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Abstract

In the presence of strong classical gauge fields, one encounters essentially new phenomena that
are not observed in the vacuum. Such phenomena are collectively called “strong-field physics”,
which has been attracting attention of many researchers in various fields in physics. One of the
most intriguing examples of the strong-field physics is spontaneous particle production from
strong classical gauge fields, i.e., the Schwinger mechanism. The Schwinger mechanism has
a long history especially in the context of the Quantum ElectroDynamics (QED), however,
there still remains a number of unsolved problems. Formulation of the Schwinger mechanism in
Quantum ChromoDynamics (QCD) and its application to the pre-equilibrium stage dynamics
of ultra-relativistic heavy ion collisions are examples of the problems.

In the first half of this thesis, we formulate the Schwinger mechanism in QCD based on
quantum field theory, including backreaction effects from quark, gluon, and ghost fluctuations.
To be more specific, we consider quantum fluctuations of quarks, gluons, and ghosts on top
of a classical color gauge field. By adopting mean field approximation for the quantum fluc-
tuations appearing in the QCD Lagrangian, we derive a set of linear differential equations for
the fluctuations, which accounts for particle production, backreaction, and (partial effects of)
scatterings. Within the mean field approximation, we extensively study the Schwinger mecha-
nism in QCD both analytically and numerically. For instance, we discuss finite pulse effects for
particle production; the plasma oscillation induced by the backreaction; quantum interferences
among created quarks and gluons; chemical composition of produced matter; and an evolution
towards isotropization of the system.

In the last half of thesis, we apply the formalism to the pre-equilibrium stage dynamics of
ultra-relativistic heavy ion collisions by modeling initial color flux tubes existing just after a
collision with a boost-invariantly expanding, and spatially uniform classical electric field. By
numerically tracing the time-evolution of the classical field strength, quark and gluon distribu-
tion functions, and thermodynamic quantities such as pressure and energy density, we reveal
how the system evolves towards a formation of quark-gluon plasma in ultra-relativistic heavy
ion collisions. In particular, we show (i) the classical electric field decays quite fast ~ 3 fm/c
because of the decoherence of the classical field into quantum quark and gluon particles and
the longitudinal expansion of the system; (ii) huge number of quarks ~ 1000 per unit rapidity
are produced very quickly ~ 1 fm/¢; and (iii) because of the decoherence and the longitudinal

expansion, the system becomes less anisotropic as (: P, :) / (: P, :) ~ 0.5 within a few fm/c.
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Chapter 1

Introduction

In the presence of strong classical gauge fields, one encounters essentially new phenomena that
are not observed in the vacuum. Such phenomena are collectively called “strong-field physics”,
which has been attracting attention of many researchers in various fields in physics.

A typical example of strong-field physics is spontaneous particle production from strong
classical gauge fields, which is often referred to as the Schwinger mechanism. The Schwinger
mechanism has a long history especially in the context of the Quantum ElectroDynamics (QED),
however, there still remain a number of unsolved problems. Formulation of the Schwinger
mechanism in Quantum ChromoDynamics (QCD) and its application to the pre-equilibrium
stage dynamics of ultra-relativistic heavy ion collisions, which we discuss in this thesis, are
examples of such problems.

This chapter is devoted to an introduction which provides the physics background of this
thesis: In Section 1.1, basics of the Schwinger mechanism, including its early and recent de-
velopments, are explained. In Section 1.2, we give a brief overview of ultra-relativistic heavy
ion collisions, focusing on their pre-equilibrium stage dynamics and relevance to the Schwinger

mechanism. In Section 1.3, objectives and an outline of this thesis is explained.

1.1 Schwinger mechanism

1.1.1 basics

Study of the Schwinger mechanism has a long history. The first recognition of the Schwinger
mechanism dates back to the dawn of QED: It was Dirac who first discovered a relativistic
wave equation for an electron, which is known as the Dirac equation today [1]. The Dirac
equation admits infinitely negative energy states. This looks problematic because any state
would fall into lower and lower energy states by emitting photons and hence there seem no
stable states. This problem was resolved by Dirac by re-interpreting that negative energy states
are all occupied (and hence any state cannot fall into negative energy states because of the Pauli

principle) in a physical vacuum (Dirac sea picture) [2]. Soon after the discovery of the Dirac

1



2 Chapter 1. Introduction

equation, Klein applied the Dirac equation to a problem of an electron scattering off a potential
barrier, and found a paradox that for a sufficiently strong potential the number of reflected
electrons is larger than that of injected electrons (Klein paradox) [3]. This paradox was resolved
by Sauter [4]. Sauter claimed that a level crossing occurs for a sufficiently strong potential and
that electrons filling the negative energy states (Dirac sea) can tunnel into the positive energy
states as in Fig. 1.1. Therefore, a pair of an electron and a positron is produced, with which

Sauter explained the anomalous excess of the reflected electrons in the Klein paradox.

+m

negative energy band

Figure 1.1: The level crossing of QED vacuum under a strong potential.

Sauter’s idea indicates that a vacuum under a strong potential is no longer a vacant space
but behaves like a charged medium because of the pair creation. If this is true, then one
can expect that a non-zero source term appears in the Maxwell equation even in a vacuum
when it is exposed to a strong potential. This expectation was first theoretically confirmed by
Heisenberg and Euler within relativistic quantum mechanics [5]. They considered a constant
strong classical electromagnetic background field as a strong potential, and derived the so-called
Euler-Heisenberg effective Lagrangian Lgy:

1
4
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Ly = — [4(F“”FW)2 +T(FEL)? (1.1)
where terms higher than O((F/m?)%) are neglected. e > 0 is the coupling constant of QED
and m, is the electron mass. F* = 9t A¥ — 0¥ A* is the classical electromagnetic field strength
and [# = e™P7F, (e"P” is a completely anti-symmetric tensor normalized by €2 = 1)
is its dual. The first term in Eq. (1.1) is nothing but the usual Maxwell Lagrangian. The
second term describes the source term, which is the manifestation of the pair production from
a strong classical electromagnetic field. We note that here the strong field is not dynamical but
is treated as a background, i.e., backreaction effects from the produced particles to the strong
field is neglected and the field strength is kept fixed. This approximation is justified only when
the number of produced electrons is small enough. It was not until 1980s that the backreaction

problem was seriously discussed; we will come back to this issue in Section 1.1.3.



1.1. Schwinger mechanism 3

Sauter’s pair production claims that the particle number is no longer conserved. This
suggests that one has to use quantum field theory rather than single-particle quantum mechanics
to fully formulate Sauter’s idea. Schwinger was the first one to formulate Sauter’s idea within
quantum field theory [6]. Schwinger re-derived the Euler-Heisenberg effective Lagrangian (1.1)

as a one-loop effective Lagrangian described by the following diagram,

QQ+§++~» (12

where the wavy line with a blob represents an insertion of a classical field. The thin line is
a bare propagator of an electron, and the thick line is a full one dressed by infinite number
of insertions of classical fields. Only even numbers of insertions are non-vanishing because
of the Furry theorem (charge symmetry in QED) [7]. Furthermore, Schwinger found that an
imaginary part appears in the Euler-Heisenberg effective Lagrangian (1.1). This means that
a vacuum under a strong classical electromagnetic field is unstable, i.e, transition probability

from an in-vacuum to an out-vacuum is less than unity as
| (vac; out|vac; in) |* = exp {—2In1/d4x£EH] <L (1.3)

The physical meaning of the imaginary part, w = ImLgy, is the vacuum decay rate. One can
explicitly compute the vacuum decay rate w for a constant and homogeneous electric field E

as

2 2 2 2
|6E| Sp%/ pJ—Z exp [ nﬂ-mTe+Ez|)J_:| _ |Z‘f?! ;EGXP [—nﬁ|£nEe|] X (1.4)
where p, labels the transverse momentum (perpendicular to the direction of the electric field
E). The summation, Zspin = 2, accounts for the summation over the electron spin degrees
of freedom s = 1/2. The non-vanishing vacuum decay rate w is a consequence of Sauter’s
pair production. In this way, Sauter’s idea was fully formulated by Schwinger, and this is
the reason why particle production from a strong classical electromagnetic field is called the
(Sauter-)Schwinger mechanism. We should remark here that the vacuum decay rate w is not
the same as the pair production rate I' = d N+ /dx3dt although confused in some literatures.
This is intuitively because the former is the rate for at least one pair of particles to be produced,
while the latter is the rate for pairs to be produced. This aspect was first made clear by Nikishov
[8] and recently revisited in Ref. [9]. Indeed, Nikishov directly computed the pair production
rate I', and found that

B [ [ ] P [
d e — g e | 15
Z pLexp B O | T (1.5)

spin




4 Chapter 1. Introduction

Thus, the pair production rate I' is identical to the first term in the series of the vacuum decay
rate w. These two quantities coincide with each other only for [eE| < m2.

Until now, we have restricted our attention only to the Schwinger mechanism for electrons.
However, the Schwinger mechanism is not limited to electrons. It can be generalized to charged
particles with arbitrary spin. In fact, the Euler-Heisenberg Lagrangian was extended for scalar
particles in Ref. [10] and for vector particles in Ref. [11]. These results were further generalized
by Marinov and Popov to the case of particles with arbitrary spin [12]. They found the following
expressions for the vacuum decay rate w and the pair production rate I' for a constant and

homogeneous electric field E:

leE'Z/ pLZ—eXp[ %]:( iﬁ_z [_ \ZZJ’

spin =1
(1.6)

|eE| [ _m? 4 pt B m?
d“p =2s+1)——= —T— 1.7
j 2 [ Eprexe | TmTE | = @ DG as e | g | .7

where [3,, is a statistical factor given by
(—=1)" ! for bosons

Bn = (1.8)

1 for fermions

m is the mass of the charged particle. The summation, Zspin = 2s + 1, accounts for the
degeneracy of the spin degrees of freedom with s = 0,1/2,1,.... The vacuum decay rate w and
the pair production rate I' for a single spin degree of freedom are independent of the value of
the spin s. This is because electric fields do not couple to the spin degrees of freedom. This
situation changes when one considers a magnetic field in addition to the electric field. Consider
a constant and homogeneous magnetic field in parallel to the electric field as an example (one
can easily extend the following discussion by a Lorentz-boost to general cases, where the angle
between the electric and the magnetic field is non-zero). In this case, one can analytically
compute the vacuum decay rate w and the pair production rate I' for arbitrary spin particles
[12]. The essence of the results is that magnetic fields do couple to the spin degrees of freedom,
and discretize the transverse motion as \/m2 +p2 — /m?+ (2n — gs, + 1)[eB| (Landau

quantization), where n = 0, 1,2, ... labels the Landau level, g denotes the gyromagnetic ratio,

and s, is the longitudinal component of the spin s, = —s,—s+ 1,...,s. As a consequence,
the lowest Landau level (low transverse momentum particles with n = 0) dominates the pair
production. More interestingly, the pair production is dramatically suppressed and/or enhanced
depending on the spin s of particles. Indeed, one finds an exponential suppression for scalar
particle production, while vector particle production is exponentially enhanced for s; = 1 with
g = 2. The latter is related to the Nielsen-Olesen instability [13, 14] inherent in charged vector

particles such as W-bosons and gluons [15].
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Since the Dirac sea picture is invalid for bosons, the original Sauter’s explanation for the
Schwinger mechanism should be modified now. The point is that Sauter’s explanation is based
on single-particle quantum mechanics, although the Schwinger mechanism, by its nature, must
be explained with the language of quantum field theory. This is related to how we reconcile
the negative energy states problem within quantum field theory, where the Dirac sea picture is
replaced by virtual pair fluctuations in a vacuum. The modern interpretation for the Schwinger
mechanism is as follows: In quantum field theory, a vacuum is not a vacant space but is full of
virtual pair fluctuations. The virtual pairs are ceaselessly created and annihilated in a vacuum
with a typical time scale At ~ 1/m because of the uncertainty principle. The presence of an
electromagnetic field, then, accelerates the virtual pairs and supply energy. If the work done
by the electromagnetic field ~ |eE| x At = |eE|/m (notice that magnetic fields do no work on
an orbital motion') exceeds the mass gap m, i.e., |E| = m?/e = E,,, the virtual pairs become
on-shell resulting in production of real pair particles. We note that, in this explanation, we
have implicitly assumed that the typical work done by the electromagnetic field is determined
by the field strength only. This assumption is valid for fields slowly varying in time, where the
typical frequency of the field is sufficiently smaller than the field strength so that the typical
energy scale of the electromagnetic field is solely determined by the field strength. We will
clarify this statement and review effects of time-dependent electromagnetic fields in Section
1.1.2.

One of the outstanding properties of the Schwinger mechanism is the exponential factor
in the vacuum decay rate w and/or in the pair production rate I, which depend on |eE|/m?
inversely in the exponential. From this factor, it is evident that the Schwinger mechanism for a
constant electric field is genuinely a non-perturbative phenomenon. This is in contrast to usual
perturbative phenomena, whose dependence on |eE|/m? always appears with positive powers.
On the other hand, one can also understand that an extraordinary strong electromagnetic
field of the order of E., = m?/e ~ 1072 MeV? ~ /102 W/cm? (for an electron-positron pair
production m = me = 0.511 MeV) is required to make the Schwinger mechanism manifest. This
is the reason why the Schwinger mechanism has not been confirmed in laboratory experiments
until today. The strongest electromagnetic field that the human beings have now at hand is the
HERCULES laser in the United States of America, whose strength is about 2 x 10*2W /cm? [16]
although the attainable laser intensity is rapidly growing in these days [17] thanks to advents of
new technologies (e.g. the chirped pulse amplification (CPA) [18]) and there are many intense
laser facilities planned around the world (e.g. ELI [19], HIPER [20]).

In finishing this subsection, let us mention that the Schwinger mechanism has a wide range
of applications in various fields in physics. In particular, it plays an important role in the area of
QCD, which is reviewed in Section 1.1.4. Here, let us discuss other examples: As is mentioned,

intense laser facilities give us an unique opportunity to study the Schwinger mechanism in

IEffects of magnetic fields appear in the modification of the effective mass through the Landau quantization

as is explained in the last paragraph.
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laboratory experiments, although its strength is still below the critical one E, = m?/e. In
addition, extraordinary strong classical electromagnetic fields, which may exceed the critical
strength are expected to appear in various physical systems (although it is not controllable)
such as super-heavy nuclei [21, 22, 23|, ultra-relativistic heavy ion collisions [24, 25], charged
black holes [26], the early Universe [27, 28] and so on. Furthermore, it is recently argued in
the condensed matter community that the Schwinger mechanism can be tested experimentally
via quasi-particle excitations in graphene [29] and/or in cold atoms on a optical lattice [30,
31, 32]. It should also be noted that many interesting phenomena such as the Landau-Zener
transition in Mott insulators, the Unruh effect, the Hawking radiation, particle production
during the inflation era can be discussed in an analogue of the Schwinger mechanism because
the underlying physics is the same, i.e., particle production mechanism from strong fields.
Finally, let us comment that the theoretical formulation of the Schwinger mechanism was first
given by Schwinger [6] by the proper-time regularization of the one-loop digram (proper-time
method). Since then, many other formulations have been developed such as canonical method
[33, 34], quantum kinetic method [35, 36], worldline instanton method [37], stochastic method

[38], and so on.

1.1.2 time-dependent electromagnetic fields

So far, we have considered an idealized situation, where the strong classical electromagnetic field
is constant in time. In actual physical situations, however, one frequently has to deal with time-
dependent strong fields. For example, strong electromagnetic fields produced in ultra-relativistic
heavy ion collisions decay quite fast. Those in intense lasers are also time-dependent. Under
such situations, particle production mechanism from strong fields is significantly modified by
the time-dependence. Indeed, the non-perturbative nature of the Schwinger mechanism for a
constant electromagnetic field can be understood as a scattering process of a vacuum virtual
pair with an infinite number photons with zero frequency. This is not the case for a time-
depending field, where photons have non-zero frequency w: A finite number of photons ~ m/w
is enough to excite a particle from a vacuum. Hence, the particle production may no longer be
non-perturbative, but perturbative particle production may occur.

The interplay between the perturbative and the non-perturbative particle production from
a strong classical electromagnetic field was first discussed by Brezin and Izykson [39] and by
Popov [40]. They considered electron-positron pair production from a sinusoidal electric field
with frequency w: E = Eysinwt. In a weak field limit |eEy|/m? < 1, they found that the pair

production rate I" varies with w as

B[ { e } (xk € 1)
— 5, &Xp |7 YK

r—J 4 JeE| (1.9)
|€E|2 cE Mme /w ( . 1) . .
167 | 2mew K




1.1. Schwinger mechanism 7

Here, 7x = mew/|eEy| is the so-called Keldysh parameter, which was previously introduced
in theory of ionizations of atoms [41]. For 7k < 1 or w — 0 (constant field limit), one
naturally reproduces the well-known non-perturbative formula for the Schwinger mechanism
for a constant electric field. On the other hand, for vk > 1, the frequency becomes so large
that the particle production becomes purely a perturbative phenomenon. The pair production
rate I' is now free from the non-perturbative exponential factor, and the exponent o me/w ~
(number of photons scattered for the particle production) in I' reflects the fact that the multi-
photon scattering dominates the particle production mechanism.

One can also discuss effects of time-dependence via a pulsed electric field. This is done by
the author [42], and is discussed in detail in Section 2.3

One of the most interesting theoretical developments involving the time-dependent effects
is the dynamically assisted Schwinger mechanism [43]. It predicts that the pair production
rate I' is dramatically enhanced compared to the naive Schwinger pair production rate for
a slowly varying 71(5 ) <« 1 electric field EW® _ if one superimposes fast '71(3 ) > 1 and weak
|E®?)| < |EW| fluctuations E? on top of EM. In this configuration, the fast electric field E?)
“assists” the Schwinger pair production by supplying sizable energy via multi-photon scattering,
which results in lowering the pair production threshold. The dynamically assisted Schwinger
mechanism attracts much attention of experimentalists because it presents an efficient way to
observe the Schwinger mechanism in laboratory experiments. Optimization of the field profile

is also studied vigorously, for example, in Refs. [44, 45, 46].

1.1.3 backreaction

In the previous two subsections, we have treated the strong classical electromagnetic field as a
background and neglected the backreaction effects. Unfortunately, this treatment ¢s unphysical
because it apparently violates the energy conservation law [47]. In reality, particles are accel-
erated by the electromagnetic field after they are created, and electromagnetic current flows.
The current generates an additional electromagnetic field according to Ampere’s law, which in
turn screens the original field. The backreaction effects were first phenomenologically addressed
within a transport model, which is often referred to as the flux tube model [48, 49]. In this

model, the classical Boltzman-Vlasov equation coupled to the classical Maxwell equation,

Of(x,p f(z,p
p" (f;xu >—6p“FW a(py ) = C(z,p) + S(z,p), (1.10)
oFm
g =" (1.11)

is considered. Here, f is a one-particle distribution function. C is a collision integral. § is a
source term, which accounts for the particle production from the Schwinger mechanism. j is
the current of the produced particles, which screen the original field via the Maxwell equation
(1.11). The flux tube model is intuitively clear and thus appealing, however, it is highly non-

trivial from a theoretical point of view. For instance,



8 Chapter 1. Introduction

e What is a correct expression for the source term?
In the original works [48, 49], the source term is assumed to have the same form as what
the Schwinger mechanism for a constant electric field has (Eq. (1.5)). This assumption
is apparently incorrect because now the field strength depends on spacetime in general,
and hence Eq. (1.5) is not applicable. Note that no formula exists so far for the pair

production rate for arbitrary spacetime-dependent electromagnetic fields.

e What is a correct expression for the current?
In the original works [48, 49], a spatially uniform electric field pointing to the z-direction

is considered. They assumed that the current j, = ji,. is expressed as

j:j(ljond +j[ljol7 (112)
. d’p p.
Jecond = e/ (27_(_)3]? ) (113)
1 d*p
=— | 2P s 1.14
i = 51 | oy _—

so as to satisfy the energy conservation law. Here, jconq and jpo may represent the conduc-
tion and the polarization current, respectively. The justification of this expression from a
microscopic point of view is quite unobvious. Indeed, in the framework of quantum field
theory, a classical current is obtained by taking an expectation value of a current operator
= gm (gt = e@g'y“@/; for fermions for example) with a certain regularization scheme.
The expression depends on the regularization scheme one chooses (or, physical conditions
one imposes) in general, however, no unique scheme exists for our problem because one
has to consider a spacetime-depending regularization when there is a spacetime-depending

electromagnetic field?.

e How can one justify the classical transport equation?
In the presence of strong fields, propagation of a particle should significantly differ from
that of the bare (i.e., classical) one because it receives large quantum corrections from the

strong field.

e Is the one-particle distribution function well-defined?
Theoretically speaking, a one-particle distribution function is well-defined only when in-
teractions are switched off. This is in contrast to our situation, where particles are strongly
interacting with the field.

2This situation is essentially the same as what we encounter in cosmological problems, where the spacetime
is curved [50].
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A more transparent way is the quantum-field-theoretical approach, which was developed in
Refs. [34, 51, 52, 53] (for a review, see [54]). In this approach, field equations

0=1[i) — eA —m] 1, (1.15)
j¥ = 0, F" (1.16)

are directly solved. (For scalar particles, the Klein-Gordon equation, 0 = [(id — eA)? — m?],
is considered instead of the Dirac equation. ) Here, quantum operators are distinguished from
classical numbers by a hat (e) as usual. In this approach, mean field approximation is adopted
so that only an expectation value of the gauge field operator, A, = <Au>7 and of the current
operator, j* = (}“), are considered. This approximation is valid when quantum fluctuations,
(A, — A,)/A, and (* — j*)/j*, are negligible, i.c., the classical contributions, A, and j#, are
large enough. In the first equation, the Dirac (or the Klein-Gordon) equation is solved non-
pertubatively with respect to the strong classical electromagnetic field A,. This is equivalent to
evaluating the one-loop quantum correction illustrated in Eq. (1.2), which accounts for the pair
creation. The backreaction effects are embedded in the classical Maxwell equation, described by
the second equation, as in the phenomenological flux tube model. The theoretical formulation
of this approach is presented in detail in Section 2.1. We note for completeness that a quantum
kinetic method is also developed in Ref. [55], which is essentially the same as the quantum-
field-theoretical approach explained above. In this approach, quantum Vlasov equation with
a source term, instead of the Dirac (or the Klein-Gordon) equation, coupled to the classical
Maxwell equation is considered. It is, however, much simpler to solve the field equation directly,
rather than solving a quantum kinetic equation with a complicated non-Markovian source term
[35, 56]. Another equivalent approach is recent real-time lattice simulations [57, 58, 59] based
on the classical statistical approximation [60]. In this approach, classical equations of motion
are numerically solved on a lattice and quantum effects are (partly) taken into account by an
ensemble average of initial field fluctuations. It is an advantage of this approach that numerical
costs are smaller than the previous two approaches for 3-dimensional problems; especially for
problems, where strong fields are inhomogeneous in space. However, it is speculated that the
classical statistical approximation may destroy the renormalizability of an underlying theory
[61].

The backreaction problem attracts much attention even today. In particular, it is recently
argued that avalanche-like particle production (QED cascade) occurs if one considers backre-
action effects beyond the mean field level [62, 63, 64]: Let us suppose that a charged particle
is present in a strong field (seeded by the Schwinger mechanism, for example). Then, since
the field is so strong that the particle would be quickly accelerated by the field to emit hard
photons, which in turn decay into an electron-positron pair. Repeating these steps to increase
the number of particles so rapidly that the original field would decay much faster than expected
in the mean field studies. Although the theoretical foundation for the QED cascade is still far

from complete, numerical simulations based on a simple phenomenological kinetic description
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support the QED cascade scenario [65, 66]. In addition, it is interesting to point out that such
an avalanche-like particle production was experimentally observed in an electron-hole plasma

created by a strong THz laser [67].

1.1.4 application to quantum chromodynamics

The Schwinger mechanism plays an important role in the area of QCD, especially in the physics
of multi-particle production: It is the strong classical color electromagnetic flux tubes that
bind quarks and gluons inside hadrons (color confinement) [68]. The typical strength of the
flux tubes is as strong as gF ~ 1 GeV?, which can be determined by the Reggae slope in
hadron spectroscopy and/or by lattice QCD (for a review, see Ref. [69] for instance). Notice
that the strength is much larger than the critical field strength of the Schwinger mechanism
for both quarks and gluons. In high energy processes (e.g. lepton-hadron, hadron-hadron
scatterings), partons (quarks and gluons) inside a hadron are shot out and flux tubes span
between the partons expand (Low-Nussinov model [70, 71])3. The flux tubes do not expand
macroscopically, but decay through production of quark—anti-quark and/or gluon pairs via (a
colored version of) the Schwinger mechanism; otherwise the energy of a flux tube would increase
ultimately with increasing its length. These particles are eventually observed as (color neutral)
hadrons in detectors. This is the so-called string breaking picture of hadron production in high
energy processes [72, 73]. The string breaking picture is implemented in some phenomenological
models such as the Lund model [74], which has been very successful in reproducing hadron
spectra observed in actual high energy processes.

Static properties of the string breaking mechanism can be studied well within lattice QCD:
The emergence of color flux tubes in QCD was studied for mesonic (quark and anti-quark)
system in Refs. [75, 76, 77|, baryonic (three quark) system in Refs. [77, 78], tetra-quark system
in Ref. [79], and penta-quark system in Ref. [80]. The breaking of color flux tubes was confirmed
in Refs. [81, 82] by analyzing a static quark and anti-quark potential separated with each other
by fixed distance [. They found that [ ~ 1.25 fm, which coincides with the typical size of
hadrons, sets critical distance for the string breaking to occur.

Dynamical aspects of the string breaking mechanism are, however, less understood. Indeed,
lattice QCD tells us nothing about dynamics because real-time information is lost in a Euclidean
formulation, with which lattice QCD stands. In order to understand dynamical aspects of the
string breaking mechanism, one has to follow real-time dynamics of the Schwinger mechanism
in QCD including backreaction effects. For this purpose, one has to extend the Schwinger
mechanism developed in QED to the case of QCD.

Study of this direction was initiated by Refs. [83, 84, 85, 86|, in which the quark and

gluon pair production rates, I'yg and I'y,, for a constant and homogeneous classical strong color

g8

3The flux tube picture is also applicable to lepton-lepton scatterings. For this case, 1l — v — qq dominates
the cross section, and the flux tubes should span between the produced quark and anti-quark pair.
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electric background field was computed. They considered a covariant constant background
field satisfying 0 = D, F* = 0,F" +ig[A,, F*]. For covariant constant fields, there exists a
global color rotation such that it diagonalizes, i.e., Abelianizes the background field strength
as W = Fmv Z?ﬁw H* with H® being diagonal matrices which belong to the Cartan

subalgebra of SU(N.). Now that the problem is essentially reduced to the Abelian one, one
finds a pair production rate I' similar to that for QED (Eq. (1.7)) as

un. i Nc (fund.) 12 2
g B E! 2 mf+pl g K| my
qq Z Z Z d P1exp (fund) - Z A3 exXp | =7 (fund.) 4=
i=1 flavor spin L ’ E| i=1 ’qz E|
(1.17)
NC(Nc_l)/2 (ad.) n i 2 NC(NC_I)/2 (ad.) |2
qy E| / 2 Py g4 E|
T, = a2 [ 2y exp |—n—PL_| = 194 21 (1.18)
gg ; Z (27T)3 i |q1(jd)E| ; 47-‘-3

In deriving Eq. (1.18), we have used the fact that gluons are massless. my is the mass of a quark
of flavor f. The indices i and A are the color indices of fundamental and adjoint representations,
respectively, and ), and >, account for the summation over the color degrees of freedom.

Zpol. = 2 counts the number of physical polarization of gluons; unphysical particles, i.e., ghosts

and scalar and longitudinal gluons are never produced. The effective color charges, qfﬁmd') for
quarks and qf:d') for gluons, are defined by
Ne—1
(fund =g Z Ha u? (119>

Ncl

=g Z (1.20)

where ¢ is the coupling constant of QCD, and (v*)? is the root vector of SU(N,).

Backreaction effects in QCD have been studied within the QCD version of the flux tube
model explained in Section 1.1.3 in Ref. [87]. Ref. [87] considered the Boltzman-Vlasov equation
[88, 89, 90] coupled to the classical Yang-Mills equation:

Of Ve, p)  (hmdy um OFVwp)
1973 ) un MF (@) (@) 1.91
P w g = GV @) + SV @ p). (1.21)
af<g)< P) e OfP(x,p) ®
s F,, a2l g = Ca @ p) + 8P (.p), (1.22)
oFmw
o =" (1.23)

where the source term S is assumed to be expressed by the particle production rate I' in QCD

(Egs. (1.17) and (1.18)). As the classical field is Abelianized, the non-Abelian part of the Yang-
Mills equation, ig[A,, F*], vanishes in Eq. (1.23) so that it reduces to the Abelian Maxwell

equation.
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The phenomenological flux tube model is, unfortunately, far from self-evident as was ex-
plained in detail in Section 1.1.3. Quantum field theory should give us a rigorous formulation
from the first principle, however, study along this direction is insufficient. The quantum-
field-theoretical approach was applied in [91], where only backreaction effects from quarks are
considered and those from gluons are neglected. In reality, the backreaction effects from quarks
and gluons must give the same order contributions. Hence, inclusion of the gluon backreaction
effects is important, although it has not been completed so far. We resolve this problem in this

thesis.

1.2 Ultra-relativistic heavy ion collisions

Pre-equilibrium stage dynamics in ultra-relativistic heavy ion collisions is a big missing piece
in our current understanding of the event evolution. The physics is, on the other hand, very
similar to the string breaking dynamics reviewed in the last section as we will see, and hence it
is crucial to deepen our understanding of the Schwinger mechanism to fill in the missing piece.
In this Section, we explain what the problem is, and review recent theoretical attempts for this

problem.

1.2.1 overview

In our current Universe, i.e., with almost zero temperature and density, quarks and gluons are
confined in hadrons so that one can never observe them individually. The theory of quarks and
gluons, i.e., QCD predicts that the situation dramatically changes when we go to high temper-
ature and/or density. There, a phase transition occurs, and quarks and gluons are liberated
from hadrons to form a plasma state [92, 93]. This is the so-called Quark-Gluon Plasma state
(QGP) [94]. Lattice QCD predicts that the phase transition takes place at temperature around
Toep ~ 170 MeV [95, 96]. According to the Big Bang theory [97, 98], such a high temperature
state may be realized just after the birth of our Universe, and thus all the matter existing in
our current Universe can be thought of as remnants of QGP. Hence, understanding QGP is
important not only to unveil rich QCD physics, but also to elucidate the origin of the matter.

Ultra-relativistic heavy ion collisions are the only way that the human beings have now
at hand to create QGP in laboratory experiments. Heavy nuclei such as copper (%*Cu), gold
(*7Au), and lead (*®®Pb) with ultra-relativistic energies are collided, and a fraction of the
collision energy is converted into the thermal energy to achieve extremely high temperature
with macroscopic dimensions ~ (10 fm)3. So far, these collisions are operated at the Relativistic
Heavy Ion Collider (RHIC) with typical collision energy /sxny = 200 GeV /nucleon since 2000,
and at the Large Hadron Collider (LHC) with /sxy = 5.5 TeV/nucleon since 2010. Many
experimental observables (e.g. elliptic flow vq, jet quenching, quarkonium suppression, thermal

photon, Hanbury-Brown-Twiss (HBT) interferometry, chemical equilibration) strongly indicate
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that QGP is actually created in ultra-relativistic heavy ion collisions.

e (11I) after QGP created

» Hadron Cascade

~10 fm/c
hadron gas
» Hydrodynamics

(II) just after a collision

» 7?7?77

(I) before a collision

> Color Glass Condensate

Figure 1.2: Spacetime evolution of ultra-relativistic heavy ion collisions.

The spacetime evolution of ultra-relativistic heavy ion collisions can be roughly divided into
three stages (see Fig. 1.2); (I) before a collision (7 < 0), (II) pre-equilibrium stage just after a
collision (0 < 7 < Tqgp), and (III) locally equilibrated stage after QGP is created (tqap < 7).
Thanks to vigorous theoretical and experimental studies of the past decades, there has been

significant progress in understanding the stages (I) and (II1):

(I) Before a collision (7 < 0)

Before a collision, two incident nuclei at very high energies are saturated with a huge number
of gluons with typical phase space densities ~ 1/g? (see the left panel of Fig. 1.3). Such a
very dense gluon state is well approximated by coherent classical gluon fields sourced by p,
rather than incoherent particles (Color Glass Condensate picture; CGC [99, 100, 101, 102]).
This is a non-Abelian analogue of the Weizsacker-Williams fields in QED. In this picture,
quark contributions are negligible because they are sub-leading effects compared to that from
abundant gluons.

The non-linear interaction among gluons g <> gg plays an essential role in CGC: A gluon
with large momentum inside a nucleus emits gluons one after another through successive g — gg
processes, and the number of gluons dramatically increases with increasing the energy of the
nucleus, or equivalently with decreasing Bjorken’s z ~ Q?/s (Q? is the virtuality and s is the
center of mass squared). This cascade eventually ceases at sufficiently small x. There, gluons
start to overlap with each other, and the inverse process gg — g becomes significant to balance

the gluon emitting process so that gluon production saturates (see the right panel of Fig. 1.3).
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Figure 1.3: [Left] Particle Distribution Function (PDF) measured at HERA [103]. [Right]

Intuitive picture of gluon saturation.

As a result of this saturation mechanism, gluons are randomly distributed in the transverse
plane of the nucleus with typical correlation length ~ 1/Qs. The only scale Q) is the so-called

saturation scale, which evolves with = as
A
Q% ~ A3 (@) GeV?, (1.24)
x

where A'/3 represents thickness of a nucleus with A being the atomic mass number. The
unknown parameters xo, A are determined from experiments as zy = 3 x 107 X\ = 0.288 for
r < 1072 (Golec-Biernat-Wiisthoff (GBW) parametrization [104, 105]). Typical values of Q
read Qs ~ 1 GeV for RHIC energy scale, and Q)5 ~ 3 GeV for the LHC energy scale. The
randomness of the transverse gluon distribution can be described by a probability function
Wp|] with p being the gluon density. Now that the number of color constituents, i.e., gluons
are sufficiently large, the central limit theorem tells us that it is good to model W{p] by the
following Gaussian ansatz (McLerran-Venugopalan (MV) model [99, 100, 101]) as

2

1
W p] = exp [_ﬁtrc/d%dg;u?] , (1.25)

where the model parameter y is related to the saturation scale Qg as g*u ~ Qs [106]. In the
CGC framework, any observable (O) . is computed as an ensemble average of the probability
function Wp| as

(0)eae = / dpIW ROl (1.26)

An important consequence of CGC is that high energy hadrons are universally characterized
only by a single energy scale, i.e., the saturation scale ()s. This CGC prediction is actually

confirmed in scaling behaviors in deep inelastic scattering cross sections (geometric scaling)
[107, 108, 109].
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(IT) pre-equilibrium stage just after a collision (0 < 7 < Tqgp)

The colliding nuclei pass through each other (Bjorken picture [110]) leaving a fraction of the
collision energy into the cylindrical shaped region between the two nuclei. The energy would
be converted into the thermal energy to create QGP through non-equilibrium processes, which

we review in Section 1.2.2.

(IIT) equilibrated stage after QGP is created (7qep < 7)

QGP is created shortly after a collision 7 > 7qap. The spacetime evolution of the system is,
then, well described within relativistic hydrodynamics. In particular, (a relativistic version of)
the Euler equation together with an equation of state, for instance, extracted from lattice QCD
is very successful in reproducing experimentally observed large elliptic flow vy. This success

strongly indicates that QGP behaves like a perfect liquid with tiny viscosity, which means that

e QGP is a strongly interacting matter rather than a weakly interacting gas as the asymp-
totic freedom of QCD [111, 112] naively implies; and

e the entropy (almost) conserves during the stage (III), so that the huge entropy observed
in the experiment (about 1000 charged hadrons per unit rapidity [113, 114]) must be
produced during the pre-equilibrium stage (II).

Hydrodynamics also implies that the formation time of QGP may be very short Tqgp < 1 fm/c
because the large elliptic flow vy requires that the hydrodynamical evolution starts at early
times, when the anisotropy in the pressure gradients is large enough. The short formation
time Tqap is also suggested by hydrodynamical analysis of direct photons. Numerical codes
including higher order effects such as shear/bulk viscosity and initial state fluctuations are also
developing in these days, which are indispensable tools to extract bulk properties of QGP in
detail.

The cylindrical shaped region, where QGP is created, expands in the beam direction in
accordance with the motion of the colliding nuclei (Bjorken expansion [110]). QGP cools down
with this expansion, and the temperature eventually gets lower than the critical temperature of
the QCD phase transition Tgep ~ 170 MeV. Then, quarks and gluons are confined to form a
gas of hadrons, which are finally caught by detectors after hadronic cascading evolution. This
stage of dynamics is described by hadron transport models (e.g. UrQMD [115], JAM [116]).
The hadron transport models have been successful in reproducing a number of observables in
low-energy heavy ion collisions up to SPS (Super Proton Synchrotron at CERN) energy scale
Vs ~ 17 GeV /nucleon, where more relevant degrees of freedom in the process are given by

hadrons rather than quarks and gluons.
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1.2.2 pre-equilibrium dynamics

There is a big missing link between the stages (I) and (III), i.e., a bridge between CGC and

hydrodynamics. Namely, the questions are
(a) How can one theorize the non-equilibrium QCD dynamics during the stage (I1)?

(b) How are the huge number of quark and gluon particles produced from the purely classical
gluon fields characterized by CGC?

(c) How does the system evolve to form QGP? In particular, the applicability of hydrodynamics
to QGP naively implies that QGP is (at least) close to isotropic P,/P, ~ 1 because the
foundation of hydrodynamics relies on a derivative expansion around an equilibrium, and
hence a complete isotropization or a state very close to it is assumed for the expansion
to make sense. Is isotropization and/or hydrodynamization possible within an extremely

short formation time mqgp < 1 fm/c?

Unfortunately, no complete answer exists for these questions starting from QCD, despite of
numerous and incessant (see Ref. [117] for example) theoretical attempts. What makes it
difficult is that there is no experimental probe so far for the pre-equilibrium dynamics during
the stage (II) because the strongly interacting matter in the stage (III) smears out the pre-

equilibrium information.
Anisotropy: P,/ P,
Kinetic theory | Both  Classical
YM

Initial

Thermal

f~a f~1 f~a!

Occupancy: f

Figure 1.4: A cartoon of the field and particle regime in the pre-equilibrium stage dynamics of

ultra-relativistic heavy ion collisions. The figure is taken from Ref. [118].

Here, we review recent theoretical developments for this problem. The pre-equilibrium stage
(IT) might further be divided into two regimes, namely, classical (0 < 7 < Tpart) and particle
(Toart ST S Tqap) regime (see Fig. 1.4). Different degrees of freedom dominate for each regime

(classical fields for the field regime, and particles for the particle regime), so that different

theoretical approaches are applied depending on the regime.
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field regime

As was explained in the last subsection, CGC tells us that incident nuclei are a highly dense
system of gluons with typical phase space density f ~ 1/¢*> > 1, whose behavior is well
approximated by classical gluon fields sourced by p. Hence, the system can solely be described
by classical dynamics and one may use the classical Yang-Mills theory to describe the subsequent
spacetime evolution after a collision because quantum scattering processes are suppressed by
an inverse of the phase space density 1/f < 1. In the following, we shall neglect quarks for
the first approximation, because it would give only subleading contributions compared to that
from dense gluons. Inclusion of quark degrees of freedom is an open issue in this research area.

The classical Yang-Mills theory tells us that a collision of these classical gluon fields results
in a formation of longitudinal color electromagnetic flux tubes between the two nuclei receding
from each other [119, 120, 121] (often referred to as glasma named after that it is a transient
state between color-GLAss-condensate and quark-gluon plaSMA). These flux tubes can be
understood as an analogue of the Low-Nussinov model in the string breaking dynamics.

Let us explain how these flux tubes emerge. Intuitively speaking, this is a colored version of
a capacitor, where each nucleus plays a role of a capacitor plate with large color charges due to
the gluon saturation. Theoretically, our task is to solve the classical Yang-Mills equation with
sources p™ (n = 1,2 differentiate the colliding nucleus 1 and 2 moving at the speed of light
to the positive and negative beam direction, respectively). This program is analytically doable
at the instant of a collision 7 = 07. Now, let us assume a perfect boost-invariance, i.e., the
resulting color electromagnetic fields do not depend on a spacetime rapidity coordinate. This is
because boost-invariance is a good approximation at the classical level since the incident nuclei
are highly Lorentz contracted to be pancake-shaped and move almost at the speed of light.
Then, one can analytically solve the classical Yang-Mills equation at the instant of a collision

7 =07 to obtain (before color averaging by Eq. (1.26))

B, =E, =0, E.=—ig([o{", o] + [a{V,a{?]) (1.27)
B, =B, =0, B. = ~ig (~[al",a{?] + [af",al?)). (1.28)

Here, we define the z-axis as the beam direction. The quantity ozl(") are the gauge potentials
associated to the incident nucei, respectively, and characterize the longitudinal component of

the field strength. They are given by

alt) = éU(")Tax,yU(”) with U™ = Pexp [ig / dgvfp(n)] 7 (1.29)

where P denotes the path-ordering, and £ = (t—z)/v/2 forn =1 and € = (t+2)/V/2 for n = 2.
From Egs. (1.27) and (1.28), we understand that:

e At the instant of a collision 7 = 07, the system is characterized by the above boost-

invariant strong classical color electromagnetic flux tubes as depicted in Fig. 1.5. This
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means that understanding the pre-equilibrium stage dynamics is to reveal how the initial

flux tubes at 7 = 0% decohere into a huge number of particles, which eventually form

QGP.

e The system is highly anisotropic with negative longitudinal pressure,
1 2 2 2 2 2 2
P. =S (B + By — EZ) + (B; + B, - BY)] <0, (1.30)

1
P = Str. [EZ + BZ] > 0. (1.31)

e Non-vanishing topological charge density exists because E - B # 0.

Figure 1.5: Boost-invariant strong classical color electromagnetic flux tubes created at the

instant of a collision 7 = 0.

Let us again stress that the “initial” condition at 7 = 0% for the pre-equilibrium stage dynamics
is given by the above boost-invariant strong classical color electromagnetic fluz tubes just like in
the strong breaking dynamics. This is a very natural situation where the Schwinger mechanism
is at play. From this fact, one understands that it is crucial to deepen our understanding of
the Schwinger mechanism to elucidate the pre-equilibrium stage dynamics of ultra-relativistic
heavy ion collisions.

One has to employ numerical methods to follow the subsequent evolution 7 > 0. This
is done in Ref. [121] for a perfectly boost-invariant system. In reality, however, there always
exist quantum fluctuations around classical quantities that can break the boost-invariance.
Interestingly, it was first demonstrated by Refs. [122, 123] that initial quantum fluctuations
seeded at 7 = 0% bring unstable behaviors in the subsequent evolution (their time scale is,
however, rather long ~ 100/Q)s), although the fluctuations considered in Refs. [122, 123] are
somewhat artificial ones. These unstable behaviors, which are often referred to as glasma
instability, are related to the Weibel instability, which is well-known in the context of plasma
physics, and/or the Nielesen-Olesen instability inherent in QCD [13, 14]. A more realistic initial
quantum fluctuations based on CGC are considered within classical statistical approximation in

Ref. [124]. Effects of initial quantum fluctuations are investigated in more detail in Refs. [125,
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Figure 1.6: Classical evolution of the system. [Left] Time-evolution of the longitudinal and
transverse pressure of the system with CGC initial quantum fluctuations. The figure is taken
from Ref. [124]. [Right] Time-evolution of the anisotropy and the phase space density with
different initial quantum fluctuations. The figure is taken from Refs. [125, 126].

126]. These results are displayed in Fig. 1.6, which claim that the system stays anisotropic
during the whole spacetime evolution because P, approaches zero (free streaming) regardless of
initial quantum fluctuations one considers. This is truly a bad news for the question (c): The
classical evolution never isotropitizes or hydrodynamizes the system. This discrepancy may
be resolved in the subsequent particle regime. Indeed, it is argued within scalar ¢* theory in
Ref. [127] that the quantum scattering processes, although they are subdominant by a factor
of 1/f <« 1 and are neglected in the field regime, are essential to isotropitize and/or thermalize

the system.

particle regime

As time proceeds, the system becomes more and more dilute because of the expansion, so that
particle degrees of freedom become more and more important than those of classical fields.
This transition from the field regime to, say, the particle regime smoothly occurs at around
1 < f < 1/g?%, where both field and particle picture give faithful description [60]. For f < 1,
particle degrees of freedom dominate the system. In this particle regime, quantum scattering
processes, which are suppressed by a factor of 1/f in the field regime, become significant. It
is impossible to describe quantum scattering processes within the classical Yang-Mills theory,
and hence one has to use another theoretical approach to follow the spacetime evolution.

As such an approach, kinetic theory is a powerful theoretical framework to describe non-
equilibrium dynamics in dilute systems. An effective kinetic theory for QCD was developed in

Ref. [128], which is based on the Boltzman transport equation for the gluon distribution function
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with an elastic 2 <> 2 and an inelastic 1 <+ 2 collision integrals. As the collision integrals,
especially that for the 1 <> 2 process, are complicated functionals, it is a hard task to evaluate
the kinetic equation. The state-of-art numerical simulation was done in Ref. [129], where a
boost-invariantly expanding 2 + 1 dimensional system was treated for simplicity. Figure 1.7

summarizes the main results of Ref. [129].
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Figure 1.7: [Left] Time-evolution of the anisotropy and the phase space density within the
effective kinetic theory with various coupling constant. The arrow indicates the flow of the
time-evolution. The black line corresponds to the limit of the classical evolution. The figure is
taken from [118]. [Right] Onset of hydrodynamical evolution from the effective kinetic theory.
The figure is taken from [129].

One of the important lessons from [129] is that the isotropization P,/P, ~ 1 actually occurs
in the particle regime (left panel of Fig. 1.7) verifying the importance of quantum scattering
processes in the isotropization.

On the other hand, however, the time scale is very long to achieve a complete isotropization
> 100/ Q) for a realistic coupling constant o, = ¢g*/4m ~ 0.3. This is a bad news for the question
(c): It does not seem to explain the fast hydrodynamization of the system 7qgp ~ 1 fm/c. There
is no satisfactory answer for this problem so far. One of the promising scenarios is based on
the assumption that one may apply hydrodynamics even before the system is isotropitized.
Based on this assumption, Ref. [129] analyzed the time-evolution of thermodynamic quantities
(energy density e and pressure P,, P, ) within the effective kinetic theory and the first and
second order viscous hydrodynamics. As depicted in the right panel of Fig. 1.7, Ref. [129]
found that the effective kinetic theory agrees with hydrodynamics within a short time scale
7 ~ 10/Qs, which is consistent with the fast hydrodynamization. Notice that the anisotropy is
still quite large P,/ P, ~ 0.2 at this time scale. The theoretical justification of the assumption
is quite unobvious, and deserves to be investigated further. Omne of the interesting trials to
this problem is the so-called aHydro framework [130, 131], which tries to extend the ordinary

hydrodynamics to such a highly anisotropic regime.
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Let us go back to the original questions (a)-(c), and briefly summarize what is answered and

what is not:

(a)

The current understanding is that one may use the classical Yang-Mills equation for the

field regime and the effective kinetic theory for the particle regime (see Fig. 1.4).

It is, however, totally unclear what is a unified theory which can deal with both regions.
This is a very tough task because one has to directly follow non-equilibrium dynamics
of a certain quantum field theory. One of the promising approaches is the two particle
irreducible approximation for the Kandanoff-Baym equation (2PI formalism; for a review
[132]), although numerical simulations of this formalism in QCD are so difficult. Another
interesting approach is based on the gauge/gravity duality, which is a conjecture that
relates a certain class of gauge theories to the classical gravitational theory. This is done
in Refs. [133, 134] for the N' = 4 supersymmetric Yang-Mills theory in the large N -limit.
They observed for the first time, preceded to QCD studies, the onset of hydrodynamics
occurring before a complete isotropization P,/P; # 1. The formalism presented in this

thesis may give us a first step to resolve this problem.

Not answered yet. The main focus was gluon production only, and much less attention has

been paid to quark production.

Quark production is essential in understanding the chemical equilibration of the system.
It is also important in understanding photon and dilepton production mechanism in the
pre-equilibrium stage, which may serve as non-vanishing probes for the pre-equilibrium
stage because they are free from strong interactions. Furthermore, it is argued that the
non-vanishing topological charge density in the glasma results in novel anomaly-induced

transport phenomena of quarks such as the chiral magnetic effect [135].

In spite of the importance and the applications listed above, there are only a few studies
about quark production in the pre-equilibrium stage dynamics of heavy ion collisions. It was
done by Gelis et al. [136] and by the author [137] under an assumption that backreaction

effects from quarks are negligible. We will overcome this limitation in this thesis.

Up to now, there is no consensus on this question in the heavy-ion community. One of
the promising scenarios is that isotopization and hydrodynamization may take place in
the particle regime. In particular, a fast hydrodynamization occurs if we assume that

hydrodynamics is still valid to highly anisotropic systems.

As was pointed out, the validity of anisotropic hydrodynamics is quite unclear, and should
be investigated further to justify this scenario. We note that there are other scenarios
based on bottom-up thermalization [138], transient Bose-Einstein condensate [139], glasma

instability [140], chaosity in classical Yang-Mills theory [141], and so on.
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1.3 Objectives and outline of thesis

The purpose of this thesis is to formulate the backreaction problem of the Schwinger mechanism
in QCD starting from quantum field theory. We also apply the formalism (within mean field
and massless approximations) to investigate the time-evolution of the field strength, particle
distribution functions, and thermodynamic quantities such as pressure and energy density of the
system. We furthermore apply the formalism to describe the pre-equilibrium stage dynamics of
ultra-relativistic heavy ion collisions by modeling the initial flux tubes by a boost-invariantly
expanding, and spatially uniform classical electric field.

To be more specific, we consider quantum fluctuations of quarks, gluons, and ghosts on
top of a classical color gauge field. By adopting mean field approximation for the quantum
fluctuations on top of a classical gauge field appearing in the QCD Lagrangian, we derive a
set of linear differential equations, which accounts for particle production, backreaction, and
(partial effects of) scatterings. Our formalism has some advantages and can resolve some

problems explained in this Introduction. Namely, our formalism

e includes backreaction and scattering effects of the Schwinger mechanism from both the
quark and the gluon (and also the ghost) sectors for the first time based on quantum field

theory;

e describes both quark and gluon production, which are missing especially in previous

studies of the pre-equilibrium stage dynamics of ultra-relativistic heavy ion collisions;

e naturally explains a transition from the field regime to the particle regime, which may
give us a first step for the unified theoretical description of the pre-equilibrium stage

dynamics of ultra-relativistic heavy ion collisions; and

e is numerically feasible because it does not suffer from complicated functionals and/or

memory integrals as in 2PI formalism.

This thesis is organized as follows: In Chapter 2, the Schwinger mechanism in QED is fur-
ther reviewed. In Section 2.1, we explain how we formulate the Schwinger mechanism in QED
based on quantum field theory within mean field approximation. In Section 2.2, we apply the
formalism to a constant and spatially uniform electric field. By neglecting backreaction, we
re-derive the Schwinger formula for the vacuum decay rate w and the pair creation rate I'. In
Section 2.3, we consider a pulsed electric field (Sauter-type electric field [142]) to examine effects
of time-dependence; backreaction is still neglected in this section. The results presented in this
section is based on my published work [42]. In Section 2.4, dynamical aspects of pair creation
is discussed for a constant electric field without backreation. In Section 2.5, we finally consider
backreaction, and see how they affects the time-evolution of the system by numerically evalu-
ating particle distribution functions and thermodynamic quantities such as energy density and

pressure. Chapters 3, 4, and 5 are main parts of this thesis. In Chapter 3, we extend the QED
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study to SU(N. = 2) Yang-Mills theory without quarks. In Section 3.1, starting from quantum
field theory, we formulate for the first time the Schwinger mechanism in the Yang-Mills theory
including backreaction by adopting mean field approximation. In Section 3.2, we apply the
formalism for a constant and spatially uniform color electric field, and analytically follow the
time-evolution of the gluon particle distribution function by neglecting higher order quantum
effects such as backreaction and scatterings. In Section 3.3, we investigate backreaction effects
by numerically tracing particle distribution functions and thermodynamic quantities such as
energy density and pressure within massless approximation, and clarify similarities/differences
between the gluon production and the previous electron production. In Chapter 4, we further
extend our study to the case of SU(N, = 3) @ SU(N;) QCD. The formulation will be explained
in detail in Section 4.1. In Section 4.2, we first apply the formalism for a constant color electric
background field. By neglecting the backreaction, we analytically follow the time-evolution of
the quark and gluon distribution functions. Various effects, such as the color angle -, the
number of flavor N¢-, the quark mass mg-effects are examined in detail. In Section 4.3, back-
reaction is considered, and we shall see that the different quantum statistics of gluons and
quarks results in a significant difference in the particle production. In Chapter 5, we apply the
formalism presented in Chapter 4 to the pre-equilibrium stage dynamics of ultra-relativistic
heavy ion collisions by modeling the initial color flux tubes by a boost-invariantly expanding,
spatially uniform classical color electric field. In Section 5.1, we first explain how we extend
the Schwinger mechanism, which was originally formulated in a non-expanding geometry, in
such a boost-invariantly expanding one. In Section 5.2, particle production without backreac-
tion is discussed based on my unpublished work [137]. In Section 5.3, we take into account
backreaction. By numerically tracing the time-evolution of particle distribution functions and
thermodynamic quantities such as energy density and pressure within massless approximation,
we discuss some phenomenological consequences of our formalism in the pre-equilibrium stage
dynamics of ultra-relativistic heavy ion collisions. Chapter 6 is devoted to a summary and an
outlook of this thesis.

This thesis contains three appendices: Analytic solutions of the Dirac equation and the
Klein-Gordon equation in a non-expanding geometry are presented in Appendix A and B,
respectively. Analytic solutions of the Dirac equation and the Klein-Gordon equation for an
expanding electric field are derived in Appendix C.

Throughout this thesis, we work in the Heisenberg picture. We implicitly take summation
over the repeated indices u,v,... for spacetime only, and not for other repeated indices, for

instance, color labels A, B, ..., spin labels s, s, ..., and so on.






Chapter 2

Schwinger Mechanism in Quantum

Electrodynamics

The purpose of this chapter is to provide the modern understanding of the nature of the pair
production from a strong classical electric field in QED, prior to the extension to the QCD
study. In Section 2.1, we formulate the pair production from a strong classical electric field in
QED starting from quantum field theory, and explain how one can formulate the backreaction
problem within mean field approximation. In Section 2.2, we apply the formalism to a constant
electric field. By neglecting backreaction, we re-derive the Schwinger formula for the vacuum
decay rate w and the pair creation rate I'. In Section 2.3, we consider a pulsed electric field
(Sauter-type electric field [142]) to examine effects of time-dependence of the applied field,;
backreaction is still neglected in this section. In Section 2.4, dynamical aspects of the pair
production are discussed for a constant electric field without backreation. In Section 2.5, we
finally discuss backreaction effects by numerically evaluating particle distribution functions and
thermodynamic quantities such as energy density and pressure.

Some parts of this chapter are based on works by other authors; in particular, by Tanji
(34, 91], and by Kluger et al. [51, 52, 53, 54]. The results presented in Section 2.3 are based
on my own published work [42].

2.1 Formalism

2.1.1 QED under a classical gauge field
Lagrangian

Throughout this chapter, we consider QED, whose Lagrangian ﬁQED is given by

~ & ~ A 1~ N 1 o o
Lorp = Y[i@ — eA — me|t)p — ZFM F,, — 5(@14“)2 —JrA, . (2.1)
N _N——
7 =Loxt
=L
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Here, @/A) and A are an electron and a photon field operator, respectively. J* is a classical external
source. e > 0 is the coupling constant of QED. m, is the electron mass. The field strength
tensor is defined by 131“, = @Lfl,, - &,flu as usual. ¢ = e,v" is the Feynman slash notation
with v* being the gamma matrices. We fix the gauge by the Feynman gauge condition by
introducing the gauge fixing term as —(1/2)(9,A")2.

expansion around a classical field

~

Generally, there exists a classical gauge field (A4,) # 0 because of the presence of the classical
source J*. Now, we wish to understand how the classical field affects the quantum mechanical
evolution of a system. To make this situation manifest, we split the total gauge field flu into
an incoherent quantum fluctuation (particle) a, and a coherent gauge field (classical field) A,
as

A, = A, +ay, (2.2)
where

A, =(A), a,=A,— A, (2.3)

Here, (e) is an expectation value of a given initial state (8) = (state; in|e|state; in).
We furthermore expand the total Lagrangian EQED in terms of the quantum fluctuation a,

to obtain
Laep =V[id — eA — mei
1 1
— " F = A - 5(8MA”)2

N

1 Fuy AV ~
) uw f1 = (0,A")(0,0") — J*ay, — e
1., 1,
— qu fl“/ — 5(0,@“)2. (24)
Here, F),, = 0,A, — 0, A, and fW = 0,4, — 0,4, are the classical and the quantum part of the
field strength tensor F v, Tespectively.
conserved quantities

The QED Lagrangian ﬁQED (Eq. (2.4)) possesses some symmetries, and there exist some con-
served quantities associated with the symmetries. Among them, the electromagnetic current

7# and the symmetric energy-momentum tensor T are important.

electromagnetic current j*

The electromagnetic current j# is a conserved quantity associated with a global U (1) gauge

symmetry:

A~

U — e, (2.5)
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The conserved quantity associated with this symmetry, i.e., the electromagnetic current j* can
be obtained via the Noether theorem [143] as

3" = ey, (2.6)
which is conserved as
0= 0,j" (2.7)

Notice that the conservation law Eq. (2.7) is an operator relation, which strictly holds anytime

as long as equations of motion of ﬁQED are satisfied.

symmetric energy-momentum tensor 7"

Another important quantity is the symmetric energy-momentum tensor Tr associated with

a translational invariance of the system. The symmetric energy-momentum tensor 7™ is defined

as a metric variant of the Lagrangian L as!
—2 4(lg£)

. ; oL 1 oL
g Ty Y SN
\/ |g| 5.gw/ g ag/u/ A/ |g| g ( |g|8)\g/u/>

where |g| is the determinant of a metric g,, (we finally take the Minkowski limit g,, — 7,

, (2.8)

as we are working in the Cartesian coordinates now). In terms of the variables 121”,1@, the

symmetric energy-momentum T can be explicitly expressed as
1 A N - N N A N
- 577*”’(@/9)2 — " APD,0, A7 + AP Oy AN + AV OFO\AN

+—

2~ — A~ — N N < N ~
+ = [Y*(0” +ieA”) + 47 (0" +ieAF) — (0" — ieA")yH — (0" —ieAF )Y | . (2.9)

e | .

The conservation law for the symmetric energy-momentum tensor T reads
0, = J,F* 4 A9, J". (2.10)

The RHS is an energy supply from the external source J*. Again, we note that the above
conservation law is a strict operator relation.
The diagonal components of the symmetric energy-momentum tensor give the definition of

the energy density ¢ and the pressure Px,yﬁz of the system; namely,

e=T" p=1" (1=u=x,y,2). (2.11)

'In general, the symmetric energy-momentum tensor is not the same as the canonical energy-momentum
tensor (which is not necessarily symmetric) obtained by the Noether theorem. In the Minkowski spacetime
coordinates, the difference between the two is given by the so-called Belinfante-Rosenfeld tensor [144, 145],

which is related to the spin angular momentum of the system.
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2.1.2 assumptions on the system

The above arguments are general in the sense that they do not depend on details of a system.
It is, however, difficult to formulate the Schwinger mechanism under such a fully generic case,
which is actually an on-going subject of this research area. To avoid the difficulty, let us make

some simplifications:

(i) (Homogeneity in space)

We restrict our attention to the case where only a homogeneous classical electric field is
present. If we define the z-axis by the direction of the electric field, then one can write
the classical gauge field A, in the following form without loss of generality by fixing the

residual gauge freedom as

t
A*(z) = (0,0,0, A(t)) = (0,0,0, —/ dt' E(t')). (2.12)
In terms of the classical source J*, this assumption is equivalent to assume that the
source is homogeneous in space and has a current component in the z-direction only

Jr(z) = 6k J(t) .

(ii) (Vacuum initial condition)

We assume that the initial state is given by a vacuum [state;in) = |vac;in), i.e., there are

no particles initially.

(iii) (Adiabatic hypothesis)

We assume that, at asymptotic times ¢ — +o0o, there are no classical electromagnetic
fields, and the classical gauge field A, becomes merely a pure gauge by adiabatically

switching off the source J* at the asymptotic times.

The first assumption is, indeed, a strong limitation. Extension to spatially inhomogeneous
gauge fields may be straightforward if one neglects backreaction effects [137, 147]. If one
considers backreaction, however, it brings some difficulties. The most problematic one is the
regularization. As was imagined from Introduction and is explained in the following, it is
essential to compute an expectation value of a current operator (j) to formulate the backreaction
problem within quantum field theory. The expectation value is, unfortunately, divergent and
hence one has to regularize it to make sense. The problem is that there is no plausible way known
so far to regulate such divergences when there exists a spacetime dependent background. If the
background depends on time only, then, one can safely regulate divergences via, for instance,
the normal ordering procedure [34] or the adiabatic regularization [51].

The second assumption is needed in order that the assumption (i) is consistent with the
time-evolution of the system. Indeed, the assumption (i) together with equations of motion (at

mean field level) requires that the charge density of the system must vanish.
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The third assumption is very useful in employing a canonical quantization procedure in
Section 2.1.4. It is only when there are no interactions, where one can uniquely define the

notion of particles and the corresponding vacuum state.

2.1.3 mean field approximation

It is difficult to directly follow the real-time dynamics of the system defined by the Lagrangian
ﬁQED; this is because it contains a non-linear interaction which is higher than the cubic order
in the quantum fluctuations, i.e., e@Z;i"gZAJ. As a workaround of this difficulty, let us consider
mean field approximation: We replace the non-linear term (higher than the cubic order in the
quantum fluctuations) by its expectation value as

A A

et — i, (P70 = i, (7", (2.13)

or

Lagn —0[id — e —mJd

1 1
— P F — A = 5(@14“)2

~

— S = (0,A(0,4) ~ T, i, ()

— }L T foy — =(0,0)2. (2.14)

1
2
This approximation is equivalent to discarding the fluctuating term j# — < #). This is justifiable
when the classical value of the current (] ) is large enough, which is formally realized, for
instance, in the limit of large number of fermions (i.e., suppose that we have more than one
electron) Ny — oo [51].

Strictly speaking, the above mean field treatment is ill-defined because an expectation value
of two-point functions, such as the current (j“}, generally diverges because of vacuum con-
tributions. Thus, one has to regularize the divergence by subtracting the unwanted vacuum
contributions for our mean field treatment to make sense. For now, let us assume that this is
correctly done; we postpone this problem until Section 2.1.5, where divergences are regulated

by normal ordering procedure [34].

equations of motion

One can immediately derive equations of motion from the mean field Lagrangian (2.14), which
read
0=0,0"a", (2.15)

0=[if) — eA —me]o), (2.16)
(G") + J" = 9,0" AV, (2.17)
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The first two are the equations for the quantum fluctuations du,ﬁ. Thanks to the mean
field treatment, these two equations are linear in the quantum fluctuations. This enables us to
canonically quantize the fluctuations a,, @, and to directly compute an expectation value of the
corresponding number operator. Notice that the equation for a, is the same as the free one,
and thus no particle production occurs for this fluctuation. This is because photons have no
electric charge, and do not couple to the classical gauge field A,. Hence, we do not consider the
fluctuation a, in the following discussion for simplicity. On the contrary, the electron field 1&
does couple to the classical gauge field A, through the interaction term ethﬂ, which represents
a multiple scattering between the classical field and electrons. This term is responsible for
electron (and positron) production; see Section 2.1.4 for the detail.

The third equation is for the classical gauge field A,. The physical meaning of this equation
is that the electromagnetic current due to produced electrons (j#) (the source term on the LHS)
screens the original classical gauge field A, through the Maxwell equation. In this way, one can
formulate the backreaction problem in QED. An important point here is that one has to go
beyond the one-loop treatment to include the backreaction; it is the quantum interactions of
the cubic order in the quantum fluctuation that are responsible for the backreaction in QED.

By recalling the assumption (i) (i.e., homogeneity of the system) made in Section 2.1.2, one

can simplify the third equation (2.17) as

0= (" =" =", (2.18)
., A dE
(7 +J TS (2.19)

Equation (2.18) tells us that the local charge density of produced particles (j*) is always zero.
This is a manifestation of the charge symmetry in QED. Indeed, we shall see in Section 2.1.4
that electrons and positrons are simultaneously created and that the number of electrons and

of positrons are the same.

conservation law

Under the mean field treatment, the conservation laws, Eqs. (2.7) and (2.10), do not hold at
the operator level; nevertheless, they do hold at the mean field level. This is because the mean
field approximation does not change the expectation value of the Lagrangian. By using the
equations of motion within our mean field treatment, Eqs. (2.15)-(2.17), one can explicitly show

the conservation law for the electromagnetic current,
0=9, ("), (2.20)
and for the symmetric energy-momentum tensor,

0, (T = J,F*™ + Av9,J". (2.21)
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If the system is homogeneous in space as we have assumed in (i) in Section 2.1.2, the

conservation law for (j*) reads
0=2 (", (2.22)

which trivially follows from Eq. (2.18). On the other hand, the conservation laws for (7%)
(2.21) can be simplified as

9, (6) = —EJ*, (2.23)

which is noting but the energy conservation law under an external current J=.

2.1.4 canonical quantization and particle production

In this subsection, we canonically quantize the fluctuation T/AJ in the presence of the classical
gauge field A, and compute particle spectra produced from the classical field.

In the canonical quantization procedure, it is important to identify what are correct posi-
tive /negative frequency mode functions. In the usual quantum field theory of free fields, one
can easily identify the correct positive/negative frequency mode functions by the plane wave
solutions o e¥ir'teipe (i.e., eigenfunctions of the translational operator id,) because of the
Poincaré invariance. If interactions are present, however, the Poincaré invariance is broken
(i.e., non-zero energy and momentum are supplied from the interactions), so that there is no
guiding principle to identify the positive/negative frequency mode functions.

In our problem, the classical gauge field A, becomes merely a pure gauge and no interaction
occurs at asymptotic times ¢ — oo (assumption (iii) in Section 2.1.2). In this case, the
canonical quantization procedure at the asymptotic times is doable without any ambiguity
because one can identify the positive/negative frequency mode functions at the corresponding
asymptotic time by the plane wave solutions as usual; this program is addressed in the first half
of this subsection. For intermediate regions —oo < t < oo, however, interactions prevent us from
uniquely identifying the positive/negative frequency mode functions. Hence, ambiguities must
come in during the canonical quantization procedure, that is, the definition of a particle and
of a vacuum must be ambiguous. Nevertheless, it is very useful to make a working definition
of positive/negative frequency mode functions for intermediate regions in order to describe
dynamics of particle production. This is also important in regulating our mean field theory, for
which one has to identify the unwanted vacuum contributions to subtract. In the last half of
this subsection, we shall make such a working definition by assuming that the classical gauge
field is sufficiently adiabatic?.

2This kind of problems frequently appear in the context of cosmological particle production, where the
curved spacetime plays a role of the classical gauge field, and the adiabatic approach is frequently applied in
this research area as well [50].
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canonical quantization at asymptotic times and particle spectrum at t — oo

The homogeneity of the system (assumption (i) in Section 2.1.2) enables us to Fourier expand
the fluctuation ¥ by positive/negative frequency mode functions (1™ (as = in for t — —oo
and out for t — 00) as

elp

bla) =3 / Pp [ 0D + D OR)] G (2:24)

where p labels canonical momenta, and s labels spin degrees of freedom. We normalize the

mode functions by

(e Ne = Ogy, (£ |50 = 0 (2.25)

for each as = in, out. Here, the fermion inner product (¢4 |1s)r is denoted by

(¥r]t)r = P, (2.26)

which stays constant during the whole spacetime evolution as long as the fermionic quantities
11,19 obey the same Dirac equation (2.16).

The positive/negative frequency mode functions are identified as solutions of the equation
of motion (2.16) with plane wave boundary conditions at t — f+oo: By noting that the classical
gauge field A, becomes merely a pure gauge and no interaction occurs at the asymptotic times
t — +oo, it is natural to require that the positive/negative frequency mode functions coincide
with those of free fields at each asymptotic time; namely, we require the following boundary

conditions for the mode functions:

(in) tp e exp | i [ wp cadl
Ups p—eA,s €XP —co Pp—eA
(in) t——o0 [t
—Ups VU_pteA,s XD |+ f—oo Wp—cadt
(out) Up—enseXp |—i [* wp_cadt
<+ p.s > — pred JFoctr . (2.28)
—00

(out) .t
_ps V_piea,s €XD |+i [* wp_cadl

(2.27)

Here, wp_ca = \/ (p — eA)? + m2 is the on-shell energy of an electron. wy, s, vy s are the free-

spinors of electrons and positrons, respectively, normalized as
uL,SuP’SI = U;),SUP,S' = 588’7 uI),sU*p,S’ = 0. (2.29)

For details of the free-spinors up s, vp s, sSee Appendix A.1.

Now, we impose canonical commutation relations

{(t,2), 91 (1,2} = 6%(x — '), {$(t,2),d(t,2)} =0 (2.30)
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to obtain annihilation operators at each asymptotic time, a®%) and b@) for the positive and
the negative frequency mode, respectively. The anti-commutation relations for the annihilation
operators read

{a (as T} — {bps ) aS)T} 85’53(p - p/>’ (others) =0 <231)

p.s o Apr s/

for each as = in, out.

An important point here is that the mode functions iwz(f}? do fully include the multiple
interactions with the classical field A, through the interaction term eAz/} in the Dirac equation
(2.16), and hence the positive (or negative) frequency mode at ¢ — —oo will evolve into a linear
combination of the positive and negative frequency modes at t — oo. This is essentially the
same as what we encounter in an one-dimensional barrier scattering problem where we always
have a mixture of in-coming wave and its reflection on one side of the barrier, but the other

side consists of out-going wave only. The linear relation between the modes can be described

by a Bogoliubov transformation given by
+¢z(z?§lt)|@5)F>

&(Olslt) X
Sout | = / P 372 (out), 7
b—p,s (277) ¢p,s W)

(

(
(G e G| ep)e | [ aps
o Los)e Copnd|uste ) \ b0

gt BN ([apy
- (out)x* (out)x* 2(in)t | - (232)
_/prs ap’s b—p75
In the last line, we have used (4 g?“t |+ p in) (— (0‘”‘ ¢ )F and (mz(fé‘t)!fwﬁi?)p _

—( wp?m)hw(m))F, which follows from the orthonormality of %S (Eq. (2.25)). The Bogoli-

ubov coefficients a(®™), B(°") satisfy the following normalization:
1= [l 4 5L (2.33)

Thus, the annihilation operators at ¢ — —oo and those at ¢ — oo are inequivalent. This

means that the corresponding vacuum state, which satisfies
0= agﬁ) |vac; as) = bﬁz) |vac;as) (as = in,out) (2.34)

for arbitrary p and s, are also inequivalent. The inequivalence can be expressed by the Bogoli-

ubov coefficients a/°") glout) ag

[vac; out) = v Plout) H

(out) PS —b,s
p?

) /Bpr (1n Tb(ln)’[] |VaC; 1n>

_ \/WH [1 _ 27T) ﬁn (in Tb in) ] |vac 1n> (2.35)

" (out) ap,s V—p,s
p?
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This relation predicts that pair production occurs; the finial vacuum |vac; out) at t — oo start-
ing from the initial vacuum |vac;in) at ¢ — —oo contains pairs of an electron with momentum

p and a positron with momentum —p with a weight o fps/aps. Because of this pair pro-
duction, the vacuum persistence probability P(") = |(vac;in|vac;out) |?/| (vac; in|vac;in) |?
is smaller than unity, and the vacuum decays. By using the normalization condition 1 =

|2 (out)

| (vac; out|vac; out) [*/| (vac; in|vac; in) |?, one can explicitly write down P as

(out) __ | plout)2y |/6 Out)|2n
P = TT(1 = |BE™[?) = exp |- SZ Z (2.36)

p7s

from which one can deduce the (average) vacuum decay rate w as

_1 Z/ Iﬁ °; > (2.37)

One can also directly compute the electron and positron spectra at t — oo thanks to the

above canonical quantization procedure. The electron (positron) spectrum is computed as an

expectation value of the corresponding number density operator a(out) agflslt) (B%?Et”égjﬁt)) by a
given initial state |vac;in) as
AN (p, s 1 )2
e (p ) = <a(ogt)1d(ogt)> _ |6 ) | 7 (238)
dp?dax? 1% P (2m)3
PN (ps) 1 . Bl |2
Ny (Ps) _ 1 (butTplony = 15ps (2.39)
dp3dx? Vv (2m)3

An important point here is that deriving the particle spectrum is thus reduced to computing the
Bogoliubov coefficient £, s by solving the Dirac equation (2.16) with proper boundary condi-
tions. Remark that this formalism, which takes into account the interactions with the classical
field A, non-perturbatively by fully solving the equations of motion, does include perturbative
contributions as well which can be computed by, for instance, the usual diagrammatic tech-
niques of the S-matrix [148]. For a specific type of electric fields, one can explicitly check this
(see Section 2.3).
Let us comment a little bit more about Egs. (2.38) and (2.39):

e The total number of produced electrons and of positrons [ d3pd6Ne(iut) /d3pdx? are the

same; this is the manifestation of the charge symmetry in QED.

o d6Ne(8ut) (p,s)/dpidx® = dGNe(iut)(—p, s)/dp®dx? holds reflecting the fact that an electron
and a positron are produced simultaneously so as to satisfy the momentum conservation
law p + (—p) = 0, where 0 is the momentum that a vacuum carries.

e The Pauli principle strictly holds as (27r)3d6Ne(iut)/ dp3dx® < 1, which follows from the

normalization condition for the Bogoliubov coefficients (2.33).

e It is evident that the (average) vacuum persistence probability w and the (average) par-
ticle production rate I' = (1/7) [ d3pd6Ne(im) /d*pdx?® do not agree with each other.
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canonical quantization and particle spectrum for intermediate regions

Let us define positive/negative frequency mode functions for intermediate regions —oco < t <
oo, where interactions with the classical gauge field A, are still present. To do this, let us
assume that the classical gauge field is sufficiently adiabatic in time. Then, it is natural to
think that correct positive/negative frequency mode functions at an intermediate time ¢t =
(—o0 < tp < o0) do not deviate significantly from the plane waves at ¢t = t; because the
deviation should be suppressed by factors of 9;'A,,/dt™ (n > 1).

This consideration urges us to define the positive/negative frequency mode functions at an
intermediate time by the following plane wave form:

.rt
W [ tp-cawsexp | =i 1 wpocapdt (2.40)
t prm— . . .
- 1(739 (t) VU_pteA(t),s €XP +1 fjoo wp—eA(t)dt

From the normalization condition (2.29) for the free-spinors up s, vp s, one immediately under-

stands that the intermediate mode functions i@/J;(,t)s are normalized as

(<09 )e = b,y (29O|z00)E = 0. (2.41)

Notice that in the limit of ¢ — +o0, i@bﬁfl smoothly approaches the correct mode functions at

asymptotic times 4 i as
Hﬁp, - 1/1(1;)7 i PV L. (2.42)

The corresponding annihilation operators at an intermediate time, a,(¢) and by 4(t), are

obtained by expanding the fluctuation zﬂ by the intermediate mode functions wf; 2; as

epT

Z/d3 U (1) ap (1) + (1), (1) - (2.43)

The annihilation operators, ap4(t) and by 4(t), are time-dependent because the intermediate
mode functions iwp,) do not satisfy the original Dirac equation (2.16). Because of the asymp-
totic behavior of isz,S (2.42), the intermediate annihilation operators smoothly coincide with
those at asymptotic times ¢ — +oo. The anti-commutation relations for these annihilation
operators can be obtained from the canonical commutation relations for the field operator &
(2.30) as

{aps(t), aby o (8)} = {bps(), by (1)} = 056°(p — P'), (others) =0, (2.44)

which are the same as for the asymptotic ones.
Because of the multiple interactions with the classical field A, the positive (negative) fre-

quency mode at an intermediate time ¢t becomes a linear combination of those at t — —o0. From
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the orthonormality condition for iw(to (2.41), one again finds that the annihilation operators

at an intermediate time are related to those at ¢t — —oo by a Bogoliubov transformation:

ips(t) \ _ [ aps() Bps(®) [ gl
<bT—p s(t )) B <—ﬁ;,s(t) O‘;,s(t)> (b(_”; s) : (2.45)

Here, the Bogoliubov coefficients are given by

aps(t) = (GOS0 e = (OG0 i), (2.46)
Bp.s(t) = (P e = = (W8, (2.47)

and are normalized as
1= Japs(t)* + 1 Bp.s(1)]*. (2.48)

The Bogoliubov transformation (2.45) coincides with that at t — oo (2.32) because of Eq. (2.42).

From the Bogoliubov transformation (2.45), one can derive various quantities at intermedi-
ate times such as the vacuum persistence probability, electron and positron spectra and so on
in the same manner as in the ¢ — oo case. We do not repeat the derivation here, but just write

down the results:

e The intermediate vacuum |vac;t):

|vac;t) = Hexp { % gzz(ga RO )} |vac; in)

(
—*/_H{ u g:)((ga S()b*ps()}wac;my (2.49)

e The vacuum persistence probability P:

%FHWWMWFW*&#Z/MZ@%ﬁI (2.50)

p?s

e The vacuum decay rate w:

= Z/ Z |*B”S (2.51)

e The electron and positron spectra dﬁNe(i) (p, s;t)/dp*dx?:

d°Ne-(p,s;t)  d°New(—p,s;t)  |Bps(0)]?

dp3dx3 dpidxz? - (27)3 (2:52)
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For later purposes, it is useful to investigate the ultraviolet (wp_.a — 00) behavior of the
Bogoliubov coefficients oy, 5, 8ps. In doing this, we first note that the in-state mode functions

+w,(,i,r§) are related to the intermediate ones +1/1§,t7 ), as
in % t
+ 1(775) _ aP,S(t) - p,s(t> + 1(739 (2 53)
in - % t ) .
) \Besl®) () ) \ums

A (6)al) + g OB = 0 (#)ap.(t) + LB, (1) (2.54)

holds. By substituting this Bogoliubov relation into the original Dirac equation (2.16), one

because

obtains a differential equation for the Bogoliubov coefficients ay, 5, 8p s as

d ) 1 eE 2 1 p? ! ,
R e Mo T PL exp [22/ wp_eAdt] ﬁfj’s : (2.55)
dt Bp,s 2 Wp—eA Wp—cA —00 Cp s

One can iteratively solve Eq. (2.55) order-by-order in w, to find

i eE /m?+
=1+ 0w, 4), Bps = i exp{ / Wp— eAdt} +O(w,?.4).  (2.56)

4wp A Wp—cA

Here, we have used i@b(in) ————> @D,(,tl in determining the boundary condition aps ——

Wp—+00

1, Bps — 0. Notice that | I5; \2 falls faster than w2 »» Which guarantees that the total number

wWp—>00

of produced particles [ d*p|Sp,s|?

stays finite.

2.1.5 regularization

In this subsection, we discuss how to regularize fermionic two-point functions (121“1&), where I
represents 1,v#,0,,... and so on. As was mentioned, the regularization is important for our
mean field treatment to make sense. The main message of this subsection is that the divergence
in the two-point functions originates from vacuum contributions, which are safely subtracted
via a normal ordering procedure [34] with respect to the intermediate operators introduced in
Eq. (2.43).

To be explicit, let us consider the current (j2) = <2Z1’y @ZJ} (I' = 7?%) as an example. Firstly, we
examine the divergent structure of the two-point function. To do this, we use the Bogoliubov

relation (2.53) to re-express (j*) as

)y _qpin)

_62/ dp Qp,s ‘2 ¢87 wps+apsﬂp, 1/13'}/ w

+ap B VDY 0+ 1B s [P 0D )| (2.57)
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Using the asymptotic (wp_ca — oo) expressions for the Bogoliubov coefficients (2.56) and

computing the spinor product as iww’y chp,s = (\/m2 + p? Jwp_ca) exp[£2i [ wp_cadt], one
can evaluate Eq. (2.57) to find

N a3 _
9= [ g Lo v+ 0t )] (2:58)

By noting that iwp,sﬂy iwp,s = F(p. + eA)/wp_eca, one understands that the first term in
Eq. (2.58) cubically ~ A3 diverges with A being a momentum cutoff. On the other hand, the
second term only gives finite contributions®. Physically speaking, this divergence comes from

vacuum contributions at an intermediate time ¢ because
d P B0 )
(vacst|j®|vacst) = e Z RIS (2.59)

Now, we are not interested in the vacuum contributions because only the difference from the
vacuum value is physically meaningful. This suggests us to re-define <§Z) so as to subtract the

vacuum contributions as
(55y = ( j’z 1) = (vac; in|j’z|vac;in> — (vac;t|j'z|vac;t>, (2.60)

which is now free from the divergence. This subtraction procedure is equivalent to taking a
normal ordering of intermediate operators c) as : ¢c® .= B c®F — [t (D] = Bt c®),
The above considerations can straightforwardly be extended to other two-point functions

(zZFzﬁ} as well. That is, one can regularize (@Fqﬁ) by re-defining (JP&) - (: @;Fgﬁ 1) as

fay ~

(: YT :) = (vac; inlﬁzF1ﬁ|vaC' in) — <vac;t|1ZFzﬁ|vac;t)
Z / TP [yl - FOTul)] . (2.61)

The above normal ordering regularization is also valid to the Yang-Mills theory discussed in
Section 3 and QCD in Section 4.

One of the advantages of this regularization method is that it does not violate the conserva-
tion laws. Let us take the energy conservation law (2.23) as an example to see this advantage

explicitly. For our homogeneous case, the total energy (: € :) reads

(e =1( €(A) D+ €(y) ), (2.62)

3Formally, the second term still contains logarithmic divergences ~ In A. These divergences can be eliminated

via a charge renormalization procedure [53]. In a practical sense, however, the logarithmic divergences are small
(for a reasonable cutoff scale A) and do not modify the spacetime evolution of the system significantly. Hence,
we do not consider to regulate the logarithmic divergences in the following. This simplification is equivalent
to neglecting running coupling effects. We have checked this treatment does no harm by explicitly conducting

numerical simulations with and without regulating the logarithmic divergences.
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where

. E?
(1 €y ) = - (2.63)

o o 43 . )
(: ¢y 1) = ( Re[ipf )] :) = —Tm » / ﬁ [Tl — Piowl)] . (2.64)

The energy contribution from the fluctuation a, is obviously zero because it obeys the free field
equation of motion (2.15). By using the equations of motion, Eqs. (2.16) and (2.17), and the
definition of id}g?s (2.40), one finds

0f: ) =~ (] ) — B (2.65)
i ) =~ [ G oot — vl
! d*p . .
e / T [ U — el e
— B, (2.66)

and hence 0, (: € 1) = —FEJ? strictly holds.

2.2 ete” pair production from a constant electric field

Let us dare neglect the backreaction, i.e., artificially set (: 7% :) = 0 in the coming three sec-
tions, Section 2.2, 2.3, and 2.4; the backreaction problem is discussed in Section 2.5. This
simplification may be justified when the quantum contribution (: 7? 1) is much smaller than the
classical one J?; this may be realized at the very early times of the pair creation, where the
number of produced particles and the acceleration by the electric field are sufficiently small.
Although this simplification violates the strict energy conservation of the system, it enables
us to better understand the nature of the pair creation because one can analytically solve the
Dirac equation (2.17) for specific configurations of classical fields A, (or the classical source
JH).

In this section, we consider the case, where the classical field is given by a constant electric
field E(t) = Ey, i.e.,

A(t) = —Eqt. (2.67)

For this case, one can analytically solve the Dirac equation (2.17) (see Appendix A.2 for details),
which enables us to analytically compute various quantities such as the vacuum persistence
probability P©"  the vacuum decay rate w, the electron and positron spectra, and so on.

One can analytically compute the Bogoliubov coefficient at ¢ — oo (see Appendix A.2 for
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details) as

m2+p? [ mg+p‘j]
exp | —m 2 2
(out) __ leEol 4leEo| (out) __ me +Pp1
o) — , —exp |- e TPL 2.68
s = I T

2.2.1 particle spectrum at t — oo

From Egs. (2.38) and (2.39), one obtains the electron and positron spectra at ¢ — oo by
squaring Eq. (2.68) as

d6N ) (p, 5) 1

dp?dx3 a (2m)3 P [_

2 2
M} (2.69)

le Ey
As is evident from the exponential factor, one understands that the pair creation is genuinely
non-perturbative if the electric field is constant in time. This is because the typical frequency
of the constant electric field is vanishing, so that infinite number of photons involve to excite
real particles from a vacuum.

Equation (2.69) does not have a canonical momentum p,-dependence. Physically speaking,
this is because all the produced particles are accelerated by the electric field with infinite
duration to obtain an infinite kinetic momentum P, = p, + eFyt Q o0, no matter what
values of their canonical momentum p, are. Because of this independence, p.-integration of the
spectra diverges. To estimate the degree of divergence, we assume that the pair creation occurs
at around P, ~ 0, where the pair creation threshold ~ wp takes its minimum. Then, one finds
that the time ¢ty when pair creation occurs and the canonical momentum p, of the produced

particle are correlated with each other as p, ~ —eFEyty;. Thus, we have

/dpz ~ ’6E0’ /dto = |€E0’T (270)

Note that this estimate has been used in many articles on pair creation from a constant electric
field. In order to obtain p.-dependent spectra and to examine the validity of this estimate, one
has to compute intermediate spectra at —oo < t < oo; this is done in Section 2.4.

Now, we can integrate the particle spectra dGNe(im) /d3pdx? to obtain the (average) particle

production rate I"
1 dﬁN(out
= — p
T ; / d3pdaz3
1 d’p mg + pi
B TZ/ 27)3 P [_W |6E0|

E 2
= %exp [—71’ Te ] , (2.71)
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which is the same as the pair production rate originally obtained by Nikishov (1.5) (note that
Nikishov [8] also utilized the estimate (2.70)).

2.2.2 vacuum persistence probability at ¢ — oo

With the help of the estimate Eq. (2.70), one can evaluate Eq. (2.37) to find an expression for

the (average) vacuum decay rate w under a constant electric field as

mg+p7 ]

oo J—
exp[ N ]

1 d*p
=2
o mZ+p?
|€E0| / 9 exp [—mr leEo| ]
~ d
e TPl

2
ey & [ —nm ]

473 n?
n=1

: (2.72)

which is nothing but the Schwinger formula for the vacuum decay rate (1.4) (note that Schwinger
6] also utilized the estimate (2.70)).

2.3 Finite pulse effects

In the last subsection, we have seen that the pair production is genuinely non-perturbative
if the electric field is constant in time, and only a single dimensionless parameter |eFEp|/m?
characterizes the pair production because there are only two dimensionful parameters m, e Fy.
The situation changes if we add another dimensionful parameter in the system. In particular,
time-dependence of the field is important in realistic situations such as intense laser exper-
iments and ultra-relativistic heavy ion collisions. Now, suppose that the electric field has
a finite lifetime 7. Then, since we have three dimensionful parameters m,, eFy, 7, one can
construct two dimensionless parameters out of the three to characterize the system. In this
subsection, we will see that the pair production mechanism is largely affected by changing
two dimensionless parameters. In particular, we will explicitly show that an interplay between
non-perturbative and perturbative pair production occurs, whose transition is characterized by
v = |eEy|T/me, v = |eEy|T?. In addition to this, we will see that the particle production is
enhanced in the perturbative regime compared to a naive estimate from the non-perturbative
Schwinger formula for a constant electric field.

The rest of this section is organized as follows: In Section 2.3.1, we derive a formula for the
electron spectra produced from a classical electric field within the lowest order perturbation
theory, and discuss how the perturbative particle production mechanism differs from the non-
perturbative one. In Section 2.3.2, we consider a specific type of pulsed electric fields (Sauter-

type electric field). The advantage of this particular choice of electric fields is that one can
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analytically evaluate not only the perturbative formula but also the non-perturbative formulas
(2.38) and (2.39). We directly compare the two evaluations, and explicitly show how the
interplay between a non-perturbative and a perturbative pair production occurs. Although we
concentrate on the Sauter-type pulse throughout this section, we stress that our qualitative
discussion should be valid for more general pulse fields smoothly characterized by its height Ej
and width 7. We note that the backreaction is still neglected in this section; see Section 2.5 for

effects of the backreaction.

2.3.1 perturbative formula

We split the electron part of the total Lagrangian (2.14) into an un-perturbed part Lo and an

interaction part Ly as

ﬁQED = @2[2@ — me]t —GJLA@ZJ +(irrelevant terms) (2.73)
Eﬁo Eﬁint

We treat the interaction Ly as a perturbation, and compute an S-matrix element for the e*e™
pair creation from the vacuum, S = (e™(p,s)eT(p', s');out|vac;in) = (e™(p,s)eT(p/,s);in|
T expli f d%/ﬁint] |vac;in), in the lowest order perturbation theory. The diagrammatic expres-

sion for the lowest-order contribution S™ reads
S — (e”(p, s)e+(p',s/);in]i/d4wﬁim [vac; in) = o (2.74)

and it is straightforward to show

eE (2w 3 .
L) (G r0-p) (0 ).
Wp

(2.75)

SO = e / 2 (e (p,s) " (P, s): in DA |vac; in) =

Here, F(w) is the Fourier transform of the electric field F(w) = [ dtE(t) ¢,
Now, we can compute the number density of electrons and positrons, d6N€(iut) /dp3dz?,

created from the vacuum in the lowest-order perturbation theory as

Y

(out) (out) ~
d°NS " (p.s) ANV (-p,s) _ 12/d3p’|5<1>|2 _ (Y B
dp3da3 dp3da3 V< (2m)3 w? 402

(2.76)

where integration over the positron momentum p’ gives a volume factor V = (27)3§(0). The
physical meaning of the formula (2.76) is evident. For an electric field oscillating in time
E(t) = Eycoswt, E(2w,) is proportional to §(2w, + w) + 6(2w, — w). For the on-shell electron
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energy wp > M., the number of produced electrons and positrons vanishes if |w| < 2m, (“2”
comes from the fact that the an electron and a positron are always produced as a pair), which
means that the pair creation does not occur when the energy supplied by a single photon is
below this threshold. This is certainly true for a constant electric field w — 0, no matter
how strong the electric field is (within the perturbation theory). For a general time-dependent
electric field, the number of produced particles is non-vanishing even for a single photon as long
as the electric field has a nonzero Fourier spectrum E(w) above the threshold w > 2m,. Tt is
also important to note that the formula (2.76) depends on e E /m, in positive powers, which is in
contrast to the exponential dependence as was seen in the non-perturbative particle production
formula (2.69).

The total number of produced particles, d3Ne(im) /dx3, is obtained after integrating over p

AN oy AmEL o Am
Bx (A7) o, VRl * w?

The w integral is not possible in general unless we specify the electric field E.

as

) leE(w)[%. (2.77)

2.3.2 comparison of perturbative and non-perturbative evaluation

From now, we consider a special case where the electric field is applied as a pulse in time. In

particular, we work with a Sauter-type pulsed field [142] with height Ey and width 7:
A(t) = —FEyrtanh(t/7) or E(t) = Fgsech®(t/T). (2.78)

An advantage of this particular choice of electric fields is one can analytically evaluate both
the non-perturbative formulas (2.38) and (2.39) the perturbative one (2.77). Thus, by directly
comparing these two evaluations, one can discuss, in particular, how the interplay between the
perturbative and non-perturbative particle production occurs with changing the parameters

Me, eFy, T.

perturbative evaluation

We substitute the Sauter-type electric field (2.78) into Egs. (2.76) and (2.77) to get the number
density dﬁNe(iUt) /dp*dx® and the total number d3Néiut) /dx3, respectively, in the lowest-order
perturbation theory. By using

~ o~ z'7rE07'2w
E = —jwA = 2.79
(6) = i) = THEE, .19
we find that the number density dGNe(im) /dp3dx? is given by
dEN(p,s)  dNG(-ps) 1 (1 pg) B | (mwpr)* (2.80)
dp?da3 dp*dx? (2m)3 wp/) | wp | w2 |sinh[rw,7]| '
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We obtain a non-vanishing result because the Fourier spectrum of the Sauter-type field E (w)

is nonzero at any value of w, in particular in the region w > 2m,. Also, the total number
d3Ne(iut) /dx? is given by

2

dSN(OUt)
eSS f(mmer), (2.81)

eEO
dx3 e

2
me

where f is given by

xt [ 11 ( 1 1
2)= [ dww?y[1— == 2+—) S 2.82
/(@) 2#4/1 w?3 w? ) |sinh(wz)|? (2:82)

which behaves asymptotically as

1872
fx) ~ : (2.83)

2/ 71\

el R N >

572 <1+16x)e (x 2 1)
It is important to point out that the total number (2.81) does not depend on the mass m, in
the short pulse limit mm,7 — 0 as d3Ne(iut)/ dx® ~ 7 x |eFy|/18m. This is because the typical

(r$1)

frequency of the Sauter-type pulse ~ 1/7 > m, becomes so hard that it can excite arbitrary
heavy particles from the vacuum. The factor 7 can easily be understood as the total time of

the interaction with the pulse.

5x10°5 4x1C

4x10° 3x1C

3x10° 2x1C

2x105

1x1 0_5 1x1C
0 0

Figure 2.1: The momentum p-dependence of the number density of electrons d6N€(?ut) /dp3dz?

(2.80) for a particular parameter |eFy|/m? = 10, m.7 = 0.01.

Figure 2.1 shows the momentum p-dependence of the electron number density dGNe(Sut) /dp?dx?
(2.80) for |eFy|/m? = 10 and mer = 0.01 as an example. We see that the peak is located at
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f(x)
0.01 | x/(18)
(322" (1+7/(16x))e> ———-

0.001

0.0001

(1/m)(m?eEq)? (N/V)

1x108 -

1x10°6 : L
0.01 0.1 1 w2 10

X=ntmt

Figure 2.2: The total number dSNéiut)/ dx? as a function of mm.7 in the lowest-order pertur-
bation theory (2.81) (solid line). Two asymptotic forms (2.83) are shown in dashed and dotted

lines. The vertical black line indicates the point 1/7 = 2m,.

p = 0, which reflects the fact that the energy threshold for creating one ete™ pair ~ 2w, = Eipy
takes its minimum &, = 2m, at p = 0. We also find that the distribution decays exponentially

for large |p.| as

2

dS N 1
: (met)te 2mIPLIT, (2.84)

\

€E0

2
me

dp3dx® pi>p.m 21

The p, -dependence is solely determined by the pulse duration 7, which is not the case for the
non-perturbative Schwinger mechanism (2.69), where the p, -dependence determined by eF)
only. For sufficiently small 7 < 1/ \/|€T0| , the spectrum becomes harder than what one naively
expects from the non-perturbative Schwinger formula (2.69) because the typical frequency of
the Sauter-type pulse ~ 1/7 becomes sufficiently hard.

Figure 2.2 shows the 7-dependence of the total number dSNe(im) /dx3. We find that d3Néiut) /dx?
increases monotonically for small m.7, and it takes its maximum at around mer = 1/2. After
that, it decreases exponentially with increasing 7 for large me7 2 1/2. The emergence of the
threshold duration m.7 = 1/2 can be understood as follows: Since the threshold energy of the
pair creation is &y, ~ 2m,, the electric field must supply energy €2 larger than 2m, for the pair
creation to occur. In our computation based on the lowest-order perturbation theory, the en-
ergy 2 is supplied by a single (virtual) photon from the electric field £. Since the typical energy
w of a photon which forms the Sauter-type electric field is w ~ 1/7, we find 2 ~ (number of
photons) x (typical photon energy) ~ 1 xw ~ 1/7. Thus, Q 2 2m,, i.e., meT < 1/2 is required
for the pair creation in the lowest order perturbation theory. The upper limit m,7 = 1/2 is
shown as a vertical line in Fig. 2.2. In this way, one can understand that pair creation from a

single photon occurs when the pulse duration 7 is short enough.
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non-perturbative evaluation

One can obtain analytic solutions to the Dirac equation in the presence of the Sauter-type elec-
tric field (see Appendix A.3 for details), which enables us to compute the number of produced

particles via the formulas (2.38) and (2.39). After some calculations, one finds

AN (p, 5)
dp3dx3
_ AN (=p,s)
dp3dx3
_sinh [% (2eE0T + Wp—cEyr — wp+eEoT)} sinh [% (2e BT — Wp—cEyr + wp+eEoT)}

sinh [TTwp_e gy -] Sinh [TTwWpteEyr]

(2.85)

Here, the momentum label p, is the canonical momentum p., and the corresponding electron
mode originally has the kinetic longitudinal momentum p, — eFy7 in the infinite past and
p. + eFyT in the infinite future. We stress that this result is clearly non-perturbative with
respect to the coupling constant e, i.e., takes into account an infinite number of interactions
with the electric field, while the lowest order perturbation, whose result is proportional to e?
(Eq. (2.80)), includes only a single interaction with the electric field.

The total number of produced particles, d3Néiut) /dxz?, is obtained after integration over the

momentum p. This is numerically feasible.

comparison of the perturbative and non-perturbative evaluations

We compare the non-perturbative evaluation (2.85) with the perturbative one (2.80) and (2.81),
and results are displayed in Figs. 2.3, 2.4, and 2.5.

5x104 T . T T 5x104
non-perturbative non-perturbative

perturbative ———- perturbative ———-

mt=0.1,0.3, mt=0.1,0.3,
4x10 + 1 ax104 |

3x104 3104 |

(1V) o Nidp®
(1V) d® Nidp®

2x10°4 | 2x104 |

1x104 - 15104 -

pz/m p,/m

Figure 2.3: A comparison of the number density of electrons dﬁNe(fut) /dp*dx3. Solid lines
represent the non-perturbative result (2.85), and dashed lines represent the perturbative result
(2.80) at |eFy|/m? = 1. [Left] The p.-dependence at p, /m, = 0 with various duration m,r.

Right: |p,|-dependence at p,/m. = 0 with various duration m,r.
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Figure 2.4: A comparison of 7 dependence of the number density of electrons dGNe(?ut) /dp?dx?
at p./me = |p.|/me = 0 for the subcritical field strength |eFy|/m2 = 0.2,0.4,0.6 and 0.8 (left),
and for supercritical field strength |eEp|/m2 = 5,10, 15 and 20 (right). Solid lines represent the
non-perturbative result (2.85), and dashed lines represent the perturbative result (2.80). The

horizontal lines indicate Schwinger’s result (2.69) obtained in a constant electric field.
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Figure 2.5: A comparison of the total number d3Ne(im) /dx? as a function of the duration m.t
for subcritical field strength |eEy|/m?Z = 0.2,0.4,0.6 and 0.8 (left), and for supercritical field
strength |eFy|/m? = 5,10,15 and 20 (right). Dashed lines represent the perturbative result

(2.81) and solid lines represent the non-perturbative result obtained by numerically integrating

(2.85) over p.
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Figure 2.3 shows the comparison of the momentum p.- and |p, |-dependence of the number
density of electrons dﬁNe(fut) /dp3dz?. The peak strength of the field is taken as |eFy|/m2 = 1.
Three lines are for different values of the duration 7. We show only relatively short pulse
cases: m,7 = 0.1, 0.3, and 0.6. We immediately observe that the non-perturbative evaluation
(2.85) and the perturbative one (2.80) coincide with each other for short pulses. The deviation
becomes larger as 7 increases, which can be explicitly seen in Fig. 2.4. There, 7 dependence
is shown for different values of the peak strength. The left panel is for the subcritical* field
strength |eEy|/m? = 0.2, 0.4, 0.6 and 0.8, and the right panel is for the supercritical field
strength |eFp|/m2 = 5, 10, 15 and 20. We again observe the agreement of the two evaluations
for short pulses m,7 < 1 no matter how large the field strength |eEy|/m? is. However, the size
of the agreement region in 7 heavily depends on the field strength |eEp|/m?2. For subcritical field
strength |eEy|/m? < 1, perturbative contribution dominates the non-perturbative result even
when the pulse is not very short m.m ~ 1. On the other hand, for supercritical field strength
leEq|/m? Z 1, perturbative description is applicable only for very short pulse region mer < 1.
We will clarify the reason for this behavior in the later discussion. An important point here is
that, for any field strength |eEy|/m?, there surely exists a region (short pulse region) where pair
creation can be understood as a purely perturbative phenomenon. We can also observe that
there is a clear deviation between the two in the long pulse region where the non-perturbative
result approaches Schwinger’s result (horizontal lines). In particular, the deviation is larger
for supercritical field |eFy|/m? 2> 1. This can be understood as follows: Notice first that the
perturbative evaluation always approaches zero in the long pulse limit m.7 > 1 because the
typical energies of a (virtual) photon which forms the Sauter-type field w ~ 1/7 — 0 for
large 7 and thus not enough to create a pair. On the other hand, Schwinger’s formula valid
in the long pulse region says that pair creation for subcritical field strength is exponentially
suppressed d6Ne(im) Jdp3dxz?® o exp|—mm?/|leFy|]. Therefore, the deviation between the two is
almost negligible for weak field strength |eEy|/m? < 1, while it increases with increasing peak
strength |eFp|/m? in the supercritical regime |eEy|/m?2 > 1.

The same tendency is found in the comparison of the total number d3Néiut)/ dx® as shown
in Fig. 2.5. Interestingly, the peak structure in the short pulse region is reproduced by the
perturbative result quite well. Although for small p, the perturbative value of the density
d3Ne(fut) /dx3d®p is somewhat larger than the non-perturbative one, while it becomes smaller
for large p, (see the left panel of Fig. 2.3), these differences cancel out with each other in
integration over p,. Thus we have a nice agreement in the total number d3Ne(iut) /dx? as
displayed in Fig. 2.5.

Figure 2.4 also shows an interesting behavior. For relatively short pulses m.7 < 1 with sub-

critical field strength |e Ep|/m?2 < 1 (left panel), the results of the Sauter-type field are enhanced

4We tentatively use the words “supercritical” and “subcritical” for the cases |eFp|/m?2 > 1 and |eEp|/m?2 < 1,
respectively, but precisely speaking, the condition |eEy|/m2 = 1 (valid for a constant electric field) does not

play the same role for finite pulses.
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as compared to Schwinger’s value (horizontal lines). Since the pair creation in this region is
dominated by the perturbative contribution, this enhancement should be understood as a purely
perturbative effect. It shows up because Schwinger’s non-perturbative result dGNe(iut) /dp3dz?
exp[—mm?/|eEy|] is exponentially small for subcritical field strength |eEy|/m? < 1, while the
perturbative result is only power-suppressed as dGNéiut) /dpdx?® o |eEy/m?|* (see Eq. (2.76)).
By using the perturbative formula for d6Ne(iut) /dp*dx? (2.80), we immediately find that the
peak position Tpeax 1S given by 2 = (TwpTpeak ) COLM[TWp Theak] O WpTpeak ~ 0.61, which does not
depend on the field strength |eEp| as is seen in Fig. 2.4. Accordingly, the peak value is given
by AN JdpPda® ~ (5.0 x 107%) x (1 — p2/w?)|eEy/w2]?.
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Figure 2.6: The peak value max, [de’Néiut)/ dp3da:3} of the non-perturbative evaluation (2.85)
(solid line) as a function of the field strength |eEy|/m?2. For comparison, Schwinger’s value
and an estimate dGNe(Tt)/dp:id:c‘g]peak ~ (5.0 x107*) x (1 — p2/w?)|eEq/w|* obtained from the
perturbative evaluation (2.80) are shown in dotted and dashed lines, respectively. Parameters

are set to p,/m = |p.|/m = 0.

The peak value, max, [dGNe(iut) / dp3da:3} , at p = 01is displayed in Fig. 2.6 as a function of the
field strength |eFy|/m?, together with Schwinger’s value and the peak value of the perturbative
contribution. The extrapolation of Schwinger’s value to the weak field case |eFy|/m2 < 1
underestimates the pair creation in the Sauter-type pulsed field; the pair creation from the
vacuum in the region |eEp|/m? < 1,m.7 < 1 is actually more abundant than Schwinger’s
value, owing to the perturbative contribution with a single photon. Indeed, the compact formula
for the perturbative peak nicely describes the enhancement for the subcritical fields, which is
explicitly depicted with a dashed line in Fig. 2.6. Similar behavior was found in Refs. [149, 150],

which however regarded this peak as a result of non-perturbative physics.
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Now we return to the question: To what extent are we able to say a pulse is short? To answer
this, we expand the non-perturbative result (2.85) by the pulse duration 7. More precisely, we

expand (2.85) by the following two dimensionless parameters,

o ‘€E0|7'
= T

v = leEy|T?, v (2.86)

Me

because there are two dimensionful quantities |eEy|, me in addition to 7. The result is
Eq. (2.85)

sinh{g—; (27 + \/72—25—;7+1— \/72+25—;7+ 1>} sinh{g—: (Qy— \/72—25—;7+1+\/72+2%7+ 1)}

i w2 9Pz i T [N2 4 9Dz
s1nh{,y\/7 2%74—1} smh{,7 0 —|—2wp7—|—1}

1 P2\ |eE, |? (mwpT)?
(27)3 (1 a E) w2 | 2 ]sinhfﬂw 7]|? vy <)
. i » (2.87)

(v,y>1).

op [‘ Byl

The asymptotic forms (2.87) exactly reproduce the perturbative result (2.80) for v,y < 1 and
the non-perturbative expression (2.69) for the Schwinger mechanism for a constant electric field
for v, > 1. Thus, we conclude that pulses, such that the condition v,y < 1, i.e., meT <K
/m2/|eEy|,m?/|eEy| is satisfied, are so short that pair creation becomes purely perturbative,
where the lowest order perturbation theory works very nicely. On the other hand, pulses, such
that the condition v,y > 1, i.e., meT > \/m2/|eEy|, m?/|eEy| is satisfied, are so long that pair
creation becomes non-perturbative, where perturbation theory completely breaks down. We
can also say that for middle pulses, such that neither condition v,y > 1 nor v,y < 1 is satisfied,
perturbation theory is still applicable; however, the lowest-order perturbation theory does not
work because higher-order corrections O(|eE|™) (n > 1) become important. We summarize our
picture in Fig. 2.7.

These considerations clearly show that in order to investigate the non-perturbative nature of

pair creation, we must require not only the strength |eFy|/m?2

2 1 but also a sufficient duration
meT > /m2/|eEy|, m2/|eEy]|; otherwise pair creation from the vacuum can be understood
simply as a perturbative phenomenon.

The discussion given above is a natural result if we consider the meaning of the dimensionless
parameters v, y. Recall the fact that the work W done by a pulsed electric field with height Ej
and width 7 is given by W ~ |eEy|T and that the typical energy w of a photon that forms the
pulsed background field is given by w ~ 1/7. Then, we can understand the physical meaning
of v,7 as follows: v ~ W/w is the number of (virtual) photons of the electric field involved
in a scattering process. v ~ W/m, ~ vw/m, is the work done by the electric field scaled by
the typical energy scale of the system m,. Keeping these in mind, we can interpret that the

perturbative condition v,y < 1 corresponds to the case where both the number of photons



2.4. Dynamical evolution without backreaction 51

3.0¢
25|
20¢

15}

pulse duration: m, T

10}

0.5]

LO perturbation
0'0 L L L I L L L L L L 1 L L L L 1 L L I L | L L L L L L L L L
0.0 0.5 1.0 1.5 2.0 2.5 3.0

field strength: eEO/mZe

Figure 2.7: Sketch of the appropriate picture for pair creation from the vacuum for various

pulses with height Fy and width 7 . m, is the electron mass.

involved in a scattering process v and its correction to the system ~ are very small. This is
obviously a natural criterion for the lowest order perturbation theory to work. We can also

interpret the non-perturbative condition v, > 1 in the same way.

It is interesting to compare our discussion with Ref. [39] (see also Section 1.1.2), which
claims that the Keldysh parameter v = |eEy|/(mew) discriminates whether the system is
perturbative or non-perturbative. Note that their discussion is limited to the case where (i) an
oscillating electric field E(t) = Epsinwt, (i) w is sufficiently small compared to the electron
mass w/me < 1, and (iii) the electric field is sufficiently weak |eEy|/m? < 1. If we assume that
the typical frequency w of a pulsed electric field is given by the inverse of the pulse duration
w ~ 1/7, we find that our discussion obtained in a pulsed electric field (see Fig. 2.7) agrees
with Ref. [39] as long as the limitation (iii) is satisfied. In such a condition, 7 determines the
“perturbativeness” of the system in our discussion and is equivalent to the Keldysh parameter

because 7 = WZ':(E;(}L) ~ |eEp|/(mew) = 7.

2.4 Dynamical evolution without backreaction

In the preceding two sections, Section 2.2 and 2.3, we have investigated the particle spectra
at t — oo only. In this section, in order to understand dynamical aspects of pair creation, let
us compute particle spectra at intermediate times —oo < ¢ < oo by employing the canonical

quantization procedure explained in Section 2.1.4 for a constant electric field initiated at time
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E(t) = Ef(t), or A(t) = —Eot(t). (2.88)

An advantage of this particular electric field is that one can analytically solve the Dirac equation
(2.17) if one neglects the backreaction. Since we know the plane wave solutions 4 Fr" (see

Appendix A.1 for details) and the solutions under a constant electric field with infinite duration

+ ,(,anSt'out) (see Appendix A.2 for details), we can easily construct analytical mode functions

L0 for this case (2.88) by smoothly connecting the two solutions (1P pleonstiont) ¢ the
boundary ¢ = 0. By noting that +o{% = L™ for t < 0 (where A(¢) = 0 holds), one obtains

Ut >) ¢t <0)
(w;ﬁ) _ ) e 250
(in) | — ~ % (const;out) : :
—7P,s Oépys(to 5p7s<t0)) <+wz),s (t)> (t > O)

)
ﬁp,s (tO) d;,s (t(]) 7¢1()C’(s)n5t;0ut) (t)

The coefficients ayp, 5, Bp s are given by

Gipalt) = (U (1) U

t)r
! m? + p?
= exp [—z /_OO w,,JreEotdt] exp |:_7T—8‘6E0’L:|

1 p. + eEpt .
X | ==y [1+ 50D a2 (0774 (p. + eEqt))
[\/5 Wp+eEot et e Eol
. Eot 2
_ Pttt emin/s, | e +pl ———=D m3+p _m/4 (p. + eEqt))
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(2.90)
Bp,s(t) = (1525 (1) (t) )
t 2 2
. me + V2
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WpeEot 2leEo| it |€E0 °
(2.91)

The time-dependent Bogoliubov coefficients ay, 5(t), Bps(t) are obtained by expanding the in-
state mode functions iwﬁ;f;) with the intermediate ones iw,(,{)s. By using Egs. (2.46) and (2.47),

one immediately obtains
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Below, we compute the time-evolution of particle spectra (27)3d°N,- /dp*dx® = |5, s|* and
total number d*Nx /dz® = [ dp|Byps|?/(27)%. We shall see that the intermediate spectra reveal
the p.-dependence of pair creation and that naturally recover the asymptotic ¢ — oo result.
We shall also see that the total number of produces particles increases ultimately as time goes
as o< t. This is simply because we neglect the backreation, and particles are endlessly created
from the electric field violating the total energy conservation of the system; we will remedy this
problem in Section 2.5.

2.4.1 electron distribution

Electron spectrum (27)3d°N,- /dp*dx® = |Bp5|? is plotted in Figs. 2.8 and 2.9. For the sake of
simplicity, we consider the massless limit m./+/|eFo| = 0 (or the strong field limit |eFEy| — 00)
here.

Figure 2.8: The time-evolution of the longitudinal kinetic momentum P, = p, —eA distribution
(27)3d5N,- /dp3dx? for a fixed transverse momentum |p,|/+/|eEy| = 0.1. The mass m, is set

to me/+/|eEy| = 0.

Figure 2.8 shows the longitudinal kinetic momentum P, = p, — eA dependence of the
spectrum (27)3dSN,- /dp®dx® at a fixed transverse momentum p; /+/|eEo| = 0. We observe a
triangle-shaped distribution. The physical meaning of this distribution is evident: Electrons are
constantly created at around P ~ 0, where the pair creation threshold wp takes its minimum.
After they are created, the electrons are accelerated uniformly by the electric field as dP,/dt =
ely. We also find that the Pauli principle is strictly satisfied and the distribution is saturated as
(27)3d°N,- /dp3dx® ~ 1. This is consistent with the asymptotic formula (2.71): (27)3d°N,- (¢t =
) /dp*dx® = exp[—m(m? + p?)/|eFo|] ~ 1.

We study the transverse |p, |-dependence of the spectrum in more detail in Fig. 2.9. There,
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Figure 2.9: The time-evolution of the transverse |p,|-distribution (27)3d°N,- /dp*dx® for a
fixed longitudinal kinetic momentum P, = p, + eEot = 1.5 X \/|eEy|. The mass m, is set to

me/+/|eEo| = 0.

the time-evolution of the transverse distribution (27)3d°N,- /dp3dx® at a fixed longitudinal
kinetic momentum P,/ \/m = 1.5 is plotted. From this figure, one again understands that
the distribution is well reproduced by the asymptotic formula (2.71) shortly after the switch on
of the electric field (y/[eEp[t > 2.0 in the figure). In the transient regime (/[eEp[t < 2.0 in the
figure), however, the spectrum does not agree with the asymptotic formula: The distribution
has a hard |p| -dependence compared to the asymptotic one (2.71). This is relevant to the
finite pulse effects discussed in Section 2.3 because the sudden switch-on of the field at ¢ = 0

contains hard frequencies to excite hard particles (see Eq. (2.84)).

Collecting all the above observations, one understands that the spectra (27)3d° N+ /dp*da?®

are well approximated by

d° N+ 1
dp*dx? (2w

__me+pl .
e [ me b } O(Ep.(p. F cA(1))) (2.94)

Notice that positrons are accelerated by the electric field in the opposite direction of electrons.
The approximation (2.94) is valid as long as time-derivatives of the electric field d"FE/dt™
are sufficiently small and quantum interferences among electrons are absent. One inevitably
encounters the quantum interferences if one considers pair creation in the presence of other
particles occupying the same phase space point (e.g. pair creation in a thermal bath [34, 91]
and with backreaction [34, 54, 91, 151]). We shall briefly discuss the quantum interferences in

the next section.
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2.4.2 total number of electrons

The total number of produced particles for a single spin and flavor d* N /da® = [ d®p| S, s|*/(2)?
is plotted in the left panel of Fig. 2.10. From this figure, one finds that the total number grows
in proportion to the time \/mn which implies that particles are constantly produced from
the constant electric field. This feature is consistent with the estimate (2.71). On the other
hand, the estimate (2.71) slightly underestimates the observed numbers. This is because the
sudden switch-on of the field at ¢ = 0 creates additional particles which is not included in the
non-perturbative Schwinger formula for a constant electric field. These particles can be seen

at the excess from the estimate at early times.
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Figure 2.10: The total number of produced electrons: [Left] The time-evolution of the to-
tal number of produced electrons for a single spin and flavor d®N.«/dx3. The color labels
the electron mass m, or the field strength eEy as m./\/|eEo] = 0.0 (red), 0.5 (green), 0.7
(blue), 1.0 (purple). The thin lines represent the estimate from the asymptotic formula
(2.71). [Right] The ratio R of the massive electron (or finite field strength |eEy| < o0)
yield to the massless (or infinite field strength |eEy| — oo) one: R = (d*N.+[m./\/|eEo| #
0]/dx?)/(d* No=[me/+/]eEo] = 0]/dz*). The color again labels m./+/|eEy| as 0.3 (red), 0.5
(green), 0.7 (blue), 1.0 (purple). Thin lines represent the estimates from the asymptotic for-
mula (2.71) as R = exp[—mm?2/|eEo|].

In the right panel of Fig. 2.10, we plotted the ratio R of the massive electron (or finite
field strength |eEy| < oo) yield to the massless (or infinite field strength |eEy| — o0) one:
R = (®*N.x[me/\/|eEo| # 0]/dx?)/(d®Nox[me//|eEy| = 0]/dx®). The asymptotic formula
(2.71) tempts us to naively expect that the ratio takes values around R©") = exp[—mm?/|eEy|].
The figure, however, shows that this expectation is definitely wrong for early times. This is
because of the finite pulse effects discussed in Section 2.3. The perturbative pair creation
always raises up the ratio R because the typical frequency of the field at early times is so hard
that it can excite arbitrary heavy particles from the vacuum (see Eq. (2.81)). On the other
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hand, the naive estimate becomes accurate for later times, although the time scale depends
on the mass m, or the field strength eEy. Indeed, one can observe that heavier mass (or
weaker field strength) requires longer times for converging to the estimate R°™). This aspect
can be understood in terms of the Keldysh parameter vk = |eEy|t/m., which is one of the
dimensionless parameters characterizing the interplay between the non-perturbative Schwinger
particle production (ykx > 1) and the perturbative one (yx < 1) (see Fig. 2.7): The Keldysh
parameter becomes smaller for larger (smaller) values of m, (eEp), and thus larger time ¢ is

required to realize vx > 1.

2.5 Dynamical evolution with backreaction

In the last three sections, Section 2.2, 2.3, and 2.4, we have neglected the backreaction by
artificially setting (: 7% :) = 0 and kept the electric field strength E fixed. As was addressed,
this treatment is unphysical because it violates the strict energy conservation of the system,
and is justifiable only at the very beginning of the time-evolution of the system.

In this section, we discuss backreaction effects: By numerically solving the equations of
motion (2.15)-(2.17), we compute the time-evolution of the electron distribution function, the
field strength, the total number of produced particles, and thermodynamic quantities such as

energy density and pressure of the system.

2.5.1 setup
We consider the case where there is a homogeneous electric field initially ¢ = t; = 0 as

dE(to)

pu— . 2.
=0 (2.95)

A(to) =0, E(to) = Eq,

We never supply any external source J# during the time-evolution, i.e, J# = 0. For the sake of

simplicity, the coupling constant e is set to be unity in the following.

2.5.2 electron distribution

Figures 2.11 and 2.12 display the time-evolution of the electron number density d®N,- /dp3dx?,
where m,/|eEy| = 0 is taken for simplicity.

Figure 2.11 displays the time-evolution of the kinetic longitudinal momentum P, = p, —eA
dependence of the electron number density d°N,- /dp*dz3. Obviously, the result is distinct
from that without the backreaction (see Fig. 2.8). They coincide with each other only at the
beginning \/Et < 10. Thus, one understands that the backreaction effects (or quantum
effects higher than one-loop order) are crucial in describing the time-evolution of the system.
Interestingly, Fig. 2.11 exhibits an oscillating behavior [34, 52, 53, 54, 91] (see Fig. 2.13 also),

which is an analogue of the plasma oscillation well known in the context of plasma physics [152]:



2.5. Dynamical evolution with backreaction 57

distribution (2m)® d® N/dp® dx®

Figure 2.11: The kinetic longitudinal distribution of electrons d®N,- /dp3dx?® at a fixed trans-
verse momentum p, //|eEy| = 0.045 for m./|eEy| = 0.

Suppose that we have Ey > 0 initially. The electric field creates particles via the Schwinger
mechanism, and after that those particles are accelerated according to the classical equation of
motion, dP,/dt = eF, in the positive direction. Hence, the current (or the longitudinal kinetic
momentum P,) is positive (: j%:) > 0 in early times, and it diminishes the original electric
field via the Maxwell equation (2.19) as —dE/dt = (: j*:) > 0. After some times tos, the
electric field is completely screened out F(tos.) = 0. At this time ¢, the current still flows in
the positive direction (: 7? :) > 0, and further decreases the electric field strength as £ < 0.
The negative electric field strength, then, decelerates the particles to diminish the current,
which eventually becomes zero and flips its sign as (: 77 ) < 0. At this point, the electric
field strength takes its minimum, and begins to grow in accordance with the Maxwell equation
(2.19) as —dE/dt = (: j* :) < 0. Repeating these steps again and again, the oscillating behavior
appears.

Figure 2.12, shows the time-evolution of the transverse p, distribution d°N,- /dp*dx® at
a fixed kinetic longitudinal momentum P,/ \/m = 1.5. We first observe that the spectrum
periodically “disappears” because of the plasma oscillation. Apart from that, the transverse p, -
dependence is largely consistent with a Gaussian ~ exp[—m(m?2+ p?)/|eEy|] as the asymptotic
formula (2.71) predicts. The deviation from the Gaussian is because of the decay of the electric
field (see Fig. 2.13) and of quantum interference. The quantum interferences occur and the
spectrum is heavily distorted when the created particles come back to the phase space where the
pair production takes place P ~ 0. This is essentially because the phase of the particles coming
back ~ exp[—iSy], where S is the classical action, and that of newly produced anti-particles
~ exp[+iS.] are not the same. An overlap of these particles having different phases results in
an interference term in the distribution ~ | exp[—iSq]+e? exp[+iSq]|? = 242 cos(Sq+6/2) (e
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distribution (2m)® d® N/dp® dx®

Figure 2.12: The transverse distribution of electrons d®N,- /dp®dx?® at a fixed kinetic longitu-
dinal momentum P, = p, — eA = 1.5\/|eEy| for me/|eEy| = 0.

is a constant relative phase factor), which rapidly oscillates in the phase space. The quantum
interferences disorder the system to increase the entropy, and are important for the seemingly
irreversibility of the system [151].

Now, let us quantitatively estimate the time scale of the oscillation ¢y [91]: From the
above arguments (or the discussion without the backreaction (2.94)), one may approximate
the distribution function d®N.«/dp®*dx® by neglecting the quantum interferences and setting
E(t) ~ Ey as

d° N+ 1
dp*dx? (2w

__me+pl .
73 P { B } 0(Fp-(p- T eA(t))). (2.96)

~

We furthermore approximate the current (: 7% :) by assuming that the quantum interferences
are again negligible and particles are ultra-relativistic in the longitudinal direction wp ~ |P)|

as

~ Z:FBA dGNei
tgt )~ + &p?
(57~ a3 [t T

d° N+
3 e
~ Ei (*e) ES /d psgn(p, F eA)W

~ %Eo exp [-ﬂé%o‘] A(t) (. Eq. (2.96)). (2.97)

By substituting the last expression (2.97) into the equation of motion (2.19), one gets

E(t) = Eqcos F ! ] , (2.98)

OosC
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where ¢ is the time when the electric field passes zero (or the longitudinal kinetic momentum

flips its sign) for the first time:

2 2
V0|eEy|tose = ./t exp {W Me } ) (2.99)
e

2 2 |eE]

The estimate (2.99) reads /]eEp|tose ~ 12 for me/+/|eEq| = 0, and is in good agreement with
the result displayed in Fig. 2.11. Notice that Eq. (2.98) expects that the electric field E(t)
does not decay in time, but simply oscillates with a constant amplitude Ey. As we shall see
in Fig. 2.13, however, this expectation is definitely wrong: The electric field not only oscillates
in time but also decays. What is missing is the quantum interferences we have neglected in
the derivation of Eq. (2.98), which tells us the importance of the quantum interference in the
seeming irreversibility of the system. On the other hand, Eq. (2.98) does reproduce well the
oscillating behavior of the electric field. This is because the plasma oscillation is purely classical

dynamics, and is well captured by the approximations made during the derivation.

2.5.3 decay of electric field
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Figure 2.13: [Left] The time-evolution of the electric field strength E(t). Different colors
indicate different initial field strength F, (or the electron mass m.) as m./+/]eEo| = 0.0 (red),
0.5 (green), 0.7 (blue), and 1.0 (purple). [Right] The time-evolution of the current (: j*:) of
the produced particles. The colors again indicate the values of m,/ m as in the left panel.

Figure 2.13 displays the time-evolution of the electric field strength E (left) together with
that of the current (: j%:) (right). One again observes the plasma oscillation in the time-
evolution of the electric field strength and that of the current as was explained in Section 2.5.2.
As was estimated in Eq. (2.99), the typical time scale of the oscillation t.s exponentially grows
with increasing the ratio m?2/|eEy|. This is because the production of particles that generate the

current to screen the electric field is exponentially suppressed by an inverse power of m?2/|eEy|.
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Another important point is that the electric field decays. This means that the energy of the
classical field is converted into quantum particles as we shall explicitly see in Section 2.5.5. We
note that the speed of the decay is rather slow in QED. This is because electrons are subjected
to the Pauli principle so that the total number of electrons do not grow so much as we shall
see in Section 2.5.4, i.e., the energy of the classical field can be converted into electrons only
slowly. This is not the case for boson production, which is relevant in QCD. There, gluons are
abundantly produced so that the energy of a classical color field is efficiently converted into
particle degrees of freedom (see Section 4.3).

Note that the electric field is sufficiently adiabatic in time. Indeed, for the infinite field
strength (or the massless) limit m,/ \/m = 0, the typical value of the dimensionless param-
eters v,y (see Eq. (2.86)) read v ~ /]eFo|tose ~ 100 > 1,7 ~ \/[eEg|tose X (me/+/]eEo])™" —
0o. These values of v,y guarantee that the effects of the time-dependence of the electric field

are weak and the pair production is purely non-perturbative as was discussed in Section 2.3.

2.5.4 total number of electrons
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Figure 2.14: The total number of produced particles: [Left] The time-evolution of the total
number of produced electrons for a single spin and flavor d®N,+ /dx3. The color labels the
electron mass m, or the field strength eEy as me/+/]eEo| = 0.0 (red), 0.5 (green), 0.7 (blue),
1.0 (purple). The thin line represents the estimate from the asymptotic formula (2.71) in the
infinite field strength (or massless) limit m,/\/|eEo| = 0.0. [Right] The ratio R of the massive
electron (or finite field strength |eFy| < oo) yield to the massless (or infinite field strength
leEy| — 00) one: R = (d®Nx[me//]|eEo| # 0]/dx?)/(d® No=[me/+/]eEo| = 0]/dz?). The color
again labels m,/+/]eEp| as 0.3 (red), 0.5 (green), 0.7 (blue), 1.0 (purple). Thin lines represent

an estimate from the asymptotic formula (2.71) as R©") = exp[—7m?2/|eEy|].

The total number of produced particles for a single spin and flavor d* N+ /da® = [ d®p|B,|*/(27)?

is plotted in the left panel of Fig. 2.14 for various values of the initial field strength Fy or the
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electron mass m.. When compared to the result without the backreaction in Section 2.4.2, one
finds that they coincide with each other only for \/m t < 10, which implies that the backreac-
tion effects are negligible at the beginning of the pair production. At later times \/Wt 2 10,
they start to deviate because of the backreaction. Indeed, only smaller numbers of particles are
produced when the backreaction is turned on because the average value of the field strength is
much smaller than the initial one Fj, due to the decay and to the plasma oscillation as were
observed in Fig. 2.13. Also, the Pauli blocking is important: The Pauli principle forbids elec-
tron production at the phase space point which is already occupied by another electron. The
plasma oscillation strongly bounds the longitudinal momentum extension of the phase space
density of electrons (see Fig. 2.11), which is in contrast to the case without the backreaction,
where electrons are accelerated by the electric field uniformly (see Fig. 2.8) to get much larger

momentum than that of newly produced electrons.

The right panel of Fig. 2.14 displays the ratio R of the massive electron (or a finite initial
field strength |eEy| < 0o0) yield to the massless (or an infinite initial field strength |eEy| — o)
one: R = (d*N[me/+/|eEo| # 0]/dx?)/(d* N +[me/+/|eEo| = 0]/dx?®). We note that the same
quantity without the backreaction was plotted in Fig. 2.10. We again observe that the result
deviates from the naive expectation of the asymptotic formula (2.71) R©") = exp[—mm?/|eE|],
which is represented by the thin lines in the figure. Interestingly, the deviation is larger than
that without the backreaction (see Fig. 2.10). This is because the backreaction effects are
larger for lighter electron mass (or stronger initial field strength), where stronger current flows.
Hence, particle production is more strongly suppressed for lighter electron mass (or stronger

initial field strength), so that the ratio R becomes larger than that without the backreaction.

2.5.5 energy density

Figure. 2.15 shows the time-evolution of the energy (: € :) = (: €4y :) + (: €w) ), where (: €4 :)
(Eq. (2.63)) is the energy of the classical electric field and (: € 1) (Eq. (2.64)) is that of the

matter (electrons and positrons).

The left panel of Fig. 2.15 displays the energy balance between (: €4) :) and (: € :). The
figure shows that the energy of the classical electric field (: €4y :) is smoothly converted into
that of quantum particles (: € :). The conversion process is seemingly irreversible, and the
energy of the classical field decreases as time goes. Notice that the energy conservation law

(2.23) strictly holds during the time-evolution.

The time-evolution of the matter energy (: € :) is further investigated in the right panel of
Fig. 2.15. One observes that the matter energy does not increase monotonically, but oscillates
in time. This is because pair creation and annihilation occur at around P ~ 0 periodically

because of the plasma oscillation explained in Section 2.5.2.
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Figure 2.15: The time-evolution of the energy density (: € :) = (: €a) 1) + (: € :). [Left] The
energy balance between the matter (: € :) (blue) and the classical electric field (: €4y :) (red).
The black line is the sum of these two contributions (: € :), and is constant because of the
energy conservation. [Right] The energy of the matter (: €y :) for various values of the initial
field strength (or the electron mass) as me./+/|eEo| = 0.0 (red), 0.5 (green), 0.7 (blue), and 1.0

(purple).

2.5.6 pressure

The transverse pressure (: P, :) = ((: P, :) + (: P, :))/2 and the longitudinal pressure (: P, :)
are plotted in Figs. 2.16 and 2.17, respectively. In the figures, the pressure (: P | » 1) are further

split into the classical field part (: ZADLZ( 4) ;) and the matter (electrons and positrons) part
(: P2y 2) as (see Eq. (2.9))

¢ P =2,

( Py )= <: —iRe {QZM&} > (2.100)
and

¢ Pt =2

( Py o) = <: —iRe [1272 (8, — icA) @z)} > (2.101)

From Figs. 2.16 and 2.17, one again notices that the classical field degree of freedom is
smoothly converted into those of quantum particles. One also finds the matter part of the
transverse pressure (: P () @) is negligible, and hence the total pressure (: P, :) is dominated
by the classical field contribution (: Pl( 4) 5). This is because the transverse distribution of
produced particles form almost the Gaussian distribution ~ exp[—7(m?2 + p?)/|eE|| (see Sec-

tion 2.5.2) so that they typically have small transverse momentum (m?2+p?)/leE| < 1. On the
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contrary to this, the longitudinal pressure of the matter (: f’z(w) :) dominates the total pressure

A

(: P, :) because the longitudinal acceleration by the classical electric field is significant.
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Figure 2.16: The time-evolution of the transverse pressure (: Py :) = (: Pyay:) + (: Piy) 3.
[Left] The total pressure (: P, :) (black) together with the matter (: }1(@ ;) (blue) and the
classical electric field (: fﬂ( A) 1) (red) contributions. [Right] The transverse pressure of the

matter (: PL(w) ;) for various values of the initial field strength (or the electron mass) as
me/+/|eEo| = 0.0 (red), 0.5 (green), 0.7 (blue), and 1.0 (purple).

As is evident from Egs. (2.100) and (2.101), the classical part of the longitudinal pressure
(: 132( A) 1) is negative and the system is highly anisotropic initially. In other words, the system
is far from equilibrium. In order to investigate how the system equilibrates (or does not equi-
librate) through the decoherence of the classical field, we compare the total pressures, (: P, )
and (: P, 1), and examine isotropization of the system. The result is plotted in Fig. 2.18, where
the initial field strength or the electron mass is set to be m,/ \/m = 0 for simplicity; it
only changes the time-scale of the result. The figure shows that the degree of the anisotropy
is relaxed through the decoherence. In particular, the longitudinal pressure (: P, 1) becomes
positive because the matter contribution (: Pz(d,) -}, which is always positive because of their
longitudinal motion, dominates the total pressure (: P, ;). However, complete isotropization
is not achieved in our mean field treatment formulated in Section 2.1. This is because our
framework does not take into account collisions between created particles, i.e., collisions. In

order to take into account collisional effects, one needs to go beyond the mean field treatment.

2.6 Brief summary

We briefly summarize the main results of this chapter:

e We formulated the Schwinger mechanism in QED within mean field approximation in-

cluding backreaction from produced electrons to the classical field (see Section 2.1).
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Figure 2.17: The time-evolution of the longitudinal pressure (: P, :) = (: P,(ay 1) + {: Poy) 1)
[Left] The total pressure (: P, :) (black) together with the matter (: f’z(w) ;) (blue) and the
classical electric field (: PZ( 4y 1) (red) contributions. [Right] The longitudinal pressure of the
matter (: P, :) for various values of the initial field strength (or the electron mass) as

me/\/|eEo| = 0.0 (red), 0.5 (green), 0.7 (blue), and 1.0 (purple).
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Figure 2.18: Isotropization of the system. The total transverse and longitudinal pressure
scaled by the total energy, (: P, :) / (: €:) and (: P, :) /(: ¢ :), are plotted in red and blue line,
respectively.
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We applied the formalism to a constant electric field ignoring backreaction in Section 2.2
and 2.4: We analytically traced the time-evolution of the electron distribution function

to find that the electron production is consistent with the well-known Schwinger formula.

Time-dependence of the background field largely affects the particle production mech-
anism. In particular, an interplay between perturbative and non-perturbative particle
production occurs because of the time-dependence. By employing a Sauter-type pulsed
electric field with duration 7 and strength Ej, we analytically showed in Section 2.3 that
(i) two dimensionless parameters v = |eFy|7%,v = |eFy|T/me control the interplay, and

(ii) the electron production is strongly enhanced in the perturbative regime.

Backreaction effects were discussed in Section 2.5, where we found that the electron
spectrum is dramatically modified from the naive Schwinger formula. In particular, we
found that (i) the classical plasma oscillation occurs; (ii) the quantum interferences among
electrons strongly distort the electron spectrum; and (iii) the Pauli principle suppresses

the electron production.

Because of the backreaction, the initial field energy is smoothly converted into particle
degrees of freedom and the field attenuates, although the time-scale is rather slow in QED
(see Fig. 2.15).

A longitudinal classical electric field is highly anisotropic. The degree of the anisotropy
is relaxed as the classical field decoheres into electrons via the Schwinger mechanism.
However, the complete isotropization is never achieved as was plotted in Fig. 2.18 because

our mean field treatment neglects scatterings and collisions between produced electrons.






Chapter 3

Schwinger Mechanism in SU.(N. = 2)
Yang-Mills theory

As a first step towards formulating the Schwinger mechanism in QCD, we consider the SU.(N,. =
2) Yang-Mills theory without quarks in this chapter. In Section 3.1, we formulate the Schwinger
mechanism in the SU.(N. = 2) Yang-Mills theory including backreaction from gluon and ghost
fluctuations by extending the mean field framework developed in QED (Section 2.1). In Sec-
tion 3.2 and 3.3, we analytically and numerically apply the formalism to discuss how the
Schwinger mechanism in the Yang-Mills theory is similar to and/or different from that in QED:
In Section 3.2, we consider a constant color electric field neglecting backreaction. By analyt-
ically tracing the time-evolution of the gluon spectrum, we will see that the gluon spectrum
is consistent with the Schwinger formula for a constant electric field. In Section 3.3, we treat
the backreaction numerically, and will see that the backreaction dramatically affects the time-
evolution of the system. In particular, we shall see that the boson statistics of gluons strongly

enhances the gluon production, and the classical gauge field decays much faster than in QED.

3.1 Formalism

3.1.1 SU.(N. =2) Yang-Mills theory under a classical gauge field
Lagrangian

Let us consider the SU.(N. = 2) pure Yang-Mills theory, which is described by the Lagrangian

L
Lyv = Lig) + Licrirry + L) (3.1)
where
Lig = —5tre[ I F], (3.2)
Loty = 2trc[JFA,] (3.3)
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are contributions from the gluon field A,, and a classical external source J*, respectively. g

)
is the strong coupling constant. The non-Abelian field strength F),, is introduced as F),, =
8“121,, — 81,121” + ig[/lu, 121,,]. tr. is a trace operation in the color space. We normalize generators
to(a=1,...,N2—1) of SU.(N, = 2) by trc[tats] = dup/2. The remaining Lagrangian ﬁ(GF+Fp)

represents the contribution from the gauge-fixing and the ghost fields ¢, ¢, and is given by [153]
EA(GF—i—FP) = - tI‘C[(SBRs(éé)]. (34)

Here, dgrs denotes the BRS transformation (where BRS refers to Becchi, Rouet and Stora
[154]):

( : .
5BRSAM = DMC
5BRSé = —Zgé2
. P (3.5)
O0prsC = 1B
\ SprsB =0
where Du is the covariant derivative with respect to the gauge field Au as ﬁuﬁ = 0,0 +

ig[A,, e], and B is the so-called Nakanishi-Lautrap (NL) field [155, 156]. Notice that the BRS
transformation is nil-potent d3rq = 0, which guarantees the BRS invariance of the Yang-Mills
Lagrangian Lym. The choice of the gauge fixing function 0 is arbitrary in principle, but it is

convenient to take a specific function as

~

0 = J[A] + = B. (3.6)

1
2
The newly introduced function 9 is an arbitrary function depending on the gauge field A only

(for the explicit expression of ¥ used in this thesis, see Eq. (3.20)). Under this choice of the

gauge fixing function 9, ﬁ(GF+Fp) reads
A A 1 52 S 2
»C(GF+FP) = 2tr. | BY + §B + 1cOpRrsV| . (3.7)

Now that the Euler-Lagrange equation for the NL field B is 0 = U+ B, one can safely replace
the NL field B by —0 to obtain

ﬁ(GF-{-FP) = —trc [192] + 22 tl"c [ééBRsé] . (38)
—— N——
EEA(GF) EE(FP)

Color basis

In order to avoid some complexities coming from the non-Abelian algebra of SU.(N. = 2), it is
useful to expand the color space (gluons Au and ghosts ¢,¢) by ladder operators (or a Cartan-

Weyl basis of SU.(N. = 2)), instead of the usual Pauli matrices {o,}. Namely, we consider the
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following particular generators, H, F/, as

_01+i02_i 01
patitm 100 o

These generators H, E' satisfy the following algebra:
1
tr.[H? = tr[EE"] = 3 tr.[HE] = tr.[E?] = 0, (3.10)
and

[H E]=E, [E,E"] = H. (3.11)

Abelian dominance assumption

From now, we adopt the Abelian dominance assumption for simplicity: We assume that the
Abelian components o< H dominate the classical current J* and the classical field <Au> gener-
ated by the classical current. Under this assumption, one may neglect non-Abelian components

x E, E' in the classical current J* and the classical gauge field <Au> to write
Ju(x) = J,(2)H, (A,(x)) = A,(x)H, (3.12)

The Abelian dominance assumption is justified when non-Abelian commutators, in which we
are interested, vanish as ig[e,*| — 0. Formally, this criterion is fulfilled in the small coupling
constant limit ¢ — 0'. Under this assumption, the problem is reduced to essentially an Abelian
one, and thus one can formulate the Schwinger mechanism in the Yang-Mills theory in an

analogous manner in QED explained in Section 2.1.

expansion around a classical field

Now, we are interested in how the classical gauge field flu affects the quantum mechanical
evolution of the system. In order to make this situation manifest, we decompose the total
gauge field /1# and the ghost fields ¢, ¢ into the Abelian classical field (/1}) = A, H and quantum

1Strictly speaking, one has to take care about how the unspecified quantities e, * depend on the coupling
constant g. For example, in the CGC framework one is interested in a commutator of the classical fields A,,.
In CGC, the strength of the classical field A, grows as ~ 1/g with g — 0, so that the commutator ig[4,,, A4,]
does not vanish in the small coupling constant limit ¢ — 0. Thus, one cannot theoretically justify the Abelian
dominance assumption with the smallness of the coupling constant g in this example. It is, however, interesting
to note that the Abelian dominance assumption for the classical field A, is largely consistent with a full numerical
simulation of the classical Yang-Mills equation initiated by a CGC initial condition [140].
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OO
fluctuations around it, a,,A,, C', C as
A, = (A, +a,)H+AE+ AL ET, (3.13)

()=~ (€)=

Under this decomposition, one can expand the field strength tensor I3 u as

>

~—~

3.14)

(@R

B = (B o+ 0 fu) H + | (B + 6F ) B + (hc.)| (3.15)
where
( E, = 0,A,-38,A,
fu = 00, —da,
Fo = DA, —D,A,
6F, = igla, A, —a,Ay)

\

Here, Du is the covariant derivative with respect to the classical gauge field denoted by
D, =0, +igA,. (3.17)

Now, the Yang-Mills Lagrangian (3.1) reads

A 1- - y
Lg =— ZLFWFM
1. .
_ iwa;w
L 12 1 FI Fuw 4 prvs fuv
- Zfl“ff - 5 |: g _I_ f :|
1o oy Lae o o
— S Iwb = 5 [ L+ 65 E|
1o o 1o
= 0fwO 1 = SOF0F, (3.18)
Liexy =T"A, + J'a,. (3.19)

gauge fixing and ghost term

Under the Abelian dominance approximation, it is convenient to fix the gauge along the Abelian
direction of the gauge field 2tr.[H flﬂ] = A, +a,. Namely, we consider the following gauge fixing

function U

0= 0" (A, + ) H + [ (O +ig(Ay +a,) A'E + (he.)| (3.20)
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Under this choice of the gauge fixing function, the gauge fixing Lagrangian ﬁ(GF) and the ghost
Lagrangian ﬁ(pp) read
~ 1 LT N2
— (04,)(0"A,)

— g%a,a, A" AT, (3.21)
Lipp) =iC0,0"C + i {c* (D.D"C) (D uD“é)Té}
_yg [Qau (5*([)“@) + (Dﬂé)fé) + (9"a,)(CIC + cTé)}
[A C(DC)! — ALC(D"C) + (D"A,)(CC — CC) — (D" A,)(C'C - CC)
[ ACICT = Ar Al (C1E - C1C) + AMT Al cc]

+ig?(a,a")(CTC — C1C) + ig?a” [ATCC+ A c*c} (3.22)
Note that in the limit of a, — 0, the gauge fixing and ghost Lagrangian ﬁ(GF), lj(Fp) reduce
to the well-known covariant background gauge fixing term and the corresponding ghost term,

which are useful as long as the backreaction is neglected. The gauge-dependence of our results

presented below must be investigated further, but we leave this topic as a future work.

conserved quantities

There exist some conserved quantities associated with symmetries in the Yang-Mills Lagrangian
»CYM (3.1):

color current j*

Even after the gauge is fixed by Eq. (3.20), the Yang-Mills Lagrangian Lyy (3.1) is invariant

under a global color rotation around the Abelian H-direction in the color space:

A, —»UAUT, (O) —U <C> Ut (3.23)

where
U = exp[—igfH]. (3.24)

The conserved quantity associated with this symmetry is the color current (in the H-direction)

g*, which is obtained via the Noether theorem [143]. The vacuum expectation value of the
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current (: j* :) reads
(39 =0 Gof ) g (s AL (D) - (D24) A )
~a(:¢'(D0) + (D) ¢~ (D) ¢-c1(D,€):). ()
Here, the divergence is eliminated by the normal ordering procedure as was explained in Sec-

tion 2.1.5.
The conservation law for (: j# :) is

0=0,(j":). (3.26)

symmetric energy-momentum tensor 7"

As in QED (see Section 2.1.1), the symmetric energy-momentum tensor T for the Yang-
Mills Lagrangian (3.1) associated with the translational invariance of the system can be obtained

by Eq. (2.8). The vacuum expectation value of the symmetric energy-momentum tensor (: T )

reads
A 1- _ 1 _ _ - _ _ — — -
(: Ty 2y =0 {ZFP"FPU - §(<9AAA)2 - A”é?p&,A"} — [FPH P — AP O\AN — AV O O\AM]
MR, .lApUA EMQ pos o 13“2 0P 047 -

PSS |
—Re <: = 3 [[MEy]"°a" a, + [M))Pata,] — at0"0ra™ — a” 0" oxa’ :>

1. 1 R I T B
+2x (”“”Re < 1707 = M) AfA, = 5 ’DAAA‘ —ANDDA) :>

1
Ar o 1 AL A ALoA
— Re <: FRF? =5 [[M( A PATAN - [M ] A AA}

—AM(D DyAY) — AT (D" DAAY) ;> )

A A

+Re<: i x [n“”((?AC)((‘)AC*) —(9"C) (0 C) — <8V0)(aﬂé)} ;>

—_ 2 — A 1 PN
+2x (n“”Re<: i X [(DAC)T(DAC) — §M(C)CTC] ;>

~Re <: i % [(Dué)T(DVC) + (DV(?)T(DMC)} :> ) (3.27)

where we introduced effective mass terms M (Qa), M (2 A M (QC) whose explicit expressions are given
later in Eq. (3.35).
The conservation law for (: T}, :) is

0, (: Ty ) = J,F™ + Av9,J", (3.28)
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which is free from non-Abelian commutators and is the same as the Abelian one (2.21) because
of the Abelian dominance assumption (3.12).

As in QED (See Section 2.1.1), we define the energy density (: € :), the transverse pressure
(: P, -}, and the longitudinal pressure (: P, :) by the diagonal components of the symmetric

energy-momentum tensor (: 7% :) (3.27) as

(:€:>E<:Ttt ),
(P =T
(P =(T"). (3.29)

3.1.2 assumptions on the system

In addition to the Abelian dominance assumption made in Eq. (3.12), we furthermore assume
the same three assumptions made in the QED study (see Section 2.1.2): (i) Homogeneity in

space by assuming the classical gauge field A, is given by

t
Ar(x) = (0,0,0, A(t)) = (0,0,0, —/ dt'E(t')); (3.30)
(ii) Vacuum initial condition |state;in) = |vac;in); and (iii) Adiabatic hypothesis by requiring
—00

3.1.3 mean field approximation

mean field approximation

T A

AAA - A{AA) AAAA - AA(AA)

Figure 3.1: A diagrammatic illustration of the mean field treatment for gluons A as an example.

As in the QED study (see Section 2.1.3), we adopt mean field approximation for the non-
linear interactions in Lyn. As is pictorially illustrated in Fig. 3.1, we approximate the higher
order terms beyond the cubic order in the fluctuations by taking an expectation value of a

product of two fluctuations in higer order terms to obtain an effective Lagrangian which is
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at most quadratic order in the quantum fluctuations. In taking an expectation value of two

fluctuations, we assume that only the following two-point functions are non-vanishing as

g cic - ¢ic D=, (3.31)

and that all the other two-point functions such as (a,.A,),(CA,),... are vanishing. This
assumption says that the quantum fluctuations do not mix with each other during the spacetime
evolution. We note that this assumption is surely consistent with equations of motion (3.36)-
(3.40) derived later. All the non-linear effects are effectively represented by the two-point
functions, m,,,11,,, ¢, which are self-consistently solved throughout the computation.

As an example of the mean field treatment, let us consider a quartic term of A described
by (z’g)QALA,,A;AU. We approximate this term by replacing all the possible combinations of
two fluctuations out of the four in the term by their expectation value as

~

(ig)* Al A AT A, —ig ATATL,, + 11,ig AT A, +ig ALATL, + 11,,ig AT A,
- [HMVH,DJ + H,uUHpu] 5 (332)
where the last term II,,11,, + 11,11, is inserted so that the expectation value of the term,
(ig)* (- ALAAVA, o) = 11,11, + 11,11, (3.33)

is not affected by the mean field treatment.

As a result of the mean field treatment, the Yang-Mills Lagrangian (3.1) is approximated

~ — —

1 _ o
Ly — — ZFWFW - 5((9#14“)2 + g(@“A”)Re[HW] + JHA,
~ v A L= v iy £ ~ o 7 ~ 5t A 5t 4
— (0"a,)(@"A) — 5 [F“ 4 (o fn :>} Fou + @ [<: I J“] — gom [au (: C'¢ + CtC :>]
o1

v . 1 o 1
O 5(8”au)2 + 5[]\/[(2(1)]# (auav - ggﬂw)

o . PP 1
= 5P = (DA + (M) (“‘” A ﬁ“)

~ _ ~ _ AT o2
+iC1 [DuD" + M) € =i ([Du D"+ ME)| €)' C+ Mg, (3.34)
where
(M) = 2ig [T} — o] n™,

[MEg)™ = 2igF" —ig [(21" — TI) — i (I} + 1) + )] |
My = —ig [T} — ] (3.35)
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represent effective masses squared for the corresponding particles. These mass terms are dy-
namically generated from the gluon and the ghost condensates 7, 11,,, . The imaginary part
of the effective masses is responsible for scatterings and collisions between particles, which are
important for thermalization of the system. As the original Lagrangian Lvyy is BRS invariant,
the dynamically generated mass terms do not break the BRS invariance of the system although

the condensates m,,,1l,,, ¢ generally depend on the gauge one chooses.

equations of motion

The mean-field-approximated Lagrangian (3.34) is quadratic in the quantum fluctuations and
thus corresponding equations of motion are now linear, which is easy to handle. From the mean
field Lagrangian (3.34), one obtains

Gop)+ =0 [@AM +(:6fun :>] : (3.36)
0= [070,n" + [Mi["] (3.37)
0= [DfDy™ + [M3]"™] A,, (3.38)
0= 00,C (3.39)
0= [D#D, + M%) C. (3.40)

Equation (3.36) describes the backreaction to the classical gauge field flﬂ, i.e., the color elec-
tromagnetic field on the RHS is screened by the sources on the LHS. As we are assuming the
Abelian dominance (3.12), this equation is essentially the same as the Maxwell equation that
we encountered in the QED problem (Eq. (2.17)). The difference is the appearance of the term
o (:4 fvu 1}, which appears because the produced off-diagonal gluons A have a non-vanishing
color charge so that they can produce another electromagnetic field in the H-direction in addi-
tion to the original classical electromagnetic field F},,. The other four equations (3.37)-(3.40)
. =) =)
determine the spacetime evolution of the quantum fluctuations a,,.A,, C', C, respectively.
(=)
Equation (3.39) for the ghost field C' is nothing but the free field equation, and no particle

- (=)
production occurs for this fluctuation C' as for photons in QED. Thus, we do not consider

in the following discussion for simplicity.
If we assume homogeneity in space (assumption (i) in Section 3.1.2), it is convenient to

define the gluon polarization by the direction of the classical electric field as

E  (0=0)
0 (0=12) , (3.41)
—FE (0=3)

R4 _ : _
Ffe,, =€} with A, =
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where €,, (0 =0,1,2,3) represent the polarization vector of gluons, and are normalized as

Hy % _
n Eo,uealvﬂ -

= —50'0'/7 Zfaa’ezﬂuea’,y - _/rI,U«V‘ (342)

oo’

— o O O
o O = O
o = O O
S O O =

Without loss of generality, one can require €, , to be independent of the spacetime coordinates
x#. Notice that the indefinite metric &,, has off-diagonal components &y3 = £39 = 1. Because of
this property, the O-th and the 3-rd polarization modes of gluons become unphysical and they
do not appear in the physical spectrum as we will see later in Section 3.1.4. Now, we expand

the gluon field a,, flu in terms of the polarization vector e, , as

(Al; ) — Z(;ew (AZ ) . (3.43)

In terms of the polarization label o, one can rewrite the gluon equations (3.37) and (3.38) as

0 = [0,0" + M{,,lao (3.44)

Here, the effective masses M (2a), M (2 4 10 terms of the polarization label o are given by
M(2 = [M(Qa)]tt = _[M(2a)]m“ = _[Mga)]yy = _[M(za)]zm (3'46)

and

M(QA)O = [M(2A)]tz - [M(QA)]ZZ

My = —[My))aa

Mg“)l - M . (3.47)
(A2 — [ (A) ]yy

M(QA)S = - [M(QA Ji= — [M, ]

Notice that M 2 for the diagonal gluons is always real, while only the physical ¢ = 1,2 modes
of M( Ao for the off-diagonal gluons are real. M(zA)U for the unphysical o = 0,3 modes are
complex in general, and are related with each other by [M (2 A)o]* =M (2 )3

Under the spatial homogeneity, the backreaction equation (3.36) is further simplified as

0:<35t:>:<:j$:>:<:jy:>7

d TZ
—— (B +0E) = (3% + T (3.48)

where
§E = (: 0f,. ) = —2gRe[ll,.] (3.49)

represents an electric field produced by the produced colored gluons A.
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conservation law

As in the QED study (see Section 2.1.4), the mean field approximation preserves the conserva-
tion law at the mean field level, so that the conservation law for the current (: j, :) (3.26) and
the symmetric energy-momentum tensor T L (3.28) still hold.

For a homogeneous system (assumption (i) in Section 3.1.2), the conservation laws (4.28)
and (4.30) can be simplified as

0=20(:Ji:), (3.50)
and
O (:é:)=—EJ". (3.51)

Notice that Eq. (3.50) is trivial because Eq. (3.48) says (j,) = 0.

3.1.4 canonical quantization and particle production

Since the equations of motion (3.37)-(3.40) are linear in the quantum fluctuations, one can
safely employ the canonical quantization procedure. The canonical quantization of gluons
and ghosts in the presence of the classical gauge field is done in essentially the same way as
that in QED (see Section 2.1.4) [83], although there are slight differences due to the different
quantum statistics of gluons and ghosts. Here, we only consider the canonical quantization at
intermediate times —oo < t < oo because it naturally coincides with that at the asymptotic
times ¢ — +o0.

canonical quantization of gluons

The canonical quantization of gluons can be done in essentially the same way as that of electrons
(see Section 2.1.4), although there are some differences because of the boson statistics of gluons.
Because of the spatial homogeneity (assumption (i) in Section 3.1.2), it is useful to Fourier

expand the fluctuations d,, A, in solving their equations of motion (3.44) and (3.45) as

. . eip-m
= / d*p [+a$f,;<t>cmp<t> + _aéiixt)cl,*p(t)} e (3.52)
3 o ( ®) 3t e
Ao = [ @ [ A Ofplt) + - AL (0] P (3.53)

(t)

Note that the fluctuation a, is real so that yasp = [,a(t) |* always holds. Here, the posi-

a,—p
tive/negative frequency mode functions at intermediate times iaéﬂ,, iAEf, )p are defined by the
same principle that we employed for electrons (see Section 2.1.4 for the details). That is, we

require iagp, iA to be plane waves at the instant of an intermediate time (for details of the
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plane wave solutions, see Appendix B.1). Namely, we define the mode functions at ¢ = ¢y by

the following plane-wave-like functions as

1
(to) _—
iagp(to) 2 to
dia(t(’)(to) = V. |ﬁl‘ exp [:Fz' /_OO \p\dt] : (3.54)
dt T o
Alle) ( 0) :
+ 9 ry to
de A% (to) | = 2P —gAllo)|_ | o {HFZ/ Ip—gA(t)!dt}, (3.55)
Sxop \P0) . ‘p — gA(t(])’ —00
dt Fe ST

As the fluctuation A, has the color charge ¢, while a, is chargeless, their kinetic momentum
P is given by p — gA and p, respectively. In contrast to the plane-wave-like functions for the
Dirac equation (2.40), as the Klein-Gordon equation is a second order differential equation, one
needs not only a value at the time ¢ = ¢y but also its derivative in uniquely expanding the field

. . t t
operators. Here, we normalize the mode functions iag,),), iAf,,)p as

Zgw,(iag{giafj{p)]g = +1, ng,@agy;af,{p)lg =0, (3.56)
Zﬁw (AL LAY )5 = £1, Zgw (LAY |+ A yp =0, (3.57)

where the boson inner product (¢q|¢2)p is

(61162)p = i 0rds = i [62(Du2) — (Duhs ") (3.58)

which is conserved if ¢1, @5 obey the same Klein-Gordon equation. Now, we impose canonical

commutation relations

[au(t, ), Qs (t, )] = —inwd°(z — ),

[a,(t, @), (t, )] = [Dyia,(t, ), Dyiay (£, 2')] = 0, (3.59)
[Au(t, @), 0 AL (t, )] = —in,o*(x — o),

(At x), Al (t, )] = [0,A,(t, ), 8,.A,(t, )] = 0, (3.60)

to obtain commutation relations for the intermediate annihilation operators ¢,, for a and

Cops 0o p fOr A as

[opr b ] = &oord®(p — D),
[Cops €h 3] = [P0 0L, ] = €00 (0 — 1),
(others) = 0. (3.61)

Noting that the indefinite metric &,/ is not diagonal as Eq. (3.42), ¢ = 0,3 modes of gluons

commute with each other.
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The positive /negative frequency mode functions at an intermediate time iag P i.A o.p Smoothly

(as)

approach the correct mode functions at the asymptotic times j:aap ,+Asp (as =in/out) in the

limit of t — f00 because of the adiabatic hypothesis (assumption (iii) made in Section 3.1.2):

:I:ac(ft%o :I:ac(rirzlJ) :tac(rt)p iaﬁfﬁt)
A(;f) oo A(;n) ) A(;t) Q A(;ut . (3.62)
+Ao,p +o,p +Ao,p

Hence, one can obtain the annihilation operators at the asymptotic times &%), ¢%) (%) by

taking ¢ — oo limit of the time-dependent annihilation operators ¢, p, ¢5p, Dc,p as

A(in ~ ~(out ~

Ct(np) Cop(t) Ct(f,p ) Cop(1)

~(in . ~ ~(out . A~

i I R ey B B 369
in 2 L (out 2

Oop 0op(t) op 00p(1)

The Bogoliubov transformation between the in-state annihilation operators cﬁ;f;.), cﬁif;), D;flp) and

those at intermediate times ¢, p, ¢s.p, 05p 1S given by

Cop(t) @on(t) Baop®)) [ e5p
(75140) <Bwa (t) a&wﬂxw> ( mﬁ)> (3.64)

op(t) Wopt) Baes®) [ e
(62,—11(75)) (5(Aap(t) O‘Aa,p(t)> (62@;)7 (3.65)

where
a(a)a,p(t) = (-i—a((yi)p’-‘ragif;l)))B = _(—a’g)p|—az(fi;)))]§
‘ (in) ¢
1 d+ao-p G [ / :|
= = — a | exp |+1 dt|,
2@|[‘” i|p|ag ] p _wm|
Baop(t) = (+al|—al))s = —(—al), | cali))}
: (in) t
i d_aep (i l / }
= = ayy) | exp [+ dt 3.66
2m|[ o |p|- ] p ﬂxmr (3.66)
and
A op(t) = (1AL L AD))E = < AL, ALD)
7/ d+./4 | . t _
= — —ilp — gA| Al m) exp |:+Z/ p—gA dt} ,
vﬂp—gAl_ a . ] - |
Bayea(t) = (LAL|_AE))5 = —(LAY, [ A

[d_ AL ' t .
= ! _ Avp —i|lp — gA|_ Am) exp |:—H/ |p—gA|dt]. (3.67)

V2lp-gA|| dt o0
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The Bogoliubov coefficients are normalized as

1= |a@op®)* — [Bayop ),
= lawop () = |Buyen(t)]. (3.68)

Notice that we have a minus sign in front of |3]?, which is in contrast to the plus sign for
electrons (2.32). This is because of the boson statistics of gluons, and |3|? can be larger than
unity. We also note that the Bogoliubov coefficient §(4),.p for chargeless a, gluons can be non-
zero because colored A, gluons can merge into ., gluons through the mass term M. This
means that particle production of a, modes can occur, which is in contrast to QED, where
photon production does not occur (within the mean field treatment).

Finally, let us discuss the ultraviolet (|p| — oo) behavior of the Bogoliubov coefficients
A(a)o,ps Bla)ops X(A)o,ps B(A)ep- For this purpose, we first note that the in-state Fourier modes
Lo = ol or LAY satisty the following Klein-Gordon equation (see Egs. (3.37) and (3.38))

0=[0? + P? + M?.o (1), (3.69)

where P2, M? is the kinetic momentum and the effective mass for the corresponding particle,

in)

respectively. By substituting the Bogoliubov relation between the in-state Fourier modes 4
and those at intermediate times +¢® (see Eqs. (3.54) and (3.55)),

d™ (in) * dn (t)
D)

into this equation (3.69), one obtains a differential equation for the Bogoliubov coefficients «, 3

P M2 d|P . M2 i [t
(o) 1P i [t e
dt \ p* 2 [LM—H%] o2 [L | Pldt e g

|P|?

as

(3.71)

One can iteratively solve this equation (3.71) order-by-order in P. By requiring « T
— 00

1,8 —— 0, one gets
|P|—o00

a:{l P 1 M+O(|P|3)} exp [—i/t {M2 L1 d2|P|+O(]P|3)}dt],

4P dt L\ 2[P] 4|P]?2 de
i (1 dP|  M? B
= |—- ) o
B [ 4{|P|2 i +Z|P|2}+O<' ™)
! M? 1 1 d?P|
' 2| P S P|=3) b dt] . 72
xexp{+z/_oo{| + 511~ 1P e+ OUP )} } (3.72)

As for electrons (Eq. (2.56)), |8]? falls faster than |p|*, which guarantees finiteness of the total
number of produced gluons. With the use of the asymptotic formula (3.72), one can show
that the normal ordering procedure (o) — (: ®:) explained in Section 2.1.5 surely regulates

divergences in gluon two-point functions.
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canonical quantization of ghosts

Lastly, we consider the canonical quantization of ghosts. This program is essentially the same as
done in the gluon case, although there are slight differences because of unusual anti-commutative
nature of ghosts.

By noting the spatial homogenelty of the system (assumption (i) in Section 3.1.2), we Fourier

expand the fluctuations C, C to solve the equation of motion (3.40) as

N _ [ g (B0 - gy (1o®)] _e*®
( é> = / d’p [+Cp (t) ( . <t>> +_CO(1) (h(ﬂ)] P (3.73)

the positive/negative frequency mode functions at intermediate times iCé,t) are defined in the

oD >

same way as those for bosons (3.54) and (3.55); namely

1
A e t
2 . ad.) 5
e | = | VIR e i [ oA
dt Fiy G

We consider a normalization condition for the mode function iC]E,t) given by
(+CY1CP)e = £1, (€Y +CY)s = 0. (3.75)

Now, we impose a canonical commutation relation for the ghost modes C, C as
C) O, - ,
C(t,w),ﬂ(t,w) = 10 (p_p)a

{((_Z)(t,:c), ((_Z)(t,:v’)} _ {(%)(t,a;),(;r)(t,m')} —0, (3.76)

~
~

where (7_r) is the canonical conjugate field to the ghost field é as ™ = —i@téT and T =

i0,CT. Then, we obtain anti-commutation relations for the intermediate annihilation opera-

- =)
tors ¢, |, as

~t A1
i (p—p) = {ep, ,} {fp, f /} , (others) = 0. (3.77)

N -t ~ ~ 1

=) ()
Notice that e)p, % and f ,, f , anti-commute with each other because of the canonical com-
mutation relation (3.76) for ghosts. Thanks to this property, it is assured that the unphysical

ghosts are never produced and do not appear in the physical spectrum as we shall see later.
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Just as in the electron and the gluon cases, the positive/negative frequency mode functions
at the asymptotic times iCéas) (as = in/out) and the corresponding annihilation operators

0 =)
(e)p, f , can be obtained by taking the ¢ — oo limit of those at intermediate times. Namely,

t in t out
ﬁ:cz(,) m iCI(, )7 icé) Q iCI(, ), (3‘78)
and
o) <é>(m) ©) (é)“ut)
Z ! _ ~ %)m) ) - g 5 ~ %)out) . (379)
(=) t——o0 (-) (=) t—00 (=)
fp fo fp fo

~ (in) ,~,(in) ~ ~
: S - : o () )
The in-state annihilation operators (e p + J p and those at intermediate times (e p | p are

not independent of each other, and their relationship is given by the following Bogoliubov

transformation:
" ~ (in)
(=) (=)
AeTp@) = <a(c)p(t) ﬁ(c)p(t)) " B (3.80)
) (t) ﬁEkC)p (t) Oé)(kC)p (t) (=)
-p f —p
where
aep(t) =

= (+C;(,t)‘+c;(,in))B = _(*C;(It)|*61()in))E
i ERCRE N N
= =P —ilp— gA| C{M | exp +@/

V2lp — g Al |t |

Brew(®) = () 1-CH™ s = —(-C1L i)
' [ o(in) 1 ) .
= ? d_Cp o i]p i 9A|_CI(Jin) exp —i—i/

V2Ilp—gA|| d [ S

|p — gAldt| . (3.81)

The Bogoliubov coefficients are normalized as

1= |ae)p®)® = [Bep®)]*. (3.82)

As the mode functions obey the Klein-Gordon equation, it is obvious that the ultraviolet
(|p| = o00) behavior of the Bogoliubov coefficients a(c)p, Bc)p are given by Eq. (3.72) as those
for gluons, by which one can justify the use of the normal ordering procedure in regulating

ghost two-point functions.

particle production

~

Now, we have the intermediate annihilation operators ¢,, for chargeless gluons a,; ¢ p, 0sp

for charged gluons A, with the color charge g and —g, respectively; ¢, fp for charged ghosts
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C with the color charge g and —g, respectively; and Ep,i, for charged anti-ghosts C with the
color charge g and —g, respectively. From these annihilation operators, one can construct a
vacuum state |vac;t) at an intermediate time ¢. By noting that the annihilation operators
Cops Cops Dops s Ips Eps %,, do not mix up with each other during the whole spacetime evolution
(because the equations of motion (3.37)-(3.40) are linear within our mean field treatment), one

can decompose the vacuum state |vac;t) into a product of vacua for each fluctuation as
[vac;t) = |vac(q);t) @ [vacia);t) ® |vace); i), (3.83)
where each vacuum satisfies

0= éU,P |vac(a); t> s
0 = Cop [Vaciay; t) = 0o [vac )i t) |

0 = ¢p|vac(e);t) = fp [vacieyi t) = ep [Vacie); t) = fp |vacie); t) (3.84)

for all values of the quantum numbers o, p. One can naturally construct the in-vacuum |vac;in)

by taking the t — —oo limit of |vac;t) as
[vac;in) = tEr_noo |vac;t) = tEI_nOO [vac(); t) ® [vac(a); t) ® |[vacie); t) . (3.85)

The number of produced particles are obtained as an in-vacuum |vac;in) expectation value

of the corresponding number operator; namely

0 (0 =0,3)
d®N, 1) 1 ’
TRoODD) _ L el o) =4 1Bl (3.56)
dede \%4 P W g = ]_, 2)
s
for chargeless gluons;
) 0 c=0,3
&Ny, (0,pit) _ 1 R AT ( )
dp3dax3 y \oprop ((2“4)—")»7; (c=1,2)
s
0 (0 =0,3)
d®Ng (o,p;t) 1 .. - ’
*f—’f’ = — DT DU — o 2 3.87
dp3d$3 V < o,p 7P> ’6(642) ,)311’ (O' — 17 2) ( )
s

for charged gluons with the color charge g and —g, respectively; and

d°N_ it At oA
dp’de® VP P/

6 . IR
d N(fh)i(pv t) 1 (_)T (=)
=V fpfp)=0 (3.88)
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for charged ghosts (anti-ghosts) with the color charge g and —g, respectively. In deriving the
gluon spectra (3.86) and (3.87), we used that ¢ = 0,3 modes of gluons commute with each
other because of the commutation relation (3.61). Also, for the ghost and anti-ghost spectra
(3.88), the use is made of Eq. (3.77) which says that ghosts (anti-ghosts) anti-commute with
themselves. No production of o = 0, 3 modes of gluons and ghosts is a reasonable result because
two out of the four polarization modes of gluons and ghosts are unphysical particles, and must
not appear in the physical spectra. In contrast to the electron spectra (2.38) and (2.39), gluons
are not subjected to the Pauli principle because of the minus sign in the normalization condition

for the Bogoliubov coefficients (3.68), and the phase space density can exceed unity.

3.1.5 massless approximation

Within the mean field treatment explained in Section 3.1.3, we found that dynamical mass terms
May, M(ay, M(c) appear in the equations of motion (3.37)-(3.40) because of self-interactions
among gluons. Physically speaking, these mass terms are responsible for scatterings and col-
lisions of produced particles, and hence are important in describing the thermalization of the
system. However, the problem is that the mass terms have a complicated expression and are
somewhat difficult to evaluate. Furthermore, as the mass terms originate from the quartic
interaction of the Yang-Mills Lagrangian, they are higher-order in the coupling g compared
to the other terms and might be negligible in the small coupling constant limit ¢ — 0. In
view of these circumstances, we dare neglect the mass terms and set M) = M4y = M) =0
(which we shall call massless approximation) in the following as the first study of the Schwinger
mechanism in QCD including backreaction effects. This simplification dramatically simplify
the equations of motion (3.36)-(3.40), and thus one can develop a better understanding of the
problem. We stress that this simplification does not violate the current conservation law (3.26)
nor the energy conservation law (3.28).

Under the massless approximation M) = M) = M) = 0, the equations of motion
(3.36)-(3.40) for a homogeneous system read

dE Nz Tz
—%—U )+ J, (3.89)
0= 0°0,d,, 3.90)
0=DrD,A,, 3.91)
)
0=0,C, (3.92)
O
0=DrD,C. (3.93)

~

_ (=)
Note that 0 = 0 holds in the massless approximation. Now that not only the fluctuation C'

but also the fluctuation a, becomes trivial, we do not consider them in the following. Notice
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that the equations for charged gluons A, (3.91) and charged ghosts (f',é (3.93) are now the

same as the one for massless charged scalar particles with spin 0.

The massless approximation does no harm to the canonical quantization procedure explained
in Section 3.1.4. In the following sections, Section 3.2 and 3.3, we discuss the time-evolution of

the system within this massless approximation.

3.2 Gluon production from a constant color electric field

For now, we neglect the backreaction and treat the classical electric field as a background by
artificially setting (: j, :) = 0. The backreaction effects will be discussed in Section 3.3. This
treatment is, unfortunately, unphysical because it apparently violates the energy conservation
of the system and is justifiable only at the very beginning of the pair production process.
Nevertheless, this treatment is very useful in understanding the basics of the gluon production
and how it is different from the electron production discussed in Chapter 2 because one can

analytically compute the gluon spectrum for some particular types of electric fields.

3.2.1 gluon distribution

In this section, we consider a constant color electric field initiated at ¢ = t5 = 0 , which is given
by

E(t) = Eyd(t), or A(t) = —Ent(t). (3.94)

Under this field configuration, we compute the intermediate gluon spectrum (2m)3d° N, /dp*dx?® =
|Ba)o,p|* for the physical o = 1,2 modes (see Eq. (3.87)). One can analytically evaluate the
intermediate Bogoliubov coefficient 3 4),, because the equation of motion (3.91) is analytically
solvable: This can be done easily by smoothly connecting the plane wave solutions iAf,}?;l,ane)
(see Appendix B.1) and solutions under a constant color electric field with infinite duration
L ALenstont) (gee Appendix B.2) at the boundary ¢ = t. By noting + AT =AY for t <0

where A = 0, one obtains

A(t)
+vo,p
+A(ir;’) Agt;) (t < t(])
Ui’n - i ’ > const;ou , (395)
- Ofa’p(to) Bs.p(to) LAGpEten) (t > to)
BO,p(t()) &Z}p(to) _A((,C,;“St;"“t)
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where the coefficients &, p, Bap are given by

Gop(t) = (+ASE (1) AT, ()5

2

P
. exp |:—7T I ] t
— 1 8|gEo] exp |:—'L/ |p + gE[)tldt:|

 2lp+ gEot| (2lgEo|)/*

| (Ip+ gEot| — (b= + gEot) D2 (7% [———(gEot +p.))
iyt /2 E\

im/4 —im/4
+e 2|gEo|D 2 e gEot +p.)) |, 3.96
9BD, (¢ Bt 40 (396)
Bop(t) = (LALT5 ()| AL (1)5
il
7 exp [_FW] |: t
= — — exp +z’/ |p+gE0t]dt}
V2[p + gEot|  (2lgEo|)Y/*
(]p + gEot| + (p. + gEot)) D‘ 2 _m/4 (9Eot +p.))
2\gEO| |9E0|
i /4 n —im/4
—e 2|gFEq| D e Eot + p, 3.97
|9 Eol '2|g20‘+1/2( " E@,(g ot + p-)) (3.97)

The intermediate Bogoliubov coefficients oy p, 55 can be computed by Eq. (3.67), and one
finds that

AU A)op = Gop(to) s, () — Bi p(t0) Bop (),
Biayop = Bop(to)ds p(t) & (o) Bop(t). (3.98)

analytic formula at ¢t — oo

The analytical expression for the intermediate Bogoliubov coefficient B4y, (3.98) looks some-
what complicated, however, it takes a remarkably simple form in the infinite future ¢t — oo (or
the infinite longitudinal kinetic momentum P, = p, + gEt — 00). By noting the asymptotic
formula for the parabolic cylinder functions D, (z), [162]

Zvem? /4 (|arg z| < 3w /4)
D,(z) T> e # A F‘Ej)e’”ﬂz_” 1ez M (m)4 < argz < B /4) : (3.99)
Z|—00
e # M r\(/f) e Ty v le /M (B /4 < argz < —7/4)
one finds
Pl
BA)op — o iexp |:_7T2‘9E0’:| : (3.100)

Hence, the gluon spectrum in the infinite future ¢t — oo becomes

dGNgi 1 pi
> — = ) 3.101
dp?dx? t—oo (27)3 eXp [ 7T|gE0J (3.101)
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This expression is the same as the electron spectrum (2.69), which implies that the gluon pro-
duction in an Abelian dominated constant color electric field is essentially the same as the
electron production in QED. The situation will dramatically change when quantum interfer-
ences, which depend on the quantum statistics of particles, come into play; see Section 3.3,

where backreaction and resulting quantum interferences are treated.

dynamical evolution

We directly evaluate the Bogoliubov coeflicient 3, , (3.98) to discuss the intermediate gluon
spectrum (2m)3d°N,, /dp*da® = |Ba)sp|*. The results are plotted in Figs. 3.2 and 3.3: Fig-
ure 3.2 shows longitudinal kinetic momentum P, = p, — gA distribution (27)2d°N,, /dp*dz® =
|Bayop|? for a fixed transverse momentum |p, |/ V]9Eo] = 0.1, and Fig. 3.3 shows the trans-

verse momentum p | -distribution for a fixed longitudinal kinetic momentum P, = p, + gEot =

3 X 4/ |gEQ|

Figure 3.2: The time-evolution of the longitudinal kinetic momentum P, = p, — gA distribution
(27)3d° Ny, /dp*dx® = |B(a)sp|* for a fixed transverse momentum p, /+/|gEo| = 0.1.

The essential features of the gluon production (without backreaction) are the same as in
the electron production discussed in Section 2.4: Gluons are constantly produced at P ~ 0,
where the production threshold ~ |P| becomes smallest. After gluons are created, they are
accelerated in the longitudinal direction by the electric field according to the classical equation
of motion dP/dt = gE,. The transverse distribution is given by a Gaussian, and is consistent
with the asymptotic formula (3.101). Thus, the gluon distribution d®N,, /dp*dz® is nicely
approximated by

EN, :

D _
dptdz®  (2m) P Tg E(m@(ﬁ?z(pz T 9AQ@)) |, (3.102)
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Figure 3.3: The time-evolution of the transverse momentum p,-distribution
(27)3d° Ny, /dp*dx® = |B(a)0p|* for a fixed longitudinal kinetic momentum P, = p, + gEgt =

3 X v/ |gE0|

which is the same as for the electrons (2.94).

3.2.2 total number of gluons
analytical estimate at ¢t — oo

The analytic formula for the gluon distribution at ¢ — oo (3.101) has no p.-dependence, and so
the p.-integration diverges. We estimate the degree of the divergence in the same way as what
we did for the electron production (2.70). That is, by estimating [ dp, ~ |gEo|T (which is
consistent with the longitudinal kinetic distribution, Fig. 3.2, and the approximation (3.102)),
we find the total number of produced gluons with the color charge 4+¢ for a single physical

polarization 0 = 1 or 2 as

(3.103)

4Ny, , loEoPT exp |—m pi |
T () B |

dynamical evolution

We numerically integrate the Bogoliubov coefficient 3, (3.98) over the momentum p to study
the time-evolution of the total number of gluons produced d*N,, /da® = [ d®p|Bayop|*/(27)3.

The result is shown in Fig. 3.4. We find that the gluon production is in good agreement
with the estimate (3.103) as for the electron production (see Section 2.4.2). It is interesting to
note that the agreement is better than in the case of the electron production (see Fig. 2.10).

One can understand this difference in terms of the perturbative particle production mechanism
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Figure 3.4: The total number of gluons produced d®N,, /dz?® with the color charge +¢ per unit
physical polarization. The dashed line is the estimate (3.103).

which dominates particle production at early times (see Section 2.3). As in Section 2.3.1,
one can compute the S-matrix element, S = (g, (o, p)g_ (o', p'); out|vac;in), within the lowest
order perturbation theory to perturbatively evaluate the total number of gluons produced with

a particular physical polarization o from the classical gauge field A, as

d>N, ‘
dwii = Z/d3pd3pl| (gy(o,p)g_(o,p); out|vac; in) |2
= dw|gE(w)|” 3.104
5 [, dloE@F, 510
where E (w) is the Fourier component of the electric field E f dtE(t Zwt, By comparing

the electron formula (2.77), d®*N.+ /dx? — 1/(2472) [5° dw|eE( )2, one understands that
the perturbative enhancement at early tlmes of the gluon production amounts to just a half
of that of the electron (for the same electric field strength |eE| = |gFE|). Hence, the gluon
production is not enhanced so much at the early times and the excess from the naive estimate

(3.103) becomes smaller compared to the electron case.

3.3 Dynamical evolution with backreaction

In this section, we consider backreaction effects: By numerically solving the equations of motion
(3.89)-(3.93), we discuss the dynamical evolution of the gluon distribution function, the electric
field strength, the total number of produced gluons, and thermodynamic quantities including

energy density and pressure of the system.
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3.3.1 setup

We consider a spatially homogeneous system without any classical source J* = 0. As an initial

condition at t =ty = 0, we consider an electric field described by

dE(t)

A(ty) =0, E(ty) = F
(to) = 0, E(to) 0

= 0. (3.105)

For the sake of simplicity, we set the strength of the coupling constant g as g = 1.

3.3.2 gluon distribution

distribution (2r)® d® N/dp® dx®

Figure 3.5: The longitudinal kinetic momentum P, = p, — gA dependence of the gluon distri-
bution d°®N,, /dp*dz?® at a fixed transverse momentum |p|/+/|gFo| = 0.1.

The time-evolution of the gluon distribution d°N,, /dp*da? is plotted in Figs. 3.5 and 3.6.
One observes once again that the plasma oscillation occurs just as in the electron case (see
Section 2.5.2). Quantum interferences also occur when the newly produced gluons and the pre-
viously produced gluons meet at the same phase space point around P ~ 0 in the oscillational
motion. As a result, the gluon spectrum is strongly distorted, which may indicate that entropy
is irreversibly produced as was so for the electron production. What is remarkable here is that
the gluon distribution is dramatically enhanced due to the quantum interferences (the Bose
enhancement [34]) whenever the “old” gluons come back to P ~ 0 where the gluon production
constantly takes place. This is in contrast to the electron production, which is restricted by
the Pauli principle and hence whose phase space density never exceeds unity. Because of the
quantum interferences, the naive formula (3.102) for the gluon distribution function without
backreaction is valid only at relatively early times t < tos, Where to is the typical time-scale

of the plasma oscillation (the time when the longitudinal momentum extension of the gluon
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distribution (2r)° d® N/dp® dx®

Figure 3.6: The transverse momentum p -dependence of the gluon distribution d®N, /dp®da?
at a fixed kinetic longitudinal momentum P, = p, — gA = 1.2 x \/|gEp|.

distribution takes its maximum for the first time, i.e., when the electric field strength crosses
zero for the first time). The time-scale of the oscillation ¢, may roughly be estimated in the

same way as that for electrons (2.99). By neglecting the quantum interferences, one gets

2
19 Eoltow ~ W—@ 12 (for g = 1), (3.106)
g

which indeed turns out to be consistent with the figure.

We stress that because of the quantum interferences, i.e., the Bose enhancement and the
Pauli blocking, the gluon (or boson in general) production is much more abundant than the
electron (or fermion) production (see Section 3.3.4), and hence the initial field energy is more
efficiently converted into the gluon particle degree of freedom as we shall see in Section 3.3.3 -
3.3.5.

3.3.3 decay of color electric field

~

Figure 3.7 displays the time-evolution of the electric field strength (left) and the current (: j* :)
(right). We again observe for \/Wt < 50 that the electric field strength and the current
show the plasma oscillation as was discussed in Section 2.5.3. What is more important here is
that the time-scale of the decay is much faster than the electron case (see Fig. 2.13). This is
because the gluon production is much more abundant than the electron one because of the Bose
enhancement of the gluon production (see Section 3.3.2) and the suppression of the electron
production by the Pauli blocking (see Section 2.5.2). Another notable point is that both the
electric field and the current show rapid oscillations at later times \/|g—E0|t 2 50. By noting
that the gluon spectrum at later times (see Figs. 3.5 and 3.6) is strongly distorted by the
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Figure 3.7: [Left] The time-evolution of the electric field strength E(t). [Right] The time-

evolution of the current (: 5% :).

quantum interferences, one understands that the rapid oscillation is not due to the plasma
oscillation, which is purely a classical effect, but is due to a quantum effect arising from the
quantum interferences.

3.3.4 total number of gluons
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Figure 3.8: The total number of produced gluons d®*N,, /da® with the color charge +¢ for a
single physical polarization. The dashed line is the estimate (3.103) without the backreaction.

In Fig. 3.8, we plotted the total number of gluons produced d® N, /da? with the color charge
+¢ for a single physical polarization o = 1 or 2. Just as in the electron production (2.5.4), the
result (red thick line) coincides with that neglecting the backreaction (dashed black line) only
at the beginning of the gluon production process \/Et < 10. If one compares this result with
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that of electrons, Fig. 2.14, one finds that the gluon production is much more abundant than
the electron one: The electron production is strongly suppressed by the Pauli blocking, while

the gluon production is, in contrast, enhanced by the Bose enhancement.

3.3.5 energy density
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Figure 3.9: The energy balance between the classical field (blue) and the quantum particles,
i.e., gluons and ghosts (red). The total energy of the system is strictly conserved as indicated
by the black line.

Figure 3.9 shows the energy balance between the classical electric field A and the sum of
the physical o = 1,2 gluons flg; unphysical contributions from o = 0, 3 gluons ./Zlg, and ghosts

)
C exactly cancel out with each other because they obey the same equation of motion (3.91)

and (3.93). One immediately notices that the initial field energy is quickly converted into
gluon particles. The time-scale of the conversion is much faster than the electron production
(see Fig. 2.5.5) because of the different quantum statistics as was repeatedly addressed in this
section.

We note that the energy conservation is strictly satisfied during the whole time-evolution.

3.3.6 pressure

We plotted the transverse and longitudinal pressures (: P, :), (: P, :) of the system in Fig. 3.10.
The basic features of the figure is the same as the QED one (see Figs. 2.16 and 2.17), although
the typical time-scale of the transition from the classical field regime to the quantum particle

regime is much shorter:

e The transverse pressure of particles is negligible because they are created with soft trans-
verse momenta p; ~ 0 as was seen in Fig. 3.6. Hence, the total transverse pressure of

the system dies away as the classical field decoheres into particles.
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e The longitudinal pressure of particles is sizable because the classical electric field signifi-
cantly accelerates the particles in the longitudinal direction. Hence, the total longitudinal
pressure of the system is dominated by particles as the classical electric field decoheres

into particles.

0.6 T
field

0.5 gluon + ghost —— |

- 2
longitudinal pressure P /Eg

0 20 40 60 80 100 ) 20 40 60 80 100

time |gEo| "2t time |gE,| "2t

Figure 3.10: The time-evolution of the transverse pressure (: P, :) (left) and the longitudinal
pressure (: P, :) (right) from the classical field (blue) and the quantum particles, i.e., gluons
and ghosts (red). The black line is the sum of these two, i.e, the total transverse/longitudinal

pressure of the system.

In Fig. 3.11, we characterize the anisotropy of the system by the total transverse and lon-
gitudinal pressure scaled by the total energy, (: P, :) /(: €:) and (: P, :) / (: €:) as in the QED
study (see Fig. 2.18). We observe that the initial anisotropy of the system (: P, :) / (: €:) =
1/2,(: P, ) /(- é:) = —1/2 is relaxed with relatively shorter time-scale compared to the QED
study. However, the complete isotropization of the system cannot be achieved within the mass-

less approximation, by which we neglect scatterings and collisions between produced gluons.

3.4 Brief summary

We briefly summarize the main results of this chapter:

e We formulated the Schwinger mechanism in the SU (N, = 2) pure Yang-Mills theory
including backreaction from gluon and ghost fluctuations to the classical gauge field.
This was done in Section 3.1 by extending the mean field framework developed in QED
(Section 2.1).

e Without backreaction (see Section 3.2), we analytically evaluated the time-evolution of

the gluon spectrum under a constant color electric field background to find that the gluon
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Figure 3.11: Isotropization of the system. The total transverse and longitudinal pressure
scaled by the total energy, (: P, :) /(: €:) and (: P, :) /(: ¢:), are plotted in red and blue line,

respectively.

spectrum almost agrees with the well-known Schwinger formula for a constant electric
field.

e Once backreaction is taken into account (see Section 3.3), the classical plasma oscilla-
tion and the quantum interferences among gluons occur, and the gluon production is

dramatically modified from the naive Schwinger formula for a constant electric field.

e The quantum interferences strongly enhance the gluon production (the Bose enhance-

ment), which accelerates the decoherence of the classical gauge field (see Section 3.3).

e Within the mean field treatment together with the massless approximation (see Sec-
tion 3.1.5), the system never isotropitizes (i.e., thermalizes) although the degree of the

anisotropy is relaxed as was plotted in Fig. 3.11.






Chapter 4

Schwinger Mechanism in Quantum

Chromodynamics

In this chapter, we extend the previous SU(N. = 2) pure Yang-Mills study (see Chapter 3) to
QCD with N, = 3 colors and N; flavors of quarks. In Section 4.1, we formulate the Schwinger
mechanism in QCD by applying the mean field approximation and the massless approximation
developed in Chapter 3. In Section 4.2 and 4.3, we extensively study the Schwinger mechanism
in QCD by applying the formalism: In Section 4.2, quark and gluon production is analytically
investigated by neglecting backreaction, and similarities/differences between the two production
are clarified. In Section 4.3, backreaction effects are taken into account numerically. By tracing
the time-evolution of the quark and gluon distribution functions; the color electric field strength;
the total number of quarks and gluons produced; and the thermodynamics quantities such as
the energy density and the pressure, we reveal the dynamics of how an initial classical field

decoheres into quantum quarks and gluons within a realistic QCD framework.

4.1 Formalism

4.1.1 QCD under a classical gauge field
Lagrangian

In the rest of this thesis, we consider the SU.(N. = 3) ® SU;(N¢) QCD Lagrangian ﬁQCD:

~

Lacp = Ly + L + Liar) + Lap) + Liext), (4.1)
where
Ly =30l — g — myliy, (4.2)
!
Lig = —%trc [P F), (4.3)
Ligr = —tre[d?], (4.4)

97
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Lppy = 2i tr[é5prs], (4.5)
Liexty = 2tr[JFA,] (4.6)

are contributions from the quark field ¢ s of flavor f, the gluon field AM, the gauge fixing term,
the ghost fields ¢,¢, and a classical external source J*, respectively. Y is the gauge fixing

function as was introduced in Eq. (3.6).

Cartan-Weyl basis of SU(3)

We expand the color space by the Cartan-Weyl basis {H,, E4, EL}, instead of the usual Gell-
Mann matrices {\,}, so as to avoid some complexities coming from the non-Abelian algebra of
SU(N. = 3),

The Cartan-Weyl basis of SU.(IV.) is a generalization of the ladder operators in SU.(N. = 2).
The Cartan-Weyl basis consists of Abelian generators of SU.(N. = 3) which belongs to the
Cartan subalgebra H, (o« = 1,..., N.— 1) and non-Abelian generators F4 (A =1,..., N.(N.—
1)/2) that are eigen-generators of H, as [Ha, E4] = vqaFE4 (where v, 4 is the so-called root

vector). The choice of a Cartan-Weyl basis is not unique, but it is convenient here to choose

(100
H1:/\3=§0—10,
0 0 0
L (roo
Hy=X=—=(01 0|,
2v/3
foo—z
tive 1 (000
1
E15627:E001,
000
000
[N R
2 = == )
2 2
f100
Mainy 1 (01
]
By = 12 22% 000 (4.7)
000

These matrices satisfy the following algebra:

Oa
tro[HoHg) = 75

)
tr[EAEL) = %

tro[HoEa] = tro[EsEp) = 0, (4.8)
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and

[HmHﬁ] = 07
[HQ7EA] = Vg AEA7

EA7EB Z EABCEC:

[EAa EL - 5AB Z voc,AHaa (49)

where €4pc is the completely anti-symmetric tensor normalized by €153 = 1. The root vector

Uq A 1S given by

B B B —1/2
Va1 = (Ha)22 — (Ha )33 = \/§/2>a7
B B B —1/2
Va2 = (Ha)33 (Ha>11 = _\/3/2> ay
Va3 = (Ha)1i — (Ha)22 = (1)> : (4.10)

Abelian dominance assumption

As in the Yang-Mills study (see Chapter 3), let us assume the Abelian dominance for simplicity.
We neglect non-Abelian components o< Fy, EL in the classical current J# and the classical gauge
field (A,), and write

Tu(x) = Ju(2) > waHa, (Au(x)) = Au(2) Y waHa. (4.11)

«

In contrast to the SU.(N. = 2) case, as SU.(N, = 3) has rank N. — 1 = 2, we have two weight

factors wy, we that characterize the color orientation of the Abelian current J* and gauge field
(Au)-

expansion around a classical field

We decompose the total gauge field Au and the ghost fields ¢, ¢ into the Abelian classical field

S . ) O
(A,) = A, >, weH, and quantum fluctuations around it, dq, ., Aap, Ca, C 4 as

(

Ay =Y (o Ay + o) Ho + > [AauBa+ Al L (4.12)
A

éa AN
~ | Ea+ | & | E
(CA> ’ (CL> !

«

)2 ()

«

(4.13)

B O
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gauge fixing and ghost term

Under the Abelian dominance approximation, it is convenient to fix the gauge along the Abelian
direction of the gauge field 2trc[Hale] = WA, +aq,. Namely, we consider the following gauge

fixing function V:

9= Z@“ waA + Qo) Ho Z (8 —l—ZgZUaA +aau)> AA“EA—i—(h.C.)].

(4.14)

Under this choice of the gauge fixing function, the gauge fixing Lagrangian ﬁ(GF) and the ghost

Lagrangian ﬁ(pp) read
A 1 LT N2

=) wa(0" ) (0" Ay)
1 . .

= 5 D (0, = D 1Dag AL

« A

a Z o, pe Z 19Va,A [(DA,VAAV)TAAM - AAMT(DA,VAAV)}

«a A

- g2 Z Z UmAUB’ACALa’MCAlg’,,AAMAA VT, (4.15)

af A

L(FP —ZZC&@ C +ZZ|:CA (DA;LD CA)—<DA’”DA“CAA>TC?A}
- QZ ZUaA [zaau (CA(DAHCA) +( A#éA>TéA> + (auda,u)(éixéfl + éLCiA)}

_QZZUO“A [AA,MC MCA> AL#C%@(DAM(?A)
« A

#0300 | (0,0,60) Gt € (DA, CL)
ABC

Zg Z Zva AUaB |:.AAu.AB NC CT AA#ATB#(CQLCAB - éLéB) + AAMATB#CQACAB}

+ig ZZUQAWA Qo )(CACA—C%LCAA)

aBf A
+ i92 Z Z Va,AVB,AUg K [AZMCQAOQ + AA#CQLCA'Q}
af A
Yy Aty [As,CeCa— A}, CICE] (4.16)

a ABC
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4.1.2 assumptions on the system

In addition to the Abelian dominance assumption (4.11), we furthermore assume the same
three assumptions made in the previous studies (see Section 2.1.2 and 3.1.2): (i) Homogeneity

in space by assuming the classical gauge field A, is given by

t
() = (0,0,0, A(t)) = (0,0,0, — / dt B(t)): (4.17)
(ii) Vacuum initial condition [state;in) = |vac;in); and (iii) Adiabatic hypothesis by requiring
atE T} 0.
—>00

4.1.3 mean field and massless approximation

The QCD Lagrangian (4.1) is so complicated to evaluate as it is. As a workaround of this
difficulty, we again apply the mean field approximation (see Section 2.1.3 and 3.1.3) and the
massless approximation (see Section 3.1.5) as the first study of the Schwinger mechanism in
QCD including backreaction effects.

Lagrangian

By applying the two approximations, the QCD Lagrangian (4.1) is approximated as

~

N > . fund.) 7
Lqcp —yplid — qz( )A —myg|Yy

1. 1, - o
= B = 5(aﬂAﬂ)2 + JrA,

=S (00, (07 A,) — %FW Z Wa fo
a DI [FRERSN B EV) NIRRT
o
S o = 5 00
3 F = S DasA
+ZZC’880 +chA DD, CA—ZZ<DAM J¢) @)

where the color indices 7,7 = 1,..., N, for the fundamental representation (quarks Q/Ajfl) are
explicitly written.

Dy, is the covariant derivative for the adjoint representations with respect to the classical
gauge field A, given by

Da, =0, +iqt"A,. (4.19)
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Here, qffd‘) represents an effective color charge for the adjoint presentations (gluons A A flz u

and ghosts Cy, C 4) given by

cos(0 + 4w /3)
qffd') =g Z WaVa,a = g | cos(d +27/3) | (4.20)
o cos

A

where the “color angle” 0, which characterizes the color orientation of the classical gauge field

~

(A,), is defined by

— = tan6. (4.21)

On the other hand, qz-(fund') represents an effective color charge for the fundamental representa-

tions, and is given by

. sin(0 + 47 /3)
0" =93 waHa)i = g | sin(0 +27/3) | (4.22)
a sin 0

i

Although these two charges q,(:d'), q§f““d') are gauge-dependent, the squared sum of the charges

are gauge-independent as [137, 157, 158] as

o = N 30
A 2 2 Y

A
2
Z |qz(fund.)’2 _ % (4.23)

ﬁmd'), intuitively because there are (approxi-

The squared sum of qffd') is larger than that of qi(
mately) NN, times as many colors of gluons (N (N, — 1)) as those of quarks (NNV,).
fa’W and F A, are fluctuation part of Abelian and non-Abelian components of the total

field strength tensor F w, Tespectively, given by

foz,,uz/ = 8,uda,y - auda,,m

ﬁA,uu = DA,MAA,V - DA,IJAA,}M (424)

which are SU.(N. = 3) extensions of Eq. (3.16).

(: o ") is a vacuum expectation value of the color current associated with a global color
rotation around the Abelian H,-directions, whose explicit expression is given in Eq. (4.27). We
again take the normal ordering (8) — (: @ :) to eliminate the unwanted vacuum divergences
(see Section 2.1.5).
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conserved quantities

The approximated Lagrangian (4.18) has certain symmetries and conserved currents associated
with them.

color current j, *

The approximated Lagrangian (4.18) is invariant under a global color rotation around the

Abelian H,-directions of the color space:

A, UA,UT,
<f> U <C> Ut (4.25)
& &
where
U = exp|—ig » 0.Ha). (4.26)

The conserved quantity associated with this symmetry is the color current (in the H,-directions)
7. From the Noether theorem [143], one can compute its vacuum expectation value (: j* :)

as

The conservation law for (: 7./ :) is

~

0=20, (7). (4.28)

symmetric energy-momentum tensor 7"

The translational invariance of the approximated Lagrangian (4.18) assures us that the sym-

metric energy-momentum tensor T defined by Eq. (2.8) is conserved. The vacuum expectation
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~

value of the symmetric energy-momentum tensor (: TH" :) is
~ 1 - - 1 _ _ _ _ _ _ _ _
(: T 2y =t L—LF"”FPJ — 5(0,\14)‘)2 — ApﬁpE)UA”} — [F“AF”’\ — AP oA — A”(()“E)AA’\]

1. . 1
+7™ ) Re <: 1o Jopr = 5({}Aag)? — a,0,0,0,7 :>

(67

TR Y ~ va A A AU AN
— E Re<. fa ' [ —al0"0va, —a,0"0ha, >

«

1oy Y AP Aep, B i
+2x (n“”ZRe <: ZL‘FILPU}—A e 3 ‘DA,)\AA)\‘ - AAPT(DA,pDA:U‘AAU) :>
A

- ZRG<: ﬁA’AMTﬁA v - AAMT<DAVDA7/\AA/\) - AAVT(DAMDA)\A)\) >>
A

+ZRe<: i % {nﬂv(axéa)(akéa) —(9C) (87 C) — (3@@(3@)} :>

A

+25 3 Re (2 [ (DanCa) (D) = (D4"Ca)! (D" Ca) = (D4"Ca)'(D4"Ca)] :)
(4.29)

which is conserved as
Oy (:TH ) = J,FM 4 AY9,J". (4.30)

We define the energy density and the transverse/longitudinal pressure of the system by the

diagonal components of the symmetric energy-momentum tensor as

<:€:>E<:Ttt 3,
(pyy= T
(P =(T"). (4.31)

equations of motion

From the approximated Lagrangian (4.18), one obtains a set of linear equations of motion:

D wa (o 1) + Ju = 070, A,, (4.32)
0=[if) — """ A — myldy,, (4.33)
0= 0"0,00.0, (4.34)
0=D,"D,Ass, (4.35)

)
0=0"9,C., (4.36)

~

O
0=D,"Da,C (4.37)
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~

(=) _
As the fluctuations a,,, C', are chargeless and do not couple to the classical gauge field A,

no particle production occurs for these fluctuations. Hence, we do not consider them in the
following. The first equation (4.32) describes the backreaction effects from the produced par-
ticles. For a spatially homogeneous system as was assumed in assumption (i) in Section 4.1.2,

it reads
0= ja,t N =( jmx = ( ja,y 3,

= wa(j, ). (4.38)

4.1.4 canonical quantization and particle production

Since the equations of motion (4.33)-(4.37) are linear in the quantum fluctuations, one can apply
the canonical quantization procedure to compute the number of particles produced from the
classical gauge field A,. The canonical quantization procedure can be done in completely the
same manner as that for electrons (or fermions) in Section 2.1.4 and that for gluons and ghosts
(or bosons) in Section 3.1.4. Hence, we do not repeat the details of the canonical quantization

procedure, and we briefly write down results only.

quarks

We Fourier expand the quark field operator 1@ as
Z / p [} Digips) + 0, (OB (1)) (4.39)

where

ot
+¢f, i.p,s S _ U g(fund) g4y OXP | 7 f—oo wp—qgfund')z‘i(t)dt (4.40)
—¢f,i,p,s(t) U qlna) 4 g €XP +1 ffoo wpfngfund»g(t)dt

denotes positive/negative frequency mode functions at an intermediate time —oo < t < 0.

The normalization condition for the mode functions is

ol ) e = ey, (V) ) ) = 0. (4.41)

By imposing canonical commutation relations

{Q»Zf,l(t7 ZB), 1;}’71‘/ (ta w/)} = 5ff’5n’53(m - :B/)7 {&f,l (ta aj)? Q;f’,i’ (ta wl)} = Oa (442)

one obtains anti-commutation relations for the annihilation operators ay;p s, bfips as

{at.ip.s, d},yi,vp,,sl} = {lsfyi,p,s, l;},,i,,p,,sl} = 071:10,0556°(p — '), (others) = 0. (4.43)
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The vacuum at an intermediate time |vac;t) is a state such that it is annihilated by the

annihilation operators ay; p s, l;fﬂ',p’s as
0= ayip,s|vacit) = by ps [vacit) (4.44)

for all values of f,i,p, s.
The positive/negative frequency mode functions i@bﬁ,p,s, the annihilation operators af; p.s, bsi.p.s:

and the vacuum |vac;t) at an intermediate time smoothly approach the correct mode functions
A (in) 7 (in)
[54:p,87 bfﬂ}ns’
times (as = in/out) in the limit of t — 400 as

iz/Jpa,f , the annihilation operators a and the vacuum |vac;as) at the asymptotic

(in) (out)
:l:’éb‘ﬁ %,pP,S *) d{fy 1,p,S? :l:’éb‘ﬁ %,pP,S *) wf, %,p,S? (445)
A~ (in) ~ ~ (out) ~
i ips(t i . ipslt
Grips ) = g (D)) (Gpips) _ gy, (Grira(D) (4.46)
bf,i,p,s t=—oo bf7i7P75<t) bf,i,p,s t=roo bf:iypys(t)
and
|vac;t) — |vac;in) , |vac;t) — |vac; out) . (4.47)
——00 —00

The Bogoliubov transformation between the in-state annihilation operators d?’n’)p,s, bgﬁﬁn?pﬁ

and those at intermediate times ay;p s, brips are given by

arips®) \ [ Cwrivs®)  Buyraps®)) [ a7,
i ) T s N o o) Lt ) (4.48)
f,i,—p,s( ) _B(w)f,i,p,s( ) a(w)f,i,p,s( ) fli—p,s

where
Oé(d’)fﬂ'up,s(t) = (Jrz/}f, i,p,8 |+wf,z p7 ) = ( fz,ps| wgclrzl,p s)F’ (449)
By ramps(®) = G, e p = —(<of) L v OF. (4.50)

The Bogoliubov coefficients are normalized as

1= |aw)tips (O + Bw)sipsO)], (4.51)

The number of produced quarks and anti-quarks are obtained as an in-vacuum |vac;in)

expectation value of number operator &;r f.p.sif.p,s and b;r 1.p.sVirtp.s» TESPECtively, as

d6NQ(¢7f7p>S;t) _ l<&T Py > _ |ﬂ(¢)i,f71)75|2
dpdda? Ve ThIps (2m)3
d°Ny(i, f,p,sit) 1 -0 |Bwyif,—pys|
dpPda® =V (0.t p.sbitps) = T (4.52)
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gluons

By Fourier expanding the fluctuation AA,# as

eipm

A= [0 [ ALy 0ennplt) + AL B 0] G (459

where €, , is the polarization vector introduced in Eq. (3.42). The positive/negative frequency

mode functions for intermediate times iafﬁ,,p, iAX?pr are defined by

1
'AA p( 0) '

y 2lp — ¢ A(to)| o )
d .AAUP( o) | = \/ A( - exp IFZ/ Ip — 1(4 A(t)|dt|, (4.54)
4 — g At —00

dt :FZ-\/|P da 0)]

2
We normalize the mode functions iAS?o‘,p by
Z&TU, (iAS?U,p‘iAS?o",p>B = :i:la Z 500’(1AS?07P|1AS30/71))B = 0. (455)

We impose canonical commutation relations

[AAW(t’ IE), atATB,u<t7 wl>] = _inlwéAB(Sg(w - CU/),
[AAvﬂ(t’ .T), ATB,I/(t7 wl)] = [atAA7u(ta m)a atvLiB,l/(t; m,)] = O, (456)

to obtain commutation relations for the intermediate annihilation operators ¢4 ,p, 04, p as

[EA,U,IN E:fél’,a’,p/] = [6A,U,P7 614’,061)& = 5AA’£UU’53(p - p/)a
(others) = 0, (4.57)

where the indefinite metric &,,» was introduced in Eq. (3.42).
The vacuum at an intermediate time |vac;t) is a state such that it is annihilated by the

annihilation operators ¢4 ¢ p, 04,5.p as
0= Capp|vact) = 04, [vac;t) (4.58)

for all values of A, o, p.

(as)

The positive/negative frequency mode functions iA " Up, the annihilation operators ¢ Aop

o

t — 400 limit of those at an intermediate time as

and the vacuum |vac; as) at the asymptotic times (as = in/out) are obtained by taking

in t out
e Ay 2 ANy £ ANy —— w AT (4.59)

A(in) ~ A(Out) “
CA,O', _ 3 CA»O':P (t) CA,O', . 4 CA7U7P(t)
(6(in)p) - tLlEIloo (6 (t) ) 6(out§) - tli\r{olo 6 (t) ) (460)
A7O'7p A707p A,O’,p A70-7p
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and
|vac;t) —— |vac;in), |vac;t) — |vac;out) . (4.61)
t——o0 t—r00

alin)  5(in)

Aopr 044, and those at intermediate times o op, €4.0,p;

The in-state annihilation operators ¢
0 A.0p are not independent of each other, and their relationship can be expressed by the following

Bogoliubov transformation:

aral) ) _ (wnaal®) Baon(®)) ( Eioy (462)
DAU, (t) Bty aopt) ayaspt) a(;,l;_p

where
A Aop(t) = (+ Awwf;“a,, o = — (AL AL )R
(1n t
+ Ao, in . ad.) g
— — [ P_ A|+AA3p] exp {—H/ lp — qf4 )A|dt] ,
2lp —qy >
_ t in
Bayacs(t) = (+ 530,,,! A;g,p < AA(,puAA(,,,,)
t
_ — [ Aa,p _ilp— ad A| A{;ﬂgp] exp {+z/ |p—qA A|dt}
2|lp —qy -
(4.63)
The normalization condition for the Bogoliubov coefficients is
1= |awaop) = [Buacs®). (4.64)

The number of produced gluons can be computed as an in-vacuum |vac;in) expectation

f

Mo ptaop and 62’071,6 A0p for charged gluons with the color charge

value of number operators ¢

(ad.) (ad.)

gy’ and —q,", respectively, as

EN(Aopit) 1, 070
dp*dx? Ty VAeprdor/ T A [P(AAcp] —19
p-ax G o 2)
0 (0=0,3)
d6Ng (A, o,p;t) 1o s :
RS /A Ouop) = 2 ' 465
dp*dz? 7 Oacpdacs) Bvaosl” (4 o) (4.65)

(27)? ’

ghosts

~

We Fourier expand the fluctuations C A, C A as

Ca\ _ [ & ¢4 p(t) 0 o [Ta-p®)) | eP=
(&)= [oow o (220 et (B0 52 oo
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where the positive/negative frequency mode functions for intermediate times iCS?p are

1
()
“Capl!) 2lp — o A1) t ;
e ) | = v e [:Fz' / p— oV A(t)|dt| (4.67)
A jm.\/ = 5 A0) -

The normalization condition for the mode function iCX)p is
(icg,)p|icg,)p)]3 = =+1, (:tcg,)phic,(i)p)B = 0. (468)

Now, we impose canonical commutation relations for the ghost modes C4,C4 as

) -
{ C a(t,x), (W)A’(ta m')} =i6a06°(p—p'),

) ) N B
{ C alt,z), C alt, w’)} - {(W)A(t, ), 7wt a:’)} —0, (4.69)

~
~

where (7_r) A is the canonical conjugate field to the ghost field é A QS Ty = —i@téil and T4 =

id,C',. Then, we obtain anti-commutation relations for the intermediate annihilation operators
- G
¢ A7p’ f A,p as

~t R ot
/l'éAA/dg(p - p/> = {EAJ), eA/,p’} = {fA,p; fA/,p’} s (OtherS) =0. (470)

A~ /\-i—
. i (- N
The corresponding vacuum state |vac;t) must be annihilated by e) Aps Fap a8

~
~

_ (=)
0= (e)Am [vac;t) = § 4, |vact) (4.71)

for all values of A, p,s.

~

(t)

— =)
Ap.se the annihilation operators e 45 ,

The positive/negative frequency mode functions .C
-t
f 4.p» and the vacuum |vac;t) at an intermediate time smoothly approach those at the asymptotic

times (as = in/out) in the limit of t — o0 as

() (in) (t) (out)
+Cap P +Capr +Cap P +Cup’s (4.72)
- ~ (in ~ ~ (out
K o) (@ S
I el N1 B R el IR TR B (4.73)
) t——00 -) (=) t—o0 (=)
f Ap f Ap f A,p f Ap
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and
|vac;t) p— |vac;in), |vac;t) = |vac; out) . (4.74)
——0c0 —00

~ (in) ,~,(in) R R
- =) -
The in-state annihilation operators e) Ap» | apand those at intermediate times (e) Aps T Ap
are related with each other by a Bogoliubov transformation:
AeTAyp(t) _ (@©@apt) Bieyap(t) ¢ Ap (4.75)
) BEKC)A,p(t) a?C)A,p(t)
f A,fp(t)

Here, the Bogoliubov coefficients are given by

deyap(t) = (+CY 1 CHs = —(CY,|-CiD)
i _d+c a ln ] . t ad. n
= — th’ —ilp— VALY | exp {H/ Ip—q;d)Aldt] ,
2lp—qy Al L . -
Beyap(t) = (+C3|-Cim = —(_CY [ .CYD)5
(C)A,p +YAp Ap/B +
{ _d_C " a in ] . !
= — d;"p —ilp — q( d) A],CI(MB exp [—H/ \p—qA )A\dt]
2lp—qy Al L . -
(4.76)
and are normalized as
1= |ag)ap®)” = |Bieyap)*. (4.77)

From the canonical quantization procedure briefly described above, one can easily show that

ghosts are never produced. Indeed, the number of produced ghosts and anti—ghosts are obtained
OO S

as an in-vacuum |vac;in) expectation value of number operators ¢ apeapand § 4, f 4, for

ad.)

charged ghosts (anti-ghosts) with the color charge q A ) and q W, respectively, as

d°N, A, p;t - -
@, AP0 e 4
dp3dx® “y\ fapfar) =0

d6N(*) (A’p; t) (:)T (:)
gh _ 1
dp3dm3 = V < f Ap f A,p> = 0. (478)
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4.2 Quark and gluon production from a constant color
electric field

In this section, we consider a constant color electric field Au initiated at t = tg = 0 described

by
E(t) = Ey, or A(t) = —Ento(t). (4.79)

By ignoring the backreaction and keeping the electric field strength fixed, we analytically follow
the time-evolution of the quark and the gluon spectra. The analytical calculation can be done
in the same ways as were explained in Section 2.4 and 3.2 because the equation of motion for
the quark field ¢;; (4.33) and the charged gluon field A, (4.35) are the same as what we
encountered in QED (2.16) and the SU.(N. = 2) Yang-Mills theory (3.91), respectively, except
for the additional labels f, i, A.

As were discussed in Section 2.5 within QED and 3.2 within the SU.(N, = 2) pure Yang-
Mills theory, the neglection of the backreaction is actually problematic (e.g. violation of the
energy conservation), and is justifiable only at the very beginning of the particle production
process, where the number of produced particles and/or the acceleration by the classical field
is negligible. The backreaction effects for our QCD problem will be discussed in Section 4.3.

4.2.1 quark and gluon distribution

One can easily solve Egs. (4.33) and (4.35) under the constant electric field (4.79) in the same

manner as were explained in Section 2.4 and 3.2, respectively. As a result, one obtains an analyt-

ical expression for the quark and the gluon distribution function d®N_,/dp3*da?, d° N, /dp*dx?,
q

respectively, as

d°Ny(f,i,p)  d°Ng(f,i,—p) 1 - . . - 2
d;3da:3 =T aptdt (@) Bw) s (00) gy pips () = Ay i.p.s (1) By s ()]
(4.80)
d°N,, (A, o, +p) 1 |- ., N 2
g;pf%dm?) = (271')3 B(A)AJ,P(to)a(A)A,a,p(t) a(AAUp(tO>B (A)A, Up( )
(4.81)

Here, the coefficients @, 5 are given by

t m% + p?

- . ! 1
Q(y) fips(t) = exp [—@/ W (fund.) & dt} exp | —m—————
(W) fiip S( ) o p+q; Ept 8|q§fund.)E0|

2

|q2(fund.)Eﬁ0|

1 3 (fund.)E?t ‘
X | —= 1+p+ql 0e”r/gD

2+p?
_ mFTPL
\/5 wp-i,—ql(fund')Eot | (fund )E :

(e=m/ (p- + ¢ Eqt))
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fund.) =

1|, et ¢! )Eotefm/g m? + p?
fund.) =

V2 Wi g By 2’%( d)E0’

—z7r fun
X D f+pL " fund pz +4q ( @ E t)) ’ (482)
20q (fund )E |

+

~ t m —|—p
. i i
B sims(t) = exp [Jrz / (rund) dt] exp [—WT
e P 8lg; " Ey|
1 L+ (fund.)Et ' ' 5 o
X 7 1 — p q; 0 elﬂ'/SD f+pL (e—zﬂ'/4 o) = (pz_‘_qi(f d)Eot))
PN Setime g, " E|
fund.) 1=
L 1+pz+q§ "Bt _inys | M3+ PY
\/§ + (fund Eot 2| (fund.) E |

—7,7r fund.)
<D /" gy pz +q"VEpt) |, (4.83)
2lq (fund )E |

and
exp |:—7T—pi
_q 8| (ad<)E I t
Aayaep(t) = ! e exp | —i |p+q(ad Eqt|dt
“ o g QG Bol) .
V2p+ g5 By Q1 By
—im 2 d.) =
X (]p—f- qA E0t| — (pz + qf4 )Eot)) D pi ) 2(6 /4 W(qff )Eot —l—pz))
12|q<;“')E0|_/ a4 Ebol
i ad.) = i 2 ad.) 1=
NG EBAD, e [ (Bt ) |
21¢@4) 5| ’qA EO‘
(4.84)
. i 8lq's ") Eol [ (ad.) £
Tt = —— e [ e B
\/2|P+QA Eqt| #9420 -

X (’P + q(ad Et| + (p. + q(ad )Eot)) D. (e — (ad Eot +p.))
2\ <ad>E‘0|_1/2 EO’

_im/4 (ad.) 7 —in/4
e/ 2| ¢4 E0|Di P2 +1/2(e

d) =
2|qu )Eo\

—ad) = (qfd')Eot +p.))
a5 ol

(4.85)
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analytic formula at ¢t — oo

In the limit of £ — oo (or the infinite kinetic momentum limit P, = p, +qFEot — sgn(qEp) x o0),
one reproduces the well-known Schwinger formula for a constant electric field (see Eqgs. (1.17)
and (1.18)) as

6 . —
d N<§)< ,1,D) 1 exp | —n mfc + pi (4.86)
dp3dw3 t—00 (27T)3 I ‘qgfund.)E,o‘ ) .
d°N,, (A, 0,%p) 1 | P’
gcﬁl: s T @ exp —W—(adj_ : (4.87)
P | aa T Eol

where the use is made of the asymptotic formula for the parabolic cylinder function D, (z)

(3.99).

dynamical evolution

We directly evaluate the expressions (4.80) and (4.81) in order to understand dynamical prop-
erties of the quark and the gluon production from a constant color electric field. Here, we

consider Ny = 3 (i.e., three massless quarks) and set § = 0 for simplicity.

Figure 4.1: The longitudinal kinetic momentum distribution d®Ny/dp*da® = |By)f.ip,s*/(27)°
of produced massless (ms/v/gF, = 0) quarks at a fixed transverse momentum |p,|/\/|gEo| =

0.1. Different panels differentiate values of the color charge qf““d') (1t =1,...,N.) of quarks
(fund.)

with color 7. We set the color angle 6 = 0, and the corresponding quark charge g; read

g\ = qiﬁmd') = 1/2 (left), qéﬁmd') = —1/2 (middle), and q?()fund') =0 (right).

)

Results are plotted in Figs. 4.1, 4.2, 4.3, and 4.4: Figures 4.1 and 4.2 (4.3 and 4.4) show the
longitudinal (transverse) momentum distribution d®N/dp*dx?® of produced quarks and gluons,
respectively, at a fixed transverse (longitudinal) momentum |p |//]gEo] = 0.1 (P, = p,—qA =
1.5 x \/g_EO, where ¢ = q(ﬁmd') or qffd')). The three panels in each figure differentiate values

i



114 Chapter 4. Schwinger Mechanism in Quantum Chromodynamics

Figure 4.2: The longitudinal kinetic momentum distribution d® Ny, /dp*dz® = |B(a)a0p|*/(27)?
of produced gluons at a fixed transverse momentum |p,|/+/|gFo| = 0.1. Different panels

differentiate values of the color charge qffd') (A=1,...,N.(N. —1)/2) of gluons with color A.
We set the color angle # = 0, and the corresponding gluon charge qffd') read qf:d') = qgad') =

—1/2 (left), qéad') = —1/2 (middle), and qéad') =1 (right).

Figure 4.3: The transverse momentum distribution d°Ny/dp*da® = |By)s.ip,s?/(27)° of pro-
duced massless (my/ VgE, = 0) quarks at a fixed longitudinal kinetic momentum P, =
Py — qi(fund')/_l — 1.5 x \/gE,. Different panels differentiate values of the color charge ¢\
(1t =1,...,N.) of quarks with color i. We set the color angle # = 0, and the corresponding

(fund.

quark charge g™ read """ = ¢ = 1/2 (left), """ = ~1/2 (middle), and ¢5""" = 0

(right).
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Figure 4.4: The transverse momentum distribution d°Ng, /dp*da® = |Bayaep|®/(27)* of pro-

duced gluons at a fixed kinetic longitudinal momentum P, = p, — qffd')fi = 1.5 X v/gFE).

Different panels differentiate values of the color charge qffd') (A=1,...,N.(N. —1)/2) of glu-

ons with color A. We set the color angle § = 0, and the corresponding gluon charge qfd') read

qffd') = q%ad') = —1/2 (left), qéad') = —1/2 (middle), and q?()ad') = 1 (right).

of the color charge of quarks ql(illn (.%'.?Nc (4.22) and of gluons qffi')

(fund.) (ad.)

Ne(Ne—1)/2 (4.20). With our

goo

particular choice § = 0, the color charges ¢; ,q,  read
1/2 —1/2
s =y g§Y = -2 (4.88)
0/, L/,

We remark that the momentum distribution of a particular colored particle is, however, not a
physical observable because it is not color singlet; one has to sum up all the color degrees of
freedom to get a physically meaningful (gauge-invariant) observable. Nevertheless, the momen-
tum distribution is very useful in understanding that the basics of quark and gluon production
in QCD is the same as the previous two studies (see Section 2.4.1 and 3.2.1). Indeed, one im-
mediately notices from the figures that the momentum distribution of created particles strongly

depends on the color charges qf“nd", qﬁfd'). This means that the value of the color angle 6, on

which the color charges q(ﬁmd'), q(jd') are uniquely determined, strongly affects the momentum

distribution. However, the distributions for each color charge is consistent with the Schwinger
formula for a constant electric field. That is, quarks and gluons are constantly created at around
P = 0, and, after they are created, they are accelerated by the electric field in the longitudinal
direction as dP/dt = qE,. The transverse distribution, on the other hand, is nicely reproduced

by the asymptotic formulas (4.86) and (4.87). Thus, one understands

dNg, 1
dp*dx?  (2m)3

P’
SV E®)|

0(Fp-(p. T ¢V A®))),

exp [—7‘(‘
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dGN(_) 2 2
1 my +
: ’ [ | TPl (. (p. ¥ ¢ A1), (4.89)

~ eX e —
dp3dw3 (27T>3 q(fund)E(t) ‘

7

which are the same as what we found in Section 2.4.1 and 3.2.1.

4.2.2 total number of quarks and gluons
analytical estimate at ¢t — oo

One may integrate the asymptotic formulas (4.86) and (4.87) over the momentum space p to

obtain an analytical estimate for the total number of quarks and gluons produced at ¢ — oo as

&Ny (fund.) mf
q un
dw?) t—00 27T 3 Z Z Z | E | TeXp | (fund )E |
(fund) fo 1277 _m 4.90
322' o T exp ’ (fund)E’ (4.90)
dsNg (ad.) 2
T W,ZD Eo['T
A o0=1,2
() 12T, (4.91)

where the use is made of the relation [ dp, ~ |gFEo|T with ¢ = qi(fund ) q j 1) We also used the

fact that the quark and the gluon production is independent of the spin s and the physical
polarization o = 1,2, respectively, because these two degrees of freedom do not couple to the
electric field, so that the summation over s, o trivially gives the factor of Ny = 2 and N, = 2.
Unfortunately, one cannot take the flavor f summation analytically, but it may be good to

approximate it as

da’ (2m)3 &= o ‘
t—o00 ?
where we neglected contributions from “heavy” quarks satisfying m? f |gEs| and only those

from “light” quarks satisfying m?2 SV |gEo| are counted, which gives the factor of Ny, rep-
resenting the number of “light” quarks. Now, with the help of the color summation formula

(4.23), one can easily take the color summation over i, A to find

dSN(a) NyNyg JoRE 3 JoRE:
~ 5 T =— T 4.
da3 t 1673 ’g 0‘ 87T3|g 0‘ ) ( 93)
—00
d:)’Ngi N N, 3 _
— = = gE 2T— Eo|T. 4.94
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Here, we set Njq = 3, i.e., we regard the strange quark mg ~ 100 MeV is sufficiently “light”
because the typical color field strength in actual physical situations is gEy ~ O(1 GeV) (see
Fig. 4.7 for the justification of this treatment).

Equations (4.93) and (4.94) tell us that the total number of quarks and gluons produced
at t — oo is independent of the color angle 6 because of the color summation i, A. It is also
interesting to point out that quarks and gluons are equally produced by the classical field as
N_y/Ng, = 1 at t — oo if one neglects backreaction. This is because the non-perturbative
Scﬁwinger mechanism for a constant electric field is independent of statistics of charged parti-
cles. We shall see, however, that the situation changes when one considers intermediate particle
spectra (see Fig. 4.6) and/or backreaction (see Fig. 4.13), where quantum statistics of particles
play some important roles.

dynamical evolution

Let us discuss the total number of produced quarks and gluons, d*N,_, /dx® = Zfi . J &pd®N._,/

q o q
dp’dx® and d* N, /dx® = 3, , [ d*pd° N, /dp’da?, by numerically integrating the Bogoliubov
coefficients squared |S|?. The results are plotted in Figs. 4.5 - 4.7.
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Figure 4.5: Total number of produced quarks d*N/dx® = vaiysjqqfd3pd6N((_l)/dp3da:3 (left)
and gluons d’N/dx® = 37, . [d’pd®Ng, /dp*dx® (right). The different color corresponds
to different color angles # = 0 (red), 7/12 (blue), and 7/6 (green). The dashed lines are the
expectation from the estimates (4.93) and (4.94).

The total number of quarks and gluons produced for several values of the color angle 4 is
plotted in Fig. 4.5. Here, we consider a massless Ny = 3 flavor case (the quark mass m - and the
number of flavor N¢-dependence in quark production will be discussed in Fig. 4.7). By noting
the definition of the color charges (4.20) and (4.22), it is sufficient to restrict our attention to
0 < 0 < 7/6 in investigating the color angle f-dependence. The figures show that the color

angle #-dependence in quark and gluon production is negligible. This is because the color angle
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quark to gluon ratio Nq/Ng

time |gE,| "2t

Figure 4.6: A ratio R,_, of total quark number to gluon number R = (Nq + Ng)/(Ng, + Ng_)
for different values of the color angle § = 0 (red), 7/12 (blue), and 7/6 (green).

fund.) |, d.
)| ’lq(a )

0-dependence is a higher order effect oc |qz( W™ (n < 3) in terms of the color charges

qf““d'), qffd'). Indeed, the leading order contribution to quark and gluon production always begin
with ]qgﬁmd') 2, \qffd') | in both the perturbative particle production mechanism which dominates

at early times (see Egs. (2.76) and Eq. (3.104)) and the non-perturbative particle production
mechanism which dominates for later times (see Egs. (4.93) and (4.94)). Because of the color

summation formula (4.23), terms proportional to |qi(fund')|2a |C]1(43d')|2

are always 6-independent
after the color degrees of freedom 7, A are summed up. We also find that both quark and gluon
number are consistent with the estimates (4.93) and (4.94), although the agreement is better
in gluon production. This is because of the perturbative enhancement of particle production at
early times as was discussed in Section 3.2.2. That is, the perturbative enhancement of quark
production at early times is greater than that of gluon production, which results in a greater
excess from the naive estimate (4.93) in quark production. This aspect is more clearly visible
in Fig. 4.6, where a ratio R,_, of the total quark number to the total gluon number is plotted.
From the figure, one understands that quarks are produced about two times more than gluons
at early times because of the perturbative particle production mechanism. Indeed, one can
understand the number “two” within the lowest order perturbation theory: By extending the
QED calculation (2.77) and the Yang-Mills one (3.104) to the case of QCD, one easily finds

within the lowest order perturbation theory that

dgN(_) [e'e) 2 2
1 4m4 1 dm .
q _ f f (fund.) 2
T = o0 E E E /2 fdw\/ ~ 23 (2—1— 2 ) |q; E(w)|
I i s m

NN, L
l / 9E(w)?
0

mp—0 4872

1 [ .
=53 / dw|gE(w)|?, (4.95)
™ Jo
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d?’]\fgi 1 > (ad.) £ 9
dx3 :4871'22 Z dwlqy " Ew)|
A o=1,2"0
NCNO' o r- 2
1 e ~
= E(w)]? 4.
i [ delaB (£.96)

from which one can perturbatively evaluate R as

Ny + Ny

R, _,=——1—
e Ng, + Ng_

~ 2. (4.97)

The lowest order calculation should be valid for ¢ — 0 limit. The ratio takes values larger than

two, which slightly depends on the color angle 6, at early times 0 < ¢ < 2 because of higher

fund. (ad.

order perturbative contributions o |qz( )|", g4 )|" (n > 3).
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Figure 4.7: [Left] The number of flavor N¢-dependence in the total number of quarks produced
d*(Ny+ Ng)/dx? for Ny = 2 (up, down) in red, 2+ 1 (up, down, strange) in blue, and 2+ 1+ 1
(up, down, strange, charm) in green. [Right] A suppression factor of charm and strange quark
production in Ny =2+ 1+ 1 case Ry = Ny/(Ny + Ng + N5+ N.). In both panels, parameters
are set as gy = 1 GeV?; 0 = 0; and my, = mq = 0 GeV, mg = 0.1 GeV, m, = 1.2 GeV.

The number of flavor Ni- and the quark mass my-dependence in quark production are
investigated in Fig. 4.7. Here, we set gEy, = 1 GeV?2, which is a typical value of the QCD string
tension and/or the color electromagnetic field strength produced in the early stage dynamics
of heavy ion collisions at the RHIC energy scale. The mass of up, down, strange, and charm
quarks are given by m, = mq = 0 GeV, mg = 0.1 GeV, and m. = 1.2 GeV, respectively. We
also set the color angle # = 0 for simplicity; one can explicitly check that the following results
depend on the color angle # very slightly as in Figs. 4.4 - 4.6.

In the left panel of Fig. 4.7, the total number of produced quarks is plotted with various
values of Ny = 2 (up, down), 2 + 1 (up, down, strange), and 2 + 1 + 1 (up, down, strange,
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charm). We immediately notice that the change of the quark multiplicity from Ny = 2 to
N; = 2+ 1 is significant, while that from Ny = 2+ 1 to Ny = 241+ 1 is negligible. This results
strongly indicate that the inclusion of strange (charm) degree of freedom is inevitable (may be
negligible) in understanding actual physical phenomena involving strong color electromagnetic
fields for the typical field strength of the order of gEy ~ 1 GeVZ.

In the right panel of Fig. 4.7, we plotted a ratio of the multiplicity of massive charm and
strange quarks to the total quark multiplicity for Ny = 2+ 1+1 case, i.e., Ry = Ny/(Ny+ Ng+
N + N.). From this panel, one understands that the strange quark production is comparable
to the production of massless up and down quarks during the whole time-evolution because
the strange quark mass is sufficiently “light” compared to the strength of the electric field we
are considering as m? < |gEp|. On the other hand, the charm quark production that it is
comparable to the production of the “light” quarks for smaller values of t <1 GeV ™! because
of the perturbative enhancement of the particle production discussed in Section 2.3. Because
of this, the ratio takes about 1/4 for all species of quarks at the very beginning of the time-
evolution. Whereas, the charm quark production is negligible for larger values of t > 1 GeV ™!
because non-perturbative particle production mechanism is strongly suppressed for the heavy
quark production. This is the reason why the ratio for charm quarks decreases to zero, while
that for up, down, and strange quarks takes values at around 1/3. Notice that, from the
non-perturbative Schwinger formula for a constant electric field (i.e., the estimate (4.90)), one
naively expects that the ratio for charm quarks should be exponentially suppressed and hence

very tiny as

2
c
q(fund.)E—

fund. m?2 fund.
> |q¢( )| exp {—Wm] > |qi( )| exp {—W _ O|]
l ~ ’ ~ 0.00004

(fund.) m3 3 (fund.) 2
> Zf jg; " [ exp {_qugf“ndJBEOJ 5+ 2214 " exp {—Wm}

Ry~

(4.98)

for 6 = 0. Our result is much larger than this value because the heavy charm quark mass
requires a long time for the non-perturbative particle production mechanism to dominate as

was discussed in Fig. 2.10.

4.3 Dynamical evolution with backreaction

We discuss the dynamical evolution of the system with backreaction by numerically solving
the equations of motion (4.32)-(4.37) and computing the quark and the gluon distribution
functions, the decay of the color electric field, the total number of quarks and gluons produced,

the energy density, and the pressure of the system.
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4.3.1 setup

We consider the case where there is a spatially homogeneous classical color electric field at an
initial time ¢ = ¢y = 0 given by
- dE(t)

/_l(to) - O, E(to) — Eo, T - O, (499)

and that there are no classical sources applied on the system J* = 0 for ¢t > t, = 0.
Throughout this section, we consider Ny = 2+1+1 case. We set parameters as gFy = 1 GeV?
for the initial electric field strength; m, = mq = 0 GeV, mg = 0.1 GeV, m. = 1.2 GeV for
quark masses; g = 1 for the strong coupling constant; and 6 = 0 for the color angle. We note
that one can explicitly demonstrate that our results presented below is insensitive to values of

the color angle 6 except for the momentum distributions discussed in Section 4.3.2.

4.3.2 quark and gluon distribution

Figures 4.8 and 4.9 (4.10 and 4.11) display the longitudinal (transverse) momentum distribution

d®N/dp®dx? of produced quarks and gluons, respectively, at a fixed transverse (longitudinal)
(fund.) or (ad.) Th
a5 ). e

)

momentum |p, | = 0.044 GeV (P, = p. — ¢gA = 1.5 GeV, where ¢ = ¢

three panels in each figure correspond to different values of the color charge of quarks qi(fund‘)
and gluons qf:d'). For our particular parameter choice § = 0, they are given by qf““d') =

fund. fund. ad. ad. ad.
1/2,¢5"™ = =1/2,¢5™" = 0 and ™" = —1/2,¢5"" = —1/2,¢"" = 1.

distribution (2)° d® N/dp® dx® distribution (27)® d® N/dp® dx® distribution (27)® d® N/dp® dx®

Figure 4.8: The kinetic longitudinal momentum distribution d®Ny/dp*da® = |By)f.ips?/(27)?
of produced massless quarks (up or down) at a fixed transverse momentum |p, | = 0.044 GeV.
Different panels correspond to different values of the color charge ql(fund') (1t =1,...,N;) of
quarks with color i. We set the color angle § = 0, and the corresponding quark charge q-(fund')

read ¢ = g™ = 1/2 (left), ¢\ = —1/2 (middle), and ¢™*) = 0 (right).
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distribution (2r)° d® N/dp® dx® distribution (2r)° d® N/dp® dx® distribution (2x)° d® N/dp® dx®

PZ[GeV] Z/Gel/] 2[Ge|/]

Figure 4.9: The kinetic longitudinal momentum distribution d°®N,, /dp*da® = |B(a)a.0p|*/(27)?

of produced gluons at a fixed transverse momentum |p,| = 0.044 GeV. Different panels
correspond to different values of the color charge qffd') (¢t =1,...,No(Ne. — 1)/2) of gluons

with color A. We set the color angle § = 0, and the corresponding gluon charge qffd') read

¢ = ¢ = 172 (left), ¢f*Y) = —1/2 (middle), and ¢{**) = 1 (right).

distribution (2)® d® N/dp® dx® distribution (2)% d® N/dp® dx® distribution (2x)® d® N/dp® dx®

Figure 4.10: The transverse momentum distribution d°Ny/dp*de® = |Buy)tips|®/(27)° of
produced massless quarks (up or down) at a fixed longitudinal kinetic momentum P, =
D, — qffund')[l = 1.5 GeV. Different panels correspond to different values of the color charge

qf‘md') (1t = 1,...,N.) of quarks with color i. We set the color angle # = 0, and the corre-

sponding quark charge ¢ read ¢™®) = ¢™) = 1/2 (left), ¢ = —1/2 (middle), and

qéfund') = 0 (right).
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Figure 4.11: The transverse momentum distribution d°N,, /dp*da® = |5 aya,0p|*/(27)* of pro-
duced gluons at a fixed longitudinal kinetic momentum P, = p, — qfd')/_l = 1.5 GeV. Different

panels correspond to different values of the color charge qffd') (i =1,...,No(N. — 1)/2) of

gluons with color A. We set the color angle § = 0, and the corresponding gluon charge qffd')

read ¢\ = ¢§ = —1/2 (left), ¢*) = —1/2 (middle), and ¢{**) = 1 (right).

The momentum distributions heavily depend on values of the color charges, or the color
angle 6, as was discussed in Section 4.2 without the backreaction. The shape of the momentum
distributions is, however, very different from what we found without the backreaction (see
Figs. 4.1 -4.4): The classical plasma oscillation and the quantum interferences (i.e., the Bose
enhancement for gluons, the Pauli blocking for quarks, and the strong distortion of the spectra)
occur as were discussed in QED (see Section 2.5.2) and the Yang-Mills theory (see Section 3.3.2).
As there are larger number of charged particle degrees of freedom in QCD (N, X Ny X NjgX Nyg =
36 light quarks and N.(N.—1) x N, = 12 charged gluons) than in QED (N.+ x N; = 4 electrons)
and in the SU.(N. = 2) Yang-Mills theory (N.(N. — 1) x N, = 2 charged gluons), the time-
scale of the plasma oscillation .. becomes faster. One can estimate the time scale t,, in an
analogous manner in QED (see Section 2.5.2). By assuming that the quantum interferences are

negligible, one finds

_ 7{'2 27T93
\/ 19E0tose ~ —\/ — —— ~9.0x g, (4.100)
9\ NoNogNig 32 108 P + No N, 34 152

which is in agreement with the figures. We note that the charge summations Y, |¢™™ 3,

o4 |qud') |> do depend on the value of the color angle 6, however, one can numerically check that

(fund.) |3 -~

the §-dependence is so tiny that one can safely approximate these summations as ) . |g

0.2x ¢*and Y, |qffd')|3 ~ 1.3 x g3
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4.3.3 decay of color electric field

Figure 4.12 displays the time-evolution of the electric feld strength (left) together with the total
color current (: j%:) = > wqo (: j, 7 :) (right). We observe that the electric field decays faster
than that in previous two studies (see Section 2.5.3 for QED and Section 3.3.3 for the Yang-
Mills theory). This is because the number of charged particles are larger than in the previous
two studies. In particular, increase of gluon degrees of freedom is essential: Gluon production
is huge because of the Bose enhancement, while quark production is strongly suppressed by the
Pauli blocking (see Fig. 4.13 also). Also, it is important that gluon distribution is more severely
distorted by the quantum interferences than those for quarks, which further drives the classical
field to decohere. Because of these two reasons, gluons create larger color current than that for
quarks as in the right panel of Fig. 4.12, and strongly diminish the classical field strength.

Intuitively speaking, our result indicates that the QCD string (with a typical string tension
~ 1 GeV?) that binds quarks completely breaks down by producing huge number of quarks and
gluons with a relatively short time scale ~ 10 fm/c when they are instantaneously extended
macroscopically.

1
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Figure 4.12: [Left] The time-evolution of the electric feld strength F(t) [Right] The time-

evolution of the color current (: 3% :): The quark contribution (red), the gluon and ghost con-
tribution (blue), and the sum of them (black).

4.3.4 total number of quarks and gluons

In Fig. 4.13, the total number of produced quarks 7, - [ d3pd6N<§) /dp*dx? and gluons
> ongs | P*Pd°Ng, /dp*dx’ together with their ratio Ry, = [vaivquqfd?’pdﬁN(a)/ddew?’]/
> ng. J @*Pd°Ng. /dp’da?] are plotted.

One immediately notices from Fig. 4.13 that gluons are produced much more abundantly

than quarks. This is because of the Bose enhancement and the Pauli blocking discussed before.
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Figure 4.13: [Left] Total number of produced quarks Zf,m,qqfd3pd6N(a>/dp3da:3 (red) and
gluons >°_ . [ d*pd®Ng, /dp’dx’® (blue), and the sum of them (black). The dashed line

is an expectation from the Schwinger mechanism without the backreaction, i.e., the sum of
Egs. (4.93) and (4.94). [Right] A ratio of the total of quarks to the total number of gluons

Rog=[>tisa J dgpdﬁN(g)/dpgdwg]/[Za,A,gi J &pd°Ng, [/dp’dx?].

The ratio of the total quark number to the total gluon number R,_, is investigated in the right
panel of Fig. 4.13. As was expected from the perturbative calculation without the backreaction
(4.97), the ratio R,_, takes values about two around ¢ — 0. On the other hand, the ratio
becomes smaller than unity as time goes in contrast to the naive expectation from the Schwinger
mechanism for a constant electric field, see Eqgs. (4.93) and (4.94), because of the backreaction
effects.

In Fig. 4.14, quark production is investigated in more detail. We find that strange quarks
are as abundantly produced as the massless up and down quarks for all values of . On the other
hand, charm production depends on the time scale: For small values of ¢, charm production is
comparable to the other three “light” quarks (i.e., up, down, and strange quarks) because of
the perturbative enhancement as was so without the backreaction (see Section 4.7). Whereas,
charm production is strongly suppressed for larger value of ¢t because of the mass effect. It is
interesting to point out that the ratio of charm quark production to the total quark production
R, asymptotes a constant value which is much larger than the value that the Schwinger formula
for a constant electric field gives (4.98). This is because the electric field quickly dies away and

the ratio stops decreasing before reaching the value of the Schwinger formula gives.

4.3.5 energy density

The time-evolution of the energy density of the system is investigated in Figs. 4.15 and 4.16.
From Fig. 4.15, we find that the total energy of the system is always dominated by the gauge
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Figure 4.14: [Left] Total number of quarks vaivquqfd3pd6N(a)/dp3da:3 (black), and the con-
tributions from up (red), down (blue), strange (purple), and charm (green). The dashed line
are the expectation from the Schwinger formula without the backreaction (4.93). [Right] A
suppression factor of charm and strange in quark production R, = Ny/(Ny + Na + Ns + No).

field (the sum of the classical field and the quantum gluons and ghosts), which implies that
the dominant degrees of freedom of the system are not (quantum) quarks but (classical and/or
quantum) gluons. The ratio of the quark energy to the gauge field energy takes maximum at
early times because quark production is larger than gluon production at early times because
of the perturbative enhancement (see Fig. 4.13). At later times, the ratio takes values about
0.35, which is roughly consistent with the number ratio Ny, ~ 0.23 displayed in Fig. 4.13.
The difference is because gluons are free from the Pauli principle and a large amount of soft
gluons is produced.

Details of the total gauge field energy (the left panel) and the quark energy (the right
panel) are shown in Fig. 4.16. From the left panel, one understands that the initial classical
field energy is quickly converted into quantum gluons, and eventually the system is completely
dominated by quantum gluons. The right panel shows that the quark energy is dominated by
the three “light” quarks (i.e., up, down, and strange quarks), and the charm contribution is
rather negligible in our energy scale \/m = 1 GeV. This is consistent with what we found
in the quark production (see Fig. 4.14). We note that there is no peak structure in the charm
quark energy. This is because the charm quark mass is so heavy that the energy supply due to

the acceleration by the electric field after the production is negligible.

4.3.6 pressure

Finally, we investigate the transverse (longitudinal) pressure (: P, :) ((: P, :)) of the system.
The results are plotted in Figs. 4.17 and 4.18 (4.19 and 4.20). Also, the degree of an anisotropy
of the system is measured by the ratios, (: P, :) /(: €:) and (: P, :) / (: € :), which are plotted
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Figure 4.15: [Left] The energy balance between the total gauge field, i.e., the sum of classical
field, quantum gluons, and ghosts (blue), and produced quarks (red). The total energy of
the system represented by the black line is strictly conserved during the whole time-evolution.

[Right] The ratio of the produced quark energy to the total gauge field energy.

in Fig. 4.21. The results are basically the same as what we found in the previous two studies
(see Section 2.5.6 for QED and Section 3.3.6 for the Yang-Mills theory).

For the transverse pressure of the system displayed in Figs. 4.17 and 4.18, we find that the
transverse pressure of the system is again dominated by the total gauge field (i.e., the sum
of the classical field and the quantum gluons and ghosts). Through the decoherence of the
classical field into quantum gluons and quarks, the total transverse pressure of the system dies
away. This is because quantum particles have only soft transverse momenta, since they are
created with almost zero momentum P ~ 0 and the transverse momentum is conserved during
the time-evolution. The quark pressure is dominated by the three “light” quarks, and the
contribution from charm quarks is negligible because their production is strongly suppressed

as was explained in Fig. 4.13.

The longitudinal pressure of the system is displayed in Figs. 4.19 and 4.20. The longitudinal
pressure is again dominated by the total gauge field. The contributions from quantum particles
are, in contrast to the transverse pressure, sizable because the longitudinal electric field supplies
sizable longitudinal momenta after quantum particles are created. The quark pressure is again
dominated by the three “light” quarks, and the charm contribution is negligible. Notice that
there is no peak structure in the charm quark pressure. This is because the charm quark
mass is so heavy that the longitudinal acceleration by the electric field after the production
is negligible. An important point here, as for the previous two studies (see Section 2.5.6 for
QED and Section 3.3.6 for the Yang-Mills theory), is that the total longitudinal pressure of the
system eventually becomes positive because of the decay of the classical field triggered by the

quantum interaction of cubic order among gluons and quarks.
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Figure 4.16: [Left] The energy balance of the total gauge field energy (black) in terms of the
classical field (red) and the quantum gluons and ghosts (blue). [Right] The total quark energy
(black) together with the contributions from up (red), down (blue), strange (purple), and charm

(green) quarks.

The isotropization of the system is investigated in Fig. 4.21. We find that the system never
gets isotropitized, although the degree of anisotropy gets relaxed. This may be because of our
theoretical treatment, where the mean field and massless approximations were adopted and

collisional effects among created particles are neglected.

4.4 Brief summary
We briefly summarize the main results of this chapter:

e We formulated the Schwinger mechanism in SU;(N;) @ SU.(N. = 3) QCD including
backreaction by adopting the mean field approximation and the massless approximation

in Section 4.1.

e By neglecting backreaction, we analytically traced the time-evolution of quark and gluon
distribution functions under a constant color electric field in Section 4.2. We showed
that quark and gluon production is consistent with what one naively estimates with the
Schwinger formula. Various dependences, such as the color angle -, the number of flavor

N¢-, and the quark mass m¢-dependences, are examined in detail.

e The backreaction problem was extensively studied in Section 4.3. We revealed that the
classical plasma oscillation and the quantum interferences (the Bose enhancement for
gluons, the Pauli blocking for quarks, and strong distortion of quark and gluon spectra)

occur.
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Figure 4.17: The total transverse pressure of the system (black) together with contributions
from the total gauge field, i.e., the sum of classical field, quantum gluons, and ghosts (blue),

and produced quarks (red).

e As a result of the quantum interferences, the particle production mechanism is dramat-
ically modified. In particular, gluon production is greatly enhanced and they quickly
screen the original classical field. The system is eventually dominated by gluons, and

quarks are only secondary (see Figs. 4.13 and 4.15).

e Quark mass m-dependences are also investigated including backreaction, and found that
the strange (charm) quark production is comparable (negligible) to the massless up and
down quark production. It is interesting, however, that the charm quark production is

much larger than the value the Schwinger formula for a constant electric field gives (see
Fig. 4.14).

e Our formalism does not describe isotropization (or, thermalization) of the system (see
Fig. 4.21). This is because of our mean field treatment and the massless approximation,

by which we neglect scatterings and collision among quarks and gluons.
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Figure 4.18: [Left] The total transverse pressure of the total gauge field (black) together with
contributions from the classical field (red) and the quantum gluons and ghosts (blue). [Right]
The total transverse pressure of produced quarks (black) together with the contributions from

up (red), down (blue), strange (purple), and charm (green) quarks.
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Figure 4.19: The total longitudinal pressure of the system (black) together with contributions

from the total gauge field, i.e., the sum of classical field, quantum gluons, and ghosts (blue),

and produced quarks (red).
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Figure 4.20: [Left] The total longitudinal pressure of the total gauge field (black) together with
contributions from the classical field (red) and the quantum gluons and ghosts (blue). [Right]
The total longitudinal pressure of produced quarks (black) together with the contributions from
up (red), down (blue), strange (purple), and charm (green) quarks.
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Figure 4.21: Isotropization of the system. The total transverse and longitudinal pressure
scaled by the total energy, (: P, :) /(: €:) and (: P, :) /(: ¢:), are plotted in red and blue line,

respectively.






Chapter 5

Particle Production in

Ultra-relativistic Heavy Ion Collisions

One of the most important applications of the Schwinger mechanism can be found in the pre-
equilibrium stage dynamics of heavy ion collisions. Indeed, the pre-equilibrium stage dynamics
is one of the biggest missing pieces in our current understanding of spacetime evolution of ultra-
relativistic heavy ion collisions. We apply the QCD formalism developed so far to this issue
by modeling the initial strong color electromagnetic flux tubes existing just after a collision of
nuclei with a spatially uniform, boost-invariantly expanding electric field!.

For this purpose, we first explain how we can extend the previous formulation of Schwinger
mechanism in QCD (within the mean field and massless approximation) for non-expanding
electric fields to a boost-invariantly expanding one; this will be explained in Section 5.1. In
Section 5.2, by neglecting backreaction from quark, gluon, and ghost fluctuations, we analyt-
ically show how the Schwinger mechanism for an expanding electric field differs/resembles to
the one for the non-expanding electric field previously studied in Section 4. In Section 5.3, we
consider the backreaction, and discuss some phenomenological consequences of our formalism
to the pre-equilibrium stage dynamics of heavy ion collisions.

We use Latin (Greek) indices m,n, ... (i, v, ...) for the Cartesian (7-n) coordinates through-
out this chapter.

A part of Section 5.1 and 5.2 is based on my own work [137].

5.1 Schwinger mechanism in 7-n coordinates

This section is organized as follows: In Section 5.1.1, we first introduce the 7-1 coordinates,

which are very useful in treating boost-invariant dynamics. After briefly addressing certain as-

'In reality, the initial strong color electromagnetic flux tubes existing just after a collision of nuclei are
spatially inhomogeneous with typical transverse correlation length ~ 1/Qs ~ 0.1 fm, and have magnetic compo-
nents in addition to the electric ones as were reviewed in Section 1.2. Inclusion of these properties are important
to discuss the pre-equilibrium stage dynamics more realistically, however, we leave these topics for a future work.
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sumptions needed to formulate the Schwinger mechanism in QCD for an expanding electric field
in a theoretically sound way in Section 5.1.2, we employ the canonical quantization procedure
in the 7-n coordinates to define particle picture for a boost-invariant system in Section 5.1.3. In
Section 5.1.4, we explain how one can compute particle spectra produced from a boost-invariant

electric field by using the particle picture by following Refs. [137, 159].

5.1.1 7-n coordinates

In dealing with boost-invariant dynamics, it is very convenient to use the 7-n coordinates
x* = (1,z,y,n), instead of the usual Cartesian coordinates ™ = (t, z,y, z). The 7-n coordinates
are defined by the following change of variables

1.1
r= VP2, =i (5.1)

2 t—=z

The line element ds? is then expressed as

ds® = Nnd™dE" = g, dzdz” (5.2)

where
Nmn = diag(l, —1, -1, —1), (5.3)
g = diag(1, -1, -1, —7?) (5.4)

are the metric of the Cartesian coordinates and the 7-1 coordinates, respectively.
For later discussions, it is convenient to introduce a viervein matrix e™ , [160], which relates

the Cartesian coordinates ™ and the 7-1 coordinates x* as

dg™ =™, dat (5.5)
with
coshn 0 0 7sinhnp
agm 0 10 0
mo=—-—= 5.6
© T n 0 01 0 (5:6)
sinhn 0 0 7coshn

The inverse matrix of €™, which we write e, is

coshn 0 0 —sinhp
dat 0 10 0 o
Cn=gen = 0 01 o [Tl (5.7)
_ sinhp 00 coshn

T T
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With the viervein matrix introduced above, one can define a vector V* in the 7-n coordinates

for a corresponding vector V™ in the Cartesian coordinates as

V,u = em Vm; (58)

n
VE=el VT =gV, (5.9)

One can also generalize these definitions (5.8) and (5.9) to general tensors T#™ . as
TH =l e (5.10)

As derivatives acting on tensors QMTV'” _are not covariant under a coordinate transformation,

p-
it is convenient to introduce a covariant derivative V, for curvilinear coordinates by

VIV =0T AT TN e =TTV = (5.11)

o

where I') ) is the Christoffel symbol denoted by

Fllf)\ = gMP (al/gAP + a)\gpu - a,ogw\) ) (512)

whose non-zero elements in the 7-n coordinates are
ry =Tl =1/r, I =T (5.13)

One can easily check that the covariant derivative defined above surely preserves the covariance
under an arbitrary coordinate transformation. We note that the covariant derivative commutes

with the metric ¢"” and the viervein matrix e#,, because 0 = Vg"" = V, e# .

equations of motion

One can easily obtain equations of motion in the 7-n coordinates x* from those in the Cartesian

coordinates £™ by the following replacements?:

O — V., (5.14)

where 7" is an arbitrary tensor.
Now, let us assume the Abelian dominance and apply the mean field and massless approxi-

mations as in Section 4.1. For this case, the corresponding equations of motion of QCD in the

2In general curved spacetime coordinates, there exists an additional term coming from spin connections r,

in the fermion covariant derivative, which is zero in the 7-7 coordinates.
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Cartesian coordinates are given by Egs. (4.32)-(4.37). From the replacement rule (5.14), we

find the equations of motion of QCD in the 7-n coordinates as

Zwa <: 5(1,# :> + ju = VUVI/A,LM (5.15)
0=[i — g™ A — myliy,, (5.16)
0= Vyvu&a,p,a (517)
0=VA"Varda,, (5.18)
)
0=V"V,C,, (5.19)
O
0=V ,"V4,C 4, (5.20)
where

v, - 024 4

Va, =V, +igy "A, (5.21)

is the covariant derivative with respect to the classical gauge field A,. The color current (in the
Abelian H,-directions) (: j,, :) can also be obtained from (: jam, :) (4.27) by the replacement
rule (5.14), and its explicit expression will be given in Eq. (5.29). We again regulate the vacuum
divergence by the normal ordering procedure (e) — (: @ :) in terms of intermediate operators
at “time” 7 (see Section 5.1.3), not by that at time ¢, because the proper “time” variable is 7
in a boost-invariantly expanding system.

In solving the gluon field equations (5.17) and (5.18), it is convenient to expand the gluon

fields aq, ., ./ZlA# by a polarization vector €, ,(z) (0 =0,1,2,3), which can depend on spacetime

doz,u _ daa
o = - ~ . 5.22
(o) =z ) o

Here, we construct the polarization vector €, , by contracting an arbitrary constant four vector

in general, as

€o,m Dy the viervein matrix e™, as
J— m =~
o =€" € m- (5.23)

The important property of the above defined polarization vector €, ,(x) is that whose covariant

derivative is vanishing as
V€op = 0. (5.24)

For later purposes, it is convenient to normalize the constant vector €,,, in the same manner

as was so for the non-expanding polarization vector €,,, (3.42) as

nmngz7m€a/,n = _50'0’7 Z fo‘o"gz,mga/,n = —Tmn- (525)

oo’
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This normalization condition for €, ., is equivalent to normalizing €, , as

9" s = —Eaot Y ootCn €t = —Gpu- (5.26)
oo’

Now, by noting the relation (5.24) and the fact that a, o, A A, are scalar functions, we find that

=) . -
ooy Co and Ay, C 4 obey the same differential equation, respectively, as

da,a ) 82 da,o
0=V"V, | & | = {83 + L -0% - —g} O (5.27)
Ca g Ti\c,
o AA,U D D2 AA,O'
0=Vv'V, | |=|Di+—-D?} —;] O (5.28)
C N T T N

conservation law

Because of the symmetries in the (approximated) QCD Lagrangian, the color current (: j,,, :)
and the symmetric energy-momentum tensor (: T#¥ :) are conserved in the 7-n coordinates as

well.

color current j,,

One can explicitly express the vacuum expectation value of the color current (: j,,, :) in the

7-1 coordinates as

(: j}f ) :gz Z(Ha>ii (: Jf,ﬁ“&f,i )
Foo
igzva,A <3 Aly, <vAMAAV) - (vAHAAVyL Ay 1>
A

— nga,A <: éL (vA,“CAA) + (VA,#CAAYCAA — (VA’HCAAY(?A — (?L (?A,#CQA> :> .
A

(5.20)
The color current (: j,,, :) is conserved as
0=V*(Jau:)
= %0" (7 ¢ Jap 1)) - (5.30)

Notice that, in the first line, the divergence is taken not by the simple derivative J, as in the
Cartesian coordinates (4.28) but by the covariant one V, in the 7- coordinates. The factor 7
in the braket of the second line physically means that the current density decreases as o< 1/7

because the system volume increases as < 7 due to the longitudinal expansion.

symmetric energy-momentum tensor 7"

The explicit expressions for the vacuum expectation value of the symmetric energy-momentum
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~

tensor (: T" :) in the 7-n coordinates read

~

1= 1, - . . - . .- .
(: Ty 2y =g {ZF""FPU — 5(%/1*)2 - APVPVUA“] — [FH P — APVYV AN — APV, AN

1. . - 1
+9" > Re <: o Fopo = 5(%&3)2 — a4,V Va0 ;>

(5.31)

where F),,, faw, and F A are (a part of) an Abelian and a non-Abelian component of the
total field strength tensor F,, = V, A, =V, A, +ig[A,, A,] = 9,A, —9,A, +igA,, A,] as was
introduced in Eq. (4.24). In 7-n coordinates, they read

F,=V,A, -V,A,
=0,A, —0,A,,
fa,uu = vu&a,u - vy&a,u
= a/.tdoc,u - al/&a,/u
ﬁA,,uzz = vA,,u-/ZlA,I/ - vA,I/-/ZlA,,u
= DA,,uJZlA,V - DA,VAA,M’ (532)

where the connection contributions cancel out.

The conservation law for the symmetric energy-momentum tensor (: 7" :) becomes

~

V(T ) = J,F* + A'V . J". (5.33)

As was the conservation law for the color current (5.30), the covariant divergence gives the

correct energy conservation law in the 7-n coordinates.

The energy density and the transverse/longitudinal pressure in the 7-1 coordinates can be
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obtained by the diagonal components of the symmetric energy-momentum tensor as

(€>E<:TTT:>,

. D ._<TM‘+Tyy>

(PL:) = 5 :

(: P, ;>z%<:fm ). (5.34)

5.1.2 assumptions on the system

So far, we assumed the Abelian dominance and adopted the mean field and massless approxima-

tions to get the equations of motion (5.15)-(5.20). We make some more assumptions to proceed

further as were done in formulating the Schwinger mechanism in a non-expanding system within
QED (Section 2.1.2); the Yang-Mills theory (Section 3.1.2); and QCD (Section 4.1.2):

(i)

(i)

(Homogeneity in space)

We restrict our attention to the case, where only a boost-invariant and spatially uniform
classical electric field is present, i.e., the electric field does not depend on the spatial
variables z, y, 7 and depends only on 7. Suppose that we define the z-axis by the direction
of the electric field. Then, we can express the classical gauge field 4, in the following

form without loss of generality by fixing the residual gauge freedom as
A(w) = Ay(x) = Ay(a) =0, Ay(x) = — / dr'r B (7). (5.35)

In terms of the classical source J#, this assumption is equivalent to assuming that the

source is independent of x,y,n and has a current component in the 7-direction only
JH(x) = o"J(T) .

(Vacuum initial condition)

We assume that the initial state is given by a vacuum |state; in) = |vac;in), i.e., there are
no particles initially.

(Adiabatic hypothesis)

We assume that the classical field exists only in the forward light cone region t > |z| by
appropriately switching on and off the classical current J*, and that the classical gauge
field smoothly approaches a pure gauge field (i.e., no interaction with the classical gauge
field) at the boundary ¢ — 0.

The second assumption is completely the same as the “assumption (ii)” in the non-expanding

studies (see Section 2.1.2; 3.1.2, and 4.1.2). The remaining two assumptions are essentially the

same as those in the non-expanding studies.
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The first assumption is required so as to surely regulate the unwanted vacuum divergences
via the normal ordering procedure as was addressed in Section 2.1.2. This assumption is also

useful because it largely simplifies the backreaction equation (5.15) as

0= Zwa (: ja,T ) = Zwa (: 30471: ) = Zwa (: j%y 3, (5.36)

1dE . _
—m—— = wa (g, ")+ T (5.37)

T dr
Also, the energy conservation law (5.33) gets simplified as
O(rt(:€:))+(: P, N =—7?EJ". (5.38)

As was noted in the footnote 1, this assumption is a somewhat strong simplification because
the color electromagnetic flux tubes existing just after a collision have inhomogeneous spatial
structure in the transverse plane, which might modify our phenomenological results presented
below; we leave this improvement for a future work.

The second assumption is required so as to be consistent with the assumption (i) and the
resulting backreaction equation (5.36) as for the non-expanding studies (see Section 2.1.2). In
ultra-relativistic heavy ion collisions, an initial state is actually given by a vacuum state.

The third assumption is useful in uniquely defining a particle picture at time 7 — 0 in the
canonical quantization procedure as was explained in detail in Section 2.1. This assumption is
also reasonable in ultra-relativistic heavy ion collisions because projectile nuclei are running on
the light-cone 7 = 0 and the classical gauge field created from the nuclei is smoothly connected

between 7 = 07 (color electromagnetic field present) and 0~ (only pure gauge fields present).

5.1.3 canonical quantization

~

Now, we canonically quantize the (charged) fluctuations L/AJ fi) A A0, C 4 in the 7-n coordinates.

(=)
Here, we do not consider the fluctuations a, ., C', for simplicity because they do not couple to

the classical field so that no particle production occur for these fluctuations.

The canonical quantization in the 7-n coordinates is recently developed by Tanji [159] within
scalar QED, and later extended to the QCD problem, i.e., quark and gluon production by the
author [137] (although both studies neglect backreaction effects). The canonical quantization
procedure is basically done in the same way as was done in the non-expanding case (see Sec-

tion 4.1.4), however, there are some differences because of the expansion:

e Now that the system expands in the longitudinal direction, the longitudinal momentum
label p, is no longer a good quantum number. Instead of p., one has to use p,, which
is a Fourier conjugate to the spacetime rapidity 7, in labeling the momentum space in a

boost-invariant way.
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e The time variable that manifestly treats the boost-invariance of the system is not ¢, but 7,

so that one should quantize fluctuations on an equal 7-surface, not on an equal t-surface.

e The Poincare invariance is obviously broken in the 7-n coordinates so that a correct

definition of the positive/negative frequency mode function becomes unclear.

quarks

Let us begin with quantizing the quark fluctuation Q@f,i in the 7-n coordinates. By noting the
homogeneity in space (the assumption (i) in Section 5.1.2), we Fourier expand the fluctuation
ﬁfﬂ- to write
. o ePL T L oipnn
¢f, Z/d pj_dpn +wfz,pl DS ( )af,i,PJ_,pn, ( )+ lpfz,pl DS ( )bf,i,—pL,—p,],s(T) (271')3/2 .
(5.39)

As was noted in the beginning of this section, here we label the momentum space by p,, conjugate
to the spacetime rapidity 7, not by p, conjugate to z, so as to treat the boost-invariance
of the system manifestly. The physical meaning of the boost-invariant momentum p, is the
longitudinal p,-momentum observed in a frame moving with velocity v = z/t (the co-moving
frame): The change of variable (5.1) tells us that the boost-invariant momentum p,, is related to
the momenta p,, in the Cartesian coordinates (or in the center-of-mass frame) as p, = ey Dm =
2p; + tp.. Now, we consider to boost this relation with the velocity v = z/t (n = tanh™*(z/t)),
by which ¢, z transform as ¢ — 7,2 — 0. Since p, is a boost-invariant quantity, one obtains
/T = p’z, where p’, is the longitudinal momentum observed in the co-moving frame.

iwf iDL pyys A€ intermediate mode functions at an intermediate time 7. We only consider to
quantize the fluctuation at an intermediate time 0 < 7 < 0o, where interactions with the classi-
cal gauge field are still present. The identification of the correct intermediate positive/negative
frequency mode functions ing)’m s CAI be done in an analogous manner to the non-expanding
study (see Section 2.1.4). That is, we define the positive/negative frequency mode functions at
o1 s zbff’l;nipn by assuming that the classical

gauge field is sufficiently adiabatic in time 7. The difference is that the plane wave solutions in
Fiwpt

an intermediate time by plane waves :twfz
the 7-1 coordinates are not given by the simple exponential waves o e , which was the case
for the non-expanding problems, because they do not satisfy the equation of motion (5.15) in
our expanding problem as was noted in the beginning of this section. In view of this circum-
stance, before quantizing the fluctuation, let us first explain what are the correct plane wave
solutions in the 7-1 coordinates by explicitly solving the equation of motion (5.15) without the
classical gauge field Au = 0.

plane wave solutions

From the equation of motion (5.15) together with the spatial homogeneity (assumption (i)

in Section 5.1.2), one obtains the differential equation for Fourier modes 4+ p, p, s(7) explip_ -
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x| +ip,m)/(2m)*? as
0= |8, —v. DL —7"(py + ¢ A,) — mf] +Wfip) pns- (5.40)

In solving the mode equation (5.40), we first note that the gamma matrices 47, 4" are 7-
dependent. In order to remove this complexity, it is convenient to transform Lty ;,, 5, s Dy a

boost operator S as

:tl/}fvivplﬂpnrs = S:I:Q/Jf,i,pl,pn,sa (541)
where
— n t.z
S = exp [57 0l ] ) (5.42)

By noting that the gamma matrices 47, +" are transformed by the boost operator S as

(i) =3 <’Vt> st (5.43)
o Y

one obtains a differential equation for 1,45, 5, s as

. 21 fund.) ¥ ) p ~
0= |iv'0; —vL-PL—7 - (pn + g YA, (r) - 5’%7 ) - mf} +Vfip) s (5.44)

This equation (5.44) can be solved in the same manner as what we did in solving the non-
expanding mode equation (see Appendix A). That is, we decompose i@/; F1ipspn,s DY €igen-spinors

of a projection operator P* = (1 £~'4*)/2 as

+/¢)f7i7pL »Pn»S - Af)iupL)thsvaivpl »Pn»S + Bf>i1pL>pnvsz1i1pL)p777$7
T % *
pr,i,lu PnsS Bf,i,pJ_ ,pn,sUf»i,PJ_ PnsS Af,i,pL,pn,sz,i,pl \P1yS ) (545)
Where UfziapJ_ yPn»S)9 vaiva_ »Pn»S Satley

+ _ - _
P vaivaJp’qvS - Uf7i7pL7p7]7S7 P vaivplap’ﬂﬂg - Vf7i7pL7p7]7S7 (5'46)

and
I _ 17 _ 1T
Oss = Uf,i,m,pn,S’vaiﬁplvpms - Vf,ivm,pnvsvf’ivpbpms" 0= Vf,ivm,pmSvai’pl4’"’5" (5.47)
We also normalize the scalar functions Ay b, s Brip. pys DY
1 2 2
P = ’Af,i,pL,pn,S‘ + ‘Bf,i,pL,pn,S‘ (5-48)

so as to properly normalize the mode function 19,5 p, s as

7pﬁ7

1
;655, = [i¢f7iapl7p7]75|i¢f7i7pL7p7]73/]F7 O = [i¢f7i7pL7p7175|:F¢f7i7pL7p7]75,:|F7 (549)
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where the conserved inner product for fermions in the 7-n coordinates, [1)1]|¢s]r, is denoted by

[W1]2)p = 17 2 = @/;14%2. (5.50)

Here, 1) = 9'4? as usual. The factor 1/7 in Eq. (5.49) comes from the Jacobian of the 7-n coordi-
nates y/|g| = 7. The scalar functions Ay, p, s Bfip. py,s and the spinors Us;p . po s Viip, py.s
introduced above are not independent of each other. By substituting Eq. (5.45) into the mode

equation (5.44), one obtains the following relations

(fund.) ¥ .
Pn+ G, Ay(r) —i/2 [, 2 2
T mf + pL (Afvivplvpn%s)

d [ Afip pys
dr (Bfim p] s - 2 2 Py + qz(fund')[ln(ﬂ +1i/2
APLPn; Jmi+p? -

T

Bf7i7pL7pn75

(5.51)

and

YL DL+ my

vaivplvp'fhs =7 5 9 Uf7i7pL7p7]7S'
A/ mf -+ pL

We note that Egs. (5.51) and (5.52) can be applicable to classical fields A, (7) with arbitrary

time 7-dependence because we have not specified the time 7-dependence of A, in the above

(5.52)

derivation so far.

) of the mode

equation (5.40), or Eq. (5.51) for the scalar functions A%’iliff?pms, B}ﬁ,ﬂf’)pms. By squaring the

both hand sides of Eq. (5.51) to find that AP obeys the Bessel differential equation:

f»i’pj_»pnvs

? 1d ipy +1/2\°
02[ —l————(nT —I—pi%—mfc

For now, let us set fln = 0 in order to find out plane wave solutions 4

(plane)
e Alpe) (5.53)

The general solution of Eq. (5.53) is given by the linear combination of the Hankel function of
the n-th kind (n = 1,2) H”(2) as

lan
Ag‘l?i;f?pms =ax Hi(;)+1/2( \V m?‘ +pi7) + e X H(—lz‘)pn—l/2< \/ m?‘ +pi7). (5.54)

By substituting this expression (5.54) back into Eq. (5.51), one obtains the corresponding

(plane)

solution for B FipL pss

as

(plane)

Bf,i,pL,pn,s =0 X ZHi(pjfl/2( \/ m?“ +p2i7-) — C2 X ZHEiLn+1/2(\/ m?c —|—pi7’), (555)

where the use is made of an identity [162]

HY () = [g + E} H™(2). (5.56)
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Now, we wish to identify positive/negative frequency mode out from the general solutions
(5.54) and (5.55). As was noted in the beginning of this section, this identification is non-
trivial because the Poincare invariance is broken due to the expansion so that one cannot
regard eT“r! as positive/negative frequency modes. The correct identification can be done in
the following way [159, 161]: Now, the 7-n coordinates are essentially flat because the Ricci
curvature is always vanishing and are simply related to the Cartesian coordinates with the
change of variables introduced in Eq. (5.1). The change of variables must not mix up the
positive and the negative frequency modes since any change of variables is just a matter of how
we compute physical observables and it must not affect the results; otherwise we would have
non-vanishing particle production from free fields in the 7-n coordinates, which is obviously

unphysical®>. By noting this, it is natural to require that the correct plane wave solutions

(plane) ( w(plane
prLypn S fipL ,Pn,S

superposition of that in the Cartesian coordinates +@D(plane (— ¢(plane ;) (see Appendix A.1

( ) fa P 1PzyS f: 4P 1,Pz,S
for details of 1y, ff b..s) @S

with positive (negative) frequency in the 7-n coordinates ;1) ) must be a

plane eipl K eipn"i
wf: ,P1,Pn,S ( ) (27T)3/2

) !
etP!L T 1 gip2

lane
=SS [ R susip s 0 o 65

The requirement (5.57) together with the normalization condition (5.48) uniquely determines
the coefficients ¢1, ¢5 to obtain the correct plane wave solutions with positive/negative frequency
in the 7-n coordinates. By appropriately choosing the spinor decomposition of +4¢;p 5, s and
+Vfip. pas (€., we choose Uy;ip, po s = Ufip, p..s) and by using integral representations of the
Hankel functions [162]

—imv 2 oo ) iV 2 00 )
H]Sl) (2) _ € : / / dt ezzcoshz‘,fl/t7 H1§2)<Z> _ _e : / / dt efzzcoshtfz/t7 (558)
i Cw it S
one obtains
ipnn :I:zpnyp P2z
¢ (plane) € w (plane) e (559)

f7 2,P1,Pn,S \/ﬁ pZ \/— f’ %P1 ,Pz,S \/ﬁ’

or more explicitly,

(plane) 77-\/ m2 + Pi _”T/4
Afiprpns | _ ! w2 [ € Zp +1/2 Vit e 17) (5.60)
(plane) 2 ¢ i /4 'm, .
e H'Lp 71/2 pJ-T

fripL ,Pn,S
3We remark that these arguments are valid only if coordinates are essentially flat, where the Ricci curvature

vanishes. For general curved spacetime coordinates, where the Ricci curvature is non-vanishing, these arguments
do not hold. Indeed, the non-zero curvature can interact with quantum fluctuations, which results in a mixing
of the positive and the negative frequency mode functions, i.e., particle production.
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Here, we introduced the momentum rapidity y, as

llnwp_”z_
2 wp—Dp.

Yp (5.61)

Notice that the weight factor twy;p sl phs 1S diagonal with respect to the labels
i, f,p1,s because the longitudinal expansion does modify the longitudinal motion p,, p. only

and does not affect the other degrees of freedom.

canonical quantization at intermediate times

Now, we canonically quantize the ﬂuctuation at an intermediate time 0 < 7 < oo by defining

by the plane waves 11" (5.60) as

the intermediate mode function i¢ i FipL pss

PL:Pn,S

) (plane)
i¢f7 L,P1L,PnyS :twf Z,PL Pn+qz(

fund.)An(T)75' (562)

Since we are working in the 7-n coordinates, we impose canonical commutation relations on

an equal T-surface, instead of on an equal ¢-surface as in the Cartesian coordinates:

N N / / . / o(n—n'
(palr sy lr @)} = 6002w, — ) =)

{ﬁf,i(’ra QZJ_,’I’]), 7c‘—f’,"(/]— mL? )} {@Z’f, (T wLﬂ?) %Z’f’ "(7_7 m/La 77/)} = 07 (564)

where the canonical conjugate field 7 ; to the quark field ¢, is given by #t7; = 6Lqen/8(0:1:) =
ith;y7. The factor 1/7 in Eq. (5.63) comes from the Jacobian 1/|g| = 7 of the 7-n coordinates.

The canonical commutation relations, Eqgs. (5.63) and (5.64), are equivalent to requiring that

: (5.63)

the intermediate operators ay; g, p, s, Ofip, p,,s anti-commute as

{df,im,pnvs ) &}’,i’,pl,p%,s’} = {bf,i,pbpn,s g b;ru,i/,pl,p;?,s/} = 5ii’5ff’588’52 (pL —P)o(p, — p%),
(others) = 0. (5.65)

Because of the assumption (iii) made in Section 5.1.2, the positive/negative frequency mode
functions iw}?m py,s a0d the annihilation operators ay,p Lpn,s,l;fmp L .pn,s @bt an intermediate

time naturally reproduce the correct mode functions ﬂpj(vi?)m s and the annihilation operators
A~ (in) 7 (in)

F,D1 P80 frip 1 DS at 7 — 0 as
(in)
:twf? %,P1,Pn,S Ty :t/;Z)f, %,P1,Pn,S’ (5'66>
and
; ~ (in)
ar; T a
AfﬂprJJn,S( ) _— (flvnspL7PTM . (567)
bf”i’pJJpU?S(T) 70 bf7 4,P1,Pn,S
The Bogoliubov transformation that connects the in-state annihilation operators dgfr;)m -
I;Sci;-l’)m’pms and those at intermediate times ay;p, p, s, i)ﬁiapLﬁDnvS is given by

- ~ (in)

afvi»pj_vp’ms(T) _ O‘(T/))meL,PmS(T) ﬁ(¢)fai7PL,P717S(T) a-]cl,r’L},pL,p7],S (5 68)
o] (n)  \-5 () af (1)) \o5" ’ |
f7i7_plv_p7715 (d)).ﬂi:lej’ll?s (w)f7i7pj_7p7]75 fvi’ipJJ*p’IﬁS
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where

Oé(w)fvivplapnzs(T) [erfz D1 ,Dn, s’+wf, 7PL7I777 s] = [ fz,pL \Pn,S | wf,z D1 ,Pn, s]F’ (569)

— (in) *
[erfz D1.Py, 8’ wf: 4,P1,Pn, s]F - [ wf, 4P 1Py, S‘erfz D1 ,Pn,S ]F <5'70)

/B(d))fvivplapn:s (T)

Because of the normalization condition (5.49), the Bogoliubov coefficients satisfy

L= ) fiprons (T + 18w fip s (T) - (5.71)

Because of the plus sign in front of |3|?, |3]* for quarks never exceeds unity, which is a mani-

festation of the fermion statistics.

gluons

Next, we consider the canonical quantization of gluons AA,U. This can be done in the same
manner as that in quarks, although there are slight differences due to the boson nature of
gluons. We first derive a correct plane wave solution of gluons with positive /negative frequency
in the 7-n coordinates by explicitly solving the equation of motion (5.28). After that, we employ
the canonical quantization procedure to obtain annihilation operators at intermediate times by

defining the intermediate mode functions by the plane wave solutions.

plane wave solutions

By noting the spatial homogeneity of the system (assumption (i) in Section 5.1.2), we Fourier
expand the gluon fluctuation Ay, as 2 Auop, o (T)explipy - @1 + ipy]/(27)%% to solve the

equation of motion (5.28). The differential equation for the Fourier modes +A44p, p, read

dr?  tdrt

2
2 1d  (p,+qA
0= |5 +-—+ (—” S| +PL| sAaop g, (5.72)

(plane.)

For /_1,] = 0, one can easily solve Eq. (5.72) to find that the plane wave solutions ;A P

for the gluon fluctuation can be written as

ARy, = ey (puln) + e Y, (pun), AT, = AT, (6.73)

Aop sPn Ao pl »Pn + Aﬁ'aplapn

As in the quark case, the coefficients c¢q,cy can be uniquely determined by a normalization

condition
(plane.) (plane.) o 1 (plane.) (plane.) o
E :SUU iAAa,pL,p,J ‘AAU’,pL,p,7 - :l:;a E 600/[:‘:"414 O’,pL7pn|:FAAO',pL,pn]B - 07 (574)
0./

where the conserved boson inner product in the 7-1n coordinates is defined by

[6110as = 16101, (5.75)
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and the criterion for the positive/negative frequency mode is expressed as

(plane.) eipL T eipnﬂ
+ A,o,m,pn( ) (27)3/2
d&2p/, dp Al T 5.76
_ZZ PLAP.+Waop. pyiat o, w4 AN o1 g1, )W’ (5.76)
where A j’ fr;f‘jp is the plane wave solutions in the Cartesian coordinates (see Appendix B.1

for details). As a result of these conditions and with the use of the integral representation of
the Hankel functions (5.58), one obtains

et etPnyp eip=?

(plane.) (plane.)

+ A dp., A —,
Aam,pn\/ﬁ D \/mi A,a,m,pz\/ﬁ

(5.77)

or more explicitly

+ A7o-7pj_ »Pn 2/L

lane. \/_ T lane.) (plane.) ﬁ T 1
Ko, = o€ THL i), AT, = LARGS, ) = =™ P HL, (pulr).

(5.78)

We note that the weight factor Lwaep, p,:a707p, p, coincides with the quark one (5.59). This

is reasonable because the change of variables (5.1) is independent of quantum statistics.

canonical quantization at intermediate times

By noting the spatial homogeneity of the system (assumption (i) in Section 5.1.2), we Fourier
expand the gluon fluctuation A Ao as

eip L e

AA,CT = /d2pJ_de] |:+Aféz:27,pL,pn <T>CA,07PJ_,pn (T) + 7'AE47—,2)',pJ_,pn (T>DL,U,7PL77P7] (7—) W
(5.79)

in order to Canonically quantize it at intermediate times. Here, we define the intermediate mode

functions + A Aop, p by the plane wave solutions ;.4 j) fzej py (5.78). Namely, the intermediate

mode functions iA Ao m py 80 the instant of an intermediate time 7 = 7y are defined by

. (plane)
:l:AA ,0,DL Py (TO) — A,o’,pJJpn-‘rquad‘)An (7_0) (T0>7
(plane)
diAAT,OJ7pJ_7pn (7o) _ jDAA«MM7pn+qﬁfd')An(To)(T) (5.80)
dr dr '

T=T0
Notice that as the Klein-Gordon equation is a second order differential equation, one needs two
connecting conditions to uniquely expand the field operator flA’U.

Now, we impose canonical commutation relations on an equal T-surface,

) ) _ S(n—1'
[AA,/L(T> Ly, 77)7 WA/,V(Tv wla 77/)] = ZguudAA’52(mL - wl)u7

[AAJL(T? T, 77)7 ~’ZlA’,V(Ta mlJ_v 7/)] = [ﬁ-A,u(T? I, 77)7 7%14'71/(7—7 "B/JJ 771>] = 07 (581>



148 Chapter 5. Particle Production in Ultra-relativistic Heavy lon Collisions

to complete the canonical quantization procedure. Here, the canonical conjugate field 74, to
the gluon field operator AAM is 4, = 8ﬁQCD/8(VTAA”) = _VTATA,M' From the canonical
commutation relation (5.81), one obtains a commutation relation for the intermediate annihi-

lation operators ¢4 o.p, p,, O4,0,p, p, 8

[EAU»PLJDW Ejrél’,o”,pl,p’n] - [6A70,ru,pn’6?4/,0',;;&4)/”} = 5AA’§UU’52 (P — p/J_)(S(pn - p%)’

(others) = 0. (5.82)
Thanks to the assumption (iii) made in Section 5.1.2, the positive/negative frequency mode
functions iASI;;’m p, and the annihilation operators E(X,l;m,pn’ 6(2?2,’m’pn at the in-state (7 — 0)

coincides with those at an intermediate time in the limit of 7 — 0 as

(1) } (in)
i'/41470'717J_ »Pn 7—0 iAA,O’,pJ_,pn ) <583)
Earn n(7) o
AAyo'va_’p”] A?_,OS,PL »Pn (584)
04,001 ,py (r)) 70 000 b

(in) 2 (in)
Aaa—?pL »Pn ? Auo—’pL »Pn
CAo.p. pys QA0 p, ar€ NOt independent of each other. Their relationship is given by the follow-

The in-state annihilation operators ¢ and those at intermediate times

ing Bogoliubov transformation:

EA70-7pL7p7] (T) _ a(A)A,O’,pL »Pn (7-) 6(A)A70,pL sPn (T> Eg?o)',pl »Pn (5 85)
3 n)  \s8 (1) af (1)) \a%!

A,0,—PL,—Dy (A)A,0,p1.py (A)A,0,p1.py A,0,=pPL,—pn
where
(7) = Tl A, [+ Al B = =T A |- AR, )i
OZ(A)AJvPL,Pn T)=Tl+ A,0,p1,py + A,0,p 1Py B T|l- A,o,py,pyl =Y A0p 1 ,pnlB
_ tau in T in *
B(A)A,O',pL »Dn (7—) - T[+AA(/-1,U,)pJ_ P ‘*AELX,U)',pJ_,pn]B = _T[*AELX,)U,pJ_,pn |+AE4,3',pJ_ 7pn]B
(5.86)
Because of the normalization (5.74), the Bogoliubov coeflicients satisfy
1 = ‘Oé(-A)A,O'pr#M (7-)|2 - |5(A)A701PL)}77] (T>’2 (5'87)

We note the minus sign in front of |3|?, which is in contrast to the plus sign in the quark case

(5.71), and that |3|? for gluons can exceed unity.

ghosts

The canonical quantization of ghost fluctuations Ca, 4 4 can be done in the same way as that

of gluons, except for the unusual anti-commutative nature of ghosts.
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Since the ghost fluctuations C A,éA obey the same Klein-Gordon equation (5.28) as for
the gluon fluctuation A A0, one can immediately identify the plane wave solution with posi-
tive/negative frequency for ghost fluctuation icgjljf?;n by Eq. (5.78).

Now, we expand the ghost fluctuation by Fourier modes in the 7-n coordinates as

Ca / 2 () CAp, py(T) ) fa—p.—p (1) | ePr@reipim
~ — d d CT A7J_7p7] +7CT i,]u_, Dy .
(CA) DL pn [+ ApL »Pn (T> EAJ)J_’pn (T) Ap| »Pn <T> fA77pL77pn (T) (27‘(‘)3/2
(5.88)

()
A7pJ. sPn

fined by the plane wave solutions as in the previous quark and gluon cases. Namely, at an

Here, the positive/negative frequency mode functions for intermediate times LC are de-

intermediate time 7 = 7y, we define icﬁ{iu by 35

() _ olplane)
+Cap, P (70) = j[CA,m Ppota 5 Ay (o) (70),
(70) d (plane) .
diChp, p,(10) ALt ds Ay (5.89)
dr dr '
T=T0

Next, we impose a canonical commutation relation on an equal 7-surface for the ghost modes

Ca,Cy as

(:) (:) / ’ . /5 o/
{ Calm@i,n), ma(r, 21,7 )} = i04p0*(x — @ )M,

T

) ) ) -
{ C A(Ta CBLJ?), C B(Ta wl,n/)} = { ™ A(Tv wiﬂ?% ™ B(Tv ml’n/)} = 07 (590)

~
~

where (7_T) A is the canonical conjugate field to the ghost field é 4 and is defined as 4 =
aﬁQcp/ﬁ(&CAA) = —iaT(fL and T4 = arLQCD/a(aTc‘A) = i@T(fL. The canonical commutation
(=)

relation (5.90) tells us that the intermediate annihilation operators e 4, Lpnr | Apyp, anti-

commute as

at At
Z'(SAA’(SQ(PL —p\)o(n—1n) = {éA,m,pnv eA'prp’n} = {fA,m,pnv fA’,pr’n} , (others) = 0.
(5.91)

’ o\ ) =y

. . (= — N .
Just as in the non-expanding case, ¢ 4p, p,, © A1y and | 4, o S Ap, p, anti-commute

with each other. Because of this property, unphysical ghost modes are never produced and do

not appear in the physical spectrum in our expanding geometry as well.
(in)

The positive/negative frequency mode functions at 7 — 0, +.C ApL oy

SN

and the corresponding

annihilation operators ¢ Ap, can be obtained by taking the 7 — 0 limit of those

»Pn? anplvpn
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at intermediate times. Namely,

() (in)
:tCAprva 7—0 :‘:CA7pL7p"I (592)
and
) <é><m)
v A,p1,pn . é;lz))l’p" . (593)
(=) 7—0 (=)
f A,p1,pn f Ap1.,py

~ (in) ~ (in) ~
. N ) ) . L ()
The in-state annihilation operators ¢ ,,, ., f 45, 5 andthose at intermediate times ¢ ap, p,,

~

(=)
f Ap.p, are not independent of each other, and their relationship is given by the following Bo-

goliubov transformation:

~ ~ (in)

(=)

R ¢ A7pl’pn (T) — (a(C)A7pJ_7p7] (7—) /B(C)AvpszTI (7—)> e('14)7TZ’J_7p7] (5 94)
) 6(*C)A,m,pn (7) &?C)A,m,pn(T "
f A,—p1,—py (T> f A,—p1,—py
where
Q) ApLp(T) ETLC) L 11Ch T8 = =T L 1 -Ch . Th
ﬁ(c)Avvapﬂ <T) = T[J’_CXLLaPn’_CSiZLvPW]B = _T[_CXLLupn|+CST2L7PW]*B
(5.95)
The Bogoliubov coefficients are normalized as
1 = |Oé(c)AvpLapn (T)|2 - |/8(C)A7PL7P7]<T>|2' (596)

5.1.4 particle production
vacuum

From the annihilation operators introduced in the last subsection, one can construct a vacuum
state |vac;7) at an intermediate time 7. Since the equations of motion (5.16) and (5.28) are
linear with respect to the quantum fluctuations, the annihilation operators of quéinrks (Qfips pyoss
Z;fﬂ,pbpn,s)v gluons (EA,a,prnv 6A707PL7P77)7 and ghosts (éAJu,pm %A,pl,pna EA,zu,pna ?A,pbpn) do not
mix up with each other during the whole spacetime evolution. Hence, one can decompose the

vacuum state |vac;T) into a product of vacua for each fluctuation as

|vac;T) = |vac(y); T) ® |[vac(ay; T) @ |vacey; 7). (5.97)
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Each vacuum |vac(); 7) is annihilated by the corresponding annihilation operator as
0= Gfip, pys|VaC(); T) = bipy py.s [VACEw); T)
0 - EA70"pL1p?7 |VaC(A); T> - aAv”J’JJP”] |VaC(A); T> )
0= Cap,.p, [VaC();T) = fap.p, [VAC()I T) = Cap. p, [VAC(); T) = Fap. p, [Vace;T)  (5.98)

for all values of the quantum numbers ¢, A, s, 0, p, p,. From the above introduced intermediate
vacuum |vac;7), one can naturally construct the in-vacuum |vac;in) by taking the 7 — 0 limit

of |vac;T) as

|vac;in) = 71_1_I)I[l) |vac;T) = 71_1_)1% [vac(y); 7) @ [vac(a); T) ® [vacey; T) - (5.99)

py-spectrum

The number of produced particles is obtained as an in-vacuum |vac;in) expectation value of

the corresponding number operator; namely

d6Nq( 7Z'7pl7p7778;7—) — i <&T ‘ d ) > —_ ‘ﬂ(d})fﬂ'pr,Pn,SP
dp?dp,dac? dn Vy Cip s TRt (2m)
d6NQ(fﬂ i7pJ_7p777 S5 7—) _ i <BT b ) > _ ’6(7/))f7i7_PLa_pn,5|2 (5 100)
dp2dp,dx? dn TV, VP B LS T (27)3 '
for quarks and anti-quarks;
d6Ng+ <A7 0,P1,Pn; T) 1 <AT A > Tﬁ |2 <0 - 07 3>
= \¢ CAo = o )
dpidpndmidn ‘/; A,0,p 1 ,pn A,0,p1,Pn % (0‘ = 1’ 2)
AN, (A,0,p.,py;7) 1 <6T 5 - ?ﬁ : (0 =0,3) (5.101)
dpidpndwidﬁ - V. Ao,p L ,pn VAP Py T (A)A(;’/—r;z;_,—pn (0 .y 2) .

for charged gluons with the color charge qf:d') and —q;ad'

d°Ney (A, prpy7 .
(gh>+( PLbn ) . i (E)]L (E) 0
dpidpndwidn |74 Apipy ¥ APLPy )

6 . 5 .
d N(g,h)7 (AprJp???T) B i (—)T (_) . 0
TV

) , respectively; and

5.102
dpidpndwidn f A,p1,pn f A,p1,pn ( )

for charged ghosts (anti-ghosts) with the color charge qfd') and —qE‘ad'), respectively. Here,

V, = [d?z,dn denotes the system volume on a constant 7-surface. The quark density never
exceeds unity because of the relation (5.71), which is a manifestation of the Pauli principle. Asin
the non-expanding case (see Section 3.1.4), o = 0,3 modes of gluons and ghosts are unphysical
and never produced in the expanding geometry as well because of their (anti-)commutation
relation (5.82) and (5.90), respectively.
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momentum rapidity yp-spectrum

So far, we have characterized the “longitudinal” momentum of produced particles by the label
pn because it is a natural quantum number conjugate to the spacetime rapidity n and that
manifestly respects the boost invariance of the system. Consequently, what we have obtained
for the particle spectra in Eqgs. (5.100)-(5.102) are p,-spectra. However, what we actually
observe in experiments is not the p,-spectra, but p.-spectra and/or the (kinetic) momentum
rapidity yp-spectra.

The p.-spectra and the momentum rapidity yp-spectra can be obtained from the p,-spectra
in the following way [137, 159]: Let us consider the quark spectrum as an example. The p,-
spectra and the momentum rapidity yp-spectra are obtained as vacuum expectation values of
the number operators labeled by p., not by p,. The number operator labeled by p, can be
obtained by expanding the fluctuation zﬂfﬂ; by =% instead by e®7. This can be easily done
with the help of the integral transformation (5.59) as

ePL T L oipnN

N 2 (m) - () it
w‘f’z - Z / d pJ_dpn |:—"_1ﬁf77;71)l‘7pﬁvsCLf’i’I)L »Pn»S + _/(/}f7i7pL7pﬁ75bf7i7_pL7_pﬁ75i| (271-)3/2
S

2 ®) tin e Ayyyp
;/ PLAp: | +Vfip, ps / Pn Nz fipLpy,s

+ w(t) dp e*i(pn+q§f\lnd,)gn)yP Z;T ‘ eipl-tcj_eipzz
I I Yo TR A | R
(5.103)

where iw(t). is the intermediate mode function in the Cartesian coordinates under the
fﬂ,PL,PmS

classical gauge field A, (sce Eq. (2.40)). P = p—q¢™%") A is the kinetic momentum. From this

(2

expansion, we can define annihilation operators labeled by p, as

R . (fund.)A R

Afip,,ps.,s _ / dp el(pn-‘rql n)yp Afip) py,s (5 104)
A = n ~ 5 .
bfziapJ_ sPz,S \ 27TOJP bf7i7pJ_ sPn»S

and we find that the quark p.-spectrum can be related to the p,-spectrum as

BNG(f, 6, P10, 02,8T) _ . R
dpidpz - < fvivplapzysafvier_vpzﬁ)

i(pn—p))yP
= [ dp,dp. " (4 e )
Dn pn 27Tu}p [ipL.py,s 4P 1L,pn,s

1
2 2
=6"(pL =0) x 2mwp /dan(w)f,i,pL,pn,s

1 d°Ny(f, 1, DL, Py, 5;T)
= (21)%0%(p. =0) x — [ d Tt 2 5.105
( 7T) (pl ) X WP/ n dpidpndzwidﬁ ( )
Thus, by noting dyp = dp,/wp, we finally obtain
W d5Nq(fviapJ_7PZ7S;T) _ d5Nq(f7i7pJ_7pzas;T) _ /d d6Nq<f7i7pJ_7pmS;T) (5 106)
P dp? dp.d’x, dp? dypd?x | T dptdp, Pz dy )
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The same arguments hold for the anti-quark spectra, and one can find

d5Nq<f7iapJ_7pzas;7—) _ d5N(i(f7i7pJ_7pz73;7_) _ /d d6Nﬁ(f7iapJ_apT]78;7—)
dp? dp.d*x, dp? dypd?x | T dptdp,dPx dy

(5.107)

wp

Notice that the momentum rapidity yp-spectra do not depend on yp. This is a manifestation
of the perfect boost-invariance of the system (assumption (i) in Section 5.1.2). Indeed, if the
system depends on the spacetime rapidity 7, the boost-invariant momentum label p,, is no longer
a good quantum number and <d},i,pL,p%,sdfvi’pJ_an75> % 0(py — p},) in the third line of Eq. (5.105),
which leaves yp-dependences in the final result.

One can equally apply the above discussion to gluons and ghosts, and obtains the same

results,
PN (A0, p1,peiT)  dNgy (A, 0,p1,p2iT) :/d PNee (A0 PLDT) (e
P dp? dp.d*x | dp? dypd?x | T dptdp, Pz dy '
w d5Nghi<A7pJ_7pz;T) i d5Nghi<AupJ_7pz;T> _/ dGNghi (ApJ_7p7];T) -0 (5 109>
P dp? dp.d?x B dp? dypd?x | a T dptdp, Pz dy '

This is because the weight factor w that connects the plane wave solutions in the 7-n coordinates
and those in the Cartesian coordinates is independent of quantum statistics (see Eqgs. (5.59)
and (5.77)).

We note that we have derived the formulas (5.106)-(5.109) in a quantum field theoretical
manner by following Ref. [137, 159], but one can also obtain the same formulas within classical
mechanics [163, 164], though these two derivations agree with each other only if the system is

perfectly boost invariant [137].

5.2 Dynamical evolution without backreaction

In this section, we dare neglect backreaction from quark, gluon, and ghost fluctuations by
artificially setting (: j’ow :) = 0. For this case, one can analytically compute quark and gluon
spectra for some particular configurations of expanding electric fields. This enables us to
better understand effects of the longitudinal expansion to quark and gluon production, and
to clarify similarities/differences between the quark and gluon production in non-expanding
systems previously studied in Section 4.

To be more specific, we consider a boost-invariantly expanding, homogeneous color electric
field described by

E = Eyf(7)e., (5.110)
or, in terms of the classical gauge field A, by
A=A, =4, =0,

A, = ——FEy0(7). (5.111)
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Under the given gauge background field (5.111), one can analytically solve the equations of mo-

tion (5.16) for quarks 0 i and (5.28) for gluons AA,U (see Appendix C), and can find analytical

expressions for the p,-spectra, d°N_,/dp3 dp,dz3 dn for quarks and d°N,, /dp? dp,dx? dn for
q

gluons.

5.2.1 p,-spectrum of quarks and gluons

The distribution function labeled by the boost-invariant momentum p,, for quarks d° N, /dp*dp,
dax3 dn and gluons d°Ng, /dp®dp,dx3 dn are plotted in Figs. 5.1 - 5.4: In Figs. 5.1 and 5.2, the
boost-invariant kinetic momentum P, = p, + ¢A,-dependence at a fixed transverse momentum
is displayed. There, we plotted the distribution functions as a function of P,/ VgEor (\/gEq is a
dimensional factor to make P, /7 dimensionless), not by P, itself, because the former has a clear
physical meaning: P,/ \/ET is a kinetic longitudinal momentum P,/ \/E observed in the
co-moving frame as was addressed in Section 5.1.3. Figures 5.3 and 5.4 display the transverse
momentum p -dependence at a fixed boost-invariant kinetic momentum P,/ \/g_EOT. Different
three panels in each figure differentiate the value of the color charges ql(fund') (t=1,...,N,)
for quarks and qffd') (t=1,...,N.(N. —1)/2) for gluons just as in Figs. 4.1 - 4.4 for the non-
expanding study. In these figures, we only consider Ny = 3 (i.e., massless three quarks) case and
set § = 0 for simplicity. Notice that for Ny = 3 case, gFj is the only dimensionful parameter
characterizing the system, so that any dimensionful quantity can be scaled by gF, to make it

dimensionless.

(fund.

i

)An—distribution
d°Ng/dp*dpyda® dn = |Bu)fip. pys|’/(27)° of produced massless quarks (up or down) at a

Figure 5.1: The boost-invariant kinetic momentum F, = p, + ¢

fixed transverse momentum |p, |/+/|gEs| = 0.1. Different panels differentiate the color charge

g\ (i = 1,...,N.) of quarks with color i. We set the color angle § = 0, and the corre-

)

sponding quark charge ¢ read ¢™") = ¢ = 1/2 (left), ™) = —1/2 (middle), and
(fund.) .
q3 =0 (right).
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1.5
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0.5

0.0
-10

Figure 5.2: The boost-invariant kinetic momentum F, = p, + qfd')fln—distribution

d°Ng, /dp*dp,dxi dn = |Bayaep, p,I>/(27)* of produced gluons at a fixed transverse mo-
mentum |py|/v/|gEs] = 0.1. Different panels differentiate the color charge qfd') (1 =

1,...,N.(N:. — 1)/2) of gluons with color A. We set the color angle # = 0, and the corre-
sponding gluon charge ¢¢) read ¢ = ¢ = —1/2 (left), ¢ = —1/2 (middle), and

¢ =1 (right).

15
1.0 / /
0.5 4 £

0.0
0.0

0.5 < s
1.0 1.0

”4/@ 70 "4/@ A

1.0

1.5

20 0

Figure 5.3: The transverse momentum p,-distribution d°N,/dp*dp,dxidn =
|Bew) friprpmss|>/(2m)7 of produced massless quarks (up or down) at a fixed boost-invariant
q(fund')/_ln = 1.5 x \/|gEo|. Different panels differentiate the color

kinetic momentum P, = p, +¢;
(fund.)
charge ¢;

2

(1t =1,...,N.) of quarks with color i. We set the color angle # = 0, and the
) read ¢ = g™ =1/2 (left), """ = ~1/2 (middle),

) [

corresponding quark charge ¢

and ¢{"™ = 0 (right).
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Figure 5.4 The transverse momentum p,-distribution d°N,, /dp*dp,dxidn =
1By aop, pol?/(2m)% of produced gluons at a fixed boost-invariant kinetic momentum
P, = p, + qffd')/_ln = 1.5 x \/m. Different panels differentiate the color charge qffd')
(1t = 1,...,No(N. — 1)/2) of gluons with color A. We set the color angle § = 0, and the

corresponding gluon charge ¢¢ read ¢'*) = ¢{*) = —1/2 (left), ¢{**) = —1/2 (middle), and

¢ =1 (right).

Interestingly, one observes from Figs. 5.1 - 5.4 that the essential features of the quark and
gluon production from an expanding electric field are essentially the same as the non-expanding

case:

e Quarks and gluons are constantly created at approximately zero momentum in the co-

moving frame.

o After created, quarks and gluons are accelerated by the electric field according to the
classical equation of motion dP,/dr = qdA, /dT = qF,T, or P, ~ qEo7/2.

e The transverse distribution is nearly Gaussian and is largely consistent with the Schwinger
formula for a non-expanding constant electric field, d° N/dp? dp,d*x | dn ~ exp|—m(m? +
p1)/lakoll/(2m).

Intuitively speaking, this coincidence is because the system expands with the speed of light so
that effects of the longitudinal boundary may be negligible because of the causality. Collecting
above observations, one understands that the distribution function is well approximated as

2 dﬁNgiz ~ 3€XP |~ iy o, o dlii 0(Fpy(py + qﬁfd')fl,,(f))), (5.112)
dpidpydxidy  (27) | laa T E(7)]
d°N, [ 2 2
1 m _l_pJ- fund.) 7
2 dn ™ OXP |~ iy 0(Fpy(py £ 'y " A, (7)) (5.113)
dpidpnda:idn (2)3 _ |qi(fund.)E(7_)| n\Pn A n
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These expressions are valid when the electric field is sufficiently adiabatic 9, F ~ 0 and quantum

interferences among created particles are negligible (see Section 5.3).

5.2.2 momentum rapidity yp-spectrum of quarks and gluons

We integrate the p,-spectra over p, to discuss the (kinetic) momentum rapidity yp-spectra,
d° N, /d*pidypdx: for (anti-)quarks and d’Ng, /d*p,dypdx? for gluons. Notice that the
momq(lantum rapidity yp-spectra are independent of yp because of the perfect boost-invariance
of the system as was shown in Section 5.1.4. In other words, the p,-integration integrates out

the longitudinal motion in the co-moving frame observed in Figs. 5.1 and 5.2.

10 === Schwinger estimate: expl~x(n’ +p? )lg! """ E]} 10 === Schwinger estimate: expl-p? /lq'}* El]
S 5 =
2 =| %
% o *lE o
o .
T tim ~
-
ISE — o 4 ~| &=
g 0.25 7 %—
S 0s — 10 =
= 0.001. B _ 0.001 Y
z . =
B ) o« i
i
i
1
10705 Y o 10708 0001 Y -
2. 2 (fund) 7| ad) 7]
s+ ot Wd™E Ip LI [d5 " E]

Figure 5.5: The time-evolution of the transverse momentum p-dependence of the momen-
tum rapidity yp-spectra. The black dashed lines indicate the estimate from the Schwinger
formulas (5.114) and (5.115). [Left] Quark spectra d®N_,/d*p, dypdx? . [Right] Gluon spectra
d’ Ny, /d*p,dypdx? . )

We plotted the transverse momentum p | -dependence of the momentum rapidity yp-spectra
in Fig. 5.5. We observe that, at later times \/|q§fund’)Eo|T, \/|qfd')E0|T 2> 1, both spectra
approach Gaussian distributions multiplied by a square of the time 7. This observation is
consistent with what we observed in Figs. 5.1 - 5.4: By integrating Eqgs. (5.112) and (5.113),
one finds

d5N, fund.) =
' ~ 1 |q1( )E0|72 ex —W—m? - Pi (5.114)
2D duod?c? (27)3 9 (fund) & ¢ | ° :
pidypd®x? ;" Eo
d° N, 1 |q(ad’)Eg|T2 p?
- giz =~ - A exp —Wﬁ : (5.115)
d*p dypd*x;  (2m) 2 g Ey|

which are plotted in the dashed lines as “Schwinger estimate” in Fig. 5.5. The 72-dependence,
which was ¢ for the non-expanding case, is intuitively because particle production constantly

takes place and the spatial volume of the fields increases as o« 7 because of the expansion.
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On the other hand, at early times \/|qi(fund')E0|7', \/|q£fd')E_’0|7' < 1, the spectra are harder
compared to those for later times and do not decay exponentially in |p, | because the typical
frequency w ~ 1/7 of the classical field is hard enough to excite hard particles. In other words,
a naive application of the Schwinger formula is valid only for large values of 7 , while one should

take care of finite pulse effects for small values of 7.

In the low momentum region [p,| < \/ |qgund-

)E0|, \/ |qud')E0|, gluons are more abundant
than quarks. This is because the quark production is subjected to the Pauli principle but the
gluon production is not. The gluon spectrum shows a weak divergence for |p,| — 0 but the

exponent is weaker than minus one and it approaches zero with increasing 7.

5.2.3 total number of quarks and gluons

We compute the total number of quarks and gluons per unit momentum rapidity yp by inte-
grating the momentum rapidity yp-spectra over the transverse momentum p,; and summing up
all the quantum numbers as d*N,/dypdz? = stmfd2p2ld5N(§)/d2pldypdwi for quarks
and d*N,/dypdx? = D Aogs [ &p? &° Ny, /d®p . dypda? for gluons. The results are plotted in
Fig. 5.6, where N; = 3 (massless three quarks) case is considered for simplicity (for the other

values of N and quark mass effects, see Fig. 5.8).

1 —_ =0 /}7/ # L= = / |
|5 05 | — e 3l | — e P |
Vj [ ,”, V? 6=r/6 _ ,a/ 1
I 0=n/6 s ~ g 0.1 ‘gEr‘ e
L 0 0.1+ |eEx| // ! S0 —_— Schwinger 3x p
'qé 0.05p| ™ Sevineer? [e2) // 'q'é = =dl
z | - Z ool =
oo g ?
& o005 L 5 , Z
£ ' i 2 o001 o
E o001 L a 5 <
o o2 05 L 2. 5. 10. 01 02 05 L 2. 5.0,
timey gE T time+/ gE T
Figure  5.6: Total — number  of  produced  quarks  d*N,/dypdz? =
D risaqd d2p2Ld5N(a>/d2pLalypala:2L for Ny = 3 (left) and gluons d*N,/dypdx? =

0 (red),
7/12 (blue), and /6 (green). The dashed lines are expectations from the Schwinger estimates
(5.116) and (5.117).

> Aoas [ &#*p? &° Ny, /d®pidypdad with several values of the color angle 6

Different colors in Fig. 5.6 correspond to different values of the color angle §. We immedi-
ately observe that the results are insensitive to the values of the color angle €, in contrast to
what we observed in the p,- and p,-spectra (see Figs. 5.1 - 5.5). This observation is consistent

with what we found in the non-expanding case (see Fig. 4.5).
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Quark—to—Gluon Ratio Ny/N,

I . . I . . M .
0 2 4 6 8 10 12 14

time y/ g Et

Figure 5.7: The ratio R, of the total number of quarks to that of gluons (Nq+Ng)/(Ng, +Ng_).
Different colors correspond to different values of the color angle § = 0 (red), 7/12 (blue), and

/6 (green).

One can naively estimate the total number of quarks and gluons via the Schwinger estimates
(5.114) and (5.115) as

d® Ny N NeNiqNyq |9 Eo| 7>
dypdx? 4 (27)3

d® N, N 2NN, |gEo|m?
dypd?x? 4 (27)3

(5.116)

(5.117)

which is depicted in the dashed line in Fig. 5.6. When comparing these estimates with the
results, one finds that, at later times \/WT 2 1, quark and gluon production is consistent
with what one naively expects from the Schwinger formula for a non-expanding electric field. On
the contrary to this, at early times \/gToh‘ < 1, our results give much more abundant particles
than what the Schwinger estimates give. This is because the perturbative enhancement of
perturbative production, where high frequency components of classical fields can excite larger
number of particles.

Interestingly, the perturbative enhancement produces more quarks than gluons. This aspect
is more clearly visible in Fig. 5.7, where the ratio R, , of the total number of quarks to
that of gluons is plotted. We find that the ratio becomes about two at early times, where
perturbative particle production mechanism dominates. The ratio decreases as time goes, where
non-perturbative particle production begins to dominate, and approaches NyNiyNyq/2N. Ny = 1
as the Schwinger estimates give. These observations are consistent with what we found in the
non-expanding study (see Fig. 4.6).

The quark production is investigated in more detail by examining the number of flavor Ng-
(the quark mass my-) dependence in the left (right) panel of Fig. 5.8. Here, we set gFy =
1 GeV?; mg = 0.1 GeV,m, = 1.2 GeV; and # = 0 as we parametrized in the non-expanding
study (see Fig. 4.7). As in the non-expanding study, we again find that there is a significant
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Figure 5.8: [Left] The number of flavor Ng-dependence in the total number of quarks produced
d3(Ny + Ny)/dz? dyp for Ny = 2 (up, down) in red, 2 + 1 (up, down, strange) in blue, and
2+ 1+ 1 (up, down, strange, charm) in green. [Right] The suppression factor of charm and
strange quark production in Ny = 2+ 1+ 1 case Ry = Ny/(Ny + Ng + Ny + N.). In both
panels, parameters are set as gFy = 1 GeV?; § = 0; and m, = mq = 0 GeV, ms = 0.1 GeV,
m. = 1.2 GeV.

change from Ny = 2 to Ny = 2 + 1, i.e., by inclusion of the strange quark, for all values of
7. Whereas, the change of the quark multiplicity from Ny = 2+ 1 to Ny = 2+ 1+ 1, ie,
by inclusion of charm quarks, is negligible (noticeable) at later (early) times 7 because of the
interplay between the parturbative and the non-perturbative particle production mechanism.
In particular, the perturbative enhancement of the charm production is significant, N./(N, +
Ng + Ng + Ng) > 0.0004, even in our expanding case.

5.3 Dynamical evolution with backreaction

Let us discuss the dynamical evolution of the system with the backreaction, and discuss some
phenomenological consequences of our formalism to the pre-equilibrium stage dynamics of ultra-
relativistic heavy ion collisions. For this purpose, we numerically solve the equations of motion
(5.37), (5.16), and (5.28), and compute the time-evolution of the quark and gluon distribution
functions, the color electric field strength, and thermodynamic quantities such as the energy

density and the pressure of the system.

5.3.1 setup

We model the initial color flux tubes existing just after a collision of nuclei (at 7 = 79) by a

spatially uniform, and boost-invariantly expanding electric field described by

A, (1) =0, E(ny) = Ej, dE;;:O) = 0. (5.118)
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We also assume that there is no classical current J* = 0 in the forward light-cone region 7 > 0
because the projectile nuclei are flying just on the light-cone 7 = 0 in the ultra-relativistic limit.

Our parameter setting is as follows: We set the strong coupling constant g as ¢ = 1 for
simplicity. We also set the initial electric field strength E, as gFy = 1 GeV?, which is the
typical value at the RHIC energy scale. As the strange mass scale mg ~ 0.1 GeV is negligible
and the heavy charm (m. ~ 1.2 GeV) production heavily suppressed for this value of field
strength gEy (see Figs. 5.3.2 and 5.3.3), we can restrict our attention to N; = 3 (massless
three quarks) case only. The color angle @ is set to zero; one can numerically demonstrate that
our results presented below (except for momentum distributions in Section 5.3.2 and 5.3.3)
are insensitive to the color angle 6. Since the 7-1 coordinates have a coordinate singularity at
7 = 0, we must start our simulation at a finite time 7, > 0. Here, we choose 75 = 0.1 GeV ! for
simplicity; our results presented below is not sensitive to values of 7y as long as 7 is sufficiently
small as 79 < 1. As it is numerically difficult and heavy to evaluate the Hankel functions
with complex orders [165] and due to our limited computer resources, we are reluctant to use
relatively small momentum cutoff scales A| =2 GeV and A, = 30. Because of these relatively
small cutoff scales, our results slightly depend on the cutoff scales (in particular A ) for small
values of 7, where perturbative particle production mechanism creates hard particles, however,
the cutoff dependence becomes negligible for larger values of 7, where hard particle production

is suppressed by the non-perturbative particle production mechanism.

5.3.2 p,-spectrum of quarks and gluons

We first examine the p,-spectrum of produced quarks d°N,/dp?*dp,dx? dn and gluons d°N,, /
dp*dp,dx3 dn, whose results are shown in Figs. 5.9 - 5.12.

Figures 5.9 - 5.12 tell us that the backreaction significantly affects the spacetime evolution
of the system. The basic features of the results are essentially the same as the non-expanding

one:

e The classical plasma oscillation occurs in the co-moving frame and the kinetic longitudinal

momentum in that frame P, = P, /7 oscillates.
e The Pauli blocking occurs and quark production is heavily suppressed.

e The Bose enhancement occurs for gluon production, which strongly enhances soft gluon

production.

e As a result of quantum interferences, the momentum spectra are strongly distorted, and

the distortion is stronger for gluon production.

Some differences appear because of the expansion:
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distribution (2m)°d® N/dp?rdp, dx®rdn distribution (2m)°d® N/dp?rdp, dx®rdn distribution (2m)°d® N/dp?rdp, dx®rdn

Figure 5.9: The boost-invariant kinetic momentum P, = p, + qffund')[ln—distribution
d°Ng/dp*dpyda? dn = B fip, pmsl’/(27)% of produced massless quarks at a fixed trans-
verse momentum |p,| = 0.11 GeV. Different panels differentiate the color charge qi(fund')

(1t =1,...,N.) of quarks with color i. We set the color angle # = 0, and the correspond-
ing quark charge ¢\ read ¢™% = ¢™% = 1/2 (left), ¢™ = —1/2 (middle), and

q:(,,fund') =0 (right).

distribution (2m)°d® N/dp?rdp, dx®rdn distribution (2m)°d® N/dp?rdp, dx*rdn distribution (2m)°d® N/dp?rdp, dx®rdn
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Figure 5.10: The boost-invariant kinetic momentum F, = p, + qg‘l )An—dlstrlbutlon

dONg, /dp*dp,dx? dn = |Bayacp, p,|>/(27)? of produced gluons at a fixed transverse momen-
tum |p, | = 0.11 GeV. Different panels differentiate the color charge qffd') (i=1,...,N.(N. —
1)/2) of gluons with color A. We set the color angle § = 0, and the corresponding gluon charge

¢ read ¢ = ¢ = —1/2 (left), ¢ = —1/2 (middle), and ¢ =1 (right).
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Figure 5.11: The transverse momentum p,-distribution d°N,/dp*dp,dx’dny =
|Bew) frisprpmss|>/(2m)? of produced massless quarks at a fixed boost-invariant kinetic mo-

Z.(fund')fln = 0.1 GeV. Different panels differentiate the color charge g™

(2

mentum P, = p, + ¢
(1t =1,...,N.) of quarks with color i. We set the color angle § = 0, and the corresponding

(fund.) (fund.) _ (fund.) (fund.) . (fund.)
quark charge ¢; read ¢ =q = 1/2 (left), g5 = —1/2 (middle), and ¢, =0
(right).

distribution (27)°d°N/dp?rdlp, dx®ran distribution (2m)°d°N/dp?rdlp, dx®rdn distribution (27)%d®N/dp?rdlp,,dxain

Figure 5.12: The transverse momentum p,-distribution d°N,, /dp*dp,dxidny =

1By aop, pnl?/(2m)% of produced gluons at a fixed boost-invariant kinetic momentum
P, = p, + qfd')fln = 0.1 GeV. Different panels differentiate the color charge qfd')
(i =1,...,Nc(Ne. — 1)/2) of gluons with color A. We set the color angle § = 0, and the

corresponding gluon charge qfd') read qffd') = q§ad') = —1/2 (left), qéad') = —1/2 (middle), and

qéad') =1 (right).
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e The longitudinal expansion stretches the longitudinal wavelength of created particles (the
same as the cosmological red-shift) so that the kinetic longitudinal momentum in the co-

moving frame P, = P, /7 decays at later times.

e The longitudinal expansion dilutes the classical electric field so that the field decays faster
(see Fig. 5.16). Because of this, the amplitude of the plasma oscillation becomes smaller

compared to those for the non-expanding system (see Figs. 4.8 - 4.11).

Let us model the plasma oscillation in our expanding geometry by extending the non-
expanding modeling explained in Section 2.5.2. By noting the approximate expressions (5.112)
and (5.113) for the p,-spectra without the backreaction and assuming the electric field is suffi-
ciently adiabatic in time E(7) ~ E,, we approximate the pp-spectra by

dﬁNgi ~ 1 exp pJ_ Q(ZFP (p 4 q(ad)A ( ))) (5 119)
dp* dp,dx*dn — (2m)3 |q ) | n\Pn :
d°Ny) [
1 m2 + p?
d _f L (fund.)
~ - 0 + A 12
P dpydadn " (mp O | T e gy | O ay" Ay (7). (5.120)

Notice that the above approximations discard the quantum interference effects, which largely
modify the spectra from those naively given by the Schwinger estimates. Furthermore, we
approximate the current »__ w, (: ]0”7 -} by again discarding the quantum interference effects

to obtain

(fund / (fund.) 7
(: Ja d*p_dp, sgn(p, ¢\ 4,
eSS [ st ) e
(ad ) (ad.) 7 dGNgi
Y Y (T D | dpidpy sen(p, + ¢4 A p
g+ A o

dp? dp,dz? dn

! 3| | BolA,(r)

fund.
NqiNleqZ‘qz( d)|3+ No Z|q

= k2 A, (1), (5.121)

where

1 unda.
2 s [ S v S

Here, we used ), g™ )3 < 0.2% g3 and 32, [P ~ 1.3x ¢ as we did in deriving Eq. (4.100).
By substituting this expression into the backreaction equation (5.37), one finds that £ satisfies

By ~31x 1072 x g°Ey. (5.122)

the Bessel differential equation given by

P 1d ] -
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The solution of Eq. (5.123) is given in terms of the Bessel functions. With the initial condition
(5.118), one obtains

— = Jilk7o)Yo(k7) — Jo(kT)Y1(kTo)
B = B g e Yo ko) = Jolkmo) Vi (o)

D20 Eodo(kT), (5.124)

where J,(z) and Y, (z) are the Bessel function of the first and the second kind, respec-
tively. From Eq. (5.124), one can roughly estimate the time scale of the plasma oscillation
as \/m%sc ~ 13 x g~! because the first zero point of the Bessel function Jy(z) is x = 2.40.
Equation (5.124) also tells us that the electric field decays as o 1/4/7 because the Bessel
functions decays as o< 1/4/7. This is a result of the longitudinal expansion of the system; for
non-expansion systems, what we obtained from the same argument is Eq. (2.98), which says
that electric fields never decay due to classical dynamics. As is evident from the derivation,
this modeling is, unfortunately, a crude estimate mainly because it completely discards quan-
tum interferences, which dramatically changes the spectra. Nevertheless, it nicely captures the
essential features of the plasma oscillation and the effects of the longitudinal expansion because

they are purely classical dynamics.

5.3.3 momentum rapidity y,-spectrum of quarks and gluons

Next, we study the kinetic momentum rapidity yp-spectrum of produced quarks d° N, /d*p, dypdz?
q

and gluons d° N, /d*p, dypdx? by integrating the p,-spectra over p,. The results are plotted
in Figs. 5.13 and 5.14.

distribution d° N/dpZ;dydx®; distribution d° N/dp?dydx®; distribution d° N/dpZ;dydx®t

Figure 5.13: The transverse momentum p, -dependence of the momentum rapidity yp-spectra
of massless quarks d°N,_,/d*p,dypdx?® . Different panels differentiate the color charge qi(fund')
q
(1t =1,...,N.) of quarks with color i. We set the color angle § = 0, and the corresponding
(fund.) (fund.) _ (fund.) (fund.) . (fund.)
quark charge ¢ read ¢; =q = 1/2 (left), ¢ = —1/2 (middle), and ¢ =0

(right).
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distribution d° N/dp?;dydx?; distribution d® N/dp2;dydx?; distribution d® N/dp2;dydx?;
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Figure 5.14: The transverse momentum p,-dependence of the momentum rapidity yp-
spectra of gluons d°N,, /d*p,dypdx?. Different panels differentiate the color charge qﬁfd')
(i =1,...,No(N:. — 1)/2) of gluons with color A. We set the color angle § = 0, and the cor-

responding gluon charge qffd') read qgad') = qf‘d') = —1/2 (left), qéad') = —1/2 (middle), and

qéad') =1 (right).

From Figs. 5.13 and 5.14, we find that the p-dependence of the quark spectrum is almost
Gaussian, while the gluon production favors soft p; gluons. This is simply because gluons are
not subjected to the Pauli principle and hence soft gluons are produced ceaselessly without any
bound. We note that the total number of produced gluons are finite (see Fig. 5.15) because
the spectrum only has a weak divergence |p, |~ with o < 1 for p; — 0. We also note that
the momentum rapidity yp-spectra of both particles are smoothened by the p,-integral when
compared to the p,-spectra (see Figs. 5.12 and 5.13).

Although the plasma oscillation in the p,-spectra can be observed only in the co-moving
frame and hence is not a direct experimental observable in the center-of-mass frame, the mo-

mentum rapidity yp-spectra possess some traces of it:

e We can see some dips in the quark p,-spectrum in the low transverse momentum region.
This is because quarks and anti-quarks with soft momenta can annihilate with each other
when they overlap at the same phase space. The overlap is possible because of the plasma

oscillation.

e The gluon p,-spectrum shows dramatical increases periodically because of the Bose en-
hancement followed by the plasma oscillation; in particular, soft gluon production is

dramatically enhanced.

5.3.4 total number of quarks and gluons

We compute the total number of quarks and gluons produced per unit momentum rapidity

yp by integrating the momentum rapidity yp-spectra over the transverse momentum p, and
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summing up all the quantum numbers. The results are shown in Fig. 5.15. The left panel
shows the total number of produced quarks (red) and gluons (blue), and the right panel shows
the ratio R,_, of the total quark number to the total gluon number R,_, = Ny/Nj.
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Figure 5.15: [Left] Total number of produced quarks .. - [d’pd®N_,/dp’dz® (red) and
o q
gluons 3, .. [ d®pd° Ny, /dp*dx® (blue), and the sum of them (black). The dashed line is an

estimate from the Schwinger formula without the backreaction, i.e., the sum of Egs. (5.116)
and (5.117). [Right] The ratio of the total number of quarks to the total number of gluons

Ry g = [Zf,i,s,qq J d3pd6N(zl)/dp3da:3]/[ZU’A,gi J &pd° Ny, /dp’da?).

From Fig. 5.15, we first find that the quark production is very fast: The major part of the
quark production is completed as early as 7 ~ 1 fm/c. Within this short time-scale, about 1000
quarks per unit rapidity (for the typical transverse size of heavy ions such as gold ~ 7 fm) are
produced and the number is comparable to that of gluons for all values of 7. Notice that the
value “1000” is also comparable to the experimentally observed hadron yield ~ 1000 charged
hadrons per unit rapidity, and thus one might understand that the huge entropy production in
the pre-equilibrium stage dynamics of heavy ion collisions could be explained by the Schwinger
mechanism (although it is highly non-trivial how to connect the quark and gluon number to
the final hadrons because it involves the physics of confinement, and hence one needs a more
sophisticated treatment to discuss this issue in detail). Hence, one understands that quarks
must have important information about and/or an important role in the pre-equilibrium stage
dynamics of ultra-relativistic heavy ion collisions.

We also find that except at the very early times 7 < 1 fm/c, where quark production domi-
nates because of the perturbative particle production mechanism, gluons are more abundantly
produced than quarks because of the Bose enhancement for gluons and the Pauli blocking for
quarks. It is worthwhile to point out that the final ratio Ry, ~ 0.5 is larger than what we
found in the non-expanding case (Rq_s ~ 0.2; see Fig. 4.13). This is because the expansion

makes the electric field decay faster (see Fig. 5.16), and the gluon production, which is slower
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than the quark production at the early times 7 < 1 fm/c, becomes ineffective before the ratio
grows. If one compares this value R,_, ~ 0.5 with that one naively expects for a chemically
equilibrated quark and gluon matter R,_, = 9/4 (where an ideal gas of massless particles with
N; = 3 is assumed ), one understands that our result is far away from the chemical equilibrium.
This is because our mean field and massless approximation neglects inelastic processes such as

g — qq, gg — g; inclusion of these processes is left to a future work.

5.3.5 decay of color electric field

Figure 5.16 shows how the classical electric field decays (left panel) together with the time-
evolution of the color current 3°_ w, (: 7" :) (right panel).
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Figure 5.16: [Left] The time-evolution of the electric field strength F(7) [Right] The time-
evolution of the color current 3°_w, (: j,7 :) in terms of the quark contribution (red), the

gluon and ghost contribution (blue), and the sum of them (black).

We again observe the classical plasma oscillating behavior in both the electric field strength
and the color current.

An important point here is that not only the particle production, but also the longitudinal
expansion dilutes the classical electric field to decay (see Eq. (5.124)). As a result, the electric
field decays fast with a typical time-scale 7 ~ 3 fm/c, which is much faster than the value
t ~ 10 fm/c for the non-expanding case (see Fig. 4.12).

The typical decay time-scale 7 ~ 3 fm/c is roughly consistent with the speculated QGP
formation time 7 ~ 1 fm/c. In this sense, one may say that the Schwinger mechanism supports
the early QGP formation scenario. The deviation may be because of our simplification of
the initial field configuration. In particular, it may be important to include longitudinal color

magnetic field component, which enhances the quark and gluon production as was discussed in

Introduction.
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5.3.6 energy density
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Figure 5.17: [Left] The energy balance between the total gauge field, i.e., the sum of classical
field, quantum gluons, and ghosts (blue), and produced quarks (red). The total energy of the
system is represented by the black line. [Right] Power-dependence of the late time evolution of

the energy density.

The time-evolution of the energy density (: € :) is plotted in Figs. 5.17 and 5.18. From these
figures, one understands that our QCD formalism naturally describes the transition from the
field regime to the particle regime in the pre-equilibrium stage dynamics of heavy ion collisions
explained in Section 1.2.2 and reveals the dynamics of the transition quantitatively. Namely,

we find:
field regime (79 < 7 < 2 fm/c)

The system is dominated by the initial classical gauge field, and the quantum particle
degrees of freedom (quarks and gluons) are negligible. Hence, the specetime evolution of
the system can solely be determined by the (Abelianized) classical Yang-Mills equation
(5.37).

intermediate regime (2 fm/c <7 <4 fm/c)

The classical gauge field decays because of the longitudinal expansion and the quark and
gluon production via the Schwinger mechanism. A major part of the particle production
completes within a few fm/c as 7 < 2 fm/c. At this time-scale, however, the classical
field has not decayed completely and the field energy is still comparable to the quantum
particle energy. Thus, in this intermediate regime (2 fm/c < 7 < 4 fm/c), both classical
and quantum degrees of freedom are important in understanding the spacetime evolution
of the system. For example, the time-dependence of the total energy density shows an
oscillating behavior. This is because of the plasma oscillation, which is a result of the

interaction between the quantum particles and the classical field.
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Figure 5.18: [Left] A ratio of the produced quark energy to the total gauge field energy. [Right]
The energy balance of the total gauge field energy (black) between the classical field (red) and

the quantum gluons and ghosts (blue).

particle regime (4 fm/c < 7)

After the intermediate regime, the classical gauge field completely passed away, and the
system is dominated by quantum particle degrees of freedom (quarks and gluons). Hence,
the spacetime evolution can solely be determined by the quantum field equations (5.16)
and (5.28).

Now, the energy density shows a monotonic behavior in time. This is because the plasma

oscillation never takes place after the classical field passed away.

In this particle regime, gluon particles dominate the system as (: €:), /(:€:), ~ 0.64
because of the Pauli blocking for quarks and the Bose enhancement for gluons explained
previously. Notice that this ratio is larger than what we observed for the non-expanding
case, (1 €:) /(- €:), ~ 0.35 (see Fig. 4.15), in the same reasoning why the number ratio
Ngy/Ng becomes larger for the present expanding case (see Section 5.3.4). We also note
that the ratio (: € 1), / (: € :), ~ 0.64 is larger than the number ratio Ny/Ng ~ 0.50 because

the gluon production is dominated in the soft momentum region.

We also find that the energy density decays a little bit faster than an inverse of 7 as
(: €:) oc 7712 although one naively expects that the energy density might decrease as
D€

{

composed of quarks and gluons have positive longitudinal pressure that does mechanical

) o« 1/7 because the system volume increases as o< 7. This is because produced matter

work against the expansion, which decreases energy with the expansion.



transverse pressure T x Pt [GeVs]

longitudinal pressure © x P [GeVS]

5.3. Dynamical evolution with backreaction 171

1.2 . . 1.2 T
quark field
field + gluon + ghost 1L gluon + ghost
1 total field + gluon + ghost
0.8

transverse pressure T x Pt [GeVs]

0 5 10 15 20 25 30 0 5 10 15 20 25 30

time 1 [GeV™'] time t [GeV™']

Figure 5.19: [Left] The total transverse pressure of the system (black) together with contri-
butions from the total gauge field, i.e., the sum of classical field, quantum gluons, and ghosts
(blue), and produced quarks (red). [Right] The total transverse pressure of the total gauge field
(black) together with contributions from the classical field (red) and the quantum gluons and
ghosts (blue).
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Figure 5.20: [Left] The total longitudinal pressure of the system (black) together with contri-
butions from the total gauge field, i.e., the sum of classical field, quantum gluons, and ghosts
(blue), and produced quarks (red). [Right] The total longitudinal pressure of the total gauge
field (black) together with contributions from the classical field (red) and the quantum gluons
and ghosts (blue).
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5.3.7 pressure

The time-evolution of the transverse (longitudinal) pressure of the system is shown in Fig. 5.19
(Fig. 5.20). As observed in the energy density (see Figs. 5.17 and 5.18), we again observe the

transition from the field regime to the particle regime:

field regime (79 < 7 < 2fm/c)

The initial classical gauge field dominates the system, and the quantum particle degrees of
freedom (quarks and gluons) are negligible. As a result, the system is highly anisotropic

with negative longitudinal pressure (: P, :) ~ — (: P, :) ~ —E2/2.

intermediate regime (2 fm/c <7 <4 fm/c)

The classical gauge field decoheres into quarks and gluons. The longitudinal expansion
also depletes the strength of the classical field. As a result, the magnitude of the transverse
and the longitudinal pressure from the classical field quickly decreases, and that from the

produced quarks and gluons begins to increase.

An important point here is that the isotropization of the system takes place during this
regime. In particular, the anomalous negative longitudinal pressure, which the system
initially has, begins to disappear because the produced particles always have a positive
longitudinal pressure and the classical field, which has a negative longitudinal pressure,

quickly decays.

We also observe that both the transverse and the longitudinal pressure oscillate in time
because of the plasma oscillation due to the interaction between the produced particles
and the classical field.

particle regime (4 fm/c < 7)

Now, the classical gauge field completely passed away and the quantum particle degrees

of freedom (quarks and gluons) dominate the system.

In this regime, the longitudinal and the transverse pressure show a monotonic behavior

in time because of the absence of the plasma oscillation.

Notice that the longitudinal pressure of the system is smaller than the transverse one
(: P,:) < (- P_:), which is in contrast to what we found in the non-expanding case
(: P,:) > (: P_:) (see Fig. 4.21). This is because the longitudinal expansion of the
system strongly decreases the longitudinal momentum of the produced particles as was

explained in Figs. 5.9 and 5.10.

Next, we discuss the isoropization of the system by following the time-evolution of (: P, :) / (: € :)

A

and (: P, :) / (: € :), whose result is shown in Fig. 5.21. Before discussing the result, it is instruc-

tive to see how the quantities, (: P, ) /(: é:) and (: P, :) / (: ¢ ), are related to the anisotropy
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of the system,

=27 (5.125)

in our expanding problem. To do this, we first assume that QCD is conformal (which is, in
reality, slightly broken by the conformal anomaly [166, 167, 168]). Then, the trace of the

symmetric energy-momentum tensor (: 7" :) vanishes, and we find

~ A A

2
(:é€:)=2(:P )+ (P, :>:(1+a> (: P, ). (5.126)
By substituting this relation (5.126) into the energy conservation law (5.38), one obtains

d 124 2a .
O—{E+;2+a}<.e.>. (5.127)

If the system is sufficiently adiabatic in time, or d,a ~ 0, then one can solve Eq. (5.127) to find

_ 242a

(1€:) x T e, (5.128)

and

(P 1 <:ffz:> a (5.129)

(e  24a (e 2+a

From Egs. (5.128) and (5.129), if the system is completely isotropitized (a = 1), one finds

e o /3 <:PL¢>:
(e To(en)

Another interesting value of a is a = 0, which corresponds to the situation where the longitu-

: <;f:;> = % (5.130)

Wl

dinal pressure vanishes as (: P, ;) = 0 because of the expansion. This situation is often called

the free-streaming limit. In this case, one finds

e N ot <:]5J-:>:1 <:Pz:>:
(e) To(ér) 27 (1é:) 0 (5.131)

It is known that the classical Yang-Mills evolution favors the free-streaming limit and never
isotropitizes [121, 124, 125, 126, 146] as was reviewed in Section 1.2.2 (see Fig. 1.6).

Now, we are ready to discuss Fig. 5.21. One immediately observes that the anisotropy of
the system relaxes as time goes because of the decoherence of the classical field into quantum
particles. In addition to this, the longitudinal expansion of the system also plays an important
role in the isotropization. By noting that the longitudinal pressure of the system is much larger
than the transverse one in the non-expansing case (see Fig. 4.21), the longitudinal expansion
of the system makes the longitudinal pressure weaker and makes it closer to the value of the

transverse pressure. Because of these effects, the system becomes less anisotropic as a ~ 0.5
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Figure 5.21: Isotropization of the system. The total transverse and longitudinal pressure
scaled by the total energy, (: P, :)/(:¢:) and (: P,:)/(:€:), are plotted in red and blue
line, respectively. The horizontal lines 1/2 (dotted) and 1/3 (dashed) correspond to the free-
streaming limit (5.131) and the isotropitized limit (5.130), respectively.

within a few fm/c. If we assume that hydrodynamics works even for such a relatively anisotropic
regime (for example, Ref. [129] claims that the hydrodynamics still works for a ~ 0.2; see Sec-
tion 1.2.2 also), we may understand that our result implies that the hydrodynamization actually
takes place within a few femtoseconds after a collision of nuclei as suggested by experiments.
By noting that our mean field and massless approximations neglect collisions and scatterings
between produced particles, this consistency implies that the quantum decoherence of the clas-
sical field together with the longitudinal expansion are essential in the isotropization in the
pre-equilibrium dynamics of ultra-relativistic heavy ion collisions; that is, collisional effects are
only secondary, although they should further shorten the time-scale and improve the anisotropy
of the system to some extent. This discussion is also consistent with the state-of-art effective
kinetic study [129], which states that the typical time-scale of collisional effects is rather long
~ 100/Qs ~ 20 fm/c and hence may be irrelevant to the fast hydrodynamization.

5.4 Brief summary

We briefly summarize the main results of this chapter:

e We formulated the Schwinger mechanism in QCD for an expanding electric field in Sec-
tion 5.1.

e By neglecting the backreaction, we analytically traced the time-evolution of the quark
and gluon distributions in Section 5.2 and find that the quark and gluon production in an

expanding geometry is essentially the same as that in a non-expanding geometry, although
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there are slight differences in what frame we are observing.

By modeling the initial color flux tubes just after a collision by a spatially homogeneous,
boost-invariantly expanding electric field, we discussed the pre-equilibrium stage dynam-
ics of heavy ion collisions within our QCD formalism including the backreaction (see
Section 5.3).

The classical plasma oscillation occurs in the co-moving frame (see Figs. 5.9 - 5.12), which
leaves some traces in the momentum rapidity yp-spectra in the center-of-mass frame
because of the quantum interferences induced by the plasma oscillation (see Figs. 5.13
and 5.14).

We quantitatively revealed how the initial classical field degree of freedom decohere into
quantum particle degrees of freedom in an unified way. In particular, the classical electric
field decays quite fast ~ 3 fm/c (see Fig. 5.17), which does not contradict with the fast

QGP formation, because of the decoherence and the longitudinal expansion.

Huge number of quarks ~ 1000 per unit rapidity are produced very quickly ~ 1 fm/c
(see Fig. 5.15). This means that not only gluons but also quarks must have important
information about and/or an important role in the pre-equilibrium stage dynamics of

ultra-relativistic heavy ion collisions.

Because of the decoherence and the longitudinal expansion, the system becomes less
anisotropic as (: P, :) /(: P, :) ~ 0.5 within a few fm/c (see Fig. 5.21), although our
mean field and massless approximations do not take into account collisions and scatterings

between produced particles.






Chapter 6

Summary and Outlook

In this thesis, we extensively studied the Schwinger mechanism in QCD and its applications to
the pre-equilibrium stage dynamics of ultra-relativistic heavy ion collisions.

In Section 2, we reviewed the Schwinger mechanism in QED in detail before going into
the QCD study. Firstly, we adopted the mean field approximation to formulate the Schwinger
mechanism in QED including the backreaction from produced electrons. Next, we applied
the formalism to a constant electric field, and saw how one can reproduce the well-known
exponential formula for the electron production rate I' = exp[—m(m?2 + p?)/|eFy|]/(2m)3. We,
then, considered a pulsed type electric field to discuss how the time-dependence of the field
affects the particle production mechanism (this part is based on my own work [42]). We
analytically showed that (i) an interplay between the perturbative and the non-perturbative
particle production occurs with changing the field strength Ey and/or the duration of the field
7; (ii) two dimensionless parameters v = |eEy|T?,v = |eEy|T/me control the interplay; and
(ii) the electron production is strongly enhanced in the perturbative regime. After that, we
briefly discussed the dynamical evolution of the electron spectrum without the backreaction. In
the last half of this section, we discussed the backreaction effects. We found that the electron
spectrum is dramatically modified from the one without the backreaction. In particular, we
found that (i) the classical plasma oscillation occurs; (ii) the quantum interferences among
electrons strongly distort the electron spectrum; (iii) the Pauli principle suppresses the electron
production (the Pauli blocking); and (iv) the decoherence of the classical field to electrons
relaxes the strong anisotropy of the system.

The following three sections are the main parts of this thesis:

In Section 3, we extended the QED formulation to the case of SU.(N. = 2) Yang-Mills
theory without quarks. By adopting the mean field and the massless approximations, we
derived a set of linear differential equations, which describes gluon production, backreaction,
and partial effects of scatterings. We first applied the formalism to a constant color electric
background field, and analytically followed the time-evolution of the gluon distribution function
by neglecting the backreaction. We found that the basic features of the gluon production are

the same as what we found in the electron production in QED. However, this situation changes

177
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if one treats the backreaction effects: The quantum interferences dramatically enhance the
gluon production (the Bose enhancement) and distort the spectrum stronger than electrons.

These effects accelerate the decoherence of the classical field.

In Section 4, we extensively studied the Schwinger mechanism in QCD (for a non-expanding
electric field) by extending the SU.(N. = 2) Yang-Mills formulation to SU.(N. = 3) ® SU;(N¢)
QCD. We first analyzed the formalism without the backreaction, and analytically followed
the time-evolution of the quark and gluon distribution functions. Differences and similarities
between the quark and the gluon production are discussed; for example, the perturbative
enhancement is two times larger for quarks than gluons. Various effects such as the color angle
6-, the number of flavor Ni-, and the quark mass m s-effects, are examined in detail. Secondly,
we discussed the backreaction effects. Most importantly, we found that the system is eventually
dominated by gluons because of the Bose enhancement (the Pauli blocking) for gluon (quark)
production, and hence quarks give only secondary contributions. Various effects such as the
color angle 0-, the number of flavor N¢-, and the quark mass ms-effects, are also investigated
with the backreaction. Among them, the quark mass m-dependence is worth mentioning: We
found that (i) the strange (charm) quark production is comparable (negligible) to the massless
up and down quark production; and (ii) the heavy charm quark production is much larger than
what one naively expects from the Schwinger exponential formula for the particle production
rate I'.

In Section 5, we applied our QCD formalism to the pre-equilibrium stage dynamics of ultra-
relativistic heavy ion collisions, and discussed some phenomenological consequences. There, we
considered a simple toy model: We modeled the initial color flux tubes existing just after a
collision of nuclei by a spatially homogeneous and boost-invariantly expanding electric field. In
the first part of this chapter, we explained how one can extend the QCD formalism originally
developed for a non-expanding electric field to the expanding one. In the second part of
this chapter, we analytically traced the time-evolution of the quark and gluon distribution
functions without the backreaction (this part is based on my own work [137]). By doing this,
we studied effects of the longitudinal expansion in detail, and found that quark and gluon
production for an expanding electric field is essentially the same as that for a non-expanding
one, although there are slight differences in what frame we are observing (the co-moving frame
for the expanding one, and the center-of-mass frame for the non-expanding one). In the last
part of this chapter, the backreaction is considered and the phenomenological consequences
of our model was investigated in detail. An advantage of our formalism is that it enables
us to quantitatively discuss the transition from the field regime to the particle regime in a
unified way. We found, in particular, that (i) the classical plasma oscillation takes place in
the co-moving frame, which leaves some traces in the momentum rapidity yp-spectra observed
in the center-of-mass frame because of the quantum interferences; (ii) the classical electric
field decays quite fast ~ 3 fm/c because of the decoherence and the longitudinal expansion;

(iii) huge number of quarks ~ 1000 per unit rapidity are produced very quickly ~ 1 fm/c;



179

and (iv) because of the decoherence and the longitudinal expansion, the system becomes less
anisotropic as (: P, :) / (: P, :) ~ 0.5 within a few fm/c, although our mean field and massless
approximations do not take into account collisions and scatterings between produced particles.

There are many possible future directions of this work:

The first direction is to improve our formalism to include the higher order quantum correc-
tions such as the effective mass terms M. The higher order terms are responsible for collisions
and scatterings of produced particles, and are important in describing the thermalization; the
isotropization; the hydrodynamization; and the chemical equilibration of the system. Inclusion
of these terms and evaluating its impacts on the spacetime evolution are also important in
justifying our theoretical simplifications (e.g. the mean field and the massless approximations)
made in this thesis from a theoretical point of view. Besides, it is discussed vigorously that
momentum exchanges due to the scatterings induce spectral cascades (for a recent review cov-
ering this topic, see [169]), which result in some interesting behaviors such as a formation of
gluonic Bose-Einstein condensates [170, 171, 172, 173].

Another direction is to improve the initial configuration of the classical field: In realistic
situations, the classical field has finite extent in the transverse direction and has random fluctu-
ations with a typical transverse correlation length ~ Q;!. Besides, it is known that the classical
color field has magnetic components in addition to electric ones in the longitudinal direction
[121]. Inclusion of these non-trivial structure in the initial field configuration is important in
making a reliable theoretical prediction of various experimental observables and thus in justi-
fying our theoretical framework from an experimental point of view. Also, it is important in
constructing a physical initial condition for hydrodynamical simulations (e.g. transverse energy
or entropy density and formation time), which was determined by ad hoc ways previously. More
or less, these non-trivial structure would modify our results for a homogeneous pure electric
field configuration. For instance, as was stated in Introduction, the existence of longitudinal
magnetic fields may enhance particle production rate [33, 34, 91, 174, 175]. In addition to
this, such field configuration is known to invoke the Nielsen-Olesen type instability [13, 14],
although its typical timescale is rather slow. It is interesting to study the particle production
under the presence of such instabilities; for non-expanding, static color electromagnetic fields,
it was discussed that the instability may dramatically enhance the gluon production [15].

The last direction which we would like to mention is about quark dynamics. As was dis-
cussed so far, quarks are abundantly produced at very early times and hence they may have
important information about and/or an important role in the pre-equilibrium stage dynamics
of ultra-relativistic heavy ion collisions. Since quarks have an U(1) electromagnetic charge,
which does not suffer from the strong interactions, one can investigate the quark dynamics by
using U(1) electromagnetic probes such as photons [176] and dileptons [177, 178]. Studying the
U(1) electromagnetic probes are, hence, very important because it may provide us novel exper-
imental probes for the pre-equilibrium stage dynamics. Another interesting topic involving the

quark dynamics is the existence of strong U(1) electromagnetic fields just after a collision of
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nuclei [24, 25]. Although such strong U(1) electromagnetic fields die away immediately after a
collision within the time less than 1 fm/c, they could significantly influence the quark dynamics
because the strong U(1) electromagnetic fields are as strong as the pion mass scale and the
quark production is fast enough. Thus, one can expect some experimental traces of them, for
instance, in U(1) charge dependences in observables. In particular, an U(1) charge dependent
directed flow v} in asymmetric heavy ion collisions [179, 180] is recently measured by the STAR
collaboration [181]. This should provide important insights in the quark production, or possibly
the pre-equilibrium stage dynamics of heavy ion collisions, although theoretical understanding
of this observable is still lacking. Another interesting physics that involves the strong U(1)
electromagnetic fields is the Chiral Magnetic Effect [182], whose real time dynamics from the
microscopic point of view is still incomplete (although there are some primitive works on this
topic [183, 184]) and hence is worth to be investigated further by extending our work.
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Appendix A

Analytic Mode Functions for Fermions

in a Box

We consider the Dirac equation under a classical gauge potential A* = (0,0, 0, A(t)):
0= [i7'0; + iy, - 81 + 7 (D, —igA) — m]. (A.1)

By noting the spacial homogeneity, we Fourier expand 1 to obtain an equation for posi-

tive/negative frequency mode functions 11, s as
0=[i7"0 =71 P17 (P: = GA()) — M|tps. (A.2)
In order to solve Eq. (A.2), it is convenient to decompose the mode functions 11, s as

+¢p,s - Ap,sUp,s + Bp,svp,57
s = Bl Ups — A5V, (A.3)

Pp,s’ P;S

where U, ,, V, ¢ are eigenvectors of a projection operator P* = (1 £ v'y?)/2 satisfying

PtUps =Upsy, P Vps=Vps, (A.4)

bssr = Ul Ups = VI Vi, 0=V] Up.. (A.5)
We also normalize the scalar functions A, s, Bp s by
1= |Aps|* + |Bp,s|* (A.6)

From these normalization conditions, Eq. (A.5) and (A.6), one immediately obtains an or-

thonormality relation for 11, s as
535’ = :twl,,s:twp,s’a 0= :tw;ry,s$1/}p,s’- <A7>
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The scalar functions Ay, Bp s and the spinors Up g, Vp s are not independent with each

other. By substituting Eq. (A.3) into the mode equation (A.2), one obtains the following linear

relation
zi Aps _ [P gAt)  m?+p? Ap,s (A.8)
dt \ Bp.s Vm?+pl —(p.— gA(t)) ) \Bps)’
and

Vps = ’Yt—’h Pt oy (A.9)

/—m2+pi p,s.
A.1 Plane wave solutions

If the system is free from the classical gauge potential, i.e., A(t) = 0, then one can easily

diagonalize Eq. (A.8) to obtain a positive frequency solution o< exp[—iwpt] as

A 1 + Pz '
( ”’S> - f et (A.10)

Pz
B, L -k

From Eq. (A.3), one can immediately construct positive/negative frequency mode functions

+p.s aS
+¢P7S = up,se_iwpta —¢p,s = U—p,se+iwpt (A.ll)

where the free-spinors u, s, v_p s are given by

= [ApUps+ BpVpetrt = — | 14 & b 1o B P iy )
\/ m2 + pL

Vs = (B Ups — A% Vp] et = i -2 iy —wtw Up.. (A.13)

’ V2 Wp Wp  y/m?+p?

By noting the normalization condition for Up s, Vp s (Eq. (A.5)), it is easy to see
Osst = uLsup,s/ = UL’SUP’S/, 0= vT_wup,s/. (A.14)

A.2 Under a constant electric field

Under a constant electric field A(t) = —FEot (for now we assume gFy, > 0 for simplicity),

Eq. (A.8) reads

d Ap,s _ (Pt gEgt  /m?+p? Aps (A1)
“dt vm?+pi —(p.+ gEot) Bps) '
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By squaring this equation, one obtains a second order differential equation for A, :

d? )
0= |:ﬁ + (pz + gEot)2 + pi + m2 + ZgEO Ap,s' (A16)

£=,/ giEwEot ), (A17)

to find that Eq. (A.16) is reduced to a parabolic cylinder differential equation:

Now, we change the variable,

> & i
= |-—=+> -]l A Al
0=+ 5+ (0+3)] 4 (A18)
with
m* +pi
= - A'].
59Es (A.19)
Solutions of Eq. (A.16) are given by the parabolic cylinder function D,(z) as
Ap,s = ClDia_l(—e_iﬂ/ng) + CQD_ia(e”M{). (A20)
From Eq. (A.15) and identities [162]
d =z d =z
i@ =Dt [ £+ 5| Do) = vDia) (A21)
one gets
1 d ¢
B s — T ~— — — = A s
" Va {Z € 2] 4
im/4 ) ) )
— 01 X S Dy (—e~ ) 4 ey X ae ™D (7€) (A.22)

Vva

The coefficients ¢y, co are determined by a boundary condition and the normalization con-
dition (A.6). Now, we require the plane wave boundary condition at the asymptotic times
t — oo (Eq. (2.27) and (2.28)) as in the main text. By using the asymptotic formula for the
parabolic cylinder functions D, (z) [162]

e/ (|arg z| < 3w /4)
Dy(z) T> 2re# A FV(E’;)ei”“Z_”_leZZ/4 (r/4 < arg z < 5 /4) , (A.23)
z|—o00 )
e F 4 FV(E’;)e_“’”z_”_lez2/4 (=h7m/4 < argz < —m/4)

one finds that

(in) —im/8 . _ a—im/4
(Ap,s) — e—ml/4 (e \/aDm—l( € 5)) 7 (A24)

Bz(;,r;) e+i7r/8Dia(_efi7r/4§)

Ag:?t) R e—ifr/SD_m(eiﬂ/4§> (A 25)
BL™ etim/8 JaD oy (7€) '
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correspond to the positive frequency solutions at ¢ — —oo (as = in) and ¢ — oo (as = out)
properly normalized by the condition (A.6).

These two solutions ALY, BSS (as = in,out) are not linearly independent of each other.
With the use of an identity [162]

I'1+v)
V2

one obtains the following linear relation:
A(H}g) s Q% . A(O}Slt)
(?n)* = 4 *ZJ, (I;ut)* (A27)
Bp s Bp,s Qp Bps

VY 2mae~ /2 ra

D,(z) = [e™™/2D_,_i(—iz) + €™ D_,_1(iz)] (A.26)

with

(A.28)

The linear relation is the same as the Bogoliubov transformation for the mode functions iw,(fi).
Indeed, from Eq. (A.27), one finds

<+ S,?) (A5 B ) (U)

) )\ BEY —ApY ) \ Vs

_ [ %ps _5;,5 Az(v(?gt) Bg?«;lt) Up,s

C \Bpe ap, ) \BRET AR )\,

(o —6;;,5) (+ é‘??”)

= . (out) | - (A.29)
Bps —pys

A.3 Under a Sauter-type electric field

Now, we consider a Sauter-type electric field with height Ey and width 7 described by [142]
A(t) = —Egrtanh(t/7), or E = Eysech®(t/T). (A.30)

Under this choice of electric field, the differential equation (A.8) for the scalar function A, s, Bp s

read

Bp.s Vm? +pl —(p. + Eo7 tanh(t/7)) B

D,s
By squaring the both hand sides of (A.31) to obtain a second order differential equation for

4 (A) . (pz +Eyrtanh(t/r) /PP ) (A) (A1)
dt ' '

Ap s as

d2
0= {ﬁ + (p2 + gBoT tanh(t/7))* + igEgsech®(t/7) + m* + pi} Ap,s: (A.32)
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By changing the variable as

"= % [1+ tanh(t/7)] (A.33)
Eq. (A.32) reads
4 d d 5 :
[ﬁu(l — u)@ (u(l - u)@> + w?(u) +digEyu(l —u) | Aps, (A.34)
where
wi(u) =m? + p’ + (p. + gEoT tanh(t/7))? = m> + p? + P.(u)* (A.35)

In order to solve Eq. (A.34), we furthermore make an ansatz of a form
Ap,s — u—iTw(O)/2<1 . u)iTw(l)/QAns. <A36>

By substituting this ansatz into Eq. (A.32), one finds that 121,,78 satisfy the hypergeometric

differential equation of a form

d? d -
0= u(l—u)w—l—{c—(a—i—b—l)u}@—ab Aps, (A.37)
where
0= —igEyr? — iTw(0) N z'Tw(l)’
2 2
. _—
1t igEyr? - iTw(0) N iTw( )7
2 2
c=1—1irw(0). (A.38)

Solutions of (A.37) are given by the hypergeometric function oF}(a, b, ¢; z), and we obtain

Ap,s = clu_iTW(O)/Q(]- - u)iTw(l)/QQFl(a’a b7 G, U)
+ cu™O2(1 — )" P (1 —a,1 = 5,2 — ¢ u). (A.39)

The coefficients ¢, ¢y are determined by a boundary condition and the normalization con-
dition (A.6). Now, we require the plane wave boundary condition at the asymptotic states
t — +oo (Eq. (2.27)) as in the main text. By using [162]

(@)'(c—a—0)
[(c—a)l'(c—10)

+ (1 _ Z)c—a—b

2Fl(aa b7 G, Z) -

oFi(a,b,a+b—c+1;1—2)

[(dla+b—c)
[(a)l(b)

oFi(c—aj;ce—bc—a—b+1;1—2),
(A.40)



188 Appendix A. Analytic Mode Functions for Fermions in a Box

one can find

A(in) _ % / Pz(o) ,“—w(o)/Q(l )z‘rw(l)/Q Fl(a b c U)

,“-w /2 )rrw(l)/2 )a (1 —a*t 1= b* 2 _ C*’ u) (A 41)
p,S \/_ 251 ’ ’ ' ’ .
and the out-state solutions Ap"‘;t ,B,(,?E % are obtained from the in-state solutions Apufg), SI;’ by

the following linear relation:

(out)
e N (A.42)
Bp.s O‘;,s Bps

where

)
)
_jw(@) Jw() + P(1) ()l (a” 4+ =)
Pos = \/ (0) \/ DO = P(0) Tt (A.43)
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Analytic Mode Functions for Bosons in

a Box

We consider the Klein-Gordon equation under a classical gauge potential A* = (0,0,0, A(¢)):
0= [02 = 82 — (0. — igA(t))® +m?] & (B.1)

As the gauge potential is homogeneous in space, it is useful to Fourier expand ¢ to obtain an

equation for positive/negative frequency mode functions 4 ¢, as
0= [0] +p] + (p: — gA1))* +m*] +6p. (B2)
It is convenient to normalize the mode functions 1 ¢, as

And And
tl = i:tqb;@:tgbpa 0= i$¢;8i¢p7 (B3>

“~ =
where 0 = 0 — 0. The second condition is automatically satisfied when _¢, = [+ dp]*

B.1 Plane wave solutions

One can easily solve Eq. (B.2) when there is no classical field A = 0. The solutions satisfying

the normalization condition (B.3) read
1

\/ 2wp

where wy, is the on-shell energy w, = y/m? + p?.

+0p = et —¢p = [+ 9p]", (B.4)

B.2 Under a constant electric field

For a constant electric field with infinite duration A(t) = —FEyt (for now, we assume gE; > 0

for simplicity), Eq. (B.2) reads

0=[07+P% + (p: + gEot)* + m?] +0p. (B.5)
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By changing the variable

]2

Eq. (B.5) is reduced to a parabolic cylinder differential equations as

dQ 52
0= {d_éﬂ + s + CL:| +Pp, (B.7)
where
m® + p?
= . B.
a 29E (B.8)

Solutions of Eq. (B.7) are given by the parabolic cylinder function D, (z) as

+¢p = C1Dia71/2(—e_m/4f) + C2D7m71/2(em/45)a —¢p = [+¢p]*- (B-9)

The coefficients ¢, ¢y are determined by a boundary condition and the normalization con-
dition (B.3). Now, we require +¢u™ (16™") to be the plane waves (B.4) at asymptotic times
t — —oo (t — 00). By noting the asymptotic formula for the parabolic cylinder function D, (z)
[162]

Zrem?/ (|arg z| < 3w /4)
Dy(z) T> Zrem# A F*(/Zr)e"’”r,z_”_leZQ/4 (/4 < arg z < 5m/4) : (B.10)
z|—=o00 .
e P4 F(Ez)e_“”rz_”_leZQ/‘1 (=5m/4 < argz < —7/4)
one finds
(in) e T/ —in /4 (in) (in)7+
+0p = WDm—m(—e ), ~op" =+ (B.11)
and
(out) e~/ in /4 (out) (out)7
+Qp = WD—m—l/z(e ), —op"" = [+op""]" (B.12)

These two solutions ¢, (as = in,out) are linearly dependent with each other, and their

+¢(pln) _ ap,s /B;(),S + ;7011(;) B 13
(in) | = ) (out) (B.13)
—Pp Bp.s Qp s ~Op

relationship is given by

with
] 2,7Teffra/4
— w2 = je ™ B.14
O T2 —ia) 2= (B14)
where the use is made of an identity [162]
I'(1 , ,
D,(z) = Fd+v) [e’””ﬂD,,,,l(—z’z) +e™D_,_1(iz)] . (B.15)

V2r



Appendix C

Analytic Mode Functions under an

Expanding Electric Field

We analytically solve the Dirac equation and the Klein-Gordon equation under a boost-invariantly

expanding homogeneous electric field E = Eyf(7 — 79)e, described by a gauge potential A, as

E 2
(;TO (T < m0)
A=A, =4A4,=0, A, = For? (C.1)
(1 > 70)
2
C.1 fermion
The Dirac equation for Fourier modes,
ePL T L oipyn
Pla) = / dQPLdPn@DpL,pms(T)W’ (C.2)
reads
0=1[iv" =L -PL ="y + qA,) = M|y, p, s (C.3)

As was explained in the main text (see Section 5.1.3), Eq. (C.3) has two independent solutions

+Up, p,.s Of a form:

: + m |
e—n/QVtPYJ_ pJ_

+Up. pys(T) = Am,pn,S(T)en/2 + Bp, p,.s(T) 5 o Up, py.s:
i m* + D |
x . - YL PL+m
*wPL:pn»S(T) = BpL,pms(T)en/Q - ApL,pn,s(T)e U/nytﬁ UPLPn,S (04)
i \/m* -+ D i
where Uy, ,, s is an eigen-spinor of a projection operator P* = (1 + 4'y*)/2 satisfying
P+UPL7P7]75 = UPLvaS’
Ugj_vpnvsUpJ_szlas/ = 655/' (CB)
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The differential equation for the scalar functions A, ,, s, Bp, p, s read

A 2
. d PL,Pn,S _ pn u ! ; ) / m2 T p APLanS C 6
"ar \ B B [ P+ qA(T)+i/2 ) \ B ’ (C.6)
PL.Pn,s m? + pt — PLiPnys
T

or, by squaring the both hand sides, one obtains a second order differential equation for A, ,,

as
2 14 o+ qA, —i/2\° s
0= [W o + ( . +iqE(T) +m” +pl | Ap, po.s- (C.7)
It is convenient to normalize the scalar functions Ay, ,, s, Bp, p,.s as
1 2 2
= = Ap. ol + Bp (C3)
so as to properly normalize the mode function 1, ,, s as
1
;588’ = [£¥p1 pys|£VpLpys]ps 0= [2Up, p,sl5¥pL py.]p- (C.9)

Our strategy to solve the Dirac equation (B.5), or Eq. (C.7) for A, ,, s, is as follows: We
divide the problem into three steps. In the first step, we solve Eq. (C.7) for 7 < 79, where the
gauge field vanishes A, = 0 and the solution is given by the plane wave solutions explained in
Section 5.1.3. In the second step, we find out particular solutions of Eq. (C.7) for 7 > 75. In
the third step, we smoothly connect these two solutions obtained in the first and the second
step at the boundary 7 = 75 to obtain the solution for all values of 7. Note that here we just
consider to derive “in-state” mode functions, for which we require 11, ,, s to be plane waves

with positive/negative frequency at 7 — 0.

(step 1) For 7 < 79, the solution of Eq. (C.7) is given by the plane wave solutions (5.60), whose

derivation was explained in detail in Section 5.1.3:
[ o2 2
(APJ_,PWS> _ VM Pl o™ (PntaBoTd /2)/2
B 2

P1,Pn,s
—z7r/4 (2) /
< HZ((’?)"WEoTo /2) +1/2 —m ey )
+im/4
/ H(pn+qufg/2 ip(V/m? 4 piT)

We note that the above scalar functions have a positive frequency in the 7-n coordi-

(for 7 < 19). (C.10)

nates, so that the resulting mode function L, ;. s (+¥p, p,.s) has a positive (negative)

frequency for 7 < 7y and hence satisfies the plane wave boundary condition at 7 — 0.
(step 2) For 7 > 79, Eq. (C.7) reads

- [d2 Ld (pn—l-quTz/Q—i/Q

2
i - ) +igEy +m*+pl | Ap, ps. (C.11)
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By changing the variables as

qEq
= 2+ p? =——— C.12
5 m +pJ_7-> a m2+pi> ( )
and by making an ansatz of a form,
—ipn— —iag?/4
Ap, pps = 205 (C.13)

one obtains a hypergeometric differential equation for A, L py,s @S

d2
a¢?

. , d
+ (—za§2 - 22pn) —— + & Ap pyoss (C.14)

0=|¢ n

Two independent solutions of Eq. (C.14) are given by the Tricomi hypergeometric
function U(a, b; z) [162], and thus we find

APJ_7p7]78 = Cl X 1ij_,p7]75 + C2 X 2ij_,p7],s7

Bp, pys =1 X [2Xm,pn,5]* —C X [1XPJ_:pn,5]*7 (C.15)

where

Wpsons =77 b

—ipy m?2 _{_sz 1 . .quTQ
X<Vm2+pi) U(Z 2qB, 2 T )

—i 1 m?+pt  qEyT?
s =———=exp |- i
o = O T AR, 1

L+ipy 2 2 2

m°+p; 3 . qEgT

<(Voeent) o (1o S T
(C.16)

Here, we normalized the functions ,Xp, 5,.s (n =1,2) as

1_ 2 : C.17
- [1XpLpns|” T+ |2XpL sl (C.17)

(step 3) The coefficients ¢;,cs in Eq. (C.15) can be determined by smoothly connecting the
two solutions Eq. (C.10) for 7 < 75 and Eq. (C.15) for 7 > 7. With the help of the
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normalization condition (C.17), one can easily determine the coefficients ¢y, ¢o as
€1 =To X [APJ_ypn:S(TO)[1XPJ_7P7],5(TO)]* + Bru,pn,s(TO)2XPL,pn,8(TO)] )

2 2
T/ M* + D7 7o
PLT0 wontabord )2

* —4T 2
. hlxm,pn,s(ﬁ))] € /4Hz‘((p)n+qur§/2)+1/2(\/ m? + p? 7o)

T 2
+ 2Xp. py.a(T0)e” /4Hz‘((p)n+quT§/2)—1/2(V m + piTO)} (©18)

C2 = To X [APJ_ypn:S(TO)[2XPJ_7P7],5(TO)]* - BPJ_ypn:S(7_0)1XPJ_7P7775<7_0):| )

fo2 2
TVITHPUTO iy ramord /22
* —4T (2)
[2Xm,pn,s(7—0)] € /4Hi(pn+qur§/2)+1/2( \V m? +p2LTO)

T 2
~ 1XpLppa(T0)e” /4Hz‘((p)n+quT§/2)—1/2(V m’ —Hﬁm)] ’ (©19)

and hereby one obtains the solution of Eq. (C.7) for all values of 7.

s

s

X

1

C.2 boson

The Klein-Gordon equation for Fourier modes,

eipJ' .wLeiPnTl

¢(x) = /dQPLdpn(T)W (C.20)

reads

(bpj_vpn' (C21)

dr? ' rdr T

2 1d AN\
0:[ + —+(p—’7+q ’7) +m® +p’

There are two independent solutions, which we write 1@y, 5, , for this equation (C.21). It is

convenient to normalize the modes L¢p, ,, as

1
j:; = [i¢PL7Pn|i¢PLPn]B’ O = [i¢Pi7pn|:F¢PLpn]B' (022)

Our strategy to solve the Klein-Gordon equation (C.21) is the same as the previous fermion
case, i.e., We divide the problem into three steps. We derive particular solutions for 7 < 74 (step
1) and 7 > 7y (step 2), and connect them smoothly at the boundary 7 = 75 to construct the
solution for all values of 7 (step 3). Note that here we just consider “in-state” mode functions,

for which we require +¢p, ;, to be plane waves with positive/negative frequency at 7 — 0.
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(step 1)

(step 2)

For 7 < 7y, the solution of Eq. (C.21) is given by the plane wave solutions (5.78),

whose derivation was explained in detail in Section 5.1.3, as

NZ . 5 9
+Ppspy = 5 ¢ (preaks 0/2)/2Hi((p)n+quT§/2)(\/ m? + pir)

. NZ - 2 2 1
—Ppipy = [+Ppip,)" = BT (Pn+ay 0/2)/2]17(_2.)(1177]JrqE()TOQ/Q)(\/m2 +pi7) (for 7 < 7).
(C.23)
We note that the above mode function 4 ¢p, ,, (—¢p, p,) have a correct positive (neg-

ative) frequency in the 7-n coordinates and surely satisfies the plane wave boundary

condition at 7 — 0.

For 7 > 15, Eq. (C.21) reads
0= [j—; + %% + (M)Q +m’*+pl| Gp.p, (C.24)

By changing the variables as
E=\/m?+piT, a= #Eopi’ (C.25)

and by making an ansatz of a form,

PpLpy = giip"eimg/%gm,pw (C.26)
one obtains a hypergeometric differential equation for ¢, by QS
pe
de?
Two independent solutions of Eq. (C.27) are given by the Tricomi hypergeometric
function U(a, b; z) [162], and thus we find

0= e + (iag 4 1= 2in) (1= €| G, (c.27)

+Pp 1y = C1 X 1Xpy py T C2 X 2Xp, py>

—ngLPn = [+¢pL7pn]*' (028)
where
_ 1 T (m®+pl |qEo|T?
1Xp1,py :E exXp D) W-Hon _ZT
ipn/2 2 2 2
|QE0‘7'2 P 1 .m +pL . . |qu|7'
X ( 5 2+7, 2]qE0] + 1Py, L+ 1py;5 5 ,
2XpL oy =1 XpL ] (C.29)

The scalar function ,xp, p, (7 = 1,2) satisfy the following normalization condition

1
[1Xp1 0 1Xp 1 p0)B = —[2Xp1 iy [2Xp. py|B = =

[1XPJ_»P77|2XPJ_7PW]B =0. (C.30)
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(step 3) The coefficients ¢;,ce in Eq. (C.28) can be determined by smoothly connecting the

two solutions Eq. (C.23) for 7 < 7y and Eq. (C.28) for 7 > 75. With the help of the

normalization condition (C.30), one can easily determine the coefficients ¢y, c5 as

dyPp, p, (T daXp, p, (T
=10 |axp g, () 0520 D) oyl (can
dyOp, p, (T d1Xp, p, (T
o= =% v () P2 W) ()

and hereby one obtains the solution of Eq. (C.21) for all values of 7.



References

1]

2]

3]

[10]

[11]

[12]

[13]

P. A. M. Dirac, “The Quantum Theory of the Electron,” Proc. R. Soc. Lond. A 117, 610
(1928).

P. A. M. Dirac, “A Theory of Electrons and Protons,” Proc. R. Soc. Lond. A 126, 360
(1930).

O. Klein, “Die Reflexion von Elektronen an einem Potentialsprung nach der relativistischen
Dynamik von Dirac,” Z. Phys. 53, 157 (1929).

F. Sauter, “Ueber das Verhalten eines Elektrons im homogenen elektrischen Feld nach der
relativistischen Theorie Diracs,” Z. Phys. 69, 742 (1931).

W. Heisenberg and H. Euler, “Folgerungen aus der Diracschen Theorie des Positrons,”
Z. Phys. 98, 714 (1936).

J. Schwinger, “On Gauge Invariance and Vacuum Polarization,” Phys. Rev. 82, 664 (1951).
W. H. Furry, “A Symmetry Theorem in the Positron Theory,” Phys. Rev. 51, 125 (1937).

A. 1. Nikishov, “Barrier scattering in field theory remouval of Klein paradox,” Nucl. Phys. B
21, 346 (1970).

Thomas D. Cohen and David A. McGady, “The Schwinger mechanism revisited,”
Phys. Rev. D 78, 036008 (2008).

V. Weisskopf, “Uber die Elektrodynamik des Vakuums auf Grund der Quantentheorie des
Elektrons,” Kong. Dans. Vid. Sel. Mat. Fys. Med. 14, 1 (1936).

V. S. Vanyashin, and M. V. Terent’ev, “The Vacuum Polarization of a Charged Vector
Field” JETP 21, 375 (1965).

M. S. Marinov, and V. S. Popov, “Pair Production in an Electromagnetic Field (Case of
Arbitrary Spin),” Sov. J. Nucl. Phys. 15, 702 (1972).

N. K. Nielsen and P. Olesen, “An unstable Yang-Mills field mode,” Nucl. Phys. B 144, 376
(1978).

197



198

References

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

S. J. Chang and N. Weiss, “Instability of constant Yang-Mills fields,” Phys. Rev. D 20,
869 (1979).

N. Tanji and K. Itakura, “Schwinger mechanism enhanced by the Nielsen-Olesen instabil-
ity,” Phys. Lett. B 713, 117 (2012).

V. Yanovsky et al., “Ultra-high intensity 300 TW laser at 0.1 Hz repetition rate,” Optics
Express 16, 2109 (2008).

Gerard A. Mourou, Toshiki Tajima, and Sergei V. Bulanov, “Optics in the relativistic
regime,” Rev. Mod. Phys. 78, 309 (2006).

D. Strickland and G. A. Mourou, “Compression of amplified chirped optical puses,”
Opt. Commun. 56, 219 (1985).

www.eli-beams.eu
www.hiper-laser.org

. Pomeranchuk and J. Smorodinsky, “On energy levels in systems with Z > 137, J. Phys.
(USSR) 9, 97 (1945).

Ya B. Zeldovich and Valentin. S. Popov, “Flectronic structure of superheavy atoms,”
Sov. Phys. Usp., 14, 673 (1971).

B. Miiller, J. Rafelski, and W. Greiner, “FElectron shells in overcritical external fields,”
Z. Phys. 257, 62 (1972).

A. Bzdak, and V. Skokov, “Fvent-by-event fluctuations of magnetic and electric fields in
heavy ion collisions,” Phys. Lett. B 710, 171 (2012).

W. T. Deng, and X. G. Huang, “FEvent-by-event generation of electromagnetic fields in
heavy-ion collisions,” Phys. Rev. C 85, 044907 (2012).

Remo Ruffini, Gregory Vereshchagin, and She-Sheng Xue, “FElectron-positron pairs in
physics and astrophysics: from heavy nuclei to black holes,” Phys. Rept. 487, 1 (2010).

Takeshi Kobayashi, and Niayesh Afshordi, “Schwinger Effect in 4D de Sitter Space and
Constraints on Magnetogenesis in the Early Universe,” JHEP 10, 166 (2014).

Markus B. Frob et al., “Schwinger effect in de Sitter space,” JCAP 1404, 006 (2014).

Danielle Allor, Thomas D. Cohen, and David A. McGady, “The Schwinger mechanism and
graphene,” Phys. Rev. D 78, 096009 (2008).



References 199

[30]

[31]

[32]

[38]

[39]

[40]

[41]

[42]

[43]

V. Kasper, F. Hebenstreit, M. K. Oberthaler, and J. Berges, “Schwinger pair production
with ultracold atoms,” Phys. Lett. B 760, 742 (2016).

N. Szpak, and R. Schiitzhold, “Optical lattice quantum simulator for quantum electro-

dynamics in strong external fields: spontaneous pair creation and the Sauter-Schwinger
effect,” New J. Phys. 14, 035001 (2012).

D. Banerjee et al., “Atomic Quantum Simulation of Dynamical Gauge Fields Coupled to
Fermionic Matter: From String Breaking to Evolution after a Quench,” Phys. Rev. Lett.
109, 175302 (2012).

A. 1. Nikishov, “Pair Production by a Constant External Field,” JETP 30, 660 (1970)

Naoto Tanji, “Dynamical view of pair creation in uniform electric and magnetic fields,”
Ann. Phys. 324, 1691 (2009).

S. A. Smolyansky et al., “Dynamical derivation of a quantum kinetic equation for particle

production in the Schwinger mechanism,” arXiv:hep-ph/9712377.

S. M. Schmidt, D. Blaschke, G. Ropke, S. A. Smolyansky, A. V. Prozorkevich, and
V. D. Toneev, “A Quantum kinetic equation for particle production in the Schwinger mech-
anism,” Int. J. Mod. Phys. E 7, 709 (1998).

Gerald V. Dunne, and Christian Schubert, “Worldline Instantons and Pair Production in
Inhomogeneous Fields,” Phys. Rev. D 72, 105004 (2005).

Kenji Fukushima, and Tomoya Hayata, “Schwinger Mechanism with Stochastic Quantiza-
tion,” Phys. Lett. B 735, 371 (2014).

E. Brezin and C. Itzykson, “Pair Production in Vacuum by an Alternating Field,”
Phys. Rev. D 2, 1191 (1970).

V. S. Popov, “Pair production in a variable external field (quasiclassical approzimation),”

JETP 34, 709 (1972).

L. V. Keldysh, “Ionization in the field of a strong electromagnetic wave,” JETP 20, 1307
(1965).

H. Taya, H. Fujii, and K. Itakura, “Finite pulse effects on ete™ pair creation from strong
electric fields,” Phys. Rev. D 90, 014039 (2014).

Ralf Schiitzhold, Holger Gies, and Gerald Dunne, “Dynamically Assisted Schwinger Mech-
anism,” Phys. Rev. Lett. 101, 130404 (2008).



200

References

[44]

[45]

[46]

[47]

[48]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

C. Kohlfiirst, M. Mitter, G. von Winckel, F. Hebenstreit, and R. Alkofer, “Optimizing the
pulse shape for Schwinger pair production,” Phys. Rev. D 88, 045028 (2013).

F. Hebenstreit, and F. Fillion-Gourdeau, “Optimization of Schwinger pair production in
colliding laser pulses,” Phys. Lett. B 739, 189 (2014).

Malte F. Linder, Christian Schneider, Joachim Sicking, Nikodem Szpak, and
Ralf Schiitzhold, “Pulse shape dependence in the dynamically assisted Sauter-Schwinger
effect,” Phys. Rev. D 92, 085009 (2015).

N. K. Glendenning, and T. Matsui, “Creation of qG pairs in a chromoelectric fluz tube,”
Phys. Rev. D 28, 2890 (1983).

K. Kajantie and T. Matsui, “Decay of strong color electric field and thermalization in
ultra-relativistic nucleus-nucleus collisions,” Phys. Lett. 164B, 373 (1985).

G. Gatoff, A. K. Kerman, and T. Matsui, “Fluz-tube model for ultrarelativistic heavy-ion
collisions: Electrohydrodynamics of a quark-gluon plasma,” Phys. Rev. D 36, 114 (1987).

N. D. Birrell and P. C. W. Davies, “Quantum Fields in Curved Space,” Cambridge Uni-
versity Press (1982).

Fred Cooper, and Emil Mottola, “Quantum back reaction in scalar QED as an initial-value
problem,” Phys. Rev. D 40, 456 (1989).

Y. Kluger, J. M. Eisenberg, B. Svetitsky, F. Cooper, and E. Mottola, “Pair production in
a strong electric field,” Phys. Rev. Lett. 67, 2427 (1991).

Y. Kluger, J. M. Eisenberg, B. Svetitsky, F. Cooper, and E. Mottola, “Fermion pair
production in a strong electric field,” Phys. Rev. D 45, 4659 (1992).

Y. Kluger, J.M. Eisenberg, and B. Svetitsky, “Pair production in a strong electric field:
an initial value problem in quantum field theory,” Int. J. Mod. Phys. E 2, 333 (1993).

J. C. R. Bloch et al., “Pair creation: Back reactions and damping,” Phys. Rev. D 60,
116011 (1999).

Jochen Rau, “Pair production in the quantum Boltzmann equation,” Phys. Rev. D 50,
6911 (1994).

F. Gelis, and N. Tanji, “Formulation of the Schwinger mechanism in classical statistical
field theory,” Phys. Rev. D 87, 125035 (2013).

V. Kasper, F. Hebenstreit, and J. Berges, “Fermion production from real-time lattice gauge
theory in the classical-statistical regime,” Phys. Rev. D 90, 025016 (2014).



References 201

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[74]

F. Hebenstreit, J. Berges, abd D. Gelfand, “Simulating fermion production in 1 + 1 di-
mensional QED,” Phys. Rev. D 87, 105006 (2013).

A. H. Mueller, and D. T. Son, “On the equivalence between the Boltzmann equation and
classical field theory at large occupation numbers,” Phys. Lett. B 582, 279 (2004).

T. Epelbaum, F. Gelis, and B. Wu “Nonrenormalizability of the classical statistical ap-
proximation,” Phys. Rev. D 90, 065029 (2014).

A. R. Bell, and J. G. Kirk, “Possibility of Prolific Pair Production with High-Power Laser,”
Phys. Rev. Lett. 101, 200403 (2008).

A. M. Fedotov , N. B. Narozhny, G. Mourou, and G. Korn, “Limitations on the Attainable
Intensity of High Power Lasers,” Phys. Rev. Lett. 105, 080402 (2010).

S. S. Bulanov, T. Z. Esirkepov, A. G. R. Thomas, J. R. Koga, and S. V. Bulanov,
“Schwinger Limit Attainability with Extreme Power Lasers,” Phys. Rev. Lett. 105, 220407
(2011).

E. N. Nerush et al., “Laser field absorption in self-generated electron-positron pair plasma,”
Phys. Rev. Lett. 106, 109902 (2010).

N. V. Elkina et al, “QFD cascades induced by circularly polarized laser fields,”
Phys. Rev. ST Accel. Beams 14, 054401 (2011).

H. Hirori et al., “FExtraordinary carrier multiplication gated by a picosecond electric field
pulse,” Nature Comm. 2, 594 (2011).

John Kogut and Leonard Susskind, “Hamiltonian formulation of Wilson’s lattice gauge
theories,” Phys. Rev. D 11, 395 (1975).

Gunnar S. Bali, “QCD forces and heavy quark bound states,” Phys. Rept.. 343, 1 (2001).
F. E. Low, “Model of the bare Pomeron,” Phys. Rev. D 12, 163 (1975).

S. Nussinov, “Colored-Quark Version of Some Hadronic Puzzles,” Phys. Rev. Lett. 34,
1286 (1975).

A. Casher, H. Neuberger, and S. Nussinov, “Chromoelectric-flux-tube model of particle
production,” Phys. Rev. D 20, 179 (1979).

A. Casher, H. Neuberger, and S. Nussinov, “Multiparticle production by bubbling fluz
tubes,” Phys. Rev. D 21, 1966 (1980).

Bo Andersson, “The Lund Model,” Camb. Monogr. Part. Phys. Nucl. Phys. Cosmol. 7, 1
(1998).



202

References

[75]

[76]

[77]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[38]

[39]

T. Barczyk, “Color fields around the static quark-antiquark pair,” Acta Phys. Pol. B 26,
1347 (1995).

Richard W. Haymaker, Vandana Singh, Yingcai Peng, and Jacek Wosiek, “Distribution of
the color fields around static quarks: Fluzx tube profiles,” Phys. Rev. D 53, 389 (1996).

H. Ichie, V. Bornyakov, T. Streuer, and G. Schierholz, “Fluz Tubes of Two- and Three-
Quark System in Full QCD,” Nucl. Phys. A 721, C899 (2003).

C. Alexandrou, P. de Forcrand, and O. Jahn, “The ground state of three quarks,”
Nucl. Phys. B—(Proc. Suppl. ) 119, 667 (2003).

Nuno Cardoso, Marco Cardoso, and Pedro Bicudo, “Color fields computed in SU(3) lattice
QCD for the static tetraquark system,” Phys. Rev. D 84, 054508 (2011).

Nuno Cardoso and Pedro Bicudo, “Color fields of the static pentaquark system computed
in SU(3) lattice QCD,” Phys. Rev. D 87, 034504 (2013).

Gunnar S. Bali, Hartmut Neff, Thomas Diissel, Thomas Lippert, and Klaus Schilling
(SESAM Collaboration), “Observation of string breaking in QCD,” Phys. Rev. D 71,
114513 (2005).

G. S. Bali, T. Dissel, T. Lippert, H. Neff, Z. Prkacin, and K. Schilling, “String breaking,”
Nucl. Phys. Proc. Suppl. 153, 9 (2006).

J. Ambjorn and R. Hughes, “Canonical quantisation in non-Abelian background Fields,”
Ann. Phys. 377, 340 (1983).

A. Yildiz and P. H. Cox, “Vacuum behavior in quantum chromodynamics,” Phys. Rev. D
21, 1095 (1980).

[. A. Batalin, S. G. Matinyan and G. K. Savvidi, “Vacuum polarization by a source-free
gauge field,” Sov. J. Nucl. Phys. 26, 214 (1977).

M. Gyulassy and A. Iwazaki, “Quark and Gluon Pair Production in SU(N) Covariant
Constant Fields,” Phys. Lett. B 165, 157 (1985).

A. Bialas, W. Czyz, A. Dyrek and W. Florkowski, “Oscillations of quark-gluon plasma
generated in strong color fields,” Nucl. Phys. B 296, 611 (1988).

Ulrich Heinz, “Kinetic Theory for Plasmas with Non-Abelian Interactions,”
Phys. Rev. Lett. 51, 351 (1983).

H.-Th. Elze, M. Gyulassy and D. Vasak, “Transport equations for the QCD quark Wigner
operator,” Nucl. Phys. B 276, 706 (1986).



References 203

[90] H.-Th. Elze, M. Gyulassy and D. Vasak, “Transport equations for the QCD gluon Wigner
operator,” Phys. Lett. B 177, 402 (1986).

[91] Naoto Tanji, “Quark pair creation in color electric fields and effects of magnetic fields,”
Ann. Phys. 325, 2018 (2010).

[92] J. C. Collins and M. J. Perry, “Superdense Matter: Neutrons or Asymptotically Free
Quarks?,” Phys. Rev. Lett. 34, 1353 (1975).

[93] N. Cabibbo and G. Parisi, “FEzponential Hadronic Spectrum and Quark Liberation,”
Phys. Lett. B 59, 67 (1975).

[94] E. V. Shuryak, “Quark-gluon plasma and hadronic production of leptons, photons and
pions,” Phys. Lett. B 78, 150 (1978).

[95] Y. Aoki et al., “The QCD transition temperature: results with physical masses in the
continuum limit I1.,” JHEP 06, 088 (2009).

[96] A. Bazavov et al., “Chiral and deconfinement aspects of the QCD transition,” Phys. Rev. D
85, 054503 (2012).

[97] G. Lemaitre, “Un univers homogene de masse constante et de rayon croissant rendant

compte de la vitesse radiale des nebuleuses extragalactiques,” G. Ann. Soc. Sci. Bruxelles
A47, 41 (1927).

98] R. A. Alpher, H. Bethe, and G. Gamow, “The Origin of Chemical Elements,” Phys. Rev.
73, 803 (1948).

[99] L. McLerran and R. Venugopalan, “Computing quark and gluon distribution functions for
very large nuclei,” Phys. Rev. D 49, 2233 (1994).

[100] L. McLerran and R. Venugopalan, “Gluon distribution functions for very large nuclei at
small transverse momentum,” Phys. Rev. D 49, 3352 (1994).

[101] L. McLerran and R. Venugopalan, “Green’s function in the color field of a large nucleus,”
Phys. Rev. D 50, 2225 (1994).

[102] Y. V. Kovchegov, “Non-Abelian Weizsicker-Williams field and a two-dimensional effec-
tive color charge density for a very large nucleus,” Phys. Rev. D 54, 5463 (1996).

[103] F. D. Aaron et al,, (H1 and ZEUS Collaboration) “Combined Measurament and QCD
Analysis of the inclusive e*p Scattering Cross Sections at HERA,” JHEP 01, 109 (2010).

[104] K. Golec-Biernat and M. Wiisthoff, “Saturation effects in deep inelastic scattering at low
Q? and its implications on diffraction,” Phys. Rev. D 59, 014017 (1999).



204 References

[105] K. Golec-Biernat and M. Wiisthoff, “Saturation in diffractive deep inelastic scattering,”
Phys. Rev. D 60, 114023 (1999).

[106] T. Lappi, “Wilson line correlator in the MV model: Relating the glasma to deep inelastic
scattering,” Eur. Phys. J. C 55, 285 (2008).

[107] A. M. Stasto, K. Golec-Biernat, and J. Kwieciniski, “Geometric Scaling for the Total v*p
Cross Section in the Low x Region,” Phys. Rev. Lett. 86, 596 (2001).

[108] A. Freund, K. Rummukainen, H. Weigert, and A. Schafer, “Geometric Scaling in Inclusive
eA Reactions and Nonlinear Perturbative QCD,” Phys. Rev. Lett. 90, 222002 (2003).

[109] C. Marquet and L. Schoeffel, “Geometric scaling in diffractive deep inelastic scattering,”
Phys. Lett. B 639, 471 (2006).

[110] J. D. Bjorken, “Highly relativistic nucleus-nucleus collisions: The central rapidity region,”
Phys. Rev. D 27, 140 (1983).

[111] D. J. Gross and F. Wilczek, “Ultraviolet behavior of non-abeilan gauge theories,”
Phys. Rev. Lett. 30, 1343 (1973).

[112] H. D. Politzer, “Reliable perturbative results for strong interactions,” Phys. Rev. Lett. 30,
1346 (1973).

[113] B. Alver et al., (PHOBOS Collaboration), “Charged-particle multiplicity and pseudora-
pidity distributions measured with the PHOBOS detector in Au+Au, Cu+Cu, d+Au, and
p+p collisions at ultrarelativistic energies,” Phys. Rev. C 83, 024913 (2011).

[114] E. Abbas et al, (ALICE Collaboration), “Centrality dependence of the pseudorapid-
ity density distribution for charged particles in Pb-Pb collisions at /sy = 2.76 TeV,”
Phys. Lett. B 726, 610 (2013).

[115] Hannah Petersen, Jan Steinheimer, Gerhard Burau, Marcus Bleicher, and Horst Stocker,

“Fully integrated transport approach to heavy ion reactions with an intermediate hydrody-
namic stage,” Phys. Rev. C 78, 044901 (2008).

[116] Y. Nara, N. Otuka, A. Ohnishi, K. Niita, and S. Chiba, “Study of relativistic nuclear colli-
sions at AGS energies from p+ Be to Au+ Au with hadronic cascade model,” Phys. Rev. C
61, 024901 (2000).

[117] T. Matsui, “Dynamical evolution of the quark-gluon plasma and phenomenology,”
Nucl. Phys. A 461, 27¢ (1987).

[118] Aleksi Kurkela, “Initial state of Heavy-Ion Collisions: Isotropization and thermalization,”
Nucl. Phys. A 956, 136 (2016).



References 205

[119] A. Kovner, L. McLerran, and H. Weigert, “Gluon Production at High Transverse Momen-
tum in the McLerran-Venugopalan Model of Nuclear Structure Functions,” Phys. Rev. D
52, 3809 (1995).

[120] A. Kovner, L. McLerran, and H. Weigert, “Gluon Production from Non-Abelian
Weizsdcker- Williams Fields in Nucleus-Nucleus Collisions,” Phys. Rev. D 52, 6231 (1995).

[121] T. Lappi and L. McLerran, “Some Features of the Glasma,” Nucl. Phys. A 772, 200
(2006).

[122] P. Romatschke and R. Venugopalan, “Collective non-Abelian instabilities in a melting
Color Glass Condensate,” Phys. Rev. Lett. 96, 062302 (2006).

[123] P. Romatschke and R. Venugopalan, “The Unstable Glasma,” Phys. Rev. D 74, 045011
(2006).

[124] Thomas Epelbaum, and Francois Gelis, “Pressure isotropization in high energy heavy ion
collisions,” Phys. Rev. Lett. 111, 232301 (2013).

[125] Juergen Berges, Kirill Boguslavski, Soeren Schlichting, and Raju Venugopalan, “Universal
attractor in a highly occupied non-Abelian plasma,” Phys. Rev. D 89, 114007 (2014).

[126] J.Berges, K.Boguslavski, S.Schlichting, R.Venugopalan, “Turbulent thermalization pro-
cess in heavy-ion collisions at ultrarelativistic energies,” Phys. Rev. D 89, 074011 (2014).

[127] Thomas Epelbaum, Francois Gelis, Sangyong Jeon, Guy Moore, and Bin Wu, “Kinetic
theory of a longitudinally expanding system of scalar particles,” JHEP 09, 117 (2015).

[128] Peter Arnold, Guy D. Moore, and Laurence G. Yaffe, “Effective Kinetic Theory for High
Temperature Gauge Theories,” JHEP 0301, 030 (2003).

[129] Aleksi Kurkela, and Yan Zhu, “Isotropization and hydrodynamization in weakly coupled
heavy-ion collisions,” Phys. Rev. Lett. 115, 182301 (2015).

[130] Wojciech Florkowski, and Radoslaw Ryblewski, “Highly-anisotropic and strongly-
dissipative  hydrodynamics for early stages of relativistic heavy-ion collisions,”
Phys. RevC. 83, 034907 (2011).

[131] Mauricio Martinez, and Michael Strickland, “Dissipative Dynamics of Highly Anisotropic
Systems,” Nucl. Phys. A 848, 183 (2010).

[132] Juergen Berges, Szabolcs Borsanyi, Urko Reinosa, and Julien Serreau, “Nonperturbative
renormalization for 2PI effective action techniques,” Ann. Phys. 320, 344 (2005).



206 References

[133] P. M. Chesler, and L. G. Yaffe, “Horizon formation and far-from-equilibrium isotropiza-
tion in supersymmetric Yang-Mills plasma,” Phys. Rev. Lett. 102, 211601 (2009).

[134] P. M. Chesler, and L. G. Yaffe, “Holography and colliding gravitational shock waves in
asymptotically AdSs spacetime,” Phys. Rev. Lett. 106, 021601 (2011).

[135] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, “The effects of topological charge
change in heavy ion collisions: “Fvent by event P and CP wviolation”,” Nucl. Phys. A 803,
227 (2008).

[136] F. Gelis, K. Kajantie, and T. Lappi, “Chemical Thermalization in Relativistic Heavy Ion
Collisions,” Phys. Rev. Lett. 96, 032304 (2006).

[137] Hidetoshi Taya, “Quark and Gluon Production from a Boost-invariantly Expanding Color
Electric Field,” arXiv:1609.06189.

[138] R. Baier, A. H. Mueller, D. Schiff, and D. T. Son, “Bottom-up thermalization in heavy
ion collisions,” Phys. Lett.B 502, 51 (2001).

[139] Jean-Paul Blaizot, Francois Gelis, Jinfeng Liao, Larry McLerran, and Raju Venu-
gopalan, “Bose-FEinstein Condensation and Thermalization of the Quark Gluon Plasma,”

Nucl. Phys. A 873, 68 (2011).

[140] H. Fujii and K. Itakura, “Ezpanding color flux tubes and instabilities,” Nucl. Phys. A
809, 88 (2008).

[141] Hidekazu Tsukiji, Hideaki Iida, Teiji Kunihiro, Akira Ohnishi, and Toru T. Takahashi,
“Entropy production from chaoticity in Yang-Mills field theory with use of the Husimi
function,” Phys. Rev. D 94, 091502(R) (2016).

[142] F. Sauter, “Zum “Kleinschen Paradozon”” Z. Phys. 73, 547 (1932).

[143] Emmy Noether, “Invariante Variationsprobleme,” Nachr. d. Kénig. Gesellsch. d. Wiss. zu
Gottingen, Math-phys. Klasse, 235 (1918).

[144] F. J. Belinfante, “On the current and the density of the electric charge, the energy, the

linear momentum and the angular momentum of arbitrary fields,” Physica 7, 449 (1940).

[145] L. Rosenfeld, “Sur le tenseur d’impulsion-énergie,” Mem. Acad. Roy. Belg. Sci. 18, 1
(1940).

[146] Kenji Fukushima and Francois Gelis, “The evolving Glasma,” Nucl. Phys. A 874, 108
(2012).



References 207

[147] Francois  Gelis, and  Naoto  Tanji, “Schwinger — mechanism  revisited,”
Prog. Part. Nucl. Phys. 87, 1 (2016).

[148] K. Fukushima, F. Gelis, and T. Lappi, “Multiparticle correlations in the Schwinger mech-
anism,” Nucl. Phys. A 831, 184 (2009).

[149] V. V. Skokov and P. Levai, “Transverse and longitudinal momentum spectra of fermions

produced in strong SU(2) fields,” Phys. Rev. D 78, 054004 (2008).

[150] P. Levai and V. Skokov, “Nonperturbative enhancement of heavy quark-pair production in
a strong SU(2) color field,” Phys. Rev. D 82, 074014 (2010).

[151] Salman Habib, Yuval Kluger, Emil Mottola, and Juan Pablo Paz, “Dissipation and De-
coherence in Mean Field Theory,” Phys. Rev. Lett. 76, 4660 (1996).

[152] Lewi Tonks and Irving Langmuir, “Oscillations in Ionized Gases,” Phys. Rev. 33, 195
(1929).

[153] T. Kugo and S. Uehara, “General procedure of gauge fizing based on BRS invariance
principle,” Nucl. Phys. B 197, 378 (1982).

[154] C. Becchi, A. Rouet and R. Stora, “Renormalization of gauge theories,” Ann. Phys. 98,
287 (1976).

[155] N. Nakanishi, “Covariant Quantization of the Electromagnetic Field in the Landau
Gauge,” Prog. Theor. Phys. 35, 1111 (1966).

[156] B. Lautrup, “Canonical Quantum  Electrodynamics in  Covariant  Gauges,”
Kong. Dan. Vid. Sel. Mat. Fys. Med. 35, 11 (1967).

[157] G. C. Nayak and P. van Nieuwenhuizen, “Soft-gluon production due to a gluon loop in a
constant chromoelectric background field” Phys. Rev. D 71, 125001 (2005)

[158] G. C. Nayak, “Non-Perturbative Quark-Antiquark Production From a Constant Chromo-
FElectric Field via the Schwinger Mechanism,” Phys. Rev. D 72, 125010 (2005)

[159] Naoto Tanji, “Pair creation in boost-invariantly expanding electric fields and two-particle
correlations,” Phys. Rev. D 83, 045011 (2011).

[160] N. D. Birrell and P. C. W. Davies, “Quantum Fields in Curved Space”, Cambridge Uni-
versity Press (1982).

[161] C. M. Sommerfeld, “Quantization on Spacetime Hyperboloids,” Ann. Phys. 84, 285 (1974).

[162] The Wofram Function Site: functions.wolfram.com



208 References

[163] F. Cooper, J. M. Eisenberg, Y. Kluger, E. Mottola and B. Svetitsky, “Particle production
in the central rapidity region,” Phys. Rev. D 48, 190 (1993).

[164] B. Mihaila, F. Cooper, and J.-F. Dawson, “Backreaction and particle production in (3+1)-
dimensional QED,” Phys. Rev.D 80, 014010 (2009).

[165] M. Kodama, “Algorithm 912: a module for calculating cylindrical functions of complex
order and complex argument,” ACM Trans. Math. Software 37, 47 (2011).

[166] R.J. Crewther, “Nonperturbative Evaluation of the Anomalies in Low-Energy Theorems,”
Phys. Rev. Lett. 28, 1421 (1972).

[167] M. S. Chanowitz and J. Ellis, “Canonical anomalies and broken scale invariance,”
Phys. Lett. B 40, 397 (1972).

[168] M. S. Chanowitz and J. Ellis, “Canonical Trace Anomalies,” Phys. Rev. D 7, 2490 (1973).
[169] K. Fukushima, “Ewvolution to the Quark-Gluon Plasma,” arXiv:1603.02340

[170] J.-P. Blaizot, B. Wu, and L. Yan, “Quark production, Bose-Einstein condensates and
thermalization of the quark-gluon plasma,” Nucl. Phys. A 930, 139 (2014)

[171] J.-P. Blaizot, J. Liao, and Y. Mehtar-Tani, “The subtle interplay of elastic and inelastic

collisions in the thermalization of the quark-gluon plasma,” arXiv:1601.00308

[172] J.-P. Blaizot, F. Gelis, J. Liao, L. McLerran, and R. Venugopalan, “Bose-Finstein Con-
densation and Thermalization of the Quark Gluon Plasma,” Nucl. Phys. A 873, 68 (2012)

[173] J.-P. Blaizot, J. Liao, and L. McLerran, “Gluon Transport Equation in the Small Angle
Approzimation and the Onset of Bose-Finstein Condensation,” Nucl. Phys. A 920, 58
(2013)

[174] Y. Hidaka, T. Iritani, and H. Suganuma, “Fast Vacuum Decay into Quark Pairs in Strong
Color FElectric and Magnetic Fields,” AIP Conf. Proc. 1388, 516 (2011)

[175] Y. Hidaka, T. Iritani, and H. Suganuma, “Fast vacuum decay into particle pairs in strong
electric and magnetic fields,” arXiv:1102.0050

[176] N. Tanji, “FElectromagnetic currents induced by color fields,” Phys. Rev. D 92, 125012
(2015)

[177] A. Bialas and J. P. Blaizot, “Pre-equilibrium emission of lepton pairs from oscillating
quark-antiquark plasma,” Phys. Rev. D 32, 2954 (1985)

[178] M. Asakawa and T. Matsui, “Dilepton production from a nonequilibrium quark-gluon

plasma in ultrarelativistic nucleus-nucleus collisions,” Phys. Rev. D 43, 2871 (1991)



References 209

[179] Y. Hirono, M. Hongo, and T. Hirano, “FEstimation of electric conductivity of the quark
gluon plasma via asymmetric heavy-ion collisions,” Phys. Rev. C 90, 021903 (2014)

[180] V. Voronyuk, V. D. Toneev, S. A. Voloshin, and W. Cassing, “Charge-dependent directed
flow in asymmetric nuclear collisions,” Phys. Rev. C 90, 064903 (2014)

[181] T. Niida for the STAR Collaboration, “Charge-dependent anisotropic flow in Cu+Au
collisions,” arXiv:1601.01017

[182] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, “The effects of topological charge

change in heavy ion collisions: “Event by event P and CP wiolation”” Nucl. Phys. A 803,
227 (2008)

[183] K. Fukushima, D. E. Kharzeev, and H. J. Warringa, “Real-time dynamics of the Chiral
Magnetic Effect,” Phys. Rev. Lett. 104, 212001 (2010)

[184] K. Fukushima, “What flows in the chiral magnetic effect? — Simulating the particle
production with CP-breaking backgrounds,” Phys. Rev. D 92, 054009 (2015).



