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Real Shintani Functions on U(n,1) III, Construction of

Intertwining Operators

By Masao TSUZUKI

Abstract. We study an integral transform on U(n,1) (Poisson
integral) in detail. As an application, we obtain a precise formula
of the dimension of the space of U(n — 1,1) x U(n,1)-intertwining
operators from an irreducible admissible representaion mg X 7 to the
space of smooth functions on U(n,1) in several cases including when
mo and 7 are large discrete series of U(n—1,1) and U(n, 1) respectively.

0. Introduction and Basic Notations

0.1. Introduction

This is a continuation of [10]. We consider the problem to determine the
space of U(n—1,1) x U(n, 1)-intertwining operators from an irreducible ad-
missible representation 7g K7 of U(n—1,1) x U(n, 1) to the space of smooth
functions on U(n, 1). Such an intertwining operator is called a Shintani func-
tional (for my W m) and the totality of Shintani functionals is denoted by
Z(mo|mw). We give a way how to construct non-trivial Shintani functionals
making use of an integral transform. As a result we obtain a multiplicity
one theorem of the space of Shintani functionals in several cases (section 6).
We shall explain contents of this paper. The first three sections are prelim-
inaries. In section 4, we introduce an integral transform, whose study is a
main theme of this paper. We may call our integral transform the Poisson
integral in analogy with the one which appears in the theory of the affine
symmetric spaces ([7], [8] and [3]). Let P, be a minimal parabolic subgroup
of U(n,1) and P,—; that of U(n — 1,1) C U(n,1). It turns out that the
double coset space P,,—1\U(n, 1)/P, has three elements among which there
exists a unique open one (Proposition 4.1.1 and Remark 4.1.1). The ex-
plicit determination of the open double coset in U(n, 1) (Proposition 4.1.1)

1991 Mathematics Subject Classification. Primary 11F70; Secondary 22E46, 33C05,
11F67.

165



166 Masao TSUZUKI

enables us to have a AU(n — 1, 1)-invariant distribution which belongs to a
principal series representation of U(n — 1,1) x U(n, 1), when the radial pa-
rameter of the principal series is sufficiently ‘positive’ (Theorem 4.1.1). In
4.2 we examine the asymptotic behavior of the Poisson integrals at ‘infinity’
and evaluate them for the corner K-types making use of the difference-
differential equations obtained in [10]. To have a non-trivial intertwining
operator outside the domain of convergence of the Poisson integral, we have
to obtain an analytic continuation of the intertwining operator defined by
that integral. We first evaluate explicitly the integral for a corner K-type;
then using the differential equations in [10], by an induction on the ‘size’
of the K-type, we prove that the Poisson integral for a vector with a fixed
K-type is expressed in terms of the Gaussian hypergeometric series up to a
polynomial factors to know its meromorphicity (Theorem 5.1.1). In section
6, using Theorem 5.1.1 and the result of [10], we give a sufficient condition
for the space Z(mp|m) to be one dimensional (Theorem 6.1.1). Moreover
we obtain a precise formula of dimcZ(mp|7), which is 1 or 0 as we already
showed in [10], when 7y and 7 are principal series or discrete series (The-
orems 6.2.1, 6.3.1, 6.3.2 and 6.3.4). For technical reasons, we discuss in
this paper the intertwining space Z(mp|7) mainly which is not the one Z,, .
studied in [10]. We have a theorem which ensures that these two different
intertwining spaces are isomorphic. In the final section we formulate and
prove that theorem (Thereom 7.1.1).

0.2. Basic notations

For a C-vector space V, VV denotes the algebraic dual space of V,
(,):V x VY — C the natural bi-linear form and Iy the identity map of
V. For finite dimensional C-vector spaces V and W, we identify (V @c W)Y
with VYV @c WV, and VVV with V by means of the canonical isomorphisms.
The Lie algebra of a Lie group G is denoted by the corresponding Germann
letter g. For a (g, K)-module (7, V) with K a compact subgroup of G, its
contragredient is denoted by (7", VV).

For a positive integer n, let C" = M,, 1(C) be the space of all column vec-
tors of degree n. We naturally identify the space Endc(C™) with M,,(C) by
letting a matrix A = (aij)1<ij<nt+1 € Mp(C) operate on z = (z;)1<i<n €
C"as Az = (37 aijxj)1<i<n € C". We write I,, for Icn. For positive
integers p and ¢, we write 0,4 the p x g-matrix whose entries are all zero.

For a smooth function f on a Lie group G with its values in a topo-
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logical vector space, put Rx f(g) = 4 f(gexp(tX))|i=o (resp. Lxf(g) =
% f(exp(—tX)g)|i=0) for X € g. Extended action of the universal envelop-
ing algebra is also denoted by R (resp. L).

For a finite dimensional C-vector space W, || - || denotes a norm on W.

1. Preliminaries

1.1. Lie groups, Lie algebras and representations of compact
groups
Let n > 2 be an integer. Let ¢;, 1 < ¢ < n + 1 be the standard
basis of C"1 ie., &, = (8ij)1<j<nt1. Put (xly) = xw,y for x,y € C**!
with w, = diag(I,,—1). Let G, denote the Lie group consisting of all
automorphisms of C"™! preserving the Hermitian form (x|y), that is

Gn={g¢€ GLn+1((C)\t§wng =W}
We define subgroups K,,, A, and M, of G,, as
K, = {diag(k1, k2)| k1 € U(n), ks € U(L)} = U(n) x U(1),
- s ch(r) sh(r) ~ Tk
An = {an(r) - dlag (In—la <Sh(7") Ch('f’) r>0:%= R-}—)

M, = {m,(z,u) = diag(z,u,u)| z € Un — 1), v € U(1)}
~U(n—1) x U(1)

with sh(r) = T_g_l, ch(r) = # The normalizer M, of M, in K,
coincides with M, Uw, M, and the coset w, M,, gives the non-trivial element

of the little Weyl group M,:/M,,. Let Z, be the center of G,,.

Let P, be the stabilizer in G,, of the line C - (e, + e,41); P, is a minimal
parabolic subgroup of GG, having A,, M, as a Levi subgroup. Let IV,, denote
the unipotent radical of P, and put N,, = w, N,w, '

n

. R r11 Op-1,1 T13 . .
The map i, : Gp—1 2 (z§} z;g) —( 01nr 1 0 )€ G, gives an isomor-
z31 0 33
phism from G,,_1 onto the stabilizer of the vector e, in G,,. In what follows

we identify G,,—1 with i,(Gp—1).

We parametrize the irreducible representations of K, and M, as in [10,
Section 3]. In particular, any irreducible finite dimensional representation
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of K, (resp. M,;) is isomorphic to one of 7)’s (resp. o,,’s) with A = [1;1o] €
L= A} x Ay (vesp. p= (m;mp) €°LE = Al | x A]) in the notation of
[10, subsection 3.2]. If we want to emphasize the dependence on n, we also
write 7} for 7y and o7 for o). Let 1 € A} and m € A} with m C 1 ([10,
3.1]). Then we have the U(n — 1)-projection pL, : W (1) — W(m) and the
U(n — 1)-inclusion ji* : W(m) — W (1) ([10, Lemma 3.1.1, Lemma 10.1.1]).
For 1= (I;)1<j<n € A, put 1 = (1)1 <j<n. We have W (1) = W(1)V
as U(n)-module.

Forqe A ,,pe Al | and 1€ A}, we put

Af(p) ={ke A} p Ck},
At (@) ={meA} ;[gcmcCl}.

1.2. Haar measures
For an element g € G, we can write it as

9= vn(9)oan(9)kn(9);  vn(9) € Nu, an(g) € An, kn(g) € Ky

uniquely along the Iwasawa decomposition G,, = N, A, K,. Let dg, (k)
denote the Haar measure of the compact group K,, with total mass one. We
take the Haar measure dy (n) of N, such that an on(an(n))dy, (n) = 1,
where 6, : A, — R’ denotes the quasi-character defined by

(1.2.1) on(an(r)) =72, r>0.
For a € A, and v € C, we write a” = 6,(a)"/?".
2. Non-Unitary Principal Series

2.1. Non-unitary principal series representations

For a finite dimensional unitary representation (o, W) of M,, let V7
denote the Fréchet space consisting of all C*°-functions ¢ : K,, — W such
that p(mk) = o(m)e(k), k € K, m € M,. For v € C, we have the non-
unitary principal series representation of G, on V7 by defining the action
oY as

(17" (9)9) (k) = p(kn(kg))an(kg)" ™, © € V), g€ Gn, k € Ky,

Then (75", V7) is a smooth Fréchet representation of G,.
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The underlying (g, K, )-module of 7;,"" will be also denoted by m;,"”. We
write V7 for the space consisting of all K,,-finite vectors in V.

We define the C-bi-linear form [ | ]: V7 x V7" — C by

(olel= [ {o) o, (), e Vi, gy
This pairing is G-invariant, i.e.,

[m7" @elm " (0)¢] = [plel, we Vi, 9 Vi, g€ G

From now on we mainly consider m = 7, for 0 = o) With (p;po) €
°L}. Note that the central character of 7 (that is denoted by ¢, (7) in
[10, 2.3]) is z = |p| + po- The set L} (m") ([10, 4.1]) consists of those
A =[1;lp] € L} such that 1 € A (p), lp + [1]| = z ([10, Lemma 4.2.1]).

For A = [1 ;] € L (7)), w € W(1) and w¥ € W(1)V, we have the
functions ¢f (w) € VI and if (w) € V¢  such that

(2.1.1) (of (w)) (k) = pp 0 X () (w), K € Ko,
(@ (W) (k) = ()" o ()" (k) (w"), k€ K.

The family {c{| 1€ A} (p)} so obtained is a standard system for ;" (see [10,
4.1]). Under the identification W (1) = W(1)V, the family {if| 1 € A} (p)} is

regarded as a standard system for 7.

Let Vf[k = ”V)j\:k with m = 7Y be the Schmid operators introduced in [10,
6.1]

PROPOSITION 2.1.1.  For an irreducible unitary representation o of M,
with the highest weight (p ;po) € °Lt, 1€ Af(p) and j € {1,--- ,n}, there
exist real numbers AJ(1) and B (1) such that for v € C, A = [l ;1] €
Lr(my”) and j € {1,--- ,n}

(212) V) = AW, VY6 = B,
with
(2.1.3) A?’”(l) = (24 —2j~|—2—po—|—1/—|—n)A;-’(l),

B7(1) = (2l — 2§ —po — v +n)BI(1).

For 1 € Af(p), we have AS(1) = 0 (resp. BJ(1) = 0) if and only if 17 ¢
A (p) (resp. 177 ¢ At (p))-

Proor. [13, p.411, formula (9), (10)]. O
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2.2. The corner K,-types of principal series
Given o = ofp, . with (p ;po) € °L} and v € C, we consider the non-

unitary principal series representation © = m,"”. Put z = ¢, (), the central
character of .

DEFINITION 2.2.1. X = [l ;1] € £} () is said to be cyclic in 7 if the
smallest sub (g,, K,)-module which contains Im(:{) coincides with all of
Ve.

DEFINITION 2.2.2. For h € {1,...,n— 1}, let lg = (Ix)1<k<n be the
element of A} (p) defined by I = py for 1 < k < h and Iy = p_y for
h < k < n; ly is characterized as a unique 1 € A (p) such that 17% ¢ A}t (p)
for 1 < k < hand 1™F ¢ At (p) for h +1 < k < n. Then the element

AP — (1 ;2 — [1o]] of £ () will be called the h-th corner Kp-type of 7.
Note that AY” is the Dj,-corner in the terminology of Kraljevic [6].

LEMMA 2.2.1. Let h € {1,....,n — 1} and A" = [l ;2 — [1o]] be the
h-th corner K, -type of m. The following conditions are equivalent.

(1) AP s cyclic in .

(2) For 1 < i < h and1 € AS(p) with 17" € At (p), A7"(1) # 0. For
h+1 gg n and 1 € A (p) with 177 € At (p), BYY (1) # 0.

(3) v is not of the form

v=—=2py,+2h—2+py—n—2y,
JyeZy —{pi—pn+h—i—1]1<i<h},
v=2p, —2h—2—py+n—2y,
JyeZy—{ph—pj+ji—h—1 h<j<n-—1}
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(4) v is not a zero of the holomorphic function

(221) &M v) = [ w+2pi—2i—po+n)
1<i<h
X H (v —2p;j +2j +po—n)
h<j<n—1
—1
xlj(y—kph—h—i-l)
-1
xr(%ﬂﬂo_pmﬂ) .

PrROOF. The equivalence of (3) and (4) is easy. By (2.1.3), we have
the equivalence of (2) and (3). Thus it suffices to show that (1) and (2) are
equivalent. Let Vlik be the Schmid operators. Assume that the condition
(2) holds. Let V denote the (g,,c, Ky)-span of Im(¢"”) in V7. Putting
6(1) = |1 —1p| for 1 € A} (p), we prove that Im(c{) is contained in V for all
1 € A (p) by induction on the number §(1). If §(1) = 0, then we have 1 = I.
Hence Im(.f) C V by definition. Suppose d > 0 and that Im(.f;) C V
for I’ with 6(1') < d. Let 1 with §(1) = d. Since (1) > 0, 1 is different
from lp. Thus we have (a) 17 € A (p) for an i with 1 < i < h, or (b)
1T € A} (p) for some i with h +1 < i < n. We first consider the case
(a). We have V7 (:.f,) = A?"(17"):{ and that the number A7”(177) is
non zero by assumption. Since 6(17*) = d — 1, we have Im(.{_;) C V by
induction-assumption. Noting that V' is a (g, K, )-module, we then have
Im(V;[ii(Lf,i)) C V. Hence we obtain Im(¢{) C V. In the same way, we can
conclude Im(:f) C V in case (b), noting By (1) # 0 in this case. Thus
we have Im(.§) C V for all 1 € A} (p) to get the identity V, = V. Next
we show that if (2) is not true then V,7 has a non trivial proper (g, c, Ky )-
submodule. Suppose Ag”(1) = 0 for an 1 = ([j)1<;<n € A} (p) and an «
such that 17* € Af(p), 2 < a < h. (The other possibilities are similarly
treated.) Let V' be the C-span of Im(:f) with 1" = (I})1 <k <n such that
I € Af(p), lo = 1., > pa. Such I"’s form a non empty subset I of A (p),
and IV # A} (p) because l, < po—1. Thus the space V' is strictly smaller
than V7 and non-zero. We show V' is stable under the action of g, and
K,. By definition, the K,-stability of V' is clear. So it suffices to prove
that 7(X)f € V' for X € p, c (pn is the orthogonal complement of ¢, in
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gn) and f € V'. We may assume that f is of the form ¢f(w) with I’ € T”
and w € W (). There exist vectors w* € W(I'**) and w=* € W(I'~*) for
1 < k < n such that

w@X = Z I, (1,)(w+k) + Z I_g, (l/)(w_k
k=1 =

(For I, (1) see [10, Proposition 6.1.1].) From definition and (2.1.2) we have

n

T(X)(f) = Z(fork i) ) + Z ") (w™)

k=1 k=1
= > A W)@ + Y BV (w ),
keJf keJ,

where J; (resp. J;, ) is the set of all 1 < k < n such that 1'% € A7 (p) (resp.
I'"* € A (p)). Note a € J;f because I/, < lo < pa—1. By definition we have
that I € I for k € J;, and that % € I' for k € JiF — {a}. If lo > 1!,
then I't® € TV is clear. If I, = l,, by (2.1.3), A" (V') is a constant multiple
of AZ¥(1). Since AZ"(1) is supposed to be zero, we have A" (1') = 0. Thus
we obtain m(X)f € V'. This completes the proof. (]

2.3. Knapp-Stein intertwining operators and c-functions
Let v € C and (o, W) a finite dimensional representation of M,. For a
function ¢ € V7, we consider the integral

(2.3.1)  A%(p:k) = / (ko (Mt k) ) (AW k)Y Ty (R), K € K.

n

The basic properties of the integral above that we need are following.

ProrosiTION 2.3.1.

(1) If Re(v) > 0, then the integral (2.3.1) converges absolutely for every
© € V2. The function Ay" () belongs to the space V9.

(2) For every v € C such that Re(v) > 0 and ¢ € V7, the identity
AR (m " (9)p) = " (9) (AR (9), g € G
holds.
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(3) Let v e C with Re(v) > 0. For every ¢ € V2 and every p € VI the
formula

lim "7 [m7" (an(r))el@] = (A" (@ 2 wn), @(In))

T—00

holds.

ProOoOF. For (1) and (2) see [12, p.181, Proposition 7.8]. For (3) see
[12, p.198, Lemma 7.2.3]. O

Let v € C with Re(v) > 0 and o = o7\ with (p ;po) € °L}. Since
any irreducible K,-module occurs in 7" with multiplicity one or zero, for

every 1 € A} (p), there exists a complex number ¢, (c, v ;1) such that
(2.3.2) AP 0] = cp(o,v ;1)

The explicit formula of the numbers ¢, (o, v ;1) is obtained in [2, page
976, Theorem 8.2]. From that formula we have that the functions v +—
¢n(o,v ;1) are meromorphically continued to the whole C, and also have

PROPOSITION 2.3.2. Leth e {l,...,n—1} and AP = [lo ;o] the h-th
corner K, -type of mn". Then we have

en(o,v 1) =4 - 27 T (v)aM (o ;w),

n

(h)

where ¢, (o ;v) is the holomorphic function given by (2.2.1) and 'y((,h) is

a
non-zero constant independent of v.

3. Shintani Functions

In the first subsection we introduce the intertwining space Z(mg|m),
whose study is our main theme of this paper. In the second subsection,
we give an explicit formula of some spherical functions (Shintani functions)
when 7y K 7 is a principal series representation.
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3.1. Shintani functions

We regard G,, as a Gy, X Gp-space by letting (g1, g2) € G, x G,, act on
Gn as (g1,92) ¢ = glmggl, x € Gyp. Hence the space C*°(G,,) of all C*°-
functions on G, becomes a smooth Fréchet G,, X G,,-module naturally. By
restricting the action to the subgroup G,,—1 x G,, we can regard C*>(G,,)
as a smooth G,_1 x Gp-module. Let mp be an admissible (g,,—1,¢, Kpn—1)-
module and 7 an admissible (g, c, K,)-module. We put

(3.1.1) I(mo|m) = Homg, _, cog, c.Kn 1xKn) (T BT, C%(Gr)).

THEOREM 3.1.1.  For an irreducible (g,—1,C, Kn—1)-module 7y and an
irreducible (gn,C, Kn)-module 7, we have

dimc Z (mg|m) < 1.

Proor. Let H, = Z,G,_1. We extend the representation my to H,
so that the extended representation 7 satisfies ¢,(n) = c,(7). Then by
Theorem 7.1.1 we have dimcZ(mg|w) = dimcZ, ». Since dimcZ,» < 1 by
[10, Theorem 8.1.1], we have the conclusion. [J

3.2. Principal series Shintani functions

Let og = a?q_,qlo) with (q;q0) € °L} ; and o = a?p,po) with (p ;po) € °L}
be irreducible unitary representations of M,_1 and M, respectively and

a0,V o,V .
O and m = m," with

n—1
v, v € C. In this case we also write Z (o, 1g|o, v) in place of Z(m.>°|mn").

For P € Z(oo,vo|o,v), p = [m ;mo] € L | (m) and A = [1 ;lo] € L (),
we define a function P,  : G, — W (m) @ W(1)¥ by

consider the principal series representations mg =

(3.2.1) (Pua(9), wy ® w) = PR (wg) ® of (w))(9),
wy € W(m)Y, we W(l).

Then we have

(3.2.2) Punlkoghk) =7 (ko) @ ()Y (k™) Puly),
ko€ K1, k€ K, g € Gy.
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LEmMA 3.2.1. We have G,, = K,,_1A, K,, with

A, = {an_1(r0)an(r)| ro, > 0}.

Proor. This follows from the decompositions G, _1 =
Kn 1Ay 1K1, Gp = Gpo1Z,A,K, ([3, page 108, Theorem 2.4]) and
the relation Z,K,, 1 = M, Z,_ 1. U

LEMMA 3.2.2. Let P € Z(og,wl|o,v). There exists a unique family
{fAitm ;7)) 1e At (p), me At [ (ql)} of C®-functions on r > 0 such that
for p=[m ;mo] € L (7o) and X\ =[1 ;1] € L} () the formula

(3.2.3) (Pua(@n—i(ro) ™ an(r)), wg ® w)

= > Al
nEA:_l(qﬂ)
x (190 0 phy(w) |70 (an—1(r0)) 0 152 (w)]
wy € W(m)Y, we W(l)
holds.

ProoF. First of all, by Theorem 7.1.1, to P € Z(o9g,vp|o,v) there
corresponds a unique ®p € 7, » such that

[@p(v)(g)|t0] = P(vo ®@v)(g), o€V, veEV, g€ Gh.

Here 1 denotes the representation of H,, = Z,,G,,—1 satisfying ¢, (n) = ¢, (7).
For a fixed r > 0, we define two functions ¢; : R — C and @2 : R — C by

p1(t0) = (Pun(ana1 () Man(r),wf ©w), to € R,
pa(to) = [p(s§ (1)) (an(r) [T (@nos (€9)) 0 2], 10 € .

By [11, page 461, Lemma 2.6], the functions ¢; and ¢y are real analytic.
We have

Ly» P (w)) @ of (1)) (an ()
— [ (i (w)) (an () |75 (YP) 0 153 ()]
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for any p € N, where Y denotes the element of a,_ 1 such that
exp(log(rog)Y) = ap—_1(rop) for ro > 0. This in turn means that ¢; and
2 have the same p-th derivative at tg = 0 for any p. Since ¢; and @9 are
both real analytic functions on R as noticed above, we have ¢1(tg) = @2(to)
identically; equivalently

(3.24) (Pu(an—1(ro) "'an(r)), wy ® w)
= [2p (] (w))(an(r))[m,21 ™ (an-1(r0)) 0 38 (wg))]

for all 7 > 0 and 79 > 0. Let {fi(n ;7)| 1 € At (p), n € A} (q[l)} be the
standard coefficient of ®p ([10, Definition 7.1.1]). By definition we have

p(f (w)(an(r) = > filn;r) - o py(w).

neAl (all)

Substitute this formula into (3.2.4). Then we have the formula (3.2.3). The
uniqueness of {fi(m ;7)} is obvious from the formula (3.2.3). O

We call the system {fi(m ;)| 1€ A (p), m € A | (q|l)} the standard
coefficients of P.

PROPOSITION 3.2.1. Assume both 75" and Wg(f'fo are irreducible. If
(00, wlo,v) # {0}, then q C p.

Proor. This follows from [10, Proposition 9.2.1] and Theorem 7.1.1. [J

DEeFINITION 3.2.1. Let 09 and o be as above with q C p. For every
he{l,...,n—1}, we define ,u(gé),g = [mg ;mp] € L (77°°) by putting
mgy = (mo,j)1<j<n—1 With mg; = ¢; for j € {1,--- ,h — 1}, mg = py and
mo,; = qj—1 for j € {h+1,...,n—1}.

It is casy to see that if A\SY = [ly ;lo] is the h-th corner of 73" then
my € A (qlly).

PROPOSITION 3.2.2. Letw = m," and o = m,°\° as above with q C p.
Put z = |p|+po, 20 = |a| +q0 and k = |po — qo|. Let h € {1,...,n—1} and
AW = [1;lo] € L (m) the h-th corner K,-type of m. Let P € (oo, |0, V)
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and {fi(m ;r)| m € A | (q|l)} the standard coefficients for P. Introducing
the new coordinate x = th(r), r > 1, we put

(32.5) ¢(msz) = (shr) "W (chr)=" M f(m ),

0 <x<l,
n—2
(3.2.6) BM(m) = meﬁ Z mz+2q] > g+ 5,
i=h+1 j=h
(327) a®W(m) = Zm Z Z%"‘Z%
i=h+1
=1 i=h+1

form € A (q|l). Let pp = ug}é%g = [mg ;mo] € L ,(m) be as in
Definition 3.2.1.

(1) There exists a unique constant v (P) such that for 0 < x < 1

(3.2.8) ¢(mg ;x)
= " (7;)2}71(

14k —v—vp+1

v—1y+ +/€’ v—1y+ +’€;1+/<;;m
2 2

Moreover the family {¢)(m ;7)| m € A} | (q|l)} satisfies the following

recurrence relations.

(E;i)m i —2a(1 ;mﬂ‘)Ag""”0 (mfi)d)(mfi ;x)
n—1
IT (ps —mi+i—p)
B=h+1

= — {2m(1—w)%¢(m ;)

n—1
(mg —mi+i— )
B=h+1,8#1

h—1
va(2 ¥ mﬁ+ij >
j=1

B=h+1

+zo—m—2mi+2i+u—n>w(m;x)

n—2

+<2 Z m@—IPHZ% ZQj+Z—ZO+K>¢(m§$)

B=h+1 = ji=h
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n—1

n—1 h—1 _71;[“(}75 —m;+j—p)
ta(l-z) D D>

pehtte=t I (ps—pj+Jj—0)
J=h+1,5#8

a(lo sm ) AT (m )
pg— Ma+a—pf

X

$(m™" ;x)}
forme Al (ql), h<i<n—1withm Al (q]l).

(E)m: — 261 ;m™) B (m* ) (m* 50)

—1

= ho‘_:l {Qx(l — :c)%w(m ;)
H (Mma —m; +i— )
—lai

>

h—1

(zzmﬁz% >,
a=1 j=h Jj=1

—zo—n+2mi—2i+n+u>d)(m;x)

n—2

+(- 2zma+\p|+ij S 42t k) u(m )

j=1 j=h

n—1 h-1 ljl( —m; +j—a)
ta(l-z) > > ——

B=h+1a=1 H (p _pj+J_a)
J
+

<.

j=1,j#a

bs(lo ;m™?) B (m*?)
8 Pa —mp+ B — ¥(m ,x)}
forme Al (q|l), 1 <i<h withm* e Al (qll).

(2) Assume Re(v) > n. For any m € A [(q|l) the limit (m) =
lim, ;_o¢(m ;x) exits. We have

T(W)D(1 + #)

) o) = V(h)(P)r<w>F(”+”{>—“+“> |

2 2

Moreover the system {¢(m)| m € A | (q|l)} satisfies the following
recurrence relations.
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(2m; — 2i — qo + vo +n — 1)y(m™)
= C; (m) - (2m; — 2i — po — v + n)¥(m)

forme Af (q|l), h<i<n—1withm™ e Al (q|l) with a
system of non-zero constants C; (m) which depends only on oy,
o and h.

(b)
(2m; —2j — qo — vo +n + 1)gp(m ")
= Cf(m) - (2m; — 2§ — po + v + n)y(m)

form € A} ((ql), 1 < j < h with m% € A [(q|]l) with a
system of non-zero constants C’f(m) which depends only on o,
o and h.

PrOOF. We give a brief indication of the proof. The formula (3.2.8)
follows from the same procedure described in [10, section 9]. The equations
(Ef")m and (E,")m are paraphrase of [10, (8.3.1), (8.3.2)]. The formula
(3.2.9) follows from (3.2.8) combined with the formula of 2 F1(a,b ;¢ ;1) in
[14, 14.11]. By the formula (3.2.8), the function ¥(mg ;) on 0 < z < 1
can be extended smoothly around z = 1. By induction on the number
§(m) = [m—my|, we can prove by using (E;*)m and (E}*)m that ¢)(m ; z) is
continued smoothly around x = 1. In particular the limit lim, ;¢ ¢ (m ; x)
exists for any m € A7 (q|l). The relations (a) and (b) can be deduced from
(Ep)tt and (Ep),! by a computation. [

COROLLARY 3.2.1. Retain the assumptions and the mnotations in
Proposition 3.2.2. We have

h—1
(3210) 1!}(p) = ry(h) (’P)CO H H 5 2mqg — 200 —pog+v+n

Mo —20—qo—vo+n+1
a=1qo < Ma<pa a qO 0 + +

ﬁ H 2mg —2B8 —po—v+n
2mg — 28 —qo+vo+n—1

L'(v)

F(V—V();l—i-:‘i)F(V-l-Vo;-l-Fﬁ)

X

B=h+1pg<mg <qg—1
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with a non-zero constant Cy which depends only on oo, o and h.

ProOOF. This follows from the formula (3.2.9) and recurrence relations
(a) and (b). O

4. The Poisson Integrals

In the first subsection, we introduce an integral transform using the open
P,,_1 x P,-double coset in G,,, which may be considered to be an analogue
of the Poisson integrals in the representation theory of the affine symmetric
spaces ([8], [3]). In 4.2, we compute the constant v (P) (Proposition 3.2.2
(1)) for P given by the Poisson integral.

4.1. Poisson integrals and their basic properties

LEMMA 4.1.1. We have
P, 1NP,= mn,l(U(n — 2), 1)

Proor. Noting
(4.1.1)  my_1(Un—2),1)

= {g eG glen—1+ent1) =en1t+ent1, glen) = en}
" g(en + en+1) =ep+ €n+1

)

P,_1 = Stabg, ,({en—1+e€n+1)) and P, = Stabg, ((en+en+1)), the inclusion
my,—1(U(n —2),1) C P,—1 N P, is obvious. We show the converse inclusion.
Let g € P,_1 N P,. There exist scalars A € C* and pu € C* such that

(4.1.2) g(en +ent1) = Men + ent1),
glen—1+ent1) = plen—1 +ens1), glen) = en.

Substituting (4.1.2) to the equations (g(e,)|g(en+ent1)) = (enlen+ens1) =
1 and (g(en + en+lz‘g<en—1 +ent1)) = (en+eni1len—1+eny1) = —1 respec-

tively, we obtain A = 1 and Az = 1. Hence g € m,_1(U(n — 2),1) by
(4.1.1). O

Let A(P,—1 N P,) be the diagonal subgroup of P,_1 x P,.

ProrosiTiON 4.1.1.
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(1) The open subset

Qn = {9 € Gn| (g9(entent1)len—1+ent1) #0, (g(en+enti)len) # 0}

is an orbit under the action of P,_1 X P, on G, defined by
(po,p) -9 =pogp~", (P0,p) € Puc1 X P, g € Gh.

(2) The map ) : Py_1x P, — Q, defined by (po, p) — pop~ !, passing to the
quotient, induces a diffeomorphism (Pp—1 X Pp)/A(Pp—1 N Py,) = Q.

PROOF. For a non-zero v.€ C"! let (v) denote the line Cv. The
group G, naturally acts on Pg, the n-dimensional projective manifold, and
the set F = {{v) € Pg| (v|lv) = 0} is the G\r-orbit of (e, + e,41). Since
P, = Stab({e, + en+1)), we have a bijection G, /P, = F. We first prove
(1). It suffices to show that the subset

0, = {(v) € F[ (vlen—1+ent1) # 0, (v]en) # 0}

forms a single P,,_j-orbit. Note that (e, +e,+1) € ,,. The P,_;j-invariance
of the set Q,, follows from the fact that py € P,_; means po(en) = e, and
Py (en—1+ens1) = pu(en_1 +eny1) with a scalar € C*. Next we show that
for given (vi), (vo) € Q,, there exists a py € P,_; such that po(vi) = (va).
By replacing vy for cvy with an appropriate ¢ € C* if necessary, we may
assume that (vi|e,—1 +ept1) = (v2|en—1 + ent1)- (This is possible because
(vilen—1 + ent1) # 0 for i = 1,2.) If we put

w; =Vv; — (Vilep)en, =1, 2,
then, by Witt’s theorem, we have a py € G,, such that

pO(en) = €n, pO(en—l + en+1) = X_l(en—l + en+1)>
po(w1) = Aws

with A = (vi|en)(v2len) ™. The first two equations mean py € P,_1. The
last equation can be written as po(vi) = Ava. Hence po{vi) = (va).

Now we prove assertions in (2). By (1), the map v is surjective. We
show that 1 is submersive. This is reduced to showing the surjectivity of
the tangent map of ¢ at the base point e = (I;,41,In+1) mod A(P,—1 N
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P,), or equivalently to showing g, = p),_; + p,, with p/, = Lie(P,). (Note
that the tangent space of Q,, at I,41 is g, since £, is open in G,.) We
have dimp(p/, ;) + dimg(p’,) — dimp(g,) = (n — 2)2. On the other hand,
Lemma 4.1.1 gives dimg(p/,_; Np,) = (n —2)2. Hence we have the identity
dimg(g,) = dimg(p!,_;) +dimg(p},) — dimg(p], _; Np},), which in turn means
that the map p/,_, ®p), — g, sending (Xo, X) €p/,_, ®p), to Xo+ X € g,
is surjective, or equivalently g,, = p,,_; + p}, as desired. This completes the
proof. [

PROPOSITION 4.1.2.

(1) Let vy, v € C. Let og = a?q_;qlo) with (q ;q0) € °L} | and o = T (ppo)

with (p ;po) € °L}. Assume the condition q C p. Then there exists
a unique function

£7% (v, v) : G — W(q) @ W(p)”
that satisfies the conditions listed below:
(a) €797 (vy,v)(g) =0 for g € Gy, — Qp;
(b) For every py = an—l(rﬂ)mn—lun—l € P, 1 andp= an(r)mnun €

P, with (my—1,upn—1) € Mp—1 X Np—1 and (my, upn) € My, X Ny,
we have

£7°7 (vo, v) (pogp™ ")
= g (oo (ma—1) © 0¥ (M) )E77 (10, v)(g),

g € Gy;
(¢) we have

(€707 (0, V) (In41) s wy @ w) = (PG (w), wp),

wy € W(q)", we W(p).

(2) The function (vo,v,g) — €799 (vy,v)(g) is C* on C? x Q, and is
holomorphic with respect to vy and v.

PrOOF. The conditions in (b) and (c) give the formula

(4.1.3) €797 (vo, v)(pop) = rSOJFn*lr”_”(Uo(mnfl) ® Uv(mgl))fo
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for po = ap—1(ro)mp—1un—1 € Pr—1 and p = a,(r)myu, € P,, where {, €
W(q) ® W(p)V is a unique element satisfying
(o, wg @ w) = (PR(w),wg), wy € W(a)', we W(p).

The identity (4.1.3) uniquely determines £79°% (v, v)|€2,,. To show the ex-
istance of £797(vy,v), we only have to check that the right-hand side of
the identity (4.1.3) is independent of a choice of expressions g = pop, po €
P,_1, p € P,. We can confirm this by the P,,_1 N P,-invariance of &;. This
establishes (1). Next we show (2). Let ¥ : R* x CM) x N,,_; x U(n — 1) x
N,, x C) x R% — €, be the map defined by
\II(T()v o, Un—1, h7 Up, T, T)
= anfl(ro)mnfl(Inf% $0)un71u;1mn(h7 m)_lan(r)_la
ro >0, r>0, g € (C(l), T € (C(l),
heU(n—1), up—1 € Np—1, up € Np.
By Proposition 4.1.1 (2), ¥ is a diffeomorphism. By the identity
§UO’J<VO; l/) o ‘11(7’07 o, Un—1, h7 Un, T, T’)

= rgoJr”*lr”_” oo(my_1(Tn_2,20)) ® 0¥ (m,(h, ))&,

the smoothness of (g, v, g) — £7°9 (19, v)(g) on C? x €, and the holomor-
phicity with respect to (v, v) follows. O

THEOREM 4.1.1. Let o9 and o be as in Proposition 4.1.2.

(1) Put X, = {(vo,v) € C?| Re(rp) + Re(v) > 1, Re(vo) < 1 —n}. The
function (vo,v,g) — £7°7(vp,v)(g) is continuous on X, x G,. For

Vv
(vo,v) € X, we have a linear map P77 (vg,v) from VI°, @ VI to

C*(Gy,) such that
(4.1.4) P (v, v 500 @ ©)(g)
= [ e tn ) hogh ™). polho) @ o(h)
Kn—l XKTL
Xdanl(ko)dKn (k)7
w0 €V, peV.

The function (vy,v) — P77 (1o, v 500 @ ©)(g) on X, is holomorphic
o.\/
for every oo € V,.% 1, ¢ €V; and g € G
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(2) Suppose (vo,v) € X,. Then P7%%(vy,v) is a non-zero element of the
space I (oo, volo,v).

PRrROOF. By Proposition 4.1.2 (2), we have that the function (vp, v, g) —
£70%(vp,v)(g) is C*° on the open dense subset X, x Q, of X,, x G,, and
that £797 (vy,v)(g) = 0 for g € G,, — €,,. Hence to prove the continuity of
(vo,v,9) — 797 (19, v)(g) on X, X Gy, it suffices to show that
(4.1.5) lim £79% (v, v)(g) =0

(vo.v,9)—(vyv'.9'), 9€Qn
for ¢ € G,, — Q,, and (v, V') € X,,. Take a g in Q,, and express it as

g= LI"(T‘()v Zo, Un—1, h7 Up, T, T)a

ro, >0, 19, T E C(l), heU(n —2), up—1 € Np—1, un € Np,

where W is the diffeomorphism introduced in the proof of Proposition 4.1.2
(2). We have

r= ’(g(en + en-ﬁ-l)’en)’_lﬂ

ro = [(g(en + ent1)len)(g(en + ent1)len—1 + en+1))_1|-

Since 0g(M,,—1) and ¢¥(M,,) are compact, using Proposition 4.1.2 (b) and
the formulas above, we have the estimate

(4.1.6) 1€70 (vo, v) (9)]

< Cl(g(en + ens1)len—1 + en+1)‘—Re(Vo)—n+1|

’Re(uo)—&—Re(y)—l’

X (g(en + en+1)’en) g €y,

with C' > 0 a constant independent of g. Now we let (vg,v,9) € X, X Q,
go to (1, vV, ¢') € X, x (G, — §2,,). By the definition of €, the right-hand
side of the inequality (4.1.6) tends to 0 as (vo,v,g9) — (v),/,¢'). This
proves (4.1.5) and establishes the first part of (1). By the continuity just
established, the integral (4.1.4) converges absolutely as long as (v, v) is in
X,,. The holomorphy with respect to (v, v) is clear.

We have the identity

Vo
(4.1.7) P (vo, v 51,01 (90) o @ " (9)) (9)
= P77 (o, v 500 @ ©) (9 ' 99')
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for g € V L eV g, ¢ €Gy,and gy € Gp_1 by applying the integra-
tion formula [12, (7.4), page 170] to the left M,,_; x My-invariant function
f:K,—1 x K, — C defined by

fko, k) = (€77 (0, v) (kogogg k™), po(ko) ® w(k)),
(k‘o,k‘) e K,,—1 x K.

For g € G, the bi-linear form A, : V, i Y, x Vg — C given by

Vv
Ag(0,9) = P77 (vo, v 500 @ ©)(g), w0 €V, p € VI

is continuous with respect to the C'*°-topology by the estimate

|[Ag(¢0, )| <Cgk sup  lpo(kn—1)|l sup [lp(kn)ll

n—1€Kn_1 knEKTL

with Cy = Sup, | k.)ek, i xkn 16(00,0 5v0,V)(kn—19ks)|. The formula
(4.1.7) gives
’PUO#T . -1 _ 7 — A U(Yv*VO ov( I
(0,500 @ ) (90 99') = Ag(m,21 " (90) 0, 7" (9)),
90 € Gn_1, g, ¢ € Gy.

—lo o,V

Since 7 and 7,”” are smooth, this shows the function (go,¢’) —

n 1

poog (1/0, ;00 @ ¢)(gotgg’) is C*®. TFinally we show that there exist

wo €V 01 and ¢ € V7 such that P72 (v, v ;00 ® ¢)(Int1) # 0. By
Proposition 4.1.2 (c), the function 709 (v, v)(kok™!) on Kn 1 X K, is not
identically zero. Hence we can find C°°-functions fy : K,—1 — W(q)" and
f: K, — W(p) with

/ (€707 (vo, v) (kok ™), folko) © f(K))d, , (ko)du, (k) # 0.
Kn_1xKn
The integral in the left-hand side equals P77 (v, v ; 0o ®¢)(In+1) with o €

201 and @ € V] given by po(ko) = [y, oy (mo) ™" fo(moko)das, , (mo),
(k) = [y, o(m)~' f(mk)dps, (m). This completes the proof. O
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REMARK 4.1.1.

(1) As we proved in Proposition 4.1.1, Q, = P,_1 P, is a unique open
P, _1 x P,-double coset in G,,. The set G,, — §2,, decomposes into two
distinct P,,—; x P,-double cosets €2/, and Q! given as

Q;L = {g € Gn|<g<en + en+1)|en—1 + en—f—l) 7é 0,
(g(en + en+1)|en) = 0}7
Q= {g € Gn|(9(en + ent1)len—1 + ent1) = (g(en + eny1)len) = 0}

(2) In the p-adic situation, analogous integrals as (4.1.4) were used in [4]
to construct a class-one Shintani function.

4.2. Evaluation of the Poisson integrals for corner K, -types
_ n—1 _ n . o .

Let o9 = T (o) and o = T (pspo) be as in Proposition 4.1.2. In particular

we assume q C p. Put zp = |q| + g0 and z = |p| + po. Our goal of

this subsection is to obtain an explicit formula of the constant v (P) for

P =P (vy,v) with (v9,v) € X,,. The result is in Theorem 4.2.1.

O'V
PRrOPOSITION 4.2.1. Let (vg,v) € X, and ¢ € V,°, and ¢ € V7.
Then we have

(4.2.1)  lim lim 70~ 0P TYPI (b, v 500 @ ) (an—1(r0) tan(r))

T—00 1rg—00

= (PB(A7 (¢ 1un))s A2 (00 3 Wn-1))-

PROOF. Put £ = £797(vp,v) and P = P77 (vp,v). We extend the
function g (resp. ¢) to all of Gj,—1 (resp. Gy,) by putting

—vo+n—1
)

(4.2.2) ©o(g0) = @o(kn—1(90))n—1(9g0) g0 € Gp_1,

©(9) = @(kn(9))an(9)"™™, g€ Gh.

To begin with we prove that there exists a positive constant C' and 6 such
that

(4.2.3) [(€(an—1(r0)R0an—1(r0) 'an(r)n tan(r) 1), vo(Ro) ® (1))
< Cap1(7g)*" Vo, (n)"F,

o € Np_1, n € Ny,
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holds. By the estimate (4.1.6) and the Cauchy-Schwarz inequality, we have

|(€(an—1(ro)R0an—1(r0) ""an(r)nan(r) 1), wo(fio) ® ¢(n))]
< CoHan(r)ﬁ*lan(T)fl(en + en+1)||Re(u0)+Re(y)71

X [[an—1(ro)nig 'an—1(r0) " (en—1 + ens1)) |~ R loo (no) || 0(7) |
with a constant Cy. By the Iwasawa decomposition we obtain the estimates

lan ()i an (r) " (en + eny1)|| < Can(an(r)nan ()™)Y,
le()[| < o ()R e N,
||an71(T)ﬁalan—l(ro)_l(enq +ent1)]]
< C'an—1(an-1(ro)noan—1(ro) ™')™,
—Re(vo)+n—1,

[0 (720) || < C,anfl(ﬁo) ng € N, _1

with a positive constant C’. Since (v, v) € X, we consequently have

|(€(an—1(ro)fioan—1(r0) 'an(r)nan(r) ), wo(fio) ® ¢(7))]
< Chan (an(r)ia, (r) 1)~ Reto)—Re@)+1y (7)Re()+n

I)Re(yo)#»nfla —Re(vg)+n—1

X ap—1(an—1(r0)noan—1(ro)” n—1(70)

Finally we use the estimates ay,(a,(r)ia,(r)™!) > an(n), n € Ny, r > 1
([12, page 188, Lemma 7.16]) to have the desired estimate (4.2.3) with
6 =1—Re(ry) > 0. Now we compute the left-hand side of (4.2.1). First
we apply the integration formula [12, (5.25) page 140], and then use (4.2.2)
and Proposition 4.1.2 (b). We have

(4.2.4) iRV P (0o @ @) (an—1(r0) " an(r))
=g [ el (o)ana (o) an(r () ),
N,_1XNp

©o(kn—1(N0)) ® p(kn(1)))
X an—1(7i0)*" Vo (7)dy, (7o), (7))

— / (&1 (r0)R0an1 (r0) " an(r) an(r) ),
Np_1XNn

eo(no) ® p(n))dy,  (no)dy, (R).
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Now let » — 400 and rg — +oo. Since (vy,v) € X, the function & is
continuous by Theorem 4.1.1. Hence
lim  lim &(an_1(r0)70an_1(ro) tan(r) ta,(r) ™) = £(Tnt1),
ro—+00 r—+00
fig € Np_1, n € N,
because lim, o0 an_1(r0)0an_1(r0)"' = I, and lim, ., . a,(r)n"t -
an(r)~! = I,11. Interchanging integration and limit, we have

(4.2.5) Jim - dim r TP (00 © ) (an-1(r0) " ran(r))
- / (E(Tnsr)s p0(0) ® p(m))dy, (o), ()
Nn,1 X Ny,

= (E(Tng)s AT (00 ¢ W) @ AT (0 2 ).

Here one should note that the condition (vy,v) € X, implies Re(v) >
0, Re(rp) < 0, which ensures the convergence of the integrals zg_l— " (o :
wy—1) and A7 (o : w,) (Proposition 2.3.1 (1)). To obtain the first equality
in (4.2.5) above we used dominated convergence theorem, noting the esti-
mate (4.2.3) and the fact that the function 7 — oy, (7)"*® with § > 0 is
integrable on N, ([12, page 181, Corollary 7.7]). By Proposition 4.1.2 (c),

we have the conclusion. [

COROLLARY 4.2.1. Let P = P (vy,v) with (vy,v) € X,. For p =
m ;mo] € L (7207°) and A = [1 ;1o] € L} (m"), we have

(4.2.6) Tli}rgorgi_{noo rngl’Or”_”(PW\(an,l(ro)_lan(r)),w(\)/ ® w)
= (=1)o0c, 1 (0, —vo ;) cq(o,v ;1) (E 0 p! o pl(w), wy ),

wy € W(m)Y, we W(l).

PrOOF. By (2.3.2), we have

A%V o] (w) = ep(o,v ;1) (w),
v

Vo _
AT 0 iR (w) = eni1(ag, —vo ;)i (wy).
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Since w, = diag(I,, —1), by (2.1.1), we have i% (wy)(wp—1) = (—=1)™°(jm)"
and «f (w) (wy,) = (—1) pi,. Noting these remarks, we get the identity (4.2.6)
from (4.2.1). O

Here is the main theorem of this section.

THEOREM 4.2.1. Let (vy,v) € X, and put 7o = m,>1° and ™ = 7"
Lethe{l,--- ,n—1}. Put v (0g,0 ;vo,v) = vP (P77 (19, v)). Then we

have
4.27) Moy, v0,v) = ’ygol) ~dM (09,0 v)7
&M (o sv)d{ (00,0 ;10)

y F(V—V0;1+I€>F<V+V0;—1+H)

(h)

with a non zero real number vs,'c which depends only on ooy, o and h. Here

E%h)(a ;v) is given by (2.2.1) and

(4.2.8) dM (09,0 ;v) H H (v —po+n+2iq —200)

a=1gq <ia<po

n—1
X H H (v +po—n—2ig+20),

5:h+1 Pp<ig < qg—1

(4.2.9) d™ (0,00 ;1) = H II o-2ja+2a+q-n+1)
a=1gqa<ja <Pa

n—1
< 1] II (o+2is-28-20+n+1).

B=h+1ps<jp<gs-1

PROOF. Let L (wy,w) with 1 € A¥(p) such that A = A% = [1 ;1]
denotes the limit in the left-hand side of (4.2.6). We compute it in a way
different from Corollary 4.2.1. From (3.2.6) and (3.2.7), we have

h—1 n—1

(42100 a®@)+ M) +n-v=> (m—p)+ > (pi—n)

1=1 i=h+1
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for n = (nj)1<j<n-1 € A} _1(q|l). Since p; > n; for 1 <i < h, n; > p; for
h < i <n—1and n, = pp, the number (4.2.10) is non-positive and it is
zero if and only if n = p. By Proposition 3.2.2 (2), we have

(4211) lim 'I"n_yfl(n 7’]") = lim Ta(h>(n)+ﬁ(h)(n)+n—y

T—00 T—00

(h) (h)
14+7r-2\° (M) 71 _ =2\ 8" ()
(M) () e

{0 ne Ajl__l(q“) - {p}7 _

2"p(p)  mn=p

Now by the formula (3.2.3), we have

(4.2.12) Lin(wg, w) = E lim r"7" fi(n ;r) lim 7y~ o
r—00 ro—00
neA:f_l(q\l)

x (152 0 ph (w) |70 (a1 (r0)) o 158 ()]

=2"")(p )r(}lm i Lo

x (199 0 ppy (w ’WUO’ “(an—1(ro))igy (wy)]
=2""Y)(p)en_1(oy , —1o ;1)
x (13 0 pp(w)) (Tn—1), i (wg) (1))

The second equality follows from (4.2.11) and the last one follows from
Proposition 2.3.1 (3). By (2.1.1), we easily have

(19 0 Pp(w))(In-1) = P§ o pp(w), (778 (wg))(Wn-1) = (=1)™ (k)" (wg)).
Substituting these identities to (4.2.12), we finally get

(42.13)  L(wy,w) = (=1)*°" P2y (p)e,_1 (oY, —1p ;1)
x(pB o pp (w), (j&)" (wy))-

From (4.2.6) and (4.2.13), we obtain

(=1)™0 01 (0, —vo s1)en(o, v 5 1)(Ph © pp(w), ()" (wg)

0
= (=1)™2" " (p)en—1(0g, —vo ;1) (P] © pp (w), (ith) " (wy)-
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for any m € A | (q) and any (wy,w) € W(m)" x W(ly). Hence
(4.2.14) (=Dloc,(o,v ;1) = 2" V4 (p).

From Corollary 3.2.1, Proposition 2.3.2 and (4.2.14), we have the conclusion
easily. 1

5. Analytic Continuation of Poisson Integrals

In this section, we show that the integral (4.1.4) with K-finite ¢g ® ¢
when multiplied by a suitable normalizing factor is continued holomorphi-
cally to a domain of C? with respect to (vp,v) (Theorem 5.1.1). For that
purpose we use the difference-differential equations for the Shintani func-
tions studied in [10]. The proof of Theorem 5.1.1 is given in 5.2.

5.1. Statement of the theorem
For h € {1,--- ,n— 1}, put
PP, ={veC| d{ (00,0 ;v)#0}

00,0
Let ®4, + be the union of @E,’;),a forhe {1,---,n—1}.

_ n—1 _ n '
THEOREM 5.1.1. Let 0g = T (o) and 0 = T (pspo) with q C p. Put

Vv
K = |po — qo|. For po € V.°, and p € V.7 with (vp,v) € X,, put

R (v, v ;00 @ ©)(g)

v—vo+1+r\ L fv+r+1+r) "
— (SR (PR oo, 0 0)(a)
C,.\/

(1) Let ¢ € V7, w9 € V,°;, Dy € U(gn-1,), D € U(gnc) and g €
Gp. Then the function (vo,v) — Lp,RpR7®° (vo,v ;00 @ ©)(g) on
(v, v) € Xy, is a holomorphic function and is extended holomorphically
to C X Dy 0.

(2) For every (vg,v) € CxDgy o, the function g — R (vy, v ;00@¢)(g)
is C*° on Gy. The linear map ¢g @ ¢ +— R (vy,v ;00 ® @) gives
rise to an element of Z(og, vp|o,v).
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(3) For h e {1,...,n—1}, put AW = [l ;o] and u((,]éza = [m ;mg|. Then
there exists a non-zero constant 'yc(r];?g depending only on og, o and h

such that

(5.1.1) R (vg, v ;% (wy) @ 1 (w))(an(r))
=350y - T (00,0 5 10,v)

x (shr)"(ch T)E "N aj—py)+E 7;}%(Pj+1*qj)*n+'/*'f

X2F1(—VQ—V2+1+/€,I/0—V;-1+FL ;

1+k ;thz(r))
(P (w), wg),

holds for r > 0, (wg,w) € W(m)" x W(1) with

(5.1.2) T(h)(ao,o— V0, V)
= czglh)(ao,a ;V)flégh)(a ;V)d%h)(O'o,O' 10)-

Here d;h)(ao,a V), E%h)(a ;v) and dﬁ{” (00,0 ;10) are given by (4.2.8),
(2.2.1) and (4.2.9) respectively.

We give a proof of this theorem in the next subsection.

5.2. The proof of Theorem 5.1.1
We need the following lemma on Gaussian hypergeometric function.

LEMMA 5.2.1. LetceZ withc>1.

(1) For a fired 0 < x < 1, the function (a,b) — 2Fi(a,b ;c ;x) is holo-
morphic on C2.

(2) For every a, b€ C and 0 < x < 1, we have the formula

(1-— m)%gFl(a,b ;C )
(c—a)(c—0b)

= —"——F1(a,b;c+152)+ (a+b—c)2Fi(a,b ;¢ ;2)
c

ProoOF. The Taylor series of 9Fj(a,b ;c ;x) at © = 0 converges on
|z| < 1 locally uniformly with respect to (a,b) € C2. From this remark (1)
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follows. By comparing the Taylor series expansion of the both sides of the
identity at = = 0, we get the formula of (2). O

Let h € {1,---,n—1}. For every 1 € A} (p) and m € A} ,(q|l), we define
polynomial functions QU (m ;1) and P (1 ;1) by

(5.21) Q™ (m ;1p)

h—1
= 11 (Vo — 2ja 4+ 200+ qo —n + 1)
a=1 g <jo <inf(pa,ma)
n—1
< I1 11 (vo+2j5 =26 —aqo+n+1),

B=h+1sup(ps.mgs) <js<qs—1
(5.2.2) PM;v)

h
=11 II w+2e—20+2-po+n)

n—1
< 1] I (v—2is1+28+2+po—n).
B=hlg41<jig+1 <ps

LEMMA 5.2.2. Forhe{l,---,n—1}, 1€ Af(p) and m € A} ,(q|l),
put

th) (0070 ;V()al/)

_ fy(h)(ao,a;z/o,y) v—1yy+1+k _1F v+ 14\
PM(15)Q™) (m ;1) 2 2

with v (09,0 ;10,v) given by (4.2.7). Then the function (vo,v)

Fl(,’gl(UO’ o ;vp,v) s holomorphic on (vy,v) € C x @f,’;),g.

PrOOF. The functions v + &0 (0 ;) PM(A ;v)~! and vy
dslh)(ao, o ;Vo)Q(h) (m ;19)~! are holomorphic on all of C. From Theorem
4.2.1 and this remark, the result follows. [

LEMMA 5.2.3. For (vo,v) € X, let {fi(m ;vo,v ;7)1 € Af(p),m €
A (all)} be the standard coefficients of R (vg,v). Then for every 1 €
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AS(p) and m € A} ((q|l), the function (vo,v,z) — ¥i(m ;vp,v ;) =
(sh r)_ﬁ(m(m) (ch r)_a<h)(m)f1(m Vo, V3 T) with x = thQ(r) defined on (X, N
(Cx DS,’;)U)) x (0,1) is a finite C-linear combination of functions of the form

(5.2.3)  R(vp, )T\

ml

erl(l — x)T22F1 <

00,0 ;V071/)

—v—v+l+r vy—v+1+k )
9 ) 9 T3 5T

where R(vp,v) is a polynomial function, ri,re,r3 € Z with r3 > Kk + 1.

PRrROOF. The functions fi(m ; v, v ;) satisfy the system of difference-
differential equations (S**);, and (T**);, given in [10, Theorem 7.4.1].
By changing variables, we can obtain the equations among ¥(m ; vy, v ;x)’s
correspondingly, which we also refer to (S**); m and (T*F)) . Put A =
[lo ;lo] (Definition 2.2.2). For a givenl € A}l (p), put 6(1) = [I—1p|. Then §(1)
is a non-negative integer and it is zero if and only if 1 = lp. For a given 1 and
m, let (P); m be the statement that the function (vp, v, ) — ¥i(m ; v, v ;)
is a finite C-linear combination of functions of the form (5.2.3). We prove
the statement (P);m by induction on the integer 6(1).

If 5(1) = 0, then we have 1 =1p. Let mg = (mo;)1<i<n—1 € Aj;_l(q]lo)
be such that M((,}ézg = [mg ;mg] (Definition 3.1.1). Then by the explicit
formula (3.2.8), the statement (P)i, m, is true. We proceed by induction on
the number [m—myg| > 0 to prove the statement (P);, m for m € Al (qllp).
Assuming the validity of the statements (P)j, m for m’ € A (qly) with
0 < |m’' — mg| < e, we take an m € A} ;(q|lp) with |m — mg| = e. Since
lm — mgy| = e > 0, m is different from my. Thus we have two possbilities;
(a) there exists an o with 1 < a < h such that m~® € A} ,(q|ly), or (b)
there exists an 3 with h < 3 < n — 1 such that m*? € A (qllp). (Note
that my is a unique element of A | (q|lp) such that m~ ¢ A+ | (qlly) for
all 1 <i< hand m* g At | (q|ly) for all h < i < n—1.) By applying the
equation (Ef*)y,-o in case (a) and (E;B)107m+,{3 in case (b) with noting the
statements (P)j, m-o and (P)y, p,+s are assumed to be true, we have that
the function (vp,v,z) — ¥y, (m ;v,v ;) is a finite C-linear combination
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of those of the form

M (ag, 0 39, v)R(1g, v) <V —vp+1+ Ii)1F<V +1+1+ H)l
Q(Vo) 2 2

w—v+1 |
wa{x)‘(l—x)"gE( Vo 1/2—|— +/€’I/() V;— +/€;)\,;$>}7

where D, is a differential operator of the form

{c1z(1 —2) + 02}% + (a1z+a2)(1 — )¢, ¢1,¢9,a1,a2 € C, e=0,1,
R(vy,v) is a polynomial function and Q(rg) represent Q™ (m~* ;uyp) -
BZ>"(m) or QU (mtP ;10) Az (m) according to the case (a) or case
(b). Note that P") (g ;v) is identically 1 by definition. From Lemma 5.2.1,
the statement (P)j, m follows since Q") (m;1p) coincides with Q(vp) up to
a non-zero constant factor. The statements (P)j, m for all m € A (qllo)
are now established.

Let d be a positive integer and assume that the statements (P)jm
are true for all 1 € Af(p) and all m € A' (q|l) with 6(1) < d. Let
1 € A} (p) be any element with §(1) = d. Since §(1) > 0, we have 1 # I,
and hence have two possibilities: (a') there exists an « with 1 < a < h
such that 17 ¢ At (p), or (V') there exists a 3 with h < 8 < n — 1 such
that 1131 ¢ At(p). We first examine the case (a/). Take an arbitrary
m = (m;)1<i<n-1 € AS_(q|l). If I > myg, then we have m € A | (q|17%)
and can apply the equation (5%)j-a . In view of Lemma 5.2.1, we can
get the statement (P)ym from (P)j-ap,, noting that P"(1;v) coincides
with P (172 ;1) AZY(17%) up to a non-zero factor. If I, = my, then we
see easily that m™* € Aj;_l(q]l*a). Hence we can apply the equation
(T**)1~a m—a. By Lemma 5.2.1, we can deduce (P)im from (P)j-a p-a
with noting that Q™ (m= ;1) = Q™ (m ;1) and that PM (1~ ;v)
equals P (1 ;0)ASY(17%) up to a non-zero constant factor. This settles
the consideration for the case (a’). Next we examine the case (b'). Take
an arbitrary m € A ;(q|l). If mg > lg;1, then we clearly have m €
AT (g1t and can apply the equation (S*(ﬁﬂ))wgﬂ),m. Noting that
PM(1;v) equals PW(1+(6+D) s v)BRY, (1+(5+1) up to a non-zero constant
factor, we have (P)ym from (P)j+(s+1) ,, using Lemma 5.2.1. If mg = lg41,
then we can easily have m*? ¢ Azfl(q|l+(5+1)). Hence we can apply the
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equation (Ti(ﬁ+1))l+(ﬁ+1)7m+5. Noting QW (m™*? ;19) = Q" (m ;1) and
that P (1 ;v) equals P (1+(3+1) ;V)Bg’:l(l*(ﬁ“)) up to a non-zero con-
stant factor, we obtain the validity of the statement (P);n from that of
(P)1+(5+1>7m+g by using Lemma 5.2.1. This completes the proof. [

We prove (1) in Theorem 5.1.1. Let g € Vno_‘\)/l, o e V7, Dy e U(gn-1,0),
D € U(g,c) and g € G,,. We can write g as g = ky *an—1(r0) tan(r)k with
ko € Kp—1, k € K, and 79, r > 0 by Lemma 3.2.1. For (vy,v) € X,,, we
have

Lp,RpR?*? (vy,v ; o ® ©)(9)

= R (1, v ,ﬂn 1 (Do)po @ T (D)) (g)
=R (v, v ; F(0,v))(an—1(ro) an(r)).

with F'(vg,v) = (WUO’ Z/O(ko) UO’ (Do)gpo) @ (mn" (k)" (D)). Since ¢

n—1
is Kp—1-finite and ¢ is K, ﬁmte there exists a finite family of functions

{¢i}ier and {T;(vo,v) }ier such that ¢; is of the form %9 (wy) ® of (w) with
1€ Af(p), me Al (q), wy € W(m)" and w € W (1), such that T;(vo,v)
is a polynomial function of 1y, v and such that

VO? E T VO,

iel
Hence we may assume that F'(vg,v) is of the form 20 (wg) ® ¢f (w) without
loss of generality. Furthermore, in view of the formula (3.2 ), in order to

show that the function

(0, v) = R77 (vo, v 3 i (wg) @ of (w)) (8n—1(r0) " an(r))

is holomorphically continued to all of C x @E,’;)ﬂ, it suffices to prove the

corresponding statement for (vp,v) — U(m ;vp,v ;) for all 1 € At (p)
707" are
holomorphic with respect to v on all of C.) By lemma 5.2.3, the function
(vo,v) — ¥i(m ;vp,v ;z) defined for (vo,v,z) € X, x (0,1), v € 33((,}5),0
is a finite C-linear combination of those of the form (5.2.3). By Lemma
5.1.1 (1) and Lemma 5.2.2, the function (5.2.3) is holomorphic with respect

to (vg,v) € C x ’D((,}é)g Hence VUj(m ;vp,v ;z) is also holomorphic on
(v, v) € C x C‘Dgé)ﬁ.

and all m € A' | (q|l). (We note that matrix coefficients of 7.,
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The first assertion of (2) is a consequence of the following lemma.

LEMMA 5.24. Let F: (C x Dyy0) X G, — C be a function satisfying
the following:

(a) For any (v, v) € X, the function g — F(vy,v,g) is C* on G,.

(b) For any D € Ul(gnc) and any g € G, the function (vp,v) +—
Rp ¢F(vo,v,g) is holomorphic on X, and is extended holomorphically

to C X Dy, ;5 the resulting function Rp 4F (vo,v, g) is locally bounded
on Cx Dy, 0 X Gp.

Then for any (vy,v) € CX Dy, » the function g — F (v, v, g) is C™ on G,,.

PRrROOF. Let U be the set of all (vp,v) € C x D4, such that the
function F(zg,x,g) is C* with respect to g € G,, for all (z¢, z) in a neigh-
borhood of (vy,v). From the assumption, we have X,, C U. It suffices to
show that U is open and closed in C x D, »; indeed if this is so, U must be
C X Dg,,5 itself because C x Dy, , is connected. It is clear from definition
that U is open. Let (v,v) be a point in C x D, , lying on the closure of
U. Take € > 0 small enough so that the polydisc centered at (vp,r) with
radius € is in C X D4, ». Since (v, v) is in the closure of U, there exists a
point, say (2o, z), in U such that |vp — 20| < 47'e and |v — 2| < 47 'e. For
any 6 > 0 let As be the polydisc centered at (zg, z) with radius 6. Then Ag
is contained in C x D4, , for § < 27 !¢ and is in U if 6 is small enough. Since
F(vp,v,g) is holomorphic on C x D, » by assumption (b), it is expanded
as a Taylor seires at (2o, 2):

(5.2.6) F(xo,z,9) Z Z d)n'm' xo—20)"(x —2)", (wo,x) € As

n=0m=0

with

nlm! F(¢o, ¢, 9)
TIZ) 27TZ /05 (20) /;é(z CO - ZO n+1(<. - )m+1 CO C

Here ¢ is an arbitrary positive number smaller than 2~ e and Cs(z) denotes
the path | — z| = 6 with the counter-clockwise orientation. If we take the 6
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small enough, then F'(y, ¢, g) is smooth with respect to g for all (o, () € Ag;
hence vy, 1, (g) is C* on G, and

nlm! RpoF(¢o: ¢, 9)
(527) RD¢nm 27” /6’5 zo /05 O _ ZognJrl(C )m+1 dC dC

By the assumption (b), for a given compact set W of G, there exists a
positive C such that ’RD,QF(C()? C?g)| < C for (C(]a C?g) € A2*16 X Wa hence
we have the estimate

(5.2.8) |Rp¥n.m(g)] < nim!(271e)"T™C, geW

The fact that Rp 4F (zo,z, g) is holomorphic on C X D, , a fortiori on Ag,
with respect to (x, ), combined with the formula (5.2.7) means that the
power series

Z RDwn,m (g)

i) (g — 20)" (@ — )™

n,m
is convergent on A for all § < 27 'e. Furthermore, by the estimate (5.2.8),
the convergence is locally uniform with respect to g. Thus F(xg,x,g) is
C> with respect to g for all (zg,z) € Ag-1,. Since Ay-1, is a neighborhood
of (vp,v) in C x D4, », we indeed have (vp,v) € U. Thus U is closed in
CxXDgy0- U

We show the last part of (2). Let ¢ and ¢ be as before. It suffices to
prove that for every Dy € gn_l, D € g, and g € G, the identity

(5.2.9) RO (v, ;w505 " (Do) ® 757 (D)) (9)
= (Lp,RpR*7 (vo,v ;00 ® ©)(9)

holds. If (vp,v) € X, then (5.2.9) is a consequence of Theorem 4.1.1 (2).
Since both sides of (5.2.9) are holomorphic with respect to (vg,v) on C x
Dgy,0 as proved above, it is true on all of C x ®,, » by the uniqueness of
the analytic continuation. Finally the formula (5.1.1) follows from (3.2.3),
(3.2.8) and (4.2.7). This completes the proof of Theorem 5.1.1.

6. Multiplicity One Theorem for the Space of Shintani Function-
als

In this section, we have the multiplicity formula for the space Z(mg|m) for
some representations my and 7. Since we already have multiplicity freeness
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of the space Z(mg|m) in Theorem 3.1.1, we have only to construct a non-
trivial element in the space Z(m|m) to ensure dimcZ(mg|w) = 1. Such an
element is provided by the analytic continuation of the (normalized) Poisson
integral obtained in Theorem 5.1.1.

We collect notations used in this section. For given vectors (x1,...,Zy) €
R™ and (yla ) ym+1) € Rm+1a

(1, Tm) C (Y1 s Ymt1)

means that the inequality y1 > =1 2> y2 = ... 2 Tm = Ym+1 holds. For
1= (lj)lgjgn S Ag and h € {1,...,n}, put l[h] = (ll,...,lh,...,ln).

6.1. Main theorem

THEOREM 6.1.1.  Let 7 be an irreducible (g, c, Kn)-module and m an
1rreducible (gn_L(c, K, _1)-module. We assume that there exist an integer
h e {1,...,n—1}, a principal series 7" of Gy, and a principal series 7, "1
of Gn_1 satisfying the following.

(a) Homp, ,np,(00,0) # {0} and s € Dy .

(b) mo is isomorphic to a quotient of w *1°

o1 and m is isomorphic to a
submodule of m°.

(c) The K, 1 x Kn-module (7/77")Y B 13 with X\ = Y and wo= ,ugé),o
occurs in wy X .

(d) One of the following three conditions is fulfilled.

(i) E%h)(o ;s)d%h)(ao,a ;50) # 0.
(ii) v = s is a simple zero of 5&’”(0 V) dy (00,0 38) = 0;
dglh)(ao,a ;80) # 0.
(iii) v = s is a simple zero of & (o ;v); a (00,0 ;8) =0; vy = s

is a simple zero of dgzh)(ao,a is0) and Z(m,%|w) = {0} for all
vy # So in a neighborhood of sg.

Then dimc Z(mo|m) = 1.
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PrROOF. We first treat the case when one of the conditions (i) and
(ii) of (d) is fulfilled. By (a), we can consider R7%7(vy,v) at (vp,v) =
(s0,s) (Theorem 5.1.1). By the formula (5.1.2) and the assumptions (i)
or (i) of (d), the number T (g, ;s0,5) # 0, which combined with the
formula (5.1.1) means the composite of R7°7(sq, s) and g9 ®@¢f is not zero,

(h) (h)

where A’ = [l ;lp] and pe,e = [m ;mp]. By (b) we have an inclusion
imy @ (m2°)Y ®ap®. Since (m1°)Y K m® has multiplicity free

K1 x Ky-spectrum, (c) means that the map %9 ® ¢f factors through 1.
Consequently we have a non-zero intertwining operator R7%:7(sg,s) o €
I (mp|m) to get the inequality dimcZ(mp|m) > 1. Using Theorem 3.1.1, we
obtain dimcZ(mp|m) = 1. Next we assume the condition (iii) of (d). For
Yo € ngvl and ¢ € V.7, put

R(po ® ) = R (s0, 5 ;0 ® )
with 0y denoting the partial derivative with respect to vy at vy = sg. The
map Roi belongs to € Z(mg|m). Indeed, for Dy € U(gpn—1,c) and D € U(g, )
by differentiating the equation (5.2.9), we have

~ 0.\/’_ .8
(6.1.1) R(m,2 1™ (Do)po @ m*(D))(9)
+R7%(s0,5 ;5 0m, " (Do)po ® T3%(D)e)(g)
= Lp,RpR(po ® ¢)(9)-

We show that the last condition in (iii) of (d) means the second term in the
left-hand side of (6.1.1) with ¢o®¢ € Im(7) vanishes. We may assume 7 and
Vv

7y are submodules of 75;° and 7%’ *° respectively. Let V and V’ be the

Vv
corresponding subspaces of V.7 and V;El respectively. Then Im(i) = V)Y ®@V.
—v

Take ¢y ® ¢ € Im(i) and put ¢’ = 77° (D), ¢ = 807TZ‘E’1 (Do)wo. Then
we have ¢/ € V and ¢, € Vsﬂvl. By the last condition of (d-iii), there
is an € > 0 such that Z(77>°|w) = {0} for all 0 < |vg — sg| < €. Since

n—1
g

Vv
R (1, 8)|V,0, ® V gives an element of Z(772°|7), it should be zero if
0 < |vg — so| < €; hence

R (vy, s 500 @ ¢') = 0.

Let 19 — sg. Then this shows that the second term of the left-hand side of
(6.1.1) is zero as long as ¢ ® ¢ € Im(7).
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By (6.1.1), combined with the claim just established, we have R o €
I(mo|m). The map R o (i ® ¢f) is not zero. Indeed, by differentiating
(5.1.1), we see that the first term of the Taylor series of (shr) "R (i%0 (wy)®
i (w))(an(r)) with respect to x = th*(r) at = 0 is given by

’Y((;Z?gaor(h) <UO7 g 350, 3) ' <pln(w)7 wg>
The first and the second conditions in (iii) of (d) ensure dgT'"") (5, o ; 50, 5) #
0.

By the same reasoning as above, we then have R o i € Z(m|n) and
R oi # 0 to obtain dim¢Z(mg|m) = 1. O

By Theorem 6.1.1 we can determine the number dimc Z(mp|7) explicitly
in several cases.

6.2. The case of principal series
We consider the case when 7y and 7 are principal series representations.

THEOREM 6.2.1. Let o¢ (resp. o) be an irreducible unitary represen-
tation of My—1 (resp. My). Let (v9,v) € C? be such that 72°7° and m"
are irreducible. Then we have

dim¢Z (09, wolo, v) = dimcHomp, ,np,(00,0).

PRrROOF. Let o = J?ppo) and og = o?qfqlo) as in Theorem 5.1.1. Then
the dimension of the space Homp, ,p,(00,0) equals 1 or 0 according to

q C p or not. By Proposition 3.2.1, it suffices to show dim¢Z(og, vy|o, v) =
00,0
n—1

651}1)(0 ;V)dgb) (00,0 ;1v0) # 0 for every h (Lemma 2.2.1). By Theorem 6.1.1
we have dim¢cZ(og, vplo,v) = 1. O

1 when q C p. The irreducibility of = and ;" implies

REMARK 6.2.1. Actually, even if 7,°"\° or 7" is not necessarily irre-
ducible, we have dimcZ(og,vp|lo,v) = 1 only assuming q C p and
(h h
& (o sv)d (00,0 ;10) # 0.
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6.3. The case involving discrete series and principal series

We consider the case when one of m and my is not a principal series
representation but a discrete series representation. We recall the Harish-
Chandra parametrization of the discrete series of GG,. For each integer
h € {0,---,n}, let E?) be the set of n 4 1- tuples of real numbers \ =

[(Aj)1<j<n ;s Ang1] with Aj +27In € Z, 1 < j < n+ 1 such that
AL > > A > Apg1 > Al > > A

Let =" be the union of the sets Zf}, ) for all A € {0,...,n}. Then it is known
that to each A = [(A\j)1<j<n ; )\n+1] € By, there corresponds an irreducible
(gn,C, Ky)-module 7§ (unique up to isomorphism) satisfying the following.

(i) The Casimir element ¢, of Gy, corresponding to the G,-invariant
form tr(XY') of g,, acts on 7} by the scalar

(o %)\2 n? i(n—%)
Gn - — — .

(ii) The K,-type Tl With 1= (1j)1<j<n such that

Li=XMN+212—n), ic{l,...,h},
L=XN+212-2-n), je{h+1,....n},
lo = Ans1 — 27120 —n)

occurs in 7y with multiplicity one.

The representation 7y is the discrete series with Harish-Chandra parameter
A and Blattner parameter [l ;lp]. (See [12, page 310, Theorem 9.20] and [5,
page 57, Theorem 9.2].) The explicit description of the set £ (7}) is useful
in the following discussion. Here we recall it.

LEMMA 6.3.1. Let 7y be the discrete series of Gy, with Harish Chandra
parameter X € E{},y and the Blatiner parameter [1;1o]. Then L (%) consists

of all the [x ;xo] € L satisfying xo = lo+ 1| and 1 C (x1, ..., zp,lo + 2h —
Ny Thily - sTp)-

Proor. This follows from [6, page 436, Theorem 6 (i) and page 440,
(2)]. O
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To apply Theorem 6.1.1 we need to know into which principal series a
given representation 7% can be embedded.

LEMMA 6.3.2. Letw = my be a discrete series representation of Gy, with
Harish-Chandra parameter X = [(Aj)1<j<n ; Ant1] € Elnyy h € {0,...,n}
and the Blattner parameter [1 ;lo].

(i) Let 0 < h. Put

p=1R], po=A+As1, S=Ap— A1

Elp;po) ’

over the j-th corner Ky-type )\((,j) of mn" belongs to L (w) if and only

and o =0 Then 7 is isomorphic to a submodule of my". More-

if 1 < j < h. For1<j< h, the function 6&”(0 ;v) has a simple zero
at v =s.

(ii) Let h <n. Put
pP= l[h + 1}7 P0 = Ant1 + Ant1, S = Ant1 — Ant

and o = U?p,po). Then 7 is isomorphic to a submodule of mp". More-

over the j-th corner K,-type )\((,j) of mn" belongs to L () if and only

ifh<j<n-—1. Forh<j<n-—1, the function 60)(0 ;v) has a
stmple zero at v = s.

ProoOF. The first assertions in (1) and (2) follow from [6, page 445,
Proposition 3|. The remaining parts follow from definitions immediately. [J

The following auxiliary lemma is logically unnecessary but is helpful in
practice when one checks whether the polynomial function (4.2.8) or (4.2.9)
has a zero at a certain point.

LEMMA 6.3.3. Letl = (lj)lgjgn €eAf, m= (mi)lgign_l € Ajz_—l’

P=(pj)i<j<n-1 €A1, a=(g)i<i<n—2 € A}, and lo, mo € Z. Let
je{l,...,n=1}, he{0,....,n—1} and k € {0,...,n}. Putly=1lp+2k—n,

Mo =mo +2h —n+1, 00 =0(gy and o =0,
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(i) Let 0 < k and q C 1[k] = (p))1<i<n—1. Put o’ = O(Mdotty)- Lhen

cig)(ao,a' A — l~0) = 0 if and only if g < lo + k —n < pl, with an

a€{l,...,j-1} orply <ly—k+B < qg—1 witha B € {j+1,...,n—1}.
(i) Let k <n and q Clk+ 1] = (p])1<i<n—1- Put o” = O U+ 11 +lo) -
Then Jg)(ao,a” 1o — let1) = 0 if and only if o < lps1 —k+a < P,
with an o € {1,...,j =1} or py < lo+k —n+ B < gs—1 with a
ge{j+1,...,n—1}.
n—1
(m[h];mo+mp)”
Then dg)(oé,a ;mo—my) = 0 if and only if ¢, < mp—(n—1)+h+a <
Po with an a € {1,...,j =1} orpg <mp —h—1-B<q; | witha
ge{j+1,...,n—1}.

(i) Let 0 < h and m[h] = (¢))1<i<n-2 C p- Put o), =0

(iv) Let h < n—1 and mh + 1] = (¢/)i<i<n-1 C p. Put of =
n—1
U(m[h+1];mh+1+mo
if ¢ < mpy1 —h+ a < po with an o € {1,...,j — 1} or pg <

mo+h—B-—n<qz,withaBe{j+1,...,n—1}

) Then dg)(ag,a smpy1 — mg) = 0 if and only

Proor. This follows from (4.2.8) and (4.2.9) immediately. [J
We first consider the case when 7 is a discrete series.

THEOREM 6.3.1. Let m = 7y with A € E?h) be a discrete series repre-
o010 an irreducible principal series of Gp—1 with

,d=(qj)1<j<n-—2 €A . Let[l;ly] be the Blattner parameter

sentation of G, and 79 =

o n—1
90 = T (qi90)
of w.

(1) Assume h =0 or h =n. Then we have Z(my|m) = {0}.

(2) Assume 0 < h < n. Then we have dimcZ(mo|m) = 1 if and only if the
condition

(631) (Q1,-..,(]h_1,l0+2h—n,Qh,..-,qn,Q)Cl

holds, otherwise I(mg|m) = {0}.
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PRrROOF. Let n be the (b, c, K, N Hy)-module such that n|Z, = 7%|Z,
with H, = Z,Gn—1. Then by Theorem 7.1.1, we have dimcZ(my|m) =
dimcZ,, ». We have m{ () = +o0, mj(n) =gqj—1 for j € {2,...,n—1} and
m,,_,(n) = —oo, m; (n) = ¢; fori € {1,...,n—2} in the notation of [10, 8.1].
When h = 0, the condition (c) of [10, Theorem 8.1.1] is not satisfied because
my (n) = +oo. Hence dimcZ,» = 0 by [10, Theorem 8.1.1]. In the same
way we have dimcZ, » = 0 when h = n. We consider the case 0 < h < n.
We show that dimcZ(mp|mn) = 1 assuming the condition (6.3.1). We take
T = O(hpy) 88 10 (i) of Lemma 6.3.2 if 1 < h and as in (ii) of Lemma 6.3.2
if h <n — 1. In either cases we have q C p. By Lemma 6.3.2, 7 becomes a
(gn.C, Kp)-submodule of the principal series 75", When 1 < h, it turns out
that A" e £ (x), dV V(00,0 ;5) = 0, d¥ (00,0 ;5) # 0 and that the
function E(hfl)(o ;v) has a simple zero at v = s. When h < n — 1, it turns
out that )\ghﬂ) € L(m), cf%hﬂ)(ao,a ;s) =0, d%h)(ao,a ;8) # 0 and that

the function é%hﬂ)(a ;v) has a simple zero at v = s. Since mp = 7

irreducible, we have dq(q,j)(ao, o;v) #0forall j € {1,...,n—1}. Thus all the
assumptions in Theorem 6.1.1 are fulfilled. Hence we have dim¢ Z(mo|7) = 1.

00,0

n—1 18

Conversely if Z(mp|m) # {0} or equivalently dim¢Z, » = 1 by Theorem 7.1.1,
then [10, Theorem 8.1.1] (with 1 as above) yields the inequality (6.3.1). O

Next we consider the case when 7 is a discrete series.

THEOREM 6.3.2. Let mg = ﬂ'ﬁ_l be a discrete series representation of
Gpn—1 with Harish-Chandra parameter p € E’(Bl and © = " be an irre-
ducible principal series representation of G,. Let [m ;mg] be the Blattner
parameter of mg and o = U?p;po) with p € A:_l. Put h™ = sup(1,h). Then
dimcZ(mo|7) = 1 if and only if m[h™] C p, otherwise Z(mo|w) = {0}.

PROOF. Assume the condition m[h*] C p holds. We consider the case

0 < h<n-—1. Let o9 = J?nj[lh]§M7L+Nh) and sg = pn — pp. Then from
()

m[h"] C p we have q C p. Since 7 is irreducible, the number ¢&;’ (o ;v)
is not zero for all j. Hence the condition (a) of Theorem 6.1.1 is satisfied.
By Lemma 6.3.2 (1), 7§ is embedded into (7,°{°)¥. Using Lemma 6.3.1
we can check u((,}é),g € L} ,(m) to know (c) of Theorem 6.1.1 is fulfilled.
With the aid of Lemma 6.3.3 we see that the condition m[h*] C p implies
d,(lh)(ao,a ;80) # 0. Since & (o ;v) # 0 as noticed above, the condition
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(d-i) of Theorem 6.1.1 is attained. Now we apply Theorem 6.1.1 to obtain
dimg¢ Z(mp|m) = 1. Conversely, if we assume dimc Z(mg|m) # 0, then we have
I,x # {0} by Theorem 7.1.1. Hence by applying [10, Theorem 8.1.1] (with
A= /\E,"‘l)), we obtain the condition m[h"] C p. The cases h = 0,n — 1
can be treated similarly. [J

6.4. The case of discrete series representation
In this subsection we treat the case when both of my and 7 are large

discrete series. Let mo = @' with p = [(4j)1<j<n-1 ;fn] € E?}Sl,
h € {0,...,n — 1} be a discrete series representation of G,y and 7 = 7%
with A = [(AN)1<i<n ;A \t1] € Ely k€ {0,--- ,n} be a discrete series

representation of Gp,. Let [m ;mg] € £ |(m) and [1 ;1] € £, () be the
Blattner parameters of my and 7 respectively. Put m = (m;)1<;<n—1 and

1= ()i<i<n.

THEOREM 6.4.1. Let mg and ® be as above. We assume 0 < h <n —1
and 0 < k < n. Then dimcZ(mo|m) = 1 if and only if one of the following
conditions is satisfied, otherwise it is zero.

(i) k< h and
(/’Lla sy Mk—1, An-f-l?/’tk? ceey Mn—l) C (Ah RS )\h+17///n7 )\h+27 R )\n)
(ii) k= h, and

(a)
(1o s BTy A1y Hhy - s fin—1) € (A1y ooy Angeds oy Ahg2, - -5 Ap)

or
(b)
(/’Lla"‘7ﬂh7)\n+1vuh+17"'7/1’71—1) C ()\17"'7AhvunaAh+l7"'7>\n)'
(i) k=h+1, and
(a)
(le "7,uh7)‘n+17:u’h+17"‘7:u’n—1) C ()\17"’ 7)\h+1vun7Ah+27" 7An)

or

(b)
(/1/17 ... 7Mh+17 A’Vl-|—17,uh+27 v 7,“71—1) C (>\17 .. '7)\h7,u’7’b7)\h+17 s 7)\71)'
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(iv) h+ 1<k and
(/-1'17 <oy Mk )\TL+17M]€+17 s 7IUTL—1) - ()\17 s 7)‘h7MTL7 Athla EER) An)

PrOOF. We show that Z(my|m) # {0} assuming one of the conditions
(i) to (iv). We take 09, o, so and s in each cases:

: _ n—1 _ o . _.n _
(i) o0 = T (mlh g1 +pn) 50 = Hhtl = Hns 0= O i1)in, i+ 0e) 5 =
Antl — Akl

s _ n—1 _ o . _.n _
(it) o0 = T (mlh 1 g1 +pn) 50 = Hhtl = Hns T = (1), 4 2p0) 5

Ant1 — Ant.
a1 R _ n — _
(iii) o0 =0 mhipn+py)? 50 T HnTHRS O = O 1), 4 Ag) T Ant1
Aht1-

. —1 . _ —

(IV) o0 = O—nm[h};‘unJr‘uh)? S0 = HUn — Hp; O = J?l[k];)\k-i-)\wrl)’ §= A — Ant1-
In each cases it turns out that the first condition in (a) of Theorem 6.1.1 is
satisfied. With the aid of Lemma 6.3.1 we can confirm that the K,,_1 x K-
module (777 1Y K 7 occurs in (m)¥ K 7 with p = u((,%i}l), A= AP

n
case (i) or (ii) and with p = ug}é)ﬂ, A = A" in case (iii) or (iv); hence

the condition (c) of Theorem 6.1.1 is fulfilled. We consider the case (i)
or (ii-a). By using Lemma 6.3.3 we can confirm dglhﬂ)(ao,a ;s0) # 0,
J,(qhﬂ)(ag, o ;8) = 0. This combined with Lemma 6.3.2 (ii) shows the con-
dition (d-ii) of Theorem 6.1.1 is satisfied. Applying Theorem 6.1.1 we have
dimc Z (mp|m) = 1.

In the case (iv) or (iii-a), we also have dimcZ(mp|m) = 1 by the same
reasoning as in the case (i) or (ii-a) but with h + 1 replaced by h in the
discussion.

We consider the case (ii-b). We can see that vy = s is a simple zero
of d"*t1(g¢,0 ;v) and Jgﬂ'l)(ao,a ;5) = 0 with the aid of Lemma 6.3.3.
This combined with Lemma 6.3.2 (ii) shows that the first three conditions in
(d-iii) of Theorem 6.1.1 is satisfied. The last condition in (d-iii) of Theorem
6.1.1 follows from Theorem 6.3.1 (2). Indeed, the condition (6.3.1) is not
attained by our choice of q. Since 7. ”}° is irreducible for all vy # so in a
neighborhood of sy we have Z(m,>1°|7) = {0} for such a vy. Now we apply
Theorem 6.1.1 to obtain dimcZ(mp|m) = 1.
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In the case (iii-b), by the same reasoning as in the case (ii-b) but with
h + 1 replaced by h in the discussion, we also have dim¢Z(mo|m) = 1.

To complete the proof, we have to show that dimcZ(mo|m) # 0 implies
one of the conditions (i) to (iv). Since dimcZ(mo|7) # 0 means dimcZ, » #
0 by Theorem 7.1.1, we apply [10, Theorem 8.3.1] to get the conditions (i)
to (vi). O

7. Frobenius Reciprocity

The aim of this section is to prove Theorem 7.1.1, which is used in the
proof of Theorem 3.1.1 and Lemma 3.2.1.

7.1. Formulation of the theorem

Let (7o, Vo) be an admissible (g,—1,¢, Kpn—1)-module and (7, V) an ad-
missible (g, c, Ky, )-module. We assume that both of them have central
characters with ¢,—1(m) = co and c,(7) = ¢ ([10, 2.3]). Put H, =
ZpGp—1. Given an admissible (g,—1,¢, Kn—1)-module 7wy we can extend g
to a (hy,c, Ky, N Hy,)-module uniquely so that the extended representation n
satisfies that n|Z, and 7|Z,, correspond to the same character of Z,,. Then
we can consider the intertwining space Z, » = Homg, ¢ (T, Indgz (n)) as
in [10, 2.4].

THEOREM 7.1.1. Let mg, n and w be as above. Then there exists a
unique linear bijection P +— ®p from I(mg|m) to I, » such that

(7.1.1)  Plug @v)(9) = (Pp(v)(9);v5), vo €Wy, vEV, g€ Gy

Before we begin the proof of Theorem 7.1.1, it may be useful to give
a main point of the discussion, because the argument is technically a little
complicated. To compare two spaces Z(mo|m) and Z, , we first introduce
an auxiliary (g, c, Ky)-module p", whose nature is best understood if we
write it as Homyp, . k,,nm,) (Vo' C°°(Gr)). Tt is natural to expect that p7 is
‘the same’ as the induced module Indfﬁ(n). Actually to make precise this
statement and to establish it (Theorem 7.1.2) is the main point of the whole
argument. Indeed, if p" & Indg: (m) is true, then the identification

I(mo|m) = Homyg,  k,,)(m, Homp, ok, nm,) (Vo's C(Gn))) = Ly n
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is valid and Theorem 7.1.1 follows.

To formulate precisely the statement stated above we need some no-
tations. Let F = Vg© and FY = (V)')* be the smooth Fréchet H,-
modules that are the canonical globalizations of n and 1" respectively, and
(,): F xFY — C the canonical H,-invariant pairing ([1]). The actions of
H, on F and on FV are also denoted by n and n" respectively. Let H" be
the space of all maps ¢ : V)’ x G,, — C such that

a) ¢(vY,g) is linear with respect to vV € V}" for a fixed g, and is C*®
0
with respect to g € G,, for a fixed vV;

(b) for ko € K, N Hy, Xo € by, v¥ € VY and g € G,,, we have
D" (Xo)v",9) = Lxog¥(v”,9), (1" (ko)v",9) = v (v", kg ' 9);

(c) for vV €V the function g — 9 (vY,g) is right K,-finite.

By defining the operators p(X) and p"(k) with X € g,, and k € K, as

(X)) (v, g9) = Rx g (v’ 9), (p"(k)Y)(v",g) = ¥(v", gk)

for (v¥,9) € V¥ x G,, we have a (g,c, K,)-module (p7, H"). Let
Cgo(Hn\Gn)O be the space of right K, -finite functions F' : G,, — F such
that F'(hg) = n(h)F(g) for all (h,g) € Hy, x G,. By the right translation
we have the induced representation Indg’; (n) on that space ([10, 2.4]).

THEOREM 7.1.2. There exists a unique linear map F — Yp from
Co(Hp\Gp)? to H" such that

(7.1.2) br(v”,g) = (0, F(g)), v’ eV, g€ G,

that gives a (gn,C, Kn)-isomorphism Indg: (n) = p".

Now we give the proof of Theorem 7.1.1 using Theorem 7.1.2 whose proof
is given in the next subsection. Let P € Z(mg|m). Given a vector v € V| we
have an element v, € H" such that

P(vY,9) =PY ®@v)(g), (@,g9)€ Vov x Gp,.
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By Theorem 7.1.2, we have a function ®p(v) € C;°(H,\Gy)° such that

(v’ 9) = (0", @p(v)(g), v’ EVY, g€ G

By a routine argument, we can prove that the map ®p : V' — Cp° (H,\Gr)°
so obtained is a (g, C, Ky)-homomorphism satisfying the formula (7.1.1).
Conversely given ® € Z, ., the formula (7.1.1) with ®p replaced by &
defines the map P : V) ® V. — C*°(G,,), which turns out to be in Z(mg|m).
The map 7, » — Z(mo|m) so defined provides the inverse map of P — ®p.
This completes the proof of Theorem 7.1.1.

7.2. Proof of Theorem 7.1.2

Let p,, (resp. gn) be the orthogonal complement of ¢, (resp. bh,) in gy,
with respect to the Killing form of g,.

For A € L, let C° (p, N qp) be the space of all C*°-functions ¢ :

T

pn N qn, — Hom (W), F) such that
(7.2.1) p(Ad(ko)X) = (ko) 0 p(X) o Ta(ky '), ko € Kn N Hy.

The space Cp<. (Hn\Gn/Kn) = Homg, (W), Cp°(Hp\Gr)) consists of all

C*>-functions F : Gy, — Hom(W), F) such that F'(hgk) = n(h)oF(g)orx(k)
for (h,g,k) € H, X G,, X K.

LEMMA 7.2.1. The map

Crry (Ho\Gn/Ky) — Crc;,on (Pn N an)

7T

which sends a fuction F € C2°. (H,\Gn/Ky) to the function ¢ = (F o

T
exp)|(pn N qp) is a linear bijection.

PRrROOF. It is known that the map (Y, X, k) — exp(Y)exp(X)k is a
diffeomorphism from (b, N p,) X (P N qn) X K, onto G, ([3, page 106,
Proposition 2.2]). Hence, given ¢ € C2°. (p,, N qy), if we put

LZXPN
Fy(exp(Y) exp(X)k) = n(exp(Y)) o o(X) o a(k),
(Y) X, k) € (hn N pn) X (pn N qn) X Ky,

then we have a C*-function F, : G, — Hom(Wy, F). Let g € Gy, k € K,
h € H,. By the decomposition G,, = exp(h,Npy) exp(p,Nay,) K, mentioned
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above and the Cartan decomposition H,, = exp(h, N p,)(K, N H,), we can
write g and h as g = exp(Y') exp(X)k; and h = exp(Yp)ko with Y, Yy € b, N
Pn, X € PnNn, ko € K,NH, and k1 € K,,. Using the Cartan decomposition
for H,, again, we have exp(Yp) exp(Ad(ko)Y") = exp(Yy)k{ with k), € K,NH,
and Yy € b, Np,. Then since hgk = exp(Y]) exp(Ad(kyko)X)kykok1k, using
(7.2.1), we have
F,(hgk) = n(exp(Yy)) o p(Ad(kyko)X) o Ta(kykok1k)
= n(exp(Yo) exp(Ad(ko)Y ko) o n(kg) o p(Ad(ko) X)
o T,\(kzé)*l o x(k\kok1k)
= n(exp(Yp) exp(Ad(ko)Y)) o n(ko) o p(X) o ma(ky ) o Ta(kok1k)
= n(exp(Yo)koexp(Y)) o o(X) o m\(k1k)

= n(h) on(exp(Y)) o p(X) o Tx(k1) o Ta(k)

=n(h) o Fy(g) o ma(k).

Thus Fy, € Cp%, (Hp\Gn/Ky). It is easy to check that the map ¢ — F,
just constructed gives the inverse map of F +— (F oexp)|(p, Nqy). O

Let A € L. The space H"[\] = Homg, (7, p"|K,,) is identified with the
totality of maps f : V' x G,, x W) — C such that

(i) f(vY,g,w), as a function of (v¥,g), satisfies the conditions (a), (b)
and (c) in 7.1, and it is linear with respect to w € Wy;

(ii) f(oY, g, a(k)w) = f(v¥, gk, w), vV € VY, g € Gy, w e Wy, k €
K,.

LEMMA 7.2.2. Let f € H[\.
(1) For any (X,w) € (pp N qp) X Wy, the linear form
vV = fuY exp(X),w), v¥ eV
on VOV 1s K, N Hy,-finite.

(2) For (X,w) € (pn Nqn) X Wy, there exists a unique K, N Hy,-finite
vector vi(X ;w) € F, such that

(7.2.2) (vv,vf(X cw)) = f(vY,exp(X),w), vYeVy.
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For a fited X € pp N gy, the vector vi(X ;w) depends on w € W)y
linearly.

ProOOF. (1) Let z = exp(X) with X € p, Nq,. For w € Wy and
ko € K, N Hy, let (ko ;w) be the linear form on V;’ defined by

(I(ko ;w),vY) = f(n" (ko)v", z,w), v eV

We show that for a fixed w € W), the C-span of the linear forms (ko ; w)
with kg € K,, N H, is of finite dimension. Take a ky € K,, N H,; we can
write it of the form ko = diag(u, to,t) with u € U(n — 1), to, t € U(1). Put
m = diag(t~tu, 1,1) and 29 = diag(tI,,_1,to,t); thenm € M,, and kg = mzo.
Since zp is in the center of H,, we have n"(zo)v" = t°” “t~“v". Hence using
the property (i) and (ii) of f above and noting that m is commutative with
x, we have

(l(ko sw), ") = f(n" (m)n" (20)v", z, w)
=t COf(nV( )v x,w)
=t f vV, m T, w)
= 1=t~ f(oV, zm 1, w)
= 15 (Y, (D)
O (T 17 (m ), o)

for v¥ € VY. From this computation, we have I(ko ;w) = t>~ ¢~ - (I 41 :
7 (m~Hw). Hence the C-span of linear forms I(kg ;w) for kg € K,, N H, is
contained in that of linear forms [(I,4+1 ;7\(m)w) for m € M,,. Hence

dim(l(ko ;w)| ko € K, N Hyp)c < dim(l(Ip41 5 7a(m)w)| m € M,)c

< dimg(W)).

Since W), is finite dimensional, this completes the proof.
(2) Let V"V be the space of K, N Hy,-finite linear forms on V,’. Then
as a consequence of the admissibility of 7, the natural map Vo — V'V is

bijective. From this fact, combined with (1), the existance of vf(X ;w)
follows.

By Lemma 7.2.2 (2), we have the map ¢ from p,, Nq, to Hom (W), F) such
that

(7.2.3) (pr(X))(w) = vp(X ;w), X €pnNdn, we Wy,
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LEMMA 7.2.3. Let f € H"A. Then the function pf : pp N g —
Hom(Wy, F) is C°°. Furthermore, it belongs to the space C25. (Pn N qn).

PROOF. We use the notations in the proof of Lemma 7.2.2. Let w €
W. Since vp(X ;w) corresponds to [(I,41 ;w) by the natural (b, c, K, N
H,)-isomorphism Vy — V'V, it is implicitly proved in the proof of the
previous proposition that the smallest K,, N H,-submodule of F contaning
the vector vy(X ;w) is contained in the sum of images of h €
Homy, ((7a(My)w)c, F). From this, combined with the fact that 7 is
M,,-admissible, we have that the function X — (¢¢(X))(w) takes its val-
ues in a finite dimensional subspace. Since X — (v, (¢f(X))(w)) =
f(vY,exp(X),w) is C* for any v¥ € V|, the map ¢(X)(w) is C* on
pnNdy also. In order to show that ¢y belongs to C75. (pnMdn) we have only
to check that it satisfies the condition (7.2.1). Let X € p, N gy, © = exp(X)
and ko € K,, N Hy,. By using the property (i) of f, we have

F@Y kozkg ' w) = f(n" (kg oY,z ma(kg Hw), oY € V'
By (7.2.2), this can be written as follows.

(0¥, v (Ad (ko) X ;w)) = (" (kg )Y, vp(X ;7a(kg " w))
= (Y, n(ko) - vp(X ;7a(kg w)).

Thus the equation (7.2.1) is proved. O

LEMMA 7.2.4. Let A € L. Then there exists a linear map f — Fy
from H'[A] to C°. (H,\Gp/K,,) such that

T

(7.2.3) (v¥, (Fr(exp(X)))(w)) = f(v", exp(X), w),
v eVy, X €ppNay, we Wy

PrOOF. Let f € H"[A]. By Lemma 7.2.1 and Lemma 7.2.3, the exis-
tance of Iy follows. The uniqueness of F; follows from the fact that Vj is
dense in F. [J
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Now we begin the proof of Theorem 7.1.2. Since ¥ : F — ¢p is a K-
homomorphism, it is enough to prove that for any A € £, the induced map
Uy Cp, (Hn\Gr/Ky) — H[A] is bijective. We shall show that the map
f+ Fyin Lemma 7.2.4 gives the inverse map of ¥,.

For any F' € CpS, (Hn\Gn/Ky), put f = W)\(F). Then from (7.1.2), we
have

f(@Y, exp(X),w) = (v", (F(exp(X)))(w)), v¥ eV, acA,, weW,.
Hence we have Fy = F by (7.2.3). For any f € H"[)\], from (7.1.2), we have

UA(Ff) (v, exp(X), w) = (v”, (Fr(exp(X)))(w)),
vWeVy, ag A, weW,.

Hence by (7.2.3), we obtain W) (F) = f. This completes the proof. [
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