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Spectrum of Functions in Orlicz Spaces*

By Ha Huy BANG

Abstract. Some geometrical properties of the spectrum of func-
tions in Orlicz spaces are given first in this paper.

The study of properties of functions in the connection with the sup-
port of their Fourier transform has been considered by S.N. Bernstein,
R.E.A.C. Paley, N. Wiener, L. Schwartz, L.. Hérmander, S.M. Nikol’skii,
V.S. Vladimirov, O.V. Besov, L.D. Kudrjavtsev, V.P. II'in, A.F. Timan,
N.I. Akhiezer, N.K. Bari, P.I. Lizorkin, B.I. Burenkov, V.N. Temlyakov, H.
Triebel, E.Gorlich, R.J. Nessel, G. Wilmes, M. Morimoto, C. Watari, Y.
Okuyama, C. Markett, P. Nevai, G. Freud, G. Bjorck, C. Roumieu, R.W.
Braun, R. Meise, B.A. Taylor, M. Reed, B. Simon, S. Saitoh, Ha Huy Bang,
and many other mathematicians (see, for example, [2 - 4, 10, 14, 16, 18]
and their references). To this study, in particular, belong the inequalities
of Bernstein, Nikol’skii, Bohr, and the Paley - Wiener - Schwartz theorem.

Let f € S’. The spectrum of f is by definition the support of its Fourier
transform f (see, [11, 17]). Denote sp(f) = suppf. Then the geometry of
sp(f), in general, can have enough arbitrary character. In this paper we give
some geometrical properties of the spectrum of functions in Orlicz spaces
Ly(R™) (a subset of S’). This study is necessary for us to characterize
behaviour of the sequence of norms of derivatives ||D®f||¢,a > 0 in the
connection with the spectrum sp(f) (for L, - norms it is given in [7]) and
completely describe functions in Sobolev - Orlicz spaces of infinite order in
the sense of their spectrum. Note that Sobolev - Orlicz spaces of infinite
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order arise in the study of nonlinear differential equations of infinite order
(see the definition in [5, 9] and their references).

Let ®(t) : [0,400) — [0,400]| be an arbitrary Young function [1, 12 -
13, 15], i.e., @(0) = 0,®(t) > 0, ®(¢t) # 0 and P(¢) is convex. Denote by

O(t) = sup {ts — ®(s)}

5>0

the Young function conjugate to ®(¢) and by Le(R™) the space of measur-
able functions u(x) such that

]<uv>|—|/ x)dr |< 00
for all v(x) with p(v, ®) < oo, where

p(v,) = / (| v(x) |)da.

Then Lg(R™) C 8" and Lg(R™) is a Banach space with respect to the Orlicz

norm
lullo= sup |/ z)dz |,
p(v,®)<1

which is equivalent to the Luxemburg norm

[[fll(@) = inf{A >0 /‘D(If(x)!/)\)dx <1} < 0.

Let u € Ls(R™),h € Li(R") and v € Lz(R™). Then |ju* hlle < |ulla|h|:
and

[ u@v@lds < ulolols
Recall that ||-||¢ = ||-||, when 1 < p < oo and ®(t) = t*; and ||-||o = || ||c
when ®(t) =0 for 0 <t <1 and ®(t) = oo for t > 1.

LEMMA 1. Let f € Lo(R™) and sp(f) be bounded. Then f(x) is
bounded.

PrROOF. Without loss of generality we may assume that
[ @(|f(z)])dz < oco. Let ¢ € C°(R™),¢» = 1 in some neighbourhood of
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sp(f) and My, My be positive numbers such that ®(||1)]|cc/M1) < oo and
|1¥|lcc < M. Then the Young inequality and the property ®(A\t) < A®(t)
for 0 <A <1,t >0 yield

(@) |/ MM, < / (1 £(y)))dy + / B (x — )|/ M Ma)dy
< / (1 (y) )y + (|| ]loo /M) / 16(y)]/Mady < .

The proof is complete. [J

THEOREM 1. Let ®(t) > 0 fort >0, f € Lo(R"), f(z) Z 0 and £° €
sp(f) be an arbitrary point. Then the restriction of f on any neighbourhood
of €% cannot concentrate on any finite number of hyperplanes.

PrOOF. We choose a function ¢(§) € C5°(R™) such that ¢ = 1 in
some neighbourhood of €. Then F1¢f = ¢ % f € Le(R™). Therefore, it
is enough to prove our theorem for functions with bounded spectrum.

Put h(¢) = f(& — €°). Then h(z) = €4’ f(z) belongs to Ly (R™) and
has bounded spectrum. So we can assume that £° = 0.

We prove by contradiction: Assume that there exist a neighbourhood
U > 0 and hyperplanes Hq, ..., H,, such that the restriction of ﬁ(&) on U
concentrates on Hy,..., H,. Without loss of generality we may assume
that 0 € Hj,j = 1,...,m. Then H; can be defined by the equation

a;j1€§1 + -+ ajpé, =0,

where (aj1,...,a;,) is a unit vector in R™.
We put for each j =1,...,m

Gy =R"\(JH)

i#j

Then Gj is open. For any 9 (§) € C5°(G;), the distribution Y(€)h(€) con-
centrates on the hyperplane H;. We introduce the transformation

x:(wlf"vxn) = (yla"'ayn):y7
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where y1,- - - ,y, are the coordinates of z in the new rectangular system of
coordinates, which is chosen such a way that the hyperplane

aj1T1 + -+ + ajpxy, =0

will be transformed into the hyperplane y; = 0. The coordinate transfor-
mation

n
'rk:zak,sysv k:]-a"'an
s=1

is defined by a real orthogonal matrix A = (o4, s) and |det A| = 1.

Put g(y) = F'¢ « h(z). Then [g(y)lo = [F~1 * h(x)[la, suppj is
compact and, clearly, the Fourier transform of g(y) will concentrate on the
hyperplane & = 0 (see formula (7.1.17) [10] or the proof of Theorem 2
[8]). Therefore, taking account of a remark on Theorem 2.3.5 mentioned in
Example 5.1.2 [10], we get

N

(1) g(y) = Zgﬁ(yla s Y1, Y41, 7yn)(_2y])e )
£=0

where N is the order of the distribution A €) (N < oo because suppfz is
compact) and ge(&1,...,&-1,&+1,---,&),0 < £ < N, are distributions
with compact support.

Because of Lemma 1, equality (1) is possible only if N = 0. So the
function g(y) does not depend on y;.

Further, by the definition we get

2) [ BllswlAdy < o
for some A > 0. Then

(3) ®(lg(y)[/2A) = 0.

Actually, assume the contrary that ®(|g(y°)|/2)\) > 0 for some point y°.
Because of the fact that ®(¢) never decreases and the continuity of g(y) =
F~Y(yh)(z), there is a number § > 0 such that ®(|g(y°)|/2)\) > 6 in some
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neighbourhood of 3°, which contradicts (2) because g(y) does not depend
on yj.

Combining (3) and the assumption that ®(t) > 0,¢ > 0, we get g(y) = 0.
It means ¢(§)ﬁ(§) = 0. Since ¢(§) € C§°(G;) is arbitrarily chosen, we get
fz(f) = 0 on the hyperplane H;. So fz(g) must concentrate on the planes
H;NHji,j= 1,...,m,1 # j.

We put fori,j=1,... . m,i #j

Gij = Rn\ U {Hk NHy: (k‘,ﬁ) #* (Z,]),k‘ #* K}

Then Gj; is open. For any ¢(§) € C§°(Gyj), the distribution WY(E)h(€)
concentrates on the plane H; N Hj;.

Introducing a suitable transformation of coordinates, by an argument
analogous to the previous one, we obtain 1 (£)h(€) = 0. Hence, since ¢ €
C5°(Gy;) is arbitrarily chosen, we get that A(£) must concentrate on H; N
HyNHyijl=1,... ,mi#j#L

Repeating the above arguments (m — 3) times more, we obtain that the
m

distribution A(£) concentrates on () H; and then, by the same way, we get
i=1

h(§) = 0, which contradicts h(z) # 0. The proof is complete. [

COROLLARY 1. Let ®(t) > 0,t > 0,f € Lo(R™) and f(x) £ 0. Then
for any €9 € sp(f) there exists a sequence {£™} C sp(f) such that & #
5?,]': 1,...,n and €™ — &Y.

COROLLARY 2. Assume the hypotheses of Corollary 1. Then for any
€0 € sp(f) there exists a sequence {£™} C sp(f) such that &' # 0,5 =
1,...,n and €™ — &Y.

COROLLARY 3. Assume the hypotheses of Corollary 1. Then

span(sp(f)) = span(sp(f) — £°) = R"

for any €° € sp(f).

COROLLARY 4. Clearly, sp(D*f) C sp(f). Further, if the hypotheses
of Corollary 1 is satisfied, then sp(D*f) = sp(f).
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REMARK 1. In all above conclusions, the assumption ®(t) > 0,t >
0 cannot be dropped because, in the contrary case, Lg(R™) contains all
constant functions.

REMARK 2. In contrast with hyperplanes, f(f) may concentrate on
surfaces. Actually, let n = 3 and f(x) = %'lm' Then sp(f) = {¢ : |¢| = 1}

(see [6]) and, clearly, f(z) € L,(R™) for any p > 3.

THEOREM 2. Let ®(t) be an arbitrary Young function, f € Lg(R™)

and a > 0 be a multiindex. Then sup|{*¥| = 0 if and only if D“f(x) = 0,
sp(f)
where D* = D{" --- D3, Dj = —i0/0x;.

Proor. We have to prove only the “only if” part. Without loss of
generality we may assume that a; #0,7 =1,..., kand a1 = =, =
0 (1 <k <n). Then the distribution f(&) concentrates on the hyperplanes
& = 0,5 € {1,...,k} = I. For the sake of convenience we assume that
alz--':akzl.

We shall begin with showing that if £*)(€)f(¢) concentrates on the
plane &, = --- = §;, = 0 for some iy,...,ip € [ and ¢ € C§°(R"), then
DF~1) % f(z) = 0. Actually, because £*1)(€)f(€) concentrates on the
plane {; = ... =& = 0 (we assume that i; = j,j7 = 1,..., ¢ for simplicity
of notation), we have

(4) FHE PO F©) @) = Y gala”)(—ia')’

|Bl<N

where N is the order of the distribution (€)f(&),2' = (21,...,2¢),x =
(«',2"), 8 € Z and §(€rs1,---,&n),|B] < N are distributions with com-
pact support.

Further, we choose w € C§°(R"™) such that w(£) =1 in some neighbour-
hood of suppt. Then by virtue of Lemma 1, we obtain

IE (€% () F(O) lloo = [[FH(E*Y(O)w(€) ()l

< [[F7HE D) MIFH @)oo < o0
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Therefore, since (4) we get
FHEp(€)](9)(x) = DF ' x f(z) = go(a").
Put vy =0,7%2=--=9 = 1,741 ==, = 0. Then
DiD'F~ Y f(x) = go(2").

Hence,
D’YFilw * f(fl?) = ileO(x//) + h(.fg, cee 7$n)'

Therefore, taking account of DYF =14 % f € L., we obtain go(z”) = 0, i.e.,

D*F~ Y * f(z) = 0.

~

Next we prove that £ f(£) concentrates on the plane & = --- = & = 0.
Actually, we put for any j € [

Gi={¢eR":&#0,i e I\{j}}.

Then Gj is open. For each ¢ € C§°(G;) we choose a function ¥ (§) €
C§°(G;) such that ¢ = 1 in some neighbourhood of suppy. Then (&) f(£
concentrates on the plane §; = 0 and by the fact proved above, we get

< EXF(E),0(€) >=< E*Y(E) F(£), (&) >

=< DF Y% f p >=0.

So we have proved that £ f(§) must concentrate on the planes & = &; =
0,7,7 € 1.
We put for i,j € I,i#j

Gij = {€€Rn & 7& 0,0 € I\{Za.]}}

Then G;; is open. Arguing as in the case G, we get

~

< gaf(’g)’ 90(5) >=0, \V/(,O S Cgo(GZ])
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~

So £“f(£) must concentrate on the planes &, = &, = &, = 0,41,12,i3 €

I iy #ig # 3.

Repeating the above arguments (k — 3) times more, we obtain that the
distribution £*f(€) concentrates on the plane & = --- = & = 0.

Finally, for every ¢ € C§°(R™) we choose ¢ € C§°(R™) such that ¢ =1

in some neighbourhood of suppy. Then

~ ~

<D, o >=<E"f(£),p(&) >=< EY(E) f(E), (&) >
=< DF Y« f,p >=<0,p >=0.

Therefore, it follows from the density of C§°(R™) in S that < D*f, o >=0
for all ¢ € §. Therefore, D f(x) = 0. The proof is complete. (]

References
[1]  Adams, R., Sobolev Spaces, Academic Press, New York, 1975.
[2]  Akhiezer, N. I., Lectures on the Approximation Theory, Nauka, Moscow,

1965.

[3] Bari, N. K., Trigonometric Series, Fizmatgiz, Moscow, 1961.

[4]  Bernstein, S. N., Selected Papers I, II, Soviet Acad. Nauk Press, Moscow,
1952, 1954.

[6]  Dubinskii, Ju. A., Sobolev spaces of infinite order (in Russian), Uspekhi Mat.
Nauk 43 (1991), 97-131.

[6] Gelfand, I. M. and G. E. Shilov, Generalized Functions I, Fizmatgiz, Moscow,
1958.

[7] Bang, Ha Huy, Functions with bounded spectrum, Trans. Amer. Math. Soc.
347 (1995), 1067-1080.

[8] Bang, Ha Huy and M. Morimoto, On the Bernstein-Nikolsky inequality,
Tokyo J. Math. 14 (1991), 231-238.

[9] Bang, Ha Huy, Nontriviality of Sobolev spaces of infinite order for a full
Euclidean space (in Russian), Sibirskii Mat. J. 31 (1990), 208-213.

[10] Hormander, L., The Analysis of Linear Partial Differential Operators I,
Springer, Berlin, Heidelberg, New York, Tokyo, 1983.

[11] Hoérmander, L., A new proof and a generalization of an inequality of Bohr,
Math. Scand. 2 (1954), 33-45.

[12] Krasnosel’skii, M. A. and Y. B. Rutiskii, Convex Functions and Orlicz Spaces,
GITTL, Moscow, 1958, English Transl. Noordhoff, 1961.

[13] Luxemburg, W., Banach Function Spaces, (Thesis), Technische Hogeschool
te Delft., The Netherlands, 1955.



Spectrum of Functions 349

Nikol’skii, S. M., Approximation of Functions of Several Variables and Imbed-
ding Theorems, Nauka, Moscow, 1977.

O’Neil, R., Fractional integration in Orlicz space 1., Trans. Amer. Math. Soc.
115 (1965), 300-328.

Reed, M. and B. Simon, Methods of Modern Mathematical Physics II, Aca-
demic Press, New York, San Francisco, London, 1975.

Schwartz, L., Théorie des Distributions II, Hermann, Paris, 1951.

Triebel, H., Theory of Function Spaces, Birkhéduser, Basel, Boston, Stuttgart,
1983.

(Received April 8, 1996)

Institute of Mathematics

P.O. Box 631, Bo Ho

Hanoi, Vietnam

E-mail: hhbang@thevinh.ac.vn



