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Real Shintani Functions on U(n,1) II,
Computation of Zeta Integrals

By Masao TSUZUKI

Abstract. We explicitly evaluate the archimedian local zeta in-
tegral arising from a certain Rankin-Selberg integral considered by
Murase-Sugano associated with cusp forms on real-rank-one unitary
groups.

1. Introduction and Basic Notations

1.1. Introduction

The aim of this paper is to compute explicitly the archimedian local
zeta integrals of the real Shintani functions arising from a certain Rankin-
Selberg integral considered by Murase-Sugano for unitary groups. Let G be
a classical group defined over Q which acts on a vector space preserving a
non-degenerate e-hermitian form and Gy the stabilizer in G of a non-zero
vector. For a pair of cusp forms f and F respectively on Gg(A) and G(A),
Murase-Sugano introduced a generalized spherical function on G(A), say
Wi r, which they call global Shintani function ([2]). Using it, they study
Rankin-Selberg type integrals attached to f and F, to evaluate them when
f and F' are holomorphic Hecke eigen cusp forms in terms of the standard
L-functions of f and F' in many cases ([2], [3], [4] and [5]). We can remove
this assumption of holomorphy at least when Go(R) and G(R) are both
real rank one unitary groups and calculate the local zeta integrals in a
general situation (Theorem 7.2.1). This is because our knowlegde of the
real Shintani functions is developed enough for such groups ([7]).

Now we shall explain contents of this paper briefly. We recall a few standard
concepts concerning automorphic forms on unitary groups to fix notations
in the next section. Sections 3 and 4 are preliminary in nature, where we
first recall the basic settings in the theory of Murase and Sugano, and then
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introduce a vector-valued Eisenstein series which is involved in the Rankin-
Selberg integral (6.1.1). Through a standard procedure of unwinding the
integrals, we get the so called basic identity, that relates the Rankin-Selberg
integral to a certain integral transform of the global Shintani function, as is
proved by Murase-Sugano. We reproduce the proof of it in a ‘vector-valued’
situation, for the sake of completeness of this article.

We can use the multiplicity one theorem for the real Shintani functional
(Theorem 5.1.1) to know that the global Shintani function Wy r defined
on G(A) is decompsed into a product of two functions, say Wi and W,
such that for any g € G(A) the values Wi (g) and W>(g) depend only
on the finite part of g and the infinite part of g respectively (Proposition
5.2.1). Thus the necessary calculation of the integral transform is reduced
to the computation of the zeta integrals attached to W™ and W, which
we can consider purely locally. The caluculation of zeta integrals for Wfin
is carried out by Murase-Sugano. The main body of this article is section
7, which is devoted to the evaluation of the zeta integrals for W without
any assumption on the representation of Go(R) x G(R) generated by W.

Thanks are due to Dr. Tomonori Moriyama who pointed out a mistake in
the proof of Proposition 7.1.1 in the earlier version of this article, and also
to Dr. Yoshihiro Ishikawa who read the manuscript carefully.

1.2. Notations
For any number field F, let Ar be the ring of adeles of F' and Agy the
ring of finite adeles. Put A = Ag and A¢ = Agy.

The unit group of a ring R is denoted by R*.

Let R be a locally compact topological ring. For any z € R*, the modulus
of the automorphism a — za of the underlying additive topological group
R is denoted by |z|r. For a number field F', we put |z|r = |2|A,, © € A}

For a vector space V over a field F, V'V denotes the dual space of V, { , ):
V x VY — F the natural F-bi-linear form and Iy the identity map of V. For
finite dimensional F-vector spaces V and W, we always identify (V @z W)Y
with VY @p WV, and VVV with V' by means of the canonical isomorphism.
Let F' be a commutative ring. For a given positive integer n, let F" =
M, 1(F) be the space of all column vectors with n entries. We naturally
identify the space Endp(F™) with M, (F) by letting a matrix
A= (aij)léi,jén S Mn(F) operate on x = (ﬂfi)lgign € " as Ax =
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(3"j=1@ijTj)1<i<n € . We write I, for Ipn. For positive integers p and
q, we write 0p 4 the p X g-matrix whose entries are all zero.

Let G be a real reductive group, K a maximal compact subgroup and g
the complexified Lie algebra of G. Given a (g, K)-module (7, H;), we write
(7Y, HY) for the contragredient (g, K)-module of m and (7°°, HX°) for the
smooth Fréchet G-module of moderate growth which is the canonical ex-
tention of 7 in the sense of [1].

2. Automorphic Forms on Unitary Groups

2.1. Unitary groups
Let E be an imaginary quadratic extension of Q, O the ring of integers
of E. The non-trivial automorphism of E over QQ is denoted by = — Z.

Let V be a finite dimensional E-vector space and S : V x V — E a non-
degenerate skew Hermitian form. Let U(S) be the automorphism group of
the skew Hermitian space (V,8), i.e., U(S) is the algebraic group over Q
whose set of R-valued points is

U(s; R) = {g € GL(V ®@q R)| 8(g(v), g(w)) = S(v,w), Vv,w € V ®@q R}
for any Q-algebra R; U(S) is a connected reductive algebraic group.

2.2. Automorphic forms

For a reductive algebraic group G over Q and a maximal compact sub-
group K of G(R), let &(G) denote the space of cusp forms (with respect
to Ko) on G(A) in the sense of [6].

The space &(G) carries a (g, Koo) X G(Af)-module structure naturally, that
is induced from the right translation on the space of functions on G(A).
Here we put g = Lie(G(R)) ®g C.

Let (7,W;) be a finite dimensional unitary representation of K., and K
an open compact subgroup of G(Af). We put

&,(G) = Homg_ (W, 8(G)) = (WY © &(G))*~,

which we consider to be a subspace of W.Y-valued smooth functions on G(A)
naturally. The space &,(G) inherits a smooth G(A¢)-module structure from
that of &(G). Let &,(G ; Ky) be the Ky-invariant part of &,(G).
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Let (m, Hz) be an irreducible (g, Ko )-module. We define &(G),, the space
of m-cusp forms on G(A), to be the subspace of &(G) generated by Im(2))’s
with ¢ : H — &(G) ranging over (g, K )-intertwining operators. Put

6.:(G)r = Homg (W;,6(G)r),
67—(G ;Ko)ﬂ = GT(G)ﬂ N GT(G ;K()).

3. Preliminary Constructions

3.1. Embeddings of vector spaces
Let Vo = E™ and Sy a non-degenerate skew Hermitian matrix of size
n > 2. Put So(vo, V() = WoSovy for vo, v(, € Vo.

We put
E 1 0
V1 = V(] = En+2, e+ = Dn,l s e = Dn,l
E 0 1

and define the skew Hermitian form S; : Vi x Vi — E by

-1
t—
S1(vi,vy) =" So Vi, vi,Vv] € Vy;
1

the vectors et and e~ are isotropic vectors in V; satisfying S1(e*,e™) = 1.
Let 1 be an anisotropic vector in V; of the form n = ¥(a,%a, 1) witha € F
and a € Vo. Put A =81(n,n7) = a —a+ Sp(a,a), a non-zero element in E.

We put
Vo n+1
V= ( ) =F

and define the E-linear inclusion j, : V — Vj by

v az — SO(a’VO)
jn:<20>»—> Vo , Vo€ Vg, z€E.

z

Then Im(j,) coincides with the orthogonal complement of the anisotropic
line En in V; with respect to S;. Now we introduce the skew Hermitian
form S, on V so that the map j, becomes an isometry. From the remark
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above the skew Hermitian space (V,S,) so obtained is non-degenerate. We
explicitly have

_ So —S0a\ /
Sy(v,Vv) =1 v, wv,v eV.
n(v:V) <—t§SQ a—a>

Let jo : Vo — V denote the E-linear inclusion given by

. V
Jo(vo) = <00> , Vo € V.

Then jo : Vo — V is an isometry and its image coincides with the orthogonal

complement of the anisotropic line E¢ in V with respect to S,, where { =
A=t (ta 1) e V.

3.2. Embeddings of groups
Put Gop = U(Sp), G1 = U(S1) and G = U(S;)). Then we have a sequence
of inclusions of algebraic groups

(3.2.1) Go = G = Gy,
where g and ¢ are homomorphisms defined by

t0(g0) (Jo(vo) + t&) = jo(govo) +t&, go € Go, vo € Vo, t € E,
U(9)(n(v) +tn) = jy(gv) +tn, g€ G, veV, tcE.

Note that ¢9(Gp) coincides with the stabilizer of the vector £ in G and ¢(G)
that of the vector n in Gj.

3.3. A parabolic subgroup

Let P1 be the maximal parabolic Q-subgroup of G; defined as the sta-
bilizer of the isotropic line Eet of Vi. Let R be a Q-algebra. For (go,t) €
Go(R) x (E ®q R)*, put

m1(go ;t) = diag(t, go,t 1)
Fory € (E®QR)" and z € E ®g R with z —Z + Sy(y,y) = 0, we put

1 —tYSO z
nl(y ;Z) = Dn,l I, y
0 01, 1



694 Masao TSUZUKI

Then the elements m;(go ;) (resp. ni(y ; z)) make up the set My (R) (resp.
Ni(R)) with My (resp. N;i) a Levi Q-subgroup of P; (resp. the unipotent
radical of P1). We quote the following lemma from [2].

LEMMmA 3.3.1.

(1) Suppose that G is Q-isotropic. Then there exists an element xg €
G1(Q) such that {In+2,%0} gives a complete set of representatives
for PHQN\G1(Q)/(G(Q)) and x5 P1(Q)x0 N 1(G(Q)) = «(P(Q)),
(N(Q)) C x5'N1(Q)xo with N the unipotent radical of a parabolic
Q-subgroup P in G. We have P1(Q) N (G(Q)) = ¢ 0 1p(Go(Q)).

(2) Suppose that G is Q-anisotropic. Then we have G1(Q) =
P1(Q)(G(Q)) and P1(Q) N 1(G(Q)) = w0 © t(Go(Q))-

PROOF. See [2, Proposition 2.4, Lemma 2.5, Lemma 2.6]. O

3.4. An assumption at the archimedian place

We assume that the signature of (Vo(R),Sp) is ((n — 1)+,1—) and that
of (V(R),8,) is (n+,1—). Then the skew Hermitian space (Vi(R),S1) has a
signature (n+,2—). Put 2d = —v/~1A. We have d > 0 from the assump-
tion.

3.5. Maximal compact subgroups at the archimedian place
Fix a negative line V;_ (through the origin) in Vo(R) = C" and put

Vo :jo(‘/(JToo)’ Vvljoo :]7)0]0(‘/0?00) +C-n.

Let Koo, Ko,00 and K7, be the stabilizers of V., Vo and V|  in Go(R),
G(R) and G;(R) respectively. From the assumption in 3.4, Ky o, Ko and
K o are maximal compact subgroups of Go(R), G(R) and G;(R) respec-
tively. We fix these maximal compact subgroups throughout this article.
When we speak of automorphic forms on Go(A), G(A) and G;(A), we al-
ways understand that they are required to be finite under the actions of the
maximal compact subgroups Ko o, Ko and Kj o respectively.

Now take a vector v,, in Vg with v/=18¢(v,,, v, ) = —1. Let (v )1<i<n-
be an orthonormal basis of the orthogonal complement of Vj ., in Vo (R),
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Le., V=180(v;",v;) = &ij, So(vi",v,, ) = 0 for 1 <d,j <n—1. Put
& =jovi), 1<i<n—1,
&h=0d)7% gL =do(vy)
and
nF = jnojovi), 1<i<n—1,
W= 0a&) e = (&) e = (24) 2,

Then {Vf’ ce 7V7’—1/_—17V7:}7 {ff—v K 75:—1’ g’;’ll_?g?:-‘rl} and {77?7 ce 777:—1777:?
Npt1Mneo) are pseudo-orthonormal basis of Vo(R) = C", V(R) = cntl
and Vi(R) = C"*? respectively. We shall fix these basis in what follows.
For positive integers p and g, let

(3.5.1) U(p,q) = {g € GL,1(C)| 'gdiag(I,, —1,)g = diag(I,, —I,)}-
Put

o= (vf v; vI_l v, ) € M,,(C),

c=(& & ... & €61) € Mpa (C),
co=m ny - my My Mnys) € Mpga(C).

Then the maps

(3.5.2) Go(R) 3 go — co tgoco € U(n —1,1),
(3.5.3) G(R)3> g~ clgce U(n,1),
(3.5.4) Gi(R)> g1 — c1 lgic € U(n,2)

give isomorphisms of Lie groups.
LemMmA 3.5.1.  The diagram

Go(R) —— G(R) —— Gi(R)

L

Un-1,1) —2— U(n,1) —— U(n,2)
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is commutative, where the virtical arrows are maps defined by (3.5.2), (3.5.3)
and (3.5.4), and ig and i are given as

(3.5.5) io:U(n—1,1) 3 (x“ m)
21  T22
11 On—11 712
— | O1n1 1 0 S U(TL, ].),
T21 0 T2
(3.5.6) i:U(n,1) 3y — diag(y,1) € U(n,2).

Proor. Obvious. I
We put

ko[uo ;0] = co diag(ug, o) co™', ug € U(n — 1), zo € U(1),
k[u ;2] = c diag(u,z) ¢!, we U(n), 2 € U(1),
kl[ul ;UQ] =C diag(ul,uQ) Cl_l, Uy € U(n), U € U(2)

Then we obviously have

KO,oo = {ko[Uo ;xo] | ug € U(n — 1), X € U(l)},
Ky ={klu ;2] | u € U(n), z € U(1)},
K100 = {kifui ;ug] | u1 € U(n), uz € U(2)}.

We also have

(3.5.7)  wo(ko[uo ;xo]) = k[diag(uo, 1) ;x0], wuo € U(n—1), 29 € U(1),
(3.5.8)  u(ku ;z]) = ky[u ;diag(z,1)], we U(n), z € U(1)

from Lemma 3.5.1.

By the Iwasawa decomposition we have G;(R) = P1(R)K; . Hence for
g1 € G1(R), we can write

g1 = m1(B(g1) ;t(g1))n1(g1)k1(91)

with ﬁ(gl) S GQ(R), t(gl) S (C*, nl(gl) S Nl(R) and k’l(gl) S Kl,oo- But
this decomposition is not unique. We need the structure of the intersection
P1(R) N K o explicitly.
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LEMMA 3.5.2. Fort € CY and gy = koluog ;0] € Koo with uy €
U(n —1), 2o € CY, we have

mi(go ;t)ni(tgg 'a —a;—t"'So(a, tgy 'a —a))
= kq[diag(uo, t) ;diag(zo,t)],

and the group P1(R) N K1 o consists of all the points of this form.
PrOOF. A direct computation. []

3.6. Compact groups at finite places
Let Ko, K¢ and K be open compact subgroups of Go(A¢), G(A¢) and
G1(A¢) respectively with the following properties.

(a) to(Koys) C Kr and o(Ky) C Ky 4.

(b) Gi(A¢) = P1(Af)Kyy, ie., for g1 € Gi(Af) there exist 5(g1) € Go(At),
t(g1) € A%y, n1(g1) € Ni(A¢) and ki(g1) € K¢ such that

g1 = m1(B(g1) ;t(g1))n1(g1)k1(g1)-

(C) It ml(QO,f ;tf) S KLle(Af) with dof € Go(Af) and ¢y € AEJC’ then
9ot € Kog and tr € [[, 0% .

We fix Kof, K and K¢ with these properties for once and for all.

By the property (b) and Lemma 3.5.2, we have Iwasawa decomposition
G1(A) = P1(A) K1 1K1 oo

REMARK 3.6.1. In [2], [5], by means of maximal Op-integral lattices,
a concrete choice of (Ko ¢, K¢, K1 ¢) is made. Since our main concern in this
paper is archimedian local theory, we refrain from recalling their construc-
tion but extract a necessary properties of K; etc. above just to ensure the
well-definedness of the function ¥ in Lemma 4.1.2.

4. Eisenstein Series

In this section we introduce a vector-valued Eisenstein series which en-
ters in the definition of the Rankin-Selberg integrals that will be introduced
in section 6.
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4.1. Vector-valued Eisenstein series

Let (9, Wy) and (7, W) be irreducible unitary representations of Ky
and K, respectively. Since the centers of Ko o and K., respectively equal
{kolzd In-1;75] | 25 € CW} and {k[z+1, ;27| | 2= € C}, Schur’s lemma
implies there exist pairs of integers (cj,cg) and (¢*,¢™) such that

(41.1)  mokolag Tt i) = (6)9 () Twy, 2, w5 € €V,
(4.1.2) 7(k[zTI, ;27]) = ($+)C+ (7)) Ty, zF, 2~ eCW,

We call (¢t,¢™) and (car , o ) the central characters of T and 1o respectively.

We assume that 79 occurs in 7| Ko oo = 70(20]| K0,00), and fix a K oo-inclusion
170 : Wo — W once and for all. We then have ¢~ = ¢ .

LEMMA 4.1.1. There exists a unique unitary representation 71 of Ki o
on W, the representation space of T, satisfying

(4.1.3)  7i(ki[ug jus)) = 7(k[ug ;1)) det(uz), wuy € U(n),us € U(2).

ProOOF. Obvious. O

We take an idele class character w : A}, /E* — C* of E. We assume that

(4.1.4) wity) =1, tre [[O%,
p

— +
(4.1.5) Wteo) = to0 0 e,

)

LemMA 4.1.2. Let f € &.v(Go ; Koy). Then there exists a unique W -
valued function (g1,s) — V(f @w ;s ;91) on G1(A) x C that is smooth with
respect to the first variable and holomorphic with respect to the second one
and satisfies

(4.1.6) U(f®@w;s;mi(go st)n) =w(®t)|tlE - i (f(90)),
go € Go(A), te AE, ny € Nl(A),
(4.1.7) U(f@w ;s ;gikithic) = Ti(k10o) " U(f@w ;s ;q1),

kipe Kig, koo € K100
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PrOOF. For a g; € G1(A), we can write it of the form

g1 = mi(go; t)niki ook f,
g0 € Go(A), t € A, n1 € Ni(A), kif€ Kiy, koo € Kl 0o

along the decomposition Gy(A) = P1(A)K; ¢K1 ~ (see 3.6). The conditions
(4.1.6) and (4.1.7) mean

(4.1.8) V(f@wisi01) = wO)tln - (k)i (f(90))-

Thus we have only to show that the right-hand side of (4.1.8) does not
depend on a choice of Iwasawa decompositions of g¢;. If g9 =
mi (g 3t )ni k] szl ~ is another decomposition of g; similar to above, then
we have

m1(g g0 5t )Ny = (k1ek1,00) (K] k] 00) ™"

with some n} € N1(A). Hence Lemma 3.5.2 and (c) in 3.6 imply that there
exist koo = koluo ;0] € Koo With ug € U(n — 1), 2 € CO), yoo € C)
and kor € Ko, yr € Hp O}, such that

90190 = koookof, T =Yooty  Flook) oo = ki[ur jus)

with
uy = diag(ug, Yso) € U(n), wuz = diag(zo, yo) € U(2).

Using the K ¢-invariance of f and (4.1.4), we have

w(t"|'|% - 11 (K 00) ™ 0i 0 f(g0)

W (tyoo ) [tyoo il - T1 (ki sk [ur 5 ua]) 0 i o f(goko,cokof)

(Yoo t) [tyooyil T - T1(Kk1,00) " 0 Ti(kafur 5 us]) 07 0 70(ko0o) ' 0 f(g0)
W (Yoo )w(B)|t 3 - 71 (K1,00) ™ 0 1 (kafur suz]) o T(koeo) ™ 0 il © f(g0)

= W(Yoo)w(t)[t| 5z«

71 (k1,00)” Vo (kifug 5u9)) o 7(k[diag(uo, 1) ;1)) 0i™ o f(go).
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By Lemma 4.1.1 and the relation ¢; = ¢~, we have

2o - mi(kifur ;usg]) o T(k[diag(uo, 1) ;1)) 0 i o f(go)

= 11y (woyoo)
- 7(k[diag(uo, Yoo) 51]) o 7(k[diag(uo, 1) ;1)) 7" 0 i o f(go)

— 40 - 7 (K[diag(Tn—1,ye0) 5 1]) 0 i o f(g0)

ct4cer . — T

= oo 0 - T(K[diag(ys' Tn-1,1) 51]) 037 o f(go)
ct+ey — T

= Yoo O (7] Ko,00) (ko[ys Tt 51]) 07 © f(go)
ctdey . —

=% O -7 o o(kolys Inot 5 1]) © f(go)

+ et ot
=% O i (yss® f(g0))

ct—ct+ey T
= o O iR (f(90))-
Using (4.1.5), we finally have
Wt |5 - (k] 00) M (£(90)) = w B[l - T(k1,00)T1i2 (f(g0))

as desired. [

Let s € C and w the idele class character as above. Let my be an
irreducible (go, Ko 00)-module with gy = Lie(Go(R)) ® C. Let f €
67'8/(G0 ;K(]’f)ﬂ.s/. We introduce a vector-valued Eisenstein series as

(41.9) E(P1;fQw;s;g)

+1
= Z \I/<f®w;s+nT;7191>, gleGl(A).
11€P1(Q\G1(Q)

The holomorphic function given by the absolutely convergent infinite series
(4.1.9) on Re(s) > (n+ 1)/2 has a meromorphic continuation to the whole
C ([9]). We have

E(P1;f@w;s;mgikicokis) = Ti(k10o) "E(P1; f@w ;s ;)
11 € Gi1(Q), k1,00 € K10, k1g € Kip.
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5. Shintani Functions

In this section we first recall the definition of local Shintani functions
briefly and then introduce the global Shintani function associated with a
pair of cusp forms on Gg(A) and G(A). Using the multiplicity free theorem
for the real Shintani functional (Theorem 5.1.1), we prove that the global
Shintani function is a product of a real Shintani function and a function on
the finite adeles (Proposition 5.2.1).

Here is a convention, that will be adopted hereafter. By the inclusions
to: Gg — Gand ¢ : G — Gy, we consider Gy and G to be subgroups of Gy;
correspondingly, for go € Gg and g € G, we simply write gg and ¢ in place of
to(go) and ¢(g) respectively. Let go and g be the complexified Lie algebras
of Gop(R) and G(R) respectively.

5.1. Real Shintani functions

Let (mo, Hr,) and (m,Hr) be irreducible (go, Ko )-module and irre-
ducible (g, Ko )-module respectively. Let S(G(R)) be the Schwartz space
for G(R) in the sense of Casselman [1, page 392]. It is a smooth Fréchet
G(R) x G(R)-module of moderate growth. By restricting the action to the
subgroup Go(R) x G(R), S(G(R)) is considered to be a Go(R) x G(R)-module.
Put

T (o) = Hom gy, 16 o x k) (73 B 7, S(G(R)))

and
Sh(mg, 7) = Im(Z™°(mg|7) @ Hy," @ Hy — S(G(R))),

where the arrow stands for the natural map; Sh(m, 7) becomes a 7y X -
isotypic (go @ g, K0,00 X Koo)-submodule of S(G(R)). For irreducible finite
dimensional continuous representations (79, Wy) and (7, W) of K~ and
K respectively, we set

ShTO’T(ﬂ'(),TF) = HomKo,ooXKoo(W(;/ KC VV, Sh(ﬂ'o,ﬂ')),

which we consider to be a subspace of the space of smooth Wy®cW V-valued
functions on G(R) in the obvious manner. Any function which belongs to
the space Shy, -(m, ) is called a Shintani function with Ko o X Kso-type
(19, 7) belonging to the representation mp" X 7.
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THEOREM 5.1.1 (Multiplicity free theorem). Let 7wy and w be as above.
Then
dimc 2% (7o |7) < 1.

Proor. Put H = Gyp(R)Z with Z the center of G(R). We can extend
the representation 7§° of Go(R) to H so that the extended representation
n>° of H, when restricted to Z, corresponds to the same character as 7°°|Z.
Since the inclusion S(G(R)) — C*°(G(R)) is continuous, by [7, Corollary
2.4.1, Theorem 8.3.1], we have

(5.2.1) dim(cHomHXc(R)((n"o)v X7, S(G(R)) < 1.

By [1, Corollary 10.5], any ® € Z™°4(7|7) can be extended to a continuous
intertwining operator (n°°)¥ X 7 — S(G(R)); hence dimcZ™d(mo|n) is
dominated by the left-hand side of (5.2.1). [J

5.2. Global Shintani functions arising from automorphic forms
Let (70, Wp) and (7, W) be finite dimensional unitary representations
of Koo and Ko respectively. Let dgo = dg,(a)(g0) be a Haar measure of
Go(A) and dgo the corresponding quotient measure on Go(Q)\Go(A). For
automorphic forms f € &,v(Go) and F' € &,(G), we consider the integral

(5.3.1) Wr.r(g) = /G Ol f(g0) ® F(gog)dgo, g € G(A).

It turns out that this defines a Wy ® WV-valued smooth function Wy r on
G(A) which we call the global Shintani function associated with f and F

(21, [3; 4], 5])-

From definition we have the equation

(5.3.2) Wi p(kocogkoo) = (To(ko,00) @ 7Y (koo)  HIWi r(g),
k0,00 € Ko,005 koo € Koo

As a consequence of the multiplicity free theorem for the real Shintani func-
tional (Theorem 5.1.1), we have the following.

ProposITION 5.2.1. Let (mo,Hn,) and (m,H;) be irreducible
(90, Ko,00)-module and irreducible (g, Ko )-module respectively. Let f €
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Sy (Go)rv and F' € &.(G)x. Suppose that Wy p|G(R) is not identically
zero. Then there exists a unique real Shintani function W% € Shy, 7 (mo, )
and a unique smooth function W}’F : G(Af) — C such that W}’F(InJrl) =1
and

(5.3.4) Wy r(googt) = Wi p(95) Wk (90), 9t € G(Ar), goo € G(R).

Vv
PROOF. By assumption we can take a K -inclusion L:E)/ Wy — HY,

0
and a K-inclusion of : W — H,. There exists a (go, K0,00)-intertwining
operator g : Hyp," — S,v(Go) and a (g, Koo)-intertwining operator 1 :

H; — &,(G) such that

(5.3.6) (f(g0),wg) = woui;é (wg))(90), wg € Wy, go € Go(A),
(F(g),w) = ¢(7(w))(9), weW, geGA).

(Note that 7y and 7 occur in 7| Ko oo and m|Ks with multiplicity one
since Go(R) and G(R) are real-rank-one unitary groups and my and 7 are
irreducible.) Now for each gr € G(A¢), putting

(5.3.7) D (g5 500" @ 0)(goo)

/ Yo(vo")(g0) - ¥ (v)(gogrgoo)dgo,
Go(Q\Go(A)

vo” € HY | v € Hy, goo € G(R),

T ?

we get an element @ p(gr ;—) of Z™°Y(mg|r). From the definitions of
O p(gr ;—) and Wy we have

,71_\/ T
(53.8)  pr(grsey (wy) @ (w))(gse) = Wrr(g1900), wy @ w),
wy € Wy, weW.

Since Wy p(ex) # 0 for an element e € G(R), there exist some uy € Wy
and u € W such that

co = (Wf,p(eoo),ug ® u) # 0.



704 Masao TSUZUKI

Because dimcZ™(mp|m) < 1, we then have dimcZ™°4(mg|nr) = 1 and
®pp = ®fp(Iny1 ;—) provides a basis of the space Zm°4(mo|7). Hence
for every gr € G(A¢), we can write

Qrr(gr;—) = W},F(Qf) ¥

with a unique complex number W]fc 7(g¢); then W]fc #(Ing1) = 1 is obvious.
We have the equation

W]f”,F(gf) = Cal<wfaF(eoogf)v uEJ/ ® u>7 gt € G(Af)7

from which the smoothness of ijc p follows. Now putting

Y -
(W5 (9se), wg @w) = Cpp(e% (wg) @ 17 (w))(9o0)
wy €Wy, weW, g € G(R),

we get Wi% : G(R) — Wo ® WY with the desired property. The uniquness
of W}’f’F and ijc p is clear. [

6. Zeta Integrals and Basic Identity

In the first place, we introduce the Rankin-Selberg integrals for a pair of
vector valued cusp forms f on Go(A) and F' on G(A), that is considerd by
Murase-Sugano when f and F' are scalar valued holomorphic automorphic
forms. The main purpose of this section is to recall the basic identity that
relates the Rankin-Selberg integral to an integral transform of the global
Shintani function associated with f and F' (Proposition 6.1.1). In 6.2, we
define the local zeta integrals for real Shintani functions.

6.1. Rankin-Selberg integals and basic identity

Let (19, Wp) and (7, W) be irreducible unitary representations of Kp o
and Ko, respectively. We assume that 7y occurs in 7 o (19| Ky o) and take a
Ky oo-inclusion ¢7° : Wy — W. As in Lemma 4.1.1, we form 7, a represen-
tation of K . Let w: A},/E* — C* be an idele class character satisfying
the conditions (4.1.4) and (4.1.5).

Let dg = dg(a)(g) be a Haar mesure of G(A) and dg the corresponding quo-
tient measure on G(Q)\G(A). For a Woy-valued cusp form f € &, (Go ; Ko ),
we have introduced the W-valued Eisenstein series E(P; ; fQw ;5:91), 91 €
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Gi(A), s € C. Now we take a WV-valued cusp form F € &.(G ; Ky) and
consider the following zeta integral after Murase-Sugano.

1 )
0:11) Zysur(s) = [ (B(P1if@wis— 50l Flo)di, s€C
G(Q\G(A)

It turns out that the integral converges absolutely and the resulting function
Z tow,r(s) is meromorphic on C.

The identity in the next proposition is the so called basic identity, which
has been established by [5] in the present context. For g1 € G1(A), we write

(6.1.2) g1 = m1(B(g1) ;t(g1))n1(91)k1,00(91)k1,£(91),
B(g1) € Go(A), t(g1) € Ak, n1(g1) € N1(A),
k1,00(91) € K100, k1£(91) € K1 1.

We remark that such a decomposition of ¢; is not unique.

PROPOSITION 6.1.1 (Murase-Sugano). Let f, w and F be as above and
Wi p: G(A) = Wo@WVY the global Shintani function associated with f and
F. For s € C with Re(s) > (n+1)/2, we have the identity

(613) Zyour(s) = [ &0 (e @ (ks()) Wi (B(0) o)
Go(M\G(A)
x w(t(g) |5 dey(ancwa (@),
where €° : Wy @c WY — C is the map defined by
(6.1.4) e (wo @ w") = (i (wo), w"), wo € Wo, w* € WY
and dg,(a)G(a)(9) denotes the quotient measure of dgay(g) by dg,(a)(go)-
PROOF. We reproduce the proof here for completeness following [2],
[3], [4] and [5]. We only consider the case when G is Q-isotropic; otherwise

the proof is easier. First substituting the expression (4.1.9) to (6.1.1) and
then dividing the range of summation into G(Q)-orbits, we get

Zfow,F(8) = Z1,12(8) + Zxo ()
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with

Zy(s) = /(Q)\G 3€y< <f®w ;S+g ;'ng>7F(9)>d9,

where Xy, = P1(Q)\(P1(Q)yG(Q)) w
Noting the bijection (y 1P1( QyNGQ
integral Zy(s) as

Z-(s :/
5 GQ\G(A)

x > <\Il<f®w;s+g;yvg>,F(vg)>dg

Ye(y~P1(QyNG(Q)\G(Q)
=/ <\I’<f®w;s+ﬁ;yg>,F(g)>dg-
(7= P1(QyNG(Q)\G(A) 2

Now we examine two integrals Zy(s) with y = I,42, %o separately. We
first consider the case y = xg. Let P and N be as in Lemma 3.3.1. Along
the decomposition G(A) = P(A)Ka = M(A)N(A)Kp with Kp = KoKy and
P = MN a Levi decomposition, we can write dga)(g) = dm - dn - dk with
Haar measures dm, dn and dk of M(A), N(A) and K4 respectively. We may
assume that vol(Ky) = 1. For m € M(A), n € N(A) and k € Ky, noting
xonxy " € Ni(A) and xomx,* € P1(A) (Lemma 3.3.1), we have

ith +1 or x9 (Lemma 3.3.1).
) = Xy, we can rewrite the

y = I,
N\G(Q)

\11(f®w ;s—f—g ;Xomnk) :T(koo)llll<f®w ;s—i—g ;X0m>.

Using this, we have

ORI
’ M@\M(A) IN@\N(4) Jis

X <\Il<f®w ;s + ;xomnkz),F(mnk)>dﬁ1dhdk

:/ / <T(koo)_1\11<f®w;$+ﬁ;}{0m>,
M@Q\M(A) J Ky 2

7V (ko) ™t / F(mn)dh>dk;dm
N(Q\N(4)

o3
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By the cuspidality of F, the integral of F'(mn) over n € N(Q)\N(A) in the
right-hand side of the last equality vanishes. Hence Zy,(s) = 0 for all s € C
if Re(s) > (n+1)/2.

Next we consider the case y = I,t2. Since P1(Q) N G(Q) = Go(Q)
(Lemma 3.3.1), we have

(6.1.5) Zr,,,(s)

e *roe e 300

Go(Q\G(A)

[ (w <f®w s+ g ) Flang) )i
Go(A)\G(A) JGo(Q\Go(A)

B /GO(A)\G( )/ (Q)\Go( )

<(0(70wist G iBlo) ) Flondlo) o) s

The last equality follows by a change of variable gy — go3(g) . For g} €
Go(A), we have

g0 =m1(g0 ; 1)n1((90~" — In)a ;S0(a,a — gpa))
by a computation. Thus we get
909 = m1(906(9) ;t(9))n1k1,00(9)k1£(g)

with some n} € Nj(A). Hence we may take

(6.1.6) B(909) = 908(9), t(g09) = t(9),
k1,00(909) = k1,00(9)s  k1.6(909) = k1.6(9)

for g € Go(A) and g € G(A). For given gy € Go(A) and g € G(A), put
gh = goB(g)~t. Then using (6.1.6), we have

(6.1.7) \Il(f@w st o ;goﬂ(g)lg)

= w(t(ghg))[t(gha)ls ™" - T (k1,00 (b)) " 0 i o F(B(ghy))
= w(t(g)t(@)5"" - 71 (k100(9) ™ 00T o f(g0)-
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Substituting (6.1.7) to the last formula of (6.1.5), we have

ZIn+2 (8)

-/ / <n</~el,oo<g>>—1z':o<f<go>>,F(goﬁ<g>—lg>>
Go(A\G(A) JGo(Q)\Go(4)

x w(t(9)[tg)|5 " dgodg

-/ / 3 (f<go> ®rY (k1,oo(9))F(905(9)_19)>
Go(A\G(A) JGo(Q)\Go(4A)

x w(t(9)[tg)|5 " dgodg

- / €7 o (Twy @ 7Y (k1o (1)) © Wy p(B(g) 'g)
Go(A\G(A)

x w(t(9)|t(g) 5" dg. O

6.2. Local zeta integrals

Retain the situation of 6.1. Let my be an irreducible (go, Ko oc)-module
and 7 an irreducible (g, K« )-module. Suppose that Wy p|G(RR) is not iden-
tically zero. Then from Proposition 5.3.1, the global Shintani function
Wi G(A) — Wy ®c WY decomposes as

Wy, p(9t9s0) = Wik (9oo) - Wi p(96), 98 € G(As), goo € G(R).
Here W% € Shy -(mo, 7) and W?F : G(Af) — C is a smooth function on
G(A¢). Furthermore the pair (W}, W} ) is uniquely determined from f
and F if we require W]fc #(Ing1) = 1 in addition. Write w = wf - woe with
wr = w|A} ; and we = w|C*. Then we have
Ztow,r(s) = Z' Wi p 1wr 18)Z° (Wi jwos 1 9)
with

2OV w1 8) = / WHB(g1) L g)r(tge)) [E (g0 [ g,
Go (A¢)\G(A¢) ’

ZPW™ 5w 5 8)
N / €7, © (T ® 1 (k1(gos)) © W (B(goc) ™ goo)
Go(R\G(R)

X Woo (t(goo))[H(go0) | g
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Thus caluculation of the zeta integral Zrg., r(s) is reduced to those of
ZEOWE swr 5 s) and Z¥(W™ ;we ;5). Assume f and F are Hecke eigen
forms in the sense of [5]. Then the calculation of the zeta integral over
finite adeles Z* (Wf ;wr ; 8) is completely carried out by Murase-Sugano and
one can find the result in [5]. As for Z*° (W™ ;ws ;s), they also calculate
it under a certain assumption. In the next section we calculate the archi-
median local zeta integrals Z° (W™ ;ws ;s) in a rather general situation.

7. Calculation of Archimedian Local Zeta Integrals

The aim of this section is to calculate the local zeta integrals for real
Shintani functions introduced in 6.2. We do not impose any condition on
(g0 ® 9, Ko.00 X Koo)-module for the Shintani functions in question; but the
calculation can be done for those functions with a rather special K¢ o X Koo-
type. The final result is found in Theorem 7.2.1.

In this section, all groups that enter in the discussion are real points
of algebraic groups, so we omit the subscript co from notations for such
points; for example we write g for the general element of G(R) in place of
gso- Moreover we put Gy = Go(R), G = G(R), G1 = G(R), Ko = Ko 0,
K= Koo and K1 = Kl,oo-

7.1. A reduction

Let (mo, Hr,) be an irreducible (go, Ko)-module and (7, H;) an irre-
ducible (g, K')-module. Let (79, W) and (7, W) be irreducible unitary repre-
sentations of Ky and K respectively such that 7y occurs in 7 o (¢9|Kp). Let
(c*,c7) be the central character of 7 and (c{, ¢ ) that of 7p. By assumption
we have ¢, = c¢~. Further we assume that 79 and 7 occurs in mo| Ko and
7| K with multiplicity one. Fixing a Kyp-embedding i7° : Wy — W, we define
a linear map €7 : Wy ®cW" — C by the formula (6.1.4). In this setting we
consider the local zeta integrals, that is defined by

(7.1.1) Zm(w;w;s)—/G\GE:OO(IWO®¢1V(k1(g)))ow(ﬁ(g)‘1g)

x w(t(9))|t(g) &2 dg

for W € Shy, (7o, 7) and a quasi-character w : C* — C* such that

(7.1.2) wt) =t <+ tech,
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which means that w is of the form
(7.1.3) wy) = gb-@ et 2y bre —et=cg)2 e o

with a complex number b.
We define a, to be the element of G such that

(7.1.4) ar(&)) = ch(r)&) +sh(r)é, 1,
ar(§y1) = sh(r)&y + ch(r)€, .y,
a () =¢" 1<i<n-1

with sh(r) = 271 (r — = 1), ch(r) =271 (r +r71).
Let Z be the center of G. Note that it is isomorphic to U(1) and is contained

in K. Let dz be the Haar measure of Z with total mass one. Let dzg,\a(9)
be the G-invariant measure on ZG(\G such that

Lo (0= )azcnot@ = [ o

for any left Go-invariant, positive valued measurable function h.

LEMMA 7.1.1. There exists a positive constant Cy such that for any
left ZGy-invariant continuous function h : G — Ry the formula

(7.1.5) /Z o M) = Co /100 /K h(ark)sh(r)(ch(r))2"! dk%
holds.

PrOOF. This is a consequence of the integral formula found in [10,
page 110, Theorem 2.5]. O

LEMMA 7.1.2. Let a,, v >0 be as in (7.1.4). We have

(7.1.6) t(ar) = n(y ;2)1m1<1n ﬁ) ki [In ; (Eﬁ%fg _2?183)]




Computation of Zeta Integrals 711

with

y = —(2d)1/2th(7“)v,: + <Fl(r) — 1>a,
1/2 th(r)

2 1 L —_— a,Vv,
z = —th?(r)a + NG (1 - Ch(r)>so(a,a) + (2d) NG So(a,v;;)
— (2d)?th(r)S0(v;, , a).

Proor. A direct computation. [

PROPOSITION 7.1.1.  For any W € Shy, ,(mo, 7), we have

Z%=Wws) = Co /100 €] (W(ar))w(ch(r))*lsh(r)(ch(r))*25+”*1@_

TO r

Proor. For notational simplicity, we put
p(k1) = Tw, @ 7' (k1), k1 € K.

For any z € Z and any g € G, we have

B(zg) = B(g), t(zg) =t(g), ki(zg)=ki(9)z

because z belongs to K and «(K) C K;. We then have

[ ol (o) Wisle) glet)ltto) ™ dzdg

Go\G

=/ p(k1(29))W(B(29) " 2g)w(t(29))|t(29) | ddg
ZGo\G

:/ / p(k1(9))W(B(9) L g2)woo (t(9) It (9) [E7 dzdg
ZGo\G JZ

= / p(k1(g)) / P(2IW(B(9) ™ g2)dzwao (t(9)) t(9) 57 dg
ZGo\G z

— / p(k1 (9))W(B(9) ) (t(9))lt(g) |52 dg
ZGo\G
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Note that the last equality is a consequence of the equation

W(B(g) 'gz) = p(z) " W(B(g)'g), z€Z

Next we apply the integration formula (7.1.5). By Lemma 7.1.2, we may
assume

1
ch(r

1 __sh(r)
k1(ark) = kg [In ; (Sﬁg:; C?(T)>]k‘

ch(r) ch(r)

Blark) =1, tlak)=

—~
~—

for k € K and r > 0. Thus we have

Z7W 5w ;s)
6 [ fom{olfoos (B 3]
1|52 dr
w(ch(r))™? 0 sh(r)(ch(r))?"1 dk

oo 1 _Sh(T)
=Gy / o { / Iwe © 7' (k1 {In ; (SEE£§ C?“”)]k)”(k)‘ldk}
1 K ch(r) ch(r)
1 s+n/2
ch(r)|c

x W(a,)w(ch(r)) ™!

The last equality follows from
Wlak) = (Iw, @ 7V (k) "YW(a,), k€ K.

To conclude the proof, we have only to give the following remark. By Lemma
4.1.1, we have

1 __sh(r) 1 __sh(r) —Co
dCles (2%15:3 Ci“”)} k) = (0 dt (sﬁ%:i% C?“’) = (k)
ch(r)  ch(r) ch(r)  <ch(r)

for any k € K. Hence, we have

1 —
"
h(r
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7.2. The main theorem
In this subsection and the next, we freely use the results in [7]. For
unexpected notations, see also [7].

In the sequel we identify Gy and G with U(n—1,1) and U(n, 1) respectively
by the isomorphisms (3.5.2) and (3.5.3).(Note that U(n, 1) is written by G,,
in [7].) Then Ky and K correspond to K,_; and K, in the notation of [7]
respectively.

Let mp be an irreducible (go, Kp)-module with central character zp, 7 an
irreducible (g, K)-module with central character 2. Let 79 = 7;
T= TS{(” with i € £ (m) and X € L (r) ([7, Definition 3.2.1]) satisfying
the following.

n—1

and

(i) Let (1, h,v) with 1= (Ij)1<;j<n € A}l (7) be the triple for 7 defined in
[7,8.2]. Then A =[l;z— |1]].
(ii) Let mi (m) with i € {1,...,n — 1} be the integers (or +00) such that
Ay_1(m0) = {P = (pj)1<j<n—1 € Ay mj (m0) < pj < mj (m0),
1<j<n—1})

(see [7, 8.1]). Then i = [m ;29 — |m|] with m = (m;)1<j<n—1 such
that

(a) mj—1=m;_4(mo) = 1; for j € {2,..., h} with 177 € A
(b) mj =m}(mo) <lj for j € {h+1,...,n—1} with I/ € Af;
(c¢) If 0 < h < n, then
sup (41, my, (1)) < myy < inf (I, my; (1));
(ii) z — 20 = |1 — |m)].

It turns out that m satisfying the conditions above is unique if exists. We
assume the existance of such an m. Then 7y occurs in 7|Kj.

THEOREM 7.2.1. Letw be a quasi-character of C* satisfying the condi-
tion (7.1.2) with ¢ = 1], ¢ = |m| and ¢g = 2 — 1] = 20— |m|. Let b be the
complex number such that w(y) =y for y > 0. For s € C with 2Re(s) >
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sup(—7,7) + Om — b, the integral Z*(W ;w ;s) with W € Shy, (mo, )
converges absolutely and given by

(7.2.1) ZWsw ;s)

2

b—0m +7v b—0m — v
T — T _—
(s+ 5 > <s+ 2 )

b—0m — 1 b—0m 1
F(S—{— Vo + >F<S+ ;—I/0+ )

with Cy the constant which enters in the integration formula (7.1.5), U, vy
and Oy, the complex numbers respectively defined by

(72.2) =
2

n—1 n—1
+2(_2mg_z<n_2¢>mﬁu3ﬂ

i=1 i=1

+(n—2n ) um + -2 > zk+9m>,

ht<k<n
(723) bu= Y b Y ke Y mit Y me
ht<k<n—1 1<k<h™ ht <i<n—1 1<i<h™
and
(7.2.4) YoW) = W(Tnt1), wy) @i (w,)),

where wy, is a highest weight vector for 1o and w¥0 that for 7y such that
<w7'0aw7\-/0> =L

The rest of this subsection is devoted to giving a proof of this theorem.
Let {.7°] p € A}_,(m)} be the standard system for my ([7, 4.1]). For
P = (pj)i<j<n-1 € A |, let p = (Pj)1<j<n—1 be the dominant weight
defined by p; = —p,—;. Then it is the highest weight of W(p)V. Since
Af (7)) = {Plp € A _,(m0)}, we can put the standard system of my as

Vv Vv
{t | p € A (m0)} with of% : W(p)Y — HY; we assume that it is taken

™o
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so that
(tp” (wo), ng(wm = (wo,wy ), (wo,wy) € W(p) x W(p)’

holds. Let {¢3| q € A} ()} be the standard system for 7.

Let ® € Z™°Y(m|nr). As in the proof of Theorem 5.1.1, we extend the
representation 7g° to n°° of H = ZGy and let ® : 7° — C=Ind%(n™)
be the G-intertwining operator that corresponds to ® by the isomorphism
in [7, Proposition 2.4.1]. Let ® be the function defined by [7, (6.3.1)]
and {fi(n ;7)] n € A ,(n|\)} the corresponding standard coefficients ([7,
Definition 7.1.1 (2)]).

LEMMA 7.2.1. For ® € I%m°d(m|7), let us define a function ®p,) : G —
W(m) @ W(1)¥ by the formula

(@mag), w © w) = @iy (w)) © T (W))(g), wi € W(m)", we W,
Then Shy, (70, ™) = {®mi| ® € I™°Y(mo|7)}. We have the formula
v — . o 1 7o [,V
(Pm(ar), wg @ w) = film ;7) - (153 © P (W), by (wg ),
wy € W(m)Y, we W()
forr > 0.

PROOF. The first part is obvious. The second part follows from the
definition of the standard coefficients ([7, (7.1.2)]). (For the definition of
pl, see [7, Lemma 3.1.1].) O

LEMMA 7.2.2. Let €] : W(m) ® W(1)¥ — C be the map defined in
Proposition 6.1.1 determined by the Ko-inclusion i° : W(m) — W(l) such
that pL, o7 = lw(m)- We then have

(7.2.5) €7 (Prm(ar)) = deg(7o) fi(m ;7)
for r > 0. Here deg(my) = dimc W (m).

PrOOF. Let {wo;}icr, be a basis of W(m) and {w(\)/,i}iEIO its dual bases
of W(m)Y. Let {w;}jer with Iy C I be a basis of W(lp) such that w; =
i (wo,) for i € I, and {w} }jer its dual basis.
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We have
mla’/‘ ZZ mlar w01®w]>woz®w
i€lg jel
Since €7 (wo; ® wv) = 0i5, 1 € Ip,j € I by definition, we have

€y Pmi(ar) = ZZ m,1(ar) w02®wj> To(w(”@w)
i€ly jel

= Z<(I>m,l(a7“)7 w(\)/7i ® wi>

i€lp

= film ) S (E 0 phy(wi), o ()
i€l
= film 57) Y (R (wo,), e (w,)

i€lp
= deg(19) fi(m ;7).
The third equality follows from Lemma 6.2.1, and the last equality is a

consequence of the equation

o . 71'(\)/ Vv _ . Vv _ - I I:l
(e (Wo,i)s gy (wg ;) = (wo i, wg,;) =1, i € Iy.

From the assumptions (i), (i) and (iii), m € O™ AT | (n|r). Hence by
[7, Theorem 8.2.1], there exists a constant vy such that

(7.3.6) fitm ;1) = yo(ch(r)*™ o [ (X, X7 ;1 ;th?(r)), r>0.
Here we put

tvo — pm + lp+ —v+1
2 M
Om = fb;n — lp+ — N+ v+ 0y

X* =

(Note Bm = ||I| = |m| — z + 29| = 0 by the condition (iii).)
Putting » = 1 in the equation (7.3.6), we obtain 79 = fi(m ;1). From
Proposition 7.1.1 and Lemma 7.1.1, we have

Z%(Pm,1 ;w3 8)

= Coo deg(To)/ QFI(X+,X_ i1 ;th2(7‘))(ch(r))_Qs"'”_Ham_b%.
1
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Now, making change of variables from r to 2 = th?(r), we have

ch(r)= (1 —2)""2, sh(r) =221 —2)71/2,
dr = 1:1:71/2(1 — )" e,
r 2
hence
1
7%y 3w 35) = Co%g(m)/ 2P (X, X751 52)(1— 2)7 e
0

with
n+am—>b
c=8§— —————
2
We need a lemma.

LEMMA 7.2.3. Foro, a, b € C such that Re(c) > sup(0, Re(a+b)—1),
the formula
Fo)f1+0—-a—0)
I'Nl4+o0—a)'(14+0—-0)

1
/ (1—2)° Y% (a,b ;1 ;2)de =
0
holds.
PROOF. See [11, page 399, formula (4)]. O

Applying the lemma above, we have the conclusion in Theorem 7.2.1.

7.3. A special case
Recall the setting of [7, 9.3]. Let my be a discrete series representation of
Go = U(n — 1,1) with Harish-Chandra parameter p = [(14i)1<i<n—1 ; fn) €

—n—1
—(h)
Chandra parameter A = [(A\j)i<j<n ;Ant+1] € Elyy such that 1 < k =
h +1 < n. Then the conditions (i), (ii) and (iii) in 7.2 is equivalent to the

following.

and 7 a discrete series representation of G = U(n, 1) with Harish-

(i) [({;)1<j<n ;lo] is the Blattner parameter of ;
(i) [(mi)1<i<n—1 ;mo] is the Blattner parameter of my and
AL > A > > A > Uy > Aprl > At
> fp > a1 > Apg2 >0 > o1 > A
holds;
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(iii) l() = my.

The numerical data (7, vy, 0m) which involves in the formula (7.2.1) is

given as

ﬁ:mh+1—l0+n—2(h+1),
vg =mpy1 —lo+n—1—2h,

Om= > Li— > L+ > mj— >  m

h+1<i<n 1<i<h+1 1<j<h+1 h+1<j<n—1

REMARK 7.3.1. The condition (i), (ii) and (ili) above implies

dimc Z™°Y(mo|m) = 1 ([8]).
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