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Umbzilical Points of the Graphs of Homogeneous
Polynomials of Degree 3

By Naoya ANDO

Abstract. Let P3 be the set of the homogeneous polynomials
of degree 3 such that on their graphs, the origin o := (0,0,0) of R3
is isolated as an umbilical point, and PS’I/Q, 5”71/2 the sets of the
elements of P3 such that on their graphs, the index of o is equal to
1/2,—1/2, respectively. In this paper, it is seen that P2 is divided into
PE’W and P3’71/2 by the cone obtained from a rectangular torus in
the vector space of the homogeneous polynomials of degree 3.

1. Introduction

Let P2 be the set of the homogeneous polynomials in two real variables
x,y of degree 3. The set P? may be considered as a 4-dimensional vector
space. For two elements f,g € P3, set

1 2r
(9=~ [ F0)30)0.
where
(1.1) f(0) := f(cosb,sin), g(0) := g(cos,sin0).

It is seen that ( , ) is an inner product on P3. Let H', H? be the sets of the
spherical harmonic functions in two real variables of degree 1, 3, respectively.
Then H? and the set

(2?2 + 2 H' := {(2®> +y*)h1 ; hy € H'}

may be considered as two-dimensional subspaces of P3. For n = 1,3, let
hne, hns be the homogeneous polynomials of degree 3 defined by

hne(z,y) == (2% 4 1) T Re(z"), sz y) = (2% +¢%) "= Im(2"),
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where z = x + v/—1y. Then for n = 1,3, it is seen that {hne, hns} is
an orthonormal base of (2% + yQ)S_TnH " with the inner product ( , ), and
for hy € (22 + y?)H! and for hy € H3, (hi,h3) = 0 holds. Therefore
{h3e¢, h3s, hic, h1s} is an orthonormal base of P3. Set

S := { X1hse + Xohss + Xshie + Xahis
P X+ X5+ X5+ X, =1}

Let P2 be the set of the homogeneous polynomials of degree 3 such that
on their graphs, the origin o := (0,0,0) of R? is isolated as an umbilical
point, and Pg’ 1/ 2, Pg 12 the sets of the elements of P3 such that on their
graphs, the index of o(see [3, pp. 137]) is equal to 1/2, —1/2, respectively.
Then the following hold([1]):

P2 pEml2 g pi=pR2upiTl,
In this paper, the following theorem is proved.
THEOREM 1.1. The following hold:
(1) P2 nS3 = (o, X2 =1, 0 X? + X3 < 1/10};

3,—1/2
(2) PPN = (T X2 =1, 1/10S X} + X3 <13\ €y 53/ vio:
where

1 1
Cl/\/ﬁ,s/\/ﬁ = {Xl = \/—1_0(:053/), Xo = \/—1_Osm3p,
3 3
X3:\/—1_Ocosp, X4:ﬁsinp, p€[0,27r)}.

Roughly speaking, the set P23 is divided into P3’1/2 and P}‘I/Q by the

o
cone obtained from the rectangular torus

{X? 4+ X2 =1/10, X3 + X7 =9/10}
in S3.
REMARK 1.2. The set P3\ P3 is represented as

o

PP\ P} ={c{(cosp)z + (sinp)y}’ ; c€ R, pe[0,7)}
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(see [1]). The following holds:

cos 3p sin 3p
hizs(,
1 B (z,y)

3 cos 3sin
+ 4 phlc(x’y) + A phls

{(cos p)x + (sin p)y}® = hse(z,y) +

(z,9).

Therefore it is seen that S*N(P3\ P?) is the simply closed curve C| VT0,3/Y/T0
in (2) of Theorem 1.1. Then it follows that one of (1) and (2) in Theorem 1.1
implies the other.

This paper is organized as follows. Although Theorem 1.1 has already
been stated, our main theorem in this paper is stated in Section 2.. The-
orem 1.1 is a corollary of our main theorem, Theorem 2.1. After notation
and terms are prepared in Section 3., Theorem 2.1 is proved in Section 4..

The author is grateful to Professor T.Ochiai for helpful advices and for
constant encouragement.

2. Main Theorem

Let P¥ be the set of the homogeneous polynomials of degree k > 3 such
that on their graphs, the origin o of R3 is isolated as an umbilical point, and
f an element of P* and [ the function on R obtained from f asin (1.1). A

d
real number at which —‘J; = 0 is called a root of f and the set of the roots

of f is represented by Ry. For each root 6y € Ry, the straight line
L(6) := { (z,y) € R*; 2sinfy —ycosby =0}

on R? through o is called a root line of f. The natural coordinates (x,y) on
the zy-plane may be considered as coordinates on the graph Gy of f. Then
a root line is considered not only as a subset of R? but also as a subset of
d
d—g % 0, then
ﬁ}?f <k holds. Let Umb(Gy) be the set of the umbilical points of Gy, and
for each L € Ry, let Umb(Gy; L) be the set of the umbilical points of G on
L\ {o}. Then the following hold([2]):

Gy. The set of the root lines of f is represented by Rf. If

(1) Umb(Gy) = {o} U |—|Lef%f Umb(Gy; L);
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(2) $Umb(Gy; L) =0 or 2.

Therefore if % # 0, then §Umb(Gy) € {2i + 1}¥_, holds. Particularly, if
k =3, then § Umb(Gy) =1, 3,5 or 7 holds.

Let S? be as in Section 1.. Then S? may be considered as a Riemannian
manifold isometric to a unit 3-sphere {z% + 2% + 22 + 22 = 1} in R*. Let
S31, 533 be the subsets of S? defined by

s§31.=383n (:U2 + yz)Hl, §33.=83n H3.

It is seen that S3! and S32 are great circles of S* with S>'n S§33 = (). For
a pair (h1,h3) € S3'x $33, there exists the only minimal geodesic segment
Vhihs D S3 the ends of which are hy and hs. Each element of Yhihs 1S
represented as

(2.1) fohihs = (cos@)hy + (sin @)hs, @ € [0,7/2].

Then it is seen that for any element f € S3, there exists a triplet (i, k1, h3) €
[0,7/2]x S>3 xS33 satisfying f = fy p1 .-

The purpose of this paper is to describe the relation among the two
numbers ﬂRf«p,hl,hg and § Umb (Gy, , ,.), and the index ind, (Gy, , ,.) of 0
for a triplet (i, h1,h3) € [0,7/2]xS31xS33 satisfying fohihs € P3. Our
main theorem in this paper is the following.

THEOREM 2.1.  For a pair (hy, h3) €S¥'xS33, a case of just one of the
following types happens:

Type 1(General Type).
There exists the number ¢1 € (0,arctan 1/3) satisfying

(ﬁ‘éﬁp,hl,h,g’ , $Umb (Gf¢,h1,h3 ), ind, (Gﬁp,hl,hB )

1, 3, 1/2) for v € [0,¢1),
, 9, 1/2) fO?"gDZQOl,
7

1

\V]

3,7, 1/2) for ¢ € (p1,arctan1/3),

(
{
(3,1, =1/2)  for ¢ € [arctan1/3,7/2].

Type 2( Exceptional Type).
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There exists the number o € (0,arctan 1/3) satisfying

(ﬁRfap,hl,h:; ’ ﬁ Umb (Gf(,a,hl,hg)7 lndo (Gfga,hl,hg ))

(L 37 1/2) fOT Y e [07 802]7
=<(3,7,1/2) for ¢ € (p2,arctan1/3),
(3,1, =1/2)  for ¢ € [arctan1/3,7/2].

Type 3(Singular Type).
An element farctan1/3,h,hs does not belong to P3, and the following holds:

(ﬁngp,hl,h37 § Umb (chp,hl,h3)7 ind, (Gfap,hl,hg))
) (1,3,1/2) for ¢ € [0,arctan 1/3),
13,1, =1/2)  for ¢ € (arctan1/3,7/2].

REMARK 2.2. Theorem 2.1 says

1, if fepil?

Umb(G/) =
# Umb(Gy) {3,5or7, it fepd2,

and that the number § Umb(Gy) for f € P§’1/2 may actually be equal to
each of the integers 3,5, 7. Moreover Theorem 2.1 says that for any L € Ry,
the following holds:

0, if fep>?

Umb(Gf; L) =
# Umb(Gy; L) {2, if fepi/?

3. Preliminaries

Let f be an element of P* and r a positive constant such that on 0 <
22 4+ y? <72, there exists no umbilical point of G , and ro the supremum of
such numbers as r. For any 6y € Ry, there exists the continuous function
®r.60,00 o0 R such that

(1) ¢7‘,90,90(90) — 00)

0 ) 0
(2) for any 6 €R, cos ¢, g, .6, (6’)% + sin ¢ g, 6, (G)a—y

is in the principal

directions at (rcos@,rsin6)
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(see [1]). It is said that the sign of a root Oy is positive(resp. negative) if
there exists a positive number € > 0 such that for any r € (0,79) and for
any 0 € (0o —e,00 +¢) \ {60},

{0 — h1.60,0,(0)}(0 — ) > O(resp. < 0)

holds. A root 6y is said to be related(resp. non-related) if the sign of 6y is
either positive or negative(resp. neither positive nor negative). If y € Ry is
related, then the sign of 6 is denoted by sign(fy).

Suppose fl‘g # 0. Then for a root 0y € Ry, there exists a positive
m+1 £

integer m satisfying gl (0p) # 0. The minimum of such integers as

m is called the multiplicity of 6y and denoted by u(6p). A root 6y € Ry

is related(resp. non-related) if and only if 1(6y) is an odd(resp.even) in-

teger(see [1]). For a related root 6y, it is said that the c-sign of 6y is

1(00)+1 f

dfr(0o)+
of g is denoted by ¢ — sign(fp). The followmg hold.

positive(resp. negative) if f(6y) 7 (00) = O(resp. > 0), and the c-sign

ProposiTION 3.1 ([1], [2]). If a related root Oy satisfies ¢ — sign(fp) =
+, then sign(fp) = + holds.

PROPOSITION 3.2 ([2]). For a related root 0y with c — sign(6y) = —,
sign(fp) = +(resp. = —) is equivalent to § Umb(Gy; L(6p)) = O(resp. = 2).

Let N4 (resp. N_) be the number of the root lines determined by the
roots with positive(resp. negative) sign. Then ind,(Gy) is represented as
Ny — N_
ind,(Gy) =1 — %,

and moreover the following holds([1]):
Ny — N_ e {k —2i}}M3,
Particularly, if & = 3, then we obtain ind,(Gy) € {1/2,—1/2}.
We want to construct a map D.Qy from Ry to R :=RU{oco}. Let 6y be
a root at which f(6p) # 0. Then we set
>f -
D.Q4(00) i= 7 60) / F(80).
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- d?
Let 0y be aroot at which f(fy) = 0. Then from f € P¥, we obtain d—ajzc(Go) #

0. Therefore we set D.Qs(fy) := oo. The value D.Qy(6p) is called the
determinant quotient at 6.

PROPOSITION 3.3 ([2]). For 6y € Ry, Umb(Gy; L(6p)) # 0 is equiva-
lent to

(3.1) D.Qy(0o) € (—k, k(k —2)).
In addition, if (3.1) holds, then § Umb(Gy; L(6y)) = 2 holds.

Particularly, if k = 3, then we see that Umb(Gy; L(6p)) # 0 is equivalent
to D.Qf(@o) € (—3,3).

For (hi,h3) €S%!xS33) there exists a pair of numbers (a,3) €
[0,27/3) x [0,27) satisfying

hs = (sin3a)hs. + (cos 3a)hss, hi = (sin B)hic + (cos B)hys.

Noticing Bnc(e) = cosndb, ﬁns(ﬁ) = sinnf for n = 1, 3, we represent f%hhh?,
as

foohi ks (8) = singsin3(6 + ) + cos psin(f + G).
Choosing suitable orthogonal coordinates on R?, we may represent f%hth
as
(3.2) fooh by (0) = sin@sin 3(0 4 o) + cos ¢ sin 6§,
where o € [0,7/3]. From now on, by f, . we denote f, 4, ;. In addition,

by D.Qg,a(resp. Ry a; Gy o) We denote D.Qy,  (vesp. Ry, ., Gy, ). The fol-
lowing hold:

(3.3) %(9) = 3sinpcos 3(0 + «) + cos ¢ cos b,
A o o .
(3.4) d92’ (#) = —9sinpsin3(0 + a) — cos psinb.

For a €R, b €R\{0} and for co € R, we promise that the following hold:

a—+ 00 =00+ a= 00,

a/oo =0, oo/a=bxoo=>5b/0=cc.
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Of course we respect addition and multiplication in R. Then by (3.2) and
by (3.4), we may represent D.Q o(fo) at Oy € Ry o as

8

(3.5) D.Qga(00) = —1— sin 0y

1 to————
o S051103((90—1—04)

For z1,z2 € R with 21 # 2, we define the generalized closed interval
[x1, x2] as follows:

(1) If 1,22 €R with z1 < x2, then [z1, x| represents the usual closed
interval determined by x1, z2;

(2) If 21,22 €R with 21 > x9, then [z, x9] represents the set f{\ (z2,21),
where (z9,21) is the usual open interval determined by 9, z1;

(3) Ifx; eR and if x9 = oo, then [z1, x2] represents the set {x = 21 }U{oo};
(4) If 1 = oo and if 29 €R, then [z, zo] represents the set {x < x9}U{o0}.

We similarly define the generalized open interval (x1,x2) and the generalized
semi-closed intervals [x1,x2), (r1,22] for z1,29 € R with 21 # zo. We
introduce into each generalized interval I the total order < as follows:

Total Order <.
If oo ¢ I, then the total order < corresponds with the usual total order
< in R. Suppose oo € I. Then for any ¢ €R \ I,

(1) if IN{x > ¢} # 0, then for y1,y2 € I with ¢ < y; < y9, the following
holds:

Y1 = Y2 X 00;

(2) if IN{x < c} # 0, then for y3,ys € I with y3 Sys < ¢, the following
holds:

00 X Y3 = Y4.

Let ® be a map between two generalized intervals. Then & is said to be
increasing(resp. decreasing) if ® preserves(resp. reverses) the order relation.
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4. Proof of Theorem 2.1

Type A. a = 0.
We obtain f,o € P2 for any ¢ € [0,7/2]. We see that

(1) if p € [0,arctan 1/9], then R, = {L(7/2)} holds;

(2) if p € (arctan1/9,7/2], then the following holds:

Ry = {L(1/2), L6 (), L(— 65 ()},

where 9[()2) is the decreasing map from (arctan 1/9, /2] onto [7/6,7/2)

satisfying %)(982)(90)) =0 for any ¢ € (arctan1/9,7/2].

By (3.5), we obtain

8

D. 2)=—1— ———.
Q(p,O(ﬂ—/ ) 1 _ COt ()0

Then we see that the map ¢ — D.Qg o(7/2) is increasing from [0, 7/2] onto
the generalized interval [—1, —9] and we obtain

D'Qarctan 1/3,0(7T/2) =3.

Therefore by Proposition 3.3, we obtain

' ]2 for ¢ € [0,arctan1/3),
4Umb(Gy05 L(/2)) = {0 for ¢ € [arctan1/3,7/2].

By Proposition 3.1 and by Proposition 3.2, we obtain

for ¢ € [0, arctan 1/9] U [arctan 1/3, 7/2],
for ¢ € (arctan1/9,arctan 1/3).

sign(r/2) = {+

The determinant quotients at 1962)(90) for ¢ € (arctanl1/9,7/2] are
represented as

8

4.1 D. +0 ) =-1-— "
(4.1) Qpo( £y () a0
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where

(4.2) d? (o) = .
: 4 cos? 9(()2)(@) -1

cot

From %(99(@)) = 0 and from (4.2), we obtain

1

3(4 cos? 6’(()2)(90) —3)
1

AP () (4cos? 057 (p) — 1)

(4.3) tanyp = —

(4.4) -

Therefore we obtain

4 cos? 9(()2) (p) —3

(4.5) d? () = -3 .
‘ 4 cos? 962)(@) -1

Then it is seen that d(()z) is decreasing from (arctan 1/9, /2] onto the gen-
eralized interval [0,—9). Therefore we see from (4.1) that the map ¢ —

D.Q%O(H((JQ)(QO)) is decreasing from (arctanl1/9,7/2] onto [-9,0). From
(4.1), (4.3) and from (4.5), we obtain

D Qurctan 1/3,0( & 0 (arctan 1/3)) = —3.
Therefore we obtain

2 for ¢ € (arctan1/9,arctan 1/3),

§ Umb (Gy0: L( £ 67 (¢))) = {0 for ¢ € [arctan1/3,7/2).

Since D.Qyo( £ (962)(@)) < 0, we obtain

: 2 . 2
sign (657 (12)) = sign (= 65" () = +
We see that the type a = 0 corresponds to Type 2 in Theorem 2.1 and
that ¢9 in Type 2 is equal to arctan 1/9.
Type B. a = /3.
. . 2 3 N
It is seen that farctan1/3,7/3(2,y) is equal to g\/ 10y°, which is not an

element of P3. If ¢ € [0,7/2] \ {arctan1/3}, then f, /5 € P, holds. We
see that
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(1) if ¢ € [0,arctan 1/3), then qu/g = {L(w/2)} holds;

2) if ¢ € (arctan1/3,7/2], then the following holds:
¥

Ryps = {L(1/2), LOD,(9)), L(— 0050},

where 97(T2/)3 is the increasing map from (arctan1/3,7/2] onto (0,7 /6]

dfpr
satisfying M (9(2)

do w/3

The determinant quotient at /2 is represented as

(p)) =0 for any ¢ € (arctan1/3,7/2].

8

D.Qw77r/3(7r/2) =-1- m

Then we see that the map ¢ +—D.Q r/3(m/2) is decreasing from [0, 7/2]
onto [—9,—1] and we obtain

D'Qarctan 1/3,71'/3(71-/2) = -3
Therefore we obtain

‘ ]2 for ¢ € (0,arctan1/3),
BUMb(Gy 35 L(/2)) = {0 for ¢ € [arctan1/3,7/2].

Since D.Qg /3(m/2) < 0, we obtain sign(7/2) = +.
2)

W/3(<p) for ¢ € (arctan1/3,7/2] are

The determinant quotients at 460
represented as

8
D.Qyrs( £ 0% (0) = —1 - ——
: / 1-d%,(p)
where ¢
CO
A (p) = z

" 4cos? 97(?/)3(@) -1
As in Type A, we obtain
2)
e _ 34COS2 Qﬂ/g(go) -3
7/3(%) 5 (2 :
4 cos HW/?)(cp) -1




82 Naoya ANDO

Therefore we see that the map ¢ — D.Q » /3(97(3/)3(@)) is increasing from
(arctan 1/3, /2] onto (oo, —9], and this implies

sign (£ 00)(9) =+, Umb (Gy /s L( £ 00)(9))) = 0.

We see that the type a = m/3 corresponds to Type 3 in Theorem 2.1.

Type C. a € (0,7/3).
We see that f,o € P2 holds for any ¢ € [0,7/2] and for any o €
(0,7/3), and that for any o € (0,7/3), there exists the increasing map

6% from [0,7/2] onto [r/2,57/6 — ] satisfying Z“O’ (0D () = 0 for any
¢ € [0,7/2]. In addition, we see that for any « € (0,7/3), there exist the
number ¢(«) € (0,7/2) and the number () € (/3 —a, /2 —«) satisfying
(1) By = {L(05(9))} for ¢ € [0.9(e));
(2) Ryaya = (L0 (9(a)), L(O(e))};

(3) R%a = {L(H((f)(go))}le for ¢ € (p(a),n/2], where oL, )(resp.ef(f’)) is
the increasing(resp. decreasing) map from [¢(«), 7 /2] onto [0(«), 7/2—

fp

70 (9(1)(@) = 0 for any ¢ €

«

al(resp. [1/6 — «,0(«)]) satisfying
[p(a), /2] and for i = 2, 3.

PROPOSITION 4.1. A 100t O(a) of fu(a),a s non-related.
For o € (0,7/3) and for ¢ € [0,7/2], we set

AP () = D.Q 0 (05 ())-

Firstly, we want to study the determinant quotient at 9&1)@0).

LEMMA 4.2. The following hold:
(1) For a € (0,7/6),

(a) for any ¢ € [0, 0) 1 (27/3 — )], AP (p) € [~1,0) holds,
(b) A s decreasing from [(0&1))71(27/3 —a), /2] onto [-9, —1];
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(2) Fora € [r/6,7/3), AW s decreasing from [0,7/2] onto [—9, —1].
ProOOF. For a € (0,7/3) and for ¢ € [0,7/2], we set

sin 9&1)@0)
sin3(05” () + a)

dM () := cot

«

The following holds:
8

AD() =1 8
1+ d% (p)

If « € [7/6,7/3), then dy is decreasing from [0,7/2] onto the gener-
alized interval [0,o0], and therefore AY s decreasing from [0,7/2] onto
fpa

oo 00()) # 0, we ob>
tain d5’ () € [00, —9) and A (@) € [~1,0) for ¢ € [0, (0) 1 (2r/3 — ).
It is easily seen that s is decreasing from [(9,(11))_1(277/ 3 — a),m/2] onto
[0, 00]. Hence we have proved Lemma 4.2. OJ

[—9, —1]. Suppose a € (0,7/6). Then noticing

From Lemma 4.2, we obtain

PROPOSITION 4.3. For a € (0,7/3) and for ¢ € [0,7/2],
sign (6’(()(1)(@)) =+ holds.

We shall prove

LEMMA 4.4. For any a € (0,7/3), the following hold:
(1) ¢(a) < arctan1/3; (2) A&l)(go(a)) € (—3,0).

PrOOF. For a € (0,7/3) and for ¢ € [arctan1/3,7/2], tRy0 = 3
holds. Therefore we obtain ¢(a) < arctan1/3. The following hold:

11— o260 (p(a))

V11— 02360 (p(0)) + )

V1 - 9tan? p(a) cos2 3(0 (p(a)) + a)
1023009 (o) + o)

sin 05 ((a))
sin3(05 (¢()) + )

> 1.
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Therefore we obtain \d((ll)(cp(oz))| > 3. Then by Lemma 4.2, we obtain
A&l)(go(a)) € (—3,0). Hence we have proved Lemma 4.4. [J

From Lemma 4.2 and from Lemma 4.4, we obtain

PROPOSITION 4.5. For ¢ € [0,¢(a)), $ Umb (Gg o; L (9&”(@)) =2
holds.

For a € (0,7/3), ¢ € [¢p(a),7/2] and for i = 2,3, we set
AD(p) = D.Qu o (6 (9)).
We need to study the determinant quotient at a root 98)(@(1 =2,3).

LEMMA 4.6. The following hold:

(1) The map A s increasing from [p(a), /2] onto the generalized in-
terval [0, —9];

(2) For a € (0,7/6], AY s decreasing from [p(a), 7/2] onto [—9,0];
(3) For a € (w/6,m/3),

(a) AY s decreasing from [p(a), (9&3))_1(0)] onto [—9,0],

(b) AV () € (3,-9] holds for ¢ € ((65)'(0),7/2].
ProoF. For a € (0,7/3), ¢ € [¢(a), n/2] and for i = 2,3, we set

sin Gg)(go)
sin 3(9((;)(90) + )

Then by f% 209 () = 0, we obtain

tan 98)(@

d% - . :
tan 3(9((;)(4,0) + )
We set tan 6
8a() = ———o

tan3(0 + )
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We see that 6, is increasing from [7/3 — a, 7/2 — a onto [00,0]. Noticing

g)(go(a)) = —9 for i = 2,3, we see that d? is 1ncreasmg from [p(a), /2]
onto [—9,0] and that d¥ is decreasing from [p(«), ( ) Y(x/3 — )] onto
[00, —9]. Therefore AY s increasing from [p(a), 7/2 ] onto the generalized
interval [0,—9] and AY) s decreasing from [p(«a ),( ) Y(x/3 — a)] onto
[—1,0]. We have already proved (1) in Lemma 4.6.

If € (0,7/6], then 4, is increasing from [7/6 — a, m/3 — a] onto [0, oc].
Therefore d) is decreasing from [(0&3))_1(77/3 — a),m/2] onto [0,00] and
AP s decreasing from [(9&3))_1(7#3 — a),m/2] onto [—9,—1]. We have
already proved (2) in Lemma 4.6.

If « € (7/6,7/3), then 6, is mcreasmg from [0,7/3 — a] onto [0, c0].
Therefore dY is decreasing from [(9(3 ) /3 —a), (0&3))_1(0)] onto [0, o0
and A is decreasing from [(9&3)) (/3 — a), (9&3))_1(0)] onto [—9,—1].
There exists the negative number c,(lg) < 0 such that 6, is a map from
[7/6 — a, 0] onto [CS’), 0]. Suppose ) < 3. Then there exists a number
0y € (/6 — «,0) satisfying

(4.6) tan 6y = 3tan 3(0y + «).

If we set
F1(0) := tané, F5(0) := 3tan3(6 + «),

then we obtain

(4.7) F1(0) =0, F>(0) = 3tan 3a,

1 9
4. Fl) = —>  Fjf)= ——
(4.8) 1(0) cos2 6’ 2( cos? 3(0 + «)

From (4.8), we obtain

(4.9) F{(0) < F5(9)

for 0 € (/6 — «,0]. From (4.7) and from (4.9), we obtain Fy(0) > F5(0) for
any 6 € (m/6—«, 0], which contradicts (4.6). Therefore we obtain D> 3,
d&?’)((p) € (—3,0] and Ag)(cp) € (3,-9] for p € [(0&3)) (0),7/2]. Hence we
have proved (3) in Lemma 4.6. [J

Lemma 4.4 says ¢(a) < arctan1/3 for a € (0,7/3). We shall compute
the value Ag)(arctan 1/3) for a € (0,7/3). By (3.3), we obtain

cos 3(A) (arctan 1/3) + o) = — cos 0 (arctan 1/3).
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Therefore we obtain

sin 6% (arctan 1/3)
sin 3(0&0 (arctan1/3) + «)

=1.

By (3.5), we obtain |A,(f) (arctan 1/3)| = 3. Therefore by Lemma 4.2 and by
Lemma 4.6, we obtain

LEMMA 4.7. For any a € (0,7/3), the following hold:
(1) A&l)(arctan 1/3) = AP (arctan1/3) = —3;

(2) AP (arctan1/3) = 3.
From Lemma 4.2, Lemma 4.6 and from Lemma 4.7, we obtain

PROPOSITION 4.8. Let p(a) be as above.

(1) For ¢ € [p(a),arctan1/3) and for L € Ryq, §UmMb(Gya; L) = 2
holds;

(2) For ¢ € [arctan1/3,7/2], Umb(Gy ) = {0} holds.
From Lemma 4.6, Lemma 4.7 and from Proposition 4.8, we obtain

PROPOSITION 4.9.  For any a € (0,7/3), the following holds:

(+,4) for ¢ € [arctan1/3,7/2],

(sign (65 (), sign (85 (¢))) = { (—,+) for ¢ € (p(a),arctan1/3).

From Proposition 4.1, Proposition 4.3, Proposition 4.5, Proposition 4.8
and from Proposition 4.9, we see that the type o € (0,7/3) corresponds to
Type 1 in Theorem 2.1 and that ¢; in Type 1 is equal to p(«).

Hence we have proved Theorem 2.1.

References

[1] Ando, N., An isolated umbilical point of the graph of a homogeneous poly-
nomial, Geom. Dedicata 82 (2000), 115-137.



Umbilical Points 87

Ando, N., The behavior of the principal distributions around an isolated
umbilical point, to appear in J. Math. Soc. Japan.

Hopf, H., Lectures on differential geometry in the large, Notes by J. M.
Gray, Stanford Univ., 1954. Reprinted in Lecture Notes in Math., vol. 1000,
Springer-Verlag.

(Received April 10, 2000)

Graduate School of Mathematical Sciences
University of Tokyo

3-8-1 Komaba, Meguro-ku

Tokyo 153-8914, Japan

E-mail: andou@ms.u-tokyo.ac.jp



