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MODULAR TRANSFORMATION PROPERTIES OF
CHARACTERS OF THE N =2 SUPERCONFORMAL ALGEBRA

RYO SATO

ABSTRACT. We compute the modular transformation formula of the charac-

ters for certain families of (finitely or uncountably many) simple modules

over the simple N = 2 vertex operator superalgebra of central charge c, ,,
’

3 ( - ZL) , where (p,p’) is a pair of coprime positive integers such that p > 2.

;) =

P
When p’ = 1, the formula coincides with that of the N = 2 unitary minimal

series. In addition, we study the corresponding “modular S-matrix” which is
no longer a matrix if p’ > 2.

1. INTRODUCTION

One of the most remarkable features in representation theory of vertex opera-
tor superalgebras (VOSAs) is the modular invariance property of the characters of
their modules. The property is firstly established by Y. Zhu in [Zhu96] for rational,
C-cofinite vertex operator algebras (VOAs) under some natural conditions. See
[Miy04] and [VE13] for the generalization to irrational cases and to super cases, re-
spectively. We note that all these previous works are based on the Cs-cofiniteness
assumption which is introduced in [Zhu96] and is deeply related to the finite dimen-
sionality of the space of conformal blocks (in the sense of [VE13, Definition 4.2]).
See [Zhu96], [Miy04], and [VE13] for more details.

In the present paper, we construct a “modular invariant” family of simple highest
weight modules over the simple VOSA Le, associated with the N = 2 supercon-
formal algebra of central charge

2/
Cpp =3 <1 — 5) .

Here (p,p’) is a pair of coprime positive integers such that p > 2. We should
note that the VOSA L. , is Ca-cofinite if and only if p’ =1 (see Corollary 2.3).
When the simple N = 2 VOSA L, , is not Cy-cofinite, the dimension of the
space of conformal blocks is not known to be finite. In fact, the space spanned
by the character functions of simple %Zzo—gradable chap,—modules is not finite
dimensional (see Remark 3.6). Therefore, we explain the precise meaning of the
“modular invariance” in our case below.

For each pair (p,p’), the modules in the above family are divided into two classes,
atypical and typical ones. Roughly speaking, an atypical (resp. typical) module ad-
mits a Bernstein-Gel’fand-Gel’fand-type resolution which is composed of spectral
flow twisted generalized Verma modules (resp. spectral flow twisted Verma mod-
ules). The atypical modules are indexed by a certain finite set .7, ,» (see Definition
4.9 for the definition) and the typical ones are indexed by K, ,» xR, where K, , is a
finite set which parameterizes the Belavin-Polyakov-Zamolodchikov (BPZ) minimal

1
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)2
series of central charge 1 — %

by

. Note that the sizes of these finite sets are given

/
|- pp| = % | Kppr| = W

To describle the whole picture of the modular invariance in super cases, we need to
consider the following 4-types of formal characters:

(1) ch®®(M): Neveu-Schwarz twisted character,
(2) ch®'(M): Neveu-Schwarz twisted supercharacter,
(3) ch™®(M): Ramond twisted character,
(4) ch™*(M): Ramond twisted supercharacter.
For A € ., and (p,z) € K,y x R, we denote the character functions of the
corresponding highest weight modules by

A5 (ryu,t) = ch®™ (£y), TS5 (ryu,t) = ch®™ (L),

H,x

Here (7,u,t) € H x C x C is a certain coordinate of the Cartan subalgebra of the
N = 2 superconformal algebra. Then our “modular invariance” in this paper means
the establishment of the following modular S-transformation

e,e’ 1 u u2 aa,(e,e’) A e'\e
A)\ <_T’7t_ 67‘> = Z SX A\ A (T,U,t)

T NEZ,
at,(g,e’) s
+ Z / da” Sy T (710, 1)
H”EK
< 1 u tt,(e,e”) e'e
T (—T’T > > /dx Sty () T (T2 01)
weK,

and the (rather trivial) modular T-transformation. See §3.3 and §4.4 for the details.
At last, we should give some remarks on relationships between our result and
the relevant previous works:

e When p’ = 1, the set K, is empty and the index set .7, 1 bijectively
corresponds to the N = 2 unitary minimal series of central charge

2
Cp71:3<1—).
p
Therefore, the space

spanC{Af\’s/ |e,e’ €{0,1}, A € Sp1}

forms a finite dimensional SL(2, Z)-invariant space. Then our result recovers
the modular transformation of the N = 2 minimal unitary characters which
is firstly obtained by F. Ravanini and S.-K. Yang in [RY87] and proved by
V. G. Kac and M. Wakimoto in [KW94a]. See Appendix D for the details.

e In [STTO5], A. M. Semikhatov, A. Taormina, and I. Yu. Tipunin studied
the modular property of the characters of simple highest weight modules
over the 5[2|1 of level k = —1 + p for p’ > 2. By the quantum BRST
reduction (due to the result of T. Arakawa in [Ara05]), the corresponding
central charge is given by

—3(2k +1) = ¢p .
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We can verify that the “admissible 5A[2|1 representations” considered in
[STTO05, §B.3] correspond to principal admissible glg‘l-modules with spec-
tral flow twists (see [STT05, §B.3] and [KW16, §2]). It is worth noting that
the atypical modules over the N = 2 superconformal algebra in this paper
is obtained from principal admissible E,A[gu—modules by the quantum BRST
reduction (see Appendix D.2). We note that the character formula for prin-
cipal admissible ;[2|1—modules is proved in [GK15] (see [KW16, Lemma 2.1]
for the detail).

We should mention that the reduced version of the formula in [STTO5,
Theorem 4.1] is presented in [Gho03, (4.2.75)]. Then our result gives the
expression of [Gho03, (4.2.75)] purely in terms of the character functions.

e By the Kazama-Suzuki coset construction (see [KS89], [HT91], [FST9g],
and [Sat16]), the modular invariant family of L. ,-modules in this paper

can be regarded as the counterpart of that of E:\IQ—modules at the Kac-
Wakimoto admissible levels k = —2 + I studied in [CR13a]. It is worth

noting that the formal characters of “typical” glg—modules which are pa-
rameterized by K, ,» X R are not convergent to functions defined in the
upper half plane H. See Proposition B.2 for the details.
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to my advisors, Hisayoshi Matsumoto and Yoshihisa Saito. He also would like to
express his gratitude to Thomas Creutzig, Kazuya Kawasetsu, and Hironori Oya
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N = 2 characters. Some part of this work is done while he was visiting Academia
Sinica, Taiwan, in February-March 2017. He is grateful to the institute for its
hospitality. This work is supported by the Program for Leading Graduate Schools,
MEXT, Japan.

2. PRELIMINARIES

2.1. Notation. Set (q,z) := (e?™7,e2™%) where (r,u) € H x C. Then we denote
the eta function by

L n
n(r):=q» [J(1—q")
n>0
and the theta functions by
Ve or(u;7) = 23¢5 H(l —q") (1 + (_1)5/2(]”,1%5) <1 +(=1)F 271 135)

n>0

for e,&’ € {0,1}. We note that
4 £ £ = /
Petnn =0T %emT(M%)QHM(“*%)(”*?) =22¢q390 <u - gT + 52;7) .
n

By abuse of notation, we regard n(7) (resp. ¥ (u;7)) as a holomorphic function
on H (resp. C x H) and also as a convergent series in ¢ (resp. z and q).
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2.2. The N = 2 superconformal algebra. The Neveu-Schwarz sector of the
N = 2 superconformal algebra is the Lie superalgebra

ns, =(PCr,e@Pcrne P cére P ca ace

nez nez rez+3i r€Z+3

whose Z,-grading is given by

(ns2)’ =@PCL, e @PCl, aCC, (nsr)' = P CGFa P CG;

nez neZ reZ+i r€Z+3

with the following (anti-)commutation relations:

1
[Ln, Lm] = (TL — m)Ln+m + E(ng — n)Cdn,+m,o,
n
[Ln7 Jm] = *mJnera [Ln7 G:H = (E - T) GiJrr’

[Jna Jm} = g05n+m,07 [Jn»Gri] = :EG7:5+7~5

1 1
[Gj—, Gs_] = 2L7«+s + (’I" — S)JrJrs + g <T2 — 4) C(S,urs’o,
[GF.GI1=[G.,G]=0, [ns,C] = {0},
for n,m € Z and T,SGZ—F%.

2.3. The N = 2 vertex operator superalgebra. Let nss = (nss); @ (nss)g B
(ns2)_ be the triangular decomposition of nsq, where

(ns2)y = PCL,o@PCl, & @PCa o @Cer,

n>0 n>0 r>0 r>0
(ns2)- = PcL.o@Pcr.oPce a@ca,,

n<0 n<0 r<0 r<0
(nsg)() = (CL() ) CJ() & (CC,

and set (nﬁg)zo = (1152)+ &) (ﬂﬁg)o.

For (h, j,c) € C3, let Cp, ;. be the (1]0)-dimensional (ns3)>o-module defined by
(ns2)4.1 := {0}, Lo.1 := h, Jyp.1 := j and C.1 := ¢. Then the induced module
M je 1= Ind!*? - Ch,j,c is called the Verma module of nsy. Denote by £, ;. the

(1152 >

simple quotient nsy-module of My, .
We write V, = V.(nsz) = Moo,/ (U(ns2)G*, 10,0,¢) + U(ns2)G—, [0,0,c)) for
2 2
the universal N = 2 VOSA, where |0,0,¢) is the highest weight vector of Mg g c.
When ¢ # 0, we also write L, = L.(ns3) = Lo o . for its simple quotient VOSA. See
[Sat16, §2] for the details.

2.4. Classification of simple modules. Let 1 <r <p—1and 0<s<p —1.
We set £, 5.\ := LAT’S_G)\zga,\ﬁ%yp,, where a := % and A, 1= W. We also
set Ay s 1= 7"51 — 5o Note that A, 5 = a).s(Ars +1).

The following classification is obtained by D. Adamovi¢ via the Kazama-Suzuki
coset construction.

Theorem 2.1 ([Ada99, Theorem 7.1 and 7.2]). The complete representatives of the
isomorphism classes of simple %Zzo—gradable L, ,-modules are given as follows:

{LT’O;)\TYO_Q [1<r<p-10<60<r—-1,0¢ Z} U{Lrsn | (r,s) € Kpp, A€ C},
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where K, ,y :={(m,n) €Z* |1 <m<p-1,1<n<p —1,mp +np<pp'}.

Remark 2.2. The index set K, ,y parameterizes the BPZ minimal series of central

6(p—n")2 —1)(p'—1
charge 1 — % and we have |K,, ,/| = %.

Corollary 2.3. Let ¢ € C\ {0}. Then the simple VOSA L, is Co-cofinite if and
only if ¢ = ¢, 1 for some p € Z>3.

Proof. First, the ‘if” part follows from the regularity of the VOSA L., , proved in
[Ada01, Theorem 8.1] and the super-analog of [Li99, Theorem 3.8].

Next, we verify the ‘only if’ part. We may assume that ¢ = ¢, ;s for some pair
of coprime integers (p,p’) € Z>2 X Z>1. In fact, otherwise, the simple quotient
L. is isomorphic to the non Cs-cofinite VOSA V. by [GK07, Corollary 9.1.5 (ii)].
Here we assume that p’ # 1. By the previous theorem and [KW94b, Theorem
1.3], it follows that the Zhu algebra of L. , is infinite-dimensional. Then the

infinite-dimensionality of (the even part of) the Cr-algebra of L., follows from a
slight generalization of [ALY14, Proposition 3.3] to the super case (see also [AM11,
Introduction]). This completes the proof of the ‘only if’ part O

In this paper, we introduce the notion of atypical and typical modules as follows.

Definition 2.4. We call a simple L. ,-module L, s typical if (r,s) € K, and
A€ C\ Sy, where Sy s := { A5, Ap—rpr ,5} + Z. Otherwise, we call £, ;.\ atypical.

2.5. Several formal characters. Let M be a weight (nﬁz7 (nﬁg)o)—module of cen-
tral charge ¢, i.e. (ns3)o acts semi-simply on M and C' acts as the scalar ¢. Then
the formal characters of M is defined by

ch”O(M) =g 2 > (dimM,)e,
AE(ns2)g
ch®'(M):=q 5 > (sdimM,)e?,
Ae(ns2)g
where My = {v € M| X.v = (A, X)v for any X € (ns2)p}. We set (q,z,w) :=
(elo,e’d,eC"), where (L§, J§, C*) is the dual basis of (ns2)j with respect to the
basis (Lo, Jo,C). In what follows, we write ch®®(M)(q, z,w) := ch®*(M).
The following lemma is easily verified (see [Sat16, Lemma 5.2]).
Lemma 2.5. For the spectral flow twisted module M? (see Appendix A for the
definition) and € € {0,1}, we have

co2

O (M) (g, 2,w) = ¢ 2% ch®(M) (g, 2", w).
Now we introduce the “half-twisted” characters as follows.
Definition 2.6. For ¢ € {0,1}, the twisted character of M is deifined by
ch (M) (g, z,w) := g1z ch®*(M)(q, zq_%,w).

3. TYPICAL MODULAR TRANSFORMATION LAW

In this section, we derive the modular transformation formula for the character
functions of typical modules. Throughout this section, we assume that p’ > 2 and
L, 5. is typical.



6 RYO SATO

3.1. Character formula for typical modules.

Theorem 3.1. We have an equality of formal series

4 ’ £ £ /196 e \U;
che® ([/r.s;k)(q; z,w) _ (71)68 q—a()\+§)22211()\—&—5),w3(1—2a)%XT’J(T)7
; n(r

where

Xr,s(T) 1= b Z <qpp’ (n-&-”;;;pf”)2 B qpp/ (H+W)2> |

n(r) £,

Proof. By [Sat16, Proposition 7.1], we have Qj(LAm’)\},QJFL,) & L, for any
A € C, where L, x 242 is the simple relaxed highest weight module over 5A[2
(see Appendix B for the definition) and Q7 is the functor defined in [Sat16, Defi-
nition 4.1]. When A € C\ S, ,, the character formula for L, x 242 is obtained
by [CR13a, Corollary 5] (see also Proposition B.2). Therefore we get the required
character formula for QF (LA, .x—2+2) by [Sat16, Theorem 7.8]. By some compu-
tations, we also get the characters for (g,&’) # (0,0). O

Remark 3.2. (1) We can prove Theorem 3.1 by the character formula for cer-
tain simple highest weight modules over f:\[2|1 and the quantized Drinfel’d-Sokolov
reduction. The detail is discussed in [KS].

(2) The convergent series X, s(7) is the normalized character of the corresponding
BPZ minimal series. The modular transformation is given as follows:

1
Xr.s <_T)_ Do S X (T),

(r',s")EK,,

’ 2
ori ( (rp’—sp)? _
4pp’

1
XT’,S(T + 1) =e 24)X7’,s(7—)7

where

] ., o / o !
Sty = 1] o (=) ) i <7f(pp>”“) sin (W> _
pp p p

See [IK11, Proposition 6.3] for the details.
The next corollary immediately follows from the previous character formula.

Corollary 3.3. For any 6 € Z, the spectral flow twisted module (LT,S;A)e is isomor-
phic to another typical module £, 4;x—g. In particular, the set of typical modules
is closed under the spectral flow.

Now we introduce the corresponding character function.

Definition 3.4. Let (r,s) € K, ,» and € C. Then a typical character function is
defined as the following holomorphic function on H x C x C:

’ ’ ie )2 . ig 195 g’ ,
Ti:i;x(Tauvt) = (_1)65 qa(z—i) Z2m($_7)103(1_2a) ;7(5.1;27_) XT‘,S(T)7

where (g, z, w) = (€27, e2™u 2mit),

The next lemma follows from Definition 2.4, Theorem 3.1, and Definition 3.4.
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Lemma 3.5. As a function in (g, z,w) = (™7, 2™ ¢2mit),

T (Tyu,t) = che’e/(Lrvs;m)(q,z,w)

r,8;T
holds if and only if z € R+ (R \ Sy.5).
Remark 3.6. For an appropriate uncountable subset U of R + i(R \ S, 5), the
family of holomorphic functions {Ti:g;w | x € U} is linearly independent. As a
corollary, the space spanned by the character functions of simple %Zzo-gradable
ch,p,—modules is not finite dimensional.

3.2. Modular transformation of typical characters.
Theorem 3.7. For (r,s) € K, ,» and = € C, the following hold:
! 1 u u2 ’ ’
(3.1) T2, ( t ) = ¥ /R o’ ST o T e (T 1),

- —
T T 61 ,
(r’,s )EKP,p/

i rp’ —sp)2 —e ’ ’
(3.2) e (r+1,ut) = eZwi(a(m*%)2+L ]4,)7,,/1’) -5 )Te,ae +(1—e)(1—¢ )(T,u,t),

T,8;% T,8;%
where

SIS o = i Sy oy V2T E) (),

(r,s;@),(r" 85w

Proof. The S-transformaltion (3.1) essentially follows from the Gaussian integral

2mwiau? 2 o
et sax” z2iar
e - gz _ dx’ a(z')? 2iaz’ —4mwiaza’
- = q Z e )
vV aa vV —IiT R
-~ _2mi 2miu . .
where (¢,2) := (e~ ,e” 7 ). The T-transformation (3.2) is clear. O

tt,(e,e")
(r,s52),(r',s" 52’

3.3. Properties of typical S-data. The data S
section satisfies the following conditions.

) in the previous sub-

Proposition 3.8. For (r,s;z), (', s';2') € K, ,» x R, we have
tt,(e,e) Stt,(s/,a)

(ros52),(r,s'527) = P (r,sha), (r,siw)

and

1 qtt,(e,¢") tt,(e,e)
/ 27 Sy i) o 1500 St 153 0 50
(T//’S//)EKILZ)/ R

= 6_47‘—“8/(1_%)5nr/6575/6(1’/ —x + ie),

where §(z) is the delta distribution.

Proof. The former is obvious. The latter follows from the fact that

(33) Z S(r,s),(r”,s”)S(r”,s”),(r’,s’) = 51",7"’53,3’

(Tl,lvs”)EKp,p’
and
; i 1 el . . ie! i
2a/dx//€—4w1a(z—% (1 —%)e4ﬂza(1”+%>(:ﬂ +4
R

’ ’ o1 "
_ 6—271'(15 (z+z") % 2&/ 6271'1(1: —x+ie) X 2ax dz”
R

_ e—47ra5'(z_i75)6(1,/ . J}-l—iz’f).
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For example, see [IK11, (9.10)] for the proof of the equality (3.3). O

4. ATYPICAL MODULAR TRANSFORMATION LAW

In this section, we present the modular transformation formula for the character
functions of atypical modules (Theorem 4.12). Its proof is given in Appendix C.
Throughout this section, we assume that p’ > 1.

4.1. Parameterization of atypical modules. First, we assign a triple of certain
integers to each atypical module as follows.

Lemma 4.1. Let M be a simple highest weight nss-module. Then the following
are equivalent:
(1) M is an atypical module.
(2) Thereexist 1 <r <p—1,0<s<p —1,and f € Z such that M = L(r, s)?,
where L(r,s) := Lr g0, = La,..,2a

Proof. Tt immediately follows from Corollary A.3. (]

Remark 4.2. Note that we have Qf (L(r,s)) = £(r,s), where L(r, s) is the Kac-

Wakimoto admissible glg—module of highest weight (kp ,» —2A, s)Ao+2A, sA1. Here
kpp =—2+ 5 and A; stands for the i-th fundamental weight of sl5.

Next, we compute the set of equivalence class of all the modules of the form
L(r,5)?. When p’ = 1, we have £(r,0)" = L(p—r,0) and the periodic isomorphism
L(r,0)? = L(r,0) for any 1 < r < p — 1. Therefore, as well known, there are
only finitely many inequivalent simple %Zzo-gradable L., ,-modules. On the other
hand, when p’ # 1, we obtain by Corollary A.3 the following identification:

Lemma 4.3. Suppose that p’ > 2. Then £(r,s)? is isomorphic to £(r’,s’) if and
only if one of the following holds:

(1) (r,s;0) = (r,s;0) and (', s") = (r, s),

(2) (r,s;60) = (r,0;7) and (1',5") = (p —r,p' — 1),

(3) (r,8;0) = (r,p —1;—p+7r)and (+',s') = (p—r,0).

As a consequence, if p’ > 2, there exist infinitely many inequivalent atypical
modules.

4.2. Character formula for atypical modules. In this subsection, we compute
the character formula for atypical modules and introduce the corresponding mero-
morphic functions.

Let (r,s) be a pair of integers such that 1 <r <p—-1and 0<s<p —1. We
consider the meromorphic function

qpp/ (n+ ”;/p;fp ) ’ qpp’ (n+ ’Tz’ip’,“ ) ’
Wy primys (us 7) = Z -

1 — zgPm 1— zgrn—r

on C x H whose divisor is
DPv"’ = {(m+pn77 T)? (m + (pTL+ T)TvT) ‘T € H7 m,n € Z} .

Then we define the formal series @, ,.rs(y,q) as the expansion of ¥, ., s(v;7)
with respect to the two variables (z,q) = (2%, €2™7) in the region

A= {(u;7) e CxH||g| < |z| <1} C (CxH)\ Dy,
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That is, the formal series @, pr.r s (2, ¢) is given by

Py prirs (2,9) = Z Zm(‘OZJT)n,T s(q) o Z Zm(‘O;:;an S(Q)

n,m>0 n,m<0
where
2 It 2
rp’—sp ’ (p=m)p"+(p'=s)p _
Cpprins (@) = a7 o/ (et i) eonm e (et SRR ) e rm,

Theorem 4.4. For any 6 € Z, we have an equality of formal series
ch™ (£(r,)") (g, 2,w) = (=1)7 g~ " 0T 20000 =08 5)q 30 =2

Ve ot u; T . 1—¢
X %Qmﬂms ((_1)1 <2’ a(J) .

Proof. By [Sat16, Theorem 7.13], we have

2 . ’19 ; 1
R L P )

By Lemma 2.5 and some computations, we also have the formula for § # 0 and

(e,€) # (0,0). O

Definition 4.5. An atypical character function is defined as the following mero-
morphic function on H x C x C:

AV Z o(Tu,t) == (—1)7= g aQra=045)% 20\ s —0+5)3(1-20)
Ve er(u;T)

77(7_)3 \I’p,p’ms (U‘E,E' + 0T, T) ’

’
where ue o == u + 1%57’ + 1_26 .

The next lemma holds by definition.
Lemma 4.6. As a function in (g, z,w) = (e2™7, 2™ ¢2™it),

ASE (7, u,t) = ch™ (L(r,5)%) (¢, 2, w)

r,8;0
holds if |g| < |z| - ¢|?+ =" < 1.

Example 4.7. In the trivial case, i.e. (p,p’;r,s) = (2,1;1,0), we have
3
T ro_ 1 e
% = (—1) g E D Wy 1 o (ue o + 075 7)
g,e’ (U,

In particular, when 6§ = 0 and (e,¢’) = (1, 1), it reproduces the Ramond denomina-

tor identity for gly|; (see [KW94a, Example 4.1]):

1 (1-g')’ Z (~1)"g™=
(I—2¢=")(1—-271¢") 1—zq ’

>0

where |¢| < |z| < 1.



10 RYO SATO

4.3. Discrete spectra. In this subsection, we define the index set ., v as a finite
subset of {(r,5;0)|1<r<p—-1,0<s<p —1,0€Z}.

Let (k,¢) be the unique pair of integers such that p’ = kp+/fand 1 < ¢ <p-—1.
Since the pair (p,p’) is coprime, so is (p,¢). Then we obtain the following lemma
by easy computations.

Lemma 4.8. For 0 < m < p— 1, let (1, $m) be a unique pair of integers such
that 0 <7, <p—1,0<s,, <l —1and m = lr,, — psm,. Let yp(Z’) be the set of
solutions (r, s;#) of the equation

(4.1) 2m +2p' —p=2(r —20)p' — (2s+ 1)p
under the condition
1<r<p—-1,0<s<p —1 0€Z.

Then we have

(m) _ . _ . T'm P—Tm
Fim = {(r,s,a) - (29+1+rm,krm+sm,9)' L—J << { J _ 1}.
Definition 4.9. We call
p—1
S = U yp(rm)
m=0
the set of discrete spectra of central charge c = ¢, p.

Lemma 4.10. We have the following:

(1) [F5| = 2EFE. |
(2) For (r,s;0),(r',s';0") € %, the two modules L(r,s)? and L(r',s")? are
isomorphic if and only if (r,s;6) = (', s';6").

Proof. (1) is easily verified by calculation. (2) directly follows from Lemma 4.3. [

Example 4.11. We present some examples.

(1) Since (79, s0) = (0,0), we have

y;?;,:{(Qi—l,O;i—l)‘lgig H}.

sis[251)

y(2v) {(zifl,ka;iflfv)llgiSgJ}

(2) If (p,p') = (p,kp + 1), we have

o) = {(21', (2u — 1)k;i — u)

pkptl

forl <u< ng and 1 <v < Lp%lj In particular, when k& = 0, the spectra

in .1 correspond to the N = 2 unitary minimal series (see [Dér98] and
[Sat16, Remark 7.12]).
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4.4. Modular transformation of atypical characters. For r,’,s,s',6,0 € Z,
we set

aa,(e,e’) e’ ( )(1 e')s+(1— E)S

— mia(r—20—1+e)(r' —20"—1+¢’)
(rs@)(rsQ') - '

sin(rarr’)e

In addition, if (+/,s") € K, ,, we also set

/ ’ ’ 2
Elrt 3(619)E ()7‘ s’ z) =i (71)7” strs Z Sin<77a7”l"/)
sin (”T) €™ 4 8in (2T (145)s')

cosh(2mx) — cos(2mA o)

6—4m(kr,s—9+g)(x_%)

for z € R.
Now we state the main result of this paper.

Theorem 4.12. The following hold:

2
AE 8 < 1 u t _ u)
T,8;6 )
7T’ 67
o Saa,(aa’) As’,s ( t)
- (r,s;0),(r",s";0") " *r’ ,s"50" T, U,
(r",8"50") €S pr

‘. ’
+ Z /d " SEIT,é(’Ee)E ()7"” s //) E”E 1"igtt (T u t)
(T”,S”)Eprpl R
AZSo(m+ 1u,t)

eQwi[(ar—s—p/)(e—l— L) —a(0+155)% - 15

e,ee’+(1—e)(1— E)(U'T)

r,s;0

for1<r<p-1,0<s<p —1,and f € Z.
See Appendix C for the proof of Theorem 4.12.
Example 4.13. When (p,p’) = (3,2) and (r, s;6) = (1,0;0), we have

l 1 u u? eee ' i ’
4576 £ ,€ Tle AELE
_— - —_ A — 3 A

1,050 < 7’ T’t 67) \/g ( 1,0;0(77u7t) e 1,1;71(77u»t)

27i ’ e 3 Y
—e 3 A, ho(Tu,t) +/Rm 1 1y(T u t)dy)

4.5. Properties of atypical S-data In this subsection, we verify the symmetric-
aa,(e,e’)

ity and the unitarity of the data S, ')/ .o

dem

Lemma 4.14. Let r,7’ € Z>( such that r,7’ <p—1 and r — 1’ is even.
(1) We have

p—1
Z sin(rarj) sin(rar'j) = gému
§=0
(2) Suppose that p is odd. Then we have
L2

Z sin(mwar(24)) sin(rar’ (25)) = Zémn/.

Jj=1
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Proof. By using sin(z) = % and straightforward calculation, we can verify

both (1) and (2). O

Lemma 4.15. Let (r,s;0) € ‘yp(,?) and (r',s';0') € Yp(;r:,l). Then we have

2
. . . _ 1"_oplt P
E sin(rarr” ) sin(rar'r")emi(rm =rm ) (17 =20") Z5r,r'5s,s'59,9'-

(r”,s";@”)eypm/

Proof. Denote the left hand side by S. It is rewritten as

p—1
S = E e rm =T ) (s 41) E sin(rarr”) sin(mwar'r").
m’’ =0 ('r‘” S”'O”)Ety(m”)
. p,p’

We set
|%]

Sodd 1= Z sin(mar(2j — 1)) sin(rar’ (25 — 1)),

Seven 1= Z sin(war(24)) sin(rar’(2j)).

j=1
Then, by Lemma 4.8, we have

) o r v ) Soda  if e is even,
sin(warr”) sin(rar'r") = . )
Seven  if 7y is odd.

"y

(r//7s//;9//)€y!§:::l
By easy computations, we have
S B (_1)p'(rmfrm/)sodd if p is even,
odd — (_l)p'(’l"m*’l‘m/)seven lfp iS Odd
and
s =1y (rm=rm) S en  if p is even,
even (_l)p'(rmfrml)sodd if p is odd.
First, we assume that p is odd. Since {r,,» |0 <m” <p—-1}={0,1,...,p—1},
we have 5 = 25:1 e2miarm=rm)lS  on. Since r,, = 1y holds if and only if m = m/,

combining with Lemma 4.14 (2), we obtain S = édwds,sz&g,gu
Next, we assume that p is even. Then p’ is odd and it follows that S = 0 holds if
T'm — Tme 18 odd. In what follows, we assume that r,, — 7,,,» is even. Then we have

S = Z ewia(r,,nfrmr)(rmu +1)Seven + Z eﬂ'ill(?”mfrm/)(rmu+1)Sodd

T, 0 odd T even
P, - P’
= idm’m’/ Z sin(warﬁ) sin(ﬂar’ﬁ) = Z(Sm/dg,s/ég,e/.
=1
This completes the proof. O
aa,(e,e")

Proposition 4.16. The modular S-matrix S(r,s;G),(r’,s’;Q’) satisfies the following:

aa,(e,e’) o Saa,(a',a)
(r,830),(r7,87507) — " (r’,8"307),(r,s:0)
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and

2 : aa,(e,e") aa, (e’ ,€) _
5(7’5;9)7(74//73//;9//)S(T.//_’3/1;9//)’(7,./’51;9/) - 57‘,7“/68,5/69,9/ .
(r,8"0")ESp pr

Proof. Since the former equality is obvious, we verify the latter one. The left hand
side is equal to

2mia(i=<) (Ano=0=(\r 1 =0)) o % ‘S

Therefore it immediately follows from the Lemma 4.15. O

5. CONJECTURE ON VERLINDE COEFFICIENTS

Throughout this section, we assume that p’ > 2. In this section, we consider the
structure constants of the “Verlinde ring” of the simple VOSA L. , in the spirit
of [CR13b]. See [CR13b], [AC14, §5], and references therein for the details.

Let (r,5;0) € S, (15,55) € Kppr, and 25 € R4+i(R\ S, ;) for j € {1,2}.
Then we define the (atypical-typical-typical) Verlinde coefficient by

Sat,(O,O) Stt7(070) Stt,(O,O)

NH2 . 2: /dx’ A (r'sh5a!) " pa (17,8752 ) T pe (87 52)
Apr T at,(0,0) ’
R (0,
(r',s")EK, o 5(1,0;0)7(r/7s’;w/)

where A := (r,s;0) and p; := (rj, sj;x;) for j € {1,2}.

Conjeture 5.1. N ﬁ\‘i“ can be expressed as a certain delta function with a non-
negative integer coffiecient. In addition, the integer coincides with the fusion rule
of the corresponding simple LCP7P,—modules, i.e. the dimension of the space of
intertwining operators of type

Loy s05ims
( L(r,s)? Loy s1sizn )
See [KW94b, Definition 1.6] for the definition of intertwining operators.
Example 5.2. When (p,p’) = (3,2), we have
A = o= (1L,0;0)}, 74y = (A= (L1 -1)}, A2 = g = (2,0,0)}.
We also have K3 = {(1,1)} and Si; = {;} + 3Z. For j € {1,2} and z; €

R+4(R\ S1,1), we set pj := (1,1;2;). Then we obtain

s

Ny = / da’e2mie’ x(@2—z1+5) 5(562 — a1+ ij)
R 2
for e € {0,£1}. In this case, the conjecture states that

dimT < ‘ Lot 2(a)2 41 ) _ {1 if 73 = 21 — 5,
1

le,2e,—1 ~o142(1)2,4imy,—1 0 otherwise

holds for €,z1, and x5 as above. To the best of our knowledge, the fusion rule
between the above modules has not ever appeared in the literature.
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APPENDIX A. SPECTRAL FLOW AUTOMORPHISMS

A.1. Definition. We consider the Lie superalgebra automorphism U?,  of nsy de-

nso
fined by
U352(Ln) = Ln + QJn + %205%07 USEQ (Jn) = Jn + %C(Sn,Oa
Uney (GF) = Griygr Uiy (C) = C.

nss
It is called the spectral flow automorphism of nss.

Let (Uf,,)*: nsy-mod —» nsy-mod be the endofunctor induced by the pullback
2., For simplicity, we write M? for (UY,,)*(M). Since
we have Uf,, = idys, and U252 ° Ufs2 = Uf;;g for any 6,60’ € Z, the two functors
(U,,)* and (U;%)* are mutually inverse.

Note that we have the following lemma:

action with respect to U?

Lemma A.1 ([Sat16, Lemma B.4]). For any c € C, the restriction of (Uf,,)* gives
the categorical isomorphism L.-mod — L.-mod; M — M?.

A.2. Spectral flow on irreducible highest weight modules. It is easy to verify
the next lemma.

Lemma A.2. Let (h,j,c) € C3. Then we have

1o ) Bntitsitsc if h=—-1,
(thj,c) = L f h j
hti+g—tits-le Hh#F—3
Lp_jyejc ifh=1
(Lrje) e e -
Lh—j+£—%,j—§+1,c 1 h?éi

By the above lemma and some computations, we obtain the following.

Corollary A.3. Let 1 <r<p—-1,0<s<p —1, and § € Z. Then we have

Lrstinne—0 ifs#p —1land <0
L(p—r,0) ifs=p —land 6 =—p+r
L(T,S)g o Lr,s+1;/\r,s+1—9 lf s = pl —land —p+7<0<0
Lor a0 ifs=0and 0 <0 <,
Lp—r,p—1) ifs=0andb=r,
Lrosihn =0 ifs#0and 0 <40,
where A, ,, 1= ’”2_1 — 5o for m,n € Z.

APPENDIX B. RELAXED HIGHEST WEIGHT MODULES OVER sl

B.1. Definition of relaxed verma module. Let {E, H, F'} C sly be the standard
triple and Uy := {u € U(sle) | [H,u] = 0} the centralizer of § = CH. For
(h, A\, k) € C3, let Cp 1 be the 1-dimensional Up-module defined by Q.1 := 2(k+2)h
and H.1 := 2), where Q € U(sly) is the Casimir element. We define the action
of sl ® C[t] ® CK on the induced sly-module Ry, » j = IndZ(EsIQ) Chak by Xy =
X @t = Xbp0, K — kid for X € sl; and n > 0. Then, we define the relaxed
Verma module as the induced module Ry » i := Indﬁz@c[t]@cz( Rh,,\k. We write
L, i for its unique irreducible quotient module.
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B.2. Construction of relaxed highest weight modules.

Definition B.1. Let X € {E,F} and Ux the localization of U := U(sly) with
respect to the multiplicative set {(Xo)" [ n > 0}. For u € C, we define a functor
XH: 5[2 mod — 5[2 mod by

X* := Resp* o Ad(X*")* o Indp,
where Ad(X*) is a C-algebra automorphism of Ux defined by
w —i
A=) = 3 () a0 (%5
i>0

Suppose that p’ # 1. We define €, 4, := F~***L(r s), where A € C and
L(r, s) is the Kac-Wakimoto admissible sl;-module for (r,s) € K, (see Remark
4.2 for the definition).

Proposition B.2. For any A € C, we have an equality of formal series

An
Sug__ ¢ Hog Z 7 z
(B.1) tre, ., (¢5° F2 %) = ZEE0 (),
o n(g)?
where the 0-th mode Virasoro operator L3"® on &, is given by the Sugawara
construction and ¢ stands for the corresponding central charge ¢, .

Proof. By applying the exact functor F~***rs to the BGG resolution for L(r, s)
[Mal91, Theorem A], we obtain the relaxed Verma resolution for &, s.». Thus the
character formula follows. O

When A € C\ S, s, the character (B.1) coincides with Ch(LAT.S,A,kp,p/) given in
[CR13a, Corollary 5]. Therefore &€, 5.5 is isomorphic to La, .k, EAEC \ Sr,s-

APPENDIX C. PROOF OF THE ATYPICAL MODULAR TRANSFORMATION LAW

In this section, we compute the modular (S-)transformation of the atypical char-
acter function step by step.

C.1. Expression in terms of Appell-Lerch sums. Recall the level K Appell-

Lerch sum
)Kn n 2n(n+l)

1
Ag(u,v;7) =272 Z(
nez
Then we obtain the following by Definition 4.5.

l—zq

Lemma C.1. We have

n(r)? e
——— A"
795,5’ (U;T) 7,8} 0( )
_ (_1)6€'+(1—€')p'q(ar—s—p')(0+1%5)—a(0+ 155 )zz(a'r—s—p')—Qa(Q—b— 155

X (Azpf (te,er + 07, (rp" — sp — pp') 75 p7)

= ") Ay (e + (0 = )7, (=10 — sp = ppl)mipr) ).
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C.2. Modular transformation law of Appell-Lerch sum. The following mod-
ular S-transformation property of the Appell-Lerch sum is a spcecial case of [AC14,
Corollary 3.4].

Proposition C.2.

u U_ p o T —27i( /u2—u1})/ T (U 1}. T)

A /(777777)*76 P PT Agy Ty

P\ 7)) Ty P\p'pp
2ﬂz(a7—)u 2p’—1

+7 Z 11 (S, V)i 5 )h(p Fon(7,0); QTp ))

eriTa—2mu

where f,,(7,v) := @p'=D)r+20=2pm o g h(u;T) == g < dx is the Mordell

4pp’ cosh mx
integral.

By Proposition C.2, we see that the S-tansformed character decomposes into the
following two factors:

/ 1 u u? ri(1-2a)u?
Ae, <—7 —t— 6) =™ ((discrete part) + (continuous part)).
53 T T

C.3. Computation of the discrete part - Level reduction. In this subsection,
we write all the objects in terms of the level 1 Appell-Lerch sum Aj;.

C.3.1. S-transformed side. In what follows, we write

1-¢ 1-—
Ug ot 1= U+ r_ < = uer o (mod Z).
’ 2 2 )
By Proposition C.2, the discrete part is written in terms of the Appell-Lerch sums:
’r — 6 — U r— 6 /
(C.1) Agy (“86’ Tp 77) Asy (W’ ™. T) ,
p p p p p p

We can rewrite this in terms of A; by the following lemma:
Lemma C.3.

u v T 2m+2p’—p n n@'ntm+p)
Agpy 5,23;5 =57 E z oyrq P 2

an

2p’ —1

2p'n +m +p’ pr v+l pr
X Z Al(u+n7772p/ T — 4p + Qp/ ,Tp/)

The proof is straightforward and we omit it.

C.3.2. Untransformed side. By [AC14, Proposition 3.3], we have

271'1(1) 7—) 2p’—1 (2 1
. p' —1)p ¢ pr
(C2> Azp/ (uv UapT) Z Al (u a7 + TT + Tpl, 2])/) .

Then the (untrasformed) atypical character is also rewritten in terms of A; as
follows:
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Corollary C.4. Let N, M € Z. We have

n(r)? e
Ve er (u;T) Af«;;g(ﬂ u;t)
iy (o) oo(as)
= (D)7 - % a3 (1m9)ay3(1-20)
14
2p’—1

<D

=0

-
A (us,s’ + (04 Np)1,v4(N); §p’>

— gMP=rI NP MY =53 4, (u + (0 =7+ (N + M)p)r,v_(N + M); 5;) ] ’
where & := 2(r — 20)p’ — (2s + 1)p and

2npp’ £rp’ — sp pT 14

= —T —_— — -
2p/

ve(n): W oy

for n € Z.
Proof. Since Ay (u+nr,v+n7;7) = (fy)_”q_%zAl(u, v; 7), we only have to verify
the equiality for N = M = 0. It immediately follows from (C.2). O
C.4. Computation of the discrete part - Conclusion.
Proposition C.5.
’ 2 ’ 7
(discrete part) = i~ %% — Z (—1)(=e)st(1=e)s
(r7,8"36") €S pr

67ria(r—29—1+s)(r'—29'—1+s')Aij:§/;9,(u; 7.)‘
Proof. The left hand side is equal to (C.1) and can be written in terms of A; by
Lemma C.3. The right hand side is also written in terms of A; by Corollary C.4.
Then, by choosing appropriate N and M, we obtain the formula. (I

x sin(marr’)

C.5. Computation of the theta part. In this subsection, we compute the theta
functions in the continuous part. The following lemma is easily verified and we
omit the proof.

Lemma C.6. We have
wmr (++3)" 1
914 (uzT> =—i Y el g <2pp’u+(€ + z)T%?pp'T)
PP
=0

Corollary C.7. For 0 < m < 2p’ — 1, we have

1 —rp’ _ /
(theta)m1=191,1<(p’_) (N +sp—pm+pp 7')

2/ 2pp/ 2pp/ " 2pp
/ /
_ 2rira—2)y ( - }) T TP E+sp—pm+pp T
¢ TR T ) gy * 2pp’ " 2pp!

’ ’ 2
. o —rp'+sp—pm (2p’—1)
_ 267rz(a'r'—s+7n)€7”( 2pp’ )q— Topp’

2pp’+p -1 2
mL(s]—m) . mrlL op’ <n+%)
X e » sin [ —— q e’ )

L=p P/ e
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Proof. By the previous lemma, we have

7911

)

(,71) T Frp' +sp—pm+pp. T
V%) oy 2pp/ " 2pp’

2pp’ —1
(q:rp +sp— pm (2 71)2 PP ,”,T mm m)  (£+p")? , ,
— Ze 2pp’ 16pp’ E ? q app’ 190,0 ((f + P )T; 2pp T) .

Then the required formula follows.

Remark C.8. When p’ =1,

f:(—nm < )qu(n+2p -

nez
holds for 0 < m < 1. In particular, we get (theta),, = 0.

C.6. Computation of the Mordell part. For s € R, we have

2
TiTT® —2TUT
e

s2
hu— st;7) = q?z_s/
R

_is coshm (z + is)
Then, by straightforward calculation, we obtain the following lemma.

Lemma C.9. For 0 < m < 2p’ — 1, we have

(Mordell),y,
—h “_9_% _ —rp’ +sp —pm +pp’ _ (a’ /,E)L.L
‘ P 2pp’ 2/ 2pp'” 2pp/
_ 2p/ 2771(04»155)(E'afﬁ)e*ﬂ'ia/(arfs%»m)e*ﬂ'i(W)
('3 1)? o2 —m—2a(A =049y,
« 2 _5 a""T ay 2myd .
¢ / (5-2) sinh (2p'7y) I y
C.7. Computation of the continuous part - Conclusion.
Lemma C.10. We have
2p/—1 .
o2y Z (( 1)1 o —27ry) _ 2sinh(2p'7y)
—2m(y+1gh)— =ik
m=0 1+e 2

Proof. Since

ie’ 1 L e 1
= - _ = R—ilZ - —
2+(+2 2;0) # Z<2 4p’)
for any n € Z, the ratio in the left-hand side is not equal to 1.

Finally we obtain the explicit form of the continuous part as follows.
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Proposition C.11. We have

(continuous part) = i1755’2 Z (=1)7"strs’ sin(rarr’)
p (r',s")EK,,

/ sin (%S,) eme’ 4 Sin (27 (145)s')
X
R cosh(2wa’) — cos(2m A, &)

_ _ £ r_ gl ’
e Ara(Ar,s 0+2)(m S )Tg €

r’,s"x

,(u;T)da’.
Proof. By Lemma C.1 and Proposition C.2, the continuous part is equal to C' x
Ve,er(u; T)n(7) 3, where

C = Z‘lfee’(il)ga’16—27ria(1—6')(AT75_0+%)

2mi(fi, o —0)(a—2) 2p'—1
Z (theta),, (Mordell),,

m=0

e

1—¢’

xXq 4

’
azf(lfa )a ;

4p

(=),

. — —&’
—2mi(0+15 )(afﬁ)zafﬁql 5

27ri(11€=€/79)(a7ﬁ

By using Lemma C.10 and e )=e

we have

2pp’+p’ —1 , 2
C = 1'17‘5‘5/(—1)5‘5'g Z """ sin (ﬂTL> Z 7 ("+ﬁ)
p p

L=p’ neZ
—4ra(Ar,s—04+%)y
e ) 2 2 4.
8 / 4 —2m(y+ig —@qay szydy
woi(Fogy) 1 e TR
p—1p'—1
1—ee’ 66/2 r’ s+rs’ _miss! /
=1 (1) = E E (-1 e” o sin(marr’)
r'=1s'=1
6—47ra(/\rvs—9+%)y ay2 2iay
x 4" ()X s (T)dy
R_i(%/_fil) 1 _6727T(y+7)72ﬂ”b>\7‘/’s/
'—55’2 r's+rs’ s /
=1 - E (=1)" s sm(ﬂ'arr)
(r',s")EK,,

y /‘ sin (7728 ) 6271-Y -+ Sin(27’l’>\r!,(1+s)s/) —dma(Ara—0+5) (Y— i;’)
e o
Ry i cosh(27Y") — cos(2m A, o)

Y- ) zQia(Yi%)U(T)Xr’,S'(T)dY'

In the last equality, we put Y := y— % Finally we shift the region of the integration
by the residue theorem and obtain the required formula. O

APPENDIX D. COMPARISON WITH THE RESULTS OF KAC-WAKIMOTO

D.1. Modular transformation of the minimal unitary characters. We write
A@0) and A®:2) for the finite set Al and A defined in [KW94a, §6].
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Lemma D.1. Let ¢ € {0, 1} and (j,k) € A®). Then we have

chfjl‘i(T7 u) = A;;ii’)?k_s(r,u,O), schij(T, u) = A;;ifé;lk_e(r, u, 0),

where ch? (7, u) and sch?’;(7,u) are defined in [KW94a, §6].

Proof. Since we have

3 3
\I’(8)+ — 77(7-) \I’(a)_ _ 77(7-)
(r, ) V1900 (u;7)’ (7. 0) (=)' 2801 _9c 1 (u; 7)

in [KW94a], we obtain

ik ﬂ'ﬂl—Qe,O (U;T) Z _ Z (71>n+mz—n+mqpnm+jn+km
b)

chI?;E(T u) = q?z P
JikNT 3
77(7') n,m>0 nm<0

sch?‘Z(T, w) = (—1)1*25qﬂz% 191_2571(;47—) Z _ Z g mtm gpnmetjntkm
T](T) n,m>0 n,m<0

Our character formula gives

1—2¢,¢e’
Ak ok—e (T ust)

= ch' "2 (L(j + K, 0)579) (g, 2, w)

, . N2 . 19 _ , . /
— (—1)1-2 g U ijkw?J(l—QG)lz%)(:’T)@p,hﬁkvo ((_1)1—6 quyq)

for ¢’ € {0,1}. We can verify that these formulae coincide by some computations.
g

Then we obtain the modular transformation property proved in [KW94a, Theo-
rem 6.1] as a special case of Theorem 4.12 for p’ = 1.

D.2. Non-unitary spectra of Kac-Wakimoto. In this subsection, we compare
our spectra .%, ,» with the set of highest weights considered in [KW16, §3]. In what
follows, we identify the set of triples .7}, ,» with the set of the highest weights of the
corresponding nsy-modules.

Let {Ag, A1, A} be the set of fundamental weights of the affine Kac-Moody Lie
superalgebra ;[2|1. We write A(s,i) for an integral weight (p' — 1 — s)Ag + sA;,
where 0 < s < p’ —1 and i € {1,2}. In [KW16, §3], V. Kac and M. Wakimoto
considered a certain family of simple highest weight nss-modules of central charge

c=3(1 - 2a) :3(17 2—1’/)
p
associated with the pair (p,A(s,i)) (see [KW16, Lemma 2.1]). The set of the
corresponding nsy-highest weights (h, j) = (h, j,3(1 — 2a)) is give as follows:
S(a;s,i) == {(h,j) = Ak, ky | k1, k2 € Z>o and ky + ko <p—1},
where

Mgy ey = (a<<k1 + %) (k2 + %) - i) —s(k1 + %), (—1)"(alks — k1) — s)> .

We note that they assume the integer p to be odd. See [KW16, §3] for the details.

Example D.2. Here we present two examples.



MODULAR TRANSFORMATION PROPERTIES OF CHARACTERS OF THE N =2 SCA 21

(1) If (p,p") = (3,2), we have

(50 foo. ()}

for i € {1,2}.
). (). G=2)}
»

(2) If (p,p') = (5,2), we have
4
5
()= {( )

2 . 1 2 2 4
S (5,07’L> ﬂy572 = {(0,0), <5,:l:5> y <57:|Z5
2 2 2
- —: 0,7 ) U - 1,1 )u - 1,2
y5,2+5<57051> S<57 ) ) S<5a ) >

for i € {1,2}.

and
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