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Preface

An algebraic fiber space is a family of algebraic varieties, which may have degener-
ate fibers, such that not only general fibers but also the total and the base space
have structures of algebraic varieties. More precisely, it is defined as a separable
surjective morphism f : X — Y of projective varieties with connected fibers. For
the classification of algebraic varieties, it is important to consider the relationship
between X, Y and the geometric generic fiber F' of f. In this thesis, we study their
relationship in terms of properties of the (anti-)canonical divisors.

In characteristic zero, there are many significant results on algebraic fiber spaces.
For example, Birkar-Chen [9] and Fujino-Gongyo [d1, 42| proved that some posi-
tivity conditions can be passed from the anti-canonical divisor on X to that on Y
when f is smooth. As for properties of the canonical divisors, the semi-positivity
theorem, the weak positivity theorem and the partial settlement of litaka’s C, ,,
conjecture are established due to Birkar [8], Fujino [34, B35, BR], Fujita [44], Kawa-
mata [B6, 67, 6], 6Y], Kollar [72, 73], Viehweg [I0R, 009], etc. However, since the
proofs of the above results depend on the existence of resolution of singularities, the
weak semi-stable reduction theorem or some consequences of the Hodge theory, we
cannot use the same arguments in positive characteristic. In this thesis, we over-
come this difficulty by applying the methods of F-singularities, singularities defined
in terms of the Frobenius morphism, and prove positive characteristic analogs of
several results on algebraic fiber spaces in characteristic zero.

This thesis consists of seven chapters.

In Chapter 1, we set up notation and terminology, and recall basic notions such
as almost Cartier divisors and the trace of the Frobenius morphism. In particular,
we carefully describe the traces of the relative and absolute Frobenius morphisms,
which appear repeatedly throughout this thesis.

Chapter 2 is devoted to the study of the Frobenius stable canonical rings intro-
duced by Hacon and Patakfalvi [62]. We compute them in the case of projective
Gorenstein curves and of projective varieties with semi-ample canonical divisors.
Roughly speaking, if the Frobenius stable canonical ring is large enough, then patho-
logical phenomena in positive characteristic do not occur. Indeed, we see in Chapters
4 and 6 that analogs of some well-known results on algebraic fiber spaces in charac-
teristic zero hold in positive characteristic if the geometric generic fibers have large
Frobenius stable canonical rings.

In Chapter 3, we define some positivity conditions of coherent sheaves including
the weak positivity, and introduce a numerical invariant which provides a sufficient
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condition for coherent sheaves to be weakly positive. This invariant plays important
roles in the proofs of the main results of Chapters 4 and 5.

Chapter 4 establishes a weak positivity theorem for algebraic fiber spaces whose
geometric generic fibers have finitely generated canonical rings and large Frobenius
stable canonical rings. We apply it to prove litaka’s C,, ,,, conjecture in some cases
in Chapter 6. For this application, we also show a result on the weak positivity of
some subbundles of the direct image sheaf of a relative pluri-canonical bundle.

In Chapter 5, we consider what positivity conditions can be passed from the
anti-canonical divisor on the total space of an algebraic fiber space to that on the
base space. As a corollary of the mains results of this chapter, we show that in
positive characteristic, the image of a weak Fano variety under a smooth morphism is
again weak Fano. Another corollary shows that a relatively trivial relative canonical
divisor is pseudo-effective if the geometric generic fiber has only F-pure singularities,
which are an F-singularity theoretic counterpart of log canonical singularities. This
second corollary is used in Chapter 6. Moreover, using modulo p reduction, we
obtain some results which are valid in arbitrary characteristic.

In Chapter 6, we discuss litaka’s (), ,,, conjecture in characteristic p > 0. We
prove that it holds true for algebraic fiber spaces whose geometric generic fibers
have finitely generated canonical rings and large Frobenius stable canonical rings,
under the assumption that the base spaces are of general type or curves. Using this
result, we show that the conjecture holds when the total spaces are 3-folds and the
characteristic p is greater than 5.

In Chapter 7, using the results in Chapters 4 and 5, we show that the Albanese
morphism a : X — A of a smooth projective variety X in positive characteristic
is an algebraic fiber space if one of the following conditions is satisfied: (1) the
anti-canonical divisor of X is nef and the geometric generic fiber of a has only F-
pure singularities, or (2) the variety X is globally F-split, which means that the
affine cone over X has only F-pure singularities. As a consequence, we establish a
characterization of (ordinary) abelian varieties.

This thesis is based on the author’s papers [27, 28, 29] and a joint paper [31]
with Lei Zhang.
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Chapter 1

Preliminaries

In this chapter, we prepare notation, terminologies and fundamental notions which
are used throughout this thesis. In particular, we introduce the notion of the trace
maps of the (relative) Frobenius morphisms, which plays key roles in the proofs of
the main theorems in this thesis.

1.1 Notation and terminology

Let k be a field. A k-scheme means a separated scheme of finite type over k. By
variety over k we mean an integral k-scheme. A morphism f : X — Y between
projective varieties over k is said to be an algebraic fiber space (or a fibration) if f is
separable and the natural morphism Oy — f,Ox is an isomorphism. Let o : S — T
be a morphism of k-schemes and let 7" be a T-scheme. Then we denote by S7 and
o7+ S — T' respectively the fiber product S x7T" and its second projection. For
a Cartier or Q-Cartier divisor D on S (resp. an Og-module G), the pullback of D
(resp. G) to Sy is denoted by Dp» (resp. Gpv) if it is well-defined. Similarly, for a
homomorphism of Og-modules o : F — G, the pullback of o to Sy is denoted by
ot ./T"T/ — QT/.

Assume that k is of characteristic p > 0. We say that k is F'-finite if the
field extension k/kP is finite. For a k-scheme X, Fy : X — X is the absolute
Frobenius morphism. We often denote the source of Fx® by X¢ Let f: X — Y
be a morphism between schemes of positive characteristic. The same morphism is
denoted by () : X¢ — Y when we regard X (resp. Y) as X¢ (resp. Y¢). We define
the e-th relative Frobenius morphism of f to be the morphism F )((e/)y = (Fg, f)):
X = X Xy Y¢=: Xye.

1.2 Almost Cartier divisors

Let k£ be a field of characteristic p > 0 and X be a k-scheme of pure dimension
satisfying Se and Gy. An AC divisor (or almost Cartier divisor) on X is a coherent
Ox-submodule of the sheaf of total quotient rings K (X ) which is invertible in codi-
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mension one (see [[75], [59], or [84]). For any AC divisor D we denote the coherent
sheaf defining D by Ox (D). The set of AC divisors WSh(X) has the structure of
additive group [bY, Corollary 2.6]. Let Z, denote the localization of Z at (p) = pZ.
A Z)-AC divisor is an element of WSh(X) ®z Z,). An AC divisor D is said to be
effective if Ox C Ox(D), and a Z,)-AC divisor A is said to be effective if A = D®@r
for some effective AC divisor D and some 0 < r € Z,). Now we have the following
diagram:

WSh(X) =2 WSh(X) ®7 Z

CDiv(X) =2 CDiv(X) @ Zy

We note that the horizontal homomorphisms are not necessarily injective [[75, Page
172]. Throughout this thesis, given an effective Z,-AC (resp. Z,-Cartier)
divisor A, we fix an effective AC (resp. Cartier) divisor £ and an integer
a > 0 not divisible by p such that £ ® 1 = aA. The choice of F and a is
often represented by A = E/a. For every integer m, we regard the Z,)-AC divisor
amA as the AC divisor mE. For instance, the symbol Ox(am(D + A)) denotes the
sheat Ox(amD + mE), for every AC divisor D. For a morphism (resp. immersion)
7 :Y — X from a k-scheme Y of pure dimension satisfying S5 and G, we set
A = (7*E)/a (resp. Aly = Ely/a) if 7" E (resp. Ely) can be defined.

We also note that if X is a normal variety, then AC divisors are Weil divisors,
and the horizontal homomorphisms in the above diagram is injective. In this case,
we can choose E' and a canonically for an effective Z,-divisors A: a is the smallest
positive integer such that aA is integral and E := aA.

Using Q instead of Z,), we define concepts similar to the above.

1.3 Trace maps

In this section, we recall the notion of the trace maps of the absolute and relative
Frobenius morphisms. Throughout this section, we work over an F-finite field £k of
characteristic p > 0.

1.3.1 Trace maps of the absolute Frobenius morphisms

We start with recalling the trace maps of finite morphisms. Let 7 : X — Y be a finite
surjective morphism between Gorenstein k-schemes of pure dimension, wx and wy be
dualizing sheaves of X and Y, respectively. Applying the functor Homoe, (__, wy) to
the natural morphism 7% : Oy — m,Ox, we obtain the morphism Tr, : T,wx — Wy
of Oy-modules. This is called the trace map of 7. Using this, we define

¢§) = Trp, ® w)_{l : FX*w;p — Ox, and

o5 = 0% 0 F (0% @wx ™) FFwx ™ = Ox



for each e > 0.

Next we extend the definition of ¢§§) for pairs. Let X be a Gorenstein k-scheme
of pure dimension, A = E/a be an effective Z,-Cartier divisor on X and d > 0
be the smallest integer such that a|(p? — 1). Let Kx be a Cartier divisor satisfying
Ox(Kx) 2 wyx. For each e > 0 we define

LN = Ox((1—p™)(Kx + A)) C Ox((1 - p™)Kx),
¢(d>
Oinn P FE LY A — FEOx((1-pY)Kx) 5 Oy, and
e+1)) de e d de d(e+1 (d(e+1))
St = Bl 0 FE (019 0) ® L) - Fx £ — oy

We further extend the above notion to a more general case. Let X be a k-scheme
of pure dimension satisfying S, and G1, A = E/a be an effective Z,-AC divisor on
X and d be as above. Let ¢+ : U — X be a Gorenstein open subset of X such that
codimX \ U > 2 and that E|y is Cartier. Then for each e > 0 we define

(de) .__ (de) . (de) de p(de)
L(x INE L*‘C(U,A\U) and ¢ XA) <¢(UA\ ) FY *‘C(XA — Ox

Note that qb( ; Ay Is @ morphism between reflexive sheaves on X (cf. [69, Proposi-
tion 1.11]). Using the trace maps of the Frobenius morphisms, we can define F-pure
and strongly F-regular singularities of pairs.

Definition 1.3.1 ( [66, Definition 2.1] or [84, Definition 2.6] ). Let X be a reduced
k-scheme of pure dimension satisfying S, and GG;. Let A be an effective Q-AC divisor
on X. (1) The pair (X,A) is said to be F-pure if for every e > 0 and for every
effective AC divisor D with D < (p® — 1)A, the morphism

0% by | F.Ox((1 - p*)Kx — D) — Ox

is surjective. We simply say that X is F-pure if (X,0) is F-pure.

(2) [98, Definition 3.1] Assume that X is a normal variety. (Then A is a Q-Weil
divisor.) The pair (X, A) is said to be strongly F-regularif for every effective Cartier
divisor D, there exists an e > 0 such that

O fr—narepe—n - FXLOx ([ =p7) (Kx +8)] = D) = Ox
is surjective. Here [A] (resp. |A]) denotes the round up (resp. down) of A. We
simply say that X is strongly F-regular if (X, 0) is strongly F-regular.

Remark 1.3.2. (1) With the notation as in Definition =370, we assume that X is
normal and affine. Then Definition I3 (1) is equivalent to [56, Definition 2.1] (2).
Indeed, since |(p® —1)A| < (p®—1)A, the condition of Definition =3 implies that

¢(X L(pe—1)A /(e —1y) 18 surjective. Conversely, since ¢E§27L(pe—1)AJ/(pe—1)) factors through
gb( X.D/(pe—1)) for every effective Weil divisor D with D < |(p®—1)A] (or equivalently

D S. (_pe — 1)A), the surjectivity of ¢E§2,L(pe—1)AJ/(pe—1)) implies the condition of
Definition =31

(2) Let (X, A) be a strongly F-regular pair and A’ be an effective Q-divisor on X.
Then there exists an 0 < ¢ € Q such that (X, A +eA’) is again strongly F-regular.



1.3.2 Trace maps of the relative Frobenius morphisms

We recall the notion of the trace maps of the relative Frobenius morphisms and
study their properties. See [94] for more details.

Let f: X — Y be a morphism between Gorenstein k-schemes of pure dimension.
We assume that either Fy is flat (i.e., Y is regular) or f is flat. Then Fy or f is a
Gorenstein morphism, so Xy1 is a Gorenstein k-scheme [57, 111, §9]. We define the
relative dualizing sheaf wx/y of f to be wx ® f*w{,l. Then we have

wXYI/w ::wal & fy1*w;11
ngYI X fy1*w§_11 X fyl*Fy*w;l
%J(FY)X!OX ® (Fy)x"wx @ (fy1"Fy' Oy) ' @ (Fy)x " frwyt

=(Fy)x wxy = (wx/y)y:?

by the assumption. Moreover, for positive integers d, e, we consider the following
commutative diagram:

Xde
(di")
Xdi/ydi
Fg
X2d
F(@ g
Xd/yd
e Xy —— X1
d
)((d) yd F(d) FX
yd/ X/Y
— Xy Xya X
(Fd)x
fy2d fydl f
Yde Y2d Yd Y.
Fg P Fg
Here, we put ¢’ := e — i. Then for each e > 0 we define
oW = Tr 2wy FY WP 50 and
Xy T ) Xy1 X/Y X1 Xy1o

(e+1) |
¢X/Y = <¢X/Y> e+1 Yl/Y1 (QSXE/YF Bw Y6+1>

. oletl) 1opett
: FX/Y *QJX — OXye-H'

Let A = E/a be an effective Z,)-AC divisor on X and d be the smallest positive
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integer satisfying a|(p? — 1). For each e > 0 we define
L va) = wyd (1=p")A) Cwl”
(X/Y,A) - xde p Wxde >
4

(d) (d) (d) 1 X/Y
¢(X/YA Fy iy Lxva) = Fxpy, Xdp — Ox,

and

(d(et1))
P(x/v.A)

(o) (de) (@ (de)
= <¢<X/YA>>W<EH> o Fy u/va, <¢<Xdﬁ,A>/Yde (QX/YA))Yd(eH))
F(d(e+1) E(d (e+1))

XY X/YA - OXyd(e+1)'

Let f : X — Y be a morphism between k-schemes of pure dimension. Assume
that X satisfies Sy and G;, Y is Gorenstein, and f or Fy is flat. Let E be an
effective AC divisor on X, and a,d be as above. Let ¢ : U < X be a Gorenstein
open subset of X such that codimX \ U > 2 and that E|y is Cartier. Then for each
e > 0 we define

(de) (de)
E (X/v,A) = byde, E(U/Y,Alu) and

(de) o (de) de) (de)
Dix/v.a) = i (D ya) T F v Liviay = Oxya

The following lemma is used in the proof of Theorem b2, which is one of the main
theorems of Chapter B.

Lemma 1.3.3. Let f : X — Y be a projective morphism from a pure dimensional
k-scheme X satisfying S and G to a variety Y. Let V. C Y be a reqular open
subset such that fyy : Xy — V is flat and U C X be a Gorenstein open subset. Let
A = E/a be an effective Z-AC divisor on X whose support does not contain any
component of any fiber over V Assume that aKx,, + By is a Cartier divisor on Xy
and that codimy_(Xy \ Uy) > 2 for every y € V.. Then the following holds.

(1) [@a, Corollary 3.31] The set Vi := {y € V\(Xg,m) is F-pure} is an open
subset of V. Here 3§ := Spec k(y) and Aly, is the Z-AC divisor on Xy obtained
as the unique extension of the Z,)-Cartier divisor Aly, on Uy.

(2) Assume that Vjy is non- empty Let A be a Cartier divisor on X such that Ay, is
fv,-ample. Then there exists an my > 0 such that

Freu (65 ya) @ Oye(mAye + Nye)) :
F.0x (1 — p°)(Kxepye + A) +p*(mA + N)) = fye,Ox,.(mAye + Nye)

1s surjective over Vi for each m > my, for every Cartier divisor N on X whose
restriction Ny, to Xy, is fy,-nef and for every e > 0 with a|(p® — 1).
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Proof. Replacing f : X — Y by fy : Xy — V, we may assume that Y is regular
and f is flat. Take an integer e > 0 with a|(p® — 1) and a point y € V. Then by [94,
Lemma 2.18] we get

© © ~ 4o p@ @
xyalvs = Opy.aiolvs = Oy a1,y g Lsmat,) = Ovy (EE3)

Let 1 : Uy — Xy be the open immersion, and E|y, be the unique extension of E|y,

to Xy. Since EE X/y.A) 18 invertible by the assumption, the natural morphism

(e) (e) _. prle
E(X/Y,A)|Xv — L?*ﬁ(Uy/?,AIUy) <_' ‘C(Xy/y,myy))
is an isomorphism. Hence, extending the morphism ([Z323) to X7, we obtain that

(e) ~ (e . (e (e)
¢(X/Y,A)|X§ - ¢(X§/@7T[Jy) : FXy/g*E( y/ A‘ ) — OX e (MQ)

Then one can show (1) by an argument similar to the proof of [94, Corollary 3.31].
We prove (2). Replacing Y by Vj, we may assume that V; = V =Y. Then by

(IZ3232), we have that ¢E§2/YA)|X5 is surjective for each e > 0 with a|(p® — 1) and
every y € Y, which implies that (bg Jy.a) Is surjective for each e > 0 with a|(p® —1).

Let d > 0 be the minimum integer such that a|(p? — 1). Note that we have d|e for
every integer e > 0 with a|(p® — 1). Applying Keeler’s relative Fujita vanishing [[/1,
Theorem 1.5] to the kernel of qbg{) v,a) We obtain an integer mg > 0 such that

fras (6% va) ® (Ox(mA + N))y) (r=3.3)

is surjective for each m > mq and every f-nef Cartier divisor NV on X. Replacing my
by a larger integer if necessary, we may assume that amgA — (Kx/y + A) is f-nef.
We fix an integer m > my and an f-nef divisor N on X. We show that

D9 = fra, (¢§§§}Y7A) ® (Ox (mA + N))Yde>

is surjective for every integer e > 0 by induction on e. We have already seen that

D is surjective. We assume that /(%) is surjective. By the definition of qﬁgj;g

we have
YD) = £, (qbgi(/e;i) ® (Ox(mA+ N ))Yd(e+1)>
~F (dec* <¢E§(6/)YA (Ox(mA+ N))yde))
o fiitin, (aﬁﬁiﬁde/yde,me (£§§§/YA( de(mA+N)))

~J * de de e
:F}g <¢ ) f;(/d()eﬂ)* <¢(Xde/yde Ade) & (LEX/)YA) (pd (mA + N)))

Yd(e+1) )

yd(e+1)> ’
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Since (%) is surjective, F{/l*(w(de)) is also surjective. We need to show that the
morphism

de d de e
Fiinr, (6 e ey @ (£ (0™ (m A + N))) (T334)

Yd(e+1) )

is surjective. Here we recall that f(%) : X% — Y ig nothing but f: X — Y. Let
Nge,m denote the Cartier divisor

(p® — 1)a ' (amA — (Kxa/ya+A)) + p¥N
:(pd@ —1)(m —mgy)A+ (p — Da " (amoA — (Kxayya +A)) + p*N

on X% Since amoA — (Kx/y + A) is f-nef, Nye,, is f@-nef. Now we can rewrite
(I3234) as

Frae (6% y.0) @ (Ox (1= ™) (Kxpy + A) + p™(mA + N))),.,)
= fya, (Q%?/Y,A) ® (OX(mA + (p™ — 1)(mA — (Kx/y +A)) +pd€N))yd>

:de* ((Jﬁfc)?/y,m & (OX(mA + Nde,m))yd> :

Hence the required surjectivity follows from the surjectivity of (IZ3233). O

1.4 Vector bundles on elliptic curves

In this section, we recall several facts on vector bundles on elliptic curves due to
Atiyah and Oda. They are used in Chapters B and [d. Throughout this section, let
C' denote an elliptic curve over an algebraically closed field k of characteristic p > 0.

Theorem 1.4.1 ([@, BY]). Let Ec(r,d) be the set of isomorphism classes of inde-
composable vector bundles of rank r and of degree d. Then the following holds:

(1) ([@, Theorem 10]) For each r > 0, there exists a unique element &, of Ec(r,0)
such that H°(C,E&,.9) # 0. Moreover, for every £ € Ec(r,0) there exists an
L € Pic’(C) = £c(1,0) such that € =2 &, R L.

(2) For every € € Ex(r,d),

(d,0)  whend>0
— hen d
(dim HO(C, &), dim H'(C, £)) = { (O~ whend <0
(0,0) when d =0 and € Z &,
(1,1)  when &€= &,

(3) Let € € Ec(r,d). If d > r (resp. d > 2r) then £ is globally generated (resp.
ample).
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(4) ([89, Corollary 2.9]) When C' is ordinary, FEE.0 = &,.0. When C' is supersin-
gular, FEEr0 = D1 <icmingrpy EL—i)/p)+1,0-

(5) ([89, Theorem 2.16]) Let r > 0 and d be coprime integers and € be an element
of Ec(rh,dh) for some h > 0. When C is ordinary, Fc*E is indecomposable.
When C' is supersingular, Fo*E is indecomposable if and only if either h =1,
orh#1andpfr.

(6) (|89, Proposition 2.1]) Let w : C" — C' be an isogeny of degree r and L be a
line bundle of degree d on C'. If r and d are coprime, then m.L € Ex(r,d).

In characteristic zero, the pullback of &, by a finite morphism from an elliptic
curve is again indecomposable. In contrast, in positive characteristic, the lemma
below shows that the pullback of &,y can be a trivial vector bundle.

Lemma 1.4.2. For each integer r > 2, there exists a finite morphism m, : C,. — C'
from an elliptic curve C,. such that 7,*E,0 = Oc,®" and 7,,0c, = Ep-1 0.

Proof. Recall that £y = O¢ and that &,41 is obtained as a non-trivial extension
& 10 = Oc = Eq10 = €0 — 0. We first define my := 7o : Co — C. If C is
ordinary, or equivalently, if F&* : H(C,O¢) — H'(C,O¢) is an isomorphism, then
we may assume that Fr"& = & . Let moo : Cy — C denote the étale cover defined
by & . Then we have mc2*¢ = 0. If C' is supersingular, or equivalently F*¢; = 0,
then we set moo := F. By the choice of m¢ o, we have me*Er = O¢,®?. For
each » > 2, we define inductively 7,11 := 7c,41 1= 7o, © e, 2. Since we,*E, €
HY(C,,mor*Ec0) =2 HY(C,, O, ®"), we have TG rs1&r = 0.

Next we prove the second statement. It is enough to show m,.Epeg = Epet1 o for
cach e > 0, where m 1= my : Cy — C. Set F := F(©) = TuEpe 0. Since Epe o™ = Epe
we have F* = F by the Grothendieck duality. Let Fi,...,F; be indecomposable
vector bundles such that F = @,.,., Fi and r; be the rank of F;. We may assume
that H°(C, F,) = k. We show HI(C,F,) = k by contradiction. If HY(C,F;) = 0,
then deg F; = 1, and so deg(F; ® L) = 1 for every £ € Pic’(C). Then

0#£HYC,Fi® L) C H'(C,F® L) = H(Cy,Epe g @ 7°L).

By Theorem 21 (1), we get 7L = O, , which is a contradiction. Since H*(C, F) =
HY(C, Fy) 2k for i = 0,1, we have deg F; = - -- = deg F; = 0.

In order to prove | = 1, we show that Pic’(C) LN Pic’(Cy) is injective. Take
an arbitrary £ € Pic’(C) so that 7L = Og,. Since F ® L = F by the projection
formula, the group {L£™|m € Z} acts on {Fi,...,F}. In addition, taking the
determinant of F ® L = F, we get LP = Og. Note that we have degm = p. Since
O¢ — Fi does not split, we see that 7 > 1. Set e = 0. Then F = FO =
7+Oc,. Considering ranks, we see that F; ® L™ = F; for each m € Z. Then by
Theorem 271 (1) again, we have £ = O¢.

We show [ = 1 for every e > 0. Now we have £; € Pic’(C) with H(C, F;® L;) =
k for each 1 < i < [. By the projection formula, we obtain H°(Cy, Epe g @ 7*L;) =
HY(C,F ® L;) = k, and thus 7°L; = O¢, and L; 2 L; for i # j. Hence by the
above argument, we see that [ = 1. O]
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Proposition 1.4.3. Let £ be a vector bundle on an elliptic curve C. Then there
exists a finite morphism w : C' — C' from an elliptic curve C' such that 7*& is a
direct sum of line bundles.

Proof. We may assume that for every finite morphism ¢ : B — C' from an elliptic
curve B, ¢p*& is indecomposable. Set d := deg& and r := rankf. We show that
r = 1. Let @ € C be a closed point. Replacing & by ((r¢)*€)(—dQ), we may
assume that d = 0. Here r¢ : C' — C is the morphism given by multiplication by
r. Then by Theorem T4 (1) and Lemma 42 there exists a finite morphism from
an elliptic curve to C' such that the pullback of £ is a direct sum of line bundles.
Hence r = 1. O



Chapter 2

Stable global sections under traces
of Frobenius morphisms

In this chapter, we recall the notion of the Frobenius stable canonical rings, and
study its fundamental properties. As we see in Chapter @, the Frobenius stable
canonical rings of the geometric generic fibers are important from the view point
of weak positivity theorems. In Section P, after recalling definitions and basic
properties, we study the Frobenius stable canonical rings of varieties with ample
canonical bundles. We particularly consider the case of Gorenstein projective curves
(Corollary ZZT14). In Section B4, we discuss the case of varieties with semi-ample
canonical bundles in any dimension (Corollary ZZ23). To this end, we provide a
canonical bundle formula (Theorem P22). Using this formula, we also study the
Frobenius stable canonical rings of surfaces of general type (Corollary PX).

Throughout this chapter, we work over an algebraically closed field k of charac-
teristic p > 0.

2.1 Frobenius stable canonical rings

We fix the following notation.

Notation 2.1.1. Let k£ be an algebraically closed field of characteristic p > 0. Let
X be a k-scheme of pure dimension satisfying S and G1, and let A = E/a be an
effective Z,)-AC divisor. Set d > 0 be the smallest integer satisfying a|(p? — 1).

Definition 2.1.2 (][99, §3]). In the situation of Notation B, let M be a reflexive
sheaf on X of rank one such that invertible in codimension one. Then we define

SO(X, A, M) as

HO(X, (635 @M)™)

(im (H%X, ((F.L{ ) @ M)7) HO(X, M)) ,

e>0

where qﬁgc)l?m is the morphism defined in Subsection 3, and (_)* :=
Hom(Hom(__,Ox),Ox) is the functor of the double dual. For any AC divisor D
on X, we denote S°(X, A, Ox(D)) by S°(X, A, D). Write S°(X, D) := S°(X,0, D).

15
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Remark 2.1.3. The above definition does not depend on the choice of E and a
satisfying A = E /a. Indeed, if E" and &’ satisfy A = E’/d’, then one can check that

¢E§f By = P9 X, E, Jary for every g > 0 divisible enough.
FExample 2.1.4. In the situation of Notation P11, it is easily seen that the following
are equivalent:

(1) (X,A) is globally F-split, that is to say, there exists an e > 0 divisible enough
such that the composite of natural morphisms Ox — F5 Ox and F5 Ox —
F$ . Ox((p® —1)A) splits as a homomorphism of Ox-modules;

(2) SO(X, A, OX) = HO(X, Ox)7
(3) S%X,A, D)= H°X, D) for every AC divisor D on X.

Definition 2.1.5 ([62, Section 4.1] or [93, Exercise 4.13]). In the situation of No-
tation 10, let M be a reflexive sheaf on X of rank one such that invertible in
codimension one. Then we define

Rs(X, A, M) = P S°(X, A, M) € RX, M) = P H(X, M),

n>0 n>0

where MM = (M®")*  For any AC divisor D, we denote R(X,Ox(D))
and Rg(X,A,Ox(D)) respectively by R(X,D) and Rg(X,A,D). We call
Rs(X, A, a(Kx+A)) the Frobenius stable canonical ring, where Ky is an AC divisor
such that Ox (K ) is isomorphic to the dualizing sheaf wx of X.

When D is a Q-Weil divisor on a normal variety X, we define

Rs(X,A, D) =P S°(X,A, [nD]) € R(X, D) := P H(X, [nD)).

n>0 n>0
Lemma 2.1.6 ([62, Lemma 4.1.1]). Rs(X,A, D) is an ideal of R(X, D).
Proof. This follows from an argument similar to the proof of [62, Lemma 4.1.1]. O

Notation 2.1.7. We denote by R/Rs(X, A, D) the quotient ring of R(X, D) mod-
ulo Rg(X,A, D).

We recall that assumption (ii) of the main theorem (Theorem ET1): there exists
an mg > 0 such that S*( Xz, Ag, am(Kx, + Az)) = H*(X5, am(Kx, + Ay)) for every
m > myg. This is equivalent to the condition that there exists an integer mg > 0 such
that the degree m part of R/Rs(Xg, Ay, a(Kx, + Ag)) is zero for every m > my.
Note that the existence of such my is equivalent to the finiteness of the dimension
of k-vector space R/Rs(Xy, Ay, a(Kx, + Ay))

Definition 2.1.8. In the situation of Notation 27171, assume that each connected
component of X is integral. An AC divisor D is said to be finitely generated if
R(X, D) is a finitely generated k-algebra. A Z,)-AC (resp. Q-AC) divisor I is said
to be finitely generated if there exists a finitely generated AC divisor D such that
I'=D ® A for some 0 < X € Z, (resp. Q).
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Lemma 2.1.9. Let R = @mzo R,, be a graded ring. Assume that R is a domain
and Ry is a field.

(1) If the n-th Veronese subring R™ = ®m20 R, is a finitely generated Ry-
algebra for some n > 0, then so is R.

(2) Let a C R be a nonzero homogeneous ideal, and suppose that R is a finitely
generated Ry-algebra. If R™ /a™ is a finite dimensional Ry-vector space for
some n > 0, then so is R/a, where a™ := D,>0 Gmn-

Proof. For the proof of (1) we refer the proof of [61, Lemma 5.68]. For (2), let [ > 0
be an integer divisible enough. Then there exists ny > 0 such that a;y, C R;.,, =
R, R, =R, -a; C a;, for each n > ng, and hence a,, = R,, for each m > 0, which
is our claim. O

As mentioned after Notation P74, assumption (ii) of the main theorem (The-
orem BTT) satisfied if and only if R/Rs(Xz, Ay, a(Kx, + Ay)) is finite dimen-
sional as k-vector space. This condition is equivalent to the condition that
R/Rs(Xy, Ay, an(Kx, + Ay)) is finite dimensional for an integer n > 0 by (2) of the
above lemma.

Definition 2.1.10. In the situation of Notation EZZI1, we denote the kernel of

gbgf)A Fj‘ée*ﬁgf)m — Ox by BXA for every integer e > 0. When A = 0, we

denote B(eX’O) by B%

FExample 2.1.11. In the situation of Notation EZI1, assume that X is projective, and
(p° — 1)(Kx + A) is Cartier for some ¢ > 0 divisible by d. Let H be an ample
Cartier divisor. We show that R/Rs(X, A, H) is finite dimensional if and only if
(X,A) is F-pure. By the Fujita vanishing theorem, there is an m > 0 such that
HY(X, Bix p)(mH + N)) = 0 for every nef Cartier divisor N. We may assume that
mH — (Kx + A) is nef. If (X, A) is F-pure, or equivalently if gbg’A) is surjective,
then so is the morphism H°(X, qb(X a) ® Ox(mH + N)). Furthermore we see that
HO(X, ngA ® OX(mH + N)) is also surjective for each e > 0, because of the

definition of ng( XA) and the following isomorphisms
(F5.(6(00) ® Ls))) ® Ox(mH + N)
=P, (0(%a) @ Ox(mH + (5 = 1)(mH — (Kx + A)) +5“N)).

This implies that S°(X,A,mH+N) = H°(X, mH + N) and that R/Rs(X, A, H) is
finite dimensional. Conversely it is clear that if R/Rg(X, A, H) is finite dimensional,
then ¢E§3 a) Is surjective, or equivalently, (X, A) is F-pure.

The above example shows that if (X5, Ay) is F-pure and Ky, + Ay is an ample
Zp)-Cartier divisor, then assumption (ii) (and (i)) of the main theorem (Theo-
rem BT1) holds. We next consider the value of such mg in the case when X7 is a
curve. Corollary ZZTT4 provides a value of such my effectively when Ky, + Ay is
ample.
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Lemma 2.1.12. Let X be a Gorenstein projective curve, and let H be an ample
Cartier divisor such that H — Kx is nef. Then for each integer e,m > 1,

H1<X,B§( &® Ox(KX +mH)) =0.
Moreover if X is F-pure, then
SUX,Kx +mH) = H' (X, Kx +mH).

Proof. Clearly the second statement follows from the first and the long exact se-
quence of cohomology induced from the surjective morphism ¢E2 A) ®ROx(Kx+mH).
We prove the first statement. Let v : C' — X be the normalization. Then a com-
mutative diagram of varieties

T T

X X

induces a commutative diagram of Ox-modules:

Fé
—

_—
e
FX

I/*T\I‘FE
C
0 —v.B&L(Ke) — v Fé ,we — viwe —=0

la LFf(*TrV ‘Tru

0—>B§((Kx)—>F§*vawX
e

Since each vertical morphism is an isomorphism on some dense open subset of X,
the kernel and the cokernel of a are torsion Ox-modules. Furthermore since B¢ has
no torsion, we see that « is injective. For each m > 0, the following exact sequence

a®Ox (mH) B;(KX + mH) — coker(a) — 07

0 — (nBe(Ke))(mH)
induces a surjection
HY(C,BL(Ke +mrH)) =2 HY(X, (v.B&(Ke))(mH)) — HY (X, B (Kx +mH)).
Moreover, since v*H is ample and

V'H — Ko =v'(H—-Kx)+ V' Kx —Kec~v'(H—-Kx)+ FE

is nef, where FE is effective divisor on C' defined by the conductor ideal, we may
assume that X is smooth. Then we have H'(X,mpH) = H(X,Kx — mpH) = 0
for each m > 1 by the Serre duality. For each m > 1 there exists an exact sequence

0 — Ox(mH) — Fx,Ox(mpH) = By (Kx +mH) — 0

induced by Cartier operator, which shows that H'(X,BY(Kx + mH)) = 0. This
implies HY(X, ¢y ® Ox (Ky)) is surjective, and thus H(X, ¢\Y ® Ox(Kx +mH))
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is also surjective for every e, m > 1 because of the definition of ¢>§§). Hence the exact
sequence

0— BY(Kx +mH) = Fy Ox(Kx +mp°H)

Y 00x (Kx+mH

)> Ox(KX +mH) —0
induces the following:

Hl(X, Bg((KX —|—mH)) ‘—)HI(X, Ox(KX —I—mpeH))
~ HY(X,—mp°H) = 0.

]

Proposition 2.1.13. In the situation of Notation 211, let X be a projective curve,
let Kx+A is nef and let H be a Cartier divisor. Assume either that (i) H+(a—1)Kx
is ample and H + (a — 2)Kx 1is nef, or that (ii) X 2 P! and H is ample. Then for
each e > 0,

Hl(X, B?§(7A) X Ox((l(KX + A) + H)) =0.

Moreover if (X, A) is F-pure, then
SUX, A a(Kx +A)+ H) = H'(X,a(Kx + A) + H).

Proof. Clearly the second statement follows from the first and the long exact se-
quence of cohomology induced from the surjective morphism ¢E§2 A) ®ROx(Kx+mH).
We prove the first statement. Let E’ be an effective Cartier divisor satisfying
Ox(F') C Ox(E) and A’ := E’/a. For each e > 0 there is a commutative dia-
gram
65 p) @O (a(Kx+A)+H)
Fie L0 (0" (a(Kx + A) + H)) ™ Ox(a(Kx + &) + H)

O3 ar @O (a(K x+A")+H)

Fie L9, (" (a(Kx + &) + H)) = Ox(a(Kx + A) + H),

where the vertical morphisms are natural inclusion. This induces the injective mor-
phism

Bk an(a(Kx + ) + H) = B a)(a(Kx + A) + H)
whose cokernel is a torsion Ox-module.  Hence it suffices to prove that
H'(X, Bflf(,A)(a(KX + A’) + H)) = 0. When (i) holds, we set £/ = 0. By the
previous lemma we have H'(X, B%(aKx + H)) = 0. When (ii) holds, we may as-
sume a(Kx + A’) ~ 0. Then it is easily seen that dim H*(X, B?;}’A,)) < 1. Since

every vector bundle on P! is isomorphic to a direct sum of line bundles, we have
H' (X, B oy (H)) = 0. This completes the proof. O

The following corollary will be used to prove weak positivity theorem for fibra-
tions of relative dimension one (Corollary B=24).
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Corollary 2.1.14. In the situation of Notation 211, assume that X is a projective
curve and (X, A) is F-pure. If Kx + A is ample (resp. Kx is ample and a > 2),
then for each m > 2 (resp. m > 1),

SUX, A am(Kx +A)) = H (X, am(Kx + A)).

Proof. We note that a Gorenstein curve has nef dualizing sheaf unless it is isomorphic
to P!, Hence the statement follows from the above proposition. [

Remark 2.1.15. F-pure singularities of curves are completely classified [48]. For
example, nodes are F-pure singularities, but cusps are not.

2.2 A canonical bundle formula

We next study the Frobenius stable canonical rings of varieties with semi-ample
canonical bundles in any dimension. To this end, we establish a canonical bundle
formula (Theorem P=22) for algebraic fiber spaces with globally F-split geometric
generic fibers. As a corollary, we obtain a criterion of the finiteness of the dimension
of R/Rg in terms of singularities of the canonical models (Corollary ZZ23).

Throughout this section, we fix an algebraically closed field k of characteristic
p > 0.

In order to formulate the problem, we start with an observation of the litaka
fibrations.

Observation 2.2.1. Let X be a normal projective variety, and let A be an effective
Zp)-Weil divisor on X such that Kx + A is a semi-ample Q-Cartier divisor. Let

f:X =Y :=Proj RX,Ky + A)

be the Ilitaka fibration. Then there exists an ample Q-Cartier divisor H on Y
satisfying f*H ~qg Kx + A. Let Yy C Y be an open subset such that fo := f|x, :
Xo — Yy is flat, where X := f1(Yp).

(I) Assume that Rs(X, A, Kx + A) # 0. Then there exists an integer m > 0 such
that mA is integral and S°(X, A, m(Kx + A)) # 0. This implies that

SOX, A, (m—1)p" +1)(Kx +A)) #0

for some €’ > 0 divisible enough. Since p{ (m — 1)p® + 1, there exists an e > 0 such
that S°(X, Ox((p° — 1)(Kx + A))) # 0. We set R’ := (1 — p°)(Kx + A). Let n
be the generic point of Y. By the assumption, Ox(—R')|x, is a torsion line bundle
on X, with nonzero global sections, and thus it is trivial. Hence Ox(R')|x, is also
trivial, and f.Ox(R’) is a torsion free sheaf on Y of rank one. Then there exists an
effective Weil divisor B supported on X \ Xy such that f,Ox(R + B) = Oy(S) for
some Weil divisor S on Y. We set R:= R'+ B = (1 —p°)(Kx + A) + B. Then

R=Kx+A+B—-p(Kx+A)~g Kx+A+B—p°f'H
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Replacing e, we may assume that p°H is Z,)-Cartier, and thus there exists an integer
a > 0 not divisible by p such that aA is integral and H' := ap®H is Cartier. Then
we have

aR~a(Kx +A)+aB— f*H'.

(II) In the situation of (I), after replacing e by its multiple, we assume that (p® —
1)(Kx + A) is base point free. Then we may take (p® —1)H as Cartier. In this case,
we have Ox(R') = f*Oy((1 — p°)H), and thus we may choose B = 0, R = R’ and
S = (1 —p°)H by the projection formula. In particular we have R ~ f*S.

In a more general situation than the above, we prove the following theorem which
is a kind of canonical bundle formula (see [25, Theorem B] for a related result).

Theorem 2.2.2. Let f : X — Y be an algebraic fiber space between normal vari-
eties, let A be an effective Q-Weil divisor on X such that aA is integral for some
integer a > 0 not divisible by p, and let Yy be a smooth open subset of Y such that
codimY \ Yy > 2 and fy := flx, : Xo — Yo is flat, where Xo := f~1(Yy). Further
assume that the following conditions:

(i) The pair (X7, Ag) is globally F-split, where 7 is geometric generic point of Y.

(ii) There exists a Weil divisor R on X, such that f.Ox(R) = Oy(S) for some
Weil divisor S on'Y and aR ~ a(Kx + A)+ B — f*C for some effective Weil
divisor B supported on X \ Xq and for some Cartier divisor C on'Y .

Then, there exists an effective Q-Weil divisor Ay on'Y, which satisfies the following
conditions:

(1) For some integer a’ > 0 divisible by a but not by p, o’ Ay is integral, and

Oy(d(Ky + Ay — 85)) 2 Oy(da'C) = f.O0x(d(Kx + A+a'B—R)).

(2) For every effective Weil divisor B" supported on X \ Xo and for every Cartier
divisor D on Y,

SUX,A,B'+ f*D+ R) = S°(Y, Ay, D + S).

(3) If f is a birational morphism, then Ay = f,A.

(4) Suppose that Xy is Gorenstein and R|x, is Cartier. Let T' be an effective
Cartier divisor on Xo defined by the image of the natural morphism

Oxo(—R[x,) ® fo  (f0.O0x,(Rlx,)) = Oxo,
and let y be a point of Yy. Then the following conditions are equivalent:

(a) Supp A does not contain any irreducible component of f~'(y), and
(X, Ag) is globally F-split, where § is the algebraic closure of y;
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(b) y is not contained in f(Supp I') U Supp Ay-.

Note that if R is linearly equivalent to the pullback of a Cartier divisor on Y,
then replacing C', we may assume that R =0, S =0 and I' = 0.

For varieties with semi-ample canonical bundles, Corollary provides a cri-
terion of the finiteness of the dimension of R/Rg in terms of the singularity of
the canonical models. As explained after Notation 2174, the finiteness of R/Rg is
equivalent to assumption (ii) of the main theorem (Theorems BT or E=2T). We re-
mark that for such varieties, assumption (i) of the main theorem, that is the finitely
generation of canonical rings, is always satisfied.

Corollary 2.2.3. In the situation of Observation ZZ1 (1), the following holds:

(1) The pair (X7, Ag) is globally F'-split, where 7 is the geometric generic point of
Y. In particular, f is separable.

(2) Let Ay be as in Theorem B22. In the situation of Observation 221 (II) (i.e.
I(Kx+A) is Cartier for an integer ! > 0 not divisible by p), R/Rs(X, A, Kx+
A) is a finite dimensional k-vector space if and only if (Y, Ay) is F-pure.

Before the proof of Theorem P22 and Corollary 2223, we observe the morphisms
obtained by pushing forward of the trace maps of the relative Frobenius morphisms.

Observation 2.2.4. Let f : X — Y be a projective morphism from a Gorenstein
variety X to a smooth variety Y. Let A = E/a be an effective Z,-AC divisor on
X whose support does not contain any irreducible component of any fiber of f. Let
d be the smallest positive integer satisfying a|(p? — 1). Let e > 0 be an integer.

(I) For every y € Y, we have the following diagram:

de d de
(X =—=X0 —=X
(de) (de) .
FXy/yL FX/Y\ flde)

Xyde —— Xyde

[

yde Yde

Let R be a Cartier divisor on X. We denote by #(%) the morphism
Frae (D5 n) )y @ Ox(R)yac) + 99 LI v (0 R) = fyae,Ox, . (R)ya.

Here we recall that £ ;lf)A )y = Oxae((1— PP (K xae jyae + A)).

(II) Let Yo C Y be an open subset such that fo := f|x, : Xo — Yo is flat, where

Xo = f71(Yy). Assume that y € Y, and that Ely, is Cartier. Since fo is a Gorenstem

de de
morphism, Xy is Gorenstein. Set Ay = E|x, /a. Then ‘CEX,)A)/Y|(X§ de = EX;/M@
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and we have the following diagram of k(7%)-vector spaces for every e > 0:

e de e e de e —de
HO((X5)%, £ 5 a0y © Ox (0B xppee) = (199, L5 (0 R) ) @ (%)

0 (de) de
H (nge ’¢(Xy/§,A§)®OX (p GR) ‘nge ) o(de) ®k(?de)

H(X e, Ox(R)x.,.) (fyaeOx(R)ya) @ k(7*)

(IT) Let Y7 C Yj be an open subset such that dim H%(X,, Ox(R)|x,) is a constant
function on Y; with value h. If y € Yj, then the horizontal morphisms in the above
diagram are isomorphisms by [68, Corllary12.9]. Hence for every e > 0 we have

dimy ) im (H(Xy, 6 »,) @ Ox(R)|x,))
. . de
= dlmk(yde) lm(HO (Xyd‘f) ngXy)/yvAg) ® OX(R) |X§de ))
= dimygae) im (0% @ k(7™))
=h — dimy,gae) coker (Q(de) ® k(y™))
=h — dimy,ae (coker(e(de))) ® k(7%).
Here, the last equality follows from the right exactness of the tensor functor.

(IV) Assume that (p? — 1)(Kx/y + A — R)|x, ~ f;C for some Cartier divisor C' on
Yy, where X := f71(Y}) and f; := f|x, : X1 — Yi. Then

de e ~
L) a3 ® Oxac (9 R) | (xy0e 2 Oxae(R)| (x e

for every y € Y;. Thus we can regard H(Xy, ¢E§2Ag) ® Ox(R)|x,) as the e-th

Y
iteration of the (p~%linear) morphism

T = HO(Xy, ¢E§g@Ay)®0X (R) X§> :
HO(Xya Ox(R)|x,) — HO(Xﬂa Ox (R)|xy)-

If e > h, then im(7¢) = im(7"), and thus
m(H'(Xg, ¢ ) ® Ox(R)|x,)) = S°(Xg, A, Ox(R)|x,).
Hence by (3), we see that
dimyg) S°(Xy, Ay, Ox(R)|x,) = h — dimy g (coker(0'))) @ k(7™).
In particular, since the function dimk@de)(coker(G(de))) ® k(y%) on Y% is upper
|

semicontinuous, the function dimyy) SU Xy, Ay, Ox(R) x,) on Y} is lower semicon-
tinuous.
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Proof of Theorem 22274. Let d > 0 be an integer such that a|(p? — 1).

Step 1. We define Ay and we show that this is independent of the choice of d. We
first note that, for each e > 0 there exist isomorphisms

F:Ox((1 = p™)(Kx + A) +p™R)
>fO0x((1—p™)(Kx +A+a'B—R)+ (™ —1)a'B+R)
_(’)y(( a0 @ f.O0x((p™ — 1)a™*B + R)

- p™)
Oy ((1 = p™)a™'C) @ [.Ox(R)
~0y((1 — p™)a~'C + 9).

Since Y is normal, to define Ay we may assume Y = Y and X is smooth. Then for
each e > 0 we have

FILED (0 R) 2 Oyac(1 = p*)(a7'C = Kya) +5)  and
fyae.Oxge (Ryar) = FE" 1,0 (R) = Oyae (p°5),
thus

e de
Q(d -— fyde ¢(X A)/Y ® OXyde (Ryde)
e de e
Ly (0 R) = frae,Ox,, (Rya)
is a homomorphism between line bundles. By the assumption of global F-splitting of
(X7, Ay), we see that the left vertical morphism of the diagram in Observation 224
(I) (for y = n) is surjective, and hence by Observation 2224 (I) #9°) is generically
surjective for every e > 0. Thus 6% defines an effective Cartier divisor E(%) on Y.

Then for every e > 1 we have E@) = pd p(de=1) 1 B(d) because relations between
morphisms

. fyde ¢ XA)/Y ® OXyde (Ryde)
(d(e—1))
= fy de, <¢ XA)/Y (%9 OXyd(efl) (Ryd(e—l))>Yd
e— d d(e e
of(d( 1)) Yde*¢gx)d(e .A)/ye-D ® (EEX( )/)))/> (pd( l)Ryde)
=(F¢ 0 ) 0 (0 @ Oyue (p"“™ = 1)(a™'C = Kya)))

implies that £ = (pde=D) ... 4 p+ DHED = (p? — 1)(p? — 1) E@ for every
e > 0. We define Ay := (p? — 1)"'E@ | this is independent of the choice of d by the
above. Note that by this definition

FOx((p" = 1)(Kx/y + A — R)) 20y ((p* — 1)(a™'C — Ky))
=0y ((p* — 1)(Ay = 9)),

which proves (1).
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Step 2. We show that for each e > 0 there exists a commutative diagram

(@) @0y (S))*
e de (Y;Ay)
Fll/i' *EEY,)Ay) - OY(S)

gl .

e € e w(de)
P L0 (0 R) f.O0x(R),

where 9(4¢) = f*((ﬁbg(eA ® Ox(R))*). It is clear that each object of the above
diagram is a reflexive sheaf so we may assume that Y = Y; and X is smooth. Since
Fi=(Fd)xo F)((/)w we have

6% ) ® Ox(R)

::TI'F% &® w)}l(R) (TI'(Fd (FY) TI‘F(d)

X/Y

)eurtm
= (7T ) @ 0xv) o (Fx, Trygy
(16} @ Ox(R)) o (F{)x, (0{a) v @ frawyd (Rya)) .

We note that ¢§f Vis a morphism between vector bundles on Y, thus (% is decom-
posed into

@ %(qb;‘vj) ® Oy (S)) o Fg*(g(d) ® w;—dpd).

On the other hand, by the definition of Ay, there exists a commutative diagram

Oy ((1—p")Ay +p?S) Oya(p?S)
(d) l
f E(dX) A)/Y( dR) d de*OXYd (RYd)'

Applying the functor FZ ((_ ) ® w;/_p d) to this diagram, we have the following:

(F,0v (1 = p")(Ky + Ay)) @ Oy (S) —— (F .wy

)
]

F (0w, )
FE DL 5 0 R) (Fwy ™) @ £.Ox(R).

® Oy (S)

1%

Hence by the decomposition of ¢(? and the definition of gbg) Ay): the claim is proved
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in the case when e = 1. Furthermore, for each e > 0 we have
lletn)

=(fu (35 n) @ Ox(R))) © foFE (63 n) ® L n) (D™ R))

29 o B £ (¢4, ) © Oxac(R+ (1 p%) (Kxae + A — R)))
Ay ® Oy (S) 0 F (¢(yu o, ® Oyac(S+ (1= p*)a™'C))
=) ® Oy(S) 0 (0% 5, ® Opac(1 = p™)(Ky + Ay) + pS))
(o) ® Ov(S) 0 B (9 5,y ® LA, (09)

(
(

Yde A

This is our claim.

Step 3. We prove statements (2)-(4). (3) is obvious. We show (2). By the definition
of gbg() Ay We may assume that X is smooth. Then there is a commutative diagram

e e e e (1) @0y (D)
(Fye 199 L5 (0 R))(D) - (f.Ox(R))(D)
. (658,20 (f* D+R))
Py £ LA (0™ (f*D + R)) e J.Ox(f*D + R)
Fe(9(30p) ®OX (f*D+B'+R))
F}cﬁe*f(de) EE?;A)( de(f*D—l— B/+R)) (X,4A) X f*OX<f*D+ B/+R)

Thus by Step2,

H(X, ¢y, @ Ox(f*D + B' + R))
=HOY, fu(dyn) @ Ox(f*D + B'+ R)))
~HOY, ($yn,) ® (D +8)™),

which implies (2). For (4), we may assume that Y = Y. Then, since f.Ox(R)
is a line bundle, we only need to show that the case when f.Ox(R) = Oy and
R =T > 0. In this case, since R and (p? — 1)(Kx + A) are Cartier, and since f is
flat projective, we have H(X,, Ox(R)|x,) # 0 and

H(X,, Ox((1 = p")R)|x,) = H(X,, Ox, (1 = p")(Kx, + Ay))) # 0

for every y € Y by assumptions and upper semicontinuity [68, Theorem 12.8]. In
particular, if X, is reduced then Ox(R)|x, = Ox,, because every nonzero endomor-
phism of a line bundle on a connected reduced projective scheme over a field is an
isomorphism. Hence the isomorphism Oy = f,Ox(R) shows that the support of R is



contained a union of nonreduced fibers. Set Y; := {y € Y|H*(X,, Ox(R),) = k(y)}.
Then we have

Supp Ayly; = Supp coker(0'”)|y, ={y € Y1|S°(Xy, Ay, Ox(R)|x;) = 0},

where the first (resp. the second) equality follows from the definition of Ay (resp.
Observation 224 (IV)). Now we prove (a)=(b). In the situation of (a) X, is reduced,
and soy € Y\ f(Supp R). We recall Example 24, which shows that the global F-
splitting of (X7, Ay) is equivalent to the equality S°(Xy, Ay, Ox,) = H(Xy, Ox,).
Thus it is enough to show that y € Y;. Let {y} be the closure in Y of the set {y}
with the reduced induced subscheme structure. Let Y’ be a smooth open subset of
{y} such that Ry, = 0 and that Supp A does not contain any irreducible component
of any fiber over Y’. Then for a general closed point ¢y’ € Y,

dimy, S°( Xy, Ay, Ox ) = dimyg) S°(Xy, Ay, Ox,)
= dlmk@) HO(Xg, Oxy) = dlmk HO(Xy/, OXy,),

where the first (resp. the third) equality follows from lower semicontinuity proved
in Observation 224 (IV) (resp. upper semicontinuity). Thus (X,/, A, ) is globally
F-split, and in particular X,/ is reduced. Since k is algebraically closed, we have
HO(Xy/,OXy,) = k, and hence H°(X,,Ox,) = k(y), or equivalently, y € Y;. To
prove (b)=>(a), we replace Y by its affine open subset contained in Y\ (Supp Ay U
f(Supp R)). Then the surjectivity of (9 shows that ¢€3? Ay F@Y*EE;?’A)/Y —
. : . d d :
Ox,, is split, and thus so is ¢EX),A)/Y|ng ; F)((;/y*(EE;’A)/YhXH)d) — Ong- This
means that A does not contain any irreducible component of f~!(y), so Ay is well-
d ~ (d .
defined, and we have gbg )2 A) /Y| Xoq = (;SE )g@ Ap)/5 which completes the proof.

]

Proof of Corollary 2223. We use the notation of Observation ZZ2Z1. Let [ > 0 be
an integer such that [(Kx + A) is Cartier and base point free. We replace Y by
its smooth locus Yy, and X by the smooth locus of f~!(Y,,). As in the proof of
Theorem 22232, we set

P = f(6 % 5 ® Ox(R)) and 09 = fyre (69 5) )y @ Ox(R)ye)
for every e > 0 divisible enough. Since S°(X, A, (p? — 1)(Kx + A)) # 0, we have

0 ASY(X, A, (1= 1)(p" - 1)(Kx + A))
<SUX, A (1= 1)(p* = 1)(Kx +A)+ B) = S°(X, A, ffl(p* — 1)H + R).

This implies the morphism
Fi(8EL s ® Ox (1" = D H + R)) = © Oy (I(p" — 1)H)

is nonzero for an e > 0 divisible enough, where the isomorphism follows from the
projection formula. Hence (¢ is also nonzero. By an argument similar to Step2,
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we can factor (¢ into ( §f) ® Oy (5)) o F& (0 @wy ™), and hence () is nonzero.
Thus 9 @ k() = HO(X;, ¢Eigﬁ /n Aﬁ)) is nonzero, or equivalently, (X7, Az) is globally
F-split. In particular X5 is reduced, and this means that f is separable. We show
(2). First note that R/Rs(X,A, Kx + A) is finite dimensional if and only if so is
R/Rs(X,AJI(Kx + A)) by Lemma ZT9. Let m > 0 be an integer with [|m. Then
we have HO(X, Im(Kx+A)) = H(Y,Im(Ky +A)). Furthermore, by Theorem 2722

(2), we have
SUX, A m(Kx +A)) = S°(X, A, f*(mH — S) + R)
= S°(Y,Ay,mH — S+ 5) = S°(Y, Ay, mH).

Thus R/Rs(X, A I(Kx+A)) = R/Rs(Y, Ay,lH). By Example ZZTT1, this k-vector
space is finite dimensional if and only if (Y, Ay) is F-pure, which is our claim. [

Example 2.2.5. Let f : X — Y be a relatively minimal elliptic fibration. In other
words, let f be a generically smooth morphism from a smooth projective surface X to
a smooth projective curve Y, whose fibers are connected curves having arithmetic
genus one and do not contain (—1)-curves of X. Then by the canonical bundle
formula [I2, Theorem 2], we have

Kx Nf*D‘i‘ilin’,
=1

where D is a divisor on Y, m;F; = X, is a multiple fiber with the multiplicity m,,
and 0 < [; < m;. Let m be the least common multiple of m,...,m,, and let a,e > 0
be integers such that m = ap® and p t a. We set

o=
{1
i—1

for some d > e satisfying a|(p? — 1). Here, recall that for every s € Q, {s} is the
fractional part s — [s] of s. It is easily seen that f,Ox(R) = Oy and

T T T 1 . d l
aKx —aR ~af*D + aZliFi — aZ(l — pHLF; + GZL%JmiFi
i=1 i=1 i=1 ‘

(1 - pd)li
m;

e+ () 1w

-1 T
Thus, a and R satisfy condition (ii) of Theorem ZZ22. Furthermore, assume that
the geometric generic fiber of f is globally F-split, or equivalently, is an elliptic
curve with nonzero Hasse invariant. Then by Theorem P22 there exists an effective
Zp)-divisor Ay on Y such that

SUX, f*D' + R) = S°(Y, Ay, D)

for every divisor D' on Y, and y1,...,y, € f(R) U Ay. Remark that if p ¥ m; for
each 4, then m;|(p? — 1), and so R = 0.
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Finally, applying Theorem 222, we show that for a smooth projective surface
X of general type, R/Rs(X, Kx) is finite dimensional (Corollary Z°XJ).

Corollary 2.2.6. Let f : X — Y be a birational morphism between normal pro-
jective varieties, let A be an effective Q-Weil divisor on X and let Ay = f.A.
Assume that a(Ky + Ay) is Cartier for some a > 0 not divisible by p and (Y, Ay)
1s canonical. Then for each m > 0,

SO(K Ay, am(Ky + Ay)) = SO(X, A, am(KX + A))
Proof. Since (Y, Ay) is canonical, R := a(Kx + A) — f*a(Ky + Ay) is an effective

~Y

Weil divisor on X supported on the exceptional locus of f. Note that f.Ox(R) =
Oy. We set B :=(a—1)R and B/ := (m — 1)R for each m > 1. Then we have

aR =R+ (CL— l)R = CL(KX —|—A) — f*a(Ky+Ay) + B.
Thus, by Theorem 22272, we have

SUY, Ay, am(Ky + Ay)) =2 S°(X, A, B, + ffam(Ky + Ay) + R)
>~ SOUX, A, am(Kx + A)).

[]

Corollary 2.2.7 (93, Excercise 5.15]). Let ¢ : Y --s Y’ be a birational map
between normal projective varieties, let A be an effective Q-Weil divisor on Y and
let A" := p,A. Assume that a(Ky +A) and a(Ky + A') are Cartier for some a > 0
not divisible by p, and that (Y, A) and (Y', A") are canonical. Then, for each m > 0,

SUY, A, am(Ky + A)) =2 SY( Ky, A am(Ky + A)).
Proof. This follows directly from Corollary 2ZZ8. O

The following corollary is used to prove the weak positivity theorem when geo-
metric generic fibers are normal projective surfaces of general type with only rational
double point singularities (Corollary B-23). Recall that the finiteness of the dimen-
sion of R/Rg is equivalent to assumption (ii) of the main theorem (Theorems BT
or E=ZT).

Corollary 2.2.8. Let X be a normal projective surface of general type with only ra-
tional double point singularities. If p > 5, then R/Rg(X, Kx) is a finite dimensional
vector Space.

Proof. By Corollary 22274, we may assume that X is a smooth projective surface
of general type which has no (—1)-curve. Then for each n > 0, nKx is base
point free, and Y := Proj R(X, Kx) has only rational double point singularities [5,
Theorem 9.1]. When p > 5, Y is F-pure, because of the classification of rational
double points [2, Section 3], and of Fedder’s criterion [32]. Hence the statement
follows from Corollary 2273. [



Chapter 3

Positivity conditions and a
numerical invariant

In this chapter, we introduce some positivity conditions of coherent sheaves on
normal varieties over a field k (Section Bl). In order to give a sufficient condition
for coherent sheaves to have such positivity conditions, we also introduce a numerical
invariant when k is an F-finite field of positive (Section B2).

3.1 Positivity conditions of coherent sheaves

Definition 3.1.1. Let Y be a quasi-projective normal variety over a field k, let G
be a coherent sheaf on Y and let H be an ample Cartier divisor. Let V' C Y be the
largest open subset such that G|y is locally free and S be a non-empty subset of V.

(i) We say that G is globally generated over S if the natural morphism H°(Y, G)®y,
Oy — G is surjective over S.

(ii) We say that G is weakly positive over S if for every integer a > 0, there exists
an integer b > 0 such that (S®G)** @ Oy (bH) is globally generated over S.
Here S%(_) and (_)** denote the ab-th symmetric product and the double
dual, respectively.

(iii) We say that G is big over S if there exists an integer a > 0 such that (S*G)(—H)
is weakly positive over S.

We simply say that G is globally generated (resp. weakly positive, big) over y when
S = {y} for a point y € V. We say that G is generically globally generated (resp.
weakly positive, big) if it is globally generated (resp. weakly positive, big) over the
generic point 7 of Y.

Remark 3.1.2. The notion of weak positivity is first introduced by Viehweg as a
generalization of nefness of vector bundles, when S is an open subset [I10]. In [7Z]
and [92] (resp. [88]), this notion is also defined in the case when S = {n} (resp.
S = {y} for a point y € ).

30
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Remark 3.1.3. Let Y, G,V, S and H be as above.

(1) The above definition is independent of the choice of H (cf. [I10, Lemma 2.14]).
(2) Let Yo C Y be an open subset containing S such that codimy (Y \ Yp) > 2 and
let 7 : Yy — Y be the open immersion. Then we have

(5™G)" (nH) = 0. (((S™G)™ (nH))ly,) = i (S™(Gy)) ™ (nH]x))

for each integers m, n with m > 0. Therefore, we see that G is weakly positive (resp.
big) over S if and only if so is Gy,

(3) The natural morphism G — G** induces the morphism (S™G)*(nH) —
(S™G**)*(nH) for each integers m,n with n > 0, which is an isomorphism be-
cause of the normality of Y. In particular, G is weakly positive (resp. big) over S if
and only if so is G**.

(4) Assume that G is a vector bundle and that Y is projective. Then G is weakly
positive (resp. big) over Y if and only if G is nef (resp. ample). For details, see for
example [[79, §6].

(5) Assume that G is a line bundle and that Y is projective. Then G is weakly
positive (resp. big) over the generic point n of Y if and only if G is pseudo-effective

(resp. big).
Observation 3.1.4. (1) With the notation as Definition BT, we define

there exist a,b € Z such that
TG, H):= {ee€Q| e=a/b,b>0,and (S°G)*(—aH) is p, and
globally generated over S.

ts(G, H) = sup Tg(G, H).

We first prove that TE(G, H) is equal to QN (—o0,t5(G, H)) or QN (—o0,ts(G, H)].
By Remark B3 (3), we have T(G, H) = T{(G*, H). Furthermore, similarly to
Remark (2), we see that T4(G,H) = T{(G|v,H|v), where V' C Y is the
maximum open subset such that G**|y is locally free. Hence we may assume that
G is locally free. If (S°G)(—aH) is globally generated over S for integers a,b with
b > 0, then (S*G)(—acH) is also globally generated over S for every ¢ > 0, because
of the natural morphism

S((S"G)(—aH)) — (8*G)(—acH)

which is surjective over S. Then (S*G)((—ac + d)H) is also globally generated
over S for every d > 0 such that dH is free. Hence we see that (ac — d)/(bc) =
a/b—d/(bc) € T{(G, H), which proves our claim.

(2) Next, we show that G is weakly positive (resp. big) over S if and only if
t's(G,H) > 0 (resp > 0). By an argument similar to the above, we may assume that
G is locally free. The definition of the weak positivity of G over S is equivalent to
that —1/a € T{(G, H) for all a > 0, which is also equivalent to t4(G, H) > 0 because
of (1). If G is big, then there exists an integer ¢ > 0 such that (S°G)(—H) is weakly
positive. Then for an a > 0 there exists a b > 0 such that (S®°(SG))(—abH + aH)
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is globally generated over S, and so is (S%°G)(a(1 — b)H) as seen in (1). Hence
t's(G,H) > (ab—a)/(abc) = 1/c —1/(bc) > 0. Conversely, if t4(G, H) > 0 then by
(1) we have integers a,b > 0 such that (S°G)(—aH) is globally generated over S,
and hence G is big.

(3) For a line bundle £ on Y and an integer m > 0, it is easily seen that
ts(L™ H) = mty(L, H). Hence we see that £ is weakly positive over S if and
only if so is L™.

By Observation BT (3), we can define the weak positivity of a Q-Weil divisor.

Definition 3.1.5. With the notation as Definition BT, let D be a Q-Weil divisor
on Y, m > 0 be an integer such that mD is integral and G be isomorphic to Oy (mD).
Then D is said to be weakly positive (resp. big) over S if so is G.

Note that this definition is independent of the choice of m by Observa-
tion B4 (3).

3.2 A numerical invariant of coherent sheaves

Next we introduce a numerical invariant of coherent sheaves which measures posi-
tivity. Throughout this section, we fix an F-finite field k of characteristic p > 0.

Definition 3.2.1. Let Y,G, V.S be as in Definition B, and assume that the
characteristic of k£ is p > 0. Let D be a Q-Cartier divisor. Then we define

there exists an e > 0 such that
Ts(G,D) := e € Q| peD is Cartier and (F$*G)(—peD)is p, and
globally generated over S.

tS(g7 D) = SupTS(g7 D) €cRU {—OO, +OO}

When S is the singleton {n} of the generic point n € Y, we often denote Ts(G, D)
(xesp. t5(G, D)) by T(G, D) (resp. (G, D)).

Lemma 3.2.2. Under the same assumption as above, let F be a coherent sheaf on
Y.

(1) If there exists a morphism F — G which is surjective over S, then ts(F,D) <
ts(G, D).

(2) Assume that {ts(F,D),ts(G, D)} # {—o00,+oc}. Then
ts(F,D)+1ts(G,D) <ts(F®G,D).

(3) For each e > 0, ts(Fy*G, D) = p°ts(G, D).

(4) If the rank of G is positive, and ts(G, D) = +oo, then —D is weakly positive
over S.
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Proof. (1)—(3) follow directly from the definition. We prove (4). Recall that for
every y € S, the stalk G, of G at y is free of positive rank. From this we see that
the natural morphism G* ® G — Oy is surjective over S. Furthermore, there is
an ample Cartier divisor H such that G*(H) is globally generated, so we have a
surjective morphism O;‘?h — G*(H) for some h > 0. Hence we get a morphism

G = G* @ G(H) — Oy (H)

which is surjective over S. By (1) we have t5(Oy(H), D) = +o0, and thus there

n——+oo

exists a sequence {&,, > 0},,>1 of elements of Ts(Oy (H), D) such that &, —— +o0.
By the definition of tg(Oy (H), D), for every n > 1 there exists an e > 1 such that

(Fy" Oy (H))(=enp®D) = Oy (p°(H — e,D))

is globally generated over S. Set G := Oy (—bD) for an integer b > 0 such that bD
is Cartier. Then for an integer [,, > 0 such that ¢,0,p° is an integer,

(S=P"GY** @ Oy (bl,pH) = Oy (enlnp®(—bD) + bl,p°H) = S""(Oy (p°(H — £,D)))

is also globally generated over S. Using the notation of Observation BT, we see
that (—bl,p°)/(enlnp®) = —b/en, < t4(Oy(—bD), H), and so 0 < t'4(Oy(—bD), H).
As shown in Observation B4 (2), this implies that Oy (—bD) is weakly positive
over S. [

Proposition 3.2.3. Let Y be a projective n-dimensional variety over a field of
characteristic p > 0. Let Y, G, V., S be as in Definition 311, H be an ample Cartier
divisor on'Y and A be an effective Q-Weil divisor on Y such that Ky + A is Q-
Cartier and SuppA NS = 0. Let Yy be a reqular open subset Yy C Y satisfying
codim(Y \'Y,) > 2, and set t := ts,(Glvy, H|v,), where So := SNYy. If D is a
Cartier divisor such that

D—(Ky—i—A)—TlA-FtH

is ample for a base point free ample divisor A on'Y, then G**(D) is globally generated
over Sy.

Proof. Since ts,(Gly,, H|y,) is the supremum, there exists an e € Ts,(Gly,, H |y, ) such
that B := D — (Ky + A) —nA+cH is ample. We fix such an €. By the definition,
for every e > 0, pe € Z and there is a morphism a, : @ Oy — (F5*G)**(—peH)
which is surjective over Sy. Let | > 0 be an integer such that I(Ky + A) is Cartier
and le € Z. For every e > 0, we denote by ¢. and r, respectively the quotient and
the remainder of the division of p® — 1 by [. Hence we have following morphisms
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which are surjective over Sy:
P Fy .0y (¢l(B + nA) + (re + 1)(D — Ky + eH) + Ky)

(
>Fy, D Oy (¢:l(B + nA) + (re + 1)(D — Ky + ¢H) + Ky)
—Fy, ((F;*g)* ® Oy (—p°eH + ql(B+nA)+ (re + 1)(D — Ky +eH) + Ky))

2y ((F77G)" ®@ Oy (ql(B +nA —eH) + (re + 1)(D — Ky) + Ky))
=Fy, (FY'G)™ ® Oy (ql(D — (Ky + A)) + (re + 1)(D — Ky) + Ky))
=Fy (Fy"G)™ @ Oy (—qlA +p°(D — Ky) + Ky))

=(G"(D) ® Fy Oy ((1 = p°) Ky — ¢.lA))™

(g**(D) ® Fy Oy ((1 - p9)Ky))™

Here the morphism in the third (resp. ninth) line is induced by a, (resp. ¢§f)), and
the isomorphism in the seventh line follows from the projection formula. Therefore,
it is sufficient to show that

F}i*Oy(qel(B + nA) + (7"6 + 1)(D - Ky + €H) -+ Ky)

is globally generated for each e > 0. Since 0 < r. < [, by the Serre vanishing
theorem, we have

H(Y, Oy (—iA) @ F&, Oy (ql(B +nA) + (re + 1)(D — Ky + eH) + Ky))
~HY(Y, F, 0y (ql(B+ (n—i)A) + (re + 1)(D — Ky + eH —iA) + Ky) =0

for each 7 > 0 and e > 0. Hence our claim follows from the Castelnuovo-Mumford
regularity ([9, Theorem 1.8.5]). O

Proposition 3.2.4. Let Y, Yy, H,G, V., S be as above. If ts,(Gly,, H|y,) > 0, where
So := S NYy, then G is weakly positive over Sy.

Proof. By the hypothesis and Lemma B2, we have

tso((Slg>**|Yo7H|Yo) > tso(g®l‘Y07H‘Yo) > ltSo(g’Ym H’YO) >0

for every [ > 0. Applying the previous proposition, we obtain an ample Cartier
divisor D such that (S'G)**(D) is globally generated over Sy for every [ > 0, which
is our claim. O



Chapter 4

Weak positivity theorems

4.1 Summary

Let f : X — Y be an algebraic fiber space, and let X and Y be smooth projective va-
rieties. The positivity of the direct image sheaf f*w%y of the relative pluricanonical
bundle is an important property. In characteristic zero, there are numerous known
results. Fujita has proved that f.wx/y is a nef vector bundle when dimY = 1
[@3]. Kawamata generalized this to the case when m > 2 [67] and to the case when
dimY” > 2 [66] (see also [38]). Viehweg has shown that f.w¥, is weakly positive
for each m > 1 [109] (see also [72], T3], and [36]). There are several significant con-
sequences of these results. One of them is litaka’s conjecture in some special cases,
which we discuss in Chapter B. Other consequences include some moduli problems
in [73] and [34] (see also [I10]), where results of [&3], [66], and [67] are generalized
to the case when X is reducible (see also [6Y], [39], and [20]).

On the other hand, in positive characteristic, it is known that there are counter-
examples to the above results. For example, Moret-Bailly constructed a semi-stable
fibration g : S — P! from a surface S to P! such that g,wgp1 is not nef [8G]. For other
examples, see [U6, [14] (or Remark 8222 in this chapter). Hence it is natural to ask
under what additional conditions analogous results hold in positive characteristic.
Kollar has shown that f*w)"g/y is a nef vector bundle for each m > 2 when X is a
surface, Y is a curve, and the general fiber of f has only nodes as singularities [[/3,
4.3. Theorem]. Patakfalvi has proved that f*w%y is a nef vector bundle for each
m > 0 when Y is a curve, X5 has only normal F-pure singularities, and wy/,y is
f-ample [91, Theorem 1.1].

In this chapter, we consider the weak positivity of f*wg’}/y in positive character-
istic under a condition on the canonical ring and the Frobenius stable canonical ring
of the geometric generic fiber. Recall that for a Gorenstein variety V', the canonical
ring of V' is the section ring of the dualizing sheaf of V', and the Frobenius stable
canonical ring of V' is its homogeneous ideal whose degree m subgroup is S°(V, mKy,)
(see Definition 21T2).

From now on we work over an algebraically closed field %k of characteristic p > 0.
The following theorem is the main result of this chapter.
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Theorem 4.1.1 (Theorem B=21). Let f : X — Y be an algebraic fiber space, X and
Y be smooth projective varieties and A be an effective Q-divisor on X such that aA
is integral for some integer a > 0 not divisible by p. Let 7 be the geometric generic
point of Y. Assume that

(i) the k(7)-algebra @,,~, H( Xz, am(Kx + A)g) is finitely generated, and
(ii) there exists an integer my > 0 such that for each m > my,

Then f.Ox(am(Kx/y + A)) is weakly positive for each m > my.

This theorem is proved in Section B2 under a more general situation. Condition
(ii) of the theorem holds, for example, in the case where X7 is a curve of arithmetic
genus at least two which has only nodes as singularities, A = 0, and my = 2 (Corol-
lary Z114), or in the case where the pair (X7, Ag) has only F-pure singularities,
Kx, + Ay is ample, and mg > 0 (Example ZT1T). Thus Theorem BT can be
viewed as a generalization of [73, 4.3. Theorem| and [91, Theorem 1.1].

Theorem AT should be compared with another result of Patakfalvi [92, The-
orem 6.4], which states that if S°(Xz, Kx,) = H°(X5, Kx,) then fiwy/y is weakly
positive (see also [63]). These two results imply that S°(X5, mKy, ) is closely related
to the positivity of f*u&”/y for each m > 1. In order to prove Theorem E11, we
generalize the method of the proof of [92, Theorem 6.4] using a numerical invariant
introduced in Section B=2.

When the relative dimension of f is one, we obtain the following theorem as a
corollary of Theorem E—ITI.

Theorem 4.1.2 (Corollary B224). Let f : X — Y be an algebraic fiber space of
relative dimension one, X andY be smooth projective varieties, and A be an effective
Q-divisor on X such that aA is integral for some integer a > 0 not divisible by p.
Let 7 be the geometric generic point of Y. If (Xg, Ag) is F-pure and Kx, + Ay is
ample, then f.Ox(am(Kxy +A)) is weakly positive for each m > 2. In particular,
if X5 is a smooth curve of genus at least two, then f*w;’}/y 15 weakly positive for each
m > 2.

When the relative dimension of f is two, we also obtain the following theorem
as a corollary of Theorem E—TI.

Theorem 4.1.3 (Corollary BZH). Assume that p > 5. Let f : X — Y be an
algebraic fiber space and let X and Y be smooth projective varieties. If the geo-
metric generic fiber is a surface of general type with only rational double points as
singularities, then f*wgg/y 18 weakly positive for each m > 0.

Unfortunately, we cannot necessarily apply Theorem E—171 to the case when the
geometric generic fiber X7 is a smooth projective surface not of general type, even
if the total space is a 3-fold. However, we can prove the following result.
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Theorem 4.1.4. Assume that p > 5. Let f : X — Y be an algebraic fiber space,
X be a smooth projective 3-fold and Y be a smooth projective curve. Suppose that
the geometric generic fiber X5 has only rational double points as singularities. If
K(Xy, Kx,) = 1, then there exists a real number ¢ > 0 such that J«w¥ )y contains a
nef subbundle of rank at least cm for sufficiently divisible m > 0.

This theorem may be not sufficient to be regarded as a kind of weak positivity
theorems, but it is useful enough to study litaka’s C,, ,, conjecture for 3-folds. In-
deed, in Chapter B, Theorems B13 and B4 are used to show the conjecture for
3-folds in the case when the Kodaira dimensions of the geometric generic fibers are
two and one, respectively. Theorem B-T4 is proved in Section B=3 as a consequence of
the minimal model program for 3-folds in characteristic p > 5 developed by several
mathematicians including Birkar, Cascini, Hacon, Tanaka, Waldron and Xu.

4.2 Proof of the main theorem

As in the summary, we fix an algebraically closed field k of characteristic p > 0. We
prove Theorem E-T71 in a more general situation. This theorem is a generalization of
a result in the author’s master thesis, which deals with algebraic fiber spaces whose
total and base spaces are smooth. As applications of Theorem BT, we show weak
positivity theorems for certain surjective morphisms of relative dimension zero, one
and two (Corollaries -3, B=24 and B—Z3 respectively).

Theorem 4.2.1. Let f : X — Y be a separable surjective morphism between normal
projective varieties, A be an effective Q-Weil divisor on X such that aA is integral
for some integer a > 0 not divisible by p, and 1 be the geometric generic point of Y.
Assume that

(i) Kx, + Ay is finitely generated in the sense of Definition 28, and
(ii) there ezists an integer my > 0 such that
SO Xy, Aq,am(Kx + A)y) = H(Xg, am(Kx + A)y)
for each m > my.
Then f.Ox(am(Kx + A)) @ wy®™ is a weakly positive sheaf for every m > my.

Proof of Theorem [-2-1. We first note that X7 is a k(7j)-scheme of pure dimension
satisfying S and G, and that each connected component of X3 is integral. Let
d > 0 be an integer satisfying a|(p? — 1).

Step 1. In this step, we reduce to the case where X and Y are smooth. Let H
be an ample Cartier divisor on Y. By Proposition B=24, it suffices to prove that
t(feOx(am(Kx + A)))ly, @ wy™, Hly,) > 0 for each m > mg, where Y5 C Y is an
open subset satisfying codim(Y \Yy) > 2. Hence, replacing X and Y by their smooth
loci, we may assume that f is a dominant morphism between smooth varieties (the
projectivity of f may be lost, but we do not use it).
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We set t(m) := t(f.Ox(am(Kx)y + A)), H) for each m > 0.
Step 2. We show that there exist integers [, ng > mg such that t(I) +t(n) < t(l+n)
for each n > ng. By the hypothesis (i) and Lemma 19, R(Xz, a(Kx, + Ay)) is a
finitely generated k(7)-algebra. Hence for every [ > mg divisible enough there exists
an ng > myg such that the natural morphism

H°(Xg, al(Kx, + Ay)) @ H'(Xg, an(Kx, + Ay)) = H* (X, a(l + n)(Kx, + Ay))
is surjective. This shows that the natural morphism
f:Ox(al(Kxyy + A)) @ f.Ox(an(Kx/y + A)) = f.Ox(a(l + n)(Kx)y + A))
is generically surjective, thus we have ¢({) +t(n) < t(I+n) by Lemma BZ2 (1) and

(2).

Step 3. We show that t(mp® — a=t(p? — 1)) < p?t(m) for each e > 0 and for each
m > mg. By the hypothesis (ii) and Observation 2224 (1), there exist generically
surjective morphisms

f(de)*OXde(((CLm — 1)pde + 1>(KXde/Yde + A))
g)fyde*(/))(yde (am(KXyde/Yde + Ayde))
gF{fe*f*OX(am(KX/y + A)),

where o := fyde*((bgi(e’)A)/Y ® OX_ 4. (am(KXYde/yde + Ayuae))), and the isomorphism

follows from the flatness of Fy. Hence by Lemma B2, we have

de 1 de Lemma 3.2.2 (1) de* am
t(mp™ —a™ (p™ — 1)) < t(Fy f*(WX/Y<amA))7H)

Lemma 3.2.2 (3) e
= p%t(m).

Step 4. We prove the theorem. Set m > my. If am = 1, then ¢(1) < pt(1) by Step3,
which gives ¢(1) > 0. Thus we may assume amg > 2. Let g, . be the quotient of
mp® —a=*(p™ — 1) — ngy by [ and let 7,, . be the remainder for e > 0. We note that
Gm.e > 0 since m > mgy > 20~ > a~!, and that p% — ¢ . <% co. Then
Step2 Step3
Gnet(1) + (e +1m0) < t(mp™ — a7 (p™ — 1)) < p™t(m),

and so ¢ := min{t(r + no)|0 < r < 1} < p¥*t(m) — gmt(l). By substituting [ for m,
we have ¢ < (p® — g, )t(1) for each e > 0, which means ¢(I) > 0. Hence ¢ < pt(m)
for each e > 0, and consequently ¢(m) > 0. This completes the proof.

]

Remark 4.2.2. There exists an algebraic fiber space g : S — C' from a smooth pro-
jective surface S to a smooth projective curve C' such that 9«3 is not nef for any
m > 0 [96][T14, Theorem 3.6]. This algebraic fiber space does not satisfy condition
(ii) of Theorem B271. Indeed, the geometric generic fiber of g is a Gorenstein curve
which has a cusp, hence by [48] it is not F-pure. Since the dualizing sheaf of a
Gorenstein curve not isomorphic to P! is trivial or ample, the claim follows from
Examples 2214 and 21111
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Corollary 4.2.3. Let f : X — Y be a surjective morphism between normal
projective varieties, A be an effective Q-Weil divisor on X, and a > 0 be an
integer such that aA is integral. If f is separable and generically finite, then
[:0x(a(Kx + A)) @ wy is weakly positive.

Proof. Since f is generically finite, the natural morphism
[:0x(aKx) @ wy® = f.Ox(a(Kx + A)) @ wy*

is an isomorphism at the generic point of Y. Thus it is enough to show the case of
A = 0. Since the geometric generic fiber X7 is a reduced k(7)-scheme of dimension
zero, the assertion follows directly from Theorem E—2TI. [

Corollary 4.2.4. Let f : X — Y be a separable surjective morphism of relative
dimension one between normal projective varieties, A be an effective Q- Weil divisor
on X, and a > 0 be an integer not divisible by p such that aA is integral. Assume
that (Xz, Ay) is F-pure, where 7 is the geometric generic point of Y. If Kx,_ + Ay is
ample (resp. Kx, is ample and a > 2), then f,Ox(am(Kx + A)) @ wy*™ is weakly
positive for each m > 2 (resp. m > 1). In particular, if every connected component
of X5 is a smooth curve of genus at least two, then f.w¥ ® wy™ is weakly positive
for each m > 2.

Proof. Let U C X be a Gorenstein open subset such that codim(X \ U) > 2 and
that aA|y is Cartier. Since dim(X \ U) < dim X —2=dimY — 1, X \ U does not
dominate Y. Thus there exists an open subset Y, C Y such that f|x, : Xo = Ypis a
Gorenstein morphism and that aA|x, is Cartier, where X := f~!(Y}). In particular,
X7 is Gorenstein and (aA)z is Cartier. Thus the statement follows directly from
Corollary ZZTT4 and Theorem E—2711. O

Corollary 4.2.5. Let f : X — Y be a separable surjective morphism of relative
dimension two between normal projective varieties. Assume that every connected
component of the geometric generic fiber is a normal surface of general type with
only rational double points. Assume in addition that p > 5. Then f.w§q ® wy™ is
weakly positive for each m > 0.

Proof. We note that in this case Ky, is finitely generated (cf. [5, Corollary 9.10]).
Hence the assertion follows from Corollary 2228 and Theorem B—ZTI. [

4.3 Algebraic fiber spaces whose total spaces are
3-folds

In this section, we prove Theorem E-T. To this end, we recall several results on
the minimal model program for 3-folds of characteristic p > 5.
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4.3.1 Results on the minimal model program for 3-folds

The existence of (log) minimal models of 3-folds in positive characteristic p > 5 has
been first proved for canonical singularities by Hacon and Xu [b5], and in general
by Birkar [8] (see [112] for the lc case). The existence of Mori fiber spaces has been
first proved for terminal singularities by Cascini, Tanaka and Xu [I7], and in general
by Birkar and Waldron [I1].

Theorem 4.3.1. Let k be an algebraically closed field of characteristic p > 5. Let
f: X =Y be a contraction from a normal 3-fold, and A be an effective Q-Cartier
Q-divisor on X.

(1) If either (X, A) is klt and Kx + A is pseudo-effective over Y, or (X, A) is lc
and Kx + A has a weak Zariski decomposition (i.e., there exists a birational
projective morphism p: W — X such that v*(Kx + A) = P+ M, where P is
nef over Y and M is effective), then (X, A) has a log minimal model over Y .

(2) If (X, A) is a dit pair and Y is a smooth projective curve with g(Y') > 1, then
every step of LMMP in [8, Sec. 3.5-3.7] starting from (X, A) is over Y.

Proof. For (1) please refer to [8, Theorem 1.2 and Proposition 8.3]. For (2), since
(X, A) is dlt, every Kx + A-extremal ray is generated by a rational curve by cone
theorem [T, Theorem 1.1], which is contracted by f since g(Y) > 1. So for an
extremal contraction X — X, if there is a divisorial contraction or a flip o : X --»
X* asin [8, Sec. 3.5-3.7], there exist natural morphisms f : X — Y and f*: X+ —
Y fitting into the following commutative diagram

X - X+

\...7
NY

Note that (X, AT = ¢,A) is a dlt pair. We can show this assertion by induction.
O]

Lemma 4.3.2. Let k be an algebraically closed field of characteristic p > 5. Let
(X, A) be a normal Q-factorial lc 3-fold (not necessarily projective). Let C' be a
projective lc center of (X,A) and C' be the normalization of C. If (Kx + A)|s s
numerically trivial, then (Kx + A)|as s Q-trivial.

Proof. By [R, Lemma 7.5], we can take a crepant partial resolution p : X’ — X such
that

where D is a reduced irreducible divisor dominant over C' and A’ > 0 is a Q-divisor
on X' such that (X', D+ A’) is dlt. By [§, Lemma 5.2], we see that D is normal.



41

Considering the restriction of the above Q-divisors to D, we obtain an effective
Q-Weil divisor Ap on D such that

Kp+ Ap ~g " (Kx +A)[p

by the adjunction formula [[70, 5.3]. Then we see that (D, Ap) is lc by [8, Lemma
5.2] again. Applying [I05, Theorem 1.2], we have that Kp + Ap is semi-ample.
Thus p*(Kx + A)|p is Q-trivial since (Kx + A)|s is numerically trivial. We can
conclude that (Kx + A)|s is Q-trivial by the lemma below. O

Lemma 4.3.3. Let g : V. — W be a surjective morphism between proper varieties
over a field. Assume that W is normal. Then a Cartier divisor L on W is Q-linearly
trivial if and only if so is g* L.

Proof. The “only if” part is obvious. We prove the “if” part. Assume that m(g*L)
0. Then by the projection formula, we have (¢.Oy) ® Ow (mL) = g.Oy(m(g*L))
9+Oy. Taking the determinants, we obtain det(g.Oy) ® O (rank(g.Oy) - mL)
det(g.Oy ), and thus (m - rank(g.Oy))L ~ 0.

1R 1R 2

4.3.2 Proof of Theorem A T4
The next lemma is a consequence of Tanaka’s vanishing theorem for surfaces [106].

Lemma 4.3.4. Let g : S — C be a generically smooth surjective morphism from
a smooth projective surface to a smooth projective curve. Let H be a nef and g-big
divisor on S. Then g.Og(Kg/c + LH) is a nef vector bundle for every [ > 0.

Proof. Set G(l) := 9.Os(Kgs/c + 1H) for each | € Z. Let A be an ample divisor on
C with deg A > deg K¢ + 2 and ¢ € C be a general closed point. Then A — K¢ — ¢
is ample, where we regard c as a divisor on C. Note that v(H) > 1 and H + ¢g*(A —
K¢ — ¢) is nef and big. Denote by S, the fiber of g over ¢. By [106, Theorem 2.6]
we see that

HY(S,Ks+ H +g"(A— Ko)+ (I —1)H — S,)
=H'(S,Ks+ H+g"(A-—Kc—c)+(—1)H)=0

for [ > 0. Thus for a closed point ¢ € C, by the long exact sequence arising from
taking cohomology of the exact sequence

0— OS(KS/C + g*A +I1H — SC) — OS(KS/C + g*A + lH)
— Os(Ks/c + g A+ 1H)|s, — 0,

we conclude that the restriction
H°(S,Ksjc+ g*A+1H) — H°(S., (Ks/c +g*A+1H)|s,)

is surjective. This implies that ¢.Og(Kgc + g*A + [H), which is isomorphic to
G(l) ® Oc(A), is generically globally generated. Hence we obtain ¢(G(l), A) > —1
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(see Definition B2T). On the other hand, since H|g, is ample, where Sy is the
geometric generic fiber of g, we get an [y > 0 such that

G850 ® Osee (Kspo +1H)oe)) :
9'9,05(Ksjc + Ip°H) — goe,Os. (Ksjo + 1H) ce)

is generically surjective for each [ > [y and e > 0 by Lemma [Z373. Since Fp is flat,
the target is isomorphic to FE*G(1). Applying Lemma B2, we get

e Lemma 3.2.2 (1) o * Lemma 3.2.2 (3)
—1 < H(G(1p°), A) < UFE(9:9(0), 4) = pg(l), A)
which means that ¢(g.Og(Kg/c +1H)) > 0. By Proposition BZ4, we conclude that
g*(’)S(KS/C + lH) is nef. ]

In order to prove Theorem ET4, we recall the following two results without
proofs.

Theorem 4.3.5 ([20, 3.2]). Let f : X — Y be an algebraic fiber space such that
X and Y are smooth projective varieties over an algebraically closed field of positive

characteristic. Assume that the geometric generic fiber of f is a smooth elliptic
curve. Then (X, Kx;y) > 0.

The following lemma is also used in Chapter B.

Lemma 4.3.6 ([I11, Lemma 3.2]). Let f : X — Y be a fibration between normal
quasi-projective varieties. Let L be an f-nef Q-Cartier divisor on X such that L, ~q
0, where n is the generic point of Y. Assume dimY < 3. Then there exist a
commutative diagram

X 2o x

A
v ey
with ¢, projective birational, and a Q-Cartier divisor D on'Y' such that ¢*L ~q

f*D. Furthermore, if f is flat and Y is Q-factorial, then we can take X' = X and
Y' =Y.

Proof of Theorem [f.1.4. Let W be a minimal model of X over Y. Let p: X5 — W5
be the induced morphism. Since p.Ox. = Oy, W5 is normal. Furthermore, since W
is terminal, we have Ky, > p* Ky, and hence W5 has at most canonical singularities.
Replacing X with a minimal model with loss of smoothness, we may assume that
Kx/y is f-nef. Then by [0, Theorem 1.2], Ky, is semi-ample, and since p > 5, the
geometric generic fiber of the Iitaka fibration I : X5 — Cf is a smooth elliptic curve
over k(7)) by [8, Theorem 7.18]. For the generic fiber X, and a sufficiently divisible
positive integer n, since H(Xg, nKx,) = H(X,,nKx,) Q) k(7), we see that the
litaka fibration I; : X7 — C% coincides with the litaka fibration I, : X, — C),
tensoring with k(7). Thus the geometric generic fiber of I, is a smooth elliptic
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curve. Considering the relative litaka fibration of f : X — Y whose geometric
generic fiber is a smooth elliptic curve, we get a birational morphism v : X’ — X,
a fibration g : S — Y from a smooth projective surface S, and an elliptic fibration
h: X" — S fitting into the following commutative diagram:

X —t-X

A

S—2.v.

Note that the geometric generic fiber S5 of g : S — Y is normal, and hence smooth.
By Lemma EZ38, we may assume that u*Ky,y ~q h*H for a nef g-big Q-Cartier
divisor on S. By Theorem BZ3H, we have x(X’, Kx//s) > 0, and hence there exists
an injective homomorphism h*wgn/y — WYy for sufficiently divisible m > 0. Let
[ > 0 be an integer such that [H is Cartier and u*lKx/y ~ h*lH. Then we have
natural homomorphisms

(9:05(Ksyy +1H))®™ = g.05(m(Ks)y + [H))
= g*h*OX/(mh*(Ks/y + ZH))
— fuu, Ox/(mKx )y +u'lmKx)y)
Replacing [ if necessary, we may assume that the first homomorphism is generically

surjective. By Lemma B34, g,Og(Kg/y +1H) is nef, and hence so is g.Og(m(Kg/y +
[H)). This completes the proof. O



Chapter 5

Positivity of anti-canonical
divisors

5.1 Summary

Let f: X — Y be a surjective morphism between smooth projective varieties over
an algebraically closed field k. Kollar, Miyaoka and Mori [74, Corollary 2.9] have
proved that, under the assumption that f is smooth, if X is a Fano variety, that is,
— K is ample, then so is Y. It follows from an analogous argument that, under the
same assumption, if —Kx is nef, then so is —Ky (cf. [85], [#2, Theorem 1.1] and
[26, Corollary 3.15 (a)]). Based on these results, Yasutake asked: “what positivity
condition is passed from —Ky to —Ky?” Some answers to this question are known
in characteristic 0. Fujino and Gongyo [@1, Theorem 1.1] have proved that, under
the assumption that f is smooth, if X is a weak Fano variety, that is, —Kx is nef
and big, then so is Y. Birkar and Chen [9, Theorem 1.1] have shown that, under the
same assumption, if —Kx is semi-ample, then so is —Ky. Furthermore, similar but
weaker results hold even if f is not smooth (but the characteristic of k is still zero).
For example, a result of Prokhorov and Shokurov [95, Lemma 2.8] (cf. [41, Corollary
3.3]) implies that if —Kx is nef and big, then —Ky is big. Chen and Zhang [I9,
Main theorem] have also proved that if —Kx is nef, then — Ky is pseudo-effective.

In contrast, little was known about the positive characteristic case. In this
chapter, assuming that the geometric generic fiber has only F-pure or strongly F-
regular singularities, we prove that (generalizations of) the statements above hold in
positive characteristic, except the one about semi-ampleness. F-purity and strong
F-regularity are mild singularities defined in terms of Frobenius splitting properties
(Definition [=3), which have a close connection to log canonical and Kawamata log
terminal singularities, respectively.

Suppose that k is an algebraically closed field of characteristic p > 0. Let
f X — Y be a surjective morphism between smooth projective varieties, let A
be an effective QQ-divisor on X which is Q-Cartier with index m, and let D be a
Q-divisor on Y which is Q-Cartier with index n. Then our main theorem is stated
as follows.

44
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Theorem 5.1.1 (Theorem B2H). Let S be a subset of Y such that the following
conditions hold for everyy € S':

(i) dim X, =dim X — dimY’;

(ii) the support of A does not contain any irreducible component of X,;

(ili) (Xz, Ag) is F-pure, where y is given by Spec k(y).

If ptm and —(Kx + A + f*D) is nef, then Oy(—n(Ky + D)) is weakly positive
over an open subset of Y containing S.

In Section b2, Theorem bZ3 is proved in a more general setting, which is used
to prove litaka’s conjecture C5; (Theorem G12).
The following two theorems are corollaries of Theorem BT

Theorem 5.1.2 (Corollary 529). Assume that f is flat, the support of A does not
contain any component of any fiber, and (X,, A,) is F-pure for every closed point
yey.

(1) If ptm and —(Kx + A+ f*D) is nef, then so is —(Ky + D).
(2) If =(Kx + A+ f*D) is ample, then so is —(Ky + D).

Theorem 5.1.3 (Corollary bB22T0). Assume that (X7, Ay) is F-pure, where 7 is the
geometric generic point of Y.

(1) If ptm and —(Kx + A + f*D) is nef, then —(Ky + D) is pseudo-effective.
(2) If =(Kx + A+ f*D) is ample, then —(Ky + D) is big.

(3) If (X7, Ag) is strongly F-reqular and —(Kx + A+ f*D) is nef and big, then
—(Ky + D) is big.

Theorem bT7 is a generalization of [74, Corollary 2.9] and [26, Corollary 3.15]
in positive characteristic. We can also recover [[74, Corollary 2.9] in characteristic
zero from Theorem BT by standard reduction to characteristic p techniques. Our
proof relies on a study of the positivity of direct image sheaves for f in terms of
the Grothendieck trace of the relative Frobenius morphism. This is completely
different from the proof of Kollar, Miyaoka and Mori which relies on a detailed
study of rational curves on varieties. Theorem 513 should be compared with [95,
Lemma 2.8] and |19, Main Theorem].

The following two theorems are direct consequences of Theorems b T2 and b13.

Theorem 5.1.4 (Corollary b21T). Assume that (X5, Ay) is F-pure, where 7 is the
geometric generic point of Y. If pt m and Kx + A is numerically equivalent to
[*(Ky + L) for some Q-divisor L on 'Y, then L is pseudo-effective.
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Theorem 5.1.5 (Corollary B214). Assume that f is flat, that every closed fiber is
F-pure, and that the geometric generic fiber is strongly F-regular. If X is a weak
Fano variety, that is, —Kx s nef and big, then so is Y.

Theorem BT is a positive characteristic counterpart of [41, Thorem 1.1].

For another application of Theorem b1, we return to the situation where k is of
arbitrary characteristic. Suppose that f : X — Y is a generically smooth surjective
morphism between smooth projective varieties over an algebraically closed field of
arbitrary characteristic and in addition that the dimension of Y is positive.

Theorem 5.1.6 (Corollary b-2T3 and Theorem b=33). —Kx/y is not nef and big.
Theorem 5.1.7 (Corollary 5218 and Theorem b=38). Assume that wy" is globally

generated for an integer m > 0, where 1 be the geometric generic poz’ntnof Y. Then

f*w)_(%, is not big in the sense of Definition E11.

In both of the theorems, the characteristic zero case is proved by reduction to
positive characteristic. Theorem BTG improves a result of Kollar, Miyaoka and Mori
(74, Corollary 2.8] which states that —Kx/y is not ample. Theorem b7 includes
a result of Miyaoka [85, COROLLARY 2’| which states that if cu)}}y is f-ample and

w;(’/”y is f-free for an integer m > 0, then f*w;(;”Y is not an ample vector bundle.

5.2 Main theorems in positive characteristic

The purpose of this section is to prove Theorems b21 and bBZ26. First we prepare
three lemmas. The following lemma is used in the proof of Theorem b=24.

Lemma 5.2.1. Let k be a field. Let f: X — Y be a surjective projective morphism
from a k-scheme X to a variety Y, let A be an f-ample Cartier divisor on X and
let F be a coherent sheaf on X. Then there exists an integer mg > 0 such that for
each integer m > mgy and for every nef Cartier divisor N on X, f.(F(mA-+ N)) is
locally free over V', where V- CY 1is an open subset such that Fy s flat over V.

Proof. By Keeler’s relative Fujita vanishing ([Z1, Theorem 1.5]), there exists an

integer mg > 0 such that '
RfiF(mA+ N)=0

for each m > my, for every nef Cartier divisor N on X and for each i > 0. Fix an
integer m > mg and a nef Cartier divisor N. For each i > 0, we define the function
h' on V by hi(y) := dimyy) H°(X,, F(mA + N)|x,). Since dim X, < dim X for
every y € V, we see that h* = 0 for each ¢ > dim X. Let ¢ > 2 be an integer such
that h' = 0. By applying [68, Theorem I 12.11] to the morphism fy : Xy — V
and F(mA + N)y, we obtain that h'~! = 0. From this, we see that h* = 0 for each
i > 1, and hence x(F(mA + N)|x,) = h°(y) for every y € V. Since the left hand
side is constant on V' by [68, Theorem II 9.9] and its proof, h° is also constant on
V. Applying [68, Corollary Il 12.9], we obtain that f.F(mA + N) is locally free
over V', which is our claim. O
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Lemma 5.2.2. With the notation as in Lemma BZ1, assume that X and Y are
projective and A is ample. Then there exists an integer mg > 0 such that for each
integer m > myq and for every nef Cartier divisor N on X, f.(F(mA + N)) is
globally generated.

Proof. Let H be an ample and free Cartier divisor on Y, and let m; > 0 be an
integer such that m;A — dimY f*H is nef. By the Fujita vanishing ([44, Theorem

(1)], [A5, Section 5]) and Keeler’s relative Fujita vanishing ([[71, Theorem 1.5]), there
exists an integer my > 0 such that

HY(X,F(mA+N))=0 and R'f.(F(mA+ N))=0

for each m > may, for every nef Cartier divisor NV on X and for each ¢ > 0. Since
R f.(F(mA+ N)) =0, by the Leray spectral sequence, we have

H'(Y, (fu(F((m + my) A+ N)))(~iH)) = H(Y, f.(F((m +mi)A —if H + N)))
~ (X, F(mA+miA—if*H+ N))

for each m > mg and for each ¢ > 0. Since miA—if*H+ N isnef for 0 < i < dimY,
the right hand side vanishes. This implies that f.(F((m +m;)A+ N)) is O-regular
with respect to H, and hence it is globally generated by the Castelnuovo-Mumford
regularity [79, Theorem 1.8.5]. Defining mg := mj+ms, we obtain the assertion. [J

The next lemma is a consequence of the relative Castelnuovo-Mumford regularity
(79, Example 1.8.24], and is used in the proof of Theorems 523 and bZ@.

Lemma 5.2.3. Let k, f, X, Y and F be as in Lemma B2Z0. Let W CY be an
open subset. Let L be a Cartier divisor on X.

(1) If Lw is fw-free, then there exists an integer ng > 0 such that for each n > ny
and each m > 0, the natural morphism

f:Ox(mL) @ f(F(nL)) = fu(F((m+n)L))
15 surjective over W.

(2) If Ly is fw-ample and fw-free, then there exists an integer ng > 0 such that
for each n > ng, for each m > 0 and for every Cartier divisor N on X whose
restriction Ny to Xy is fu-nef, the natural morphism

f:Ox(mL) ® f (F(nL+ N)) = fo(F((n+m)L+ N))
1s surjective over W.

Proof. Replacing f: X — Y by fir : Xy — W, we may assume that W =Y. Set
L = Ox(L). We first show that (2) implies (1). Indeed, since L is f-free, there
exist surjective projective morphisms g : X — Z and h: Z — Y with hog = f
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such that £ = ¢g* M for an h-ample and h-free line bundle M on Z. Then we have
the following commutative diagram of natural morphisms:

|
(hegeg* M™) @ hi((guF) @ M™)

|

higi L7 @ hago(F @ L)

(hoM™) & h,

1%

(9:F) @ M) —— h.((g.F) @ M™™™)
((

hig(F @ L7F)

Here the isomorphisms follow from the projection formula. The surjectivity of the
upper horizontal morphism induces that of the lower horizontal morphism. Hence
we see that it is enough to prove (2).

We show (2). We first prove the case m = 1. In this case, by Keeler’s relative
Fujita vanishing ([I71, Theorem 1.5]), there exists an integer ng > 0 such that for
each n > ng and every f-nef line bundle N on X, F ® L" ® N is O-regular with
respect to £ and f, and hence the surjectivity follows from the relative Castelnuovo-
Mumford regularity [79, Example 1.8.24]. Next we show the case when m > 2. In
this case, we have the following commutative diagram of natural morphisms:

(L) R f(FR L @N) LR f(FRL QN)
(L)1 R fu(F@ L @ N)
[(FRQLMQN) =—ru—= [ (F QLT QN

By the above argument, we see that the left vertical morphisms are surjective, and
hence so is the right vertical morphism, which is our claim. O]

Notation 5.2.4. Let k£ be an F-finite field and f : X — Y be a surjective projective
morphism from a pure dimensional quasi-projective k-scheme X satisfying Sy and
(G; to a normal quasi-projective variety Y. Let a > 0 be an integer and E be an
effective AC-divisor on X such that aKx + E is Cartier. Set A := E/a. Let U C X
be a Gorenstein open subset and let S C Y be a non-empty subset such that the
following conditions hold for every y € .S:

(i) Y is regular in a neighborhood of y and f is flat at every point in f~!(y);
(ii) codimy, (X7 \ Uy) > 2;

(iii) the support of E does not contain any irreducible component of f~!(y);
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(iv) (Xg, Aly,) is F-pure, where 3 := Spec k(y) and Aly, is the Z,)-AC divisor on
Xy obtained as the unique extension of the Z)-Cartier divisor Al on Uy,

Let D be a Q-Cartier divisor on Y.
In this setting, we show the following theorems.

Theorem 5.2.5. With the notation as in [0-24, assume that X is projective and
Kx + A is Q-Cartier.

(1) If pta and —(Kx + A+ f*D) is nef, then —(Ky + D) is weakly positive over
an open subset of Y containing S.

(2) If Kx is Q-Cartier and —(Kx + A+ f*D) is ample, then —(Ky + D) is big
over an open subset of Y containing S.

Theorem 5.2.6. With the notation as in .24, let b > 0 be an integer such that
bD is Cartier. Set L := abKx + bE + af*(bD). Assume that the natural morphism

[ f:O0x(=L) = Ox(-L)

is surjective over f~1(S). If pta and f.Ox(—L) is globally generated over S, then
—(Ky + D) is weakly positive over S.

Remark 5.2.7. In the case when X is a normal variety and S is the singleton {n}
of the generic point 7 of Y, conditions (i)—(iii) above hold. However, condition (iv)
does not necessarily hold even if X is smooth and A = 0.

Proof of Theorem B2Z3. First we show that (1) implies (2). By the assumption of
(2), A is Q-Cartier. Let m > 0 and ¢ > 0 be integers such that a = mp® and p { m.
Take an integer e > 0. Set a’ := m(p® + 1), E' := p*“E and A’ := (p°°E) @ a'~".
Then p 1 d’, and E’ satisfies assumption (iii). Furthermore, A’ satisfies assumption
(iv). Indeed, we have

1 1
A-N=dE®— —ap ' E® —
aa aa
1 m 1

1
= € ]_ —_— CpHe—¢ E _—= E _—= —A =
(m(p + ) mp p ) ® CLCLI m ® CLCLI a/ pe + 1

A >0,

and hence A < Ay for every y € S, which implies that (Xg, A7) is also F-pure for
every y € S. Replacing e by a larger integer if necessary, we may assume that

1
P+l
is an ample Q-Cartier divisor. Then —(Kx + A’ + f*(D’ + €H)) is nef for an
ample Cartier divisor H on Y and an ¢ € Q with 0 < ¢ < 1. By (1) we see that
—(Ky + D +¢H) is weakly positive over an open subset Y; C Y containing .S, and
hence —(Ky + D) is big over Y.

Next we show (1). The proof is divided into seven steps.

—(Kx + A"+ f*D) = —(Kx + A+ f*D) —
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Step 1. In this step, we prove that we may assume that S is an open subset. In other
words, there exists an open subset S’ C Y containing S such that conditions (i)—(iv)
hold for every y € S’. Note that weak positivity over S’ implies weak positivity
over S. Set r :=dim X —dim Y. Let Y’ be the subset of points satisfying condition
(i). Then Y" C Y is an open subset containing S, and Xy is an S scheme of
pure dimension r for every y € Y. Since the function dim(X \ U)y on Y is upper
semicontinuous by Chevalley’s theorem ([60, Corollaire 13.1.5]), we obtain that the
function codimy, (Xz \ Uy) = r — dim ((X \ U)y) on Y is lower semicontinuous.
Therefore the subset of points y in Y’ with codimy, (X5 \ Uy) > 2 is open, and
contains S. By an argument similar to the above, we see that the subset of points
y in Y with codimy,(Fy) > 1 is open, and contains S. Hence, shrinking Y if
necessarily, we may assume that every y € Y’ satisfies conditions (i)—(iii). Applying
Lemma =33 (1) (set S” = V'), we obtain an open subset S’ C Y’ containing S such
that conditions (i)—(iv) hold for every y € S’

Step 2. In this step, we reduce the proof to a numerical condition. By Step 1, we
may assume that S C Y is open. Let A be an ample and free Cartier divisor on
X. By Lemma bZ32, we have an integer m’ > 0 such that f,Ox(mA) is globally
generated for each integer m > m’. Let V denote the regular locus of Y. Note
that S C V by assumption (i). By Lemma 527, we have an integer m” > 0 such
that fy,Ox, (N + mAy) is locally free over S for each integer m > m” and every
Cartier divisor N on Xy whose restriction Ng to Xg is fs-nef. Replacing A by
max{m’, m"} A if necessary, we may assume that m’ = m” = 1. For simplicity, we
set

D' =D + Ky,
g(l,m) = fV*OXV (Z(KXV/V + Av) + mAv) and
t(l,m) = ts(G(l,m), D'y)

for every integers [,m with all. Then, since f.Ox(mA) is globaly generated, we
have ¢(0,m) > 0 for each m > 0. Furthermore, since —I(Kx, v + Avy)g is fs-nef
for each [ > 0 with a|l by the assumption, G(—I,m) is locally free over S for each
[ > 0 with a|l and m > 0. Our goal is to prove that ¢(0,m) = +oo for an integer
m > 0. If this is shown, then by Lemma B=Z2 we obtain that —D’'|, = —(Ky +D)|y
is weakly positive over S. As mentioned in Remark BTT3 (2), this is equivalent to
the weak positivity of —(Ky + D). In order to get a contradiction, we assume that
t(0,m) # +oo for each integer m > 0. Then we have 0 < (0, m) € R.

Step 3. Let d > 0 be an integer divisible by a such that dD and d(Kx + A) is
Cartier. Let ¢; and r; denote the quotient and the remainder of the division of an
integer [ by d, respectively. In this step, we show that there exists an integer mgy > 0
such that

dg < t(—l,m)
for each m > mg and each [ > 0 with a|l. Since aKx + F is Cartier and S is
contained in the regular locus V' of Y, we have that for each 0 < r < d with a|r,

M, = ffwd (—r(Kx + A))
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is invertible in a neighborhood of f~1(S). Hence we see that M, is flat over Y at
every point of f~!(S) by assumption (i). As shown in Lemmas 5271 and 5232, there
exists an integer mg > 0 such that for every integer m > my, for every nef Cartler
divisor N on X and for each 0 < r < d with al|r, f.(M,(N + mA)) is locally free
over S and globally generated over Y. Set L := —(dKx + dA + f*(dD)). Then by
the assumption of (1), L is a nef Cartier divisor on X. For each m > mg and each
[ > 0 with all, we have the following isomorphisms:

( m)) (—=dg.D'|y)

= (fv.Ox, (—1 KXV/V + Ay) +mAy)) (—dgD'|v)

(fv*OXV(( —dq)(Kx, v + Av) +mAy)) (=q(dD'lv))
ffv*oxv(—Tz(va/v + Av) — q(dKx, v + dAy + fy*(dD'|y)) + mAy)
= v Ox, (—1i(Kxy v + Av) — q(dKx, +dAy + fy"(dDly)) + mAy)
= Ox, (nfv Ky —ri(Kx + A)y — q(dKx + dA + f*(dD))y +mAy)
=fv (M x (@ Ly +mAy)) = (M (@l +mA)) |v.

A

12

Here the isomorphisms in the forth and the last line follow from the projection
formula and the flatness of V' — Y| respectively. Note that since all and a|d, we
have a|r;. By the choice of mg, we see that f.(M,,(qL+mA)) is globally generated,
and hence so is (G(—I,m)) (—dq,D’'|y). This implies that dg, < t(—1,m).

Step 4. The assumption of the projectivity of X is used only in Steps 2 and 3. Hence,

replacing f : X — Y by fy : Xy — V., we may assume that V' =Y in the steps
below. Then

G(l,m) = ,Ox((Kx)y +A) +mA) and t(l,m)=1ts(G(l,m),D")

for every integers {, m with all.

Step 5. In this step, we show that there exists an integer ng > 0 such that
t(0,m) +t(=l,n) <t(—l,m+n)

for each n > ng, each m > 0 and each [ > 0 with a|l. By Step 1 we may assume
that S C Y is open. By the choice of A, we have that Ag is fs-ample and fs-free.
Applying Lemma B3 (2), we get an integer ng > 0 such that for each n > ng, each
m > 0 and every Cartier divisor N on X whose restriction Ng to Xg is fs-nef,

f5.0x5(mAs) ® f5,0xs(Ns +nAs) = f5,0xs(Ng+ (m+n)Ag)

is surjective. Since —(aKx/y + E)g is an fs-nef Cartier divisor, it follows that for
each n > ng and each [ > 0 with all, the natural morphism

GO0,m)®G(—l,n) — G(—=l,m+n)
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is surjective over S. Hence we obtain that

t(Oam) +t(_l7n) = tS(g(()?m)vD/) +tS(g<_lan)aD/)
Lemma 3.2.2 (2)
< ts(G(0,m) @ G(=ln), D)

Lemma 3.2.2 (1)
< ts(G(—=l,m +n),D") =t(—=l,m +n).

Here note that since t(0,m) # +oo,—00 as mentioned in Step 2, we can use
Lemma B2 (2).

Step 6. In this step, we prove that there exists an integer m; > 0 such that
t(1 —p°,mp®) < pt(0,m)
for each m > m, and each e > 0 with a|(p® — 1). Now we have the morphism
Fre sty © Oxye(mAye) : G(L = mp) = fye,Oxy. (mAye) = FG(0,m)

for each integers e, m > 0 with a|(p® — 1). Here the isomorphism follows from the
flatness of F. Applying Lemma [C33 (2), we see that there exists an integer m; > 0
such that the morphism

(fs)se. <¢EQS/57AS) ® Oxge (mAS€>) = (er*ng/y,A) ® Oxye (mAYe)) s

is surjective for each m > m; and each e > 0 with a|(p® — 1). Therefore we obtain
that

Lemma 3.2.2 (1

)
t(1 —p°,mp®) = ts(G(1 — p°,mp®), D’) < ts(F3G(0,m), D)
Lemma:3.2.2 (3)296755(9(0, TTL), D/) _ pet(o, m)

Step 7. In this step, we obtain a contradiction. Fix an integer u > 0 such that
map > max{mg,no}. Then by Steps 5 and 6, we see that

Step 5 Step 6
(p° = )t(0,my) +¢(1 = p% map) < (1 —p°map®) < pt(0,m)

for each e > 0 with a|(p®—1) and p® > p. Therefore, we obtain that t(1—p°®, mypu) <
pt(0,my). In particular, t(1 — p®, myp) is bounded from above. However, as shown
in Step 3 we have dg,e_; < t(1 — p°®, myp), which implies that ¢(1 — p®, miu) goes to
infinity as e goes to infinity. This is a contradiction.

O

Proof of Theorem B22Z@. The strategy of the proof is very similar to the one of The-
orem b2 (1).

Step 1. In this step, we show that we may assume that Y is regular. Let V be the
regular locus of Y. Then we have S C V. As mentioned in Remark (2), the
weak positivity of —(Ky + D) is equivalent to the weak positivity of —(Ky + D)|y.
Hence, replacing f: X — Y by fy : Xy — V, we may assume that Y is regular.
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Step 2. In this step, we show that we may assume that S C Y is open. As shown in
Step 1 of the proof of Theorem E=2H, there exists an open subset S’ C Y containing

S such that conditions (i)—(iv) hold for every y € . Let B C X and C C Y be,
respectively, the supports of the cokernels of the natural morphisms

[ f.Ox(=L) = Ox(=L) and H°(Y, f,Ox(—L)) ® Oy — f.Ox(—L).

Then SN f(B) = SNC = § by the assumption. Hence we may replace S by the
open subset S"\ (f(B)UC).

Step 3. In this step, we reduce the proof to a numerical condition. Let A’ be an
f-ample and f-free Cartier divisor on X. Let H be an ample and free Cartier divisor
on Y. We take an integer ¢ > 0 and set A := A’ 4+ ¢f*H. Applying Lemma 52T
and Lemma B3 (2), we get an integer n’ > 0 such that f.Ox (N + nA) is locally
free over S and the natural morphism

f:Ox(mA) ® f.Ox(N 4+ nA) = f.Ox(N + (m+n)A)

is surjective over S for each n > n', each m > 0 and every Cartier divisor N whose
restriction Ng to Xg is fg-nef. Note that since the statement is local on Y, n' is
independent of the choice of ¢. Replacing A by n’A, we may assume that n’ = 1.
For simplicity, we set

D' =D + Ky,

G(l,m) = f.Ox(l(Kx/y + A) + mA) and

t(l,m) = ts(G(l,m), D"
for every integers [, m with a|l. Note that since —{(Kx/y+A)gis fs-nef for each i > 0
by the assumption, we see that G(—I,m) is locally free over S for each [ > 0 with
a|ll and m > 0. Our goal is to prove that t(—I,m) = +oo for some integers I,m > 0
with a|l. If this is shown, then the assertion follows from Lemma B2 (4). Note
that G(—I, m) is of positive rank, because of the fg-freeness of (—I(Kx+A)+mA)s.
In order to get a contradiction, we assume that ¢(—[,m) # +oo for every integers
[,m > 0 with all.
Step 4. Set d := ab. Let ¢, and r; denote the quotient and the remainder of the

division of an integer [ by d, respectively. In this step, we show that there exists an
lo > 0 (independent of the choice of ¢) such that for each [ > [, with all,

dQZ—lo + t(_rl—lo - lOJ 1) < t(_l7 1)
By the projection formula, we have

(G(—=d,0)) (—dD") = f.Ox(=b(aKx/y + E) —dD’)
= f*Ox(—b(CLKX + E+ Gf*D))

The right hand side is globally generated over S by the assumption, and hence so is
the left hand side. This implies that

d < t(—d,0) (E28.1)
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On the other hand, by the assumption, —b(aKx)y + E)|xs = —Ls + abfs*(Dl]y +
Ky)|s is fs-free. Applying Lemma (1), we have an integer [y > 0 such that for
each [ > [y, the natural morphism

LOx(—d(Kxy + A))@f.O0x (= l(Kx/y +A) + A)
= [Ox(=(d+1)(Kx)y + A) + A)
is surjective over S. Note that since the statement is local on Y, [j is independent of

the choice of ¢. Then by an argument similar to Step 5 of the proof of Theorem b3,
we get

t(—d,0) +t(=1,1) <t(—=d—1,1). (X8.2)
Consequently, we obtain
(5.2.6.1)
dql—l() + t(_,rl—lo - lOy 1) S ql—lot(_da 0) + t(_,rl—l() - lOa l)
(5.2.6.2)

< t(=dq1, — 111y — lo, 1) = t(=1, 1).
Step 5. We show that for each m,n > 0 and [ > 0 with all,
t(0,m) +t(—l,n) <t(=l,m+n).

As mentioned in the previous step, —b(aKx/y + E)|x, is fs-free, and so it is fs-nef.
By an argument similar to Step 5 of the proof of Theorem BZZ3, we obtain the
claimed inequality.

Step 6. By the same argument as Step 6 of the proof of Theorem BZ2Z3, we see that
there exists an m; > 0 such that for each m > m; and each e > 0 with a|(p® — 1),

t(1 —p® mp®) < p°t(0,m).

Step 7. In this step, we obtain a contradiction. Let [y be as in Step 4. Recall that
A=A + ¢f*H and [y is independent of the choice of ¢. Replacing ¢ by a larger
integer, we may assume that for each integer | with 0 <1 < d(ly + 1) and all,

G(1,1) = f.Ox((Kxyy + A) + A +cf*H) = (£,Ox((Kx/y +A) + A)) (cH)
is globally generated, which implies that
0 <t(—1,1). (h218.3)
Using the inequalities in the previous steps, we obtain that
(" = 1)t(0,m1) + dgpe 1,

(5.2.6.3)
S (p — 1)t( (m1 — 1)t(0, 1) + t(_rpe—l—lo - lo, 1) + dqpe_l_lo

my) +
Step 4

< (p° = 1)(0,ma) + (mq — 1)t(0, 1) + £(1 = p, 1)

Step 5 Step 5 Step 6

< (@ = Dt0,mq) + (1 —p%mi) < (1 —pSmp) < pt0,my).
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for each e > 0 with p® —1 > [y and a|(p® — 1). Hence by the transposition we obtain
dqpe—1-1, < t(0,my). Note that since 0 < m4¢(0,1) < ¢(0,m1) < +00 by Step 5, we
have t(0,my) € R. However, dgye_1_;, goes to infinity as e goes to infinity, which is
a contradiction.

]

In the remaining part of this section, we give some corollaries of the above
theorems in the following situation:

Notation 5.2.8. Let f : X — Y be a surjective morphism between regular projec-
tive varieties over an F-finite field, and let A be an effective Q-divisor on X such
that aA is integral. Let D be a Q-divisor on Y. Let 5 be the geometric generic
point of Y.

Corollary 5.2.9. With the notation as in BZ8, assume that [ is flat, that the
support of A does not contain any component of any fiber, and that (Xz, Ay) is
F-pure for every point y € Y.

(1) If pta and —(Kx + A+ f*D) is nef, then so is —(Ky + D).
(2) If =(Kx + A+ f*D) is ample, then so is —(Ky + D).

Proof. This follows from Theorem b3 and Remark BT23 immediately. [
Corollary 5.2.10. With the notation as in B=Z8, assume that (X7, Ay) is F-pure.
(1) Ifpta and —(Kx + A+ f*D) is nef, then —(Ky + D) is pseudo-effective.

(2) If =(Kx + A+ f*D) is ample, then —(Ky + D) is big.

(3) If (X7, Ag) is strongly F-reqular and —(Kx + A+ f*D) is nef and big, then
—(Ky + D) is big.

Proof. By remark B3, (1) and (2) of the corollary follow from (1) and (2) of
Theorem BZH, respectively. We prove (3). By Kodaira’s lemma, there exists a
Q-divisor A" > A on X such that —(Kx + A+ f*D) is ample and (X5, A7) is again
strongly F-regular. Hence (3) follows from (2). O

Corollary 5.2.11. With the notation as in BZ8, assume that (X7, Ag) is F-pure.
If pta and Kx + A is numerically equivalent to f*(Ky + L) for a Q-divisor L on
Y, then L is pseudo-effective.

Proof. Set D := —(Ky + L). Then Kx + A + f*D is numerically trivial, and so it
is nef. Hence by Corollary 52210 (1), we obtain the assertion. O
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Remark 5.2.12. Assume that Kx + A ~q f*(Ky + L) for a Q-divisor. It is known
that if (X7, A7) is globally F-split, then L is Q-linearly equivalent to an effective
Q-divisor on Y (see Theorem 27272 or [25, Theorem B]). However, (X7, Ag) is not
necessary globally F-split even if X3 is a smooth curve and A = 0. Incidentally,
Chen and Zhang have proved that relative canonical divisors of elliptic fibrations
are Q-linearly equivalent to an effective Q-divisor on X [20, 3.2].

Remark 5.2.13. In the case when dimY = 1, Corollary B=2T1 follows from a result
of Patakfalvi [91, Theorem 1.6].

Corollary 5.2.14. With the notation as in BZZ8, assume that f is flat and every
geometric fiber is F-pure.

(1) If X is a Fano variety, that is, —Kx 1is ample, then so is Y .

(2) If the geometric generic fiber of f is strongly F-reqular and if X is a weak
Fano variety, that is, —Kx is nef and big, then so isY .

Proof. This follows from Corollaries 529 (2) and 5210 (3) by setting D = A =
0. O

Corollary 5.2.15. With the notation as in B=Z8, assume that Y is not a point.
(1) If (X5, Ay) is F-pure, then —(Kx;y + A) is not ample.
(2) If (X5, Ay) is strongly F-regular, then —(Kx/y + A) cannot be nef and big.

Proof. Set D := —Ky. Then —(Kx+A+f*D) = —(Kx/y+A). Since —(Ky+D) =
0 is not big, the assertions follow from Corollary 5210 (2) and (3). O

Corollary 5.2.16. With the notation as in iZ8, assume that Ox(—m(Kx+A))|x,
is globally generated for an m > 0 with a|lm and that'Y is not a point. If pta and
(X7, Ag) is F-pure, then f.Ox(—m(Kx;y + A)) is not big.

7

Proof. Set G(n) := f.Ox(n(Kx/y + A)) for every n € Z with a|n. Let H be an
ample and free divisor on Y. We show that the bigness of G(—m) induces the pseudo-
effectivity of —H, which contradicts to the assumption that Y is not a point. Recall
that the pseudo-effectivity of —H is equivalent to its weak positivity. Since G(—m)
is torsion free, there exists an open subset V' C Y such that G(—m)|y is locally free
and codimy (Y \ V) > 2. As explained in Remark BT3 (2), G(—m) (resp. —H) is
weakly positive if and only if so is G(—m)|y (resp. —H|y). Replacing f : X — Y
by fv : Xy — V, we may assume that G(—m) is locally free. (Here we lose the
projectivity of X and Y.) We assume that G(—m) is big. Then by Observation B4
(1) and (2), we see that (S'G(—m))(—H) is generically globally generated for some
I > 0. Since Ox(—m(Kx + A))|x, is globally generated, we have an ny > 0 such
that the natural morphism

(S'G(—m))®"™ @ G(—Imngy) — G(—Imn)
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is generically surjective for every n > ng, by Lemma 6523 (1). Let n; > 0 be
an integer such that (G(—Imng))(niH) is globally generated. Tensoring the above
morphism with Ox((ng + n1 —n)H), we have the generically surjective morphism

((S'G(=m))(=H))™" ™™ @ (G(~Imno))(m H) = (G(=Imn))((no +ny —n)H).

From this we see that (G(—Iimn))((ng+mn1; —n)H) is generically globally generated.
Since

(G(~tmm)((no +n1 = n) H) = [.Ox(~lmn(Kx/y +A) + f*(no + my —n)H)
= f.Ox(=lmn(Kx)y + A+ fTH,))
= f.Ox(=lmn(Kx + A+ f*(H, — Ky))),

where H,, := (n —ng —ny)(Imn)~'H, we can apply Theorem 528, and then we get
that —(Ky + (H, — Ky)) = —H,, is weakly positive for every n > ny. Hence —H is
weakly positive, which completes the proof. O

Remark 5.2.17. We cannot remove the assumption of F-purity of fibers in Corollar-
ies bB2ZT11 and b2T8. Indeed, the quasi-elliptic fibration ¢ : X — C' introduced in
Remark B2 satisfies Kg/c ~q ¢g*L for a Q-divisor L on C' with deg L < 0. Note
that general fibers of g have cuspidal singularities, which are not F-pure [48].

5.3 Results in arbitrary characteristic

In this section, we generalize several results in Section b= to arbitrary characteristic
by using reduction to positive characteristic. In particular, we prove characteristic
zero counterparts of Corollaries BZTH and b218 (Theorems b=33 and b=38). In the
last of this section, we deal with morphisms which are special but not necessarily
smooth, and show that images of Fano varieties are again Fano varieties. First
we recall some classes of singularities in characteristic zero defined by reduction to
positive characteristic.

Definition 5.3.1. Let X be a normal variety over a field k of characteristic zero,
and A be an effective Q-Weil divisor on X. Let (Xg, Ag) be a model of (X, A)
over a finitely generated Z-subalgebra R of k. (X, A) is said to be of dense F-pure
type (resp. strongly F'-reqular type) if there exists a dense (resp. dense open) subset
S C Spec R such that (X,,A,) is F'-pure (resp. strongly F-regular) for all closed
points 1 € S.

Remark 5.3.2. The above definition can be generalized in an obvious way to the case
where X is a finite disjoint union of varieties over k.

Theorem 5.3.3 ([104, Corollary 3.4]). Let X be a normal variety over a field of
characteristic zero, and let A be an effective Q- Weil divisor on X such that Kx + A
is Q-Cartier. Then (X, A) is kit if and only if it is of strongly F-regular type.
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Notation 5.3.4. Let f : X — Y be a surjective morphism between smooth projec-
tive varieties over an algebraically closed field of characteristic zero, and A be an
effective Q-divisor on X.

Theorem 5.3.5. With the notation as in p.3.4, assume that Y is not a point. If
(Xy, Ay) is of dense F-pure type (resp. klt) for a general closed point y € Y, then
—(Kx/y +A) is not ample (resp. not nef and big). In particular, —Kx/y is not nef
and big.

Proof. Assume that (X,,A,) is of dense F-pure type for a general closed point
y € Y. Let Xg, Ag, Yr, ygr and fr be respectively models of X, A, Y, y and f
over a finitely generated Z-algebra R. We may assume that (Xg),, is a model of
X, over R. Then there exists a dense subset S C Spec R such that ((X,),,A,) is
F-pure for every pn € S. Note that (X,), = (X,),, and (A,), = (A,)y,. Thus
by Corollary bZT3, we see that —(Kx, )y, +A,) is not ample. This implies that
—(Kx/y + A) is not ample. Next, we assume that (X,,A,) is kit for a general
closed point y € Y. If —(Kx/y + A) is nef and big, then by Kodaira’s lemma,
there exists A" > A such that (X, A]) is kit for a general closed point y € Y and
—(Kxy + A') is ample. However, by Theorem b33, (X,,A]) is of dense F-pure
type, which contradicts to the above arguments. O]

Theorem 5.3.6. With the notation as in p.3.4, assume that Y is not a point and
that (X,, A,) is of dense F-pure type for a general closed point y € Y. Let 7] be a
geometric generic point of Y. If Ox(—m(Kx;y + A))|x, is globally generated for
some m > 0 such that mA is integral, then f.Ox(—m(Kx/y + A)) is not big.

Proof. Set G = f,.Ox(—m(Kx)y +A)) and r := rank G. Since y € Y is gen-
eral, f is flat at every point in f~'(y) and dim H°(X,,—m(Kx, + 4,)) = .
Let Xg, Ag, Ygr, ygr and fr be respectively models of X, A, Y, y and f. By
replacing R if necessary, we may assume that fr,Ox,(—m(Kx,/v, + Agr)) and
(XRr)y, are respectively models of G and X, and that for every p € Spec R,
dim H°((X,.)y,, —m(Kx, + A,)y,) = r. Hence by [68, Corollary 12.9], the natural
morphism

G = R Oxp(—m(Kxpyvy + Ar))ly, = fu,0x, (—m(Kx, v, +A,))

is surjective over y,. Since f, Ox,(—m(Kx, vy, + A,)) is not big as shown in
Corollary b2T8, G, is also not big. Thus the lemma below completes the proof. [

Lemma 5.3.7. Let G be a torsion free coherent sheaf on a smooth projective variety
Y over an algebraically closed field of characteristic zero. Let Yr and Gr be models
of Y and G respectively over a finitely generated Z-algebra. If G is big, then there
exists a dense open subset S C Spec R such that G, is big for every p € S.

Proof. Let H be an ample and free divisor on Y. Replacing Y by its appropriate
open subset, we may assume that G is locally free. By Observation BT4 (1) and (2),
we have an integer ¢ > 0 such that (S°G)(—H) is generically globally generated. In
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other words, there exists a generically surjective morphism ¢ : @ Oy (H) — S°G.
Let y € Y be a general closed point. Then ¢ is surjective in a neighborhood of y.
Let g, Hr and yg be models of ¢, H and y over R, respectively. By replacing R if
necessary, we may assume that ¢g is surjective over yg. Thus for every closed point
v € Spec R, the morphism ¢, : @ Ox, (H,) — S°G, obtained as the restriction of
©r is surjective over y,. This implies that G, is big, since H, is ample. O

Kolldr, Miyaoka and Mori [74, Corollary 2.9] (cf. [85, THEOREM 3]) have proved
that images of Fano varieties under smooth morphisms are again Fano varieties.
The next theorem shows that the same statement holds when morphisms are not
necessary smooth.

Theorem 5.3.8. Let f : X — Y be a surjective morphism between smooth projective
varieties over an algebraically closed field k of any characteristic p > 0, and let A
be an effective Q-divisor on X such that aA is integral for some 0 < a € Z \ pZ.
Assume that for every closed point x € X, there exist a neighborhood U C X (resp.
V CY) of x (resp. f(x)) and a commutative diagram

U — A™ == Spec klu, ..., Upy]

(fv)lul jsa

V—ﬁ>A”_Spec kv, ..., v

whose horizontal morphisms are étale, that the morphism @ is defined as

olar, ... am) = Hai, H i, ..., H a; | withOo<l; <---<1, <m,

0<i<ly 11 <i<la In—1<i<ln

and that

A|U = o ( Z dzdlv(uz)> with dln-i-lv o d, € Z(p) N [O, 1]

In<i<m

In this situation, if —(Kx + A + f*D) is ample for some Q-Cartier divisor D on
Y, then so is —(Ky + D).

Proof. When the characteristic of k is zero, one can easily check that the entire
setting can be reduced to characteristic p > 0. Thus we only need to consider the
case when p > 0. Let x € X be a closed point, and let U, V, o, 8 and ¢ be as above.
Set y := f(x), a == a(r) = (@1,...,0,) € A™ and b := B(y) = (by,...,b,) € A™.

Set uj := u; — a; and v} := v; — b; for each 7 and j. Then
* /! /
O v = H (uw; + a;) — H a;
lj71<i§lj lj71<i§lj

for j = 1,...,n, where Iy := 0. Set g = [], _,.,,wi- It is easy to check
that the sequence @*vi,...,p*v), g is kluy, ..., uy,|-regular. In particular, Z :=
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Z(p*vy, ..., o") € A™ is equi-dimensional of dimension m — n. Note that Z is
the fiber of ¢ over b. Since étaleness is stable under base change, the morphism
ap : Up — Z obtained by the restriction of « to the fibers over b is again étale.
Replacing V and U if necessary, we may assume that 5~1(b) = {y}. Then U, = U,.
This implies that every closed fiber of f is equi-dimensional, in particular f is flat.

Claim 5.3.9. (X,,4,) is F-pure for every closed point y € Y.

If this claim holds, then the theorem follows from Corollary b229, because by the
assumption the support of A does not contain any component of any fiber. Since
>, <icm didiv(y;) < div(g), it suffice to show that the pair (Z,div(g)|z) is F-pure
around a. Let m, be the maximal ideal of a. Then it is easily seen that

(™) - ul) i g7t ¢ mld

for every ¢ = p°. Thus by [B6, Corollary 2.7], the pair (Z, div(g)|z) is F-pure, which
completes the proof. O

Example 5.3.10. When A = 0, the assumptions of Theorem 6238 hold for a flat toric
morphism with reduced closed fibers between smooth projective toric varieties over
an algebraically closed field.

Example 5.3.11. Let {ey, e, €3} be the canonical basis of R3. For integers m,n > 0,
we define vy, , 1= (1,m,n) € R3. Let Ym.n be the fan consisting of all the faces of
the following cones:

< Um,n, €2, €2 + e3 >, < Umn, €2 + €3,€e3 >,
< ,Um,na —€g,e3 >, < vm,na €2, —€3 >, < ’Um,nv —€2, —€3 >,
< —e1,€e9,€; + €3 >, < —€1,€y + €3,€3 >,

< —ep,—eg, ez >, < —e, ez, —e3 >, < —e1, —€z, —€e3 > .

Let X, be the smooth toric 3-fold corresponding to the fan X, ,, with respect to
the lattice Z® C R3. Then X,,,, is a Fano variety if and only if m,n € {0,1}. The
projection R® — R? : (z,y, z) + (z,y) induces a toric morphism f : X, — Y,
from X,,, to the Hirzebruch surface Y, := Ppi1(Op1 @ Op1(m)). Set A = 0. Then
one can check that f satisfies the assumptions of Theorem BZ38, but is not smooth.
Hence by Theorem B3R, we see that Y, is a Del Pezzo surface if m = 0,1. In fact,
it is well known that Y,, is a Del Pezzo surface if and only if m = 0, 1.



Chapter 6

Iitaka’s (), conjecture

6.1 Summary

The Kodaira dimension is one of the most important birational invariants and plays
a key role in the birational classification of algebraic varieties. For an algebraic fiber
space, we have the following conjecture on Kodaira dimensions, which has been
proposed by litaka in characteristic zero.

Conjecture 6.1.1 (C,,,,). Let f: X = Y be an algebraic fiber space, and let X
and Y be smooth projective varieties of dimension n and m respectively over an
algebraically closed field k. Suppose that the geometric generic fiber X5 is smooth.
Then

k(X) > k(X7) + (Y).

In characteristic zero, many results related to this conjecture are known [, 4, [[6,
I8, B4, B7, 66, 67, 6, /2, 76, [[7, 108, 1[0Y]. In particular, this conjecture has been
reduced to problems in the minimal model program by Kawamata [68, Corollary
1.2].

In positive characteristic, Conjecture G110 has been proved in some cases re-
cently. From now on we work over an algebraically closed field k of characteristic
p > 0. Chen and Zhang have shown C,, ,,1 [20, Theorem 1.2]. Patakfalvi has proved
the conjecture in the case where Y is of general type and S( Xy, wx, ) # 0 [82]. Un-
der the assumption that p > 5, C3; has been shown when k = E by Birkar, Chen
and Zhang [0, Theorem 1.2] and when the genus of Y is at least two by Zhang
[TT6, Corollary 1.9]. Note that [20, 00, 82, [16] dealt with algebraic fiber spaces
with singular geometric generic fibers.

One of the main results of this chapter is the theorem below.

Theorem 6.1.2. Conjecture Cs ,,, holds when p > 5.

The cases when x(X7) is equal to 0 and 1 are proved in Subsections B3
and B33, respectively. The proofs rely on results of the minimal model program
for 3-folds in characteristic p > 5, which are summarized in Subsection EZ31. The
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case when k(X7) = 2 is a direct consequence of the next theorem, which is another
of the main results of this chapter.

Theorem 6.1.3 (Theorems 622 and 62Z4). Let f : X — Y be an algebraic fiber
space, X and 'Y be smooth projective varieties and A be an effective Q-divisor on
X such that aA is integral for some integer a > 0 not divisible by p. Let 7 be the
geometric generic point of Y. Assume that

(i) the k(7)-algebra @,,~, H( Xz, m(aKx, + (al)y)) is finitely generated,
(ii) there exists an integer mg > 0 such that
Sy, A m(akCxy + (aB))) = HY (X m(aKx, + (1))
for each m > mgy, and

(iii) either that'Y is of general type orY is a curve.

Then
K(X, Kx +A) > 6(Y) + r5( Xy, Kx, + Ag).

Note that, as shown in the proof of Corollary 228, conditions (i) and (ii) are
satisfied if X7 is smooth, Az =0, p > 5 and x(X7) = 2.
Theorem E13 is proved in Section B2 as an application of Theorem BT

6.2 Algebraic fiber spaces with large Rs(Xj, wx,)

In this section, we prove Theorem BE133. Throughout this section, we use the fol-
lowing notation.

Notation 6.2.1. Let X and Y be smooth projective varieties over an algebraically
closed field k of characteristic p > 0, and A be an effective Q-divisor on X such
that aA is integral for some integer a > 0 not divisible by p. Let 77 be the geometric
generic point of Y. Let f: X — Y be a separable surjective morphism such that

(i) Kx, + Ay is finitely generated in the sense of Definition ZT8, and
(ii) there exists an integer mg > 0 such that for every integer m > my,

SO(Xﬁ, Az, m(aKXW + (aA)7)) = HO(Xﬁ, m(aKXW + (aA)7)).

Here condition (i) and (ii) are the same as in Theorem E2Z1l. We first prove the
case where Y is of general type, by using an argument similar to [92, §4] and the
proof of [92, Theorem 1.7].

Theorem 6.2.2. In the situation of Notation B2, assume that Y is of general
type. Then
K(X, Kx +A) > 5(Y) + k( Xy, Kx,, + Ag).
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Proof. We may assume that x(X7, K5+ Ag) > 0.

Step 1. Set " := {e € Q[r(X,Kx)y + A —cf*H) > r(Xg, Kx, + Ay) + &(Y)},
where H is an ample divisor on Y. We show that S’ is nonempty. By assumption
(i), there exists an integer b > 0 such that R(Xp, ab(Kx, + Ay)) is generated by
H°(X7, ab(Kx, +Ag)). By the projection formula, there exists an integer ¢ > 0 such
that f,Ox(ab(Kx/y +A)+cf*H) is globally generated. Thus for every m > 0, the
natural morphism

) £.0x(ab(Kx)y + A) + cf H) — f.Ox(abm(Kx)y + A) + cmf*H)

is generically surjective, and hence f,Ox(abm(Kx/y + A) 4+ cmf*H) is generically
globally generated. This implies
dim, H°(X, abm(Kx + A) + cmf*H)
> dimyq) H (X5, abm(Kx, + Ay)) + dimy, H(Y, abmKy ).

Hence for gg := —c¢/(ab), we have k(X, Kx +A—eof*H) > k(X Kx, + A7) +x(Y).
Step 2. Set S := {e € Q|k(X, Kx/y +A—cf*H) > 0}. We show that sup S = sup 5"
Since S D S we have the inequality >. We show the inequality <. For an € € S,

Kx/y + A —¢ef*H is Q-linearly equivalent to an effective Q-divisor. Thus for every
0<deQandegyed,

I@'(X, (1 + 5)(Kx/y —+ A) — (8 + 580)]”[‘[) ZK(X, (5(Kx/y -+ A — €0f*H))
>k( X, Kx, + Ay) + 6(Y).

This implies (¢ + deg)/(1 +0) < supS’. Since lims_,(e + dep)/(1 4 0) = €, we have
e < supS’, and hence sup S < sup 5’.

Step 3. We show that supS > 0. For simplicity of notation, we denote
[:Ox(m(Kx)y + A)) by G(m) for each m € Z with a|m. By the proof of BZT, we
have t(G(m), H) > 0 for each m > mgy. We fix an m > my such that G(m) # 0, where
such m exists by the assumption that x(Xz, Ay, Kx, +Ag) > 0. Let d > 0 be an in-
teger such that a|(p? —1). Then for every e € T(G(m), H) there exists an e > 0 such
that p?e € Z and (FZ"G(m))(—p?ecH) has a nonzero global section. On the other
hand, since Xy is a variety, the natural morphism Jas e /Y : Ox vae = F ;/ey O xae
is injective, which induces an injective Oy-a.-module homomorphlsm

Fa*G(m) = fyae,Ox , (am(Kx_,, jya + Aya))
‘%f(de)*OXde(ampde(KXde/Yde + A)).
Note that the reducedness of Xy« follows from the separability of f and the flatness
of Fy. From this
HY(X, amp™(Kxy + A) — p™cf*H) # 0,

and hence we have (amp®)~!p¥e = (am)~le <sup S, and so

tH(G(m), H)

am

0<

<supS.
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Step 4. We show the assertion. By the assumption and Step3, there exists an € € S’
such that Ky — eH is linearly equivalent to an effective Q-divisor. Then

KX, Kx +A) =k(X,Kx)y + A+ f*Ky)
>k(X, Kx)y + A+ ef*H) > k(Xq, Kx, + Ay) + 6(Y).

This is our claim.

]

Next, we show that Iitaka’s conjecture when Y is an elliptic curve (Theo-
rem 624). To this end, we recall the following result without the proof.

Theorem 6.2.3 ([62, Theorem 10.5]). Let f : X — Y be a surjective morphism
between smooth complete varieties, D be a divisor on'Y , and E be an effective divisor
on X such that codim(f(E)) > 2. Then (X, f*D + FE) = k(Y, D).

Theorem 6.2.4. In the situation of Notation B2, assume that Y s an elliptic
curve. Then
K(X, Kx +A) > 5(Y) + k(Xg, Kx,, + Ag).

Proof. Set G(m) = f.Ox(m(Kx/y + A)) for each m € Z with a|m.

Step 1. By Theorem BT, we see that there exists an mg > 0 such that G(m) is
weakly positive for each m > mg with alm. Let M > mg be an integer. Applying
Proposition 223, we obtain a finite morphism a;; : Y — Y from an elliptic curve
Y’ such that for each integer m with M > m > mg, ap/*G(m) is isomorphic to a
direct sum of line bundles. Therefore, replacing a;; if necessary, we may assume
that ay*G(m) = Gt (m) ® G°(m), where G (m) (resp. G%(m)) is a direct sum of
very ample (resp. numerically trivial) line bundles.

Step 2. We show that x(Xy/, Kx,, + Ays) = (X, Kx + A). Obviously, we need
only consider when « is separable and when « is purely inseparable. If a: Y’ — Y
is separable then it is étale, thus so is ay : Xy» — X, in particular Xy is a
smooth variety. Hence the claim follows from Theorem B=2=3, where we note that
Kx,, ~ Kx,, ;v ~ (Kxjy)y ~ (Kx)y. If a = F;,e/)k for some e > 0, then there is a
commutative diagram

TR
fyel jfkﬁ f

Ye Yie Y.

~

F(e) =

Since Xye is a variety (cf. [92, Lemma 5.2]), we have injective morphisms Ox,. —
(Fée/)k) X*OXye — F )((e/)k*OXe7 which induce injective morphisms

HY(X,am(Kx + A)) = H°(Xye,am(Kx,. + Aye)) = H(X® amp®(Kxe + A))
for every m > 0. Thus x(X, Kx + A) = k(Xye, Kx,. + Aye) as claimed.
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Step 3. We complete the proof. Let [,ng > mg be as in the proof of Theorem B2l
By Steps 1 and 2, we may assume that G(m) = GT(m) @ G°(m) for each m €
{1} U {no + i}1<ici, where GT(m) and G°(m) are as in Step 1. Let S, C Pic’(Y) be
the set of line bundles which is a direct summand of G°(m).

Claim 6.2.5. The subgroup G of Pic’(Y) generated by S; is a finite group.

Proof of Claim EZZZ4. Let d,q., 7 be as in the proof of Theorem BE—2T for each
e> 0. Set S; = {Ly,...,Ly}. Then for each i = 1,...,h, there exist generically
surjective morphisms

(ng(l) D £1 D---D £h>®ql‘€ (%9 <g+<no + Tl,e) D Qo(no + 7“[76))
~G ()% @ G(ng + 1) — G(Ip™ + a (1 — p™)) — F{fe*g(l) — Lfde

as in the proof of Theorem EZ21. It follows that there exists a nonzero morphism
de

LN ® L',:f ® L — LY for some integers tq,...,t, > 0 satisfying Z?:l ti = Qe

and for some L € Uf;t Spo+r- Since this is a nonzero morphism between line bundles

of degree zero on a smooth projective curve, this is an isomorphism, in particular

L €G. Foreachi=1,...,h we denote £; ' by L;,, and for each m > 0 we set

G(m) = {@7Z, L] 0 < m; and 327, m; <m } C G

Let ¢ > 0 be an integer satisfying {£ € G|£ or L™ is in Ulr_:% Sno+r} € G(c). Then
by the above argument Eﬁode, . ,L’;}f € G(qe + ¢). Since p® > g + ¢ for some
e > 0, there exists an N > 0 such that G = G(IV), which is our claim. O

By the claim, there exists an n > 0 such that n}, £ = L" = Oy for each £ € 5.
Hence, replacing f by its base change with respect to ny, we may assume that G({)
is globally generated. Then, for each b > 0, G(bl) is generically globally generated,
because the natural morphism G(1)®® — G(bl) is generically surjective as in the proof
of Theorem B=271. Thus we have

dimy, HO(X, abl(Kx/y + A)) =dimy, H*(Y,G(bl))
> dimy ) (G(01) )7
= dimy,q) H (X7, bl(aK x,, + (al)y))
for each b > 0, and so k(X, Kx + A) > k(Xg, Kx, + Ag).
]
Corollary 6.2.6. Let f : X — Y be an algebraic fiber space such that X is a smooth
projective 3-fold and Y 1is a smooth projective curve. Assume that the geometric

generic fiber X5 is a normal surface of general type with only rational double point
singularities, and p > 5. Then

R(X) 2 K(Y) + K(X7).

Proof. We note that in this case Ky, is finitely generated (cf. [5, Corollary 9.10]).
Thus the result follows from Corollary 2228 and Theorems 6222 and 624 O]
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6.3 Iitaka’s conjecture C};

This section is devoted to the proof of Theorem EI2. As in the summary, we work
over an algebraically closed field k& of characteristic p > 0.

6.3.1 Proof in the case x(X3;) =0

In this subsection, we prove Theorem EI—2 in the case when the Kodaira dimension
of the geometric generic fiber is equal to zero. It is proved as a consequence of the
next theorem.

Theorem 6.3.1. Let f : X — Y be a surjective morphism from a normal projective
variety X over an algebraically closed field k of characteristic p > 0 to an elliptic
curve Y, and A be an effective Q-divisor on X such that aA is integral for an integer
a > 0 not divisible by p. Assume that (X5, Ay) is F-pure, where 7] is the geometric
generic point of Y. If Kx + A ~q f*(Ky + L) for some Q-divisor L on'Y, then L
18 semi-ample.

Proof. By Theorem b23 and Remark 627, we have deg L > 0. We may assume
that deg L = 0, and it suffices to show that L ~q 0. Since (Kx + A)z; ~q 0, there is
an ample Cartier divisor A on X such that I(Kx + A); + Aj is ample and free for
every | € aZ. Recall that 0 < a € Z \ pZ and aA is integral. By Fujita’s vanishing
theorem, there exist some mg > 0 such that for every nef Cartier divisor NV on Xz,
Ox, ((mo —1)Az+ N) is O-regular with respect to [(Kx + A)z+ Ay for every [ € aZ.
Then the natural homomorphism
H (X, l(Kx + A) + mAy) @ H( Xy, (m' — 1)Ay) @ H*(Xq, U (Kx + Ay + Ay)
— H(Xe, 1+ 1) (Kx + A)y + (m +m') Ay)

is surjective for every [,I' € aZ and m,m’ > mg. Thus

H° (X, [(Kx + A)y +mAy) @ H(Xg,I'(Kx + A)y + m' Ay)

— H( X, (L + U)(Kx + A+ (m + m') Ay)
is also surjective, and hence the natural homomorphism
Gil,m)@gl',m') = G(l+1I'm+m)

is generically surjective, where G(I,m) := f.Ox(l(Kx/y + A) + mA). By Exam-
ple T, replacing my if necessary, we may assume that

HO(X, (% a) ® Oxy (N +moAy)) :

H (X, (1 = p)(Kx + Ay + p*(N + moAy)) = H (X, N + moAy)
is surjective for every e > 0 with a|(p® — 1) and for every nef Cartier divisor N on
X5. Since I(Kx + A)g is nef,
fye*< EQ/Y,A) ® OXye (Z(Kx/y -+ A)ye + moAye)) :
G((L— 1)p* + L mop®) = fre. Oy ((Kxyy + A)ye +moAye) = FE*G(1, mp)



67

is generically surjective. Let b > 0 be an integer such that a|b, bL is integral and
b(Kx + A) is linearly equivalent to bf* L. By Proposition [Z433, there exists a finite
morphism 7 : Y" — Y from an elliptic curve Y’ such that 7*G(r, mg) is a direct sum
of line bundles for each 0 < r < b with a|r. By Lemma B=323, we may replace L and
G(r,mg) respectively with their pullbacks by 7. Set

F = @ G(r,myp),

0<r<b, alr
p :=min{deg M|M € Pic(Y') and M is a direct summand of F}, and
T :={M € Pic(Y)|deg M = p and M is a direct summand of F}
={My,....,.M,}.
Then for every M; € T', there exists an 0 < s < b with a|s such that the composition
G(s,m0)*" ' @ G(rie, mo) ® Oy (—qibL)
= G((s = p° + L,pmo) = F"G(s,mo) — MY
is generically surjective for every e > 0 with a|(p® —1). Here ¢; . and r; . are integers
satisftying 1 + s — p® = —q; b+ 1. and 0 < ;. < b. Then there exists a line
bundle M which is a direct summand of G(s,my)*" ™' @ G(r; ., mp) and a non-zero

morphism M — M? e(qivebL). By considering the degree of the line bundles, we see
that M? (¢;.bL) = M € T*", where

T" = {Qcica Mi" € Pic(Y)|ni 2 0, 321,05 ni = n}.
Fix an integer e > 0 such that a|p® — 1. Set n := \(p® — 1) + 1. For every N' € T™,
there exist ny,...,ny > 0 such that N'= @, _,., M} and n); :=n; — p® > 0 for at
least one j. Then

N(g;ebL) = (R M) @ My © MY (q;.bL).
i#]
Since M?e(qj,ebL) € T, we have N(g;.bL) € T". Hence for every m > q :=
max{qie, ..., qxne};
N(mbL) € {M(kbL) € Pic(Y)JM € T", 0 < k < q}.

Since T™ is a finite set, there are integers m > m’ > 0 such that N'(mbL) = N (m/bL),
and hence (m —m/)bL ~ 0. O

Proof of Theorem EI2: the case k(X7) = 0. As in the proof of Theorem BT, we
may assume that X is minimal over ¥ and K. is semi-ample, so Ky, ~q 0. By
Lemma B=38, Kx is Q-linearly equivalent to the pullback of Ky + L for some Q-
divisor L on Y. In particular (X, Kx) = (Y, Ky + L). It is enough to show that
k(Y,Ky + L) > k(Y). By Theorem 623 and Remark 65270, we see that L is nef.
Note that since p > 5 and X7 has only rational double points as singularities, Xz is
F-pure by [2, Section 3] and [32]. When Y is of general type, we have Ky + L is big,
thus k(Y, Ky + L) = dimY = x(Y). When Y is an elliptic curve, by Theorem B3,
we have (Y, Ky + L) > r(Y'), and the proof is complete. O
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6.3.2 Proof in the case x(X7) =1

In this subsection, we consider the case when the Kodaira dimension of the geometric
generic fiber is one.

Proof of Theorem B12: the case k(X5z) = 1. Let f : X — Y be a surjective mor-
phism from a smooth projective 3-fold to a smooth projective curve of genus at least
one, and let 77 be the geometric generic point of Y. Suppose that x(Xz) = 1. With
loss of smoothness, by Theorem BZ3 (2) we may assume that X is a minimal model.
Then X5 has canonical singularities by the proof of Theorem BET7.

If g(Y') > 1, then since f*w%y contains a nef subbundle of rank > e¢m for some
¢ > 0 and any sufficiently divisible m (Theorem BE-T4), by some standard arguments
(see, for example, the proof of [0, Proposition 5.1]), we can conclude that

kK(X)>2=k(Y)+ r(X7).

From now on, we assume g(Y) = 1. Then wy = wx,y. We break the proof into
several steps.

Step 1. By considering the relative litaka fibration and applying Lemma E=3@, we
get the following commutative diagram

X' 25X

o

Z—2sy,

where Z is a smooth projective surface, such that 0*Kx ~q h*D for a nef g-big
divisor D on Z. Here h is a fibration with geometric fiber being a smooth elliptic
curve by the proof of Theorem BET4h If D is big, then we are done. From now on,
we assume the numerical dimension v(Ky) = v(D) = 1.

Claim 6.3.2. If X has a fibration f' : X — W to a normal projective curve W
such that Kpg is numerically trivial, where F’ denotes the generic fiber of f’. As-
sume moreover that there exists an L € Pic’(Y) and an integer m > 0 such that
dim HY(X,mKx + f*L) > 0. Then Kx is semi-ample.

Proof of the claim. Take an effective divisor D, ~ mKx + f*L. Since Dy, is nef,
effective and Dy |pr ~pum 0, we have

(mKX + f*L)|F/ ~ DL‘F’ ~ 0.

By Lemma B=38 we can assume Dy, ~q f*A, where A is a divisor on W, which is
ample since Dy, # 0. We only need to show that L ~gq 0.

Since X has only terminal singularities, it is smooth in codimension one, so F” is
a regular surface over the function filed K (W) of W. Applying [I07, Theorem 0.2],
we have K ~q 0. Therefore, we conclude that

[ Llpr ~g mKp + f*L|p ~q (mKx + f*L)|p ~¢ Dr|r ~q 0.

On the other hand, since F” is dominant over the curve Y ®; K (W), we see that L
is torsion by Lemma A=373. [
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Step 2. By Theorem B4, there exists an integer ¢ > 0 such that for sufficiently
divisible my, fiwy' contains a nef subbundle V' of rank 7, > c¢my. If degV > 0,
then we are done by some standard arguments ([I0, Propostion 5.1]). Therefore,
we assume that degV = 0. By Proposition 223 there exists a finite morphism
7:Y; — Y from an elliptic curve Y] such that 7*V = @7, L;, where £; € Pic’(Y7).
Let X7 be the normalization of X xy Y;. Then we get the following commutative
diagram

XlLX

NI

}/1—71—>Y7

where m; and f; denote the natural morphisms. We have that 7 f,w'¢' C fr.miw!
by [68, Proposition 9.3], and hence

™V =@, L, C frmiwy.

Thus we conclude that dim HO(Xy, mjw¥* ® ff£;1) > 1, and if £; = L; for some
j # i then the strict inequality holds. Since 7* : Pic’(Y) — Pic(Y}) is surjective,
there exists an £} such that £; = 7*L}, so we have

mwy' @ L7 E (W ® f1(L) ).

Applying Theorem 6233, we can find a sufficiently divisible integer [ > 0 such
that dim H°(X,l(myKx — f*L})) > 1. Let m = Im; and L; be a divisor on Y with
Oy (L;) = (£)'. Then dim HY(X,mKx—f*L;) > 1. If dim H°(X, mKx—f*L;) > 1,
then dim H°(Z,mD — g*L;) > 1 by the construction in Step 1. Since mD — g*L;
is nef and v(mD — g*L;) = 1, the movable part of [mD — g*L;| has no base point,
and hence it induces a fibration ¢’ : Z — W' on Z to a curve W’. The Stein
factorization of the composite morphism ¢’ o h : X' — W’ induces a fibration
f" X' — W from X’ to a normal curve W, which is defined by the base point
free linear system |p*l(mKx — f*L;)| for sufficiently divisible integer [ > 0. Since
o : X' — X is a birational morphism such that 0,0Ox = Ox, we conclude that
| l(mKx — f*L;)| = p*|l(mKx — f*L;)|, and thus |[((mKx — f*L;)| has no base
point, hence defines such a fibration f’: X — W as in Claim of Step 1. Thus Kx
is semi-ample, and this completes the proof in this case.

From now on, we can assume dimH°(X,mKx — f*L;) = 1 and
dim HY( Xy, i (mKx — f*L;)) = 1. For every i, we have an effective divisor
B; ~ mKx — f*L;. By the construction, we can assume 7 B; # 7 B; if ¢ # j,
thus L; # L;. We only need to show that at least two of L, are torsion.

Step 3. For every j, we have the unique effective divisor B; ~ mKx — f*L;. Let
B’ be the reduced divisor supported on the union of components of ; Bj. Take a

smooth log resolution p : X — X of the pair (X, B’). Denote by f : X — Y the
natural morphism. Let B be the reduced divisor supported on the union components
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of ., w*Bj. Consider the dlt pair (f( ,B). Since X has terminal singularities, there

exists an effective p-exceptional divisor £ on X such that
Kg ~o W"Kx + E.

Hence Ky + B ~o W Kx + E+ B has a weak Zariski decomposition. By The-
orem A3, (X, B) has a minimal model (X, B) which is dlt, and there exists a
natural morphism f X Y. By the construction, we have the following:

(i) Note that Bj|x, is contained in finitely many fibers of the litaka fibration
I« X; - Cy, which implies that x(Xj, (Kx + B)|g,) = 1. Since the restriction
(K + B)lx, is semi-ample by [103, Theorem 1.2], it induces an elliptic fibration on
Xﬁ by the construction. Hence applying Lemma B=38 again, we get the following
commutative diagram

1)

ZA—Q>Y,

where Z is a smooth projective surface and h is an elliptic fibration such that
6*(K ¢ + B) ~g h*D for a nef and §-big divisor D on Z.
(il)We claim that v(K ¢ + B) = v(D) = 1. Indeed, otherwise D is big. Note that
the divisor p* ), B — B is effective and p* 3, B; ~ p*nmKx — >, f*L;. Then
applying Theorem B3 we can get a contradiction as follows:
2 =k(Z,D) = x(X',6"(Kg + B)) = k(X, Ky + B) = 5(X, K¢ + D)
<k(X, K+ p'nmKx — Z f*Lj)
J
=k(X, ' Kx + E+ p'nmKx — Yy f*L;)
J
=kr(X,(nm+ 1)Kx — Z frL;) =1.
J

(iii) For sufficiently divisible M and every 1 < i < n, we get an effective Cartier

divisor . 3 3 3
I'i=MuB;,+mE)+ MmB ~ M(mKg — f*L;) + MmB.

Denote by v: X --» X the natural birational map. Let I; = v,I;. Then
[; ~ M(mK ¢ — f*L;) + MmB ~ Mm(K ¢ + B) — M f*L;.

Since F is contained in finitely many fibers of f, v, E is contracted by f Therefore,
if a component of [, is dominant over Y then it is contained in B.

(iv) Take an effective divisor D; ~ MmD — Mj*L; for each i. Since D is nef and
D? = 0, so is D;. Considering connected components of Dl, e ,ﬁn, we see that
there exist nef effective Cartier divisors lA?’l, e ,ZA);C satisfying the conditions below:
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. Supp(ﬁé) is connected for each j, and Supp(ﬁ;)ﬂSupp(ﬁf) = () for each j # [;
R
e the greatest common divisor of the coefficients of every ﬁ; is equal to one;

for each i, there exist a;1,...,a; > 0 such that D; = aﬂf)i + et aikﬁ;.

Note that at least one of the ﬁ; is dominant over Y, and hence intersects every fiber
of f. From this we see that every 15; is dominant over Y. Indeed, if a D; is contained
in one fiber, then the support of 15; is equal to the whole of the fiber as shown by [8,
VIII.4], which contradicts to the first condition above. Now we have 6*fi = lAL*lA)Z
by the construction. Hence fAL*lA?’l, e iL*D;C are disjoint connected components of
6*(3.Ty). Let G := &*iL*f)}. Then we have that Supp(G;) N Supp(G;) = 0 for each
J#l
(v) Take two divisors Dy, Dy. Since D, =+ DQ, we may assume that ay;y > ag; > 0.
We may further assume that ase > a5 > 0, because of 151 ~num ﬁQ. We can write
that

f‘1 = a11é1 + CL12C;'2 + éé and fz = a21é1 + GQQGQ + Géf,
where neither of G and G, intersects G” é”
Step 4. Take two reduced, irreducible and dominant over Y components Ci, Cg of
Gl, GQ, respectlvely Then Cl, C’z are contained in B by the construction of F in
Step 3 (iii). Since (X, B) is dlt and B is a reduced integral divisor, so Cy, Cy are log
canonical centers of (X, B). By Step 3 (iv), since D is nef and D - D; = 0, we have
ﬁ| b, ~num 0. For j = 1,2, since h( 1 ;) is a component of some D;, we conclude
that R o

0 (K + B)ls-16, ~@ W' Dls-16, ~num 0.

Denote by C! the normalization of C;. Then (KX+B)|C; ~num 0, SO (KX+B>|C”; ~Q
0 by Lemma B=32. Therefore,

—an M f*Ly|gy ~g an(Mm(Kg + B) = M f*Ly)| ¢,
~Q a21f1|@{ ~Q a11a21él|@1 (6.1)
~Q anz\c{ ~Q _alle*LQ‘éi'
By Lemma B=33, this implies that
agy MLy ~qg aj1 M Ls.
In the same way, restricting on C’é gives
agaM Ly ~qg ajoM Ls.

Finally by the conditions a;; > a9, and a2 < age, we conclude that Ly ~g Ls ~q 0,
and this completes the proof.

]



Chapter 7

When is the Albanese morphism
an algebraic fiber space?

7.1 Summary

The Albanese morphism is an important tool in the study of varieties with non-
positive Kodaira dimension. In characteristic zero, Kawamata has proved that the
Albanese morphism of a smooth projective variety with Kodaira dimension zero is
an algebraic fiber space [66, Theorem 1]. Zhang has shown the same statement for a
smooth projective variety with nef anti-canonical divisor [IT4, Corollary 2]. Under
the same assumption, Cao has recently proved that the Albanese morphism is locally
isotrivial [T4, 1.2. Theorem]. In positive characteristic, Hacon and Patakfalvi have
proved that the Albanese morphism of a smooth projective variety X is surjective if
the S-Kodaira dimension xg(X) of X is zero [62, Theorem 1.1.1]. Here, S-Kodaira
dimension is an analog of usual Kodaira dimension defined by using the trace maps
of the Frobenius morphisms. Wang has shown that the Albanese morphism of a
threefold with semi-ample anti-canonical divisor is surjective if the general fiber is
F-pure [IT3, Theorem BJ. In this chapter, we generalize his result to varieties of
arbitrary dimension, which can be viewed as a positive characteristic counterpart of
the above result of Zhang.

Theorem 7.1.1. Let X be a normal projective variety over an algebraically closed
field of characteristic p > 0, and A be an effective Q- Weil divisor on X such that
—m(Kx + A) is a nef Cartier divisor for an integer m > 0 not divisible by p. Let
a: X — A be the Albanese morphism of X, and X5 be the geometric generic fiber
over the image of a. If (Xz, Alx,) is F-pure, then a is an algebraic fiber space.

We also study the relation between the Albanese morphisms and Frobenius split-
ting. The notion of an F-split variety has been introduced by Mehta and Ra-
manathan as a variety with splitting of the Frobenius morphism [82], which are
considered to be related to varieties of Calabi—Yau type [d6, 47, 00, I00]. As a
generalization of F-splitting of varieties, we consider a notion of the F-splitting of
a pair (f,I") consisting of a morphism f : V — W and an effective Q-Weil divisor '

72
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on V (Definition [Z3T). In this chapter, we focus on the F-splitting of the Albanese
morphism. Let X be a normal projective variety over an algebraically closed field k
of characteristic p > 0, A be an effective Q-Weil divisor on X, and a : X — A be
the Albanese morphism of X. Then there is the following relationship between the
F-splitting of a and that of X.

Theorem 7.1.2. (X, A) is F-split if and only if (a, A) is F-split and A is ordinary.

We study the Albanese morphism a under the assumption that (a, A) is locally
F-split (Definition [=3T), which is weaker than the assumption that it is F-split.
For instance, a flat morphism with normal F-split fibers is locally F-split, but not
necessarily F-split. The next theorem shows that the local F-splitting of (a, A) re-
quires that a is an algebraic fiber space and that A and fibers satisfy some geometric
properties.

Theorem 7.1.3. Assume that (a,A) is locally F-split. Then a is an algebraic fiber
space. Furthermore, if mA is Cartier for an integer m > 0 not divisible by p, then
the following holds:

(1) The support of A does not contain any irreducible component of any fiber.

(2) For every scheme-theoretic point z € A, (Xz, Az) is F-split, where Z is the
algebraic closure of z. In particular, Xz is reduced.

(3) The morphism a is smooth in codimension one. In other words, there exists
an open subset U of X such that codim(X \U) > 2 and a|ly : U — A is a
smooth morphism. In particular, the general geometric fiber of a is normal.

This theorem recovers the result of Hacon and Patakfalvi when Ky is numerically
trivial, because the condition kg(X) = 0 is equivalent to the F-splitting of X in that
case. As a corollary of this theorem, we provide a new characterization of abelian
varieties. Before stating the precise statement, we recall that the first Betti number
b1(X) of X is defined as a dimension of the Q;-vector space Hj (X, Q;) for a prime
[ # p and is equal to 2dim A.

Theorem 7.1.4. Assume that (a,A) is locally F-split (resp. (X, A) is F-split).
Then b1(X) < 2dim X. Furthermore, the equality holds if and only if X is an
abelian variety (resp. ordinary abelian variety) and A = 0.

As an application of Theorem [ 14, we give a necessary and sufficient condition
for a normal projective variety to have F-split Albanese morphism (Theorem [A6).
We conclude this chapter with a classification of minimal surfaces with F-split or
locally F-split Albanese morphisms (Theorem [Z5).
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7.2 Varieties with nef anti-canonical divisors

In this section, we prove Theorem [ZT1 which states that the Albanese morphism of
a normal projective variety with nef anti-canonical divisor is an algebraic fiber space
if the geometric generic fiber is F-pure. Throughout this section, we work over an
algebraically closed field k of characteristic p > 0.

We first recall that the Albanese morphism of X is defined as a morphisma : X —
A to an Abelian variety A (called the Albanese variety) such that every morphism
b : X — B to an abelian variety B factors uniquely through a. The existence of
the Albanese morphism for a normal projective variety is proved for instance in [33,
§9]. We must remark that the above definition of the Albanese morphisms
is different in general from the standard notion of the Albanese maps
defined by using the Albanese morphisms of resolutions of singularities
(see [IT3, Example 2.3] for an example of variety whose Albanese morphism and
Albanese map are different).

Theorem [T is proved as an application of Theorem BZ3 and the theorem
below.

Theorem 7.2.1 (|53, Theorem 0.2]). Let X be a normal projective variety with
R(X,Kx)=0. Leta: X — A be the Albanese morphism of X. If a : X — Im(a) is
generically finite and separable, then a is surjective.

The following lemma is also used in the proof of Theorem [T

Lemma 7.2.2. Let D be an effective Weil divisor on a normal projective variety Y .
If Oy(—D) is weakly positive, then D = 0.

Proof. Let w:Y’ — Y be the blowing-up of Y along D. Then we have the natural
surjection 7* Oy (—D) — Oy/(—D’), where D' is the exceptional divisor of 7. Since
Oy (—D) is weakly positive, so is 7Oy (—D). Then by the above surjection, we see
that Oy (—D') is also weakly positive. Since the weak positivity of a line bundle
is equivalent to the pseudo-effectivity, we see that —D’ is pseudo-effective. Hence
D'=0,and so D = 0. m

Proof of Theorem [7.11. Let Z be the normalization of Im(a) and f : X — Z be
the induced morphism. Now we have the natural morphism QY |z — Q} which is
generically surjective. Hence H°(Z,wyz) # 0. Furthermore, by Theorem B2, we
obtain that w,' is weakly positive. Therefore we have w; = Oy by Lemma [2Z2.
By Theorem [Z20 we see that a is surjective, or equivalently Z = A. Let a : X %

Y 2 A be the Stein factorization of a. Since the geometric generic fiber of a is F-
pure, it is reduced, and hence a is separable. This implies that A is also separable,
and therefore we have an injection Oy = h*w, — wy. By the same argument as
before we see that wy = Oy, and by the Zariski-Nagata purity we obtain that a is
an étale morphism. Hence we see that Y is an abelian variety by [87, Section 18,
Theorem| and h is an isomorphism. Consequently we obtain a,Ox = Oy, which is

our assertion. OJ
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7.3 Splittings of Relative Frobenius

In this section, we introduce and study the notion of F-split morphisms. We fix an
algebraically closed field £ of characteristic p > 0.

Definition 7.3.1. Let X be a normal variety and A be an effective Q-Weil divisor
on X. Let f: X — Z be a projective morphism to a smooth variety Z. We say that
f is sharply F-split (F-split for short) with respect to A if there exists an e > 0
such that the composite

o ©)
Oxye =25 FE), Oxe 5 FE), Oxe([(pF — 1)A)) (1),

. e) B . . e
of the natural homomorphism F)(q)y and the natural inclusion F )((/)Z*OXE —

F )(f/)Z*OXe([(pe — 1)A]) is injective and splits as an Ox,.-module homomorphism.
We say that f is locally sharply F-split (locally F-split for short) with respect to
A if there exists an open covering {V;} of Z such that f|p-1y;) @ f71(Vi) — V; is
F-split with respect to Als-1(y,) for every i.

We often say that the pair (f, A) is F-split (resp. locally F-split) if f is F-split
(resp. locally F-split) with respect to A. We simply say f is F-split (resp. locally
F-split) if so is (f,0).

Remark 7.3.2. (1) If the morphism (Z3.1), splits, then (Z30.1),,. also splits for
every integer n > 0.

(2) When Z = Spec k, it is easily seen that (f, A) is F-split if and only if (X, A) is
F-split. Note that we now assume that k is algebraically closed.

(3) Let A’ be an effective Q-divisor on X with A" < A. If (f, A) is F-split (resp.
locally F-split), then so is (f, A').

(4) Hashimoto has dealt with morphisms with local splittings of (Z=3.1), in [B0].

Example 7.3.3. Let X, A, Z and f be as in Definition [Z31. Assume that X is
the projective space bundle P(£) associated with a locally free coherent sheaf £ and
that f: X — Z is its projection. Then f is locally F-split. Furthermore, if £ is the
direct sum of line bundles Lq,..., L, on Z, then f is F-split. The first statement
follows from the second. We assume that &€ = @) _, £;. For every m > 0, there
exists the natural injective morphism

Um: @ LI FSSTE  STE.
mi+--+mp=m

LMP C S™PE | and hence 1), splits.

The morphism Ox , — F )((1 /)Z*O x1 corresponds to the morphism

V=Pt P ImFE P rEC P SmE.

m>0 m>0 m>0 m>0

Then obviously the image of 1, is @

mi+---+mp=m
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Since ¢y, splits for every m > 0, ¥ also splits, and hence Ox , — F)((l/)z Ox:1 splits.
*

Note that as we see in Theorem 2, there exists an indecomposable vector bundle

€ on an elliptic curve Z such that P(£) — Z is not F-split.

We first prove that F-split morphisms are surjective.

Lemma 7.3.4. Let X, A, Z and f be as in Definition [7.3.1. Assume that f is
locally F-split. Then there exists an e > 0 such that for each i > 0, G' == R f,Ox
is a vector bundle satisfying F$*G' = G'. In particular, f is surjective.

Proof. Applying the functor Rifz., to Ox,. = F )(;/)Z*Oxe, we obtain the morphism
Rifze.Ox,. — R'f9 Oxe = G' which is injective and splits locally. Since F is
flat, we have R'fze,Ox,. = FE*R'f.Ox = F5*G'. Hence we obtain the morphism
F£*G' — G which is injective and splits locally. It is easily seen that this morphism
is an isomorphism. By the lemma below, we see that G’ is locally free. ]

Lemma 7.3.5 ([81, Lemma 1.4]). Let M be a finitely generated module over a
regular local ring R of positive characteristic. If FE*M = M for some e > 0, then
M is free.

The following proposition shows that locally F-splitting requires some conditions
on boundaries and fibers.

Proposition 7.3.6. Let X, A, Z and f be as in Definition [7.3.1. Assume that A
is Zp)-Cartier and (f, A) is locally F-split. Then the following holds:

(1) The support of A does not contain any irreducible component of any fiber.

(2) For every z € Z, (Xz,Az) is F-split, where Z is the algebraic closure of z. In
particular, Xz is reduced.

(3) There exists an open subset U C X such that codim(X \ U) > 2 and f|y :
U —Y is a smooth morphism. In particular, general geometric fibers of f are
normal.

Note that f is surjective as shown by Lemma [=34.

Proof. Let z € Z. Restricting the homomorphism ([Z31.1), to Xz, we obtain the
homomorphism of Ox_.-modules
Fe e (e)
Ox.. —— FX;/E*O(Xz)e - FX;/E*(O(XE)E((pe — DA))|xe

which is injective and splits for some e > 0. This implies that the homomorphism
Ox. — (Ox(p® — 1A))|x. is not zero over each irreducible component. Hence the
support of A does not contain any component of Xz, and (X5, Az) is F-split. Thus
(1) and (2) hold. We show (3). Let 7 : Y — Xze be the normalization of Xz.. Then

F )((e/)y : X(© = Xy factors through Y, and we have morphisms

OXze — W*Oy — F)(;/)Y*Oxe
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of Ox,.-modules.  Therefore the morphism Ox,. — m.0Oy splits. Since
(m.0y)/Ox,. is a torsion module and w0y is torsion free, we see that

(m.0y)/Ox,. = 0. Hence Xz is normal. Smce F)((/Z Oxe is torsion free, there

exists an open subset U C X such that F' X/Z OXelee = FU/Z Ope is locally free

over Ugze. From this, we see that Fée)/z Op. = U /Z Ouelu,. is locally free for every

z € Z. Consequently, we deduce that Uz is regular by Kunz’s theorem, and thus
flo : U — Z is smooth. O

On the contrary to the above, f is not necessarily F-split even if every fiber is
F-split (see Theorem 5 for example). However, if Ky is Z,)-linearly trivial over
7, then the converse holds as seen in the next theorem. This is used in the proofs
of Proposition 29 and Theorem [Z2.

Theorem 7.3.7 (A special case of Theorem 2232). Let f : X — Z be an algebraic
fiber space, and let X and Z be normal varieties. Let A be an effective Zy,)-Weil
divisor on X such that Kx + A ~z,, J*C for some Cartier divisor C" on Z. Let 1)
be the geometric generic point of Z.

(i) If (X7, Ag) is not F-split, then so is (Xz, Az) for general z € Z.

(i) If (X5, Ay) is F-split, then there exists an effective Zy,)- Weil divisor Ay on Z
such that the following holds:

(1

(2

(3

The divisor (Kz + Ay) is Zy)-linearly equivalent to C.
The pair (X, A) is F-split if and only if so is (Z,Ay).
The following are equivalent:

3-1) (f,A) is F-split;

3-2) (f,A) is locally F-split;

3-3)

(Xz, Alx,) is F-split for every codimension one point z € Z, where
Z is the algebraic closure of z;

(3-4) Ay =0.

)
)
)
(
(
(

Proof. (i) follows from Observation ZZZ4. (1) of (ii) follows directly from Theo-
rem 22, Theorem 222 (2) shows that S°(X, A, Ox) = S%Z, Az, Oy). Hence
(2) of the theorem follows from the fact that (X,A) is F-split if and only if
SYUX,A,Ox) = H°(X,Ox). To prove (3), we recall the construction on Ay. Re-
placing X and Z by its smooth locus respectively, we may assume that X and Z
are smooth. For an e > 0 with a|(p® — 1), we have

f‘6>*£E§3/Z,A) = [9,0xe((1 = p) (Kxe/ze + A)) = Oge((1 = p°)(C = Kge))
by the projection formula. Then we set

(e)
fZe*¢(X/Z7A)

0) - Oz:((1 = p°)(C = Kze)) = fO,0x LY a) Ox e
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Since (fze*eﬁ@/z,m) ® k() = HO(Xﬁe,gzﬁgﬁ/ﬁAﬁ)) is surjective because of the as-
sumption, 8 is nonzero. Hence there exists an effective divisor £ on Z such that
Oz(—F) is equal to the 1mage of 0®). We define Ay := (p° — 1)"'E. By definition,
Ay = 0if and only if () is surjective. Furthermore, by the argument similar to the
above, we see that for a codimension one point z € Z, (X3, Alx.) is F-split if and
only if ® ® k(Z) is non-zero, or equivalently, A is zero around z. Now we prove (3).
(3-1)=-(3-2) is obvious. (3-2)=(3-3) follows from Proposition [Z38. (3-3)=(3-4)
follows from the above argument. If #°) is surjective, or equivalently is an isomor-
phism, then H°(X ., gb (x/z. A)) >~ [10(Z¢,09) is also surjective, and hence Cbg/z,m
splits. This proves (3-4)=-(3-1). O

When f: X — Z is F-split with respect to A, there exists a Z,)-Weil divisor
A" > A on X such that Kx/; + A’ ~z, 0 as explained below.

Observation 7.3.8. Let X, A, Z and f be as in Deﬁnition [Z3. Assume that (f, A)
is F-split. Then there exists an e > 0 such that ng (X.A) F)((e/)z*ﬁg/z,A) — Ox,.
splits as a homomorphism of Ox,.-module. Here, we recall that

L858 = Oxe([(1 = P (Exesze + A))).

Then there exists an element s € HO(X¢, | (1 —p®)(Kxe/ze +A)|) such that q§ X/ZA
sends s to 1. Let E be an effective Weil divisor on X¢ defined by s. Set A’ :
(p¢ —1)7[(p®* — 1)A + E] > A. Then by the choice of E we have

L oy = Oxe((1 = p°)(Kxesze + A)) = Oxe([(1 = p°) (K xe ze + A) — E]) = Oxe,

and ﬁb(X/z A) F)(f/z /JE;/Z any — Ox. splits.
Next we consider the case of finite morphisms.

Proposition 7.3.9. Let X, A, Z and f be as in Definition [7.3.1. Assume that
dim X = dim Z. Then the following conditions are equivalent:

(1) (f,A) is F-split;
(2) (f,A) is locally F-split;
(3) f is étale and A = 0.
In the case when A = 0, the proposition has been shown in [60, 2.19 Theorem.].

Proof. (1)=-(2) is obvious. Let f be étale and A = 0. Then F)(f/)z X = Xge
is a finite morphism of degree one between normal varieties, and hence it is an
isomorphism, which implies (3)=-(1). We show (2)=-(3). By Lemma 34 and
Proposition [Z38, f is a separable surjective morphism, and hence we obtain that
f is generically finite by the assumption. Let e > 0 be an integer such that the
morphism

Ox,. = F), Oxe([(p° = DAY



79

splits. Since F )((e/)z is a finite morphism of degree zero, F)((e/)Z*OXe([(pe —1Al])is a
torsion free sheaf of rank one. Note that as f is separable X . is a variety. Therefore
the cokernel of the above morphism is zero, or equivalently, the above morphism is
an isomorphism. Hence A = 0 and F )({e/)z is an isomorphism. Then for every z € Z,

F )(2 . is also an isomorphism, where Z is the algebraic closure of z € Z. This implies
that X3 is isomorphic to a disjoint union of copies of the spectrum of k(%Z), and thus
f is finite. Since f,Ox is locally free as shown by Lemma [Z34, f is flat. Hence the

smoothness of X5 implies that f is étale. O

The following lemma is used in the proofs of Proposition 29 and Theorem [5T.

Lemma 7.3.10. Let X, A, Z and f be as in Definition [7.3.1. Assume that A
is a ZLy-Weil divisor and that (f,A) is locally F-split. Then the Iitaka-Kodaira
dimension k(X, Kx/z + A) of Kx/z + A is non-positive. Furthermore, if (f,A) is
F-split, then k(X, —(Kx/z + A)) > 0.

Proof. The second statement follows from Observation [Z38. By Lemma 234 f is
surjective. Assume that #(X, Kx/z + A) > 0. Then x(Xg, Kx /5 + Ay) > 0, where
7 is the geometric generic point of Z. Since X5 is F-split, we have H(X7, (1 —
p°)(Kx, + Ay)) # 0 for some e > 0, and hence (1 — p°)(Kx, +A) ~ 0. Then the

morphism
Fzeab g0 0 O Oxe (1= p°) (Kxesze + A)) = fz0,0x,.
is a surjective morphism between torsion free coherent sheaves of the same rank,

and thus it is an isomorphism. Hence H°(X, (1 —p®)(Kx/z+A)) # 0, which implies
that x(X, Kx,z) = 0. This is our assertion. O

In the rest of this section, we consider the composition of morphisms in the next
proposition, which is used frequently in Section [4.

Proposition 7.3.11. Let X, A, Z and f be as in Definition [7.3.1, and Y be a
normal variety. Assume that f : X — Z can be factored into projective morphisms
g: X =Y with g.Ox =0y and h:Y — Z.

(1) If (f,A) is F-split, then so is h.
(2) Assume that'Y is smooth. If (g, A) and h are F-split, then so is (f,A).
(3) The converse of (2) holds if Ky ~z, h*Kyz.

Proof. Let e > 0 be an integer. Now we have the following commutative diagram:
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Here 71(®) := (F)(/e/)z) x. We first show (1). The above diagram induces a commutative
diagram of Oy,.-modules

Oy,. F 3(/6/)2*01/6

gl =

gZE*OXZE I gZe*F)((e/)Z*OXE.

Here the left vertical morphism is an isomorphism because of the flatness of (F5)y-.
Since the lower horizontal morphisms splits, so is the upper one.

Next we show (2) and (3). As explained in Observation 33, if (g, A) (resp.
(f,A)) is F-split, then there exists an effective Z,)-Weil divisor A’ > A on X such
that Kx/y + A’ (resp. Kx/z; + A) is Zgy-linearly trivial and that (g, A’) (resp.
(f,A")) is also F-split. Thus we may assume that A is a Z,-Weil divisor and that
(p° = 1)(Kxyy +A) ~0 (resp. ~ (p° = 1)(f*Kz — g*Ky)) for every e > 0 divisible
enough. In particular, EEQ/YA) (resp. LE?/Z,AQ is isomorphic to the pullback by ¢(®)
of a line bundle on Y.

Let V C Y be an open subset such that g is flat at every point in Xy := g~ (V)
and codim(Y \ V) > 2. Let u : U — Xy be the open immersion of the regular locus
of Xy. Set ¢ :=gowu:U — Y. Then we have ¢, Oy = ¢.0x = Oy because of
the assumptions. Additionally, by the flatness of F%, we see that ¢’ ,.,Op,. = Oy,..
Thus by the projection formula, we see that

H(Uge, (92" L)uye) = H(Yze, 9 76,9 2.7 £)) = HO(Yze, L) = H(X e, g7 L)

for every line bundle £ on Yze. Hence there exists the following commutative dia-
gram:

(e)
HO(UZE@(U/Z,A‘U))

HO(U, LS a)l0e) H(Ugze,0y,,.)

e HD(XZG@EQ/Z’A))
HO(X* L, A) H(Xz:,0x,.).

1%

Note that in particular, H°(Uy., Op,.) = H°(Y® Oye) = k. Clearly, the splitting
of ¢22/Z7A) is equivalent to the surjectivity of H°(Xze, ¢E2/Z,A))' From this we see
that the F-splitting of (f, A) is equivalent to the F-splitting of (f|y : U — Z, Aly).
By an argument similar to the above, we also see that the F-splitting of (g, A) is
equivalent to the F-splitting of (g|y, Aly).

Assume that we can choose V =Y and U = X, in other words, X and Y are
regular and g is flat. Let e > 0 be an integer. By the flatness of g, we have the
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following commutative diagram:

) f
oz (R:')

97" Oy, gze* y/Z Oy
‘ ﬂ-(e)ﬂ (e) L
OXze s *OXye .

This implies that

e jj ~Y * e
Hom (7", Ox,.) = gz Hom(Fl(,/Z LOv,.) = 926 .

Applying the functor Hom(__, Ox,.) and the Grothendieck duality to the natural

morphism

W(E)n e e
Xge —7 7T( )*OXYE X/Z OX"([(p - 1)A—D7

we obtain the morphism

ﬂ_(e)*d)(e) Qw g e*¢(€)
(e) © ) Crra®n) ) ) 92
dxsza) - Fxjz Lixizn » 9z Fyjy Ly —— Oxe.

%
Note that w ) = wx,. ® () WX e = gZE*w;-/e?Ze

Now we prove the assertion. If (g, A) is F-split and h is F-split, then both
of gbg IY.A) and ngY » split for every e > 0 divisible enough. Hence gzﬁ (X/2.) also
splits, or equlvalently, (f,A) is F-split. Conversely, assume that (f, A) is F split
and that (p¢ — 1)Ky,z ~ 0 for an e > 0. Then w, ) = Oyx,.. Since for every e > 0

divisible enough H°(X ze, ngiz/Z’A)) is surjective, H*( Xz, ﬂ(e)*gbg/KA)) is a nonzero
morphism, and thus so is H(Xy-, gzﬁgig ne A)) This is surjective because its target

space HY(Xye,Ox,.) = H°(Y® Oy.) = k. Hence ¢E)3/m splits, and so (g, A) is
F-split. Note that the F-splitting of h follows directly from (1). O

7.4 Varieties with F-split Albanese morphisms

In this section, we prove Theorems 12, T3, [ T4 and [4@. Throughout this
section, we denote by X and A respectively a normal projective variety over an

algebraically closed field k of characteristic p > 0 and an effective Q-Weil divisor on
X.

Proof of Theorem [7.1:3. Assume that (a,A) is locally F-split. The surjectivity of

a follows from Lemma 34, Let X 25 Z % A be the Stein factorization of a.
As seen in Proposition 2311 (1), g is F-split, and hence we see that g is étale by
Proposition Z39. Therefore [87, Section 18, Theorem| shows that Z is an abelian
variety, and hence g is an isomorphism and a,Ox = ¢.0z = O4. (1)-(3) follows
directly from Proposition [Z38. O
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The next lemma is used to prove Theorems 12 and [T,

Lemma 7.4.1. Let F be a coherent sheaf of rank r on a normal variety Y. Let F' be
an indecomposable direct summand of F of rank r’. Set I := {L € Pic(Y)|F @ L =
Frand I':={L e I|[F® L=F'}. Then @yc;p F' @ L is a direct summand of
F. In particular, #(I/1") < r/r'.

Proof. For every L € I, F' ® L is again a direct summand of F. Furthermore,
FR L2 F®L if and only if £'® L7! € I. Hence by Krull-Schmidt theorem [3],
we see that @ e,/ ' ® L is a direct summand of F. This implies r'#(1/I') <,
which is our claim. O]

To prove Theorem [1T2, we recall a characterization of ordinary abelian varieties
due to Sannai and Tanaka.

Theorem 7.4.2 ([97, Theorem 1.1]). Let Y be a normal projective variety over an
algebraically closed field k of characteristic p > 0. Then Y is an ordinary abelian
variety if and only if Ky is pseudo-effective and Fy, Oy is isomorphic to a direct
sum of line bundles for infinitely many e > 0.

Remark 7.4.3. In [B0], it is proved that we only need to check FY Ox for e =1,2 in
the above theorem.

For convenience, we use the following notation.

Notation 7.4.4. Let ¢ : S — T be a morphism of schemes. We denote by Pic(S)[¢]
(resp. Pic’(S)[p]) the kernel of the induced homomorphism ¢* : Pic(T') — Pic(S)
(resp. ¢* : Pic’(T) — Pic’(S)). Then for every e > 0, Pic(X)[Fg%] is the set of
p°-torsion line bundles. We denote it by Pic(X)[p?].

Proof of Theorem [7.1.3. We first prove that if (X, A) is F-split, then (a,A) is F-

split and A is ordinary. We have the following commutative diagram

HY(X,0x) 25 HY(X, Oy)

SR

H'(A,04) 2~ H'(A,0.,).

Since X is F-split, the upper horizontal arrow is bijective. Furthermore, by [83,
Lemma(1.3)] we see that the vertical arrows are injective. (Note that although X is
assumed to be smooth in [83, Lemma(1.3)], the smoothness of X is not needed in
the proof.) Hence the lower horizontal arrow is injective, and thus A is ordinary. Let

X L Z % Abe the Stein factorization of . Then as shown by Proposition 2311
(1), Z is F-split, or equivalently, O is a direct summand of F(©) := Fg Oy for
every e > 0. Since a* : Pic’(A) — Pic’(X) is bijective, g* : Pic"(A) — Pic’(Z) is
injective. Hence

pim A = #Pic’ (A)[F4] < #Pic’(2)[F3).
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Then by the projection formula and Lemma 721 (set F := F© and F' := Oy), we
obtain

pedmA < LI € Pic(Z )\.7-'(6 QLEF e)} < rank F© = pedimZ,

This implies dim Z = dim A and that € LePic(2)[pe] £ C F© is a direct summand of

maximum rank. Since F(© is torsion free, the inclusion is an isomorphism. Therefore
F? is flat, or equivalently, Z is smooth. Now it is enough to show that wy is pseudo-
effective. Indeed, if it holds, then Theorem [22 shows that Z is an ordinary abelian
variety, since F© is a direct sum of line bundles for every e > 0. Then g: Z — A is
an isomorphism, and by Proposition =311 (3), we see that (a, A) is F-split, which
is our assertion. We show the pseudo-effectivity of wz. Fix an e > 0. Now we have
(F@) = Fl) and Fg*F©) = @ Oge. Furthermore, by the Grothendieck duality,
we obtain

Fg*wéZpe = Hom(F5,0z:,05) = (]:(e))* ~ Flo)

Hence there exists a surjection Fg*F© = F E*Fg w;p © — wy.”, which implies
that w} P is globally generated Since HO(Ze wy?) =2 HY(Z, F©)) = k, we get
wZ >0, or equivalently wZ 1>~ @, and thus wy is pseudo-effective.

The converse follows directly from Proposition [Z37T1. [

Proof of Theorem [T.1.4. Assume that (a,A) is locally F-split. By Theorem 173,
a is surjective with a,Ox = Ox, and hence the first statement follows. We show
the second statement. The “if” part is obvious. For the “only if” part, we assume

dim A = dim X. Then by Proposition [Z39, we see that a is an isomorphism and
A=0. O

Remark 7.4.5. For a smooth projective variety V over an algebraically closed field
of characteristic zero, we have by(V)/2 = h'(V) := dim H°(V,Qi,). However,
in positive characteristic, we only have the inequality b;(V)/2 < h'0(V). Igusa
constructed a smooth projective surface S with b;(S) = h°(S) = 2 [61]. In [30], or-
dinary abelian varieties of odd characteristic are characterized as smooth projective
F-split varieties V with h19(V) = dim V.

The purpose of the remainder of this section is to prove the next theorem.

Theorem 7.4.6. Let y4 be the p-rank of A. Assume that there exists a morphism
f X — B to an abelian variety B of p-rank vp such that (f,A) is F-split. Then
(a,A) is F-split and v4 = v+ dim A—dim B. In particular, if B is ordinary, then
(X, A) is F-split.

To prove this, we need to prove Proposition [Z39, which is an application of The-
orem [T4. We first observe line bundles whose pullbacks by the relative Frobenius
morphisms are trivial.

Observation 7.4.7. Let f : X — Z be an algebraic fiber space and X, Z be smooth
projective varieties. (1) We consider the following commutative diagram of Picard
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groups:
Pic(X°)
Fe *
X/Z T
Pic(Xze) =— Pic(X)
(Fg)x
o I
Pic(Z°) <2 Pic(Z).

Clearly, f* induces an injective morphism Pic(Z)[p°] EAN Pic(X)[(F%)x]. We show
that this is an isomorphism. Let £ € Pic(X)[(F§)x]. Then by the flatness of Fg,
we have

FG L™ fre Lge ™ fz,0x,. 2 FG [.Ox = Oge.

Hence f.L is a p°-torsion line bundle on Z, and the natural morphism f*f,L — L is
an isomorphism. Therefore we deduce that the above homomorphism is surjective.
Note that a non-zero homomorphism between numerically trivial line bundles on a
projective variety is an isomorphism.

By the above argument, we have the following exact sequence

0 Pic(Z)[p] £ Pic(X)[pf] — Pie(X)[F),).

(2) Set F := FX/Z Oxe and I := {L € Pic(Xz)|F ® L = F}. Then we have

Pic(X Z)[F)((e/)z] C I by the projection formula. Let F’ be an indecomposable direct
summand of F and let I’ := {L£ € Pic(Xz)|F' @ £ = F'}. Then by Lemma 2T,
we obtain that e,/ ' ® L is a direct summand of F. In particular,

rank F' - #(I/I') < rank F = peldimX-dim2),
The following lemma is used to prove Proposition [Z279.

Lemma 7.4.8. Let f : X — Z be an F-split morphism to a smooth projective
variety Z. Let X, be the general closed fiber of f. Then h'(X,Ox) < h'(X., Ox.)+
h'(Z,Op).

Proof. Set G := R'f.Ox. Then we have rank G' = h'(X,,Oy.) and F£*G' = G’ for
some e > 0 by Lemma [Z34. As shown by [I/8, 1.4. Satz], there exists an étale cover
7 : 7' — Z such that 7*G* = @ Oy for each i, and hence

dim H°(Z,G") < dim H*(Z',7*G") = rank G' = h'(X., Ox,).

Therefore by the Leray spectral sequence, we have

h'(X,0x) <h%(Z,G") +h'(Z,07) < h'(X.,0x.) + h'(Z,0y).
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Proposition 7.4.9. Let f : X — Z be an F-split morphism to an abelian variety
Z. Suppose that the Albanese morphism a : X — A of X is a finite morphism.
Then a is an isomorphism, or equivalently, X is an abelian variety.

™

Proof. Let f : X I 70 % 7 be the Stein factorization. As shown by Proposi-
tion [Z3T, 7 is F-split. Hence we see that 7 is étale by Proposition [Z39. This
implies that Z’ is also an abelian variety by [87, Section 18, Theorem| and that
(f',A) is F-split by Proposition [Z3T1. Replacing Z by Z’, we may assume that
f.O0x = Oy. We can factor finto f: X = A2 Z. Let z € Z be a general closed
point. Then as shown by Proposition 234, X, is integral, normal and F-split. We
recall that a is a finite morphism by the assumption. Then the induced morphism
X, — (A.)req is a finite morphism to an abelian variety, and therefore X, is an
ordinary abelian variety by Theorem [ZT4. Hence by Lemma 48, we have

dim A < h'(X,0x) < ' (X.,0x.) + h'(Z,05) = dim X, + dim Z = dim X

This means that a is surjective. Since f is F-split, it is separable, and hence so is g,
which implies that A, is reduced. We may assume X, — A, is an isogeny of abelian
varieties. Considering p-torsion points, we see that A, is also ordinary. Therefore
the p-rank v4 of A is equal to

Ya. + 7z = dim A, + 7 = dim A — dim Z + 7,

and hence g is F-split because of Theorem [377 (ii).
Claim 7.4.10. The morphism a : X — A is separable.

If the claim holds, then 0 ~ a*K4 < Kyx. Since f is F-split, we have
k(X,Kx/z) = k(X,Kx) < 0 by Lemma [Z3T0, and hence Kx = 0. Applying
the Zariski-Nagata purity, we see that a is an étale morphism. Hence we obtain that
X is an abelian variety by [87, Section 18, Theorem]. This is our assertion. [

Proof of Claim [74.10. We factor a : X — A into two finite morphisms i : X — Y
and s : Y — A such that ¢ is purely inseparable and s is separable. We show that 4
is an isomorphism. We fix an e > 0 such that there exists a morphism b: Y* — X
such that the following diagram commutes:

Fe
Xe—2- X

"

VeV

Y

This induces the following commutative diagram:

(e)
F Fe
xe X2 5, UPX %

o) 2 | lf‘

e
Y_w>wﬁ@w
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Note that since f : X — Z and gos : Y — Z are separable, X e and Y . are
varieties. Since Ox,. — Fe X/Z Oxe splits, Ox,. — bze,Oye also splits. From this,

the coherent sheaf F := Fy/Z Oye on Yze has iz.,0x,. as a direct summand. Let
F' be the indecomposable direct summand of izc,Ox,. with H°(Yze, F') # 0. Set

I = {)C € PlC(YZe)

FRLEFrand I':={LecI|lFeL=F}

Let £ be a p°-torsion line bundle on A. Now we have the morphisms Y = A4 % Z.
Set M to be the p®-torsion line bundle (s*L)z. on Yze. We show that M € I and
that M € I' if and only if £ € ¢g*Pic(Z)[p°]. By the projection formula, we have

FOM=(F), Ove)® (s°L)z = FY), (Fg'(s"L)) = FY), (s°LF) = F,

and hence M € I. If £L = ¢g*N for an N € Pic(Z)[p], then M = sze*gz*F5*N =
Oy,. € I'. Conversely, if M € I’ then again by the projection formula, we have

0# H'(Yye, F) = H' (Yze, F @ M)
C H%Yze, (ize,0xe) @ M)
= HO(XZe7iZe*M) = HO(XZe7 (a*£>ze>.

Therefore (a*L)ze = Ox,.. By Observation 471 (1), we get a*L € f*(Pic(2)[p?]) =
g*(Pic(Z)[p]). Since a* : Pic’(A) — Pic’(X) is an isomorphism, we have £ €
g*(Pic(Z)[p°]). From the argument above, we have the following injective morphism

G := Pic(A)[p]/g"Pic(2)[p] =22 11,

Let 7" be the rank of F’. Since the number of p*-torsion line bundles on A (resp. Z)
is equal to p©74 (resp. p®7%), we have

pe(dimA—dimZ)r/ _ pe('yA—’yZ)T/ < #G oyt < #(I/]/) oyt < pe(dimA—dirnZ)

by Observation 272 (2). This implies that " = 1 and that @ ycq F'®(s°L)ze C F
is a direct summand of maximal rank. Since JF is torsion free, this inclusion is an
isomorphism. Since iz¢,Ox,. is a direct summand of F, there exists a subset H C G
such that @[L]GH F' @ (s*L)ze = ize,Ox,.. Then the rank ize, Ox,. = #H -1’ =
#H. We show #H = 1. For L € Pic(A)[p°] with [£] € H, we have

0# H Y, F) = H(Yze, F @ (s°L) 5e @ (s*L71) 5¢)
g [_[()(}/Ze7 (iZe*OXZE) X (S*ﬁil)ze) = HO(XZe, (a*ﬁil)ze).

By an argument similar to the above, we see that £L7! € ¢*Pic(Z)[p¢], and thus
[£] = [O4] € G. Hence H = {[O4]}. Since degi = degize = rank iz, Ox,. = 1, we

see that 7 is an isomorphism, which is our assertion. O
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Proof of Theorem [7Z-0. Let X = X' g—/> A be the Stein factorization of a. Then

we can factor f into f: X 5 X' LININY 3 By Proposition 311 (1), ho g is
F-split. Since the finite morphism ¢’ : X’ — A is the Albanese morphism of X', we
see that ¢’ is an isomorphism by Proposition 279. Therefore Proposition =311 (3)
shows that (a, A) is F-split. Since h : A — B is an F-split morphism whose closed
fibers A, are ordinary abelian varieties, we obtain

YA =Ya, + v =dimA, +yp =dim A — dim B + 7.

]

7.5 Minimal surfaces with F-split Albanese mor-
phisms

The aim of this section is to specify minimal surfaces over an algebraically closed
field k£ of characteristic p > 0 such that the Albanese morphisms are F-split or
locally F-split. Note that if a smooth projective surface has F-split (resp. locally
F-split) Albanese morphism, then so are its minimal surfaces. Indeed, let S; be
a smooth projective surface and 7 : S — Sy be the contraction of a (—1)-curve.
Then it is easily seen that the induced morphism Alb(w) : Alb(S;) — Alb(S;) is an
isomorphism. Hence if S; has F-split (resp. locally F-split) Albanese morphism,
then so does Sy by Proposition 3711 (1).

Throughout this section, we denote by X a smooth projective minimal surface
and by a : X — A the Albanese morphism of X.

Theorem 7.5.1. If a is locally F-split, then one of the following holds:
(0) 01 (X) =0 and X is F-split;

(1-1) 01(X) =2, k(X) = —o0 and X is the projective space bundle P(E) associated
with a rank two vector bundle £ on A;

(1-2) b1(X) =2, k(X) =0 and X is a hyperelliptic surface such that every closed
fiber of a is an ordinary elliptic curve;

(2) X is an abelian surface.

Furthermore, in the case of (1-1), the morphism a is F-split if and only if either
(a) & is decomposable,
(b) & is indecomposable, p > 2 and deg& is odd, or
(c) & is indecomposable, p =2 and A is ordinary.

In the case of (1-2), the morphism a is F-split.
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Note that the first Betti number b (X) is equal to 2dim A. By Theorem 14,
we see that b1 (X) =0, 2 or 4.

e If b1(X) = 0, then the F-splitting of a is equivalent to the F-splitting of X.
e If b1(X) =4, then X is an abelian surface as shown by Theorem [I4.

e The case when by(X) = 2 is dealt with in the remainder of this section. As
shown by Lemma 310, we have x(X) < 0. We consider the cases k(X) =
—oo and k(X)) = 0 respectively in Subsections 51 and 572

7.5.1 The case b;(X) =2 and k(X) =0

In this case, by Bombieri and Mumford’s classification of minimal surfaces with
Kodaira dimension zero [I2], we see that X is a hyperelliptic or quasi-hyperelliptic
surface. If a is locally F-split, then a has normal geometric generic fiber as shown by
Proposition (238, and hence X is hyperelliptic. In particular, there exist two elliptic
curves Fy and Fj such that X = E; x Ey/B, where B is a finite subgroupscheme of
E; [12, Theorem 4]. Furthermore, every closed fiber of a is isomorphic to Ej, and
A= F/B.

Proposition 7.5.2. The following are equivalent:
(1) a is F-split;
(2) a is locally F-split;
(3) Ey is ordinary.

Proof. (1)=-(2) is obvious. If a is locally F-split, then the general fibers are F-
split by Proposition 238, and hence Ej is F-split. Thus (2)=-(3) holds. We prove
(3)=-(1). Assume that Ej is F-split. Since a is flat and every fiber has the trivial
canonical bundle, Kx ~ a*C for a Cartier divisor C' on A. Then by Theorem =371
(ii), we obtain an effective Q-divisor A4 on A such that C ~z, Ka+Ax~ Ay
Since Kx ~gq 0, we have A4 = 0, and hence a is F-split as shown by Theorem [=371
(ii)-(3). This is our claim. O

7.5.2 The case b;(X) =2 and x(X) = —©

In this case, X is a ruled surface over an elliptic curve. We start with recalling some
facts on elliptic curves. In the following lemmas, we denote by C' an elliptic curve.

Lemma 7.5.3. Let F be a vector bundle on C of rank r and L be a line bundle
such that F @ L= F. Then L™ = O¢.

Proof. This follows from (det F) ® L = det(F ® L) = det F. O

Lemma 7.5.4. Let m : C' — C be a finite morphism of degree d from an elliptic
curve C'. Let L be a line bundle on C such that 7*L£ = Ocr. Then L= O,
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Proof. By the projection formula, we have (1.O0¢)®L = 7,.Oc¢r. Hence the assertion
follows from Lemma [[H73. O]

Lemma 7.5.5. The m-th symmetric product S™E; o of E2 s isomorphic to a direct
sum of vector bundles of the form &, .

Proof. Let F be an indecomposable direct summand of S™&,  of rank r. By Theo-
rem [T, we may write F = &, (®L for an £ € Pic’(C). Let m := my : Cy — C be as
in Lemma 472, Since 7*S™E&;  is trivial, we have 7*L = O¢,. By Lemma [24, we
see that LP = O¢. Since supersingular elliptic curves have no non-trivial p-torsion
line bundle, we may assume that C' is ordinary. Then since F*&, 9 = &, o, we get
that F"'F =2 &0 @ LP = £, and Fc"S™E o = S™Ey . Hence we conclude that
L= 0c. [

Now we return to study the F-splitting of the Albanese morphism a : X — A
of X. We may regard X and a respectively as P(£) for a vector bundle on A of
rank two and its projection. If £ is decomposable, then a is F-split as seen in
Example [33. Assume that £ is indecomposable. We only need to consider the
two cases: deg& =0 and deg€& = 1.

The case deg€& = 0.

In this case, we may assume that & = & by Theorem 20 (1). Then we have
a finite morphism 7 : A” — A from an elliptic curve A’ such that 7*&, = Of?,
as seen in Lemma [Z2. In particular, X, = P(7*&) = P! x A'. We show the
following:

Proposition 7.5.6. a : X — A is F-split if and only if A is ordinary and p = 2.

To prove Proposition [Ch8, we prepare the following claims.

Claim 7.5.7. There exists an algebraic fiber space g : X — Y = P! such that
9" 0y (1) = Ox(p).
Claim 7.5.8. The p-th symmetric power SP& of & is isomorphic to &,o @ Oa.

Proof of Claims [7.01 and [7.5.8. Since the litaka-Kodaira dimensions of line bun-
dles are preserved under the pullback by any surjective projective morphism [62,
Theorem 10.5], we have

H(X, Ox(1>) = R(XA/, OXA’(1>) = R(Pl, O]pl(l)) = 1.

Since v(X,Ox(1)) is also equal to one, we deduce that Ox(1) is semi-ample. Let
g: X — Y be the litaka fibration associated to Ox(1). Then Y = P! obviously. Let
B be the general fiber of g. Then B is an elliptic curve. Now we have the following
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commutative diagram:
By ——B

|

Xy 2Xox-2.y

AI—W>A

By the construction, we have Ox(B) = Ox(m) ® a*L for an m > 0 and a torsion
line bundle £ on A. We consider the exact sequence

0— Ox(l) & Ox(—B) — Ox(l) — OB — 0
for [ € Z. Taking the direct image, we obtain exact sequences
0—=L"— Smgzo — CL*OB — 0 and 0— Sm_lggp — CL*OB —0

when [ = m and [ = m — 1, respectively. By the first exact sequence and by
Lemma [C5H, we see that £ = Oy, or equivalently Ox(B) = Ox(m). By the
second one and Lemma 58, we obtain that a,Op = S™ 16, = &,,0. Hence
™a,0p = O9". Since 7: A’ — A and (a|p) : B — A are flat, we obtain

dim H°(B, (a|5)*&,0) =dim H(B, (a|p)*7.Ox)
= dim H*(Ba, Op,,) = dim H*(4',7*a,O0p) = m.

Since a : X — A is a non-trivial projective space bundle, we have 2 < m < p.
For an N € Pic’(A)[a|g], by the projection formula, we have &, = Eno @ N.
Then N =2 O4 by Theorem T4 (1). Thus we get Pic’(A)[a|z] = {O4}, which
means that m is a power of p, so m = p. Since H(A, S?&) = HY(X, Ox(p)) =
HO(Y, 0y (1)) = k%2, we see that the first exact sequence splits, which implies that
SPEy0 =2 E,0 @ Oy O

Now we start the proof of Proposition [[h8.

Proof of Proposition [7-5-4. We use the same notation as the proof of Claim [57.
First we prove the “if” part. We show that (a, B) is F-split. Now we have wx ®
Ox(B) = Ox(—2) ® Ox(p) = Ox. Hence by Theorem [ (ii)-(3), it is enough
to show that (X, B|x.) is F-split for a fiber X, = P! of a. Since A is ordinary,
m: A — Ais étale. Since 7*a,Op is a trivial vector bundle of rank two on A’, we
see that By is a disjoint union of sections of a4 : X4 — A’. This implies that the
divisor B|x, is a sum of two distinct points. Using the assumption that p = 2, we
conclude that (X, B|x,) is F-split.

Next we prove the “only if” part. We first show that A is ordinary by contra-
diction. Assume that A is supersingular. Then m = F4. In this case, we see that
By = pS as divisors, where S is a section of a1 X4 — A’. Set

_ne—1

_pe—1 M€
w(e) = H0<XA/17¢§1)4//A/ ®CL)§(A}71 ) : HD((XA/)ljw;AI; ) — ]3'0()(All,(,cJ}(AZ/)1 )
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Then by Claim [h74, we have
HY (X, wi?) = H(X, Ox(2p° — 2))
= (" H° (Y, Oy (20" = 1)) - (H*(X, Ox(p — 2)))-

Since there exists a section S of ay such that every fiber of g o mx is equal to
pS as a divisor, we see that for every s € mx*¢*H’(Oy(2p°~ — 1)) there exists a
t € H'(Ox,, (2p°' — 1)) with s = t?. Hence we have ¢(9)(s-r) = ¢ (r) - t = 0 for
every r € Tx*H%(X, Ox(p—2)). We then deduce that ¢g§l//A’ sends s-r to 0. Since
gbga/ Jar I8 obtained as the pullback of gbg?} 1> we conclude that H°(X 4, gbg?} 4) is the
zero map. Therefore a is not F-split, which is a contradiction. Thus A is ordinary.
We show p = 2. By the assumption we see that the morphism Ox , — F)((l/)A*(’)Xl
splits. Applying the functor a,1,(__ ® Ox ,, (1)) to this, we obtain the morphism

52’0 = FA*€2,0 = aAl*OXAl (1) — a(l)*(’)Xl (p) &= Spgg,o

which splits as O g1-modules. Since SPE o = £, @ O4 as shown by Claim 578, we
get £,0 = & and thus p = 2. O

The case deg& = 1.

The following proposition is the conclusion of this case.

Proposition 7.5.9. If deg& = 1, then a is F-split if and only if A is ordinary or
p> 2.

Proof. We first prove the “if” part. When p > 2, we take the étale cover p: A’ — A

[

of degree two corresponding to a torsion line bundle £ of order two. Then p, O =
04D L and

pA’*OA’xAA’ > 0O 2040 DOy
Here the first isomorphism follows from the flatness of p. Hence A’ x 4 A’ is a disjoint
union of two copies of A’. By Theorem I (1) and (6), there exists a line bundle
M of degree one such that p,M = £. Then

PEZp P MZEpa My =M M.

Therefore X' := X4 = P(M & M) is F-split over A’. We now have the following
commutative diagrams:

and
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Since p is a finite étale morphism of degree not divisible by p, the upper horizontal
morphism splits. Then the diagonal morphism also splits, and hence so is the left
morphism. Consequently, we see that X is F-split over A. When p = 2 and A is
ordinary, F3€ € £4(2,2) as shown by Theorem 21 (5). Then by Proposition 28,
we see that a1 : X1 — Alis F-split. Replacing p by F4, we can prove the assertion
by the same argument as the above.

Next we prove the “only if” part by contraposition. Assume that p = 2 and A is
supersingular. Then Theorem I (5) shows that F4*E € £4(2,2). Hence as seen
in Proposition 28, a4 : X41 — A! is not F-split. This requires that @ : X — A
is also not F-split, which completes the proof. [
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