


ACTION S OF LOOP GROUPS 

ON H -S URFA CES 

.-'\' ! ~~S ill F l .11 0 1\.1 

Gr<Hluilt<' Sciwol of ~ l arll<'l!Hltiral Sci<'li<'<'s 
l'ni,·<·rsitY of Tok,·o 

:\ BSTB.i\CT. In this pap('l' \\'('shall d('finc certain loop grottps which act 

011 -..itnpl_v conrwctcd // -surfaces~ in space forrns prC'scn·ing confonnalit ~. 

and ohtain a nit('riort for th<•se grot!p ~H·tions to lw eqtli\·ariant. 

ln ti·ocl uct io n 
In l'f'("('IH ~Tars. tlH'r<' has h<·<·n mttch progr<'ss in tlw tlwory of har~ 

IIl<nli<' nwps fro111 Tiif'tlH\1111 snrf<H'<'s into Li(' p;ronps or -\\'Jlllll<'tric sp<H"f's . 

For <'X<llllpi<· . th<· disco\Tr~· of <1('tions of loop gronps on li<lnllonic JII<1ps 

bas pla,·<·d an illlportant role [DG ]. [DP] . [G O ]. [q. As a sp<'c inl cas<' of 
the results iu [DP]. it is shown that a C<'rtain loop ,.;roup of 50(-l) acts 
on hannonic n1aps front a sirnpl~· councctPd 11i<'llHll lll surfa('(· into the 
staudard 3-splter<' 5'J. 

Ll'l 9J13 (c) dC'nOI<' th<' silllp],· <Ollll<'ct<'d 3-diHI('IlSioHal sp<K<' form of 

cun·atun· c a11d .11 a Tii<'mann smfacC'. Sillc<' harmonic maps from ~\1 to 
5'1 

Hr< ' H -surfac<'s iu 9Jt'l(c) f(,r H = 0. c = 1. it is natural to collj<'cturr 
judg;i11g: fr<Hll thC' results in [DP] ahon' rncntiorwd . that <l c<·rtclill loop 
group of the isouH'tr~· p;roup of 9Jr~(c) nets on sinrpl~· conrwctcd H­
surfac<'s in 9J(1(c) nmurall,·. ]H'<'s<'rYing coHf(mnalit,·. ln this pap<'r. "''' 
shall sho\\' that this conj<'cture is trtl<'. 

Ou the otlwr hand. in th<· pr<',·ious pap<'r [F] . the nul hor ohtai11ed a 

critf'rion for the <'Xis!Pnc<' of a 11atmal hi.i<·cti"'' conespmHkncr· h<'tiY<'<'n 
simph· conHcctC'd !I-sn rfac<'s in 9Jt'l(c) a11d simp])· coHucct<'d H' -su rfaccs 
in 9J1'1(c') . In th is paper. \\'<'shall also obtain a crit<'rion for the aho1·c 

Thi:-o r<.'S('ill'(·h \\·as partial!,\ :-.uppOt'lf'd hy He->earch 1-'C'tlo\\'-.,hip-.. of 1 hC' .Japan SociC' t ~· 

for IIH' P romolion of Scienn· for Young Scienti ... t-... 

1 DD I ).];n hPrnatics SubjC'ct ( 'las:--.iflcation. PrinJ;u·y .):L\ I 0 Secondary ->~...;E:lO 

'Iter<' <~!l l/ -:-;t lr fa cC' ltlf'atll~ n nwp whi<:l1 :-ontisfi<•s /1 -:-.urface C'quation:-;. li enee 

1/ -:-.u rface-., i11 tiH' classical s <'IH'<' arC' confornwl 1/ -su rra('C':-.. 



hijcctin' <'Ort'<'SIH>IHl('JI<'<' to lH• cqui,·arimlt with n'SJH'Ct to tlw loop !l,l'<>llp 

<~ctions. 

A ck no w led ge m e nt. 
The illlliw r "·ould like w rlin11k Pwh'.s.sor Tnk11.siJim ()cl,ini lr1r l1is 

!lscfid s11p;gc .... tions and cOJl."fi!llt cnCO!Inlgt'IJWllt. iliHi nl.'-'O to Dr. S;1kn~ 

gan·r1 ;uul .\!1'. Higaki f(n ,-nhu!hlc di.-.;nv·<'-'ion ..... 

ij l H -s urf<:>ces 
In the f(>llowing. w<' shall describe 9.11"1(c) iiS a RienJ<tllnian snnmNric 

spa ce. Forc E IR . """ S<'l L(c) and sign( c) as f(>llows. 

<-II H. I 

L(c) = { 
1 

1 

vTcT 

sign(c) = \ :, 

if c = 0. 

if ( i- 0 

if c > 0. 

if c = 0 

if c < 0. 

G,. = 50(3) 1>< IR ' = { (~ ~) E G"l(-! . IR) : T E 50(3) . . s E IR''}, 

c;, = 5 0 (-!) 

for c > 0. and 

G, = so+(3. 1) 

= { _\ = (r, 1 ) E Gl(-! . IR) :1 X JX = .!. det X = 1. .1 11 > 0} 

for c < 0. whcrf' .] = diag(l . 1, 1. -1 ). 
Set 

X c = { (~ n E GL (-!.IR ) T E 50(:3 )}. 

An im·olutiYc <Jutomorphislll of G, is defin('d b~-

"·hen• S E G, .. Then!\,. is the fixed point set of rT, . So (G , . J,·, . rT,) is a 
~~-llllllCtrir pair and its corresponding C' <lrtml d<'nnnpositiOJI g ,. = tr lllc 

is p; i\Tll 1>.\. 



!J ' = L'(c )(l!.h' ). (( 0 I) ( 0 /(,)')) 
·' - sign(c) 1/; () · -sigu(c)'l/ 

wh<'r<' u. 1/ E IR" . 
L<'t .\I I)(' a sintpl~· contwrt<'d Tiictuaun surff.lr<' <llid ;; (; ,. ---------1 

9J1"(c) = G,jX , the· nntnnd proj<'ctiou. For HIJ\. map f · .1/ :/J1 1(c ). 
1 her<' al\\·a)·s exists a map F .11 ---i- G ,. such that "o F = /'. Such 
a lli<l]l F is called <1 f'ramiug of' f. Theu we· h;11·e <1 dc•c·ouipositioii 
F - 1 dF - : n = nr, + n,, . Siun· .U is <1 Tiiemann surface. \\'e hav<' 

<l t~·JH' d<'cornposition n 111 , = n' m,. + n'' m,. . wh<'r<' n' 111 is <lll m;- \·;duC'd 
( L 0 )- f'orin IYith e·omplex conjugate o""' \\'!' ckuote the· <kcomposii iou 

n = nt· +n' mr+ n " 111 _ :-;intplyasn=nt+n'm+n"m Tt\\C'\\llt<' 0 111 <1S 

Om = ( () 

-sign( c)'/; 
{,) 
() 

o, xo,=( . (0)'(1 l) -:->tgu c J x ) 
b X b) 

() . 

wh<'re X is the exterior product on IR"- Th!'n \\'('set 

L 
"I= 2d" (AdF * (n, x n, )) . 

wh<'n' *is thf' Hodg;<' star opcr<ltor on JI. It is c;_1s~· to S('C' th<tt IIJ IS 

iiid<'[l<'ndcnt of the choice of' F . 
\\'c IHm· fix p0 E .\1 and set o = {11·, } . For H.c E IR. ".,,set 

Cu.c = {f E H 11. 1 : f is weak]_,. conf'onnal}. 



TlH'l1 Cu.c is th<' sN of i><J»ed hranrhed confon!liil imlll<T»ion wi1h ron 
~taut ntc<-HI curnltnre= Ii. 

fj 2 D e fini t io n o f lo op g r o u ps 
\\'e fix() < c: < 1 ;uHl pmri1innlhe Ili<'Jllilllll sphnc IP' 1 -Cu {"'-} 

as f<>llow:,. Let C, ;md C1;, denote the circl<•s of riidius : and 1/c ilhol!l 
0 E 1[ and define O]><'ll sets h)· 

""'"put I l'l = I, u I, 1, and Cl I = C, u C, 1, so that IP' ' = It ·J u 
Cld U £1 ' 1. For a map~ : Cid --7 g,: . define A~: Cl <l __, ~o ( 3 ): ;u1d 

be. : C1d --* C' h,· 

''~(,\)) 
() . 

p' ) (I'' ) -p 1 for p = p1 E IC'. 
0 p' 

First we define a loop group .\ ' G, h)· 

where c·onjugation is riH· Cnrtnn inn)lution of c;; fixing Gc. The'!! tit<· 
Lie algf'hrn .Vgr of tlH' Lie group .\ ' Gc is defi11ed h-'· 

\, {, c·--- (c·t •l ~- ) -;-( \) c( 11-\l 1- . \ c· t- 1} . (I (· = '- E . £\ r : ...., " = '- , ot " E . 

(For tlw definition of the manif(Jld structun' . w<' rekr ro [:- !]. [0:-n:q. 
[PS]) 

Then the f(Jllowing loop alg<'hras are import ani for us to define loop 

~roups. 

For c = O,p E HlR \ {0} . \\'('set 

.\ '· 1' g, = f. E .\ ' g, : ,\ - = fil(bd for .\ E C . { 
riAc. . .1•1} 
r/ ,\ 



F'or c = 0. I' = 0. """ s<' t 

For c ~ 0. I' E A IR. we set 

{ 
h{ (p + 1)" +( p - 1) "} 

o, = t{ (p -AJ"+(p +Al"} 

{ 

~{ ( p + 1 ) " -( l' - 1 )" } 

i, = ~{(p - - l )" -(r, +Al" } 

for 11 E Z . Hnc m• put 0° = 1. Tit< 'tt we oct 

if r > 0. 

if c < 0. 

if ( > 0. 

if c <. 0 

1r j:-; < ' a ~ .'" to :-; ('(' th<H .\ ·1'g,. i:-; a Li (' :-; ub<:dgebra of .\ ~ g, .. Th<·n ,,.<, 
hiln' the followiHe;: 

Le mm a 2.1. S11ppo.'<' o11c of the fo//o11·illg coHdirioiJ.' arc ·'"ri., fied: 
( i } r = 0 (ii ) c > 0. (1 - r/ ).: 2 < 1 (iii ) r < 0. (1 + IPil.o < 1. 
Then 11·e han' a Lie s uhgn>llfl .\ '" 1'G , C .\' G, s11 ch rlurt irs Lie ;rlgchnt 

is .\ ~· f' tl c · 

proof. 

Cast' 1: r = 0. p = 0. 
Forg E .\'G, . sC't Tq E C' "' (C'<l. S0(3): ) ami'" E C ...._ (ct•lt[1

) 

( \) = (T"(.\ ) 
.'j ' () 

Cnsc II: c = 0. p E AIR\ {0}. 
I)_,. dir('rt con1pntatio11. it is eel s_,. to S<'<' rbar 



C'""" Ill: c > 0. p = 0 
Jn this rasC'. \\"(' hen·<' 

li<•ttC<' \\"(' h<lH' 

Case 1\ ': c > 0. f! E J=TIR \ {0} . (1 - 1/ )~ ~ < l. 
It i>- wf'll-knmYn rh"r rlw conditi<llt [. E C "" (C1'l. g,:) i, <'qnii·;,Jent 

to 

(2.1 ) L (1 + n1
)

1 
(ln, l' +I i, l' ) ,o ~" l o, [ 1 < :x: 

11 E'~ 

(2.2 ) 0 n ~ ~ < X 

for Hill' I > 0. \\'e s<·t 

(2.3 ) 

for ,\ E C, . :\"ott' that front (2.2 ). t · defines a w<'ll-defincd Lie al!.!;<'hr" 
isOlllOl'phisJU: 

c- . . \ ' ·'' g,.--+ .\ 'Ji=;'.og,. 

Tlt<'ll In· [0:-IYE. T llf·on'll t 3.2]. \\'(' lt<tn•" lt<llllOlllorphisnt: 

such thar d.; = t ,-l . wllC'l'(' w<' d('not(' rlw uniYersal con·rin~ group of <l 

Lie gmnp G ''"G. S<'t .\ ' ·1'(; ,. = !111.,: . T!tcn .\ ' ·1'G,. i>- riH' desired Lie 
subgroup of _\ eG' , .. 

Ca>-<' \': r· < 0. ( 1 + lt, lk < l. 
Since l0" I'+ I i, [' = } { (1 + IPI)1

" + ( 1 - lr>lf" }. 1: E C'"- ( C 1d g ~· ) 
is <'qttiYaknt to 

(2.-l) L (1 + ,,")' {(1 ± ll' lk}'" lo, 12 < sc 
nE:: 



for an,- I > 0. If W<' d<'fill<' t'(()(,\) h,· (:2 .:3). fmm (:2.1). ,. c\,•fitt<'' a 
W<'ll-d<'fitll'd Li<' algchr<t isotnorphislll: 

if li'l i- 1. 

if li'l 1. 

\\-e idcntif\- ],-, with 50(3) ;u11l fix ill! [w;~ sa\\·a d<"cotnpositiott of 
50(3)·: 50(:3): = 50(3)1J. where Di s it 13orel stthgmttp of 50(:3): 
\\ "<' d<'fi l H' ;-;uhgroups of. \ ·P(;1. f\S f(lliow:--. 

_ \ ~·''G,. = {.'J E _\ '·1'G, :_q <'Xtcnds !tolomorplticall,- ro tf: J l<l--+ c;} _ 
I t is <'a"· to srr thar .fJ E _ \ ~·''G, s;ttisfi<'s q (O) E X ,: . \\ '" defitl<' <t 

subgroup of' .\ f'')G'r· h:· 

Th<'ll \\"C ' obt<lill th(' f<>llowing h Y<lstn\·a t,\"JW clf'CO!llposition for .\ ~· 1) G' r · 

Le mrn a 2 .2 . Sup]"'-"' Oil<' of t!H· f(>llo\\-illg co11dirions nt·<· ·'' 'li.sfierl: 
( i) ,. = 0 ( ii ) c > 0. (1- p 2 )c1 < 1 ( iii ) ( < 0. (1 + IPik < l 
TlJCil it JJJil]l dcfinetl IH· 11111lriplicMion 

is bijccrin·. 

p·,·oof-

Ca><' I: r· = 0. I' = 0 or r· > 0 . I' = 0. 
This is n special ca><' of rlll' result du<' ro :llclnroslt [:1 1. Pmposition 

G2] 
Cns<· 11: , = 0. p E J=liR. \ {0} . 
Similar to tlt<' ci\S<' I. f(n· tJ E .\ '· 1' G , .. sinn• T ,1 'i1lisfi< '>' Typ ) 

T,,( l j,\) f(n- ,\ E et c) tlter<' exist T1 .T1 E C'"-(Ct -) 50(3) :) such 

tll1H ( i) Ty = T 1T1 . (i i ) T;( ,\) = T, ( l /'X) l<n ,\ E C( ') i = 1.2. (iii) 

Tt extends lmlnmorpltirall,· to Tt £l d _, 50(3): _ (i,- ) T1 r·xtf•nds 

holomorpltirall,- to T1 J ld ---t 50(3): . (Y) T1(0) E 1J. \\'c define 

-'t--'1 E C -... (CtdCt) b,· 

dT, 
,\ - = pt(., ,)T, 

d,\ 
i = l. 2. 



!3.'· d<'fillition. ".,, h;;n• (i ) .,,(,\) = .,,(Jj,\) f(>r \ E C 1 1. 1 1.2. (ii) 'I 

l'X1<'!l(\:-; !Jo}OlliOrphicnlJ~· 10 ·"l £( l t C1. (iii ) ·"..! t'Xt<'nd:--. !Jo\o!l\01' 

phir;;ll)· to., ., : J l<l---; C' . (i,·j ., 2(0)- 0. 011 C 1 I \\T hm·c 

Direct cotnput;ltion shows that 

ii<'llCC' we h<1YC' the dc•sirc·d ckrotnposition. 
C>se III: r > 0. p E J=TIR. \ {0}. (1 -t'') •1 < l. 
Csiup; th(' dC'COnlposi tiou of_ \ · ~-0G 1 nnd tbe con·riug Ill<lJl 

\H' han· the followinr; <kcotnpositioll: 

~ ~ 

V·~'G', = .\ ~fG, .\i:';3 G , 

SiucC' an~- g E .\~~';3 Gr is hontolopir ton <·onst<lllt loop h~- d<~fi nitiou of 

.\ 1 ~';3 (; 1 . • • \~-- 1;1 G' is sin1pl:· c·onw·n<~d. liC'ncc· W(' han"' th<' dC'sircd d<'<'Olll ­

posit ion. 

Case I\": r < 0. (1 + IPI)• < l. 
Sill1il<1r to the c;;se [ ] I. we• hm·c· tlH' desired deCOlllposition. 0 

fi :3 E x t. e nd ed fra mings 
Let f E Hu.r i\lld F he a fnnuing of f. Then d irect cmnput;;tion 

shows that }trllce\cl/" = Hnf is equi,·alent to 

Tnkine; the' 111 r- and fr- pans of the ~ Im.trf'r-Cartan <'qttations for n. \\'(' 

!Jil\'(' 

(3.2) (dn;, + [n r 1\ n;,]) + (dn;;, + [nr 1\ n;;,]) = 0 

;;nd 

(3 .3) 



Eqlliltiotts (3.1 ) awl (:3.:2 ) """ <'<pti\'akllt ro 

IJ Wt' wr it(' n;n ;1:-; 

l!I L (< )n:, 

() 

s ign (1' )1 1/ 

1 ( I (// ) 1(n,) = O 

li) 
() 

0) () . 

II 
()Ill' 

\\·,, ddinc !(n:;, ) E no 1 (.11 .€ ,~) similnri)·. For ,\ E C \ {0}. d<'fin<'" 

~ ~- ,·nlued 1-fonn ll\· 

It is I'OlllJlllled 111 [F) tltilt ll 'ill isfi<'s <'qn;,tiotts (:3.3 ) and (3.-! ) if and 
onl)· if 

1 
rloy, + 2 [ n _~ II ll_x ) = 0 

lin· all \ E C \ {0} . Tlt<'n fmm rite st;111dnrd fact. th<'r<' exists a t11<IJ' 

F1 .\1 --7 G~ . uaique 11p to kfr trausbition h)· a constant l'ienll'lll of 

G;-~ . satisf:·ing F,\ 1 dF>.. = n.\. Furtlwnuorc. \\T s<'t 

n ' ~;"G, 
O<.< l 

These ohser\'<Hions l<·<>d \IS to I lw fi>lloll'inp; dcfiaition. 

D e finition 3.]. A JJJilJ> F;, JJ --7 . \ [;01G, is an r'xtcuclecl ii'illuiu" if 
,\F;:'DF_x i.' holommphic at ,\ = 0. n·hcre F.\'DF_~ is 111(' ( 1.0 ) 1""'1 of 
Fy,- 1dF.1 . 

Tlwu it is (';u;:· ro S('<' that f E ·Hu .r· adn1its an ('Xt< '!Jd(•d fr<llning 

F.1 .\1 --7 .\ 1~/1/,(<·l c; ,. sllch thnt F 1 is a framinp; of f. Cotl\·ns<'l_, .. 

if F,1 : JJ --, .\ 1~/ll( • lc; , is nn extended framiap; ll'itlt F,l(po ) f ],·, . 

I !ten r. o F, E H11. 1 • \\'e set E11 .• = 



whirl! lll<tps f E Hu. r to {F.d E Eu ,.f A.· , . \\·hen ' A.· , net s h)· point wic<' 

tn11ltiplirntion on the right. 

!j4 Act io n o f .\ ~ ·''G ,. o n exLe nclecl fr a min gs 
Fm <111\. q E .\ ' ·1'G, s11rh thnt ( i )c = 0. or ( ii)c > 0. (1- p 2 }t1 <- 1 or 

( iii)c < 0. (1 +Ifill-"< 1. \\'(' h;n·<' a 11niquc fanmi z<ttion h,· L< ' llllll<t 2.2 

.'1 = fJf·.' .'/1· 

\\"IH'r<' .rn: E .\~/)Gr . .'}! E . \ ~:';JG' r · Tlwll \\'(' dcfiu(' all a('tioll of .\ 1'
11

(,' 1. 

Oil . \ ~/)(; 1 h.\' 

"·hnc .<1 E .\ ~·"G, . h E .\ ~/G, .. 
Propos it io n 4 .1. Let f! = J=l flL (c ). q E .\ ~ ·''G , iiJl(/ h .11 

.\r:"1G, i>e ncc ''xtclJ(/ed li-<~min~. Deline y# F.,: JJ ___, .\r:"1G, 1,_,. 

lc>r ,, E JJ Then 
( i) .rt# F>.. i.-.· al."o an cxrcnd('c/ fi-rllllin,e;. 
(ii ) If F.1 is INLW'd ( I hilt is. F;. E Eu, ) chen so is g#F., . 
(iii) lfk E A.·,. t!Jcn 

11·irh J:. E A.·, . 

Thu.'-1 .\~' 1) (; (' acrs Oil 'Hn. ( = rfl .(·l"' (' • 

Furrhcnuon'. \\"C lwn' 

Le mm a 4 .2 . LN q E . \ ~ -~llf. c ,· tc; ,. iiJl(/ F, E Eu_ , .. Il'r: o F,, i.s "'' '"ld_,. 

co11fimn<ll. ·"' is ;r o (.q#F;. ). 

7n·ooj. \\'rite 

.CJF.\ = Jllf· 

I 0 



where Jl = y # F;. . q: .\1 ----* . \ ~:~'"· 1 ' 1 G, . The11 

i' 1rlp = .~dq ( F.\ 1 r1 F,, -q 1rlq). 

ll <'IIC<' if \\'1' wril<' n;, <lS (3.0 ). the (1.0) p;;rl of illl' m ,.-pml of I' 11!1' i' 

( 
0 

-sign( c )1 
( (jb' ) 

Qli) 
0 . 

(
Q 

q(O) = 0 n 
wii11 C2 E D. T his rollipkt<'s I he pwof. 0 

Le mma 4 .:3. There r·xi.sr Li!' ~roup i.sonwrp!Ji.s1n.s 

( i ) . \ ~ ''G, ~ .\ ~·0 G, . ifc = 0. 

( .. ! \ '·''G' ~ \'~-0 G' ·1· () ~1 ., 1 11. 1 Tr·= - 1 TJ 1 c> . Ev l -rJ- < . 
(iii) .\ i '1'G, ~ .\ /'+lrrl).oG, ifc < 0. E( 1 + IPI) < l. 

pmof. J3 ,· the pwofofL<'I111n<l 2.1 nnd Lr·mni<l 2.2 . \\'1' hm·r· ( ii ) nncl ( iii ). 
\\·, , haY<' on!)· to show (i). 

('<JS{' I: (J = 0. 
Fm f. E .\ · 0 ~ , . W< ' hmT n Fomier snies of .-1 0: 

.-10(,\ ) = L r(a,.),\" . 
11 E'.-

where a,. E C'- ,\ E C. \\'e sf'l t'(()(,\) h)· (2 .3) . Then t ' defines" 
m·ll-dcfined Lie algr·hra isomorphism: 

t' : .\ ' .o g,----* .\ ' .og , . 

llcnn· \\'1' han• tlw d<'sir<'cl isomorphism. 
C'<ls<' II: p E AIR\ {0} . 
For E. E .\ ·P 0 r· · il i.-.. straight forwnnl to sc<· th;.-1t \H' han• Fourier scri<':-;: 

when· a,. E C". ,\ E C', . \\'e sr•r v(C\(,\) lw 

(
1((1 )+ "' "1(0 )~ 2 " 

·(" )( \ )- o L..,, ,<o T;; '" ' 
I. !, ,. - _ I). , 0:2 ,+!,..\:211+1 

"---'li E :ln+ J 

f(ll· ,\ E C', . Then l' ddincs a wcll-definl'd Lie ;Ilgr•hra isomorphism: 

<.' : .\ ' ·"gc----* .\ ' '0 \1 1· 

Hr·nr<' wr· h;n·<· the desired isomorphism. 0 

On t he other hand . we IHn·<' 

II 



T h eo r e m4.4 [F]. LN H. 1-J'.c.c' E JR. Jf.,ign(fl' tc) 
the11 there exi.,t.-' a IJ(iectin· J!Jill' 

By Lc·nllll<l -1.2. Lc 'IIll!Ul -±.:3 aud Thcon'lll -L-1. we il<t\'(' tlw following: 

T hco r·e m 4.5. Ler !!. H'.c.c' E IR. !tsig11(H 1 +c) >i'-\n(ff" + c') . 
t}l('ll li1cn• ('Xi . ..,·r.r.,· n loop J.!.TO!Ip ~~1/.r (r('.<..:p(·ct in ·l.'· G!!'.r,} actiiJg on H fl., 
(rcspcct in·l1· Hn•_,•) sncl1 rhat 

(i) 9n_, am/ Gn•.,• an· clefiHec! /,_,. 9n.r = .\~_,f=T//Lt,·ic;, .. ~~//'.•' = 

.\/_ ,f=T//'t.(,'l c; ,, f(H·su itaiJlec . c' 11·ith 0 < E.c' < 1. 
( ii ) there exi.st.s il Lie group isomorphism 

(iii) the i>(jecrin· IWI}J l]i : Hn.r -----7 Hll'.r' is 1>-cquinll·ianr. 
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