of them. K.G. Budden carried out an
investigation of mode conversion efficiency [10]. He constructed a model of a refractive index
profile at the vicinity of the UHR, and obtained analytical solutions, i.e. Whittaker function
which is one of a confluent hypergeometric function. Assuming perpendicular propagation
(cos@ =0, k || £), inhomogeneous in the x-direction and uniform in the y-direction, Equation

(A.53) can be represented as
d*E,
d¢?

-+ ®(6)E, (A.205)
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where
wx

£

=, (A.206)
32_D2
o) = ==,

where parameters S and D are defined in Eq. (A.40) and (A.41). K.G. Budden made the

(A.207)

model of ®(&), which is called potential function and approximately corresponds to the square

of refractive index, (note that the notation of this paper differs from Budden's one)

B(e) = — § (A.208)

This model represents that the location of the UHR corresponds to £ = 0 and /Y corresponds
to ny for sufficiently large £. Furthermore the location of the R-Cutoff is at § = 08/y.

Refractive index of X-wave modeled by K.G. Budden is shown in Fig. A.4. By defining

¢ = 2 /7€, (A.209)
i B _ i
Eq. (A.205) can be written as
&E, 1 in/2
e (_Z — T) E, =0. (A.211)

Equation (A.211) is the special case of Whittaker’s differential equation. General solutions of
Eq.(A.211) are
Ey = aWe12(C) + caW_r —1/2(—C), (A.212)

where ¢; and c; are arbitrary constants which depend on boundary conditions. The function
W, . denotes the Whittaker function [3].
In order to investigate the mode conversion efficiency, the asymptotic form of Whittaker

functions W, ,(¢) are used. Let £ be oo, then

Wia2(Q) ~ (e = [2,/3¢| "W 2e ™/ 4eiVE, (A.213)
2mi .
[/[/—K, — ~ -k 2/2 — K —C/2 ITK

271

= |2 ,yé- in/2e37rn/4e—i\/7y§ _ : .
[2v7¢] (i T (0 —n/9)

(A.214)
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Figure A.4: Refractive index of X- Figure A.5: Refractive index of X-
wave modeled by K. G. Budden. wave modeled by A. K. Ram.
and for £ — —oo
Wi1/2(Q) ~ C"e™/2 = |2,/¢| "/ 2e™/4e V¢ (A.215)
W_raa(—) ~ (eimel/? = [21/E[in/26m/4e=iv3e (A.216)

are obtained. Note that we assumed the exp(—iwt) of time dependence. Thus for £ — o0,
Wi1/2(C) represents an incoming wave (toward £ = 0), whereas W_, /,(—C) represents
an outgoing wave. For { — —oo, W, 1/5(C) represents an outgoing wave while W_x1/2(=C)
represents combination of an incoming wave and an outgoing wave. In this model, the relevant
solution to Eq.(A.211) is W_, 1/2(—() because of no source of wave at £ — —oo. The ratio

of the amplitude of an incident wave to a reflected wave gives the reflection coefficient,

R| = 2mexp(—mn/2)  _
[T(=in/2)T(1 - in/2)|

Similarly the ratio of the amplitude of an incident wave to a transmission wave gives the

1—e ™. (A.217)

transmission coefficient,

|T| =02, (A.218)
The conversion efficiency is written as
C=1-|R}—|T?* =e™(1—e™), (A.219)

where 7 is called the tunneling parameter which means the product of wave number in vacuum
and distance from the R-Cutoff to the UHR. The maximum mode conversion efficiency with

1 1
Budden’s model is 1 when |T|? = 3 is satisfied.
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A.K. Ram investigated excitation, propagation and damping of an EBW [61][60]. In his
theory, the effect of reflection of a transmitted X-Wave at the L-Cutoff was considered. Figure
A.5 shows the refractive index profile of an X-Wave in his model. The term ¥(¢) in Eq.(A.205)

is written in Ram’s model as

£E>0

B
§

o(¢) = (A.220)

a§+7’—§ £ <0,

which is shown in Fig. A.5 In this case, the mode conversion efficiency is written as follows:
C(n,¢) =4e™™(1 — e ™) cos?(¢/2 + 6). (A.221)

Here 0 is the phase of I'(—i7/2) and ¢ is determined by all of the locations of the R-Cutoff,
the L-Cutoff and the UHR. In this case, completely mode conversion may occur if the following
two waves are same amplitude and the phase difference is 7. One is the X-wave reflected at
the R-Cutoff directly, the other is X-wave which tunnels an evanescent region, and reflected at
the L-Cutoff, and again tunnels an evanescent region. The tunneling parameter 7) is important
for the mode conversion. Since 7 corresponds to the distance from the UHR and the R-Cutoff,

it is obtained by using profiles of density and magnetic field strength and of those gradient

length:
1/2
Q.L, o vi+az-—-1 /
= : (A.222)
¢ ya2+2(L,/Lg) \ a2+ (L,/Lp)V1+a?
w n B
h =2 [ =—— = ——— [61].
where o Q. ] and Lg B dr] [61]
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