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Abstract

The nonequivariant coherent-costructible correspondence is a microlocal-geometric
interpretation of homological mirror symmetry for toric varieties conjectured by Fang—
Liu—Treumann—Zaslow. We prove a generalization of this conjecture for a class of toric
stacks which includes any toric varieties and toric orbifolds. Our proof is based on
gluing descriptions of co-categories of both sides.
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1 Introduction

Mirror symmetry is a mysterious relationship between complex and symplectic geome-
try which predicts various mathematical consequences. To give a unified understanding
of mirror symmetry, Kontsevich proposed homological mirror symmetry (HMS) in 1994
[Kon95]. HMS predicts an equivalence between two different kinds of categories: the de-
rived category of coherent sheaves on a variety X and a Fukaya-type category of a mirror
of X. If X is a toric Fano variety, a mirror of X is given by a regular function W over
(C*)™ [Giv95, HV00]. Then HMS predicts an equivalence

coh X ~ Fug(W) (1.1)

where coh X is the derived co-category of coherent sheaves on X and Futé(W) is the de-
rived Fukaya—Seidel oo-category of W. The oo-category §ut(W) is defined by Lagrangian
intersection Floer theory of Lefschetz thimbles of W [Sei01].

Recent developments of microlocal geometry suggest that such symplectic geometry
can be captured by microlocal sheaf theory. The key notion in microlocal sheaf theory de-
veloped by Kashiwara—Schapira [KKS90] is microsupport, which assigns to a sheaf a certain
subset of the cotangent bundle of the manifold on which the sheaf lives. For a constructible
sheaf, the microsupport becomes a Lagrangian subvariety of the cotangent bundle. This
relation was further developed by Nadler-Zaslow [NZ09, Nad09]: their theorem says that
the derived category of constructible sheaves on a real analytic manifold Z is equivalent
to the derived infinitesimally wrapped Fukaya category of the cotangent bundle T Z.

The Nadler—Zaslow equivalence mentioned above can be considered as a first exam-
ple of topological Fukaya categories, i.e., topological description of Fukaya categories.
Nadler-Zaslow’s work is based on Fukaya-Oh’s work [FO97] on Morse theory which is
motivated by Witten’s pioneering work [Wit95]. More generally, Kontsevich [Kon] sug-
gested that Fukaya categories of Stein manifolds can be captured in terms of topological
language. In the work of Dyckerhoff-Kapranov [DK13, Dycl5] and Haiden-Katzarkov—
Kontsevich [HKK14], they constructed Fukaya-type categories for marked punctured Rie-
mann surfaces without using Floer theory. Later, Nadler [Nad1l6b] constructed the cat-
egories equivalent to the ones described in [DK13, HKK14] via microlocal sheaf theory.
In general, Kontsevich’s conjecture are pursued by Nadler and Ganatra—Pardon—Shende
[Nad14, GPS]. Along this line, Tamarkin and Tsygan are trying to construct microlocal
categories expected to be equivalent to Fukaya categories of closed symplectic manifolds
[Tam15, Tsy15].

Topological description is also expected for Fukaya categories for Landau—Ginzburg
models and wrapped Fukaya categories. Fang—Liu—Treumann—Zaslow [FLTZ11a, FLTZ12]
provided candidates of topological Fukaya categories for mirrors of toric varieties, which
is the central topic in this paper. Sibilla-Treumann—Zaslow [STZ14] provided topological
description for mirrors of chains of projective lines. Nadler [Nad15a, Nad16a] provided such
examples for mirrors of pair of pants. Also, in the aforementioned work of [DK13, HKK14],
some marked punctured Riemann surfaces can be considered as Landau—Ginzburg models.
Topological nature of wrapped Fukaya categories of cotangent bundles have been described
by Abbondandolo-Schwarz and Abouzaid [AS10a, Abol2, Aboll]. Microlocal approach
to wrapped Fukaya categories pursued by Nadler [Nad16b] will be described later in this
section.

Homological mirror symmetry by using those topological Fukaya categories has also
been discussed. Fang—Liu-Treumann—Zaslow [FLTZ11a, FLTZ14] proved torus-equivariant
version of the coherent-constructible correspondence for smooth complete toric varieties



and toric orbifolds. Here, the coherent-constructible correspondence is a version of homo-
logical mirror symmetry which is the central topic of this paper. Sibilla—Treumann—Zaslow
[STZ14] proved the coherent-constructible correspondence for chains of projective lines.
Nadler proved homological mirror symmetry of pair of pants as both A and B models
[Nadl5a, Nadl6a, Nadl6b]. Pascaleff-Sibilla [PS16] proved homological mirror symme-
try for punctured Riemann surfaces by using Dyckerhoff-Kapranov’s topological Fukaya
category.

In this paper, we will discuss homological mirror symmetry for toric stacks by us-
ing topological Fukaya categories originally introduced by Fang—Liu—Treumann—Zaslow
mentioned above. Namely, we replace the right hand side of (1.1) by a category defined
in terms of microlocal geometry. The following setting was first introduced by Fang—
Liu-Treumann—Zaslow [FLTZ11a, FLTZ12, FLTZ14] after the pioneering work of Bondal
[Bon06].

In this paper, we always work over C. Let M be a free abelian group of rank n and
N be its dual. Let further ¥ be a fan defined in Ng. We write Xy, for the toric variety
associated with . We set

As = | p(eh) x (-0) (1.2)
oceEY
where p: Mg — Mg/M =: T" is the projection and o+ := {m € Mg | m(c) = {0}}. We
consider Ay as the subset in T*T™ = Mg /M x Ng. Then Ay is a Lagrangian subvariety
of T*T™ with respect to its standard symplectic structure.

One can generalize these setups to a class of toric stacks of Tyomkin and Geraschenko—
Satoriano[Tyo12, GS15]. Namely, let 5: L — N be a homomorphism between finite rank
free abelian groups with finite cokernel and S and ¥ are fans defined in Ly and Ng
respectively. In this paper, we assume the following condition unless otherwise stated.

Condition 1.1. The map fBg induces a combinatorial equivalence between 3 and X.

In other words, we assume that the images of cones in X by 5 again form a fan and the
induced morphism between fans is an isomorphism as a morphism of posets. We write Xg} 5
for the associated toric stack. This class of toric stacks contains any toric varieties and
any toric orbifolds in the sense of [FLTZ14] which is defined as toric DM stacks without
generic stabilizers in the sense of Borisov—Chen—Smith [BCS05, Iwa09, FMN10]. We can
generalize the construction of Ay to (5, 8) and write it A, 5 (see Section 77 below).

On the coherent side, we will use the following four stable co-categories:

(i) Indcoh Xi, 5 the oo-category of ind-coherent sheaves on Xi, 5

)
(i) Qcoh Xi 5 the derived oo-category of quasi-coherent sheaves on Xi, 5
(iii) coh Xi, 5 the bounded derived co-category of coherent sheaves on Xi, 5

)

i
(iv) perf A, 5 the oo-category of perfect complexes on X 5
The category perf X5 5 (resp. coh Xi,ﬁ) is the full subcategory of Qcoh X 5 (resp.

Ind coh Xg} ﬁ) spanned by compact objects.

Let Sh¢(T™) (resp. Sh®(T™)) be the derived co-category of (quasi-)constructible
sheaves on T™ . Then we will use the following three stable oco-categories on the con-
structible side:

(i) ShXi ﬁ(T”): the full subcategory of Sh®(T") spanned by objects whose microsup-

ports are contained in Ai 5



(ii) Shki,s (T™): the full subcategory of ShXi B(T”) spanned by compact objects,

(iii) Shj_ (T") the full subcategory of Sh(7™) spanned by objects whose microsup-
ports are contained in AZ B

The category of wrapped constructible sheaves Shw (T") recently introduced by Nadler

[Nad16b] is a microlocal counterpart of (patially) Wrapped Fukaya category [AS10b, Aurl0,
Syl16].
Our main theorem in this paper is the following.

Theorem 1.2 (Theorem 6.2, Corollary 12.10). There exists an equivalence of co-categories
coh Xy, 5 ~ thiﬁ (™), (1.3)
If &, P is complete, there exists an equivalence of co-categories
perf Xy, 5 ~ Shji_ (T") (1.4)
If &, P is smooth and complete, we moreover have an equivalence of oco-categories
Sh}‘(iﬁ(T”) ~ Sh?\gﬁ (™), (1.5)

in particular,
coh X, 5 ~ Shiiﬂ(T"). (1.6)

Although this theorem holds for arbitrary toric varieties and toric orbofolds, smooth
cases had been conjectured and discussed. Originally, Bondal [Bon06] sketched an equiv-
alence between the derived categories for a class of toric varieties (which are in particular
Fano) and the category of “constructible sheaves with respect to certain decompositions
of T"”. After Bondal’s announcement, Fang-Liu-Treumann—Zaslow formulated and con-
jectured Theorem 6.2 for smooth complete fans and called it the coherent-constructible
correspondence [FLTZ11a, FLTZ12, Trel0]. Scherotzke—Sibilla [SS16] generalized the con-
jecture for complete oribfolds, and Ike and the author [IK16] generalized further for smooth
fans.

For complete fans, the conjecture was proved when ¥ is (i) zonotpal by Treumann
[Trel0], (ii) cragged by Scherotzke-Sibilla [SS16], and (iii) 2-dimensional by the present
author [Kuw15]. For noncomplete fans, Ike and the author [IK16] proved that noncomplete
cases follow from complete cases. In their original paper [FLTZ11a], Fang-Liu—Treumann—
Zaslow proved the equivariant version.

For complete fans, we can see a relation between mirror symmetry and the coherent-
constructible correspondence explicitly. By the Nadler—Zaslow equivalence, the right hand
side of (1.6) can be viewed as the full subcategory of the Fukaya category of T*T™ consist-
ing of Lagrangian submanifolds along Ay,. Then Fang-Liu-Treumann—Zaslow [FLTZ12]
showed that the coherent-constructible correspondence for line bundles exhibits T-duality
[SYZ96]. However, relations to HMS for toric varieties formulated in terms of other types
of Fukaya categories [Abo09, AKO06, AKOO08, Ued06, UY13] are still unclear at present
time (some discussions can be found in [FLTZ12]).

We obtain Theorem 1.2 as a corollary of the following.

Theorem 1.3 (Theorem 6.2). There exists an equivalence of co-categories

Ind coh Xy, 5 ~ Sh/?iﬁ(T”). (1.7)



Theorem 1.2 (1.3) is obtained by taking compact objects on both sides of Theorem
1.3. Then Theorem 1.2 (1.4) is obtained as the dual of (1.3) by taking the oo-categories
of exact functors to perfect C-modules.

Our proof of Theorem 1.3 is based on gluing argument, i.e., first we prove the affine
cases (Proposition 7.8), then we glue those equivalences and deduce Theorem 1.3.

Roughly speaking, our proof of affine case is as follows. In smooth cases, the affine
case is essentially known in the literature. In singular cases, we resolve singularities by
toric resolutions and reduce to smooth cases.

Then we glue up the coheret-constructible correspondence for affines to that for Xi, P
On the coherent side, required gluing theorem is known as Zariski descent (Proposition
8.2). On the constructible side, we give the following gluing theorem. We present Ai 5 s
a union |, A, of its closed subsets {A, }sex; which corresponds to the affine toric covering
of Xy 5. Let C(X) be the Cech poset of ¥ (see Sections 8).

Theorem 1.4 (Theorem 11.1). There exists an equivalence of oo-categories

Sh§_

o, (T =~ lim Sh{_(1™). (1.8)

c®)

This theorem is proved by techniques of Tamarkin’s projector [Tam08] sophisticated by
Guillermou—Schapira [GS14]. Gluing theorem for topological Fukaya categories for closed
Lagrangian subsets are also considered in the work of Pascaleff-Sibilla [PS16]. They treat
only 1-dimensional Lagrangians (graphs), and Theorem 1.4 can be considered as a first
example of its generalization to higher-dimensional cases.

Although it is known that Shf\2 , (T™) has the sheaf property called Kashiwara—

)

Schapira stack [KS90, Guil2, Nad14] (see also Section 3.3), gluing proerty presented here
is different from it. Relations to the locality expected to Fukaya categories [Kon, Nad14,
DK13, Dycl5, GPS] and some proofs of homological mirror symmetry obtained by gluing
[STZ14, PS16, Nad16b] are future interests.

There may also be potential applications of Theorem 1.2 to problems in the derived cat-
egory of coherent sheaves on toric varieties. In fact, Fang—Liu—Treumann—Zaslow applied
their equivariant version to prove Kawamata’s semi-orthogonal decomposition [FLTZ11b]
and Scherotzke—Sibilla applied to construction of tilting complexes in the derived cate-
gories of coherent sheaves of cragged toric stacks [SS16].

This paper is organized as follows. In Section 2, we recall some categorical generalities
to fix our notations. In Section 3, we recall ind-coherent sheaves from [Gai]. Section 4, we
recall microlocal sheaf theory of (wrapped) constructible sheaves and its relation to Fukaya
category. We also recall and expand Tamarkin’s techniques for convolution products. In
Section 5, we define toric stacks used in this paper. In Section 6, we formulate the
coherent-constructible correspondence for toric stacks. In Section 7,we prove the smooth
affine case. In Section 8, we provide a proof of Zariski descent. In Section 9, we give
a candidate of the functor which provides the coherent-constructible correspondence and
see it is a generalization of the original formulation of [FLTZ1la]. In Section 10, we
describe the identity objects for convolution products, which is crucial for the proof of
main theorems. In Section 11, we prove Theorem 1.2, Theorem 1.3 and Theorem 1.4 for
the smooth case. In Section 12, we define the functor for singular case and prove that it
is an equivalence by reducing the singular case to the smooth case.



2 Preliminaries on categorical generalities

For oco-categories, we refer to Lurie’s [Lur09, Lur]. For the Morita model structure, we
refer to [Tab07, Cohl13]. We also refer to Section 1 of [DK13] as a useful summery.

In this paper, we always work over C, hence dg-category always means C-linear dg-
category. All functors in this paper are appropriately derived. First, we recall the quasi-
equivalent model structure of the dg-category of dg-categories. We say that a dg-functor
between two dg-categories is a quasi-equivalence if it induces an equivalence between the
graded C-linear categories which are the homotopy categories of the dg-categories.

Definition 2.1 (The quasi-equivalent model structure [Tab07]). The quasi-equivalent
model structure on the dg-category of dg-categories is specified as follows: A dg-functor
f:C—>Dis

(i) a weak equivalence if it is a quasi-equivalence,

(ii) a fibration if it is surjective on Hom-spaces and there exists a quasi-isomorphism
y — x for any object € D with y = f(y') for some ¢’ € C,

(iii) a cofibration if it has the left lifting property with respect to trivial fibrations.

Let Mod(C) be the dg-category of dg-modules over a dg-category C. A dg functor
f: C — D induces a dg-functor Mod (D) — Mod(C). We say f is a Morita equivalence if
the induced functor is a quasi-equivalence.

Definition 2.2 (The Morita model structure [Tab07]). The Morita model structure on
the dg category of dg-categories is specified by the following: a dg-functor f: C — D is

(i) a weak equivalence if it is a Morita equivalence,
(ii) a cofibration if it is a cofibration of the quasi-equivalent model structure,
(iii) a fibration if it has right lifting property with respect to trivial cofibrations.
We use the following properties of the Morita model structure.

Proposition 2.3 ([Tab07]). (i) The Morita model structure is a left Bousfield localiza-
tion of the quasi-equivalent model structure.

(ii) The class of fibrant objects of the Morita model structure is the class of idempotent-
complete pretriangulated dg-categories.

Proof. (i) follows from the definition of left Bousfield localization. (ii) follows from the
shape of generating cofibrations of the Morita model structure (See [Tab05, Remarque
5.3]). O

In this paper, we always use C-linear stable oco-categories for statements of theorems,
but use C-linear dg-categories for proofs. This treatment is justified by the following
theorem. Let Préw be the co-category of compactly generated stable co-categories whose
1-morphisms are functors preserving colimits and compact objects. Let Mlod(HC) be the
oo-category of modules over the Eilenberg-Maclane spectrum HC of C, which defines a

commutative algebra object in Pr = ([Lur, Cohl3]).

st,w

Theorem 2.4 ([Cohl3]). The following two co-categories are equivalent:



° dgcatgorita : the co-category obtained from the Morita model structure of the category

of dg-categories.

L
st,w*

e Modyoq(nc) (PrsLt,w) : the oco-category of modules over Mod(HC) in Pr

Moreover, by [Lur, Proposition 1.3.4.23, 24], (co)limits in dgcat}°m* (equivalently, in
Modpieq(c)(Prk,,)) are calculated as homotopy (co)limits in the Morita model struc-
ture. Since the homotopy theory of Modyioq(rc) (PrsLt’w) does not depend on any choice
of model structures, Theorem 2.4 supports the canonicity of the Morita model structure.

3 Preliminaries on Ind-coherent sheaves

For Ind-objects, we refer to Kashiwara-Schapira [KS01] and Lurie [Lur]. For ind-coherent
sheaves, we refer to Gaitsgory [Gail.

3.1 Ind-objects

For an oo-category C, the oo-category of Ind-objects Ind(C) of C is the filtered cocomplete
closure of C in the category of presheaves on C. We sometimes call this colimit formal
colimit and write it “lim”. The original category is recovered by taking compact objects

if the original category is idempotent-complete. Note that if C is stable then Ind(C) is
also stable.

Let F': C — D be a functor C — D. Then there exists a natural functor Ind(#): Ind(C) —

Ind(D) which extends F and preserves formal colimits. We also use F' for IndF, if there
are no confusions.

Proposition 3.1 ([KS01, Proposition 1.1.3)). If F': C — D is fully faithful, the fucntor
F: IndC — IndD is also fully faithful.

3.2 Ind-coherent sheaves

Let X be a Deligne-Mumford stack of finite type over C. Let Qcoh X be the derived co-
category of quasi-coherent sheaves on X and coh X be the bounded derived oco-category

of coherent sheaves on X. Since Qcoh X is cocomplete, we have the functor Uy :=
h(ﬁ)m Ind coh X — Qcoh X. Let Qcoh®? X be the bounded part of Qcoh X.

Proposition 3.2 ([Gai, Lemma 1.1.6, Corollary 3.3.6]). The restriction of ¥y to Qcoh® X
gives an equivalence onto Qcoh® X in Qeoh X. If X is smooth, the functor Uy : Ind coh X —
Qcoh X is an equivalence.

Let f: X1} — &5 be a morphism of Deligne-Mumford stacks.

Proposition 3.3 ([Gai, Proposition 3.1.1, Lemma 3.5.8]). There ezists a unique cocon-
tinuous functor

fInd: Ind coh X, — Ind coh X, (3.1)
which makes the diagram
fInd
Ind coh X} —— Ind coh X, (3.2)

i \I!Xl ‘IIX2 i

Qcoh X i Qcoh X,




commute. If f is proper, we have a natural isomorphsm fIPd ~ Ind(f.). If f* gives
coh X — coh Xy, the induced functor f*: Ind coh Xo — Ind coh X; is the left adjoint

of I,

4 Preliminaries on microlocal sheaf theory

4.1 Microsupports

Let Z be a real analytic manifold. A sheaf F on Z is called constructible if there exists
an analytic Whitney stratification of Z such that FE is finite rank locally constant C-sheaf
on each stratum [KS90]. If we allow F has infinite rank on each stratum, we say E is
quasi-constructible [FLTZ11a] (or weakly constructible in [KS90], or large constructible in
[Nad16b]). We write Sh®(Z) (resp. Sh?(Z)). for the stable oo-category of complexes of
constructible (resp. weakly constructible) sheaves localized at quasi-isomorphisms.

Next we define microsupports due to Kashwara—Schapira [KS90]. Let 7: T*Z — Z be
the cotangent bundle of Z.

Definition 4.1. For E € Sh¥(Z), its microsupport SS(E) is the subset of T*Z which is
characterized as follows: (z;§) € T*Z is not an element of SS(F) if there is an open neigh-
borhood U of (z, §) and any smooth function f with Graph(df) C U, I'(zez|f(2)> f(a')} (E) o =
0 holds for any 2’ € ©(U).

Although this definition can be applied to any sheaves on manifolds, we can know much
more for quasi-constructible sheaves. Fix a conic Lagrangian A C T*M. Let ShX(M ) be
the full subcategory of Sh¢ (M) spanned by objects whose microsupports are contained
in A.

Take F € ShX(M) and a smooth point (z,§) € A.

Proposition 4.2 ([KS90, Propositioin 7.5.3]). Let f: M — R be a smooth function with
Graph(df) intersecting A transversely at (x,€) and f(x) = 0. Then up to shifts, the
complex

Liyirwyz0y(B)a (4.1)
depends only on E and (x,€) and is independent of choice of f. If this complex is acyclic,
then (x,§) & SS(E).

The complex m, ¢) ¢(E) := L'y ¢(y)>0} (£)x is called the microlocal stalk of E at (z,§)
with respect to A and f. Proposition 4.2 says microlocal stalk completely captures micro-
support.

There are standard estimates of microsupports which we will use later.

Proposition 4.3 ([KS90)). For E,F € Sh¥(Z), the following estimates hold:
(i) SS(EX F) C SS(E) x SS(F),
(ii) SS(Homzxz(py E,p3F)) C SS(E)* x SS(F) (e = —1,!), and
(iii) SS(Cone(E — F)) C SS(E) U SS(F).
where a is the fiberwise antipodal map and p;: Z x Z — Z is the projection to each factor.

If E is constructible, SS(E) is a Lagrangian subvariety with respect to the standard
symplectic structure of T*Z. This observation leads to recent applications of microlocal
geometry to symplectic geometry, such as Tamarkin [Tam08] and Nadler—Zaslow [NZ09,
Nad09]. Here we review the latter briefly in the Section 4.2 (we also recall some techniques
of the former in Section 4.4).



4.2 Fukaya categories and constructible sheaves

We assume that Z is compact. We consider the derived infinitesimally wrapped Fukaya
category ub(T*Z) of T*Z whose objects are generated by exact Lagrangian submanifolds
supposed to be tame at infinity and hom-spaces are calculated with inifinitesimal Hamilto-
nian perturbations which induce Reeb flows on the contact boundary when we canonically
compactify T*Z. Then the Nadler—Zaslow equivalence is the following.

Theorem 4.4 ([NZ09, Nad09]). There is a quasi-equivalence of oo-categories
Sh(Z) ~ Fut(T* 7). (4.2)

This quasi-equivalence is roughly given as follows; the left hand side is generated by
constant sheaves on small contractible closed sets. For such a sheaf, we assign an exact
Lagrangian submanifold obtained by smoothing the microsupport of the sheaf. This gives
an embedding of the left hand side to the right hand side. The quasi-inverse functor is
given along the philosophy of family Floer homology; for an object L of the right hand
side, the stalk at z € Z of the corresponding object in the left hand side is given by
the Floer homology between the fiber 77 Z and L. By the tameness of objects, we can
use an easy version of family Floer homology without technical difficulties described in
[Fuk01, Abol4].

In a rough classification, there are two types of Fukya categories defined for non-
compact symplectic manifolds. One has finite-dimensional hom-spaces, the other has
infinite dimensional ones. Infinitesimally wrapped Fukaya category and Fukaya—Seidel
category are of first type. Microlocal counterparts of these are considered as constructible
sheaves.

Fukaya categories of second type are known as partially wrapped Fukaya categories
[AS10b, Aurl0, Syl16]. A microlocal counterpart of this notion is recently proposed by
Nadler [Nad16b]. Let A be a conic Lagrangian subvariety of 7%Z. We write ShX(Z ) for
the full subcategory of ShO(Z ) spanned by objects whose microsupports are contained in

A.

Definition 4.5 ([Nad16b, Definition 3.12]). The stable co-category Shi{(Z) of wrapped
constructible sheaves along A is the full subcategory of compact objects of ShX(Z ).

The stability follows from Proposition 4.3 (iii). There is another (more geometric)
definition of this category also due to Nadler [Nad16b]. We will use the notation of the
definition of microlocal stalk presented in Section 4.2. Take a smooth point (z,&) of A
and a smooth function f: M — R as in Proposition 4.2. By microlocal Bertini—Sard
theorem [KS90, Proposition 8.12] and the non-characteristic deformation lemma [KS90,
Proposition 2.7.2], we have a neighborhood B of x such that

M), (E) =T zez11()> 1)} (B = Tzez|f(2)> ()} (Bs E)- (4.3)

Note that B depends on A, but does not depend on E. Since ShX(M ) is presentable
(cf. Proposition 4.10 and Proposition 4.11 below) and I'.cz|5(z)>f(x)} (B, —) preserves
limits and colimits, m, ¢ ¢: ShX(M) — Mod(C) is representable by a compact object
Fla6),r € Shy(M). This F, ¢) s is called microlocal skyscraper sheaf at (z,£) with respect
to A and f. By Proposition 4.2, F{, ¢) ; does not depend on f up to shifts.

Lemma 4.6 ([Nadl6b, Lemma 3.15]). The oo-category Sh}{(Z) is split-generated by the
microlocal skyscrapers F, ¢ ¢ for (x.£) smooth points of A.
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The category of wrapped constructible sheaves have some properties expected for par-
tially wrapped Fukaya categories, for example, mirror symmetry for pair of pants [Nad16b]
and categorical localization [IK16]. Like partially wrapped Fukaya categories sometimes
have only finite dimensional hom-spaces, all wrapped costructible sheaves are sometimes
constructible sheaves, for example, A = Ai, P for complete ¥ (see Corollary 12.10 below,
see also appendix of [IK16]).

Finally we recall the duality between constructible and wrapped constructible sheaves
from [Nad16b]. Let mod(C) be the derived oo-category of bounded complexes of finite-
dimensional C-vector spaces. Let further Fun “*(C, D) be the co-category of exact functors
for stable co-categories C and D.

Theorem 4.7 ([Nadl6b, Theorem 3.2.1]). There exists an equivalence of co-categories
Sh{(Z) ~ Fun “((Sh}(Z))°?, mod(C)) (4.4)

given by E — hom(—, E).

4.3 Kashiwara—Schapira stack

The notion of Kashiwara—Schapira stack is essentially established in the theory of microlo-
cal categories of Kashiwara—Schapira [KS90] and is clarified in recent various literatures
[Nad14, Nad13, Nadl5b, STZ14, STW16, Guil2].

Firstly, we introduce microlocal categories. Let Z be a real analytic manifold, A be a
conic Lagrangian subset of T*Z and U be an open subset of T*Z. Then we set

uSh" (U) := Sh{ (Z)/ Sh{y, ynn)) (2)- (4.5)

Then the assignment uSthre: U uShX(U ) form a presheaf on T*Z. We write uShX
for the sheafification of ,uSthTe. Moreover, the support of this sheaf is A.

Definition 4.8. The sheaf ,uShX on A is called the Kashiwara—-Schapira stack (or the
stack of microlocal sheaves) along A.

The global section of this sheaf is known as follows.

Proposition 4.9 ([STW16, Propsitioin 3.5]). The global section of uShX(Z) is equivalent
to Sh%;ZuA(Z)/Shggz(Z)-

The author learned the following proposition from David Nadler.

Proposition 4.10. Assume Z is compact. The global section of uShX is a compactly
generated oo-category.

Proof. By the arborealization [Nad13, Nad15b], MShX(U ) is compactly generated for any
sufficiently small open set U of A. Since the oo-category of compactly generated oo-
category is closed under finite limits, the global section of ,uShX is also compactly gener-

ated. O
The presentability allows us to use Neeman’s Brown representability theorem.

Proposition 4.11 ([Nee01]). LetC be a compactly generated stable oo-category and f: C —
D is an exact co-functor from C to a stable co-category D. If f is product-preserving, f
has a left adjoint. If f is coproduct-preserving, f has a Tight adjoint.
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4.4 Techniques of Tamarkin (after Guillermou—Schapira)

In this section, we recall and slightly generalize some techniques of Tamarkin [Tam08]. We
follow the survey by Guillermou—Schapira [GS14]. Although almost all statements before
Lemma 4.18 can be obtained by the argument in [GS14], we present details for reader’s
convenience.

Let M be a rank n free abelian group, N be its dual, and let Mg := M ®z R, Ng :=
N ®z R. Then the cotangent bundle of the real torus 7™ := Mg/M has a canonical
trivialization T*T™ ~ T™ x Nr. We set the quotient map p: Mr — T™.

We write m: T™ x T™ — T™ for the multiplication of the torus. Note that m is proper.
Then Sh®(T™) have the convolution product * defined by

ExF:=m(EXRF)=mp;'E@p,'F) = m.(p]'E@p, ' F) (4.6)

for E,F € Sh® (T™) where p; is the projection from 7™ x T" to each factor. Since p; are
proper, the push-forward p, is equal to the proper push-forward p;.
The convolution has the right adjoint. We define

Hom*(E, F) := p1. Hom(py ' E,m'F) (4.7)
for E, F € Sh®(T").
Lemma 4.12. For E,F,G ¢ ShO(T"), we have
hom(E x F,G) ~ hom(E, Hom*(F,G)), (4.8)
Hom*(E, F) ~ m, Hom(py ' (=1)"1E, p} F),
where —1: T™ — T™ takes an element to its inverse.

Proof. The first one is clear from the definitions. The second one follows from the argument
of [GS14, Lemma 4.10], namely, set f := (m,—p2): T" x T™ — T" x T". We can see
fo f=id. Since f is an isomorphism, f~! = f' and f~! = f,. Hence

Hom™*(E, F) ~ p1. Hom(pglE, m!F)
~ pr Hom(f'py ' (=1) T E, f'pi F)
~ pr.f Hom(py ' (—1) " E, pi F) (4.10)
~ (p1o f). Hom(py ' (—1)'E,p\ F)
~ m, Hom(py (—1) " B, p\ F).

This completes the proof. O
Lemma 4.13. For E € Sh®(T" x T™), we have

SS(miE) C m(SS(E)). (4.11)

where my(SS(E)) is defined by

m4(SS(E)) == {(x,&) | I(z1,22) € T" X T™ such that x1 + 2 = = and (x1,,22,§) € SS(E)}.
(4.13)
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Proof. This is a version of [GS14, Theorem 2.16]. Although we can prove in a similar
manner to [GS14], we will give a different proof here.

Take a point (x,£) € T*T™\mx(SS(E)). We trivialize the fibration m as T™ x
m~(z) — T". Since (z,&) € my(SS(E)), the microsupport SS(E) does not have ¢
on m~!(z). Hence for any point y € m~!(x), the microlocal stalk along ¢ vanishes. Since
m~!(z) is compact, the radii of open disks centered on elements of m~!(x) on which one
evaluates microlocal stalk (we wrote as B in Section 3.1) have a lower bound. Hence we
can take a neighbourhood U = m (V) of m~!(z) for some open set V and a function f
on V such that f(z) =0, df (z) = &, and Graph(df) h m4(SS(E)) with

F{monO}(U> E) ~ (. (414)

This implies
My e(E) = Tpso(V,maE) = o0y (U, E) = 0. (4.15)
Hence (z,&) ¢ SS(m.E) = SS(mE). This completes the proof. O

Proposition 4.14. Let ~; be closed cones in Ng for ¢ = 1,2. For any objects F; €
Shan% (T™) fori=1,2, we have

SS(E1 * E3) C T" x (y1 N2), (4.16)
SS(Hom™*(E1, E2)) C T™ x (71 N7y2). (4.17)
Proof. This is a version of [GS14, Corollary 4.14]. By the definition of x, Lemma 4.14,
and Proposition 4.3,
SS(El * Ez) C M#SS(El X EQ)
C m#(SS(El) X SS(EQ))
Cmyu(T" x y1 x T" X ¥2)
CT" x (y1Ny2).

(4.18)

Similarly, by using (4.9), Lemma 4.14, and Proposition 4.3, we have

SS(Hom™(Eq, Ey)) C m#SS(Hom(pz_l(—1)71E1,p!1E2))
C m4(SS(E2) x SS(Er)) (4.19)
CT" x (y1N72).

This completes the proof. O

As a direct corollary, we have the following, which is a counterpart of [GS14, Proposi-
tion 3.17]. Let v be a closed convex cone in a vector space Mg and " C Ny be its polar
dual:

v :={n € Ng | n(m) >0 for any m € v} . (4.20)

Corollary 4.15. For an object E € Sh®(T™), we have

SS(E * piCryg(y)) € T7 x (=Y). (4.21)
We set

Zy :=T*Mg\ (Mg x Int(y")) , (4.22)

Zy = TT™\ (T™ x Int(y")) (4.23)

where Int is the interior. We say a closed convex cone 7 is strictly convex if yN(—v) = {0}.
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Proposition 4.16 ([Tam08], [GS14, Proposition 4.17]). Suppose that ~y is strictly convez.
Then
Hom(C,,E) ~0 (4.24)

¢
for E € ShZV(MR)
Proposition 4.17. Suppose that v is strictly convex. Then
E+pCy~0 (4.25)
for E € Sh% (1),
Zy
Proof. Consider cone of the restriction map C, — Cp, we have an exact triangle

E *p!(c,y —-F—>F *p;(CV\{O} — . (4.26)

Then Proposition 4.15 implies that SS(E x piC,) C Z On the other hand, we can prove
E % pC, is in the left orthogonal of Sh<> (T”) in ShO(T”) In fact, for F' € Sh<> (T") we

have
hom(E * pC, F) ~ hom(pC.,, Hom*(E, F)) ~ hom(C.,,p' Hom*(E, F)). (4.27)

Since SS(p' Hom*(E, F)) C Z., vanishing of the right hand side follows from Proposition
4.16. Thus E x pC, belongs to both Sh<> (T™) and the left orthogonal, and this gives

’Y

E*ng,y_O. O

Proposition 4.18. Let vy be a closed full-dimensional conver rational polyhedral cone in
Mg. Let~' be a closed rational polyhedral cone such that vo C 7' and 7'V is not contained
in any face of vy . For an object E € Shg (T™), we have

0

E *p!(cfy/ ~ (. (4.28)

Proof. Since vy D vV, we have Z,, C Z,. Then E € Shg (T™). Hence the statement
,Y/

has already been proved in Proposition 4.17 with the assumption 7/ is strictly convex.
Let us assume that 4’ is not strictly convex. We will prove by induction on the codi-

mension of ’y’ V. First, we assume codim~’Y = 1. Then +/V divides some full dimensional

cone '71 in 'Yo to two full-dimensinal closed cones 72 and vy, ie, 79 Ny = 7"V and

v Uy =7 C . Then we have Z,Y0 C Z71 = Z72 N Z,Y3 It follows that E € Sh<> (™)
"/
satisfies ’

ExpC,, ~0 (4.29)

for i = 1,2, 3. Since we have an exact triangle
Cy—-C,eC, —C, —, (4.30)

E xpC, ~ 0 holds.

Suppose that the statement holds up to codim = k—1 > 1. Since 7’" C vy is not a face,
we can take (k — 1)-codimensional cones ;" C 7y for i = 1,2, 3 such that v N~y =+
and vy U~y = y. We can take a resolution of v, by 75 and ~3 as in (4.30). Moreover,
all those cones can be taken as being not faces of 7. Then the statement can be shown
by an iteration of arguments similar to the previous paragraph. O
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To use in Section 12, we give some calculations of Hom* on Mg. Let o be a convex
cone in N, F be a constructible sheaf over Mg, p;,m: Mr x Mr — Mg (i = 1,2) be the
projections and the multiplication. We set

Exg F:=m(EXRF) = m(p; 'E®py ' F) (431)
Hom**(E, F) := p1. Hom(py " E, m'F) '

for E,F € ShO(MR). As noted in the proof of Lemma 4.12, Lemma 4.12 holds for xg as
proved in [GS14, Lemma 4.10]. We write D for the Verdier duality functor.

Lemma 4.19. There exists a quasi-isomorphism
Hom*(E, Cryy(ov)) = mu(—1)"D(5, ' E @ p; 'C_ov) (4.32)
Proof. We have

Hom*(E, CInt(aV)) = M Hom(ﬁ;l(—l)*E,ﬁll(CInt(UV))
m.D(f; " (—1)*E © DP Crag(ov)) (4.33)
M (—1)*D(p, 'E @ p; 'C_yv)

12

This completes the proof. O

Let {vy,...,vp,} and {vy,,...,vy, } be sets of ray generators of rays (not necessarily
being edges) in 0. Let nq,...,ng,l1,...,l; be real numbers such that the subset D in Mg
defined by the inequalities

(m,vp,) >n;fori=1,...,s (4.34)

and
(m,vy,) <liforj=1,..t (4.35)

is bounded and contained in a fundamental domain of Mg — T™. We further assume that
there are no redundancy on v’s. We also write DD for the set defined by the inequalities

(m,vp,) >mnfori=1,..,s (4.36)
and
(m, vy, ) <ljforj=1,..t (4.37)
Then —DD is defined by
(m,vp,) < —ng fori=1,..,s (4.38)
and
(m,vy,) > —lj for j =1,...,t. (4.39)

Lemma 4.20. There exists a quasi-isomorphism
Hom™(Cp, Cryy(svy) =~ C_pp. (4.40)
Proof. First, note that po~'Cp ®]51_1C,0v ~ Cpyx(—ov). Hence we have
(—1)*D(p5 'Cp ® p; 'C—ov) ~ C_ppxiunt(oV)- (4.41)

We will prove that 1/C_ppxnt(ev) = C-pp. To simplify the notation, we set C':= —DD.
Then it suffices to show that the following: For r € Mg, the set

Cy, :=m 1 (r) N (C x Int(a")). (4.42)
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is open and nonempty in m~!(r) if and only if r € C, and if C, is not open and not
empty then C) is locally closed and not closed. In particular, if C}. is not open, then the
cohomology of C¢, vanishes.

Assume that r € C. Let (z,y) be a point in /= 1(r) but not in C' x Int(c"). Since the
condition (4.39) and y € Int(c") are open conditions, we only have to take care of (4.38).
Assume (z,v,,) = —n; for some i. Since r € C, we also have (r,v,,) = (z + y,v,,) < —n;.
Then we have (y,v,,) < 0, but this implies y ¢ Int(c"). Hence C, is open in this case.
Take v € Int(c"). By choosing sufficiently small €, the vector r — ev satisfies (4.37) and
(r —ev,v,,) < —n; for any 4. This implies (r — ev, ev) € C,, and hence C, is nonempty.

Conversely, assume that » ¢ C. Then we have (i) <7“, vvj> < —l; for some j or (ii)
(r,vp,) > —n; for some i. If (i) holds, the vector (z,y) € C, satisfies

<x,vvj> < —l; — (y, vyj> (4.43)

for some j. Since <y, vvj> > 0, we have <:c,vvj> < —lj, but this contradicts to x € C.
Hence C, is empty.

Hereafter we assume that C, is nonempty, then (i) never occurs. Hence (ii) holds. Let
I be the subset of {1, ..., s} consisting of i satisfying

(r,vp;) > —ni. (4.44)
Take (x,y) € C.. Since (x,v,,) < —n; for any 4, there exists ¢; € (0,1) such that
<(1 — ei)a: + &, Uﬂi> = —Ny (4.45)

for each i € I. Let €y be the smallest one among ¢€;’s. Then the vector (1 —€)z + er for € €
(0, €0] is contained in C, but not contained in C for € > €. Hence ((1—¢p)x+e€or, (1 —€0)y)
is the boundary point of C,.. Hence C,. is not open. On the other hand, if we proceed € to
the minus direction, the condition (4.36) is stable for (1 — €)x + er. Since C' is bounded,
the vector (1 — €)x + er eventually violates (4.37). The largest one among such €’s gives a
boundary point of C,. which is not contained C,.. Hence C, is not closed. Hence we have

MC_ppxint(ev) = C-pp.
In Lemma 4.19, we set £ := Cp. Since Cp is compactly-supported, we have

Hom*(E, Cryy(ov)) = mu(—1)"D(5, ' E @ p; 'C_ov)
~m(=1)"D(F; 'E @ py 'Cov)

(4.46)
~ mC_ppxt(sv)

~ (C—]D)D'
This completes the proof. ]

We give one more lemma which is a counterpart of Homo, (€, F) ~ Homo (£,0)R0
F on the coherent side.

Lemma 4.21. For E,F € Sh%(Mg) and G € Sh®(Mg) such that G is compactly-
supported, there exists a quasi-isomorphism

Hom**(E, F g G) ~ Hom™ (E,F) xG. (4.47)
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Proof. We first prepare the notation. Let M; (i = 1,..,6) be copies of Mg. Then we set
the multiplication maps

myg: My X My — Mj ( )

migq: My x My — M;s ( )

msgq: Ms X My — Mg (4.50)

mos: Moy X My — Mg (4.51)

(4.52)

and projections

Pl My x My x My, — M; x M; (4.53)
Pl My x Mj — M; (4.54)
P My x My x My — M; (4.55)

and identities id;: M; — M;.
Then we have

Hom**(E, F) »r G ~ man((p3) " 'miz. Hom((py) " (—1)*E, (p})'F) @ (p}) ' G)

B B . B (4.56)
=~ mya.((p3) " mase Hom((p3) ' (—=1)"E, (p})'F) @ (p})~'G)
by the assumption that G is compactly-supported.
Since we have the pull-back diagram
4
My x My x My 22~ My x My (4.57)
leXid\L \Lﬂnz
M3z x My M3,
p3

the base change implies

M ((p3) ™ iz« Hom((ph) ™ (—=1)*E, (p)'F) ® (p}) ' G)
~ mays (M2 x ids)« ((plo) ™ Hom((p3) " (=1)*E, (p})'F)) ® () ' G)
~ mage(maa x idg)((ply) "' Hom((py) " (—=1)*E, (p)'F)) ® (m12 x ids) "' (p}) 7' G).
(4.58)

By using p3 o (m12 x ids) = pi?, p3 o (m1a x id2) = p3*, and mgq o (M2 X ids) = mas o
(mq4 X idg), we can further calculate as

M3 (maz X ida).((pla) ™ Hom((ps) " (=1)*E, (p})'F)) ® (maz x ids) "' (p})~
1 1

) G)
(—1)"E, (p])'F)) @ (pi*)'G)

~ Mg (mag X ida)«((pl2) " Hom((p3)~ 1)

~ ma.(miz X ida).((p1a) ~! Hom((p3) " (-1)*E (p%) 'F[n)) @ (p*)'G)

~ M3 (mag X ida)«(Hom((p3") " (=1)*E, (p") ' Fn))) @ (p1*) ' G)

~ mag(mag X ida)«(Hom((p3") "' (=1)*E, (p1a) " ((p1) "' Fln] @ (p1) ' @)

~ Mas. (Mg X id2)«(Hom((p3*)~ ( *E, (p1,) () "'F @ (p1)'G)))

2m25*(m14><id2)! Hom )T EDE, (L) (D) T R e ()71 G)))
(

(4.59)
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This completes the proof. O

Corollary 4.22. For F € Sh¥(Mg) and compactly-supported E € Sh®(Mg), there exits
a quasi-isomorphism

hom(E, F % CD) ~ hom(E * (Cfﬂ])D, Fx (Clnt(g\/)). (460)

Proof. Let S be a stratification of Mg which refines SS(F). Then we can take F; €
Sh&(Mpg) such that holim ~ F.
.
1
Let B, (r € Z) be a ball in Mg with radius r and i, : B, < Mg be an open inclusion.
Then we have a sequence {F" := i.i ! F},cy satisfying h(ﬁ}m F, >~ F where the colimit is

,
taken with respect to the morphisms which correspond to the identity via the isomorphisms
hom(ini, ' F,imni ' F) ~ hom(iyi, ' F,ipi, ' F) (4.61)

for » < r/. Then holim F] ~ F.
-
i,r
Set A := SS(E)UJ;, SS(F! g Cp). Then E is compact in Sh(T™). By Lemma 4.20
and Lemma 4.21, we have

hom(E, F +g Cp) = holim hom(, F!+g Cp)
~ hq_ii)m hom(E, F! xg Hom#%(C_pp, Crnt(ov)))
~ hcﬁm hom(E, Homk (C_pp, F *g Crnt(ov))) (4.62)
~ ho‘_ii)m hom(E g C_pp, I} g Cryy(ov))

~ hOIn(E *R C—ID)D, F *R Clnt(g\/)).

This completes the proof. O

5 Preliminaries on toric stacks

Stacky generalization of toric varieties has been considered by various authors. Borisov—
Chen—Smith [BCS05] defined a certain combinatorial object called stacky fan and used
it to construct smooth Deligne-Mumford stacks called toric DM stacks. Later, Iwanari
[Iwa09] and Fantechi-Mann—Nironi [FMN10] give an intrinsic characterization of toric DM
stacks of [BCS05]. However, toric DM stacks of [BCS05] does not include singular toric
varieties. Tyomkin [Tyol2] generalized [BCS05] to include any toric varieties via local
construction. Geraschenko—Satoriano [GS15] proposed more generalized version and gives
a global construction as quotient stacks.

In this paper, we will use a special class of toric stacks in the sense of Tyomkin, but
we follow the construction of Geraschenko—Satoriano which is easier to describe.

Let L, N be free abelian groups and 8: L — N be a homomorphism with a finite
cokernel. Let LY and M be the dual of L and N respectively. Let further 3 and ¥ be finite
fans consisting of rational strictly convex cones defined in Ly := L®7zR and Ng. As noted
in Introduction, we always asuume Condition 1.1 on Sg: The map fr := 5 ®z R induces
a combinatorial isomorphism between 3 and %, i.e., Br(6) conicides with an element of 3
for any & € 3 and the assignment ¥ € & — Br(6) € X defines an isomorphism of posets
between 3 and X.
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Lemma 5.1. Let 8, L, N as above. Then
(i) dimé = dim fg(5), and
(ii) Blspanent is injective for any & € 3.

Proof. Note that the dimension of a cone in a fan is inductively determined by the structure
of the fan. This assertion and fg(0) = 0 imply (i).

If there is a nontrivial element in ker(8|snz), this element gives a nontrivial kernel of
BR|span(s) Which contradicts to (i). This proves (ii). O

The map § induces a surjective homomorphism T := 3 ®z C* between two tori
Tﬁt T; =L®;C"— Ty :=N®yC". (5.1)
We set G := ker (Tg). We abbreviate (L, N, E,E,B) as (2,5).

Definition 5.2. The toric stack Xy 3 associated to the above data (f), B) is defined as the
quotient stack
Xy 5= [X5 /Gp] . (5.2)

Remark 5.3. (i) Our data (3, 3) induces Tyomkin’s toric stacky data [Tyol2).

(ii) This definition without the assumption of combinatorial isomorphism is due to
Geraschenko—Satoriano [GS15]. Moreover, our definition is a special case of their
notion of fantastack [GS15].

Lemma 5.4. The toric stack X, 5 s a Deligne—Mumford stack without generic stabilizers.

Proof. This lemma follows from the argument of Section 4 of Tyomkin [Tyol2], but we
reproduce it here for reader’s convenience.

Since Gg acts on Xy, faithfully, X. s 8 has no generic stabilizers. By Lemma 7.2 below,
the action of Gg has only finite stabilizers. Since we are working over C, any finite group
schemes are reduced. Then the statement follows from [Edi00, Corollary 2.2]. O

Example 5.5. (i) Let ¥ be a fan defined in Ng. We set L = N and f = id. Then
As 3 = Xx. Hence Definition 5.2 includes all toric varieties.

(ii) Let ¥ be a simplicial fan defined in Ng. We write (1) := {p1, .., ps} for the set of 1-
dimensional cones in X. Set L := €;_, Z-¢; and define § by choosing £(e;) € piN N
for i =1,...,s. Let & be the fan in Ly consisting of cones

o := Cone (e; | e; € 0) (5.3)

for any o0 € ¥. Then f induces a combinatorial isomorphism between 3 and . The
resulting toric stack is a toric DM stack without generic stabilizers in the sense of
[BCS05]. As noted in Introduction, this is equivalent to toric orbifold in the sense
of [FLTZ14).

The toric stack Xy, 5 can be written as the union of Us/G 5] for all & € %, where Us
is the affine toric subvariety of X, corresponding to 6. We set Uy, := [Us/Gp].
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6 The coherent-constructible correspondence

Let (2,5) be a stacky fan satisfying Condition 1.1 and rank N = n. We set M :=
Homy(N,Z). The cotangent bundle of the torus Mg/M =: T™ has a canonical trivializa-
tion T*T™ = T™ x Ng.

Since (8 has finite cokernel, the induced map [ is surjective. Hence there exists induced
isomorphism [Bg]: Lr/ker(fr) = Nr. We set Ng := [Br](L/L Nker(Br)). We also set the

dual of B by 8Y, then we have BY: Mg — Br(Mg). We set Mg := (BY)L(LY).
Lemma 6.1. (i) There exists a canonical inclusion M C Mg.
(ii) The natural pairing induces an isomorphism Nl\i/ = Mg.

Proof. Since By is an inclusion Mr < Lg, we only have to check that the pairing of
B (M) with L is in integer. This is true since 8§ = ¥ ®z R. This completes the proof of

v Since [fr] is an isomorphsim, we have
Ny 2= (L/LNker(fr))" = LY Nim(Bg) = (6z) " (LY). (6.1)
This completes the proof. ]
Let (—,—) : M x N — Z be the natural pairing. For o € X, we set

ot :={m e Mg | (m,s) =0 for any s € o},

v (6.2)
o' :={m e Mg | (m,s) >0 for any s € 0} .
For x € Mg, we also set
1. 1
oy =0 +X, (6.3)
0';(/ =o' + X-

Let p be the quotient map Mg — T™. Both p(ai) and p(a;(/) depend only on the class of
x in Mg/M. We write [x] for the class of x in Mg/M.
We set
rAes=) U ploy) x (o) cTT". (6.4)
oeX [xJeMg/M

The main result in this paper is the following.

Theorem 6.2. There exists an equivalence of co-categories

Ind coh X, , ~ ShXiﬂ(T”), (6.5)

7 Affine case

Let (3(6),3) be as in Section 5 with the following additional assumption: 3(6) is a fan
consisting of faces of a single rational strictly convex cone in Lg. Take x € Mpg. Since

Mg C LV, the element x defines a character of Tz. We define OXﬁ(a) B(x) to be the

structure sheaf on Xg( )8 twisted by the character x\gﬁ of Gg.

G

Lemma 7.1. The sheaf Og.

) B(X) depends only on the class [x]| of x in Mg/M.
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Proof. For x € M, a character of T, given by the inclusion M < Mg C LY is given by the

T
composition Tp, LTy X cn By the definition of Gg, this composition is trivial. 0

We set
0/(0.x) = Ox,,, ,(x) € Qeoh(Xy ) ). (7.1

which depends only the class [x] of x in Mg/M by Lemma 7.1. For a face 7 of o, we have
an open substack U, of Xi(&), 5 The restriction of the sheaf ©'(c,x) to U, is equal to
O'(7,x)-
We also set
O(0,x) = PCru(oy)[n] € SHY_ (") (7.2)

6).8

where Int denotes the interior. This also depends only on o and the class [x] € Mg/M
since p(0y/) depends only on [x].

Lemma 7.2. There exists an isomorphism

X505 = [SpecC[6Y NLY]/Gp] = [SpecCl6" N LY N B (Mp)] / Hg] 3
=~ [SpecCloY N Mg]/Hg .
where Hp = ker(T3)/ T rker(sy)- Moreover, Hg is a finite group.
Proof. First, we note that there exists a splitting
LY = (LY N Bg(Mg)) ® (LY/LY N Bg(Mg)). (7.4)

Since 3 preserves the dimension of o, we have
(8¥ (1 L)/ (L 0 BEOMR) = LY/ (LY 1 BY (Mw)). (75)

Hence (6VNLY)/(LYNBY(Mg)) = LY /(LY NBE(Mg)) is a free abelian group and we get
a splitting
VLY = (&V NLYN 5§(MR)) @ (LV/(Lv N @E(MR))), (7.6)

and
SpecC[6" N LY] = SpecC[6" N LY N B (Mg)] x SpecC[LY /(LY N By (Mg))].  (7.7)
On the other hand, we have
(LNker(Br))" = LY/(LY N Bg(Mg)). (7.8)

From this isomophism, it also follows that T fryer(g,) = Spec C[LY /(LY N By (Mr))]. This
is nothing but the second component of (7.7). Hence

[SpecC[6" N LY]/Gg] = [(SpecCl6" N LY] /T rrwer(sa))/ (G5/ T Loker(52))]

=~ [SpecC[6Y N LY N By (Mr)]/Hg] - (7.9)

Moreover, since o & & via Bg, we have ¥ = 6V N Br(Mg). Hence the second isomorphism
follows. Since Hg = ker(TL/T Aker(3:) — Tn) and dim (TL/TLmker(ﬁﬂg)) =dim Ty, Hp
is finite. O

Let H 3 be the set of characters of Hg.
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Lemma 7.3. There exists a natural identification Mg/M = Hﬁ.

Proof. We have Tr/T rker(gs) = Tr/prker(e) = Np ®z C*. Via this identification, the
map Tp /T aker(gz) — T induced by Tj is induced by Ng — N. O

Let 7 be a face of 0. Take x; € Mg for i = 1,2.

Proposition 7.4. There exist canonical isomorphisms:

. 7'\/ — of 1 =
H’(hom(@'(a,m%9’(T,X2)))%{? R N (A
: Cltvn (M - f 1=
H’(hom(@(a,xl),@(ﬂm)))%{0[ A (At

such that the composition of morphisms are expressed by the sum of elements in Mpg.

Proof. This follows from Lemma 7.2, Lemma 7.3, and the argument of [Trel0, Proposition
2.3], and hence omitted. O

We set ©'(0) := @[x}eMg/M O/ (o, x)-

Lemma 7.5. There exists an equivalence of co-categories

Qcoh(X, ~ Mod (End (6'(0))) . (7.12)

),8)

Proof. For each [x] € Hp, there exists an idempotent e, € C[¢¥ N LY N B*(Mg)] x Hp
with 1 =37 1c7, ex- Then by the definition of ey, the C[6" N LY N " (Mg)] x Hg-module
CleYNLYNB*(Mg)]x Hg-e,, corresponds to ©' (o, x) via the identification Qcoh(Xi(&)”B) ~
Mod(C[6VNLYNB*(Mr)|x Hp). Hence the quasi-coherent sheaf ©'(0) = P c, ©' (0, X)
corresponds to the C[o¥ N LY N *(Mg)] x Hg-module C[6Y N LY N *(Mg)] x Hg. O
Lemma 7.6. Let A be a conic Lagrangian subset in T*T™ contained in T™ x (o). The
sheaf ©(o, x) is compact in ShX(T") for any x € Mg.

Proof. We have O(o, x) = p!(CInt(U%)[n] = P1Crut(ov 4 [7]. For E € ShX(T”), we have
hom(©(0y), E) ~ [(Int(c" + x),p'E)[-n]. (7.13)

Via the canonical trivialization T* Mg = Mg X Ng, the conormal direction of SS(p!E) is
contained in —o. Choose a splitting 0¥ = (o1) x (¢V/o+). Then for any m € (¢¥ /o),
the restriction of p'E to (O'J‘) x {m} is a derived local system. Hence we have

D(Int(6" 4 x), p'E) ~ I(Int(c" + x) N (¢ /ob), p'E). (7.14)

An element n in Int(o) induces a family of open sets {Vi}ss, in Int(a +x) N (c¥ /ot)
where
Ve :=Int(cV +x)N(cV/ot) N {m e Mg | (m,n) < s} (7.15)

and v is an element of R satisfying V,, # &. Since the family {V;}cr satisfies the conditions
of the non-characteristic deformation lemma [KS90, Proposition 2.7.2], we have

T(Int(6" + x), p'E) ~ '(V,,, p'E) ~ hom(pCy.,, E). (7.16)
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Hence we have an isomorphism of functors
hom(© (o, x), (=) ~ hom(pCy,, (—))[—n]: ShX(T") — Mod(C). (7.17)

Since piCy;, is compact in ShXUSS( )(T”), the functor hom(pCy,, (—)) is cocontin-

nCy,
uous. Hence the restriction of hom(pCy;,, (—)) to ShgnX (=0) (T™) is also cocontinuous. By

7.17), the statement follows. O
(

We also set ©(0) = ®X€M5/M ©(0,x). Suppose that ¢ is smooth. By adding some
vectors to the set of ray generators of &, we can take a trivialization L =2 Z™. This
trivialization induces trivializations Mg = Z" and Mgr = R", which are compatible. We
also write M for the image of M under this trivialization. Since (8 is a combinatorial
isomorphism, the cone o is also identified with RZ, by using the above trivialization

where r < n is an integer. Let (XAINX(C*)n—T,id) be the standard fan of A" x (C*)"~ ",
where 3 Arx(cr)n—r is formed by the set of faces of the first quadrant of R" in R". We set

Ay = U ot x (=0) C R" x R" = T*R". (7.18)
TES ry (cryn—r
As a result of the above trivializations, we have
Ag g2 [ dp(s+Arn) (7.19)
s€Mg
in T*Mg/M = T*R"/M.

Lemma 7.7. If 6 is smooth, the sheaf ©(0) compactly generates ShX2 B(T”).

Proof. The case of (A .q) 1s proved in [Nad16b, IK16]. Consider 7*R"™ and set

AT X (C*)n—"T>

A= U s+ Ay (7.20)

SEL™

For F € ShX(R”), suppose that hom(€p, ., (C8+Rr>0an7r,E) ~ (. For s € Z", we write
ts: Z™ — Z" for the translation by s. Then we have

0 ~ hOmShX(Rn)(CS+R’;OXRn7T7 E) ~ hOmShX(Rn)(CR’;OXRnfr, t:E) (721)
Hence we also have
homthg ‘d(Tn)(p!CR’;OXR”_ﬁp!E) = homShX(Rn)(CR’;OXR”—Tvp_lp!E)
An 51
(7.22)
~ homShX(Rn) CRQOXR"*N @tsE ~0
SEZ

In the last equality, we used (7.21) and the fact (CRr> ,xRn—r is compact, which is deduced

from the same argument as in the proof of Lemma 7.6. Since ShX2 ‘d(T ) is generated
An i

by ngRgoxﬂgnﬂ, we have piE ~ 0. This further implies 0 ~ p~'pE ~ P,z tsE, hence

E~0.

For E € ShX2 B(]R”/M), suppose that hom(0(c), E) ~ 0. Note that Z" in R™ in the

above trivialization is mapped to Mg by p. Then we have
hom(Cs+Rr>Oan4-,p_1E) >~ hom(ngerRgoanfr, E) ~ (. (723)

Hence p~'E ~ 0. This further implies E ~ 0. Since ©(o) is compact by Lemma 7.6, this
completes the proof. O
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Proposition 7.8. There exists a fully faithful embedding of oco-categories

Kop: Qeoh(X 5) — Shgm (™) (7.24)

such that
k6,8(0'(0,x)) = O(0,X)- (7.25)

If 6 is smooth, this is an equivalence.
Proof. By Proposition 7.4, Lemma 7.5, and Lemma 7.7, we have a morphism

QCOh(Xﬁ,B) o~ MOd(@[X]eMﬁ/M@/(O" X))

~ Mod(&perr,/uO(0, 1)) = ShY_ (T™).

(7.26)

By Lemma 7.7, the last inclusion in (7.26) is a compact generataion if & is smooth. This
completes the proof. ]

As a consquence of Proposition 7.4 and Proposition 7.8, we have the following corollary.

Corollary 7.9. Let 7 be a face of o and x be an element of Mg. Then we have

ke,8(0'(1, X)) = O(7,X). (7.27)

8 Gluing description on the coherent side

Let G be a reductive group and X be a scheme over C with a G-action. We set X' := [X/G].
Let {U;}ier be a Zariski open covering of X which is finite and G-invariant. We set
C(I)o := 2!\{@} where 2! is the power set of I. We introduce the poset structure on
C(I)o by the inclusion relation. This poset will be called the Cech poset of I. We also
view the poset as a category by assigning a morphism 2; — 2 to 21,12 € C(I)( satisfying
i1 C 43. Let further C(I) be the nerve of the Cech poset of I.

For i € C(I)g, we set U; := (\;c; Us and U := [Ui/G]. Let ¢;,4, be the open inclusion
Ui, — U;, for 41,30 € C(I)o satisfying 23 C 42. Then there exists a morphism of oco-
categories Ind cohUs : C(I) — Modyiod(sc) (Préw) sending 2 to Ind cohlf; and 2; C i
to Indej, iy We write L:;hiQ for IndL;fl,i2 for simplicity.

The following proposition is proved in [Gai], but we present a detailed proof for our
later discussion.

Proposition 8.1 ([Gai, Proposition 4.2.1]). There exists an equivalence of co-categories

Ind coh & ~ lim Ind cohl,. (8.1)
e

We use the Morita model structure of the dg-category of dg-categories to prove Propo-
sition 8.1.

Proof. In this proof, we view C'(I) as a category. Let ¢ be an element of I. The morphisms
Ligugiy for @ € C(I\{i})o C C(I)o together give a morphism

holim Ind cohify — holim Ind coh U, ;- (8.2)
— —
C(I\{i}) C(I\{s})
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The morphisms ¢(;} ;u(;) also give a morphism

Ind coh¥; — holim Ind cohl, ;- (8.3)
H
C(I\{i})

By the universality of homotopy limits, the homotopy pullback of (8.2) and (8.3) satisfies

h
holim Ind coh U/, ~ Ind coh; X holim Ind cohi,. (8.4)
— : —
() Cl(i;)h{n'l}) Ind coh Uy iy C(I\{i})

Hence by induction on the cardinality of I, it suffices to show the case |I| = 2. Namely,
for a G-invariant covering {U, V'} of X, we have to show

h
Ind coh[X/G] ~ Ind coh[U/G] X Ind coh[V/G]. (8.5)
Ind coh[(UNV)/G]

Note that Ind coh[X/G] is equivalent to the dg-category Ind cohg X of G-equivariant
ind-coherent sheaves over X.
Denote the open inclusions by

i

S

~—UnV.

v

]
!

By using the functorial factorization of the Morita model structure, we have a factorization

o
Ind cohe U 2925 4 299, 11d cohe (U N V) (8.7)

where «v and § are the functorial factorizations which produce a trivial cofibration and a
fibration respectively. Since the dg-categories of G-equivariant ind-coherent sheaves are
idempotent-complete pretriangulated dg-categories, they are fibrant objects in the Morita
model structure by Proposition 2.3. We have

h
Ind cohg U X IndcohgV ~ A X Ind cohg V (8.8)
Ind cohg(UNV) Ind cohg(UNV)

where the right hand side is the strict pullback. We have a functor I: A — Ind cohg U
which fits into the commutative diagram

Ind cohq U — Ind cohg U ——Ind cohg X (8.9)
I 4 Ui
v(ji})l -7 l
A= *

since y(j{;) is a trivial cofibration and Ind cohg U is a fibrant object.
We have two canonical morphisms coming from adjunctions:
| — jindgx] and

-Ind :*

. (8.10)
id = jy, gy
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By applying i%}fkd coh {5 the first line and i%/n*d to the second line, we have

il — kRS (),

8.11
i:‘[}ld N kind]ik/ ( )
An object in A X Ind cohg V is an object (a, £) of A x Ind cohg V satisfying
Ind cohg (UNV)
d(jir)(a) = jiy€. Hence we have a diagram
irl(a) = kPY6(j5) (@) = kPG (E) + AN (E) (8.12)
in Ind cohg X. Therefore, there exists a functor ¢: A X IndcohgV —
Ind cohg(UNV)
Ind cohg X, which is defined on objects as
h
#(a,&) =ia) x  dBdE). (8.13)
kindjs (€)
We show that the functor ¢: Ind cohg X — A X Ind cohg V given by
Ind cohg (UNV)
(€)== (Y(r)ip(€),iv(£)) (8.14)
on objects is the quasi-inverse of ¢. For £ € Ind cohg X, we have
h h
¢op(€) =il (Gh)ip(E) xRl (€) = ihtip(€)  x  aAtiy(€), (8.15)
KRy i () Kndke (€)
We write “lign” &; for £, then we have
-Ind -* h -Ind Cligm D 5 % h . ex
iy (&) x igiiy(€) ~ hﬂ sy (&) - X vy (&), (8.16)
kindk=(€) Kk (E:)

where we used Proposition 3.2 and Proposition 3.3 in order to deduce i124i*&; ~ i4,i*E;
for « = U,V and kML & ~ k,k*E;
Moreover, we have the right hand side fits into an exact triangle in cohg X

h

v« (&) ><( vty (&) = tuwip (&) @ ivaiy (&) — kk™ (&) — . (8.17)
kuk*(€)
h
This is nothing but a Mayer-Vietoris sequence, hence & =~ ip.if; (&) X dy«if(&). This
kuk*(E5)
gives the essential surjectivity of H(¢).
Set C:=A X Ind cohg V for short. For (a;,&;) € C for i = 1,2, we have
Ind cohg (UNV)
home((a1, £1), (az, &2)) ~ hom a(a1, a2) X homind cong v (€1, €2)-

homrnd cong (Unv) (G7€1,47-E2)

(8.18)
by the definition of strict pullback of dg-categories, there the pullback of the left hand
side is taken in Mod(C). Note the fact the Morita model structure is a left Bousfield
localization of the quasi-equivalent model structure. Hence fibrations of the Morita model
structure are fibrations of the quasi-equivalent model structure. Since fibrations of the
quasi-equivalent model structure are in particular surjective, they are fibrations in the
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projective model structure of the dg-category of dg-vector spaces Mod(C). Moreover, all
objects are fibrant objects in the projective model structure. Hence we have

hom 4 (a1, a2) X  homindcohg v (&1, &2)
homrng cong (Unv) Uy €1.57-E2)
h (8.19)
~ hom (a1, az) X homind cohg v (€1, £2).

homy,gq cohg (UNV) (j\*/gl aj{ﬁ/g2)

Since [ is a quasi-equivalence, we further have

h
homy (a1, az) X homind cohg; v (€1, E2)
homrng cong (Unv) (Uy-€1.57-E2)
. (8.20)
~ homind cohe U (1(a1),1(az)) X homind cohg v (€1, £2).

homyng cong (Unv) (U -€1.57-€2)

On the other hand, we have

h h h
hom (i%ﬁdl(al) x A&, i (ay)  x i&d(52)>:X1xX2 (8.21)

kindjs (€1) kindjy (€2) X3
where
h
X1 := hom i%ﬁdl(al) X ’L'%/n*d(gl),i%}ldl(aﬁ y
kind ;s (€1)
h
Xy := hom [ i™4(ay) x amdg)),idndig,) ), and (8.22)
kindj (€1)
h
X :=hom [ i2M(a1) x  qBNE), k(&) | -
klndjx (€1)
Since
h
it (z’%};dl(al) X i{‘{f(&)) ~ I(ay), (8.23)
kindj (€)
h
it (i%};dz(al) X z'lvzd(gl)> ~ &, and (8.24)
kindji (€)
h
k* (i%}}fl(al) X z'lvid(gl)> ~ &, (8.25)
kindj (€)
we have a quasi-isomorphism
h h
X1 X XQ ~ hom(l(al),l(ag)) X hom(c‘:l,c‘,'g). (826)
X3 hom(j‘*/ghj{‘,tfz)
The equations (8.20) and (8.26) show that H?(¢) is fully faithful. O

Let (f], B) be a stacky fan satisfying Condition 1.1. Let Smax be the set of maximal

cones in 3. The set ¥,a¢ gives the index set of the open G g-invariant covering {Ug,}a €S

of X5.. Weset C(X) :=C (Xmax). Then we have the following corollary of Proposition 8.1.
Corollary 8.2. We have an equivalence of co-categories

Ind coh Xy, ; ~ lim Ind cohlf,. (8.27)
TS
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9 Gluing the functors K; g

Let (f], B) be a stacky fan satisfying Condition 1.1. In the present section, we further
assume the following Condition 9.1 below. For o = {o1,...,05} € C(X)o, we set |o| =
Ni_,0: € ¥ and

Evidently |, Ae = Ag, s and A, N A, = Ajn, for o, 7 € 2.
Condition 9.1. For any ¢ € 3, there exists an equivalence

Ksp: coh Xy ;) 5 —>Sh12”() (T™) (9.2)

which satisfies the following;:

(i) Set the image of ¢} , under K; g as

0102

17172 := IndKs, 5 0 iy, 0 IndK; g2 ShY (T") = ShY_(T")  (9.3)

o102

for faces 09 C 01 C 0. Then there exists a natural isomorphism

I°192 (=) ~ (=) * ©(01,0). (9.4)
(ii) The restriction of K5 g to perf Xi(&),ﬁ Qg is ke goDo® for any o € ¥ where
D :=Hom(— OXz( )B) and © := ’Hom(—,wxi(&m).

We assume Condition 9.1. We set 17192 := [l191llo2] " Ag in Section 8, let Shg. C0(%) —
Modnoq(rc) (Prk, w) be a morphism of co-categories sending o Sth (T™) and (o1 C
a2) = 19172: Sh{_(T") = Sh{_(T™).

‘Ind

The adjunction 1d = gk O 10102 induces a natural transformation

A(oy09): id — IndKy, goil®d o4  oIndK;!

0102* 0102 71,8"

(9.5)

Then by using Proposition 8.2, we can define

K 4: Ind coh Xy, ; = lim Ind cohthy ———— lim Sh{  (T") = Sh (1)
B C’(E) Jim IndK, 5 C( ) Asie)s .8
c(x)

(9.6)
where the rightmost arrow is given by the gluing of the natural inclusions Sh<> (T”)

Sh<> (T”) and the natural transformations A(c;0;) in the same manner as the Cech
resolutlon on the coherent side (see Section 11 for details).
Let ip: Uy — X be the open inclusion for o € X.

Lemma 9.2. The functor K 5 1s fully faithful.

Proof. For £, F € coh Xy, ,, by the Cech resolution, we have

DINCH

homeon xy, (€, F) ~ holim holim homnd con x;, , (€ it > Flut,.)- (9.7)
’ oeC(%) o'eC(T) '
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By the adjunction, we have

holim holim homind con x;, , (€ltse» Flug,,) = holim holim homind coh s, (€led, e Fls,)-
(D) o'cC() Fe0(E) o' eO()
(9.8)
Since Kj g is an equivalence by Condition 9.1, we have
holim holim homind conr,, (€le, . » Flu,,)
ceC (D) o’'eC (D) (9 9)
~ hOﬁh)Hl h@m homShXﬁ A (T")(Ki)(| (5|uama) Kﬁ](\&’|),ﬁ(F|ua’))‘
ocC(E) o'eC(x) S(1o’1).8
By Condition 9.1 (i), we further have
h()_h}m h(()ﬂm homShO (T”)(K (‘0,/| (5|uo-ﬁo/)’Kﬁ)ﬂ&"),ﬁ(]:’uo'/))
oeC(X) o’'eC(X) E(\ 7 1),8
~ holim h(&m hOHlSho (Tn)(K S(16D).8 (€|ua)*@(a 0), Kgo). (.7:|u )
ocC(X) a’'eC(X) S(le’]),8
(9.10)
The adjunction in Lemma 4.12 implies
holim  holim homg, o ) Es1ap).5Elue) x 007, 0), Koy 5(Flua,,0)

ceC(T) o’'eC (D) A8(107)).8

~ holim holim hOIIlSho(Tn)(K

(61,5 E o) Hom™ (00", 0), Ky 51 5(Flu.))-
oceC(X) o’'eC(D)

(9.11)
Lemma 10.2 below shows
ho_h}m h(()ﬂm homShQ(T")(Kij(h;—\)ﬁ(g‘ucr)’/Hom*(@(o-/,0)’K2(\&/|),5(F|Ua’)))
oceC(X) o’eC(X) (9 12)

~ holim holim homgy,o n) (K (6.8 (5|u0) $(167)).8 (.7:|z,{ )
oeC(T) a’cC(X)

Finally, by the definition of K, 5> We have

h(ﬁ)m h(&m homShO(Tn)(K (|a.| (5|Ma) E(|o-’| (]:|Z/{ )) = homShO(Tn)(Kj‘,,g(g%Kﬁ:,g(f))'
ceC(D)a'eC(y)

(9.13)

This completes the proof. O
We set another functor

K5, g = holim Ind(Kiﬁ o((—)® in,g)): Qcoh Xy, ; — Sh&w (™) (9.14)

where © := Hom(—,wx, B)’ which means the composition of the functors

Ind(Kiﬁ o((—)® in,ﬁ)) Qcoh X, ; ~ Ind(perf(Xy, 5)) — Ind(Sh<> (Tn)) (9.15)
and holim: Ind(ShX2 L(T) = ShXM(T”) (9.16)

where the latter functor is just taking colimits.
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Remark 9.3. By Lemma 7.8 and Condition 9.1 (ii), the functor 8 induces the functor of
Fang-Liu-Treumann-Zaslow’s functor for toric varieties and orbifolds [FLTZ11a, FLTZ12,
Trel0, SS16].

Let 8;: L; — N; for i = 1,2 be homomorphisms of free abelian groups and (f]l, Bi) be
stacky fans satisfying Condition 1.1. Let fr: L1 — Lo and fy: N1 — Na be injections
which are compatible with ,Bl s and f(6) €C &9 for some 9 € 3 (resp. fn(o) C o9 for
some oy € 22) for any ¢ € El (resp. o € ¥1). We assume that the inverse image of each
cone in 3y (resp. Xo) under f1 (resp. fy) is written as a union of cones in 3 (resp. %1).
Then there exists a morphism f: Xs o X, 8, induced by fr, and fy. Let [fy] be the
induced morphism (Ma)r /My — (MﬁR/Ml where M; := Homy(N;,Z) for i =1, 2.

Proposition 9.4 ([FLTZ11a, Trel0, SS16]). There exists a commutative diagram.

H’i} B
Qeoh Xy, 5, — = ShY  ((Ma)n/M>) (9.17)
s i[fm
Qooh Xyg o= ShY  ((Ma)r/My).

Proof. By the definition of kg 5 We only have to prove the case 3 = i]( ), i.e., the fan
consisting of faces of a single cone . Since the category Qcoh X, . B is generated by

©'(¢) by Proposition 7.5, it suffices to show K, 5, © 10 (o, x) ~ [fv}g(a(a, x) for any
X € Mpg. This can be proved in the same manner as in [FLTZ11a, Theorem 3.8] and hence
omitted. n

We follow the notation in Section 4.4.

Proposition 9.5 ([FLTZ11a, Trel0, SS16]). Suppose that 3 is smooth. For &£,& €

Qcoh X, s s we have

Riﬁ(gl ® 82) >~ Iﬁiﬁ(é’l) * Eiﬁ(gz). (918)

Proof. This proposition follows from Proposition 9.4 and the proof of [FLTZ11a, Corollary
3.13). O

Hereafter in this section, we will assume 3 is smooth. Proposition 9.5 has the following
important corollary.

Corollary 9.6. Assume ¢ is smooth. The functor ks g satisfies Condition 9.1.

Proof. Condition 9.1 (ii) follows by the definition.
Proposition 9.5 implies that x4 g is a monoidal equivalence. Hence

O(01, x) * O(02,0) = 5,,(0' (01, x) © ©'(02,0))

~ hiy 50/ (1, X)) (9.19)
= @(Ulv X)

for any x € Mo,. It also holds that 17172(6(o2, x)) ~ ©(01, x). Since B, er,/n O(02,X)

generates the whole category Qcoh Xi(& ). , Condition 9.1 (i) follows. O

30



10 Identity object for x-product

Let (3, 8) be a stacky fan satisfying Condition 1.1 and Condition 9.1. Let [0] € T™ be the
identity element of T = Mg /M.

Lemma 10.1. If 3 is complete. we have
Ki,ﬁ(oXi,B) >~ C[O] (10.1)

Proof. Let %(i) be the set consisting of i-dimensional cones in ¥ for ¢ = 1,...,n. We have
an exact sequence of Ox, 5 as

0-0x, = P ©0,0— P €00 --—-06({0},00»0  (102)

oceX(n) oceX(n—1)

where the diffrentials are sums of appropriately signed restriction maps. Hence Ox, s 5
is quasi-isomorphic to the complex @;_; D,ex ;) ©'(0,0)[i — n] with the differentials
induced by restriction maps. By the definition of Ks: g and Proposition 7.8, we have
ﬁiﬁ(@’(a)) ~ p\Crpy(ov)[n]. By Lemma 7.4, the images of the restriction maps are induced
by inclusion maps ¢¥ < 7 for 7 C 0. Hence the sheaf Fgy ﬁ((’)XSﬁ) is quasi-isomorphic to
®; D sex(i) ©(0,0)[] with the differentials induced by inclusion maps. Since the sheaf
@?:_11 ®062(i) Cint(ov)i] is precisely the Cech resolution of Chsz\ {0y by the open covering
{Int(p")} pex(1), we have

ﬁi,ﬁ(o/vﬁ,@) >~ Dy Cone @ Clnt(pv) — (CMR ~ pg(C() = C[o]‘ (10.3)
peX(1)

This completes the proof. O

Lemma 10.2. There exists quasi-isomorphisms

E x kg 5(Ox, 6) ~ FE and (10.4)
Hom*(ﬁi,ﬂ(OXi,B)’E) ~F (10.5)

% n
for E € ShAg,@(T )

Proof. Since O 4 is a perfect complex, the first equalities of (10.4) and (10.5) follow from
Condition 9.1 (ii’f

The quasi-isomorphism (10.5) follows from (10.4), the fact Hom™ is the left adjoint of
*, and the Yoneda lemma for Sh<> (T ™).

If ¥ is complete, then kg 5((’);( B) is quasi-isomorphic to Cjg by Lemma 10.1. Since
the sheaf Cjo) is the monoidal unit of %, (10.4) holds for complete fans.

For non-complete fans, we will prove by induction. Let (f]’ , B) be another stacky fan
satisfying Condition 1.1 and assume that there exists a maximal cone o € Y/ such that
> = ¥\{o}. As the induction hypothesis, we assume that (10.4) holds for (3, 3).

We set d := dimo. Let {p!,...,p"} be the set of 1-dimensional faces of o and n' be
the primitive generator of p for i = 1,...,7. Set p. := R- (37_, n'). Let {f*,..., f"} be
the set of facets ((d — 1)-dimensional face) of 0. We define o; to be the convex hull of f;
and p. for any ¢. Then the union of the set of faces of all o; for ¢ = 1,...,r and ¥ is a fan
refining ¥'. We write X7 for this fan.
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Since Ogr|s: & — o is bijective by Lemma 5.1, the inverse image p. of p. under [g|s
is again a 1-dimensional cone in 6. We define a fan 7 refining 3 in the same manner
as the definition of 7. Then (i]&, B) gives a stacky fan satisfying Condition 1.1. Let
e Xio, 5 Xg,’ 5 be the morphism induced by this refinement. Then Proposition 9.4 and
the induction hypothesis on ¥’ imply that

E x “2a,ﬁ(0/‘fgo,5) ~ F % niaﬁ(w*oxw) ~ F % mg,ﬁ(oxw) ~F (10.6)

for E € Sh_ LT
Let X, be the subfan of X7 consisting of o1, ..., 0, and their faces. Then there exists

an exact triangle
Ox

50,8
where ¥ := ¥ N X,. The exact triangle (10.7) and (10.6) imply that it suffices to show
that

— O?fz(,,;a &) OX 5 Or., — (10.7)

EII

E*Kﬁ ,B(OXE B):E*KS,, (OX

) (10.8)

for B € Sh<> (T”) to prove (10.2) for ¥. We have the Cech resolution of Oux,, , associated
to the coverlng {Up, }T_4

0= Ox, , =0 (0:,0) > PO (0iNg;,0) - (10.9)
i i<j
For Ox. s 5 WE consider the Cech resolution associated to the covering {Xs, 5N Uy, 3Ty

Note that XE,, NUy, can be written as Xi", 5N Uy, = L{Ug by some o} € ¥”. Hence we

have the Cech resolution

0= Oxg, , = PO (0,0) = PO (07N, 0) . (10.10)

1<j

It follows from (10.9) and (10.10), in order to obtain (10.8), it suffices to show that
E*Eia,ﬂ(gl(ail Nojy, N--+,0)) ~ Ex Iiimﬁ(@/(oél N 0'22 n--- ,0)) (10.11)

for any i1 < 79 < --- and F € Sh<> (T"). We set o5 := ﬂz ciTi; € ¥y and o} =
ﬂl i JZ e X fori = (iy < - <ig). Then by the construction of kg 5 and Proposition
7. 8 we can rewrite (10.11) as

E+0(04,0) ~ E x0(c},0). (10.12)
By the definition of ©, the equality (10.12) is equivalent to
E 5 pCrug(oy) = £+ piCrag(orv)- (10.13)
Note that Int(c)) C Int(o}"). Hence there is an exact triangle
E*pCrugoy) = E*PCrui(orv) = E* pCrat(ov )\ Tnt(oy) = - (10.14)
Therefore, it suffices to prove
E % piCrut(op )\ Int(oy) = 0 (10.15)

for E € Sh%2 ﬂ(T”).
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Let {p1, ..., ps} the set of 1-dimensional faces of o;, where s depends on 2. Note that
{p1,..., ps} is a subset of {p!, ..., p", p.} and always contains p.. Without loss of generality,
we can assume that ps = p.. Then {p1,...,ps—1} is the set of 1-dimensional cones of 0;.

We set

H,~o:={m € Mg | (m,p;) >0} and (10.16)
Hp,<o = {m € Mg | (m,p;) <0}. (10.17)
Since
s—1
Int(0}’) = ) Hp;>0 and (10.18)
=1
S
nt(0}) = (1) Hp,>0, (10.19)
we have )
S—
Int(o )\ Int(0y) = (1) Hp,>0 N Hp,<o- (10.20)
=1
We set
t
H (i1, veey 13 61415 o) ﬂ Hp 500 () Hy, <0 (10.21)
j=l+1

so that H(1,...,s — 1;5) = Int(c}")\ Int(o; ) Each H(@;1i1,...,7t,s) is a closed cone and
its dual cone is contained in —o but are not contained in proper faces of —o. Hence by
Proposition 4.18 and the assumption SS(E) N (7™ x Int(—0)) = &, we have

E *p!CH(Q;il,...,it,s) ~0 (10.22)

for any {i1,...,%} C {1,....,s — 1}.
In the following, we prove (10.15) by induction. Suppose that

9 =0 (10.23)

for fixed £ and any ¢ and 7; as the induction hypothesis. There exists an equality

E*p!CH(il,..

B JH S PO

H(’il, ...,ik;ik+2, ceey it, 8)\H(i1, ceey ik,ik+1;’ik+2, ceey it, 8) = H(il, ceey ik; ik+1,ik+2, ceey it, 8).

(10.24)

By the induction hypothesis and (10.24), we have
K *p!CH(il7--~7ik7ik+1?ik+2:-~7it:5) =~ 0. (10.25)
Hence by induction from (10.22), we have (10.15). O

Corollary 10.3. Condition 9.1 implies the following: For a face inclusion o1 C o3, there
exists a natural isomorphism

IndKj;, 5 oid  ~IndK;, s. (10.26)
Proof. By Condition 9.1 (i), we have
hom(E, IndK;, 5 0i*d (£)) ~ hom

0102%

(i5,0,Ind K 4(E), €)

(IndKj, piy, ,,IndK, ' 4(E), IndKs, 5(E))

(E x0(01,0),Ind K5, 5(£)) (10.27)
~ hom(E, Hom*(0(01,0),IndKs, g(E)))

~ hom(E,IndK;, (€)),

where the last equality follows from Lemma 10.2. This completes tha proof. 0

~ hom

~ hom
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11 Gluing equivalences

We prove Theorem 6.2 and Theorem 11.1 below under Condition 9.1 simultaneously.

Theorem 11.1. There exists an equivalence of oo-categories

Sh§_

o, (T =~ lim Sh{_(1™). (11.1)

c(x)
Proposition 11.2. Theorem 6.2 and Theorem 11.1 hold under Condition 9.1.

Proof. Let f]z for ¢ = 0,1, 2 be subfans of 3 with f]o = 531 U 22 and 212 = 531 N 22. In
this proof, we use the notation in the proof of Proposition 8.1 with X = Xg, U=Xg ),
and V = Xﬁ .
2
We set ‘
Ji= (=) x kg, 4(Ox, ) ShY (") = Shy (1™ (11.2)

3.8 ¥19,8
and '
I':= (=) % g 5(Oxs, ) Shjfw(T”) — Sh/?i_ﬁ(T”) (11.3)

for i = 1,2. The well-definedness of J* and I follows from the assumption that Ky, g and
Kg, g are equivalences and the following: By Corollary 8.2 and Condition 9.1 (i), we have

JoKg g~ Kg g ojﬁ%i and (11.4)
I'oKg g~ K¢ g ozXE (11.5)

As in the proof of Proposition 8.1, it suffices to show that

h
Sh¢ (T") ~Sh¢ (1" Sh® (T 11.6
Agoﬁ( ) Ailﬂ( )ShXAX(T") Aim( ) (11.6)
19,8

where the right hand side is defined by using J* for i = 1,2. Moreover, there exists the
diagram of inclusions

I
Shgw (T") <—— Shfilﬁ (T™) (11.7)

IQT K TJI

ShXEQ (T")TShX (™).

B 19,8
By Corollay 10.3, we have
~ . Ind
Jio Kﬁ?mﬁ - Kzi,ﬁ o‘])?ii*’
Lio Ky 4~ Kg 40iRd, and (11.8)
~ T Ind
KoK, 5~ Kygoht

where £ is the notation in (8.6).
We write

1 1
sn$ (1) 2L B2 sng (1. (11.9)

x1.8 312,8
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for the functorial factorization of J! in the Morita model structure. Then we can calculate
the right hand side of (11.6) as

h
Sh§_ (T™) X Sh{ (T")~B X Sh§{  (T™), (11.10)
210 sn{_ (1) 2.0 sn{_ (1) 2.0
212,8 12,8
since ShX’s are idempotent-complete pretriangulated dg-categories.
We have a functor L: B — ShX2 , (T™) which fits into the commutative diagram
1

& n & n & n
ShAil,;s(T )—>id ShA21,5<T )—>]1 ShAio,B<T ) (11.11)
Wl)i 7 i
BZ - ®,
By using L, there exists a functor ®: B X th () — ShXh (T™) which is
Shg_  (Tm) 2,0 0.8
12,8
defined on objects as
h
O(b,E):=NLL0b) x I(E). (11.12)
I2J2J2%(E)
We show the functor ¥: Sh{  (T") — B X Sh§{  (T™) given by
0.8 sh{ (17 2.0
12,8
W(B) = (1(J)IN(E), 1A(E)) (11.13)

on objects is the quasi-inverse of .

For F € ShXi B(T"), we have
0>

h h
LI'Iy(JNIYE) x  LI*E)=LIYE) x LI*E). (11.14)
I J2J212(E) KK'(E)

where we set K’ := J2I? = J'I'. This fits into the exact triangle

h
LIYE) x LI*(E)— LIYE)® LI*(E) - KK'(E) — . (11.15)
KK'(E)

The exact triangle (11.15) can be rewritten as

LI (E) K/%E) LI*(E) — Ex fisy 5(Ox , ®Ox, ) = Exrig 5(Ox ) —. (11.16)
Since Cone <(OX21,B &) OXig,/B) — 09%12,5) ~ OX%,B; we have
IY(E) K(QE) I*(E) ~ Ex kg, 5(Ox;, 5)- (11.17)
By Lemma 10.2 and (11.17), we have
LI (E) % LI*(E) ~ E. (11.18)

KK'(E)
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Hence the functor H°(®) is essentially surjective.
We consider the following diagram

h
Ind coh X. X Indcoh Xy ,——Indcoh X, 11.19
218 Ind coh X s 2.8 ¢ £0.8 ( )
h
lelﬁKiTz,aKim Ksos
h
Sh¢ (17 X Sh¢ (T —2 ~sh¢ (1),
Ail.ﬂ( ) Sh<> (T'n) Ai)g,ﬁ( ) Ai}o,ﬂ( )
Ailz,ﬁ

By the construction of Ky, 5 as the homotopy limit (9.6) and (11.8), the diagram (11.19) is
homotopy commutative. Now we prove the theorems by induction on ¥. We assume that
Theorem 11.1 and Theorem 6.2 hold for proper subfans of ¥y as the induction hypothesis.

h
Then in the diagram (11.19), the functors ¢ and Ky, , x Ky, 5 are equivalences. Since
9 K212’ﬁ )
H°(®) is essentially surjective, the functor Kio is also essentially surjective. Hence the
functor Kio 3 is an equivalence by Lemma 9.2. Therefore, ® is also an equivalence. O

Corollary 11.3. Assume S is smooth. Then Theorem 6.2 and Theorem 11.1 hold.

Proof. Since smooth 3 satisfies Condition 9.1 by Corollary 9.6, Proposition 11.2 completes
the proof. O

12 General case

Let (&) be affine. Then we have a fully faithful functor x4 5: perf Xs5),8 Sh
Set D := hom(—, O“‘%(a) 5
posite category. We define the composition

(™).
>(8),8
): perf X558 = (perf X545 5)°F where ()P denotes the op-

k85 :=1oInd (ks )" 0 IndD o Leon: coh Xy, ; — Fum(Shﬁ2 L(T"),Mod(C)). (12.1)

where Fun(Sh/<\>i (T™),Mod(C)) is the functor category from Sh/<\>i (T™) to Mod(C),

8 8
and
leoh: coOh Xi(&) 5 < Qcoh XS(&) 5~ 1Ind perf Xi(&) 5 (12.2)
IndD: Ind perf X;, ;) ; — Ind(perf X, ), (12.3)
Ind (ks 5)°": Ind(perf X569 ﬁ)‘)p — Ind(Sth(ﬂ) ﬁ(T"))Op, (12.4)
. w mn\\0op & 7\ \Op & n
L Ind(ShAi((})ﬁ(T ) %Ind(ShAE(&),B(T )P — Fun(ShAE(&),B(T ), Mod(C)).
(12.5)

Lemma 12.1. The functor H&Dﬁ s a fully faithful functor.

Proof. This is clear from the definition of the functor, since H&D’ 5 is a composition of fully

faithful functors. O
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More explicitly, the functor /{3 5 can be described as follows: Let £ be a coherent
sheaf over Xi i

There exists a sequence of perfect complexes &; such that holim &; in
i
Qcoh X, $6).8 = ~ &£. Then we have
525(8) =~ holim hom(kg, 0 D(;), —). (12.6)
i

There exists another presentation of /@? 3 as follows. We will use notations in Section
7. For an object F € ShXi,,@ (T™), the space

hom(6(c), F) := hom(®pyear,/nO(c, —x), F) (12.7)
is naturally equipped with a C[o" N Mg]-module structure by the composition with

hom(O(c, x1), O(0, x2)) = Cl(c" N M) + (x2 — x1)]. (12.8)
We assign a Hg-weight —x to hom(piCryy (o)

! _y» F), then hom(6(c), F') becomes a Clo¥ N
Mﬂ] X Hg—module.

Lemma 12.2. There exists a natural isomorphism

/{&D,B(g) ~ (& QcleVnMg) hom(6(0), —))"*

@ (€-ex) QClovnM] hom(O(o, —x), —) (12.9)
[X]EMQ/M

for € € cOh Xy, 5 where (=) is Hg-invariant.

Proof. For a coherent sheaf &£, take a projective resolution

0+ &+ @ O(x) & &
[xJeMg/M

P o P o -

. (12.10)
XleMg/M [x]leMg/M
We set
= @ ot EL P o, (12.11)
[x]leMg/M [x]leMg/M
then we have £ = colim &;. Then we have
n kg, p(d}) Kks,p(dY)
IQ(“,’B o D(SZ) = @ p|(C§it(lav LA N 5 > @ p'(CInt ch
[X}GMﬁ/M [X]EMﬁ/M
(12.12)
where d! is the transpose of d;. Then we have
hom(ks g o D(&;), F)
Hp
~ P Clovnmy- i & & P CloVnMler | ®  hom(6(), F)
o-\/
EMps/M EeMps/M Clo ]
Hg
o~ (& ®  hom(O(0), F))
C[O’VﬂMﬂ]

(12.13)
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by (12.12). Since the colimit holim &; is Hg-equivariant, we have

(2

Hpg
h(ﬁ)m hom(ks 50 D(&), F) ~ (5 C[JV%MB] hom(©(0), F)) (12.14)

()

by (12.6). O
Before going further, we prepare some lemmas. Let us assume o to be full-dimensional

until the end of the proof of Lemma 12.3. Let {vy,...,v;} the set of primitive generators

1=1"1

of edges of 0. We index the set of connected components of Mg\ (UmEMB Uk v+ m)

by N. For a € N, the corresponding component D/, have a presentation

Qq Ba
D; - ﬂl H“ia>kia N pl HUiB<li6 (12.15)
o= =

where Hy>j, := {m € Mg | (m,v) 2 k} and each k; and [; is some integer. We assume that
there is no redundancy in the presentation (12.15) i.e. each Hy,—; (k = k;,l;) defines a
facet of the closure of D/. Each D/, is a bounded open polytope by the assumption that
o is full-dimensional. We set

Qg /Ba
Do = (1) Hugyote O [ ) Hogy <, - (12.16)
a=1 B=1
Then we have
Mg = | | Da. (12.17)
a
We also set
Qg Ba
DDy = () Huyy2hi, 0 () Hopy<tr, - (12.18)
a=1 ps=1

Let dp: T* Mg — T*T™ be the differential of the quotient map Mr — T™.

Lemma 12.3. For E € Shgp (M), there exists a quasi-isomorphism

sy
hom(C_pp,, E) ~ 0. (12.19)
if DD, does not intersect with Mpg.

Proof. First, assume that (32, Hy, <, has no bounded faces. Hence a, is less than
the dimension of Mg. The fact D, is bounded implies that Cone({v;,,...,,vi,,}) does
not form any face of 0. By the non-characteristic deformation, hom(C_pp,, ) mea-
sures the microsupport of E over a point in (o2, H,, ——k, N (=DD,) to the direction

Cone({v1, ...,,v;, }), however this vanishes by F € ShgquA (Mg).
2(6),8
Then assume that (5%, H.,, <k, hasat least one bounded face. By the non-characteristic

deformation, there are nontrivial contribution to this local cohomology only from the
bounded faces of (32, Hy, <—#,,- The subset {v;, ,...,v;, } of {vi,...,,vi,, } forming a
bounded face has one of the following properties: (i) Cone({v;,,,...,vi,, }) does not form
any face of o, or (ii) {vs,, ,...,vi,, } is the set of primitive generators of . For the case (i),

the local cohomology contributing to hom(C_pp,, E') vanishes by E € Shgp,lA’ (Mg).
%(6),8

For the case (ii), the local cohomology contributing to hom(C_pp,, E) also vanishes by
the assumption —IDD, does not intersect with Mg, since E' can have microsupport to the
direction —o only on Mg. O
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Let ¥ be a smooth refinement of &. Let f be the morphism X, 5 Xi( ). associated

G

to the refinement. Let further I be the inclusion Sh%ﬁm , (T™) — Sh/?i , (T™). Note that

the Ki, 5 is an equivalence by Corollary 11.3.

Lemma 12.4. There exists a quasi-isomorphism

f*hom(6(0), F) ~ nglﬁ(IF) (12.20)
Fesh{ (1.
for F €8S Ai(&),,e( )
Proof. To prove this lemma, it suffices to show that
£ hom(@(0), F)lu, = g, (1F)us, (12.21)

for any 7 € X. Since QcohlU; is generated by ©(7), the quasi-isomorphism (12.21) is
equivalent to

hom(O(7), f*hom(O(0), F)|y, ) ~ hom(O(7), R;B(IF) lut, )- (12.22)
The right hand side of (12.21) is written as
hom(&jenr,/mOu, (—X),ff;ﬁ(fF)luf)
~ hom(@pyenr, n O, (—X)s itt v (g, (TF)s)  (12:23)
=~ hom(@pyenrs/MP Cut(ov)—xs F * PiCruy(rv)

by Corollary 10.3.
The left hand side of (12.21) is calculated as follows: First, we have

f* hOHl(@(O’), F)‘Z/IT ~ C[TV N Mﬁ] - \/(%M | hOHl(@(O’), F) (1224)
oVNMg

Then we have

hom(6(7), f* hom(8(0), F)ly,) ~ hom(O(r), Clr" N Mps] ~ ®  hom(6(0), F))

CloVNMg]
~ (C[Tv N MB] %4 hom(@(a)v F).
CloVNnMg]
(12.25)
Since K3 is an equivalence, we have
hom (pyCryg(ovy—ys F) ~ hom(/ig’lﬁ(p!(clnt(ov)*x)’ "ig,l,B(IF)) (12.26)
~ hom(@xgﬁ(—X)a Kv;ﬁ(IF)) ‘
Hence we will prove

C[r¥'n Mpl®c(ovnn,) hom (S e, /v OXz,ﬂ(_X)’ “g}B(IF)) (12.27)

=~ hom(® ety /mP Cut(ov) - F * PiCruy(7v))-

for any 7 € 3.
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Set S :=J M (Int(c") +m) and C := Int(7¥)\S. Note tha C' does not contain

meTVN
any elements of Mg. Then we have an exact triangle
Cs — (CInt(ch) —- Co —. (12.28)
First, we will prove
hom (p1Cryy(5v)—y, 7 * pCe) = 0. (12.29)

We can assume that o is full-dimensional to prove (12.29), since all appearing sheaves are
constant to the direction . We can also assume y = 0 by replacing F.

The set C'N (Int(c¥) + m) for m € Mg is bounded. Then we have a presentation
of C¢o as a colimit of compactly supported constructible sheaves with microsupports in
T" x (—o) :

Co =~ holim Centut(ev)+m) (12.30)
meMpg

where the colimit is taken with respect to maps Connt(oV)+my) — Con@us(oV)+ms) for
Int(c") + my C Int(oy) + mo which correspond to the identity via the isomorphisms

hom(Con(mt(ov)+mi)» Connt(oV)+mz)) = hom(Conmt(ov)+m1) Connt(eV)+my))- (12.31)

Set Gm := Con(nt(ov)4+m)- Then we have

hom(piCryg(ov), F * piCe) 2 hom(piCryg (o vy, holim(F * piGn))
mEM@

=~ holim hom (pCrye (v, F* pGm)
mEMg

= h%m hom(CInt(oV)’p_l(F * ple))

el (12.32)

~ holim hom (Cyy(ov), p~ ' F *& p~ ' P1Gin))
mEMﬁ

ghﬁm @ hom(clnt(av)-i—m”p_lF*]R Gm)
meMpg m/c M

by Lemma 7.6.
Let B be a bounded open neighborhood of 0. By the non-characteristic deformation
as in the proof of Lemma 7.6, we have

hom(CInt(Uva/,p_lF *R Gm) ~ hom(C(IDt(JV)mB)+m/,p_1F *R Gm) (1233)
Since Gy, can be written as a finite extension of Cp,’s, Lemma 4.22 implies

holim hom(C 1n(ovynB)+m/> Fj *R Gim) = hom(Cry (V)4 * (—1) DGy, F). (12.34)

J
Here Crye(5v)+m * (—1)*DGp, can be written as a finite extension of C_pp, without in-
tersections with Mpg. Hence, by Lemma 12.3, this is quasi-isomorphic to 0. This proves

(12.29).
Hence we have

hom(pg(CInt(GV),X, F *p!CInt(TV)) - hom(pg(CInt(av),X, F *p;Cs). (12.35)
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by (12.29) and (12.28). We will calculate the right hand side of (12.35). We have
hom (pCryg(ov)—y» F * pICs) ~ hom(Cryg(ovy—y, o~ (F *piCs))
~ hom(Ciyg(pv)—y Mu(p ' F B p~'pCy))

= @ hom((clnt(ov)—l-m—x’pilF *R CS)
meM

(12.36)

by Lemma 7.6.

We fix m € M\7" and set S™ := SN (c¥ +m). Then S™N Mj is a finitely-generated
module over the semigroup o¥ N Mg by Gordon’s lemma. We can take the following
resolution of S™ N Mg: First, take a set of generators my,...,mg of S™ N Mg which are
distinct from each other. For each pair (i,j) € {1,...,5}*2, we consider the set (¢V +
m;) N (c¥ +m;) N Mg, which is the relation between the submodules generated by m; and
my; respectively. The set (0¥ + m;) N (0¥ + m;) is again a rational convex polyhedron
hence gives a finitely generated module over ¥ N M. Then we take a set of generators
{mij, eym Y of (6V +mi) N (oY + m;) N Mg for each pair (i,5) € {1, ..., s}*? which are

distinct from each other. Then again the relations between the generators are given by
(cV +m?)N (v +m’) N Mg for each (k,1) € {1,...,s;;} 2. Iterating these process, we

have a sequence

Sm: {UV + mi}f:l? {Uv + m’g}k,(i,j)v e (1237)
of sets of subsets of Mk and a resolution of S™ N Mg
S
0« S™N Mg« (0¥ N Mg) +mi) « E (6 N Mg) +m)]) -~ (12.38)
i=1 k,(4,9)

as a (0¥ N Mpg)-module. Note that we can write the sequence (12.38) as

OFSmﬂMﬂ%@(UvﬂMﬁ)% @(JVDM5)<—--- (12.39)
=1 k,(4,5)

by using the identification ((o¥NMg)+m) = (6¥NMp) as (6¥ N Mg)-modules. To simplify
the notation, we set

P (e N Ms) +mj) = P((c¥ N Mp) +m,) (12.40)
i=1 i=1

P N Mp) +md) = P (¢ N Mpg) +m)) (12.41)
i=1 k,(4.4)

and so on.
Set C[S™NMg] := @mESmQMg C-x™, which is a finitely generated C[o¥ N Mg]-module

and holim C[S™ N Mp] ~ C[r" N Mps] where the colimit is taken with respect to natural
meM
inclusions C[S™ N Mg] < C[S™2 N Mp]| for ¢V + my < ¢¥ + ma. Then the resolution

(12.39) implies a resolution of C[S™ N Mg| as a C[o¥ N Mg]-module:
0« C[S™ N Mg] <& Clo¥ N Mg®™ <2 CloV N Mp)T"2 - - (12.42)

We also have a complex

ni n2
9 1
E =0+« (CSm <—1 @Clnt(o‘\/)—km% %2 @Clnt(av)-i-mlz — e, (1243)
=1 i=1
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from the sequence (12.37). Note that the presentation (12.38) implies that x5 g(d;) ~ p1(6;)
for i > 1.
We claim that
hom(Crp(ov)4m—y: P F *r E) ~ 0. (12.44)

We can again assume that oV is full-dimensional and y = 0 to prove (12.44).
Take an increasing filtration

S1C S, CS3C - Clnt(a) (12.45)

by S; such that each S; is closed and bounded in Int(c") and is a union some D,’s. Then
we have two sequence of maps

0+ Cg +Cg, « - and (12.46)
0« (CSmﬂ.S'l < (CSmQSQ e (12.47)
with
Clnt(a\/) =~ h(OLII](CSZ and (1248)
i

7

Since the morphisms of E/ can be restricted to each .S;, we have

ni no
E =~ holim(0 ¢ Cgmns, ¢ @Csﬁm} — @Csi+m3_ ). (12.50)
(2 j:l ]:1

We write E; for ith term of the limit (12.50). Since we take generators m! which are
distinct from each other in each step of constructing (12.37), we have ¥ +mfnaV —|—mk -
oV + m yoV + mk This observation and the convexity of oV together imply that, for a
bounded set B in MR, there exists a large K such that mf ¢ B for k > K and any i. This
implies that each FEj; is a finite limit.

Note that the complex (12.43) is not exact in general while (12.42) is exact. However
the exactness of (12.38) implies the following: Consider D, such that DD, contains a point
of Mg. We write m, for the point of Mg contained in DD,. The stalk of (Clnt(av) 4k OD D,

is rank 1 if and only if m, € o —i—méC otherwise zero. This exactly corresponds to whether
oV + mF contains an element m, viewed as a (¢¥ N Mg)-submodule of M or does not.
Since the resolution (12.38) occurs in M as submodules, the exactness of (12.38) implies
the vanishing of the stalk of (CInt(Uv) mk OVer such D,. Hence each F; can be written by
a finite sequence of cones of Cp,’s such that each DD, does not contain points of Msg.
Set ips: Int(cY) + m' < Mg for m’ € Mg. Then we have holim zm/gzm,p -IF ~
m/GMB
p~ 1 F where the colimit is taken with respect to maps bt ;z;ﬁ pF — imé!i;} p~lF for
1 2
Int(c") + m} C Int(oy) + m, which correspond to the identity via the isomorphisms
U [ S B | U S B |
hom(zmxl!zm,lp F, Uiy s P F) ~ hom(zmrllzm,lp F, Uy P F). (12.51)
We set I,y := z‘m/!i;n}ple. Then we have
hom (Cyg(ov)4m> P~ F *& E) = hom(Crog(9v)-4m, holim Fy g E)
m/EMg

. (12.52)
=~ holim hom(Cryt(6v)4-m» Frnr *r E),

mIGMg
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since Crpg(oV)4+m i compact in ShO(MR) where A := | ,,,, SS(Fy,) and F,,r € Sh (o) (Mg).

Since the support of E and F,,; is in a translation of Int(c"), the map m is proper over
the support of EX F},, by the assumption ¢ is full-dimensional which is equivalent to oV
is strictly convex. Hence we have E xg Fj,s >~ h(oﬂm(Ei *r Finr). As a result, we have

hom((clnt(crv)—l-mv E xg Fm’) = hom(clnt(av)—l-ma h@m(Ez *R Fm’))

' ' (12.53)
~ h@m hOm(CInt(UV)+m, FE; *r Fm/).

i

Since E; g Fy € ShY we again have

T x(—0o)’
hOm(CInt(UV)+m, Ei *R Fm/) ~ hom(C(Int(o-v)mB)+m, Ei *R Fm/). (12.54)
Since E; is a finite sequence of cones of Cp,, we further have

hom(C(Int(UV)ﬁB)+m7 E; *r Fm’) = hom(C(Int(UV)ﬂB)—l—m *R (_1)*DE’H Fry % CInt(o\/))
~ hom((C(Int(gv)mB)er *R (—1)*DE1', Fm’)‘
(12.55)
by Corollary 4.22. We further have

hom(C 1pt(5v)nB)+m *& (—1)"DE;, Fpr) =~ hom(C 1t (ov)nB)4m» Hom™® ((—1)"DE;, Frr))
=~ hom(Cryg (o )y, Hom* ((—1)"DE;, F,y))
=~ hom(Cry(ov)4m *r (—1)"DE;, Fip)
~ hom((—1)*DE;, F")
(12.56)

where F is the translation of F},, by m. Hence we have

hom(CInt(Uerm),p*lF *r E) = holim hom(holim(—1)"DE;, F})). (12.57)
m GMB A

Temporally, let us replace F™ by F', which has no effects to prove (12.44). Let j,, be the
inclusion map of the complement of i,,,. Then there exists an exact triangle

GG Hom(holim(—1)*DE;, Fy)
)

.
)

— Hom(holim(—1)*DE;, F,,,) (12.58)

— ity Hom(holim(—1)"DE;, Fpy)) —
i
Note that each term in (12.58) has maps induced by F,, — [, for Int(c") + m} C
Int(c¥) + m). By taking global sections and colimits, we have

hOhHlF(MR,jm/l]m/ Hom(holim(—1)"DE;, Fyyy))

m GMB i
— holim hom(holim(—1)*"DE;, F,) (12.59)
m/EMB 7
— holim hom(i_, hohm( )*DE;, i p 'F) —
m EMB i
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The last term in (12.59)
holim hom(i, ; holim(—1)"DE; inyp”'F) =~ holim holim hom(i, ; (—1)*DE;, i, ;p~ ' F)

1y Ym/! 2y Ym!
m’GMg 2 m/€M5 7
~ holim holim hom (iy,i, s (=1)*DE;, p~' F)
m'eMg i

(12.60)

By the definition, i,,1i)C_pp, ~ C_pp, if ~DD, C Int(¢¥) +m/. If not —DD, C
Int(oV) +m', we have ipni;C_pp, ~ 0. Hence, by Lemma 12.3, the last term in (12.59)
vanishes.

On the other hand, the complex 7,7, Hom(holim(—1)*DE;, F,y) is supported in

7
the boundary of o + m’. Hence the maps appeared in the colimit of the first term of
(12.59) eventually vanishes when the boundary of Int(c" + m/) does not intersect with
the boundary of Int(c¥ 4+ m}). Therefore the first term of (12.59) also vanishes. Then
we also have the vanishing of the middle of (12.59). From (12.52) - (12.57), the vanishing
(12.44) follows.
By (12.44), (12.43), and (12.36), we have

hom(©pyjenry /mP Crut(ov)—ys F * P1Cism)

~ (&2, hom(Bjeny/mP Crut(ov)—x» F) < &2 hom(Bgensy /P Crag(ovy—x: F) -+

~ hom(By)ens/MP Crnt(oV)—xs I) @clovnmg CLS™ N M.

(12.61)

By taking colimits with respect to m and applying (12.35), this completes the proof. [
Let yShXi,B(T") : (ShXi’B (T™))°P — Fun(ShXéﬁ (T™),Mod(C)) be the Yoneda embed-
ding.

Lemma 12.5. There exists a commutative diagram

(coh X¢

(perf Xi,ﬂ)op E(&)ﬁ)op

fx

RY OK<¢ — ®w71 D
Sth B(Tn) 25(7) Xﬁ,ﬁ)l J{Hﬁvﬁogxz‘:(&),ﬁ

Fun(Shgm(Tn),Mod(C)) of Fun(ShXi(am(T”),Mod((C)).

(12.62)
Proof. For € € coh X, ; and F € ShXi(&m (T™), we have
hom(/f?ﬂ(@f*g), F)~(Df.& ®Clov M) hom(© (o), F))Hﬁ (12.63)
~ (f+DE Scjovrng,) hom(O(0), F))e.
since f is proper. By Lemma 12.4, we have
(£ DERcivnar, hom(O(o), 1) 2
~ f.(DE DO, | né}ﬁ(IF))HB -
~ hom(& ® w;(;ﬁ, m;}ﬁ(IF)) (12.64)
=~ hom(rg, 4(€ R0y, | w;(;ﬁ), IF).
This completes the proof. ]
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Corollary 12.6. For £ € coh Xs5),87 the image 525(9
object of thjic ().

Xi(&),ﬁg) s representable by an

)8

Proof. By the presentation (12.6), the functor /ig 5(DE) is cocontinuous. Hence it suffices
to show that this functor is representable.

Let £° be a resolution of £ by locally free sheaves. This resolution gives a sequence
{&} in perf X555 such that holim & ~ . By Lemma 12.5, we have

7

hom(/fgg(@c‘f), F) ~ (DE @clovny) hom(O(0), F))Hs
~ (holim(D(£:)) @c(ovrns,) hom(O(0), F))"

1

' . 12.65
= holim hom(rig (& oy, | Wy} )2 1F) (12.65)
- IR . . -1
~ hom([ h(%m /QEWB(EZ ®OX2,5 ng,ﬁ)’ F).

This completes the proof. O

By Lemma 9.2 and Lemma 12.6, we have a fully faithful functor n?ﬁo’D : coh Xi(&) 5
Fun(Sh}{’im B(T"), Mod(C)), which is representable by compact objects. Then we set

Ksp:i=r5 50Dy,  : cohXy

8" Sy, 7 ShA

o (12.66)
which is a fully faithful functor. As noted in Section 3, we also write K5 5: Ind coh X ( —

ShXﬁ(A) ﬁ(T") for the induced functor on ind-objects.

6),8

Corollary 12.7. The functor Ks g is an equivalence.

Proof. By Lemma 12.1, the functor K g is fully faithful. Since I' is essentially surjective
and K P is an equivalence in Lemma 12.5, K5 g is also essentially surjective. O

Corollary 12.8. Any ¢ satisfies Condition 9.1.

Proof. By Corollary 12.7, the functor K; g is an equivalence. Take an object £ € coh Xi( )5

OA- b
For a face inclusion of cones o1 C 02 = o, we have quasi-isomorphisms of functors

& n
Sh{_  (I") — Mod(0),

hom(Kﬁl,ﬁ (i;wzg)? _)

~ (Diy,,,E ®CloYnMj] homSth(al),g (Tn)(@(o'l)7 _))HB

= (if,la2©8 OCloy NMj] homShj\;(al)ﬁ (T")(9(01)7 *))Hﬁ

= (i, D Scigonty homgyg ooy (O(2), =) (1267)
=~ (DE ®cloynn) Cloy N Ms] @cioynny] homShX%M () (©(02), =) e

~ (DE Bcioynn,) Cloy N Ms] @cioynng] homShgi(ol)ﬁ () (©(02), =) 7.
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By seeing the Cloy N Mg]-module structure of homg, o (©(032),—), it follows that

) (")
AE(UlLB

Cloy N M) @cioyrny Cloy' N M| @cioynng, homgpe — (7ay (O(02), —)
2(o1).8
(12.68)
= homShXﬂ (Tn)(@(UQ)a _)
2(01),8
as C[oy N M]-modules where the right hand side is equipped with the canonical C[oy N M]-
module structure. Then we have

hom(Kfn,ﬁ(i:flag‘s)a _) = (@5 ®(C[02VQMB] hOHlShj\) (Tn)(®(o-2)7 _))Hﬁ

B8 (12.69)
~ homSh% (Tn)(Ké%fg(g),—).

$(01).8

Then we further have

homShQA (T (Ks,,8(€), —) = hom(K5, 5(£), Hom*(ﬁ&lﬂ(oé’fg(&l)ﬁ% (=)
A8(oy)8 (12.70)
=~ hom(Ks, 5(€) % ka15(Oxy, ) 1) (5))

by Lemma 10.2. By taking a smooth refinement 35 of $(&2), we also have Ky, 5(€) €

ShXﬁ ﬂ(T"). Since Y is smooth, the functor K, 5 15 an equivalence. Let ¥; be the
2 ’

associated refinement of 3(67). Then, by Proposition 9.5, we have
K&Qﬂ(é‘) * 5&1,5((9;(2(&1)7[1) ~ "322,5(“;75(}{&275(5)) & OXil,ﬁ)' (12.71)

Then Corollary 7.9 implies Ks, 5(€) * s, 5(O
Ko, 5(E) * kg, 8(Ox; ) € th

%(61).8 $(89),

Remark 12.12 below, which implies

% n
(o) € ShAil,B(T ). We also have

E(T ™). This can be deduced, for example, from

!
K&2vﬁ(5) * I{&17/B(O‘Xi(5_l)76) = K&Qaﬁ(g ® Ké;];ﬁ(,{l&lng(oxi(&l),ﬁ)))' (12'72)

Since Ai(@),ﬂ N Ail,ﬁ = Ai(&l)ﬁ? this completes the proof of Condition 9.1 (i).

For £ € perf Xi( )30 We have

I

(D(E® in:(&),B) QC[oVnMg) hom(©(0), _))Hﬁ (12.73)
~ (D(E) Ocfovrny) hom(O(0), —))"2,
which is represented by ks g(&). This proves Condition 9.1(ii). O

Proof of Theorem 6.2 and Theorem 11.1. Since Condition 9.1 holds for any fans by Corol-
lary 12.8, Proposition 11.2 holds for any fans. This completes the proof. O

We recall the following duality theorem between coherent sheaves and perfect com-
plexes.

Theorem 12.9 ([BZNP12, Theorem 1.1.3]). Assume Xy, 5 is complete. Then

perf Xy, ; ~ Fun“(coh Xy, 5, mod(C)) (12.74)

76 -
given by & — hom(DE, —) where D := Hom(—, Ox, /3)'
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Corollary 12.10. Assume that Xy 8 is complete. Then kg, P gives an equivalence

perf X, ; ~ Shigﬁ (™). (12.75)
In particular, if X, 5 is smooth, Shkiﬁ (T™) ~ Shf\iﬁ (T™).
Proof. By Theorem 6.2 and the Grothendieck duality, we have

coh X,

o = (cOh Xy )P = (ShY_ (1)) (12.76)

given by Ky, ;0. By taking Fun®(—, mod(C)) and using Theorem 12.9 and Theorem
4.7, we have

Shi_ (") = Fun“*((Sh}_(T"))°",mod(C)) =» Fun“*(coh X;

5 5 mod(C)) = perf X.

(12.77)
given by

E — hom(E, —) = hom(E, K¢ ;0D(-)) = DoDo Ky L(E). (12.78)

3,8

Hence the equivalence (12.75) is given by Kg, ;000D ~ Ky, so((—) ®@wag ﬂ). By Condition
9.1(ii), we have Ky, 50 ((—) ® wag B) ™~ fg 5 on perf Xy 5. This completes the proof. [
Remark 12.11. Assume Xy S8 is complete. The equivalence of Corollary 12.10 and The-

orem 6.2 is compatible with the dualities Theorem 4.7 and Thereom 12.9 in the following

sense. Indeed, for & € perf &, 8 and 92( .7-" € coh &%, 5 the pairing in Theorem 12.9 is

hom(DE, DF) ~ hom(F, & ® wa,, B)
~ hom(Kg 4(F), Ky 5(€ ® w/—\eﬁ’ﬁ)) (12.79)
~ hom(Kg, 4(F), kg 5(£))-

Since kg 4(€) € Shc (T") by [FLTZ1la] and K, 4(F) € Shw ( ™), the last line of

(12.79) is the pairing of Theorem 4.7. This remark is 1nsp1red by an 1mphcat10n by Harold
Williams.

Remark 12.12. We also remark about the monoidality of the functor Ky 8 similar to
|

K5, 5- The category Ind coh Xy, 5 is symmetric monoidal with the product (—) ® (=) =
A'((=) X (=)) where A is the diagonal map and the unit in 5 by [Gai, Corollary 5.6.8].

Let 3 be a smooth refinement of ¥ and [ &y S be the associated morphism.
Then by the projection formula ([DG13, 3.2.5]) and the fact any toric variety is Cohen-
Macaulay imply that

! !
d(fle o f F)~ o fIndf F
! !

? (12.80)

! !
25®f®w%5

!
~EQRF.
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Since kg, g is monoidal (Proposition 9.5) and 3/ is smooth, we have

|
K p(f'€® ['F) = ng (€@ [F 0wyl )

| | (12.81)
~ Ky, 5(f'€) * Ky 4(F'F).

By Lemma 12.5 and the fact K s and Ky, 5 are both equivalences, we have Ky, 50 f! ~
I'o Ky, 5. Combining with (12.80), we have

K, 4(€ & F) = Ky, ,(f4(f'€ © f7)
~ 1Ky, ('€ © f'F)
~ I(IKy, 4(€) » [K, ,(F)) (12.82)
= I' o I(Ky 4(€) % Kg, 4(F))
~ Ky, (€)% K y(F).
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