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Stiegel- Whittaker Functions on Sp(2,R) for Principal

Series Representations

By Taku IsHII

Abstract. We study a kind of generalized spherical functions
on Sp(2,R) for principal series representations, which are related to
archimedean theory of automorphic forms (Siegel wave forms). By
solving some differential equations, we obtain explicit formulas for
boundary values of these functions in terms of Meijer’s G-functions.

Introduction

In this paper we investigate Siegel-Whittaker functions on the real sym-
plectic group of degree two for the principal series representations. Before
we discuss our problem, let us recall the general setting in the theory of
spherical functions.

Let G be a real reductive Lie group and g the Lie algebra of G. Fix a
maximal compact subgroup K of G and a closed subgroup R of G. Take
an irreducible smooth representation £ of R and consider C°°-induction
C>Ind% (). For an irreducible admissible representation (, Hy) of G with
H i the subspace of K-finite vectors, consider the following problems:

(1) Is Homg x)(Hr K, C>Ind%(€)) finite dimensional? Moreover, we
want to know whether the dimension is at most one under some growth
conditions (Multiplicity Free Theorem).

(2) For nonzero ® € Hom g i) (Hr i, C>®Ind$(€)), what is the realization
Im(®) of 7 in C>Ind%(£)? Or, equivalently, give explicit formulas for
its elements (as functions on G).

Depending on the choices of R, these problems correspond to various funda-
mental questions in the local (archimedean) theory of automorphic forms.
For example, they are related to the construction of automorphic L-function
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and Fourier expansions of automorphic forms. When R is a maximal unipo-
tent subgroup of G and £ is a unitary character of R, the space of inter-
twining operators Homg ) (Hr K, C>®Ind%(€)) of (g, K)-modules is called
the space of Whittaker functionals and has been studied for two or three
decades (cf. [16], [13], [14]).

Now we explain our situation in this paper. Let G = Sp(2,R), Ps the
Siegel parabolic subgroup of G with the Levi subgroup Ls and the abelian
unipotent radical N, n a definite character of Ny and SO(n) the identity
component of the stabilizer of  in L;. Take R = SO(n) x N, and & as
the semidirect product of 1 and a unitary character x of SO(n). In this
case, the intertwining space is usually called the space of the generalized
Whittaker functionals. Since there are many possible notions of generalized
Whittaker functionals, we call it the space of Siegel-Whittaker functionals.

Consider the restriction of elements in this space to a specific K-type
as follows. Let (7%,V;«) be the multiplicity one K-type of m, where 7*
means the contragradient representation of 7, and let ¢ : V» — H; be a K-
equivariant map. By ®(.(v*))(g) = (v*, ¢ +(g)), we can define the function
¢z~ contained in the space CT5, (R\G/K) of V;-valued smooth functions
on G satisfying f(rgk) = (x-n)(r)7(k)~1f(g) for all (r,g,k) € R x G x K.
Here (, ) is the canonical pairing on V; x Vy«. We call the function ¢, , the
Siegel-Whittaker function with K-type 7* for m and denote by Wy, +=()
the space of these functions. By a decomposition G = RAK with A =
{diag(al,ag,al_l,agl) | a1,a2 > 0}, we see that ¢, is determined by its
restriction to A. We call this restriction ¢, ;|4 the A-radial part of ¢ ;.
Our aim is to find an explicit formula for this function.

Miyazaki obtained a system of differential equations satisfied by Siegel-
Whittaker functions for the principal series representation in the paper [12]
(this part is omitted in published version), whose purpose was to show the
multiplicity one theorem and to give explicit formulas in the case when 7 is
the Pj-principal series representation or the large discrete series represen-
tation. In the present paper, we study this system and obtain the following
theorem.

MurripLICITY FREE THEOREM (Theorems 10.1 and 15.1). Let 7y,
be the principal series representation of G = Sp(2,R), and assume that
the parameter v = (v1,1v2) of 7y, satisfies vi,v9,v1 £ va ¢ Z. We also
assume the character n of Ny is ‘positive definite.” We define the subspace
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C®Ind%(x-n)' of C=Ind%(x-n), whose elements are rapidly decreasing
functions on G. Then

dime Homg g6) (Hr,, i, CInd§ (x-n)™) < 1.
Moreover the boundary values of the radial parts of the elements in
W;asT(ﬂ) (see §10 and §15 for the precise definition) are written explicitly
in terms of Meijer’s G-function G;:g if

(1) 7o is in the ‘even’ principal series and T = T(g 0y 0T T(1,1),
(2) 7oy is in the ‘odd’ principal series and T = T(0,~1)-

Here 7y, x,) is the irreducible representation of K with highest weight
(A1, \2) and the definitions of ‘even’ and ‘odd’ are given in §5.

This result seems to cover only particular K-types, but it includes ex-
plicit formulas for all minimal K-types 7* of .

As far as we know, the previous results related to our investigations are
only due to Niwa and Hori. Niwa ([15]) obtained the integral representation
of the Siegel-Whittaker function with trivial K-type, i.e, 7 is even and
7" = T(0,0), and by using this result, Hori ([10]) computed the gamma factor
of L-function of Siegel wave forms of degree two.

Let us outline the contents of this paper. From §1 to §6, we recall the
basic facts of representation theory and review the system of differential
equations following [12]. We also recall the basic properties of Meijer’s G-
functions. From §7 to §11, we treat the even principal series. We calculate
characteristic indices at the singularity of the system (§8), and find the
explicit formulas for the holomorphic solutions along the singular divisor
and deduce the multiplicity free theorem (§9, §10). In §11 we see relations
between the results of [15], [10] and ours. We give an integral representation
of a Meijer’'s G-function and a simpler proof for the computation of the
gamma factor of L-function. From §12 to §15, we treat the odd principal
series in a way similar to the even case.

We want to comment on some other related works. Hirano ([8], [9])
investigated the case where R is the Jacobi subgroup of the Jacobi parabolic
subgroup of Sp(2,R) and 7 are Pj-principal series and the large discrete
series, and obtained explicit formulas in terms of Meijer’s G-function Gg:g.
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These results are related to Fourier-Jacobi expansions of non-holmorphic
automorphic forms. In the case G = SU(2,2), which has the same root
system of type Cy, Hayata ([6], [7]) studied the Whittaker functions and
Gon ([5]) studied the generalized Whittaker functions with respect to Siegel
parabolic subgroup (i.e., Siegel-Whittaker functions).

The author would like to express his profound gratitude to Professor
Takayuki Oda for his many pieces of valuable advice, Miki Hirano for helpful
discussions, and Professor Werner Hoffmann for many comments on the first
draft of this paper.

81. Definition of Siegel-Whittaker Functions

We first define the space of algebraic Siegel-Whittaker functionals for an
irreducible admissible representation (m, H;) of the real symplectic group
of degree two. This is the space of intertwining operators from 7 to an
induced representation, which is called the reduced generalized Gelfand-
Graev representation by Yamashita (][20]).

(1.1) Definition of the space of algebraic Siegel-Whittaker func-
tionals
Let G be the real symplectic group Sp(2,R),

0 1
t o - 2
wno-n=( 0 1))

Here we denote by 1o the unit matrix of degree two. The Siegel parabolic
subgroup Ps of G is a maximal parabolic subgroup corresponding to the

G = Sp(2,R) = {g c SL(4,R)

short root with abelian unipotent radical Ns. A Levi decomposition is
given by Py = Ls x Ny, where Ly = {(4..) | A € GL(2,R)} and
N, = {n(T) = (12 T) | *T'=T € M>(R)}. Fix a unitary character 1 of Ny

0 1o
defined by
n(n(T)) = exp(2rv—1tr(H,T))
with H, = (;;}2 h;’é?) € My(R). In this paper we assume that H, is
nondegenerate, that is, hiho — h§/4 # 0.

Consider the action of Ls on N by conjugation, and also the induced ac-
tion of Ls on the character group Ns. Let SO(n) be the identity component
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of the stabilizer subgroup of the character . Then

SO(n) = {( 61 tAo,l ) ‘A € GL(2,R), "AH,A = Hn}
and it is isomorphic to SO(2) for definite H, and to SO,(1,1) for indefinite
H,. In this paper we only treat the case of definite H,. Take a unitary
character x of SO(n) = SO(2) and define the subgroup R of Ps; by R =
SO(n) x Ns. Then we can construct a well-defined character x-n of R by
(x-m)(r) = x()n(n) for r = (I,n) € SO(n) x Ns. We consider the C°°-
induced representation from R to G,

C®IndG(xn) = {f: G — C, C| f(rg) = (x-n)(r)f(9),
Vr € R, Vg € G}

with the action of G via right translation. This is called the reduced gener-
alized Gelfand-Graev representation in [20].

For an irreducible admissible representation (w, H;) of G, take the sub-
space Hr i of K-finite vectors in H, where K is a maximal compact sub-
group of G.. Then the Lie algebra g of G acts on Hy .

DEFINITION 1.1. The space Wy.,(m) = Hom(g’K)(HmK,COOIndg(X-
n)) of intertwining operators of (g, K)-modules is called the space of alge-
braic Siegel-Whittaker functionals for the representation (7, H;) of G.

(1.2) Siegel-Whittaker functions with a fixed K-type

For ® € W,.,(w) and v € Hy x we want to study the C-valued functions
®(v) € C®Ind%(x-n) on G. More precisely, we consider those ®(v) with
v belonging to a specific K-type in 7. Let (7%, V;«) be a multiplicity one
K-type of (m, H;), where 7* is the contragradient representation of 7 and
t: Vi — Hp a K-equivariant map. By ®(«(v*))(9) = (v*, ¢r +(9)), we can
define the function ¢, , contained in the space

Cy(B\G/K) ={f : G =V, C | f(rgk) = (x-n)(r)7(k)~" f(9),
V(r,g,k) € Rx G x K}

Here (, ) is the canonical pairing on V; x V.
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DEFINITION 1.2.  We call the above function ¢ ; the Siegel- Whittaker
function with K-type (7%,V«) for (m,Hy) and denote by W,., r=(m) the
space of Siegel-Whittaker functions with K-type 7* for .

Considering a decomposition G = RAK with A = {diag(ai,as,
al_l,aQ_I) | a1,as > 0}, we see that ¢, is determined by its restriction
to A. We call this restriction ¢ ,|a the A-radial part of ¢ .. Our aim is

to give an explicit formula for this function.

REMARK 1.3. We give some remarks on the unitary character y of
SO(n) = SO(2). Let dx : so(n) — /—IR be its differential and ¢ :
s0(n) = s0(2) be an isomorphism of Lie algebras given by X —— HXH !
with H = diag(yv/h1,vh2). Let xo be the character of SO(2) defined by
Xo(rg) = eﬁmoe, where rg is the rotation with angle 8 and mg € Z, and
dxo differential of yo. Then we have dxo(Y) = v/—1mg with Y = (_01 (1))
and define y to satisfy dy = dxg o ¢.

Our notation is related to that of [12] as follows. We may assume
hi,he > 0 and hz = 0. Since a generator of so(n) is taken as Y, = Hn_lY in

[12], we have x(Y;)vhihe = v/ —1mg.

§2. Lie Groups and Algebras

(2.1) Maximal compact subgroup
A maximal compact subgroup K of G = Sp(2,R) is given by

K:{( o i)EG‘A,BeMg(R)}

and is isomorphic to the unitary group U(2) via the homomorphism

K> A B — A+ V—-1B e U(2).
-B A
(2.2) Lie algebras
The Lie algebra g of G is given by g = {X € My(R) | JX + 'XJ = 0}.
Let 6 be the Cartan involution of g defined by #(X) = —!X for X € g. Then
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the subspaces
t={Xeg|0X)=X}

_ A B t A __ t _
_{< 5 A) A, Be My(R),'A=—A4, B_B},

p={X cglo(X)=-X)

_{<B _A> A, B e My(R),'A = A, B_B}

give a Cartan decomposition g = € @ p. Notice that € is the Lie algebra of
K and is isomorphic to the unitary Lie algebra u(2) via the linear map

Ea(_AB i)»—>A+\/—_lB€u(2).

(2.3) Root system of (gc,bhc)
Let us consider the complexification gc = g ®r C of g and u(2)c =
u(2) ®g C. Take a basis of u(2)c by

Z:<(1) (1)> le((l) 01>’
Y_(—Ol (1)> Y/_‘/__l((l) (1)>

Note that {H', X = (Y — /—1Y)/2, X = (=Y — /=1Y)/2} is an sl(2)-
triple, that is, [H', X] = 2X, [H',X] = —2X, [X,X] = H'. Via the iso-
morphism ¢ ~ u(2)c, the preimage of the above basis of u(2)¢ is given
by

Y' =

—_
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Set Ty = 2v/=1(Z + H'), T» = 1\/=1(Z — H’) and fix a compact Cartan
subalgebra § of g by h = RT} ® R15. For linear form g : hc — C we write
B(TY) — —v/=16; € C and put g5 — {X € gc | [H, X] = B(H)X, VX €
hc}. Then the set of roots A of (gc,hc) is given by A = {5 = (01, 52) |
gs # 0,8 # (0,00} = {£(2,0),£(0,2), +(1,1), £(1, —1)}. Fix the positive
system AT = {(2,0), (0,2), (1,1), (1,—1)} and choose a root vector Xz in
g3 as follows:

1 | V-1
0 0
X(Q,O) = \/_—1 1 )
0 | 0
1 v—1
1 v—1
X(l,l) - \/_—1 1 )
i
0 ‘ 0
1 v—1
X(O,Z) - O 0 )
V-1 | ~1
1 —v/—1
—1 —v—1
X, = — 1 ;
A

and X_g = Xg for 3 € AT. Then Al ={(1,-1)} and A, = {(2,0), (0,2),
(1,1)} are the sets of compact and non-compact positive roots, respectively.
We have a decomposition pc = p4 & p_ with pL = ZﬁeA% g3. If we put

18Il = \/B% + 52 then the set
{cllBI(Xp + X _p), V=1|BII(Xs— X_p) (B€A})}

forms an orthonormal basis of p with respect to the Killing form for some
constant c.

(2.4) Root system of (g,a)
Put H, = diag(1,0,—1,0), Hy = diag(0,1,0,—1) and a = RH; & RH>.
Then a is a maximal abelian subalgebra of p. Define linear forms e; on
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a by ei(a1Hy + agHz) = a; (i = 1,2) and put g = {X € g | [H,X] =
a(H)X, VH € a}. Then the restricted root system ¥ = 3(g,a) is given
by ¥ = {£2e1, +2e9, *e1 * €2}, and we fix a positive system X by ¥ =
{2e1,2e3,e1 £ e2}. We choose a root vector E, € g, as

E261 = E1,37 E262 = E2,47 E€1—|—82 = E1,4 + E2,37 Eel—eg = EI,Q - E4,37

and E_, = —'E, for a € 1. Here E;; is a matrix with 1 in the (¢, j)-
entry and 0 elsewhere. If we put n = > .o+ go, we have an Iwasawa
decomposition g =¢H a b n.

83. Representations of the Maximal Compact Subgroup

In this section we recall some basic facts about the representations of the
maximal compact subgroup K of G. Since K = U(2), its complexification
K¢ is isomorphic to GL(2,C). The set {\ = (A1,A2) € ZDZ | \ > Ao}
parametrizes the set of irreducible representations of K. For each dominant
weight A, put dy = A1 — A2. Then the dimension of the representation space
V) associated to A is dy + 1. We can choose a basis {vj)‘ |0 <j <dy} for V)
so that the associated representation 7y is given as

{ T/\(Z) J)‘ ()\1+)\2) T/\(Hl) ],\ (2j —d)\) )\
(X)) =G+ Dvjr, X)) = (dy+1 —j)q;}il,

Then we have isomorphisms p4 = V(o) and p— = V(g _3), where K acts on
p4 via the adjoint representation. The correspondences of the basis are

(X(0,2)a X(Ll), X(Q’O)) — (v(()Q’O)’ ,U§270)’ U§2’0)),

(X(—Q,O)a X-1,-1) X(o,—z)) — (U(()O’_Q)a —7)%0’_2)7 USL_Q))-

Let us consider the tensor product V) ® p. We have the decomposition
Vi®@py = ZﬁeAi Vatg. Let PP, P°™ and Pdown he the projectors from
V) ® p4 into the irreducible factors Vix,123,), Via +1.0041) and Vix, x,42),
respectively. Then
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LEMMA 3.1.
U N N A )
(1) P} ® Xa.0) = 37+ 1)(j + 2015,
. A2,
P (0} @ X(11)) = (j + D(da + 1 - )} 2,
PP (0} ® X(0.9)) = 3(d + 1~ 5)(dx +2 — 5)v} T3,
for 0 < j <d,.

even . A(1, .

@ peren(d @ X(50) = (7 + Doyt (0<j<dy—1),
P (v} @ X1 1)) = (dy — 27)0} T (0<j<dy),
P (v} ® X(g2)) = —(da +1 - j)”?ffl’l) (1 <7 <dy),

and the others are 0.
(3) Pdown(”? ® X(2,0)) = U;\+(0’2) (0<j<dy—2),

Plovn(} @ X 1) = —202 1% (1<j<dy—1),

own >\ ’ N
pPlvn (2 @ X(g9)) Uij(O g (2 <j <dy),

and the others are 0.
84. Gradient Operators, Shift Operators and Casimir Operator

In this section we define the gradient operators, the shift operators and
the Casimir operator which characterize the Siegel-Whittaker functions, and
give the radial part of the gradient operators and the Casimir operator. We
denote by C2°(G/K) the space of smooth functions f : G — V; satisfying

f(gk) = (k)" f(g) for (k,g) € K x G.
(4.1) Gradient operators and shift operators

DEFINITION 4.1. Let (7,V;) be a finite dimensional irreducible repre-
sentation of K, {X;(i € I)} be an orthonormal basis of p with respect
to the Killing form of g and Adp, be the adjoint representation of K on
pc. We define the gradient operator V : C°(G/K) — %Adpc (G/K) as
Vo =73 Rx,¢(-) ® X for ¢ € CF(G/K). Here Rx is the right differen-
tial, Rx¢(g) = %¢(g exp tX)‘t:o'
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We remark that the gradient operator is independent of the choice of
the orthonormal basis.

DEFINITION 4.2. Under the same setting as above, let 7/ be an irre-
ducible component of 7 ® Adp, and Py be the projection to 7. We call the
composition of operators P,» o V a shift operator.

The shift operators move the K-type parameter of the Siegel-Whittaker
functions. If we apply the (up and down) shift operators a number of times
to Siegel-Whittaker function with multiplicity one K-type such that the
result lies in the original K-type, then the composed operator acts on this
function as multiplication by a scalar, whose value is calculated in [13].

(4.2) Radial parts of the gradient operators

We first define the radial part of an operator. Let C*°(A,V;) ={f: A —
Vr,C>} and resA; : COFF, [(R\G/K) — C*°(A, V) be the restriction map.
For K-modules (71, V), (12, V;,) and a linear map D : CY°, _ (R\G/K) —

O, (R\G/K), we have a unique linear map R(D) X:mCl’OO(A, V) —
C>(A,V;) satisfying R(D) oresA,; = resA;, o D. We call this linear map
R(D) the A-radial part of D.

Let us take an orthonormal basis of p as {c|8](Xg + X_p),
ov/—1)|8](Xg — X_5) (B € A})} for some nonnegative constant ¢ (§2).

By using this basis, the gradient operator V is described as
VF =263 gent 1BIPRx_ o F © Xp+26* 3 554 IBIPRx, F ® X_p,

for F € CX(G/K). Corresponding to the decomposition pc =

p. @ p_, we can decompose the gradient operator as V. = VT @ V™.

Here V¥ : C®(G/K) — C%Adpi(G/K) are defined by VTF =

1 2pest IBIPRx ,F © Xg, V7F = 135054 |BIIPRx, F ® X_g. By us-
ing the Iwasawa decomposition, we obtain

PRroOPOSITION 4.3 ([12, Proposition 5.3]). Assume that H, is nonde-

generate and hy = 0. Then the A-radial parts R(Vinﬂ) : C®(A, V) —
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C>®(A,V;, ®p4) of the gradient operators are given as

(1) R(Vi,.)f(a)
= [01 + 4mha} + (n ® Ady, )(H]) + 255 — 2] (f(a) © X(2))
- [1— "2 (ry & Adp, ) (X) + 22 () @ Adp, ) (X)] (£(a) @ X(1.1)
1 [02 + drhaad + (1 © Ady, ) (Hp) — 2" — 2] (f(a) ® X(0.9));
(2) R(Vyyn)f(a)
= [0y — dnhya? + (1 ® Adp )(H]) + 2" — 9 ](f(a)®X, o)

+ 1= M5 (ry © Ady ) (X) + 25 () @ Ady ) (X)] (f -1,-1))
+ [0y — Amhaas + (Ta © Adp_)(Hy) — 2’11211 2](f(a )®X0 -2) )

Here we use the symbols 0; = aq;a%i (i =1,2),L = hia®? — hga3 and I =

_X(Yn) detHZa1a2 )

(4.3) Casimir operator
The Casimir operator L in the center Z(gc) of the universal enveloping
algebra of g¢ is given as

L=H?+H?—4H, — 2H,
+ 2E€17€2 : E7€1+62 + 4E261 : E7261
+ 2Ee1+62 : E—61—82 + 4E282 : E—2627

up to scalar ([13, §7]).

PROPOSITION 4.4 ([12, Proposition 5.6]). Assume that H, is nonde-
generate and hy = 0. Then the A-radial part R(Ly.,.,) of the Casimir
operator L is given as

R(Lynr,) = 08 + 0% +2("2% — 1)y — 28 4 1)9, — 167 (h3at + hjad)
+ 252 — 8whiaiTy(H}) — 8thyasTx(Hb)
+ QShla%thag T,\(W) h1a1h2a2 {7_ ( )}

withW =X —-X€tc, S= X(Yn)%’
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§5. Principal Series Representations and a System of Differential
Equations

In this section we recall the principal series representations of G and
review the system of differential equations of Siegel-Whittaker functions
obtained by Miyazaki.

(5.1) Principal series representation and its K-types

Let Py be the standard minimal parabolic subgroup of G. Its Langlands
decomposition is Py = MyAgNy, where My = {diag(e1,e2,e1,62) | & €
{+1} (i=1,2)}, Ag = A = {diag(ay,az,a;*,a5") | a; >0 (i =1,2)} and

1 ng 0]n1 n2
1 1
NO = 0 1 0 . n12 783 1o, N1, N2, N3 € R
—ng 1 0 1

Take a character exp v of Ay given by exp v(a) = exp(v(logay)+va(logas))
for a € Ap, with v = (v1,12) € ag and a character o of Mo, o : My — {%1}.

DEFINITION 5.1.  We call the induced representation 7, := Ind]GDO(o*@
exp(v + po) ® 1n,) the principal series representation of G, where py is the
half-sum of the restricted positive roots fixed in §2, that is, pg = %{(2, 0) +
(0,2) + (1, 1)+ (1,-1)} = (2,1).

Now we see the K-type decomposition of the principal series, which de-
pends only on . Put 9., = diag(—1,1,—1,1) and 7., = diag(1,—1,1,—1).
By the Frobenius reciprocity, we have

PROPOSITION 5.2 ([13, Proposition 3.2]).  The multiplicity of T(x; x,) €
K in the restriction of T to K is the cardinality of the set

{meZ|da<m< A, (1) =0(2e)s (DM = 0(32c,)}.
In particular, the following T\, x,) occurs in s, |k with multiplicity one.

(1) (1) 7an) with A € 2Z for o(y2e,) = 0(V2¢5) = 1,
(ii) T(an) with A € 2Z + 1 for 0(V2¢,) = 0(72¢,) = —1,
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(2) Tog1,n) with A € Z for 0(72e,) = —0(72e,)-

We say that 7, is even if o(y2e,) = 0(72e,) and odd if o(v2e,) =
*0(’7262)'

LEMMA 5.3. If Wy (o) # {0} then the parameter mg of the char-
acter x of SO(n) is even if my,, is even and odd if 7y, is odd.

PrROOF. Let ¢r,, -, € CF, ;- (R\G/K) be a Siegel-Whittaker function
for 75, with K-type 7. Since the centralizer Zx(A) of A in K is Mo,
SO(n) N Zkg(A) = {£14}, where 14 is the unit matrix of size four. If we
denote m = —14 then

Proira(@) = bryy ry (mam ™) = (x0) (M)A (M) b, 7, (a).

By using 75 y)(m) = det(—12)*, T, (m) = det(—12)* ® Sym!(—1,) =
—1g and (x - 7)(m) = x(m) = exp(mv/—1my), we have the lemma. [J

(5.2) System of differential equations (even case)

PROPOSITION 5.4 (Miyazaki). Assume that hy, ha > 0 and hg =0 for
H,. Let ¢(ai,a2) = bo(ai,a2)vy be a Siegel-Whittaker function with K-
type T(xx) for the even principal series representation. Then the A-radial
coefficient by(ay,as) satisfies

(1) {8182 — hQEa% 01 + hlﬁa% Oy — Amhoa30) — 4whya30; + 16m%hia2heal — S?
+ (A= 3)(01 + &) — 4m(X — 3)(hai + hoa3) + (A — 2)(A — 3)}
{8182 - h%g% o1 + hlﬁa% Oy + 47Th2a%81 + 47rh1a%82 + 167r2h1a%h2a% — 52
— A+ 1)(01 + 02) — 4Ar(A + 1)(h1af + haa3) + M\ + 1)} bo(ar, az)
={v = (A= 1°Hri — (A= )%} bo(a1, az),

(1/2 a2
(2) {83 + 02 — 2(01 + 9y) + 21229, — 21909, — 1672(h2a? + h3ad)
+ 87r)\(h1a% + hga%) + 252} bo(al, ag) = (V% + V22 — 5) bo(al, a2).
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PROOF. (1) is obtained from the action of the composition of four

. d — _ d
shift operators, P o R(V ., ~ . JoP"oR(V , . ., )JoP%"o
R(V;mtx“,ﬂ) o P"o R(V;mn%ﬂ), which acts by the scalar multipli-

cation with value 4{v? — (=X + 1)2}{v2 — (=X + 1)?}, while (2) is obtained
from the action of the Casimir operator. []

(5.3) System of differential equations (odd case)

PRrROPOSITION 5.5 (Miyazaki). Assume that hy, ha > 0 and hs =0 for
H,. Let ¢(a1,a2) = bo(a1, az)vo+bi(ai,az)vi be a Siegel- Whittaker function
with K-type 7(x x—1) for the odd principal series representation. Then the
A-radial coefficients by(a1,a2) and bi(ay,az) satisfy

" Pits® SOy + 0y — AxL — 2" _ 9)
S(D1 + 0y + dn L + 21282 _ 9) Py + 52

< (o)

A (A—1)2) ( bo(a1, az) > 7

bi(a1, az)
where
Py =02 +2("2% — 1)9, + 8cAhya? — 1672h2al
~ ()M - - 2),
Py = 02 +2(~M% _ 1), + 87 Ahga? — 1672h3a}
~ ()M A - 2),
~Jvi if A s even,
B vo if A is odd,
o) [P+ 8T+ 8T\~ 1)ha3 —glhaithial g
pluaithoas g P+ 81(\ — 1)h1a? + 81 Ahadd

(o)

— 08+ -9) (e ),

bi(a1,az)
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where

2 2

P =08} +85+2(22 — 1), — 228 1+ 1)0,
2 2

— 1672 (h3a} + h3ah) — 2120 | 9g2

PROOF. (1) is obtained from the action of the composition of two shift
operators, P o R(V_, = ) o P O R(VE, i1y )s and (2) from
the Casimir operator. [

86. Meijer’s G-Functions

In this section we recall some basic facts on Meijer’s G-functions. The
main references are [11] and [3].

(6.1) Definition and basic properties

DEFINITION 6.1. Suppose that m,n,p and ¢ are integers with 1 <
3,0 <n <p<qgand 0 < m < q, suppose further that the number z
satisfies 0 < || < 1 if ¢ = p and = # 0 if p < ¢, moreover that the numbers
ai,...,an and by,... by, fulfill the condition a; —b; # 1,2,3,...(1 <7 <
n, 1 <j <m). Then Meijer’s G-function with parameters a;,b; is defined

i ::::Zj)
/ (T —s) [, T(1 —a; +9)
271'\/_ H] =m+1 ( b —|—8) Hz =n+1 F( _S)

The contour C'is a loop starting and ending at +o0o and encircling all poles
of I'(b; — s) (1 < j < m) once in the negative direction, but none of the
poles of I'(1 — a; + s) (1 < i < n). This integral converges if p < g or p=g¢q
and |z| < 1.

(1) G (x

z%ds.

Assume that bj — by, ¢ Z (1 < j # h <m). Then the integral (1) can be
evaluated as a sum of residues. Thus Gp" is expressed by the generalized
hypergeometric function ,Fy,_i:
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LEMMA 6.2. Under the above conditions
m,n ai, ..., Qp
G (m bl, N )
:Z zrjn DO = o) [Ty P+ b1 — i),
3m+1 (1+bh_b> 1n+1F( — bp)

1+b,—ay, ..., 1+b,—a —m—
F 9 ) P _1pmn
K 1( 14bp—by, ., 1+by—b, (=1) v

where

a1, ..., Qp
Fy
P ( B, ooy Bg-1
and the asterisk means that the number 1 + by, — by, s to be omitted in the
sequence 1+ by — by, ..., 14+ by — by.

n

)% (M5 e 25) %

n=0

The following formulas are deduced from the definition.

Aty .., Q
(2) 7GR (:U bl,...,b:; > =G (x

ai, ..., Qp _ myn
b b _Gp,q r
1, -+ Vg

+ (a1 — 1) G (:L’

a1+0o,...,ap+o0
bi+o,...,bq+0c )’

d m,n
(3) QT@GI)’(’] (SC

ar—1,...,a
b1, ..., by

ai, ..., Q
’ ’ p), n>1.
bi, ..., b

(6.2) Asymptotic expansions
We review some asymptotic expansions of Gp" proved by Barnes ([1],

[11)).

LEMMA 6.3. Suppose that t, p, q are integers with 1 <t < p < q and
the parameters satisfy a; —b; #1,2,3,...(1 < j <q). Then

Gg’é <x a;), al,.ik.,bap>w p?zlr(l—i-bj—at) L
’ L =-vs Oq [l=1 ;e T+ aj —ar)
‘ F 1<1+bl—at,...,1+bq—ap _1)7

1+a1—at,.’i<.,1+ap—at T
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as |x| — oo in |arg z| < q_g+27r, where the asterisk means that the number

1+ a; — ay is to be omitted in the sequence 1 +ay — ag,... ,1+ap — ay.

LEMMA 6.4. Lete bel/2ifg=p+1andlifq>p+2. Then

q,0 al,...,ap
GM(“T bl,...,bq>
g=p—1
1 2m) 2 M M.
~ exp((p—arr)a? G2 M M
q—Dp ra—»p xra-r
as |x] — oo in |arg x| < (¢ — p + €), whereﬁ:ﬁ(z%ﬂ—i-zzzlbh—

> _ian) and the coefficients My, Ma, ... do not depend on x but on the
parameters ay, by,.

LEMMA 6.5. Suppose that0 <p <q—1, a; #0,—-1,-2,...(1 < j <p)
and aj —ay ¢ Z (1 < j#t<p). Then

Aty ..., Qp
F,
pq(ﬂl?"'?ﬂq

=1 ['(ay

x{ (2m)= P/ S T }
Vi—p+1  imm g

x) ~ % eXp((q—p+ 1)xﬁ> z’

as |x| — oo in |arg x| < w, where v = q_zlﬂ_l(% + 20 an + 30 Bn)
and the coefficients N1, Na,... do not depend on x but on the parameters
aj,br

87. Reduction of the System of Differential Equations

In this section we reduce the system of differential equations of even
principal series to simpler ones. From now on we use the notation D; =

o (i=1,2).

(7.1) Reduction of the system of differential equations

ProrosiTiON 7.1. Under the same assumptions as tn Proposition 5.4,
if we write

bo(ai,as) = (\/ hlal))‘Jrl(\/ hgag))‘Jrl exp{—2ﬂ'(h1a% + hgag)}c(al7 as),
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and introduce new variables y = (yl, y2) = (2mhia?, 2mhaea3), then we have

)D1+(—— S ——) Dy

T 2y

(1) yiy2[DiDa+ (3 —2— 3

2y1 Y2

20 -1 ) HA+ T ——(yl_m)z +A=H -1

biy2 [D1D2 2y1 y2D 1+ 2y1 Y2 D2 + 7 (y1—1y2)2] c(y)
= 5{ri - O =1 - (A - 1)2}0(11)7

Y1—yY2
+{(A+ D2 — 205 + 2223 Ds — (y1 +y2)
2
+ 5N+ 1A =2) = (1 +15 —5) = P 2] e(y) = 0.

PROOF. Straightforward computations. [
Now we eliminate the terms (y; — y2) ™2 = (27L) 2

PROPOSITION 7.2. If we put c(y) = LI™0/2 f(y), the differential equa-
tions in Proposition 7.1 are rewritten as

PAf(4) = [Pa, o Pay — 5500 — (A= D214 — (O~ 12} 1) = O
Ppf(y) =

with

P4, = D1Dy 4+ Ay1y2) B, — |m0| (yl —y2) (D1 — Dy) — 2(Dy + Do)
+ (Imo| = 1)(y1 —yo) 2 —2A( vt ys )
+ A+ 5(Imo| = 1) (y192) ™" + 4,
Py, = (y1 — y2)D1Ds — 3(|mo| + 1) D1 + 3(Jmo| + 1) D,
Pp = E; + (A + |mo|)Ey — 2y192D1 D2 — 2(y; D1 + y3D2)
+ (Imol + Dy1y2(y1 — o)~ (D1 = D2) = (Imo| + 1) (y1 + y2) + C.

Here we use the symbols

Ey=y1Dy +y2Dz, C = 3(Imol +1)% + 5(A = 1)(A + ma|) — (] + v3).
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Proor. Note that

L7 Dy (L f) = (D + el 1y,

£ DiDy(L z"‘f)

= [D1Dy — |W2Lo|y11y2 (Dy — D) — |mo\(\”;0| _ 1)(y1—1y2)2]f’

L D2y = D2+ [mol 32 D1 + el (Il — 1) L] f. O

(7.2) Singularities of the system of differential equations

Let us define 3 divisors in the affine space C? by Yy = {(y1,v2) | y2 = 0},
Yoo = {(y1,92) | y1 = 0} and Y1 = {(y1,42) | y1 — y2 = 0}. These divisors
are regular singularities of our system in the sense of [17]. Since they are
not normal crossing at the point y; = yo = 0, it is natural to blow up C?
at the origin. Put Y = {(y1,52) x [£1 : &] € C* X P& | y1&2 — y2é1 = 0}
Here [£; : &) is a system of homogeneous coordinates on PC We have an
embedding i : Y — C? x PC and a projection pry : C? x P1 — C2. The map
7 =1iopry is a blow up of C? at (0,0). If (y1,%2) # (0, 0) (1, y2) =
(y1,92) X [y1 : y2], and 771((0,0)) ~ P&. We write nonhomogeneous local
coordinates of Pl as u = & /&1, v =& /& and set

Qo :=(0,0) x [1:0], Qo :=(0,0)x[0:1] and Q1 :=(0,0) x [1:1].

At these points in Y, we can take local coordinates (y1,u), (v,y2) and (y1, u—
1) respectively.

y1 =10 y1 —y2 =0

Qoo

T

Q1

Il
o

Ya

Qo
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§8. Characteristic Indices

We consider the pull back of the equations to Y from now on. To
consider the formal solutions of the differential equations in Proposition
7.2, we calculate the characteristic indices at (g, Q~ and Q1.

(8.1) Characteristic indices at Qg

Since local coordinate at Qo is (y1,u) (u = ya2/y1), we can write the
formal solution at Qo as f(y) = >, ,50Cm 2y T2 with co o # 0.
We give recurrence relations of ¢, , to determine the characteristic indices

(01,02).
LEMMA 8.1. If we write My = cmnyaﬁm 24" we have

1
2

3
4

Di(My) = {(o1 +m) — (02 +n)} e y] 7" Lyo2tn
Do(Mp) = (02 4 n) ey Tyt
DDy (M) = {(o1 +m) — (02 +n)}(o2 +n) Cmny¢171+m 2,,02+n— 1

)
)
)
) Ey(Mo) = (o1 +m)Mo, EZ(Mo) = (o1 +m)*My.

(
(
(
(

Proor. Direct computations. [J

We put PO1 = (n —’yQ)QPAl, ng = Pa,, Pg = (y1 —y2)Pp and consider
the equation P} f(y) = 0. If we denote by s; = o1 +m and sy = 02 +n for
short, then

ngf(y) = Zm,nzo [52{31 s2+ 35 (|m0| + 1}t emm
— (51— s2 4+ D){s2 + 3(Imo| — 1)} emn—1] 3~ us2t,

by Lemma 8.1. If we denote by >, < dmny;" Lus2=1 the above equation
and use Lemma 8.1 again, then have

PA1°PA2 (y) = (Zmn>0dmnyfl fys2- 1)
mn>0[{s (s1 —s2 — 5(Imo| + 1))
)(81+/\+ |77”L0|‘|’1 )}dm-i-ln-‘r?
+ {—282 s1— 82) — 5(|mo| + 3)s1
-2+ 2()‘ - 1)(51 - A= %(|m0| + 1))}dm+1,n+1
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+{(s51 =52 = 2)(s2 + 5(|Imo| = 1))
+A=1)(s1 + A+ 3(Imo| + 1)) } dims1,n
—2(s2+ A+ 1) dpmni2—2(s1 —3s2 — A — 1) dmnt1
+2(2s1 —3s2 — A+ 1)dmn
—2(s1 =82 = X)) dmn—1+4dm—1n41 — 8dm—1.n + 4dm_1,n_1] ytu®?.
Then we get
[{ (51 =52 = §(Imo| + 1)) (s2 + n +2) + (A = 1)(s1 + A + 5(Jmo| + 1)) }
X (s2+2)(s1— s2 + 3(Jmo| — 1))
— 1618 — A= 1D?H3 — (A= 1D} emsrnro
+ (‘lower order terms’) = 0.
Here ‘lower order terms’ means terms which contain ¢; ; with i« < m+1 and
Jj <n+ 1. Since ¢y # 0, we have
(4) oo+ M- 1)(01 — 09 + %(|m0| — 1))
x (01 — o2+ 4(lmo| — 1) + A — 1)
== A+ D)+ A=D(r = A+ 12+ A—1).
Now we treat the Casimir equation Pg f(y) = 0. In the same way as above
we get
{s1(s2 + A+ |mg|) — s2(2s1 — 2s2 + |mo| + 1) + C} cmm

+ (‘lower order terms’) = 0.
Then
(5)  o2o2+A-1)
+ {0’1 — 09+ %(|m0] - 1)}{01 — 09+ %(|m0| — 1)+ - 1}
=Hum = A+ D)+ A1)+ (e — A+ D+ A-1}

From (4) and (5) we obtain
PROPOSITION 8.2. The characteristic indices (o1,02) at Qo are

(L(evn £vo — [mo| —2A + 1), 3(sv1 — A + 1)),
(3(2v1 +eve — |mo| =22+ 1), 3(era — A +1)), e€ {1}



Siegel- Whittaker Functions 325

REMARK 8.3. The above set is invariant under the action of Weyl
group of Sp(2,R), &2 x (Z/2Z)?. Throughout this paper we assume that
v1,vo and v &+ v are not integers. This implies that the principal series
representation 7, , is irreducible. Therefore we have an 8-dimensional space
of meromorphic solutions at Q.

(8.2) Characteristic indices at Q)

Since local coordinate at Qo is (v,y2) (v = y1/y2), we can write the
formal solution at Qe as f(y) = >_,, >0 Cmn 0P Ty with ¢g o # 0.
Since our system in Proposition 7.2 is symmetric with respect to y; and ys,
we get the following from Proposition 8.2.

PROPOSITION 8.4. The characteristic indices (p1,p2) at Qoo are

(
(

(8.3) Characteristic indices at Q)

We take the local coordinate (yi,u — 1) at @; and write the formal
solution as f(y) = 3., . <o Cmnyl " (u — 1) with ¢ # 0. The way
to determine the characteristic indices is the same as in 8.1, but we need a
little more complicated calculation.

Put P} = y?y3P4, P} = Pp and begin with P} f(y) = 0. In a similar
way to 8.1, if we denote t1 = 7 + m and ts = 7 + n for short, then we
obtain the following recurrence relation.

NI NI

(6V1 -+ 1), %(6V1 + vy — |m0| — 22+ 1)),
(eva — A+ 1), 3(£11 +evo — |mg| —2X +1)), €€ {£1}.

A(ta + 1)(t2 + [mo| + 1)(t2 + 3)(t2 + [mo| + 3) em+1,n43
— [2(t2 + 1) (t2 + [mo| + 1)(t1 — t2 — 1)(2t2 + [mol 4 5)
+ {2t1(2tg + |mo| + 1) — 12t3 — 2(5|mo| + 3)t2 — 2(Jmo| + 1)}
x (t2 +2)(t2 + [mo| + 2)] cmt1,n+2
+ [{t1(2t2 + [mol + 1) — 663 — (5|mo| + 3)t2 — (Imo| + 1)}
X (t1 — t2)(2t2 + |mo| + 3)
— 2{2t1(2ty + A + |mg| — 1) — 613 — 2(2|mg| — 3)t2 + 3|mg| — 1
+ (A= 12X+ [mo| + 1) }(t2 + 1)(t2 + [mol| + 1)] emt1,nt1
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+ [{2t1 (2t + X + |mo| — 1) — 615 — 2(2|mo| — 3)t2 + 3|mo| — 1
+ (A =1)(2X + |mo| + 1) }(t1 — t2 + 1)(2t2 + |mo| + 1)
= 2{t1(2t2 + 2\ + |mo| — 3) — 2t5 — (|mo| — 5)t2 + 2(|mo| — 1)
+ (A= 1)(2X + [mo| + 1) }a(t2 + |mol)] cmt1,n
+ [{t1(2t2 + 2X + [mo| — 3) — 2t5 — (Imo| — 5)t2 + 2(|mo| — 1)
(A= 1)@A+ fmo| + 1)} (11 — to + 2)(2hs + mo| — 1)
+3{t = A= D?HYE = A= D*H emsrn1
+ (‘lower order terms’) = 0.
Here ‘lower order terms’ are terms which contain ¢; ; with ¢« < m. We denote
by (A-1),...,(A-5) the recurrence relations which are obtained by substi-
tuting m = —1 and n = —3,—2,—1,0, 1 in the above.

Now we treat the Casimir equation Pjf(y) = 0. We have

2(t2 + 2)(t2 + Imo| + 2) cna2

+{(=t1 +t2 + 1)(2t2 + [mo| + 3) + 2(t2 + 1)(t2 + [mo| + 1)} cmnt1

+ {tl(tl + A+ ‘mo‘) — (tl - t2)(2t2 + |m0| + 1) + C} Cmn

—2(t1 + ta + |mo)) Cm—1,n — (2ty + |mo| — 1) Cm-1,n-1 = 0.

We also denote by (B-1),...,(B-5) the recurrence relations obtained by
substituting m =0 and n = -2, -1,0,1, 2.

Since (A-1), (A-2), (A-3) and (A-4) are deduced from (B-1), (B-2), (B-3)
and (B-4), they give no new information. First we substitute (B-2), (B-3),
(B-4) and (B-5) into (A-5) and get a new recurrence relation among ¢ 2, ¢ 1
and cgo. Secondly by using (B-1), (B-2) and (B-3), we eliminate cg 2, o1
and reach

{r1(m1 + A+ |mol) + C}
X {1 (m1+ 3N+ |mo| —2) + (A= 1)(2A\ + |mo| — 1) + C}
=10 - =1 - (A - 1%}
Combined with 72(72 + |mgp|) = 0 ((B-1)), we get

PROPOSITION 8.5.  The characteristic indices (11, 72) at Q1 are

(301 £ v2) = |mo| — 23 + 1}, 0),
(3{£(v1 £ v0) — [mo| — 2X + 1}, —|mo]).
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REMARK 8.6. Since we have assumed that vq, 5 and v1 & v5 are not
integers, there exists a 4-dimensional space of holomorphic solutions along
Y1 corresponding to 79 = 0 and another 4-dimensional space of solutions
(possibly with logarithmic branch) corresponding to 79 = —|mg|. Thus we
have dimg Hom g gy (Hx, , i, C*®Ind%(x - n)) < 4.

REMARK 8.7. Part of our computation is suggested by a similar one by
Oda for P;-principal series (private note). But our case is more complicated
because the rank of holonomic system becomes 8 for 4 in the Pj case.

89. Holomorphic Solutions Along the Singular Divisor Y

In this section we study holomorphic solutions along Y;. For each non-

negative integer n, if we put ¢,(y1) = 3,50 cmny]' ", then we have

fW) =flyu—1) =% soen(y)w—1)"  (u=1y2/y1).

The even principal series Siegel-Whittaker function with K-type 7, y) is of
the form

[mq]

Y1y2\3 (Y1 — 2 ( )
b 5 = (—> 2 ( ) 2 —(1ty2 - 1" .
0(y1,Y2)vo o o e n§>0 en(y1)(u—1)"vo

Here vy is a basis of 7'(*A N Our concern in this section is the boundary value
of bo(y1,y2) along y; — yo2 = 0. We first review the definition of boundary
values.

(9.1) Definition of boundary values

DEFINITION 9.1 ([19, Definition 0.1]). Let U be a neighborhood of the
point z = y = 0 in C? and Q a simply connected domain whose closure
is also simply connected, satisfying the conditions, Q@ C {(z,y) | * # 0}
and U N {(x,y) | = = 0} € Q. Let g(z,y) be a holomorphic function on
the domain  admitting the expression, 2*go(x,y) + 2% g1(x,y) + -+ +
x? gp(z,y) with a; —a; ¢ Z in UNSQ where the functions g, are holomorphic
at x =y = 0 and gx(0,y) #Z 0. We call the function gx(0,y) the boundary
value of g(x,y) with respect to the characteristic exponent ay, along x = 0.
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Note that this is compatible with the more general definition of boundary
values given in [17, §3]. Since

bo(y1,y2) = (u — 1)@ Z(—l)ITO‘

n>0

y <y1 >A+1+”§°'
27

g (yr) e YT (w— 1),

the boundary value of by(y1,y2) with respect to the characteristic exponent
|mo|/2 along u —1=0is

To determine ¢o(y1), we deduce a differential equation for ¢g(y1) from
difference-differential equations for ¢, (y1). We construct space of solutions
by using Meijer’s G-functions and show that the dimension of the subspace
of rapidly decreasing solutions is at most one (Multiplicity Free Theorem).

(9.2) Differential equation for ¢g(y;)
We first find difference-differential equations for ¢, (y1) by similar cal-
culations as in the previous section.

LEMMA 9.2.  For f(y1,u—1) =3 5o ¢n(y1)(u —1)", we have

(1) Di(f) = Xm0 (¢ny1) = gen(yn)) (u —1)" = n(yr) (u — 1)1,
(2) Da(f) = Xz yren(yn)(w— 1)1,

(3) D1Da(f) = Yso(Zh(y1) — Zoep(yn)) (u — 1)L

Y1
- M o (1) (u - 1
(4) Ey(f) = X0 yrenyn)(u—1)",

E2(f) = Yo (y1) + vl (1)) (u — 1)™.

)n—2

il

ProOOF. Note that Dyu = —u/y;, Dou = u/y;. O
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We begin with P} f = 0. For short we write ¢,,(y1) as ¢n. If we denote
PiLfY) =2 1 ¥n(y1)(u —1)" then

(6) U= — (n+ S(Imo| + 1)) (&), — ny; 'en)
+ (n+ 1)(n + |mo| + 1)y; "oni1,

by Lemma 9.2. We use Lemma 9.2 again and obtain

(7) Pfln ° Pflng(y) = P}n (an—l Un(y1)(u —1)")
=Y s o[+ D)(n + [mo| + Dyinia + (n+ 5(Imol + 1)y,

— (3n% + 3(5|mo| + 3)n + §(Imo| + 1)) yTtn1a

+ (=2y1 + (2n+ [mo| + A — D)y}) e,

+ {4yi1 + (2n — 4Ny} + (—3n2 + (=2|mo| 4+ 3)n + A2

+ 3(Imo| + DA+ [mo| — 1)yf }obn
+ {4yl + (n+ A= §(Imol = 3)) i},
+ {8yf + (4n — 6A — )y} + (—n® — 3(Imo| — 5)n + A2
+ 5(Imo| = )X + §(Imo| — 3))y} }ton—1
— 2y o + (dyf + (2n — 2\ — D)yd)hn_a] (u — 1)"

Substituting (6) (and its differential) into (7), we get a recurrence relation
for ¢,. Then

(C-1) 2¢1 —y1p =0,
(C-2) 1203 — 6y10h + 1200 + 47 — 2160 + 201 = 0,
(C-3) 32(|mo| + 2)(Imo| + 4)a — 2(|mo| + 5)(5lmo| + 11)y1¢5
+6(9|mo|* + 52[mo| + 67)03 + (Imo| + 3)(Jmol + 5)yiehs
+ 8(mol + 2){2¢7 + (2lmo| + A — 6)y1}h
—{32(|mol + 2)y7 — 32(A — 1)(Imol + 2)m
+ 8(|mo| + 2)A* + 4(mo| + 2)(|mo| — 3)A
= 6(5[mol + 9)(Imol + 3) }ep2
— (Imol + 3){2y7 — (Jmo| + A + V)yi}e
+ (Imo| + 3){8y} — 8(A — 1)y}
+ (227 4 (Imo| — 3)A — 2(Imo| + 2))y1 1!
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= (Imol + 3){8y% = 8(A = L)y
+2X3% + (Jmol = 3)A = 2(Jmol +2) b1
=3 = =1 HrE = (A= 1)} = 0.

Here we use that |myg| is even, in particular |mg| # 1 (Lemma 5.3).
Next we treat the Casimir equation P}f(y) = 0. By Lemma 9.2, we
have

2(n+2)(n+ |mo| + 2)pnt2 — (2n + [mo| + 3)y19,41

+ (n+ 1)(dn + 3|mo| + 5)ent1 + yion + {—207 + (=20 + Ny},
+{=2(n + |mo| + D)y1 + 2n* + (|mo| + 1)n + Clepy,

— (2n + |mo| — Dy1n—1 = 0.

So we have

(D-1) 2¢1 —y15 =0,
(D-2) 4(|mo| + 2)¢2 — (Imo| + 3)y1) + (3|mo| + 5)e1
+yieg — (207 — Ayi)wp — {2(Jmo| + Dyr — Clpo = 0,
(D-3) 6(|mol + 3)3 — (Imo| + 5)y15 + 6(|mol + 3)pa + v
— {247 + (2= My} + {=2(Imol + 2)y1 + [mol + 3+ C}n
— (Imol + 1)y100 = 0,
(D-4) 8(|mol + 4)e4 — (Imol| + T)y105 + 3(3|mo| + 13)¢3
+ el — {207 + (4 — N1 }eh
+ {=2(Imo| + 3)y1 + 2(Imo| + 5) + Clp2 — (|mo| + 3)y101 = 0.

By using (C-1), ..., (D-4), we eliminate ¢4, @3, p2 and ¢ step by step and
reach a differential equation satisfied by ¢g.

PROPOSITION 9.3. If we write ®(y1) = e 1po(y1) and 0 = ylﬁ,
then

(8)  [~4yT(0+ N0+ A+ 1) + 4y (0 + N) (0 + A+ 3mo))
+ 0+ X+ 3(mo—L+v1+12)) (0 + X+ 3(mo — 1+ 11 — 1))
x (0+ A+ 3(mo—1—v1+10))
X (9+)\+ %(mo —1—-1 —Vg))]@(yl) =0.
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Since the shift operators (which are second-order partial differential op-
erators in this situation) move the K-type parameter (A, \) to (A£2, A£2),
we need only solve the above differential equation the case where A = 0, 1.
We remark that integral representations of the solutions were obtained in
case of A =0 in [15].

(9.3) Solution of the differential equation

We construct the space of solutions of (8) when A = 0,41. Let us write
the formal solution at the origin as ®(y1) = >, 5, emy7 ™ (co # 0). Since

g =T = %(61111 + eqly — ‘mo‘ — 2)\—{— 1), g; € {:I:l} (Z = 1,2), we have

(9) m(m + e1v1)(m + eavn) (m + 111 + €a12) o
+ )\(2m + &1 + g9 — 1)(2m + e1vy + e — |m0| — 1) Crm—1
— (2m + e1v1 + eav — M| — 1)

X (2m + e1v1 + Eg9v9 — |m0| — 3) Cm—so = 0.

In case of A = 0 we can easily deduce the following.

PROPOSITION 9.4. Let y1 > 0. The following four functions are lin-
early independent solutions of (8) for A = 0.
vt )

These basic solutions are not convenient to investigate the asymptotic
behavior, since they are all rapidly increasing as the absolute value of y;
goes to infinity (See Lemma 6.5). To deduce a multiplicity free theorem,

we must construct another basis containing a rapidly decreasing solution by

0
€1,€2°

q)gl,EQ (yl)

(ol 4+ 1+e101 +eava) /2 e1viteava—|mo|+l  e1viteava—|mo|+3
o —|mo e1v1+eavs A ) 4
=1 oF3

g1v1+2 gavo+2 g1v1+eovo+2
2 2 ’ 2

)

taking a suitable linear combination of ®

ProprosiTION 9.5.  Under the same assumption as in Proposition 9.4,
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we get the following new basis.

ai, as
bi, by, b3, by )’

oY — o Imol+1)/2 ~AL (2w~ ai, az
s = 24\ b by b b )

—|mol+1)/2 ~4,1 [ 2 /=1 az, a1
@0( ) = (=Imol GY e
4\Y1 Y 24\ U1 )
’ bla b?a b37 b4

. mol|+3 mo|+1 = —V2
with a; = %7 ay = | (il‘ , b1 = V11—V2, by = 1/14-i-1/27 by = 1/141/27

I 0 —2y;,,—Imol—1
by = =72, Moreover as |y1| — oo, ®Y(y1) ~ e~ Wiy, | , PY(y1) ~

ey yflm()'*l and ®(y1) and ®Y(y1) are moderate growth.

PROOF. If we write ®P(y1) = Y., cqany [7702, o, (1) (1 <@ < 4),

512 are determined by Lemma 6.2. (They are fractional of I'-functions.)

In each case, the asymptotic behavior is obtained from Lemma 6.3 and
6.4.

Secondly we treat the case where A = ¢ € {£1}. From (9) we obtain

PROPOSITION 9.6. Let yq > 0. The following four functions are linear
independent solutions of (8) for A = e.
y?)

)

As in the case with A = 0, we take a linear combination of them.

e _ . (=Imo|+1—2e+e1v1+e212)/2
@51,62 (yl) - yl

4 ’ 4

e1v1+1 gavo+1 e1v1teova+2
2 ) 2 ) 2

X

e1viteave—|mol+l  e1vitesve—|mol+3
2 F3

e(e1v +eava — |mo| + 1)1n
(e1v1 + 1)(earn + 1)
e1viteava—|mol+3  e1vitesva—|mol+5
X 2F3< 4

4 9
e1v1+3 eovo+3 €1V1+eava+2
2 2 2
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ProproOSITION 9.7. Under the same assumption as in Proposition 9.6,
we get the following new basis.

S LT 4.0
Pi(y) =y ° {ng yi

c1, >
dy, da, d3, dy
C1, C2 >:|
1o dy, dy, dy ) ]
C1, C2 )
dy, da, d3, dy
i)
1o dy, dy, dy )]
c1, ¢ )
di, do, d3, dy
i)
1o dy, ds, dy ) |
C1, C2 )
1, dy, di, d}

C2, C1
di, da, d3, dy )|

4,0
+ 6G274 (y%

IR S
P3(y1) =y * [G2:4 YR 2Vl

4,0 2 _—2my/—1
—eGyy <y1€

—|m—0‘+1—a 4,1 —
P3(y1) =y, ° [G2:4 yre™ !

+ ev/—1 G;:}l <y%eﬂ\/j1

ol e 4 =
Pi(y) =y ° E[ng yie™ T

- eV-1Gy) (y%e“”

with
_ |mol|+2 _ |mol
1 = —a 2= I
dl — l/1—i-ZQ—17 d2 — _VI—ZV2+17 d3 — I/1—V2-|—17 d4 _ —V1—41/2—17
d/ — vi+rvo+1 d/ — —vi4ro—1 d/ — vi—ro—1 I —v1—vo+1
1 4 ) 2 4 3 4 s Y4 4 .

Moreover as |y1| — oo, ®f(y1) ~ e‘2y1y;‘m0|71, O5(y1) are rapidly increas-
ing and ®5(y1) and ®5(y1) are moderate growth.

PROOF. The proof is similar to Proposition 9.5. Here we notice that
since ®5(y1) are ‘sum’ of o F3, I';""°* must be compatible between these two
functions. [J
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§10. Multiplicity One Theorem and Explicit Formulas for Siegel-
Whittaker Functions (Even Case)

Now we can state the main theorem for the even principal series. We
have defined the space Wy, -, () in §1. For the even principal series rep-
resentation 7,, we define the subspace Wb - (75,,) of Wy r, (T0,) as
the set of functions ¢r, .- € Wy.yr (To,,) such that ¢r, , |4 is rapidly
decreasing along hia? — hoa3 = 0. Since

dimc Homg iy (Hxr, , 1, C*°Ind$(x-n)'*P) < dimc W (Tow)s

the contents of the previous sections can be summarized as follows.

THEOREM 10.1.  We assume that H, satisfies hi,ha > 0,h3 = 0 and
the parameters vi,vs of 7., satisfy vi,ve,v1 £ vo ¢ Z. Then

dimc Hom g g (Hr,, K5 lendg(x-n)rap) <1.
Moreover

(1) When X = (0,0), dimc Wiy -, (To,p) < 1 and the boundary value ¢(y)
of br,.,.m |4 with respect to the characteristic exponent [mo|/2 is of the
form

4,0 [ 2
€o G2,4 <y1

lmol |, 3 |mol

4 +2’ 4 +1

vi4ve4+3 —vidwve+3 vi—ve43 —vi—ve+3
4 ) 4 ) 4 ’ 4

for some constant cg.
(2) When X = (g,¢) (e € {£1}), dimec Wi'h 7, (Top) < 1 and the boundary

value ¢(y1) of ér,, mla with respect to the characteristic exponent
|mol|/2 is of the form

lmol | 3 |mol
o lato [ 2 1t tl
1 24 | U1 vitvo+3 —vi+ve+5 vi—ve+5 —vi—ve+43
4 ’ 4 ’ 4 ’ 4
Imol | 3 |mal
4ot (g2 Tty gl
24 \ V1| bi4int5 —vit1043 vi-10t3 —vi-w4b
4 ) 4 ) 4 ’ 4

for some constant c;.
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REMARK 10.2. We use (2) for the parameter of Meijer’s G-function.
We can find the boundary value of Siegel-Whittaker functions with K-type
T(x,\) Dy applying compositions of some second-ordered differential opera-
tors to the ones with K-type 7 ) or 7(1) (cf. remark after Proposition
9.3). Since the differential of Meijer’s G-function is a sum of G-functions of
the same shape (cf.(3)), the boundary value can be written as a linear com-
bination of G;:Z. However the explicit formula seems to be complicated. We
also remark that Niwa([14]) obtained explicit formula of Siegel-Whittaker
function (not only the boundary value) and multiplicity one property in the
case (1).

§11. A Formula for a Meijer’s G-Function and the Gamma Factor
of L-Function of Siegel Wave Forms of Degree Two

As we remarked, Niwa obtained an integral representation of class one
generalized Whittaker function, that is, Siegel-Whittaker function with triv-
ial K-type, and Hori found the gamma factor of L-function of Siegel wave
forms of degree two by calculating the Mellin transform of Niwa’s formula.

In this section we give an integral representation of a Meijer’s G-function
and a simpler proof of Hori’s result. We remark that our method can re-
move the unessential assumptions on the parameters of the principal series
provided in [10].

(11.1) A formula for a Meijer’s G-function

We first review Niwa’s result. The parameters vp, 5 of the principal
series in [15] are ] = (11 +v2 —1)/2 and vy = (v; — v2 — 1)/2 in our
notation.

ProprosITION 11.1 ([15, Proposition 1]). Put vy = (vV1+4\ —1)/2,
Uy = (V1 +4Xa—1)/2 and assume that —1 < Re(v1) < 0, —1 < Re(r2) < 0
and A1, A2 ¢ Z. For a nonnegative integer n the differential equation

[y4% +4(n+ 2)y3j—;3 + {—47r%y? +6n% + 18n + 14 — (A1 + )\2)}:1/20?—;2
+ {167 +4(n+1)° = 2(n+ 1) (M + M)}y 4L
+{=87%” +n*(n+ 1) = n(n+ 1)(A + A2) + Mdo}] a(y) =0
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has unique rapidly decreasing solution as y — oo, which is given by

// " (21) P (22) (28 — 1) (23 — 1) 2 e 2™1%2Y dzy d2zo,

up to constant. Here P]'(z) is the associated Legendre function of the first
kind.

If we put A = 0, mg = 2m(m € Z), (11 + )2 —1)/4 = A1, ((11 —
1)? —1)/4 = Ay, y1 = 7y and B(y;) = ylé(yl) in (8), then we can see
@(yl) satisfies the same differential equation as in Proposition 11.1. By the
multiplicity free theorem, we have an integral representation of G;:g(y%).
But more generally we can prove the following formula.

PRrROPOSITION 11.2.  For nonnegative integers mq, ... ,my and yy > 0,

J A AR AR NI B C S

X e 2VENYL (- dzy

1 1
G2N0 2 bR O, ey bR 0
=c 2N—22N Y1 H1—mi —p1—mi—1 UN—MN —uny—mpy—1 :
5 D) PR D) ) D)

Here the constant ¢ can be given explicitly.

PROOF. We first prove the case where N = 1. By [18, 2.17.7.5],
* m L
/1 P (2)(af = 1) 2 e Wday = ¢ (21) T TR E, L1 (2p1),

where K, (z) is the modified Bessel function and ¢’ is some constant. By
using
F(p+m+1)

B = =)

f L (z)  form € Z>o,

1
v v— 2,0
y'Ku(y) =2 ! Go,g <1y2

» ) (13, p.219)),
2 2

we get the assertion in this case. If we use

/1 (:U2 — 1)_%PV’\(JC)G;'Z" <yw2

N mA2n
=€ Upragye (y

)\(alp)v )\07 % )
_T_V> —5”7 (bq)
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([18, 2.24.6.2]) repeatedly, we get the formula for general N. [J

REMARK 11.3. If we put N = 27! in the above formula, this G-
function seems to be related to the boundary value of principal series Siegel-
Whittaker functions on Sp(n,R) with trivial K-type. (In case of N = 1,2,
this is true.)

(11.2) The gamma factor of L-function of Siegel wave forms of
degree two
Let F(Z) be a Siegel wave form on the Siegel upper half space Hy of
degree two ([10, Definition 1.1]). Consider the integral transform

o0
Rp(s) = / / F(X +v=1vly)v* ' dXdv,
0 XlQ(R)/XIQ(Z)

with Z = X + v/—1Y € Hs, X1,(R) = {X € M3(R) | 'X = X, tr(X) = 0}
and X1,(Z) = X1,(R) N My(Z). Let
F(Z)= > apn(Y)exp(2rv—TItr(NX))

Ney

be the Fourier expansion of F' along Ps ([10, §1]) with 9ts = {N € M>(Q) |
!N = N, semi-integral}. For definite N, we have further expansion

apN(Y) = Z apNaWnn(Y).
nez

Here Wi, (Y') is the class one generalized Whittaker function in [15] and in
particular, Wi, g(vls) which corresponds to ®(y;) in §9 and can be written
as follows (up to constant).

(1) If =1 < Re((—1 +v1 £ 10)/2) < 0 and ((v; £ 15)? — 1)/4 are not
integers,

(e elyiee]
Wi,0(vlg) = v” / / POy (21) P, oy (20)e ™29 2y d 2y,
1 J1 2 2

(2) If v1, 9 and vy £ v, are not integers,

W12’()(U12)

= Gg‘:g <(27rv)2

3
2 1
v1+v2+43 —v14v2+3 v1—v2+43 —v1—v2—3 ’
4 4 4 ’ 4

i 9
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Moreover,
o0
Rp(s) = ) (armi,0+ aF,mlg,o)ms/ Wi, 0(vl2)v® ! dv
meN 0

([10, §4]). Then the Mellin transformation of W1, o gives the gamma factor
of the L-function.

ProposITION 11.4 ([10, Proposition 4.1]). Assume that vi,va and
vi1 £ vy are not integers. For Re(s) > maxRe((£v1 £ 12 +1)/2),

/ W1270(U12)1)8_1 dv
0

El vi+ve4+3 s —vi4+1243 s vi—ve+3 s —v1—vo+3
2 + 4 2 + 4 2 + 4 ' 2 + 4

:mr_SF[
s+ 2

for some constant c. Here we use the notation
aly ..., Qp - ‘ |
r| b, - b ] _HF(‘%)/HF(bl).

Proor. This formula can be easily shown by using
o0
s—1,m.n (Zl,...,@p
G d
/0 T Vra (m b1, ..., by ) v

[[2 T +s) Lo, (1 —a —s)
?:n+1 I(a; + s) ?:m+1 I'(1—bj—s)

for 0 <m <¢q¢,0<n<p p+q<2m+n)and —mini<j<, Re(b;) <
Re(s) < 1 —maxi<j<n Re(a;) ([4, p.337]), and I'(22) = 222_17r7%F(z)F(z +
%) For our purpose we must extend the domain of convergence. Since
Gyi(x) = O(jz[mexisism Res)) (as o — 0) and Gy7(x) = O(e™2V7) (as z —
00) ([3, p.212]), we get the assertion for Re(s) > max Re((£v1+12+1)/2). O

REMARK 11.5. We give the Mellin transformation of the boundary
value in the case where the K-type is 7 (¢ € {£1}) and mo = 0. For
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Re(s) > maxRe((£v1 £ 12 +1)/2),

/ ~ o((2m0)2)0 " d
0

E v14+vo+3 —V1+V2+5 s v — V2+5 E —v1—v2+3
_ —s 2 + 4 ’ 2 + + ’ 2 + 4
=cm T
s+ 2
s 4 vitre+d —V1+V2+3 s 4 vi— V2+3 It 7 et 2
2 + 4 ) 2 + + ’ 2 + 4
s+ 2

+5I‘[

This is compatible with the gamma factor of spinor L-function in terms of
Langlands parameter of principal series representations (cf.[2]).

From now on we study the Siegel-Whittaker function for the odd princi-
pal series representation with two dimensional K-type. Though it is vector-
valued, the procedure is similar to that in the even case.

§12. Reduction of the System of Differential Equations

ProprosIiTION 12.1. Under the same assumptions as in Proposition
5.5, we write

bo(ai,az) = (\/hiay) AH (v hoas) exp{ 27T(h1a1—|—h2a2)}co(a1,a2)
1(a1,a2) = (v hiay) \/ 2a2) ’\+ exp{—?w(hlal+h2a2)}cl(a1,a2)

and introduce new variables y = (y1,y2) = (2whia?,2nhaa3). Further put
¢i(y) = LUmol=D/2 () (i = 1,2). Then we have

(P o) (hemy = (o =) (1) = (5):

where

P = yiD} + {\ = 2y1 + [moly1(y1 — y2) "}y D1 — Smolyiye(y1 — y2) 7

+ {=|molyr + glmol(Jmo| +2X = 2)}y1 (y1 — y2) ™
+ =12 w2,
Pro = Y5t molyz(yr — y2) "{Ey — 251 — 1 (s — ) ™" + A+ §lmo| — 1},
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Py = Q|m0|yl(yl —y2) H{Ey — 2y2 + yo(y1 — y2) "t + A+ §|mo| — 1},

Py = y3 D5 +{\ — 2y2 — [molya(y1 — y2) " }y2D2 — 5Imoly1ya(yr — y2) >
+ {Imoly2 — glmol(Imo| + 21 = 2)}ya(y1 — yo) ™!
+i{(A =12 =,

Q11 = Q + y1 D1 + Lmoly2(y1 — y2) ™,

Q12 = g\mo\(yl + y2)y2(y1 — y2) 2,

Q21 = Y52 mol(y1 + v2)y1 (y1 — 12) 2,

Q22 = Q + y2Da — Lmoly1 (1 — y2) 1,

with

Q = E] — 2y1y2D1Ds + (A — 2) B, — 2(yi D1 + 45 D)
+ [mol(y1 — y2) "' (yiD1 — y3D2)
— [moly1y2(y1 — y2) % — |mol(y1 + y2)
+ 4mol* + 5\ = Dlmo| + 322 = A + 1 (] + 18 — 5).

813. Characteristic Indices

As in the even case, we write the formal solution at (g, Qo and () as

( ) — C?n,n o1+m,  oo+n 2 h 68,0 0
w) = 2 N, )it (gl ) # (o)
m,n>0 m,n ’
Jo(y) > _ < Coam > pprtm, patn s < 5.0 ) <0>
(i 2 L Jorrma i g ) # (o)
(y)
(y)

Cl > + Cl 0
— m,n yTl ™ —1 To+n with < 0,0 ) ?é < > )
)= % (G ) dy )7 Lo

m,n>0 s

In a similar way to 8.1, 8.2 and 8.3, we have

PrROPOSITION 13.1. The characteristic indices at Qg, Qoo and Q1 are

(evy £ vy — |mo| — 22X+ 1),
(61/1 + Vo — |7TLO| —2X +3),

(ev —A+1)),
(e — A +2)),

(01,02) = (

(

NI N
NI— D=
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(ev — X+ 2), 5(xv1 +evo — [mo| — 21 + 3)),

(p1,p2) :( %
(e0 — A+ 1), (211 +eve — |mg| — 2X + 1)),

(

N[—= N

and

(:|:I/1 + vy — |m0| — 2\ + 3), 0),
(£v1 £ v — |mo| — 2X + 3), —|my|).

(11, 72) = (
(

Here e € {1} and v = v + v — 1.

N[—= D=

§14. Holomorphic Solutions Along the Singular Divisor Y;

As in the even case, we study the 4-dimensional space of holomorphic
solutions along Y;. For each nonnegative integer n, if we put ¢,(y1) =
Zm>0 Cmn yIler and ¥y, (y1) = Zmzo dm.m, y{ﬁm then we have

fo(y)) (@(yl,u1)> (%(m)) n
(5 )= (o= 2 gy ) Y
Since the odd principal series Siegel-Whittaker function with K-type () y—1)

is written by bo(y1, y2)vo + b1(y1,y2)v1 with

|mg|—1

+ —y
bo(yr,2) = (35) (37) k) (1) TR S o () (- 1)

A A |mg|—1
bl(yl y2 (2#)2 (3_) 6 o) ( Tryz) ZRZO wn(yl)(u - 1)n’

(see §12), the boundary value of ( 0(y) > with respect to the characteristic

exponent (|mg| —1)/2 along u — 1 = O is

ml— A ol
() o ()
2m Yo(y1)
We shall give an explicit formula for ¢g(y1) and ¥o(y1) and prove a multi-
plicity free theorem in a way similar to the even case.

(14.1) Differential equation for ¢g(y;)

PROPOSITION 14.1.  Put ®(y1) = e 1 pg(y1). Then
Yo(y1) = v —1sgn(mo) o(y1),
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(10) | 256y7(Jmol — 1)(0 + A)(0+ A~ 1)
— 64y (0 + A — 1) [{2(|mo| — 1)(2A — 1) + (v + v3 — 2v°)}0
+ A+ 1)@ + 13 = 20%) + (Jmo| — 1)(2XA — 1)(2A + |mg| — 3)]
+ dy1 [—16(|mo| — 1)0* — 16(|mo| — 1)(4X + 2|mo| — 7)6°
+8[(2A + |mo| — 2) (v} + vF — 27)
+ (Jmo| — 1){202 + 3(2X + |mo| — 3)(2\ + |mo| — 4)})6?
+ 4[(8A2 + 6|mo| X — 14X + 2|mo|* — 11|mo| + 11) (2 + v2 — 20?)
+ (Jmo| — 1){4(2X\ + |mg| — 4)v?
+ (22X + |mo| — 3)2(4\ + 2|mo| — 9)}]0
— [(Jmo] = 3)(3 + v3 — 20%)% — 2{8)\3 4 4(2|my| — 5)\?
+2(2[mo|? — 13|mo| + 13)A + (|mo| — 1)(Imo|* — 8|mo| + 17)}
x (V2 +v2 —20%) + (Imo| — 1)(2\ + |mo| — 3)(2\ + mg — 5)
X (2X + |mo| — 3 = 2v)(2A 4+ mo — 5 + 2v)]]
+ (1/% + 1/% — 21/2){(29 + 2\ + |mo| — 3+ 1/)2 — (1/12 + 1/22 — VQ)}
X {20+ 27+ mol = 3= )2 = (v + 13 — v*)}| @() =0,

with sgn(myg) is +1 for my > 0 and —1 for mg < 0.

Since the shift operators move the K-type parameter (A, A — 1) to (A —
1,A—2) or (A4 1, ), we need only solve (10) in the case where A = 0.

(14.2) Solutions of the differential equation

We solve (10) when A = 0, v = vy. Let us write the formal solution
at the origin, ®(y1) = Y., s0Cmy] ™ with ¢g # 0. By using 0 = 7 =
(3 —mg +e1vy + e210)/2, & € {£1} (i = 1,2), we obtain

PROPOSITION 14.2. Lety; > 0. The following four functions are linear
independent solutions of (10) for A =0,v = vy.
y?)

¢)61,€2 (yl) = yg_m0+3+glyl+€2y2)/2

X

ev1teava—|mol+l  e1vi+eava—|mol+3
)
2F3 4 4

e1v1+2  eqvo+l e1v1+esva+1
2 ) 2 ) 2
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(e1v1 + e2v2 — Imo| + 1)y
(eava + 1) (e111 + 212 + 1)
e1vi+eava—|mo|+3  e1viteava—|mol+5
X 2F3<

4 ’ 4

e1v1+2 gav2+3 e1v1teav2+3
2 ) 2 ) 2

)

PropPoOSITION 14.3.  Under the same assumptions in Proposition 14.2,
we get the following new basis.
ai, a2
b, ba, bs, bs

- 242 | 4,0
Oy (y1) =y, "V [G2,4 <y%
4,0 2 ai, a2
- G2,4 (yl / /’ Iy )]a
1> Y20 Y3y Y4
ai, a2 >
b17 b25 b37 b4

ai, a2 >:|
/ / ! / )
1 Y2y Y3 b4

As in the even case we take a linear combination.

- 242 | 4,
Po(y1) = y; ol [ng (yle

+ 618 (e

ai, az
b17 b27 b37 b4

Oy(yy) =y, OV [G <y16

= ~4,1 az, ai
+ _1G2,4 (yle Y s
1 Y2) Y3» Y4
_—|mo|/2+2 ay, a2
(1)4(?/1) Y1 G yle Y
1) ¥2» Y3y Y4
a a
+V=1Gyy (yie RS I
’ 1, U2, U3, U4
where
_ |mol+2 _ mol
a1 = —4 > 2= 7,
bl — V1+ZQ_17 b2 — —V1—2V2—17 b3 — I/1—1/2-§—17 b4 — —l/1—41/2-i-17
/_Llfzﬂ [ _ —vitvatl /_11171/21 ! Zvizva—1
by = by = —atratl gy b, = =l

Moreover as |y1| — oo, ®1(y1) ~ e—2y1y;|m0|*1’ Bo(y1) ~ €2y1y;\m0\*3 and
®3(y1) and Py(y1) are moderate growth.
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§15. Multiplicity One Theorem and Explicit Formulas for Siegel-
Whittaker Functions (Odd Case)

We state the main theorem for odd principal series 7,,. Define the
subspace Wi3 7, () of Wy r, (T5,,) as the set of functions ¢, , -, €
Wy (Tg) such that ¢, - |4 is rapidly decreasing along hia?—hoa3 = 0.
Since

dime Homg ¢y (Hx, 1, C*Ind% (x-n)™P) < dime W2 _ (70.0),

by summarizing the previous sections we obtain the main theorem.

THEOREM 15.1.  We assume that H, satisfies h1,hy > 0,hz = 0 and
the parameters vy, vy of 7., satisfy vi,ve,v1 £ vo ¢ Z. Then

dimc Hom g g (Hr, 5 Coolndg(x-n)rap) < 1.

Moreover if A = (0, —1) then dimc Wy 7, (75) < 1 and the boundary value

d(y1) = ( \/jsgi?g;;qﬁo(yl) ) of ¢y, | A with respect to the character-

istic exponent (|mo| — 1)/2 is of the form

|mo| |, 3 |maol

4 +27 4 +1

vi4+vo+3 —vi+ve+3 vi—ve+5 —vi1—vo+b
4 ’ 4 ’

i 4
Imo| | 3 |mol
Ao 2 1 Tyt
24 | U1 vitve+5 —vi+rve+5 vi—ve+3 —vi—ve+3
i 4
for some constant c.

do(y1) =c [Ggﬁ (y%

4 ) 4 )

REMARK 15.2. As in the even case, we give the Mellin transform of
the boundary value. For Re(s) > maxRe(£v; £ 15 +1)/2,

o0
/ é1((2mv)Hv* L do
0
s 4 nitre+3 s | —vitre+3 s | vi—vetd s | —vi—veth
C7TS<F|:2+ 4 ’2+ 4 ’2+ 4 72+ 4 :|
5
5+ 3

s vi4+v245 s —vitvo+5 s vi—v243 s —v1—vo+3
2 + 4 ’ 2 + 4 ’ 2 + 4 ’ 2 + 4 :|>

+r[
s+

[\el[e
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This is compatible with the gamma factor of spinor L-function in terms of

Langlands parameter of odd principal series representations.
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