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Asymptotic Behavior of the Sample Mean
of a Function of the Wiener Process
and the MacDonald Function

By Sergio ALBEVERIO, Vadim FATALOV and Vladimir I. PITERBARG

Abstract. Explicit asymptotic formulas for large time of expec-
tations or distribution functions of exponential functionals of Brownian
motion in terms of MacDonald’s function are proven.

1. Introduction. Main Results

Many problems in probability and physics concern the asymptotic be-
havior of the distribution function of the sample mean 7! fOT g(&(t))dt for
large T', where £(t), t > 0, is a random almost surely (a. s.) continuous
process taking values in X C R and ¢ is a continuous function on X, see
[29], [37], [30], [7], [38, page 208]. Distributions and means of exponential
functionals of Brownian motion and Bessel processes are intensively treated
in connection with mathematical problems of financial mathematics, [19],
[43]. In many cases exact distributions are evaluated, [33]. Nevertheless, dif-
ficult problems remain open of evaluation of the asymptotic behavior of the
sample means. As one of few examples of such the solutions, see [21], [22],
where asymptotic behaviors of sample means of exponentials of a random
walk, with applications to Brownian motion, where evaluated.

In order to work these problems out, a fruitful idea is to pass from
the nonlinear functional of £ to a linear functional of the sojourn time
Ly(&,-) (for definition see (2.1)), by the relation (2.2). For a wide class
of homogeneous Markov processes £(¢), main tools to evaluate such an
asymptotic behavior are based on the Donsker-Varadhan large deviation
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principle, [8], which in turn actually is based on the Feynman-Kac for-
mula. The large deviation principle allows one to evaluate the logarith-
mic (rough) asymptotic behavior of the sample mean, that is, the behavior
of Eexp{—T [y g(z)Lr(§,dx)} for large T, which, by (2.2), is equal to
Eexp{— fOT g(&(t))dt}. A further development is suggested in [28], where,
basing on the theory of Markov semigroups and Dirichlet forms, the ex-
act asymptotic behavior of the above expectations has been evaluated. See
also the review [11]. In [12], starting from results of [28], a Laplace type
method has been developed to derive the asymptotic behavior of the prob-
ability P{T~! fOTg(g(t))dt < d} for large T. Using this method, the exact
asymptotic behavior of the probability has been derived in [12], [13], [14]
for the power function g(z) = |z[P, p > 0 with £(-) the Wiener process,
respectively the Brownian bridge, respectively the Ornstein-Uhlenbeck pro-
cess, the Bessel process. In the present paper we consider another type of
g, namely, g(z) = e?1*l, § > 0 with £(-) the Wiener process w(t), t > 0. Tt
is necessary to note that d-dimensional case can be also considered. But
explicit evaluations require the derivation of the minimal root of the corre-
sponding Schrédinger operator (see below), which is much more complicated
in d dimensions.
We use the notations

Pefw € ()} = P{w € (1) |w(0) = ¢},

Pep{w € ()} = Plw € (1) |w(0) = ¢, w(T) = b},

and E., E.; for the corresponding expectations.

In order to formulate our main results, we introduce K,(x), = > 0,
the modified Bessel function of the second kind, also called the MacDonald
function, see [9, 7.2.2], [1, 9.6], [44] and Lemma 1 below. It is well known
that if v is purely imaginary, v = it, i = v/—1, 7 € Ry, the function K; ()
takes real values and can be represented as an integral,

(11)  Ki(x) = / emeosht og(rtydt, 3> 0, 7€ [0,00).
0

Arguing by analogy with [20, Chapter 7.3], one can show that for any fixed
positive > 0, the equation K/ (z) = 0 in 7 has a countable number
of strictly positive isolated roots, where K/ (z) = %Kif(a:). Further, for
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any © # 0, K/, (x) is an entire function of v, [1, 9.6.1], so that it has no
accumulating points of zeros. Using again a line of reasoning from [20,
Chapter 7.3], one can see that for any positive 6 there exists a minimal
positive root of the equation

(1.2) K[ (2v/2/6) = 0.

Denote this root by 79 = 79(f#) > 0. We need also the integral Bessel
function,

(1.3) Ki,(z) ::/KVT(t)dt, x >0,

[35, Attachment II, T1.15].

THEOREM 1 (Asymptotic behavior of expectations). For any
positive 8 and any real ¢, b, the following two asymptotic relations take place,

T
(1.4) E. |exp —/69|w(t)|dt NToqle_%THQTg,
0

as T — oo, with

KiToi(Q\/i/e) KiTo (2\/569|c\/2/9)

W) a= g e

and
T

(16)  E.p|expl — / Aol gg V| \/g Groqo/Te 073
0

as T — oo, with

KiTO (2\/566.'6‘/2/9) KiTg (2\/§60‘b|/2/0)

(1.7) B K (2V2)0) (2K (2V2/0)]|

Now we turn to the asymptotic behavior of the respective probabili-
ties, see (1.11,1.13) below. Though there is some analogy with the case of
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means, the study of the probabilities is more complicated. In the case of
means we had the one-parameter defining condition (1.2), with respect to 7.
In the case of probabilities we have to introduce a two-parameter defining
condition, with respect to a and p, see below.

PrOPOSITION 1. Letd > 1 be a fized number. Among all the possible
solutions (a,p) to the equations set

o _, B p? —4a

a>0, p>0,

sz(Q\/a)v

there exist a unique pair (ag,po), which minimize p?> — 4ad. Moreover,

(1.9) P2 — 4apd > 0.

Clear, ag and pg depend of d. Notice that for fixed a > 0, there exists a
minimal positive root p = p(a) > 0 of the first equation of (1.8). We prove
this proposition in Section 3.

Set
ol
o2 2ood Jpo g Ao 2a0d + ald(z;ao —p2) [ 55 Kin(2v/00)] lp=po
7~ dao | 4 P Po Kipy(24/ap)
(92
(1.10) _ 8da§/2 [ 552 K1p(2/a0) ] [p=po
B Kip(2/a0)

Notice that by (4.3) and (4.43), 02 > 0. Notice also that ag, pg and o2 do
not depend of 6.

THEOREM 2 (Asymptotic behavior of probabilities). Ford > 1,
0 >0, be R the following asymptotic relations, as T — oo, take place,

T

1 qs 1202
1.11 Pyl = [ Wlgt < g3 ~ — 22~ sT0(P5—4a0d)
( ) 0 To/ 2o
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with

Kiy (2
(1.12) 43 = 8aod lipo (21/a0) 0;

-~ pE—4dapd Kipy(2y/a0)

and
T

(1.13) Pop %/e("“’(“'dt <d% ~ %e—%TQQ(p%—&lod)’
0

with

(1.14) 4= 2a0d  Kipy(2/ape??l/2) -

po —4aod  Kipy(2+/a0)

Notice that, using the approach described below, it is possible to prove
an analogue of Theorem 2 for the probabilities conditioned on w(0) = ¢, for
an arbitrary c. The corresponding expressions will be more complicated but
similar to those of Theorem 2. In particular, an assertion corresponding to
Proposition 1 must depend also on 6, compare with Lemma 4 below.

2. The Laplace Method for Sojourn Times. Proof of Theorem 1

2.1. Definitions, notations and necessary facts

Proofs of propositions like Theorems 1 and 2 are based on the substantial
and effective theory of large deviations for sojourn times of homogenous
Markov processes, see [8], [28], [11], [12]. We give here corresponding results
as applied to the Wiener process.

Let C]0,00) be the space of continuous real valued functions on [0, 00).
For any ¢t > 0, z € C[0,00) and Borel B from R denote by

(2.1) Li(z,B) :=

| =

t
/ I5(2(s)) ds,
0

the sojourn (occupation) time of a fixed trajectory z = z(-) to be in B in the
time period [0, ¢]. Here Ip(+) is the indicator function of the set B. Shortly,
L(z, B) is the (normalized) sojourn time. The following important property
takes place, [5, Chapter 1, (4.1)], which we formulate in a simplified form.
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PROPOSITION 2. Let a real valued function g be Borel measurable and
integrable on any compact subset of R. Then for any t > 0 and all w € €,

t 00
(2.2) %/g(w(s))ds: /g(z)Lt(w,d:L“).
0 —0o0

Notice that for g(x) = Ig(z), (2.2) follows immediate from (2.1)
Remark that on the left-hand part of the above identity we see a non-
linear functional of w whereas on the right we have a linear functional of
the sojourn time of w.
Let (Lo, || - ||) be the Hilbert space of real functions on R with the usual
(0.0}

scalar product (u,v) := [ u(x)v(x)dz, and set N(v) := [[v||?. Remind that
the generator A of the \Rfiener process is defined on the set

D4 :={ the set of bounded functions h such that h, h’

(2:3) are absolutely continuous, and h” is bounded }

and acts as
(2.4) (AR)(z) = %h”(:ﬂ), heDa,

see, for example, [23, Theorem 2.14]. The set Dy = {he DsNL?: 1" € L?}
is totally dense in L2
Properties of the generator A and the Dirichlet form.
The transition density of the Wiener process is given by

2

exp{—%}, te(0,0), z,y€R,

(2.5) p(t,z,y) =

1
V2mt
[36], [24]. Evidently,

(2.6) p(t,z,y) = (I4+0(1)) z,yeR t— 0.

1
vV 2mt
We also see that the transition density is a symmetric function with respect
to x,y, that is p(t,z,y) = p(t,y,x), in fact, this is a common property of
one-dimensional diffusions, [6, Chapter 2, 2.1.4]. Thus the Wiener process
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is an m-symmetric Markov process, (28], [16], [18], [17, page 311}, with m
the Lebesgue measure on R, therefore the following defining relation takes
place,

<Ptg7h>:<gvpth>7 gthCO(R)7

o0
where Ph(z) = [ p(t,z,y)h(y)dy is the semigroup operator and Cyp(R)
—0o0
is the space of continuous compactly supported functions on R. For m-
symmetric Markov processes a fruitful theory of large deviations has been

developed, see [28], [17], [11, sect. 5.1].

ProprosITION 3. The Wiener generator A : 15/1 — L? is symmetric,
that is,

(2.7) (Au,v) = (Av,u), u,v e Dy.
It is also negative, that is,

(2.8) (Av,0) <0, veDy.

Though the properties (2.7, 2.8) follow from general results about m-
symmetric Markov processes, [16], [17, page 311], they are in fact immediate.
o0

Indeed, integrating by part, one has, — (Av,v) = % [ [V (x)]2dz > 0.

So, —A is symmetric and positive. Following arguments from [16] and
taking into account (2.7) and (2.8), let us define the bilinear Dirichlet form,

(2.9)  E(u,v) = <\/—_Au, \/ﬂv> ., wveDE) =DW-A),

where v/—A is the square root of —A and D(v/—.A) is its domain [2].
We have,

(2.10) E(u,v) = — (Au,v), ueDy, veDE),

[16, Section 1.3].
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The Large Deviation Principle and the logarithmic behavior.

We recall here some results from the theory of large deviations as ap-
plied to the case of Wiener process. Denote by (M, p), the metric space
of probability measures on R where p is the Prokhorov metric. Define on
(M, p) the action functional I(v), by

v,V if v and v(dz) = v?(x)dx
(2.11) I(y)::{g(’ ), ifveD(E) and v(dr) = v*(x)d,

400, otherwise.

The following theorem shows that the families of probability measures
[PA{L7(w,-) € (-)}7r>0 and [P.p{Lr(w,-) € (-)}r>0 satisfy the Large De-
viation Principle in the space (M, p) with the same action functional I(v)
and the speed T'.

THEOREM 3 (the Large Deviation Principle).
(i) For any open G C M, and P = P, or P = P_;, for any c, b,

— inf I(v) < liminf 1 log P{Lp(w,-) € G}
T—oo T

ve@
1 —
(2.12) <limsup = log P{Lr(w,-) € G} < — inf I(v),
T—00 T velG

G is the closure of G.
(ii) For any weakly continuous functional F' on M,

lim. % log E.{exp|~TF(Ly(w, )]}

(213) = lim - log Bupfexpl-TF(Lr(w, )]} = — inf [F(v) + 1(+)].

One can get the proof of the theorem using [8, III] and [42, III], see
also [17]. It turns out that, unlike to logarithmic behaviors (2.13), the
asymptotic behaviors of the expectations in (2.13) are different. They can
be evaluated using results from [28], see Theorem 4 below.

According to the context it will be convenient to work either with func-
tions, in L%, or with measures, in M. Thus, though the main theorem 3
deals with measures, it is easier to solve extremal problems like (2.13) in the
space of functions, where one can use tools from the calculus of variations.
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We recall that the action functional I(v) is non-negative, semicontinuous
from below and has compact level sets, [11, 3.2, Definition 2.1].
Set

H:={veDy: N) =1}

Notice that if v € H, then v? is a probability density on R, furthermore,
lim v(z) =0.

|z|—o00

The complete metric space (M, p) has no linear structure. Taking into
account that the Fréchet derivative can be defined, as a rule, in normed
linear spaces, [3, 2.2] and following [28, p.534], we introduce one more space
of measures.

Let Cy(R) be a Banach space of bounded continuous real functions on
R with the supremum norm, |A|c,®) = sup,cr|h(z)|. take a sequence
{n}22; C Cp(R) of squared integrable functions and a sequence of positive
numbers {ay, }2° ; such that the following three conditions be fulfilled:

L. ¢n # 0 for all n and ||¢n|c,®) — 0 as n — oo;
2. {llenll L2 ¢n}n 1 is a complete orthonormal basis in Lo;
3. 2t an”%”if < oo.

Denote by M4 the normed linear space of signed measured p on R of
bounded variation and the norm

lplla = [Zan\r¢nr\L2 (/" %du)T/Q,

see [28, p.534] and [27, p.237].
The following result specifies the logarithmic asymptotic relation (2.13).

THEOREM 4 (Laplace asymptotics for a linear functional). Sup-
pose that for a bounded linear ¥ : M — R the extremal problem

U(uldz) — (Au,u) — inf, ueH,
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has a unique solution ug > 0. Then, as T — oo,

E.lexp{—TY(Lyp(w,-))}]

o0

(2.14) = exp{-T[¥(ujdz) — (Aug,uo)] juo(c) / uo(z)dz(1 + o(1));
Eeplexp{=T¥(Lr(w,-))}]
(2.15) = exp{—T[¥(uddz) — (Auo, uo)] }uo(c)uo(b)V2rT (1 + o(1)).

Asymptotic behaviors of the integrals from (2.14), (2.15) are actually
evaluated in [28], Theorems 2.19 and 2.20. Remark only that in [28], Markov
processes with transition probabilities having densities with respect to some
probability reference measure on R (the speed measure). But careful inspec-
tion of the corresponding proofs from [28] shows that the results of The-
orem 4 are also valid for the Wiener process, though its speed measure is
the Lebesgue measure. Furthermore, following arguments from [28, page
543, Proposition (2.1)], [10, Lemma 1] and taking into account (2.10), one
can prove that under the conditions of Theorem 4, the extremal problems
U(u2dz) + E(u,v) — inf, € H, and U(udz) — (Au,u) — inf, u € H,
are equivalent.

The relation (2.15) can be derived from an assertion similar to Theorem
2.19, [28], taking into account (2.6).

2.2. Proof of Theorem 1
Remind first that the first Fréchet derivative of a bounded linear func-
tional A equals A and its second Fréchet derivative equals zero, [3, 32.2].
Thus evaluations with Tailor expansions used in [28] for a general nonlinear
functional can be made easier when the functional is linear. This gives a
possibility to apply the ideas and tools from [28]. Namely, we apply Theo-
rem 4 to the following linear functional,
o0
(2.16) Uy(p) = / ol u(de), pe My, 6>0.
—0o0

Obviously, ¥y is not bounded even on M C M 4. Nevertheless, the couple
of objects, the functional ¥y and the random probability measure Ly (w,-),
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has a number of good properties which allow us to use for this couple the
assertion of Theorem 4.

For any T' > 0 the random probability measure Ly (w,-) can be consid-
ered as a random element taking values in (M,p). For fixed ¢,b € R, T > 0,
we define

Qi (G) = Pe{Lr(w,)) € G}, Qp(G) = Pep{Lr(w,) € G},
where G is a Borel set in (M,p). Define also
Mo = {p e M:Uy(p) < oo}
The following two sentences take place.

Sentence 1. For any T > 0, the random element L (w,-) takes values
a.s. in Mg. It means that for any c,b € R, T > 0,

QZ(MO) = ng(./\/lo) =1.

This sentence follows from Proposition 2. Indeed, setting in (2.2) g(z) =
e?l#l 2z € R and using a.s. continuity of w(t), we get, that

oo T
1
Yy(Lp(w,-)) = / ol Ly (w, dz) = T/eﬂw(t”dt <00 a.s.
—00 0

Using Sentence 1, we get the following,

Sentence 2. (i) The integral Varadhan Theorem on logarithmic
asymptotic behavior takes place for Wy and both probability measures P = P,
and P = P.y. Namely, the limit relations

lim % log E{exp[—TVy(Ly(w,-))]}

T—o00

= Jim_ . log /M exp[—=TWs(1)]QT (dpr) = — inf [Wy(1) + (1))

— inf
T—o00 HEM

take place for both E = E., QT = QI and E = E.y, QT = sz, corre-
spondingly. The action functional I(p) is defined in (2.9).
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(ii) The assertion of Theorem 4 is valid for Uy.

The proof of (i) follows the same scheme as the proof of Theorem 2.1
in [41, p.6] with taking into account Sentence 1 and positiveness of Wy(u),
p € M. The proof of (ii) follows the methods of [28] with taking into account
Sentence 1 and linearity of Wy

Now turn to the proof of Theorem 1. For any 6 > 0, the set
(2.17) Dy := { the set of functions h € L?

such that = = e/®Ih(z) is in L?}

is totally dense in L. Introduce a quadratic functional, associated with Wy,

(2.18) U):= /0069|x|1)2((13)d(13 = <e€|x|v,v> , v € Dy.

Clearly, we have,

Uo(p) =U(v), with p(de)=v?(z)dz.
The set D :=DynN 5,4, is also totally dense in L?; the set
(2.19) H:={veD: N(v) =1},

is totally dense in H. By virtue of Theorem 4 and Sentence 2, in order to
prove (1.4) and (1.6), one has to solve the following extremal problem for a
non-negative quadratic functional,

(2.20) Uw) — (Av,v) —inf, veH, v>0.

Auxiliary facts.
First we need some facts about modified Bessel functions of the first and
third kinds. It is known that the modified Bessel equation with a complex
V?

(2.21) 222" (x) + 22 (x) — (22 + H)z(2) =0, z€R,

has two linearly independent solutions, which are called modified Bessel
functions of the first and third kinds, I, (x), K,(z), [9, 7.2.2]. We recall
some properties of these functions, which are useful for our discussions.
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LEMMA 1. Let v be a complex number. Then

(2.22) I,(z) = \/Zﬁu +o(1)), @ — oo
1,2
[a R @)n = 56 + DK a) - T (KUa)
(2.23) /th(t)dt = %2 [K!(x)]? — 2(x2 + V) K2(z), x> 0;
K2(x) x a _, , 0
[ 52 e = o [Kulo) g Ko - Kifa) Ko,

(2.24) /K"T(t)dt == [K;(x)ﬁm(x) - K,,(x)ﬁK;(x)}, x> 0.

PrROOF. The relations (2.22) can be find in [1, 9.7]. The first equality
from (2.23) is in [9, 7.14, Formula(13)], the second one follows from the first
one and relation (2.22), see also [34, 1.12.3(2)].

The second equality in(2.24) is derived from the formula 1.12.3(3), [34],
by letting y — v. The first one follows from the second and (2.22), see also
(12) in [9, 7.14]. So the Lemma follows. [J

Now consider the Schrédinger operator B = By : L? — L2, related with
the extremal problem (2.20). It is defined on the set D ([31, 24.5]) by

{ By(z) = —1y"(z) + lly(z), =z €R,

(225) y(=0) = y(oc) = 0.

From (2.4) and (2.18) it follows that

(2.26) Uw) — (Av,v) = (Bv,v), veD.

LEMMA 2. The Schrodinger operator B is self-adjoint positive, its spec-
trum is purely discrete and simple, that is, the equation Bv = [v has a
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countable number of solutions (vy, B,), n=0,1,2,..., where
0<Bo<fr1 < - <Bpn<...

are eigenvalues and {v,} are corresponding normalized eigenfunctions,
[on]| = 1.

Proor. The positivity is immediate, indeed, integrating by parts, we
have

Byg) =5 [WaPde+ [ a0, 0£yeD.

The potential eIl is positive hence is in particular bounded from below and
tends to infinity as || — oo, therefore the assertions about self-adjointness
and the spectrum follows from well-known general facts, see for example [31,
24.6b], [27, IX.2a], taking into account the positiveness of 5. The Lemma
is proven. [

Consider By > 0, the minimal eigenvalue of B and wvy(t) > 0, the cor-
responding normalized eigenfunction. — In other words, vy is the unique
solution to the following boundary problem for the Schridinger equation,

%U”(:p) —eltly(z) = —Bov(z), z€R,
v

(2.27) —00) = v(e0) =0,

T v2(z)dr = 1.

Solution to the extremal problem (2.20).
For 7y defined in (1.2), let us set,

0<Cy:=— ;

\f( 7 Kfm(t)dt)—lﬂ

2v2/6
22 =G (BRI o))

70

the latter equality is taking place by virtue of (1.2) and (2.24) with v = i7.
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LEMMA 3. (i) We have

2.2
(2.29) fo="T0
and
B ‘ 2v/2 0| x|
(2.30) vo(x) = CoKir, <T eXp{T}), z € R.

(i) The function vy is the unique solution to the extremal problem (2.20).
Furthermore,

(2.31)  inf[U(v) — (Av,v) : v € H, v > 0] = U(vg) — (Avg, vg) = ——.

PrROOF. Applying Lagrange’s method of multipliers [3, 3.2.1], found
all local minimums correspond to the problem (2.20), and then select the
global minimum. The Lagrange function is

(2.32) L(v) =M[U@w) — (Av,v)] + X2[(v,v) — 1], v €D,
where
(2.33) M >0, deR, M4+A>0,

are the Lagrange multipliers. Differentiating, we get that in order to have
a point v as the minimum in (2.20), it is necessary to satisfy the stationary
condition,

(2.34) L£'(v)(z) = 27 [ lv(z) — Av(z)] + 209v(z) =0, veD, z€R.
and the complementary slackness condition,
(2.35) Ae[(v,v) — 1] = 0.

It is easy to verify that for our problem \; > 0. Indeed, suppose that Ay = 0.
Then, in virtue of the last inequality in (2.33), A2 # 0, and relation (2.34)
can be written as 2A\ov = 0, which contradicts (2.35). Thus A; > 0. Let us
set f = —X2/A1 € R. Investigating relations (2.32)—(2.35), one can see that
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for a function v, yielding a local extremum in (2.20), there exists 8 = (3(v)
such that the couple (v, 3) satisfies the following boundary value problem,

(2.36)

In accordance with the definition (2.25) and Lemma 2, the problem (2.36)
has a countable number of solutions (v, 3,), n = 0,1,2,.... Therefore,
taking into account (2.26), we get

U(vp) — (Avy, vyn) = (Bug,vn) = Bn.

From here we conclude that the minimum in (2.20) is achieved in the only
point vy, and

(2.37) inf[U(v) — (Av,v) : v € H, v > 0] = (Buvg,v9) = o > 0.

Notice that the above argument is completely similar to the variational
principle in the problem of eigenvalues on an interval, [25, Part 2, 9.4].

Now we solve the boundary problem (2.36) with 5 = [y and prove both
assertions of the lemma. Consider the differential equation

(2.38) V" () + (260 — 2% o(z) =0, zeR,

with the normalization condition

[e.o]

(2.39) / v (x)dx = 1.

—00

It is easily seen that, since vg(x) is a solution to (2.38) for = > 0, the function
vo(—x) satisfies (2.38) for z < 0. Therefore we solve first the differential
equation

(2.40) V() + (280 — 2" )v(z) =0, z €[0,00).

Its solutions can be expressed in terms of Bessel functions, see for example
2.1.3 (2) in [33], or formula (23) with a = 0 in [25, Part 3, Chapter 2, 2.162].
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Let us make in (2.40) the change of variables, ¢t = %eemﬂ, t €
[20/2/6,0), 2(t) = v(z). The equation (2.40) takes the form

(2.41) 22" () + t2'(t) — (2 + D) 2(t) =0, t€[2v2/6,0),

where v := 24/2600~'i. The equation (2.41) is the modified Bessel equation,
(2.21). Taking into account (2.22), we conclude that the desired positive so-
lution which, by (2.39), satisfies the condition z(co0) = 0, is the Macdonald’s
function z(t) = K, (), t € [2v/2/0, c0).

Thus, the differential equation (2.40) with the condition (2.39) has the
unique positive solution

(2.42) vo(2) = CoKy a5 /0(2V26772/0) 2 > 0.
Let us show, that (2.28) and (2.29) hold. Let
(2.43) vo(x) = vo(—x), x<O0.

Obviously, vj(z) = —v((—z), * € R. Since the extremal vy is twice differ-
entiable at zero, we have v((0+) = v((0—) = 0. From here, differentiating
(2.42) and taking into account (1.2), one gets (2.29). (2.28) follows from the
normalization condition (2.39). Thus, (2.30), (2.31) and therefore Lemma
3 follow.
Proofs of (1.4) and (1.6).

The relation (1.4) follows from (2.14) of Theorem 4, Lemma 3 and
Definition (1.3). The relation (1.6) follows from (2.15) of Theorem 4 and
Lemma 3. U

3. Beginning of Proof of Theorem 2: Logarithmic Behavior,
Computation of an Extremal, Proof of Proposition 1

3.1. Scale properties and logarithmic behavior

The subject of Theorem 2 is the Wiener process starting at zero, there-
fore the functional under consideration has a scale property, so that one
can dispense with the scale parameter #2. From the scale invariance (self-
similarity) of the Wiener process, [23, 2.1], we get the following immediate
Lemma.
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LEMMA 4. Forany0>0,d>1,T>0,beR,

) T . 02T
(3.1) PO{T/ef"w(t)'de} = Po{ gor / el*®lar < a},
0 0
. T . 62T
(32) Pos{7 / Oldr < d} = Pof / Ol gt < d|w(6*T) = 6b}.
0

0

REMARK 1. Lemma 4 shows that it is sufficient to prove Theorem 2
for § = 1 and the three parameters d, T} = 0°T — oo and b; = 6b. Thus in
what follows we take in (2.16-2.19) 6 = 1.

LemMA 5 (Logarithmic behavior of sojourn time). For d > 1
and b € R,

1 o0
lim — log P, el
Jim — log 0{/006 r(w,dx) < d}

1 o.]
:Thjgjlogpo,b{/_oo e Lp(w, dz) < d} =

(3.3) =—inf{I(v): U1(v) <d} = —inf{I(v): ¥i(v) < d}.

PrROOF. By Definition,

P(]{ 7.0 e|“|LT(w,d:U) < d} = Po{\Ifl(LT(w)) < d},
(3.4) %
POJ,{_f el Ly (w, dz) < d} = Pyp{¥1(Lr(w)) < d}.

Formulas (3.3) are derived using (3.4), the linear property of ¥; and The-
orem 3, by standard arguments of the Large Deviation Theory (compare
with Remark 2.2, Theorem 2.2, Theorem 2.5 and Corollary 2.1 from [11].
Remark that the relations (3.3) correspond to the case Ulgg I(v) = inf I(v),

G={v: ¥(v) <d}in (2.12). O v
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Thus, in accordance with (3.3), to apply the Laplace method to the
probabilities under consideration, one has to solve the extremal problem:

(3.5) I(v) — inf, W(v)<d.
3.2. Solution to the extremal problem (3.5)

LEMMA 6. The extremal problem (3.5) is equivalent to the following
extremal problem,

(3.6) —(Av,v) —inf, veH, U(v)<d, v>0.

PrOOF. From (2.16 — 2.19) with § = 1, one sees that the problem (3.5)
is equivalent to

(3.7) E(v,v) —inf, veDE), Nw) =1, Ui(v) <d.

For the Dirichlet form &(u,v), defined by(2.9) one has, [28, page 543],
(3.8) veDE), |vleDE) E,v)>E(v],|v]).
Therefore, by (3.8), the extremal problem (3.7) is equivalent to

(3.9) E(v,v) —inf, veDE), Nw) =1, Ui(v)<d, v=>0.

By Weierstrass’ First Theorem, [40, Theorem 9.2], the minimum in (3.9) can
be achieved. Using arguments from [28, Proposition (2.1)] and [10, Lemma
1], it is possible to show that the points of minimum in (3.9) belong to the
domain D4 of the generator A. From here, taking into account (2.10), it
follows that the problems (3.6) and (3.9) are equivalent, therefore (3.5) and
(3.6) are also equivalent. The lemma follows. [J

A solution of the extremal problem (3.6) is tightly connected with Propo-
sition 1. In the following proof of this proposition we need the following
assertion of variational nature.

PROPOSITION 4. For a fired d > 1 the following assertions hold:
(i) The extremal problem (3.6) has a unique solution ug(x) = uo(zx,d),
x € R, moreover, up(x) is bounded and positive.
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(ii) There is only a pair (Ao, 0) (the Lagrange multipliers) such that
uo(x) is the unique positive solution to the Schridinger boundary problem
with symmetric potential el*!,

( 1u(z) = Moellu(z) +you(z) =0, z€R,
u(—00) = u(oc) =0,

[e.9]

(3.10) [ v (z)dx =1,
[ ellu?(z)da = d.
\ —o0
Moreover,
inf{— (Av,v) : veH, Ui(v) <d, v >0}
(3.11) = — (AUO,U()> =59 — dXg > 0.

The boundedness of the integrals in (3.10) follows from the Liouville-
Green approximation, [32, Chapter 6, Theorem 2.1]. Lemma 7 below gives
an explicit solution to (3.10).

3.3. Proof of Proposition 4
We solve the problem (3.6) using Lagrange multipliers and Kuhn-
Tucker’s theorem, [3, 1.3.3, 3.2.1]. The Lagrange function is given by

L(v) = =1 (Av,v) + Xo[U;(v) — d] + Ag[{v,v) — 1],

(3.12) veD, v>0,
where
(3.13) M >0, XA>0, MER, M+XN+M>0.

Differentiating the quadratic functionals we conclude that since v is a min-
imum in the problem (3.6) the stationary condition

(3.14) L'(v) = =201 Av 4+ 2x0ello + 2030 =0, veD, v>0,
and the complementary slackness condition,

(3.15) No[Ur(v) —d] =0, As[{v,v) —1] =0
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are fulfilled. It is easy to verify that in our case A\; > 0. Let us set, A =
X2/A1 > 0, v = —A3/A1 € R. On the other hand, from (3.12-3.15), it
follows that a minimum point v for the problem (3.6) is a boundary point,
moreover

—AU(I) +ello(z) —qu(x) =0, =R,
Uo(o o0) = v(o0) =0,

(3.16) [ v¥(z)dz =1,

T el*lv?(z)de = d.

—0o0

Using this and following the proof of the Kuhn-Tucker theorem [3, 1.3.3],
we conclude that there exists only a pair of positive numbers (Ao, ) such
that

min{— (Az,z): z€ H, Ui(z) <d, 2> 0} =
(3.17)
min{— (Az, z) + M[Ui(z) — d] + 1[(z,2) — 1] : 2z €D, z> 0}.

For a minimum point v on the right-hand past of (3.17) the relations (3.16)
are fulfilled for A = Ao, v = 79, that is, relations (3.10).

To conclude the proof of Proposition 4 the following Lemma is going to
be proven.

LEMMA 7. The function ug from the formulation of Proposition 4 is
the only solution to the boundary problem (3.10).

First we prove an auxiliary assertion. Consider a linear differential
Schrodinger operator S : L2 — L2, acting by the rule,

(3.18) (Su)(z) = —%u”(az) + Xoel®lu(z), zeR,

with domain Dg := {u € L?: Su € L?} which is totally dense in L?
The operator S is close to By, defined by (2.25) with # = 1. Since Ag > 0,
the following analogue of Lemma 2 is valid for S.

LEMMA 8. The Schrodinger operator S is self-adjoint, positive and has
purely discrete spectrum, that is the equation Su = pu has a countable
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number of solutions (uy, ), n =10,1,2,..., where
O<po<pr < - <pp<...

are eigenvalues and {un} are corresponding normalized eigenfunctions,
[un] = 1.

PrOOF OF LEMMA 7. The differential equation of the problem (3.10)
can be now written in terms of the operator S as

(3.19) Su = yu, ué€ Dg.

By Lemma 8, for fixed Ay > 0 and 79 € R the equation (3.19) has at most
one solution and the solution exists only if v9 > 0. It has already proven
that the extremal problem (3.6) does have a solution, therefore equation
(3.19) has exactly one solution, namely, the function ug € L? defined in
Lemma 8. At that y9 = po and wg satisfies (3.10).

From the above it follows that wg is positive (see (3.8)) and it is the only
solution of the boundary problem (3.10). Thus Lemma 7 follows. [J

Now we can conclude the proof of Proposition 4. We first prove the
second equality in (3.11). By the already proved part of Proposition 4 we
have for the extremal wug(x),

1
(3.20) —iug(x) = youo(z) — Moellug(z), = eR,
(3.21) / ud(z)dz =1, / ell2(z)dz = d.
—o0 —o0

Multiplying (3.20) on ug(x) and integrating both sides from —oo to oo we
get, taking into account (2.4) and (3.21):

(3.22) — <.A’LLO, UO> =7 <U0, U()> - )\0 <e|x‘u0, UO> =% — d)\o > 0.

The last equality follows from the negativeness of A, see (2.8). Thus we
know that vy > dAg > 0.
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Now we shall prove the strict inequality — (Aug,up) > 0. It is easy to
see that the generator A is injective in the domain D4 N L?, it means that
for any v from the domain, we have Av = 0 if and only if v = 0. Thus, by
virtue of Proposition 3, the operator —A with the domain D is symmetric
positive and injective. From here, by Proposition 1.3 from [25, Chapter 3],
it follows that the quadratic form (Au,u) equals zero then and only then,
when u = 0. Thus — (Aug,up) > 0 and (3.11) and therefore Proposition 4
follow. [

3.4. Proof of Proposition 1

The boundary problem (3.10) similarly as for the problem (2.27), al-
lows an explicit solution represented by the Macdonald’s function K;-(x) of
purely imaginary order.

PROOF OF PROPOSITION 1. We shall find the solution of the boundary
problem (3.10). The differential equation from (3.10)

(3.23) u(x) + (2y — 22e®Nu(z) =0, =z eR,
is very similar to the already solved equation (2.38). By similar arguments

we conclude that the desired positive solution to (3.23) has the form

(3.24) { up(z) = QKo 57 (2v2Xe"/?), 2 >0,

UO(:‘U) = UO(_$)7 x <0,

where @) > 0 is the normalizing constant and the following connection be-
tween parameters v and A takes place. For any fixed A > 0, v = y(\) > 0
is defined uniquely as the minimal root of the equation

(3.25) K} =;(2V2)) = 0.

with respect to . Using the two last equalities in (3.10) and relations (2.23),
(2.24), (3.24), (3.25), we get two extra equations for (Q,~, \),

oo 2
1:4Q2 / KQLW(t)dt
t
2v2X
1 [0
(3.26) = wa(m/ﬁ)W [a—pK;p(m/ﬁ)} 275
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oo

Q° Q°
(3.27) d= / tK3 o ()dt = - NES = (2V2)).
2v2)

From Proposition 4 it follows that the equation set (3.25 — 3.27) with respect
to (@,,A\) has a unique solution, say (Qo, Y0, Ao)-
Passing from the parameters (Q,vy,A) to (Q,p,a), setting a = 2X, p =

24/27v and
(3.28) ap = 2o, Ppo = 2+/27,

(3.25) takes the form of the first equation from (1.8). Eliminating @ from
(3.26, 3.27) we get the second equation for a,p in (1.8). Using (3.26) and
the second equation of (1.8), we find that

[e.e]

1 K2 (1) \-1/2 2aqd 1/2
.2 = — 71;00 = .
(3.29) 0<@Qo 2( / t dt) [(p(% — 4ao) K7, (2y/ao)
2\/ag

Taking into account the derivation of (3.22), we make sure that from the
(3.28), (3.29) and Proposition 4, using p? — 4ad = 8(y — d)), Proposition 1
follows. Inequality (1.9) follows from (3.28) and (3.11). O

Notice that from the proof of Proposition 1 we get also the following.

PRrROPOSITION 5. The extremal introduced in Proposition 4 is

(3.30) uo(z) = QoKipy (2v/a0 exp{%}), z € R,

where Qq 1is given by (3.29) and the numbers ag, po are defined in Proposi-
tion 1.

4. Conclusion of Proof of Theorem 2

First we formulate a general result which is in some sense a generalization
of Theorem 4 and which is the base of our proof of Theorem 2. This result
is already given in [12] for the case of a power potential, in a more detailed
form, see also [13], [14].
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Define a continuous function:
(4.1) V() =70 — e, zeR.

The operator A+ V : L? — L? is defined on a totally dense set D in L2.
Similarly to [12, (3.11)], it can be shown that the kernel Ey of A4V is a
one-dimensional subspace of L2,

Ey:=Ker(A+V) = {couo, cp € R}.

Consider the decomposition of L? in a direct sum,

L* = Eo& By,
where
[e.e]
Ey=FEy ={vel?: / v(x)ug(z)dr = 0}

is the orthogonal supplement of Ey, see [26, Chapter 4, 5.4]. Since A+ V is
self-adjoint, its restriction to F; (denoted again by A+ V') acts from E; to
Eqin one-to-one way, (compare with [26, Chapter 9, sect. 4.5]). Therefore
one can define its inverse (A + V)7 ly, y € Ey. Let

clal

Then, by two last equalities of (3.10), we have ugpy € Ej. Set
(4.3) o2 = —9\2d / (A + V) [ugth] (@) ug (x)dz > 0.

By the above argument, the element (A + V)~ !{[ugv](x) satisfies
(o)
(4.4) / (A + V) Hupy] (x)ug(z)dz = 0.
The assertion 02 > 0 follows from (4.2), (4.4) and the positivity of —(A +

V)~L. In turn, the positivity of —(A + V)~! follows from (2.4), (4.1) and
Lemma 8 with g = 0.
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THEOREM 5 (Exact asymptotic behavior for sojourn times).
For the Wiener process w, anyd > 1 andb e R, as T — oo,

(4.5) po{/ o Ly(w, de) < d} ~ exp{—TE;;W;TC?OO)}uo(O) /uo(a:)d:c;

(4.6) Po] / " el Ly (w, da) < d) ~ Uioexp{—T(vo — d2o) o (0)uo(b).

The proof of Theorem 5 is similar to the proof of Proposition 1
from [12]. The main reason why Theorem 5 holds is that the extremal in
Proposition 4 is unique and that the spectrum of the Schrodinger operator
in Lemma 8 is discrete.

4.1. Proof of Theorem 2
We derive the assertion of Theorem 2 from Theorem 5. We let 0 = 1 and
compute o defined by (4.3) and (4.4). We need several auxiliary assertions.

LEMMA 9. The Wronskian of the modified Bessel functions I,,(x) and
K, (z) equals

W, K,) = I (2) KL (z) — I(2) K, (z) = —

—, z€R.
x

For any complex v, the following antiderivatives hold,

Y dx I,(y)
4. =
o | m
V1, (z)Ky(z) Y 9 ' 9
4.8 ———der==|I,(y) —K —I(y)—K, .
as) [ R = L L) KW - L) g K]

PROOF. The expression for the Wronskian is well known, see [9, 7.11].
The equality (4.7) can be proven by differentiating and using the expression
for the Wronskian, one can also find it in [34, 1.12.5(2)]. The antiderivative
(4.8) is derived from 1.12.4(4) [34] by letting there 1 — v. Notice that this
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relation is an analogue of the first equality in (2.24)). The Lemma follows.

For short we set vy = ipg. Let us compute several antiderivatives.

LEMMA 10. For ally € [0,00) and any complex v,

y
/ ud(z)e*da
(4.9) %; |(4a0e? + ) K2, (2/age’?) — dage? [, (2/age?’ )2
VoK) K (y).
(4.10) / x[K,,(x)] dw—?4—1/210gy—yKy(y)7
1o N _ev? K, (2y/aget’?)
(4.11) Q(y) := 3/ 20 (/u%(m)e dx)dz = dy/as Koy (2 Jaeh?)

Y dx 2 I, (2\/age?’?)
(4.12) / = B Ry 2y

Y ey/? v=u
i = - 2L

Proor. Taking into account (3.30) and changing variable

(4.14) t = 2\/age”’?,
we get

2 /age®/?

81

O

/ ud(z)edr = Q2 / e" K2 (2y/age™!?)dx = L%} / K2 (t)dt.

2@0

From here and (2.23) (4.9) follows.
Let us prove (4.10). Since K, (z) satisfies the equation (2.21), we get

' (z "z ! ()7 V2 "(x ! (x)7!
(4.15) [§:Ex§]2 B .[F((l,gx; B [gyixﬂ = 2 i‘g Ea:; [28] )
Integrating by parts, we get
(4.16) /yaz[gzgﬂldx = ygzgzg — /y gzg;dx
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Inserting (4.15) into (4.10), computing the obtaining integrals, simplifying
by exploiting cancelations and using (4.16), we deduce (4.10).
Let us prove (4.11). Inserting (4.9) into Q4 (y), we get,

1 Y T 2
() = g { [ (oo + B)da
Y K" (2. /ane®/2)]2
(4.17) —4a0/ ez[ Vg( doe 2)] da:}.
K2 (2y/ape*/?)

Changing variable (4.14) and using (4.10), for the second integral here we
obtain,

y K’ (2 x/2Y\12
4@0/ oo o (2v/aoe™ 7)”

K2 (2y/ape*/?)
K! (2\/age?/?)
4.18 = 4ape? 2y — dyfage¥/? XN L
(4.18) G0€” + 1oy oe K., (2\/agev/?)

Inserting (4.18) into (4.17) and taking into account that [¥(4ape®+13)dx =
4age? + 13y, after simplifying by exploiting cancelations we get (4.11).

Now let us prove (4.12). Using (3.30) and changing variables according
to (4.14), we obtain

2 /age?/?
/ Yodr 2 / dt
ud(z) Q2 tK2(t)
From here, applying (4.7), we get (4.12).

Finally let us prove (4.13). Taking into account (4.12), the definition of
Q9 and integrating by parts, we have

z T T

Qa(2) :/[/u%(t)dt}dx [/ ugis)]

(4.19) = iLIO(Q—\/M/ug(I)dx— i/ 2( )IVO(Q\/%em/Q) J

- Qp Ky (2/ape*’?) Koy (2y/ages?) "
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Again, changing variables (4.14) in the two last integrals of (4.19), we obtain
for z € [0, 00),

2 aoez/2
0,(c) = a[ JnlVICT) [ K,
Ky (2\/age?/?) t
2 /age”/?
(4.20) - / 7&0(2[”0@)&]

Denoting for short y := 2,/age*/? and using (2.24) and (4.8), from (4.20),
abbreviating by cancelation, we obtain, that

2y [%Ku(y)MV:Vo
L) = W)

From here, using the obtained expression for the Wronskian, we get (4.13).
The Lemma follows. [J

[Kuo (y)ILO (y) - IZ/O (y)KLO (y)] :

For the function ¢ (x) defined by (4.2) let us find a function

(1.21) go(x) 1= (A+ V) [ug](z) € L?
such that
(4.22) / go(x)up(z)dz = 0.

This is achieved in the following:

LEMMA 11.

go(z) = Crup(x) + 2up(z)[1(z) — Qa2(z)]

2
(4.23) EClQoKvo<2¢%6””/2>+f5%6x/2f<;0<zmew/z>

4Q0 .
— O L eV )l w20, go(x) = go( ), @ <0,
where
203 4ag + 1§
Cr = %KVO(Q\ATO) [(1 - W)KVO(Q\/CL_O)
8/ag . 02
(1.24) + \Vg [ K (2/0)] l=so)
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Cl > 0.
PROOF. By definition, g is a solution to (A + V)g = ugy, or

||
(125)  g"(@)+ (20— Dol gla) = 2uo() [~ 1], weR,
where the numbers ~y and A\ satisfy (3.28).

Since ug is even, the equation (4.25) has an even solution, g(x) = g(—x),
x € R. This solution is obtained by solving

x

(4.26) g"(x) + (270 — 2X0e")g(x) = 2up(7) [% — 1}, x € [0, 00).

This is a non-homogeneous equation, its homogeneous counterpart is the
equation (3.23). Having two linearly independent solutions to (3.23), by a
standard method, [25, Part 1, 24.2b], we find the desired solution to (4.26),
which satisfies (4.22).

Using arguments from the proof of Lemma 3 and Proposition 1, one
can see, that the equation (3.23) has two linearly independent solutions,
up € L?, given by (3.30), and uj(z) = I, (2/ae®?), = € [0,00), given
by (2.22). Observe that the second solution lies in L2. Therefore, by the
above mentioned standard method and the Wronskian definition, the general
solution to (4.26) has the form,

9(y) = Cruo(y) + Caua(y)
v o Y elzl
(4.27) + 2u0(y)/ m(/ ud(z) [7 - 1] da:)d:c,

where y > 0, and C7, Cy are constants. Since we are interested in the real
solution g(-) € L2, Co must be zero and C; must be real. Thus, using
functions defined in (4.11) and (4.13), we get

(4.28) go(x) = up(x)[C1 + 201 (z) — 2Q2(x)], x> 0.
Set
(4.29) go(x) = go(—z), = <0.

Since v(04+) = v{(0—) = 0, it is easily to verify that g(0+) = g,(0—) =0
as well. Thus, taking into account the condition (4.22), we conclude that
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the solution to (4.25) defined by (4.28), (4.29), is the only possible solution
satisfying our assumptions.

Formula (4.23) will follow if we show that the constant C is given by
(4.24). Inserting (4.28) into (4.22) and using that go(z) and vo(z) are even,
we obtain, that

(4.30) /u%(x)[C’l + 204 (x) — 2Qa(z)]dx = 0.
0
Let us now compute the integrals. Since ||ug|| = 1, we have
7 C
(4.31) /C’luo( )=
0

Using (3.30), (4.11) and changing variables according to (4.14), we find,
that

oo
2 / W2 () (2)dz
0 o0
_ 2Q(2) x/2 z/2 ! z/2
(4.32) —m e " Ky, (2/ape™ 7 ) K, (2y/ape™ " )dx
:fg{? / Ko (1)K, (t)dt = C%K?( Vao),

where the first relation from (2.22) was used. Taking into account (3.30),
(4.13) and again changing variables according to (4.14), we get the equalities

[e.e]

2 / ud(2)Q(x)da

‘Ol\')

[ K2y [ K2y ae )] | s

0
8Q2 d dt
sy / Ko7 Ko O] lo=so T

(4.33)
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Letting v = ip, p > 0 and applying the equality (4.36) below, we conclude,
that one can change the order of differentiating in v and integrating in ¢ in
the last integral of (4.33). By this, using also (2.24), (1.8), we get

| Ea0 o ktlmny = 550 [ 52O b
2@ 2/
\/_

7 Koo (2@ { [ KL (2/a0) =g

e Ly )
- m@m{‘*% NN
| aayzmzfmu w}

The equality (4.24) follows now from (4.30 — 4.34). The Lemma 11 will
follow provided the following Lemma will be proved.
We recall that vy = ipg.

(4.34)

LEMMA 12. (i) For any fized p1 > 0,

(4.35) gKip(t”ppl = —/e_tCOShsssin(pls)ds, t>0.
P 0
(i)
o1 [, . dt CTro dt
@) o [ K0T = [ [5ERO]bon T
2./ao 2./ao
(4.37) / (1)t ] o = / [QK? (1) lp=pot .
ap b=Ppo 3]9 p b=Ppo
2./

PrOOF. To prove (4.35) we shall use the integral representation,

oo

(4.38) Kip(t) = /e_tCOShscos(ps)ds, t>0, pel0,00)
0



Sample Mean of Function of Wiener Process 87

(see (1.1)) and apply well known conditions for changing orders of differen-
tiating and integrating. Take 6 € (0,p;). For a fixed ¢ > 0 we have

(4.39) ‘/e‘tCOShss sin(ps)ds‘ < /e_tCOShssds < 00
0 0

uniformly for [p € [p1 — 6,p1 + 6]. From here it follows (see [15, 515])
convergence of the integral

/g[e_tCOShscos(ps)]ds = —/e_tCOShsssin(ps)ds.
p
0 0

which is uniform for [p € [p; — 9, p1 +6]. Consequently, we may differentiate,
o

8 _ a —tcoshs
a—psz(t) lp=p1 = / ap [e cos(ps)] lp=p1ds

0
oo

= —/etCOSthsin(pls)ds,
0

so (4.35) follows.

The relations (4.36) and (4.37) can be proved similarly. We give here
the necessary uniform estimations. Choose 6y € (0,po). In virtue of (4.38)
and (4.35),

(4.40) | Kip(t)| < Ko(t)

for all ¢ > 2,/ag and p € [po — o, po + 6o], and
Kip(t)‘ < /e_QmCOShssds =: 79 < 00
0

for all t > 2,/ag and p € [py — b0, po + 60]. From (4.40), (4.41) and (1.3) we
get

(4.41) ) 0

ap
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for all p € [po — 60, po + do]. From here, since %Kfp(t) = 2Kip(t)8%K¢p(t),
(4.36) follows. Thus Lemma 12 and therefore Lemma 11 also follow. [J

LEMMA 13. The o2 defined by (1.10) is equal to o defined by (4.3),
(4:4), (4-23),

(4.42) o = o’

PRrOOF. Taking into account (4.3), (4.4), (4.21), (4.23), we obtain, that

(4.43) o2 = —2)2d / 2 (2)[Ch + 204 () — 20 (2)]dx.
0

Let us compute the integrals. The even function ug given by (3.30), is the
solution to the boundary problem (3.10), therefore, in accordance with the
last equality in (3.10) we find that

(4.44) /Clexug(x)dx =—.

Taking into account (3.30), (4.11) and changing variables according to
(4.14), we get

2/emu(2)(a:)ﬂl(a:)da:
0 o0
Wiy =28 [ e, o e K (2@ )
. d\/% 0 vo
0
_ @ / 2K, (DK ()dt.
2da% 0 Yo

2./ao
Integrating by parts and applying (2.23), (1.8),

[ PK, 0K, Odt =45 [ t*dKZ(t)
(4.46) 2V o 2V

= 200K, (2/a0) — [ tKZ,(t)dt = K2 (2/a).
2,/ay
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From (4.45), (4.46),

i 202
(4.47) 2 / e“ud () (z)dr = 4%331{30(2\/@.
0

0

Using (3.30), (4.13) and changing variables according to (4.14), we obtain
that

(4.48) 270 “2() s () — 200 7tK O K ()]st
. € U (T )di2(T)AT = Vodo o v v v=roo-
0 2y/ag

Using (4.37), we change orders of differentiating in v and integrating in ¢
and apply (2.23), (1.8) to get

[ R KA Ommit = 355 [ 3@ lmry
(4.49) 2vao Vao

= — 1Ky (2y/0) {0 Ko (24/0) + (40 + )2 Ko (2/@0)] lo=ry |-

From (4.48) and (4.49) it follows that

[e.o]

2 / ™12 (1) () da

0

_ _Q_gKVO(z\/@{uoKyo(zx/@

Vpagp
(4.50) + (o + B2 Ko(2ya0) e )

Now put (4.24), (4.44), (4.47), (4.50) into (4.43) and, using (3.28, 3.29),
group members. We get (4.42) and thus Lemma 13.

ProoF OF THEOREM 2. For § = 1 the Theorem follows from Theorem
5, Lemma 13 and (1.3). For an arbitrary > 0 we use Remark 1. (J

Acknowledgements. We thanks the anonymous referee for very careful
reading of the manuscript and fruitful remarks.



90

[11]

[12]

[13]

Sergio ALBEVERIO, Vadim FATALOV and Vladimir I. PITERBARG

References

Abramowitz, M. and I. Stegun (eds.), Handbook of mathematical functions
with formulas, graphs, and mathematical tables, Wiley, New York, 1972.
Albeverio, S. and R. Hoegh-Krohn, Dirichlet forms and diffusion processes,
Z. Wahrsch. verw. Geb. 40 (1977), 1-57.

Alekseev, V. M., Tikhomirov, V. M., and S. V. Fomin, Optimal control,
Nauka, Moscow, 1979; English transl. Contemp. Soviet Math., Consultants
Bureau, New York, 1987.

Bolthausen, E., Deuschel, T.-D., and Y. Tamura, Laplace approximation for
large deviations of nonreversible Markov processes. The nondegenerate case.
Ann. Prob. 23 (1995), 236-267.

Borodin, A. N. and I. A. Ibragimov, Limit theorems for functionals of random
walks, Proc. Steklov Inst. Math. 195, Amer. Math. Soc., Providence, RI,
1995.

Borodin, A. N. and P. Salminen, Handbook of Brownian motion: facts and
formulae, Probab. Appl., Birkhauser, Basel, 1996.

Chen, X. and W. V. Li, Large and moderate deviations for intersection local
times, Prob. Theory Rel. Fields 128 (2004), 213-254.

Donsker, M. D. and S. R. S. Varadhan, Asymptotic evaluation of certain
Markov process expectations for large time, I, II, IIT, IV, Comm. Pure Appl.
Math. 28 (1975), 1-47; 28 (1975), 279-301; 29 (1976), 389-461; 36 (1983),
525-565.

Erdelyi, A., Magnus, W., Oberhettinger, F., and F. G. Tricomi, Higher tran-
scendental functions, Based on notes left by H. Bateman, McGraw-Hill, New
York—Toronto-London, 1953; Russian transl. H. Bateman and A. Erdelyi,
Higher transcendental functions. Vol. 2: Bessel functions, parabolic cylinder
functions, and orthogonal polynomials, Nauka, Moscow, 1974.

Fatalov, V. R., Exact asymptotics of large deviations of Gaussian measures
in a Hilbert space, Izv. Nats. Akad. Nauk Armenii Mat. 27:5 (1992), 43-57;
English transl. J. Contemp. Math. Anal. 27:5 (1992), 36-50.

Fatalov, V. R. and V. I. Piterbarg, The Laplace method for probability mea-
sures in Banach spaces, Uspekhi Mat. Nauk, 50:6 (1995), 57-150; English
transl. Russian Math. Surveys, 50:6 (1995), 1151-1239.

Fatalov, V. R., The Laplace method for small deviations of Gaussian pro-
cesses of Wiener type, Mat. Sbornik, 196:4 (2005), 135-160; English transl.
Sbornik Math. 196:4 (2005), 595-620.

Fatalov, V. R., Occupation times and exact asymptotics for small deviations
of Bessel processes for LP-functionals, p > 0, Izvestia RAN, Seria Mathem.,
2007, 71, No 3, 69-102 (in Russian).

Fatalov, V. R., Occupation times and exact asymptotics of the distributions
of LP-functionals of Ornstein—Uhlenbeck processes, p > 0, Teor. Veroyatnost.
Primenen 53 (2008), Nol, 72-99 (in Russian).



Sample Mean of Function of Wiener Process 91

Fihtengolts, G. M., Course of differential and integral calculus, v.2. —
Moscow: Nauka, 1969 (in Russian).

Fukushima, M., Dirichlet forms and Markov processes, Amsterdam — Tokyo,
North-Holland — Kodansha, 1980.

Fukushima, M. and M. Takeda, A transformation of a symmetric Markov
process and the Donsker — Varadhan theory, Osaka J. Math. 21 (1984),
311-326.

Fukushima, M., Oshima, Y., and M. Takeda, Dirichlet forms and symmetric
Markov processes, Berlin — N.Y., 1994.

Geman, H. and M. Yor, Bessel processes, Asian options, and perpetuities.
Mathematical Finance 3 (1993), 4 349-375, 1993.

Gray, A. and G. B. Mathews, A Treatise on Bessel Functions and Their
Applications to Physics, 2nd ed. New York: Dover, 1966.

Hirano, K., An asymptotic behavior of the mean of some exponential func-
tionals of a random walk, Osaka J. Math. 34 (1997), 953-968.

Hirano, K., Determination of the limiting coefficient for exponential func-
tionals of random walks with positive drift, J. Math. Sci. Univ. Tokyo 5
(1998), 299-332.

Hida, T., Brownian motion, Springer-Verlag, 1980.

Tkeda, N. and S. Watanabe, Stochastic differential equations and diffusion
processes, North-Holland Math. Library, 24, North-Holland, Amsterdam—
New York, 1981.

Kamke, E., Differentialgleichungen, Losungsmethoden und Losungen,
Akademie-Verlag, Leipzig, 1959; Russian transl. Nauka, Moscow, 1961.
Kantorovich, L. V. and G. P. Akilov, Functional Analysis, Pergamon Press,
Oxford, 1982.

Krein, S. G. (ed.), Functional analysis, Nauka, Moscow, 1972, in Russian.
Kusuoka, S. and Y. Tamura, Precise estimate for large deviation of Donsker-
Varadhan type, J. Fac. Sci. Univ. Tokyo, Sect. IA, Math. 38 (1991), 533-565.
Luttinger, J. M., A new method for the asymptotic evaluation of a class of
path integrals, I, II. J. Math. Phys. 23 (1982), No6, 1011-1016; 24 (1983),
No8, 2070-2073.

Mansmann, U., The free energy of the Dirac polaron, an explicit solution.
Stochastics & Stochastic Report 34 (1991), 93-125.

Naimark, M. A., Linear differential operators, 2nd ed., Nauka, Moscow, 1969;
English transl. of 1st ed. Parts I, II, Frederick Ungar Publ., New York, 1967;
Frederick Ungar Publ., New York, 1968.

Olver, F. W. J., Asymptotics and special functions, Academic Press, New
York—London, 1974; Russian transl. Nauka, Moscow, 1990.

Polyanin, A. D. and V. F. Zaitsev, Handbook of Exact Solutions for Ordinary
Differential Equations, Chapman & Hall/CRC Press, Boca Raton, 2003.
Prudnikov, A. P., Brychkov, Yu. A., and O. I. Marichev, Integrals and Series,
Vol. 2: Special Functions. New York: Gordon and Breach, 1990.



92

Sergio ALBEVERIO, Vadim FATALOV and Vladimir I. PITERBARG

Prudnikov, A. P., Bryckov, Yu. A., and O. I. Maricev, Integrals and series.
Vol. 3: More special functions, Gordon and Breach, New York, 1990.
Revuz, D. and M. Yor, Continuous Martingales and Brownian motion,
Springer, Berlin, 1999.

Remillard, B., Large deviations estimates for occupation time integrals of
Brownian motion. In: Stochastic models, CMS Conf. Proc. 26 (2000), AMS,
Providence, 375-398.

Simon, D., Functional Integration and Quantum Physics, N. Y., Academic
Press, 1979.

Vakhaniya, N. N., Tarieladze, V. I., and S. A. Chobanyan, Probability dis-
tributions on Banach spaces, Nauka, Moscow, 1985; English transl. Math.
Appl. (Soviet Ser.) 14 (1987), Reidel, Dordrecht.

Vainberg, M. M., Variational method and method of monotone operators in
the theory of nonlinear equations, Wiley, New York—Toronto, 1973.
Varadhan, S. R. S., Large Deviations and Applications, Lect. Notes Mathem.
1362 (1988), 1-49.

Wu, L. M., Grandes déviations pour les processus de Markov essentiellement
irréductibles, I: temps discret; II: temps continu; III: Quelques applications,
C. R. Acad. Sci. Sér. 1 312 (1991), 608-614; 314 (1992), 941-946; 316
(1993), 853-858.

Yor, M. Exponential Functionals of Brownian Motion and Related Processes,
Springer-Verlag, 2001.

Zhurina, M. I. and L. N. Karmazina, The tables of the modified Bessel func-
tions with imaginary index, Vych. Tsentr. AN SSSR (1967), 1-342 (in Rus-
sian).

(Received November 11, 2008)
(Revised May 7, 2009)

Sergio Albeverio

Department of probability theory and
mathematical statistics

Institute for applied mathematics
University of Bonn

Endenicher Allee 60, D-53115 Bonn

Vadim Fatalov
Faculty of mechanics and mathematics

Moscow Lomonosov state university
Leninskie Gory 119992 Moscow



Sample Mean of Function of Wiener Process

Vladimir I. Piterbarg

Faculty of mechanics and mathematics
Moscow Lomonosov state university
Leninskie Gory 119992 Moscow
E-mail: piter@mech.math.msu.su

93



