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A Compact Imbedding of

Semisimple Symmetric Spaces

By Nobukazu SHIMENO

Abstract. A realization of a e-family of semisimple symmetric
spaces {G/H.} in a compact real analytic manifold X is constructed.
The realization X has the following properties: a) The action of G on
X is real analytic; b) There exist open G-orbits that are isomorphic
to G/H; for each signature of roots €; ¢) The system M of invariant
differential equations on G/ H, extends analytically on X and has regular
singularities in the weak sense along the boundaries.

Introduction

Let X = G/H be a semisimple symmetric space of split rank {. The
purpose of this paper is to construct an imbedding of X into a compact
real analytic manifold X without boundary. Our construction is similar to
those in Kosters[K], Oshima|O1], [O2], Oshima and Sekiguchi]OS1], and
Sekiguchi[Se]. The main idea of construction was first presented in [O1].

In [O1] and [O2] Oshima constructed an imbedding of X in a real an-
alytic manifold X’. The number of open G-orbits in X’ is 2! and all open
orbits are isomorphic to X. For example, if X = SL(2,R)/SO(2), then X’
is IP’%:; there are two open orbits that are isomorphic to X and one compact
orbit that is isomorphic to G/P ~ {z € C; |z| = 1}, where P is the set of
the lower triangular matrices in G = SL(2,R). The idea of construction is
as follows. By the Cartan decomposition G = K AH, we must compactify
A. We choose a coordinate system on A ~ (0,00)' so that the coefficients
of vector fields that correspond to local one parameter groups of transfor-
mations of G/H continue real analytically to R'. In [O1] and [02], Oshima

1991 Mathematics Subject Classification. Primary 53C35; Secondary 22E46.

551



552 Nobukazu SHIMENO

used the coordinate system (t1,---,%) = (a7, -+ ,a=*) (a € A), where
{aq,...,q;} is the set of simple restricted roots.
When X = G/K is a Riemannian symmetric space, Oshima and

Sekiguchi[OS1] used the coordinate system (t1,---,%) = (a=2%,---,
a=2%) (a € A) and constructed a compact real analytic manifold X. There
exists a family of open orbits {G/K.;e € {—1,1}}}, where G/K. are
semisimple symmetric spaces. For example, if X = SL(2,R)/S0O(2), then
there are three open orbits in X, one of which is isomorphic to
SL(2,R)/SO(1,1) and the other two open orbits are isomorphic to X. The
two orbits that are not open are isomorphic to G/P.

We shall generalize the construction in [OS1] for a semisimple symmetric
space X = G/H and construct a real analytic manifold X. The main result
is given in Theorem 2.6. There exists a family of open orbits {G/H. ; ¢ €
{—1,1}'}, where G/ H. are semisimple symmetric spaces such that (H.)¢ ~
Hc for all e. If G/H. is a Riemannian symmetric space for some ¢, X is
identical with that was constructed by Oshima and Sekiguchi.

§1. Semisimple symmetric spaces

In this section we define a family of semisimple symmetric spaces and
establish some results about it, to be used later.

1.1. Symmetric pairs

First we review some notation and results of Oshima and Sekiguchi]OS2]
concerning symmetric pairs. Let g be a noncompact real semisimple Lie
algebra and let o be an involution (i.e. an automorphism of order 2) of g.
Denoting by b (resp. q) the +1 (resp. —1) eigenspace of o, we have a direct
sum decomposition g = h @ q. We call (g,h) a semisimple symmetric pair
or symmetric pair for brevity. We define that two symmetric pairs (g, b)
and (g, h’) are isomorphic if there exists a Lie algebra isomorphism ¢ of g
to g’ such that ¢(h) =b'.

There exists a Cartan involution 6 of g which commutes with o. Here-
after we fix such 6. Denoting by ¢ (resp. p) the +1 (resp. —1) eigenspace
of A, we have a direct sum decomposition g = ¢ @ p. We call (g, €) a Rie-
mannian symmetric pair. Since o and 6 commute, we have the direct sum
decomposition

g=tNhoetNngdpnhdepng.
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Let a be a maximal abelian subspace of pNgq and let a* be its dual space.
For a € a*, let g denote the linear subspace of g given by

g ={Xeca"; [V, X]=aY)X forall Y €a}.

Then the set ¥ = {a € a*; g* # {0}, « # 0} becomes a root system. We
call 3 the restricted root system of the symmetric pair (g,5). Put

Yo={aeX;a/2¢X}

Let W denote the Weyl group of . For a € X let s, € W denote the
reflection in the hyperplane o = 0. Fix a linear order in a* and let &%
be the set of positive elements in 3. Let ¥ = {ay,...,aq} be the set of
simple roots in ¥, where the number | = dima is called the split rank
of the symmetric pair (g,h). Let {Hi,..., H;} be the basis of a dual to

{Oél, ‘e .,Oél}.

DEFINITION 1.1.

(i) A mappinge : X — {1, —1} is called a signature of roots if it satisfies
the following conditions:

e(—a) =¢(a) for any o € 3,
{ e(la+p) =e(a)e(B) if,f and a+pe€X.

o(X) for X € Zy(a)
e(a)o(X) for X € g% ac X

where Zy(a) = {X € g; [X,a] =0}.

Denoting by b, (resp. g-) the +1 (resp. —1) eigenspace of 0., we have a
direct sum decomposition g = h. @ q.. By definition, o. commutes with 6
and o, and a is also a maximal abelian subspace of pNq.. This implies that
Y is also the restricted root system of the symmetric pair (g, h.). For a real
Lie algebra u let uc denote its complexification. The following lemma can
be proved easily in the same way as the proof of Lemma 1.3 in [OS1].
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LEMMA 1.2.  The automorphism

o = Ad (exp (S, 221 - () ;)

of gc maps hc onto (he)c. Hence the complexifications of b and b are
isomorphic in gc.

For a symmetric pair (g,h), let F((g,h)) denote the totality of symmet-
ric pairs (g, h.) for all signatures ¢ of roots and we call it an e-family of
symmetric pairs (obtained from (g, b)).

For each o € 3, 0o leaves g* invariant. Denoting by g (resp. g%) the
+1 (resp. —1) eigenspace of fo in g, we have a direct sum decomposition
g% = g% ®g¢. The number m(a) = dim g® is called the multiplicity of a
and the pair (m™*(a), m™ () = (dim g%, dim g%) is called the signature of
a. If we denote by (m*(a,e),m™ (a,€)) the signature of a as a restricted
root of (g,h.), then

N _ _ (m*(a),m (a) ifela)=1
L) (e e),m™(ee)) = { (m~(a),m*(a)) i £(a) = —1.

DEFINITION 1.3. A symmetric pair (g, h) is called basic if

m*(a) >m (a) forany o€ X.

ProprosITION 1.4. ([OS2, Proposition 6.5])Let F' be an e-family of
symmetric pairs. Then there exists a basic symmetric pair in F that is
unique up to isomorphism.

Ezample 1.5.

(i) Riemannian symmetric pairs are basic. If an e-family F' contains
a Riemannian symmetric pair, then the mutually non-isomorphic
symmetric pairs contained in F' are determined in [OS1, Appendix].
For a Riemannian symmetric pair (g,€¢) = (sl(2,R),s0(2)), the e-
family is up to isomorphism given by

F((9,8) = {(sl(2,R),50(2)), (s1(2, R), 50(1, 1))}
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(ii) For a real semisimple Lie algebra g’ let g = g'@® g’ and h = {(X, X);
X € ¢’} ~ ¢'. In this case m™ (o) = m™ () for any o € ¥ and hence
the pair (g, h) is basic.

(iii) The e-families obtained from irreducible symmetric pairs such that
they are neither of type (i) nor (ii) are determined in [OS2, Table V].
For example, the symmetric pair (g,h) = (s0(3,6),50(3,1) 4 s0(5))
is basic and the e-family is up to isomorphism given by

F ={(s0(3,6),50(3 — k,1+ k) +so(k,5—Fk)); 0 <k <2}.

1.2. Definition of symmetric spaces G/H.

For an e-family of symmetric pairs, we will define a family of symmet-
ric spaces. Hereafter we assume that (g,b) is a basic symmetric pair and
consider the e-family obtained from (g, b).

For a Lie group L with Lie algebra [ and a subalgebra t of [, let Z(t)
and Z(t) denote the centralizer of t in L and that of t in [ respectively and
let Ly denote the connected component of the identity element in L.

Let G¢ be a connected complex Lie group whose Lie algebra is gc and
let G be the analytic subgroup of G¢ corresponding to g. We extend ¢ and
0 to gc as C-linear involutions.

We assume that the involution o is lifted to G (i.e. there exists an
analytic automorphism & of G such that d(expX) = expo(X) for any
X € g) and denote the lifting by the same letter. If G is simply connected
or is the adjoint group of g¢, then any involution of g is lifted to G (c.f.
[0S2, Lemma 1.5]).

LEMMA 1.6. Under the above assumption, the involution o. of g is
lifted to G for each signature of roots €.

ProoF. We fix a signature of roots €. Let Gc denote the universal
covering group of G¢ and let G be the analytic subgroup of éc correspond-
ing to g and let m denote the covering map 7 : G — G. The involutions o
and o are lifted to é@.

Let U be the analytic subgroup of éc corresponding to u = £ + /—1p.
Then the center Z of Gg is contained in Zy(v/—1a). It follows from [H,
Chapter VII, Corollary 2.8] that Zy;(v/—1a) is connected. By definition, o
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and o, coincide on Z,(v/—1a), hence their liftings to G¢ coincide on the
connected Lie group Zy(y/—1a). Since o is lifted to G, kerm C Zy(v/—1a)
is o-stable, hence it is o.-stable. It follows from [H, Chapter VII, Lemma
1.3] that o, is lifted to G. O

We define G = {g € G; 0(g9) = g} and let H be a closed subgroup of
G between G? and its identity component (G?)y. The homogeneous space
G/H is called a semisimple symmetric space associated with the symmetric
pair (g, b). Hereafter we fix a symmetric space G/H associated with (g, b).

Let K be the analytic subgroup of G corresponding to ¢. The Weyl group
W of the restricted root system ¥ can be identified with Ng(a)/Zk(a),
where N (a) is the normalizer of a in K. For a signature of roots ¢, we put
H. = (G )oZknmu(a).

LEMMA 1.7. H: is a closed subgroup of G that is contained in G°<.

Proor. It follows from the proof of Lemma 1.6 that ¢ and o, coincide
on Zxnm(a), hence H. C G=.

For any z € Zgnp(a) we have 0. 0 Ad(z) = Ad(0:2) 0o 0. = Ad(z) o 0.,
hence Ad(z)(h:) = be. It shows that H. is a group with Lie algebra b..
Since (G7¢) is a closed subgroup of G and H. has finitely many connected
components, H. is a closed subgroup of G. [

The above lemma shows that G/H. is a semisimple symmetric space
associated with the symmetric pair (g,h.). We give an important lemma
that will be used later;

LEMMA 1.8. For each signature of roots ¢,

(1) ZrnGos)o (@) C Zrnge),(a)
(ii) Zxnu(a) = Zxnn.(a)

PROOF. (i) Let € be a signature of roots. We put h? =eNh. +pNqe
and let (HZ)o be the analytic subgroups of G corresponding to h2. If ¢ =
(1,---,1), then we drop ¢ in our notation and write h*, H§ etc. Then
(h2,h2 N ¢) is a Riemannian symmetric pair and a is a maximal abelian
subspace of h? Np. The groups K N (G%)p and K N (HY)p are maximal
compact subgroups of (G )y and (HZ)q respectively, thus K N (G?)p and
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KN (HZ)y are connected. Moreover K N (G?)y and K N (HE)o have same
Lie algebra € N h.. Therefore they coincide. It follows from [W, Lemma
1.1.3.8] and its proof that

Zrn(Goe)o (@) = Zrn(aa), (@) = (Zrn(Hz),(@))o (K N (H)o Nexp v —1a)
Since (Zgn(me),(a))o = (Zrnug(a))o for each ¢, it suffices to prove
(1.2) Kn(H)oNexpv—laC KNHfNexpv—1la,

for each signature of roots €.

Let (fI )¢ be the simply connected connected Lie group with Lie algebra
(b%)¢. Let H* and K(H®) be the analytic subgroups of (H%)¢ correspond-
ing to h? and €N b, respectively. By [H, Chapter VII, Theorem 8.5], the
lattice

Uy = {X €asexpyV/-1X € K(H")}

in a is spanned by
2/ —
7'(' 1A
(o, @)
where A, € a is determined by a(X) = B(A,, X) for all X € a. Here B
denotes the Killing form of h? and X(h%, a) is the restricted root system for
the symmetric pair (h%, €N h.). Notice that m™(«, e) is the multiplicity of
a € ¥ considered as an element of ¥(h?,a). By (1.1) and Definition 1.3,
m*(a) > m*(a,e) for any a € ¥y and (a) = e(a/2)? =1 for a € T\ Xo.
Therefore we have?(bg, a) C X(h% a), hence O (fre) C g (fay- By Lemma
1.2, the center of (HZ)c coincides with that of (H%)c and o, coincides with
o on it, hence (1.2) follows.
Since we have Zxnp.(a) = Zgn(Gee), (@) Zknu(a) by the definition of
H., (ii) follows from (i). O

o (a€X(b a)),

§2. Construction of compact imbedding

2.1. Parabolic subgroups

We assume that (g, bh) is a basic symmetric pair. We define a standard
parabolic subalgebra p, of g by v, = Z(a) + n,, where n, = > .+ g%
Let p, = m,; + a, + n, be a Langlands decomposition of p, (c.f. [OS2,
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Section 8]). Let P, denote the parabolic subgroup of G with Lie algebra p,
and let P, = M,A,N, be the Langlands decomposition corresponding to
Ps = My +0a, +1,. Let N be the analytic subgroup of G' corresponding to
n, =0(n,). If (g,h) is a Riemannian symmetric pair, then p, is a minimal
parabolic subalgebra of g.

DEFINITION 2.1. A mapping € : ¥ — {—1,0,1} is called an eztended
signature of roots when it satisfies the condition:

l l

(2.1) e(a) = He(ai)mi‘ for a = Zmiai €.

i=1 =1

Note that any mapping of ¥ = {ay,---,aq} to {—1,0,1} is uniquely
extended to a mapping of ¥ to {—1,0,1} which satisfies (2.1). Therefore
we can identify the set of all extended signatures of roots with {—1,0,1}!
by € — (g(a1),...,e(ay)). For an extended signature of roots &, we define
a signature of roots € by

el if e(a;
0 f = { S el

1 if e(aj) = 0.

For an extended signature of roots we define ©. = {a € ¥; e(a) # 0},
(0:) =¥ N3 co. Raand (©)F =X+ N(O). Let Wo, be the subgroup of
W generated by the reflections with respect to the elements of (6.). Notice
that (©.) become a root system and Wg_ is its Weyl group.

We define a parabolic subalgebra p. by

P =ms + 05 + Z ga_|_ Z ga
ac(0;) aeXt\(6¢)

and let p. = m. + a. + n. be the Langlands decomposition of p. such that
a. C a,. Let P. be the parabolic subgroup of G with Lie algebra p. and
let P. = M.A.N. be the Langlands decomposition of P. corresponding
to p. = m. + a. + n.. We define subalgebras a®, m(e) and p(e) of g by
A€ = Zajeeg RH;, m(e) = m.Nbz = Zy_(a.) and p(e) = m(e) +a. +n.. We
have a direct sum decomposition a, = a° + a..
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Let A, A® and M (e)p be analytic subgroup of G corresponding to a,
a® and m(e) respectively. We define M(e) = M(g)oZknu(a) and P(e) =
M(e)A:N;. If ¢ is a signature of roots, O, = ¥, Wg_ = W and P(¢) = H..
On the other hand, if ¢ = (0,...,0), ©. = &, Wo_ = {e} and P. = P,.

LEMMA 2.2. M(e) and P(e) are closed subgroups of G.

PROOF. Since Ad(2)oz(X) = oz(Ad(2)X) for all 2 € Zgnp(a) =
Zknn:(a) and X € g, we have Ad(z)(m(e)) = m(e) for all z € Zgnu(a).
Therefore M(e) is a group. It is closed, because M(e)g is a connected
component of Hz N M, and Zgng(a) is compact.

Owing to the Langlands decomposition, P(¢) is closed because M (¢) is
closed in M. It is easy to see that M (e) and A, normalize N.. Thus P(¢)
is a group. U

2.2. Root systems and Weyl groups
Let

(2.3) V' ={a€V;2a¢X and m™ (a) = 0}

and ¥’ = ¥ N Y .y Ra. For an extended signature of roots e, we define
Y ={ae¥;ela) =1} and X, = {a € (0.); e(a) =1 or m™ () > 0}.
By [B, Chapter IV, Proposition 23], ¥. and X, are root systems. Let W,
W., W/ and Wés denote the subgroups of W generated by the reflections
with respect to the roots in X', ¥, ¥, and ¥’ N (O,) respectively. We put

W) ={weWg,; ZcNwst =S, NSt}

LEMMA 2.3.
(i) W(e)={weWe_ ;X.N®, =3} Here ®, ={acXT;wlac
—+).
(i) W(e) = {w e W_; L nwEt =X . NE*}.
(iii) Let the pair (W§_, WZ) be equal to (We_, W.) or (Wg_,W!). Then
every element w € W§_ can be written in a unique way in the form

w=ww(e) (w. € W, w(e)eW()).
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PROOF. The proof is almost the same as that of [OS1, Lemma 2.5]. So
we omit it. [J

Let ¢ be a signature of roots. Let W (a; H.) be the set of all elements w
in W such that the representative w of w can be taken from Ngng. (a). We
have W(a;H.) =~ Ngnp.(a)/Zkag.(a). We put W(a;(H:)o) =
NinH.)0(8)/Zrn(H.),(a). For a € Yo, let g(a) denote the Lie subalge-
bra of g that is generated by g* and fg“.

PROPOSITION 2.4. Let € be a signature of roots.

(i) Let o € 9. Then h? Ng(a) # {0} if and only if sq € W(a; (Hz)o).
(il) W(a; H.) = W..

PROOF. We use the method of rank one reduction. Let o € Y. If
he N g* # {0}, then a can be considered as an element of the restricted
root system 3(h%, a) of the symmetric pair (h%, €N h%). Thus there exists
Xo € g% N2 such that exp(X, + 0X,) = 54 (c.f. [H, Chapter VII]).

If h2 N g® = {0}, then by [OS2, Remark 7.4], (g(a), g(a) Nh) = (so(n +
1,1),s0(n,1)) for some n. Thus s, ¢ W (a; (H:)o).

Since W (a; (H:)o) is generated by the reflections s, (o € ) such that
Sa € W(a; (He)o), Wi(a; (He)o) is the Weyl group of the root system

Ye={aeX; (g(a),g(a) Nh) # (s0(n+1,1),s0(n,1)) for any n}.

Thus W (a; (Hz)o) = We. Since H. = (H.)oZknu(a), we have W(a; H,) =
We. O

By Proposition 2.4, we have W (a; H) = W. Hereafter we fix represen-
tatives w € Ngnp(a) for all w in W.

2.3. Construction of compact imbedding

Let X denote the product manifold G x R! x W’. For s € R define sgn s
tobelifs>0,0if s=0and —1if s <O. Forx:(g,t,w)EXWedeﬁne
an extended signature of roots €, by €,(a;) =sgn t; (j =1,...,1). We have
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A, W, O, P.., Ple,) etc., which we write Ay, Wy, O,, P, P(x)
etc. for short. For (z,t,w) € X we define a(x) € A” by

(2.3) ale) = exp(~§ ¥, o log |tj]Hy).

DEFINITION 2.5. We say that two elements z = (g,t,w) and 2’ =
(¢',t',w) of X are equivalent if and only if the following conditions hold.
(i) ex(wla) = ep(w'ta) for any o € 3.
(i) wtw' € W(z).
(iii) ga(z)P(z)w~! = ga(z")P(z")w'~ .

The condition (i) implies WO, = W'y, W}, = w'Y),, and wW§ w™! =

w'W{ w'~!. Therefore, under the condition (i), the condition (ii) is equiv-
alent to

wlw' e Wg, =Wg , and w(X,NEF) =w' (T, nT).

Therefore this is in fact an equivalent relation, which we write x ~ /.
Assume that z, 2’ € X satisfy the conditions (i) and (ii). The Lie algebra

p(x) = p(es) equals

Zy(a)+ > RHj+ Y {X +e(a)o(X); X €g°},
a; €EV\Oy aex

where Zy(a) is a centralizer of a in h. Since @' ~'w € H, it is easy to
see that Ad(w'~'w)p(z) = p(z’). Moreover since @' ‘W Zpnp(a)w "
Zxnu(a), we have wP(x)w~! = w'P(z')w'~!. Therefore the condition (iii)
is equivalent to

w' =

ga(z)P(z) = ¢'a(2 )0’ 'wP(z) in G/P(x).

Therefore the equivalent relation is compatible with an action of G on X
given by ¢'(g,t,w) = (¢'g, t,w) (¢’ € G).

Let X denote the topological space X/ ~ and let 7 : X — X be the
projection. The space X inherits from X a continuous action of G, given by
gr(z) = m(gzx).

We state the main theorem of this paper:
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THEOREM 2.6.

(i) X is a compact connected real analytic manifold without boundary.
(ii) The action of G on X is analytic and the G-orbit structure is normal
crossing type in the sense of [O1, Remark 6].
(iit) For a point x in X, the orbit Gr(z) is isomorphic to G/P(x) and
X has the orbital decomposition

X= |_| Gr(e,e,w).

e€{-1,0,1}
weW/

(iv) There are |W'| orbits which are isomorphic to G/H (also to
G/P((e,0,1))). For a signature of roots e and w € W/, the number
of compact orbits in X that is contained in the closure of the open
orbit Gr(e,e,w) ~ G/H. equals |W(e)|.

REMARK 2.7.

(i) If (g,h) is a Riemannian symmetric pair, then the space X was
constructed in [OS1, Section 2] and the above theorem was proved
there ([OS1, Theorem 2.6]).

(ii) In [O2, Section 1] Oshima studies a realization of semisimple sym-
metric spaces. Let X be a semisimple symmetric space and let X’
denote the compact real analytic manifold that is constructed in
[O2]. All open orbits in X’ are isomorphic to X. The construction
of X is similar to that of X’. The difference is that a(z) is defined
by exp (— >, log|t;|H;) in [O2] in place of (2.3).

Ezxample 2.8. For the R-, C- and H-hyperbolic spaces, the space X is

constructed by Sekiguchi [Se, Section 3]. For example, consider the case

of
1)

Eq,

the real hyperbolic space. Let G = SOqg(p,q) and H = SOy(p,q —
(p>q>1). We take K = SO(p) x SO(q) and a = RY where ¥ =
ptq T Epig1, then a is a maximal abelian subspace in p N q. We have

¥ = {+a} where a(Y) = 1 with signature (m*(a),m™(a)) = (p—1,¢—1).
Therefore the rank one symmetric space X = G/H is basic. The space X
has the orbital decomposition X = X+ U X% U X~, where X* ~ X and

X

~ 500(p,q)/SO00(p — 1, ).
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83. Proof of Theorem 2.6

In this section we prove Theorem 2.6. The proof goes in a similar way
as the proof of [OS1, Theorem 2.7]. We will give an outline of the proof
here.

Let a, be a maximal abelian subspace of p containing a. Let X(a,) be
the restricted root system of (g, a,). Let g(o) be the reductive Lie algebra
generated by

{a(api ) A € S(ay) with Ala = 0},

where g(ay; A) denotes the root space for A € ¥(ap). Put
m(o)={X em,; [X,Y]=0foral Y € g(o)}.

Let G(o) and M (0 )y denote the analytic subgroups of G corresponding to
g(0) and m(o) respectively and put

M (o) = M(0)o(K Nexpv/—1lay).

By [02, Lemma 1.4] we may assume that the representative w of w € W
in Nk (a) normalize G(o) and M (o) for all w € W.

We fix a basis { X1, --- , X1} so that X; € g®® for some a(i) € £+, where
L = dimn,. We fix an basis {Z;,---,Zp/} of m, so that {Z;,---,Zp»}
is a basis of m(o) and {Zpryq, -, Zp/} is a basis of g(o), where L' =
dimm, and L” = dimm(c). Moreover we put [” = dima, and choose
Hyyq,--+  Hp € ap N so that {Hy, -, Hy, Hj4q,- -+, Hp'} is a basis of a,.
We put X_; = 0(X;). Then {X_4,---,X_r} is a basis of n; and

(X1, -, X, X_1,--, X_p, 21, Zp, Hy,-+ , Hp}
forms a basis of g.
LEMMA 3.1.  Fiz an element g of G and consider the map
Tg: Ny x M(o) x A* — G/P(e)

defined by 4(n, m,a) = gnmaP(e).
(i) The map 74 induces an analytic diffeomorphism of N %
M(o)/(M(c) N H) x A% onto an open subset of G/P(¢).
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(ii) For an elementY in g let Y be the vector field on G/P(e) corre-
sponding to the 1-parameter group which is defined by the action
exp(tY) (t €e R) on G/P(e). Forp=(n,m,a) € Ny x M(c) x A®,
we have

L
(YE);T(I,) = dm, (( (s(ai)cj(nm)aﬂai + ¢ (nm))Ad(m) X _;
L" l

+ Z c?(nm)Zj + Z ck(nm) Hy,
j=1

p

Here X_;, Z; and Hj, are identified with left invariant vector fields
on N, M(o) and A® respectively. Moreover the analytic functions

cj, (N c(]]» and c, on G are defined by
L L’ l
Ad(g)™'Y =D (¢f () Xi+ ¢, (9)X )+ > _ 9 Z; + > crlg)H
i=1 j=1 k=1
for g e G.

PROOF. Notice that o = o, on M (o). We have
M(J) NHC ZKQH(Cl) = ZKﬁHS(a) C H..

Thus M (o) N H C M(o) N H.. The inclusion M (o) N H. C M (o) N H can
be proved in the same way. Therefore we have M (o) N H = M(o) N H..
Now (i) follows from [O2, Lemma 1.6].

The proof of (ii) can be done in the same way as that of [02, Lemma
1.6 (ii)], where the statement is proved when e does not take the value —1.
So we omit it. [J

For g € G and w € W', we define the set U;" by

U/ =m((gN, x M(o)) x R! x {w}).
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Then Lemma 3.1 shows that the map
- l
¢y : Ny x M(o)/(M(c)NH) xR = U CX

defined by (n,m,t) — =w((gnm,t,w)) is bijective. We put U = N, X
M(o)/(M(c)NH) x R

LEMMA 3.2. Fizg,qd € G and w,w' € W'.

(i) For an elementY of g the local one parameter group of transforma-
tion (¢%) "' o exp(tY) o ¢ (t € R) defines an analytic vector field
onU.

(i) The map (¢%5) " o g of (o2) "1 (UL NUY') onto (¢%5)H(UXNUY')
defines an analytic diffeomorphism between these open subsets of R.

(iii) ¢g is a homeomorphism onto an open subset Uy’ of X.

Proor. To prove (i), we may assume that w = e. By Lemma 3.1,
Y € g determines an analytic vector field on N; x M(o)/(M (o) NH) x R,
because H} determines the vector field —2tk% on ]RZE by the correspondence
t + a(t). Here R. denotes the set {t € R';¢; = 0 if e(aj) = 0}. They
piece together and define an analytic vector field on U.

We can prove (ii) and (iii) in the same way as the proof of [02, Lemma

1.9] and [OS1, Lemma 2.8]. So we omit it. [J

We put V= {t € R';t* < 1foralla € ¥}, Since (gkm,t,w) ~
(gk,t,w) for any g € G, k € K, m € Zgnm(a), t € Rl and w € W, we can
define the map

w;ﬂ : K/ZK[‘]H(C[) xV —-X

by (kZknm(a),t) — m((gk,t, w)).
LEMMA 3.3. Foranyg, g € G and w € W', the map
(¢5) oy s () Imoy NULY) = (9) " (Imyy N Uy

is an analytic diffeomorphism between the open subsets of K/Zxnm(a) x V
and U.
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PROOF. We fix an arbitrary point 2 in (%)~ (Im ¢y N U;‘f/). We can
prove in the same way as the proof of [OS1, Lemma 2.9] that the differential
of the map (qﬁ;",/)_l oy at x is bijective, hence the map (c#g",/)_l oy is
an analytic local isomorphism between open subsets. The injectivity of the
map also can be proved in the same way as the proof of [OS1, Lemma 2.9]
by using the Cartan decomposition [Sc, Proposition 7.1.3]. So we do not
give the proof in detail here. [J

PrROOF OF THEOREM 2.6. It remains to prove that X is connected,
compact and Hausdorff. The proof can be done in the same way as the
proof of [OS1, Theorem 2.7] by using Lemma 2.3, Lemma 3.2, Lemma 3.3
and the Cartan decomposition [Sc, Proposition 7.1.3]. So we omit it. [J

The following are easy consequences of Theorem 2.6 and Lemma 3.3.

COROLLARY 3.4. For a signature € of roots and an element w of W',
we put XY = w(G x {e(a1), - ,e(au)} x {w}) and B, = w(G x {0} x
{w}). Then we have natural identifications G/H, ~ XY and G/Py ~ By,.
Moreover By, is contained in the closure of X! if and only if w € W (g).

COROLLARY 3.5. The map
Vgt K/Zgnn(a) XV 3 (kZknm(a),t) — n((gk,t,w)) € X

s an analytic diffeomorphism and U Im g is an open covering of
geEG, weW’
X.

¢4. Invariant differential operators

In this section we shall show that the system of invariant differential
equations on G/ H. extends analytically on X and has regular singularities
in the weak sense along the boundaries. For the notion of the systems of
differential equations with regular singularities we refer [KO], [OS1] and
[Sc]. First we recall after [O2] and [Sc] on the structure of the algebra of
invariant differential operators on G/H..

For a real or complex Lie subalgebra u of gc let U(u) denote the universal
enveloping algebra of 1, where 1’ is the complex subalgebra of g¢ generated
by u.
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Retain the notation of Section 1. Let j be a maximal abelian subspace
of q containing a. Then by the definition of o, j is also a maximal abelian
subspace of q.. Let X(j) denote the root system for the pair (gc,jc). Let
¥(j)* denote the set of positive roots with respect to a compatible orders
for ¥(j) and X. Put p = %ZaeE(j)+ a. Let nc be the nilpotent subalgebra
of gc corresponding to X(jc)* and put ng = o(ng).

From the Iwasawa decomposition gc = ns ®jc @ (be)c and the Poincaré-
Birkoff-Witt theorem it follows that

U(g) = (ncU(g) + U(g)(he)c) & U).

Let 6. be the projection of U(g) to U(j) with respect to this decomposition.
Let 1 be the algebra automorphism of U(j) generated by n(Y) =Y — p(Y)
for Y € j and put 4. = nod.. Then the map 4. induces an isomorphism:

%+ U(g)"/(U(9)" NU(g)(h-)c) — UG"Y,

where U(g)% is the set of h.-invariant elements in U(h.) and U(5)"'0) is the
set of the elements in U(j) that are invariant under the Weyl group W (j)
of X(j).

Let D(G/H;) denote the algebra of invariant differential operators on
G/H.. Since D(G/H.) = U(a)"/(U(2)" N U(g)(h.)c) (c.f. [02, P 618]),
we have the algebra isomorphism:

(4.1) Ye : D(G/H:) = U™V

Let w be an element in W’ and ¢ be a signature of roots. Put X¥ =
Gr(e,e,w) and let
W G/H: — XY

be the natural isomorphism. Let ID(X) denote the algebra of G-invariant
differential operators on X whose coefficients are analytic.

PROPOSITION 4.1.

(i) There exists a surjective algebra isomorphism

7 ¢ D) = UG
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that is given by y(D) = . o (1¥)~1(D|XY), which does not depend
on the choice of w € W' and ¢ € {£1}\.

(ii) The system of invariant differential equations

My (D—=~(D)AN)u=0 forall D € D(X)

has regular singularities in the weak sense along the set of walls
{r(G{(e,t,w);t; = 0}; 75 = 1,...,1} with the edge 7(G(e,0,w))
for each w € W'. The set of characteristic exponents of M, is
{swr = (Swri)1<i<i}, where syx; = 5(p — N)(H,).

PrROOF. The proof can be done in a similar way with the proof of
Proposition 2.26 and Lemma 2.28 in [OS1] (c.f. [02]). So we omit it. [J
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