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Abstract. We are studying representations obtained from ac-
tions of Galois groups on torsors of paths on a projective line minus
a finite number of points. Using these actions on torsors of paths,
we construct geometrically representations of Galois groups which re-
alize f-adically the associated graded Lie algebra of the fundamental
group of the tannakian category of mixed Tate motives over SpecZ,
Spec Z[i], Spec Z[%], Spec Og(,/=5) for any prime number ¢ (¢ # 2
in the last case) and over Spec Ogy(/—; [é] for any prime number ¢
congruent to 3 modulo 4 and also for ¢ = 2.

0. Introduction

0.1. In this paper we are studying actions of Galois groups on torsors of
paths. Let V be an algebraic variety defined over a number field K. Let
us fix two points or tangential points v and z of V defined over K. Let
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¢ be a fixed prime. We denote by m(Viz;v) the ¢-completion of the étale
fundamental group of Vi base at v and by 7(Vi;z,v) the 71 (Vg; v)-torsor
of ¢-adic paths from v to z. The Galois group Gk acts on 71 (Vz;v) and on
(Vs z,v). Therefore we have two representations

vy : Gg — Aut (m1 (Vi3 v))
and
Vo Gr — Autser(m(Vgs 2,0)) .
We mention some examples.
Let_‘)/' = IP’}@\{O, 1,0_0)}._}Then the action of Gig on 71(Vp;01) and on
71 (Vs 01)-torsor m(Vp; 10,01) is “the same”, i.e.,

ker(Gq — Aut (m (Vp; (Tl))) and  ker(GQ — Autset (7 (Vo 17), (Tl)))

are equal. One also shows that the actions of G on m; (IP’IQ\{O, 1,—1,00};

(Tl) and on 7(Vo; —1,0_1) have equal kernels after passing to associated
graded Lie algebras (see [22]). On the other side the action of Gg on

m1(Viy; 01) is unramified outside £ and the action of Gg on 7(Vp; 2,(Tl) is
ramified at ¢ and at 2.

0.2. Let ay,...,any1 be K-points of the projective line IP’}{ and let

V=P \{a1,... ,an, anyp1}.

For simplicity we assume that a,+; = oco. Let v be a K-point of V or a
tangential point of V' defined over K.

Let f(T) € K[T] be an irreducible polynomial and let zj,... ,z be all
roots of f(T) in K. Let L := K(z1,... ,2;) be an extension of K generated
by all roots of f(7T'). The Galois group G acts on the disjoint union of

T

torsors ¢t := [[ m(Vi;zi, v), hence we get a representation
i=1

Y 1 G, — Autget (H m(Vi; zi,v)> .

i=1
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Our aim is to construct from the representation v a representation of

Gk which is prounipotent and pro-f on Gg(;,e0)-

Let z1,... ,z, be geometric generators of w1 (Viz;v) (see [18] section 2).
In [18] we defined a continuous embedding

(Vg zi:v) = Qe{{X}},

where X := {X1,..., X, } and Q{{X}} is a Q-algebra of non-commutative
formal power series on non-commuting variables Xi,... , X,. The action of
T

G, on the disjoint union of torsors [] m(Vk; 2, v) induces a representation
i=1

(0.2.1) Y : G — GL (@ @g{{X}}> :

In [18] section 3 we defined a filtration {Hy(VL; 2, v) }ren of G associated
with the action of G, on the m (Vi ;v)-torsor m(Vi; 2, v).
Let us set .
H; = ﬂ Hk(VL;Zi,”U) for ke N.
i=1
Passing with the representation 1, to Lie algebras and then to associated
graded Lie algebras we get a morphism of associated graded Lie algebras

grLiey : EB (Hi/Hpy1) @ Q — (@ Lie (X)) x Der*Lie (X),

k=1 i=1
where Lie (X) is a free Lie algebra over Q; on X, Der*Lie (X) is a Lie sub-
T
algebra of the Lie algebra of derivations defined in [18] and (@ Lie (X)) X
i=1

Der*Lie (X) is a semi-direct product of Lie algebras.
Let G := Gal(L/K). Then the group G acts on the associated graded
oo
Lie algebra @ (Hy/Hk+1) ® Q. We shall study the restriction of the mor-

k=1
phism of associated graded Lie algebras gr Liev; to the fixed part of the

action of G, i.e., the morphism of Lie algebras

(grLiey) : €D (Hy/His1) © Q9 — <€B Lie (X ) % Der*Lie (X)..
k=1

=1
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We give a sample indicating that something interesting is going on. In
most interesting applications we shall study Galois actions on torsors of
paths on Vg, where V' := P!\ {0,1,00}. Then traditionally we denote by
Lie(X,Y) a free Lie algebra on two generators X and Y.

THEOREM A. Let q be a prime number different from £. Let V :=
P1\{0,1,00} and let t := Hocacg (Vi &3 (Tl) be a disjoint union of torsors
of paths, where &, is a primitive q-th root of 1. Then the Galois group Gqy,,)
acts on t and in the image of the morphism of Lie algebras

o0
(grLieye) @9 . @) (Hy/Hy1 © QFI™ —
k=1
( @ Lie(X,Y))xDer*Lie(X,Y)
0<a<q
there are elements D1, D3, Ds, ... Dopy1,... homogenous of degree 1,3,
5,...,2n+ 1,... respectively and these elements generate freely a free Lie

subalgebra of the image of (grLiewt)(Z/q)*.

Now let us observe the followings facts:

i) the representation of Ggy,,) on t is unramified outside prime ideals of
Oqu,) lying over prime ideals (g) or (¢) of Z;

ii) the conjectural Lie algebra of the fundamental group of the tannakian

category of mixed Tate motives over Spec Z[%] is free, freely generated
by generators di,ds,ds, ... ,dont+1,... of degree 1,3,5,... ,2n+1,...
respectively;
iii) the elements Di,Ds,Ds,...,Dopt1,... are dual to qfllﬁ(q),
2 g _g2n . .
(ql_ﬁfg(l), (ql_ﬁ&(l),... ,Wﬁgnﬂ(l),... respectively, i.e.,
to f-adic polylogarithms evaluated at elements of Z[%]* (the point

iii) we shall see in the proof of the theorem).

Now we can pose the following question. Can we construct from the
representation ¢ a new representation 99(“ 0)/Q of Gg which is unrami-
fied outside prime ideals (¢) and (I) of Z and such that the image of the
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(1qa)/Q

Lie algebra morphism grLiet‘)iQ is free, freely generated by elements
Dy, D3, Ds, . .. 7D27L+17 27

The representation ¢ is an f-adic realization of the mixed Tate motive
associated with the geometrical object t. We can hope that the representa-
tion 01@(#(1)/@

Let

will be also motivic.

U G — GL (@ Qg{{X}})

be the representation (0.2.1). Below we describe the main idea how to
construct the representation QtL Kot G i from the representation ¢, of G.

0.3. Let K be a number field and let T" be a finite set of prime ideals of
Ok. Let Ok 1 be the ring of T-integers in K. Let us denote by MMo,
the conjectural tannakian category of mixed Tate motives over SpecOk 7.
The tannakian category MM, . is equivalent to the category of represen-
tations of an affine proalgebraic group II(K,T") over Q in finite dimensional
Q-vector spaces. The group II(K,T) is an extension of the multiplicative
group G, over Q by an affine proalgebraic prounipotent group U (K, T over
Q.

Let L be a finite Galois extension of K and let G := Gal(L/K). Let S
be a set of these prime ideals of O, which lie over some element of T. The
inclusion functor

MMOK,T — MM(/)L,S

induces surjective morphisms of affine proalgebraic groups over Q
I(L,S)—I(K,T) and U(L,S)— U(K,T).

The group U (K, T) is free in the category of affine proalgebraic prounipotent
groups over Q, freely generated by r2(K) elements in each even positive
degree, by 71 (K) + ro(K) elements in each odd and greater than 1 degree
and by dim(OF r ® Q) elements in degree 1.

Therefore the surjective morphism

U(L,S)— U(K,T)

has a section
sps/kr UK, T) — U(L,S).
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Hence we have also a section
SL,S/K,T . H(K, T) — H(L, S)

We assume that the representation ¢, : G — GL(®]_,Q/{{X}}) is un-
ramified outside S. The representation v; being motivic factors through the
universal map

ar,.s.e - GL — H(L, S)(QZ)

with a Zariski dense image. Hence we have a commutative diagram

G, U eL@r,Q{{x}})

s il

ar,s.e

G, — II(L, 5)(Q)

where 1; is uniquely determined by ;. We define the representation GtL /K
to be the composition

SL,S/K,T
—

Gre "S5 TI(K, T)(Q) T(L, $)(Qr) 5 GL(BL, Q{{X}}).

The category MMo, ;. being conjectural, we need to find substitutes
for the groups II(K,T) and U(K,T).

First however we introduce the following notation. For a number field
K, we denote by V(K) the set of prime ideals of O.

Hain and Matsumoto in [7] and [8] considered a category of continous
weighted Tate representations of G g unramified outside T and prime ideals
of Ok lying over £, in finite dimensional QQs-vector spaces. This category is
tannakian over Q. Its fundamental group, which we denote by G(K,T,¢),
is a proalgebraic group over Qy, an extension of the multiplicative group
Gy, by a proalgebraic prounipotent group U(K, T, ¢). They showed that the
associated graded (with respect to weight filtration) Lie algebra of U (K, T, /)
is free, freely generated by ro(K) elements in each even positive degree, by
r1(K) 4+ ro(K) elements in each odd and greater than 1 degree and by
dim(O% 7 ® Q) elements in degree 1, where 7" := T U {\ € V(K) |
A divides £}.
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It follows from the result of Hain and Matsumoto that for any M €
MMoy ., the representation ¢p, + G — Aut M, factors through the
homomorphism

Gk — G(K,T,?)

and the restriction of ¢y, to G (,,«) factors through the homomorphism

G i(ppe) — UK, T, 0).

Heoo)

The inclusion G, C Gk induces surjective morphisms of affine proalge-
braic groups over Qp

G(L,S,¢) — G(K,T,t) and U(L,S,t) —UK,T,?1).
We shall construct a section

SL,S,E/K,T,Z : U(L7 S7 g) - U(Kv Ta e)

and using this section we shall define a representation Gf K 6 be the com-
position

Gy — UK, T, 0) 25 (1, 8,06 (@ Qf{{x}}> :

i=1

where the first arrow is the canonical morphism and the last arrow is induced

by .
Then we can prove the following result.

THEOREM B. Let K be a number field and let V = Pi\{a1,az,...,
an,00}. Let a field L, a torsor t and a representation ¥ be as in 0.2.
Let G = Gal(L/K). Let us assume that the representation vy is unramified
outside a finite set S of finite places of L and that S is G-invariant. Let
us assume that L N K (py~) = K and that ¢ does not divide the order of G.
Then

i) the representation HtL/K is unramified outside the set T = {q € V(K) |
dpe S, q = pnNOxk} of finite places of K,

i) the filtration {®}_;1(X)"}nen of @ Qe{{X}} by the powers of the
augmentation ideal 1(X) of Qu{{X}} ids a filtration by G
modules,

pgoo)”
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iii) any o € G (e acts as the identity on @ (1(X)"/I1(X)"*1) for any
n € N.

With the representation 6’tL /K there is associated in a standard way
a filtration {Fn(QtL/K)}neN of G (). Passing to associated graded Lie

algebras we get a morphism

erLied”" . @ (Fu(6/"%)/Fenr (6//") © Q —
k=1

T
P Liiex) | X Der* Lie(X).
j=1

Choosing suitably V' and a disjoint union of torsors ¢ we get examples
where the image of gr Lie 9tL K s as big as possible, i.e., it is a free Lie
algebra on the maximal possible number of generators depending on K and
on the set of ramification places.

For example in the simplest case considered in Theorem A we have the
following result.

THEOREM C. Let q be a prime number different from £. Let V := P\
{0,1,00} and let t := [[o. o, 7(Vigi &5, 01) be a disjoint union of torsors of
paths, where £ is a primitive q-th root of 1. Then the tmage of the morphism
of associated graded Lie algebras

gr Lie 09(/@)/@ . @ (Fk(giQ(uq)/Q)/FkJrl(09(%)/@)) 2 Q —>
k=1

P Lier | X Der Lie(X).
0<a<gq

is a free Lie algebra, freely generated by elements D1, D3, Ds, ..., Dopi1,. ..
from Theorem A.

REMARK 0.3.1. The main problem is to show that the obtained rep-
/K is motivic. To show this one needs to show that sec-

tion SL,SI/K,T,Z : U(L, S, 8) — U(K, T, E) is induced by a section SL,S/K/T :

. L
resentation 0,
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U(L,S) — U(K,T). Unfortunately we are not able to show this as we have
no U(L,S).

In order to show that HtK /T is motivic one can also try to show that all
coefficients of QtK /L are motivic. Polylogarithmic coefficients are best under-
stood, but in [5] we can only prove that in some special cases dilogarithm
coefficients are motivic.

0.4. We indicate briefly why it is important to construct such motivic
representations. Let K be a number field and let T" be a finite set of prime
ideals of O. Let Ok 1 be the ring of T-integers in K.

Let us denote by MMo, ;. the category of mixed Tate motives over
Spec Ok . Then the conjectural associated graded Lie algebra of the unipo-
tent part of the motivic fundamental group of the tannakian category
MMo,, , is free, freely generated by ro(K) elements in each even posi-
tive degree, by 7r1(K) + r2(K) elements in each odd and greater than 1
degree and by dim(O% , ® Q) elements in degree 1.

It M e MMo, , then we denote by M, the ¢-adic realization of M. It
is a vector space over @y equipped with a continous representation ¢y, :
Gg — Aut (M) unramified outside 7" and prime ideals of K lying over .

Let Rep, (G k) be the category of continous representations of Gk in
finite dimensional vector spaces over Qy. The following conjecture seems to
be universally accepted.

CONJECTURE 0.4.1. The functor of £-adic realization
realy : MMo,. » — Repg,(Gk)
is faithful.

Let M € Pro MM, .. We denote by M(M) a tannakian subcategory
of MM, , generated by M.

DEFINITION 0.4.2. Let M € Pro MMop, .. We say that M realizes
the fundamental group of MMop, , if the inclusion functor M(M) —
MM oy . induces an isomorphism of fundamental groups of the tannakian
categories.

DEFINITION 0.4.3. Let M € Pro MM, .. We say that M realizes
-adically the fundamental group of MM, ,. if the associated graded Lie
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algebra of the Qg-Zariski closure of the image of the Galois action homo-
morphism
YM, - GK(WOO) — Aut (Mg)

is a free Lie algebra over Qy, freely generated by ry(K) elements in each
even positive degree, by 71 (K) + ro(K) elements in each odd and greater
than 1 degree and by dim(O% , ® Q) elements in degree 1.

Notice that the results of Hain and Matsumoto mentioned above do
not imply that there is a mixed Tate motive M (in Pro MMo, ,.) over
Spec Ok 1 which realizes the fundamental group of MMo,. .. They do not
imply that there is a mixed Tate motive M in MMo, ;. such that G ()
acts non-trivially on M,.

To study the category MMo,, ;. as well as arithmetic properties of Gk it
is important to find objects M in ProM Mo, ;. such that the representation
¢m, realizes (-adically the fundamental group of MMge, ;. or even that it
has a non-trivial image.

Here there is a sample why it is very important.

PrROPOSITION 0.4.4. Let us assume that Conjecture 0.4.1 holds. If
M € Pro MM, , realizes (-adically the fundamental group of MMoy .,
then M realizes the fundamental group of the tannakian category MMo, ;..

In a case of the category MMz - mixed Tate motives over SpecZ one
hopes that the fundamental group of a projective line minus three points
0,1,00 and based at O_i realizes the fundamental group of the tannakian
category MMz.

Looking only at f-adic side one hopes that the associated graded Lie
algebra of the Qy-Zariski closure of the image of

GQue) — Aut (m1 (P \ {0, 1,00};01))
is free, freely generated by one element in each odd degree greater than 1.

In a case of the category MMZ[;], the fundamental group ﬂl(Pb\
2

{O,l,—l,oo};(ﬁ) as well as the torsor of paths from 01 to —1 on ]P’(l@\
{0,1, 0o} realize ¢-adically the fundamental group of ./\/l./\/lZ[ 1. This follows
from a result of P.Deligne presented on the conference on Polylogarithms



On the Galois Actions on Torsors of Paths 187

in Schloss Ringberg in a case of m (see also [20] where ¢-adic version is
discussed). The torsor case is considered in [22].

The fundamental group (IF’}Q\ ({0,00} U pa); O_i) as well as the torsor
of paths W(IP(IQ\ {0,1,00}; z,(Tl) (resp. m (}P’(l@\ ({0, 00} U p3); (Tl) as well as

the torsor of paths W(P(l@\ {0,1, 00}; exp(%) ,51), resp. 71'1(]1)(1@\ ({0,000} U
ug); 01)) realize the fundamental group of the tannakian category MM Zii| 1)
(resp. MMy, J[1)> Tesp- MMZ[exp(%)][%}) (see [20] and [23]).

On the other side m; (IP’%Q\ ({0, 00} U p7); (Tl) definitely does not realize
the fundamental group of ./\/l./\/lZ[eXp(%)] or ./\/l./\/lZ[eXp(@)”%} (see [4]).

exp(¥45*

In this note we shall construct “geometrical objects” which realize the
fundamental group of the tannakian categories MMz, ./\/l./\/lZ[ 1 for any
prime number p, MMog, . for any prime number p, M/z(/lz[i] and
MMO@(Hﬂ 1 for any prime number p congruent to 3 modulo 4 and also
for p = 2. Observe that for all considered rings we have r; + 9 = 1 and
dim O r®@Q < 1.

We are working with torsors on P\ {0, 1,00} and in the free Lie algebra
on two generators there is no sufficient place to deal with examples when
ri1+r2 > 1or dim O »®Q > 1. In the future work we hope to study Galois
actions on torsors of paths on P! \ {0, ptn, 00} and on configuration spaces.

In our study we use the idea of Deligne to work modulo a prime number
presented in his lecture in Schloss Ringberg (see [3]).

Now we indicate some motivic motivations of our construction of such
geometrical objects.

Let Kn(l_()]) : Gg — Q¢ be the f-adic polylogarithm evaluated at 10 and

calculated along the canonical path from (ﬁ to ﬁ) Then Kn(ﬁ)) is a cocycle
with values in Q(n) and we have a Galois representation

Go 3o — Ulo) € Aut (QF),

where U(o) is the following matrice
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The corresponding Hodge-De Rham realization, which we denote by E,, is
an extension of Q(0) by Q(n). The rational lattice is generated by

(1,Li,(1)) and (0, (2m)").

Let p be a prime number. We denote by F,, an extension of Q(0) by
Q(n), whose rational lattice is generated by

P omik
(1, Lin(exp(——)) and (0, (2m)").
k=1 p

Observe that F), is over Spec Q though exp(Q’;Tik) ¢Qfork=1,...,p—1.
We have also an equality

(1= p" " Ey =p""' Fy.

In fact it was observed by Zagier (see [26]) that some Galois invariant
linear combinations of polylogarithms evaluated at elements of K behave
like linear combinations of polylogarithms evaluated at elements of K. For
example in [26] we found a relation

L (50 - L),

Ds(

where D3 is a univalent version of Lis. Let us denote by G3 an extension
of Q(0) by Q(3) in the category of mixed Hodge-De Rham structures over
Spec Z, whose rational lattice is generated by

1+2\/5)+LZ_3(1 —2\/5

(1, Lis( )) and (0, (2mi)®).

One would like to construct representations of Gig corresponding to mixed
Hodge-De Rham structures F;, and G3. Equivalently one would like to con-
sider Zi;i én(exp%) and €3(1+—2\/5) +€3(%5) as (¢-adic period) functions
on Gq. Notice that a priori they are defined on Ggy,,) and on GQ( V5) Te-
spectively (see [19], where ¢-adic polylogarithms ¢,,(z) are defined).

In both cases considered here it is easy to find a corresponding function
on G@Q. One can take (1;,{’?;1)%(1_())) in the first case and %ég(ﬂ)) in the
second case. It is however far from being obvious how to do this for other
examples considered in [26].
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The problem is studied in [5]. Unprecisely we can formulate the main
results from [5] in the following way.

Let L be a finite Galois extension of K. Assume that a formal linear
combination of elements of L, Zf\; 1 M;[2;] is G-invariant. Assume that
Cp 1= Zfil miln(2i)~, is a cocycle on Gr,. Then there is a cocycle s, on Gk
such that ¢, = sn|q, in H'(Gr; Qe(n)).

However it is far from being obvious if s, is motivic even if ¢, is motivic.
In fact we can show this only for n = 2 (see [5] Theorem 5.4).

More generally one can hope that some Galois invariant linear combi-
nations of normalized iterated integrals (see [18] and [24]) evaluated at ele-
ments of K behave like linear combinations of normalized iterated integrals
evaluated at elements of K.

Coefficients of a Lie algebra representation of grLield (O 1) deduced
from torsors of paths are given by symbols {z,v}., where z,v € K (see
[18] and [24], where symbols {z, v}, are defined). The observation of Zagier
and the hope expressed above suggest that some Galois invariant linear
combinations with Q-coefficients of symbols {a,b}. with a,b € K behave
like linear combinations of symbols {«, 5}, with «, § € K. Hence coefficients
of a Lie algebra representation of gr Lield (O 1) should be Galois invariant
linear combinations with Q-coefficients of symbols {a,b}. with a,b € K.

In this note we use this philosophy to construct representations of Gx
starting from representations of G, where L is a finite Galois extension of
K.

These informal motivic considerations we hope to make more precise in
the second part of this paper.

During the conference in Acquafredda di Maratea I have given a talk
entitle “Galois actions on torsors of paths”. Before my lecture P.Deligne
told me that he has studied the product of torsors of paths on P!\ {0, 1, 00}

(from 01 ) to & and €2 and that the Lie algebra (associated to the represen-
tation of Gg or the mixed Hodge structure) is free on generators in degrees
3,5,...,2n+1,.... This paper is an attempt to generalize an example stud-
ied by Deligne.

Some results of this paper were presented on the conferences in Irvine
2002, in Sestri Levante 2004, in Banff 2005 (Regulators II) and on seminar
talks in THES, in MPI fiir Mathematik, Bonn and in Okayama University
in 2004.
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This paper was written during our visits to IHES and MPI fir Mathe-
matik, Bonn and we would like to thank very much both these instituts for
support.

1. Torsors of Paths

1.0. We recall here methods and results concerning actions of Galois
groups on fundamental groups and on torsors of paths from [18].

Let K be a number field. Let ay,...,a,+1 be K-points of a projective
line P'. Let

V= P}(\{ala s 7an+1} :

We assume for simplicity that a,+1 = co. We denote by V(K ) the set of
K-points of V and of tangential points defined over K.

Let £ be a fixed prime and let v € V(K). Let 1 (Vi; v) be the pro-£ com-
pletion of the étale fundamental group of Vi based at v. Let z1,... 2, €
m1(Vi;v) be a sequence of geometric generators of the fundamental group
associated with the family I' = {fyi}?jll of paths from v to tangential base
points defined over K at a; fori=1,... ,n+ 1.

Let X:={X1,...,X,} and let

kw1 (Visv) — Q{{X}}

be a continuous multiplicative embedding of the fundamental group into
non-commutative power series on n non-commuting variables Xq,..., X,
sending x; into the power series eX.

Let Lie (X) be a free Lie algebra over Q; on the set X and let L(X) :=

lim Lie (X)/ I'" Lie (X) be a completed free Lie algebra over Qq on the set

XZ. We identify Lie (X) (resp. L(X)) with Lie elements of finite length in
Qe{{X}} (resp. Lie elements possibly of infinite length in Q,{{X}}).

The action of Gk on the fundamental group m (Vi; v) induces an action
of Gx on the Qg-algebra Q/{{X}}, i.e., we get a representation

Vv = PV : G — Aut (Q{{X}}).

The representation ¢, factors through

ot G — Aut™ (Q{{X}}),
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where
Aut™ (Q{{X}}) =
{f € Aut (Q{{X}}) | Fa(f) e @V X; € X T; € L(X),
f(X) =e o a(f)X; -}

We also set

Aut} (Q{{X}}) =
{f € Aut (Qu{{X}}) | VX: € X 3L € L(X), F(X;) = b X; - eli}

With the action of Gx on m(Vi;v) there is associated a filtration
{Gi(VKk,v)}ien of Gk (see [18] section 3).
Passing to Lie algebras we get a morphism of Lie algebras

Lie ¢, : Lie (G1(Vk,v)/Goo (Vi ,v)) — Der (Q{{X}}),

where Goo (Vi,v) 1= ﬁ Gi(Vk,v).
The morphism Lize:glpv factors through
Lie ¢, : Lie (G1(Vik,v)/Goo(Vic,v)) — Der* L(X),
where
Der* L(X) :={D € DerL(X) | V1 <i <n3dA; € L(X), D(X;) = [X;, A;]}.
Let z € V(K) and let p be a path from v to z. For any o € Gk we set

fp(o) := pt-o(p) and Ap(o) == k(fp(0)).

Let 7(Vg; z,v) be a w1 (Vi; v)-torsor of £-adic paths from v to z. The Galois
group Gx acts on 7(Vi; z,v), hence we have a representation

Von t G — Autget (1(Vg 2,0)) .

We identify 7(Vi; z,v) with m1(Vz;v) sending a path ¢ onto a loop p~! - ¢.

After the identification of m(Vg;z,v) with 71 (V;v) and the embedding k,
the Galois group G'i acts also on Qg{{X}}. Therefore we get a representa-
tion

Up : G — GL(Qe{{X}})



192 Zdzistaw WOJTKOWIAK

given by
wp(a) = LAp(a) 0 py(a) .

The representation 1, factors through

wp Gk — Lexp L(X) >~<‘Au‘:*((@f{{Sg}}) )

where Lex, x) is the subgroup of GL(Q¢{{X}}) of left multiplications
by elements of exp L(X) and Ley, %) X Aut*(Q{{X}}) is a subgroup of
GL(Q¢{{X}}) generated by Lexp rx) and Aut*(Qe{{X}}). This subgroup is
a semi-direct product of these two subgroups.

It follows immediately from [18] Proposition 2.2.1 that

pu(0)(e¥) = Ay (0) - XN A (o)

for any o € Gi. Hence we get

(1.0.0) po(0)(Xi) = Ay, (o)™ (X(0) Xi) - Ay (0)
and
(1.0.1) Up(0)(Xi) = Ap(0) - (o) (X5)

for any o € Gg.

For simplicity we shall also denote 1,(0) by o, and ¢,(c) by o, hence
Op = LAp(a) Q0.

With the action of G on the 71 (Vi;v)-torsor m(Vi; z,v) there is asso-
ciated a filtration {H;(Vk;z,v)}ieNn of Gk (see [18] section 3).

The representation 1, induces a morphism of Lie algebras

Lie, : Lie (H1(Vk; 2,v)/Hoo(Vi; 2,v)) — End (Qu{{X}}),

o0

where Ho(Vi;z,v) = () Hi(Vk;z,v). The morphism Lie v, factors
i=1

through

Lie v, : Lie (H1(Vi; 2,v)/Hoo(Vic; 2,v)) — Lx)xDer* L(X)

where Ly x) is the Lie algebra of left multiplications in Q,{{X}} by elements
of L(X). The Lie algebra Der*L(X) acts on Ly x) via its action on L(X)
and Lyx)xDer* L(X) is a semi-direct product.
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feoo

One shows that for any o € Hi(Vi;2,v) = Gg(,..) We have

log oy, = Llogo,)(1) + log o

and
(log o) (Xi) = [X;, (log 7,)(1)]

fori=1,2,... ,n (see [18]).
Passing to associated graded Lie algebras with the morphisms Lie ¢,
and Lie v, we get morphisms of associated graded Lie algebras

®, :=grLieg, : grLie (G1(Vk,v)/Geo(VK,v)) @ Q =

P Gi(Vi,v)/Git1(Vic,v) ® Q — Der*Lie (X)

=1

and
W, , = grLiev, : grLie (H1(Vk; 2,v)/Hoo(Vic; 2,0)) ® Q &

@ Hi(Vie; 2,0) /Hiv1(Vig; 2,0) ® Q — Lyie(x) X Der*Lie(X) .

i=1

The derivation D € Der*Lie(X) such that D(X;) = [X;, Ai] fori=1,...,n
we shall denote by D AP,
The vector space € Lie (X)/(X;) we equip with a Lie bracket { , } given
i=1
by

{(ai)izy, (bi)iza} := ([ai, bi] + Dayyn_ (b)) = Degjyn_, (@i))iy -
(See [11] , where this bracket is introduced in the case of m; (P}Q\ {0, 1, oo},
01).)
The obtained Lie algebra we denote by <EB Lie (X)/(X;); {, }) The
i=1
Lie algebras Der*Lie(X) and <@ Lie (X)/(X;); {, }) are isomorphic and
i=1

an isomorphism is given by sending D4,)n  to (4;)i;.
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Hence the representation W, , can be regarded as a morphism of Lie
algebras

W, @ Hy(Vie; 2,v) [ Hy1 (Vi 2,0) @ Q —
k=1

Lie (X)x <@ Lie (X)/(X3); {, }> :
i=1
If o € H(Vk;z,v) then the coordinates of ¥, , (o) are
(1og Ap(0) mod TFH1L(X), (log A, (0/) mod (X;) + rk“L(X))g;l) .

We finish this section by showing that the representations ¢, : Gg —
Aut(Q{{X}}) and ¢, : Gx — GL(Q/{{X}}) are ¢-adic mixed Tate modules
(see [8] section 6, where ¢-adic mixed Tate modules are defined).

Let

I(X) := ker(e : Q{{X}} — Qp)

be the augmentation ideal. Observe that the powers of the augmenta-
tion ideal {I(X)"},enuqoy (we set {I(X)" := Q{{X}}) define a filtration
of Qu{{X}}. It follows immediately from the formulas (1.0.0) and (1.0.1)
that

i) o(0)(I(X)") C I(X)" and 1p(0)(1(X)") C I(X)",

ii) ¢, and v, act on I(X)"/I(X)"*! by the n-th power x™ of the cyclo-
tomic character x : Gg — Zj.

DEFINITION 1.0.2. (see also [24]) We define a weight filtration of
Qe{{X}} setting

Wk 11(Qe{{X}}) = Woor(Qe{{X}}) := I(X)*
for k e NU{0}.

ProprosiTION 1.0.3. We have

1) NZo W=i(Qe{{X}}) = 0 and UZ) W-i(Qe{{X}}) = Qe{{X}},



On the Galois Actions on Torsors of Paths 195

i) (o) (Woi(Qe{{X}})) € W_i(Qe{{X}}) and
Up(a) W-i(Qe{{X}})) € Woi(Qe{{X}}) for any o € Gk,

iii) y and ¥y act on W_oi(Qe{{X}})/W_2i2(Qe{{X}}) by the i-th power
X' of the cyclotomic character x.

ProOOF. The proposition follows immediately from the properties of
the filtration {I(X)"},enuqoy of Qe{{X}}. O

Let us equip I(X) with the induced weight filtration by setting
Wi 1 I(X) = W_9I(X) := I(X)*
for 7 € N. Obviously the representations
¢ : G — GL(I(X)) and ¥y : Gx — CL(I(X))

(obtained from restriction of ¢, and v, to I(X)) respect the filtration of
I(X). We define two filtrations of Gk associated with ¢, and 1), by setting

Gi1(f) == {0 € Gk | f(0) = Idyx) mod I(X)'}

for i € N and where f = ¢, or f =1,
We set also

Goo(f) =) Gi-1(f)
i=0

One sees easily that

Gi(pv) = Gi(Vi,v) and Gi(vp) = Hy(Vi; 2,v).

1.1. Let z1,..., 2. be K-points of V or tangential points defined over K.
T

We shall study the action of Gk on the disjoint union [[ 7(Vg;z;,v) and
j=1

T
on the product [[ 7(Vg;z;,v) of m1(Viz; v)-torsors.
j=1
We start with some linear algebra. Let fi,... , f, € L(X). Then Leyp, f, ®

,
... ® Lexp ¢, is an automorphism of the vector space @@ Q,{{X}}. The set
j=1
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T
of linear automorphisms of @ Q/{{X}} of the form Lex, s, @ ... ® Lexp /.
j=1

where f1,..., fr € L(X) is a group which we denote by é Lexp L(X)-
Similarly Lexp s @ ... ® Lexp £, is an automorphism i)?the vector space

é Qe{{X}}. The set of linear automorphisms of (é Qe{{X}} of the form

JL:eip £ ®...® Lexp £, where f1,..., fr € L(X) is zi:glroup which we denote
7

by ®1 Lexp L(X)-
‘7:

The group Aut® Q{{X}} acts on @1 Q{{X}} and on ®1 Q{X}} di-

agonally. The subgroup of GL <@1 @g{{X}}> (resp. QL (@1 Qg{{X}}))

generated by @ Lexp (%) (tesp. @ Lexp r(x)) and Aut® Q{{X}} is a semi-
j=1 Jj=1

direct product of these two subgroups and we denote it by
P Loy rx) | % Aut*Qu{{X}}
j=1

(resp. ® Lexp L(X) x Aut” Q({{X}})
j=1

The Lie algebra of
T
@ LeXpL(X) X AUtT Qg{{X}}
j=1

(resp. ® Lexp L(X) X AutT QE{{X}})
j=1

is
P Lix | X Der*L(X)

=1
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,
(resp. (EB Id®...® Lyx ®...®1d) | xDer*L(X)). The above facts
7j=1

are proved in [18] section 5 for » = 1. Proofs for » > 1 are similar and we
omit them.

We return to study Galois representations on the disjoint union ¢ :=

T T

[ 7(Vg;z4,v) and on the product T := [ n(Vg;z;,v) of mi(Vg;v)-
Jj=1 j=1

torsors.

We fix paths p; from v to z; for j = 1,...,7. We recall that k :
m1(Vi;v) — Q{{X}} is a fixed continuous multiplicative embedding. Each
m1 (Vg v)-torsor m(Vig; 25, v) we embed into Q,{{X}} sending the path ¢
onto k:(pj_1 - q).

It follows from the formalism presented in section 1.0 that the action of
Gk on ﬁ 7(Vig; zj,v) (resp. ﬁ 7(Viz; zj,v)) yields a Galois representation

j=1 Jj=1

Y G — @ LexpL(X) X AUt*Qf{{X}}
j=1
(resp. wT G — <® LexpL(X)) X AUt*QZ{{X}})
j=1
Let S :={z1,...,2}. We define a filtration
{H;(Vk; S, v) ieN
of the group Gk setting
H;(Vic; S,v) = (1) Hi(Vici 2, v)
j=1
for i € N. Observe that the subgroup
Hoo(Vi; S, v) = ] Hi(Vi; S,0)
i=1

is the kernel of representations 1, and 1. Passing with the representations
¢ and Y to associated graded Lie algebras we get morphisms of associated
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graded Lie algebras

gr Lie ) : @ H;(Vi; S,v)/Hit1(Vi; S,0) @ Q —
=1

P Lie(X) | X Der*Lie(X)
j=1

and

grLicr : @ Hi(Vi;S,v)/Hiy1(Vii; S,0) @ Q —
=1

Plde.. . 9Ide Ly @Id®...®1d | X Der*Lie(X).
j=1

LEMMA 1.1.0. Let 0 € Hi(Vk;S,v). The coordinates of gr Lie (o)

are

((10g Ay, (o) mod T L(X))7_y; (1og As (o) mod (Xi) + THHL(K))L, ) -

We introduce the following notation. If A and B are elements of a Lie
algebra then we set

[A,B°):= A and [A,B"]:=[A,B"',B] for n>0.
2. Ramification

In this section we shall study ramification properties of Galois represen-
tations on fundamental groups and on torsors of paths. (See also [23] where
more detailed results are presented.) We recall that V = P}\{a1,... ,ay,
an+1} and v is a K-point or a tangential point defined over K. For simplicity
we assume that a,41 = 00.

We denote by V(K) the set of finite places of the field K. Let p € V(K).
We denote by vy : K* — 7Z the valuation associated with p.

DEFINITION 2.0. Let p be a finite place of K. We say that a pair (V,v)
has good reduction at p if
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i) vp(a;) >0 forallie{1,... ,n}

ii) if v is a K-point of V' then vp(v) > 0, if v = aigy is a tangential point
defined over K then vyp(y) > 0;

iii) vp(a; —aj) = 0 for all pair i # j;

iv) if v is a K-point of V' then vp(a; —v) = 0 for all i € {1,... ,n}, if
v = a;,y then vp(a;, —y) = 0.

If any of these conditions is not satisfied then we say that a pair (V,v) has
potentially bad reduction at p.

The next result generalizes Theorem from [9)].

THEOREM 2.1. Let S’ be a set of finite places of K where a pair (V,v)
has potentially bad reduction. Let S = S"U{X € V(K) | A divides £}. The
representation

vy 1 Gxg — Aut (m1 (Vi v))

is unramified outside S.

PrOOF. We shall imitate the proof of Theorem in [9]. Let us take
p ¢ S. Let Ky be the p-completion of K, let Ok, be the ring of integers of
Kp and let kp be the residue field. Let Ky and kp be algebraic closures of
Kyp and kp respectively. Let Ky be the maximal unramified extension of
Ky contained in Ky and let (’)}‘{p be the ring of integers of K"

We define a smooth projective scheme X over Ok, by a system of equa-
tions

Tfm — Tjém = a; — a4

for all pairs (i,7) with ¢ # j. The morphism p,, : ¥ — IP’}QKp given
by z — Tf™ + a; is an étale, abelian (Z/¢™)"-covering outside the set
{ai,... ,an,an+1} and with ramification indices ¢ at each point a;.

The K-point v is defined over Ok, and its reduction modulo p we denote
by v. Let us consider morphisms of pointed schemes

(XEP =X ®OKP /_Cp,f)) — (X ®0Kp O%p,v) — (X[{p =X ®(9Kp K'p,v).

By the Grothendieck comparison theorem the categories of finite /-coverings
of X Fp and X Ky are equivalent. Moreover the fiber functors defined by v and
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v are isomorphic. Finite étale ¢-coverings of X,;p and their morphisms are
obtained from finite étale ¢-coverings of X R0k, O%p and their morphisms.
After tensoring with Ky one gets finite étale /-coverings of X Kp and mor-
phisms of these coverings over X Rp- Any finite étale ¢-covering of Vi is
dominated by the composition of a finite étale ¢-covering of X &p fo_r some
m and the projection py, : Xz, — Vg,. Hence the action of Gal(Kp/Kp)
on m(Vg;v) factors through the action of Gal(Ky"/Kyp) = Gal(kp/kp). U

Let z be also a K-point of V' or a tangential point defined over K.

DEFINITION 2.2. Let p be a finite place of K. We say that a triple
(V, z,v) has good reduction at p if both pairs (V, z) and (V,v) have good
reduction at p.

If this condition is not satisfied then we say that a triple (V, z,v) has
potentially bad reduction at p.

PROPOSITION 2.3. Let T' be a set of finite places of K where a triple
(V, z,v) has potentially bad reduction. LetT = T'U{\ € V(K) | X divides ¢}.
The representation

Vo G — Autger(1(Vg; 2,0))
is unramified outside T'.
ProoOF. We repeat the proof of Proposition 2.1. [J
If R is a set of finite places of K then we define

Okr:={r € K|Vp¢&R, vp(x) > 0}.

COROLLARY 2.4. The representation
0y 1 G — Aut(m (Vz;v))  (resp. .0 Gg — Auteer(7(Vig; 2,0)))
factors through the epimorphism

Gk — m1(Spec Ok,s; Spec K) (resp. Gxg — m1(Spec Ok, 1; Spec K))
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induced by the inclusion Ok g — K (resp. Oxr — K).

Proor. The étale fundamental group of Spec Ok g is the Galois group
Gal(F/K), where F is a maximal Galois extension of K unramified outside
R. O

In [20] we have studied representations of Galois groups on 1 (Vp; (ﬁ),
where V' := IP’}@(M)\({O, 00} U py). We have constructed a family of deriva-
tions in the image of the homomorphism

grLieg.. : gr Lie(G1(Vigu,), 01)/Goo (Vig(yu,, 01)) — Der*Lie(X).

We raised a question if these derivations generate the image of gr Lie p—.
The next result is the first step to give an affirmative answer to this question
(see also [23]).

COROLLARY 2.5. Let V. = Pb(un)\({o,oo} U pr). Let S be a set of
finite places of Q(uy) which divide n or £. Then the representation

—

Yo GQun) — Aut(m(Vm;Ol))

is unramified outside S. The representation P factors through the epimor-
phism

GQ(un) — ™ (SpecOqp,,),s; SpecQ(pin))-
3. (-adic Polylogarithms

3.0. {-adic polylogarithms are very important in this paper hence we recall
here their definition (see [19], [13] and [21]). In fact we shall give three
slightly different definitions.

Let V := PL\{0,1,00}. We denote by z and y standard generators of
7T1(V[(;O_i). Let k : Wl(VI‘(;(]_i) — Qu{{X,Y}} be the standard continuous
multiplicative embedding given by k(z) = e and k(y) = ¢¥. Let z be a
K-point of Vi or a tangential point defined over K. Let p be a path from
(Tl to z.

We recall that Lie (X,Y) is a free Lie algebra over Q; on X and Y and
L(X,Y) := lim Lie (X,Y)/T" Lie (X, Y') is a completed free Lie algebra over

Qpon X and Y.
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Let I, be a closed Lie ideal of L(X,Y") generated by Lie brackets which

contain r or more Y'’s.

DEFINITION 3.0.1. (see [19]) We define functions ¢(z), and ¢,,(z), from
Gx to Qp by the congruence

log Ay(0) = o) X + Ze ) [V, X" Hmod 5.

The function ¢(z), we call ¢-adic logarithm and ¢,,(z), we call {-adic poly-
logarithm of degree n.

This definition is very useful to study Galois representations on funda-

mental groups of IP’(l@ \({0 oo} U ) (see [20]).

The next version of € adic polylogarithms is more close to the definition
given in [1].

DEFINITION 3.0.2. We define functions /i, (2), from Gk to Q by the
congruence

log(k(fp (o) - = ¢)w(@) Zmn )Y, X" mod I.

Now we shall give the third definition. Observe that the path p de-
fines a compatible family {zl/ "1 en of £7-th roots of z by the analytic
continuation of the constant family {1},en of £™-th roots of 1. Using the
development of (1 — f@n 2/ z")1/ " into a power series of f}jn 210 for small
z and analytic continuation in general case we get also a compatible family
{1 — & 2 )YYE ) e of £7-th roots of 1 — &, 21/¢".

DEFINITION 3.0.3. We define functions £x(2), (k € N) from G to Z,
by the identity

-1 . oo k=1

i < IT (1— & /" V_")
=0

Wi—ll(l . 5X(a Yit+r(z) (a) 1/( ) ik—1 ’

=0

gef(z)p( o) _



On the Galois Actions on Torsors of Paths 203

where k(z) : Gg — Z¢ is the Kummer character associated with the family
{Zl/zn}nEN-

ProrosiTiON 3.0.4. We have
) 0(2)p(0) = Lin(2)y(0) for o € Hy(Vic; 2, 01);
. _1\yn—1
ii) Lin(2)p(0) = G £a(2)p(0) for o € Gk

Proor. If 0 € Hy(Vk; z,()_i) then ¢(z),(c) = 0. This implies the first
part of the proposition. The second part is proved in [13]. OJ

3.1. In the next section we shall use coinvariant group functor. We recall
here its definition and its elementary properties.

We start with the following general situation. Let a group G act on
a group N by automorphisms. Let Z(N,G) be a normal subgroup of N/
generated by elements g(n) - n~!, where n € A and g € G. Then the
coinvariant group N is defined by setting

Ne :=N/I(N,QG).

The coinvariant group functor is right exact.
Let us denote by
v N — Ng

the quotient map.
PRropoOsITION 3.1.1.  Let
1-C5BB A1

be an exact sequence of groups. We assume that a group G acts on A, B
and C by automorphisms and that ¢ and pr are G-maps. Then

i) the sequence of coinvariants
L T
Ce 4 Be" Ag — 1

18 exact;
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ii) ker(prg) = pr—(ker mq)/ker ng;

iii) the natural map Cq — ker(prg) is surjective and its kernel is the
group (C N kermp)/ker mc.

PrROOF. The point i) is well known. The point ii) is clear. We shall
show the point iii). Let a € pr—!(ker m4). We recall that ker 74 is a normal
subgroup of A generated by elements of the form g(a)-a~! for g € G and
a € A. Hence the assumption that the map pr : B — A is surjective implies
that we can find b € ker mg such that pr(b) = pr(a). Then pr(a-b—!) = 1.
Hence a-b~! € C and a-b~! = a mod ker mg. Hence we have shown that
the natural map from Cq to ker(prg) is surjective. Obviously its kernel is
the group (C N ker mg)/ker me. O

We give an example when the sequence of coinvariants is also exact.

COROLLARY 3.1.2. Let
158 A1

be an exact sequence of groups. We assume that a group G acts on A, B and
C by automorphisms and that i and pr are G-maps. We assume also that
the group G acts trivially on A and that the set H'(G,C) has one element.
Then the sequence of coinvariants

1-Co 8BS A1
1s also exact.

ProOOF. We have ker mg C C because G acts trivially on A. The sub-
group ker w5 is a normal subgroup of B generated by elements g(b) - b~ for
g € G and b € B. Hence ker mp is a subgroup of B generated by elements
by-g(b)-b='-b;! for g € G and b, b; € B. Observe that by - g(b)-b~!-b; ' =
gt') - gb) - b7t g®)t =g -b)- (Y -b)"L-b - g(t)"! for some b € B.
Therefore ker 7 is a subgroup of B generated by elements g(b) - b=1 for
g€ GandbeB.

Let b € B. Observe that a function f : G — C given by f(g) := g(b)-b~!
is a cocycle. Hence there is ¢ € C such that f(g) := g(c)-c~! for any g € G.
This implies that ker mg = ker m¢. Now Proposition 3.1.1 implies that the
sequence of coinvariants is exact. [J
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4. Descent

4.0. Let us fix a number field K and let a1,... ,an+1 be K-points of IP’}(.
We set

Vi :=Pi\{a1,... ,ans1}-

We assume for simplicity that a,4+1 = co. Let f(T') € K[T'] be a polynomial
and let z1,...,2 be all roots of f(T) in the algebraic closure K of K.
We define L to be a field obtained from K by adjoining all roots of the
polynomial f(7T), i.e.,

L:=K(z1,...,2r).

Then L is a Galois extension of K and we set
G:=Gal(L/K).

The Galois group G permutes roots of the polynomial f(T'). If g € G then
9(2i) = 2z4(;) for some g(i) € {1,... ,r}.

Let v be a fixed K-point of Vi or a tangential point of Vi defined over
K. We consider a disjoint union (resp. a product) of torsors of paths

r T
b= H 7(Vig;2zj,v) (resp. T = H T(Vg;zj,v)) .
j=1 J=1

We shall study actions of Galois groups G, and G on the disjoint union
and the product of torsors of paths.

Let S := {z1,...,2.}. With the action of G on the disjoint union
of torsors ¢t or on the product of torsors 1" there is associated a filtration
{H}keN of G, defined by

Hy, := Hp(V; S,v) = ﬂ Hy (Vi z5,v)
j=1

(see section 1). We recall that each subgroup Hy of G, is a normal sub-
group of G, Hi = Gp(ye), the group I' := Gal (L(ue)/L) C Zf acts
on Hy/Hyi1 by conjugation and we have an isomorphism of I'-modules
Hy/Hyy1 =~ Zo(k)™ (see [18] section 3).
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Now we shall try to explore the action of G = Gal (L/K) on the tower of
groups { Hy }xeN. We shall assume that LNK (py~) = K. Then Gal (L(pe<)/
K (pi=)) = G. Observe that we have the following tower of groups

HOOC...CHJ'+1CHjC...CHgCHQCHl

JUESy pioo)

We shall lift an element 7 € G to 7 € G
of 7 by conjugation on the tower { Hy }keN-

juss)- We shall study the action

LEMMA 4.0.1. Let us assume that LN K () = K. Let 7 € G and let

7 be a lifting of T to G (ye0)-

i) Ifo € Hj then7-0-7! € Hj.

ii) The class of 7o -7~ modulo Hj1 does not depend on a choice of
lifting T of T.

ili) The group G acts on H;/Hj1 by conjugation, i.e., the formula 7(o -
Hjt1):=7-0-7 1 Hjy1 defines an action of G on H;/Hj 1.

PRrOOF. The element o belongs to H; if and only if 0 € G;(Vf,v) and
for any path v from z to any z; we have (o) = 1mod IV (Viz; v).

The lower central series filtration is preserved by any automorphism,
hence 7 -0 - 71 € G;(VL,v) if 0 € Gj(Vg,v). Let v be a path from v
to z;. Then (7 -0 - 77') = 7(fz=1(,)(0)) Observe that 77!(v) is a path
from v to z.-1(;), hence fz-1(,y(0) = 1mod IVm;(Vg;v). This implies that
fy(Fro- 771 = T(fr-1(1)(0)) = ImodIVm (Vig;v). Hence 7071 € Hj.

Let 7/ = 7 -7, where n € Hy, be another lifting of 7. Then 7/ -0 -7/~ =
Fon-o-nt
n-o-n"t= omod Hjq and 7 - 041 - 1le Hjqifojq € Hijqq.

Therefore the points i) and ii) are proved. The point iii) follows imme-
diately from i) and ii). O

7l =F.0-0j41-71 =7 07 'modH,;1, because

o
We recall that @@ Hy/Hyk+1 @ Q is a Lie algebra over Qy, whose Lie
k=1

bracket is induced by the commutator, i.e., if a € Hy/Hy11 and b €
H;/Hji1 then [a,b] == a-b-a='-b"! € Hpyj/Hpyjq1. It follows from
Lemma 4.0.1 that the group G acts on each Qp-vector space Hy/Hy11 @ Q.
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Hence we can decompose the G-module Hy/Hy11 ® Q into a direct sum of
irreducible representations of G. We get

Hy./Hip1 ® Q= (Hi/Hi11 © QY & @)(Hi/Hi1 © Q)y,
Xi

where (Hy/Hy1 ® Q)¢ is a fixed part and the sum is over all non-trivial
irreducible representations of G.

LEMMA 4.0.2. The fized part of the action of G, @ (Hy/Hyy1 © Q)¢
k=1
).

is a Lie subalgebra of a Lie algebra € (Hy/Hpi1 @ Q
k=1

PROOF. Leta € Hy/Hy, 1 and b € Hj;/Hj1 be fixed by the action of
G. Then g(a) = a-cand g(b) = b-d, where ¢ € Hy;1 and d € H; 1. It follows
immediately from the Witt-Hall identities that g(a) - g(b) - g(a)~1 - g(b)~1 =
a-b-a”l-p71.0

4.1. We shall study subfields of an algebraic closure L of the field L asso-
ciated with the filtration { Hy }xeN of G We define subfields of L fixed by
Hj, setting

Ly := L» for keN

and
o
Lo i= U L.
k=1

Observe that Lo, = L. We have got a tower of fields

LCLi = L{uyx)CLyC...CLy,CLypy1C...CLyxCL
U U
KCKi = K(us)

such that

Gal(L/Ly) = Hr and Gal(Ly/L;) = H;/Hy

for k,j € NU{oo} and k > j.
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For any k € NU {co} we have an exact sequence of Galois groups

1 — Gal(Ly/L1) — Gal(Ly/K)) -5 Gal(L/K;) — 1.

I |

We assume that ¢ does not divide the order of G. The group Gal (Ly/L)
is a pro-¢ group. Therefore the exact sequence (x. ) splits, i.e., there is a
homomorphism 6/ : G — Gal (L /K1) such that pro o @, = idg. The
composition of 6. with the inclusion Gal (Lo /K1) — Gal (L /K) defines

a splitting 0 : G — Gal (L /K) of the exact sequence (*,), where

1 — Gal(Ly/L) — Gal(Ly/K) 2% Gal(L/K) — 1.

| |
(k1) G1/Hj, G

for k € NU{oo}. Then we define a splitting 6y of the sequence (%) for k € N
to be a composition of 6, with the projection Gal (Lo/K) — Gal (Ly/K).
Therefore the group G acts on Gal (Ly/L) by g(o) := 0i(g) - o - Ox(g) ™! for
k € NU{oo}. These actions are compatible in the sense that the projection
Gal (Ly/L) — Gal (L;/L) is a G-map for k > j. The group Gal (L;/K) is a
semi-direct product of Gal (Ly/L) by G, i.e., Gal (Ly/K) = Gal (Ly/L)xG
for k € NU {o0}.

We recall that Gal (Ly/L)q is the maximal quotient of Gal (Ly/L) on
which G acts by the identity. Let m : Gal(Lg/L) — Gal(Ly/L)g be the
natural projection. Then we also have a projection

m, : Gal (L /K) = Gal (Ly/L)xG — Gal (Ly/L)¢ x G.
Observe that we have ker 7y = ker 7. We define subfields L}, of L by setting
ker
=L

Then the field L) is a Galois extension of L and also of K because ker 7,
(resp. kerm) is a normal subgroup of Gal(Ly/L) (resp. Gal(Li/K)).
Therefore we have isomorphisms

(4.1.0) Gal(L}/L) = Gal (Ly,/L)¢ and Gal (L}/K) = Gal (Ly/L) x G.
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LEMMA 4.1.1. Let us assume that ¢ does not divide the order of G. We
have
Gal (L} /L1) = Gal (L/L1)g.

PrROOF. The sequence of coinvariants of Galois groups of a tower of
fields
LCLiClLy

is exact by Corollary 3.1.2. This exact sequence maps into exact sequence
of Galois groups of a tower of fields

LcCLClL
(see Diagram 1).

1 — Gal(Lk/Ll)G — Gal(Lk/L)G — Gal(Ll/L)G — 1

1 — Gal(L,/L,) — Gal(L,/L) — Gal(Ly/L) — 1.

Diagram 1

Hence it follows that the natural map Gal(Ly/L1)q — Gal(L} /L) is an
isomorphism. [J

LEMMA 4.1.2.  Let j < k. The field L} is a Galois extension of L’ and

Gal (Ly,/L}) = prl;}(k;er 7j)/ker Ty,

where pry, ; : Gal (Ly/L) — Gal (L;/L) is the natural projection.

PROOF. Observe that L) C Lj because any element of Gal(Ly/L)
which fixes Lj, fixes also L. The fields L} and L} are Galois extensions

of L. Hence Lj is a Galois extension of L;. We have an exact sequence of
Galois groups

| — Gal(Ly/I}) — Gal(LL/L) —  Gal(L)/L) — 1
I I
Gal (Ly/L)e "%3% Gal(L;/L)e .
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It follows from Proposition 3.1.1 that

ker ((pres)c) = pr,;}( kerm;)/ker m.

Hence we get
Gal (Ly,/L}) ~ pr;}(kerﬂj)/k;erwk. O

Let k € NU {oo}. Let K, be a subfield of L) fixed by G, i.e.,
Ky :=LE.
Then it follows from (4.1.0) that

(4.1.3) Gal(Ky/K) = Gal(L,/L) = Gal (Ly/L)¢ and Gal (L},/K;) =G.

DEFINITION 4.1.4. We define a filtration {Fy(V7, x;S,v)}keN of Gk
by setting
Fe(Vix: S,v) i= Gal (K/Ky) .

To simplify the notation we denote Fi(Vy/k;S,v) by Fj. We set
o0
Foo = Foo(V i3 S, 0) i= m Fy .
k=1

Observe that F, = Gal (K/Ky). Observe that each Fj is a normal sub-
group of Gi and that for any j < k, F}j is a normal subgroup of Fj,.

We indicate ramification properties of the fields Lo, and K.

ProrPoOsITION 4.1.5. Let S;- be the set of finite places of L, where the
T

triple (V1 zj,v) has potentially bad reduction. Let S = |J S;U{X € V(L) |
j=1

A divides £}. Then the representation

Wi Gal(L/L) — Auteet | [[7(Vz: 25,0)
j=1
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is unramified outside S.
Proor. The proposition follows immediately from Proposition 2.3. [J

COROLLARY 4.1.6. The field extension Lo of L is unramified outside
S.

COROLLARY 4.1.7. The representation

Yy s Gal(L/L) — Autge H 7(Vi; 24, v)
j=1

factors through the epimorphism
Gal(L/L) — m1(Spec Oy, s; Spec L)
induced by the inclusion Or, s C L.
We recall that V(K) is the set of finite places of the field K. Let us set

T:={qeV(K)|IpeS,q=pn0Ox}.

PROPOSITION 4.1.8. The field extension Koo of K is unramified out-
stde T

PROOF. The extension L. of L is unramified outside S because L., C
L. In the diagram of fields

L, —— L

T

Ko — K

we have L = Ko L (the composition of fields K, and L), K = Koo N L
and Gal(L/K) = Gal(L.,/K). Hence if a finite place q of K not belonging
to T ramifies in L, then it ramifies when passing from Ko, to L. with the
same ramification index. Therefore q does not ramify when passing from K

to K. O
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COROLLARY 4.1.9. There is an epimorphism

71 (Spec O 1; Spec K) — Gal(K/K) .

Let K (MOO)g) be the maximal pro-¢ extension of K (pge) unramified
outside places of K () lying over T.

COROLLARY 4.1.10. The field K is contained in K(/,Lgoo),g{), i.e., we
have an epimorphism of Galois groups

Gal(K (ju)y) | K) — Gal(Kso/K).

4.2. We shall review briefly some results from [8] and [7] and from [25]
about weighted Tate completion of Galois groups.

DEFINITION 4.2.0. Let F be a number field and let R be a finite set
of finite places of F' containing all finite places lying over £. We denote by
M(F)r a maximal pro-f extension of F'(us~) unramified outside R, i.e.,
unramified outside finite places of F'(uy~) lying over any place of R.

In [8] and [7] Hain and Matsumoto defined weighted Tate completion
of Galois groups. We shall study weighted Tate completion of the group
Gal(M(F)g/F).

Let G(F,R,¢) be the weighted Tate completion of the group
Gal(M (F)g/F). The group G(F, R,¢) is an affine proalgebraic group over
Qy, an extension of the multiplicative group over Q; by an affine proalge-
braic prounipotent group U(F, R, ¢). There is a map

’l'F’R?g : Gal(M(F)R/F) — Q(F, R,f)

of the group Gal(M(F)r/F) into G(F, R,{) with a Zariski dense image
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making the following diagram commutative

LF,R.€

Gal(M(F)r/F(pe=)) — U(F, R, L)

l |

LR R0

Gal(M(F)p/F) ™% G(F,R,0)

l l

Ip = Gal(F(uee)/F) —  Gun(Qo).

The group G(F,R,¢) is equipped with the weight filtration
{W_,-Q(F, R, E)}’L'GNU{O} such that W_2i+1Q(F, R,é) = W_Qig(F, R, E) and
W_oG(F,R,{) = U(F,R,{). The group G,,(Q¢) acts by conjugation on
W_2G(F,R, ) /W_2;_2G(F,R,{) and g € Q; acts as a multiplication by
g

Let ¢ : G — AutM be an ¢-adic mixed Tate module unramified outside
R. Then it follows from the definition of the field M (F)g that ¢ factors

through Gal(M (F)gr/F), i.e., we have a commutative diagram

Gr LN AutM

l |

Gal(M(F)g/F) -2 AutM,

where the map from Gal(M (F)gr/F) to AutM induced by ¢ we denote also
by . It follows from the universal property of weighted Tate completion
that ¢ : Gal(M(F)r/F) — AutM factors through G(F, R,{), i.e., we have
a commutative diagram

Gal(M(F)r/F) -2 AutM
iFR id

GF,R0) L Autm,

where [p] is the unique morphism making the diagram commutative.
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If t is a coefficient of the representation ¢ then we denote by [¢] the
corresponding coefficient of the representation [¢].

Now we shall review the results from [25]. There we are studying rela-
tions between weighted Tate completions of Galois groups of two different
fields.

4.2.1. Let L be a finite Galois extension of K and let G := Gal(L/K).
Let T be a finite set of finite places of K containing all places over £. Let
us define a set S of finite places of L by

S:={peV()|3qeT,pNOk =q}.

Observe that the set S is G-invariant.
Let us assume also that

i) ¢ does not divide the order of G;

i) K(ju)NL =K.

LEMMA 4.2.2. (see [25] section 2). Let us assume 4.2.1. Then the
group G acts on Gal(M(L)g/L) by conjugations.

PROOF. The assumptions i) and ii) imply that the exact sequence of
Galois groups

1 — Gal(M(L)s/L(pe=)) — Gal(M(L)s/K (=) — G — 1

has a section s : G — Gal(M(L)g/K (p<)). Composing s’ with the in-
clusion Gal(M(L)s/K (pp=)) — Gal(M(L)s/K) we get a section s : G —
Gal(M(L)s/K) of the exact sequence of Galois groups

1 — Gal(M(L)s/L) — Gal(M(L)s/K) — G — 1.

Hence we get an action of G by conjugations (¢ — s(g) - o - s(g)~!) on
Gal(M(L)g/L). O

The construction of weighted Tate completion is functorial hence the
action of G on Gal(M(L)g/L) implies that G acts on G(L, S, {) preserving
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weight filtration. This implies that G acts by Lie algebra automorphisms
on the associated graded Lie algebra

grLiel(L, S, ¢) :== @ W_olU(L, S, 0)/W_g; oU(L, S, £).
=1

Let us set

grLieZ/l(L, S, E)Z = W_Qiu(L, S, e)/W_QZ‘_Qu(L, S, 6)

DEFINITION 4.2.3. We denote by D; the image of the Lie bracket

2 -1
[,]: /\ (@grLieLl(L,S, 0)i) — grLield(L, S, (),
k=1

and we call D; the space of decomposable elements in degree i of
grLield(L, S, 7).
Observe that the subspace D; of grLield(L, S, ¢); is G-invariant.

DEFINITION 4.2.4. We denote by I; the G-invariant complement of D;
in grLield (L, S, ¢); and we call I; the space of indecomposable elements in
degree i of grLield (L, S, ¢). We denote by W; the fixed part of I; and by V;
the G-invariant complement of W; in I;, i.e., we have

W;:=I¢ and L=W;®V,

as G-modules.

If it will be necessary to indicate dependence on the field L then we shall
write D;(L), I;(L), W;(L) and V;(L).

Now we shall define two Lie algebras associated with the action of G on
grLield(L, S, ?).

DEFINITION 4.2.5. We denote by grLield(L, S,¢)!! a Lie subalgebra
of grLield(L, S,?) generated by @, W;.

PROPOSITION 4.2.6. The Lie subalgebra  grLield(L,S,0)IC!  of
grLield(L, S, ) is free, freely generated by a base of &5°,Wi;.
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PROOF. The associated graded Lie algebra grLield(L,S,¢) is free,
freely generated by a base of ©72,1;. Hence it follows from the Sirsov-Witt
theorem (see [10] p. 331) that grLield(L, S, 0)!C is free, freely generated by
a base of ®2,W;. I

DEFINITION 4.2.7. Let I(®2,V;) be a Lie ideal of the Lie algebra
grLield(L, S, ?) generated by &5°,V;. Let us set

grLield(L, S, 0)q) = grLield(L, S, )/ I(®2,V;).
We denote by
o grLield(L, S, K)[G} — grLield (L, S, ?)
the inclusion of the Lie algebra grLield (L, S, E)[G] into grLield(L, S, ?). Let
pr: grLield(L, S,0) — grLield (L, S, {)q
be the projection and let
B:=proa:grLied(L,S, E)[G] — grLield(L, S, £)c

be the composition of the inclusion « with the projection pr.
Observe that G acts trivially on grLield (K, T, £). Hence the natural mor-
phism of associated graded Lie algebras

pa : grLield(L, S, ) — grLield (K, T, ()
induced by the inclusion G C Gk induces a morphism of Lie algebras
PG : grLield (L, S, €)iq) — grLield (K, T, ()
. L,S
which we denote also by py'r.

PROPOSITION 4.2.8. We have

i) the Lie algebra grLield (L, S, €)q) is free, freely generated by a base of
@?illi/ Vi;

ii) the morphism of Lie algebras
B : grLied(L, S, 0)I — grLield(L, S, Oa

s an isomorphism;
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iii) the morphism of Lie algebras
P« grLield(L, S, €)iq) — grLield (K, T, ()
s an isomorphism.
ProOF. Let us choose a base of ©2,W; and a base of ®52,V;. Let us

write a Hall base of a vector space grLield (L, S,¢) in terms of these two
chosen bases. Then it is clear that we have a direct sum decomposition

grLield(L, S, ¢) = grLield(L, S, 0)I% @ I(®2, V7).

This implies immediately points i) and ii).
The inclusion of Galois groups G, C Gi induces a map of cohomology
groups
HY(Gre; Qu(i) — H' (Grs Qu(i)
for ¢ > 1. It follows from the Lyndon spectral sequence of the exact sequence
of Galois groups 1 — G, — Gg — G — 1 that

H'(Gr; Qe(i)) = H'(Gr; Qu(0))”
for i > 1. Hence we get that
I(K); ~ (I(L)i)g = I(L)i/V(L);

for i > 1.
For i = 1 we use the Lyndon spectral sequence of the exact sequence of
Galois groups

1 — m1(Spec Or s; SpecL) — 71 (Spec Ok 1; SpecL) — G — 1.

We can also observe that the isomorphism I(K); ~ (I(L)1)q follows from
the equality
Okr® Q= (015 @ Q).

This finishes the proof of the proposition. [

DEFINITION 4.2.9. Let L = ;2 L; be a graded Lie algebra. We
define a completion ¢(L) of L setting

c¢(L):=1

=

m (L) ®Zy, Li)-
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The completed Lie algebra ¢(L) equipped with a group law given by the
Baker-Campbell-Hausdorff formula we denote by g(L).

ProrosiTiON 4.2.10. We have
i) c(grLield(L,S,¢)) = Lield(L, S, ?);
ii) the isomorphism [ induces an isomorphism of Lie algebras

c(B) : e(grLield (L, S, ﬁ)[G]) — c(grLield (L, S, 0)iq) ;

iii) the isomorphism pg induces an isomorphism of Lie algebras
c(pa) : c(grLield (L, S, €)iq)) — c(grLield(K,T,l)) = Lield (K, T, ).
PrROOF. The point i) follows from the fact that the Lie algebra
grLield(L, S, ?) is free. The points ii) and iii) are obvious. [J
DEFINITION 4.2.11. Let us set
UL, S, 0)q := g(grLield (L, S, {)(c)

and
UL, S, 0 = g(grLield(L, S, O)IF).

PROPOSITION 4.2.12. Let us assume 4.2.1. Then we have:

i) there is a natural isomorphism of affine proalgebraic prounipotent
groups
ar,s : g(grLield (L, S,0)) ~U(L, S, ?);

ii) there is a natural isomorphism of affine proalgebraic prounipotent
groups
Z/{(L757€)[G] = (g(gT‘LzeL{(L,S, Z)))G)

iii) the isomorphism pg : grLield(L,S,€)iq — grLield(K,T,t) induces
an isomorphism of affine proalgebraic prounipotent groups

g(ﬁG) : Z/[(L> S, E)[G] = g(g?"LZd/{(K, T, 6)) )
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iv) the isomorphism (8 : grLield(L, S, 0)!¢) — grLield(L, S, O)iq) induces
an isomorphism of affine proalgebraic prounipotent groups

9(B) UL, S, 01 - UL, S, 0)g)-

PrROOF. We shall identify the Lie algebras c(grLield(L,S,¢)) and
Lield (L, S, ). Hence we have the identity isomorphism between the group
g(grLield(L,S,¢)) and Lield (L, S, ¢) equipped with a group law given by the
Baker-Campbell-Hausdorff formula. On the other side there is a canonical
isomorphism between the Lie algebra Lield(L, S, ¥) equipped with a group
law given by Baker-Campbell-Hausdorff formula and the affine proalgebraic
prounipotent group U(L, S, ¥). The isomorphism ar, g is the composition of
these two isomorphisms.

Closed ideals of the Lie algebra c(grLield(L,S,?)) are exactly closed
normal subgroups of the Lie group g(grLield(L,S,¢)). Observe that the
closed Lie ideal of ¢(grLield (L, S, {)) generated by elements gv — v is exactly
the closed normal subgroup of g(grLield(L,S,¥)) generated by elements
(gv) - v~1. This implies the point ii) of the proposition.

The points iii) and iv) are obvious. [J

DEFINITION 4.2.13. We set

LEMMA 4.2.14. The morphism
sf(ST cg(grLield(K,T,0)) — g(grLield(L, S, ?))
18 a section of the natural projection

9(pc) : g(grLield(L, S, 0)) — g(grLield (K, T,?)).

PROOF. Observe that g(pe) o iy = g(pa) 0 g(a) o
9(Pa) o g(pr) o g(a) o g(B) ' o g(pa) ™' = g(pa) o g(B) o
Idg(grLieL{(K,T,Z))- O

(B) tog(pa)™! =

g
9(B)~tog(pa) =
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DEFINITION 4.2.15. Let us set

LS . 0 oo s o 0]
KT "= QLS Sk © k-

We need to understand the morphism induced by Sf(“; on associated
graded Lie algebras.

LEMMA 4.2.16. We have
i) grlLie(ar.s) = 1dgricts(1,5,0)5
ii) grLie(g(f)) = f-

DEFINITION 4.2.17. Let p : G — AutM be an f(-adic mixed Tate
module unramified outside S. We define a representation 6(p) of G
by setting

o)

0(p) :=[p o Sﬁ? CUKT L

(see Diagram 2).

P Gry U(L, S, 0) L Auths
ons]
g(grLield (L, S, 1))
sz
g(grLield (K, T, 1))
al_(}TT
Gy =5 U(K,T,0)
Diagram 2.

We would like to express coefficients of the representation 6(p) by the
coefficients of p.
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PROPOSITION 4.2.18. Let p : G — AutM be an ¢-adic mized Tate
module unramified outside S which is an extension of Q(0) by Qg(n), i.e.,

1 t(o)

where T € U(L, S, 0) is a lifting of T € U(K, T, ).

PROOF. We recall that [t] is a homomorphism from U(L,S,¢) to Qy
iduced by t : G, — Q. Observe that [¢] and ﬁ >_gec([t] 0 g) restricted to
U(L, S, )] coincide. The homomorphism ﬁ > gec([tlog) :U(L, S, 0) —
Q¢ is G-invariant and, when viewed as a homomorphism from
grLield (L, S,¥), it vanishes on decomposable elements. Hence it induces a

homomorphism from U(L,S,{)g to Qg i.e., a homomorphism from
UK, T, %) to Q. O

In [25] we have shown that Gal(M(L)s/L)c ~ Gal(M(K)r/K). Hence
we get the following corollary.

COROLLARY 4.2.19. Let p : G, — AutM be an £-adic mized Tate
module unramified outside S, which is an extension of Qz(0) by Qg(n), i.e.,

1 t(o)
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where 7 € Gg(ue) and T € Gal(M(L)s/L(ug=)) is a lifting to
Gal(M(L)s/L(pe=)) of the image of T in Gal(M (K)r/K (fu=)).

PrOOF. The corollary follows immediately from [25] Corollary 2.5. O

PROPOSITION 4.2.20. Let p : G — AutM be an £-adic mized Tate
module unramified outside S. Let o € (End(M))* be such that a o grLie|p]
vanishes on decomposable elements of grLield(L,S,¢). Then « o
grLield(p)](T) = ﬁ >_geclaogrLielp] o g)(7), where 7 € grLiel(L,S,¢)
is a lifting of T € grLield (K, T, ) to grLield(L,S,?).

PROOF. The linear forms « o grLie[p] and ﬁ > geclaogrLielp] o g)

coincide when restricted to grLield(L,S,¥) (6], The homomorphism
ﬁ >_gec(aogrLielplog) : grLiel(L, S, ¢) — Qg is G-invariant and it van-
ishes on decomposable elements. Hence it induces a homomorphism from
grLield (L, S,€)(q, i.e., from grLield (K, T,l) to Q. This homomorphism is
of course a0 grLielf(p)]. O

4.3. Let us choose a sequence of geometric generators xi, ..., Tn, Tptl
of 71 (Vg;v) associated with a family T' = {7;}%! of paths from v to (a
tangent vector defined over K at) each a;. Let V= {X1,... , X,}. As usual
we define a continuous multiplicative embedding

k:m(Vig;v) — Q{{V}}

setting k(z;) = eXi fori=1,... ,n.
We fix paths p; from v to z; for j = 1,... ,r. The action of G';, on the

.
disjoint union of torsors ¢t = [[ 7(V%;z2;,v) induces a representation
J=1

P G — @ LexpL(V) x Aut* Qg{{V}}

J=1

We assume that the representation ; is unramified outside the finite
set S of finite places of L. We assume that S contains all finite places lying
over (¢) and that S is G-invariant.

We assume also that
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i) ¢ does not divide the order of G;
i) K(uee) NL =K.
Let us set
T:={qeV(K)|3IpeS q=pnOxk}
We recall from section 4.2 that the representation

0(¥1) : Gre(ugoo) — @i GLIQeA{V})

is defined by the formula

() := [the] 0 KT O ULKT L
(see Definition 4.2.17). Further we shall also denote the representation 6 (1))
by QL/K
The representation GtL /K respects the filtration {&7_;1(V)"}enujoy

of ®_,Q{{V}}. We define a filtration {Fy (6, ) }menvo) of G bY
setting

L/K
Fn(07 ) = {0 € Gi(uee) 075 (0)
induces the identity of @7]7:1 (I(V)/ ](V)mﬂ)}.

We state below elementary properties of the representation Gf /K

ProproSITION 4.3.0. The representation GtL/K has the following prop-
erties:

i) it is compatible with the filtration {Fm(GtL/K)}mGNU{O} of Gk (py00) and
the filtration induced by the powers of the augmentation ideal I1(V) on
@)1 GL(Qe{{V}});

ii) it is unramified outside the set T of finite places of K;

iii) any 0 € Gk (o) acts on @;Zl(I(V)m/I(V)mH) by the identity.



224 Zdzistaw WOJTKOWIAK

L/K
t/ on

The main object of our study is the representation induced by 6
the associated graded Lie algebras, i.e., the representation
grLicd, ™ : &2, F(0,"")/Fia (6,"") © Q — (@)= Liie(w)) xDer”Lie(V).

Let us set
@Sal(L/K) = grLile/K
T . . . Gal(L/K)
o calculate the image of the Lie algebra representation ©, first
we need to calculate coordinates of the Lie algebra homomorphism ¥,. We
recall that

W, := grlLieyy : @zozl(Hk:/Hk—‘rl) ®Q — ( @;::1 LLie(V)) iDer*Lle(V)
and W is the restriction of ¥, to @, (Hy/Hyy1) ® Q.

We recall that the representation vy induces

[ : UL, S, 0) — ( D1 LexpL(V)) X Aut*(Qu{{V}}).
We set
[®¢] := grLie[y]

and we denote by [¥][¢] the morphism [®,] restricted to grLield(L, S, £)C].

Let 0 € Hy/Hjy41. We recall that the coordinates of W¢(co) are

((log Ap, (o) mod T* L(V)) =1, 1
(log A, (o) mod (X;) +TH L(V))iz1,.. ) -

DEFINITION 4.3.1. We denote by J a closed Lie ideal of L(V) gener-
ated by Lie bracket which contain at least three different X;’s and by Lie
brackets containing two different X;’s at least twice.

In the next proposition we shall calculate coefficients of log A, (o) mod-
ulo the Lie ideal 7.

PrROPOSITION 4.3.2. Let o € Hy. If k > 2 then

logAp,(0) = <€’“ <§;:ZZ> (@) =& <avﬁ_—aaaa> (0)>

a7
.. [Xg, Xa], X2 mod J + TFL(V).
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If k =2 then
_ 25 — Qq _ V — Qg
oo = 5 (w3 0 (22 )
a<f
(X3, Xo] mod T?L(V).
If k =1 then

log Ay, (0) = > ¢ <%> (0) X mod T2L(V).
a=1 «

PrROOF. Let f : V. — PL\{0,1,00} be given by f(z) = ﬁ. It
follows from [19] Proposition 11.0.15 that

log A sy )(0) = (ek (Zﬂ' - “"‘) (o) — ( Eh— ) (a)> v, X+

ag — Qg
mod J + "1 L(X,Y).

Observe that f(aq) = 0, f(ag) = 1 and f(co) = co. This implies that
f+«(Xo) =X, fu(Xp) =Y and f.(X;) = 0 for i # a, 3. Now the proposition
follows from the equality filog Ay, (o) =log A f(pj)(a). O

Let B be a Hall base of a free Lie algebra Lie(V) and let By be elements
of degree k in B. Let p be a path from v to a K-point z of V. Let o €
Hy(Vi; z,v). We recall that in [18] section 5 we defined functions £¢(z,v)
from Hy(Vi;z,v) to Qg by the following congruence

log Ay(0) = Z Lé(z,v) (6)-e mod TFILL(V).

e€By

PROPOSITION 4.3.3. Let 0 € Hy and let T € Gg(y,0)
7€ G = Gal(L(pp=)/K (pgee)). Then for any e € By, we have

be a lifting of

Lzj,) (Fro-7F71) = LE(2r-1(5),v) (0) -
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PRrROOF. After calculations we get
oy (70 771) = F(fr-1(,)(0)) 4
where 771 (p;) is a path from v to zz-1(;. Hence
log Ap, (T -0 - 771 = #(log Az-1(p,)(0)).

The assumption o € Hj implies that

T(log Az-1(p,)(0)) =log Az-1(p,)(0) mod L)
Therefore we get the congruence

log Ap, (T -0 - 771 =log Az-1(p,(0) mod L)
which implies the lemma. [J

COROLLARY 4.3.4. Let 0 € Hy and let T € G be a lifting of

7€ G. Then

5 =0\ o1y, (F0) ~ %
gk(ﬂﬂ—ao)(T o7 = k< ag — aaq >(U)

for k>1 and

feoo )

fork=1.
4.4. It is well known that
dimq, H'(Spec O 7;Q(i)) = r1 + 72 for i > 1 and odd;

dimg, H*(Spec Ok 1;Qu(i)) = r2  for i > 0 and even;
and
dimg, H! (Spec Or,7; Qe(1)) = dim(Of 1 ® Q) .

Generators of H'(Spec Ok 1;Q(1)) are given by Kummer classes of gen-
erators of the group Oj; . Generators of H'(Spec Ok 1;Qu(i)) for i > 1
are given by Soulé classes (see [15]). For K = Q(u,) Soulé classes can be
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expressed by f-adic polylogarithms (see [21]). In general case one can hope
that Soulé classes can be expressed by linear combinations of /-adic polylog-
arithms (surjectivity in Zagier conjecture for polylogarithms) or by linear
combination of /-adic iterated integrals or at least by Galois invariant linear
combination of f-adic polylogarithms or f-adic iterated integrals.

In most applications L = Q(uy,) and S is the set of finite places of Q(uy,)
which divide the product n - £. Then we have

. ) 1
dimg, Hl(Spec OQ(un),S§Qf(l)) = §¢(n)
(¢(n) is the order of Z/n*) for i > 1 and

dimg, H*(Spec OQun),s3 Qe(1)) = dimq (Ogy,.) s ® Q)

CONJECTURE 4.4.1. Leti be greater than 1. The f-adic polylogarithms
Li(ERY for 0 < k < 5 and (k,n) = 1 are linearly independent over Qp and

generate H(Gy,,); Qe(i)) = H (Spec Ogyu,),s3 Qe(4)).-

5. Torsors of Paths on IP’}@\{O, 1,00}

5.0. In this section we shall study torsors of paths on
V :=P\{0,1,00} .

First we fix a notation. We denote by Q,{{X,Y}} a Q-algebra of non-
commutative formal power series on non-commuting variables X and Y.
The Lie algebra Lie (X,Y) is a free Lie algebra over Qy on X and Y and
L(X,Y) is a completion of Lie (X,Y’) with respect to lower central series.
If R is a commutative ring we denote by Lie (X,Y; R) a free Lie algebra
over Ron X and Y. .

We assume that Q € C. Let {§ = e ¢« be a primitive ¢-th root of
1. We shall study Galois actions on a disjoint union and on a product of

m (Vi (Tl)—torsors

t:= H W(V@;fg‘,()_i) and T := H W(VQ;fg‘,()_i)).

(a,q)=1 (ov,q)=1
0<a<gq O<a<gq
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Let us set

Hi = m HZ'<VQ(M(1);€3,01) .

(ov,q)=1
0<a<gq

The action of Ggy,,) on t and T yields Lie algebra representations of asso-
ciated graded Lie algebras

¥, P(H/Hp1) ®Q — ( @D Lie(X,Y))x Der* Lie(X,Y)
k=1

(ev,q)=1
0<a<gq
and -
O P (Hi/Hi1) ©Q —
k=1
(P 1de...01d® Lixy) ® ... ® Id)x Der* Lie(X,Y)
ez,
where

Der* Lie(X,Y) := {D € DerLie(X,Y) | FA(X,Y) € Lie(X,Y), D(X) =0

and D(Y) = [V, A(X,Y)]}.

A derivation D € Der* Lie(X,Y) such that D(Y') = [Y, A] we denote by Dy4.
The vector space Lie(X,Y)/(Y) we equip with a Lie bracket { } given by

{A, B} = [A, B] + Da(B) — Dp(A).
The obtained Lie algebra we denote by (Lie(X,Y)/(Y), {}). The map
Der* Lie(X,Y) — (Lie(X,Y)/(Y),{})

sending D4 to A is an isomorphism of Lie algebras.
Hence we get a Lie algebra representation

W, : D(Hi/Hi1) @ Q — ( @ Lie(X,Y))x(Lie(X,Y)/(Y),{}).
k=1

(ev,q)=1
0<a<gqg

We denote by I, the vector subspace of Lie(X,Y") generated by Lie brackets
in X and Y which contain at least r Y’s.
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Let us set
L= Lel.
(a,q)=1
0<a<gq
T, is a vector subspace of ( € Lie(X,Y))x(Lie(X,Y)/(Y),{}) and one
6222 )
can easily verify that Z, is a Lie ideal of the Lie algebra ( € Lie(X,Y))x
o
(Lie(X.Y)/(Y), { }). N
To simplify the notation we denote the Lie algebra ( € Lie(X,Y))x
(a,q)=1
0<a<q

(Lie(X,Y)/(Y),{}) by L.
Let S be a set of finite places of Q(1q) which divide ¢ or £.

LEMMA 5.0.1. We have:

i) Let 0 € Hy. The coordinates of (o) calculated modulo I +
"1 L(X,Y) on each component are

(@ (€)(@) [YVo X* 1) 13 (1) (o) [V, XF71)

0<a<gq
fork >1 and
((1(E5) (@)Y ) (as)=150)
0<a<gq
for k=1.

ii) Let o € grLield(L,S,0)i. The coordinates of grLie[yy](o) calculated
modulo Iy + T*H1L(X,Y) on each component are

(([eu(ENN(@) [¥, X1 @m=r s [ (1)) (0) [Y, X*71)

0<a<q

for k >1 and
([ (ENN(@)Y) (@=1;0)

O0<a<q

for k=1.

Proor. The first part of the lemma follows from Lemma 1.1.0 and
from Definition 3.0.1 of ¢-adic polylogarithms.
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The universal property of the weighted Tate completion and the fact
that all morphisms are strict imply that we have a surjective morphism of
Lie algebras

grLiel(L, S,0) — @D (Hy/Hy11) ® Q.
k=1

Hence it follows immediately the second part of the lemma. [

Further we shall apply formalism developed in section 4 in order to
get representations of Galois groups of Q and other fields K intermediary
between Q and Q(p,) with prescribed ramifications. In some cases we shall

be able to show that the image of the morphism @tG l(QUua) /5

is a free Lie
algebra on a maximal possible, depending on K and ramifications, number
of generators.

We finish this section with some technical definitions and results. First

we recall that

Gal(Q(uq)/Q) = Z/q".

The group Z/q* = Gal(Q(uq)/Q) acts by conjugation on the abelianization
of the Galois group GQuu,)(ue) Hence it acts also on

Homz, ((GQu,)(uee)) s Qe(m)).

LEMMA 5.0.2. LetT € Z/q" and let T be a lifting of T to Gy
for any o € GQu,)(ueo) we have

). Then

(€T -0 - 7YY = L (€] ) ().

PROOF. Let 7 be a path from 01 to { and let o' := 7 -0 - 7=1. Then

-1
o' -~-0'"" transforms

-1 e

flzy= Q=& 2"

=0

into &0 ) 5(2).
1. ~-1

On the other side applying terms of the product 7-o -7~ 1.~. 7.0~ 1.7
one after another to f(z), we get that the product transforms f(z) into
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7'71-04 o
Qenm(gq 1) - f(2). Hence we get that

En(E0)(F -0 - 771 = Lu(€] ) (0).

Observe that £(£y)(0) = 0 for o € Gy,
from Proposition 3.0.4. [J

) Hence the lemma follows

For each m we define a Z/g¢*-module V;,(¢) in the following way. Let
m > 1. In the group ring Qy[Z/q] we consider a Qg-vector subspace R,,(q)
generated by elements

[a] + (=1)"[-a] for [o] €Z/q

r—1 p—1
et (Z[ip]>—[0] c P D[k | — k] if g=p-r

J=0

(The class of a in Z/q we denote by [a].)
If m = 1 we denote by Ri(q) a Qg-vector subspace of Qy[Z/q| generated
by elements

0] and [a] —[~a] for [a] € Z/q
and B
(ZUHP]) —[rj] with j#ZOmodp if g=p-r
i=0
We set

Vin(q) = Q[Z/q]/Rm(q) -

The group Z/q* acts on Q¢[Z/q] permuting elements of Z/q. Observe that
the vector subspace R, (q) of Q[Z/q] is preserved by the action of Z/q*,
hence the quotient space V,,,(q) is also a Z/q*-module.

LEMMA 5.0.3. There is a Z/q*-equivariant map
st : Vin(q) — H'(Ggyu,); Qe(m))
form >1 and

st Vi(q) — H'(SpecOgy,),s: Qe(1))
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for m =1 such that s}, ([a]) = £ (£5).

PROOF. Tt is clear that the formula 57,([a]) := £y, (£]) defines a Q-
linear map 53, from Vin(q) to Homz, ((GQu,)(ue) ) Qg( )) for m > 1
and from Vi (q) to Homyp, (Wl(SpecOQ(uq)(Woo)ﬁ, SpecQ)®; Q(1 )) form=1
because generators of R,,(q) correspond to the distribution and inversion
relations of f-adic polylogarithms.

Observe that we have Z/q*-isomorphisms

tm HomZe((GQ(uq) (peo0) ) ; Qe(m )) - Hl(GQ(uqﬁ@f(m))

for m > 1 and

t1 : Homg, (ﬂl(SpecO@(uq)(Wm)ﬁ; SpecQ)*’; Qe(1))
— H* (Spec OQ(uy),S5 Q(1))

for m = 1.

We set s, := t,, 0 5i. It follows from Lemma 5.0.2 that the map 52, is

7./ q*-equivariant hence s}, is also Z/q*-equivariant. (]

LEMMA 5.0.4. Let us assume that Conjecture 4.4.1 holds. Then we
have

i) the Z/q*-equivariant map
s, : Vi(q) = H' (G, ) Qe(m))
is an isomorphism for m > 1;
ii) the Z/q*-equivariant map
1 Vila) — H' (SpecOgy, 1 Qu(1))
18 injective.
PrOOF. The result of Soulé implies that dimH 1(GQ ;Qe(m)) =
2o(q) for m > 1 (see [15]). It follows from [12] that dimVj, ( ) = 3¢(q)

for m > 1. We have assumed that Conjecture 4.4.1 holds. This implies that
the map s, is an isomorphism for m > 1.
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Now we assume that m = 1. Let us denote by Cgy,,) a subgroup of
Q(pq)™ generated by elements of the form 1 — & and by pigq. It follows from
the Bass theorem (see [17] Theorem 8.9) that the only relations between
these elements are

= (1 -&) =1-¢°
and

r—1

[[a-¢gry=1-¢7 if ¢=rp.
=0

These relations correspond of course to generators of Ri(q).
On the other side the homomorphism

Oy, 5/ 12q — H' (SpecOqyy,),53 Qe(1))

which to a unite u associates a corresponding Kummer character is injective.
This implies that the map s{ is injective. [J

LEMMA 5.0.5. Let us assume that Conjecture 4.4.1 holds. Let G be a
subgroup of Gal(Q(u,)/Q) =Z/q*. Then the map sk, induces

i) an isomorphism
(5709 : Vin(@)® — H' (Guyy: Qe(m))®
form > 1;
ii) an injective map
(s) : Vi(q)® — H'(SpecOgyu,).s: Qe(1))%

form = 1.

PrOOF. The lemma follows immediately from Lemma 5.0.4. O

5.1. Let ¢ be a prime number. In this section we shall construct geomet-
rically ¢-adic realization of the associated graded Lie algebra of the fun-
damental group of the tannakien category of the mixed Tate motives over
SpecZ[é]. We recall that conjecturally this Lie algebra is free, freely gen-
erated by elements in degree 1,3,5,... ,2n 4+ 1,... . Generator in degree 1



234 Zdzistaw WOJTKOWIAK

corresponds to log ¢ and generator in degree 2n+ 1 corresponds to ((2n+1)
for n > 0.

We assume that ¢ is a prime number different from ¢. We assume also
that £ does not divide ¢ — 1. Then

Q(Nq) NQ(pee) = Q

and £ does not divide the order of the group

Z/q" = Gal(Q(uq)/Q) -

We consider actions of Galois groups on

t:= H W(VQ;fg,O_i) and T := H W(VQ§£3a0_i)'

0<a<q 0<a<q

We shall apply formalism from section 4 for

K =Q and L =Q(u,).

We recall that the Galois group Z/q* = Gal(Q(p,)/Q) acts on (Hy/Hp41) ®
Q and that ((Hy/Hgy1) ® Q)% is a fixed point subspace.

Observe that the triple (V,£7,01) has good reduction at every finite
place of Q(ug) not dividing ¢. Let

S :={peV(Q(uq)) | p divides ¢ or ¢}.

Then it follows from Proposition 2.3 that the representation v; is unramified
outside S.

LEMMA 5.1.1. We have:

i) Let 0 € (Hy/Hps1) @ Q)Y . The coordinates of lIltZ/q*(a) calculated
modulo Iy + T**1L(X,Y) on each component are

<<(1_$Ek(1)(0) Y, Xk—1]>

q—1)gk1!

for k > 1 and odd;

e(1)(0) [Y, X’H]>

0<a<q

((0)o<a<qs 0)
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for k > 1 and even;

for k=1.

ii) Let o € (grLield(L, S, 0)ZTN),. The coordinates of [¥,]%“/9) (o) cal-
culated modulo Is +T*T'L(X,Y) on each component are given by the
same formulas as in the point i) if we replace €x(1) and €(q) by [¢x(1)]
and [€(q)] respectively.

PROOF. Let o € ((Hp/Hpt1) @ Q%9 and let 0 < a < q. It follows
from Lemma 5.0.1 that the o coordinate of \IltZ/q* (o) is Zk(fg‘)(a)[Y,Xk_l]
modulo I + T**1L(X,Y). Tt follows from Corollary 4.3.4 or Lemma 5.0.2
that £, (£0)(7 -0 - 1 = Ek(fgil'a)(o), where 7 is a lifting of 7 € Z/q* to
G Qo0 )- Hence we get that £4(£7)(0) = €x(€4)(0). The distribution relation
for ¢-adic polylogarithms (see [19] Corollaries 11.2.3 or [21] Theorems 2.1)
and the vanishing of f2,(1) (see [19] Corollary 11.2.11) imply that for any
o€ ((Hy/Hp1) @ Q%9 and any 0 < a < ¢ we have

1— qkfl

gk(&?)(g) = Wﬁk(l)(ﬂ) for k> 1 and Odd,
le(§7)(0) =0 for k>1 and even,
01— ) (o) = q%lﬁ(q)(a) for k= 1.

This implies the first part of the lemma.

The functions [((£5)] (for k> 1and 0 = o < ¢q) and [£1(&])] (for 0 <
a < q) from grLield (L, S, ) to Q, vanish on the subspace of decomposable
elements Dy, of grLield(L, S, {);. The restriction of [¢4 ()] (for 0 < a < q)

Z)q* . . _ )
to Wy, = Ik/q is equal qul iezyq- e (EM)] = q_% Zgzll[ék(fé)]. It follows
from the inversion relation for f-adic polylogarithms that the last expresion
vanishes for k£ even.

For k¥ > 1 and odg_lit follows from the distribution relations that
&1 D ()] = g (D)
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Finally it follows from the equality Hg;ll (1 — §é) = ¢ that
LY 0E)] = lag).

The universal property of the weighted Tate completion implies that the
morphism grLie[yy] factors through a surjective morphism of Lie algebras
grLield(L, S,0) — &2y (Hp/Hi41) © Q.

Hence the morphism [¥,)/%/¢'] factors through
grLield(L, S, 0)#7T ®r ) ((Hi/Hpq1) @ Q)Z/q*.
This implies the second part of the lemma. [

ProprosITION 5.1.2. In the image of the morphism of Lie algebras

(@, #) . grLietd(L, S, 0) %]

- @ Lie(X,Y) | x (Lie(X,Y)/(Y),{})

0<a<q
there are elements D1, Ds, Ds, ..., Doyi1,... homogeneous of degree 1,3,
5,..., 2n + 1,... respectively whose coordinates calculated modulo Is on

each component are

(1 =) [Y, X o<acq: (a — 1) ¢"[Y, X))

for k =2n+1 and greater than 1 and

((Y)O<a<q; O)

for k=1.

PrOOF. The f-adic polylogarithm fo,41(1) = €2n+1(1_())) is a rational
non-zero multiple of the Soulé class — the generator of H'(Gq; Q,(2n + 1)).
Hence f2,,11(1) restricted to H'(G; Qy(2n+1)) is also non-zero. Therefore
[l2n+1(1)] is a non-zero homomorphism from grLield(Q, {4, q},€)on+1 to Q¢
and hence also from grLield(L, S, €)2n+1 to Q. It follows from Proposition
4.2.8 ii) and iii) that [fo,,1(1)] restricted to (grLield(L,S, €)% )g, 1 is
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non-zero. Therefore there is 09,1 € (grLield (L, S, €)%/4),, 1 such that
[£2n+1(1)](0'2n+1) = 1. We set

Doyt := (g — 1) ¢*" [¥] Z/a"] (02n+1)

for 2n+1 > 1.

Now we consider the case m = 1. The cohomology class of the cocycle
¢(q) is one of generators of H 1(SpecZ[%, #1;Q¢(1)). Therefore the homomor-
phism [¢(q)] : grLield (Q, {4, q},£)1 — Qg is non-zero. It follows from Propo-
sition 4.2.8 ii) and iii) that the homomorphism [¢(q)] : grLield (L, S,¢); —
Q¢ restricted to (grLield (L, S, €)%/9]); is non-zero. Hence we can find
o1 € (grLield(L, S, O)%/9°]); such that [¢(q)](o1) = 1. Then we set

Dy = (¢ — 1) [®,] 77 (57).

It is clear from the construction and from Lemma 5.1.1 that the elements
Dy,Ds, Ds, ... ,Dopy1, ... have the required coordinates. [

PROPOSITION 5.1.3.  The Lie algebra Tm ([®,)[Z/0°]) is free, freely gen-
erated by elements D1, D3, D5, ... , Dopi1,... .

Proor. First we shall show that elements Dy, D3, Ds,... generate
freely a free Lie subalgebra of the image of the morphism [\Ilt][Z/ 7'l To show
this it is sufficient to show that the basic Lie elements in D1, D3, D5, ... are
linearly independent over Q.

We recall that a Lie bracket in the Lie algebra ( €@ Lie(X,Y))x
0<a<q

(Lie(X,Y)/(Y), {}), which further we denote by L, is given by the for-
mula

[((fa)o<a<q; #); ((9a)o<a<q; ¥)]
= (([fas 9ol + Dy(9a) = Dy(fa))o<a<q; [0, U] + Do () = Dy () -

Let us set
. 2n 2n . 2n 2n
zopt1 = (1 = ¢™) [Y, X" )o<a<qs (¢ — 1) ¢™"[Y, X*"])

for n > 0 and let
Z1 = ((Y)O<oz<q§ O) .
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We recall that Z, := ( €@ I,) @ I, is a Lie ideal of the Lie algebra L. For
0<a<q
any Lie bracket of length r in elements Dy, D3, Ds, ... in the Lie algebra £

we have
(5.1.4) [...[Di,, Diy),...Di.] =1... 1%, %), - - - zi,] mod I, .

We recall that Lie(X,Y;Z) denote a free Lie algebra over Z freely
generated by X and Y. The elements z; have integer coefficients hence

they belong to the semi-direct product ( € Lie(X,Y;Z))x
O<a<q
(Lie (X,Y;Z)/(Y),{}) of Lie algebras over Z, which we denote by L(Z).

Observe that ¢£(Z) is a Lie ideal of the Lie algebra £(Z). The quotient Lie

algebra £(Z)/qL(Z) is ( @ Lie(X,Y;Z/q))x (Lie(X,Y32/q)/(Y),{}).
0<a<gq

The classes modulo ¢, 21 = ((Y)o<a<q;0) and Zan1 = (([Y; X?™])o<a<q; 0)

for n > 0, generate freely a free Lie subalgebra of the Lie algebra

( @ Lie(X,Y;Z/q))x(Lie(X,Y;Z/q)/{Y),{}). This follows from
0<a<q
Shirshow-Witt Theorem applied to a free Lie algebra Lie (X,Y;7Z/q) over a

field Z/q (see [10] page 331).

Hence basic Lie elements of length r in zi, Z3,Z5,... are linearly in-
dependent over Z/q. This implies that basic Lie elements of length r in
z1, 23, 25, ... are linearly independent over 7Z, hence also over Q and Q. It
follows from the congruence (5.1.4) that basic Lie elements of length 7 in
D1, D3, Ds, ... are linearly independent.

Assume that a non-zero linear combination of basic Lie elements of
length r in Dy, D3, D5, ... is equal to a linear combination of basic Lie
elements of length greater than r. Working modulo the Lie ideal Z, one
sees immediately that this is impossible. Therefore basic Lie elements in
D1, D3, Ds, ... are linearly independent, hence the elements D1, D3, Ds, . ..
generate freely a free Lie subalgebra of Im ([®,]1%/4").

It follows from results of section 4 (Proposition 4.2.6) that the Lie alge-
bra grLield(Q(pyq), S, ¢) [Z/a"] is free, freely generated by elements o3, 035, . . . |
Oon+1, - -- constructed in the proof of Proposition 5.1.2 and by two elements
in degree 1. One of these elements is o1 and the other is mapped to zero by
[\Ilt][Z/q*]. This implies that the elements D1, D3, D5, ..., Dopy1,... gener-
ate Im ([¥,)Z/a]). O

THEOREM 5.1.5. Let q be a prime number different from £. Let V :=
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P\ {0,1,00} and let

t:= H W(V@;fg‘,(ﬁ).

0<a<gq

The representation

022 Gal(Q/Q(ue=)) — @D CLQA{X.Y}})

0<a<q

has the following properties:
i) it is unramified outside finite places of Q(ue) lying over £ or q;

ii) it  respects  the filtration {@0<a<q I Q{X, Y} ien  of
®O<a<q @Z{{Xa Y}}S

iii) any o €Gal(Q/Q(up)) acts on @0<a<q (I(Qg{{X,Y}})i/
HQ{X,Y}})"™) as the identity;

iv) the image of the associated graded Lie algebra representation

o

@tGal(Q(Nq)/Q) : @ (Fz‘(GP(MQ)/Q)/Fi—H(ei@(uq)/(@)) ®Q
=1
— P End(Qf{X,Y}})

0<a<q

is a free Lie algebra, freely generated by Dy, D3, Ds,... , Dopy1,... .

PROOF. The representation v is unramified outside S, where S =
{p € V(Q(uq)) | pdivides q or p divides ¢}. Let us set 7' := {q, ¢}. Hence
the representation 99(” a)/ Q, which is equal by definition [¢] o SIL(”; OUKT,
is unramified outside finite places of Q(u) lying over ¢ or q. 7

The points ii) and iii) follow immediately from Proposition 4.3.0.

By Proposition 5.1.3 the image of [\pt][Z/ 7] is a free Lie algebra, freely
generated by Dy, D3, Ds, ..., Doyiq,... . This implies that the image of
the composition [\Ilt][Z/Q*] opto (pZ/q*)_l, and hence also the image of
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grLz'e[Qi@(“q)/@], is a free Lie algebra, freely generated by Dy, D3, Ds,...,
Dopt1, ... . The morphism
Qluq)/Qy
grLie[f, | : grLield(K,T,?) @ GL(Q/{{X,Y}})

0<a<q
factors through a surjective morphism

grLiel(K, T, ) — @ Fy(02/Q) 1 (0%0/Q)) g .
i=1

Hence the image of @tZ/ - grLieHiQ(“ 2)/Q is a free Lie algebra, freely
generated by Dy, Ds, Ds, .. ., Dopy1,... . 0

5.2. We assume as in section 5.1 that ¢ is a prime number different from
¢ and that ¢ does not divide ¢ — 1.

We assume also that ¢ =3 mod 4. Then the field Q(i /q) is a subfield
of Q(pq). The field Q(i \/q) is fixed by the kernel of the homomorphism

hg:Z/q" — {1,-1}

g—1

given by hq(x) =272 . Let us set
G(q) :=kerh,.

As in section 5.1 we are studying actions of Galois groups on

t:= H (Vo 53,&) and T := H (Vo 53,0_1))
0<a<q 0<a<q
We shall apply formalism from section 4 for
and the Galois group G(q) = Gal(Q(uq)/Q(i/q)).

We recall that S = {p € V(Q(yg)) | p divides ¢ or ¢} and therefore in
the case considered now

T:={peV(Qiyq)) | p divides ¢ or ¢}.
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We shall construct geometrically ¢-adic realization of the associated
graded Lie algebra of the fundamental group of the tannakien category
of the mixed Tate motives over Spec OQ@. VLK

q

LEMMA 5.2.1. We have:

i) Let 0 € (Hy/Hpy1) @ Q)99 The coordinates of \I!f(q) (o) calculated
modulo Iy +T**1 L(X,Y) on each component are

k=1
<<(17q £k<1><a>[y,x’“—1])

q—1)gk!

k(1) (@)Y, Xk_l])

0<a<q

for k> 1 and odd;

(G 5 o)

j€G(q)
2 .

(-2 = a@ie)wx) ;o)

177 jeclo ot Glg)
for k > 1 and even;
1 A

-1 Y 1-)o) | Y ;0

0<jy<q

0<a<q
for k=1.

ii) Let o € (grLield(L, S, E))LG(‘M. The coordinates of [¥]¢D(5) calcu-
lated modulo Iy + T*'L(X,Y) on each component are given by the

same formula as in point i) if we replace £y (1), 0(€D) and €(1 — &)
by [e(1)], [€x(€2)] and [£(1 — &))] respectively.

Proor. The lemma is proved in the same way as Lemma 5.1.1. [J

PROPOSITION 5.2.2. Let us assume that Conjecture 4.3.1 holds. Let q
be a prime number satisfying ¢ = 3 mod 4. In the image of the morphism
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of Lie algebras

[@,]C D) grLietd(L, S, €)1

— | @ Lie(X,Y) | x(Lie(X,Y)/(Y),{})

0<a<q
there are elements Di,Do,Ds,... Dy, ... homogeneous of degree 1,2,
3,...,m,. ... respectively whose coordinates calculated modulo To are

(=g HY. X" Nocacqi (= 1) g™ Y, X))

form > 1 and odd;

((([Y7 Xm_l])ozeG(q)v (_[Y7 Xm_l])a¢G(q)); 0)

for m > 1 and even;
((Y)o<a<q; 0)

form=1.

PROOF. Observe that for all m € N we have dim g,V (q)%@ = 1. The

space Vi (q)9(@ is generated by [0] if m > 1 and odd, by . [o] if m > 1
a€G(q)
and even and by > [a] if m = 1.
a€Z/q*
Let us assume that k£ is even. It follows from Lemma 5.0.5 that

> je(q) (1(€]) is a non-zero element of H' (GQug); Q¢(k))“@). Hence there
is a unique, non-zero element t; of Hl(GQ(i\/a);Qg(k)) such that ty re-
stricted to Hl(GQ(Mq);Qg(k‘)) is equal 3 cqg) Ek(fg). The homomorphism
[tx] from grLield (Q(iy/q),T, L), to Qg is non-zero because tj is non-zero.
Therefore it follows from Proposition 4.2.8 ii) and iii) that [t;] restricted to
(grLield (L, S, £)[¢(@]); is non-zero. Hence the restriction of > jecq) e &N
to (grLietd(L,S,0)!¢@D]), is mnon-zero. Hence there is o €
grLield(L, S, E)LG(q)] such that >~ [k (ED)] (o) = 1. We set

—1
Dy = =[]0 (o)

for k > 0 and even.
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Let us assume that £ = 1. It follows from Lemma 5.0.5 that the element
2 0<j<q t(1 — &) is a non-zero element of H'(Spec OQuy),55 Q¢(1))%@ . Ob-

serve that » 5, £(1 —53) and 2/(i,/q) define the same cohomology class in

H'(Ggu,); Qe(1)). The element 2/(i /g) is non-zero in Hl(G@(i\/@; Qe(1)).
In the same way as before, it follows from Proposition 4.2.8 that
2 0<j<qll(l — £))] restricted to (grLietd (L, S, £)I5@]); is non-zero. Hence
there is oy € (grLield(L, S, 0)l@)); such that o_._ [0(1 — &)](o1) = 1.
We set

Dy = (¢ — 1)[®) " D)(a).

If © > 1 and odd we can find o € grLield(L,S, E)Eﬂo(q)] such that
[0k (1)](or) = 1. Then we set

— 1)g*
Dy, = %[\pt][G(q)} (on)-

One verifies easily that the constructed elements have required properties. [

PROPOSITION 5.2.3. The Lie algebra Tm ([®,)[¢D)) is free, freely gen-
erated by elements D1, Dy, D3,... ,Dpyy... .

Proor. The proof of the proposition repeats arguments of the proof
of Proposition 5.1.3 and we omit it. [

THEOREM 5.2.4. Let us assume that Conjecture 4.5.1 holds. Let q be
a prime number different from ¢ and congruent to 3 modulo 4. We assume
also that ¢ does not divide ¢ — 1. Let V :=P'\ {0,1, 00} and let

t:= H W(V@;fg,(ﬁ).

0<a<q

The representation

g2/ AV . Gal Qi) / Qi) (o)) — P GL@Q{{x,V}})

O<a<gq
has the following properties:

i) it is unramified outside finite places of Q(i\/q)(pe~) dividing £ or q,
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ii) the representation 9;@(“‘1)/ Qiva) respects the  filtration
{Docacq IQALX Y ) tieN of Bocacy Q{{X, Y}

iii) any o EGal(Q/@(i\/@)(Wm)) acts on @0<a<q (I(Qg{{X,Y}})i/
IQu{{X, Y}})”l) as the identity;

iv) the image of the associated graded Lie algebra representation

Gal q X q i q i
@)/ (TN (gD (g0 U
i=1
— D End(@{{X,Y}})

0<a<q

is a free Lie algebra, freely generated by elements D1, Do, Ds, ...,
Dy ...

PrROOF. The proof of the theorem is the same as the proof of Theorem
5.1.5. 0

The /¢-adic representation from Theorem 5.2.4 represents geometrically
the f-adic realization (for ¢ # q) of the associated graded Lie algebra of the
fundamental group of the tannakien category of the mixed Tate motives
over Spec OQ(iﬁ)[%].

Now we shall construct geometrically an £-adic realization of the funda-
mental group of the tannakien category of mixed Tate motives over

Let us set
T = H W(VQ; _Sé’(ﬁ') and T := H W(VQ; _gga (ﬁ-) :
0<j<q 0<j<q

Observe that the triple (VQ@- V@)’ —fg, (Tl) has good reduction at every finite
place of Q(uq). Therefore we set

S :={p e V(Q(uq)) | p divides ¢} and
T :={p € V(Q(i/q)) | p divides ¢}.

We shall apply formalism from section 4 to

K = Q(iy@), L=Q(u,) and Glq) = Gal (Qu,)/Q(i/a)).
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LEMMA 5.2.7. We have

i) Let o € ((Hy/Hpr1) @ Q). The coordinates of \Ilf(q) o) calculated
+
modulo Is + T**1 L(X,Y) on each component are

((1 _ qk—l — 9k-1 + 9k—1 . qk:—l

(q—1) 20 1. gh1 0e(1)(0)[Y, X*1)

0<a<q;
GO, X’H])

for k > 1 and odd;

for k > 1 and even;

for k=1.

ii) Let o € (grLield(L, S, E))LG(qH. The coordinates of [¥4](¢D(a) calcu-
lated modulo Iy + T**1L(X,Y) on each component are given by the
same formula as in point i) if we replace {x(1) and Ek(—fg) by [0k(1)]
and [0,(—&))] respectively.

PrOOF. First we show the point i) of the lemma. Observe that the
set {—§g}o<]~<q is the set of primitive 2¢g-th roots of 1. Hence we can apply
formalism from section 5.0. In particular we can apply Lemma 5.0.1 to
calculate coordinates of ¥, (o).

First we suppose that k is odd. We have the following relations between
f-adic polylogarithms

2l (=€) + (€)= L (&F);

-1

" Q€)= (1= ¢"He(D);
1

=}

.
Il
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(e(&]) = lel&;7) and Gy(—€)) = br(=€;7).
Observe that (Z/2q)* = Z/q*, hence G(q) acts on Vj(2q).
The symbol q_% Zg;}[q + 2j] € Vi(2q) is invariant under the action of

G(q). Observe that s;? (q_% Z?;i[q + 2j]) = q_Ll Z?: 01(—&)). Using the
relations between f-adic polylogarithms we get that

-1
1 q ) 1 ‘k 1 2k 1 2k’ 1, ]k 1
q 1] 1 ¢ (q 1)2k 1'qk !

Then the formula for k£ odd follows from Corollary 4.3.4 or Lemma 5.0.2.
Now we suppose that k is even. We recall that for k even

0(=€)) = —0(~€7) and £4(1) =0
We have also that
Z/q" = G(q) U (-1)G(q).

The symbols % > jec(q) J([1]) and (Fil > jec(q J([—1]) are non-trivial in
Vi(2q) and invariant under the action of G(gq). Moreover we have

in V4 (2¢). This implies the formula for &k even.
Now we assume that kK = 1. We have

q—1
(1+&)=¢ - (1+¢&7) and H(1+§g) =1.
j=1

Therefore the formula for k£ = 1 follows from Corollary 4.3.4. One can also
use the fact that V;(2¢)%(@ = 0.

The point ii) of the lemma is proved in the same way as the point ii) of
Lemma 5.1.1. J

Let
a(k) := vg(1 —2F 1
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be the exponent of the highest power of ¢ which divides 1 —2¥~1. It is clear
that a(k) < k — 1 and we have

1—2F1 = a(k)- g™,
where a(k) is not divisible by g.

PROPOSITION 5.2.8. Let us assume that Conjecture 4.3.1 holds. Let q
be a prime number congruent to 3 modulo 4. In the image of the morphism
of Lie algebras

(W, )I¢D): grLiekd (L, S, €)@
— | @ Lie(x.Y) | x(Lie(x.¥)/(¥).{})
0<a<gq

there are elements Do, D3, ... , Dy, ... homogeneous of degree 2,3,... ,k, ...
respectively whose coordinates calculated modulo Zs are

((alk) - (1 = ¢ Y, X Nocacqi (g — 1) - 257+ 71700 [y, x471))
for k> 1 and odd;

((([Y7 Xk_l])aeG(q)v (_[Y7 Xk_l])agéG(q))? 0)

for k > 1 and even.

Proor. First we consider the case when k is odd. The ¢-adic poly-
logarithm /(1) is a generator of H'(Gg; Qe(k)). Hence £ (1) restricted to
HY(Gp;Qq(k)) is non-zero. Therefore [¢)(1)] is a non-zero, G(q)-equivariant
homomorphism from grLield(L, S, ¢); to Q vanishing on decomposable el-
ements. This implies that the restriction of [¢;(1)] to grLield (L, S, E)[ @] 5

non-zero. Hence there is oy, € grLield (L, S, Z)ECG(Q)} such that [¢(1)](ox) # 0.

We set
1), 9k—1. k—1—a(k)
Dy = [w,]6@) <(q 1)-2 q ‘O'k> '

Ce(1)(or)
Let us assume that k is even. The symbol 3., ([1]) is non-trivial in
Vi(2¢) and belongs to V;,(2¢)¢9. Hence the symbol > jec(q J([1]) is a gener-
ator of Vi(2¢)%@. Hence it follows from Lemma 5.0.5 that 2jeG(g) 0 (=&
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is a generator of H 1(GQ :Qq(k))¢@. Therefore the restriction of
> jec(q)le(— &) to grLzeZ/I(L S, E)[ @] is non-zero. Hence there is o} €
grLieh(L, S.0) P such that 3¢ o) k(=€) (01) # 0. We set

Dy = [,] €@ (q ey L .ak> .
2 ZjEG(q) k(=€) (o%)
It is clear that the constructed elements Do, D3, Dy,... ,D,,... have the

required properties. [

PROPOSITION 5.2.9. The Lie algebra Im, ([®,]I6D]) is free, freely gen-
erated by the elements Do, D3,... ,Dp,, ... .

PROOF. One only need to notice that a(k) < k—1. We left the details,
which are the same as in the proof of Proposition 5.1.3, to readers. [J

THEOREM 5.2.10. Let us assume that Conjecture 4.3.1 holds. Let q be

a prime number different from £ and congruent to 3 modulo 4. We assume
that £ does not divide q — 1. Let V := P\ {0,1,00} and let

T = H W(VQ;—ﬁg,[)—i).

0<j<q

The representation

o2 OND  Gal @(iV) /QUiv/@) () — €D GL(Qe{{X.Y}})

0<a<q
has the following properties:

i) it is unramified outside finite places of Q(i/q)(pe=) lying over £;

ii) the  representation 99(“'1)/ Qiva) respects the  filtration
{Do<acg I(QAL{X, Y1} Hien of Bocneq Q{{X, Y}

iii) any o eGal(@/Q(i\/@)(ugoo)) acts on @0<a<q (I(Qg{{X,Y}})i/
HQ{{X,Y}})"™) as the identity;
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iv) the image of the associated graded Lie algebra representation

@Sal((@(ﬂq)/Q(i\/@) . @ (FZ<99(Nq)/@(’ﬂ))/FZ+1 (99(#q)/@("ﬂ)))
=1

— @ End(Q{{x,Y}})

0<a<q

is a free Lie algebra, freely generated by elements Do, D3, ..., Dy, ... .

PROOF. We omit the detailed proof as it is the same as the proofs of
Theorems 5.1.5 and 5.2.4. We only notice that the Galois representation

GQUyg) (o) — AUt set (7)

is unramified outside finite places of Q(i/q)(jt¢>) lying over £. This implies
that there is no generator in degree 1. [J

5.3. We assume that ¢ is a prime number different from ¢ and that ¢ does
not divide ¢ — 1. We assume also that ¢ = 1 mod 4.

We shall construct geometrically /-adic realization of the associated
graded Lie algebra of the fundamental group of the tannakien category
of the mixed Tate motives over Spec Oqy;, /g)-

Observe that the Galois group

Gal (Q(p4q)/Q) = Gal (Q(i)/Q) x Gal (Q(pq)/Q) = Z/4" X Z/q".

Let s € Gal (Q(uq)/Q) = Z/q* be a generator and let ¢ € Gal (Q()/Q) =
Z/4* be the complex conjugation.

We denote by H(q) the subgroup of Gal (Q(pt4q)/Q) generated by (¢, s) €
Z/4* x Z/q*. Then the subfield of Q(u4q) fixed by H(q),

Q(paq) 9 = Q(i/7).

We shall study the action of Gy,,,) on the disjoint union of torsors of paths

t:= H W(VQ§§iq701).
0<j<4q
(4,49)=1
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We set
L =Q(pn4q) and K = Q(i\/q).

Observe that a triple (VQ(M4Q)§§£q7()_i) (for 0 < j < 4q and (j,4q) = 1) has
good reduction everywhere, hence we set

S={peV(Q(uag)) | p divides ¢ }.

LEMMA 5.3.1. We have

i) Let 0 € (Hy/Hpy1) ® Q. The coordinates of \Ilf(q) (o) calculated
modulo Iy + T L(X,Y) on each component are

(= 2 t((=D)" i&g VO X" Nicnig)s

o1 =
— O (( 255 (NI, X" Nigr(q);0)
k=1

forn > 1 and even;

1—g¢ ! 1-271 .
(((1 P R T Ca(D)(0) Y, X" ) e(z/49) 5

((D)(0)[Y, X"

forn > 1 and odd;
((0)te@jaq>3 0)
forn =1.
ii) Let o € (grLield(L, S, E))[ DI The coordinates of (¥l Do) calcu-

lated modulo Iy + T" 1 L(X,Y) on each component are given by the
same formula as in point i) if we replace £,(1) and En((—l)sz;k) b

[0n(1)] and [£,((—1)F zfq )] respectively.

Proor. Let n =1. We have the identity

q—2 q—2

(2741) - (2 + 1) [[ = -1k ) - [[ @+ (—1)kig).

k=0 k=0

x4q—1_a:q—1

r—1 z-1
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Hence we get

q—2 q—2
sk sk
[[a - Dk [T+ (e ) =1
k=0 k=0
Therefore [,epp)(1 = #(i&)) = TIIZo(1 — (—1)*i€;") and [yepq (1 —
t(—i&y)) = %;%(1 + (—1)ki§§k) are units of the ring Og;, q)- The only

units of the ring Ogy; J/3) are roots of unity. This implies the lemma for
n=1.

Let us assume that n > 1. Observe that —zfq_l does not belong to the
H (q)-orbit of i&,;. Hence the set of primitive 4¢-th roots of 1 is a union of
H(g)-orbits of i§; and —i 1. Observe also that all primitive g-th roots
of 1 belong to one orbit of H(q). Now the first part of the lemma follows
from Corollary 4.3.4 and from distribution and inversion relations for ¢-adic
polylogarithms and we leave it for readers.

The second part of the lemma follows in the same way as in Lemma
5.1.1. 0

PROPOSITION 5.3.2. Let q be a prime number different from £ and con-
gruent to 1 modulo 4. We assume that ¢ does not divide ¢ — 1. We assume
also that Conjecture 4.3.1 holds. In the image of the morphism of Lie alge-
bras

[Py [H(@)] . grLield(L, S, ?) (H(q)]

| B viex.y) | (Liex,v)/). ()

0<a<4q

(a,4q)=1
there are elements Do, D3, ... Dy, ... homogeneous of degree 2,3,...,
m, ... respectively whose coordinates calculated modulo I are

(. Xn_l])tEH(tz)7 (=[Y; Xn_l])te(Z/qu)*\H(q)) ;0)
forn >1 and even;
((a(m)(1 = ¢" Y, X" Nic@jagy 3 (1 —q) - ¢" 1700 - 2207y, X))

forn > 1 and odd;
((0)iezyaq; 0)
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forn=1.

PROOF. The proposition follows from Lemma 5.3.1. The details which
are similar to the proof of Proposition 5.1.2 we omit. [

PROPOSITION 5.3.3.  The Lie algebra Im ([®{H(D]) is free, freely gen-
erated by the elements Do, D3, ... Dy, .. ..

PROOF. As in the proof of Proposition 5.2.9 one need to notice that
n —1—a(n) > 0. The details of the proof we left to readers. [J

THEOREM 5.3.4. Let us assume that Conjecture 4.5.1 holds. Let q be

a prime number different from £ and congruent to 1 modulo 4. We assume
that ¢ does not divide q — 1. Let V := P!\ {0,1,00} and let

t:= H W(VQ;fiqvol).
0<j<4q
(Gdq)=1

The representation

99(u4q)/Q(iﬁ) : Gal (Q(iv/q) /Q(in/q) (e )) — @ GL (Qu{{X,Y}})

O0<a<4q
(ev,4q)=1

has the following properties:
i) it is unramified outside finite places of Q(i\/q)(pe=) lying over £;
ii) it respects the  filtration {@(oofzsiql IQ{{X,Y}})'}lien  of
D o<oca Q{{X Y}
iii) any o €Gal(Q/Q(i\/q)(pue=)) acts on D o<ocn (I(Q{X, Y}/
HQA{X,Y}})"™) as the identity;

iv) the image of the associated graded Lie algebra representation

@?al((@(ﬂélq)/(@(i\/a)) @ (FZ (01@(#4(1)/@(1\/‘3))/Fl+1(99(ﬂ4q)/Q(zﬁ))) ® Q

=1
— P End(@Q{{X,Y}})
e

is a free Lie algebra, freely generated by Do, D3, Dyg,... , Dy, ... .
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5.4. We continue to study Galois actions on torsors of paths. In this sec-
tion we shall construct geometrically an f-adic realization of the associated
graded Lie algebra of the motivic fundamental group of the category of
mixed Tate motives over SpecZ .

Let

V =P\ {0, 1, c0}.

Let ¢ be a prime number greater than 2 and different from /. Let §;, =
exp(2m) be a primitive g-th root of 1. We shall study actions of Galois

groups on a disjoint union and on a product of T['l(VQ; 10)-torsors

tg = H Wl(V@Q —53‘,?0) and T, := H m (Vs —52“717))-

O<a<q 0<a<q

We have Q(pu2,) = Q(p1q). Observe that the Galois group Ggy,,) acts on

ty and on Ty. Observe that a triple (Viy,,); —§7,01) has good reduction
everywhere, hence we set

S:={p € V(Q(uq)) | p divides ¢}.

We shall apply formalism from section 4 to

L:=Q(u2q), K:=Q and Z/q" = Gal(Q(u24)/Q).

The action of Gy,,) on t, yields a Lie algebra representation

v, (He/Hp1) ©Q) — | € Lie(X,Y) | X(Lie(X,Y)/(Y),{}),
where
Hy = () He(Vou): §q,10)
0<a<q
for k € N.

LEMMA 5.4.0. We have:



254 Zdzistaw WOJTKOWIAK

i) Let ¢ € Hy. The coordinates of W, calculated modulo Iy +
I*1L(X,Y) on each component are

((e(=EN (@)Y, X* Nocaces be(1)()[Y, X* 1))
for k>1 and
(1 (=€0)(0)Y Jo<a<q 0)
for k=1,
ii) Let o € (grLield(L, S, 0)%/T]),. The coordinates of [\Iltq][Z/Q*](a) cal-
culated modulo Is +T*T'L(X,Y) on each component are given by the

same formulas as in the point i) if we replace (y(1), Lp(—£7) and
ﬁl(—gg) by [£k(1)], [ﬁk(—fg)] and [61(—53)] respectively.

PrOOF. The lemma follows from Lemma 1.1.0 and Definition 3.0.1 of
¢-adic polylogarithms. [

The group Z/q* = Gal(Q(uq)/Q) acts on the associated graded Lie
algebra grLield(L, S, ). We shall study the Lie algebra homomorphism

(@, )29 (grLie(L, S, £))2/7]

— | P Lie(X,Y) | x(Lie(X,Y)/(Y),{}).

0<a<q

LEMMA 5.4.1. Let q be a prime number greater than 2 and different
from €. We assume that £ does not divide ¢ — 1. We have

i) Let o € (Hy/Hyi1) @ Q)ZT . The coordinates of \IftZé/q* (0) calculated
modulo Iy + T**1L(X,Y) on each component are

( ((1 28N (1-¢"1)

PTG g 1)

GO X)) ooy

GO, X’“])

for k > 1 and odd;
((0))o<a<q; 0)
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for k > 1 and even;
((0))o<a<qs 0)
for k=1.

ii) Let o € (grLield(L, S, 6));62/‘1*]. The coordinates of [¥,]%/9) (o) calcu-
lated modulo Iy + T**1L(X,Y) on each component are given by the
same formula as in point i) if we replace €y (1) by [€x(1)].

PrROOF. The first part of the lemma follows from Lemma 5.4.0, Corol-
lary 4.3.4 and the distribution and inversion relations for f-adic polyloga-
rithms. For k = 1 we use the relation Hz;i(l +&h) =1

The second part of the lemma is proved in the same way as part ii) of
Lemma 5.1.1. J

We recall that
1— 281 = q(k) - @™,

where a(k) is an integer not divisible by g.

PROPOSITION 5.4.2.  In the image of the morphism [\Iltq][Z/Q*] there are
elements D3, D5, D7, ..., Dopy1,... homogenous of degree 3,5,7,... ,2n +
1,... respectively whose coordinates calculated modulo Io are

( (a(2n + 1) . (1 _ q2n)[§/’ X2n]) 92n q2nfa(2n+1) . <q _ 1)[Y, XZn])

O0<a<q ;
form=1,2,3,....
PROOF. The f-adic polylogarithm f2,,11 (f()) is a rational non-zero mul-

tiple of the Soule class - the generator of H'(Gq;Q¢(2n + 1)). Therefore

l9n,41(10) restricted to H'(Gr; Q¢(2n + 1)) is also non-zero. It follows from
Proposition 4.2.8 that [fa,,1(1)] restricted to (grLield (L, S, 0)Z/ 1), 11 is
non-zero. Therefore there is oon41 € (grLield(L, S, O)IZ/7T),, | such that

[€2n+1(10)](02n+1) = 1. We set

D2n—|—1 — (q o 1) .92n q2n—a(2n+l) . [‘I’tq][Z/qﬂ(UQn—l-l)- ]
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PrOPOSITION 5.4.3.  The Lie algebra Im ([\I'tq][Z/Q*]) is free freely gen-
erated by elements D3, Dy, ..., Dopy1,... .

Proor. The proof is identical to the proof of Proposition 5.1.3 and we
omit it. O

THEOREM 5.4.4. Let q be a prime number different from 2 and from £.
We assume also that { does not divide ¢ — 1. Let V =P\ {0,1,00} and let

tg = H Wl(v@—f?afo)-

0<a<q
Then we have:

i) the representation

02+ % . Gal (@/Que)) — €D CL(Q{{X.Y}))

0<j<q

is unramified outside finite places of Q(up=) lying over ¢,
gQr2q)/Q

ii) the representation by respects the filtration

{@?jiji‘i HQ{X,Y}}) }ien of @(217;51 Q{{X, Y}

i) any o €GAQ/Ques)) acts on @ ococe (HQALX, VI
IQu{{X, Y}})”l) as the identity;

iv) the image of the associated graded Lie algebra representation
grLie GS(“ZQ)/Q is a free Lie algebra, freely generated by Ds, Ds, ...,

l)2n+1,....

PrRoOOF. Observe that —§;, = §; mod 2 and —{; = —1 mod ¢. Hence

the triple (P!\ {0, 1, co}; Sg, 10) has good reduction everywhere. Proposition
4.1.7 implies that the representation

¢tq : Gal (@(/Wq)/(@(/uq)) - AUtset(tq)

is unramified outside finite places of Q(u2q) dividing £. The rest of the proof
repeats arguments of the proof of Theorem 5.1.5. [
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The representation of G on 7T1(VQ; 17)) was studied by IThara, Deligne,
Grothendieck and others. This representation is unramified outside ¢ (see
[9]). We do not know if the image of the associated graded Lie alge-
bra representation is free, freely generated by single generators in degrees

3,5, 7,...,2n+1,... . The representation of Gg on m (Vp; 1_())) is isomor-

phic to the representation of Gg on 71 (Vp; R))—torsor of paths 7(Vp; 1?), (Tl)
(see [22]).
We hope that Theorem 5.4.4 will help to understand the representation

of Gg on 7 (Vp; 10 01) and hence also on m (Vp; 10) Notice that for any
HQi(mq)/Q from

prime ¢ greater than 2 the image of the morphism grLie6,
Theorem 5.4.4 is free, freely generated by elements D3, Ds, ..., Doyt1,. ..
of degrees 3, 5, ... ,2n 4+ 1,... respectively.

To realize f-adically the associated graded Lie algebra of the motivic
fundamental group of the tannakian category of mixed Tate motives over
SpecZ[i] (resp. SpecZ[i\/2], resp. SpecZ[iv/2][3]) one needs to study

Galois action on torsors of paths [[,_ 157117T(VQ;§i2,0_i) (resp.
]_[0<j<8 W(V@,fg,()l) resp. HO<]<24 (VQ,§24,01))
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