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1 Introduction

String theory is expected to play an important role to construct quantum gravity theory.
However, string theory is not completed yet. One of the problems is that the theory is
defined as a perturbative theory, in which one can investigate only around a fixed back-
ground. The relationships between backgrounds are not clear. Construction of string field
theory is an approach to make nonperturbative string theory. For example, Witten made
a covariant open bosonic string field theory [1] and this theory succeeded in analyzing
tachyon condensation [5]. Tachyon condensation describes D-brane decayed background
from a background which has unstable D-brane.

String theory consists of not only bosonic string theory but also supersymmetric string
theory, which is called superstring theory. There are two types of construction of su-
perstring theory: Ramond-Neveu-Schwarz (RNS) form and Green-Schwartz form. Open
superstring in RNS formalism consists of Neveu-Schwarz (NS) sector, which gives space-
time bosons, and Ramond sector, which gives space-time fermions. We consider only NS
sector in this thesis. Witten constructed an open superstring field theory as well as bosonic
theory [2]. However, Witten’s open superstring field theory has a singularity which cause
a divergence in the four point amplitude. Erler, Konopka and Sachs modified this theory
by the approach explored by Ilimori, Noumi, Okawa and Torii and resolve the singularity
[6][7]. The action constructed by Erler, Konopka and Sachs has a structure called A al-
gebra. Berkovits provided another formulation open superstring field theory [3] [4]. These
two theories use different Hilbert spaces. Berkovits formulation is based on large Hilbert
space. In the large Hilbert space, superconformal ghost sector is described in terms of
n(z),£(2), ¢(z). Erler-Konopka-Sachs (EKS) formulation is also constructed in the large
Hilbert space. However, its dynamical fields and gauge transformation is restricted to the
small Hilbert space, where superconformal ghost sector is described in terms of 8(z),v(2)
ghosts. (z) and v(z) are related to n(z),£(2), #(2) as B(z) = e ?BIE(2), v(2) = e?Fy(2).
Since f((z) does not depend on the zero mode of £(z), the Hilbert space of S ghosts is
smaller.

EKS formulation and Berkovits formulation are related by embedding EKS action into
the large Hilbert space and redefining fields [9][10][11]. However, embedding EKS action
increases gauge degrees of freedom and makes the gauge fixing more difficult.

Since superstring field theories have complicated gauge structures, the Batalin-Vilkovisky
(BV) formalism is used to fix gauge transformation. To quantize string field theory, it is
necessary to fix gauge by constructing BV master action which includes ghost fields and
antifields. BV action satisfies master equation 1{S, S} =ihAS where { , } is antibracket
which is defined in section 2 and A is an operator. Constructing classical BV action which
satisfies classical master equation {.S, S} = 0 is the first step to achieve second quantization
of string field theory. A classical master action can be constructed from EKS action in
the small Hilbert space easily because of the Ay, structure. However, when EKS action
is embedded into the large Hilbert space, we cannot construct a classical BV action in a



straightforward way. The goal of this thesis is constructing classical BV master action in
the large Hilbert space.

This thesis is organized as follows. In section 2 we review the BV formalism briefly. We
see general gauge structures and how to fix gauge transformations with fields and antifields.
In section 3 we review construction of EKS action. We see the definition of A, algebra
and the form of EKS action. We review how to construct the string products in the action.
In section 4 we check the gauge transformations of EKS action. Embedding EKS action
into the large Hilbert space, we see the changes of gauge degrees of freedom. In section
5 we try to solve master equation in the large Hilbert space naively. However, we fail to
construct master action in this way. We show the details of the calculation. In section 6 we
propose a action which satisfy the master equation in the large Hilbert space. We double
fields and antifields in this approach. However, this action does not satisfy a boundary
condition. In section 7 we propose another BV action. We add ghost fields and antifields
and impose constraints.

2 BYV formalism

In some gauge theories, gauge transformations are dependent on each other. These theories
are called irreducible. When all gauge transformations are independent, the theory is
reducible. Open superstring field theory is a reducible gauge theory. Quantization of such
theories is complicated.

The BV formalism can quantize reducible gauge theories in a covariant way [17][18].
In this thesis, we use only the classical BV formalism. We review gauge fixing procedure
using field and antifield in this section. This review is written in [8].

2.1 Gauge transformation

We consider a classical action Sp[¢], which depends on n different fields ¢'(z), (i =
1,---,n). Let €(¢') = ¢; denote the Grassmann parity of ¢’. Each ¢’ is either a com-
muting field (¢; = 0) or an anticommuting field (¢; = 1).

Let us assume that the action is invariant under a set of mg non-trivial gauge transfor-
mations

0¢'(z) = (Ra(0)e) () (2.1)

where a = 1,2,--- ,mg. Here, () are infinitesimal gauge parameters and R{ are the
generators of gauge transformations. We use a generalized summation convention in which
a repeated discrete index implies not only a sum over that index but also an integration over
the corresponding space-time variable. As a simple example, consider the multiplication
of two matrices g and h, written with explicit matrix indices. In compact notation,

e=9"cn"s (2.2)



represents

Fplay) =3 [ dzgcle ) an) (2.3)
C

in conventional notation. In other words, the index A in eq(2.2) stands for A and z in
eq(2.3). Likewise, B and C in eq(2.2) represents {B,y} and {C,z}. The generalized
summation convention for C' in compact notation yields a sum over the discrete index C
and an integration over z in eq(2.3).

With this convention, the transformation laws

56 (1) = / dyRi(z,y)e(y) (2.4)

can be written as ' '
09" = R ™. (2.5)

Let So.i(¢, z) denote the variation of the action with respect to ¢(z):

0, So
So.i = — 2.6
O,Z(¢7x) a(ﬁl(%) ( )
where 0, indicates that the derivative is to be taken from the right. If the subscript is [,
the derivative is taken from the left. The right derivative is related to the left derivative

OF _ ye@er It (2.7)
o9 o
The statement that the action is invariant under the gauge transformation in eq(2.1)

means the Neother identity '
So,iRg = 0. (2.8)

Assume that all gauge invariances of a theory are known and that the regularity con-

dition
ank 010r S
0Pt 0PI

is satisfied, where ¥ is the stationary surface defined implicitly by

= Ndof (29)
by

So,ils =0 (2.10)

and ngor is the number of fields that enter dynamically in Sjy.
The most general solution to the Noether identities (2.8) is a gauge transformation, up
to terms proportional to the equations of motion:

SoiA =0 N = Rj, N + Sy ;T (2.11)

(175}



where T% must satisfy the graded symmetry property
T — _(_)Ezijﬁ. (2.12)

The R6a0 are the gauge generators. The second term is a trivial gauge transformation.
If the functionals R,  are independent on-shell, the theory is irreducible. In such a
case, ‘
rank R, |s = mo, (2.13)

where mg is the number of gauge transformations. The rank of the hessian is

= n —rankR! |5 = n — my. (2.14)

Then for an irreducible theory ngor = n — mg since there my gauge degrees of freedom.
If there are dependences among the gauge generators, and the rank of the generators
is less than their number
rankRY, | < mo, (2.15)

the theory is irreducible. If mg —my of the generators are independent on-shell, then there
are my relations among them and there exist m; functionals R‘f‘g1 such that

(i)C‘fORtlxg1 = Soaj‘/i];17 (al = 17 ey ml) (216)
for some Vljcil, satisfying Vlqu = —(=)4C Vfif

‘The R{§, are the on-shell null vectors for R{,, since R}, R{ |z = 0. If €* = RY, ™,
0¢" in eq(2.1) is zero on-shell. Then, no gauge transformation is produced. e* is called
level one gauge parameter. The Grassmann parity of R‘f‘& is

e(RI% ) = €np + €y (2.17)

lag

where €, is the Grassmann parity of the level one gauge parameter. R‘f‘gl also constitute
a complete set

bagA™ = So,i My’ (2.18)
= A% = RO N1+ So T3, (2.19)

for some )\’O‘l,Tgao and Mgi satisfying Mgi = —(—)Eieﬂ'MSj.
If the functionals Rf‘gl are independent on-shell

rank R7 s = m, (2.20)
the theory is first stage reducible. The rank of Rf)ao is

rank R

7
Oag?

(2.21)



and the net number of degrees of freedom in the theory is n — mg + m;.

If the functionals R(llgq are not all independent on-shell, relations exist among them
and the theory is second or higher stage reducible. Then, there are higher level gauge
parameters and the on-shell null vectors of Rf‘gl exist.

If the theory is L-th stage reducible, there are functionals

R:' (as=1,...,ms, $s=0,...,L), (2.22)

SQug

such that Réao satisfies S077;R6a0 = 0, and that, at each stage, the Rgs.' constitute a
complete set, i.e.,

RO\ = Sg  MIs— (2.23)
= X% = RS AT S0 T (2.24)
R?i_l’za571Rgé;1 = SO,Z'VZS;727 (3 = 17 ceey L)7 (225)
L
rankR s = > (=1)*m; (s =0,...L), (2.26)
t=s
where we have defined av_1 = 4. The R?&;l are the on-shell null vectors for gj‘fakl. The
Grassmann parity of Rgs. " is
R =€y +é€a, (2.27)

where €, is the Grassmann parity of the s level gauge transformation parameter associated

with the index a;. Finally,
L

Ndof =N — z:(—l)smS (2.28)
s=0

is the net number of degrees of freedom. A

The gauge transformations (2.24) contain trivial gauge transformations Sp ;77%°. We
will discuss their role.

Suppose that the finite invertible gauge transformations satisfy the group axioms, their
infinitesimal counterparts necessarily form an algebra. Besides the usual gauge transfor-
mations (2.1), there are the trivial gauge transformations, defined as

bud' = S, ' = —(=) S (2.29)

where /% are arbitrary functions. Such gauge transformations appear in commutators of
two non-trivial gauge transformations, so we need to take into consideration trivial gauge
transformations.

The commutator of a trivial gauge transformation J,, with another transformation ¢, is

[0, 0n)0" = 1 S0 j1?* — So " ¥ — Sp jur® 1’ (2.30)



where

5t =1l (2.31)
Given that d, is a symmetry transformation of Sy, it follows by differentiation by ¢/ that
Soxr® =0 (2.32)
= So k" + Sopr” ;=0 (2.33)

then the commutator becomes
(64 0:]0" = So, (rj Rl = (=) ik — T ) = S, (2.34)

The commutator of a trivial transformation with any other transformation is a trivial
transformation. Hence, the trivial transformations are a subgroup H of the full group of
gauge transformations G. The trivial gauge transformations have no physical significance.
We can consider the gauge theory on G = G/H.

2.2 The field antifield formalism

The ultimate goal is to quantize this theory in a covariant way. The field antifield formalism,
which is called the BV formalism was developed to achieve this aim.

Suppose a theory is irreducible with mg gauge invariances. At the quantum level,
mo ghost fields are needed. It is useful to introduce these ghost fields at the classical
level. Hence, the field set A is A = {¢?,C{°} where ap = 1,...mq. If the theory is first
stage reducible, there are gauge invariances for gauge parameters and there are ghosts for
ghosts. If there are m; level one gauge invariances, there are ghost-for-ghost fields C{*
where oy = 1,...,m1 in addition to the above set. If the theory is L-th stage reducible,
the set of fields is

A={¢"C*} (s=0,...,L; as=1,...,my). (2.35)

An additive conserved charge, which is called ghost number, is assigned to each of these

fields. The classical fields ¢° have ghost number zero, whereas ordinary ghosts have ghost

number one. Ghosts for ghosts, i.e., level one ghosts, have ghost number one, and so

on. Similarly, ghosts have opposite Grassmann parity of the corresponding gauge param-

eter, but ghosts for ghosts have the same Grassmann parity as the corresponding gauge
parameter. In general,

gh[C&] = s+ 1, (2.36)

€(CS) =€q, +s+1 (mod 2). (2.37)

We set fields ¢4 = ¢',C% and introduce antifields @7 for each fields »*. The ghost

number and Grassmann parity of antifields are

gh[¢%] = —gh[s”] — 1, (2.38)



e(¢%) = e(¢?) +1 (mod 2). (2.39)
In the space of fields and antifields, the antibracket is defined by

{X7Y}22<6Txaly_amaly>. (2.40)
A

091 06y 0¢7 0
The properties of the antibracket are
{V, X} = —(0) e Detix vy, (2.41)

{{X7 Y}v Z} + (_)(6X+1)(6Y+6Z){{Y7 Z}7 X} + (_)(6Z+1)(6X+6Y){{Z7 X}v Y} = 07 (242)

gh[{X,Y}] = gh[X] + gh[Y] + 1, (2.43)

e{X, Y} =ex+ey +1 (mod 2). (2.44)

The first equation means that the antibracket is graded antisymmetric. The second equa-

tion shows that the antibracket satisfies a graded Jacobi identity. The antibracket carries
ghost number one and is Grassmann odd.

From these properties and the definition of right and left derivatives, one concludes
that

o.B 0B
B,B} = — 2.45
{F,F} =0, (2.46)
{{X, X}, X} =0, (2.47)
where B is bosonic and F' is fermionic.
The classical master equation is
8 S oS
= 2.48
The BV action satisfies the master equation and it is on the boundary condition
Sev[¢; ¢"]lg=0 = So (2.49)

where Sy is the original action.

3 A, superstring field theory

Recently, an open superstring field theory based on A, algebra is developed [6]. This
theory can be related to Berkovits superstring field theory by field redefinition[9][10][11].
We review the construction of the action based on A, algebra in this section.



3.1 A, algebra

In this subsection, we review a construction of A, algebra which is called bar construction
[12]. This review is written in [13]. An element of an A, algebra belong to a Z-graded
vector space. First, we provide the definition of coalgebra and operators on the coalgebra
to define A, algebra.

1. Let C be a graded vector space. When a coproduct A : C — C ® C' is defined on C
and it is coassociative, i.e.

(ADA =1 A)A (3.1)
then C is called a coalgebra.

2. A linear operator m : C' — C raising the degree of C' by one is called coderivation
when

Am=(mDA+ (Iem)A (3.2)

is satisfied. Here, for x,y € C, the sign is defined as

(Iem)(z®y) = ()" (= m(y)). (3-3)

3. Given two coalgebras C' and C’, a cohomomorphism or coalgebra homomorphisim F
from C to C’ is a map of degree zero satisfying the condition

AF = (F@F)A. (3.4)

Let H be a Z-graded vector space. We consider the tensor algebra
TH=H"OHOH? D (3.5)
as a coalgebra C(H). Here H®° consists of the identity of the tensor algebra 1, satisfying
19A=A1=A (3.6)

for any A € TH.
Then the coassociative product A : T'H — T'H ® T'H is uniquely determined. For
01,...,0n € H, it is given by

ANo1®-®0,) = (01® @ 0k) & (0411 @+ D 0p) (3.7)
k=0

where the term for k = 0is 1®’ (01 ®---®0,) and the term for k = n is (01 ®---®o0,) @' 1.
Here ® represents the tensor product of H and ®’ is the tensor product of TH in this
equation.



The form of the coderivation corresponding to this coproduct is also given as follows.
Let {c : H®* — H (k > 0)} be multilinear maps which are

Ck:01® - o — cp(or,...oL). (3.8)
The degree of this state is
degen(o1,...,0,) = deg(cy,) + degor + - - - + deg oy, (3.9)
The tensor product of by, : H¥™ — HE* and Clp : HO™ — HO is

(Dkom @ 1) (01 @ -+ @ Opn)
= (—)deslcn)(des(T)ttdes(mllpy (01, 0m) @ Ly (Omy1s- -, Omin) (3.10)

The operations of ¢, on T'H are given as

cr(01 @+~ ®op)

n—k+1
= Z (_)deg(ck)(deg01+"'+deg017*1)01 ® P ® Op—l ® Ck(0p7 . >Op+k’—l) ® Op-i-k’ ® o e ® OTL
p=1
(3.11)
forn>k. If n <k,
cx(01®---®op) =0. (3.12)
The commutator of the operators is defined as
by, ¢i] = by(ci(01® - -+ @ 0,)) — (=)&) 4By (by (01 @ - - ® 0,)) (3.13)
Suppose that all ¢, have the same degree parity. c is defined as
CZCO+C1+C2+”'7 (3.14)

and this c is the coderivation. The coderivation on the coalgebra T"H is always written in
this form.

Moreover, the form of a cohomomorphism F : TH — TH' is determined by a collection
of degree zero multilinear maps {f : H®* — H' (k > 0)}. For o1,...,0, € H, it is given
as

Flo1® - ®op)
= 1 1
= Z 7®fl€1(017"'70k1)®7®fk2*k1(0k1+17"‘70k2)®"'
=1 1<k o 1—Jfo
=1 1<k <ko<---<k;=n

i
1
1—fo

1
R/ fn—k‘ifl(oki71+1? s 7On) ®

— (3.15)

10



where fo € H' and ﬁ is defined by
1
1—Jfo

A weak A, algebra is a coalgebra C'(H) with a coderivation ¢ = ¢; +¢c3 +c3 + - -+
satisfying

=1l+fot+tfodfot+- . (3.16)

(c)?=0. (3.17)

We denote the weak Ay-algebra by (H,c). In particular, (H,c) is called an Ay -algebra if
Cco = 0.

For an As-algebra (#H,c), if we act ¢ on 01 ® --- ® oy, its image belongs to H®! @
-+ @ HE". Using the projection on H®!, the equation is

0 =m1(c)*(01 @ @ op)

_ deg(c)(deg 01+-+deg o
= Z Z (—)des(e)(degon ego])ck(ol,...,oj,cl(oj+1,...,oj+l),oj+l+1,...,on)
kl=n+15=0,...k—1

(3.18)
Here 7, is a projection operator m, : TH — H®™ that is
T(l+ P+ U4+ VU@V +...)=U0%" (3.19)
Consider an odd constant symplectic structure w on the graded vector space H
w:HXH— C. (3.20)

If (H,c) is an Ay algebra and c is cyclic with respect to w, that is,

w(o1,¢n(02,. .. 0n41)) = —(=)de8len)desor e (01, 0,), 0n41), (3.21)

then (H,w,c) is called cyclic A algebra.
Given two weak Ao, algebras (H,c) and (H',c’), a cohomomorphism F : TH — TH'
satisfying
Fe=CcF. (3.22)

is a weak Ao morphism F : (H,c) — (H',c’). In particular, if (#,c) and (H',c’) are Ay
algebras and fp = 0, a weak Ao, morphism F : (H,c) — (H',c) is called an A, morphism.

Suppose that (H,w,c) and (H',w’, ') are cyclic Ay, algebras and there exists an A
morphism F : (H,c) — (H',c'). F is called cyclic Ao, morphism when

w'(f1(0), f1(0')) = w(o,0"), (3.23)

for any 0,0’ € H and for fixed n > 3,

n—1
Zw/(fk(olv s 70/€)a fn—k(ok-i-lv cee ’On)) =0. (324)
k=1

11



3.2 EKS action

Erler, Konopka and Sachs proposed an open superstring field theory based on A, algebra
in the small Hilbert space[6]. We review the construction of EKS action.

Let Hg be small string field space in NS sector. An open superstring field ¥ € Hg has
ghost number 1 and picture number —1, and

n¥ =0 (3.25)

where 7 is the zero mode of 1 field. ¥ has ghost number 1 and picture number —1. If n®
does not vanish, ® belongs to the large Hilbert space . The degree of this string field is
defined as

deg¥ =¢€(¥)+1=0 (mod 2) (3.26)

where €() is the Grassmann number. Then, the small Hilbert space is a Z-graded vector
space. The inner product of the small Hilbert space ( , )g is provided by the BPZ inner
product. This inner product does not vanish only when the total ghost number in the inner
product is 3 and the total picture number is —2.

The EKS action takes the form

S :%@I/, QU)s + %@, My(U, W) 5 + %(\I}, M, (0,0, T))g +---
=1
=y o (UM (T, W) (3.27)
n=1

M; = @ is the BRST operator. This is nilpotent and anticommutes with 7 i.e.
Q*=0, (3.28)

[@,n] = Qn+nQ =0. (3.29)

Ms, Mg, ... are multi-string products of odd degree. The products are in the small Hilbert
space

(1, My, =0 (3.30)

where 7 is an operator

NP1 RVR-- QW) =NV 1 QVUy® -V, + V1 Qn¥sy®- -V,
f U, @0 ® - @, (3.31)

Wy is in the small or large Hilbert space. The product M, carries picture number n and
ghost number 1 — n. We review how to construct these multi-string products in the next
subsection. The coderivation M is

M = f:l M, (3.32)

12



An symplectic structure wg : Hg ® Hg — C is defined as
ws(A, B) = (—)%4(4, B)s. (3.33)
This is degree graded antisymmetric
wg(A, B) = —(—)desAdes By, (B A). (3.34)
Then (Hg,ws, M) is a cyclic Ay algebra, i.e.
(M)?2=0 (3.35)
and
ws (U1, My (Vg ... Wy )) = —(—)deeMn)deg¥uy, (N g (W, 0 0,), Upr). (3.36)

The equation of motion is

1

3.3 Construction of Multi-string products

The string product M is determined by recursive equations and can be written by BRST
operator () and a cohomomorphism G

M =G !QG. (3.38)
Note that G is in the large Hilbert space Hp,
[n, G] # 0. (3.39)
The BPZ inner product in the large Hilbert space ( , ) is
(A,B)s = (€A, B). (3.40)

This large Hilbert space inner product does not vanish only on states whose ghost number
adds to 2 and picture number adds to —1. £ is an operator constructed from £ ghost, which
has ghost number —1 and picture number 1

¢ = fl 5l (), (3.41)

¢ is BPZ even in the large Hilbert space and

[,€] = go. (3.42)

13



where gg is the open string coupling constant. We set the coupling constant gg to 1. The
symplectic structure wy, : Hy ® Hy — C is defined as

wi(A, B) = (—)384 (4, B) (3.43)

The products M, are defined by a set of recursive equations. We introduce three
products. M, is product whose degree is odd and picture number is n. my12 is called
bare product whose degree is odd and picture number is n. u,12 is gauge product whose
degree is even and picture number is n + 1. The products M, start with M; = Q. The
bare products m,1o start with mg which is the star product [1] with a sign factor

ma(A, B) = ()% 44 « B. (3.44)

The gauge products p,42 also start with 2-string multiplication. The recursive equations
for these products are described by promoting these products to coderivations and defining
generating functions

M(t) = it”MnH, (3.45)

n=0
m(t) = Zt”mn+2, (3.46)

n=0
p(t) =Y "o (3.47)

n=0

The generating functions satisfy

M) = [M(1), ()], (3.48)
Sm(t) = [m(1), w(0)], (3.49)
[, 1(t)] = m(t). (3.50)

Expanding these relations in powers of ¢, the n-th relations are

1 n
Mn+2 - n+ 1 Z[Mnfk+lauk+2]v (351)
k=0
1 n
my43 = m [mn—k+2,uk+2]a (352)
k=0
(M, o] = Mo, (3.53)

14



These equations define higher products in terms of commutators of lower products. How-
ever, the solution of the eq(3.50) is not unique since one can add an 7-exact term to fi,to.
We make a specific choice to make (Hg, M) an A, algebra

1 n+1 ~
Pni2 = 73 (fmn+2 — M2 (Z %% @ ¢ ® 1" k“)) : (3.54)
k=0

1 is cyclic on wry,.
Consider the cohomomorphism

G(t) =P [exp ( /0 t dtlu(t1)>] (3.55)

:H+/Otdtu(t)+i(/Otdtlu(tl))( tdtgu(t2)>---< t dtnu(tn)). (3.56)
n=2 1 tn-1

We can express the generating functions with this cohomomorphism

u(t) = GE)" - G(), (3.57)
M(t) = G(t) 'QG(t) 3.58
m(t) = G(t) 'myG(t) 3.59)

where
Gt t=p! [exp <—/0 dtlu(tl)ﬂ (3.60)
EH—/ dtp(t) Z( / dt1 t1)> (—/0 ldtw(tQ)) <—/On_1 dtnu(tn)>.
(3.61)

The coderivation M is provided by

M=G'QG (3.62)

where
G = G(1). (3.63)

4 Gauge invariance of EKS action

There are gauge invariances in EKS action which is defined in the small Hilbert space.
These gauge degrees of freedom can be fixed with the BV formalism. When we embed
EKS action into the large Hilbert space, the gauge invariance also changes. We review the
gauge invariances in the small and large Hilbert space.
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4.1 String fields and CFT basis

First, we see the composition of string field theory. A string field ¥, ,, consists of a set of
space-time fields Af ) and a set of CFT basis By .

qu?QvP = ZAZ png (41)
T

A, has space-time ghost number s. Its p is just a label. By , has world sheet ghost number
g and picture number p. The r-label distinguishes different states which have same ghost
number and picture number.

The Grassmann parity of the string field G(¥s.q ) is

G(Usgp) =5+9 (4.2)
and the Grassmann parity of the space-time field is
G(A5,) = s. (4.3)
We define the degree of the string field by
deg(Vsgp) =s+9g— 1. (4.4)
Let {Y],} be a basis of the small Hilbert space such that
<}/;}Tp ) Yff,q>5 = 5r,s5g+h,35p+q7—2 (4-5)
This inner product is BPZ inner product of the small Hilbert space. This satisfies
Yop: Yiigls = Vg Ygpls- (4.6)
We define the dual basis {Y;} by
AP (4.7)

which satisfy the usual orthogonal relation

<Y;1Tp’ YS:;> = (Y5, @ gp> = Or,509,h0p,q, (4.8)
Y3 g,—2—p has world-sheet ghost number g and picture number p. The basis has complete-
ness
S Vg VsV Yigs = (Vi Yilg)s: (4.9)
t7f7u
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The inner products of string fields are defined by

<Z As,p op ZA Y}f7q> = Z( )a+b(g+1)AS A < gp,yh q> (410)
S

s,t
=Y ()Y Y s A AL - (4.11)
s,t

We consider the basis of the large Hilbert space next. Let {Z ,} be a basis of the large
Hilbert space such that

<ng’ Zli,q> = (_)hq5raség+h,25p+q,—1 (4.12)

This inner product is BPZ inner product of the large Hilbert space. This has graded
symmetry

(25 2 g) = ()23 2. (4.13)

We define the dual basis {Z}7} by

C
2y g 1= ()72, (4.14)
which satisfy the usual orthogonal relation
<Z;p7 Zig:q> = 5r,s§g,h5p,qv (Z;”;, Zfz,q> = (—)gér,S‘sg,hép,q- (4-15)

23" 4 _1_p has world-sheet ghost number g and picture number p. The orthogonal relations
of the complete basis provides simple decompositions of the unit.

> AZo 5\ Zig) = Zy s 2 g) (4.16)
t,fu
N2 28 W25 2 ) = ()2, 25y (4.17)
t,fu

The inner products of string fields are defined by

<2Aap gp’ZA Z;z,q>:Z( )bgAS Ap o gp,th> (4.18)

—Z algthytoh zs . Zh VAL AL . (4.19)

g9,p’
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4.2 The classical BV action in the small Hilbert space

The EKS action (3.27) is co-th stage reducible. We review this fact and construct the
master action for the A, superstring field theory in the small Hilbert in this subsection
The string field ¥ has world sheet ghost number 1 and picture number —1

U=0 =) ¢f 4V 1)s. (4.20)
T

The gauge transformation of EKS action (3.27) is

1 1
0¥V 1= M—— QA 1 ———. 4.21
1,1 =m 17\1,1771® 0’1®1*‘I’1,71 (4.21)
where
Ao—1 =) NY5_1)s, (4.22)
'

Ay is gauge parameters, which are Grassmann even. The gauge transformation of EKS

action is
618 <5\1/ M > <A M2 > 0 (4.23)

= -1, T M——e—) =— —1,T — ) =0. )
1 1WYi-1,m1 -0 1/ 0,—1, 71 01/

Consider a transformation of this gauge parameter d2Aj such that

1 1

OoNgp 1 =T M———QA_1_ _
2Ag,—1 = T1 1_\111’_1@9 1,1®1_‘111’_1

(4.24)

The transformation of the gauge transformation is

1
1—-Wy

1 1 1 1
=T M— M A _ —_
™ -0, ® <7T1 1_ \111,—1> ® =0, QN1 ® -0,

1 1 1
_ M
1—-Wy 4 @ (771 1- ‘111,—1> ® 1—Wy
(4.25)

1 1 1
0901V =11 M—F—— M— QA1 _
201 Uy 1_\1;1’_1®7T1< 1_\111’_169 1, 1®1_\P1’_1>®

+ T M——M®A_ ;1 ®

This vanishes on-shell. Then, Jo is level one gauge transformation. Similarly, there are
level g gauge transformations

1
R@A_g1® —— (4.26)

5g+1A—(g—1)7—1 = 7T1M 1— \1117_1

1—W

where A_g 1 =3 Ag|Y", _;)s. Therefore, EKS action is co-th stage reducible.
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The set of fields AS in the BV formalism is
= {¢g_1lg >0, r € N}. (4.27)

Fields 1y, (g > 1) are ghost fields corresponding to the gauge parameter Ag—1- Then string
fields ¥y_, 1 are

LIS ED BUART (4:28)
T

Wq_g4,—1 carries space-time ghost number g, world sheet ghost number 1 — g and picture
number —1. The anti string field W5, 4 (g > 0) is defined as

* r * TC
\I/2+g,—l = Z(¢g,—1) ’Y2+g,—l>57 (4.29)

T

where (¢; _;)* is the antifield corresponding to 1y _;. The minimal set of the fields and
the antifields is

Ay =A% @ (45"

={tg 1, (W5 _1)"|lg > 0, r € N}. (4.30)
The definition of antibracket on this set is
0,G o F 0,G
F.G l - . 4.31
her= QZ;Z (aw SO ) fwg,_l) .

W5, 4,—1 has space-time ghost number —1 — g, world sheet ghost number 2 + g and picture
number —1. String field and anti string field have the same Grassmann parity. We can
define string field ¥’

o [oe)
V=0 5 1+ T, . (4.32)
g=0 g=0
The master action is -
1
S5y = U M, (..., U)g. 4.33
B = 2 g (VM )s (133

From the completeness of the basis (4.9), ${S8y, S5y} is

1
M
(LHS) <7T1M1_\Iﬂ, ™ 1_"I’l>s
=3 3 (MY, ), My (W, 8)s
n=1k=1
=2 1
= U, mM?*m,——— ) =0. 4.34
;n+l< AT 1—\Iﬂ>5 (4:34)
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Then, the action (4.33) satisfies the master equation

(SSy, S8y} = 2228 rSgv _0iSEy o, (4.35)
g=0 r 97*1 1/}9 *1)

Actually, the Ay, structure implies that the action satisfy the BV master equation [21].

4.3 Embedding EKS action into the large Hilbert space

Although the string product M is constructed from ) in the large Hilbert space, EKS
action is defined in the small Hilbert space. We consider string fields ® € Hj, related to
U € Hg by partial gauge fixing

U =nd (4.36)

and the action which is not restricted to the small Hilbert space [22][23].
The Ay type action in the large Hilbert space is

S =Y (n®, My(n®,...,7P))

-
= Z @), (4.37)
The ghost number of ® is 0 and the picture number is also 0.
® = Poo =) ¢l Z50) (4.38)
s
Gauge transformation of & is
1P M ! ® A ® ! +nA (4.39)
=T e — _ P E— —_ .
190,0 VT %00 10 ®@ 10,0 nA-11
where
AlO—Z)\ 101251,0) 11—Z>\ 1,-112000)- (4.40)

Consider a transformation of gauge parameters d2A”; o, 02A" ; such that

1
00N 1= M—m QR A_ P — A_ 4.41
oA 10=m %00 @A _20® 1= o, +nA-21, ( )
do A =mM 1 ® A & ! +nA (4.42)
211 = T 11— 77‘1’0,0 —2,1 1_ 77@0’0 NA—22. .
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Then,

1 1 1 1
5251@070 :7T1M7 ® 1 (M X A—2,0 & ) ®
1 —n%00 1 —n®g0 1 —n®o,0 1 —n®g0

1

1
M, n]——QA_ _ 2A_g95. 4.43
+ 1 ,77]1_77@070@9 2,1®1_n®070+77 2.2 ( )

The second and third terms are zero because 2 = 0 and M is in the small Hilbert space.
The first vanishes on-shell. Therefore, d9 is level one gauge transformation. We obtain
higher level gauge transformation in the same way

Ago Mg %00 DA (g+1).0 ® T804 n<1>oo + A (gr1)a
A, TMi—5— ®A_ 1 ® + A (11
Gg+1 = e @ At e g 2 (g
1
Agg 7T1M1 —n%0.0 DA _(g11),9 ® Tondos T M (g+1).g+1

Then the set of field A in the BV formalism is
={¢p,lg>0,0<p<g, reN}L (4.45)
The minimal set of fields and antifields is
Atin = {gp: (¢))°l9 >0, 0<p<g, reN}. (4.46)

The definition of antibracket on this set is

Fer=>% > > < o &G - a(a%i)* ;fp) . (4.47)

*
g>00<p<g r 9 p)

9,

String fields ®_, , are defined as
Qi 9P — Z ¢T7p

¢y has space-time ghost number g . Anti string fields (P_4,p)* are conventionally defined
[16]

* * — T T3 rC
((I)*gyp) = (I)2+g,—1—p = Z(¢g,p) |Z—g,p> = Z( )g(p+1)¢_ —g,—l—p|ZQ+g7—1—p>‘ (449)

T T

z" (4.48)

—gp

where (¢p )" = ¢7%_; _;_, is the antifield of ¢y , and carries ghost number —g — 1.
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5 Naive construction of BV action in the large Hilbert space

We construct string field BV action in large Hilbert space from EKS action. The simplest
way is expanding the BV action with antifield number and solving the master equation at
each antifield numbers. However, it has critical defect. We explain the problem in this
section.

5.1 Antifield number expansion

We introduce antifield number. In principle, we can solve the classical master equation
systematically by using this. The antifield numbers are assigned in the string field theory
according to the following rule [14][15].

1. All the fields carry no antifield number.

2. The antifield of the field in the original action (¢o0)* = ¢*; _; carries antifield
number one.

3. The antifield of the g-th ghosts (¢,,)* = ¢*,_, _;_, carry antifield number g + 1.

We expand the BV action by antifield number
S=> sm (5.1)
n=0

where S (n > 0) denotes the sum of the all terms which have antifield number n, with
S©) coinciding with the original action. The antifield number of a term is defined as the
total of the antifield numbers of the fields which the term includes. Therefore, antifield
numbers are assigned as

afn[®5,, | =1+g, afn[®_,,] =0, (5.2)
9S(a+1) 5@

afn | ——| =a—yg, afn =a. 5.3

O(gp)* [8%7? (53)

The master equation can be decomposed into its sub-equations by their antifield num-
bers. By solving each equations, we can determine S one by one. In some theories,
only a finite number of S are nonzero. In this case, we can obtain the master action
completely. Open superstring field theory has infinite number of S which are nonzero,
but S are determined systematically.

The master equation is

oS 08 oS 98 ) oS 98
S, St = < — =2 —— =0. 5.4
551 = 2. Gy 5tay, 7~ 50wy, 00y,) ~ 22 064, 0064, (64)

r?g’p
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‘We write

T — (_\9 7’7,22 , T _ T ,ZZ* 7 55
09y » &) <aq)—g,p g7p> (P ) <8(®_97p)* g,p> (5.5)
O F < , o F > O F < . o.F >
= Z_ 5 5 = Z_ S , 56
9%y p PO o( Q,p)* P )(P_gp)* (5.6)
so that [16]
8 F alG < O, F G >
- ’ ; 5.7
Z P \OD_, Ay, (5.7)
Z aF 81G _< O F 0,G > 539
a ¢T,p ¢g7p 8(¢7g7p)*’ 8®,g’p ’ :

The antifield number a part of the master equation is given by

9,8a—s+9) g5+ 9, 8la=s+9) 5 g(1+s) B
Sy Y S Ay (e ) <0 e

r s=0g=0p=0 9> s=0 g=0 p=0

5.2 Naive BV approach

In the naive BV approach, we require the following three properties:

1. Regarding states, the master action consists of only the minimal set of fields and
antifields Ay given by

AL =10}, (85,)10<g, 0<p<g, reN} (5.10)

2. Regarding operators and products, the master action consists of the operators and
products which appear in the action and its gauge invariance, namely, M, n, and the
large BPZ inner product only.

3. In the master action, effective change of property 1 or 2 does not arise, and thus
explicit insertions of & of M1 are not included.

We carry out the calculation of antifield number expansion in accordance with these re-
quests.
First, the antifield number 0 part is

© g5
OS5 AT (5.11)
8%y’ 005 _,
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Here,

1
0 — doo, —— M, o)),
S 0< 0,0, 1+n n(nq)(),O? >>

9,8
M =
< ’ 0%5 4 0

1
1—n®oo

Then, the equation is

where
M = 7T1M

By using M? = 0, [M,n], n? = 0, we obtain a solution
9,8
9%,

)

= M((@_Lo)) + T](I)—l,la

where

Next, the antifield number 1 part is

9,50 355(2) 9,51 815(1) 9,51 315(2) 9,51 555(2)
9%0o 005, ) "\ 9800 003, ) T\ o0 1y 095, ) T\ oo 005,
Here W
0,5 ¥
8(1)0,0 - —HM(((I)—LO)’ (@27,1)),
ars(l) 9.8M)
= M((®35 L = nd}
9% _1, (( 27_1)), %14 n®2 1,
where
M((A),(B)) M L RA® L RB® 1
, =7 R PR _—
L nPo,0 1 =1%o 1 —n®o,0
1 1 1
+ (—)desWdeeB) M~ @ B® A® :
=) pa nPo,0 L —=n%g0 L —n%g

M((A),(B),(C),...) are defined in the same way, i.e.
1 1 1

M((A),(B),(C),..)=niM———— QA® ———— QB®- @ ———— +--

1—n%gp0 1 =100 1 =1%o,
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(5.12)

(5.13)

(5.14)

(5.15)
(5.16)

(5.17)

>:0

(5.18)

(5.19)

(5.20)

(5.21)

- (5.22)



which satisfies M (..., (
represents M (.. (M( )y )
We substltute eq(5. 19) eq(5.20) in the left hand side of the eq(5.18)

@)

(LHS) = { M, 05
8@; 1
+ (=M ((®-10),(®3,_1)), M((®-10)) + nP-1,1)

9,52
M((®5, 1)), 8;*>
3,—1

<77<1>2 1 615()>- (5.23)

oes; _,

_|_

The Ay relations are

M(M((A))) + M(M, (A)) =0, (5.24)
M(M((A), (B))) + M(M, (4), (B)) + M(M((A)),(B)) + (=) &N M ((4), M((B)))(Z 0. |
5.25
By using these relations, we obtain the solution of the eq(5.18),
(2)
g&i - %M«W@—LO)v (P-1,0)) + M((®—20)) + 1P 2,1, (5.26)
3,—1
2
IS L MOH(@10). (@0) + M(@20) 41020 (527
3,—2
&)
O M (rom1.0). (@5 0). (B00)) + (@5, ). (Boap). (529
2,—1

S® = <‘I’§,17 %M((U‘P—Lo), (@-10)) + M((®-20)) + U‘I’—2,1>
(52~ GMO(®10). (010 + M(@-22) + 7022

(851 M -10) (85,0, (0-0)) + M@0, (@2))). (529

25

D), (B)...) = (—)deeDdegE)Nr( . (E),(D),...). M(...,M(...),...)



The antifield number 2 part of the master equation is

9,82 9,501 9,81 9,6 ' /9,82 §5@
? * + ’ * +Z ? *
000’ 9P5_, 000’ 9P5_, 001, 005 _,_

p=0
9,50  5,56) L /a5 556 2. /6.8% 586G
+<a T AP b + 75, 70 =0
Do,0 <I>2,—1 p—0 P_1p (1)3,—l—p p—0 P_2p (1)4,—1—}7
(5.30)
Here
9,5 1 . .
=— nM((P5_1), nP-1,0), (P-1,0)) — M (P35 _1), (P-20))
0@070 2
1 * 1 *
+ oM ((®5,_2), M((2-1,0)), (2-10)) = 50 M ((2-1,0), M((P5_2), (P-1,0)))
* 1 *
—nM((P3_5), (P-2,1)) — 577M((‘1>2,_1)2a (n®-1,0), (®-10))
—nM((®5_1)*, (®-20)), (5.31)
9,8 1 . 1 .
9% _1, :§M((77(I)71,0)> @3,—1)) - 57]M((<I>,170), (©3,—1))
1 . 1 X
— 5 M(M((2-10)), (23,-2)) + M (M((2-10), (®52)))
1 * 1 *
+ §M((¢>2,_1)2, (n®-1,0)) — 50M((¢2,_1)2, (®-1,0)), (5.32)
9,52
5o =" (5.33)
9,52 . .
9 = M((®3_1)) + M((¢27_1)2), (5.34)
—2,0
9,52 . .
0051 =n®; 1+ M((P3_5)), (5.35)
37~S(2) .
8@_2 ) = T]q)37_2. (536)
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However, eq(5.30) has no solution. We write details of the calculation hereinafter. We
calculate the terms which includes ®3 _, and three ®_; ¢ in eq(5.30).

(SIM(®5 ), M(@10), (@100 M((@-10))

= (M (@100 (@5, 2), (@100, M(@-10) )
— (M5 M(@-10), GH(r2-10). (B-10))
+ (GO ), (@-10). M (2-10),(2-10)

283 983 98B
M M((®% —_— o — ) = .
+ < ’6@37,1 + ((®3_2)), 9%; + (NP3 _9, 9%; 0 (5.37)

The terms of the left hand side are

(First term) = <<I>§7_2, — % (M((®-1,0)), M((n®-10)), (‘1)1,0))>
= (5 = MOI(@-10) M (1-10)). (B-10)
LM (@ 1)) (@ 10)
M@0 0100, (5.38)

(Second term) = <<I>§_2, %M(M(M((nq)—m)), (®_10)), ((I)—l,O))>

= (8520 — (oM OIOI(@-10). (B-10), (2-10)

— IMOIM(® 1)), (2-10)), (19 10))

— IMM M (12-10). (2-10))). (2-10))

— DML 1) M. (@10) (o)) (29)
(Tl term) = (.~ MOL(®-10) M((00-10). @-10)) ), (6.40)
(Fourth term) = <¢§72, iM(M(M((n(ID_LO), (®_10))), (@_170))>. (5.41)
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We used cyclicity (3.21), A relation M? = 0 and [M, 5] = 0. The sum of the terms from
first to fourth is

(520 = oM OI(@-10)", (@-10)

—i??M(M(M(((I’—LO)) (®-1,0)), (®-10))
LM, (@ 10), (n@-10)), (@_10))

M(M((@-1,0)), M((n®-10)), (P-1,0))
(M((®-10))* (1®-1,0))

(M(M((P-1,0)); (P-1,0)), (nP-10))

5

=

PN U S N

MOM((18-10). (2-10)),M((®-10) ) (5.42)

= (M, = JM(@10) (10 -10), M5, ), (@-10)) = FH(@-10). M(@-10), (85 ), (12-100) )
(M5, M<M<<<1>_1,o>>,<n<1>_1,o>,<<1>_1,o>>>
(105, MOI(®-10))% (0-10) = [ IO(@-10)) (810, (2-10)) )

+( %M(M(M((@fl,o))a (1-10), (@-10) ). (5.43)

The last term does not vanish while the others can be canceled by

9SG 953 985G
M M (D3 B AnS S
< ’8(1)37_1 + (P35 _2)), 995, +( 193,-2, 0P,

One may think that the remaining term can vanish in a good way, but all the string field
derivatives of S are used to cancel the other terms of eq(5.30) as shown in Appendix A.
Therefore, the equation is not completed at least. We can carry out a similar calculation
by using BV variation, but we fail to construct the BV action as it is written in Appendix
B. We need some contrivances to construct the BV action.

6 Linear BV approach

In the previous section, we worked on the naive BV approach, which causes the breakdown.
As aresolution, we add an extra set of fields and antifields, and give a solution to the master
equation.
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6.1 Modification of requirements

We tried to construct BV action satisfying the conventional requirements which is written
in subsection 5.2. There is, however, no solution satisfying the three requirements. We
have to modify the properties.

In the naive construction, S®) do not have degrees of freedom to cancel the terms which
include two <I>§7_2 and three ®_; g. To solve this problem, we add some fields.

Even if two string fields have the same ghost number and picture number, they need
not necessarily be the same field. We change the first requirement in the previous section
and double the fields and antifields. Let the set of fields and antifields A be

A=A{bgp (Bg3)"s dops (G55 10<g, 0<p<g, reN} (6.1)
The antibracket is defined as

o-F 9 o-F  0G o-F 909G o-F  0G
F,G + — - .
(G =2 2 2. (%328(@;) 0bp O(dap)*  dgp)* 0dgp  Odgp)* am)

g>00<p<g T
(6.2)

The string fields are defined as
_g7p Z ¢97p _gvp (63)

*g P Z (bg,p fg,p (64)

Py 1= D (055127 ), (6.5)

T

®33 1 = D (G50) 7120 ) (6.6)

T

6.2 Linear BV approach

In the naive approach, the terms in which there are interactions between ghost fields
violated the master equation. Then we solve the master equation as such terms are canceled
at each antifield number part.

We expand a action with antifield number

[o.¢]
Slinear _ Z S(n)’ (67)
n=0
and we set
L (b 102 1 (68)
= D54+ P59, mMm 6.8
nz:l nr1\ P00 0,0 n{ " 77(‘1’(1),0 n @(2)70)
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s _@*1 1 M((‘I)lq,o + @271’0)) + 77¢£1,1>

@2 1 —M((‘I’l—m + ‘I)Q—Lo)) + 77‘1)2—1,1> (6.9)
where
M((A)) M 1 RA® L (6.10)
=T . .
1—n(®g0 + 5 o) 1—n(®g + B o)

The antifield number 0 part of the master equation is complete.

<&s@ e%ﬂw> <@5m>g%gn>
b * + 7,#
0D, OP5L 095" 0952 |

1
=(mM , M((®L, 0+ @21 ) + 0@l
< L—n(®f, + PG o) Ho ' 7

M@+ 321 0)) + 77¢>2_1,1> —0. (6.11)

The antifield number 1 part of the master equation is

2 < s 9,80 >+ <5T5(0) 9,8 >+ < 9,5 9,52 >+ < 9,50 9,52 >
= ('9(1)6”0’ 8@*m 8@670’ 8@33711 8<I>T1’0’ 8<I>*m 8<I>T_”1,1’ 8<I>§fﬁ2
< M((@L1 0+ 21 0), (R5L1)) + nM((®L, o+ D2, o), (B52))),
M(@£1,0 + ‘P2—1,0)) + 77¢£1,1 - M((@£1,0 + ‘I’%l,o)) + 77(1’71,1>
2
9,52
M,
+< 6@*m1>

m=1

il\g

. 95?583
(MU@5) ~ MAOE)), g+ )
3,—1 3,—1

315(2) N 315(2)
+<n<I>*1_ s e ) (NP, S ) =0. (6.12)
a 8@3,1—2 a1 a(I)S,Q—Q

The solution is

()
gﬁm =0 (m=1,2), (6.13)
2,-1
9,52
ooxl . M((‘I)l—zo + (1)2—2,0>) + 77‘1’1,271, (6.14)
3,—
95®
8&)*2 = —M((®Lyy+ q’z—z,o)) + 77‘1’2—2,1, (6.15)
31
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9,8

S = MLy +0251)) +7®Ly, (6.16)
3,—2
8@ . ) )
02 . _M((q)—m + ‘I’—2,1)) + 0P 9. (6.17)
3,—2

Therefore

S <‘I’3 1 M((‘I’l—z,o + ‘1’2—2,0)) + 77‘1)1—2,1>
<‘I’3 —2s M((q)l—z,l + q’2—2,1)) + U‘I’1—2,2>

<‘I’ —M((‘I’l—z,o + ‘I’Q—z,o)) + 77‘1)2—2,1>

<‘I’3 —2s _M((‘I’£2,1 + @%2,1)) + U‘I’%z,2>- (6.18)
After all, the action is
Slinear — Z S(n) (619)
n=0
where
= i L DG o+ PF o, mMn ! (6.20)
ontl 7 ’ L—n(®g0+ PG )

k
s® :Z<(I)k+1 i M(@L oy + @2y 0)) + 0y )

+ Z k+1 —j (((I)l—k,j—l + (I)z—k,j—l)) + U‘pz—k,ﬂ (k> 1). (6.21)

The master equation {Shnear, Shnear} = ( is completed.

However, S is not equal to the original action. There are extra dynamical fields. Then
this action does not satisfy the boundary condition. We need to find constraints which
exclude additional degrees of freedom.

7 Constrained BV approach

Linear BV approach can construct a classical master action. However, the physical meaning
is not clear. We investigate other approaches in this section [24]. We add extra fields to
the minimal set of fields and impose constraints considered by Berkovits [20] in this time.
We modify the antibracket with constraints and define Dirac antibracket. We calculate the
master equation with this Dirac bracket.
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7.1 Extra set of fields and antifields

We introduce an extra set of space-time ghosts
Ak ={¢"1_45 _,l0<g, 0<p<yg, reN} (7.1)

which carry negative space-time ghost number. It provides an extra set of ghost string
fields {®y4+1,—p[0 < g, 0 < p < g} via

g+1 -p — Zﬁbr 1—g,— p| g+1, —p> (7-2)

For these extra space-time ghosts, we introduce their space-time antifields
A =011 4 p)l0<g, 0<p<yg, reN} (7.3)

Unlike ghost string fields in the BV formalism, there is no criteria or rule for how to
assemble string antifields. The BV formalism just suggests that how or what kind of ghost
string fields are provided from the gauge invariance, that one can introduce their space-
time antifields such that the antibracket takes the Darboux form, and that a given master
action is proper or not. In general, the anti string field (®_,,)* takes the following form
24)

((I)—g,p)* = Z( ;,p)*|gvp;r>7 (74)
where /
l9:57) = D a4ty h) Boh—1-q): (7.5)
h,q,r’

r,r’ :
Ay p) (hig) BYE cOnstants. For example, eq(4.49) gives

7(ag7:p) (h q) ( )g(p+1)5rc’r/(5 ,hép,Q' (76)

These antifields satisfy (@, (®4,)*) # 0 formally.
We consider the nonminimal set of fields and antifields

A =Anin © Aex
={bgpr W1 g (D) (114 )" 10<g, 0<p<g, reN} (7.7)
where
Aex = Acx @ Al (7.8)
and define an antibracket acting on this A by
o.F 0,G o-F  0G
(=35 (5 ~ w6y o) (79

gEZ p,r
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Since there are extra degrees of freedom in this phase space, we have to introduce a set
of constraints {I';} which cancel them. When the constraints are second class, the BV
antibracket need to be modified using the Dirac procedure [19].

{F, G}D = {F7 G} - Z{F, Fa}({Fv F}_l)ab{rav G} (7'10)
a,b

A second class constraint ', has constraints I'y, which satisfies {I'y, 'y} # 0 . On the other
hand, a first class constraint I, satisfies {I'y,I',} = 0 for all constraints I',. This modified
antibracket is called Dirac antibracket. We will construct a master action Sgy based on
this redundant set of fields and antifields.

7.2 Constrained BV action

Let {®_,4,} be a set of dynamical, ghost and extra-ghost string fields. We write ¢ for the

sum of fields for brevity,
o= Z Dy, (7.11)
9.p

As proposed by Berkovits[20], we take the following constrained BV action

! 1
BV = dt M 12
SBV /o <90, MM 757790>7 (7.12)

which has the same form as the original action. The anti string fields (®_,,)* are intro-
duced into Sgy via constraints.

Note that action (7.12) has special property. One can split fields into n-exact and
&-exact components as

P gp= Z%p né+&nzZl,,) = Zqﬁ z" +Zqﬁ Z, ) (7.13)

where \Zi”gp) are n-exact and \Zig%p) are £-exact. For any pairs of (g, p), we find

8 COH 8 SCOH
l = <Zgqu7 M> =0, = (714)
aébg,p ’ Odbglp
We impose the constraint I'y , [20]
Lop=(P—gp)" = nP1tg,—p. (7.15)

Anti string fields are defined as eq(4.49) with this constraint. This constraint implies first
class constraint
n(P_gp)* =0, (7.16)
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which generates the gauge transformation
0P _gp=n> N|ZTy 1 ,01) (7.17)
T

So the constraint (7.15) has first class and second class pieces [20]. In other words, splitting
fields and antifields into n-exact and &-exact components, the space-time fields and antifields
of eq(7.15) are

(dgip)* =0, (7.18)
Z( gap) ‘Zigg*,p> Zn(b 1—g, p‘Zl-i—g7 > (719)
re r

£

Note that \Ziég*’ ) are n-exact and |Zi";p> are ¢-exact. The constraints (7.18) are first class
and the constraints (7.19) are second class.

We have two ways to define the Dirac bracket in such a case. The first one is to
introduce new constraints which fix the gauge invariance (7.17). For example,

€0 4, =0 (7.20)

that is
g7p = 0. (7.21)

In the presence of the new constraints, all of the constraints including (7.16) (7.18) become
second class constraints.

The second way is that we do not fix the first class gauge and define the Dirac bracket
only for operators which commute with the first class constraints. The Dirac bracket is
only defined for operators which are gauge invariant with respect to eq(7.17). In this case,
the matrix ({T',I'});," which is appeared in the Dirac bracket (7.10) is defined to be the
inverse of the matrix {I'y, ',} where a,b range only over the second class constraints. The
choice of how to split off these second class constraints from the first class constraints does
not cause ambiguities because the operators F, G in the Dirac bracket (7.10) vanishes in
the antibracket with the first class constraints.

We discuss only the second way in this thesis. The gauge transformations of space-time
fields generated by the first class constraints (7.18) are

06g’p = Aglp, (7.22)

and 55252%, are zero. Then, operators which are invariant with respect to the gauge trans-
formation (7.17) are (®_,4,)* and (I)é—g,p where

—gﬁp Z%W —g,p —gp Z%J’ —g,p (7'23)
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Because of eq(7.14), Spy is also gauge invariant with respect to the gauge transformation

(7.17).
The antibrackets of fields ®¢ and antifields (®)* without constraints are
(0%, (@_y )" Z 127 MZ7 050
{(P—gp)", 2> g.p Z‘Ziggp ’Ziég/,pfwg,g/dp,p”
{(I)—gp’ -9 p’} =0,

{(@—gp)"s (Pgr )} = 0.

The antibracket of the constraint is

{Fg,zh Fg/,p’} :{(q)f ,p)*7 _77(I>1+g/ fp/} + {_n‘blﬂﬁpv ((I)fg/,p’)*}
'r * r
- Z —Egﬁp —gg,p>5gﬁ(1+g/)5p7—p’

+Z 77|Z1+g p>|Zl+g p>5g,—(1+g’)5pﬁp/

Here if we set
Tex
’ng,p> = 77|Z1+g p>
then, by definition,

’f‘g*
1= <ngp’ ngp>

:<Z—gp’ Zlig )
<Zlig, p’angp>

< ‘Z1+g p> = n’Z—g,p>

Therefore,
{ 9,p» 9 0’ } =2 Z TE ig,p>5g7_(1+g/)5p7_p/
=2 Z 1+g pHZHg p>59ﬁ(1+g/)5p7—p

rlx

) T
=2 Z o n‘ng/,p/> |ng/,p’>597—(1+9')5p7—p
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(7.28)

(7.29)

(7.30)
(7.31)

(7.32)

(7.33)

(7.34)



The inverse of this antibracket is

- 1 rex
(i, F})(;P)y(gl’]”) D) Z<Z—€g’7p"§<zigg',p’|5g,f(1+g’)5p,—p’ (7.35)
re
1 T r *
T2 Z<Z—£97P‘< —sgp|§5 —(14¢)0p,—p'- (7.36)
Te

The Dirac brackets of the constraints are
{Lgp: Ty p}p=0. (7.37)

The Dirac antibrackets of the operators are

{q)—g Y (@_9 P’ }D — = Z ’Z—gp "'5* >5g g’(spp y (738)
{(q)*g,p)*a (I) 5 Z |Zi§g*p ‘Zigg/,p/>6g,g/6p,p’a (739)
{(I)—g P’ 5gﬁp} - _*’Z—g p>§|ZZ€g*p> g, —(1+9) 00", —p> (7.40)

{((I)*gm)*a ((I)—g’,p/)*}D = (—)1+g§|ZZEg*,p> ‘Z—gp> g —(1+9)5p'7—p' (7.41)

Since the master action does not include antifields, the antibracket of the master actions
without constraints {SEY, S5} is zero, and antibrackets of the master action and con-

straints are

n n * 8 Scon 7" Te*
{S]%R/arg,p} = {S]CBO\H ((I)*%p) } = (_) Z <6®§BV ) gg,p> |ng7p>7 (742)
—g,p

—g9,p’ f
8@_9713

con * gcon Te* 7" alscon
{ 7P7S } {((D_QP BV = Z |Z—€g,p < ‘ BV > : (743)
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Then, the master equation with the constraints (7.15) is

{SBV, SBV D

_ 1 g+1 8 S]%V ZTE er* A E VA £ 8l Con
- 5(7) Z Py —9:p —g,p £ 1+g,—p 1+g,—p Py
g,p,?ﬁg,r'5 —9,p 1+g,—p
B Z< COH g alSCOH >
S 5 ,
8(1)7917 8(I)l+g,
1 1 1
=—c <771M , EmM >
2 I—ne I —ne
1
= <¢, 7r1M27rn1 — nso> =0. (7.44)

We used the completeness (4.16), (4.17). Then the Sy satisfies the master equation. This
action does not have kinetic terms for ®_,, (¢ > 0,p =g)

con 1 *
SR =5(R00, QnPoo) +Y_ D (B—gp)", QP_1_gy)

920 0<p<yg
+ [ary

1
w, mMm,—— ). (7.45)
e L —tne

Fields ®_,, (p=g,9 > 0) are auxiliary fields which act as lagrange multiplier.

8 Conclusion

We tried to construct BV action of superstring field theory in the large Hilbert space
naively. However, it failed under the condition written in the section 5. We proposed two
approaches to overcome this problem:linear BV approach, constrained BV approach.

In linear BV approach, we add extra fields to cancel interaction terms between ghost
fields in the master equation. The boundary condition of the master equation S is
different from the original action and the physical meaning of the additional fields is not
clear.

In constrained BV approach, we introduce additional fields and constraints. These con-
straints make all the anti string fields n-exact. It does not affect the master equation since
the master action is independent of the space-time fields on n-exact basis. In this con-
struction, fields ®_, ,—, do not have kinetic terms. Then, they are considered as auxiliary
fields.

Constructing classical BV action is an important step to quantize the string field. These
approach will be helpful to accomplish this purpose.
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Appendix A
The master equation for antifield number 2 is

9,82 9,80 9,81 9,8 L /9,82 §5®
, + , +)° ,
0% 05 _, 0o ' 05 _, 00_1, 003 _,

p:O -p

9,50 5,50 L /9.5 556 2. /9.5 5563
+ e )Y = +3 = =0. (A1)
9000 005, ) T L\ 9D, 9B5 02, 05 _,_,

—p p—0 —

The terms for one <I>§,71 and three ®_; o in the left hand side are

<—;77M((‘1>§,_1), (n®-1,0), (®-1,0)), M((<I>170))>

%M((n@—m)a (‘I’—LO))>

(G100, (85 2)) — 30010, (5, ),

315(3) . 315(3)
+ <M7 oD* + M(((I)&—l))? od*
27_1 (4)3,71)7((1)71,0)3 47_1 (@7170)3
i} 9,83
+ <77‘1)3,—1a 90 (A.2)
4,-21(®_1,0)3
where %ﬁl'@;,l),(@q,oﬁ represents the terms for one ®3 _; and three ®_; ¢ in ggf)l.

8,53

‘ d 8,53
00y 1 1(®-1,0)3

9%, ‘( b 0)F A€ defined in the same way. The first term plus the
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second term is

(= M5 ). (1910, (@-10)), M(@-10)
)

(@3 _1, nM((nP-1,0), M((®-10)), (®-10)))
(@51, M(M((n®-1,0)*, (®-10))))
<CI>3 —1 M(Mv (77(1)—1,0)27 ((I)—I,O))>

(@31, nM((nP-1,0), M((®-1,0)), (P-1,)))

»b\»—wb\»—wb\r—wb\'—*ﬂk

We used (M)? = 0. The solution is

@56)
8<I>§’_1

(®5,_1),(P-1,0)3

9,83
0},

= iM((mILLo)Q, (®-10)),

(®-1,0)3

9,8
(‘3(1)17_2

= M1 1), (B 10), M((®-10)).

(®-1,0)3

The terms for ®3 _,®_1 9, P_2 in the master equation are

(AN (@), (@-20)), M(®10))
(G100, (851)) = Z0M(®-10). (85, ), M((@-20))

(3)
M, 8lS
= 0.

. 8,5®3)
> + <M(((I’3,—1)), BfT
—1):(®=1,0),(®-2,0) 4,-1

(‘1>1,0),(<1>2,0)>
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815

<‘1>3 —1 M((n®-10), M((n®-10)), (®-10))) + 7 (P31, M((n®-10

_ iM«n@_I,o)?, (@-1,0), (@5_,)),

(¢’—1,0)7(¢’—2,0)>

(A.3)



The first term and the second term of the left hand side in this equation are
(=M ((®3 1), (®-20)), M((®-10)))

(G100 (85, 0) — rM(@-10), (85 0). M(@-20))

:1<<I>§ 1, M((n®_ 10) ((@—2,0))

)
@5 MOI((0% 1)), (220)))
=SB M (((@20)), (1)
@5y MOM((®50), (19 10)) + (85 _y, MOM, (@ 50), (08 10)))  (A8)

Then, we obtain

8,53
b = M((n®-10). (-20), (¥ 1)), (A.9)
2,-1 (@5 _1):(®-1,0),(®—2,0)
8,53)
oo M((n® 1), (®20)) (A.10)
4,-11(®-1,0),(®-2,0)
98B 1
oo = S M((®-10), M((2-20))) (A.11)
4,-21(®-1,0),(®-2,0)
The terms for (I{i;_l, D_19,P o are
1 *
5 (M((®5 1), (1®-10)), NP-2.1)
(3) (3)
v <n<1>§,_1, A > + <M<<<1>z;,_1>>, o > 0. (A1)
4,-21(®_1,0),(P-2,1) 4,—11(®-1,0),(P-2,1)
Therefore,
53) 1
90 = S M((2-10). (1221)). (A13)
4,—-21(®_-1,0),(P-2,1)
8“2(3) =0. (A.14)
P11 l(@ 1 0),(@ 21)
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The terms for ®3 5, ®_19,P_1 are

(=M (93 _2), (®-2,1)), M((®-10)))
1

1 *
+ (=g MOM(@-10), (85 3)) + MOI(@-10), (82021
9,83 . 9,53)
+ <M oo > + <M<<<1>3,_2>>, e
2,-1 —2)(®-1,0),(P-2,1) 4,-21(®_1,0),(P-2,1)
. <77 a,s 0 >
-2 *
0% 3|0 1 0).(@ o)
=0.

(A.15)
Substituting eq(A.13),

(LHS) = {5y, — MM (1), (B-2) + M (182 M(B-10))

— SMOT(2-21)). (B-10) + SMOL(@-10), (19-20)) )

+<M 9,83 > N <77<I>* ;53 >
y PE 3-2 Aar
03 1 l(@5 ) (@10, (@-21) 0% —31(@_1,0),(9-2.)

(A.16)
Then, the solution is
SB) 1
900 = SM((®-10), (19 -21), (83 ). (A.17)
2,—11(®5 _5),(®-1,0),(P—2,1)
9,5(3)
T = —MM((®-10)). (-2.)) (A.18)
4,-31(®-1,0),(P-2,1)
The terms for @3 _,, @1, P2 are
1 * ]' *
(= MO(@-10)), (85 2) + FMOM(@-10), (5 ), M(@-20))
9,8 9,83
+{ M(P5_5)), 50— +{ NP5 o, s
< 0Py (®-1,0),(®-2,0) 0Pi,_3 (2-1,0),(®-2,0)
3)
+ <M, 815* > =0. (A.19)
0%3, 1 (@3, 2),(®-1,0),(—2,0)
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Using eq(A.11), the solution is

a“z(g) =0, (A.20)
0%},—3 (®-1,0),(®-2,0)
9,53 .
I =M ((®-20). M((®-10), (¥5 )
2,=1 (@5 _5),(P-1,0),(®—2,0)
]' *
= 5 M(M((2-2,0)), (2-10), (®5,-2)). (A.21)

The terms for two @5771, D_10,P o1 are

1
(5@ (r2-r0), 702 )

(3) (3)
<M P > . <M<<<I>;,_1>>, a5 >
4,=11(®-1,0),(®—2,1) 3,=11(@F _1),(-1,0),(2-2,1)
9,8®) > < 5,5®) >
+ 2,—1» * + Ma * = 0
< 05 @y ) (1000 2 03 1 l@3_)2(@-1.0)(@-21)
(A.22)
E%?i)l ‘(cb_Lo)’(‘I’—Q’l) is already fixed in eq(A.14). The solution is
3)
3815* =0, (A.23)
51 (®3,_1),(®-1,0),(®-2,1)
815(3) 1 .
Bry: = _§M((@—1,0)7 (n®P-21),(®3_1)), (A.24)
3,2 1(®3 _1),(P-1,0),(®-2,1)
(3)
oS — 0. (A.25)
0051 l@5 )2 (@ 10).(@21)
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The terms for two ®3 _; and three ®_; are

<—;77M((‘1>§,_1)2a (n®-1,0), (®-1,0)), M((‘I’l,o))>
# (=nM(®-10). (03 1)), G100, (85,0, (8-10))

(G P (10-10) = rM((®5 )% (010, M (10-10).(2-10)))

2 2
(3)
+ <M o5 >
(@5 _1),(®-1,0)3

' 9%5
98¢
> + <M((<I>§,1)2), afT > —0. (A.26)
(®3,_1),(P-1,0)3 4,-11(®_1,0)3

Because of eq(A.4), S® includes the term %@)3,717 M((n®-1,0)% (®-10),(®5_1))). Then,

we obtain

. 9,8
+{ M((®3_1)), 5%
(@3 _1)%(®-1,0)3 3,—1

. 9,8
+ <77q)2,17 9r
3,—2

515(3)
0%

= M 10 (B 1), (95,)). (A27)

(@3, _1),(®-1,0)°

We substitute this and eq(A.5). Then, the solution is

(3)
e, o oy~ 0030, 1810, (B-10)
- EM(M((‘ILLO)» (@3, 1)), (1P-1,0), (P-10))
— IMOI((®10), (5), 00 10)), (210))  (A28)

) S(3)
03,

1 *
( 12,( 3 = gM((q)—l,O)7 (77@—1,0)27 (@2771)2) (A29)
q)g,—l ’ CI:'—1,0
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The terms for two @5 ;,®_10,P 50 are

(=M (@3 1)% (®-20)), M((P-1,0)))
+ (=M (P2, 1), (®-10)), M((P3 1), (P-20)))

(G5 0% 010-10) = V(5% (810, M((@-20))

9SG . 8,5®)
+ <M7 9% +{ M((®3_1)), 90
2,-11(®5 _1)2.(®-1,0),(®-2,0) 3,—11(®5 _1),(®-1,0),(®-2,0)
. 9,8®) . 9,83
+ <77‘I)2,1a 7r L + M((q)2,71)2)7 95 = 0.
3,—21(®3 _1),(®-1,0),(®-2,0) 4,—11(@-1,0),(®-2,0)
(A.30)
We use eq(A.9), eq(A.10), eq(A.21), and the solution is
9SG .
90 = —M((®3 )%, (n®-10), (2-20)).  (A31)
2,115 _1)?(®-1,0),(®-2,0)

All the terms are canceled by the derivatives of S except the terms for ¢35 _5 and

three ®_1 . There is no remaining degrees of freedom of S () to cancel the left terms, so
the master equation (5.30) is not completed.

Appendix B

BV variation is defined as
dpvA ={S, A} (B.1)

S is the BV action (5.1). We will calculate BV variations of the action expanded by antifield
number, and construct the action to satisfy dgyS = 0. The BV variation of the original
action is

v S = (6gy®o 0@, M). (B.2)

Here
ars(l) alg(l)
0%, 0%y

Sy ®@00| ¥ = {8, @0}|© = (B.3)

The antifield number 1 action S™) includes one @;}_1 and does not include other antifields.
The BV variation of ®3 _; with antifield number 0 is

0 = 0,5

gay. M (B.4)

*
opv®s 4
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Then, the BV variation of S with antifield number 0 is

8,5 9,51
5SM|O = (gpy@s |, (M, = . B.5
S| Bv®; 1|, o9, 5w, (B.5)
Since the BV variation of ® ,, (g > 2) is
9,5
* 1(0) — rgp* Oy __ 9w "
5BV(I)g,p| {(I)g,p7S } a¢2_97_1_p 0 (g > 2)7 (B6)
we obtain "
Sy S™|©) = <5BV<1>;HJ,\<0>, 3’S> =0 (n>2). (B.7)
8(I)nJrl,p
Therefore, the BV variation of the BV action with antifield number 0 is
1)
ov S| = 6y (S© 4+ SWY|© = 2{ M, 05T\ (B.8)
(9@;7_1

BV variations of the action with each antifield number vanish. Then

ovS|© = 0. (B.9)
The solution is
SW = (@3 1, M((®-1,0)) +n®_11). (B.10)
The BV variation of the action with antifield number 1 is
(2)
Spv SO = (5py g o|V, M) = { M, 957 , (B.11)
’ 8<I>’2‘7_1

Sy SW|M =(0py @5 1|V, M((®-10)) +n®_11) + (®5_;, M((0ev®_10/?)))
—(®5,_1, M((n3Bv®0,0|), (2-1,0))) + (®5_1, npv®-1,1|")

* L as®
@31, MO (-0) (B10) + (M@ ), o)
3.1
. 315(2)
+ <n‘1>2,1, aq>;g7_2>' (B.12)

A term of S includes two ®5 |, one ®% _; or one &% _,, so

9,53 Ly 0S® L 95®@
gy S@|W =<5Bv‘1>* 19, *> + <5Bv‘1>* Y, o= + ( OBy @3 oM, =2
2,—1 aq)z_l 3,—1 8@3’_1 3,—2 a(I)3’_2

315(2) 515(2) 315(2)
=( M M((D} —_— i —_— B.1
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Here 0y S| =0 (n > 3) as it is showed in the same way with eq(B.7). Therefore, the
BV variation of the action with antifield number 1 is

gy S| =2(®5 1, M(M((n®-10)),(®-10)))

9,8 9,8 9,8
20 M 2( M((®3 2( nd} — ). (B.14
+ < ) 8¢§7_1>+ < ((®3,-1)), 8<I>§7_1>+ <77 21> 8<I>§’_2> ( )

The solution of dgy S| =0 is
52— (5 GM(O08-10), (@-10)) + M((B-20)) + 1021 )
+ <q)§,—2a *%M(M((‘Pfl,o))? (®-10)) + M((2-21)) + 77‘1’2,2>
(50 (100, (0510, (Bo20) + 3M(@5 1. (B20)) (B3

We calculate 6y S|(?) in the same way and see the terms which include one ¢35 _, and
three ®_q g.

SOV o = <§nM<<<I>§,_2>, M((®-10)), (P-1,0)); M<<<1>_1,o>>>
~ (M@0 M5 ), (@10, M(@-10))
— (35 M(@-10)), JM(2-10) (B-10))

(MO 2). (B10), FH(10), (@-10)

953 9,5®) 953
M M((®3 == S
+< ’8@5,—1 =+ ((®3_2)), 005, + (NP3 o, 0%;

(B.16)

5]3\15\2%7_2),@_170)3 = 0 is equivalent to eq(5.37). We have no proper S,
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