J. Math. Sci. Univ. Tokyo
3 (1996), 629-654.

Additive Processes on Local Fields

By Kumi YASUDA

Abstract. The present paper aims at investigating some basic
properties of additive processes on local fields which are rotation-
invariant, i.e., invariant under multiplications by any elements of norm
1. We will give the transition probabilities of such processes explicitly,
and prove that each process is a limit of processes expressed as integrals.
The Lévy measures of their transition probabilities will be used to tell
whether they are recurrent, and whether they are stable. For stable
processes, we will give some detailed observations.

§0. Introduction

In §1, we will give explicitly all rotation-invariant additive processes on
any local field K. §2 is devoted to show Lévy-Ito decomposition theorem for
rotation-invariant additive processes on local fields, which represents them
as limits of some integrals. In §3, we will give necessary and sufficient con-
ditions for the processes to be recurrent or to hit every point with positive
probability. §4 is close investigations of stable processes. In §5, we will see
that under some conditions, we can define local times for rotation-invariant
additive processes. As an application of this, we will determine the Haus-
dorff dimension of the set of times at which the process hits its starting
point.

Albeverio and Karwowski constructed a family of rotation-invariant ad-
ditive processes on p-adics @, and determined their generators ([1], [2]). In
this paper, we will extend their theory to all local fields, and characterize
and closely investigate rotation-invariant additive processes on local fields.
As another work on measure theory on local fields, Satoh proved in [16] and
[17] an extension theorem of measures on vector spaces over local fields.
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630 Kumi YAsuDA

Throughout this paper, p will stand for a prime number. Let K be
a finite algebraic extention field over p-adic field Q,. R, P, m, ¢ will be
respectively the unique maximal compact subring of K, the unique maximal
ideal of R, a prime element of K, and the module of K ([18] Theorem 6
and Definition 3, §4 I). Let nx denote the Haar measure on K normalized
as Nk (R) = 1, and let [-dz, [-dy etc. mean integrals with respect to nx.
Each non-zero element x in K is expressed in one and only one way in the
form

(0.1) xr = Z o, T, o, 70,

where {ay}1<k<q is a full set of representatives of the residual field R/P
of K, and m is an integer ([18] Corollary 2, §4 I). Let e be the order of
ramification of K over Q, ([18] Definition 4, §4 T), and put r = p'/¢. The
norm | - | on K is defined by

E Oékiﬂ'i

=m

if ag,, # 0, and by 0| = 0. Let D(z,r™) denote the disc of radius r™
centered at x.

1. Rotation-invariant additive processes on local fields

We denote by K* the character group of K, that is, the group of all
continuous homomorphisms from the additive group K into the circle group
{c € C: |c¢| = 1} in the complex plane. For each probability measure p on
K, its characteristic function ji is a function on K*, defined by

) = /K () u(de).

Note that the correspondence between a probability measure y on K and
its characteristic function is one to one ([14] Theorem 3.1, §3 IV). By [18]
Proposition 12, §5 II, we can take ¢ € K* such that

p1(R) = {1},
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and that
p1(r'R) # {1}.

Then any ¢ € K* is expressed as ¢( - ) = ¢1(y - ) for some y € K ([18]
Corollary of Theorem 3, §5 IT). Write

oy - ) =1y - ),

for simplicity, then we have

qr, iyl <rTm,
(1.1) / oy (z)dr = { . .
|z|<rm 0, if |y| >r—™,

([12] p275).

Let {pu}i>0 be any convolution semigroup of distributions on K such
that p; converges weakly to the distribution degenerate at the origin when
t — 0. Then, since K is totally disconnected, fi; has the canonical repre-
sentation

12 ) =t [ (@ -Drw)|.  eer

where F' is a o-finite measure on K — {0} with finite mass outside ev-
ery neighborhood of the origin. Conversely, for any measure F' satisfying
the conditions above, there exists a semigroup {p }+>0 whose characteristic
function is given by (1.2) ([14] Theorem 10.1, §10 IV, and Remark 1, §7
IV). The measure F is uniquely determined by {u;} and we call it the Lévy
measure of {y}.

LEMMA 1.1.  Let Y; be a spatially homogeneous additive process on K,

and let Q¢(x, dy) be its transition probability. Then the following three con-
ditions are equivalent.

(1) For each M € Z and t > 0,

hare(x) == Q¢ (w,D(O,rM)) = Qt(O,D(—x,TM))

depends only on the norm |z| of x.
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(2) Y| is a Markov process on |K| := {|x|;x € K}. That is, for any
function g on K such that the value g(x) depends only on |x|, it
follows that

Eog(Y: + x) = Eog(Y: +2'),

whenever |x| = |2/|.
(3) The Lévy measure F of {Q: = Q+(0,-)} satisfies

(1.3) F(A) = F(uA)

for any unit u of R and any Borel set A.
PrOOF. (1) = (2) If g is such as in (2), then

g= Z b (XD(O,TM) - XD(O,rM—1)> + b—coX{0}>
Mez

for some by, b_oo € R, where x4 is the characteristic function of a set A.
Then

Eog(Y; + ) MXE:Z bar (i (@) — har—14(2)) 4 b-oo Mlifr_loo hari(z),

which depends only on |z|.
(2) = (1) Let g = xp(o,m)- If |z = [2'], then

har(z) = Eog(Yy + ) = Eog(Y; + &) = harg(a').
(1) = (3) Let uw be a unit of R, then

Oilpur,) = /K o1 (y2) Qi (udz) = /K o1 (y2)Qu(dz) = Bulpy).

Hence

x|t [ (eu(o) = 1)F(an)| = exp ¢ [ (o) = 1) Fuae)]
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and the uniqueness of the Lévy measure implies
F(A) = F(uA),

for any Borel set A.
(3) = (1) Put Qﬁu)(A) := Q¢(uA) for each unit u of R, and let F' be the
Lévy measure of (Q;. Then for any y € K,

—

Ao =ewp |t [ (o) = 1) Fud)
—ew [t [ (0y0) - DF(an)] = @it

which implies Q") = @,. O

Let (Y%, Q¢) be any rotation-invariant additive process on K, then by
Lemma 1.1, its Lévy measure F must satisfy (1.3). Set a(M) =
F(D(0,rM)c) for each integer M. Then {a(M)} ez satisfies

(1.4) a(M+1) <a(M),
and
(1.5) Ml—i}?-oo a(M) = 0.

Conversely, for a given sequence {a(M)} ez with the properties (1.4) and
(1.5), there exists a unique measure F' on K — {0} satisfying (1.3) and

(1.6) F(D(0,7M)%) = a(M).

In other words, a sequence {a(M)}arez satisfying (1.4) and (1.5) corre-
sponds in one-to-one way to a rotation-invariant additive process (Y, Q)
whose Lévy measure is given by (1.6). We will show that when {a(M)}rrez
is given, we can give explicitly the transition probability Q; of the corre-
sponding process Y;.

In [1] and [2], Albeverio and Karwowski constructed rotation-invariant
additive processes on QQ,. Modifying their method, we can construct similar
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additive processes on any local field K. Let {a(M)}, M € Z be any sequence
of real numbers satisfying (1.4) and (1.5). The expression (0.1) shows that
for each y € K, M € Z, and m > 1, there are just (¢ —1)¢™ ! disjoint discs
D(z,mM) of radii M such that |z — y| = ¥M*™. Therefore, by replacing
p by g, r, or 7 suitably in the arguments in [2] §2, we can construct an
additive process X; on K. Its transition probability P; is given by

(1.7) Pt(ac,D(y,rM))
= q_l(q -1) Zq_i exp [—(q — 1)_1 (qa(M +i)—a(M +i+ 1))15]
i=0

=: Pp(t),
if |z —y| <M, and

(1.8) Py(z, D(y,v™)) = (¢ — 1) ' ¢" " (Prgm(t) — Prrsm—1(1)),

if |z —y| =M™ m > 1. We can verify similarly as in [2] that {P},

t > 0 determines a Markovian semigroup. We will call (X, P;) above
the A-process on K given by {a(M)}nrrez. We will show that for given
{a(M)}nrrez, our process (Y, Q) given by (1.6) coincides with the A-process
(X¢, P) given by {a(M)}arez. We will prepare two lemmas;

LEMMA 1.2. Let (X4, P;) be the A-process on K given by {a(M)}rrez.
(1) If Mlim a(M) = oo, then for eacht > 0 and x € K, the probability
——00

measure Py(x,-) is absolutely continuous with respect to ng.
(2) If Mlim a(M) =W < oo, then for eacht >0 and x € K, Pi(x,-)

is absolutely continuous with respect to ng, except at x.

Furthermore the density function p,(z,-) of Pi(x,-) is given by
pi(@,y) = (¢ = D7 (Pa(t) = Paa(t),  ifly —a| =1,
in the both cases (1) and (2).
ProoF. (1) Note that Mlin_looa(M) = oo implies that Mlim Py(t) =

0 for any t > 0. Let M € Z. If |2 — z| < r™ then

/ pe(z,y)dy = / pe(x,y)dy = Par(t) = Py(z, D(z,r™)).
D(z,rM) D(z,rM)
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If [z — z| = rM+™ m > 1, then |y — 2| < r™ implies that |y — x| = rM+m.
Therefore

(1.9) /D o P = @D (Patnt) — Pt ()

z,rM)

=P (x, D(z, TM))

(2) Since Pi(z,{z}) = Mlim Py(t) = exp(=Wt) > 0, P; is not ab-

solutely continuous at x. Whereas (1.9) holds also in this case and (2)
follows. O

REMARK. If

Zq exp [—(¢ — 1) (qa(i) — a(i +1))t] < oo,

1=—00

then we can take as the density a continuous one by putting

pe(z,z) =q '(g—1) Z q "exp[—(q— 1) (ga(i) —a(i+1))t] .

1=—00

LEMMA 1.3. Let (X, P;) be the A-process on K given by {a(M)}pez.
Then the characteristic function Py of Pi(-) = P(0,-) is given by

Py(¢y) = exp [-(¢ — 1)  (qa(—n) — a(—n + 1))t]

Proor. If |y| = 7" then by (1.1),

Be = [ ECCLIED Y [ e@mo.a

m>—n+1 |_Tm
= (q - 1)71((]P,n(t) - an+l(t))
=exp [—(¢—1)""(qa(-n) —a(-n+1))t] . O
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PROPOSITION 1.4. Let (Xy, P) be the A-process on K given by
{a(M)}rrez. Then the Lévy measure of { P} coincides with the measure F
given by (1.3) and (1.6).

Proor. By Lemma 1.3, it suffices to show

[ o) = 1)F(dn) = ~(a =) (aaln) — a-n + 1),

for |y| =r™. If m > —n + 1, then
[ (e - )Fa)
‘x‘:T.7rL
B Z B /:ceD(yl il ag,mhr=m)

(O‘k,m,nf"vak, i=—m—n

<<,01< _Zl akiwi>—1>F(dx)

i=—m—-n
—1

- 2 ‘Pl( > “’%”i) —(g—1)g™ !

(akfmfn’m’akfl) t=—m—n

x (¢ — 1)t " (a(m — 1) — a(m)),

where > is the sum over all the representatives ay, (—m—n <
(ak—m—n Ok _q )

i <—1)of R/P with o,_,,_, # 0. By (1.1) we have

> sm( i Oékﬂ"i)

(O‘k,m,nf" 7051671) i=—m—n

=q" / Yy(x)dx
Z ak_l) xED(yilzfl y( )

(ak Sy i=—m-—n akiﬂ—iﬂnin)
—m—n

= q"/ y(z)dx
|z|=rm
{—1, ifm=-n+1,

0, ifm>-n+2.
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Therefore

/K(tpy(iv) — 1)F(dz) = —q(qg — 1) (a(—n) — a(-n + 1))
- > (alm=1)—a(m))

m>—n+2
=—(¢—1)""(qa(-n) — a(—n + 1)),

as desired. OJ

Thus our process Y; with the Lévy measure F in (1.3) and (1.6) is exactly
the A-process X;, whose transition probabilities P, are given by (1.7) and
(1.8).

§2. Representation theorem

It is well known that Lévy processes on R have Lévy-Ito decomposition.
We will show a representation theorem for our A-processes on local fields,
modifying Ito’s theory. Since local fields are totally disconnected, our A-
processes have no continuous part, and their representations are rather
simple.

LEMMA 2.1. Let (X, P;) be the A-process on K starting at 0 given by
{a(M)}prez, and let for each fized integer m,

Tl(m) =inf{t >0 : |X¢| >r"},

Tlgm) =1inf{t >0 : |X

m
Tk,i-i-t XTILN >r }, k>2

Then ) T,Em) has Gamma distribution T'(n,a(m) ™).
k=1

Proor. Let Ky := D(0,r™), K;, Ko, - - - be the sequence of all disjoint
discs of radii #™ in K, and let M; be the Markov chain on {0,1,2,---}
defined by

My =1+ X; € K;.
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Let P;;(t), L be the transition probability and the generator of M; respec-
tively, then

(2.1) Lyi(i) = lim tl(; Xi (k) P () = xi(7)

— hmfl(Pt (0, D(0,7™)) — 1)

t—0
= _a(m)v

where x;(j) := 6ij. Let vj := P(X _(m) = j), then there exists A € [0, +o0]
1
such that

(2.2) P(r™ > t) = exp(=\t), t >0,
and that
(2.3) LF0) =AY (f() = £(0),

J
for f € D(L). Putting f = xo in (2.3) gives

LXO(O) = —)\Z’)/j = -\
70

This combined with (2.1) and (2.2) shows
P(Tl(m) > t) = exp(—a(m)t).

Since Tlim), k > 1 are i.i.d., we have for each € R and n € N,

Eexp (ia;ﬁgm)) = </00<> exp(iat) <1 - exp(—a(m)t))ldt>n

=(1- ia(m)*la) -

which proves our assertion. [
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LEMMA 2.2. Let (Xy, P;) be the A-process on K given by {a(M)}nrez.
Write X;_ 1= lilTnta Xs and let Jy := Xy — X¢—. Then for each integer m,

Wi = tfs <t : || > ")
has Poisson distribution of mean a(m)t.

Proor. By Lemma 2.1 we have

n+1
Pw™ <n)=P (Z 7 t)
i=1

1-— /t L(n+1)"ta(m)" 3" exp(—a(m)B)ds
0

“mt exp(—) 8"

That is, if we write

Gn(a) = _/0 exp(;ﬂd& a >0,
then
P(Wt(m) <n) = Gp(a(m)t).

On the other hand, if P, is the Poisson distribution of mean « then

)

Ho(a) o= Pa({0.1,-- n}) = 3 EPC0)

Hence p (—a)an p
exp(—a)a
_Hn = = —0Gp .
do (@) n! daG (@)
Since G, (0) = H,(0) = 1, we have G, (a) = H,(«a) for any @ > 0. Thus

the proof is completed. [

LEMMA 2.3 (Ottaviani’s inequality). Let Y1, Ya, ---, Y, be indepen-
dent random variables on a normed space with norm | -|. If

P{’Yk+l+Yk+2++Ym‘Sa}Zﬁv k:O717"'7m_17
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for some positive a and B then

m 1
P{Iili%{(’yl—i-YQ—i-"'—i-YH >2a}§ BP{|Y1+Y2+"'+Ym‘ >a}.

ProoF. Let
Sp=Y1+Yo4 - 4Y,,  Tp:= I?Eif(‘si’a
By := o[Yk],
and let
Ay = {Tx—1 < 2a, |Sk| > 2a}, By :={|Sm — Sk| < a},

for 1 <k <m. Then Ay, As, ---, A, are disjoint and

{T, >2a} =A1+As+---+ Ap,.
If we A, N By, then

[Sm (W) = [Sk(W)] = [Sm(w) = Sk(w)| > a,

and hence we have .
> AN By, C{|Sm| > a}.
k=1

Since Ay, and By, are independent, we obtain

P{|Sm| > a} > > P(AxNBy) > B P(Ag) = BP{T, > 2a}. O
k=1 k=1

Let us prove a representation theorem for A-processes;

THEOREM 2.4. Let X; be an A-process on K. Let

N((s,f] x BE,w) :=#{s <u <t : J,(w) € E},
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fort>s>0 and E a Borel set in K — {0}. Then Ny(E,w) := N((0,t] x
E,w) is a Poisson random measure with mean measure dt - F'(dx). Set

Xt(n)(w) ::/ e xNy(dz,w),
x| <rn

forn € N. Then Xt(n) (w) converges almost surely to Xi(w) and the conver-
gence is uniform in t in any compact sets.

Proor. We will prove first that

(2.4) lim P{sup | X,(w) — XM (W) >e} =0,

o0 s<t

for any € > 0. Note that X (w) — x{M (w) is the sum of jumps J,(w) of
Xu(w), u < s, such that 0 < |Jy(w)| < r~™ or [Jy(w)| > r™. If n is so large
that r™" < e < r", then Lemma 2.2 yields

P{sup | X,(w) = X[ (w)| > ¢}
s<t
= P{X,(w) — X™(w) makes a jump larger than r" at some s € [0,]}
= P{X;(w) akes a jump larger than r™ at some s € [0, t]}
= P{w™ > 1}
-1 6—a(n)t

— 0,

as n — oco. Thus (2.4) holds. In other words, let Dk ([0,¢]) be the space of
all K-valued right-continuous functions on [0, t] with left limits, normed by

1€l := sup [£(s)], €& € Dk ([0,]).
0<s<t

Then the Dk ([0, ])-valued random variable X(n)( ) = (Xs x )( ), 0<s<
t) converges in probability to X;(w) := (Xs(w), 0 < s < t) with respect to
|| - |- Hence for large n, m, we have

1
P{Ix™ - x| > e} < 5
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By Lemma 2.3, we have
P{udix X" - X[V > 2} < 2P{IX{" - %) > <),
Therefore

P{ max X" =X > ey <aP(Ixi - x> ).

Since the w-set in the left hand side increases to {sup ]]X§n+k) - XgnH)H >

)

4e} as m — oo,

n+k n+l n—+m n
Plsup 3" = X0 > de} < dsup PG =37 > €).

As n — o0, the w-set in the left hand side decreases and the right hand side
tends to 0. Therefore

n—oo

P{ lim sup [[X\"™ - x"™)|| > 4e} = 0.
k.l

Letting € — 0 shows

X _x( ) =0, as.O

83. Recurrence

In the sequel additive processes on K are always assumed to be right con-
tinuous and to have left limits for all £ with probability one. The existence
of such a version is proved in [13] T3, XIII.

In this section we will give criteria for A-processes to be recurrent or to
hit a single point with positive probability.

THEOREM 3.1. Let (X, P;) be the A-process on K given by
{a(M)}prez. Then Xy is recurrent if and only if

—1

00 q .
2oy~
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Proor. For M € Z,
° 1
/ Pt(m,D(x,rM))dt:q_l 2 M Zq qa —CL(Z+1)) 5
0

which diverges for any M if and only if

Zq (i) —a(i+1))" R

Since (¢ — 1)a(i) < qa(i) —a(i+ 1) < ga(i), our assertion follows. (J

Now we will investigate the hitting probabilities of single points for A-
processes (X, P;). Define

Vyi=inf{t >0 : X; =z},

for x € K. Let for A > 0, C* := C*({z}) be the A-capacity of a one-point
set.

LEMMA 3.2. Let (X, P;) be a spatially homogeneous standard Markov
process on K.
(1) Assume that for any t > 0, Py(x,dy) has a density pi(x,y) with
respect to ng. Then C* > 0 if and only if

Pz) = /0 " exp(—M)pi(0, )t

s bounded.

(2) If for some A > 0, C* =0 then C* =0 for all A > 0 and Py(V, <
o0) =0 for a.e.x.

(3) If P; has a density and if g*(x) is bounded and continuous, then

Eplexp(—AVy) @ Vp < o] =

for any x € K.
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PROOF. See [15] §6 and 7. O

Applying the previous lemma, we shall give a criterion on A-capacities
of A-processes;

PrROPOSITION 3.3. Let (X, P;) be the A-process on K given by
{a(M)}pmez such that Mlim a(M) = oo. Then for any X\ > 0, C* > 0
——00

if and only if

0
(3.1) 3 1ia(i) < 0

PrOOF. By Lemma 3.2 (1), C* > 0 if and only if g*(x) is bounded. If
|x| = r™, we have

[e.o]

_ -1 q
(32) g)‘(x) (- A+ (¢g—1)7t (qa(i) —ali+ 1))

—m

—1

q
A+ (g—1)~1 (qa(m —-1)— a(m)) '

Since the right-hand side tends to zero as m — o0, g*(z) is bounded for
large |z|. Hence in order that ¢* is bounded, it is necessary and sufficient
that the right-hand side of (3.2) converges as m — —oo. The inequality
(¢ — 1)a(i) < qa(i) —a(i + 1) < ga(i) establishes the proposition. [J

Here we prove a theorem concerning with the hitting probabilities of
single points;

THEOREM 3.4. Let (X, Pt) be the A-process on K given by {a(M)}.
(1) If Mlim a(M) =W < oo, then

Po(Vx < OO) =0, 33750,
Po(Vb < OO) =1.
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(2) IfMlim a(M) =00 and if Y ﬂ;i. = 00, then

—T i=—00

forany:nEK
()If Z 1+M < 00, then

A
9" (x)
Py(Vy < 00) = lim ,
ol =% 9*(0)
for any x € K.
PrROOF. (1) We have proved in Lemma 2.2 that W(m) =t{s<t:

|J(s)| > r™} has Poisson distribution of mean a(m)t. If we let 7 :=inf{t >
0: X; # 0}, then

Py(T > t) = Py(no jumps occur during [0, ¢])
= lim R, (W'™ =0)
m——00
= exp(—Wt).

Hence
Py(r>0) = %in% exp(—Wt) =

which implies Py(Vp < o0) = 1. Now let = # 0. For each ¢ > 0, |Js| > 0 for
only finitely many s € (0, ], since

Elf{s <t : |Js| > 0}] :Mlln_l a(M)t < oco.

Then we shall define & = &, (w) the time of k’th jump, and we can write

(3.3) Xp=> Js

s<t
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Therefore

(3.4) (Vi < 00) Z o J (&) = x).

On the other hand,
F(A-{0})
F(K —{0})’

and F'|g_toy has no atoms, so are the distributions of J(&;). Since J(§;) are
independent,

P(J(&) e A) =

P(J(&1) +--+J(&) =) =0,

for each k. This combined with (3.4) shows h(x) = 0.
(2) By Lemma 3.2 (2) and Proposition 3.3, we have

(3.5) Py(V, < 00) =0,

for a.e.x. Whereas for each m € Z, A, := D(0,7™) — D(0,7™1) has
positive Haar measure, and Py(V, < co) are equal for all z € A,, since X}
is rotation-invariant. Hence (3.5) must hold for all x # 0. We have proved
in Lemma 1.2 that P;(z,dy) is absolutely continuous, and we can see that
(3.5) also holds for x = 0.

(3) g* is bounded by the assumption, and we can easily see that it is
continuous. Therefore Lemma 3.2 (3) yields

Eplexp(—AVy) @ Vp < o] =

Letting A — 0 gives our assertion. [
§4. Stable case

In this section and the next, we will give some rather close investigations
of stable A-processes.

PROPOSITION 4.1. Let (Xy, P;) be the A-process on K given by a(M) =
cMa(0), M € Z, where 0 < ¢ < 1 and a(0) > 0. Then the law of X is
equivalent to that of mX4¢.
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Proor. Let ]Bt be the transition probability of 7 X;. It suffices to show
P (07 D(l" TM)) = 1375(07 D(l‘, TM))»

for any z € K and M € Z. If |z| < rM|

P, (0, D(z,r™)) = P,(0, D(xz, rMT1))

¢ g-1)> qlexp[—(g— 1) (g — )M a(0)t]
1=0

= Ct(O7D(x7TM))7
since |7 1x| = r|z| < rMFLIf 2] = PMIM oM > 1,

Py(0,D(z, 7)) = (q = 1) ¢" ™ (Parrm41(t) = Parm (1))
= (¢ —1)7'¢""™ (Parsm(ct) — Payym—1(ct))

— Ct(O,D(m,TM)),

since \w_1x| = r]x] — pM+m+1l O

Let us see when a stable A-process is recurrent and when it hits a point
with positive probability.

PROPOSITION 4.2. Let (X4, P;) be the A-process on K given by a(M) =
1

cMa(0). Then X; is recurrent if and only if ¢ < q~

ProoOF. Immediate from Theorem 3.1 and the equality:

—1

S I —a(0) Y (g O
=1 i=1

ai)

PROPOSITION 4.3. Let (Xy, P;) be the A-process on K given by a(M) =

cMa(0). Then
= ifc<qg!
Po(vx < OO)

)

ife>q1,

- )

- ¥

for any x € K.
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PrOOF. We have lim a(M)= lim ¢ Ma(0)= oo, and

——00 M——o0
i q*i i q*i < 00, if e < q_l,
4~ 1+4a(i) 4~ 1+ca(0)| = oo, if c>q7L.
i=—00 i=—00

Hence by Theorem 3.4, Py(V, < 00) =0if ¢ > ¢~ . Let c < ¢!, |z| = r™,
and

ni=a (0= 1o - ca(o))
— A+ (g—1)"Y(g- c)ci—la(O))‘1> .

Then by Theorem 3.4 (3) we obtain

0> O B
Po(Vx<oo)—l§%(m+l> =1.0

Now we investigate the density functions in stable case.

PROPOSITION 4.4. Let (Xy, P;) be the A-process on K given by a(M) =
cMa(0) with 0 < ¢ < 1. Then

q(l — c) log(q " Le)
a(0)|x| Tloer ¢ T — 00).
ool (2 = )

pt(ov 33') ~

ProOF. For |z| = ™, we have proved in Lemma 1.2 that
pe(0,2) = (¢ = 1)71¢" " (P (t) — P (1))

=q " (Z q" (exp[—(q —1)7 g — o)™ a(0)]
=0

—exp[—(¢ = 1)"'(q - C)Cm‘l“a(o)t])) :
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Since "
_log |z _loggq
q_m — q logr — ’{E| logr7
and "
log | log c
cm:clogr — ‘J;’logr’

we shall write for  # 0,

lo log c
pi(0,@) = [a| 15 f (RlzlE ),

where h := (¢ — 1)7'(¢ — ¢)a(0), and f(y) = Z%)q_iexp(—ciy) -
3 g P exp(—ci~ly). Since %ggi < 0, we have
=0

lo. log ¢
pi(0, ) ~ [a] 1087 f(0)h|x|1o6 ¢

_loggq o0 C ( 1 log c
= || Toer E -] (¢ = 1)h|x|lert
q

1=0

1— log( _1c)
— ua(o)m (g 1,

c(g—1)

as r — oo. U

PROPOSITION 4.5. Let (Xy, P;) be the A-process on K given by a(M) =

cMa(0) with 0 < ¢ < 1. Then there exists a continuous periodic function 1)

of period logc™' such that

log g
pi(0,0) = t1os¢ exp [¢(log t)] .

PROOF. We have

pet(0,0) = (¢ —1) Z q " exp [—(q— D7 Yq - c)cia(O)t]

1=—00

= qp¢(0,0).



650

Kumi YAsuDA

Hence if we write g(u) := peu(0,0), then

g(u + log c_l) = Pc-1leu (07 0)
=q 'g(u).

Let 1h(u) := log g(u) + %L u. Then we have 1 (u 4 log ™) = 1 (u), and

—logc
p:(0,0) = g(logt)
= exp |(logt) —

log g

= twege exp [¢(logt)]. O

1
08 4q logt

85. Local times

In this section we will see that if X; is a stable A-process with posi-
tive probabilities of hitting single points, we can determine the Hausdorff
dimensions of the sets {t >0 : X; = Xo}.

We first exhibit some known results;

LEMMA 5.1. Let (Xy, P;) be an additive process on K.

(1)

If the transformations Py, t > 0 leave invariant the Banach space
C(K) of functions which are continuous on K and vanish at infinity,
and if P, converges strongly on C(K) to the identity transformation
ast — 0, then Py(x,dy) satisfies the Hunt’s hypotheses (A) in [6].
Let P,(z,dy) have a density p(z,y) with respect to nx and satisfy
Hunt’s hypotheses (F) ([8]). Assume that for some A > 0 and for
each g € K, the function

T U)‘(xo,sv) = / exp(—At)pe(zo, z)dt
0

is bounded and continuous at x = xg. Then each xg € K is regqular
for {xzo}.

Let P, satisfy Hunt’s hypotheses (A) and the assumptions in (2)
above. Put for each xg € K,

B :=inf{a : AUz, z0) — o0 as A — oo},
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o :=sup{a : XU xzg,z0) — 0 as A\ — oo},
and let Zy, :=={t : X¢=x0}. Then

o <dimZ,;, <p Py, -a.e..

PROOF. See [6] pp.50-51, [3] Theorems 3.1 and 4.1. OJ

LEMMA 5.2. Let (X, P;) be an A-process on K. Then P, satisfies
Hunt’s hypotheses (A) in [6].

PrROOF. Let f € C(K). Since P, is shift-invariant, it can be easily seen
that P, f is continuous. Let us prove that P, f vanishes at infinity. We shall

suppose that f # 0. For any € > 0, there exists N € Z such that [f(z)| < §
provided that |z| > 7V. Since lim P,(t) = 1, there exists N’ > 1 such that
n—oo

Pa(t) = Paca(t) < 5 (max 7)) (g = Vg,

for n > N'. Let No = max(N, N’) and |z| = ro+™ m > 1, then

|Pef(z)] < +

/ Py, dy) f(3) / Py, dy) f(y)
ly|>rNo ly|<rNo

< 5 +max|f] - (2, D(0,r))

< e.

Finally, it is easily seen that

| Bef = 1 ll= 0,

ast — 0 for f € C(K), using a similar argument as in [2]. By Lemma 5.1
(1), our assertion is proved. O

LEMMA 5.3. Let (Xt, P;) be an A-process on K. Then Py(x,dy) satis-
fies Hunt’s hypotheses (F) in [8].
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Proor. We have

/ Py(w, D(y, 7)) (d)
K

= PaCma

+ /| =g (¢=1)7"q" " (PN4m(t) = Prpm1(8)) 1 (d2)
m>1" [T=yl=ri
— gV <PN(t) + ) (Prgm(t) — PN+m—1(t))>
m>1

=K (D(y7 TN)) :

Especially ng is excessive relative to P;(z,dy). For every positive continu-
ous function v on (0, 00) with compact support, let

h(y,z,y) == /O " pela, ().

Then for any Borel set B in K, we have

[ v gymctan) = [ () Py, Byt
B 0

Since p(x,y) belongs to C(K) as a function of x or of y, we can easily
verify that so is h(y,x,y). Now let f be any continuous function on K with
compact support. Since p;(x,y) is bouded, so is h(y,x,y), and therefore it
is easily seen that [ g (dx)f(z)h(v,z,y) belongs to C(K) as a function of
y. O

LEMMA 5.4. Let (X4, P;) be the A-process on K given by a(M) =
M

cMa(0) with 0 < ¢ < ¢~ '. Then any point xo € K is reqular for {zo}.

PrROOF. By Lemma 5.1 (2) and Lemma 5.3, it suffices to show that
for some A > 0 the function x +— U*(xq,x) is bounded. Whereas since
UMxg,2) = g™z — x0), Proposition 3.3 implies our assertion. [J
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THEOREM 5.5. Let (Xy, P;) be the A-process on K given by a(M) =
cMa(0) with 0 < c < q~t. Then

1
Py, (dimZxO =1+ qu> =1,
log c

for any xg € K.

Proor. By Proposition 4.5, there exist a > b > 0 such that
logq logg
btleee < py(0,0) < atloee,

for any ¢ > 0. Then we have

_1—logg &0 ¢ logg A _1—logg o0 ¢ loggq
b\ loge e "tloeedt < Uxp,x0) < X lose e “tlosedt.
0 0

Applying Lemma 5.1 (3) completes the proof. [J
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