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Averages of Green Functions of Classical Groups

By Toshiaki SHOJI and Bhama SRINIVASAN*

Abstract. In this paper, we compare the Green functions of
Sp(2n,q) and SO(2n + 1,q) with those of GL(n,¢?) and find an in-
teresting connection between them. Let G = Spgn(Fq) or SOgn+1(Fq)
and G = GLy(Fy) with Frobenuius map F. The Weyl group W of G is
written as W = D.S),, where D is an elementary abelian 2-group and Sy,
is the symmetric group of degree n, which is identified with the Weyl
group of G. Let Q%ﬂ be a Green function of GF where T}, is an F-stable
maximal torus of G corresponding to w € W. For w € Sy, we define an
average of Green functions Q%D on G by QSiD = |D|™! > oweD Q%M.
Then there exists a natural injection ug +— w from the set of unipotent
classes of G to the set of unipotent classes of G' such that the function
QgD(u) on G coincides with the Green function Q%ﬂ (ug) on GF”.

0. Introduction

Let G' be a connected reductive algebraic group defined over Fy, F' :
G — G a Frobenius morphism and G¥ the finite group of F-fixed points
of G. Let T be an F-stable maximal torus of G. Let € be a character of
T over Q;, where [ is a prime not dividing ¢. Deligne and Lusztig have
defined a virtual character R%(6) of GF'. The character value of R%(6) at
a unipotent element v € GI is independent of # and thus we can define a
Green function Q% on the unipotent elements of G by Q% (u) = R%(0)(u).
The Green functions form an important part of the character table of G

If G = GL,(F;) and G = GL(n,q) then Green gave a combinatorial
method of computing the Green functions of G¥. If G = U(n,q) then
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the Green functions are obtained from those of GL(n,q) by the so-called
Ennola conjecture, by a simple recipe of changing ¢ to —¢. If GF is a
symplectic or orthogonal group the Green functions can be computed in
principle by an algorithm given originally in [Sh2] and later modified by
Lusztig. However, this is a cumbersome method which does not give any
insight into the structure of the Green functions.

In this paper we compare the Green functions of Sp(2n, ¢) and SO(2n+
1,q) (¢ : odd) with those of GL(n,q?) and find an interesting connection
between them. We first define a surjective map f from the set of unipotent
classes of G = Spgn(f‘q) or S 02n+1(f‘q) onto the set of unipotent classes of
G = GL,(F,). (More precisely, we define this map for the corresponding
groups over C.) Let u be an F-stable unipotent element of G, and C(u) =
Ze(u)/Z2(u). We can assume that u is a distinguished element in the
sense of [Sh2], so that the classes in G¥" which are contained in the class
of u in G are parameterized by the elements of C'(u). Furthermore, the
GF-conjugacy classes of maximal tori in G are parameterized by elements
of the Weyl group W, so that we can denote a set of representatives of
these classes by {7y, | w € W}, where T7 is a maximally F-split torus of G.
We note that we can write W = DS,,, where D is an elementary abelian
2-group and S, the symmetric group, is the Weyl group of G. We now fix
u € GF as above and w € S,,. We then consider the sum

C)| DI Y Y QF,, )

zeD v

where v runs over the F-stable unipotent elements in the conjugacy class
of u in G. In other words, we average the Green functions over the F-fixed
points of a unipotent class in G' and over the tori T} such that y maps to
a fixed element w € S,, under the natural map W — S,,. We compare this
polynomial in ¢ with the Green function Q%ﬂ( f(u)), but considered as a
polynomial in ¢2, i.e. as a Green function on G = GL(n,q?). Our main
result is that for certain good unipotent elements u, these two polynomials
are equal. In general, the average Green function on G is equal to the
Green function on GF* together with some extra terms (which are not
computed here). We also remark that in each coset wD of D in W as above,
exactly one corresponding torus T, is anisotropic, and thus exactly one
Q%M in our sum is cuspidal. Thus, in principle, assuming we know Harish-
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Chandra induction on Green functions, our averages give information on
cuspidal functions.

The result is proved by interpreting the Green function as arising from
the Springer representation of W on the cohomology of the variety of Borel
subgroups of G containing a unipotent element. In fact, we work with the
corresponding groups over C and the varieties of Borel subgroups whose Lie
algebras contain a fixed nilpotent element. Then the problem is reduced to
showing a connection between the D-fixed points of the cohomology groups
of such varieties for the groups Spe,(C) or SOs),+1(C) and the cohomology
groups of corresponding varieties for GL,(C), where both are regarded as
Sp-modules (see Theorem 1.9 and Theorem 1.13).

Acknowledgment. The authors thank Gerhard Schneider and Frank
Liibeck for their help in computing examples of Green functions using
CHEVIE. The second author thanks the Science University of Tokyo for
hospitality during her visits in 1994 and 1995.

1. The Statement of the Results

1.1. Let G be a connected reductive algebraic group defined over C
with Lie algebra g. Let B be the variety of Borel subgroups of GG, and for
each nilpotent element A € g, let B4 denote the subvariety of B consist-
ing of all Borel subgroups whose Lie algebra contains A. Let W be the
Weyl group of G. We consider the Springer representation of W on the
cohomology group H(Bs) = H'(Ba,C), which was first constructed by
Springer [Spl], [Sp2], by passing to the groups over F,. Later Lusztig [L1]
gave a construction available for both of F, and C by making use of the
intersection cohomology theory. Let C(A) = Zg(A)/Z2(A) be the com-
ponent group of A. Then C(A) acts naturally on H*(B4) and this action
of C(A) commutes with that of W. For each ¢ € C(A)", we denote by
H%(By4), the p-isotypic subspace of H(B4). Put d4 = dim B4. We denote
by ¢ ® X4, the character of the C(A) x W-module H??4(B,),. Then by
the Springer correspondence the following holds: x4, is irreducible, and
any irreducible character x of W is expressed as x = x4, for a unique pair
(A, ), where A runs over the nilpotent orbits in g, and ¢ € C'(A)" is such
that H24(B,), # 0.

It is known that H'(B4) = 0if i is odd. It is also known that H?(B4), =
0 for any i > 0 if H??4(By4), = 0, (see for example, [Sh3]).



168 Toshiaki SHOJI and Bhama SRINIVASAN

1.2. From now on we assume that G = Spa, or G = SO02,11. Then
W is the Weyl group of type C),, and is isomorphic to S,, x D, where S,
is the symmetric group of degree n and D ~ (Z/2Z)". Note that W = W,,
is realized as the group of signed permutations of n letters {1,2,... ,n}.
Let r; be the reflection of W which permutes ¢ and —i and leaves the other
letters invariant. Then D is the subgroup of W generated by r1,... ,r,. We
consider the subspace H(B4)" of H'(B4) consisting of D-invariant vectors.
Then H'(B4)P has a structure of an S,-module. We also consider the
subspace of H*(B4) consisting of C(A)-invariant vectors, which we denote
by H'(Ba)1 as in 1.1. We put H'(Ba)P = H!(Ba)® N H(B4);. Then
H!(Ba)¥ also has a structure of an S,-module.

Let W’ = W,,_1 be the parabolic subgroup of W of type C,,_1. We write
W' = S,_1 x D', where D’ is the subgroup of D generated by r1,... ,7,_1.
First we show the following lemma.

LEMMA 1.3.

12 (5,)P = { HABAPifi even,
p_

0 if 1 : odd.

PROOF. For each x € W”, we define the parity p(x) = +1 by the
condition that p(x) = 0 (resp. p(x) = 1) if x(—1) = x(1) (resp. x(—1) =
—x(1)). For each x € W and ¢ € C(A)", we consider the ¢ ® x-isotypic
subspace H%(Ba) gy of H*(B4). Then by Spaltenstein [S1], the following
formula holds.

(1.3.1) Assume that H*(Ba),gy # 0. Then we have

i =da+p(x) +p(xae) (mod?2).

If we take ¢ = 1 € C(A)" and x = 1y € W/, then H%(B4),ey # 0 since
HY(B4) ~ C is the trivial C'(A) x W-module. This implies, by (1.3.1), that
p(xa,1) = da (mod 2). Hence for any y € W” such that H*(Ba)igy # 0,
we see that p(x) = i (mod 2). We now consider H?(B4);. First assume
that i is even. Then for any x € W” such that H*(Ba)igy # 0, we
have p(x) = 0 and so x(1) = x(—1). This means that the central element
—1 acts trivially on H?(B4);. Under the realization of W given in 1.2,
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—1=mrr9---r, € D. Since riry---r,_1 € D', we see that r, acts trivially
on H?(B4)P'. This proves the first assertion of the lemma. Next assume
that ¢ is odd. Then the similar argument as before shows that —1 acts as
a scalar multiplication by —1 on H?(B,); if it is non zero. Since —1 € D,
this implies that H?(B4)P = 0. The lemma follows from this. [J

1.4. Let G = GL,. We denote objects associated with G as B, g, etc.
For any nilpotent element A’ € §, H(B/) has a structure of S,-module.
In what follows, we shall compare the S,-module structures for suitable
H*(B4)P and H?(B/). We perform this by defining a map f : A — A’
from the set of nilpotent orbits of g to the set of nilpotent orbits in g.

Let N be the set of nilpotent orbits in g. We shall describe the set
Nj. First assume that G = Spa,. Then via the Jordan normal form, N
is in bijection with the set P = Py, of partitions A = (1"1,2™2 ... ) of
2n (i.e., > i-m; = 2n) such that m; is even for odd i. Next assume that
G = SO2,41. Then Nj is in bijection with the set P’ = Pj, | of partitions
A= (1",2m2 ) of 2n + 1 such that m; is even for even i. Finally, in
the case where G = GL,, the set N of nilpotent orbits in g is in bijective
correspondence with the set P = P,, of partitions A of n.

1.5. By making use of the Springer correspondence, we define a map
[+ Ny — Nj as follows. First note that the irreducible characters of W
are parameterized by the pairs of partitions («;f3), where a : ay > ag >

->a, >20and B: 31 > B2 > -+ > B > 0 with Y a; +> 6 = n.
We denote this set by PP = PEL. By adding 0 to the sequence a or 3, we
may assume that r = s. Let us denote by X(q;3) the irreducible character
of W corresponding to («; 3). Note that under this correspondence, (n;—)
corresponds to the unit character 1y and (—;1™) corresponds to the sign
character € of W.

Now the Springer correspondence gives an injective map Ny — W by
A xa,1- Then x4 is expressed as x(q;3) for some (; ) € Pt We define
a sequence of integers Ay > Ao > --- > A\, by My = a1+ 01, Ao = as+ 0o, . ...
Then A : Ay > Ay > -+ > ), gives rise to a partition of n. We put f(A) = A’
where A" € Nj is the nilpotent orbit corresponding to the partition A. Thus
the map f : Ny — Nj is defined. By abuse of notation, we regard the map
f as the corresponding map P — P or P’ — P induced from f.
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We shall describe the map f more explicitly using the description of the
Springer correspondence for classical groups given in [Sh2], (see also [L2]).

(a) The case G = Spay,.

Assume that A = (1™,2™2 ...) € P. We express the sequence A in
the decreasing order as A : Ay > Ay > ---. Let us define a sequence
{a1,aq9,...,} by the following rule. If \; = 2k, we put a; = k. If \; = 2k+1,
and if it is expressed as

Aic1 >N = N1 = = Aigor—1 > Aior
for some r > 0, we put a; = a;420 = -+ = @j19,—2 = k and a;41 = a;43 =
--+ =ai42r—1 = k+ 1. Then we have a; > a3 > --- and ay > a4 > ---. We

now define a pair of partitions (a; 3) € P? by
aay>az3>--, frag>ag >
Then we have xa,1 = X(q;3)- Hence the partition f()) € P is given by
fN) = (a1 + ag,a3 + aq,...),

by adding 0 on the end of the sequence of a;, if necessary.

(b) The case G = SO2y,41.

As in the case (a), we express A = (1™1,2™2_ .. .) € P’ in the decreasing
order as A : Ay > A9 > ---. We define a sequence {aj,as,...} by the

following rule. Assume that \; = 2k + 1 for some k£ > 0. We put

{k‘ if 7 : odd,
4= k+1 if 7 : even.

Assume that A\; = 2k for some k > 0, and that it is expressed as
Aie1 > A = A1 = - = Aigar—1 > Aigor

for some r > 0. We put a; = ajy3 = -+ = aj42,—2 = k — 1, and a;41 =
Ai4+3 =+ = Qj42r—1 = k+1if7is Odd, and put A; = Qi1 = = Qj42r—1 =
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k if 7 is even. Then we have a1 > a3 > ---, and as > a4 > ---. We define
a pair of partitions (s 3) € P? by

a:ar>az3 >, Prag>ag>---.
Then we have x a1 = X(a:)- Hence the partition f()) € P is given by

fN) = (a1 +az,a3 +ag,...).

1.6. We define subsets Pe, C P and P, C P’ as follows.

Pov ={A= (171,272 ...) € P| m;: even fori> 1},
Plo={A=1™,2" .)€ P |m;: even fori > 1}.

Note that m; is always odd for A € P.,. We denote by (Nj)ev the set of N
corresponding to Py or P., respectively. From the description of the map
f given in 1.5, it is then easy to see the following.

(1.6.1) For each A = (1™1,2m2 ) € Pey (resp. A = (1™ FL 2m2 ) ¢
P.), f(A) € P is given by f(\) = (1™1/2,2™m2/2 ). Hence the restriction
of the map f on (Nj)ev gives a bijection (Ny)ev =~ Ng. In particular, f :
Ny — Nj is surjective.

Here we give some examples of the map f for small rank cases. In the
following tables, the first column denotes the elements in N, where the
asterisk indicates the elements in (Ny)ey.

Table 1. G = Spg, G = GLs.

A xa1 | f(A)
16 * (_; 13) 13
214 (13, —) | 13
2212 * | (1;1%) | 21
412 (21;-) | 21
23 (1%,1) | 21
32 | (1;2) 3
42 (2;1) 3
6 (3;-) | 3
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Table 2. G = SO7, G = GLs.

A XA,1 f(A)
17 * (_; 13) 13
2213 * | (—21)| 21
314 (1;1%) | 21
322 (1%1) | 21
321 *| (1;2) 3
512 (2;1) 3
7 (3;-) 3

1.7. We are interested in comparing the S,-module structures of
H*(BA)P and H*(By(a)). Note that H7(B4)f = 0 unless j = 0 (mod 4)
by Lemma 1.3. First we consider the special case where A = 0, and
show that there exists a natural isomorphism of S,,-modules 6 : H?*(B) 4
H*(B)P. We consider a polynomial ring C[x1, ... ,2,] on which W acts as
w(z;) = £a; if w(i) = £j as a signed permutation of {1,2,... ,n}. Then we
have a surjective W-equivariant homomorphism « : Clz1, ... ,x,] — H*(B)
where the kernel J is the ideal generated by non-constant homogeneous W-
invariant polynomials. We claim that the image of C[z?, ... ,z2] under the
map « coincides with H*(B)”. In fact, let Jy = C[z?,... ,22] N J. By
applying the average operator |D|™!' %", w on Jy, we see that Jy is the
ideal of C[z2, ... ,x2] generated by non-constant homogeneous S,,-invariant

rrn
polynomials. Hence we have

a(Clz?, ..., 22]) ~Clz3,... ,22]/Jo ~ H*(B).

But since H*(B) is a regular W-module, we see that dim H*(B)P = |S,| =

dim H*(B). The claim follows from this.
We now consider a similar S,-equivariant surjective map @ : Clzq, ... ,

xp] — H*(B). Thanks to the above claim, one can construct an isomor-
phism 6y : H*(B)~H*(B)P such that the following diagram commutes.

Clx1,y ... ,xp] -, Cla2,... 22
(1.7.1) al la
0o
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where @ is the isomorphism defined by x; — xf

1.8. The natural inclusion B4 — B induces a graded algebra homomor-
phism ¢ = ¢4 : H*(B) — H*(By4). Clearly this map is C'(A)-equivariant,
where C(A) acts trivially on H*(B). Also it is known (e.g. Spaltenstein [S2,
Lemma 2.5]) that ¢ is W-equivariant. Hence ¢ induces an S,-equivariant
map H'(B)P — H(Ba)P, which we denote by ¢p. We denote by ¢ the
similar map for G' induced from the inclusion By — B for A’ € N. We
can now state our main result.

THEOREM 1.9. Let G = Spa, or SOani1, and put G = GL,. Let
[+ Ny — N be the map defined in 1.5. Then for each A € Nj, there

exists a unique Sy-equivariant map 0 : H*(By4)) — H*(Ba)Y such that
the following diagram commutes.

H%(B) b0 HY%(B)P

(1.9.1) ﬂ l%

H*(By(ay) —— H*(Ba){
Moreover, the map 6 is injective. — Hence, 0 gives an isomorphism
HQZ(Bf(A))lIm ¢p as Sy-modules.

The proof of the theorem will be given in Sections 2 and 3. The following
special case would be worth mentioning.

COROLLARY 1.10. Assume that A € (Ny)ev. Then we have
. H (B if 11 even,
HQ’(BA)D:{ (By(a)) f
0 if1: odd

as Sp-modules. Moreover, C(A) acts trivially on H*(BA)P and the map
HY%B)P — HY%(BA)P induced from ¢ is surjective.

PROOF. Let 6 be the map given in the theorem. We shall show that
Im @ coincides with H*(B4)”. Since 6 is injective, we have the following
inequalities,

(1.10.1) > dim H*(By(a)) < Y dim H*(Ba)P
i>0 i>0

<> dim HY (Ba)P.

Jj=0
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Since A € (MN)ev, A is a regular nilpotent element in the Lie algebra of a
Levi subgroup L of a parabolic subgroup of G such that the corresponding
Weyl group Wy, is given as Wy, ~ Sy, x --- x S),, where A = (A1 > Ay >
.-+ > \g) is a partition of n corresponding to f(A) in Nz. Now by Alvis-
Lusztig [AL], we see that the cohomology algebra H*(B4) is isomorphic to
Ind%L 1 as W-modules. Hence

dim H*(Ba)? = (Indjy, 1,Ind}} 1) w = [Sa|/|WL|.

But by [HS], we see also that H*(By(a)) is isomorphic to Indg‘}lL 1 as Sp-
modules. This implies that

dim H*(Ba)? = dim H*(Bj(a)),

and so the inequalities in (1.10.1) are actually equalities. Hence we have
Im6 = H*(Ba)P as asserted.

The above argument also shows that H4%2(B4)P = 0 and H*(B4)P =
H*(B4)P. The first statement of the lemma follows from this. Now it is
known by Spaltenstein (see [HS]) that the map ¢ is always surjective. The
second statement follows from this by using the theorem. [

REMARK 1.11. As remarked in the proof of Corollary 1.10, the map
¢ : H*(B) — H*(B,) is surjective for any A € Nj in the case of GL,,. Ac-
cording to de Concini-Procesi [CP| and Tanisaki [T], this map is interpreted
as follows; let O be the nilpotent orbit in § containing an element A" which
corresponds to the dual partition of A, and let O be its closure in g. We
consider the coordinate ring C[t N O] of the scheme theoretic intersection
of O with a Cartan subalgebra t in g. Then C[tN O] affords a structure
of graded S,-module which is isomorphic to H*(B4). Moreover, the map
¢ coincides with the natural surjection C[t N g,;] — C[tN O], where g,
denotes the nilpotent variety of g.

The similar construction of graded W-module C[t N O] is also available
for other cases. In fact, Tanisaki [T] showed, in the case of Spa,, that for
any A € (Ng)ey, the W-module C[t N O] is isomorphic to Ind%L 1. Here
t is a Cartan subalgebra in g and O is the closure of the nilpotent orbit
in g containing AV, where AV is the element corresponding to the dual
partition of A (regarded as an element in gls,). Note, for any A € (Nj)ev,
that AY also belongs to N;. Wy is the parabolic subgroup of W as in
the proof of Corollary 1.10. We also have C[t N gpni] ~ H*(B) as graded
W-modules. (gni denotes the nilpotent variety in g.) On the other hand,
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we have H*(Ba) ~ Ind%L 1 by [AL] as before. However, the natural map
H*(B) — H*(B,) is in general not surjective. In fact, the smallest example
is that of G = Spis and A = (42,22) € (Ny)ev.- In this case, the W-
module H??4(B,) is equal to X(21;21) T X(12;31), and the latter component
corresponds to a non-trivial character of C(A). Hence C(A) acts non-
trivially on H*(B4). The corollary suggests, even in this case, that one will
recover a natural isomorphism C[t N O]P ~ H*(Ba)P once we restrict to
the D-fixed point subspaces.

1.12. We now pass to the setting in the Introduction, namely we con-
sider the groups defined over a finite field F,. We assume that ¢ is odd.
Then the set Ng of unipotent classes in G has the identical parameteri-
zation with Ng., where gc is the corresponding Lie algebra over C. For
each unipotent class C' € Ng, we fix a split representative u; € C* (see
[Sh2], where it is called a distinguished element). Then the representatives
in the G¥-conjugacy classes in C* are in one to one correspondence with
C(uy) =~ C(A). (Here A is a nilpotent element corresponding to u;. Note
that C'(A) is abelian in our case.) We denote by u. the representative cor-
responding to ¢ € C(A). For each w € W, let T}, be an F-stable maximal
torus of G obtained from the split maximal torus T by twisting by w. We
consider the Green functions Q%ﬂ associated to Ty. It is known by [L3],
[Sh3], that the values at u. of Green functions can be interpreted as

(1.12.1) QF, (ue) =Y Tr((w,c), H*(Ba))d',

>0

where H?(B,) is regarded as a W x C(A)-module.
We take A € (Nj)ey and let C be the corresponding unipotent class in

G. For each u € CF', we consider the average of Green functions over D as
follows; for each w € S, let

=D ) QF,, (u)

zeD

We fix v € CF, and regard QS p as a class function on S,. Then by
Corollary 1.10, we have

= Tr(w, H*(Ba)")¢*

>0



176 Toshiaki SHOJI and Bhama SRINIVASAN

In particular, Qi p does not depend on the choice of u & CF. By this
formula Qﬁ p may be regarded as a polynomial in ¢ for each w € S,,, which
we denote by QﬁD(q)(w).

Let f(u) be a unipotent class in G' corresponding to a nilpotent element
f(A) € Ng.. The similar formula as (1.12.1) holds for the Green functions
of G, and one can write, for each w € S,

QF, (f(w) = Tr(w, H* (By(a)))d'-

>0

We regard QQG:w( f(u)) as a class function on S,, by fixing f(u), and denote
it as Q?(u) (¢)(w), as a polynomial in g. Then the following theorem is an
immediate consequence of Corollary 1.10.

THEOREM 1.13.  Assume that A € (Nyg)ev. Then we have

Q% p(9) = QG (@)

2. The Construction of 0

In this section, we shall construct the map 6, i.e., we prove the following
proposition.

PROPOSITION 2.1.  Under the assumption of Theorem 1.9, there exists
a unique Sy,-equivariant map 6 : HQZ(Bf(A)) — HY(BA)P satisfying the
commutative diagram (1.9.1).

2.2. The injectivity of 8 will be proved in Section 3. Note, since the
map ¢ is surjective, the uniqueness of the map 6 will follow once we con-
struct 6. So the remaining part of this section is devoted to the construc-
tion of #. As was discussed in Remark 1.11, de Concini-Procesi [CP] and
Tanisaki [T] showed that the cohomology ring H*(Ba/) is isomorphic to
C[tN O] as graded S,-modules in the case of G = GL,,. The essential step
in their proof is to construct an S,-equivariant map from C[tNO] to H*(B /)
commuting with the isomorphism C[tNg,;] ~ H*(B). Our strategy is quite
similar to theirs, in particular, to that of [CP]. In our discussion, the role of

C[tn O] is replaced by H*(By4)). Following [CP], we reduce the problem
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of the construction to the case where A is of special type. First we show
the following lemma.

LEMMA 2.3. Let A, A" € Ny and assume that A is contained in the
closure O 4 of the G-orbit Oa of A'. Then there exists a W -equivariant

map ¢aa : H(Ba) — H'(Bas) such that the following diagram commutes.

(rf)/\'

Hi(B) —— H(By)

A e

da DA.A’
///

Hi(BA)

ProoF. We may assume that A and A’ are adjacent with respect to
the closure relations, i.e., there exists no A” such that Oy4 C O g C Oy
Let A~ be a nilpotent element in g such that the triple {A, H, A~} satisfies
the relation [H, A] = 2A,[H,A”] = —2A~ and [A,A”] = H. By Slodowy
[Slo], S = A+ Z4(A™) is a transversal slice in g to O4. Hence SNO 4 is also
a transversal slice in O 4 to O 4. Thus the natural map ¢ : G x (SNO4) —
O 4 is a smooth map. Since O 4 is irreducible, ¢ is dominant. Now assume
that S N O4 = (. Since any nilpotent element A” € S has the property
that A € O 4, our assumption implies that SNO4 = {A}. Then the image
of ¢ is contained in O4. But this contradicts the fact that ¢ is dominant.

Now we may assume that A’ € S. We recall the construction of Springer
representations due to Lusztig [L1]. Consider the Grothendieck map p : g —
g, where

§={(z,9B) €gx G/B|Ad(g ")z € LieB},  p(z,9B) = .

Then the complex Rp,C is a perverse sheaf on g (up to shift) which admits
a W-action. Hence for each z € g, the stalk at = of i-th cohomology
sheaf H:(Rp.C), which is isomorphic to H!(B,), turns out to be a W-
module. Now since Rp,C is W-equivariant, we have a commutative diagram
of hypercohomology,

Hi(g,Rp.C) — H:({A'},Rp.C)

(2.3.1) | -
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induced from the inclusions {A’} € S C g. Note that all the maps are
W-equivariant. On the one hand, we have

as W-modules, since g is a vector bundle over B. On the other hand, by
considering the G,,-action on S, we see that

H' (S, Rp.C) ~ HY(Rp,C) ~ H'(B,)

as W-modules (cf. Kazhdan-Lusztig [KL], Lemma 4.5). Now the lemma
is immediate from (2.3.1) if we notice that H'({A'},Rp.C) ~ H*(B4/) as
W-modules. [J

For a given Ay € Nj, we denote by Ag the unique element in (Ny)ey
such that f(AE]) = Ap. Hence if Ay = (1™1,2™2,...), AE) is given by
Ag = (12m1 22m2 ) (resp. Ag = (1Zmi+l 92m2 ) in the case where
G = Spay, (resp. G = SOgy,41), respectively. Then we have the following
lemma.

LEMMA 2.4. For A € N, put Ay = f(A). Then AE) € O4. In other
words, O 4 is the unique minimal orbit (with respect to the closure relations)
0

among the orbits contained in f~1(Ap).

PROOF. We consider the partition A € P or P’ corresponding to A €
]\/'g, and denote it as A : Ay > Ao > ---. We also denote the partition n € P
corresponding to Ag = f(A) by n : m1 > ny > ---. Then the following
formula is easily verified from the definition of the map f given in 1.5.

Qm if )\21',1 — )\21' . even,
A1+ Aoy = 2n; + 6 if Ag;_1 : even, Ag; : odd,
27}2‘ -6 if )\Qi_l : Odd, )\Qi . even,

for each i > 1, where 6 =1 (resp. § = —1) if G = Spay, (resp. G = SO2,41),
respectively. Now it is easy to see from the above formula that the Young
diagram corresponding to AE) is obtained from that of A by moving several

nodes in the edge to lower positions. Hence AF) is contained in @4, and the
lemma is proved. [
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2.5. Thanks to Lemma 2.3 and Lemma 2.4, the construction of 0 is
reduced to the special case where A = f(A)Y, ie, A € (Ny)ey. We now
assume that A € (Nj)ev, and put Ag = f(A). Let us consider the ho-
momorphism ¢ : H*(B) — H*(Ba,). The kernel Ker¢ of the map ¢ is
described by the main result of de Concini-Procesi [CP], which is given
as follows; let Sy (x1,x2,...,2k) be the total symmetric function of degree
h with k variables, i.e., it is defined to be the sum of all monomials in
r1,Zo,...,xE of degree h. Put

Shik(T1,. .., x¢) = Sp(zr,... ,2) (21 - 'l’t)k.

Then it follows from Theorem 2.2 and Theorem 4.2 in [CP], that we have

THEOREM 2.6 (de Concini-Procesi [CP]). The ideal Ker ¢ in H*(B) is
generated by (S k(i --. ,x5,)) for any iy,...,4 € [1,n], subject to the
condition that j + k = ny + 1, where ny, is the rank of (AY)* (AY is the
element corresponding to the dual partition of Ag. The map @ is given in
1.7.)

2.7. Inview of Theorem 2.6, together with (1.7.1), in order to prove the
proposition, we have only to show that the image of a(Sj k(27 ,... ,22))
vanishes on H*(B4)? under the map ¢p for A € (Ny)ey. Furthermore, since
¢p is Sp-equivariant, it is enough to check this only for S;;(2%,... ,27).
We put Tj s x(z1, ... ,2t) = Sjer(z?, ... ,2?). We shall show the vanishing
of poa (T} 1) by induction on the partial ordering with respect to the closure
relations of M. Let n € P be the partition corresponding to Ag, and let
n¥ be the dual partition of . We write ng = ng(n¥). In view of Lemma
2.3, if one can find o € P such that ¢ < 1 and that ng(nY) = ng(oV),
then our assertion is satisfied. Then by further restriction as discussed in
[CP, p. 216-217], the proof of the proposition is reduced to verifying the
following statement.

(2.7.1) Let Ay € N be of type 1, where n = ((c + 1)%, c%,1%), with ¢ >
2,dy > 0,d3 > 0. (Hence A = AE) € N of type ((c+ 1)1, 22 12d3) (resp.
((c+1)%d1 c2d2 12ds+1) if G = Spy, (resp. G = SOqy11), respectively). Let
k be an integer such that j +t = nj + 1 satisfying one of the following
conditions;

(i) k=ds +ds withdy =0,c=2,

(ii) k=diy +dy with dy > 0 or ¢ > 2.
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Then ¢o (T} ) vanishes on H*(B4)P. (Note that in the case (i), we have
j+t=1andso Tj; = 22% while in the case (ii), we have nj = d3.)

2.8. The case (i) will be discussed later in 2.21. First we concentrate on
the case (ii). Let V' be a vector space with dim V' = 2n (resp. dim V' = 2n+
1) endowed with a non-degenerate symplectic form (resp. non-degenerate
symmetric bilinear form) (, ) if G = Spa, (resp. G = SOay,41), respectively.
Let F(V) be the set of total isotropic flags in V. We consider a nilpotent
element A € (N)ey of the following type;

{ ((c+1)%,c* 125)  if G = Spa,
= ((C + 1)2d1,62d2, 12d3+1) if G = SO2n+1’

for some integers da,d3 > 0, and ¢, d; as in (ii) of (2.7.1). In the following,
we identify B with F(V'), and B4 with the set F4(V) of A-stable flags in
F(V). Let

Vo = Ker A,
Vi=KerANImA,
Vo = Ker AN Im A°.

We have dimV; = 2(d; + dg) and dimV, = 2d;. Put k& = dy + do, and
g = 2k + d3. For a given A, there exists a basis of V on which A acts as
in the formula in IV 2.19 in Springer-Steinberg [SS]. In particular, we see
that V7 and V5 are isotropic subspaces in V. But Vj is not isotropic, nor
is the restriction to Vp of the form (, ) non-degenerate. We now define a
subspace Vj of V' as a smallest subspace containing V; such that the form
is non-degenerate on Vj. Hence dimVy = 2g (resp. dimVy = 2¢g + 1) if
G = Span (resp. G = SOs9y,41), respectively. For any integer i > 0, we
denote by G;(V') or G;(Vy) the isotropic Grassmann variety of V' or Vj of
degree i, i.e., G;(V) is the set of isotropic subspaces of dimension i in V.
We have a natural map m; : F(V) — G;(V). We may regard G;(V)) as a
closed subset of G;(V).

Now we fix an integer ¢ such that 1 <t < g, and define a closed subset X
of F(V) by X = m; 1(G:(Vp)). Furthermore, for each s such that 1 < s <t
and that s < ds, put

Vs =1{Z € G,(Vo) | Z € Ker A, dim(Z N Im A) > 1}.

Then Y, is a closed subset of Gs(Vp), and we define a subset X, of F(V) by
X; = ;1 (YVs). We have the following lemma.
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LEMMA 2.9. Let X=X U (Ui<s<t Xs). Then we have Fa(V) C Xt

PrROOF. The proof is similar to the arguments in p. 218 of [CP]. It
is enough to show that each irreducible component of F4 (V') ~ B4 is con-
tained in X%, Note that the irreducible components of B4 are parameterized
by tableaux with 2n boxes, and this parameterization is compatible with
the locally trivial fibration of B4 (see Remark 3.7 for a more precise dis-
cussion). We denote by Fr the irreducible component corresponding to a
tableau T. But, note that the tableau T does not characterize the irre-
ducible components. In general, it happens that more than two irreducible
components correspond to the same tableau T'. Anyway, we consider an
irreducible component Fr of B4. Its open part .7-"% is described completely
by locally trivial fibrations associated to Fr. Since X* is a closed subset of
B, we have only to show that F% C Xt

Now assume that the last ¢ numbers n,n—1,...,n—t+ 1 appear in the
first column of the tableau T. Then any flag F' € }"% has the form

F:ZiczZyc---CJZ,

with Z; C Ker A for ¢ = 1,...,t. (Here Z; is an isotropic subspace of V'
of dimension i.) This implies that ]—"% C X. So we may assume that not
all of the integers n,n — 1,...,n —t + 1 appear in the first column of T
Let s be the smallest number such that n,n — 1,...,n — s 4+ 1 appear in
the first column, but n — s does not. (This implies that s < d3.) Then for
any F = (Z;) € FP, we see that Z,Zs,...,Zs_1 € Ker A. Furthermore,
we have Z; € Ker A and Z; NIm A # {0}. It follows that ]-“% C X,. This
proves the lemma. []

2.10. We fix a basis {e1,... ,en, f1,... , fn} (vesp. {e1,... ,en, f1,...,
fnyh} of V if G = Spay, (resp. G = SOg,11) as follows; for any i, 7,
(ei, f5) = bij,  (eisej) = (fi, fj) =0

and (h,h) =1, (h,e;) = (h, f;) = 0. We assume that the basis is chosen so
that {e1,... ,eq, f1,..., fg} (vesp. {e1,... ,eq, f1,..., fg, h}) gives rise to a
basis of Vj if G = Spa, (resp. G = SO2p,41), and

‘/2:<613--- 762d1>7 ‘/1:<ela°" 7€2k;>a
Vi { <ela"° 7€gaf2k+17"‘ 7fg> if G = San,
0= .
<€1,... ,eg,f2k+1,... ,fg,h> lfG:SOQn+1.
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Let B be the Borel subgroup of G defined as the stabilizer of the total flag
(e1) C (e1,e2) C--- C(e1,...,€n)

in G. We define a maximal torus T" of B by the condition that the opposite
Borel subgroup of B with respect to T is the stabilizer of the total flag

(fi) C{f1, fa) T C{f1,--s f)

We identify W with Ng(T)/T.
Let H = Sp(Vy) or SO(Vp) according to the case where G = Spo, or
SOsp,+1. We identify H with a subgroup of G consisting of elements which

fix any basis element outside of ‘70. Weput By =BNHand Ty =TNH.
Then By is a Borel subgroup of H which is the stabilizer of the total flag

<€1> C <61,62> c---C <61,...,6g>

in H, and Ty is a maximal torus in H. Let Wy = Ny (Ty)/Tr. Then Wy
is realized as the group of signed permutations of {1,...,g}.

We now consider the structure of the Grassmann variety QS(%). Let us
define a sequence

(2.10.1) Uy CUyC - CUy CUyyy C--- C Uy = Vo
of subspaces of Vy by U; = (e1,...,e;) if 1 <

i
orthogonal complement of U,_; in Vp, for 1 <7 <
{0}.) Hence

< g, and by Uy, the
g. (Here we put Uy =

U { <€1,...,€g,fg,...,fg,i+1> lfG = Spgn

+i = )

g <€1,. .. ,eg,h,fg,.. -yfg—i+1> if G = 502n+1.

We define a total order on the set {£1,...,+g} by
1<2<---<g<—g<—9g+1<---<-2=<-1.

Assume that s < g, and let I" be the set of s-tuples v = (y1,...,7s) of
integers v; (—g < v < g) such that 3 < 72 < -+ < 7, and that the
absolute values |v;| are all distinct. We define an ordering on I" by v >~/ if
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vi = Al fori=1,...,5. We put 7; =, if v > 0 and 7; = 2g + ; if 7 < 0.
For each v € I', let us define subsets YW,Y,Y in G5(Vo) by
Y, ={Z €G,(%) | dim(Z N U5, > i}.

Then we have the following lemma.

LEMMA 2.11.

(i) %(Vb) = HveF Y,, and Y, is a S_chubert cell in Gs(Vp).

(ii) Y is the closure of Y,. Hence Y is a Schubert variety. Further-
more 77 C 75 if and only if v < .

PROOF. Let Q) be the stabilizer of Uy in H. Then Q) is the max-

imal parabolic subgroup of H containing By. We denote by WI(;) the
corresponding Weyl subgroup of Wy, which is isomorphic to S, x Wy_g,
where S, is the symmetric group on s letters {1,...,s} and W,_ is the
Weyl group of type Cy_s with g — s letters {s +1,...,g}. Then the set D

of distinguished representatives for Wy / Wl(f ) is given as

1 2 - t t+1 - g

erl
Mmoo v P ﬁgt>h s

where 0 < f1 < B2 < -+ < B4+ are the complement of {|y],|v2],...,|v|}
in {1,2,...,g9}. Now Gs(V) is naturally identified with H/Q(S), and the
cell Y, C G4(Vp) corresponding to v € I is given by

Y, = {vwy(Us) | u € Un},
where Uy is the maximal unipotent subgroup of Bg. Since w,(Us) =
(91,92,---,9s), where g; = e, if v; > 0 and g; = f_,, if v; <0, it is easy

to see that Y, has the form given in (2.10.2). This shows (i). The second
statement also follows easily from this. O

2.12. We now consider the variety X = wt_l(gt(%)) as in 2.8. Let @
be the stabilizer in H of the flag

UycUycCc---CU;
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for 1 <i <t Put V* = Uf/Ui for 1 < i <t, where Uf is the orthogonal
complement of U; in V. Then the form ( , ) induces a non-degenerate
symplectic or symmetric bilinear form on V;*. We consider the flag variety
F(V;*). Then the group @Q; acts naturally on F(V;*). The structure of the
variety X is given in the following lemma.

LEMMA 2.13. X ~ H x% F(V}*).

PROOF. Put
X' ={F=(Z)ecF(V)| Z =U;fori=1,...,t}.

Then &} is a closed subset of X which is isomorphic to F(V;*). On the other
hand, for each F :~(Zi) € X, wehave Z; € Vg, andso Z; C Zy C --- C Z4
is a partial flag in V. Hence there exists g € H such that

g'F=(U1CUsC---CU, CZ C-CZ).

Hence ¢g7'F € X}, and so we see that X = H - X!. Now it is easy to see
that the map p : X — H/Q:, F = (Z;) — (Z1 C Zy C -+ C Z;) gives
rise to a locally trivial fibration with fibre isomorphic to F(V;*). Hence the
lemma follows. [J

Next, we consider the varieties X; for 1 < s < t. We define Qs, Vs,
etc. similar to Q¢, V4, etc. by replacing ¢t by s. Then we have the following
lemma.

LEMMA 2.14.

(1) Vs is a union of.Schubert varieties Y, in Gs(Vo) of the form v =
(V1,725 - - - Ys) with v1 = 2k, 7, < g + ds.

(ii) Let Q(S) D Qs be the maximal parabolic subgroup of H stabilizing

Us, and let fs: H/Qs — H/Q(S) ~ gs(f/o) be the natural projection.
Then we have

Xy o £ (V) x 9 F(VF),

where f71(Vs)/Qs is a union of Schubert varieties in H/Qs.
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PRrOOF. Under the notation in (2.10.1), we have Vy = Ugqay, Vi = Usy.

Hence, for a given Z € 98(170), the condition that Z € ) is equivalent to the
condition that dim(Z NUsy;) > 1 and dim(Z N Ugyqg,) > s. In other words,
Z is contained in ? with 7, = 2k and 7, < g + ds. Since 2k —2g < —g,
we have vy = 2k. The statement (i) follows from this. Next we consider
(ii). It is clear from (i) that f;1()s)/Qs is a union of Schubert varieties in
H/Qs. Let X! be the subvariety of (V) defined similar to X}' in the proof
of Lemma 2.12. Since U, € Vs, X} is contained in X, and we see easily
that X, coincides with the translation f; ())&} of X} under the action
of f71(¥s). On the other hand, the similar argument as in (i) shows that
HX! is a locally trivial fibration H x@ X! over H/Q,. Hence f;(Vs)X!
is also a locally trivial fibration over f;1()s)/Qs. This proves (ii), and the
lemma follows. [

Now we show the following.

ProprosIiTION 2.15. The natural map
H2’L Xﬁ @HQ’L @ H27'(X)
induced from the closed immersions such as Xy — X% is injective for each
i.

PrROOF. We set X,g = U';Zl X for k = 1,2,...,t — 1. We show, by
induction on k, that the natural map

H2z Xﬁ @ H2z

is injective.
First we note that

(2.15.1) Xl 0 X T <9 F(VY),

for a subset 7; of H stable under the right multiplication of QJ; such that
71/ Qk is a union of Schubert varieties in H/Qj.
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In fact, if s < k, we have W,?l(gk(%) C 77 4(Gs(Vp)). The similar argu-

ment as in the proof of Lemma 2.13 shows that w,gl(gk(f/o)) ~ HxQcF(Vy).
Since Qi C Qs, the map f, factors through fi, and we have

T Gk (Vo)) N Xy = £ (Vs) x 9% F(V5).

In particular, f71()s)/Qy is a union of Schubert varieties in H/Qy. Now
using Lemma 2.14, we see that

Xo N X o (f7H (V) N f (k) x9F F(V).

Here (f71(Vs) N £ '(Vk))/Qr is a union of Schubert varieties in H/Q,

since both are so. The variety X,gfl is also described in a similar way. The

assertion (2.15.1) now follows easily from this.
It follows from (2.15.1) that we have

(2.15.2) Xy — XL~ T X F(V),

where 7,?/Qy, is a union of Schubert cell in H/Qy. Now (2.15.2) implies
that A — X,E_l has a pavement by affine spaces. In particular, we see
that HM (X, — &) = 0. We also have H°M(X}) = 0 by Lemma 2.14.

Hence, by using the cohomology long exact sequence for Xlg—l — X,ﬁ , and
by induction, we have

(2.15.3) HOYXH) =0 fork=1,2,...,t—1

Then we have the following commutative diagram.

@F] HY(x) —— @] H(X,)
mT %T
0 —— H2EX! —x!_) H2(XF) HY%(Xf_ ) —— 0
idl WQl l

0 —— HZ(X, —xf ) —2—  HY(X) ——— H¥XNnX[ ) —— 0

Here (1, 9 and (3 are the natural maps induced from closed immersions
such as X; — Xkﬁ. Now the middle horizontal row is exact by (2.15.2) and
(2.15.3). The lower horizontal row is also exact by (2.15.1) and (2.15.2).



Green Functions 187

Now assume that the image of x € H 2i(z’k'kli ) is zero under the natural map
©: H2i(X£) — @Y H¥(X,). Then ¢1(x) = 0, go(x) = 0. Since 3 is
injective by the assumption, x lies in HEZ(X]S — X,S_l). Since @4 is injective,
this implies that = 0. So we have shown that ¢ is injective.

The completely similar argument works also for the last step, i.e., for
Xtﬁ_l and X1 (In fact, the required property for X; is that )s is a union
of Schubert varieties. So it can be applied to X also.) This proves the
proposition. [

2.16. We now consider the polynomial T} in the case (ii) of (2.7.1).
We shall show that the image of o(7} ) vanishes on H*(B4). By Lemma

2.9, the map ¢4 factors through the natural map H*(B) — H*(X*). So, in
view of Proposition 2.15, in order to show the statement (2.7.1) it is enough
to see that the image of (7)) vanishes under the maps H*(B) — H*(Xj)
for 1 < s <t and under the map H*(B) — H*(X). First we show

LEMMA 2.17.  The image of (T} ) is zero on H*(X).

ProOF. Let P® be the stabilizer of U; in G, and Q") the stabilizer
of Uy in H. Hence P (resp. Q(t)) is a maximal parabolic subgroup of
G (resp. H) and we have a natural isomorphism G/P® ~ G,(V) (resp.
H/QW ~ gt(%)), respectively. We have a closed immersion H/Q) —
G/ P® corresponding to the inclusion Gy(Vy) < Gi(V). Let m : B — G/P®
be the map as before. Since X = 7, 5(Gy(Vp)), we have a commutative
diagram

*
U

H*(G/P®W) —— H*(B)

d l

H*(H/QY) —— H*(X).

Let W® be the Weyl subgroup of W corresponding to P®*). Hence W®) ~
Sy X Wiy —t, where S; is the symmetric group of ¢ letters {1,...,t} and W,,_,
is the Weyl group of type C,_; of n —t letters {t + 1,...,n}. Now it is
known that 7} is injective and its image coincides with H *(B)W<t), ([BGG,
5.5]. See also (3.7) in [LS]. This is the special case of Borho-MacPherson’s
theorem there). Note that a(Tj, ) is W®-invariant. It follows that we

may assume that o(Tj, ) lies in H*(G/P®). Hence in order to show the
lemma, it is enough to see the following.

(2.17.1) The image of a(T}x) under the map v is zero on H*(H/Q®).
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We show (2.17.1). First we note that the map « : Clzy,...,z,] —
H*(B) is obtained by attaching A € X (T) to the first Chern class in H?(B)
corresponding to the line bundle G x® A — G/B. Here X(T) denotes
the character group of T" and we identify C|x1,...,x,| with the symmetric
algebra on C ® X (7). The map ay : Clzy,...,z,] — H*(BH) is defined
similarly, where BY = H/By ~ F (170) Then, by the property of Chern
classes we have a commutative diagram

Clzy,...,x,) —— H*(B)

l l

Clz,. .., 4] SN H*(BH),

where the right vertical map is the map induced from the natural map
BH — B, and the left vertical map is the projection on z1, ... , g variables,
which is obtained from the restriction X (7') — X (7).

Taking D-invariant part and Dg-invariant part, we have

Clad, .. a2 — 2 HY(B)P
(2.17.2) l l
(C[x%, ,xg] _OH | H*(BH)DH7

where Dy is the subgroup of Wy corresponding to D in W.

Let G = GL(V) and H = GL(Vy) for V =< e1,...,e, > and V( =
<ei,...,eq >. Then a similar argument works also for G and H, i.e., we
have a commutative diagram

Clzy,...,zn] —— H*(B)
(2.17.3) l l

Clar, ... z,] —2% H*B").
Now (2.17.2) and (2.17.3) implies the following commutative diagram
B —%. H*B?P

(2.17.4) l
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Let P (resp. @(t)) be the maximal parabolic subgroup of G (resp. H),
which is the stabilizer of the subspace < ey,...,e; > in G (resp. H), and
let W (resp. WET?) be the corresponding Weyl subgroup. Then W ~
St X Sp_¢, W%) ~ Sy x S4_4. Since 0y is S,-equivariant and 051 is Sg-
equivariant, we obtain the following commutative diagram, (using [BGG,
5.5] for G and H),

HG.(V) —— B*@Q/PY) >~ m*BP""

l | l

H(G(Vo) —— B (H/Q") —= B (5P,

where G;(V) denotes the Grassmann variety of degree ¢ for V.

Note, since D - w5 W®, and Dy - Wﬁ? >\ W[({t), that we have a
natural injection

BT < g B ~ H*(G/PY)

and similarly for H*(B¥). It follows that we obtain

H*(Gt(v) _~ H*(B)D'W(t) N H*(G/P(t))

l l !

H (Gi(Vo)) —— H*(B")Pr Vs —— H*(H/QO).

Note that a(Tj, ) is P®_invariant and D-invariant. Hence it is invariant

i) fha ] * pw®
under D - W', So we may assume that «(7}) lies in H*(B) . On

the other hand, under the above isomorphism, a(7};) is mapped to an
element &(S; 1) € H*(G:(Vy)). Now it is known, by Lemma 4.10 in [CP],
that the image of @(Sj;x) vanishes on H*(G¢(Vy)). It follows that the

image of a(Tj+ ) under the map ¢ vanishes on H*(H/ Q®). This proves
(2.17.1), and so the lemma follows. [J

Next we show

LEMMA 2.18. The image of a(Tj.x) is zero on H*(Xs) for each s,
(1<s<t).
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PrROOF. Put Ry s(x1,...,25) = (21 - --x4)?k. Since Ry s is a factor of
T; 4k, to prove the lemma it is enough to show that the image of a(Ry.s) is

zero on H*(Xy) for each s. Let P) be the maximal parabolic subgroup of
G, which is the stabilizer of U;. As in the proof of Lemma 2.17, we have
the following commutative diagram

H*(B) < H*(G/PW)

l d

H*(Xs) «——  H*(Vs).

Since a(Rys) is W) invariant, we may assume that a(Ry,s) lies in
H*(G/P®). So, in order to prove the lemma, it is enough to show that

(2.18.1) The image of a(Ry s) under 1 is zero on H*()s).

Now the map v factors as

b HY(G/PW) 2 HY(H/QW) —2s HY()),

where 1,19 are natural maps induced from the closed immersions, V; —
H/Q®) — G/P®). But by the similar argument as in the proof of Lemma
2.17 (cf. (2.17.2)), we see that 91 (a(Ry,s)) coincides with oy (Ry,s) under

the isomorphism H*(BH)WI(;) ~ H*(H/Q®).

Let X, (w € Wg) be the basis of H*(B) dual to the basis of H,(BH)
consisting of Schubert classes. Let D be the distinguished representatives
of WH/WIEIS) as in the proof of Lemma 2.11. Then it is known by The-
orem 5.5 in Bernstein-Gelfand-Gelfand [BGG] that the set X, (w € D)

W

gives rise to a basis of H*(BH) , and that, under the isomorphism

H*(H/Q(s)):)H*(BH)WI(;), the basis X, (w € D) coincides with the ba-
sis of H*(H/Q)) dual to the basis of H,(H/Q®)) consisting of Schubert
classes.

Now since ap(Rys) is WI(;)—invariant, ap(Rys) can be written as a
linear combination of X,, with w € D. As in the proof of Lemma 2.11, the
set D is described by the set I" of s-tuples v = (y1,...,7s). We have the
following lemma.

LEMMA 2.19. ap(Rps) = X, for 8= (2k+1,2k+2,...,2k+s) € I,
(Note that since s < d3, we have 2k + s < g.)
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Assuming Lemma 2.19, we continue the proof of Lemma 2.18. By
Lemma 2.14 (i), ), is a union of Schubert varieties Y. So by the sim-
ilar argument as in Proposition 2.15, (2.18.1) is reduced to showing that

the image of X, is zero on H*(Y,) for each v as in Lemma 2.14. But
such « has the form v = (2k,...) and so Y3 ¢ Y, since 3 = (2k +1,...).

This implies that the image of Xy, is zero on H*(Y,), and (2.18.1) holds.

Now Lemma 2.18 follows, and so (2.17.1) under the condition (ii) is verified,
modulo the proof of Lemma 2.19. [

2.20. We prove Lemma 2.19. Let S = {s1,..., 54} be the set of simple
reflections of Wy, where s; is a permutation x; < ;41 fort=1,...,9g—1,
and s, is a sign change x4 <+ —x4. For each s; € S, we define an operator
A; on Clzy, ..., zg) by Ai(f) = (f — si(f))/ai, where a; is a simple root
with respect to s;, which is realized as a linear form on x1,...,z,. Then we
define an operator A,, for each w € Wy by Ay = A A, - -+ A, according
to the reduced expression w = s;,8;, - - - S;,. Note that A,, is independent
of the choice of a reduced expression of w. The operators A; satisfy the
following relations.

A2 =0,

AiA; = AGA; i fi— g > 2,

ADi 1A = A1 AN fori=1,...9—2,
Ay 18gA, 10y = AgAy 10N, .

(2.20.1)

(The last relation is not used in the discussion below.)

Let R = Ry 4(w1,...,25) = (z1---75)?*. The following formula, which
describes the image of a7 in terms of the basis X,,, was found independently
by Demazure [D] and Bernstein-Gelfand-Gelfand [BGG], (see also [H, IV]).
(Actually, the geometric identification of the Schubert basis with the basis
Xy in the formula is done by [BGG].)

(2:20.2) an(R) = ) e(Au(R)Xu,

weWy

where € denotes the evaluation at 0, (f) = f(0) for f € Clz1,..., x4
Now by (2.20.2), in order to prove Lemma 2.19 it is enough to show that
e(Ay(R)) = 0 for w # wg and that e(Ay,(R)) = 1.
First we note that A;(R) = 0 unless ¢ = s since R is invariant under
Wl(j) with s < d3 < g. It is easy to see that

AS(R) = S2k—1($s; strl)(gfl ce xsfl)Qka
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where Sox_1(xs, s41) is the total symmetric function as before.

For the next step, there are only two possibilities for A; such that
A;As(R) # 0, ie., i =s—1ori= s+ 1. In fact, this follows from
the first and second relation in (2.20.1). We note that

(2.20.3) In the expression of A, = A; A, ---A,;, such that A,(R) # 0,
we may assume that the last two terms are Ag 1 Ag.

In fact, suppose the next term for A; is As;_1. So we consider
As_1A4(R). Then the next non-zero possibility is one of Ag_o, Ag or Agiq.
But if Agy; appears, then

Asi1As_1A(R) = As_1As11A4(R)
and this is reduced to the case given in (2.20.3). If A, appears, then

A 1AL(R) = Ay 1AA, 1 (R) =0
by third relation in (2.20.1). So, the only remaining case is A;_s, and
we have to consider A;_9A,;_1A¢(R). The similar consideration works in

general, and we see that if A; ---A;, is not equal to the expression in
(2.20.3), the possible choice for A; is given by

As—j U AS—2AS—1AS(R)'
By repeating this procedure, we can finally reach

R = A1Ay-- Ay 1A4(R).
But since the degree of R is equal to 2ks > s, the degree of R’ is positive if
R’ # 0. Hence we need to proceed to the next step. The next possibility is
then unique and it is given by Ag11. It follows that this case is also reduced
to the case in (2.20.3). Thus (2.20.3) is verified.

Now the similar consideration as (2.20.3) holds in general, and we may

assume that A;, ---A; has the form Ag ;-  Ag oA 1A, for the last j+1
terms. Using the formula

A5+j (Sh(msa xs+17 L 7x8+j)) - Sh—l(‘rsa xs+la L axs+j+1)a
we see easily that the above procedure continues until j = 2k — 1, and that

Agpop—1+ D 1As(R) = (71 - 'Isfl)%-
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This implies, by induction on s, that the only non-zero possibility for A, =
A, -+ A, is given by

Ay = (Ao A1)+ (Asiop—2  AsAso1)(Asiop—1- - Asp14y),
and in this case, A, (R) = 1. Then it is easy to check that

B 1 2 s

T\ 2% 41 2%+2 o 2k4s o)
Since w € D, w is written as w = wg with = (2k+1,2k+2,...,2k + s).
This proves Lemma 2.19.

2.21. We now verify the statement (2.7.1) under the condition (i). In
this case, we have

4 { (2202, 1%ds) if G = Span,
T (2242, 1284 if G = SO y1,

and Ty (z1,...,2) = 22% with k = dy + d3. Hence we have only to show
that

(2.21.1) ¢ o a(x?*) vanishes on H*(B4).
Let Vp = Ker A. We consider the Grassmann varieties G; (V') and G1(Vp).
Note that G1(V) is isomorphic to the variety P of parabolic subgroups of

G conjugate to P, where P() is the maxiaml parabolic subgroup of G as
given in the proof of Lemma 2.18 with s = 1. Then G;(V})) is isomorphic to
P4, the subvariety of P consisting of parabolic subgroups whose Lie algebra
contains A. We have the following commutative diagram.

*
™

H*(B) «—— H*(P)

I al
H*(Ba) «+——— H*(Pa).
As discussed in the proof of Lemma 2.17, 7] gives an isomorphism H*(P)
and H* (BW<1)), where W) is the Weyl group of type C,,—1 with n—1 letters
{2,...,n}. Since a(x?*) is WM-invariant, we may assume that a(z3*) lies
in H*(P). Hence, in order to prove (2.21.1), it is enough to show that
1 o a(x?*) vanishes on H*(P4). Now, dimVy = 2k (resp. 2k + 1), and
P4 is isomorphic to the projective space P(Vj) (resp. a quadric in P(Vp) if
G = Spa, (resp. G = SO2,11), respectively. Hence dim Py = 2k — 1 for
both cases. But since a(x?*) € H*(P), we must have 1 o a(2?*) = 0 on

H*(P4). This proves (2.21.1) and so (2.7.1) is verified. This completes the
proof of Proposition 2.1.
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3. The Injectivity of 0

3.1. Let 6 : H*(Bja)) — H*(Ba){ be the map constructed in Propo-
sition 2.1. The aim of this section is to show that the map 6 is injective,
and to complete the proof of Theorem 1.9. We shall prove the injectivity of
0 by passing to the situation where the groups are defined over a finite field
so that one can make use of the Frobenius action on the cohomologies. So,
we consider a finite field F, with p = ch(F,) large enough, and let G, G, g,9
be the similar objects as in Section 2, which are defined over F,. Then the
l-adic cohomology group H*(B4,Q;) = H*(Ba) together with the natural
map ¢4 : H*(B) — H*(B4) has the identical W-module structure with the
corresponding cohomology in the complex case. This is true also for G, and
so by Proposition 2.1, one can construct a map 6 in this setup. Since such
a 0 is unique, if one could prove the injectivity of 6 in the case of Fy, it
implies the injectivity in the case of C. Hence the following proposition will
imply the theorem.

PROPOSITION 3.2. Let G,G be groups defined over F,. Assume that 6
is the map satisfying the commutative diagram (1.9.1). Then 0 is injective.

3.3. The remaining part of this section is devoted to the proof of Propo-
sition 3.2. We use the similar notation as in Section 2, but replacing C by
Fq, the algebraic closure of IF,. Let P = PM be the maximal parabolic
subgroup of G, with a Levi subgroup L of G such that the corresponding
Weyl group Wy, is of type C,_1, and P the variety of parabolic subgroups
of G conjugate to P as in 2.21. For a nilpotent element A € N, we have a
natural map 7 : B4 — P4, which is the restriction of 7 to B4 under the
identification B ~ F(V) and P ~ G1(V'). As given in §2 in [Sh2|, the map
7 has a locally trivial filtration. Each fibre of 7 is isomorphic to the variety
Bﬁ,, where B” is the variety of Borel subgroups in L, and A’ is an element
in M (I is the Lie algebra of L), whose Young diagram is obtained from
that of A by removing two boxes according to the filtration as explained
below. In the following we shall show Proposition 3.2, by induction on the
rank of G, by making use of this filtration.

3.4. We describe the filtration more precisely following [loc. cit.]. Let
A € Ny be of the type A = (1™,2™2, ... h™n), and put V() = Ker AN
Im A5~ for s = 1,...,h. We have a filtration of Ker A by subspaces V()
with dim V&) V) = m . Let Y(®) = P(V(®)) be the projective space of
V(%) Then we have a filtration

(3.4.1) PKerA) =YD 5v® 5 ... 5y 5 y(0+l) — g,
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Assume that m = mg # 0. As explained in §2 in [loc. cit.], one can consider
a non-degenerate bilinear form defined over F, on V(S)/ VD which is
symmetric in the case where G = Spy, and s is even, or G = SOg,+1 and
s is odd, and symplectic in other cases. In the case where the form on
V(S)/V(SH) is symmetric, we define a closed subvariety Q(®) of Y(*) as the
one associated to the subset of V() which is the pullback of the quadric
on V(S)/V(SH) defined by its quadratic form. We put C®) = Y — Q).
It is known that P4 is isomorphic to Y1) (resp. Q1)) in the case where
G = Spay, (resp. G = SO2y,41). Moreover, in each step of the filtration, the

structure of 77 1(z) for 2 € P4 is given according to the types of V) as
follows.

Type I (the symmetric case).

Note that s is even if G = Spay,, or s is odd if G = SOy,+1. In this
case, for z € Q) — y(s+1), 7l (z) ~ Bﬁ,, where the Young diagram of
A’ is obtained from that of A by replacing two rows of length s by two
rows of length s — 1. (Note if Q) # Y+1 then m > 2.) If z € C),
7! (z) ~ BL,, where the Young diagram of A” is obtained from that of A
by replacing one row of length s by one row of length s — 2.

Type II (the symplectic case).

In this case, for z € Y(®) — YD 7=1(2) is isomorphic to Bﬁ,, where
the Young diagram of A’ is obtained from that of A by replacing two rows
of length s by two rows of length s — 1.

Fixing an F,-basis, we express the vector v € V(S)/V(SH) by v =
(z1,...,Ty). Let us define a subspace V; (0 < j < m) of V) contain-
ing Vst by

Vi) V) = fp = () e VO )y | gy = = 25 = 0.
By putting Y; = P(V}), we have a filtration of Y(*) by projective spaces Y;,
(3.4.2) Y =Yy oY1 DDV, = Y6,
where Y; — Yj11 ~ AP=I71 with b = by = dim V). In the case of type
I, we may assume that the quadratic form @ on V() / y(s+h) g given as
QW) = 2x129r + 202291+ - + 20,2041 if m = 2r and Q(v) = 2w12941 +

coo 4 2T, Tpg0 + $Z+1 it m=2r+1. Weput Q; = Q(S) NY;. Thus we have
the following filtration.
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(3.4.3) If m = 2r, then

QY =QuDQiD--DQr1DQr1 DD Qo1 D Qe =YEM.

(3.4.4) If m = 2r + 1, then

QY =QuD Q1D 2QrDQr2D - D Qo D Qo = YT,
Note that Q; =Y if j > [(m — 1)/2] + 2 for both cases. It follows that

Ab—i—2 if0<j<[(m-1)/2] -1,

(3.4.5) Qj — Qjr1 =~ { Ab—i—1 if [(m—1)/2]+2<j<m-—1,

and that
AbI—2 ] A2

if j =[(m —1)/2] and m = 2r,
Ab—i—2

if j=[(m—1)/2] and m = 2r + 1.

(346)  Qj— Q2=

We also consider the filtration of C'®) as follows. Let C; = c®) N Y; for
7 =0,...,r. Then we have

C® =Cy>C1D-DC gD

where C; — Cjqy1 ~ AVI=L _Ab=I=2 for §=0,...,7r — 2 if m = 2r and for
j=0,....,r—1if m = 2r + 1. Moreover, if m = 2r, the last term C,_;
is isomorphic to A" — A="=1 while if m = 2r + 1, the last term C, is
isomorphic to Ab—"—1,

3.5. As described in [Sh2], the map 7 is locally trivial with respect
to the filtration of B4 considered in 3.4. First assume that V) s of
type II. Then for Z = Y; — Yj41, we have 7 1(Z) ~ Z x Bf",, and so
HE (77 (2)) ~ H*20-3-D(BL)). Note that Hi(7~(Z)) has a natural
structure of Wr-module, and this action is compatible with the action on
HY (ny). This fact, and the corresponding statement for Q; — Q41 or
Cj — Cj41 were already shown in [Sh1]. But since the proof there is based
on Springer’s construction of Springer representations, we give in Appendix
(cf. Proposition A) a proof of this fact based on Lusztig’s construction, (in
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a more general form, by making use of Borho-MacPherson’s results [BM]).
Now each Z as above admits a natural action of Ag(A), and the relation-
ship with the action of Az (A’) on BY, is described in [Sh2]. It follows from
this that we have

(3.5.1) HE (N (2)Y = 2070857

for Z =Y, = Yj11.

Next consider the case where V() is of type I. Then again we have
7N 2) ~ Zx BL, for Z = Q; — Qj+1 or Z = Q; — Qj42 according to
the cases (3.4.5), (3.4.6). Thus H(n~'(Z)) is isomorphic to H" (B%,) or
a direct sum of copies of H i/(Bﬁ,). In this case also Hi(7~1(Z)) admits
an action of Wy, and of Ag(A) as before. We now consider the Frobenius
map F : G — G. If X is an F-stable locally closed subvariety of B, the
map F' induces an action F* on H}(X). We denote by H}(X)ey the sum
of generalized eigenspaces of F* corresponding to the eigenvalues ¢* for
4 > 0. Note that H*(B%,)P" = 0 except when i = 0 (mod 4) by Lemma 1.3.
Then the following formula is easily deduced from (3.4.5).

(3.5.2) Let Z =Q; — Qj+1. Then we have

HY(n1(2))T

Lev
. Hk—2b+2j+4([5ﬁ/)1D/ if b—j: even
and 0 < j < [(m—1)/2] -1,
— | [r-e2(pL D ifb—j:odd
and [(m —1)/2]+2<j<m-—1,
0 otherwise.

Also it follows from (3.4.6), we have
(3.5.3) Let Z =Qj — Qj42 for j = [(m —1)/2]. Then

Hk72b+2j+4(3£/){)/ if b— j : even,

HE(r Y 2)P, =
c(ﬂ' ( ))l,ev { 0 if b—j - odd.

In particular, we have

(3.5.4) Let Z = Q;—Qj+1 or Qj—Qj42 as above. Then Hf(W*I(Z))f;V =0
except when k£ =0 (mod 4).
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Next we consider the filtration of C®). Let Z = Ci—Cjit1 (0 <j <r-—1).
Then by [Sh2], there exists a double covering Z — Z such that

7T71(Z) Xz 2 ~ 2 X Bﬁ//.

Moreover, if m = 2r + 1 and Z = C,, we have 7~ 1(Z) ~ Z x B%,. We now
assume that Z = C; — Cj41. Then by [loc. cit. §2], we have

Hi(Z)s ® H*(BY){ ~ H;(x(2)7,

where o is an automorphism on Z as defined in 2.2 in [loc. cit.], and H}(Z),
denotes the o-fixed subspace of H}(Z) with respect to the induced action
of o. It is easy to see that o acts trivially on H}(Z), and we have

HE(n N (2)7 = H (BT (=d) @ HF T (B (—d + 1)

where d = b—j — 1 and () is the Tate twist. It follows from this and from
Lemma 1.3 that

HF=24(BL )P if k= 0(4) and d is even,
(3.5.5) HE(r~'(2))Pe, ~ { HF24Y(BE, )P if k= 1(4) and d is odd,
0 otherwise.

In particular, we have
(3.5.6) H* Yz~ (2)P., = 0.
This implies the following lemma.

LEMMA 3.6. For any j > 0, we have

HF (w1 (0)) Py = 0.

1l,ev

PROOF. In the case where m = 2r, H* '(z=1(C,_1))P" = 0 by
(35.6). If m = 2r + 1, H(r YC,) =~ H2-0(BL,) and so
ka_l(ﬂ_l(Cr))fév = 0 also. Now taking the 1-part, ev-part and D’-
invariant part are exact functors and preserve the long exact sequence of
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cohomologies. Then the long exact sequence of cohomologies with respect
to Cj_1 C C; combined with (3.5.6) implies the lemma. [J

REMARK 3.7. The irreducible components of B4 are parameterized by
tableaux with 2n boxes, and with entries 1,1,2,2,...,n,n. This param-
eterization is compatible with the locally trivial fibration in the follow-
ing sense. Suppose Z appears in the top part of the filtration, such as
Z=Yy—Y1,Q0—Q1,Q0— Q2 or Cy—C. Then Z is irreducible or a disjoint
union of two copies of irreducible subsets. Hence, if dim 7—!(Z) = dim By,
it is possible to construct irreducible components of 54 by making use of the
irreducible components of Bfl, or Bf‘,,. For example, if 771(2) ~ Z x va,
and Z is irreducible, the closure of Z x I gives an irreducible component
of B4 for each irreducible component I of Bf‘,. All the irreducible compo-
nents of B4 are obtained in this way, and they were described precisely by
Spaltenstein in his unpublished paper [Sous groupes de Borel contenant un
unipotent donne], and were summarized in [S3]. In the following, we just
give a list of Z which produce irreducible components of B4, (see also [Shl,
Prop. 2.6]).

(i) Type II. Z =Yy — Y] is irreducible.

(ii) Type I, ms > 2. Z = Qo — @1 is irreducible.

(iii) Type I, msy = 2. Z = Qo — Q2 is a disjoint union of two copies of

irreducible components.

(iv) Type I, mg > 1,ms_1 = 0. Z = Cy — C is irreducible.

In cases (i), (ii), suppose we know the tableau corresponding to an irre-
ducible component of B4,. Then the corresponding irreducible component
of B4 is obtained by adding a vertical strip of 2 boxes containing n. In the
case of (iii), we add a vertical strip in the same way as above but we get two
components of B4 parameterized by the same tableau. In the case (iv), we
get a tableau corresponding to an irreducible component of B4 by adding a
horizontal strip of two boxes containing n to a tableau which parameterizes
an irreducible component of B 4.

3.8. Let f(A) = Ap € Nj. As in 2.17, we consider G = GL(V). We
can write Ag as Ao = (1",2",...). Put V) = Ker Ag N Im A5~ We
have a filtration of Ker Ay by subspaces V" with dimV(s)/V(SH) = Ng.

Let Y = ]P’(V(S)). Assume that ns # 0. As in 3.4, we define subspaces V
(0 < j < ny), and associated projective spaces Y; = P(V;). Hence we have
a filtration

YW=V, oV, 507, =7

Let P be the maximal parabolic subgroup of G' with a Levi subgroup L
such that the corresponding Weyl group (which we denote by W, instead
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of Wf) isomorphic to S,,_1. Let P be the variety of parabolic subgroups of
G conjugate to P. Then as in 3.3, we have a natural map 7 : B4, — Pa,-

. .. . . —L —-L .
As in 3.3, each fibre of 7 is isomorphic to the variety B Al where B~ is

the variety of Borel subgroups in L, and Aj is a nilpotent element in [
obtained by removing one square from the Young diagram of Ag. Note that

5A0 ~ P(Ker Ag) = V(l), and the map 7 is locally trivial with respect to the
above filtration, i.e., for each Z =Y; — Y11, we have 7 1(Z) ~ Z x Ejé'
Here Z ~ AV=3=1 with b = by = dimV(S).

In what follows, we are interested in comparing the filtration of B4 and
that of B4,. For this, we will make the construction of Ay more transparent.
Remember that by = dim V(). We define a number &5 for each s by

0 if bs : even,
5, — {

1 if bs : odd.

Then the following statement is easily deduced from 1.5.

(3.8.1) Let A= (1",...,8™,...)and Ag = (1™,...,s",...). Then we
have ) { (st s/ ) V) s ype,
0~ (... ,sfs,sms/%‘%, cn) if V) : type 11,

for some integer s; < s. (Note that in the second case my is even.) Assume
that bs is odd and let s’ < s be the largest number such that mg # 0. If
s’ <s—2,then s’ <s; <s. Ifs"=s5—1,then sy =sors =s—1, and
V(1) is of type II in each case.

(3.8.1) means that the Young diagram of Ay is obtained from that of A by
replacing the rectangle consisting of rows of length s by a smaller rectangle
with rows the same length, and adding one row of length s; below this
rectangle when b, is odd.

The following fact is also easily verified from the definition of f.

(3.8.2) Let A’ and A” be as in 3.4. We express f(A4) = Ap as in (3.8.1).
Then the Young diagram of f(A’) is obtained from that of Ay by replacing
one row of length s by a row of length s — 1. In the case where V) is of
type I and b is odd, the Young diagram of f(A”) is obtained from that of
A by replacing one row of length s; by a row of length s; — 1.

3.9. We shall prove Proposition 3.2 using induction on the rank of W.
For n = 1, the proposition is true. So we assume that the proposition holds
for a group whose rank is smaller than n. In particular we assume, in the
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remainder of this section, that the proposition holds for L. We now consider
each step Y(®) o Y1) of the filtration of P4 in (3.4.1) separately. First
assume that V(®) is of type I. In the following discussion, we fix such s, and
put m = my, b = by, b = b, and § = &, respectively. Along with Y Py,

we consider 7(5) C P4, We shall construct maps §j, which connects the
cohomologies of the refinements of these filtrations, as follows.

LEMMA 3.10. Let V) be of type I. Then for each j such that 0 < j <
[(m — 6)/2], there exist maps

H% (171 (Q2j45)) Doy
if 0<2j+6<[(m—1)/2],

H% (17 (Qj4146)) Doy
if [(m—=1)/2]4+2<2j4+146<m,

& - H* (@ 1Y) —

so that the following diagram commutes.
(3.10.1)
H(By,) ——  H*E 1Y) —— H*@ (Y1) ——

0| E |&

H*Bo)P —— H¥ (@ 1 (Quyo))fey —— H™ (@ (Qays)))

l,ev

/
E—

where H*(BA)P = H*(BA)P., by Lemma 1.3, and the horizontal maps

l,ev
are the natural maps induced from the closed immersions 71 (Qays) —

7 (Qots) — Ba, etc.

PrOOF. Let z; € H* (Ba4,) be the image of z; under the map Q;[z1, z2,
- y&n] — H*(Ba,). Then according to [CP, Lemma 4.5], it is known
that the natural map H*(Ba,) — H*(7~'(Y)) is surjective, and that the

kernel of it is the principal ideal generated by a‘:?_] . (Although Lemma 4.5

is stated for the groups over C, it works also for the case of characteristic p
with l-adic cohomology.)
We have a diagram, for j =0,1,2,...

H'B) —%— H*(Ba)) ——  H'(7(Y)

| Jo

H*(B)? 22 H*(Ba)P —— H* (7 (Qaj15))7%
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where H*(W‘l(ngM))ﬂv is a subring of the cohomology ring
H* (771 (Q2j+5))- )

Note that, since 2b = b—§, we have 0(:7;11’#) = ngooz(xl{*é*Qj). Therefore,
in order to construct a map &;, it is enough to show that the image of
a(x1)?~*=% under the map H*(B)P — H*(W_I(Q2j+5))f,;v vanishes. Here
we have a commutative diagram

H*(B)ey —— H* (' (Yaj16))ev —— H*(n7'(Q2j16))ev

(3.10.2) T T T

H*(P)ev I H*(Y2j+6)ev E— H*(Q2j+6)ev-

Since H*(P)~H*(B)"Wr, a(x1)? € H*(B)E' is in fact contained in H*(P)ey.
Furthermore, since Ys;1s = P((Vzj4s)), we see that H*(Yajis)ev =~
Z[z2)/2t*"% . Hence the image of a(z)?*~% € H*(P)e vanishes on
H*(Yaj46)ev, S0 it is zero on H* (771 (Q2j45))5 .
ing of the image of a(xl)b*‘S*Qj . The above argument covers the cases
Q2j+s for 0 < 25+ 6 < [(m — 1)/2]. Next consider Qg;y14s for j such
that [((m —1)/2] +2 < 2j+ 1+ 6 < m. In this case, again we have
H*(}/Qj-‘rl-i-é)ev = Z[:E%]/:Ul{_é_%' So the image of O‘(ivl)b_&_Qj € H*(P)ev
vanishes on H *(Y2j+1+5)ev. Hence the similar diagram can be used to show
the vanishing of a(z1)*7%~% on H*(ﬁ_l(Q2j+1+5))£év. This proves the
lemma. [

This shows the vanish-

In view of (3.10.2), the above proof implies, in particular the following
statement.

COROLLARY 3.11.  The map & + H* (771 (Y;)) — H*(m 1 (Qzj+5)) sy
factors through the map &; H*(77Y(Y;)) — H*(ﬂ_l(ngJrg))fév via the
natural map H*(W_I(ngJrg))féV — H* (77 1(Qaj16))?

lev:

We note that using the similar argument as in the proof of Lemma 3.10,
one can extend the definition of &; for j = [(m — 6)/2] also, with a slight
modification, i.e., we have a map

_—1,~(s+1 _ s /
éj . H2k(7'[' I(Y( + ))) - H4k(7'(' 1(Y( +1)))1D

ev

(s+1)

making the diagram (3.10.1) commutative, where Y =Y;. We now

prove the following proposition.
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PROPOSITION 3.12.  Assume that the map &; is injective for j = [(m —
6)/2]. Then &; is injective for any j such that 0 < j < [(m —6)/2].

Proor. We prove the lemma by backward induction on j. First we
note that )
HPH (w1 (Q) — Q))fey =0 for any j <,

l,ev
by (3.5.4). Also, we have

(3.12.1) H¥* 7 Q)P =0 for any j > 0.

1l,ev

In fact, by wusing (3.5.4), this is reduced to showing that
H4k*1(7r*1(Y(5“)))£;v = 0. But in general, if V() is of type II, the van-
ishing of H¥*=1 (7= 1(Y()))P "is reduced to that of #=1(Y(*1)) by 3.5. If
V) is of type I, by making use of Lemma 3.6, it is reduced to showing that
H* (=Y (Q®)P! = 0 and so again reduced to the case 7—'(Y(5+1),

ev
Hence (3.12.1) follows by backward induction on s.
Then we get an exact sequence,

_ ’ _ D’ _ D’
0— HF(x71(Z))) ey = H*¥ (171 (Qojz6)Pey — H*¥ (771 (Qaj4248)) ey — 0,

where Z; = Q2j4+s5 — Q2j+2+5, and a similar formula holds also for the
closed immersion QQ2j434+5 — (2j+14s. We have another exact sequence,
for Zj = Yj — Yj+1,

0 — HZ(77(Z) — H* (71 (V) — H* (771 (Yj41)) — 0.

Combining these two sequences together, we have

(3.12.2) There exists a unique map

& HEF 77 NZ;) — HX (1 (Z)T,

lev

for any j such that 0 < 2546 < [(m —1)/2] — 2, which makes the following
diagram commute.

0 — HX@"UZj) - H?k (7= 1(Y 7)) — H?k (771 (Y j11)) - 0
&l &l &1l

’ ! ’
0 — HFr ' Z))few — H¥(r Q2181 ev — H¥ (1 (Qojysi2)ey — O

1,ev
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The similar map & is defined also for j such that [(m—1)/2]+2 < 2j+1+6 <
m — 3 by using Q2j+3+5 — Q2j+1+s, and for j such that 25 +6 < [(m —

1)/2] < 2j+2+6 by using Q2j43+5 — Qaj+6 instead of Qajis42 — Q2j+s-

Now by induction hypothesis, we may assume that ;1 is injective.
Since both of horizontal maps are exact, in order to show the injectivity of
§j it is enough to see that

(3.12.3) The map &} is injective.

We show (3.12.3). We consider the following three cases according to
the range of j;

(a) 0<2j+6<[(m—-1)/2] -2,

(b) [(m—1)/2]+2<2j+146<m—3,

() 2 +6<[(m—1)/2] <2j+2+86.

First consider the case (a). We note that H*(7~Y(Qzjt116 —
Q2j42+5)) %, = 0 by (3.5.2). It follows that, by (3.5.4), the map induced

from the closed immersion Q2j45+1 — Q2j1s+2 — Q2j+5 — Q2j+s+2 gives rise
to an isomorphism

H* (7 (Qaj4s — Qajasi1))lew =% H¥ (17N Z) ey
and so again by (3.5.2), we get
(3.12.4) H* (7N (Z) Pew = H¥4(BE)Y,

where a = (b—06)/2 — j — 1. Similar formulae as (3.12.4) hold, using (3.5.2)
and (353), by replacing Q2j+5 - Q2j+6+2 by Q2j+1+6 - Q2j+3+5 (111 the
case (b)) or Q2j+5 — Q2j+5+3 (in the case (c)), respectively, where the right
hand side remains unchanged.

Moreover, since a = b — j — 1 we have a natural isomorphism

—L

H2M 7 N(Z5)) = H*7*(Byar),

by (3.8.2). Therefore (3.12.3) is a consequence of the following statement.

(3.12.5) Under the above isomorphisms, the map fj coincides with

—=L

9L . HQkiQG(Bf(A/)) - H4k74a(BA/){)’
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up to a non-zero scalar, where A% denotes the map corresponding to 6 in
Theorem 1.9, defined by replacing G by L.

We shall prove (3.12.5). Let 7 : B — P be the natural map. Then

771(Y;) is a closed subset of 7, *(Y;). Moreover, we have

(3.12.6) 7 W(Z;) ~ (Z;) x B".

We know already HZF(7 1(Z;)) ~ H2k—2“(3?( any)- We also identify

H2*(75Y(Z;)) with H?-2a(B") via (3.12.6).  Since the inclusions
7 YZ;) — 7;'(Z;) and BJLc( Ay = B" are compatible with the isomor-
phism in (3.12.6), we see, under the above identification, that the map

chk(fro_l(7j)) — H2*(771(Z;)) coincides with the map H%_Q‘Z(BL) —
H?k—2a (B]]?( A')) induced from the closed immersion EJI?( Ay = B".

Hence we get a commutative diagram of exact sequences
(3.12.7)

0

H2k—20(B") H (75 1 (Y ) H2* (751 (Y j41)) —— 0

! l |

0 H2k—2a(E?<A/)) - sz(ﬁ'_l(?j)) —_ H2k(7—r—l(?j+1)) — 0

where the vertical maps are those induced from the inclusions 7#71(Y;) —
——1/,x7
7o (Y;).

Next we consider the natural map my : B — P and compare the sets
such as 71 (Qq;j1s) with my ' (Ya;.s) for various j. First we consider the
case (a). We get the following commutative diagram.

(3.12.8)

— ’ — ’ — ’
0 — H¥@E'Z)OR  — H¥(rg'(Yajpe)R  —  H¥(ry'(Yojps2))R  — 0

l l l

0 — HFrHZ)Pey — H¥( ' (Qejre)ley — H™ (1 (Qajts42))fey — 0

where Z; = Qaj4+5 — Q2j+s5+2 as before and ZJ’- = Y545 — Y2j4642. The
horizontal maps are exact, and the vertical maps are those obtained from
the inclusions such as 71 (Qaj1s) — 5 " (Yajt6)-

Let ¢ : Hﬁk(ﬂal(Zj’-))g; — Hé““(ﬂ'_l(Zj))fév be the map given in
(3.12.8). According to the inclusions 7~ 1(Z;) «— w5 (Z;) — 770_1(Zj’.) the
map ¢ factors through as

1

p: HM(mg ((Z)E —— HX(mg (Z)e —— HF @ (Z))& -

jllev ev ev
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We know by (3.12.4) that H*(r~1(Z; ))1ev_>H4k da(BE)P'. A similar

argument shows that H2*(my(Z;))5 _>H4k da(BEYD' - Furthermore, it is
clear that under those isomorphisms, ¢” turns out to be a map

(bL . H4k—4a(BL)D/ - H4k_4a(8ﬁ/)?/

induced from the closed immersion Bﬁ/ — BL.
On the other hand, the closed immersion 7r0_1(Y2j+1+5 — Yoj4045) —
Ty 1(Zj’~) gives rise to an isomorphism

/

HY(my (Z/))ev ~ H¥(ry ' (Yajpnss — Yajiots)) o

and so it induces an isomorphism
4k _—1 D' ~, prdk—da pRL\D’
Hc (7r0 (Zj,'))ev ~ H a(B )

The similar argument holds also for Z; = Q2j4146 — Q2j+3+s and Z;- =
Y1146 — Yaj43+6 in the case (b) and for Z; = Qoj15 — Q2j43+s and ZJ’- =
Y45 — Yaj4345 in the case (c). Then we have the following lemma.

LEMMA 3.13. Assume that j is in the case (a) or (c). Then under
those isomorphisms given as above, the map ¢ : ka(ﬂal(Zj’.))g —
H*(n Y (Z;)D turns out to be a non-zero scalar multiplication on
H4k*4a(BL)D/. In particular, up to a non-zero scalar, the map ¢ coincides

with the map ¢F.

3.14. Assuming Lemma 3.13, we shall continue the proof of (3.12.5).
First consider the case (a). The diagram (3.12.8) is now written as
(3.14.1)

0 — HTaBLD g (Yoe))R = HE (g (Yojaee)B — 0

1 l l

’ ’ ’
0 — H¥ LD — HY%(r 1(Qz15) ey — H* (77 HQ2j4246) e — O

Then we have the following.

(3.14.2) There exist maps ¢; : H2* (7, 1(Y;)) — H*(ry* (YQH(S))I ., such
that (; is compatible with the commutative diagrams (3.12.7), (3.14.1), and
that the induced map (j : szfza(EL) — H*—42(BLY coincides with 6.
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In fact, it is known by [CP, Lemma 4.5], applied to the case 0 € A,
that the map H*(B) — H*(%,(Y;)) is surjective, and its kernel is the
principal ideal generated by a’cl{_]. (In the case where Ay = 0, we can
choose, as a filtration given in 3.7, any filtration by successive projective
subspaces. Hence 7j can be regarded as the one appearing in this filtra-
tion with respect to Ag = 0, and so Lemma 4.5 can be applied.) On the
other hand, by using the similar argument as in [loc. cit.], one can show
that the map H*(B) — H*(m;'(Yaj16)) is surjective, and its kernel can
be described. Hence we see that the map H*(B)E — H* (w5 (Yajys))E
is surjective and the kernel is the principal ideal generated by a(z1)
Since b — § — 2j = 2(b — j), this shows the existence of the map ¢; com-
patible with the diagram (3.12.7) and (3.14.1). Moreover, under the above

identification of H*(wal(Y2j+,5)))g as the quotient of H*(B)L', and sim-

ev
larly for H*(75'(Y;)), H*(BY)P" (resp. H*(BL)) may be identified with
H*(B)P' /(a(x1)?) (vesp. H*(B)/(Z1)). This implies that the induced map
¢; coincides with 6F. Hence (3.14.2) holds.

Now (3.14.2) implies (3.12.5). In fact, by (3.14.2), we obtain a commu-
tative diagram

F2k—2a (gL) 0 H—4a(BLYD'

l d

sz—za(g]Lc(A,)) & H4k—4a( Bﬁ,)?'.

Then by Lemma 3.13 and by the uniqueness of 87, we see that f}‘ = 6L up
to a non-zero scalar.

The similar statement as in (3.14.2) holds also in the case (b) or (c). In
fact, the kernel of the map H*(B)2 — H*(my*(Yajr146))k is again the
principal ideal generated by a(a:l)b_‘s_zj, and the above argument can be
applied without change. Hence in the case (c), Lemma 3.13 is applied to
get (3.12.5) in a similar way as above. While in the case (b), the statement
of Lemma 3.13 is trivially true since we have Q2;41+6 = Y2;41+44, and so
again we obtain (3.12.5). This proves the proposition up to Lemma 3.13. O

3.15. We shall prove Lemma 3.13. First consider the case (a). We
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consider the following diagram.

(3.15.1) HA (=1 ( 71\ D’ ~  HY%(r=1(y0 D’
c (Wo ( j))l,ev — c (7To ( 2j+1+6))1,ev
lpl
H¥ (mg (@9 ) e 2 HEF(mg ' (Z5)) Pev

where Q9 s = Qajys — Qajr1s and Yyi, s = Yaji146 — Yojpa46. Let
U be one of the varieties such as Wal(ngJr(g — (Q2j+1+5) appearing in the
diagram. Then we have a spectral sequence

HZ(T‘-O(U)v Rl(ﬂ-U)!Ql) = H2+Z(U7 Ql)a
where 7y = mo|y. Taking their invariant parts, we also have

(3.15.2) Hi(mo(U), R (mu) Qi)Yo = HIT (U, Qi)Y

lev:

We note that R'(my)1Q; is a constant sheaf H!(BL) on mo(U). In fact, by
the base change theorem, we have

R (mu)1Qu ~ R (m0)1Qul v (17)-

But 7 : B — P is a locally trivial fibration, and so R!(m)Q; is a locally
constant sheaf on P. Since P is connected and simply connected, Rl7r!’ Q is

a constant sheaf whose fibre is given by (R!(m)1Q;), ~ H!(B) for z € P.
It follows that

H{(mo(U), R'(mv)1Qu) >~ H'(B") @ Hi(mo(U)).
Hence, we have
HY(mo(U), R (mu ) Qi) ey ~ H (BT @ Hi(mo(U))1,ev

since H'(BL)Y" = H'(BY)P,,. But if mo(U) = Q%5 or Y3\, 4 s, then

mo(U) ~ A2? and so the left hand side of (3.14.2) vanishes except when
1 = 4a. This implies that

H*U,Q)T., ~ H" (B @ HY (m(U))

ev

~ H4k74a(BL){)’ )



Green Functions 209

On the other hand, even if m(U) = Qajys — Q2jr245 (= A%y A%l or
m0(U) = Yajis — Yajiors (=2 A2T1 U A2 then HI(mo(U))ey = 0 except
when j = 4a. Thus, again we have

H* U, Q)ey = HY (B © HI (mo(U)ev-

lev —

We now consider the following diagram,

H(Ya4s — Yojiot6)ey —— H2(Yoji146 — Yojtots)ev

|

H2(Qaj4s — Qojt148)ev —— H2¥(Qajrs — Q2j4246)ev-

In view of the previous discussion, in order to prove Lemma 3.13 we have
only to show that (g is an isomorphism, or since both have dimension one,
enough to show that g is injective. Now the complement of Q245 —Q2j+2+5
in Yo;15 — Yo;4245 coincides with Cg;4s5 — Caji24s. So it is enough to show
that

H*(Cyjis — Cojyays) = 0.
Let

-~

Ci ={(Wi+1,--- ,m) € AP | Yit1Ym—i + Yitr2Ym—it1 -+ = 1}.

Then 6’1 is a double covering of C;. Moreover, 6’1 ~ ATFb—m 6’1’ with

Cf = {(Wit1 - Ym—i) €A™ 2 | g 1ymi+ - = 1},
Now using the result of Fary ([F, Th.3, page 35]) we have

Q ifl=2(m—2i—1),m—2i—1,

ol

He(C) = { 0 otherwise.

(Fary’s result is concerned with the groups over C. However, since 6’{ is
smooth, it is also valid in the case where p is large enough.) It follows
that Hﬁ(@) = 0 except when | = 20 —2i —2 or [ = 2b —m — 1. Since
da = 2(b—06) —4j —4,and 0 < 2j + 6 < [(m — 1)/2] — 2, we see that
Hf“(62j+5) = 0. Also one can check that Héla_l(/C\’gj+2+5) = 0. This
implies that

H2*(Cyj46) = H2 N (Cojya1s) = 0.
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By using the cohomology long exact sequence for Cyji045 — Cojys, We
obtain that H}%(Cy;+s — Caj1a+6) = 0. This proves the lemma in the case
(a).

Next consider the case (c). In this case, we need to compare Q2j4s5 —
Q2j+3+s and Yo;15—Yoj1345. But since Q251345 = Yo;4315, we see that the
complement of Q2j41s — Q2j43+s in Yoj15 — Yo;43,4 coincides with Cojs.
Then we can show that H2%(Cy;15) = 0 in a similar way as above. This
proves the case (c), and so the lemma is proved. Now the proof of the
Proposition 3.12 is complete.

3.16. We keep the assumption in Proposition 3.12. Then the map &g
is injective. It follows from Corollary 3.11 that the map &) is also injective.
In particular, in the case where b is even, we have an injective map

(3.16.1) & H*@ 1 (Y)) — H*(x (Vo)L

lev:

We now consider the case where b is odd, i.e., 6 = 1. We have an injective
map
&« H (71 (Vo)) — H*(x ' (11))?

lev:

Then Ap is described as in (3.8.1). We have two cases where s’ <s—2or
s’ = s — 1. In each case we denote by Y _; the variety preceding Y in the

filtration of Ker A¢ given in 3.8, as follows; if s’ < s—2, weput Y _; = 7(()81),

and if  =s—1=s, weput Y_; = 7§S) with j = mg /2 — 1. Then one
can construct a map

¢ H* 7Y 1) — H™(x 7 (Vo)L

l,ev

such that the following diagram commutes.
(3.16.2)_ B B
H*(Ba,) —— H*@ (Y1) —— H*@'(Yo) ——

ol F—l léé

HY%(Ba){ —— H¥(@ ' (Yo)){ey —— H¥(@ ')y — -
In fact, the kernel of the map H*(Ba,) — H*(7 *(Y1)) is the principal
ideal generated by 4+, with 2b = b — 1, and H*(Yp)ey =~ Z[23]/25~!. Our
assertion follows from this in a similar way as in the proof of Lemma 3.10.
We shall show
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LEMMA 3.17. Under the assumption in Proposition 3.12, the map &',
18 injective.

ProOOF. First we note that the closed immersion Y; — Y} induces an
exact sequence,

(3.17.1)

0 — HF@E(Yo-vi)le — H¥*@'(o)P., — H¥(@'(v)P, — o

1l,ev l,ev

In fact, the complement of Qg — @1 in Yy — Y7 coincides with Cy— C. Since
HéUH_I( _l(Q Ql))lev _HéUH_l( _1(0 Cl))lev =0

by (3.5.4) and (3.5.5), we see that H*+1(7=1(Yy — Yl))lev = 0. On the
other hand, by Lemma 3.6 we see that H*~1(z=1(Cy))", ‘v = 0. Moreover
H*=Y (= 1(Qy))P. ‘ov = 0 by (3.5.4). This implies that Hé”“ L= ()P
0, and so (3.17. 1) follows.

We put Zfl = Co — Cl, Z/—l = YO — 1/1 and 771 = ?,1 — ?O. Then
using (3.17.1), we can define a map

1ev:

/

€ HEN T Y (Z ) — HM Y (Z)Y

l,ev
so that the following diagram commutes.

0 — HFE Y (Z2) — H*F '(Yo1) — H*@ '(Yo) — 0

les E= L
0 — BF@E (2 e — BRE 0P — HE T 0) P — 0.
As in the proof of Proposition 3.12, in order to prove &', is injective it is
enough to show that £*, is injective.

Now in view of (3.5.5), the open immersion 77 1(Z_1) — 7=%(Z’ ) in-
duces an isomorphism

/

H¥ (x 7 (Z-1)) ey = HM(n 7N (ZL0)E)

lev*

It follows that

/

H¥ (N (Z )P v = HY 4a(BA”) ;
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with a = (b—1)/2. Also we have
HZF (7 NZ 1)) = HP* 4B yany),
by (3.8.2). Hence, in order to show that £*, is injective, it is enough to see

that

(3.17.2) The map H2~2¢(B(4n)) — H*~19(B4,)P" induced from &*; un-
der the above isomorphism coincides with 8% up to a non-zero scalar.

We show (3.17.2). As in the previous discussion, we consider a commu-
tative diagram

—_ / _ / _ /
0 — H¥(my {(ZL1)) ew — H*(r5 ' (Y0))Der — H¥ (75 (Y1) ey — 0

/| | |

/ / /
0 — H¥ (@ N2 ) ey — H* @' (Vo)) ey — H* (@' (Y1) {ey — 0.

So, (3.17.2) will follow if we can show that

(3.17.3) Under the above isomorphisms, the map ¢ coincides with ¢* :
HA*—4a(gyD" H4k—4a(3ﬁ,,)f)/ up to a non-zero scalar.

Note that the identification of H**(z='(Z" )P, with Hélk*‘la([)’ﬁ,,){jl

l,ev
is done via Hﬁk(w_l(Z_l))f‘;V. So, the map ¢’ : Hﬁk(ﬂal(Z_l))Eév —
H*(r=1(Z",))P., is nothing but the map ¢~ under the above identi-

fication. On the other hand, by the locally trivial fibration, the map
o H(f‘k(ﬂo_l(Z_l))fév — H*(n1 (2" )Y induced from the open immer-
sion Z_y < Z' | clearly induces a non-zero scalar map on H*—4e(BL)D",
Thus, ¢ = ¢’ o " ~! coincides with 6% up to a non-zero scalar. This proves
(3.17.3) and so proves the lemma. [J

3.18. We now assume that V) is of type II. Let m = my, b = by and
6 = 05 as before. We put b = (b—6)/2. Note that, contrast to the previous
cases, b does not necessarily coincide with bs. In order to get a uniform

description in comparing the filtrations for the 7(3) and Y®) we shift the

labeling of the filtration of ?(S) as follows. If s’ < s—2 or b is even, we use
the labeling given in the first part of 3.8, i.e.,

YO =¥oYi 5 0V, =7
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While, if s’ = s — 1 and b is odd, we put

YO -y  5Vyo- oY, =7 Y,

Here m is given as follows; let s” > s be the smallest integer such that
Mg # 0. Then

m/2 if b: even,

m=< m/2 if b:odd and s = s" — 1,
m/2—1 if b: odd and s < s — 2.

In any case, we have ?j — ?Hl ~ Ab=3=1. Then as in the proof of Lemma
3.10, one can construct, for each j such that 0 < j <m/2 — 6, a map

/

& H (771 (Yy)) — H*(n ' (Yaju6))1,

l,ev

so that the following diagram commutes.

H™Ba)) —  H*FE'(Yo) —— H*E'(Y1) —

el laa ls’l

HY%(Ba)Y —— H* (7' (Yors)) ey —— H¥ (17! (Yays))])

lev l,ev

! SN )
Here we note that

(3.18.1) Assume that bis odd. Then Y5;45 = Y;,,—1 for j = m/2—6. In this
case the closed immersion Y1) =¥, < V,,_; induces an isomorphism

H (7 (V)P 2% H (7 (Vi)

l,e lev*

In fact, for Z =Y,,_1 — Y,,, we have Z ~ A*~™. Since b — m is odd, we
can verify, by using (3.5.1), that

H4k(7_‘_71(Z))D’ :H4k+1(ﬂ_fl(Z))D’ —0.

l,ev l,ev

(3.18.1) follows from this.
Then we have the following lemma.
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LEMMA 3.19. Assume that the map {; is injective for j = m/2 — 6.
Then 53 is injective for any j such that 0 < j <m/2 — 6.

PROOF. We prove the lemma in a similar way as in the proof of Propo-
sition 3.12. Put Z]’- = Ya46 — Yoj4045, and Z; = Y; — Y4 for j =

0,1,...,m/2 — 2. Then we have a commutative diagram
0 — HF="YZy) - "2k (@ 1(Y ;) - H?*(771(Y j41)) - 0
&l A €l

!’ !’ ’
0 — H*@ N Z))Pe — H¥(r '(Yojps)Pew — H¥ (@ '(Yojra46)ey — O

It is enough to show that 7 is injective. As before we consider the following
commutative diagram,

— ’ — ’ _ ’
0 — HFmg'(Z))Pe — H¥(rg ' (Yojea)Pev — H¥(m5 ' (Yojio48)Pev — 0

el l l

’ ’
0 — Hgk(ﬂ-il(zé'))l’aev - H4k(7T71(Y2j+5))1’29v - H4k(7r71(y2j+2+§))D

’
Tev 0.

Note that the closed immersion 7y (Yot 146 — Yaj1245) — W(J_I(ZJ") induces
an isomorphism

H (mg (Z])) ey =5 HE (BN

where a = (b — 8)/2 — j — 1 as before. Also the closed immersion
7 (Yaji146 — Yojiots) — 7T_1(Z§-) induces an isomorphism

HeM (Y (Z5)) ey = HH(BR)T

It follows that, under the above isomorphism, the map ¢ coincides with the
map
H4k74a (BL)D’ - H4k74a(8ﬁl)lD’

induced from the closed immersion Bf‘, — BY. Then, a similar discus-
sion as before implies that the map &7 coincides with 6% under the above
isomorphisms. Hence, 5}“ is injective. This proves the lemma. [

3.20. We keep the assumption in Lemma 3.19. Then the map & is
injective. In particular, in the case where b is even, we have an injective
map

& H* 7 '(Yo)) — H*(x ' (¥0))1

lev:
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We now assume that b is odd, i.e., § = 1. As discussed in 3.16, we define
Y 1 as the variety preceding Y in the filtration of Ker Ay given in 3.18.
Hence we have Y_q = 7(()81) ifs’y<s—2 andY_; = ?(s) ifs’y =s5—1. As
in 3.15, we can construct a map

&y HRE (Vo) = H*¥ (7 (Y0)) Pew
making the similar diagram as (3.16.1) commutative. The following lemma
is proved in a similar way as Lemma 3.17. (In some steps the proof becomes

simpler since we don’t need to use Cy — C7. Also we use the variety B
instead of By .)

LEMMA 3.21. Under the assumption in Lemma 3.19, the map & is
imjective.

3.22. Proposition 3.12, (3.16.1), Lemma 3.17, Lemma 3.19 and Lemma
3.21 covers all the steps in the filtration of B4 and B4, given in 3.4. Hence

we see that the map & or & for V() is injective. Since this map coincides
with the map 6, Proposition 3.2 is now proved.

Appendix

In this Appendix, we use the same notation as before, but we consider
reductive groups G in general. Let P = LUp be a parabolic subgroup of
GG containing B, where L is a Levi subgroup of P containing T" and Up is
the unipotent radical of P. We denote by Wy the Weyl subgroup of W
corresponding to L. Let P ~ G/P be the variety of parabolic subgroups
of G conjugate to P. For a nilpotent element A € N, we denote by Py
the subvariety of P consisting of parabolic subgroups whose Lie algebra
contains A. The variety B4 is defined as before. Then we have a natural
map 7 : By — Pa. The following proposition is an easy consequence of the
results of Borho and MacPherson [BM], and is applied in Section 3 for the
special case where P = P() is the maximal parabolic subgroup of G with
Wi, of type Cp—1.

ProprosiTiON A. Let Y be a locally closed subvariety of Pa. Then
Hi(m Y (Y),Q)) = Hi(rm~Y(Y)) admits a natural structure of Wi-modules
satisfying the following.

(i) For a closed immersion Y1 — Y3 in P4, the cohomology long ex-
act sequence associated to m— (Y1) — 7w YY) turns out to be a
sequence of Wr-modules.
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(i) If Y = Pa, then 7= 1Y) = Ba, and the Wr-module structure of
Hi(m=Y(Y)) coincides with the restriction to W, of the Springer
(W -) module H(BA).

(iii) If Y = {P'} with P' = gPg~', we have n= YY) ~ BY,, where
A’ € N, is the image of Ad(g~ ')A € Lie P under the map Lie P —
Lie P/LieUp =~ [. Then the Wy-module structure of H (m~1(Y))
coincides with the Springer (Wy-) module H'(B%,).

PROOF. Let

N, = {(z,9B) € Ny x G/B | Ad(g~ )= € Lie B},
NF ={(2,9P) € Ny x G/P | Ad(g~")x € Lie P}.
We consider a commutative diagram

/

- p

N/

-
Ny

N,

where p’,n and £ are defined by

p(x,9B) =z,  n(x,gB)=(z,9P),  &(x,gP) ==,

respectively. Let p : g — g be the map as given in the proof of Lemma
2.3. Then by the construction of Springer representations due to [L1]
as explained in 2.3, the complex Rp,Q; has a natural structure of W-
complex. Since Rp,Q; ~ Rp*Ql]Ng, Rp’Q; also has a structure of W-
complex. Now it is shown in [BM, Prop. 2.13] that R7,Q; has a nat-
ural structure of Wip-complex. Then for each locally closed subvariety
Y in NP, HL(Y', Rn.Qq) ~ Hi(n~'(Y'),Q) admits a structure of W-
modules. If Y is a locally closed subvariety in P4, Y is isomorphic to
Y' = {(A,gP) € NI | gPg~" € Y}, and 7 }(Y) ~ n~}(Y’). Hence
Hi(7=1(Y)) admits a structure of Wy-modules. Now (i) is clear from this
construction.
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We now assume that Y = P4. It is known by [loc. cit.] that the Wp-
action on Rp,Q; ~ R, (Rn.Q;) induced from the Wp-action on R7,.Q; co-
incides with the restriction to Wy, of W-action (Springer action) on Rp.Q;.
If we put Y/ = £ 1(A), then Y/ ~ P4 and n~1(Y’) ~ B4. Then we have

H({A},Rp, Q) ~ H (Y, R Q) ~ Hi (i~ (Y"), Qu).

Hence the Wi-module structure on H!(n~1(Y”)) coincides with the W;-
module structure on H'({A}, Rp.Q;) ~ H!(B4) which is nothing but the
restriction to W, of the Springer action of W. This shows (ii).

It remains to show (iii). We consider the following commutative diagram,

Ny ——=vP L N,

N L

Ny —t VP NP

where p” : N{ — M is the similar map as p/ in the case for [ = Lie L, and

V¥ ={(z,gP) | z € LiegPg ™"/ Lie gUpg™ '},
PP = {(z,9B) | T € Liengfl/LiegUpgfl},

and

((z,9B) = (z,9P),  q(z,gP)=(2,9P),  q(z,g9B)=(z,9B),
i(z) = (z,P), i(z,l1BL) = (z,lB)

for g € G, | € L. Since the squares in the above diagram are cartesian, we
have, by the proper base change theorem,

Z*(R<*Ql) = Rp:«,Ql: q* (RC*QI) = RT’*QZ

Then by [BM, Prop. 2.12] it is known that R(,.Q; admits a natural Wp-
action, and the Wp-actions on Rp!/Qy (the Springer action of W1,) and on
R7.Qq (the one given in the proof of (i)) are inherited from the W -action on

R(.Q;. We now consider a point (4, gP) € X/;}P. Then (A, gP) = (A, gP),
where A € LiegPg~!/LiegUpg~!, and (A, gP) is G-conjugate to (A, P),
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where A’ is the image of A in Lie P/ Lie Up ~ [. Hence, by considering the
stalks at these points, we have

(RYQu) ar =~ (RCGQ0) (a7, Py (R« Q1) (a,9p) =~ (RGQ1) (4 4p)-

All the isomorphisms are Wp-equivariant. Since (RC*QI)( AP)
(RGQu)(a4p) as WL—complexesi, we have (Rp{/Qq)ar =~ (R7.Qq)(a4p)- On
the other hand, we have (R'p”Q;)a ~ H'(B%,) and also,

(R0 Qi) (agp) = H'(Y' R Q) ~ H' (n ' (Y"))

with Y = {(A, gP)}, as Wr-modules. Hence for Y = {gPg~'} C P4, the
Wr-module H*(71(Y')) coincides with the Springer module H*(B%,). This
proves (iii), and so the proposition is proved. O
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