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A construction of the fundamental

solution for Schrodinger equations

By Naoto KUMANO-GO

Abstract. In this paper, applying the skip method in Fujiwara
[3] to the theory of multi-products of Fourier integral operators in Ki-
tada and H.Kumano-go [6], we give a construction of the fundamental
solution for the Cauchy problem of a pseudo-differential equation of
Schrodinger’s type. We regard this construction as a multi-product of
Fourier integral operators, and investigate the pointwise convergence of
the phase function and that of the symbol. Here we use neither the
solution of the Hamilton-Jacobi equation in [6] nor the action of the
classical orbit in [2],[4].

0. Introduction

Let Ly be a Schrodinger operator defined by Ly, = id; + Kp(t, X, D,) on
[0,T] with a parameter 0 < h < 1. For sufficiently small Ty (0 < Tp < T),
let Up(t,s) (0 < s <t <Tp) be the fundamental solution for the operator
Ly, such that

0.1) { LyUp(t,s) =0 on [s,Tp

Un(s,s) =1 (0<s<T).
Noting that

(0.2)  Kp(t,X,Dy)u(zx)

= [ Ritn Qi) (we s, = (2m) o),
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442 Naoto KUMANO-GO

one may ask whether
Un(t, s)u(z) = /em'gei IN Kn(raQdry (e)ag ?

Of course, the answer is “ No ”. However, this simple idea is our starting
point. In what follows, we set

(0.3) e KX D Yu(z) = / el [ Kn(reOdryy(yge (y e 8).

By the result of Kitada and H.Kumano-go [6], we have the following:

Let Hy,(t,z,€) be a real-valued function on [0, T x R*" with a parameter
0 < h < 1, which has a continuous derivative Gg‘Dth(t, z,€) on [0, T] x R*"
for any «, 0, satisfying

(0.4) |0g DIh =" Hy(t, o, b0 €)}|
. { Ca,g{w; €717 (o + 6] < 1)
“\ Cup (Ja+ 5] > 2),

on [0,7T] x R?*". Here Cq, is a constant independent of a parameter 0 <
h < 1.

Let Wh(t,z,&) be a complex-valued function on [0,77] x R?" with a pa-
rameter 0 < h < 1, which has a continuous derivative agDé? Wh(t,z,€) on
[0,T] x R*" for any «, 3, satisfying

(0.5) |08 DI{W, (¢, WOz, h™PE)} < C) g

n [0,7] x R*". Here C", 5 1s a constant independent of a parameter 0 <
h < 1.
Set

(0.6) { Kp(t,z,8) = Hp(t,z,8) + Whi(t, z,8)

Ly =i0, + Kh(t, X, Dx) .
Then, using the solution ¢7 (¢, s)(x,§) of the Hamilton-Jacobi equation
=0 (t,8)(@,&) + Hp(t, x, Voo (L, s)(2,€)) =0
(0.7) on [s,Tp] x R*™
¢Z(S7 S)($7§) =T 57
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we can construct U (t, s) from the Fourier integral operator I(¢7 (¢, s)) with
the phase function ¢} (t,s)(x,&) and the symbol 1, by the method of the
successive approximation and by H.Kumano-go-Taniguchi theorem. Espe-
cially, in the case Wy(t,z,£) = 0, we have

(0.8) Un(t,s) = |Alif|ﬂaof(¢2(tvtl))f(ﬁ(tl,t2)) - L(@7(t, )

where Ay s : (To >)t=tg >t > -+ >, > t,41 = s(>0) is an arbitrary
division of interval [s,t] into subintervals, and |A¢s| = max |[tj—1 —¢;].
1<j<v+1
Now, in this case Wj(t,z,£) = 0, by applying Fujiwara’s skip method in
[3] to Kitada and H.Kumano-go’s theory, we can construct Uy (¢, s) directly
with (0.8). Here the following facts are important:

(A) ¢5(t,O)#01,(0,5) = ¢ (t,s) (To=t>0>s>0)
(B) There exist a constant C; and 7, (t,6, s)(z,€) € B) 5(h)
(To >t > 6 > s > 0) such that
(5 (t, 0)1(67,0,8)) = L(h(L, 5)) + rn(t, 0, ) (@ (¢, 8); X, Dir)
and

I (t,6,9)¥ < Cilt — 0]16 — 5.

The arguments about the solution of the Hamilton-Jacobi equation in
Kitada and H.Kumano-go [6], however, seem to be too technical. Then, can
we construct Uy (¢, s) in a simple style without the solution of the Hamilton-
Jacobi equation 7 On the other hand, we can rewrite (0.8) with

Un(t,s) = lim elPE0@O=28(x p el @)=w8(x p)
|At’5|—>0
e ez(gb; (tV7s)($7§)_$£) (X, D.T) .

Furthermore, ¢} (tj—1,t;)(x,§) —x-¢ is approximated to Li?’l Hy(1,2z,&)dr.

(a1 T)dT
Then, can we construct Uy(t,s) from ¢y Hn(r)d (X,D,) ? Our answer
is to get the following expression for general cases including Wp,(t, z, &) # 0:

.t . rt
(0.9)  Un(t,s) = ‘Ahn‘ﬂ O oIt Kn(r)dr (X, Dy)e i K (r)dr (X.D,)
t,s|

LRIy D).
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Here we consider (A) and (B). If we replace ¢7(t,s)(z,§) by = - & +
fst Hy(7,x,&)dr, then (A) does not hold any longer and (B) requires some
improvement. Therefore, in order to get (0.9), we have to make the best of
the theory of multi-products of phase functions in Kitada and H.Kumano-go

[6].

Main Theorems

The main theorems for a Schrédinger equation are Theorem 5.1, 5.3 and
5.4. For the details, see Section 5. Roughly speaking, Theorem 5.1, 5.3 and
5.4 are as follows:

Let Hy,(t,z,€) be a real-valued function on [0, T] x R*" with a parameter
0 < h < 1, which has a continuous derivative Gg‘Dth(t, z,€) on [0, T] x R*"
for any «, 3, satisfying

(0.10) |08 DY{h?~ Hy(t, how, h 7€)} |
_ { Cap{:€)*71° (la+ 6 <1)
L Cup (le+ 8] =2),

on [0,7T] x R?*". Here Cq,p is a constant independent of a parameter 0 <
h < 1.

Let Wh(t,z,&) be a complex-valued function on [0,77] x R?" with a pa-
rameter 0 < h < 1, which has a continuous derivative B?Dg Whi(t,z,€) on
[0,T] x R*" for any «, 3, satisfying

Coo(®;8§)  (a=p5=0)

a B 6 -
|0g DA Wi (t, R0z, hPE)}| < { » (la+ 8> 1)

(0.11)
Im{Wy,(t, hox, h=P&)} > —Co o

on [0,T] x R*". Here C", 5 1s a constant independent of a parameter 0 <
h < 1.
Set

(0.12) { Kp(t,@,€) = Hp(t, x,8) + Wi(t, z,§)

L, =i0, + Kp(t, X, D,).

Furthermore, let Ty (0 < Ty < T') be sufficiently small.
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THEOREM 5.1.

For any A,y @ (To 2)to > t1 > -+ > tp1 (= 0), there ewists
a Fourier integral operator pp(Aigt,.1)(Pn(Aiot,e1); X, Da) with a phase
function ¢p(Aggi,.0)(x, &) and a symbol py (A, )(x,§) such that

(0‘13) ph(Ato,tu-H)(¢h(Ato,tu+1>; X, Dw)
_ eifttlo Kh(T)dT(X7 Dx)ei ftt; Kh(‘f)d‘f()(7 D,)
.ty
. elftl/-&-l l(h('r)d'r()(7 Dx) .

Furthermore, the set {¢n(Ato,t,11)} Arg ., 5 bounded in IBZ_(Sp’Q(h), and the
set {ph(At07tu+1)}Ato,tl,+1 15 bounded in Egﬁﬂz).

THEOREM 5.3.

For any (Ty >)t > s (> 0), there exist a phase function ¢} (t,s)(x, &) and
a symbol pj (t,s)(x, &) such that ¢p(Ass) uniformly converges to ¢y (t, s) in
Bi:sp’2(h) as |As| tends to 0, and pp(A,s) uniformly converges to pj(t,s)
in Eg:;(h) as | A s| tends to 0.

Furthermore, it follows that

(0.14) e PhL@O =T E w1 o) (., €)

1/—|—1
o [ ff (S0

tj—1 ) .
+i Ky(r, i1, 53)d7'>)dx1d‘§1 o davde
tj
where Avs : (To 2)t=tg >t >+ >t 1 =5(>0), 2% =2, 27T =2/
and &' = ¢,

THEOREM 5.4.

The Fourier integral operator Up(t, s) = pj (t, s)(¢},(t, 5); X, D) with the
phase function ¢} (t,s)(x,&) and the symbol pj(t,s)(x,&) in Theorem 5.3,
has the following form:

. rt . rt
' W(t, ) =  lim ot ey Kn(r)dr D, o t21 Kyp(r)dr X, D,
0.15) U ‘AI‘OIK’()dXD J
t,s|

) eif;l' Kh(T)dT(X, D,),
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where Ay s (To 2)t=tg >t > - >t, > t,41 =s(>0).
Furthermore, Uy (t,s) is the fundamental solution for the operator Ly,.

REMARK. An example of a Schrédinger operator Ly:

017) Ly =i0, + %{ 3 (aantn("22) (")

J,k=1

ho,
+ ijk(t)xj (Tk> + Cj,k(t)$j$k>

hd,

+ZZ: (aj(t)( : )+bj(t)xj> —i—c(t,x)}

Here a;(t), bjx(t), ¢jk(t), a;(t) and b;(t) are real-valued continuous func-
tions on [0,T]. ¢(t,z) is a real-valued function on [0,7] x R** which has
a continuous and bounded derivative D2c(t,z) on [0,T] x R*" for any §.
d(t, ) is a complex-valued function on [0, T] x R*", which has a continuous
and bounded derivative D} d(t,z) on [0,T] x R*" for any 3 # 0, and whose
imaginary part Im{d(t,z)} is lower bounded on [0, T] x R*".

The Plan of This Paper
The plan of this paper is as follows.

Section 1. We introduce the classes of symbols Bs(h), B;ng\(h) and
the families of pseudo-differential operators B}'s(h), B:}ng\(h) in Kitada and

H.Kumano-go [6].

Section 2. We define the class of phase functions P, s(7, h, {x1}72,)
and investigate the properties of the multi-products of phase functions in
more detail. It is important that the multi-product of phase functions
(G p#tdoptt - #Ius10)(@,€) is * close ” to @ - &+ 375 Jjn(w, &) where
Jin(x,8) = ¢jn(x,§) — - & This section plays an essential role to prove
the pointwise convergence of the phase function in Section 5.

Section 3. We introduce the families of Fourier integral operators
s (dn), B;né)‘(gzﬁh) in Kitada and H.Kumano-go [6].
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Section 4. We apply Fujiwara’s skip method in [3] to Kitada and
H.Kumano-go’s theory of multi-products of Fourier integral operators, and
investigate some properties. This section plays an essential role to prove
the convergence of the symbol in Section 5.

Section 5. We give a construction of the fundamental solution for the
Cauchy problem of a pseudo-differential equation of Schrodinger’s type. We
regard this construction as a multi-product of Fourier integral operators,
and investigate the pointwise convergence of the phase function and that of
the symbol.

Acknowledgements. 1 would like to express my sincere gratitude to Pro-
fessor K. Kataoka, Professor H. Komatsu, Professor D. Fujiwara, Professor
K. Taniguchi, and Professor K. Yajima for helpful discussions and sugges-
tions. It was very happy that I could learn Fujiwara’s skip method from
Professor D. Fujiwara, and H.Kumano-go-Taniguchi theorem from Profes-
sor K. Taniguchi. Moreover, Lemma 4.7 is a revised version of that in
Fujiwara [4].

Notation
For z = (z1,...,2,) € Ry, § = (£1,...,&,) € RY and multi-indices of
non-negative integers o = (aa,...,an), 8 = (B1,...,0,), we employ the

usual notation:
lal =ar+ - +an, [Bl=01+ -+ B,

prE=mb b, (@) = (L2 (56 = L+ [ + 1692,
0 0
- — i 9Y =M ... B — pbr...pbn
O = ge+ Doy ==ig, OF =01~ 0gn, DI=Di- DL
S denotes the Schwartz space of rapidly decreasing C'°°-functions on R™.
B(R*") denotes the set of C°-functions on R** whose derivatives are all
bounded. B (R*") denotes the set of C™-functions g(z,£) on R*™ whose
derivatives B?Dgg(a;, ¢) are bounded for |a+3| > 1. Foru € S, f € B(R*")
and g € BY°(R?"), we define semi-norms |ul; s, |f|;5 and l9l1 8.0 (I =
0,1,2,...), respectively by

luls = kinax sup \<m>k8§‘u(:r)\ (1=0,1,2,...),

la|<l =
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\flis = max sug\ag“fo(x,sﬂ (1=0,1,2,...),

le+BI<l &
and
sup lg(x,&)|/{z;€) (1=0)
1918100 = sup lg(z, )|/ (w;€) + | _max sup |92 D g(x, )|

I<]a+B|<l z¢

Z,

(1=1,2,...).

Then, S, B(R**) and BY*°(R?") are Fréchet spaces with these semi-norms.
The Fourier transform @(§) = Flu](§) and the inverse Fourier transform
F[v](z) are defined respectively by

{ () = Flul(€) = [ e ™ Cu(x)dr (ueS)
Flol(@) = [e=o()dg (ve S),

where ¢ = (2m)"d¢. Os— [ -dydn denotes the usual oscillatory integrals.
See [7].

1. Pseudo-Differential Operators

In this section, we introduce the basic properties of the pseudo-
differential operators defined by Kitada and H.Kumano-go in [6]. For the
details, see [6]. In what follows, for simplicity, let ng = 2[n/2 + 1].

DEFINITION 1.1 (A Family of Pseudo-Differential Operators B}s(h) ).

(1) We say that a family {pplocn<c1i of C°-functions py
pr(z, & 2, €', ") belongs to the class {B]';(h)}o<n<i(m € R, 0
6 < p < 1) of symbols, if p, satisfies

IA

0g DIog DY DLpi(, &, 2/, €2
hmtplata’|=664+68'+5"|

(1.1) sup  sup < 00,

0<h<lax&,x’ & x"

fOI' any Oé,ﬁ, O/7BI7/3H' We Write {ph}0<h<1 S {Bg§(h)}0<h<l7 or
simply pp, € B;’fé(h).
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(2) For pp(z, & 2',¢,2") € szé(h), we define a family {Pp}ocn<1 of
pseudo-differential operators P, = pp(X, D, X', Dy, X”) by

(1.2)  pp(X, Dy, X', Dy, X" u(x)

= Oy //// —t ) (et e 4yt 4yt 4P

x u(z +y' 4+ y?)dy*an’dytdnt (u e S).
We write { P, }o<h<1 € {Bgé(h)}0<h<1, or simply P, € B;%(h).

REMARK.
1°. For py, € B}'s(h), we define semi-norms |ph|l(m)(l =0,1,2,...) by

(1.3) \phh(m) = max sup
latB+a’+8"+8" <l 0<h<1

0 D20 DY DY py(w, €,/ € 2")|
hmtplatal|=6]6+06"+5"| ’

sup
m7§7m,7§/ 7x//

Then BJs(h) is a Fréchet space with these semi-norms.
2°. For pp(x,§,2',¢,2") € B]s(h), we define pj, by

(1.4)  pu(x, & 2,€,2") = h™pp(hox, h P&, hox! h=P¢  hP2").
Then we have

(1.5) Pn € By o(h),
and

(1.6) Bali” (in BY o (h)) = |pnl{™ (in Bs(R).

3°. Symbols pp(z, &), pu(€, 2') € B's(h) are often called single symbols.
4°. For symbols pp(z, &), pn(€, 2"), pr(z,€,2") € BJ's(h), we have the

representation formulae:
A7) mXDule) = [ (. 9uO (e S),

(1.8) f[m(Dx,X/)u](a): [ mie s wes),
(1.9) pr(X, DI,X

—0//1“ Spn(a. & 2 yula)da'de (u e S).
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DEFINITION 1.2 ( A Family of Pseudo-Differential Operators B;ng\(h) ).
(1) We say that a family {pp}o<n<1 of C°-functions py = pp(z, &) be-
longs to the class {]B%:)%A(h)}khd (mA € R, 0<6<p<1)of
symbols, if py,(x, &) (h~%z; h?€) ™ belongs to B's(h).
We write {py}o<n<1 € {IB%Z(;)‘(h)}0<h<1, or simply py, € IB%Z(’S)‘(h).
(2) For pp(x,§) € IBZz(’S)‘(h), we define a family {Pj}o<n<1 of pseudo-
differential operators P, = py(X, D,) by

(110)  pa(X, Dy)ulz) = / (2, )U(E)E (u € S).

We write { P, }o<h<1 € {BZ:L;S/\(h)}O<h<17 or simply P, € B:{’S)‘(h).

REMARK.
1°. For py, € IB%;”(’SA(h), we define semi-norms \ph]l(m’)‘)(l =0,1,2,...) by

(LD |pa]™Y = max  sup su 108 DY {pn (. €) (h~0m; heg) Y|
' Peli B |&+5\§l0<h1<)1 x? hmplal—6|8|

Then IB%;”(;/\(h) is a Fréchet space with these semi-norms.
2°. For pp(x,§) € le(;)‘(h), we define py, by

(1.12) Pu(w, &) = h™"pp(h°w, h 7€) .
Then we have

(1.13) P € By (h),
and

~ 1(0,A . s m,A . m,
(1.14) Bul "N (i By () = [pal{™ (in BISN(R)) .
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ProprosITION 1.3 ( Continuity on S ).

(1) There exist a constant My, ,1(depending only on m, h) and integers
U 1" such that

(1'15) ’ph(Xv DraX/aD:EHXN)u’l,S < Mm7h,l
(pn(z, &, 2", &, 2") € B)s(h), u € S).

ol |uli s

(2) There exist a constant My,  ni(depending only on m, A, h) and in-
tegers Iy, I (depending only on \) such that

(1.16) Ipn (X, De)ulis < My,

A
Ph\l(/:n )|U’l;’,5

(pn(w,8) € BYS (h), u e S).

PROOF. See [6]. O

PROPOSITION 1.4 ( Multi-products ).

There exist constants A and Cj, satisfying the following:

For pjp(z,&,2') € IB%Z?(;(h) (v =12...,7=12...,v+1), define
q1/+1,h(x>€7xl) by

17 guern(z.E.a’) = Oy / / . / / exp(—z'zijyj )

< [T pin+5 16+, +7)
j=1

Pysrn(z+ &) dy dn” - dy'dn'
(gOE(]? y]Eyl++yj7 j:1’27,_,71/).

Then it follows that
(1.18) Griin(e, &, 2') € B (h),

(1.19)  qui1.1(X, Dy, X')
= pl,h(Xa Dan/)pQ,h(Xy D$7X,> v 'pVJrl,h(X: DanX,) 5
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and

v+1

1.20 (Mw41) o gv+] ((my)
( ) |qu+1,ml; = Wi ZIHQE}%VHQE |Py,h|zj+3no ’

where My41 =m1 +mg + -+ -+ Myg1.
PROOF. See [6]. O

ProprosiTION 1.5 ( Simplified Symbols ).
There exists a constant Cy satisfying the following:

For ph(xa fa xlv 6/7 ZL'”) € BZ?&(h); deﬁne ph,L(l‘v 57 l',) and ph,R(x7 €> SE‘/),
respectively by

(1.21) { Ph,r(@,§,2") = Os— [[ e pp(z, &+ n, 2+ y, & 2 )dydn
| prr(@,&2") = Os— [[ e ¥y (x, &, 0’ +y,& —n, ' )dydn .

Then it follows that

(122) ph,L(xagax/>7ph,R(x7£7x/) € B/T&(h) ’

(123) ph(X> DIE7X/> Dz’vX//) = ph,L(Xa D:IJ;X/) = ph,R(Xv D:Ea X/) )

and

(1.24) on.o™, |ph.g

l(m) < \phh(Tg)no .

PROOF. See [6]. O

PROPOSITION 1.6 ( The Inverse of (I — pp(X, Dy, X')) ).
Let the constant A be the same as that in Proposition 1.4. There exists
a constant C; satisfying the following:

If pp(x,&2') € Bgﬁ(h) satisfies \ph|§320 < 1/(24), there ezists
qn(z,&,2') € B) 5(h) such that

(1.25) I =qn(X, Dx,X/)(I — pr(X, D,;,Xl))
= (I _ph(X7 Dx7X,))q}l(X7 DJHX/)7
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and

(1.26) lanll” < Cr{max(1, [pal{ Ly )}

PRrROOF. See [6]. O

PrOPOSITION 1.7 ( L?-Boundedness ).
There exists a constant C' such that

(1.27) 1ph(X, Doy X'Yull g2 < CH™ pp |50 |[ul| 2
(pn(z,€,2") € B)'s(h), u € S).

PRrROOF. See [6] and [7]. O

DEFINITION 1.8 ( Hilbert Spaces, Hop, Hap, ).

(1) We define the Hilbert space Hy j, as the completion of S with respect
to the norm

(1.28) lullon = h#~°|lull g2 -

(2) We define the Hilbert space Hy , as the completion of S with respect
to the norm

1/2

(1.20) ||u||2,hz< 3 ||<h—%>a<hﬂD$>ﬂu<x>ui2)

lo+3|<2

2. Phase Functions

In this section, we define phase functions and investigate the properties
of multi-products of phase functions in more detail. This section plays an
essential role to prove the pointwise convergence of the phase function in
Section 5. The definition of phase functions below is a little different from
that in Kitada and H.Kumano-go [6]. This definition is essential in this

paper.
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DEFINITION 2.1 (A Family of Phase Functions P, s(7, h, {r}72,) )-

For 7 > 0 and a sequence of positive constants {x;};%, (ko = 1, 1 <
Ki+1), we say that a family {¢p, }o<n<1 of real-valued C*°-functions ¢p(z, )
belongs to the class {P,s(7,h, {xi}72y)}o<h<1 of phase functions, if
Jn(x, &) = dp(x, &) — x - € satisfies

(2.1)  sup
0<h<1

( . 10g DE{he=0 Ty (P, =€)}
jap<t ©E (a5 €)2~lo 7]

+ Z sup lag‘Df{hp_éJh(héx,h_pg)}|) < KT,
2<|a+Bl<2+ T

forany [ =0,1,2,....

We write {¢n}tocnc1t € {Pos(7, h, {ki};2) }o<h<1, or simply ¢, €
P,s(7, h, {r1}72,). Furthermore, for simplicity, we sometimes omit {x;};°,
and write simply P, s(, h).

REMARK. For ¢, € P, s(7, h, {r1}]2,), we define Eh and J), respectively
by

{ on(x, &) = POy, (hox, hr¢)

(2.2) Tn(x,€) = h*=2 Ty (o, hrE) .

Then we have
(2.3) & € Poo(r, h, {K}72) -

PROPOSITION 2.2. -
Let ¢jn € Pos(rih)(j=1,2,...) and 3 75 < 1/2.
j=1
'Then,' fO’I" any v = 1a2737 ety O < h < 1 and (-T,E) S RQn, th@ SOlUt’iOTl
{X) 0 Z0 0= (2, €) (€ R*™) of the equation

. L
Xi,h = V€¢j,h(ij/,h 7:Z,h)
. S

(2.4) :Z,h = vxd)j-ﬁ-l,h(XlJ,,ha :lj,; )

. _ v+l
Gj=1,...,v, XB,h:xv ::‘g =¢),
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and the solution {)N(ih, éih};f:l(x,f) (€ R*™™) of the equation

h = V€¢Jh< Z/h vHVh)
(2.5) Hih Vodjr1n(X] E05))
(j=1,...,v, )N(%h =z, éﬁ;l =¢),
exist uniquely. Furthermore, it follows that
(26) I (@0, X7 (2,6) € C¥(R™) (j=0,1,...,v)
| Jn(@ ), 5, (2,6 € CR(RM) (j=1,2,....v+1),

and

@.7) { X3, (2,€) = h=0X3 (W, h=0€) (j=0,1,...,v)

B (&) = =) (W, hre) (j=1,2,...,v+1).

PROOF. See [6]. O

DEFINITION 2.3 ( Multi-products of Phase Functions ).
o0

Let ¢jn € Pys(rj,h)(j =1,2,...) and Y 73 <1/2.
j=1

For v =1,2,..., we define the #-(v + 1) products

{ Qi1 h = QLaHP20HF  FHDvr1h

(2.8) N oLhire ¢
D1 = QLaFFEP2 R FH v h

respectively by

S j AR
@V—‘,—l,h(vx?g) Z ¢], ( Vh ’:V,h) - ZlXV,h . ‘:V,h,
]:
(2.9) V+1 ]
_ Py ~i =
Dyi1,n(w,§) = Z Sin( X1 ED ) - leg’h. L.
]:

REMARK. Set

(2.10)

455
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and
(2.11) { Joi1n(2,8) = Cuyin(2,§) —2-
Jl/-i-l,h(x) {) = (I)V—l—l,h(l‘? 6) -z E .
Then we get
(5 e Y
JU+1,h(x7 é) = Zl ijh(th ":l/,h)
j:
(2.12) - Zl(ffﬁ,h -Xh- (8, -9
j=
~ v+1
Vg dvnn(@ 8 = 3 (Vg Jin) (X5 5) -
\ j:
Furthermore, using (2.7), we have
(2.13) Py1n(@.6) = W0y 1 n(B0w, hP) .

ProrosiTiON 2.4.
(1) Let ¢jp € Prs(tj,h)(j =1,2,...) and ZIT]' <1/4.
j:
Then it follows that

(2.14)~. A
X7, —XJh I |:g;1 — 57| < 27j(x; €)
“Hay€) < (@ +0(X7, 1—x> E+0(Z), —€)) < 2(x;€)
@+ 60X, —2), 6 +0(ZL, =) < |flos
l9(z+0(X7 " — 2), €+ 0(Z), — )] < 2|glo pr.o< ;)
v=12 ..., j:1,2,...,1/+1 9] <1, 0<h<1,
fx,€) € BR™), g(x,€) € BY°(R™), X/I1=Xy, 29,=3,

(2) There exists a constant ¢}y satisfying the following:

Let ¢j,h S Pp’(s(Tj,h)(j = 1,2,.. ) and Z Tj < 1/4.
j=1
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Then it follows that
Ve (X] = X050, V(5 -2 I <

(2.15) |V§(Xi7h—Xih )Mvé(:ih _Si,h” < Ty
(v=1,2,..., j=1,2,....v+1, 0<h<l,
St =0 _ =
Xﬁ =X)n = h—“z}h)

(3) For any {ki}72y(ko = 1, ki < Kiq1), there exist constants c)(de-
pending only on Ki,Ka,...,K—1,K;) and ¢ 4, /" (depending only

on Ki,Kg,...,Ki—1), satisfying the following:
o0
Let ¢j,h € Pp’g(Tj,h, {’fl}loio) (j=1,2,...) and > T < 1/4.

j=1
Then it follows that
(2.16)
0g DIV (X, ~ XD 0g DIVL(EL, = )1 < g

i—1 =j— ~3
|8§‘D5V§(Xy?h - X501, \agpﬁvg(: — EL S oy
Si—1 =j
02 DI (@ +0(X,! =), €+ 0(Z] ), =) < ol g Fliassls
~ iy
|8§‘D£g(:r + G(Xih - CU),f + 0(‘:1{ ))| < C|a+ﬁ| 1|g|\a+ﬁ| Bl
( v=12..., j=12...,v+1, |0|<1, l[a+p]>1, 0<h<l, )

f(z,6) € BR™), g(w,€) € BX°(R™), X/f'=XY,, 20, =5,

PrOOF. By induction. See [6].00

PROPOSITION 2.5.

For any {ki};2(ko = 1, k1 < Kiq1), there exist a constant co > 1(inde-
pendent of {ki}7°,) and a sequence of positive constants {k]}7°, (ko = 1,
k) < Kpyq, ki < Kp) (depending only on K1, k2, ..., k), satisfying the follow-
mg:

. o

(1) Let ¢jn € Pps(ty, h {ki}i20)(J =1,2,...) and > 75 < 1/4.

j=1
Then, for any v =1,2,..., it follows that

(2.1 { Dyip1n = (Prp#HbonF - Fbur1n) € Pps(coTust, by {K]}120)
' Oy1p = (Grp#dontt - Hdvirn) € Poolcourt, by {K]}120)
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where Ty11 =71+ T2 + - + Tuq1.
o
(2) Let ¢jn € Pps(7j h{ri}20) (i = 1,2,...) and 3 7 < 1/(4co).

7j=1
Then, for any v =1,2,..., it follows that

(2.18) Qyion = (Pra#PpH - FH D1 h#HDvt2.h)
= (PLpHbon# - F#HDur1n)FHDuvron
= QL pF (P2 nF# - FHOvr 1 hFDu2n) -

Furthermore, if { X}, En}(x,€) is the solution of the equations

Xp =Ve0, x, =
(2.19) { Xh = Veuarn(@ 5)
=h = Vm¢V+2,h(Xha 5) s
then it follows that
. X (2,5 (G=1,2,...,v
(2.20) X) o p(@,8) = { ol h). U )
’ Xn(@,€) (j=v+1),
and
, = x,= =1,2,...,v
(2.21) S in(@6) :{ _"’h( h). J )
, Su(,€) (G=v+1).

PROOF. See [6]. O

LEMMA 2.6.
o
(1) Let ¢pjn € Pps(ti,h)(j =1,2,...) and > 75 < 1/4.
j=1
Then it follows that

(2.22) @+ 0XI =)+ 0y €+ 0(Z), — &) + 0™
< d{y;m)(a; €)F
(v=1,2,..., j=12...,v+1,

16],16'],16"] <1, 0<h<1).
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(2) For any {ki}72y(ko =1, Kk < Ki41), A € R, o and [, there exists
a constant Cy o p1—1(depending only on A\, o/, 3 k1, Ko, ..., Ki—1)
satisfying the following:

Let ¢jp € Pys(tj, hy{ki}i2) (G =1,2,...) and > 7; < 1/4.
i=1
Then it follows that

(2.23) 92 D20" DI (2 + 0(X],! — o) + 0'y; € +0(Z), — €) + 0"n)|

< Ch o fact )1 (ys )M (s )2
(v=1,2,..., j=1,2,...,v+1,
10],10'),10" <1, 0<h<1).

Proor. By induction. Note Proposition 2.4. [

For gb]h € ]P)p(s(Tj,h)(j = 1,3) and ¢2,19,h € Pp,é(TQ,h)(O <9< 1) with

Z T < 1/2, let {X2 Db = onti= 2_1(x,€) be the solution of the equations

XQﬂh_v§¢1 h( 2z9h7~219,h)

:219 h= w¢219 h(Xz O,k :2,19,11)
(2.24) Xw p = Vedoon(X] 9k ~22,19,h)

:2,q9,h = Va3 219h7~319 n)

(X9, =2 E3,,=6 0<0<1).

Furthermore, let g7>27197h(x,§) be continuously differentiable on 0 < 9 < 1.
Set

(2.25) { 32719,h($75) = 52,19,;1(96,5) —x-§

Ts9n(1,6) = (bra#tdonttdsn) () —x €.

Then we get the following lemma.
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LEMMA 2.7.
For any {ki}72y(ko = 1, k1 < ki) and {x1}72,(0 < x1 < xu41), there
ezist a constant Cy and a sequence of positive constants {x;}72,(0 < x; <

Xi+1> X1 < Xx;) (depending only on k1, ke, . .., K and Xo, X1, - - -, X1), Satisfy-
ing the following:

Let ¢j7h € PP75(ijh7{K‘l}?iO)(j = 173); ¢2,197h S Pp,5(7_2>ha{’£l}?io)(0 S
3

¥ <1)and ) 75 <1/4, and let 819727197}1(1},5) satisfy
j=1

|09 J2,0.n(2,€)| < x0(72)?(; €)?
(2.26) |a?ng(m,§)aﬂJ2,i9,h(xa | < Xjats) (12)*(:6)
0O<h<l, 0<9<1).
Then it follows that
(2.27) |08 DJ09X3 541, 108 DJO9E] 4| < Claygy(72)* (w3 €)
(j=1,2 0<h<l 0<9<1),

and
109 3,0.1(2, )| < xh(72)?(w; €)?

(2:28) 102 DIV (0.6) 00T 3,01, )] < Xy g (72) (5 €)
0<h<l 0<9<1).

Proor. By induction. Note Proposition 2.4 and Lemma 2.6. [J

Let ¢j,h € ]P)p75(7'j,h)(j = 1,2,. ) and Z T < 1/2.
i=1
Forv=1,2,... and 0 <9 <1, set

v+1
Q19428 = 0P, 1 p(x,§) + (1 —10) (90 &+ Zl J',h($’f))
=

(220) { ) A"
Dyi1,0.0(2,€) = 0Py p(z, ) + (1 - 9) (w -+ Zl Jj,h(w,f)) :
iz
and
(2.30) { {”“rﬁzh(x"f») = (E)l/+l,19,h(x7f) —x-¢
Tvt1,0.4(2,€) = P19 p(@,§) — - €.
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Then we have

( (I)l/—l—l,l,h('x?g) = (Dl/-‘rlJl(x?g)’
v+1
(I)l/+1,0,h($7£) = - 5 + Z Jj,h(xvé)
j=1

(2.31) - -
Py n(x,€) = Py n(x, §),
~ v+1 _
D10, ) =64 Y Jin(,§),
\ 7=1
and
(2.32) Dyi100(2,8) = W00, 11 9 (hP2, hTPE).

Furthermore, we get the following lemma.

LEMMA 2.8.

For any {ki}i2(ko = 1, k1 < Ki41), there exist a constant co > 1(inde-
pendent of {k1}72,) and sequences of positive constants {k;}7°,(ky =1, k) <
/ﬁ;_H, ki < Kp), A} (0 < xi < xu41)(depending only on ki, Ka, ..., Kp),
satisfying the following:

o0

Let ¢jp € Pys(tj, b {ki}i20) (G =1,2,...) and 21 7 < 1/4.

j=

Then it follows that

(2.33) { Q19,0 € Pps(coTvrr, b {K]}2,)
Pyi1.0.0 € PoolcoTurr, b {K]172,),
and
109 11.90(x,€)| < X0(Tos1)2(a; )2
(2.34) |a?D£v(x,§)aﬁJy+l,q9,h($7£)| < Xja s (Tog1) 223 6)

v=1,2,..., 0<9<1, 0<h<1),

where Ty41 =T +Te+ -+ Tyt1.
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PROOF. From (2.12), we have

14

(2.35) Oy prron(@, &) =—> (X1, - X1 (5], —¢)
j=1
v+1

+Z/ e Tin) (@ + 0K = 1), 6+ 0B, — €))db
X7 1—3:
(2)

(2.36)  V(2.6)09dbs1,00(7,E)
v+1

= Z/ @) Viwe din) (@ +0(XI 1 —x),6+0(Z], — €)do

X/ 1—ac
(256)

Using Proposition 2.4, we get (2.34). O

and

3. Fourier Integral Operators

In this section, we introduce the basic properties of the Fourier integral
operators defined by Kitada and H.Kumano-go in [6]. For the details, see
[6]. In what follows, for simplicity, let ng = 2[n/2 + 1].

DEFINITION 3.1 ( Fourier Integral Operators B's(¢n), B's(6;) )-

(1) For 0 <7 <1, ¢p € Pps(7,h) and pp(z,§) € B)'s(h), we define a
family of Fourier integral operators pp(¢pn; X, D) by

(31)  pul(ém: X, Da)u(z) = / Oy, (2 YUV (u € S).

We write {pn(én; X, Dz)}ocn<t € {B}'s(én)}o<n<1, or simply
pr(dn; X, D) € B's(¢n). We sometimes use this definition for
0 <7 < oo. (See Theorem 4.1.)
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(2) For 0 <7 <1, ¢5 € Pps(r, h) and g (§,2") € B)'s(h), we define a
family of conjugate Fourier integral operators gp(¢}; Dy, X') by

(32)  Flan(¢*; Dy, X" )u)(€) = /6_i¢h(x/’€)qh(§,:r/)u(x/)dx/ (ues).

We write {gn(d}; Dz, X')o<nc1 € {B}ls(¢})}o<n<1, or simply
an(¢p; Dz, X') € Bls(97,)-

. A
DEFINITION 3.2 ( Fourier Integral Operators B:;Lé (on) ).

For 0 <7 <1, ¢, € P, 5(7, h) and py(z,§) € IB%Z%(’S)‘(h), we define a family
of Fourier integral operators py(¢n; X, D;) by

(33)  pulon: X, Do)ule) = / e, (2, O)U(E)TE (u € S).

We  write {pn(én; X, Da)bocncr € {BU3(¢n)}ocn<1, or simply
pr(on; X, D,) € B;né)‘(qzﬁh). We sometimes use this definition for 0 < 7 < co.
( See Theorem 4.2.)

In the following proposition, it is a revised point that M, 1, My xni, U
and " are independent of the choice of phase functions as well as the choice
of symbols.

ProprosITION 3.3 ( Continuity on S ).

(1) For any 0 < 19 < 1 and {ki};2y(ko = 1, ki < Kiq1), there exist
a constant My, j1(depending only on m,h, 1o, {ki};2o(ko = 1, k1 <
Kix1)) and integers I, 1" such that

[n(6n: X, Da)ults < My galpnl i Jul s
lqn(¢7; Doy X ufis < Mm,h,l|Qh\l(/m)\u\z~,s
(0 <7 <79, op € Pys(, h, {K1}520):

ph(£>£)7£]h(€a$/) € Brprfé(h)a (AS 5) .
(2) For any 0 < 719 < 1 and {s}2y(ko = 1, ki < Kiq1), there ex-
ist a constant My, x pi(depending only on m, X, h, 7o, {ki};2(ko =
1, ki < Kiy1)) and integers 1), 1% (depending only on \) such that

(3.5)  |pa(dn; X, Da)ulis < M any 1.8
(0 <7< 70, d)h € Pp,5(7—7 h7 {’Ql}?io% ph(x7€) € B’Z,Lé)\(h)? UAS 8) .

(3.4)

A
ph\l(/;n u
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PRrROOF. See [6]. O

PROPOSITION 3.4 (BJ)'s(¢1) 0 By's(¢3), Bs(65)0By's(én) € BIy™ ().

ps6
For any 0 < 19 < 1 and {x}2,(ko = 1, ki < Kiy1), there exists a
constant Ciyan, (depending only on 7o, K1, Ka, - . ., Kitan,) Satisfying the fol-
lowing:

Let 0 < 7 < Ty, Qsh € ]P)p,(s(thv{’ﬂ}?iO); ph(xaf) € Brpyfé(h) and
an(&,2') € Bg?(;(h). Then there exist rp(x,§),r,(&,2") € B;rfgrml(h) such
that

(3.6) { Pr(0n; X, Da)an(9; Dy, X') = rp(X, Dy)

‘ Qh(¢ZaDm7X,)ph(¢th7Dx) :T;Z(DZWX/)7
and
(3.7) el e 1 < Ol [n T T

PRrROOF. See [6]. O

PROPOSITION 3.5 ( BT's(h)oB™s(¢), BIs(én)oBTs(h) C BTH™ (¢1) ).

py6
For any 0 < 10 < 1 and {x}2y(ko = 1, ki < Kiq1), there exists a
constant Ciyan,—1(depending only on 7o, K1, K2, - . ., Ki42n,—1) Satisfying the
following:

Let0 <7< 70, d)h € ]P)p,&(Ta hv {Kl}?io)7 ph(xvg) € Bz?&(h) and Qh(xvg) €
™ (h). Then there exist ri(z, &), (2, €) € B (h) such that

p,6 p6
(3.8) { Pr(X, D2)an(én; X, Dy) = 4(én; X, Dy)

' qn(on; X, Da)pn(X, Dy) = 1), (én; X, Dy) ,
and
(3.9) [l ) < Cyang -1 P g 100§ o -

PROOF. See [6]. O
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PROPOSITION 3.6 ( Bs(h)oBya(6h). BJs(61)oBys(h) € BI™ (67).

For any 0 < 190 < 1 and {k}°y(ko = 1, ki < Kiq1), there exists a
constant Ciyon,—1(depending only on 7o, K1, K2, - . ., Ki+2ne—1) Satisfying the
following:

Let 0 < 7 < 70, ¢h S ng(T,h,{lﬂ}?io), ph(f,x’) S BZ?&(h) and
qn(&,2') € BZ?(;(h). Then there exist m,(&,2"),r, (€, 2') € B;?grml(h) such
that

(3 10) { ph(DwaX,)Qh(¢Z§ Danxl) = Th(¢;;; D$7X/)

‘ Qh(¢Z’DI’X/)ph(DIﬂX/) :T;L(d);;aD:raX/)a
and
B11) [l ) < Criang—1nl g lan T

PROOF. See [6]. O

PROPOSITION 3.7 ( L:-Boundedness ).
For any 0 < 190 < 1 and {x}°y(ko = 1, ki < Kiq1), there exists a
constant Csp, (depending only on Ty, K1, K2, - . ., Ksn,) sSuch that

1pn (61 X, Da)ull 2 < Congh™ pal 7 |[ul| 2
1gn (85 Doy X'Vl g2 < Crngh™|anlSe? [l 2
(0 <7< 70, Qbh € Pp,5(7—7 h7 {Hl}?io)7

pr(z,€),qn(§,2") € BY's(h), u € S).

(3.12)

PROOF. See [6]. O

PRroPOSITION 3.8 ( Inverse of I(¢n), 1(¢7) ).

For any {ri};2y(ko = 1, ki < Kiy1), there exist constants 0 < 19 <
1(depending only on Ki,Ka,...,ksn,) and Ciprn,(depending only on
K1, K2, - - -, Ki4Tng ), Satisfying the following:

Let ¢y, € P s(7, b, {K1}2) and 0 < 7 < 19.
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Then there exist rp (€, '), 7, (x,€) € Bgﬁ(h) such that

{ I(pp)rh(@); Doy X') = m1(05; Doy XN I () = 1
(3.13) , , .
I(¢7)r, (D0 X, Dy) = 1), (s X, D) I(47) =1,
and

(3.14) rnli [l < Crimg -

PROOF. See [6]. O
4. Multi-Products of Fourier Integral Operators

In this section, we apply Fujiwara’s skip method in [3] to Kitada and
H.Kumano-go’s theory of multi-products of Fourier integral operators. This
section plays an essential role to prove the pointwise convergence of the
symbol in Section 5.

THEOREM 4.1 ( BY'4(¢1,1) © B2 (d2n) C Bl ™2 (o1 n# o) )-

For any {ki}7°,(ko = 1, K < Ki41), there exist constants Csiqon41(de-
pending only on Ki,Ka,...,K3l+on+1) and C§l+2n+3(depending only on
K1, K2, ..., K3i+2n+3), Satisfying the following:

Let ¢jn € Pys(rj, hy {ri}120), pin(2,€) € B 3 (W) (j = 1,2), 1 + 72 <
1/4, and {Xn, En}(x, &) be the solution of the equations

(4‘1) { Xh = VS(ﬁLh({L', Eh)

Zh = Vadon(Xn, §).

Then there exist qp(z,€),rp(z,§) € IB%Z%JFmZ (h) such that

(4.2) qn(, &) = pru(w, Ep(z, §))p2.n(Xn(z,§), &) +ra(z,§),

(4.3) P1a(D1,05 X, De)pan (2,05 X, De) = qu(d1 w# 2,05 X, Dy)
(4.4) |Qh|l(ml+m2) < 03l+2n+1|p1,h‘z(),7:b~_12)n+1|p2,h|§7:—22)n+1 )



Fundamental solution for Schrédinger equations 467

and

+ +
(45)  [ral{™ ™ < Chyyan s (ralpral§ i s + max 19 1alf o )y)

-6
e L ]

PROOF.
(I) For u € S, we can write

(4.6) P1,4a(D1,105 X, Da)p2.n(d2,n; X, Dy )u(x)
— / ei(¢1,h#¢2,h)(ﬂf,£)qh (z, &)a(&)de,

where

(47) ¢h($a gl’ lj? 6) = le,h(l.’ 5/) - xl : él + ¢2,h(x/7 6) - (¢1,h#¢2,h)(x7 g) s

and

(48)  qu(@.&) =05 / / I @EF D (o (o €)da'

Set
Gn(z,€) = h=(mtm2)g, (Réy, h=rE)

(4.9) Pin(, &) = h™™mip;p(hPx, h=rE) € BY o(h) (j =1,2)
Dn(, €2, €) = hP=8eby (WO, h=re! hoa! h=e).

By a change of variables: (z,¢,2/,¢") — (h%z, h=P¢, hPa’ h=r¢'), we have

(4.10)  Qu(x, &) = h 70— / / ih ™27 Un (w8 2’ €)
Pru(, )P (e, €)da'ds’
where 0 = (p — §)/2. Furthermore, set

}Zh(xv §) = hi&Xh(h6x7 h/fpé')
(4.11) En(x, &) = WP Ey(hPx, h™rE)
Tin(z,6) = h?=8¢; n (W0, hPE) —x - € (j=1,2).
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—_

By a change of variables: ' = X,(x,€) 4+ h%y, & = Zp(x,€) + hn, we have

(412)  Gu(2.6) = Oy / / FPWIEOT (2, By (e, €) + hn)
Pon(Xn(z,€) + 1y, €)dydn ,

where

(4.13)  Pu(y,miw,€) = B2y (x, Zp(x, &) + b7, Xp (@, €) + h7y,€).

Setting

(4.14) { Ah (n;2,8) = fo (1-— Vngjl,h)(x, éh(x,Q + 0hn)dOn - n
By(y;z,€) = [ (1 )(V oVadon) (Xn(x,€) + 0h7y, €)dly -y ,

we can write

(4.15) Pn(y, m;2,6) = —y -0+ Ap(n; 2, €) + Bi(y; 2, €).

(IT) For 0 <9 <1, set

(4.16) Bon(y,m;2,6) = —y - + Ap(In; 2, €) + Bi(y; 2, £) .

Then we have

(4.17) { P10y, 3w, ) = on(y, m;2,6)

Gon(y,m;x,€) = —y -1+ Buly; z,€).
Furthermore, we get
w1 { Vo An(m;2,6) = [} (VeVedin) (@, Sn(x, €) + 0h7n)don
VyBi(y; ,€) = [} (VaVadon)(Xn(x,€) + 007y, €)doy ,

and

(4 19) { Vn%zﬂ,h(ya e, 5) =-y+ 19(V77;1h)(1977; x, f)

vy&ﬁ,h(yv T, 5) =" + (vyéh)(yv Z, 5) .
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By Proposition 2.4, there exists a constant C}’(depending only on k1, k2, . . .
k1) such that

(4.20) { 0 D=5 (Vo i) (9 2,8)| < Oy} (09 <1)

fangDg/(Vth)(y; 5Ol < Cl sy )
and
37Hyim) < (Vg @ony,m2,8)) < 3(ysm)
(4.21) g ey Dg:v(y’m%,h(y, 12,8 < Clly grars (U3 1)
10 DROY DY Bo.ny. 1, €) < Cfls gy W31)°
0<9<1).

(ITT) Setting f(9;y, 52, €) = 20nWmTOG ) (2, 5y + b7 (9n))Pa,n(Xn +
h?y, &) and using the formula: f(1) = f(0) + fol 1(9)dd, we have

(4.22)  @u(z,€) = Pralz, Ep)

cOs— // efiy-neiéh(y;r,é)ﬁlh(f(h + h%y, &)dydn

1o, / / /0 05y, € dddydn

= D@, Zn)Pan(Xn, €) + Ta(z, €)

where

(4.23) ?ﬁ(m,g)zzjé Fo (1, €)d

and

(4.24) To.n(2,§) = Os— //(e_iy.n”)
- (10 A 0B nl, 2+ 7 (9)
+ (Vi) (. B+ o (9)))

y eiﬁh(ﬁn)eiéh(y)@,h(ih + h%y, €)dydn .
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Integrating by parts, we get

(4.25) Fon(e,€) = Oy / / (0BG, (y ez, €)dydy
where

(4.26) ayp(y,mx, &) = (i(vnzh)(ﬁﬂ)ﬁl,h(% Ep + ho(9n))
+ B (Vepin)(z, Zn + h"(ﬁn)))
((VyBo)@hen(Xn + h7y,€)

7 (—iVaa) (X + 179, )).
(IV) Set

(427) upﬂ n(y.miz 75)0119 h,a,3 (y7 n;x 6)
= 0¢ D] (ew'h(y’”’z’f)aﬂ,h(y, ;T E))-

By (4.20), (4.21) and Proposition 2.4, there exists a constant C}”(depending
only on k1, Ka, ..., k) such that

(4.28) [0 DEOY D Gy a5y, 13 ,6)| < C(Z+g+af+g/+7+u|<y; m)Zlethle2

X (71 ‘plzh’|a+/3+a/+7+#\ + max |0g,pi,

1<j<n el

(0)
+ max |D$Jp2vh|\a+ﬁ+,3’+7+ﬂ‘)

0<9<1).

X (72p2 h||a+ﬂ+ﬁ’+w+u|

Hence, for I = 2|a + 8| + 2n + 3, we can write

(4.29) 3 DEFon(,6) = O [ [ P2, o sy, €y

- / / P40V () - V() Po0)'

AV (o Pon) " Ty ey, ms 2z, E)dydn,

/
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and there exists a constant C§l+2n+3(depending only on Ki,K9,...,
H35+2n+3) such that

(4.30) |719,h|§ < Cyponts(Tilpn h’31+2n+3 + max |‘9£]p1 h|3l+2n+3)

x (72 ’52,h|3l+2n+3 + 1r£1ax |ijp27h|3l+2n+3) (O<d<1).

From (4.23), we have

~ (0 ~ 0 ~ 0
(4.31) |7“h|l( ) < C11on13(T1 ’p17h|§’>l—)l-2n+3 + max. ’a&pl:h’éllzms)

~ 0 ~ 0
X (P2l oy + 2 1Dy Pailion )

Furthermore, we can get the estimate for g5 (x, ) in a way similar to this. O

THEOREM 4.2 (B ml”\l(qﬁl h)oBm2’ *(pa2.n) C Bm1+m2’)\1+)\2(¢1’h#¢27h)).

0,6
For any A, 2 € R and {Iﬂ}lzo(lﬁo =1,k < nl+1), there exists a con-
stant C>\17>\27l/\1,>\2 (depending only on A1, A2, K1, K2, ..., /QZMM) satisfying the

following:
Let 6j € Py b {mi}iSy), pin(2,6) € BYE ™Y (R)(j = 1,2) and 71 +
T9 < 1/4. Then there exists qn(x,&) € ]Ii%mﬁnh&’)‘ﬁ)‘2 (h) such that

(4.32) PR (D105 X, De)pon (2,05 X, De) = qu(d1 n# 2,05 X, Dy)

and

(m1,A1) m27>\2)

+ma A +A
(4.33) |Qh|l(ml e Q)SCAl,Az,lA17A2|p1,h|ZA o P2, |l ;

where I, x, = 314+ 2n+ 1+ [|A1] + |A2]].
PROOF.

(I) is the same as that in the proof of Theorem 4.1 except for the following
modification:

(4.34) Din(w,€) = B p;n(h0x, h 7€) € By (h) (j=1,2).
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(IT) By Proposition 2.4, there exists a constant C}(depending only on k1,
K2, ...,K;) such that

37 Nyim) < (Vi @n(y,m;2,€)) < 3(y;n)
(4.35) |02 D205 DYV ) @i (y, 15, 6)] < ClatprartpVim
|08 D0 DY By, m3 2, ) < Cll oy (Wi )2
(IIT) Set
(436)  Piu(w,&) = Pinle, (@)Y € BYy(h) (j=1,2).

Then we have

(4.37) T2, 6) = Oy / / PRI G, (y 1, € )yl
where
(4.38) an(y,m 2, &) = BSp(2, Zp + PS4 (Xn + 17y, €)

X (w3 E 4 RO (X + W7y €)%
(IV) Set
(4.39) PTG, | oy, nix, &) = 0 DY (6i¢h(y’”;x’f)5h(y, ;2 E))-

By (4.35), Proposition 2.4 and Lemma 2.6, there exists a constant Cf\’l Aol
(depending only on A1, Ag, K1, K2, ..., k) such that

(4.40) |07 DO DY ana,s(y,m; 2, )|

< C;\l >|)\1|+|)\2|+2\a+ﬁ\<$;§>)\1+/\2

1,2, |a+B+a/+B"+y+p] <y’ n
~o (0) ~o 1(0)
X Pliliot oty P2al ot a5 40

Hence, for I = 2|a + 8| +2n + 1 + [|\1] + [X2|], we can write
(@41) DI (,) = O [ [ 0z, oty i i

- // € (L+iV () - Vi @n)'

AV (g @) "2 5 (ys 1 , €) dydn

’
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and there exists a constant CAI’)‘2’Z)‘1sA2 (depending only on A1, A9, K1, K2, . .
Kiy, »,) Such that

~ 1(0,A1+A2) ~o 1(0) =0 (0)
(4.42) |Qh|l L CA17>\27Z)\1,A2 |p<1>,h|lA1’A2 ’p2,h|l>\17/\2 :
Therefore, we can get (4.33). O

THEOREM 4.3 ( H.Kumano-go-Taniguchi theorem ).
For any {ki}2y(ko = 1, ki < Kiq1), there exist constants 0 < 74 <
1/(4co) (depending only on Ki,Ka,...,Ksn,) and Csiyasn,(depending only

ON K1, K2, ..., K3i4+23n,) Satisfying the following:

Let ¢jn € Ppo(rj b, {k1}i%), pin(x,€) € By3(R)(j = 1,2,...) and
o]
o1 < 1.
i=1 )

Then, for any v = 1,2,..., there exists 1,41 (x,€) € B;ng“(h) such
that

(4.43)  ros1 n(PLpHFHO2LF - HOvr1.0: X, Dy)
= p1a(01,0; X, Da)pan(d2.0; X, Dg) - - pus1n(bvt1,n; X, Dz)

and
~ v+1 (ms)
(4.44) ol < (Corpasng) ! T Pinh i,
j=1

where Myy1 =mq +mo + -+ myy1.

PROOF.

(I) By Proposition 2.5(1), there exist a constant ¢y > 1(independent
of {k}°,) and a sequence of positive constants {x;}7°,(kj = 1, K} <
Kyy1> k1 < Kp)(depending only on k1, kg, . .., k), satisfying the following:

For any ¢;n € P,s(7j, h, {ki}i20)(J = 1,2,...) with > 7; < 1/4, it
j=1
follows that

(4.45) Din = (1 a#HPonH# - #Djn) € Pps(cors, h, {K)}) -
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(IT) By Proposition 3.8, there exists a constant 0 < 79 < 1/(4cp)(de-

pending only on k', K5, ..., K, ) satisfying the following:
oo

For any ¢ € Pps(7j, h, {mi}20)(7 = 1,2,...) with > 75 < 70/co(=

7j=1
75), there exist s;5(&,2'), (&, 2") € Bg,é(h) such that

(4.46) { 1(61)35,n( 3 D X')

I
tjn (@7 i Dy X I(Pjp) = 1.

(IIT) For any j =1,2,..., set

(4.47) qjn(X, Dy) = (I((I)j—l,h)j(¢j,h)>
° ((Sj,h(@',h; Dy, X )pjn(jn; X, D$)> tjn (@5 n3 Da,s X')) ,
where ®@q , = x - {. Then we have

(4.48) 11 n(PLaHO2nH - Fur1,h; X, Dy)
= p1a(01,0; X, Da)pan(d2.4; X, De) - put1.h(Pv+1,n; X, Dz)
= q1,0(X, De)@an(X, Dz) -+ quyp1,h (X, D) I(Ppg1 ) -

By Proposition 3.5, 1.4, 3.4, 3.6 and Theorem 4.1, we get (4.44). O

DEFINITION 4.4.

For 7 > 0 and a sequence of positive constants {x;};% (ko = 1, 1 <
Ki+1), we say that a family {wp}o<p<1 of complex-valued C*°-functions
wp(x,€) belongs to the class {Q,s(7, h, {k1}2)) bocncr, if Wn(z,&) =
wp(hox, h=PE) satisfies

inf inf Im{wn(x, &)} > —kKoT

0<h<l z,§
(4.49) |©n (2,6 apb
sup | sup =t £ > sup |0 Dy wp(,§)] | < mi,
0<h<l \ z,€ ' 1<]a4-B<14+1 7,8

for any [ =0,1,2,....
We write {whtocnar € {Qp6(7, R, {K1}72)) fo<h<1, or simply wp €
Qp,6(7'7 h, {"‘Cl}fio)-
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PROPOSITION 4.5.

For any {r1}72(ko = 1, k1 < Ki41), there exist a constant co > 1(inde-
pendent of {ki}72,) and a sequence of positive constants {k)};% (ko = 1,
K < Ky, ki < Kp) (depending only on ki, ka, ..., k), satisfying the follow-
mg:

o
2,...) with Y ; < 1/4.
j=1
Then, for any v =1,2,..., it follows that
Dyi1h = (PraHFb2pF - FHDvr1n) € Pps(coTurt, b {K]}20)

(4.50) { vt L ,
'Zl w]vh(XIZ,h]-’ ':IZ,]’L) € vaé(COTy+17 h’ {H;}?ZO) ?
j:

where Tyy1 =T+ 7o+ -+ Tyt
Proor. By Proposition 2.4 and 2.5. [J

THEOREM 4.6 ( Fujiwara’s skip method ).

For any {ki}i2y(ko = 1, ki < Kiy1), there exist constants 0 < 70 <
1/(4co) (depending only on ki, Ka, ..., Ksny) and Cy se,C3 36, (de-
pending only on Ki, K2, ..., K3i+36n,) Satisfying the following:

For ¢jn € Pps(7y, hy {ri1}i2y) andwin € Qps(7j, hy {r1}i20) (1 = 1,2,...)

o0
with Y 1 < 713, set
j=1
P12, 041,0(T,8) = (D1 p# G2 pF - #HDvr1.0)(7,§)

(451) v+1 s
w1,2,...,u+1,h(x7§) = wj,h(Xi,hla 5}17}1) J
=1

and

pin(x, &) = exp (iwj,h(x,f)) € Bg’é(h)

Do, niin(@:6) = exp (w12, pa1n(@,€)) € BY4(h).

Then, for anyv =1,2,..., there exists 112 ,+14(2,§) € ]B%g’é(h) such that

(4.53)  pLu(d1,n; X, Da)pon (2,0 X, Da) -+ o1 (Pvr1,0: X, Dy)

= p?ﬁg v+1,h(¢1,2,~~~:’/+17h; X, D:c)

3Lyey

+ 119, o4 1,0(P12, 41,0 X, Dy,

(4.52)
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0 _
(4.54) !T1,2,...,u+1,h|l( ) < Ci/’)l+36no (Tu+1)2=
and
0
(4.55) \(pf;’m’,ﬂrl’h + T1,2,...,V+1,h)’l( = C314 36n, -
PROOF.

(I) By Proposition 2.5 and Proposition 4.5, there exist a constant ¢g > 1
and a sequence of positive constants {#;}7% (kg = 1, Ky < K, K1 < Ky)
(depending only on K1, Kg, ..., ;) such that

¢1,2,...,V,h € ]P)p,é(c(]?l/a ha {K'E}?i(])v
bu1,hn € Pps(coTvrr, hy {K]1720)

(4.56) i
W1,2,....v,h € Qp,&(COTw h7 {’fg}fi()%
Wy+1,h € Qp,&(COTI/-I—lv h7 {H;}?io) .
Hence, there exist a constant C}” > 1(depending only on &/, K5, . .., K}) such
that
0 0
|pﬁ27.,_7y,hl( ) < 011/7 |pl/+1,h|l( ) < Cl/”
) # (p) < O D (=6) <o
(4.57) | ékpl,z,...,y,h|z <"y, | Daypvsipl; 7 < C' o
14
v=1,2,..., k=1,2,...,n, pfthm, T, =Y. Tj).
j=1
By Theorem 4.1 and Proposition 2.5(2), there exist a constant C3/\, . s
(depending only on &', K5, ..., Ky o, ) and r1a 41 n(2,§) € Bgyé(h) such
that
(458) pﬁ27”.7y,h(¢1,2,...,l/7h; X7 D:c)pz/+1,h(¢u+1,h; Xa Dx)
= pﬁ?,...,u—&-l,h(¢1127~~,V+1,h; X,Dy)
+rio vtrih(012,. 41,0 X, Da)
and

0 _
(4.59) T1,2,...,u+1,h|l( ) < Cgl/jrzms(Tu)Tqul-
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For simplicity, set

# — # .
(4.60) { P1,2,‘..,1/+1,h = p1,2,...,1/+1,h(¢1,27~~-,V+1:h’ X, Dy)
Ris. viih =712, v41,0(P12, 41,0 X, Dy)
Furthermore, replacing {¢1 4, ¢2.h, .., ¢vr1.n} and {wip,wop, ..., Wop1n}
by {djt1,h: Gjt2ns s Bjrvr1nt and {Wjp1pWitan, - Witur1nts set

‘PjﬁLj—&-Q,...,j—i-V—&-l,h and Rji1j42,...j+v+1h
(IT) We use Fujiwara’s skip method: Using (4.58) inductively, we can
get

(4.61)  p1a(d1.0; X, Da)pa,n(d2n; X, De) - pus1h(Pvr1n; X, Dy)

= pﬁzw,,zﬂrl,h(¢1,2,...,V+1,h§ X, Dm)
+ 112, o+ 1,0(P12, 41,0 X, Dy
where
(4.62) Yo, wr1,n(12, 011,05 X, D)
/
= Ritijor2.juhRitiiit2. joh
o st—l+1Js—1+27~-~Js7hpyf+1,js+2,...,u+1,h ’

S stands for the summation with respect to the sequences of integers
(J1,J2, - -+ Js—1,Js) with the property

(4.63) 0=jo<ji—1<ji<jo—1< - <je1<js—1<js<v+1,

and, in the special case of j; = v + 1, we set Pf+1,j5+2,...,u+1,h =1.
Now, let Cs;123p, is the same constant as that in Theorem 4.3.
By (4.57), (4.59), (4.62), (4.63) and Theorem 4.3, we have

(4.64) T2, v+1n l(o)

!
s+1 i
< Z (C31423n0) " C) 110,

s Jr—1
. " ( ) )
3(1+11ng)+2n+3 Tk )T ji,
k=1 K =jp_1+1

v+1
" " =
< C3l+23n001+11n0< | | (1 + C31423n0 C314-36m, (Tu+1)Tj> - 1)
J=1

— 2
< O304 36m0 (Trt1)” -



478 Naoto KUMANO-GO

Here CY, +36n, 1S & constant depending only on k1, Ko, ..., K314+36n,- U

The following lemma is a revised version of that in Fujiwara [4].

LEMMA 4.7.
For any {ri}i2y(ko = 1, xy < kiy1) and {x1}72,(0 < xi < xi41),
there exists a constant Csj14n15(depending only on K1, Ka, ..., K3jtants and

X0s X1, - - - » X3i+4n+5) Satisfying the following:
Let ¢jn € PP,5(Tj7h7 {’fl}?io); pj7h(x7§) € Bg,é(h) (J 1,3), ¢29n €
i <

3
Pys(72, b {k1}20), P20 (%, €) €BY 5(h) (0 <9 <1) and 3- 75 < 1/(4co).
]:

1
Furthermore, let Oypayn(x,€&) € Bg’é(h) (0 <9 < 1) and let 552,19,;1
satisfy (2.26).
Then, there ezists qg p(z,§) € IB%SAh) such that

(4.65)  qo.n(P1p#P290H P30 X, Dy)
=1 h(D1,10: X, Da)p2.wn(d2,90; X, Da)p3n(P3n; X, Dz),

(4.66) Dogqon(,€) € B)5(h),
and

(0)

0,1 0
(4.67) |819Q19,h|l( )S03l+4n+5|p1,h’g(),l_)~_4n+5|p3,h

3l4+-4n+5
0 0,1
X ((7'2)2’192# él3r4n+5 + |319p2,19,h él+é)1n+5)
0<9<1).

PROOF.
(I) For u € S, we can write

(4.68) gﬁ,h($,f) _ h4ncros//// eih*%iﬁ,h(az,&l7x1,§2,x2,§)

X Pra(, E)P2on(x", €)Pap(a?, €)de' det da?dc’
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where

(469) 171’19,}1(:67 517 1171’ 523 .IZ, 5) = gl,h(‘ra 51) - 'rl : 51 + 52,19,h(3317 52)
— 2 €+ dun(e®, )
— (PLrH D200 F D30 (2, E)

and o = (p —0)/2.
Let {X3 55,52 h}jz':1(x7 €) be the solution of the equations (2.24).
By a change of variables:

wl = X1, (@, +hoyt, =31, (2,6 + hon!
(4.70) { 2,9,h 2,9,h

wQ = X%,ﬂ,h(xag) + h0y27 2= 5227197h(x7§) + h? 2 )

we can write

(471) 6197}1(36’6) = OS////eiiﬁﬁ,h(yl,nl,yQ,nQ;x,g)

cagn(ytont vt 0z, £)dytdn dydn?

where

(4.72) ayn(y' 0t y? 0t e, &) = Pun(e, Z3 g + h0'Y)
X P,o.n(Xagp + 07y 2595 + 107
X Pan(X3 95 +h7y%,€),

and

(4.73) Gon(ytnt P n?@, ) = h 2y p(a, ¢t at, €2,27,€)
=yl gt =2 2yt P

1 — _ _
+ /0 (1= 0)(VeVedva) (@, ELy , + 0K nl)dont - !
1 N " _ _
+ /0 (1= 0)(VaVadagn)(Xggp + 007y 55 5, + 0h70%)doy" - o'

1 . - _ -
Lo /0 (1= 0)(VaVeTan) (X g+ Oh7y", B2 + 0h7n2)dBy" - 2
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1 — . . ~
+ / (1=0)(VeVedogn)(Xggp +007y", 53 5 + 00707)dOn -
0
1 — - -
+ [ A= OTaVaTi) (R + 0002 0?47
Furthermore, we have
(VopPon=—y' + [3 (VeVedin)(x, 2} 5, + 0h7n")don!
Vion =-—n'+1n°
+ fol VeVidag h)()?zlﬂ p 0Pyt §2219 p + 0h7n?)doy’!
+f0 ng JQﬁh)( 219h+0hy7‘_'219h+9h0 2)d977
V2@on =yt —y?
+ [ (VaVedoon) (XL 5 + 007yt 23 ), + 0h7n?)doy’

(4.74)

+fo Vngth)( 219h+0h y17522,19,h+9h0772)d9772

Ve Pon =17+ Jy (Va:vxj&h)(Xz,ﬁ,h + 0h7y', £)doy> .

(IT) By (4.72), (4.73), (4.74) and Proposition 2.4, there exists a constant
C (independent of {;};°,) and C](depending only on k1, ks, ...,k;) such
that
CHy 0 v%5m%) < (Vg e @on) < Cyhsn'sy%n?)
o DIoe D2 oy DI,V
| € x 771 yl 772 y2 (y1,7]17y27772)9019,h|
0¢ D32, DF, %, D

nt Tyt

1..,1.,2.,2\2
< C(a+5+a1+51+a2+52‘<y YN,
and
(4.76) |9 DIy Dﬂ 9% D QaMy

~ (0)
< C|a+ﬁ+a1+51+a2+52‘_1‘pl,h“a_'_ﬂ_'_al‘

~ 0 ~ 0
X [P nlioy gt o Panlos pge (09 <),
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where (y;m;y/51') = (L4 [y[* + [0 + |y > + [1/]*) /2.

Furthermore, by (4.72), (4.73), Lemma 2.6, 2.7, and Proposition 2.4,
there exists a constant C}’(depending only on k1, K2, ...,k and xo, X1, - -
X1) such that

*

1 1 2 2 -
(4.77)  |0g D% D, 0% DYy 05B0 |
< C|/</)<+B+a1+,61+a2+,82|+1(T2)2<y1; 771§ y2§ 772>3<1‘§§> )
and
1 2
(4.78) |08 D20% DY, 05 DL, Dgiig
< C|,(/)<+B+oz1+ﬁ1+oz2+52\ <3/1§ 772> (z;€)
b |(0) i |(0)
P1,n lo+B+al|+1 P3,n lo+B+62|+1

- 0 ~ 0,1
$ ((72)2B20 0k 1 51 021 + 100P2.00 ]t a2
(0<9<1),

Set

(4.79)  bon(yt,nt,yEnha, &) = dvap (vt 0t Pt e, €)
+i09@on ('t yh i, Oag n (vt 0t vt 0t 3, ).

Then we have
(4.80) Oyqy.n(z,&) = Os— ////ei%,h(yl,nl,y2,n2;x,£)
Doyt yP P @, €)dytdnt dyPan® .
(III) Set

(4.81) o0, syt gty n? e, €)
= 8?1)5 (eiféﬂ,h(yl7771,y2,772;$75)519’h(y1’ 7’]1’ y2, 7’]27 x, é-)) .
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By (4.75)-(4.79), there exists a constant C}”(depending only on k1, k2, ...,
k; and X0, X1, - - -, X1) such that

1 2~
(4.82) |9 DLOG DY 0% Dby o p(y' 0ty y? 0 2,€)|
§C|/g+ﬂ+a +61+a2+62+’y+u|+1<y 0’5y ) O s €)

X [p1 h’|a+ﬂ+a1+'y+,u\+1‘p3 h||a+,6’+ﬁ2+’y+,u\+1

x <(T2) ’pwhhawml a2+'y+u|+1+|8ﬁp2ﬁh‘|a+ﬁ+ﬁl a2+'y+u|)
(09 <),

Hence, for I" = 2|a + 8| 4+ 4n + 4, we can write

(4.83) 35 Dﬁ&gqm (x,€)

_O_//// Zﬁoﬁh(y 777 ay )1 7x7£)

by hapshnt v 0z, ) dytdntdy*dn?

//// Z<P19h 1+ZV(y aty2n?) V(y a2 nQ)(pﬂh)

XAVt mt g2y Poon) 2 by pa,s(yt 0t y2 0% 2, €)dyt dn' dy*dn?

and there exists a constant Cg4p45(depending only on ki, k2,...,
K3i+4n+5) such that

~ (01 ~ (0 ~ (0
(4.84) |819q,,9,h!l( ) < 03l+4n+5|p1,h|;(2,l_)|_4n+5|p37h|i(%l-)i-4n+5

% ((72)*[P2.0, )

(0<9<1)

Therefore, we get (4.67). O

In Theorem 4.6, for v =1,2,... and 0 <9 <1, set

(4.85)  p12..v4194(T,6)

= exp <2VZ+1 (ﬁwj’h(Xl;L ,_llh) +(1- 19)w]',h($,§)>>

=1
+ 9712 pr1n(x,§).
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Then we have
P12, w+1,10(2, &) = (p:ﬁlm’y+1,h + 112, 0+1,0)(2,§)

(4.86) vl
P10 (@) = oxp (i 3 win(@,))
j=1

Furthermore, we get the following lemma.

LEMMA 4.8.

For any {ki}i2y(ko = 1, ki < Kiq1), there exist constants 0 < 7 <
1/(4co) (depending only on ki, Ka, ..., Ksn,) and Cy se,C3l 36, (de-
pending only on Ki,Ka, ..., K3i+36n,) Satisfying the following:

Let ¢jp € P,s(5, h, {k1}52,) and wjp € Q,5(75, b, {k1}72,) (1 =1,2,...)
[ee)

with Y 1 < 7).
j=1
Then, it follows that

(4.87) P12, w+1,0.1(,§) € B) s(h)
' O9p1,2,...v+1,9.0(2, &) € B%(h) (0<9<1),
and
0
(4.88) { |P1,2,..A7y+1,19,h|l( ) < 314 36m0
|819p1,2,...,u+1,197h|1(071) < O L 36ne (Tvs1)? (0< 9 <1).

Proor. Note that

v+1
(4.89) > (&jﬁh(xl{;, Bl - &j,h(a:,f))
j=1
v+1 1

-y / (V@) (@ + 0K = 2), €+ 0(Z7, — €))do
jzlo

i1

. (nyh —x)
=i _ :
“v,h 5

By Proposition 2.4, 4.5 and Theorem 4.6, we get (4.88). O
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5. A Construction of the Fundamental Solution

In this section, using the theory developed in Section 1, 2, 3 and 4, we
give a construction of the fundamental solution for the Cauchy problem of
a pseudo-differential equation of Schrodinger’s type. We regard this con-
struction as a multi-product of Fourier integral operators, and investigate
the pointwise convergence of the phase function and that of the symbol.

Let Hy(t,z,€) be a real-valued function on [0, T] x R*" with a parameter
0 < h < 1, which has a continuous derivative 8?D5Hh(t, z,&) on [0, T]x R*™
for any «, 0, satisfying

(5.1) |08 DE{hP =0 Hy (t, hPz, h=P€)}|
g { Coplz; 218 (la+ 8] < 1)
=1 Cup (la+8]>2),

on [0,7] x R?™. Here Cq,3 is a constant independent of a parameter 0 <
h < 1.

Let Wy, (t,x, &) be a complex-valued function on [0,7] x R** with a pa-
rameter 0 < h < 1, which has a continuous derivative 8?D£ Whi(t,z,€) on
[0,T] x R*" for any o, 3, satisfying

Cool®;€) (=0 =0)

a b 6 -
|0¢ Dy {Wi(t, hox, h=PE)}| < { o, (la+p8]>1)

(5.2)
Im{W,,(t, 8z, h=P&)} > —Ch o5

on [0,7T] x R?*". Here cl 5 is a constant independent of a parameter 0 <
h <1.
Set

(5.3) { Kn(t,z,8) = Hp(t,7,8) + Wi(t, z,¢)

Ly =i0, + Kh(t, X, Dx) .

For sufficiently small Ty (0 < Ty < T'), we consider the fundamental solution
Un(t,s) (0 < s <t<Tp) for the operator Ly such that

(5.4) { LyUp(t,s) =0 on [s,Tp)

Un(s,s) =1 (0<s<Tp).
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Our purpose is to construct Uy(t, s) by
. rt -t
(5‘5) Uh(t’ S) = |AliITl 062 ftl Kh(T)dT(X, DI)G’L ft21 Kh(T)dT(X’ Dx)
t,s|

et Kn(Mdr(x D, ),

where Ay : (Top 2)t=tg >t > -+ >t, > t,41 = s(>0) is an arbitrary

division of interval [s,t] into subintervals, |A; | = Jnax |tj—1 —t;], and
’ 1<j<v+1

. pti—1
T K, d
eZJtJ r(7) T(

(5.6) X, Dy)u(x)
= / gt hy ! Knlre&dry ae (ue S).
Now, set
57 { oty s)(z,€) = xt- &+ [LHy(r,x,6)dr
wi(t,s)(2,€) = [P Wi(r,2,6)dr (0<s<t<T).
and

(5.8) pr(t, s)(x, &) = exp (iwh(t, S)(x,f)) (0<s<t<T).
Then we can write
(5.9) DX D Yulw) = pult, s)(@n(t ) X, De)u(x).

Therefore, we regard the operator e’ I Kn(r)dr (X, D,) as the Fourier integral
operator py(t, s)(¢n(t,s); X, D,) with the phase function ¢(t, s)(z, &) and
the symbol pp(t,s)(x,€), and investigate the properties of
ezf: Kh(‘r)dT(X’ D:c)

THEOREM 5.1.

Under the assumptions (5.1), (5.2) and (5.3), there exist sufficiently
small Ty (0 < Ty < T), constants C1;, ¢ and a sequences of positive con-
stants {K]}72, (ko = 1,/; < K ,), satisfying the following:



486 Naoto KUMANO-GO

For any Ay, : (To 2)to > t1 > -+ > t,11 (= 0), there exist a

phase function ¢p(Aiyt,..) (@, &) € Pys(c(to—tut1), b, {K]}72,) and a sym-
bol pr (Ao 1,1 ) (2, §) € Bg’ﬁ(h) such that

(5.10)  pa(Augsy 1) (On(Digs, 1) X, Dy) = €t K104 (x py
¢ iy Fn(T)dr T(X,Dy) - et Kh(T)dT(X’ D,),

and

(5.11) pn (Aot I < Cuy.

Furthermore, the following equation holds:

(5.12) 6i¢h(Ato,tu+1)(I7§)—’icc"§ph(At07tu+l)(x7 £)
v+1
= Oq // //exp( i(xd 7 —ad) .
vi [ Ky 1,gf)dr)>dx1a‘gl R
tj

where 2° =z, 2V = 2/ and T = €.

PROOF.
(I) By (5.1), (5.2) and (5.7), there exist a constant ¢ > 0 and a sequence
of positive constants {x;}7°,(ko = 1, K < ky41) such that

{ On(t, s)(x,€) € Pps(c(t — s), b, {ri}2)
wh(t,s)(x,§) € Qps(ct — ), hy {rmi}i2,) -

Let ¢cg > 1 be the same constant as that in Proposition 4.5, T’
min{7’,1/(4coc)} and ¢’ = coc. For any Agyy,., : (T7 2)to = 11 >
tyr1 (> 0), let {th, E7 n}j=1(z, &) be the solution of the equations

(5.13)

AVAIl

1 ~
= Vedn(tj—i,t )(ij/h 7“1]/h)
- i+l
(5.14) l”,h Vaon(ts,tie1) (X, Z000)
o _ —v+1
(]—1,...,V, Xl/,h: ’ ‘—',Zh = )7
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and set
¢h(At07tu+l)(x7£)
(5.15) = (on(to, t1)F#on(t1, t2)# - #Hon(ty, tugr)) (2, §)
v+1 . .
o (Atg)@:8) = 2wty 1) (X0, 5.
j:

Then, by Proposition 2.5 and 4.5, there exists a sequence of positive con-
stants {r}720 (ko = 1, k) < K)oy, k1 < Ky) such that

¢h(At0,t,,+1)($, 5) € Pp,cS(C/(t - S)v h7 {H;}?io)
(5'16) wh(Ato,tu+1)(xa 5) € Qp,ﬁ(cl(t - 8)7 h7 {’%E}?io)
(V2071727"'7 letoztl > "'Zterl ZO)

Furthermore, set

(517) D Qi) (€)= oxp (iwn(At,.,)(@,€) ) € BY5(h).

Then, by (5.16), there exists a constant C] ; such that

(5.18) 1 (Dug ) < CL
(v=01,2,..., T'">tg>t1 > >t,41 >0).

(IT) We choose sufficiently small Ty (0 < Ty < T") such that Theorem 4.6
holds. By Theorem 4.6, there exists a constant Cﬁ ; satisfying the following:

For any Ay, @ (To >)to > t1 > -+ > t,41 (> 0), there exists
Vi (Aot 00) (2, 6) € Bgé(h) such that

(5.19)  palto,t1)(dnlto, t1); X, Di)pn(ts, t2)(@n(t1, t2); X, Dz)
o pr(tys o) (Pn(tus tus1); X, Dz)
=1} (Atg.t01) (D0 ( Aty ): X, Da)
+ Tn(Ato,ty 1) (Dn(Argt,41); X, Da) s

and

(5.20) 1At < Clto — togn)?.
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(III) Set

(5.21) Pr(Atotsr) = PF (Dtgtyar) + Ti(Dtgrtynr) -
Then we get (5.11). O

LEMMA 5.2.
(1) There exists a sequence of positive constants {x1}72,(0 < x1 < Xi41)
satisfying the following:
For any Ay i, 0 (To >)to > t1 > -+ > t,11 (> 0), there exists
P0.1(Ato 1) € Poo(d(to = tusn), b, {Kz}fio) (0 <9 <1) such that

(5.22) { %l,h(Ato,tuJa)(xvé) = (Ao 1) (@, €)
G0 (Ao 1) (T, €) = Pn(to, tysr) (2, 6)
and
109 T9.0(Atg 42 )(, )| < x0(to — tus1)?(z; )
(5.23) ‘angv(:p,f)aﬂjﬁ,h(Ato,tu-H)('r7 )| < Xjatp) (to — tur1)? (25 €)

0<h<l1l 0<9<1),

where Jﬁ,h(Ato,tuH)(xvf) = ¢79,h(Ato,tu+1)($=§) —z-§.
(2) There exist constants Cy 1, Cay, satisfymg the following:
For any Aty 2 (To 2)to > t1 > -+ > 41 (= 0), there exists
Poh(Aiotnr)(x,€) € Bm (h) (0<¥ < 1) such that

(5.24) { pl,h(Ato,terl)(xaf) = (Ato,tl,ﬂ)(w €)
P01 (Aot 41)(, ) = pa(to, tur1) (@, €)
(5.25) O9P9 h(Aigty0) (2, 6) € Bgzé(h) 0<v<1),
and
(5.26) { |pﬁ7h(At0’t"+1)|z(0) <Cui
‘aﬂpﬁ,h(Atoﬂng) . 7 (tO _ tl/+1)2 (O <9< 1) ‘
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PROOF. Set

(5'27) gﬁ,h(Ato,tu+1)($7 5) = ﬁg)h(Ato,tu+1)($a 5) + (1 - 79)2’;}1(&0’ tl/Jrl)(x’ 5) )

and

(5.28) pﬁ,h(Atoiqul)(mag)
= oxp (i(0n Bty 0,6) + (1= Dot t10)0,6)) )
+ 19Th(Atoﬂtu-s-1)(a7v £).

By Lemma 2.8 and Lemma 4.8, we get (1) and (2). O

THEOREM 5.3.
(1) There exists a constant Cs; satisfying the following:
For any (Ty >)t > s(> 0), let A be an arbitrary division of
interval [s,t] into subintervals, and A} ; be an arbitrary refinement
of Ay .
Then it follows that

(5.29) 6(Ars) — (AL N7 < Cagl Asl(t —5) .

Furthermore, there exists a phase function ¢ (t,s) € P,s(c'(t —
s), h, {r;}72,) such that

(5.30) (6n(Ars) — D5, 5)[° 7 < Capl Al (8 — s).

(2) There exists a constant Cy; satisfying the following:
For any (Ty >)t > s(> 0), let A be an arbitrary division of
interval [s,t] into subintervals, and AQ’S be an arbitrary refinement
Of At,s-
Then it follows that

(5.31) pr(Avs) — (25 )Y < Cugl Al (t — 5).
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Furthermore, there exists a symbol pj(t,s) € Bgﬁm) such that

(5.32) [p(Ars) = it )" < Catl Asl( = 5)
and
(5.33) [ph(t )" < Oy
(3) Furthermore, the following equation holds:

(5.34) e10h (1,8) (2,€) —iz'-§ pi(t, 8)(x,€)

v+1
o [ ffon (8-

tj—1 ) .
+i Kﬂnxrﬁgnmj)mﬁﬁﬁ-dfﬂg,

tj

where Apg @ (To 2)t =tg >t > -+ >ty = s(>0), 20

ot =2 and ¢ = €.

PROOF.
(I) Set
(5.35) Avs: (Ty>)t=tg >ty > >ty =s(>0),
and
to =too = to1 = - 2= tok, =t
th=tho=>tin =2tk =t
(5.36) AL

)

t, = tl/,O > tu,l =2 tu,k = tu+1
(kj >0, j=0,1,2,...,0) .

=z,
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Then we have

(5.37) n(A},) — dn(Ars)
v+1

= Z (5h(A1,50,tj71 )#gh(A;jfl,tj )#gh(Atjvtqul )

Jj=1

- ah(A:eO,tj_l)#ah(tj—la tj)#?bh(Atj,tH_l))

v+1

1 ~ ~ ~
= 32—21/0 819(‘JSh(A;o,tj_l)#¢19,h(A;j_l,tj)#ébh(Atj,tHl))dﬂ-

By Lemma 2.7, Lemma 5.2 and Theorem 5.1, there exists a constant
such that

(5.38) 08D {pn(A},) — on(Ars)}|
v+1

<Z/ Xlatgi_1(ti-1 —t;)*(w; €)Y
< Xjatg)-11Aes|(t — s)(z; €)%

Hence we get (1).
(IT) Define q]',ﬂ,h(A;,sa Ags)(z,€) € Bg,ﬁ(h) by

(5.39) Qj,z?,h(AQsaAts)(¢h(A7lto,tj_1)#¢z9,h(427-_1,tj)#¢h(4tj,ty+1)§Xa Dy)
= pn(4, to,tj— 1)(¢h( to,tj— 1)'X7Da:)
° po,n(A tj— l,tj)(%h( ti— 1,tj);X>Dm)
o pr(At; 1) (O (At; 1,01 ); X, D) -

Then we have

(5 40) { Qj,l,h(ALs, At’s)(x’ 5) = (A:fo 0 Atj+1,tu+1)($7 f)

q‘j,O,h(A:S,sa At,s)(xv 5) (AQO, tj—1° Atj,tu_;,_l)(xu 5) .
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Hence, it follows that

(5.41) pr(ALs) — pr(As)
v+1
= Z (ph’(AQO,tj7 Atj+1,tu+1) - ph(Aéo,tj_lv Atj,tu-u))
j=1
v+1

1
= /0 Oy <qa‘,19,h(A2,5,At,s)>dz9.
j=1

By Lemma 4.7, Lemma 5.2 and Theorem 5.1, we get (2).
(III) From (1) and (2), (3) is clear. O

THEOREM 5.4.
The Fourier integral operator Uy (t,s) = py(t,s)(¢7(t,s); X, D) with the
phase function ¢} (t,s)(x,&) and the symbol pj (t,s)(x,&) in Theorem 5.3,
satisfies the following:
(1) The operators Up(t,s) : L? - L? H,;, — Hyy are uniformly
bounded for 0 < s <t <7Tp and 0 < h < 1.

(2) The operators Kp(t, X, Dy)Un(t,s), OUn(t,s) : Hoyp — Hoy are
uniformly bounded for 0 < s <t <Tyand 0 < h < 1.

(3) The following relation holds:

. rt . rt
5.42 Up(t,s) = lim e Jn Kn0dT (x p yeihy Kadr x
|At.s =0
t,s|—

e RV (X DY

where Ars : (To 2)t =tg >t > - > t, > typ1 = s(>0) is
an arbitrary division of interval [s,t] into subintervals, and |A;s| =

ti_1 —t;].
1§r§123{+1‘] il

(4) Up(t,s) is the fundamental solution for the operator Ly, such that

(5.43) { LyU(t,s) =0  on [s,Tp]

Un(s,s) =1 (0<s<Typ).
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PROOF.

(0) By Proposition 3.7, Theorem 4.2 and Theorem 5.3, (1) and (2) are

clear. We have only to check (3) and (4) for u € S.

(I) By Proposition 3.3 and Theorem 5.1, there exist a constant Mj p

and an integer [ such that

(544) ‘ph(At07tu+1)(¢h(At0,ty+1);X7 Da;)u|l’5 S Ml,h,l|u‘ll78
(Ato,tm (To>)to>t1 > >ty (> 0)) i

Furthermore, we can write

(5'45) <ph(Ato,tu+1)(¢h(Ato,tu+1); X, Dm)

— pr(to, tus1)(@n(to, tus1); X, Dw))“(l’)
= [ ou( [ e O B (00
0
1
_ / 4o (Do) (Do (Droiss )i X, Do yu()dod,
0
where

(5'46) Qﬁ,h(Ato,tu+1)(xa f) Eaﬂpﬁ,h(Ato,tu+1)($’ f)

+ iaﬁ¢19,h(Ato,ty+1)(xa g)pﬂ,h(Ato,ty+1)(xa ’g) .

Hence, by Proposition 3.3, Theorem 5.1 and Lemma 5.2, there exist a con-

stant My j,; and an integer [> such that

(5.47) (P (At ) (00( At 1,1 )3 X, D)
— p(to, tu1) (Bn(to, tu+1); X7-Dx)>u‘

< Map(to — tus1)?|ulis.s

(Ato,tVH STy 2)to >t > >ty (> 0)) .

l,S
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Similarly, there exist a constant Ms; and an integer l3 such that

(5.48)

(100 + K (8, X, D) )pa(t,12) (9n(t11); X, DyJu

< M3 p(t —t1)|uliy,s
(Ty>t>1 >0).

1S

(II) Let Ags: (To >)t=to >t1 > -+ > ty,11 = 5(>0) and let A} ; be
any refinement of A; ;. Then we can write

(549) (ph(ALs)(gbh(A;s)? X, Dz) - ph(At,s) (¢h(At,s); X, Dm)) U
v+1
= th(Aéo,tj_l)(éf)h(A:to,tj_l);X, D,)
j=1

o (ph<A§fj,1,tj)(¢h(A;j,1,tj); X7 D$)
= pr(tj-1,t5)(n(tj-1,t5); X, Dm)>
o ph(Atj ,ty+1)(d)h(Atj,tu+1 )a X? D:E)u .

Hence, using (5.44) and (5.47), there exist a constant My ; and an integer
{4 such that

(5:50) | (Ph(A7)(6n(47,); X, D2) = pa(Ass)(@n(Ar): X. Do) Ju|
< My | Aesl(t — s)|uli,.s
(A M) t=to=ti = 2t =5(20).

Therefore, there exists Up(t, s)u € S such that
(5'51) Uh(ta S)U = IAhrTl Oph(At,s)(¢h(At,s)§ X, Dx)u
t,s| ™
( uniformly on [s, Tp]) .

Similarly, using (5.44), (5.47) and (5.48), there exist a constant Msj; and
an integer /5 such that

(5.52) | (Oon(A1.)(6n(A.); X, D) = i (Ar) (6n(Ars)s X, D)
< Ms palAslulis,s

(As: (M 2)t=tozt = 2t =5(20).

[,S
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Therefore, there exists V}, (¢, s)u € S such that

(553) Vh(t, S)’LL = |Ahr‘n 0 atph(At?s)((bh(At’s); X, Dx)u

( uniformly on [s, Tp]) .

Hence, U (t, s)u is differentiable and 0;Up(t, s)u = V3 (t, s)u.
Furthermore, using (5.44) and (5.48), there exist a constant Mg p; and
an integer lg such that

(550 |(60+ Kn(t, X, D2) ) pu(A0,6) (90(Ar)s X, Da)u
< Mgy (t—t1)|uli.s

(Ars: (M 2)t=toztiz 2t =5(20).

1S

Therefore, we have

(5.55) lim <z'8t + Kp(t, X, DI)) Pr(Ars) (dn(Ars); X, Dy)u =0

At,s|_’0
As a consequence, we get

(5.56) { LpUp(t,s)u=0 on [s,Tp

Up(s,s)u=u (0<s<Tp).

(III) By Theorem 5.1 and Theorem 5.3, there exist a constant My 5 ; and
an integer l7 such that

(5.57) | (pn(A0s)(@1(A1); X, D) = (1, 9) (G50, 5): X, Da) )
< Moy | Aes

1S

(t = s)[uliz,s

(A M 2)t=to=ti = 2t =5(20).
Hence, we have
(5.58) Un(t, s) = pj(t, s)(9p(t, 5); X, Da) -

(VI) Finally, we prove the uniqueness of Uy (, s):
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Let uy(t,s) € C'([s,To); S) be a solution of the Cauchy problem such
that

(5.59) { Lpup(t,s) =0 on [s, T
' up(s,s) =0 .

Set

(5 60) { K;z(ta 55 .’15‘/) = Kh(t,ﬂ?/, g)
' L, =0 + K} (t, Dy, X').

Then there exists W} (t,z,&) such that
(5.61) Ly, =0 + Hu(t, X, D,) + Wy (t, X, Dy)

and

Coo(z;:§)  (a=B=0)

OXDEIW! (¢, hox, h—" <{
|0 D AWj,(t, RO, h™PE) }| < o, (lat 8> 1)

(5.62)
Im{W, (t,hox, h=r&)} < Cfly

on [0, Ty] x R?". Here C7, 5 is a constant independent of 0 < h < 1.
Hence, for any 0 < 6 < Tp, there exists a fundamental solution U’(t, 6)
(0 <t < 0) for the operator Lj such that

(5.63) { LyUA(¢,0) =0 on [0,6]

UL0,0)=1 .

For any v(t) € C%([s, Tp); S), we set

(5.64) an(t) = —i /T UL 0)(0)d0 (s<t<Th) .

Then we have

(5.65)
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Hence, using (5.59) and (5.65), we have

To
(5.66) / (un(t, 5), v(t))dt
To
_ / (un(t, 5), L} zn(8) ) dt

t=Tp

= [ ittt ) @)]) "+ [ a9, e

=0 (v(t) € C%([s, To);S))

t=s

Therefore, we get up(t,s) =0 on [s,Tp]. O
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