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Continuous Dependence for Nonlinear Schrodinger

Equation wn H*®

By Harunori UcHIZONO and Takeshi WADA

Abstract. This paper is concerned with the well-posedness, espe-
cially with the continuity of the solution map of the nonlinear
Schrédinger equation

i0iu + Au = f(u), u(z,0) = ¢(x)

on R Here, f(u) = colulu, cg € Cand o > 0. If 1 < s <
min(n/2,2) and 0 < o < 4/(n — 2s), the solution map ¢ +— u is
continuous as a map from H® to C([0,T], H?) for some T > 0. The
proof is based on the estimates in the fractional order Besov spaces
both for time and space variables.

1. Introduction

This paper is concerned with the well-posedness of the nonlinear
Schrodinger equation:

10w+ Au = f(u),
(1.2) u(z,0) = ¢(x),
especially with the continuity of the solution map ¢ + u. Here, u : R**! —

C, f(u) = colulu,cp € C and o > 0. The corresponding integral equation
is as follows:

(1.3) u(t) = "¢+ (Gf(u)) (1),

where

(1.4) (Gg) (t) := —i / t =Rt dt.
0
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The Cauchy problem (1.1)-(1.2) is said to be well-posed in H* if the following
are satisfied: (i) for any ¢ € H®, there exists a solution u € C([0,T], H®)
to (1.3) for some T" > 0; (ii) the solution is unique; (iii) the solution map
¢ +— u is continuous as a map from H*® to C([0,T], H®).

There are a lot of works concerning the well-posedness of (1.1)-(1.2),
for example [4, 6, 7, 8, 11, 13|, and comprehensive lists of literature can be
found in [2, 9]. Let 0 < s <n/2 and o¢(s) < 0 < 4/(n — 2s), where

0, 0<s<2,
oo(s) =< s—2, 2<s<4,
s—3, s=>4.

Then, according to the previous results, (1.1)-(1.2) has a unique time local
solution in H® (precisely, in some cases, we need Strichartz type auxiliary
spaces to show uniqueness). The condition for o above is taken from [11].
Moreover, if we assume o > [s] + 1, the solution map is locally Lipschitz
continuous [4]. It is also known that if s =0,1,2 and 0 < 0 < 4/(n — 2s),
the solution map is continuous at any ¢ € H® ([13] for s =0, [6, 7] for s =1
and [8] for s = 2). However in other cases, continuity of the solution map
had been proved only in weaker sense, namely from H* to C([0,T],L?) N
L7(]0,T], L”), where (v, p) is a suitable admissible pair. This is because we
need f € Cl¥1+2(C, C) to show the Lipschitz continuity of f(u) in Sobolev
or Besov spaces of order s.

The aim of this paper is to prove the continuity of the solution map in
full-strength in the case where o < [s] + 1. Recently, Cazenave-Fang-Han
[3] affirmatively solved this problem when 0 < s < 1. Therefore, we treat
the case 1 < s < 2 in the present paper. Our main theorem in this paper is
the following;:

THEOREM 1.1. Letn >3, 1 < s <min{n/2,2} and 0 < o < 4/(n —

2s). Then the solution map for (1.1)-(1.2) is continuous as a map from H?®
to C(0,T], H?).

The complete statement will be shown in Propositions 3.1-3.2. The
difficulty of the proof for s > 1 comes from the fact that f might be differ-
entiable only once, and we cannot estimate the difference of the nonlinear
term in Sobolev/Besov spaces of order s. Instead, we use the estimate in



Continuous Dependence for Nonlinear Schrodinger Equation in H® 59

Besov spaces for time variable of order s/2, which are compared with s-th
order spaces for spatial variables (Propositions 2.1-2.3).

In this paper We denote by B, , = B, (R") the usual Besov spaces
of order s on R™. Let I C R be an interval and X a Banach space. For
0<f<land1l<p,q< oo, X-valued Besov space on [ is defined by

BY (1, X) = (LP(1, X), H:(I, X))o,

where the right-hand side is the real interpolation. It is known that

o0

1/q
lu(-+ 1) — u||%P(IT,X)TQQ1dT} )

Here I, = {t € I;t + 7 € I}. For further detail, see [10] (see also [1, 12]).
We denote by p’ conjugate of the exponent p, that is, 1/p+1/p’ = 1.

lullg o0 = el +{ [

2. Linear Estimates

DEFINITION 2.1. A pair (v, p) is called admissible if

2 2
(2.1) 2§p<—n and - =2_"
n—2 Yy 2 p

PROPOSITION 2.1. Let (v, p) be admissible. If n > 3,0 < s < 2, the
following estimates hold:

(2.2) "2l 1 r B2 ) < €lldlmres

(2.3) 1626l yor2 g, 10y < clllae-

PROOF. [4] Theorems 2.1 and 2.2, [11] Proposition 2.5. [J

PROPOSITION 2.2. Let I C R be an interval. If (v, p) is an admissi-
ble pair and (v, p) # (00,2),0 < 6 < 1,e > 0 arbitrarily small, then the
following estimate holds with ¢ independent of I:

(24) 1G9l (1529 + 1G9l g1 1)
< C<||9! sy lgllsero g psoaraorie)

+ HgHm<e>(1,Lﬁ<e—a>mLﬁ<e+s))),
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=+ , —— =
o) I p@) p p
ProoFr. [11] Proposition 2.6. [J

1 6 1-6 1 60 1-0
— — .

where

PROPOSITION 2.3. Let I C R be an interval. If (v, p) # (00,2) is an
admissible pair, 0 < 0 < 1,e > 0 arbitrarily small, then we have with c
independent of 1:

(2.5) HGQHLOO(I,H29)
< C(HQHBg, LaLLe) T 9/l o) (1, o010y + HgHLV(G—E)(I,LPW—E)))7

b 1 1-6 1 1-6 + 0
where —— = , — = —.
0 pl0) e 2
Moreover, u € C(I, H?®) if the right-hand side of (2.5) is finite.

Proor. For any tg € I, we define Si,g = (Gg)(tp) and interpolate
between the following mappings:

Sy LV (I, L) — L2,
Sio : H (I, LP) N L (1, L) — H*.

Here, L (I, L?) denotes the completion in the sup-norm of all functions
v(t) = X2 xE; (t)vj,v) € L?, where the sum is finite and xp, are the char-
acteristic functions of disjoint measurable sets £; with finite measure. One
has (L2, H?)go = H?®. With the notation

Ag=L"(1,r7), AV =HL(1,L7), AP = LP(1,1?)
and [11] Lemma 2.2 it holds (Ag, AN A5, = (4o, A)g2n (A, AP)g
We have by [11] Lemma 2.1:
(Ao, A = BY (1, L7).

From [1] Theorem 3.4.1 (c), Theorem 4.7.1 and Theorem 5.1.2 it follows
that

(Ao, A)52 D (A9, AP )g—c 00 N (A0, Ao se o

(Ao, AP g N (Ao, Ao
— I (9 6)(] 1,P(0— E)) OLW(Q%)(I, Lﬁ(0+€)).

U
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Therefore we obtain that

1(G9)(to)l 2o = || Stogll pr2o

< (I, 1.1+ lollsosogssaoso

#llo-oz 00 )

which yields the desired estimate. The continuity of u follows from density
argument. [

3. The Nonlinear Problem

We consider the integral equation:

(3.1) u(t) = ¢+ (Gf (v)) (t),

where

f(u) = colulu,co € C,
¢ € H®.

LEMMA 3.1. Ifs1,s0 > 0,0 < k <2,0<n<1,p,v>1, then the
following estimate holds for sufficiently small ¢ > 0:
n 1=n
(34> ”u”B”:’(é’lfi)(LBZEl*(l*’I)SQ) S CHUHB,I;Q(I,B;}Q)||uHL7(LBZ?2)'

ProOOF. [11] Lemma 4.1. O

LEMMA 3.2. The function f defined in (3.2) satisfies the following es-
timate:

c(lz|” PV 2|7 ) o1 — 22| ifo>1,

clz — 22| if0<o<1.

(3.5) 1f'(z1) = f'(z2)| < {

PrOOF. [3] Remark 2.3. O
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PROPOSITION 3.1. Let n > 3,1 < s < min{n/2,2} and 0 < 0 <
4/(n —2s). Let (v, p) be an arbitrary admissible pair with

(3.6) max{c +2,4(c +2)/no} < v < 4(c +2)/o(n — 2s).

Then there exists T' = T(||¢||mrs) > 0 such that (1.3) has a unique solution
in X = C(I, H*) N BY; (I, L°) N L7(I, B35%), where I = [0,T] and ¢ > 0 is
sufficiently small. Moreover, let oy € H*>,m =1,2,... and ¢, — ¢ tn H?®
as m — oo. Then, for sufficiently large m, (1.3) with ¢ replaced by ¢, has
a unique solution u,, i X and

(3.7) [tm = ull 3 (1,L0) < €llom = [l L2 — 0 (m — 00).

REMARK. (i) Proposition 3.1 shows the continuity of the solution map
only in weaker sense. Actually, Pecher [11] did not state the continuity of
the solution map explicitly as above, but it clearly follows from the proof
of uniqueness. (ii) Precisely, Pecher [11] proved the case where v = 4(o +
2)/o(n — 2s) and (v, p) is the corresponding admissible pair. However, we
can easily modify the proof and restate the theorem as above.

PROPOSITION 3.2. Letu and u,, be solutions stated in Proposition 3.1.
Then ||um — u|lx — 0 as m — oo.

Proor. Using Propositions 2.1-2.3, we get the following estimates:

1€ (¢m — @)l x < cllbm — &l s

G () = ) oz g oy + 16 () = F@D g2
< (1 um) = 5 e 1
1) = £ teraser s grcrn-onpsierassoy
1 ) = F@ | rcesa-orr poter2-20nziterm) )
(310) 16 ) = Fleqay < e(Ifwm) = F@lgsp 10

+ £ (um) = F(Wll pacsr2ra 1, pocr2ve)

1 () = F ()| oo 1 gter—on) )



Continuous Dependence for Nonlinear Schrodinger Equation in H® 63

where

L_iﬁLl(l_i):l
(3.11) As/2) 2y A 2/ 5
' #_iJrl(l_f):l

p(s/2)  2p ¢ 2/ p

1 1 s 1 1 1 s S 1
3.12 77:—<1——)zj, 7—:—(1——)4——53
(3.12) Y(s/2) A 2/ 8 p(s/2) o 2/ 4 p

In the estimates of the last two terms in (3.9) and (3.10), we omit the small
parameter € and show

(3.13)  f(um) = f@)lzagreoy < T (luml% V lull%) lum — ullx,
(3.14) 1F (um) = f@)llz3 1,00y < T (Juml% V llull%) llwm — ullx-

which make the proof much simpler. These are sufficient for our proof
because all the conditions for the exponents to be fulfilled are given by
strict inequalities.

If we have the inequalities

1 1 1 s(1—mn)
3.15 G S ,
(3.15) p-(o+1)p  p n
1 1 s
3.16 ot L
(3.16) (c+1)7  ~ 2

for some 0 < n < 1, we get the embedding
(3.17) BIYA(I1,BYS ") € Lt Vi(1, LeHDP),

Since (7, p) is admissible, calculations using (3.11) show that (3.15) is equiv-
alent to

2 no oc+2—s
3.18 1-— [ — ) = 0.
( ) n>s(a+1)<4 ~y ) @

On the other hand, (3.16) is equivalent to

2 c+2—-s 2-s5\
(3.19) 1—n<1—8<0+1)< 5 - ):ﬁ.
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There exists 0 < n < 1 satisfying (3.18) and (3.19) provided that 0 < o < 8
and a < 1. The first condition 0 < a < f is fulfilled if v > 4(0 4+ 2 — s)/no
and o < 4/(n — 2s). The second condition a < 1 is equivalent to

-2 2 1 1
(n s)cr<a+ +s( >7

4 v 2 5

which is verified by (3.6) and v > 2. Therefore we can obtain the embedding
(3.17). Using Holder’s inequality, (3.17) and (3.4) we deduce

(3.20) [ f(um) — f(w)ll5(r,L5)

o (Y A

X [um = ull o +13 (1, Lo+ 15y

A

<cT <||um||(;§72/2(173271277)(525)) \ ’uH;igﬂ(LBgzn)(s25)))
X Hum - uHB:?TIZ/Q(LBSQ—W)(S—QE))
A

< T ([Jluml|% Vllull%) lum — ullx,

where A > 0. In the second inequality we have used Holder’s inequality

for time variable to gain some positive power of T', which is possible since

(3.16) is still valid if we replace (o + 1)7 by a slightly greater number.
Similarly we can get the following embedding;:

(3.21) BIWA(1, B3y ™") € LetDI(r, L+ D)

so that we deduce (3.14) by using (3.4). Thus (3.13), (3.14) has been proved.
Therefore combining (3.9) with (3.10) we have

(3.22)  G(f(um) = f(w)llx < cllf(um) = f(u)ll4 2 1,0
+ T (flum|% v HUH;() [t — ul|x-

Next we estimate f(un,) — f(u) in B,Sy,/22(l7 L?"). From one of the equiv-
alent norms in Besov spaces ([10], p. 327 or [12], Theorem 4.2.2), we have

(323) Hf(um) - f(u)HBS{i(I,L/’/)

= || f(um) — f(u)”m’ (I,L7")
N 1/2
i (/ s 1047 ) = £, 1 )
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with I := {t: t,t+7 € I} and du(t) := u(t + 7) — u(t). Holder’s inequality
gives
(3.24) 1f () = f)l o < € (lumllTe Vel ) Ntm = wll e,

where 1/p" = o/l + 1/p. (3.6) implies 1/p > 1/l > 1/p — s/n. Indeed,
the first inequality is verified by v > 4(o + 2)/no, the second inequality is
satisfied if v < 4(o + 2)/(n — 2s)o. Therefore we get the embedding

(3.25) Bs,C L.
From Holder’s inequality and (3.25) we obtain for sufficiently small € > 0

(3:26) [f (um) — F(W)ll (1 10ty
e Ay | e e
where k =1 — (0 4+2)/7 > 0. For 0 <6 <1 we define

U (0) = Oup (t+7) + (1 — 0)un (1),

(3.27)
v(0) == Ou(t +7) + (1 — 0)u(t).

By the mean value theorem, we have

(3.28) (|64 (um) — f(u)} Lo < o 1f' (vm(6)) St — f' (v(0)) bull o
< cllum| T )16 (um — u)| e

+ sup || (vm(0)) — " (v(0)) [l /o |60l e
0€[0,1]
= p(t) + q(?).
Holder’s inequality and (3.25) yield
3:29) Wl < Tl oo 166m — W),

In the estimate of Hq||m/(lf), we distinguish the case o < 1 from ¢ > 1. In
the case 0 > 1, from (3.5) we observe

(3.30) q(t) < ¢ (Jluml|F Vel T7) lum — wll pll8ul 2o
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Taking L'~ norm in (3.30) we conclude

(3-31) ||q||L’Y IT) < CTH (||um| L IB‘S 26 \/ || |L,y IB‘S 25))
X |t — u“LW(I,BZEQS)H(SUHLV(L—,LP)-

Here we have used the embedding (3.25). Going back to the representation
(3.23) and using the estimates (3.29), (3.31) together with (3.26), we see

gdﬁummuvnmuﬂmm—wgﬁum)
e (IS V Tl i =l oz .
< o™ (1% V 11l %) ltm — llx-
It follows from (3.1), (3.8), (3.22), (3.32) that
(3:33)  Jum —ullx < elém — dllue
e (T4 T) (lumll% V ull%) llum = ullx.

If we choose T' > 0 such that

(3.34) supe (T + 1) (unll% v ul%) < 1,
wee see
(3.35) [tm — ullx < cllpm — ol s,

which yields the result for the case ¢ > 1.
In the case 0 < o < 1, using (3.5) and the Gagliardo-Nirenberg inequal-
ity

o(l—p

(3:36) q(t) < cllum — ullZillullze < cllum —ullg: llum —ullL, "||6ul| o

for some 0 < pu < 1. (3.7) gives

o(l—p

(3:37) Mgl 1,y < T |lum — ull 75 — |7 o 6wl 2

Y IBS 25)||um

o(l1—
<ﬂWwfwuuml¢mémwwmwﬂy
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(3.23) and (3.26), (3.29), (3.37) imply

(338) ) = F@ ez g g

,2

< T (llumlle V lell) lem = wll gorz 1oy

1—
el — ul 6 — BT Nl oz 1

< T (Jumll% V ull%) lltm — ullx
]__
+ T [t — w2 | x [ — BT

It follows from (3.1), (3.8), (3.22), (3.38) that

(339  lum — ullx < cllém — ollms
e (T 1) (lum % V 1l e — ullx
+ T | — [ ullxlgm — 615

where v = o(1 — pu),0 < v < 1. Taking 7" > 0 such that (3.34) holds we
have

(3.40) [um — ullx < cll¢m — [

for m large enough, which completes the proof. [J
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