Uniform Estimates for Distributions of Sums of i.i.d.
Random Variables with Fat Tail
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1.1 F

fER 22 (Q, F, P) BAZHSZFRI AR A X1, X, - TE[X|=0&7%5%%
DELH, TOHDDMHIZDOWTERS. &7z Xy DA p, Az F, LD A4AR
e F L. $4bb F(r) = pu((—o00,2]), F(z) = p((z,00)) =1 — F(z) £ BL. Z
D& E E[X?] < oo 72 o X FULRIRE BEAYE D 32D,

Theorem 1.1. A& R E R
c=EX el ZoLE

ZXk>0n ) — Dg(s), n— o0, s €R
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DA X BEPDE DFFHE THTK D LD L WIS K <HEInTWS. H#i

ZIX, 0 &S BRI ERF ¢, — oo 12X LT

sup P(>r_ Xk > nl/2s)
s€[l,cn] (I)O(S)

EIRBMEVSMEIHE I NT WS, Cramér[4] 1FRZERU 72

-1 =0, n — 0o (1.1)

Theorem 1.2. % ¢ > 0 BFAEL T Elexp(c|X1])] < co MO IDE T 2. ZDE &
ERED a € (0,1/6) LAERDIEHIMELS ] e(n) — 0IZH L Te, = n%(n) &L ERX
(1.1) A3k b 32D,

Linnik[9] & Cramér D R2FRIET, RE2R LU .

Theorem 1.3. % a € (0,1/6) 1% LT Elexp(|X;]|*¥/?H1))] < co B O LD LT 5.
ZDEEEEDOIBIMELS e(n) — 0IZH LT e, = n%(n) B EA(1.1) DIED
NLD.

S. Nagaev([12] 13 X; OWEDERTTNE ESITRERU 2.

Theorem 1.4. 2§ > 012 LT E[|[X1]*7] < co WD VIDET D, ZDEE
= (6logn)¥/2 & UTA(1.1) B D 32D,
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ML IFFIENZD < DR R I N T WS, FHZ AT regularly varying BIZ & (X
N5 7 AET 2L EIEFMBEOENRENNITEILEHD, L DMELRINT
W3,
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Definition 1.1. B% f: R — R » 2 — oo T —a D reqularly varying & 1% L&

Da>0IZKFLT
flaz)

f(x)_HL , T — 00

LB EENS.
FRZFREL O D regularly varying B % slowly varying B & FE5.

AR TR ZRET 5.
(A1) ®»2a>0ZHUT, F(z) I8 —a D regularly varying B4
DL E L(x)=2%F(z) (x > 1) LB LEHRLD L(x) & slowly varying BIET
bH5.
ST HEREI Y, Yy O RIS E ZNEN P F, U By By ldx — oo T
B —a D regularly varying BAE( & 956, ZD& &
P(Y1+Yy > )
Fi(s) + Fy(s)
DD ALD. FHZAERED n > 11T LT

— 1, s — 00 (1.2)

P(ZZ:1 X, > nl/2s)
nF(n'/2s)

MDD Z RS, IHITRABKDILDI LA ONT NS,

— 1, § — 00

Theorem 1.5. o > 1IZX LT (A1) ZIET S, TDESERDy > 01T LT
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sup (Zkzl L S)—l — 0, n — 00
s>nl/2 nF(n'/2s)
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Theorem1.7 & 0 §5iZ

P30 Xk > n'/%logn)
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N ARVASIE S I

— 1 <CLMY)' n>1 (1.5)
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FEEDac(0,2) IZHLTn 00Dl E
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Hsy(n,s) = @0(8)+n/s F(tn(s — x))®(z)dx
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Theorem 1.11. a = 22X LT (Al), (A2), (A3) ZINET 5. ZOLELED § < (0,1)

WX LTHEC >0 BHFELT

sup |P(ZZ:1 Xk > EnS)
s€[1,00) HQ(na S)

A YLD HF I

— 1| < CnFt,)°, n>1 (1.8)

P X, > t,
sup| (Zkz:l k 3)

== -1 =0, n — oQ. 1.9
s€[1,00) (I)()(S) + nF(tns) | ( )

L(t,)

n

ER. ANE (A1), (A2) Db & nF(t,) = — 0, n— oo MDD,

Z DEFDOFMIEE 3 HEIZBEWTITS.



Uniform Estimates for

g
Tk

Distributions of Sums of
i.i.d. Random Variables with
Fat Tail: Finite variance
case.

We show uniform estimates of distributions of the sum of i.i.d. random variables
with fat tail and finite variance. Rozovskii[17] showed several uniform estimates but
the speeds of convergence were not shown. Our main uniform estimate has a speed
of convergence. We also compare our estimates with Nagaev’s estimate which is valid
in the non-threshold case and we show a necessary and sufficient condition for holding

Nagaev’s estimate in this case.

2.1 Introduction

Let (£2, F, P) be a probability space and X,,,n = 1,2, ..., be independent identically
distributed random variables whose probability law is g. Let F : R — [0,1] and F :
R — [0, 1] be given by F(x) = u((—o00,]) and F(x) = u((z,00)), = € R. We assume
the following.

(A1) F(z) is a regularly varying function of index —a for some o > 2, as x — oo, i.e.,

it we let
L(zx) =2“F(z) , x > 1,

then L(z) > 0 for any = > 1, and for any a > 0

L(ax)
L(x)

—1, z— oc0.

(A2) f_ooo |z]*+00p(dx) < oo for some &y € (0,1), [ 2*u(dx) =1 and [, xp(da) =0

9



A. Nagaev([10] and S. Nagaev[13] proved the following theorem.
Theorem 2.1. Assume (Al) for a > 2 and (A2). Then we have

P>, Xi > nl/%s)

su = — 1| — 0, n — 00. 2.1
se[1,lgo)| Do (s) + nl'(nt/2s) | 21)
Here &5 : R — R is given by
Do (x) ex d , r e R
0 /—27T / p(—5)dy

In this chapter, we assume (A1) for a = 2 (threshold case), (A2) and the following.
(A3) The probability law p is absolutely continuous and has a density function p : R —

[0, 00) which is right continuous and has a finite total variation.

Let us define &, : R - R, k=1,2,3, by

1 x? d
Dy (z) = Jon eXP(—E) = —%Q)O(I),
and
dkfl
@“x):(—lykldﬁFIQKx% k=23

nl/2
Let v, = ["_ a®u(dx) for n > 1 and let

H(n,s) = ®g(s)+ n/s F((s — 2)vt?nY?)®, (z)dx

—00

. (”E” *n'2®, (s) /OOO rp(dz) + v, 1%2(8) /0 xzu(daf)>'

In this chapter, we show the following (Theorem 1.9).

Theorem 2.2. Assume (Al) for a =2, (A2) and (A3). Then for any 6 € (0,1), there
is a C' > 0 such that

P(ZL Xy > ”1/23)
sup | 72
s€[1,00) H(n,v, '"s)

— 1 <CLMY))'™, n>1 (2.2)

In particular, we have

wp | P Xi > n/%)

2 — -1 =0, n — 00. (2.3)
selLoo) Po(vn '7s) + nF(n/2s)
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Rozovskii [17] showed different types of uniform estimate. (see Theorem 1, 2 and
3b in [17].) The estimates in Theorem 1, 2 in [17] were proved under more general
assumptions but the speeds of convergence were not shown. The estimate in Theorem
3b in [17] is strongly related to Equation (3) but does not completely include our result.

The proof of uniform estimates in [17] is different from ours.
We also prove the following.
Theorem 2.3. Assume (Al) for a =2, (A2) and (A3).

If limsup,,_,.. (1 —v,)log =0, then we have

1
L(nl/?)

Do (v %) + nF(n}/2s)

su = — 1| =0, n — o0. 2.4
56[17120) Oo(s) + nF(nl/2s) | (24)
If li (1 )1 ! > 0, then Equation (2.4) d t hold
imsu —vy,) log ———— , then Equation (2. oes not hold.
pn—)oo g L(nl/z) q
Combining with Theorem 2.2, Theorem 2.3 gives a necessary and sufficient condi-
1
tion for holding Equation (2.1). The condition limsup,,_,. (1 — v,) log eeE)] =0 is
n

correspond to Equation (56) in [17]. Hence the estimate with B, = n'/2? in Theorem 3b

in [17] is not valid under our assumptions.

We also prove the following to obtain Theorem 2.2.

Theorem 2.4. Assume (A1) for a =2, (A2) and (A3). Then for any § € (0,1), there
is a C' > 0 such that

|P(Z Xy, > sn'/?) — H(n,v;Y?s)| < CL(nY?)*79, s> 1.
k=1

Throughout this paper we assume (Al) for @ = 2, (A2) and (A3). Then we see

that L(t) — 0, t = oo and —— Un

W — 00, 1 — oo (see Equation (2.5), (2.6)).

2.2 Preliminary facts

We summarize several known facts (c.f. Fushiya-Kusuokal[7]).
Proposition 2.1. We have

L(ax)
Ssu
1/29139 L(x)

— 1, T — 00,

11



and
inf L{az)
1/2<a<2 L(7)

Proposition 2.2. For any ¢ € (0, 1), there is an M(g) > 1 such that

— 1, T — 0.

1 e Llyz)
M(e) 1ty < < M(e)y* > 1.
€)'y~ < I(o) = €y zy=
Proposition 2.3. (1) For any f < —1,
1 o0 1
—_— PL(x)dx - ——— t— 0.
t5+1L(t)/t x’ L(x)dx L 00

(2) For any B > —1,

! /t AL(x)dx — ! t—
—_— — 0.
tBHLL(t) Jy voRar f+1

(3) Let f:[1,00) — (0,00) be given by

f(t):/ltx‘lL(x)dx P> 1

Then f is slowly varying. Moreover if liny_, f(t) < co,we have
1 /°° 4
— x~ L(x)dx — oo, t — oo.
L(t) J;

Proposition 2.4. There is a Cy > 0 such that
Pr(z)] < Co(1+2) Py (), x>0,k=1,2,
and
Citd(z) < 2®g(z) < Co®y (1), x>1/2.

Proposition 2.5. (1) For any m > 1, let rem : R — C be given by

_ L (it)k
Fean(t) = exp(it) — (1 + ) ) teR

k=1
Then we have
min(|¢[™ 1, 2(m + 1)[¢[™)
(m+1)!
(2) For anym > 1, let 1, : {z € C; |z| < 1/2} — C be given by

m -1 k—1
ma() =1og(1+9) -3 T e <12

k=1

|Tem(t)] < : t e R.

Then we have

[ (2)] < 212", zeC 2| < 1/2.
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Let u(t), t > 0, be a probability measure on (R, B(R)) given by

pt)(A) = (1= F(t)" (AN (=00, 1)),

for any A € B(R).
Let ¢(-;u(t)), t > 0, be the characteristic function of the probability measure
u(t), ie.,

(€ 1(t)) = / exp(iz€)u(t)(dz),  EER.

R

Proposition 2.6. There is a cg > 0 such that for any t > 2, £ € R and integer n,m

with n > m,

foln ™26, (D) < (1+ ey

Proposition 2.7. Let v be a probability measure on (R, B(R)) such that [, x*v(dx) <
00.Also,assume that there is a constant C' > 0 such that the characteristic function
o(-,v) : R — C satisfies

lp(&; )| < C(L+1E)72, €eR.
Then for any x € R and v > 0

efixg v 2
v(a,00)) = (v 20 + - [ Sl = exp(= "))

2.3 Estimate for moments

Let

e(t) = / o*p(dx), t>0, k=12,

and

t
mit) = [ Sude), e
1
Then we see that

_m(t):/tooxu(d;p):/tOOF(a:)dx+tF(t), £>0,

13



1 —ne(t) = /too v u(dr) = 2/:0 zF(x)dr + t*F(t), t>0,

and

In particular, we see that

L(t) < 1—my(t) =0, t— oo, (2.5)
L=t ;Z];)(t) — 00, t—o00. (2.6)

For any § > 0, let t,, = n'/2L(n'/?)%. Note that n=*/%t,, — 0, n — oc.

Proposition 2.8. For any € > 0, there is a C > 0 such that

Lfg’ﬁl) < CL(n'?)7, (27)

nF(t,) < CL(n"/?)'~2-= (2.8)
na(n'?) = ma(ta) < CL(n'?)' 72 (2.9)
—nl/in(tn) < C’L(nl/Q)l_%7 (2.10)
n~Y2ns(t,) < CL(n'/?). (2.11)

for any n > 1.

Proof. From Proposition 2.2, there is an M (¢) > 0 such that

L(t,) _ L(t,) s
L(n'72) ~ L(t,L(n1/2)=9) < M(e)L(n'/?)7.

Hence we have Inequality (2.7). Similarly, we see that

nF(t,) = L(n"/*)"2 L(t,) = L(n"/?)'"=? L(ty)

E(n 7%
and
wt) it = 1) - po 2 [T K,
— L) — L(n'2) + 2L(t,) /1 s égi:?;;dy
< Lt - L) + 200 ME) [ T ey
< L(t,) — L(n*'?) + QQL(%)(L(WQ)—&S —1).
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From Inequality (2.7), we have Inequalities (2.8) and (2.9).
Let

1

e1(t) = =y 0] /too v 2L(z)dr — 1

and

e(t) = ﬁ/l L(z)dz — 1.

Then from Proposition 2.3 (1) and (2) we have €(t) — 0 and 3(t) — 0 as t — oc.

Hence we see that

—n1/27]1(tn) = nl/? (tnF(tn) + /too F(x)dx) = L(nl/z)_‘;L(tn)@ +e1(tn))

15 L(tn)

= (2+4a (tn))L<n1/2) L(n'/?)

and

n2(t,) = 0 YV2E(L) 4 (2 + e3(ta)) L(n*/?)YLt,,)
= nTPF(1) +(2+ 63(tn)>L(n”2>H5%'

From Inequality (2.7), we have Inequalities (2.10) and (2.11). O

2.4 Asymptotic expansion of characteristic functions

Remind that v, = f_n;/f 22p(dx) and t, = n'/2L(n'/2)°.

In this section, we prove the following Lemma.

Lemma 2.1. Let

Ruo€) = exp(562)e(n 36 u(t)" = (1+ n(p(n 3 p(tn)) — 1) + 5€7),
Roa(€) = exp(56)p(n 36 u(t,)" — 1
Rua®) = exp(5€)p(n 2&p(t))" ! — 1

Then there is a C > 0 such that
[Rao(€)] < CL(nV2)> g (2.12)

15



and
| Rt (€)] + | Ru2(€)] < CL(n'/?)"2[¢]
for any n > 8 and & € R with |¢] < L(n'/?)79,
As a corollary to Lemma 2.1, we have the following.

Corollary 2.1. Let

Ro(n,s) = pul(tn)™((sn'/?, 00)) — ®o(v;, '/%s)
1 e 188

2
o Jo i€ (n(w(n%;u(tn)) -1 +%) e~ e 2 ¢

Ryk(n,s) = p(t,) @ ((sn'/? 00)) — ®o(v;Y2s),  k=0,1,

and

U'n52

P26 pu(t,))" ™t — e | de.

_ 1
R2(n75) = %/R

Then there is a C' > 0 such that for any n > 1, we have
|Ro(n, )| < CL(n'/?)*~%

and
|Rio(n, )] + | Rii(n, &)| + |Ra(n, §)| < CL(n'/?)' 4.

Proof. From Proposition 2.8, we see that

Ro(n, s)
e8¢ 1 1
- 2 (it tesntey = (14 nlolabein(t) = 1)+

or Ju i€

1 eis¢ 2
= — [ SR o(&)e e,

By Lemma 2.1, there is a Cjy > 0 such that

/ |Rn,0<§)|d§ S C(]L(nl/2)2_66.
|¢|<L(n1/2)=0 |€|

It is easy to see from Proposition 2.5 (1) that

o W Plmtlle] P

16
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From the above inequality and Proposition 2.7, we see that for any m > 2/4, there is a
C > 0 such that for any n > 2m and ¢ € R with |[¢] > L(n'/2)7,

2 on 2
S| < e

3 pta)) " + n(ip(n 3¢5 plta)) = 1) + 1+

Hence we have

’Unfz

p(n72E pu(ty))" — (1 Fn(p(n 26 u(ty)) — 1) + U"; )6_ :

dg

L2

<20 [Cjtdg= 2y < Xy
L

(n1/2)—6 m
Therefore we have Inequation (2.14).
We see also that
~ 1 e~ s _1 n _wng?
Foaln.s) = (ptnteintey - e ) as

o Ju i€

1 671‘8é 2
= — | —R, —n&/2g
o R ZS ,1+k(£)€ 57

1 2
Rans) = 5= [ IRual@)le s

Similarly to the first equation, we have Inequation (2.15). ]

We make some preparations to prove Lemma 2.1.

Let

Ro(n,&) = o(n™'2¢, p(t,)) — (1 — Un).

First we prove the following.

Proposition 2.9. There is a constant C' > 0 such that for any n > 8, and & € R with
€] < L(n'/?)~,

InRo(n, &) < CL(n'/?*)' =2 [¢|
and
nlo(n”2& u(t,) — 1| < CL(nY?) .

In particular,
sup{|nRo(n, &)|; €] < L(n'*)~°} = 0, n — 0o. (2.16)

17



Proof. We can easily see that

(€ u(8)) = / exp(i€)p(t) (dz)

R

= 1m0 + e+ [ et

[ natantao) + T g [ ralantn)

1- —00

Hence we have that

Rafis) = 0 )(i€) + (n(tn) = VDD + [ o Penatan)
[ et Penutn) + T [ el o)

Then we see that
1 1 |§|2 s ! 2460 2460
n|Ro(n, )] < n2|m(a)llE] + (n2(n2) — ma(tn)) = + 072 |27 u(d)[€]
1 1 1 =
g (e + i) [ felutdn)lg,  geRe2,
R
where Jp is in (A2). Hence from Proposition 2.5, we see that there is a C' > 0 such that
[nRo(n, €)] < C (L(n'?)' 2] + L(n' ) U2 4+ n= 0P 4 L(n'?)[¢]?) .

Therefore we have the first inequality.

Since n(p(n~2&; u(ty)) — 1) = nRo(n, €) — n2(n*/2)€2/2, we have the second inequal-
ity. O

Let
Ri(n,€) = (n— k) log o(n™"26 (1)) = nlp(n™2& u(ta)) = 1), k=0,1.
Proposition 2.10. There is a C' > 0 such that for any ¢ € R with |¢| < L(n'/?)7°,
|Rug(n,€)| < On~'L(n'2)~%|¢].
In particular

sup{| Ry x(n,&)|; €] < L(n1/2)*6} — 0, n — 00. (2.17)

18



Proof. First, we have
log (&, (1)) = @& ult)) = 1+ ria (& () = 1), [€] < L(n'/?)~".
Hence we have
Ryi(n, &) = —klogo(n™2& pltn)) + nrea (p(n ™26 p(tn)) — 1).

From Proposition 2.9, we see that there is a C' > such that

[Ruu(n,©)] < lo(n 26 ultn)) — 1] + 2nlp(n2& p(t,)) — 12
< CnTL(nM?)7¥E), ¢ < L)

Let us prove Lemma 2.1. Note that for £ =0, 1
log(e" /2 p(n™2€; ()" ™) = nRo (1. €) + Ru(n.€).
We see that
e Po(n72E pu(ta))" ™ = exp(nRo(n, €) + Rix(n, €)).

Hence we see that

Ruo(€) = em/p(n 2& u(t,))" — (1 + nRo(n, £))
= exp(nRo(n,€)) — (1 +nRo(n, ) + exp(nRo(n, £))(exp(Ry o(n, €)) — 1).

From Inequality (2.16), we see that there is a C' > 0 such that

[Ruo(§)] < C (InRo(n, §)” + [Rio(n, €)]) .

Therefore we have Inequality (2.12) from Proposition 2.9 and 2.10.
Proof of Inequality (2.13) is similar to Inequality (2.12).

2.5 Proof of Theorem 2.4

Note that

n

PO Xy > sn'?) = " I(n, s),
=1

k=0

19



where
Ix(n,s) = P(Z X; > sn'/?, Z Lix, >ty = k), k=0,1,...,n.
=1 =1

Then we have

n

Ix(n,s) = (k>P(ZXl >sn'2 Xy >t i=1,. .k X; <tp,j=k+1,...,n),
=1

for k=0,1,...,n.

Let Fy,o(z) = P(X; > n'%2, X, <t,) = (1-F(t,))pt,)((n*/?z,00)) and F,, 1 (x) =
P(X; > n'%x, X, > t,). Note that F,o(z) + F,1(z) = F(n'/?x).

Proposition 2.11. There is a C > 0 such that
1 _
|Ip(n,s) — (1 — n)@o(vrjl/zs) — §<I>2(v;1/2s) — n/ Foo(s — v,l/zw)i)l(x)dx\
R
< CL(nl/z)Q*S‘S, n>1s>1.

Proof. First, note that

Fols — i
/ no(8 = U 2) g — Bo(u-12s)
R

1— F(t,) "
-/ %(A““*w(n‘%&;u(tn))—1)@‘%2&) o
1 e 58 _1 _vng2
T o r (p(n2& u(ty)) — L)em 25 dE.

Hence we have

Fro(s — vy 1
n(/ ols _ ?) Oy (z)dx — @0(1);1/23)> + §<I)2(vgl/23)
R

L= F(tn)
! - 2 n 2 oy £2
= 5 i eig (n(Qp(n7§§; w(ty,)) — 1)+ %)e € /2d§.

By Corollary 2.1, we see that there is a C' > 0 such that for any n > 1, we have

—1/2
Un/

2

()™ (502, 00)) = (1 = ) o(v,,25) —

Frols — ot
—n/ no(s Y x)CI)l(x)dﬂ
R 1—F(t,)

CI)Q(S)

< CL(n1/2)2756.
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We decompose Iy(n, s) into three parts, i.e.,

Io(n,s) = (1= nF(t,))" u(ta) " ((sn'/?, 00))
= Ipo(n,s) + Ip1(n,s) + loa(n, s),

where
Ipo(n,s) = (1= F(ty))u(tn)™ ((sn'/?, 00)),
Ipa(n.s) = —nF(t,)u(t,)"((sn'/?, 00)),
Ioa(n,s) = (1=nF(t)" =14 (n+ 1) F(t))u(t,)" ((sn'/?, 00))
Since
_ 12 q)g(v,;l/zs) f0(s — v x)
(1—=F(t,) | @ —=n)Py(v, /°s) + 5 + n/R ’1 Bt 1(x)dz
—1/2
= (1 —n+nF(t,)®(v, %s) + (I)2<U; °) + n/ Fo(s —vl22)® (z)de
ool
() Bl 2s) — Pt P2
we have

_ _1 d n% _ 1
Too(n, s) — (1 — n—+nF(t,))®o(vn 2 s) — Daon’s) _ n/ Fro(s — viz)®y(z)dz|
R

< CLnM?>,
By Corollary 2.1, we see that
o1 (n, 5) + 0B (£,) (v 2 5)| < CL(n'/2)25,
Note that |[(1 —z)" — (1 — nx)| < n?2? for any = € [0,1], n > 1. Hence we have
[Io.2(n, 8)| < Cn2F(t,)* < CL(n'/?)*%.
Therefore we have our assertion. O

Proposition 2.12. There is a C > 0 such that

|I1(n,s) — n/ Fpi(s —v22)®, (x)dx| < CL(n'/?)?7% n>1s>1.
R
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Proof.

Il(”a S) - n<1 - F(tn>)n_1 / P(Xl +x > snt/? , X1 > tn)ﬂ(tn>*(n_1)(dx)
R

= n(l— F(t,))"* /RF((snl/2 —2) Vb)) p(tn) Y (dx)

= nJy(n,s) +nJi(n,s) +na(n,s),

where
snl/g—tn
Bins) = [ Plent? < (e, Ve,
Bins) = Flta) [ )™ Id) = Fltau(ta) V(s — L)%, 00),
sn —tn
and
Jo(n.s) = ((1—F(t,))"" - 1)/F((Sn1/2 =) V ta)u(ta) "V (da).
R
We see that
Jo(n, s)
snl/zftn
_ / Fsn? — 2)u(t,) ™= (da)
_::1/2715” 1 . . e
= [T TR (g [ e (s utr - e )
—o0 2m R
—I—v;lﬂcbl(n_l/%;l/?x))n_l/de
S—L(nl/2)5 B 1 ‘ ) Ungz
= [ Fe oy ([ ity - o) do
Lo ™ R

v 2 (s—L(n?/2)%)
+/ F((s — v}?2)n?)®, (z)dx.

—0o0

Hence from Corollary 2.1, we see that there is a C' > 0 such that

v 2 (s=Ln/2)7)
n|Jo(n,s) — / F((s — v?2)n?)®, (z)dx|

—00

IN

CL(n1/2)1_45n1/2/ F(z)dz

ln

< CL(H1/2)1_457L1/2’771 (tn)‘

We also see that
nlJi(n, ) = F(ta)®o(v, (s — L(n'/?)"))]
< CnF(tn)’/L(tn)*(n_l)(((S i L(nl/z)é)n1/27 OO)) . @0(@51/2(8 . L(n1/2>6>)|
CnF(t,)L(n'/?)1=4

AN
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and
nJa(n,s)| < (nF(t,))* < L(n'/?)*9

Note that

v 1/2(S_L(n1/2)5) -
/ F((s— vi/zx)nl/z)(bl(x)dx + F(tn)ég(vglﬂ(s — L(n1/2)5))

—0o0

= /F‘n,l(s — 0!/%2)®, (x)dx.
R
Therefore we have our assertion. O

Let us prove Theorem 2.4.

From Proposition 2.11 and 2.12; we see that there is a C' > 0 such that

|IO(n7 S) + Il(”a S)
—(1- n)@o(vglﬁs) — %(I)Q(vnlms) — n/ F(n1/2(5 — v}/Qx))@l(m)dm\
R
< CL(n1/2)2766'

Note that

/RF(n%(S — 0}22)) By (2)da — Bo(v;/2s)

= [ R - e
Ul/zs(polé(s - ’0711/2‘7:)) 1{U1/2x>s})q)l(x)dx
o 1/2g " N
and
> 0
! /—1/2 Fnt3(s = une)) @y ()de = n1/2/ F(y)®y (v, %5 — n= Y20 2y 0 2dy.

n

Let R(z,y) = ®1(z — y) — ®1(2) — Po(2)y, for z > 0,y < 0, then we see that there
is a C; > 0 such that

|R(s,y)| < Cily|""™,
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where dg is in (A2). Hence we have

2

(o) 0
) / F(nV2(s — 0,2)) @ (2)de — 3 v 2020 (07 1/25) / U () dy

Un © S k=1

|
3
=
[N}
=

(v 25,0~ 20, 2y F(y)dy|

IA

0
Cln—50/2vg(1+6o)/2/ |y|1+5OF(y)dy

—80/2
< (Cn 0/,

where C' = Cyv _(1+6O)/2 ffoo y T (y)dy < oo.

Since
0 0 0
/ F(y)dy = / yu(dy) = — / yp(dy)
—00 —00 0
and
0 1 /0 v, 1 [
[ @i =3 [ utin =5 [ sPuta),
oo —o0 0
we see that

1/2

1 _ 0 L Dy(on Ps) [
30 28) o 2s) [ pry =t P T )
—00 0

Therefore we have

(1= m)o(o 25) + 50a(u %)+ | P (s = ol ) ala)do = Hn, v "s)

< Cn~%/2
We also see that
a n(n—1) (n—2\ - _ & _nn—1) -
I < F(t,)" (1 = F(t,))" ™% < ——2F(t,)?
SUCBIED = I LSS R
< L(n1/2)2 56.

This completes the proof of Theorem 2.4.
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2.6 Some Estimations

i = [ © R (s — 2)ol 20V ) by (2)de,

Then we have

Let
Hy(n,s) = ®o(s) + nF(v2/2n/?s).
In this section we prove the following Lemma.

Lemma 2.2.

sup
$€[1,00)

‘ Hln, s)

— 1 —0 — 00.
Ho(n, ) ' T

Let u, = Urlz/znl/27 Qp = L(Un)1/3 and ﬁn = L<Un)_1/12.
Proposition 2.13. For any ¢ > 0, there is a C > 0 such that

— < CL(u,) ts** 1,00).
n(uns)_ (u)s , 36[, )
In particular, for s > [, we have

1

- < 0514+6.
nF(u,s) —
Proof. From Proposition 2.8 we see that for any € > 0 there is a C' > 0 such that

1 s 1 L(uy)

nF(u,s) Un L(uy,) L(uys)
< OL(u,) 's*te

Since L(u,)™ ' = B2 < s'% for s > f3,,, we have the second inequality.
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Let nF,(s) = Sr_, Ix(n, s), where

Li(n,s) = n/s F((s — 2)u,)®(2)dx,

—ap

Ly(n,s) = n/\;_:: F((s — 2)u,)®1(z)dz,

7/8s
I3(n,s) = n/ F((s — 2)u,)®q(z)dz,

Ii(n,s) = n/_s F((s — 2)u,) P (z)d.

Let
R(n,s,y) = ®1(s — u, 'y) — (P1(s) + u, 'yda(s)), forn>1, s,y €[l,00).

Proposition 2.14.

2 QpUn B
sup Ho(n, s) M Ii(n,s) = 3 v, 2n= 4220, (s) / YU (y)dy] = 0, n— .
0

$€[1,00) 1

Proof. We see that

2 Qnln _
Li(n,s) — Z Unk/2n(k2)/2<1>k(s)/ y" T E (y)dy
k=1 0

= [ R (@4 = )~ ()~ 0 () dy

= ! [ RO sy
0

Note that for any y € [0, a,uy),

[R(n,s,9)] < u,?y? sup ]I%(Z)I
ze[s—an,S

Con (1 + 5)*®1(s — )
C3n 1% (1 4 5)*®g(s) exp(a,s).

AN VAN

Hence for all s € [1,00)
2 Qnln
|11 (1, 5) — Zvnmn(’”mfbk(S)/ YL (y)dyl
k=1 0
< 8Cysup{z*F(z2); z > 0}a,s*®g(s) exp(ay,s).
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Since o, 3% = L(u,)Y*? — 0, n — oo, we have
n 9 )

2

sup Po(s) ! Li(n,s) — Y v;'“”n‘(’“‘z)/2<1>k(8)/ y* T E(y)dy| = 0, n — oo.
0

s<Bn k=1

From Proposition 2.13, we see that for any ¢ > 0 there is a C'(¢) > 0 such that

(nF (ups))™t < C(e)stre.

Hence we see that for s > f3,,

2

(nF (uys) "I (n, 8) = Y 0¥ 20 (72720, (s) / Yy F (y)dyl
0

k=1
< 8C(e)Casup{z*F(z); z > 0}a,s' ™ ®¢(s) exp(ay,s).
Since sup,,»; sup,s 5, s TPy (s) exp(ans) < oo, we have

2

sup (nF (ups)) 11 (n, s) — Zv;kﬂn_(k_g)/?@k(s)/ y" L E (y)dy| — 0, n — oo.
0

5> Pn k=1

Therefore we have our assertion. O

Proposition 2.15.

(1=4/7/8)uns _
sup Hoy(n,s) |L(n,s) Zv_kﬂ b2, (s )/ Yy E(y)dy| — 0 ,n — oo.
$€[1,00) QAnUn
Proof. Similarly to Proposition 2.14, we see that
—/7/8)uns _
B(n ) Zv ety [ gy

IN

1 (,\/7/ Yuns
o / F(y)|R(n, s.)\dy

nUn

IN

- (1—4/7/8)uns
nu, 2 F(uno,)Co(1 4+ 5)*( sup  |®1(2)]) / ydy
2€[\/7/8s,s] u

4Con F (ty00,)8° P (\/7/85)
< 403+7/8nﬁ(unozn)SGQDO(S)?/S.

nQn

IN

Since Hy(n, s)™' < ®¢(s)~%7(nF(u,s))"Y/7, it is easy to see that for any ¢ € (0,4/7),
there is a C'; > 0 such that

2 (1—=1/7/8)uns 3
H(ns) i, ) = 3 02 () [ V= F(y)dy]

k=1 Gnltin

< 0186+2/7+€(I>0(8)7/8_6/7L(un)(1_8)/3_1/7.
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Since sup,{s52/7P(s)"/8%/7} < 0o and (1 —¢€)/3 — 1/7 > 0, we have

2 (1—4/7/8)uns
sup Ho(rn, ) |Ta(n,5) = 30, ) [

521 k=1

yk_lﬁ(y)dm — 0, n — oo.

nUn

]

Proposition 2.16.

Es[1i1p )Ho(n, s) Y Is(n, s) — nF (u,s)| — 0, n — oo.
Proof.
- Vs By, (s —
I3(n,s) = nF(uns)/_ F(};((u 3 ) 1(z)dx
— V/7/8s x Up(s —
. /_ (1-— g)2%®1(:€)d:ﬁ.

It is easy to see that there is a C; > 0 such that

) < CyL(uy) ™3, n>1sell,(—logLu,))"?,
85 n un —ZE))
‘/ Funs) ——=——0(7)dz| < O, n>1s €l 00).

Then we have

sup Ho(n,s) Y 1s(n, s) — nF(u,s)] < CL(Cy + 1)L{un)~2*nF (uy,)
s<(—log L(ux))t/2

< Cy(Cy + D) Lun)? = 0, n— oo.

We take M > 1 arbitrarily, then (—log L(u,))"* > M for sufficiently large n.

Hence we see that for s > (—log L(u,,))"/?

VI Lu(s — 7))
/3 (1= 222t o) -
VIss L(un(s — 7))
< |[7 - S) - e s
7/85 S . l‘))
‘/ s) —1)®y(z)dx +/[_s,\/7_/8510 &y (x)dx
< 2(/_My(1—§) —1|®, (x)dx+8<IDO(M))
+ sup sup |L at) _ 1| 4 28, (1/7/8s).
t>(—log L(un))'/2 1 /7/8<a<1 L(t
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Hence we have

sup InF(u,s)|"13(n, s) — nF(uys)| — 0, n — 0o.
s>(—log L(un))/2

So we have our assertion.
Proposition 2.17.

sup ]4(71, S)

— 0, n — 00.
s€[1,00) Hﬂ(nv‘S)

Proof. |I4(n,s)| < nF(2u,s)®y(s). Hence we have

o(s) HIx(n, s)| < nF(2u,s) < nF(u,) — 0, n — oo.

Proposition 2.18.
sup Ho(n,s) o nl0u(s) [ Pyl 20, nsos,
s€[1,00) \/7/8uns

and

1/2

s€[1,00) \/7/8uns

Proof. From Proposition 2.3 (2), we see that there is a C; > 0 such that

sup Ho(n, s)™ v, ' ®a(s) (/ yF(y)dy + L(n1/2)> | =0, n— oo

nt/? /oo F(y)dy < Cis L((1 — \/T/8)uys).
(1—4/7/8)uns

We can easily see that

sup @0(5)_1711/2(1)1(5)/ F(y)dy — 0, n — 0o,
s€[1,8n) (1—4/7/8)nt/2s
and
sup (nF(nl/Qs))_1n1/2<I>1(s) / F(y)dy — 0, n — 00.
5€[Bn,00) (1—=4/7/8)n1/2s

Also we see that for any ¢ € (0, 1), there is a Cy > 0 such that

1/2

n 3 1 L 1/2
/ yF(y)dy = / (n—x)dx < C’2L(n1/2)5€.
(1=+/7/8)uns (1—+/7/8)v/?s z
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Hence we can easily see that

1/2

sup Bo(s)"|@a(s) / yF(y)dy + L") | | 50, n— oo,
S€[1,8n) (1—4/7/8)uns

and

nl/2
sup (nF(n'?s))"|By(s) /
S€[Bn,00) (1—4/7/8)uns

Therefore we have our assertion. O

yF(y)dy + L(n1/2)> | =0, n — 0o.

Now let us prove Lemma 2.2. Note that H(n,s) — Hy(n,s) = A(n,s) — nF(sn'/?).
So Proposition 2.14, 15, 16, 17 and 18 imply Lemma 2.2.

2.7 Proof of Theorem 2.2

First we prove the following Lemma.
Lemma 2.3. For any 5 >0 and § € (0,1), there is a C > 0 such that

PO Xy > snt/?
Ny BEEPD

. 1’ < CL(n1/2>175
s>L(n1/2)-8 H(n, v, /23)

We make some preparations to prove Lemma 2.3. Similarly to Proposition 26 in

[7], we can prove the following.
Proposition 2.19. (1) For any t,s > 0, and n > 2,

P(Z Xilix,<mirzy > sn7) < exp(— — -).

k=2

(2) For any s,t >0, e € (0,1) witht < (1 —¢€)s,

|P(Z X > S?’L%) — TLP(Xl + ZXkl{XkStnl/Z} > STL%, ZXkl{ngtnl/Q} < ES’I”L%)|
k=1 k=2 k=2

< 2n(n — 1)F(tn%)2 - exp(?2 — %) + nF(tn%) exp(— — —).
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Proof. We prove this proposition briefly. We see that

P(Z Xilpx,<imiy > sn'/?) < eXP(—g)E[eXp(m Z Xilix,<in/zy)]
k=2 k=2

s 1 e
< eXP(—Z)E[GXP(WXll{Xlgth})] g

It is easy to see that e* <1+ z + 2%(1V ¢€®) for any x € R. So we have

1 1 1 )
E[exp(m—l/QXll{X1§tnl/2})] S 1+ m—l/gE[Xll{Xlﬁtnl/Q}] + %E[Xl] exp(l)
< 1+ 0
- t2n’

Since log(1 + z) < x for > 0, we see that
6

1
(n — ].) lOg E[GXP(—Xll{Xlgml/?})] S t2.

tnl/2
Hence we have the assertion (1).

Note that

n

P(iXk > snl/?) = Z I,
k=1

m=0

where
In=P(Y_ Xy >sn'® Y Ly ey =m), m=0,1....n.
k=1 k=1
Then we have

[m - (n)p<ZXk > snl/z,Xi > tnl/Q,i = 1,...,771/, Xj S tn1/27j =m + 17"'7”)7
k=1

m
for m =0,1,...,n. We can easily see that
n 1) .
S I < %F(ml/z)? (2.18)
m=2

From (1), we have
6
Iy <exp(= — -). (2.19)

Let Al = {Xl > tnl/Q}, AQ = {Xk S tn1/2,k = 2,3,. .. ,n},
By = {X1+ 25 Xilix, <inrrzy > snt/?} and By = {>_,_, Xilix, <inirzy < esn'/?}.
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Note that By N By C Ay, since t < (1 —¢)s. So we see that

|P(B1N A1 NAy) — P(By N Bs)
P(BiNBSN A NA) + P(BiNByN A NAS)
< P(A)P(B3)+ P(A)P(A3). (2.20)

IN

Note that

P(AS) <Y P(Xip > tn'?) = (n— 1)F(tn'/?).
k=2

Also, by the assertion (1) we have

c 6 es
P(B;) < eXP(t_g - Q_t)
Since Iy = nP(B; N A; N Ay), we have the assertion (2) from Equations (2.18), (2.19)

and (2.20). This completes the proof. O

Also we prove the following for the proof of Lemma 2.3.

Proposition 2.20. For any v, 6, € € (0,1) and > 0, there is a C > 0 such that

|P(X + ZXkl{ngs"/nl/Q} > sn'/?, ZXkl{ngs-ynl/Q} < esn'/?)

k=2 k=2
~1/2

_ / T R M2(s — 0120)) 0y () da]

< CF((]. . g)nl/QS)L(nl/Z)l—S(s’ fOT s> L(nl/Q)_ﬁ.
Proof. Let t, = L(n'/?)°n'/2,
Since

P(Xl -+ X1 X, <sTnl/2} > Sn%, X1 X <sTnl/? < 5571%)
{ Xk } { }
k=2 k=2

- P(X]_ + Xkl ngswn1/2 > Sn%, Xkl ngs'ynl/Q S 5577,%, n’laX()(z7 e ,Xn) > tn)
{ } { ¥
k=2 k=2

+P(Xy+ Y X >sn2, Y Xy <esnt, Xy <ty Xy < t),
k=2 k=2
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it is easy to see that there is a O} > 0 such that for s > L(n!/?)=#

n n N
|P<X]_ + ZXkl{ngsynl/2} > Sn%7ZXk1{XkSs'yn1/2} S 53”5)
k=2 k=2

—P(Xi+ Y X > 02,y Xy <esnt, X <ty X, <ty
k=2 k=2

< C1F((1—&)nzs)L(n2)"%.
We also see that

P(X1+ ) Xp>sn'?> X <esn'? Xy <t,,..., X, <t,)

k=2 k=2
€s

— (1 F(t,))"! / F(n2(s — 2))u(ty) ™ (dx).

—00

Similarly to the proof of Proposition 2.12, we have our assertion.

Now let us prove Lemma 2.3. Since

v, ‘s

H(n,v;Y%s) — n/ F(n'?(s — v}/%2))® (x)dx
vif/(;s
= @0(vn1/25)—n/1/2 F(n'?(s —v%2))®, (z)dx
oo o 51/2 nl/2
+vn1/2n1/2<1>1(vn1/25)/ xu(d:c)%—vnl%/ 2?p(dz)
0 0
B, (02 nl/2
= Py(v,"%s) +v;1¥ / 2* p(de)
0
o (1 = ) 2s) @, (071 %)

1/24

1—e)n _
—uy, 0 / F(2)(®1(v; "% — =201 22) — @y (07125)) d2),
0

it is easy to see that there is a C; > 0 such that for s > 1

—1/2
avn/s

|H(n, v, ?s) — n/ F(n'?(s — v}/%2))® (x)dz| < C L5 (cv,/?5).

Combining Proposition 2.19 (2) and 2.20, we see that there is a Cy > 0 such that

—1/2
evn/s

|P(Z X > snt/?) — n/ F(n'?(s — v}/%2))®, (x)dx|
k=1 -

[e.9]

_ 6
)+ nF(s“’nlﬁ) exp(— — 6—8)

_ 6
< 2n(n —1)F(s"nY?)? + exp( > 9
s s

S
327 s

+CLF((1 = e)n'/2s)L(n'/?)'9.

33



Hence we see that there is a C' > 0 such that
sup (nF’(nl/Qs))’l\P(Z X > sn'/?) — H(n,v;Y?s)| < CL(nY?)'7.
s>L(nl/2)=p k=1
Therefore by Lamma 2.2, we have our assertion.
Now let us prove Theorem 2.2.

By Theorem 2.4, we see that there is a C'; > 0 such that

/2y _ —1/2 1/2\2-6/2
k ) = ) .
|P(§ X >sn'?) — H(n,v, *s)| < C1L(n""*) s>1
k=1

Note that for any € > 0, there is a C5 > 0 such that nF(n'/?s) > Cy's™3L(n'/?) >
Cy P L(n'/2)1+%/2 for s < L(n'/?)79/%. Hence by Lemma 2.2, we see that there is a C3 > 0
such that

H(n,v;l/Qs)_l S O3(HF(7’L1/28))_1 S 0203[/(711/2)_1_6/2, s S L(n1/2)_6/6,

So we have

P X, > snl/?
sup (Zk:l k> sn?)

s<L(n1/2)=5/6 H(n, vﬁl/zs)

— 1| € C1CyC5L(n}/2)10,

From this and Lemma 2.3, we have Equation (2.2).

Equation (2.3) is an easy consequence of Equation (2.2) and Lemma 2.2.

2.8 Proof of Theorem 2.3

1
First let us assume limsup,,_,. (1 — v,) log L7 =0
we see that
vﬁl/Qs vy L2 1 d
Po(s) — (v /2 :/ d (2)dz — —y/2_ %Y
o(s) o(v, "7s) ) 1(2)dz P \/%6 2./i
s
< —1—=wv,)®
< (1= )i(s)

2

< Co(1 = v,)Po(s).

2U1

1 .
Let z, = L)’ then we have limsup,,_, (1 — v,)log z, = 0. Hence we have
Oo(vy, %) + nF(n'/? 3C
sup | o(vn _5) o 1(2 ) —1] < 221 — v,) log 2, — 0, n — 0o.
s€[1,v/310g zn) (I)()(S) + nF(n / S) 21)1
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We also see that for s > /3 log z,,

Oy (v %) + nF(n'/2s)
Dy (s) + nF(n'/2s)
Co (1= v,)5'Py(s) < C?

Co (1- vn)sf@o(s)
2u1 @o(s) + nF(n'/?s)
L(n'/?)

1| <

< 5 exp(—s2/2) L,
= 20, L(n'/%s) =5 /_27rv18 exp(—s”/ )L(n1/28)z
2
< 9 $Sexp(—s?/2)z,
< 5 p(—s5°/2)
CQ
< 9 sup  s%exp(—s?/6) — 0, n — oo.

2 V 27"-Ul s>+/3log zp,

Do (v %) + nF(n}/2s)
Do(s) + nF(n'/2s)
1
Next, we assume limsup,,_, . (1 — v,) log L) > 0.
Let y, = (1 — v,)log 2z, and s,, = v/log z,.

Then limsup,,_,., y» > 0. Hence we see that

Hence we have supyc(; o | —1]—=0,n—0.

lim inf ®g(s,) " Po (v 2s,) = lim inf v}/ 2®; (s,,) 710 (v Y/ 2s,,)
n—00 n—00

< lim inf exp(—v, (1 — v,)s2) = exp(— limsupy,) < 1
n—oo

n—oo

and

@o(sn)—lnp(nl/23n) < OOan’l(Sn)_lS;QL(nl/zsn)
< VIRCMULE 50, 0o

Hence we have

fm g 200 8n) + nF(n!/2s,) <1
n—soo  Dy(s,) + nk(nl/%s,)
Therefore we have Theorem 2.3.
Example
We give an example in the rest of this section.

Let o > 1 and L : [z9,00) — (0,00) be a C? slowly varying function satisfying

/OO L(x)dx <oo,  L(z) =0,z — oo, sup (|L'(x)| + [L"(2)]) < oo.

T x>0

Then we can find F' : R — [0, 1] non-decreasing C? function with F(—oo) = 0, F(c0) =
1, [5|F"(x)]dz < oo and F(z) = *L(z) for sufficient large = > 0.
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Let u be a probability measure whose distribution function is F'. Then we see that
p satisfies (A3).

Let L(z) = (logz)*(loglog x)~'7° b > 0 for sufficiently large x > 0. We can easily

see that L(x) satisfies the above condition. For sufficiently large n > 1, we see that

1—wv, = / 2?u(dz) = L(n*?) + 2/ <$)d[§ = L(n*?) + 3 (loglogn — log 2) ™"
nl/2 nt/2 T

2
~ 3 (loglogn)™".

Hence we have the following

Proposition 2.21. Let L(z) = (logz) ‘(loglogz)™'"%, b > 0 for sufficiently large
x > 0. Then we have

1
lig:sogp(l —v,) log W > 0, for b e (0,1]
and
7}1_)11010(1—%) logm =0, for b e (1,00).

Therefore Equation (2.1) does not hold for b € (0, 1].
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Uniform Estimates for

gg
Tk

Distributions of Sums of
i.i.d. Random Variables with
Fat Tail: Infinite variance
case.

In the previous chapter, We showed uniform estimates of distributions of the sum
of i.i.d. random variables with finite variance in the threshold case. In this chapter, we

show a uniform estimate without variance condition in the threshold case.

3.1 Introduction

Let (£2, F, P) be a probability space and X,,,n = 1,2, ..., be independent identically
distributed random variables whose probability law is u. Let F : R — [0,1] and F :
R — [0,1] be given by F(x) = u((—o0,z]) and F(z) = p((z,00)), x € R. We assume
the following.

(A1) F(z) is a regularly varying function of index —a for some o > 2, as  — oo,i.e., if

we let
L(z)=2zF(z), v >1,

then L(z) > 0 for any = > 1, and for any a > 0

—1, x— oc.

(A2) ffoo |z[#F00p(dx) < oo for some & € (0,1) and [, zpu(dz) =0
(A3) The probability law p is absolutely continuous and has a density function p : R —

[0, 00) which is right continuous and has a finite total variation.
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Let us define &, : R —- R,k =0,1, 2, 3by

Do (x) \/ﬂ/ exp(— dy, reR,
Bils) = ——exp(—5) =~ 0u(o)
and
g1
Py (z) = (—1)k—1dmk_1c1>1(g;), k=23
Let t, = sup{t > 0;n [*__a?u(dx) > *}. Then from (A1), (A2) we can see that

P(Z X > tns) = $o(s), n— oo, s> 1
k=1
Let v, = [ x?u(dz) for n > 1. We also define H : N x R — R by

S

H(n,s) = ®y(s) + n/_ F(to(s — x))®(z)dz

[e.9]

<v;1/2n1/2<1>1<s) /0 Ooxu(dx)—l— ‘1)22(5)@;1 /0 ; xQ,u(dx)>.

In this chapter, we show the following (Theorem 1.11).

Theorem 3.1. Assume (Al) for o =2, (A2) and (A3). Then for any 6 € (0,1), there
s a C > 0 such that

P(Q ey Xk > tas) = 1-6
= 1] < CF (), > 1. 3.1
ses[?,lo)o)| H(n,s) | < ClnF(t) "= (3.1)

In particular,

P X >t
sup | (2t b S)—1|—>O, n — oo.

s€[1,00) (I)O(S) + nF(tnS>

We also prove the following to obtain Theorem 3.1.

Theorem 3.2. Assume (A1) for a =2, (A2) and (A3). Then for any § € (0,1), there
is a C' > 0 such that

P(i X > tys) — H(n,s)| < C(nF(t,))*?, s> 1.

Throughout this paper we assume (Al) for a = 2, (A2) and (A3). Then we see
i} L(t, .
that t, = n'/20y/* and nF(t,) = (tn) — 0,n — 0o (see Equation (3.2)).
v

n

38



3.2 Estimate for moments and characteristic func-

tions

Let

and

Then we see that

and n,(t) is slowly varying.

Let t, = sup{t > 0;nny(t) > t*} and v, = (t,) = f_loo w*u(de) — L(t,) + L(1) +

2 [{" 2~ L(x)dw.
Note that t,, = n'/?ny(t,)/? > n'/?n3(0) = 00, n — oo.

Let a, = nF(t,). Then for any t, > 0, we see that for t > t,

t 1 1 L t d 1 d
L/ le(x)dx:/ Litz) d= 2/ (tz) d= —>/ Z ~logty.
L(t) /i 1/t L(t) = 1/to L(t) = 1/tg #

Since t, is arbitrary, we see that

Proposition 3.1. There is a C' > 0 such that

N3 (tn)

nt—3 S CCLn.

n

ny

for any n > 1.
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Proof. Let

1 o
e1(t) = m/t x " L(x)dx — 1

and

ea(t) = ﬁ/l L(x)dz — 1.

Then from Proposition 2.3 (1) and (2) we have €;(t) — 0 and e3(¢) — 0 as t — 0.

Hence we see that

_ptn) _ % (tnF(tn) + /t:O F(ﬂ:)dx) = nF(tn)(2 + e1(tn))

ty
and
n B o =
3s(tn) =1 Y2y 3PE(1) 4 (2 + e3(tn))nF (L)
Hence we have our assertion. O

Proposition 3.2. There is ¢c; > 0 such that for any integer n,m withn > m and £ € R
with |€| > a;,?,

01772(t |§| )

muvy,

ot & p(ta))™ < (1 + €%~

In particular, there is co > 0 such that for any integer n,m with n > m and £ € R with

€| € (a;(;?tn),
ot )™ < (1+ —|g|)—m/4.
Proof. Let t > 2. We see that for £ € (=t~ t71),
o (&, u(t)]?
= (= PO [ [ expligls — )Pl (@)p0) 1 )iy
< 1= [ [0 oslete et o)y

5 2
< 1 B0 yp(e) o (@)p(w) 1 o ) dady
R JR
Similarly we have for £ € R with [£| > ¢,

o
|£’ //:z:— g1, e~ (@) p(Y) L (g1 1¢11) (y) dady.
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We can easily see that
O @ wrenc @it 2t

Hence we see that there is a ¢; > 0 such that for any n > 2 and £ € R with
€] > a’,

ot e ntt)] < (1 — LU vz < g T oy

nuvy, nvy,

It is easy to check that (1+xz/8)? > 1+x for any 8 > 1 and x > 0. Therefore if n > m,

we have

_ n/m _
<1+ Clﬁ?(tn|f| 1)|£|2) Z 1+ Cln2(tn|f| 1)|£|2

nu, muvy
Since ny(t) is slowly varying, we see that for £ € R with t,, > [£] > a.?,

n2(tnl€]71) o na(tal€]71) 1 L
v w1 = MR

Therefore we have our assertion. O

3.3 Asymptotic expansion of characteristic functions

Remind that ¢, = n*/?vy/ and a, = nF(t,) = v;L(t,).

In this section, we prove the following Lemma.

Lemma 3.1. Let

§2

Rno(§) = eXP(;
2
2
2

Joln™ 36 pu(ta))" = (1 n(o(n™ 2 m(t) — 1) + %),
Joln™ b ()" — 1,
Joln 365 pu(ta))" ™t — 1

Rn,l(g) = eXp(

B 3
R”Q(&) - eXp( 2
Then there is a C' > 0 such that

|[Rio(€)] < Cap™[¢] (3.5)

and

Rt (6)] + [Rua(€)] < Cay>[e], (3.6)
for any n > 8 and £ € R with [¢] < a;°
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As a corollary to Lemma 3.1, we have the following.

Corollary 3.1. Let

~ e~ 58 ) 2 )
Ralnes) = wltn) (s 00) = ) - 5 [ = (ot teinten) - 1)+ ) e

Rig(n,s) = p(ta) "~ ((tas, 00)) = @o(s),  k=0,1,

and

~ 1
RQ(n7 S) = % &

1 &2

p(n2& p(t,))" ' —e 7| de.

Then there is a C' > 0 such that for any n > 1 and s € R, we have
|Ro(n, s)| < Ca2~% (3.7)
and
|R10(n, s)| + |Rio(n,s)| + |Ry(n, s)| < Cal™. (3.8)

Proof. From Proposition 2.7, we see that

Ro(n,s)

1 [eist 1 - &2\ _¢
= o [ (et - % = (ot i) - 0+ §)e ) ae
_ 1 e*isz (g) *52/2d£
T or Ju g mOWe '

By Lemma 1, there is a Cjy > 0 such that
/ |R (€)|d£ < Coa2 65'
1€1<an?® I3
It is easy to see that
t m (6, 2
(e pn(t,)) - 1] < Mo | EcR

1= Fty) 21— F(ty)

From the above inequality and Proposition 2.6 and 3.2, we see that for any m > 2/4,

there is a C'; > 0 such that for any n > 4m

62 ——2 < C m 1/2 -4
€], for [¢] € (a, a,”)

n ? TL n

lo(n™2E u(ta))|" + (o2& pltn) — 1) + 1+ =
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and
g P €y
ol 3 nt)" + [nlpndespt)) — 1) +1+ 5] F < (—) ,

for |£| > vi/zag‘s. Hence we have

_ _1 I £y _e
/ T e a(e))” = e = (ot ga(e) ~ D+ e | de
§[>an
A A
—m—1,1/2 sk
— 4_01(125 < 4_Clai.
m m
Therefore we have Equation (3.7).
We also see that
. 1 e ¢ 1 n €
Rip(n,s) = oo [ = (on 26 pu(tn)" —e = ) de
2 R Zf
1 e isE 2
_ —£/2
- 1 2
— _ _é /2
Rans) = 5= [ 1Rua©)le e
Similarly to Equation (3.7), we have Equation (3.8). O

We make some preparations to prove Lemma 3.1.

Let

_ &
Ro(n, ) = o136 1) — (1 = 5.
n
First we prove the following.

Proposition 3.3. There is a constant C' > 0 such that for any n > 1, and & € R with
€] < a7’

[nRo(n,€)| < Cay ¢

and

nlo(n™2& ult,)) — 1] < Cay’lel.

In particular
sup{|nRo(n, &)|; [¢] < a;°} = 0, n — 0o. (3.9)
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Proof. We can easily see that

(€ u(8)) = / exp(i€)p(t) (dz)

= 1m0 + e+ [ et

v re,2<5w>u<dx>+1f—% | roteontas).

—0o0
Hence we have

1

RO("? 6) =

+ Te, 2 15.1' ( )

/.
+ /t Teo(t p(dx) + g(i ) /t“ Teo(ty ' Ex)p(dz).

Then we see that

1
Bo(m, O] <ty n(t)ll€] -+ () [ e g

1 ns(t, _
+ gl o) [ el eeRiz2
R

n

where ¢y is in (A2). Hence from Proposition 3.1, we see that there is a C' > 0 such that
[nRo(n, )| < C (anfg] +n~"2IE + anl¢]?)

Therefore we have first inequality:.

Since n(p(n~2&; u(t,)) — 1) = nRo(n, &) — £2/2, we have the second inequality. [
Let
Rup(n,€) = (n— k) log p(ty'&: p(ta) — nlp(n™ 26 pu(t) = 1), k =0,1.
Proposition 3.4. There is a C > 0 , such that for any & € R with [£]| < a.?,
|[Ri(n,€)] < Cnlag™lg].
In particular

sup{|Ruu(n,€): €] < 0,7} 50, n - oo. (3.10)
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Proof. First, we have

log p(&, (1)) = o(& u(t)) — 1+ 7r1(p(& u(t) — 1), €] < a;’.
Hence we have
Rip(n,€) = —klogp(n”2& u(t,)) + nr(p(n™2& p(t,)) — 1).

From Proposition 3.3, we see that there is a C' > such that

IRug(n,€)] < lp(n=26 u(tn)) — 1] + 2nlp(n~2& pu(t,)) — 1)
< On'a,®l¢], ¢ <a,’.

m
Therefore we have our assertion. Let us prove Lemma 3.1. Note that for £ =0, 1
log(e®*/p(n™2&; pu(ty))" ™) = nRo(n, ) + Rux(n, £).
We see that
€2/2 —1. n—k _
et Pp(n728 u(ta))" " = exp(nRo(n, €) + Rik(n, §)).

Hence we see that

Roo(6) = 2p(n 26 pu(t,)" — (1+ nRo(n,))
= exp(nRo(n,€)) — (1 +nRo(n,£)) + exp(nRo(n, €))(exp(R1o(n, €)) — 1)

From Equation (3.9), we see that there is a C' > 0 such that

[Rno(§)] < C (InRo(n, §)” + | Ruo(n,€)]) -

Therefore we have Equation (3.5) from Proposition 3.3 and 3.4. Proof of Equation (3.6)

is similar to Equation (3.5).

3.4 Proof of Theorem 3.2

Note that

n

P(ZX; > t,8) = Zlk(n,s),

k=0
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where
[k(n, 8) = P(Z X, > tys, Z 1{Xl>tn} = k), k= 0,1,...,n.
=1 =1
Then we have

Ii(n,s) = (Z)P(ZX, > tys, Xi > tpi=1,...,k,X; <tn,j=k+1,...,n),
=1

for k=0,1,...,n.

Let Fmo(x) = P(X1 > ty,r, X1 < t,) = (1= F(t,)ut,)((t; r,00)) and Fm(a:) =
P(X, > t,z,X; > t,). Note that F, o(z) + F,1 () = F(t,z).

~—

Proposition 3.5. There is a C' > 0 such that

|Io(n,s) — (1 —n)Py(s) — %@2(5) - n/ﬂ{Fn,()(S — )Py (z)dz|

IN

C’ai_&s, n>1s2>1.

Proof. First, note that

Hence we have

n(/}R ]?L’_O(;F_(;j)Ql(x)dx - (IDO(S)> + %@2(3)
1 et

1 52 2/9
= 5 [ S (et i pte)) = 1) + 5 ) Pag

By Corollary 3.1, we see that there is a C' > 0 such that for any n > 1, we have
1 F,o(s—
Ca2™,

n

IN

We decompose Iy(n, s) into three parts, i.e.,

Io(n,5) = (1= nF(£))" 1(tn) ™ ((ns, 00))
= 1070(717 S) + I()’l(’rl, 8) + _[072(”, S),
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where

Loo(n,s) = (L= F(tn))p(tn)™ ((tns, 00)),
Ioi(n.s) = —nF(t,)p(t,)
lpa(n,s) = (1—=nF(t,)" — 1+ (n+1)F(t,)u(t,) ™ ((t,s,00)).

Since

we have

oo(n,5) — (1—n — nB(t)@o(s) — 225 4, /R Fols — )@y (x)dz]

< CCL2—56

By Corollary 3.1, we see that
[Io1(n, 8) +nE(t,)Po(s)] < Ca’™™.
Note that |(1 — z)" — (1 — nx)| < n?z? for any x € [0,1], n > 1. Hence we have
[loa(n, s)| < Cn?F(t,)* < Ca?.
Therefore we have our assertion.
Proposition 3.6. There is a C' > 0 such that
|I1(n,s) — n/ Fi(s — 2)®(v)dx| < Ca®™™, n>1s>1.
R

Proof.

L(n,s) = n(l—F(t,)"" /RP<X1+x>tns,X1>tn>u<tn>*<”-”<dx>

= (1 - F(t,)"! / F((tas — 2) V ta)a(ta) " (de)

= nJo(n,s) +nJi(n,s) +nda(n,s),
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where

nins) = [ T F(ts — a)u(ta) " (de),

Si(n,s) = F(tn)/too plt) "D (dz) = F(ta)u(ta) "V ((ta(s — 1), 00)),

and o
Rns) = (= P =1) [ Pl(tas =)Vt )(tn) o)
We see that
Jogn, i)
- /oo " F((ts — 2)p(ta) "D (dr)
_ / t:_t" Fltns — ) (% /R ot 'ae <¢<n—%§; j(t))"t — e—f> d + <1>1(t;1x)) t:1dx
_ / :1 Fltn(s — x))% /R ¢ (w(n—%g;u(tn))"—l - e—f) dédz

+/S_ Flto(s — )0y (x)da.

—00

Hence from Corollary 3.1, we see that there is a C' > 0 such that

A

n|Jo(n,s) — /S F(t,(s — x))®(2)dz| < Cal #nt? /too F(z)dx

—0o0

IN

Cap 2 nt 1 (t)]

2-25
Ca, .

IN

We also see that

n|Ji(n,s) — F(t,)Po(s — 1)|

< CnF (ty)|p(t) D ((ta(s — 1),00)) = Po(s — 1))
< Ca/2726
and
Inds(n,s)| < (nF(t,))* = a?.
Note that
s—1
/ F(t,(s — 2))®1(z)dz + F(t,)Po(s — 1)
= / Foi(s — 2)®y(x)d.
R
Therefore we have our assertion. O
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Let us prove Theorem 3.2.

From Proposition 3.5 and 3.6, we see that there is a C' > 0 such that

|Io(n,s) + I1(n,s) — (1 —n)Py(s) — %Q)Q(s) — n/RF(tn(s —x))Py(z)dz|

Ca2755.

n

IN

Note that

F(t,(s — 2))®1(z)dx — Pp(s)

s

—

8

F(t,(s — 1))@ (z)dx + / (F(to(s — 2)) — Lposy)P1(z)da

—00

S o0

F(to(s — 1))@ (z)dx — / F(ty(s —2))®y(x)dx

—00 S

— —

and

n/oo F((th(s —x))®q(z)dx = nt;l/ F(y)®.(s —t;'y)dy.

—0o0

Let R(s,y) = ®1(s —y) — P1(s) — Po(s)y, for s > 0 and y < 0, then we see that
there is a C'; > 0 such that

[R(s,y)| < Culy[".

Hence we have

2 0
n|/ (s — ) l(x)dx—zt;kq)k(s)/ Yy F (y)dy|
k=1 -
= nt. 1|/ R(s,t, y)F(y)dyl

0
< Cln5o/2n2(tn)(1+5o)/2/ y1+5OF(y)dy

—00

< Cn—50/27

where C' = C1j5(0)~(1+%)/2 ffoo y o F(y)dy < .

Since
/_io Fly)dy = /_(; yu(dy) = — /OOO yu(dy)
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and

we see that

Ly(s) — nt;20y(s) / yF)dy = 22 1) / " P uldy).

2

Therefore we have

(1= n)®o(s) + %@2(5) 4 n/RF(tn(s — )01 (2)dz — H(n, s)
< (On %2,

We also see that
kz:; Ix(n,s) < kz:; % <Z : ;) F(t,)"(1 = F(t,))" " < @F(%)z — a2

This completes the proof of Theorem 3.2.

3.5 Some Estimations

Let v, = ff;o 2?p(dx). Let

Fu(s) = / Flta(s — ) ()de,

—00
-1

A(n,s) = nF,(s) — v 2020, (s) /OOO zp(dr) — %@2(8) /0 ' v u(dr),

A

— nBy(s) — o V20 20, (s) /0 " F)ds — v By(s) ( /0 " o F(@)dr @) ,
H(n,s) = ®o(s) +A(n,s),

and
Hy(n, s) = ®o(s) + nF(t,s).
In this section, we prove the following Lemma.

Lemma 3.2.

H
wp | 209

— 1| =0, n — 00.
s€[1,00) ’ HO(”: S) '

20



Let a,, = a,ll/?’ and (3, = aﬁl/u.

Proposition 3.7. For any € > 0, there is a C > 0 such that

1
< Ca;'s*te € [1,00).
nF(t,s) — U 5 s €[1,00)

In particular, for s > [, we have

; < C’a;152+€ < CSI4+€.
nF(t,s)

Proof. From Proposition 2.2, we see that for any € > 0 there is a C' > 0 such that
1 1 L
e L L)
nF(t,s)

IN

Ca—182+6
- .
Since a; ! = 12 < s'2 for s > 3,, we have the second inequality. O
Let nF,(s) = Sp_, Ix(n, s), where

Li(n,s) = n/s F(t,(s — 2))®1(z)dz,

—Qp

Lns) = n / T Pt (s — 1))@y (x)de,

7/8s
I3(n,s) = n/_ F(t,(s — 2))®(x)dx,

Iy(n,s) = n/_ F(t,(s — 2))®1(z)dz.

Let
R(n,s,y) = ®1(s —t1y) — (P1(s) + ¢, 'yPa(s)), forn>1, s,y €[l,00).

Proposition 3.8.
2

Qntn
sup Ho(n,s) " |Ti(n,s) = 3 0,202/, (s) / Y UE(y)dyl 0, n s oc.
0

s€[1,00) 1

Proof. We see that

2 antn _
Li(n,s) = > v, 20220, (s) / yF T (y)dy
k=1 0

=t [ R (16— )~ 0106) — 1 0ats)) dy

antn
=t [ FG)ROs
0

o1



Note that for any y € [0, a,uy),

|R(n, s,y)|

IA

t2y" sup | ®s(z)

z2€[s—an,s]
Covy, 'n 12 (1 + 5)°®1(s — o)
< Cou, n7 'y (L4 5)°®i(s) exp(ans).

IN

Hence for all s € [1, 00)

antn _
L(n,s) Zv-m ) [ Ry
< 8Cy sup{zQF( ); 2 > 0}, L, sy (s) explans).
Since «,, 33 = ay'? — 0, n — 0o, we have

2 QnUn _
sup Po(s) ' Li(n,s) — Y v;mn‘(k‘”/%k(S)/ y* " F(y)dy| = 0, n — oo.
0

s<Bn —

From Proposition 3.7, we see that for any ¢ > 0 there is a C'(¢) > 0 such that
(nE(t,s))™ < C(e)s**.

Hence we see that for s > f3,,

antn
(0 F (1)) 1, 5 Zv gy s) [ @
0
< 80(6)002 sup{z*F(2); z 2 0}v, ta,s ™ ®(s) exp(a,s).

Since sup,,s; sup,. g, s Po(s) exp(ans) < oo, we have

antn _
sup (nF (t,s)) ' |11(n, s) Zv F2p~=22g, (s )/ y" L F (y)dy| — 0, n — oo.

S>Bn

Therefore we have our assertion. O

Proposition 3.9.

sup Hoy(n,s) | L(n,s) — Zv;kﬂn@_k)ﬂ@k(s) y"LE (y)dy| — 0, n — oo.

s€[1,00) 1

2 /(1—./7/8)tns

nin
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Proof. Similarly to previous proposition, we see that

(1—/7/8)tns

(9 Zv ) | V@)

antn

IN

1 (f\/7/ Yens
nt; / F(y)|R(n, s, )|dy

ntn

1—+/7/8)tns

nt, S F(than)Co(1+8)2( sup | ®4(2)]) y*dy

2€[4/7/8s,s] tnan
4ConF (tna,)s*®1(+1/7/85)
< 4Cé+7/8nﬁ(tnan)56<bo(5)7/8.

IN

IN

Since Hy(n, s)™" < ®¢(s)~%/"(nF(t,s))""/7, it is easy to see that for any € € (0,4/7),
there is a C; > 0 such that

2 (1—1/7/8)tns ~
Ho(n,5) aln,) = 3 02 9 (s) [ J = F(y)dy]

k=1 antn
< Oy (5)T/B6/T (10317,

Since sup, {52/ d(s)"/87%/7} < oo and (1 —¢€)/3 — 1/7 > 0, we have

(1—4/7/8)tns 3
sup Hy(n, s) | Ix(n, s) Zv‘k/z @=k/2p, (s )/ y"LE (y)dy| — 0, n — oo.

s>1 anty

O
Proposition 3.10.

sup Ho(n, s) '|Iz(n,s) — nF(t,s)] — 0, n — 0o.
s€[1,00)

Proof.

\/7/88 F(t

I3(n,s) = nF(tns)/_ %@ﬂx)dz‘

_ Vs x s—z
— nB(ts) /_ (1-— g)2%®1@)dw.

S

S

It is easy to see that there is a C'; > 0 such that
() L < Cra 1, n>1,s¢€(l,(—loga,)?,

|/ " E —)x))q) (x)dx| < Cf, n>1s€ll,00).
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Then we have

sup  Ho(n,s) Y Is(n,s) —nF(tys)| < CL(Cy+1)a;*nE(t,)

s<(—logan)l/2

< 01(01 + 1)(#/2 — 0,

We take M > 1 arbitrarily, then (—loga,)'* > M for sufficiently large n.

Hence we see that for s > (—loga,)"/?

/W oy lltals =) g 00

e A

s

V/8s x s—u
< |7 -0 - e @ +
®(x)dx
+/[37\/7/_83]C ( )
<

2 (/_M (1 f)*? —1|® (z)dz + 8<I>0(M))
US) ) 4 09y(y/7/85).

+ sup sup |
s>(—logan)t/2 {_ 7/8<a<1 L<S)

Hence we have

sup [nF(t,s)| | 15(n, s) — nF(t,s)] — 0,
s>(—logan)l/2

So we have our assertion.

Proposition 3.11.

sup ]4(71, S)

— 0, n — o0.
s€[1,00) Hﬂ(nvs>

Proof. |I4(n,s)| < nF(2t,s)®y(s). Hence we have

Oo(s) | u(n, 8)| < nF(2t,s) < nF(t,) — 0,

Proposition 3.12.

\/7/8tns

o4

s€[1,00)

sup Holn, s) " Ju;V2n! 23, (s) / F(y)dy| — 0,

n — o0.

n — 0.

n — oo,

n — 00.



and

sup Ho(n, s) o, 1®y(s) </ ) yF(y)dy — L(tn)> | =0, n — oo.

s€[1,00) 7/8tns

Proof. From Proposition 2.3 (2), we see that there is a C'; > 0 such that

b / Fy)dy < Cis—'L((1 — \/T/8)tns).
(1—=~/7/8)tns
We can easily see that
sup @o(s)_lvgltnél(s)/ F(y)dy — 0, n — oo,
s€[1,8,) (1=+/7/8)tns
and
sup (nF(nlﬂs))_lv;ltn@l(s)/ F(y)dy — 0, n — oo.
5€[Bn,00) (1—4/7/8)tns

Also we see that for any ¢ € (0, 1), there is a Cy > 0 such that

t” . L L(t,
vnl/ yF(y)dy = vnl/ Lltz) < Chaps”.
(1=+/7/8)tns (1—+/7/8)s %

Hence we can easily see that

tn B
sup @) o 0as) | [ yF(y)dy — L) | [0, n - o,
s€[1,5n) (1=+/7/8)tns
and
— tn —
sup_ (nF(ts)) o 0as) [ yF(y)dy — L(t) | | >0, 0o,
SE[Bn,00) (1—4/7/8)tns
Therefore we have our assertion. O

Now let us prove Lemma 3.2. Note that H(n,s) — Ho(n,s) = A(n, s) — nF(t,s).
So Proposition 3.8, 9, 10, 11 and 12 imply Lemma 3.2.

3.6 Proof of Theorem 3.1

Recall that t, = sup{t > 0;nny(t) > t*} v, = n2(t,) and a, = Lf}i”). Let v,(t) =
ne(t,t) for t > 0.

First we prove the following Lemma.

25



Lemma 3.3. For any 5 >0 and ¢ € (0,1), there is a C > 0 such that we have

PO X >ty
sup | (Zk:l k s)

— 1| < Ca'°.
B H(n,s) |_ an

s>an

We make some preparations to prove Lemma 3.3. Similarly to Proposition 26 in [7]

(see also the proof of Proposition 2.19), we can prove the following.
Proposition 3.13. (1) For any t,s > 0, and n > 2,

s
t

n ) 6
P> Xl (xycpmirzy > 5n2) < exp(t—QE[Xh{XlSml/z}] ).

k=2

(2) For any s,t >0, e € (0,1) witht < (1 —¢€)s,

|P(Z Xk > sn%) —nP(X; + ZXkl{ngml/z} > sn%,ZXkl{ngml/z} < 6sn%)|
k=1 k=2 k=2
£s

— 1 6 S — 1 6
< 2n(n — 1)F(tn?)* + eXp(t_2E[X12]_{X1§tnl/2}] — Z) +nkF(tnz) eXp(t_2E[X121{X1Stn1/2}] ~ 5

).

We apply for Proposition 3.13 with v/ 23, vs!?*t. Then we have
& 6u,(t) s
P(kz:; Xil iy > sta) < 2exp(g = = ) (3.11)

and

|P<Z X > Stn) — nP(X1 + ZXkl{XkStnt} > Sty, Zxkl{xkgtnt} < €tn8)‘

_ 6ma(t,t) s _ 6ma(t,t) es
< 2n(n — 1)F(t,t)? — D)+ 2nF(tyt - ). (3.12

Since 12(t) is slowly varying, we see that there is a C' > 0 such that ny(t,t)/n2(t,) < Ct

for t > 1. So we have

’P(Z X, > Stn) — nP(X1 + Zxkl{xkgtnt} > Sty, ZXkl{XkStnt} < EtnS)’

_ 6C
< 2n(n = DF(tat)? + exp(=- — §>
_ 6C
20 (tat) exp(= - ;)~ (3.13)

Also we prove the following for the proof of Lemma 3.3.
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Proposition 3.14. For any v, 9§, € € (0,1) and § > 0, there is a C > 0 such that

|P(X1 + Zszl{ngs"th} > st,, ZXkl{XkSS“/tn} < EStn)

k=2 k=2
- / Flt (s — )1 (x)dz]
< CF((1 —e)nt?s)al=%, for s >a,”.

Proof. Tt is easy to see that there is a C; > 0 such that for s > a,”

|P(X1 + ZXkl{ngs’Ytn} > Sty, ZXkl{ngs’Ytn} < esty)
k=2 k=2

—P(X1 4> Xi > stn, > Xp S estn, Xy <ty Xy < 1))
k=2 k=2
< CLF((1 = e)tys)al™.

We also see that

P(X1+ ) Xi > stn, Y Xi esty, Xo Sty X < 1)

k=2 k=2
ES

— (L= P [ Fltals = 2)ultn) ™V (do)

—0o0

Similarly to the proof of Proposition 3.6, we have our assertion.

o7



Now let us prove Lemma 3.3. Since
Hin,s)—n / Flty (s — )0y (x)da

— Byls)—n / T F (b (s — 2))®y (2)da

s

oo @ tn
+vn1/2n1/2<1>1(s)/ zp(dz) +v,! 22(5)/ 2?p(dx)
0 0

= Do(s) — v 2 2 (1 = e)t,s) Py (s) + v;lq)2T<S) /( n 2% p(dz)

1—¢)tns

(1—e)tns
L2l /0 F(2)(@1(5 — £12) — By (s) — 1= Leby(s))d2)
L((1 —e)tps)

—v,:l(l_—g)s@l(s) — o ' L((1 — €)t,s)Pa(s)
= By(s) — v, 2020 (1 — e)t,s) Dy (s) + vnch)QT<S) /(: ; 2?p(dz)

(1—e)tns
—v;l/inﬂ(/o F(2)(®1(s —t12) — ®(s) — t, 1 2Py(5))d2)

_7]2((1 —e)st,) L((1 — e)sty,) 1 —e)st,) L((1 — e)sty,)
(1 —&)sma(tn) n2((1 — €)stn) m(tn)  m((1—¢)sty)

it is easy to see that there is a C'y > 0 such that for s > 1

By(s) — n2((

\H(n,s) —n / " Bltn(s — 2))Py(2)d| < Cr 5 (25).

—0o0

Combining Equation (3.13) and Proposition 3.14, we see that there is a C, Cy > 0 such
that

P(Z Xi > st,) — n/58 F(t,(s — x))®(z)dx]
k=1 e

< 2n(n—1)F(s7t,)* + exp(6—cv’1 - %) +nF(s"t, )exp(& — 5—S)
5 s

B s 287
+CynF((1 — &)t,s)al™.
Hence we see that there is a C' > 0 such that

sup (nF(t,s)) ' [P(> Xy > st,) — H(n,s)| < Ca)™’.

s>an’8 k=1

Therefore by Lamma 3.2, we have our assertion.

o8



Now let us prove Theorem 3.1. From Theorem 3.2, we see that there is a C} > 0
such that

|P(Z X > st,) — H(n,s)| < Cra>%?, s> 1.
k=1

Note that for any € > 0, there is a Cy > 0 such that nF(t,s) > Cy's%a, >

02_1@}1+6/2 /

for s < an’’®. Hence by Lemma 3.2, we see that there is a C's > 0 such that

H(”a S)_l S C3(ﬂF(tnS>)_1 S 0203a;1_6/27 s S a;6/6~

So we have

P(ZZ:I Xi > Stn)
H(n,s)

sup | — 1| < C1CyC5al™.

s<a /6

From this inequality and Lemma 3.3, we have Equation (3.1).
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