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Confluence Procedures in the Generalized

Hypergeometric Family

By Anne Duval

Abstract. We work out two confluence procedures in the family
of generalized hypergeometric differential equations allowing to com-
pute the Stokes matrices of some confluent equations as limits of well
chosen matrices attached to the associated regular equations.

1. Introduction

The family of generalized hypergeometric equations is given by

Dq,p(α;β) = (−1)q−pz
p∏

j=1

(z
d

dz
+ αj) −

q∏
j=1

(z
d

dz
+ βj − 1)

with α = (α1, α2, · · · , αp) ∈ Cp and β = (β1, β2, · · · , βq) ∈ Cq.

The variable z lies in the Riemann sphere P1(C).

As the change of variable z �→ 1/z transforms Dq,p(α, β) in Dp,q(β
′, α′)

where β′ = (1 − β1, · · · , 1 − βq) and α′ = (1 − α1, · · · , 1 − αp), we may

suppose without loss of generality that p ≤ q.

The equation Dq,p then has

• three singular points, namely 0, 1,∞ if p = q. All of them are regular

singularities.

• two singular points, 0 and ∞ if p < q. The point 0 is a regular

singularity and the point ∞ is an irregular one.

The irregular singularity gives rise to a so-called Stokes phenomenon which

has been explicitely described for these equations in [1]. In the same paper

and in a subsequent paper from C. Mitschi alone, [6], it is shown how to use

this result to compute, with the help of J.-P. Ramis’ fondamental theorem

(see [4]), the differential Galois group of some equations in the family.
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We are interested here in the case q = p + 1 with p ≥ 2. This case is the

“less irregular” one, in the sense that the Newton polygon of Dp+1,p has

two sides, one with slope 0 and length p and the other one with slope 1 and

length 1. In this case there are, up to conjugacy by the formal monodromy

matrix, two Stokes matrices, S0 and Sπ.

A confluence procedure is obtained by allowing two singularities to col-

lapse and at the same time one parameter to “disappear”. Both goals

are achieved by making the change of variable z = t/b in the equation

Dp+1,p+1(α;β) where one of the components of α is −b and then by making

b → ∞.

In a first procedure b → ∞ in a non real direction. We show how the

two Stokes matrices can be obtained as limit values of connection matri-

ces linking well chosen fundamental sets of solutions around b and ∞ of

the Fuchsian equation. We can get both Stokes matrices as limits of the

same connection matrix but one with b → ∞ in one of the half-plane of C

delimited by the real line and the other matrix as b → ∞ in the opposite

half-plane. Up to conjugacy by the formal monodromy matrix for one of

the Stokes matrices, both matrices can also be obtained with b → ∞ in one

and the same half-plane. As a by-product of this study one gets sectorial

limits for some fundamental sets of solutions.

In a second procedure b → ∞ in one of the two real directions. More pre-

cisely b = b0 +n with n ∈ Z. Thus the local monodromy around each one of

the three singularities is fixed. This time one gets the Stokes matrices, up

to some convenient part of the formal monodromy, as limits n → +∞ (resp.

n → −∞) of the monodromy matrices around b and around ∞ expressed

in a “mixed” basis combining solutions which are eigenvectors of the local

monodromy around b or around ∞.

These two procedures have been suggested by J.-P. Ramis in [8] where

the first procedure is developped for the hypergeometric case (p = 1). The

second procedure for p = 1 is studied by Zhang in [9].

The paper is organised as follows. The rest of this section is devoted to

some notation used throughout this paper. We then recall for the Fuchsian

equation and for the confluent one some more or less classical properties,

putting them in a form convenient for our purpose. In the two final sections

the confluence procedures explained above are successively studied.
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• We denote by C̃ the universal covering of C∗.
For z ∈ C̃ and λ ∈ C, zλ means eλ ln z where ln z = ln |z| + i arg z.

For θ ∈ R, arg zeiθ = arg z + θ.

• For µ = (µ1, · · · , µp) ∈ Cp and λ ∈ C,

|µ| = µ1 + · · · + µp,

µ + λ = λ + µ = (µ1 + λ, · · · , µp + λ),

λµ = (λµ1, · · · , λµp)
µ
j

= (µ1, · · · , µj−1, µj+1, · · · , µp) ∈ Cp−1,

µ∗
j

= (µ− µj)j = (µ1 − µj , · · · , µj−1 − µj , µj+1 − µj , · · · , µp − µj),

(µ, λ) = (µ1, · · · , µp, λ) and (λ, µ) = (λ, µ1, · · · , µp) (∈ Cp+1).

• For j ∈ N, µ ∈ Cp and λ ∈ C,

〈λ〉j =

{
1 if j = 0

λ(λ + 1) · · · (λ + j − 1) if j 
= 0

〈µ〉j =

{
1 if j = 0∏p
k=1〈µk〉j if j 
= 0

• For x ∈ Cn, if f is some function of one complex variable such that

for j = 1, · · · , n, f(xj) is defined, then f(x) =
∏n
j=1 f(xj).

• For p, q ∈ N and α ∈ Cp, β ∈ (C \ Z−)q,

pFq(α;β; z) =
∑
j≥0

〈α〉j
〈β〉j

zj

j!
.

If moreover α ∈ (C \ Z)p, for 0 ≤ m ≤ q, 0 ≤ n ≤ p,

Gm,n
p,q (α;β; z) =

1

2iπ

∫
γ

∏m
j=1 Γ(βj − s)

∏n
j=1 Γ(1 − αj + s)∏q

j=m+1 Γ(1 − βj + s)
∏p
j=n+1 Γ(αj − s)

zs ds

for a suitable path γ.

• For α ∈ Cn,

diag (α) = diag (α1, · · · , αn)
denotes the diagonal matrix with entries α1, · · · , αn on the main diag-

onal.
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2. The Fuchsian Equation

Let b denote the complex parameter which will be used in the confluence

procedure. The starting point is the Fuchsian hypergeometric equation

Dp+1,p+1((µ,−b); ν) with µ ∈ Cp, ν ∈ Cp+1 and b ∈ C satisfying the

genericity hypotheses: for i 
= j, νi − νj 
∈ Z, µi − µj 
∈ Z and µi + b 
∈ Z.

Moreover we suppose that the complex number

λ = |µ| − |ν| + 1

is not an integer.

2.1. Fundamental sets of solutions

Under the previous conditions the following facts are well-known and

can be found for example in [7]. In the punctured neighborhood of 0 in C̃

given by {0 < |z| < 1}, a fundamental set of solutions is provided by the

line vector

Σ0(z) =
(
w1(z), · · · , wp+1(z)

)
where for j = 1, · · · , p + 1,

wj(z) = z1−νj
p+1Fp((1 + µ− νj , 1 − b− νj); 1 + ν∗j ; z)

In the neighborhood {|z| > 1} of ∞, a fundamental set of solutions is

Σ∞(z) =
(
h1(z), · · · , hp+1(z)

)
where for j = 1, · · · , p,

hj(z) = z−µj
p+1Fp(1 + µj − ν; (1 − µ∗

j
, 1 + b + µj); 1/z)

and

hp+1(z) = zbp+1Fp(1 − b− ν; 1 − b− µ; 1/z).

Note that this set can be obtained from the set of solutions near 0 using the

change of variable z �→ 1/z and the remark in the introduction.

Near the singular point 1, there is a fundamental set of solutions with

p functions holomorphic in a full neighborhood of 1, the p+ 1-th one being
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O((1 − z)−λ+b). According to [7] one can choose for the p holomorphic

functions the Meijer G-functions given for j = 1, · · · , p by :

ϕj(z) =
Γ(1 − µ∗

j
)

Γ(−b− µj)Γ(1 + µj − ν)
Gp+1,2
p+1,p+1((1 + b, 1 − µj , 1 − µ

j
); 1 − ν; z)

where the path γ in the definition of the G-function goes from −i∞ to +i∞
so that all poles of Γ(1 − νj − s) (j = 1, · · · , p + 1) lie to the right of γ and

all poles of Γ(−b + s) and Γ(µj + s) (j = 1, · · · , p) lie to the left of γ.

The ϕj(z) are analytic functions of z with a branch point at the origin. The

given integral definition is valid for z ∈ C̃ with | arg z| < 2π.

For the last function, we will choose (see [7])

ϕp+1(z) = zλ(1 − z)−λ+b
∑
k≥0

ck
〈1 − λ + b〉k

(
1 − 1

z

)k

where the ck are independant of b and given explicitely by the following

formulas ([7] p. 330) :

c0 = 1

ck =
∑

0≤i1≤i2···≤ip−1≤k

Bi1,···,ip−1Ni1,···,ip−1

i1!(i2 − i1)! · · · (k − ip−1)!

with, if for n = 1, · · · , p, βn =
∑n

i=1 νi − µi,

Bi1,···,ip−1 = 〈β1〉i1〈β2 + i1〉i2−i1 · · · 〈βp + ip−1〉k−ip−1

and

Ni1,···,ip−1 = 〈ν2 − µ1〉i1〈ν3 − µ2〉i2−i1 · · · 〈νp+1 − µp〉k−ip−1 .

The function ϕp+1 is holomorphic for �z > 1/2.

Note that for p = 1, one gets

ck =
〈ν1 − µ1〉k〈ν2 − µ1〉k

k!

in accordance with the usual hypergeometric case.

For p = 2, one has

ck = 〈1−λ−ν1〉k〈1−λ−ν2〉k
k! 3F2(−k, ν3 − µ1, ν3 − µ2; 1 − λ− ν1, 1 − λ− ν2; 1).

We will denote this fundamental set of solutions by

Σ1(z) =
(
ϕ1(z), · · · , ϕp+1(z)

)
.
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2.2. Connection matrices

The following formulas give linear relations between the analytic con-

tinuation (denoted by the same name) of the functions belonging to the

previous sets of solutions. They can be found for example in [3] or [7].

For j = 1, · · · , p,

ϕj(z) =
Γ(1−µ∗

j
)

Γ(−b−µj)Γ(1+µj−ν)

p+1∑
i=1

Γ(1+µj−νi)Γ(1−b−νi)Γ(−ν∗i )
Γ(νi−µj

) wi(z)

and

ϕp+1(z) = Γ(1 + b− λ)
p+1∑
i=1

Γ(−ν∗i )

Γ(νi − µ)Γ(νi + b)
wi(z)

In the next formulas, arg z ∈]0, 2π[ and if necessary arg 1/z = − arg z.

For j = 1, · · · , p + 1,

wj(z) =
Γ(1+ν∗j )

Γ(1+µ−νj)Γ(1−b−νj)
∑p

i=1

Γ(1+µi−νj)Γ(−b−µi)Γ(µ∗
i
)

Γ(νj−µi)
eiπ(1+µi−νj)hi(z)

+
Γ(1−b−νj)Γ(µ+b)

Γ(νj+b)
eiπ(1−b−νj)hp+1(z).

For j = 1, · · · , p and under the same condition for the argument,

hj(z) =
Γ(1−µ∗

j
)Γ(1+µj+b)

Γ(1+µj−ν)

p+1∑
i=1

Γ(1+µj−νi)Γ(−ν∗i )
Γ(νi+b)Γ(νi−µj

) e−iπ(1+µj−νi)wi(z)

and

hp+1(z) =
Γ(1 − b− µ)

Γ(1 − b− ν)

p+1∑
i=1

Γ(1 − b− νi)Γ(−ν∗i )

Γ(νi − µ)
e−iπ(1−b−νi)wi(z)

For j = 1, · · · , p,

ϕj(z) = hj(z) −
Γ(1 − µ∗

j
)Γ(1 + b + µj)Γ(1 − b− ν)

Γ(1 + µj − ν)Γ(1 − b− µ)
hp+1(z)

and

ϕp+1(z) = eiπ(λ−b)Γ(1+b−λ)
[ p∑
i=1

Γ(µ∗
i
)Γ(−b− µi)

Γ(ν − µi)
hi(z)+

Γ(µ + b)

Γ(ν + b)
hp+1(z)

]
.
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Definition 2.1. For c, d ∈ {0, 1,∞} with c 
= d, the connection matrix

Mc,d is defined by the relation

Σc(z) = Σd(z)Mc,d.

The six matrices so defined belong to GL(p + 1,C). They satisfy the

relations Mc,d = M−1
d,c and if {c, d, e} = {0, 1,∞}, Mc,e = Md,eMc,d.

The previous connection formulas give the entries of the four matrices

M0,∞, M∞,0, M1,0 and M1,∞.

For c, d ∈ {0, 1,∞}, let Mc,d = (mc,d
i,j ). Then

• for 1 ≤ i ≤ p and 1 ≤ j ≤ p + 1,

m0,∞
i,j =

Γ(1 + ν∗j )Γ(−b− µi)Γ(µ∗
i
)

Γ(1 + µ
i
− νj)Γ(νj − µi)Γ(1 − b− νj)

eiπ(1+µi−νj)

• for 1 ≤ j ≤ p + 1,

m0,∞
p+1,j =

Γ(1 + ν∗j )Γ(µ + b)

Γ(νj + b)Γ(1 + µ− νj)
eiπ(1−b−νj)

• for 1 ≤ i ≤ p + 1 and 1 ≤ j ≤ p,

m∞,0
i,j =

Γ(1 − µ∗
j
)Γ(1 + b + µj)Γ(−ν∗i )

Γ(νi − µ
j
)Γ(1 + µj − νi)Γ(νi + b)

e−iπ(1+µj−νi)

• for 1 ≤ i ≤ p + 1,

m∞,0
i,p+1 =

Γ(−ν∗i )Γ(1 − b− µ)

Γ(1 − b− νi)Γ(νi − µ)
e−iπ(1−b−νi)

• for 1 ≤ i ≤ p + 1 and 1 ≤ j ≤ p,

m1,0
i,j =

Γ(1 − µ∗
j
)Γ(1 − b− νi)Γ(−ν∗i )

Γ(νi − µ
j
)Γ(1 + µj − νi)Γ(−b− µj)

• for 1 ≤ i ≤ p + 1,

m1,0
i,p+1 =

Γ(1 − λ + b)Γ(−ν∗i )

Γ(νi − µ)Γ(νi + b)
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• for 1 ≤ i ≤ p, 1 ≤ j ≤ p and i 
= j,

m1,∞
i,j = 0

• for 1 ≤ j ≤ p,

m1,∞
j,j = 1

• for 1 ≤ j ≤ p,

m1,∞
p+1,j = −

Γ(1 − µ∗
j
)Γ(1 + b + µj)Γ(−b + 1 − ν)

Γ(−b + 1 − µ)Γ(1 + µj − ν)

• for 1 ≤ i ≤ p,

m1,∞
i,p+1 =

Γ(µ∗
i
)Γ(−b− µi)Γ(1 − λ + b)

Γ(ν − µi)
eiπ(λ−b)

• finally

m1,∞
p+1,p+1 =

Γ(µ + b)Γ(1 − λ + b)

Γ(ν + b)
eiπ(λ−b).

3. The Confluent Equation

The equation

Dp+1,p(µ; ν) = −t
p∏

j=1

(t
d

dt
+ µj) −

p+1∏
j=1

(t
d

dt
+ νj − 1)

is studied in [1] where the Stokes phenomenon is described. We will recall

here the results in the form we need and give some other useful formulas.

We make for the coefficients µi and νi the same genericity hypotheses as in

the previous section.

3.1. Solutions of the confluent equation

A fundamental set of solutions analytic in C̃ is given by

Σ̃0(t) =
(
w̃1(t), · · · , w̃p+1(t)

)
where for 1 ≤ j ≤ p + 1,

w̃j(t) = t1−νj pFp(1 − νj + µ; 1 + ν∗j ;−t)
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A fundamental set of formal solutions at ∞ is given by:

Σ̂∞ =
(
Φ1, · · · ,Φp+1

)
where for 1 ≤ j ≤ p,

Φj = t−µj
p+1Fp−1(1 + µj − ν; 1 − µ∗

j
; 1/t)

and

Φp+1 = e−ttλΘ

where Θ is a formal series in 1/t normalized by choosing the constant term

equal to 1. This series is not hypergeometric when p ≥ 2.

For 1 ≤ k ≤ p we set

Gk(t) = Gp+1,1
p,p+1((1 − µk, 1 − µ

k
); 1 − ν; teiπ)

where the path of integration joins −i∞ to +i∞, leaving to its right the

points −νj + n (j = 1, · · · , p + 1;n ∈ N) and to its left the points −µk − n

(n ∈ N).

We set

G0(t) = Gp+1,0
p,p+1(1 − µ; 1 − ν; t)

where the path of integration leaves to its right the points −νj + n (j =

1, · · · , p + 1;n ∈ N).

The following facts are asserted in [3].

Proposition 3.1. For k = 1, · · · , p the function Gk(t) is a solution of

Dp+1,p(µ; ν).

For −5π
2 < arg t < π

2 , the function tµkGk(t) admits the series :

e−iπµk
Γ(1 + µk − ν)

Γ(1 − µ∗
k
)

p+1Fp−1(1 + µk − ν; 1 − µ∗
k
; 1/t)

as asymptotic expansion near ∞.

The function G0(t) is also a solution of this equation.

For −3π
2 < arg t < 3π

2 , the function ett−λG0(t) admits the series Θ as

asymptotic expansion near ∞.

According to these results it is natural to introduce the following fun-

damental sets of solutions which are in fact “sums” in the sense of 1-

summability ([5]) of Σ̂∞ in the given sectors.
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• For −3π
2 < arg t < π

2 ,

Σ̃−π/2 =
(
eiπµ1

Γ(1−µ∗
1
)

Γ(1+µ1−ν)G1(t), · · · , eiπµp
Γ(1−µ∗

p
)

Γ(1+µp−ν)Gp(t), G0(t)
)

which we also write

Σ̃−π/2 =
(
eiπµj

Γ(1−µ∗
j
)

Γ(1+µj−ν)Gj(t), (j = 1 · · · , p), G0(t)
)

• For −π
2 < arg t < 3π

2 ,

Σ̃π/2 =
(
e−iπµj

Γ(1−µ∗
j
)

Γ(1+µj−ν)Gj(te
−2iπ), (j = 1, · · · , p), G0(t)

)
• For π

2 < arg t < 5π
2 ,

Σ̃3π/2 =
(
e−iπµj

Γ(1−µ∗
j
)

Γ(1+µj−ν)Gj(te
−2iπ), (j = 1, · · · p), e2iπλG0(te

−2iπ)
)

3.2. Stokes and connection matrices

In [3] one can find the following formulas connecting the functions Gj

and w̃j .

For 1 ≤ j ≤ p and −5π
2 < arg t < π

2 ,

Gj(t) =
p+1∑
i=1

Γ(−ν∗i )Γ(1 + µj − νi)

Γ(νi − µ
j
)

eiπ(1−νi)w̃i(t).

For −3π
2 < arg t < 3π

2 ,

G0(t) =
p+1∑
i=1

Γ(−ν∗i )

Γ(νi − µ)
w̃i(t).

Conversely one can deduce from classical formulas ([3]) the two relations for

−3π
2 < arg t < π

2 , 1 ≤ j ≤ p + 1,

w̃j(t) =
Γ(1+ν∗j )

Γ(1−νj+µ)

[
eiπ(λ+νj−1)G0(t) +

p∑
i=1

Γ(µ∗
i
)Γ(1−µ∗

i
)

Γ(νj−µi)Γ(1+µi−νj)
eiπµiGi(t)

]
and for −π

2 < arg t < 3π
2 ,

w̃j(t) =
Γ(1+ν∗j )

Γ(1−νj+µ)

[
e−iπ(λ+νj−1)G0(t) +

p∑
i=1

Γ(µ∗
i
)Γ(1−µ∗

i
)e−iπµi

Γ(νj−µi)Γ(1+µi−νj)
Gi(te

−2iπ)
]
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For c ∈ {−π
2 ,

π
2 ,

3π
2 }, let us define the connection matrix M̃c by the equality

Σ̃c(t) = Σ̃0(t)M̃c

with c− π < arg t < c + π.

We will denote by P̃c the inverse matrix M̃−1
c . The previous formulas give

explicit values for the entries of these matrices.

If M̃c = (m̃c
i,j) and P̃c = (p̃ci,j) then

• for 1 ≤ j ≤ p and 1 ≤ i ≤ p + 1,

m̃
−π/2
i,j =

Γ(1 − µ∗
j
)Γ(−ν∗i )

Γ(1 + µj − νi)Γ(νi − µ
j
)
eiπ(1+µj−νi)

• for 1 ≤ i ≤ p + 1,

m̃
−π/2
i,p+1 =

Γ(−ν∗i )

Γ(νi − µ)

• for 1 ≤ j ≤ p and 1 ≤ i ≤ p + 1,

m̃
π/2
i,j = m̃

−π/2
i,j e−2iπ(1+µj−νi)

• for 1 ≤ i ≤ p + 1,

m̃
π/2
i,p+1 = m̃

−π/2
i,p+1

• 1 ≤ j ≤ p and 1 ≤ i ≤ p + 1,

m̃
3π/2
i,j = m̃

π/2
i,j

• for 1 ≤ i ≤ p + 1,

m̃
3π/2
i,p+1 = m̃

−π/2
i,p+1e

2iπ(λ+νi)

• for 1 ≤ i ≤ p and 1 ≤ j ≤ p + 1,

p̃
−π/2
i,j =

Γ(1 + ν∗j )Γ(µ∗
i
)

Γ(1 − νj + µ
i
)Γ(νj − µi)

• for 1 ≤ j ≤ p + 1,

p̃
−π/2
p+1,j =

Γ(1 + ν∗j )

Γ(1 − νj + µ)
eiπ(λ+νj−1)
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• for 1 ≤ i ≤ p and 1 ≤ j ≤ p + 1,

p̃
π/2
i,j = p̃

−π/2
i,j

• for 1 ≤ j ≤ p + 1,

p̃
π/2
p+1,j = p̃

−π/2
p+1,je

−2iπ(λ+νj−1)

• for 1 ≤ i ≤ p and 1 ≤ j ≤ p + 1,

p̃
3π/2
i,j = p̃

−π/2
i,j e2iπ(µi−νj)

• for 1 ≤ j ≤ p + 1,

p̃
3π/2
p+1,j = p̃

π
2
p+1,j

In accordance with [1], one defines the Stokes matrices S0 and Sπ by the

equalities

Σ̃−π
2
(t) = Σ̃π

2
(t)S0

with −π
2 < arg t < π

2 and

Σ̃π
2
(t) = Σ̃ 3π

2
(t)Sπ

with π
2 < arg t < 3π

2 .

We will denote by Ei,j the matrix with all entries equal to 0 except the

(i, j)-th one equal to 1 and by I the identity matrix of order p + 1. Then

S0 = I +
p∑

j=1

2iπ
Γ(1 − µ∗

j
)

Γ(1 + µj − ν)
Ep+1,j

and

Sπ = I +
p∑

j=1

2iπeiπ(λ+µj)
Γ(µ∗

j
)

Γ(−µj + ν)
Ej,p+1.

These constant invertible matrices satisfy the relations :

M̃−π
2

= M̃π
2
S0, M̃π

2
= M̃ 3π

2
Sπ, S0 = P̃π

2
M̃−π

2
, Sπ = P̃ 3π

2
M̃π

2
, P̃π

2
= S0P̃−π

2

and P̃ 3π
2

= SπP̃π
2
.
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4. A First Confluence Procedure

As explained in the introduction one makes the change of variable z =

t/b in the equation Dp+1,p+1((µ,−b); ν) and then allows b to tend to ∞ in

such a way that the conditions µi+ b 
∈ Z and −λ+ b 
∈ Z still remain valid.

This change of variable leads to the equation

Db
p+1,p+1 =

t

b
(t

d

dt
− b)

p∏
j=1

(t
d

dt
+ µj) −

p+1∏
j=1

(t
d

dt
+ νj − 1)

which has the three regular singular points 0, b and ∞. Formally Db
p+1,p+1

tends to Dp+1,p(µ, ν) as |b| → ∞.

4.1. Limit properties

We recall some well-known confluence properties. If necessary the proofs

can be found in [3].

Lemma 4.1. For z, σ ∈ C,

lim
|σ|→∞

(1 − z

σ
)−σ = ez

uniformly on compact sets.

Lemma 4.2. Let a ∈ Cp, c ∈ Cq and −π < arg b < π, then

lim
|b|→∞

Γ(b + a)

Γ(b + c)
b|c|−|a| = 1.

Lemma 4.3. Let A ∈ Cp, B ∈ (C \ Z−)q, β ∈ C and ε = ±,

lim
|b|→∞

p+1Fq((A, εb + β);B; z/b) = pFq(A;B; εz)

uniformly on compact sets if q ≥ p and term by term if q < p.

Lemma 4.4. Let A ∈ Cp+1, B ∈ (C \ Z−)p−1, β ∈ C and ε = ±, then

term by term

lim
|b|→∞

p+1Fp(A; (B, εb + β); b/t) = p+1Fp−1(A;B; ε/t).
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The next proposition is easily deduced from these lemmas.

Proposition 4.5. Uniformly on compact sets of C̃, for 1 ≤ j ≤ p+1,

lim
|b|→∞

b1−νjwj(
t
b) = w̃j(t).

Moreover, for 1 ≤ j ≤ p, then term by term

lim
|b|→∞

b−µjhj(
t
b) = Φj .

The last function hp+1 cannot be studied with the help of the above

mentionned lemmas as the parameter b appears in all the coefficients of

the hypergeometric function. This kind of situation has been studied by

Knottnerus [2] where one can find the proof of the following assertion also

cited by [3].

Lemma 4.6. For A ∈ Cp+1, B ∈ (C \ Z−)p, r a sufficiently large

positive real number and | arg(1 − z)| < π,

p+1Fp(r + A; r + B; z) = (1 − z)|B|−|A|−r
[
1 +

d1z

r
+

n∑
k=2

pk(z)

rk
+ O(r−n−1

]
where d1 only depends upon A and B and pk(z) is a polynomial in z with-

out constant term and of degree less than k, the coefficients of which only

depends upon A and B.

From this lemma one “deduces” that for each n ∈ N,

hp+1(t/b) “ = ” b−btb(1 − b

t
)−λ+b

[
1 − d1

t
+

n∑
k=2

(−1)k
dk
tk

+ O(
1

b
)
]

“ = ” eiπ(b−λ)tλb−λ(1 − t

b
)−λ+b

[
1 − d1

t
+

n∑
k=2

(−1)k
dk
tk

+ O(
1

b
)
]

where dk is the coefficient of the leading term in the polynomial pk.

This heuristic computation will be helpful in choosing the proper nor-

malization.
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Finally, as

ϕp+1(t/b) = tλb−λ(1 − t

b
)−λ+b

∑
k≥0

ck
〈1 − λ + b〉k

(
1 − b

t

)k

= tλb−λ(1 − t

b
)−λ+b

∑
k≥0

ck
tk

(t− b)k

〈1 − λ + b〉k

and taking into account the fact that the space of formal solutions of the

form tλe−t times a formal series is one dimensional, one deduces the next

proposition.

Proposition 4.7. Term by term,

lim
|b|→∞

bλϕp+1(t/b) = tλe−tΘ

where

Θ =
∑
k≥0

(−1)k
ck
tk
.

Note that this last formula gives an explicit value for the coefficients of

the formal series Θ.

4.2. Normalized solutions

According to the results of the previous section it is natural to define

the following fundamental sets of solutions near the three regular singular

points of Db
p+1,p+1.

Around 0, one defines

Σb
0(t) = Σ0(t/b)N0

where

N0 = diag (b1−ν1 , · · · , b1−νp+1).

Around ∞, one defines

Σb
∞(t) = Σ∞(t/b)N∞

where

N∞ = diag (b−µ1 , · · · , b−µp , bλeiπ(λ−b)).
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Around b, one defines

Σb
b(t) = Σ1(t/b)Nb

where

Nb = diag (b−µ1 , · · · , b−µp , bλ).

The next proposition is a consequence of the previous section.

Proposition 4.8. Uniformly on each compact set of C̃,

lim
|b|→∞

Σb
0(t) = Σ̃0(t).

For c, d ∈ {0, b,∞}, c 
= d, one defines the connection matrix M b
c,d by

the equality

Σb
c(t) = Σb

d(t)M
b
c,d.

The next lemma shows the relationship between these matrices and those

defined for the equation Dp+1,p+1((µ,−b); ν).

Lemma 4.9. For c, d ∈ {0, b,∞}, c 
= d,

M b
c,d = N−1

d M c
b
, d
b
Nc.

In particular if for 1 ≤ i, j ≤ p+ 1 the (i, j)-th entry of the matrix M b
c,d

is denoted by bmc,d
i,j , one has :

• for 1 ≤ i ≤ p and 1 ≤ j ≤ p + 1,

bm0,∞
i,j =

Γ(1 + ν∗j )Γ(µ∗
i
)

Γ(1 − νj + µ
i
)Γ(νj − µi)

Γ(−b− µi)

Γ(1 − b− νj)
b1+µi−νjeiπ(1+µi−νj),

• for 1 ≤ j ≤ p + 1,

bm0,∞
p+1,j =

Γ(1 + ν∗j )

Γ(1 − νj + µ)

Γ(µ + b)

Γ(νj + b)
b−λ−νj+1eiπ(1−λ−νj).
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Proposition 4.10. If −2π < arg b < −π then

lim
|b|→∞

M b
0,∞ = P̃−π

2
.

If −π < arg b < 0 then

lim
|b|→∞

M b
0,∞ = P̃π

2
.

If 0 < arg b < π then

lim
|b|→∞

M b
0,∞ = P̃ 3π

2
.

Proof. For the (p+1, j)-th entry, the result is a consequence of lemma

4.1 if −π < arg b < π. If −2π < arg b < −π one writes b = b′e−2iπ so that

0 < arg b′ < π and then one uses the same lemma.

For the other rows one writes b = (−b)e−iπ if −2π < arg b < 0 and b =

(−b)eiπ if 0 < arg b < π, so that −π < arg(−b) < π in each case. Then one

uses lemma 4.1. �

The proof of the following proposition is along the same lines.

Proposition 4.11. If −π < arg b < 0 then

lim
|b|→∞

M b
b,0 = M̃−π

2
.

If 0 < arg b < π then

lim
|b|→∞

M b
b,0 = M̃π

2
.

If π < arg b < 2π then

lim
|b|→∞

M b
b,0 = M̃ 3π

2
.

Using these two propositions together with the relation

M b
b,∞ = M b

0,∞M b
b,0,

one gets :

Proposition 4.12. If −π < arg b < 0 then

lim
|b|→∞

M b
b,∞ = P̃π

2
M̃−π

2
= S0.
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If 0 < arg b < π then

lim
|b|→∞

M b
b,∞ = P̃ 3π

2
M̃π

2
= Sπ.

It is worthwhile to notice that these limits can be obtained directly from

the explicit values of the entries of the matrix M b
b,∞. In fact one has :

• for 1 ≤ i, j ≤ p, bmb,∞
i,j = 0 if i 
= j and bmb,∞

j,j = 1,

• for 1 ≤ j ≤ p,

bmb,∞
p+1,j = −

Γ(1−µ∗
j
)

Γ(1+µj−ν)
Γ(1+µj+b)Γ(1−b−ν)

Γ(1−b−µ) b−λ−µje−iπ(λ−b)

= −
Γ(1 − µ∗

j
)

Γ(1 + µj − ν)
U(b).

If −π < arg b < 0, one writes b = (−b)e−iπ so that 0 < arg(−b) < π.

Then U(b) = U1(b)U2(b) with

U1(b) =
Γ(1 − b− ν)

Γ(1 − b− µ)Γ(−µj − b)
(−b)−λ−µj → 1

when |b| → ∞ as |1 − µ| − µj − |1 − ν| = −λ− µj .

U2(b) = Γ(−µj − b)Γ(1 + µj + b)eiπ(b+µj)

= 2iπ
eiπ(b+µj)

e−iπ(b+µj) − eiπ(b+µj)

using the well-known relation Γ(x)Γ(1 − x) = π/ sinπx.

As �b < 0 when −π < arg b < 0, |eiπ(b+µj)| → ∞ as |b| → ∞ and thus

U2(b) → −2iπ.

If 0 < arg b < π, one writes b = (−b)eiπ and, with the same notations

as before, one has

U2(b) = 2iπe−2iπλ eiπ(b−µj)

e−iπ(b+µj) − eiπ(b+µj)
.

This time �b > 0 and thus U2(b) → 0 as |b| → ∞. More precisely

U2(b) = O(e−2π�b).
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• for 1 ≤ i ≤ p,

bmb,∞
i,p+1 =

Γ(µ∗
i
)

Γ(ν − µi)
Γ(−b− µi)Γ(1 − λ + b)bλ+µieiπ(λ−b)

=
Γ(µ∗

i
)

Γ(ν − µi)
eiπ(λ+µi)V (b).

Writing as before b = (−b)eεiπ with ε = 1 if 0 < arg b < π and

ε = −1 if −π < arg b < 0 so that −π < arg(−b) < π, one has

V (b) = V1(b)V2(b) with

V1(b) =
Γ(−b− µi)

Γ(λ− b)
(−b)λ+µi → 1

and

– if 0 < arg b < π,

V2(b) = 2iπ
eiπ(λ−b)

eiπ(λ−b) − e−iπ(λ−b) → 2iπ,

– if −π < arg b < 0,

V2(b) = 2iπe−2iπµi
eiπ(λ−b)

eiπ(λ−b) − e−iπ(λ−b) = O(e2π�b)

with �b < 0.

• Finally

bmb,∞
p+1,p+1 =

Γ(µ + b)Γ(1 − λ + b)

Γ(ν + b)
→ 1

when |b| → ∞ with −π < arg b < π, as it follows from the relation

λ− |µ| + |ν| − 1 = 0.

These results altogether give a direct proof of Proposition 4.12 and more-

over give information on the speed with which the last row or column of the

matrix M b
b,∞ converges to 0.

As a by-product of the previous results we get the existence of actual

limits for the fundamantal sets of solutions of Db
p+1,p+1 around b and ∞.
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Proposition 4.13. The following limits hold uniformly on compact

subsets of C̃,

lim
|b|→∞

−π<arg b<0

Σb
b(t) = lim

|b|→∞
−2π<arg b<−π

Σb
∞(t) = Σ̃−π

2
(t)

lim
|b|→∞

0<arg b<π

Σb
b(t) = lim

|b|→∞
−π<arg b<0

Σb
∞(t) = Σ̃π

2
(t)

lim
|b|→∞

π<arg b<2π

Σb
b(t) = lim

|b|→∞
0<arg b<π

Σb
∞(t) = Σ̃ 3π

2
(t)

Proof. All proofs are along the same lines. We give one of them.

We start with the relation Σ̃−π
2
(t) = Σ̃0(t)M̃−π

2
. For −π < arg b < 0,

Proposition 4.8 and 4.11 assert that uniformly on compact sets of C̃,

Σ̃−π
2
(t) = lim

|b|→∞
Σb

0(t)M
b
b,0 = lim

|b|→∞
Σb
b(t). �

Taking into account the definition of the functions entering these funda-

mental sets one is led to the limit properties listed in the next proposition.

Proposition 4.14. Let a, b, σ ∈ C, A ∈ Cp−1, B ∈ Cp+1. Let arg b be

fixed with −π < arg b < 0 or 0 < arg b < π, then uniformly on compact sets

of C̃,

1.

lim
|b|→∞

ba−1

Γ(a + b)
Gp+1,2
p+1,p+1((−b, a, A);B;

t

b
) = Gp+1,1

p,p+1((a,A);B; t)

2.

lim
|b|→∞

∑
k≥0

ck
〈1 − λ + b〉k

(1 − b

t
)k = t−λetGp+1,0

p,p+1(1 − µ; 1 − ν; t)

3.

lim
|b|→∞

p+1Fp(B; (A, b + σ);
b

t
) =

Γ(A)

Γ(B)
Gp+1,1
p,p+1((1, A);B; te−iπ)
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4.

lim
|b|→∞

bλ(
t

b
)bp+1Fp(1 + b− ν; 1 + b− µ;−b

t
) = Gp+1,0

p,p+1(1 − µ; 1 − ν; t)

By expressing the hypergeometric function p+1Fp as a G-function ([3] p.

147), one can also deduce from properties 3. and 4. the following formulas.

Corollary 4.15. With the same notations and hypotheses, uniformly

on compact sets of C̃

1.

lim
|b|→∞

Γ(b + σ)Gp+1,1
p+1,p+1((1, A, b + σ);B;

t

b
) = Gp+1,1

p,p+1((1, A);B; t)

2.

lim
|b|→∞

1

Γ(b)
Gp+1,1
p+1,p+1((1 − b, 1 − µ; 1 − ν;

t

b
) = Gp+1,0

p,p+1(1 − µ; 1 − ν; t)

Note that the two properties of this corollary as well as property 1. of

4.14 express the validity of “taking the limit under the
∫

sign in the integral

defining the G-functions under consideration.

As a final remark, let us note that it is also possible to get both Stokes

matrices S0 and Sπ as limits when b → ∞ in one and the same half-plane.

We have seen that in the half-plane −π < arg b < 0, S0 = lim|b|→∞M b
b,∞.

The next proposition shows that S−1
π is obtained up to conjugation by the

formal monodromy as the limit in the same half-plane of another matrix,

denoted by M ′b
b,∞.

The monodromy around b is given in the basis Σb
b(t) by the matrix

Tb = diag (1, · · · , 1︸ ︷︷ ︸
p

, e−2iπ(λ−b)).

Proposition 4.16. Let M ′b
b,∞ = T−1

b M b
b,∞Tb. Then

lim
|b|→∞

−π<arg b<0

M ′b
b,∞ = M̂−1S−1

π M̂
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where M̂ denotes the formal monodromy matrix of the confluent equation

given in the basis Σ̂ by

M̂ = diag (e2iπµ1 , · · · , e2iπµp , e−2iπλ).

Proof. Let bm′b,∞
i,j denote the (i, j)-th entry of the matrix M ′b

b,∞. One

has

• for 1 ≤ i, j ≤ p or i = j = p + 1,

bm′b,∞
i,j = bmb,∞

i,j

which is equal or tends to 0 if i 
= j and 1 if i = j.

• For 1 ≤ j ≤ p,

bm′b,∞
p+1,j = bmb,∞

p+1,je
2iπ(λ−b) = O(e2π�b).

• For 1 ≤ i ≤ p, with b = (−b)eiπ,

bm′b,∞
i,p+1 = bmb,∞

i,p+1e
−2iπ(λ−b)

=
Γ(µ∗

i
)

Γ(ν − µi)
eiπ(λ+µi)V1(b)V2(b)e

−2iπ(λ−b)

with lim|b|→∞ V1(b) = 1 and

V2(b)e
−2iπ(λ−b) = 2iπ

e−2iπ(µi+λ)eiπ(b−λ)

eiπ(λ−b) − eiπ(b−λ)
→ −2iπe−2iπ(µi+λ).

These formulas altogether give the result. Note that, as Sπ = I + N and

N2 = 0, one has S−1
π = I −N . �

5. A Second Confluence Procedure

For this second type of confluence, we express the monodromy around

b and around ∞ in one of the two “mixed” basis Σm and Σ′
m defined as

follows.
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Let Σb
b = (ϕb1, · · · , ϕbp+1) and Σb

∞ = (hb1, · · · , hbp+1), then

Σm = (hb1, · · · , hbp, ϕbp+1)

and

Σ′
m = (ϕb1, · · · , ϕbp, hbp+1).

If f is some solution of the differential equation Dp+1,p+1, we denote by γf

the image of f under the monodromy around b and by γ̃f the image of f

under the monodromy around ∞.

As the basis Σb
b consists of eigenvectors for the monodromy around b, one

has γϕbj = ϕbj for j = 1, · · · , p and γϕbp+1 = e−2iπ(λ−b)ϕbp+1.

Similarly, as the basis Σb
∞ consists of eigenvectors for the monodromy

around ∞, one has γ̃hbj = e2iπµjhbj for j = 1, · · · , p and γ̃hbp+1 = e−2iπbhbp+1.

We use the following notations, for j = 1, · · · , p

αj =
Γ(1 − µ∗

j
)Γ(1 + µj + b)Γ(1 − b− ν)

Γ(1 + µj − ν)Γ(1 − b− µ)
b−λ−µje−iπ(λ−b),

βj =
Γ(µ∗

j
)Γ(−µj − b)Γ(1 − λ + b)

Γ(ν − µj)
bλ+µjeiπ(λ−b),

βp+1 =
Γ(µ + b)Γ(1 − λ + b)

Γ(ν + b)
,

∆p+1 = βp+1 +
p∑

j=1

αjβj .

Proposition 5.1. The matrix Tγ expressing the monodromy around b

in the basis Σm is given by

Tγ =



1 0 · · · · · · 0

0 1 0 · · · 0
...

...
. . . · · · 0

0 · · · 0 1 0
α1

∆p+1
mb · · · · · · αp

∆p+1
mb e−2iπ(λ−b)


with mb = e−2iπ(λ−b) − 1.
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In the same basis the monodromy around ∞ is given by the matrix

Tγ̃ =


e2iπµ1 0 · · · 0 β1(e

2iπµ1 − e−2iπb)

0 e2iπµ2 · · · 0 β2(e
2iπµ2 − e−2iπb)

...
...

. . .
...

...

0 · · · 0 e2iπµp βp(e
2iπµp − e−2iπb)

0 · · · · · · 0 e−2iπb

 .

Proof. The relation Σb
b = Σb

∞M b
b,∞ implies hbj = ϕbj + αjh

b
p+1 and

thus
γhbj = ϕbj + αj

γhbp+1.

Moreover

ϕbp+1 =
p+1∑
j=1

hbj

=
p∑

j=1

βj(ϕ
b
j + αjh

b
p+1) + βp+1h

b
p+1

=
p∑

j=1

βjϕ
b
j + ∆p+1h

b
p+1

and thus

hbp+1 = −
p∑

j=1

βj
∆p+1

ϕbj +
1

∆p+1
ϕbp+1

so that

γhbp+1 = −
p∑

j=1

βj
∆p+1

ϕbj +
1

∆p+1
e−2iπ(λ−b)ϕbp+1

= hbp+1 +
1

∆p+1
(e−2iπ(λ−b) − 1)ϕbp+1.

From this relation one deduces for j = 1, · · · , p

γhbj = ϕbj + αjh
b
p+1 +

αj
∆p+1

(e−2iπ(λ−b) − 1)ϕbp+1

= hbj +
αj

∆p+1
(e−2iπ(λ−b) − 1)ϕbp+1.
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To compute the last column of the second matrix one just has to notice that

γ̃ϕbp+1 =
p∑

j=1

βje
2iπµjhbj + βp+1e

−2iπbhbp+1

=
p∑

j=1

βje
2iπµjhbj + e−2iπb

[
ϕp+1 −

p∑
j=1

βjh
b
j

]

=
p∑

j=1

βj(e
2iπµj − e−2iπb)hbj + e−2iπbϕbp+1 �

We will now compute ∆p+1. This computation should be classical but

due to a lack of proper reference we prefer to give a proof. We first state a

lemma.

Lemma 5.2. For α, ν ∈ Cn with αj − αk 
∈ Z if j 
= k, the following

equality holds
n∑

j=1

sinπ(ν − αj)

sinπα∗
j

= sinπ(|ν| − |α|).

Proof. The quotient sinπ(x+ν)
sinπ(x+α) (x ∈ C) may be viewed as a rational

function in e2iπx. By partial fraction decomposition one gets the equality

sinπ(x + ν)

sinπ(x + α)
= eiπ(|ν|−|α|) +

n∑
j=1

sinπ(ν − αj)

sinπ(α∗
j )

e−iπ(x+αj)

sinπ(x + αj)
.

Taking all the coefficients and x real and writing down the equality of the

imaginary parts, one gets

0 = sinπ(|α| − |ν|) −
n∑

j=1

sinπ(ν − αj)

sinπ(α∗
j )

.

By analytic continuation this relation is still valid for complex values of the

parameters. �

Proposition 5.3. The determinant ∆p+1 of the connection matrix

M b
b,∞ is given by

∆p+1 = βp+1 +
p∑

j=1

αjβj =
Γ(1 − b− ν)

Γ(1 − b− µ)Γ(λ− b)
.
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Proof. We use the lemma with n = p + 1 and α = (µ,−b), getting

the relation

sinπ(ν + b)

sinπ(b + µ)
+

p∑
j=1

sinπ(ν − µj)

sinπ(µ∗
j
) sinπ(−µj − b)

= sinπ(λ− b).

But ∆p+1 can be written as

∆p+1 = Γ(1−λ+b)[
Γ(b+µ)

Γ(ν+b) +
∑p

j=1

Γ(1−µ∗
j
)Γ(1+µj+b)Γ(1−b−ν)Γ(µ∗

j
)Γ(−b−µj)

Γ(1+µj−ν)Γ(1−b−µ)Γ(ν−µj)
]

= Γ(1−b−ν)Γ(1−λ+b)
Γ(1−b−µ)

1
π [ sinπ(b+ν)

sinπ(b+µ) +
∑p

j=1
sinπ(ν−µj)

sinπµ∗
j

sinπ(−b−µj)
]

=
Γ(1 − b− ν)

Γ(1 − b− µ)
sinπ(λ− b)

Γ(1 − λ + b)

π

=
Γ(1 − b− ν)

Γ(1 − b− µ)Γ(λ− b)
. �

Remark. With this value for ∆p+1 it would be easy to get in closed

form the entries of the matrix M b
∞,b = (M b

b,∞)
−1

and thus of M∞,1.

Proposition 5.4. If b = b0 + n with b0 ∈ C and n ∈ N, then

lim
n→+∞

Tγ = diag (1, · · · , 1︸ ︷︷ ︸
p

, e−2iπ(λ−b0))S−1
0

= diag (1, · · · , 1︸ ︷︷ ︸
p

, e−2iπλ) diag (1, · · · , 1︸ ︷︷ ︸
p

, e2iπb0)S−1
0

lim
n→+∞

Tγ̃ = S−1
π diag (e2iπµ1 , · · · , e2iπµp , e−2iπb0)

= S−1
π diag (e2iπµ1 , · · · e2iπµp , 1) diag (1, · · · , 1︸ ︷︷ ︸

p

, e−2iπb0)

Proof. With the help of Proposition 5.3, one may write

αj
∆p+1

(e−2iπ(λ−b) − 1) = AjUj(b)
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with

Aj =
Γ(1 − µ∗

j
)

Γ(1 + µj − ν)

and

Uj(b) = Γ(1 + µj + b)Γ(λ− b)b−λ−µje−iπ(λ−b)(e−2iπ(λ−b) − 1)

= Γ(1 + µj + b)Γ(λ− b)b−λ−µje−2iπ(λ−b)2i sinπ(b− λ)

= −2iπe−2iπ(λ−b) Γ(1 + µj + b)

Γ(1 + b− λ)
b−λ−µj

so that

lim
n→∞

Uj(b0 + n) = −2iπe−2iπ(λ−b0).

Similarly

βj(e
2iπµj − e−2iπb) = 2iβje

iπ(µj−b) sinπ(µj + b) = BjVj(b)

with

Bj =
Γ(µ∗

j
)

Γ(ν − µj)
eiπ(µj+λ)

and

Vj(b) = 2iΓ(−b− µj)Γ(1 − λ + b)bλ+µje−2iπb sinπ(b + µj)

= −2iπ
Γ(1 − λ + b)

Γ(1 + b + µj
bλ+µj)e−2iπb

so that

lim
n→∞

Vj(b0 + n) = −2iπe−2iπb0 . �

The diagonal matrix diag (1, · · · , 1︸ ︷︷ ︸
p

, e±2iπb0) may be viewed as a ran-

dom factor linked to the “exponential torus” of [4]. The diagonal matrices

diag (1, · · · , 1︸ ︷︷ ︸
p

, e−2iπλ) and diag (e2iπµ1 , · · · e2iπµp , 1) are complementary parts

of the formal monodromy matrix M̂ described at the end of section 4. It is

then possible to give the same heuristic “explanation” of the limit procedure

as the one given in the case p = 2 in [9].
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One can do the same computations in the other mixed basis Σ′
m and

give the same interpretation of the results.

Proposition 5.5. The matrix T ′
γ expressing the monodromy around b

in the basis Σ′
m is given by

T ′
γ =



1 0 · · · · · · β1

∆p+1
mb

0 1 0 · · · β2

∆p+1
mb

...
...

. . . · · · ...

0 · · · 0 1
βp

∆p+1
mb

0 · · · · · · 0 e−2iπ(λ−b)


with mb = e−2iπ(λ−b) − 1.

In the same basis the monodromy around ∞ is given by the matrix

T ′
γ̃ =


e2iπµ1 0 · · · 0 0

0 e2iπµ2 · · · 0 0
...

...
. . .

...
...

0 · · · 0 e2iπµp 0

α1(e
2iπµ1 − e−2iπb) · · · · · · αp(e

2iπµp − e−2iπb) e−2iπb

 .

If b = b0 − n with b0 ∈ C and n ∈ N, then

lim
n→+∞
arg b→π

T ′
γ = diag (1, · · · , 1︸ ︷︷ ︸

p

, e−2iπ(λ−b0))S−1
π

= diag (1, · · · , 1︸ ︷︷ ︸
p

, e−2iπλ) diag (1, · · · , 1︸ ︷︷ ︸
p

, e2iπb0)S−1
π

and

lim
n→+∞

arg b→−π
T ′
γ̃ = S−1

0 diag (e2iπµ1 , · · · , e2iπµp , e−2iπb0)

= S−1
0 diag (e2iπµ1 , · · · e2iπµp , 1) diag (1, · · · , 1︸ ︷︷ ︸

p

, e−2iπb0).
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