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VALIDITY OF FORMAL ASYMPTOTIC EXPANSIONS FOR
SINGULARLY PERTURBED COMPETITION-DIFFUSION
SYSTEMS

RYUNOSUKE MORI

ABSTRACT. We consider a two-species competition-diffusion system involving
a small parameter € > 0 and discuss the validity of formal asymptotic expan-
sions of solutions near the sharp interface limit € ~ 0. We assume that the
corresponding ODE system has two stable equilibria. As in the scalar Allen—
Cahn equation, it is known that the motion of the sharp interfaces of such
systems is governed by the mean curvature flow with a driving force. The for-
mal expansion also suggests that the profile of the transition layers converges
to that of a traveling wave solution as ¢ — 0. In this paper, we rigorously
verify this latter ansatz for a large class of initial data.

The proof relies on a rescaling argument, the super—subsolution method and
a Liouville type theorem for eternal solutions of parabolic systems. Roughly
speaking, the Liouville type theorem states that any eternal solution that lies
between two traveling waves is itself a traveling wave. The same Liouville type
theorem was established for the scalar Allen—Cahn equation by Berestycki and
Hamel. In view of their importance, we prove the Liouville type theorems
in a rather general framework, not only for two-species competition-diffusion
systems but also for m-species cooperation-diffusion systems possibly with
time periodic or spatially periodic coefficients.

1. INTRODUCTION
We consider the following Lotka—Volterra competition-diffusion system:
euy = D1V - (k(z)Vu) + @(Rl —au—bhv)u, ze€Q, t>0,
evy = €DV - (k(z)Vv) + @(Rg —agu —bov)v, TEQ, t>0,

Ou/dv = dv/ov =0, x €00, t>0,

U(:L',O) = uO(‘T)v U(SL’,O) = vo(.’E), r €,

(1.1)

where ¢ is a positive parameter, (2 is a bounded domain in R, 9/9v is the outward
normal derivative on 09, R;,a;,b;, D; (i = 1,2) are positive constants and k(z),
h(z) are positive smooth functions. Our focus is on the behavior of solutions when
€ is very small.

In the case of scalar Allen—-Cahn equation, its singular limit has been studied by
many researchers. It is known that, when e is very small, solutions starting from
rather general initial data develop steep transition layers — or interface — within
a very short time (generation of interface), and that the motion of these transition
layers is well approximated by the spatially heterogeneous mean curvature flow
(motion of interface). There is extensive literature on this subject, particularly on
the motion of interface. We do not give a large list of references here. On the other
hand, there are much fewer rigorous studies that cover both the generation and
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the motion of interface; see for example, [1, 2, 7, 15]. In many of those studies,
formal asymptotic expansions near the transition layers are used to make a rough
approximation of the actual behavior of solutions and are also used to construct
super- and subsolutions to establish the limit motion law of the sharp interface
rigorously. X. Chen [7] shows that the Hausdorff distance between the layer of
the actual solution and the limit interface is of order O(e|loge|) for rather general
initial data. Alfaro, Matano and Hilhorst [1] improve this interface error estimate
to O(e).

As regards the profile of interface, Bellettini and Paolini [4] and de Mottoni
and Schatzman [16] show that the real solution is well approximated by the formal
expansion within an error margin of O(¢2|log |?) and O(e?), at least on a finite time
interval, provided that the initial data is already sufficiently close to the formal
expansion. However, whether the actual solutions that start from arbitrary initial
data really possess a profile predicted by the formal expansion or not remained long
open. In Alfaro and Matano [2], this question was answered affirmatively for a large
class of initial data by showing rigorously that the solution converges uniformly to
the principal term of the formal expansion as ¢ — 0.

In the case of the two-species competition-diffusion system of the form (1.1), its
singular limit has been studied by Ei and Yanagida [9] and Hilhorst et al. [11]. Ei
and Yanagida [9] prove that the Hausdorff distance between the layer of the actual
solution and the limit interface is of order O(g|logel) for a class of initial data
which already have steep transition layers. Hilhorst et al. [11] prove that the width
of the transition layer is of order O(e) and that the interface converges as ¢ — 0
to a time-dependent hypersurface whose motion is governed by the mean curvature
flow with a driving force. However, to what extent the formal expansion represents
the actual profile of the solution was not studied. Our goal is to prove the validity
of this formal expansion; namely, we show that the solution profile of (1.1) near
the interface converges uniformly to the principal term of the formal expansion for
a rather general class of initial data.

Throughout this paper, we assume

R, b
@<11

(1.2) i < b
under this assumption, the corresponding ODE system

= f(u,v), teR,
(1.3) v = g(u,v), t €R,

u(0;ug, vo) = ug, v(0;ug,ve) = vo
has precisely four equilibria: two stable nodes
pt = (Ry/a1,0), p~ := (0, Ry/by),
a saddle point

b2R1 — b1R2 a1R2 — CL2R1>

arby — azby ’ a1by — agby

du
dt

(u*,v*) = (
and an unstable node (0,0). Here @ = ¢* and
flu,v) := (Ry — a1u — b1v)u, g(u,v) := (R — agu — bav)v.

We also assume:
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Assumption 1. The following system has a solution:
D,U" + f(U, V) =0, z € R,
(1.4) DoV +g(U, V) =0, z € R,
(U(=00),V(=00)) = (R1/a1,0), (U(+00),V(+00)) = (0, R2/by).

This assumption implies that the diffusion system
(1 ) Ut:Dlez+f(U,V), z€R, teR,

5

Vi=DsV,,+¢g(U V), zeR teR

has a stationary wave solution.

The existence and uniqueness of a traveling wave solution of (1.5) are shown by
Kan-on [13] under the condition (1.2). The paper also shows continuously depen-
dence of the traveling wave speed on the coefficients of the competition-diffusion
system.

As e — 0, by a formal asymptotic analysis, the solution (u®,v¢) of (1.1) tends to
a step function whose values are (R1/a1,0), (0, R2/b2) and the boundary I'(¢) of the
domain in which (u®, v®) converges to (R;/a1,0) moves according to the following
equation

(1.6) V = —Cy(N - Dk(z)x — cla%k(x) - W;K(m.

Here V is the normal velocity, x is the mean curvature and n is the unit normal
vector of I'(t) and Cy > 0 and Cs are constants defined by (2.16) in Section 2. K(x)
is defined by

Let S denote the stable manifold of (u*,v*) of (1.3), that is,
S = {(6m) € Ry x By | lim (ulr:€,m),0(r:€,m) = (u,07)),

where Ry := (0,00) and (u(7;&,7n),v(7;&,7n)) is a solution of (1.3) with initial data
(&,m). S is called a separatrix and

Ry x RN\S = A1 UA,,

where

Ar={(&n) € Ry xRy | Tim (u(73€,7),0(r5€,m)) = (R1/a1,0)},

Ay o= {(€0) € Ry x By | lim (ufr:€,m),v(r:€,m) = (0, Ba/bo)}.
For the proof of this result, see Chapter 12 of Hirsch and Smale [12].
Remark 1.1. The stable manifold S of (u*,v*) of (1.3) can be described as follows.
(1.7) S ={(u,v) e Ry xRy | H(u,v) =0},
where H € C(Ry x Ry) N C®(R, x R,) satisfies

H(0,0) =0, Hy,(u,v) <0 and H,(u,v) >0 for w>0, v>0.
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Moreover there is a function ¢ € C(R;) N C*>(R,) such that ¢'(u) > 0 for u > 0
and

C(u*)=v*, H(u,v)=v—C_(u) for u>0, v>0 or

C(w*)=w*, H(u,v)=¢@w)—u for ©v>0, v>0.
In fact, by geometric theory of ODE systems, (1.3) has a locally stable manifold

{(u,C(u)) | u* —eg <u <u*+ep},

where ¢ is a smooth function satistfying ¢’(u*) > 0, {(u*) = v* and
du flu,¢(w)
Let ((u), u € (Uy,U*) be a function satisfying ¢'(v*) > 0, ((u*) = v* and (1.8)
which has the maximal interval of existence. From (’(u*) > 0, ((u*) = v*, (1.8)
and

(1.8)

f>0,g>0 on (0,u")x (0,v"),
<0, g<0 on (u*,00) x (v*,00),

¢ is strictly increasing in (U,,U*). Since, for each (ug,vg) € (0,u*) x (0,v*), the
solution (u(t; ug,vo), v(t; up,vo)) of (1.3) tends to (0,0) as t — —oo0,

U.=0 and lim ((u)=0.

u—U.
Furthermore it is also easily obtained that
(1) U* =0 or
(2) U* <ooand lim ((u) = co.
u—U*

In the case that (1) holds, we may put H(u,v) = v — ((u). In the case that (2)
holds, we may put H(u,v) = (~'(v) — u. Therefore (1.7) holds.
On the other hand, a solution (U, V) of (1.4) satisfies

U'(z) <0, V'(2) >0 (z €R).
Therefore if H(u,v) =v — ¢((u), then
H(U(=00),V(-00)) = H(Ri/a1,0) = —((R1/a1) <0,
H(U(400),V(+00)) = H(0, Rz /bz) = R2/bz > 0,

(1.9) dizH(U’ V)= (H.,(U,V),H,(U,V))- (U, V") >0.
Hence (U(2),V(2)) (# € R) and S = {(u,v) | H(u,v) = 0} intersect at exact one
point, transversely.

We define T’y as follows:

Do :={z € Q| (uo(x),vo(z)) € S}

and we assume:
Assumption 2. ug, vy are continuous on €2 and satisfy |ug| + |vo| > 0 on €.
Assumption 3. I’y is a smooth closed hypersurface in  and satisfies ['o N9 = (.

Assumption 4. The classical solution I'(t) of (1.6) with initial data I'(0) = Ty
exists on an interval 0 < ¢ < T and is a smooth closed hypersurface in €2 for every
tel0,T).
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Assumption 5. There exists a constant Ay > 0 such that
distge ((ug(x),v0(x)), S) > Apdist(z,Ty), = € Q,
where

dist ,v),8) = inf —&v—mn)|, dist(z,I'g) := inf |z —y|.
it (0,0),8) 1= inf J(u =& =), dist(z.To) = inf Jo—g]

Remark 1.2. Under Assumption 3, by coordinate transformation and a theorem for
a quasilinear parabolic equation in Lunardi [14], there exists Tiax > 0 such that
(1.6) possesses a unique smooth solution I'(t), 0 < t < Tiax. In the sequel, we can
select any T' € (0, Tinax) in Assumption 4.

The hypersurface I'(¢) divides Q into two connected components, the inside of
I'(t) and the outside of T'(¢), denoted by €;,(t) and Q,,+(t), respectively. As in
[11], we may assume that (ug(x),vo(x)) satisfies

Qin(0) = {z | (uo(2),v0(x)) € A1}, Qour(0) = {2 | (uo(x), vo(w)) € Az}

Let (u®,v®) be the solution of (1.1) and define I'*(¢), 25, (¢), Q,,(t) as follows:

I2(@t) := {z | (u"(2,1),v°(z,1)) € S},
Q7 (1) :={z | (u(x,1),0%(z,1)) € Ag},
Qoue(t) = {z | (u”(2,1), 0% (2,1)) € Aa}.

Let d(x,t), d°(x,t) be the signed distance functions associated with I'(¢t), T'°(¢),
respectively, that is,

—dist(x, T'(¢)) if x € Q;n(t),
d(z,t) =
dist(z, I'(¢)) if z € Qout(¢),

ey S TR @) i € 95, (1)
(w.) := { dist(z,T5(t)) if 2 € Q5 (1).

out

Now we state our main theorem.

Theorem 1.3. Let Assumptions 1,2,3,4 and 5 hold. Let (u®,v®) be the solution of
(1.1) and let (¢o, o) be the solution of (1.4) satisfying (¢o(0),10(0)) € S. Put

t° = ’|loge| and (Uo(¢,2), Vo(C,x)) = (do(K (2)C), Yo (K (2)C))-

Then there exists a constant C > 0 such that the following hold for arbitrary p > 1.

(i) If € is small enough, then, for each t € [uCte,T|, IT'°(t) can be expressed as
a graph of a smooth function n°(-,t) over I'(t) whose norm ||n°(-,t)|| Loo (r(s))
and gradient Vpyn®(x,t) on I'(t) tend to 0 as e — 0 uniformly for x € I'(t)
and t € [uCte, T).

(ii) Let d® be the signed distance function associated with T¢. Then

u®(z,t) — Uo(da(:’t),xﬂ =0,

v (x,t) — VO(@,@")’ =0.

lim sup
€20 cte<i<T, ze0

(1.10)
lim sup
€20 cte<t<T, 2eq
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(iii) There exists a family of functions

07 U () x (1) > R

whose L°°-norms are bounded as € — 0, such that

_ pE
lim sup uf(x,t) — U()(d(x, ) = 0" (p(x, t)’t),m)‘ =0,

(1 11) €0 uCte<t<T,z€Q €
lim sup va(x,t)fVO(d(x’t)_ag (p(xat)vﬂ’x)‘ =0,

e—0 £

uCte<t<T,zeQ

where d denotes the signed distance function associated with T' and p(x,t)
denotes a point on I'(t) satisfying dist(z,T'(t)) = |z — p(x, t)|.

The statement (i) means that the interface I'(¢) of the solution converges to the
hypersurface I'(t) as e — 0 in the C! topology, where I'(t) is the classical solution
of (1.6) given in Assumption 4. The statement (iii) implies that the principal term
of the formal expansion gives uniform approximation of the real solution. In the
proof of Theorem 1.3, we use an idea similar to what is found in [2] for the scalar
Allen—Cahn equation. Namely, the proof is based on a rescaling argument, the
super—subsolution method and a Liouville type result for eternal solutions of some
competition-diffusion systems. However, in our problem, the interface I'“(¢) of the
solution is defined as the inverse image of the one-dimensional separatrix S rather
than that of a single point, which makes the estimates of the distance between I'¢(t)
and I'(¢) more involved than in the scalar Allen-Cahn case. We also need to extend
the Liouville type results in Berestycki and Hamel [5, 6] to parabolic systems.

The rest of the paper is organized as follows. In Section 2, we formally derive
the interface equations corresponding to the system (1.1). In Section 3, we state
the Liouville type theorems for eternal solutions of parabolic systems which play
a key rule in proving the main theorem. Though what we need in the proof of
Theorem 1.3 is the Liouville type theorem for a two-species conpetition-diffusion
equation, in view of the importance of such Liouville type theorems, we present
the results in a more general setting, namely for m-species cooperation-diffusion
systems possibly with spatially periodic or time periodic coefficients. In Section 4,
we state two lemmas, Lemmas 4.1 and 4.2 that are used in the proof of Theorem
1.3 and we prove Theorem 1.3. At the end of Section 4, we prove Lemmas 4.1 and
4.2. In Section 5, we prove the Liouville type theorems.

2. A FORMAL DERIVATION OF THE INTERFACE EQUATION

In this section, for the sake of completeness, we formally derive the interface
motion equation for the competition-diffusion system (1.1). When £ > 0 is very
small, for a short time in the first stage, the effect of diffusion is negligible and
the solution (uf,v®) is approximated by the solution of the ordinary differential
equation:

U = %@(Rl —aju—bv)u, evy = @(Rg — asu — bav)v
at each point # € Q. Thus the value of (u®,v°) is quickly attracted by p* if
(u®(z,0),v%(x,0)) € Ay and attracted by p~ if (u®(x,0),v(z,0)) € As. Conse-
quently, (u®, v®) develops a steep transition layer between the two regions {(u®, v®) &
pt} and {(u®,v°) ~ p~}, which is located near the hypersurface Ty = {z |
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(u®(z,0),v%(x,0)) € S}. In the second stage, the effect of diffusion is large enough
near the interface I'y and the transition layer starts to move according to the equa-
tion (1.6). In what follows we derive this interface equation (1.6) by using a formal
asymptotic expansion which is done in Hilhorst et al. [11].

Now we assume that the solution (u,v%) has the expansions

2.1) u(z,t) = éo(x,t) + E?l(x,t) + Ez?g(m,t) +e
v (x,t) = Vo(,t) + eVi(,t) + 2 Vo, t) + - -
away from the transition layer I'*(¢) (outer expansion) and

uf(2,t) = Up(¢, ,t) + eUr (¢, x,t) + e2Ua(C,myt) + - - -
v (z,t) = Vo(C,a,t) + V(G a,t) + e2Va(Comyt) + - -

near I'®(¢) (inner expansion), where ¢ = d(z,t)/e and d(z,t) is the signed distance
function with respect to the interface I'(¢).
To make the inner and outer expansions consistent, we require that

(U(—00, 3,t), Vie(—00, 2, 1)) = (Uy(x, 1), Vi(x, 1)) if 2 € Qin(t),
(Ur(c0, 2, 1), Vi(0o, @, 1)) = (U (1), Vi(x, 1)) if @ € Qour(t)
for all (x,t) near I' = tL>JOI’(t) x {t} and all k > 0.

(2.2)

(2.3)

Substituting (2.1) into (1.1) and collecting the terms of ¢! and £° respectively,
we get

(2.4) f(U0, Vo) =0, g(Us, Vo) =0,

(2.5) fu(goa‘:/b) fv(Zan‘:/O) [21 _ ( 0 >
9u(Uo, Vo) 9»(Uo, Vo) Vi 0
in Qi = tL>Jo Qin(t) x {t} or in Qout = tL>Jo Qout(t) x {t}. Since the regions Q;, and

Qout correspond to the regions {(u®,v¢) ~ p*} and {(u®,v°) ~ p~} respectively,
(2.4) implies

(2.6) U0, Vo) =p* in Qin, (Up, Vo) =p~ in Qou-
Thus (2.5) implies
(2.7) (U1, V1) = (0,0) in Qin UQout

since the matrix in (2.5) is equal to

—Ry _%Rl . Ry — Z—le 0 )
( 0 R _1%R1 in Qin, —%fb Ry in Qout,

both of which are invertible by (1.2). Next substituting (2.2) into (1.1) and collect-
ing the terms of e~! and £° respectively, we get

(2.5) ke (s )+ (o) )= ()
o) (e ) oo (i) B ()

_(Use\ o DiUpc \ DyVUo, - Vd
dt(V(M) v (k(x)Vd)(DQVO’C> 21@(:@)(DQVVO’C.W .

(2.9)
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Both (2.8) and (2.9) are ordinary differential equations with parameters x,¢. From
(2.3), (2.6) and (2.8), we find

(2.10) Uo(C,x) = do(K(2)¢), Vo(C,x) = vo(K(x)Q)

for all { € R and (z,t) near T, where K(z) = /h(x)/k(z) and (¢o,%0) is the
solution of (1.4) satisfying (¢0(0),%0(0)) € S. The following lemma gives estimates
of ¢, Yo and their derivatives:

Lemma 2.1 (Lemma 2.1 of [11]). There exist constants C > 0, M > 0 such that

0 < ¢o(0) < Ce MBI 0 < Ry —4(2) < Ce ™Il for z>0,

0< Ry —¢o<Ce M=l 0 <yy(z) < Ce ™™=l for z <0,
op(z) >0, Yi(2) <0 for z€R,
6 ()| < Ce™MEL p{ ()| < Ce™El for 2 eR, j=1,2
Substituting (2.10) into (2.9), we get
(2.11)
o) (s ) e (Jioosd) o) ) (V) =wemac(54)
—K(ac)V-(k:(a:)Vd)( g;j;% ) — ok(2)Vd - VK (x) ( g;}igigggg z}i )

The following two lemmas imply a solvability condition of the equation (2.11).

Lemma 2.2 (Lemma 2.2 of [11]). There exists a solution (¢*(z,x),9¥*(z,x)) of the
equation

D¢z, Ju(Uo, Vo) fo(Uo, Vo) »*\_ (0
(2.12) < Dy, )+ ( U0 Vo) 9.0 e) )\ v )=o) B
satisfying ¢* > 0 and ¥* < 0. Moreover, the solution of (2.12) is unique up to

multiplication of a constant.

Lemma 2.3 (Lemma 2.3 of [11]). Let (Ai(z,z,t), Aa(z,z,t)) be given and assume
that Aj(z,x,t) = O(e 12!} as |2| — oo for some § > 0 for j = 1,2. Then for each
fized (x,t), the following equation

(2 13) < D1¢zz >+ ( fu(U07‘/O) fU(U07VO) ) ( ¢ ) — ( Al(z,x,t) >
' D21/}zz gu(UO;VO) gv(U07VO) UJ A2(Zaxat)
has a solution if and only if
[0 G100 + 67 (2. 0) Aa(, 1))z = 0
R

In addition, the solution, if it exists, is unique under the normalization condition

#(0,z,t) = 0 and satisfies
(2.14) 6(z,2,1) = O(e™), (z,,8) = O(e )

for some § € (0,0] as |z| — oc.
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By Lemma 2.3, the solvability condition for (2.11) is rewritten as

Kd, /R{qﬁ*q% + " otdz — (KV - (k(2)Vd) + 2kVd - VK) /R{quﬁ*% + D™y bz

—2kVd - VK/R{Dlz(b*quO’ + Dazp™ gy dz = 0.

Lemma 2.2 assures that [, {¢* ¢ + 1*1p)}dz < 0, which implies

Cy + Co)kVAVK
K )

(2.15) ds — OV (k(z) V) = X

(2.16) €, JeAD1¢" 6 + Doy = _ JeD127 64 + Doz }dz
' ' Jelo™ o + v vpydz Jolo o + v vy ydz

Let us derive the equation of the interface from (2.15). Since Vd coincides with
the outward normal unit vector of the interface I';, one easily sees that —d; =V,
where V' is the normal velocity of the interface I';. It is also known that the mean
curvature x of the interface is equal to Ad/(N — 1). Thus the equation (2.11) is
equivalent to (1.6).

>0, Cy

3. LIOUVILLE TYPE THEOREMS FOR ETERNAL SOLUTIONS OF A PARABOLIC
SYSTEM

Before starting the proof of the main theorem, we present Liouville type theorems
for eternal solutions of reaction-diffusion systems. These are extensions of similar
Liouville type results of Berestycki and Hamel [5, 6] to systems of reaction-diffusion
equations. Though what we need in the proof of the main theorem is only a special
case of such Liouville type results, we state them in a rather general setting since
we think those results are important in their own right.

3.1. Statement of Liouville type theorems (homogeneous case). Let us first
state a result on a reaction-diffusion system of the form:

(3.1) uy = DiAu+ fi(u,v), z€RY, teR,
' ve = DoAv + fo(u,v), ©€RN, teR,

where Dy, Do are positive constants and f1, fo are smooth functions such that (3.1)
is a competition-diffusion system, that is, it holds that

(3:2) fro=08uf1 <0, fou <0 in (py,pf) x (p3,p5).

Furthermore, we assume that F' = (f1, f2) has two linearly stable equilibria
pt=(l.p3), v~ =(p1.p2) (b1 <P, p3 <P3),

that is, for some constants A > 0 and vectors o = (T, v3) (pF < 0 < ¢7),

(3.3) F(p*) = (0,0), DF(p™)e* = —Asp™,

where

_ fl,u(pi) fl*”(pi)
DF(p*) = < fou(@E)  fan(p®) >
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We also assume:
(3.1) has a traveling wave solution

(u(x,t),v(a:,t)) = (¢1(n L= Ct)7 ¢2(TL "L Ct))
with a direction n € RY (Jn| = 1) and a speed ¢ € R satisfying
(¢1(:FOO)7 (Z)Q(:FOO)) = pi and ¢/1 < 07 d)/Z >0inR.

Remark 3.1. The assumption (A) means that the system (3.1) has a planar wave
solution whose direction and speed are n and ¢, respectively.

(A)

Theorem 3.2 (Liouville type theorem for a competition-diffusion system). Assume
(A), (3.3) and (3.2). Let (u(x,t),v(z,t)) (x € RN, t € R) be a solution of (3.1)
which satisfies that there are a unit vector n, some constants ¢ € R, a < b such
that, for all (z,t) € RN x R,

o1(n-x—ct—a) <u(z,t) <o1(n-x—ct—0>),
(3.4)

da(n-x—ct—b) <v(z,t) < ga(n-x—ct—a),
where (¢1,¢2) is a function satisfying (A) with the speed c. Then there exists
0o € (a,b) such that, for all (z,t) € RNV x R,

(u(z,t),v(z,t)) = (p1(n-x —ct — ), pa(n -z — ct — bp)).

Roughly speaking, Theorem 3.2 means that eternal solutions that are sandwiched
between two planar wave solutions are precisely planar waves. The following The-
orems 3.3, 3.5 and 3.7 have similar meaning.

Let us reformulate Theorem 3.2 in more general settings. As one easily sees,
a two-species competition system can be converted to a two-species cooperation-
diffusion system by the change of variables (u,v) — (u, —v). Therefore it suffices
to state the results for m-species cooperation-diffusion systems.

First, let us define order relations in R¥ and in X = C(R! : R¥) as follows:

(Ul,ug,"',Uk)j(’l)],’l)g,"'7u1€) lf UiS’Ui, (7;:1327"'7k)a
wi= (U, Uz, - ,ug) < U= (v1,09, -+ ,vg) if u=<v and u#w,
(ulaUQa"' ,Uk) < (UlaUQa"' ,’Uk) if u; < vy, (7’ = 1727"' 5k)7

u=v if u(z)<v(z) forall zeR,
u=<v if w=<v and u# v,
u< v if u(z) <ov(z) foral xR
Now we consider a reaction-diffusion system of the form:
ur e =D1Auy + fi(ug,ug, - ,Um), =€ RN, t e R,

ugy =DoAug + fo(ur,ug, -+ ,um), ©€RY, tER,
(3.5)

Um,t =D Aty + fro(ur, U2, -+ up), T € RN, t e R,

where D; (I = 1,2,---,m) are positive constants and fi, f2, -, fin are smooth
functions such that (3.5) is a cooperation-diffusion system, that is, it holds that

(3.6) fru =O0ufr =0 (k#1) in (p~,p") == (p1,pT)x(p5,p3) %X (D, D),
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(3.7) DF(u) is an irreducible matrix for each u € (p~,p"),
where N N N
fl,m(pi) fl,u2<pi) T fl,um(pi)
f,ulp ) f,UQ(p f,um(p )
prpty = | P 2 () s
fm,m (pi) fm,uz (pi) T fm,um (pi)

We say that an m x m matrix A = (a*) is reducible if there is ) # A C {1,2,--- ,m}
such that
a*' =0 for ke A, I €A.

We say that an m X m matrix A is irreducible if A is not reducible.

Furthermore, we assume that F' = (f1, fa, -, fm) has two linearly stable equi-
libria
=00y, o) > P = (P D)
that is, for some constants AL > 0 and unit vectors
(p:t = t(@%a‘;%ia 7@;5) > t<0a0a"' ao)a
(38) F(pi) = (0705 U 70)7 DF(pi><Pi = _)‘i(pi'

We also assume:
(3.5) has a traveling wave solution u(x,t) = ¢(n - x — ct)

(A) with a direction n € RY (|n| =1) and a speed ¢ € R
satisfying ¢(Too) = pT and ¢’ < (0,0,---,0) in R.

Theorem 3.3 (Liouville type theorem for a cooperation-diffusion system). Assume
(A7), (3.8) and (3.6). Let u(x,t) (z € RN, t € R) be a solution of (3.5) which
satisfies that there are a unit vector n, some constants ¢ € R, a < b such that, for
all (z,t) e RN x R,

(3.9) op(n-x—ct—a) 2u(z,t) 2 p(n- -z —ct—b),

Qhere o is a function satisfying (A’)~with the speed c. Then there exists a function
¢ satisfying (A’) such that u(x,t) = ¢(n-xz—ct). If, in addition, assume (3.7), then
there exists 0y € (a,b) such that

u(z,t) = ¢p(n-x —ct — ) for all (z,t) € RV x R.
3.2. Statement of Liouville type theorems (inhomogeneous case). The Li-

ouville type theorem in the previous subsection can be extended to more general
systems. First we consider the following time periodic systems:

N
ue = > DY (W ape, +a(t) -V + filt,ur, - )
(3.10) i,5=1
for zeRY, teR (1=1,2,---,m),
where

Dy (t) (5,j=1,2,---,N), qt)eRY (1=1,2,---,m),
F(t’ul’... 7um) = (fl;ny"' 7fm)
are Holder continuous in ¢, smooth in (uy,us, - ,um) and f1, fa,- -+, fm satisfy
(3.11) frwy (t,u) = 0y, f >0 (k#1) for each ue (p~(t),pt(t)), t €R,
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(3.12)  DF(t,u) is an irreducible matrix for each u € (p~ (¢),p" (t)), t € R,

where
f1,u1 (tvpi) fl,u2 (tapi) e fl,um (tapi)
Uy tv JU2 t? yUm, t7
DF(t,pt) = J2, ( p=) [ (: p*) } f2 ( P¥)
fm ul( P ) fm,ug(tvpi) fm,um(tvpi)'

We assume that there are as > a3 > 0, T' > 0 such that

N
(3.13)  oulé> < Y DP(H)&& < agl¢l® for teR, E€RN (1=1,2,--,m),
ij=1
for teR (i,j=1,2,--- ,N; I =1,2,---,m)
and there are two smooth functions
pr(t) = (i (t),p5 (1), P (8) > p~ (1) = (p1 (1), 03 (£), -+, P (1))

such that, for some constants A+ > 0 and vector valued functions

(3.14)

(pi:t(gpliv(pét?'”7@7;:‘:1)>>t(0a07"'70)7
dp™* + dp™* L .
— — F(t =(0,0,...,0), — —DF(t =A
(3.15) dt (7p ) ( » M ) )’ dt ( p ) :l:SD 9
PEC+T)=p (), ¢*(+T) =" ().

We also assume:

(3.10) has a pulsating traveling wave solution

(A1) u(z,t) = ¢(n -z — ct, t) with a direction n € RY and
a speed ¢ € R satisfying ¢(Too,t) = p*(t) and

¢(Z,t+T) :¢(Z,t), d)z(zat) < (0707 aO) fOI'ZGR, teR.

Remark 3.4. As shown in Bao and Wang [3], the following time-periodic Lotka—
Volterra competition-diffusion system

up = di () Uy + u(r(t) — a1 (t)u — by (t)v),

Vy = dz(t)vxa: + 'U(T'Q(t) — az( )U — bg(t) )
satisfies (A1) under the assumption stated below (after the change of variables
(U’a U) = (U, _U)):

o di(t), Ti(t), ai(t), bi(t) € C3(R) (i

tions satisfying d;(t) > 0, a;(t) > 0, b;(¢
T fOT ri(t)dt > 0 and

reR, teR

1,2;0 € (0,1)) are T-periodic func-
) > 0 for any ¢t € [0,7T], 7

< mln(ZlE?) 2, T3 < mtin<ZjE3)rl’
wolt - by (t
I +r2>max<algt§)7’1, 1 +T2>mtax(b2§t;>'
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Theorem 3.5 (Liouville type theorem for ¢-periodic system). Assume (A1), (3.13),
(3.14), (3.15) and (3.11). Let u be a solution of (3.10) which satisfies that there are
a unit vector n, some constants ¢ € R, a < b such that, for all (x,t) € RN x R,

(3.16) p(n-xz—ct—a,t) 2u(z,t) S dp(n-z—ct—b,t),

where ¢ is a function satisfying (T) with the speed c. Then there exists a function
¢ satisfying (A1) such that u(x,t) = ¢(n-x —ct,t). If, in addition, assume (3.12),
then there exists 6y € (a,b) such that

u(z,t) = ¢p(n-x —ct — 0y, t) for all (z,t) € RY xR,

Next we state the theorem for spatially periodic systems:

N
Uy = Z D;j(m)ul,mﬂj +q(x) - Vu + fi(z,ug, - )
(3.17) =
for RN, teR (1=1,2,---,m),

where

D/ (z) (i,j=1,2,---,N), qz)eRY (1=1,2,---,m),

F(:z:,ul,~-~ ,Um) = (fl;f27"‘ ,fm)
are Holder continuous in x, smooth in (u1,ua, - ,uy) and fi1, fo, -+, fi, satisfy

(3.18)  frow(z,u) = 0y fr. >0 (k#1) for each u € (p~(x),p"(x)), v € RY,

(3.19) DF(z,u) is an irreducible matrix for each u € (p~ (z),p"(z)), z € RY,

where
fl,ul(x»pi) f17u2(l’7pi) fl,um(x,Pi)
DF({E,pi): f2,u1(:$7p ) f2,u2(:xap ) e f2,um(.x7p )
fm,ul(.l'vpi) fm,ug('x;pi) fm,um'(xvpi)

We assume that there are ag > 1 >0, L; >0 (j =1,2,--- , N) such that

N
(320) anlél> < > DY (2)&&; < aoféf® for xRN, E€RY (1=1,2,---,m),
i,j=1

D (z+k) =D (x), a(z+k) = q(x), filz+k,)= filz,)
(3.21) for t €eRY, kelL:=I11Z x LyZ x --- x LyZ

(Zv.]zlaza 7N7 l:172a 7m)7
and there are two smooth functions

pt(x) = (] (2),p5 (2), - .o (@) > p~ () = (p7 (2),p3 (2), - (@)

such that, for some constants A+ > 0 and vector valued functions

Soi :t(@iéﬁi 790i)>>t(0703 70)a
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N
> DY @)y, + (@) - Vi + filz,p*) =0,

i,j=1
N B m
(3.22) > DI @), + 0@) VO D fra (2,05)0T = —Aaplf,
1,j=1 j=1

for = e RN (l=1,2,---,m),
P +k)=p=(), ¢T(-+k) =¢T() for kel
We also assume:
(3.17) has a solution u(z,t) such that

for a constant ¢ # 0 and a unit vector n € RV,

u(z — k,t) =u(z,t+k-njfc), rel Iljlm_)i u(z + k,t) — pT(z),

cug(z,t) > (0,0,---,0) fort € R, z € RN and k € LL.

(A2)

Remark 3.6. In the case where m = 1, namely, a scalar bistable equation with
spatially periodic coefficients on RY

(3.23) uy — div (A(2)Vu) = F(z,u), =€ RY, t R,
Ducrot [8] shows that (A2) is satisfies if and only if there exists no stationary front
in the direction n under the following assumption:
e A: TV = RV/ZN — Sy is a symmetric matrix valued function of the
class C17 for some v € (0,1) and satisfies (3.20). F is of the class C7 in
2 uniformly with respect to u € R, the partial derivative F,, is continuous
on TV x R. Moreover the equation
uy — div (A(x)Vu) = F(z,u), €TV, t >0,
u(z,0) = ug(z), €TV
has two stable stationary states 1~ < 1+ with v* € C2(TY) and there is
no stable stationary state between T and ~.
Fang and Zhao [10] give sufficient conditions for (A2) in a more abstract framework.
Theorem 3.7 (Liouville type theorem for x-periodic system). Assume (A2), (3.20),
(3.21), (3.22) and (3.18). Let u be a solution of (3.17) and v be a solution as in
(A2) with a speed c # 0 and a unit vector n € RN which satisfy for some constants
a,b € R and for all (x,t) € RN x R,
(3.24) v(z,t+a) < u(z,t) 2 v(z,t+0b).

Then u satisfies (A2) with the speed ¢ # 0 and the unit vector n € RN. If, in
addition, assume (3.19), then there exists 0y between a and b such that, for all
(z,t) € RNV x R,

u(z,t) = v(z,t + o).

4. PROOF OF THE MAIN THEOREM

As we mentioned before, the proof of Theorem 1.3 is based on a rescaling argu-
ment and the following two statements (Lemmas 4.1 and 4.2).
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Lemma 4.1 ([11]). Let (u®,v®) be the solution of (1.1). Under the assumptions
in section 1, there are C >0, A; > 0 (i = 1,2,3) and g0 > 0 such that, for any
e € (0,e0], (z,t) € Q x [Cte,T),

A —cA
UO(%,JJ) —eAy <ui(z,t) < UO(MJ) +eds,

VO(MJ) ey < v (1) g%(ww) oA,

In the next lemma, we consider the following system.
ug = D1Au+ (R —aju—byv)u, z€RY teR,

(4.1) vy = DoAv + (Ry — agu — bov)v, x € RN, t € R,

where D;, R;, a;, b; (i =1,2) are positive constants.

Lemma 4.2 (Liouville type theorem). Suppose that Assumption 1 and (1.2) hold.
Let u(x,t), v(z,t) (x € RN, t € R) be a solution of (4.1) satisfying, for all (z,t) €
RY x R,

Lo o(n-x—a) <u(z,t) <op(n-z—0>H),

(42) bz —b) < ve.t) < v(n-z— a),

where n is a unit vector, a < b are some constants and (¢, ) is a solution of (1.4).
Then there is a 0y € (a,b) such that, for all (z,t) € RN x R,

u(z,t) =p(n-x—0y), v(z,t)=1v(n- -x—0).

This lemma is a special case of Theorem 3.2. In fact, (3.2) is obviously satisfied.
(1.2) and Assumption 1 imply (3.3) and (A), respectively.

Remark 4.3. From Lemma 4.1, the following holds. (See Theorem 2 in [11].)

Theorem 4.4. Let C > 0, g9 > 0 be constants in Lemma 4.1. Then there is a
constant C' > 0 such that

dy(T%(t),D(t)) < Ce for t e [Ct5,T], € € (0,2),
where dy denotes the Hausdorff distance between compact sets.

4.1. Proof of statement (ii).

Poof of (ii) of Theorem 1.3. Fix > 1, Ty € (T, Tmax) and let C be the constant
in Lemma 4.1. To obtain a contradiction, suppose that (ii) does not hold. Then
there exist n > 0, £; > 0, (z,t;) € Q x [uCt%, T] such that £; \, 0 as j — oo and
for all j € N|

) d%i(x;,t;
‘ugf (xj,t;) — UO(M,%)‘ >n or

€5
A9 (s 1
’vsj (z1,t;) — Vo(@jxj)‘ > 1.

J

By extracting a subsequence, it holds that
d%i(xj,t;
(4.3) ‘uai (xj,t5) — Uo(@,mj)‘ >n forall jeN or
J
d%i(xj,t;

(44) ’Usj(l‘j,tj)—VQ(M,l‘j)’ > for all j eN.

€j
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Since it is irrelevant in the later argument whether (4.3) holds or (4.4) holds, we
may assume that (4.3) holds. By the same reason, we may assume

(4.5) x; € Q5 (t))UT (¢t;) forall j €N, thatis,

(u® (zj,t5),v% (xj,t5)) € AU S forall jeN.

Then it holds that

(4.6) dist(z;, 1% (¢;)) = O(gj), dist(x;,I'(¢;)) = O(ej) as j — oo.

In fact, if this is not true, then, by Theorem 4.4 and extracting a subsequence, it
holds that

— 00 as j — oo,

’dgj ((Ej, tj) ‘ B diSt(LCj, Iei (tj))
€5 B €y

’ x]a ) ‘ _ diSt(xja F(tj))
€j

d®i (:17], i)d(zj,t;) >0 forall jeN.

— 00 as j — oo,

By Lemma 4.1,
0 :jli)ngo {Uo(w,xj> —€;As — Uo(dgj(:j’tj)»zj)}
< lim. {us"(mj’tj) - UO(W%)}
S}H&{UO(W j) + ;A5 — Uo(dsj(icj’mawj)} =0

and this contradicts (4.3). Hence (4.6) holds.

Let y; € I'%i(t;) be a point such that |y; —x;| = d% (z;,t;) and let p; —p(xj,t )
be the image of z; of the projection onto I'(¢;) for each j € N. Then it is easy to
see that the following hold.

(4.7) (u™ (yj,t5),v% (y5,15)) € S,

(4.8) d¥ (wj,t;) = |zj — yj,

(4.9) (w9 (@, t5), 0% (2,t5)) € A US if |z — 5| <y; — ],
(4.10) z; —p; LI(t;) at p; € I(¢y),

(4.11) |zj — pjl = O(ej), |z; —y;l = O(e;) as j — oo

We now rescale the solution (u®/,v%) around (p;,t;) and define

ij,’T = u’ +e;R;z,t5 -‘rET
(4.12) { 1(z,7) 7 (pj J )s

w%(Z,T) = J(pj + EjRjZ,tj + EjT),

where R; is a matrix in SO(RY) that rotates zy axis onto the outward normal at
p; € I'(t;). Since O<tLiT I'(t) is separated from 02 by some positive distance, there
U141

is a Cp > 0 such that (w?,w)) is defined at least on the box

C T —T
By = {(e.r) e RY x| s < &2, —(u- oy < 7 < BTN,
E]‘ €j
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Since (uf,v°) satisfies (1.1), we can see that (w?,w?) satisfies

{ w] . = Dik;(z)Aw] +£;q](2) - Vw] + hy(2) f (w], w)), .

wh = Daokj(2)Aw) + ;¢4 (2) - Y + hy(2)g(w], w)) "

where
kj(2) = k(pj +¢€;R;z), hj(z) = h(pj +€;R;2),
ql(z) = D;iVk(p; +;R;2) (i=1,2).

Thus from (4.11), Lemma 4.1, compactness of Q and standard parabolic estimates,

up to extraction of subsequence, z; and p; converge to a point z, € Q, (w], w})
converges to (w1, ws) locally uniformly in RY x R = _L>,IlBj as j — oo and
J>
(w1(2,7),w2(2,7)) and (Uo(zn,xx), Vo(zn, 24))

satisfy

Volan — A1, 2.) S wa(z,7) < Volzw + A1, 2.)
and the following system

w1 = D1kAuy + hf(u1, us),

{ Uz, = DokAug + hg(ug, uz)

{ Uo(zn + A1, 24) S wi(z,7) < Up(any — Ar, ),

n RY xR,

where k = k(z.), h = h(z,). By Lemma 4.2, there is a §; € R such that, for all
(z,7) e RN xR,

(4.13) (w1(z,7), wa(z, 7)) = (Uo(zn — b0, 24), Volzn — 6o, xx)).

Define

1 . 1 .
7= —R; Haj—py), %= =R Yy —p;) (GEN).
J J

From (4.11), up to extraction of subsequence, they converge:

lim 2 = 2o = (0, ,0, 20 n), hm % =% = (Fay -, Ben)-
j—o0 j—00
By (4.7) and (4.9),
w1 (Zx,0),wa(24,0)) € 5,
aay E0mG0) | ~
(w1(z,0),w2(2,0)) € AgUS for z with |z — z.| < |Z. — 2.

By (4.13),
{z | (w1(#,0),w2(2,0)) € S} ={z | 2n = 6o} (=: H).
By (4.13) and (4.14),
2o =Z« or OBz _. (2.) and H intersect at Z,.
Thus
2= (0, ,0,Z,.n) = (0, ,0,6p).
By (w1(24,0),wa(2«,0)) € Ay U S and (4.13),
ze. N > bp.
On the other hand, d% (z;,t;) = |y; — z;| implies
¥ (1)

~ =|zj — Zj| = |2 —Z| = 2zen — 6y as j — o0.
J
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Hence, by (4.3) and (4.13),
0= |”UJ1(Z*,O) — Uo(Z*JV — 90,.%*)|
. ; des (1’ B t )
- ety - (1 1)
This contradiction proves that (ii) of Theorem 1.3 holds. O
4.2. Proof of statements (i) and (iii).

Proof of (i), (iii) of Theorem 1.3. First we prove that there is a constant ¢; > 0
such that for all z € Nz_(I'(t)), t € [uCt*,T] and € € (0, 0],

H,(uf(z,t),v°(x, 1)) n(p(x, t),t) - Vu(z,t)

(415) + HU(UE(I,t),UE(x,t)) n(p(a?,t),t) . VUs(aj7t) > %a

(4.16)
lim sup {5||v1"(t)u€(‘7t)||L°°(N@E(F(t))) +6‘|Vr(t)vs(',t)”Loo(NéE(F(t)))} = 0,
=0 cluCte, T

where C, C and g, are constants in Lemma 4.1 and in Theorem 4.4, respectively
and H(u,v) is a function in Remark 1.1, n(p, t) is the outward unit normal vector
to T'(t) at p € T'(t), p(x,t) is the image of x of the projection onto I'(¢) and

Ng (T(t)) = {x | dist(x,T(t)) < Ce}.
If (4.15) is not true, then there exist €; > 0, t; € [uCt%,T] and z; € ./V'@Ej (T'(t;))
such that
lim & { Hy (u™ (2, t;),v% (2, 15)) n(p(x;, t5), ;) - Vu© (25, t5)

(417) I _ _
+ Hy(u (x5,t5),v% (x5, t5)) n(p(z;,t5), ;) - Vo (z,t;)} = 0.

By the same rescaling argument as in the proof of the statement (ii), the rescaled

function (w? (z, 7), w}(z, 7)) converges to (Up(znx—b0, +), Vo(zn—bo, z,)) in C1 (RN x

R) as j — oo and e
Hy,(Uo( = b0, 2.), Vo(=bo, 2.)) U (—0o, )
+ Hy(Up(—00, ), Vo(—00, z+)) Vo (—00, )
= lim {H (0 (0,0),w3(0,0)) n(p(z,15), ) - T (0,0)

+ H,(w}(0,0),w}(0,0)) n(p(x;,t;),t;) - Vw(0,0)} = 0.

This contradicts (1.9) in Remark 1.1 and this contradiction implies that (4.15)
holds. The proof of (4.16) is similar to that of (4.15) and we omit it.

By (1.9), Theorem 4.4, (4.15) and the implicit function theorem, there is a
smooth function 7°(-,t) defined on I'(¢) for each ¢ € [uCt,T] such that

(4.18) H(u (z +n°(x,t)n(z,t),t),v°(z + n°(x, t)n(z,t),t)) = 0,
(4.19) H(u®(y,t),v°(y,t)) =0< 3z € T'(t), s.t., y=a+n°(x,t)n(z,t),
~ Hu Vg (p,t) + Hy Vv (p°, 1)
H,n¢ - Vus(ps,t) + Hyn® - Vo (ps, t)
for all z € I'(t), t € [uCte, T,

(4.20) Vegn©(z,t) =
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where V() denotes the gradient on I'(t), n® = n(p®, t),

pE = pe(wv t) =z+ 776(% t)n(m, t)v

H, = Hu(ug(p87 t)7 Ue(p67 t))v H, = Hv(UE(PEa t)7 va(p87 t))
From (4.18) and (4.19), it holds that I'®(¢) is expressed as the graph of the function
n°(-,t) on I'(¢) for each t € [uCt%,T]. By (4.15), (4.16) and (4.20)

IVrwn®(z,t)] = O(e|Vr@u® (0, )] + &V v (p°, 1)) — 0
as € — 0 uniformly for = € T'(¢), t € [uCt*,T).

This completes the proof of statement (i). Statement (iii) immediately follows from
(ii) and

sup |d¥ (x,t) — d(x,t)] < Ce for all e € (0,eq].
z€eQ, te[pCts,T)

4.3. Proof of Lemmas 4.1 and 4.2.

Proof of Lemma 4.1. In Definition 6.1 in [11], they construct a lower solution (42, 0.)
and a upper solution (4}, 07) of (1.1). By (7.1) in [11] and their construction, it is
easy to see that there are C' > 0, 4; > 0 (i = 1,2,3) and ¢¢ > 0 such that, for any
e € (0,0}, (z,t) € Q x [Ct5,T],

Uo(w@ A,

(z,t) < u(2,t) < il (2,1)

< Uo(w,x) +edy,

™

< of (w,t) < v°(w,t) <07 (a,1)

(d(x, t)€+ cAq 7 x) oA,

This completes the proof. ([

Proof of Lemma 4.2. This lemma is an easy consequence of Theorem 3.2. In fact,
it is obvious that (3.2) holds. (3.3) and (A) follow from (1.2) and Assumption 1,
respectively. [l

5. PROOF OF THE LIOUVILLE TYPE THEOREMS

5.1. Proof of Theorems 3.2 and 3.3.
Proof of Theorem 3.2. Let us put

(u1,u2) = (u, —v), fi(ui,u2) = flur, —u2), fa(ui,us) = —g(ui, —uz).

Then Theorem 3.2 is an easy consequence of Theorem 3.3 and we omit the detail
of the proof. [l

Next proposition plays a key rule to prove the uniqueness of the traveling wave
solution up to shifts in time.
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Proposition 5.1 (strong comparison principle). Assume (3.8) and (3.6). Let
u(z,t), v(z,t) be solutions of (3.5) such that

p_ j u, v jp+a u(70) j ’U(',O)

Thenu(-,t) 2 v(-,t) for anyt > 0. If, in addition, assume (3.7) and u(-,0) < v(-,0),
then u(-,t) < v(-,t) for any t > 0.

Proof. First we prove
(5.1) u(-,0) € v(-,0) = u(-,t) < v(-,t) forall t>0.
If (5.1) does not hold, then
to :=sup{t' > 0| u(-,t) < v(-,t) forall t€[0,t]} € (0,00)

and
u(-,t) < wv(-,t) for te0,tg),

u(,to) S v(-,to), ul-to) L v(,tg).
Hence ((z,t) := v(x,t) — u(x, t) satisfies
¢(-,t) > (0,0,---,0) for te[0,t), ¢(-,to) = (0,0,---,0),
Jlp € {1,2,--- ,m}, o € RN, , (x0,t0) = 0.
By (3.6), for (z,t) € RN x (0, 0],
Clot — D1y A, = fi,(v) = fi,(w)

(5.2) > fio (o0 =15 Vi Wig 1577+ ) — fig ()
>-MG, (M:= sup |DF(w)|).
we[p~,p*]

By strong maximum principle for a parabolic equation,
Co (-, t) =0 for t e 0,t0].
This contradicts ¢(+,t) > (0,0,---,0) for ¢t € [0,¢9). Hence (5.1) holds. We take

some smooth functions u/(-,0), v7(-,0) such that

lim uj(~,0) =u(-,0), lim vj(~,()) =(-,0),
]4)00

j—o0
p~ < ul(-,0) < vI(,0) < pt for jEN.
and let u?, v/ be solutions of (3.5) with initial data u?(-,0), v7(-,0), respectively.
Then by (5.1),
w (-, t) < v (-,t) for t>0.
Taking limits of both sides of this inequality as j — oo, by continuously dependence
of solutions of a parabolic system on initial data, we get

u(-,t) < wv(-,t) for t>0.
Now we assume (3.7) and prove
u(+,0) <v(-,0) = u(-,t) < v(-,t) for t>0.

If this is not true, then there are Iy € {1,2,---,m} and (zg,t9) € RY x (0,00)
such that w,(zo,t0) = vy, (zo,t0). (o = w, — vy, satisfies (5.2), ¢, > 0 and
(1, (20, o) = 0. By strong maximum principle, (;, = 0 for (z,t) € RN x [0,¢]. Put

A={le{1,2,--- ,m} |G :=w—u#0 on RY x{t}}
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Then by u(-,0) < v(-,0),
Q#Ag {1727"' 7m}

and
G(,t) =0 in RY x [0,ty] for 1 €A,
{vl(-,to) —wi(to) = G(t0) >0 in RY for 1 ¢A.
Then
(5.3) Jiu; (v(-t0)) =0 for 1 €A, j&A.

If (5.3) is not true, then
fi0,u;, (v(z0,t0)) > 0 for some g € RN and Iy €A, jo €A
and hence, by ¢, = 0 in RN x [0,t0] and vj, (w0, t0) > uj, (20, to),
0= Cot = DiyAG, = fiy(v) — fio(u)
> o3 Vo 15 Ujo Vjor1, ) = i (w)
> fio (- s Uig—15 Vigs Ul 41,77+ ) — fio(0)
>—-MG, =0 at (z,t) = (xo,t0)-
This is a contradiction and (5.3) holds. However (5.3) implies that DF(v(z,t0))

is reducible for each x € RY and contradicts the assumption (3.7). The proof is
completed. ([l

Next lemma completes the proof of the last part of Theorem 3.3. We give the
proof later.

Lemma 5.2. Assume (3.8), (3.6) and (3.7). Let ¢(n -z — ct),p(n-x — ct) be
functions satisfying (A') with a direction n € RN and a speed ¢ and for some
constants a,b € R,

(5-4) o(-—a) 2 6(-) 2 4(- —b).

Then ¢(-) = ¢(- — 0y) for some Oy € R.
Proof of Theorem 3.3. Take

+_ —
O<6<min{pl7_pl+|l:1,2,... ,m}
maX{()Ol 7301}
such that
(5.5) 5o il A [1=1,2,0,m}

max {1, sup |D2F(u)|}

u€lp=,pT]

where [p~,p*] :={u e R™ |p; <w, <p/, 1=1,2,---,m} and

m

ID?F|:= | Y Fun
Ljk=1
Then
F(w) F(w —ep™) for any w € R™ with
(5.6)

)
pt =w>=pt — icer and for any ¢ € [0,6/2],
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F(w) =F(w+ep™) for any w € R™ with

(5.7) _ _ 0
p” 2w=p +§go and for any ¢ € [0,d/2].

In fact, for any w € R™ with p* = w = p* — $o* and € € [0,6/2], by using (3.8),
Fw) = F(w - eg*) + F(w) — F(w — ep") — eDF(p*)p* — eyt
1
= F(w—ept) + 5/ {DF(w — sep™) — DF(p™)}ptds —eXip™.
0
By (5.5), € € [0,6/2] and (0,0,---,0) = w—p*" = —(6/2)p™T,
1
| [ 1DF(w st~ DFG ) ds| < (e 46/2) swp [DF(w)
0 u€lp~,pt]
<5 sup [D*F(u)| < Apgf for 1=1,2,--- ,m.
u€[p~,pt]
1
e/ {DF(w —sep™) — DF(p")}oTds < eip™.
0
Thus (5.6) holds. The proof of (5.7) is similar and we omit it.
By (3.6),
fiv) = fitw) > =M (v —w) (1=1,2,---,m)

for any w,v € [p~,p"] with u<v (M:= max |DF(w)).
we[p~,pt]

(5.8)

Taking appropriate Cartesian coordinates, we may assume that the solution u(x, t)
of (3.5) satisfies

(5.9) ¢(x1 —ct —a) 2 u(z,t) < ¢(xy — ct — b)

for all (z,t) € RN x R.
Fix (p,7) € R¥~! x R arbitrary. For o € R, put

w(z,t) ;= u(wy +er+ 0,0 + p,t +7)
for all (z,t) € RY x R. By (5.9) and monotonicity of ¢(z), for any o > b — a,
w?(z,t) X dlx1 +0—ct —b) 2 d(x1 — ct —a) 2 u(z,t)
for all (z,t) € RV x R. Define
o* :=inf{o | w” =< u holds for all ¢ > o}.

Then clearly o* < b — a.
Now we prove 0* < 0 by contradiction. Suppose o* > 0. By (5.9), monotonicity
of ¢(z) and ¢(+o0) = pT, there is C' > b — a such that

_ I
p~ 2u(zy,2’,t) <p +5%

for all ; —ct > C, (2/,t) e RVN71 x R,
(5.10)

1)
p+ i ’U/((Ehxl,t) i p+ - §SD+

for all z; —ct < —C, (2/,t) € RV-1 x R,
where )
Py — D

0 <6 < min {7_
max{y¢;", ¢; }

|l:1327"'7m}
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is a constant for which (5.5) holds.
If (0,0,---,0) &« inf{u —w? | |z; —ct| <20, (2/,t) € R¥N~! x R}, then there
exist lp € {1,2,--- ,m}, 21,00 € [-2C,2C] and

Ty, — cty, € [-2C,20], (x),t,) ERV I XR (n=1,2,3,---)
such that
Uty (T1,m, Ty b)) — wZ] (X1 s Ty tn) = 0, X1, —cly = Ti0o a8 N — 00.

From standard parabolic estimates, up to extraction of subsequence, the function
u™(x,t) = u(zy + ctp, ' + 2, t + t,) converges locally uniformly to a solution U
of (3.5) such that

2(z,t) == Uz, t) — W (x,t)
=U(x,t) = Uz +cer+ o2 +p,t +71) = (0,0,---,0),
21 (%1,00,0,0) = 0
and by (5.8) and W7 < U,
2t — Diy Az, = f1,(U) = fi, (W) > =Mz,
for all (z,t) € RY x R. By strong maximum principle, for all (z,t) € RY x (—o0, 0],
Uso(2,) — Uy (21 + 7 + 0%, 2" + p,t +7) = Uy (w,t) — W (,1)
=z, (z,t) = 0.

If 7 > 0, then, by

o* >0, ¢(—o0) =pt, ¢(+00) =p~ and

d(xy —ct —a) I U(x,t) X ¢(x1 — ct — b),

Uy, (2,0) = Uy (z1 —cr — o™, 2" — p,—7)

= ... =Uy(x1 — ent —no*, 2’ —np, —n7) =5 o

and this contradicts
U(z,0) < ¢(z1 —b) < pt.
If 7 <0, then
Uy (2,0) = Uy (z1 + et + 0%, 2"+ p,7)

= ... =Uy(x1 + ent + no*, 2’ +np,nt) =5 P,

and this contradicts
p” < ¢(x1—a) 2U(z,0).
Then it follows that
(0,0,---,0) < inf{u —w” | (z,t) € RN xR, |z, — ct| < 2C}.

Hence, by uniformly continuity of u, there is an 1y € (0,0*) such that, for any
1 € (0,70,
(5.11) (0,0,---,0) < inf{u —w” ~"| (z,t) e RV xR, |21 —ct| < 2C}.
By u = w® , p* > %(0,0,---,0) and uniformly continuity of u, there is an 7; €
(0,mo] such that, for any n € [0, 1],

6 « 0 .
u+§<pi>_'w” +§gaiiw" -1,
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Put Sy := {(z,t) € RN xR | £(x; — ct) < —2C} and
ey =inf{e >0 | u+ep® = w’ " on S} (€[0,6/2)).
We prove e+ = 0 by contradiction. Suppose e+ > 0. Then, by
u+erot —w” "= espt > (0,0,---,0) on 9S4

and
U(:FOO, IZ?/, t) =+ 5:|:50i - wa*fn(:':oo, IZ?/, t) = gi(pi > (Oa 07 e a0)7

for each pu € {+, =}, there exist [, € {1,2}, pal ., € (o0, —2C) and
(xh,th) = (zf b th) € S, (n=1,2,3,---)

n»’n n’»’n

such that
n»“n n»-’n

ug, (xh  th) 4+ e,0" — wl[; M, th) =0, 2f, —cth = af o as n— o0

From standard parabolic estimates, up to extraction of subsequence, the functions
ut(z,t) = u(xy + ctt, &' + x t + 1) converge locally uniformly to solutions U#
of (3.5) such that, for (x,t) € S,

2P (x,t) = UF (1) + €™ — WHT (1)
= UH(z,t) +eppt — UM (a1 +er+ 0" —na’ +p,t+7)
t (0a07 ’O)a
le: (27 00, 0,0) = 0, 2" = €," > (0,0,---,0) on IS,
and, by (5.10),
. )
p+ t W+,a —n thr _ §<,0+ on S+,
)
p*jU*jp7+§gf on S_
and hence, by (3.6), (5.6), (5.7), (5.8) and e+ € [0,d/2],
4 =D Az = [, (UT) = fi, (WHTT)
> fi,(UT) = fi,(WH7 T —e oh) > =Mz on Sy,
G DDz = fi(UT) = fi (WD)
>fH (U +e @)= (W7 "1 >—-Mz  on S_.
By strong maximum principle,
zi (z,t) =0 for all (z,t) € Se N (RN x (—o0,0])
and this contradicts 2% > exp™ > (0,0,---,0) on S+. Thus ex+ = 0 and hence
w=w’ " on Sy forany 7€ [0, 1]

Therefore, by (5.11), it holds that u = w? ~" for any 5 € [0,7,]. This contradicts
the minimality of o*. Thus ¢* < 0 and hence

u(z,t) = w(x,t) = u(zy +cr, 2’ + p,t +7).
Since (p,T) € R¥N=! x R is arbitrary, there is a function ¢ such that
u(x,t) = g1 — ct) with ¢(—00) = p*, ¢(+00) =p~.
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Moreover ¢’ =< (0,0, - ,0) since dlzy — ct) = da —ct+o) for all 0 > 0. By
strong maximum principle and ¢(—o0) = p* > p~ = ¢(400),

¢ < (0,0,---,0).
If, in addition, assume (3.7), then, by Lemma 5.2,

6() = (- — bo).

Then 6y € (a,b) follows from ¢(- — a) < ¢(- — bp) < ¢(- — b) and monotonicity of
¢. O

Proof of Lemma 5.2. Define
o =inf{r’ >0[3r eR, (- —7) 2 () X ¢(- — 7 — 1)} (€ [0,b—a])

and we prove 795 = 0 by contradiction. Suppose 79 > 0. Then there are Tj{ , T €ER
such that 7/ — 79 as j — oo,

G- —7) 2 6() 2P — 71— 7)) for j=1,2,---.
By (5.4) and monotonicity of ¢,
7; € [a,b].
Hence, by extracting a subsequence, we may assume that 7; converges to a 7,.. Then
6( —7) 2 8() 2 6( — 7 — ).

Let us take 6 > 0, ¢ > 0, C' > max{]al, |b|} as in the proof of Theorem 3.3. By
Proposition 5.1,

dn-z—ct—1) < dn-z—ct) ((z,t) € RV x R).

Hence

(5.12) (0,0,---,0) < inf{p(s) — p(s — 1) | —2C < s < 2C}.
As in the proof of Theorem 3.3, for any sufficiently small n > 0,

¢(- =T = 1) 2 ().
This implies
70 :=inf{7’ > 0] 37 € R, 5(-—7') =< () j$(~—T—T’)} <7 —1n<To.

This is contradiction and 79 is equal to 0. Therefore there is a 8y € R such that

o(-—bo) = o(-). U

5.2. Outline of the proof of Theorems 3.5 and 3.7. The proof of the following
two propositions is same as that of Proposition 5.1 and we omit the proof.

Proposition 5.3 (strong comparison principle). Assume (3.13), (3.14), (3.15) and
(3.11). Let u(x,t), v(z,t) be solutions of (3.10) such that

p_ j u, v jp+7 U(,O) j U(',O)-

Then u(-,t) = v(-,t) for any t > 0. If, in addition, assume (3.12) and u(-,0) <
v(-,0), then u(-,t) < v(-,t) for any t > 0.
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Proposition 5.4 (strong comparison principle). Assume (3.20), (3.21), (3.22) and
(3.18). Let u(x,t), v(z,t) be solutions of (3.17) such that

p_ j u, v jp+7 U(',O) j ’U(',O)-
Then u(-,t) X v(-,t) for any t > 0. If, in addition, assume (3.19) and u(-,0) <
v(+,0), then u(-,t) < v(-,t) for any t > 0.

The following two lemmas play key rules to prove the last parts of Theorems 3.5
and 3.7, respectively.

Lemma 5.5. Assume (3.13), (3.14), (3.15), (3.11) and (3.12). Let

o(z,t), ¢(z,t) (z=n-x—ct)

be functions satisfying (A1) with a direction n € RN and a speed c and for some
constants a,b € R and for all z € R, t € R,

(5.13) bz —a,t) < ¢(z,t) = (z — b, t).

Then ¢(z,t) = 5(2 — 0o, t) for some By € R.

Lemma 5.6. Assume (3.22), (3.18) and (3.19). Let
u(z,t), v(z,t) ((z,t) € RN x R)

be functions satisfying (A2) with a direction n € RN and a speed ¢ # 0 and for
some constants a,b € R and for all z € RN, t € R,

(5.14) u(z,t+a) S v(x,t) S u(z,t+0b).
Then v(z,t) = u(z,t — 0y) for some Oy € R.
Outline of the proof of Theorem 3.5. Take

@) — pr (¢
0<5<min{ pl(l pl(_) \teszzl,gw.,m}
max{y," (t),¢; (1)}
such that
Ao (1) Ae ()
1 R [I=12---.
(5.15) §<min{ZES SES R 1= 1,2, m ],

where ax (1) i= max {1, sup  (ID*F(t,w)llg*(6)P)},

we[p~(t),pt (2)]

2=

Then, by the same calculation as in the proof of Theorem 3.3,
F(t,w) —eDF(t,p" ()" (t) — X" () 2 F(t,w —ep™ (1))
(5.16) for any w e R™, t € R with p*(t) = w = p™(t) —ept(t) and
for any € € 1[0,4/2],

F(t,w) +eDF(t,p~(t)p (t) + A (1)
(5.17) for any weR™, teR with p~(t) S w
for any e €[0,6/2],

F(t,w+ep™ (1))

=
<p (t)+ep (t) and
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We also take C' > b — a such that

b () < ule.t) 2p7(0) + 397 (0)

for all (v,t) € RY xR with n-x—ct > C,
(5.18)

pT(t) = u(w,t) = pt(t) — g«ﬁ(t)

for all (z,t) e RN xR with n -z —ct < —C.

For any (p,7) € RN x TZ with n - p — e¢r = 0, an argument similar to that in the
proof of Theorem 3.3 shows that, for any ¢ > 0,

w (z,t) :=u(x +p+on,t+7) Ju(z,t) forall zeRY teR.
This implies that u(z,t) = ¢(z,t) (z =n -z — ct) for a function ¢ which satisfies
g(’zat + T) = 5(271?), (;z > (07()’ T 70)7 (Abi(ioo7 ) = p:F()
Moreover (3.12) and Lemma 5.5 imply ¢(z,t) = ¢(z — 0, t). O

Outline of the proof of Theorem 3.7. We assume that the speed c is positive since
the sign of the speed is irrelevant in the later argument. Take

+ _ —
O<5<min{ pl(i) pl(_x) |z€RN7l:1,27...’m}
max{y; (z),¢; ()}
such that
+ —
(519) 5 < min{)\“rgol (.T/')’ )\—(pl (.’IJ) |1: ERN, | = 1’2".' ’m}7
ar(@) (@)

where ay (x) := max{l, [ s(u)p " )](|D2F(w,w)||<pi(x)|2)},
we|p~ (z),pT (x

m N m
Z Z fl%uiuja |90|2 = Z@z.
=1

1=1 i,j=1
Then, by the same calculation as in the proof of Theorem 3.3,
F(z,w) = eDF(z,p* (2))¢" (2) — edpo™ (2) = Fla,w - ep™ (2))
(5.20) for any weR™, z € RY with pT(z) = w > pT(z) —epT(z) and
for any e € [0,6/2],

F(z,w)4+eDF(x,p” (z))p (x) +eA_p™ (z) = F(z,w+ep~ (x))
(5.21) for any w € R™, x € RY with p~ () 2w <p (x) +ep (z) and
for any e € [0,4/2],
We also take C' > b — a such that

p (@) S ulat) < p7(x) + 2pm ()

for all (z,t) € RY xR with n-x—ct > C,
(5.22)

P (@) = () = " ) — 5ot @)

for all (z,t) € RV xR with n-z —ct < —C.
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For any (p,7) € L xR with n- p—c¢r = 0, an argument similar to that in the proof
of Theorem 3.3 shows that, for any ¢ > 0,

w(z,t) :=u(x + p,t + 7 —0) Ju(x,t) forall 2 € RY, y€R.
This implies that, for p € L, t € R,
u(x+p,t+np/c) Eu(l‘,t), ug = (0707 ,0)

i . = pT(.
By (3.24) and keﬂdlll.inﬁioov( +k,t) =pT(),

(5.23) u(- +k,t) =pT ().

lim
k€eLl,n-k—+oo

From (5.23), maximum principle, u; > (0,0,---,0) and

N
Uy, tt Z Z D;](m)ul,tmiajj + ql(m) : vul}t + fl,ul ((E,Ul, e 7u7R)ul,t

ij=1
for zeRY, teR (1=1,2,---,m),
it holds that u; > (0,0, --,0). Therefore u is a solution which satisfies (A2).

Moreover, if, in addition, assume (3.19), then Lemma 5.6 implies u(x,t) = v(x,t +
o). O

Proof of Lemmas 5.5 and 5.6. The proof of Lemmas 5.5 and 5.6 is based on Propo-
sitions 5.3, 5.4 and an argument similar to that in the proof of Lemma 5.2. We
give the proof of Lemma 5.6 only. The proof of Lemma 5.5 is easier and omitted.
We only consider the case that the peed c is positive since the sign of the speed is
irrelevant in the later argument.

Define

10 :={7" | 3T € R, u(w,t +7) < v(z,t) Lulr,t+717+7)
((z,t) e RN xR)} (€[0,b— a))

and we prove 19 = 0 by contradiction. Suppose 79 > 0. Then there are T]f , T €ER
such that 77 — 79 as j — oo,

u(z,t +75) 2v(z,t) Ju(z,t+ 75+ 1) for (x,t) € RY xR (j=1,2,---).
By (5.14) and monotonicity of u, v with respect to t,
T; € [a,b].

Hence, by extracting a subsequence, we may assume that 7; converges to a 7, as
7 — oo. Then

u(z, t 4 7.) 2 v(z,t) <u(z,t+ 1. +710) ((z,t) € RY xR).
Let us take § > 0, ¢ > 0, C > max{|al,|b|} as in the proof of Theorem 3.7. By
Proposition 5.4,
u(z, t 4+ 7.) < v(x,t) ((z,t) € RV x R)
and hence
(5.24) (0,0,---,0) < inf{v(x,t) —u(z, t+7.) | (x,t) e RN xR, |n-z—ct| < 2C}.
If (5.24) is not true, then there are ly € {1,2,--- ,m}, z; € RV, ¢; € R such that
In-x; —ctj| <2C (5 €N) and lim {v,(z;,t;) — w,(zj, t; +7)} = 0.
Jj—o0
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Let kj € L(= L1Z X LoZ x --- x LNZ) satisty
xj €kj +1[0,L1) x [0,L2) X --- x [0,Ln) (j €N).

Then z; — kj, t; —n - k;/c are bounded uniformly for j € N. Hence, by extracting
a subsequence, we may assume that there are z, € RY and t, € R such that
|zs - n —cty| <2C, x5 — kj = x4, t; —n-kj/c—t, as j — oo. Thus

0= lim {v,(x;,t;) — w, (x5, t; + 1)}
J]—00
= Jim foig (25 — Ky ty —nkyfe) — () =k tj —n-kj/et )}
:’Ulo(.’lﬁ*,t*) _Ulo((IJ*,t* +T*).

This contradicts u(x,t + 7.) < v(z,t) ((x,t) € RY x R) and (5.24) holds. By
an argument similar to that in the proof of Theorem 3.3, for any sufficiently small
7> 0, u(Ts, b + 7 + 1) 3 V(24 ty). Thus

o =inf{r" | Ir €R, u(-,-+7) 2v(,") Jul,-+7+7)} <170 -0 < 10.

This is contradiction and 75 = 0 is proved. This completes the proof. O
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