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√
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√
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√
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β t = 1 ν = 1/2√
βt =

√
β

L(0)
7 (x).
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√
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β2
∑3

i=1 x
4
i = 1 ν = 1/2



wβ(x) γ
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β = 2
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Q
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β = 1, 2, 4.
β > 0

{λi}Ni=1

1

Zβ

[
− β

( N∑
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∑

1≤i<j≤N

|λi − λj|
)]

,



Zβ {λi > 0}Mi=1

1
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β
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2
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2
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∑

1≤i<j≤N

|λi − λj|
)]

,

a = N −M +1− 2/β Z ′
β

β
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β
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N
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i = 1, . . . , N

λi = Bi,t +
β

2

N∑

j=1:
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t
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.
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√
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√
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β
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W
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∂t
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2
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T 2
i f(t,x),
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A
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β
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TiVβ[f(x)] = Vβ

[ ∂
∂xi

f(x)
]
,

f(x) x

Vβ

Vβ

Vβ

β → ∞

β
β
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x = (x1, . . . , xN)T α = (α1, . . . ,αN)T ∈
RN x ·α = xTα =

∑N
i=1 xiαi

α

σαx = x− 2
α · x
α ·αα.

α
αT I

σα = I − 2
ααT

αTα
.

√
x · x = x

σα
Θ ∈ O(N) N

σΘαx = ΘσαΘ
Tx = ΘσαΘ

−1x.



R
R

σαR = {σαξ : ξ ∈ R} = R

α ∈ R σαα = −α ∈ R
R R

m
α m )= cα c ∈ R α · m )= 0

R+ = {α ∈ R : m · α > 0}
R−

α ∈ R rα ∈ R r = ±1

R
W

W α ∈ R R

Wα = {ρα : ρ ∈ W}.
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Wα α
ξ, ζ,α ∈ R σαζ = ξ k(ζ) = k(ξ)

Θ ∈ O(N)
f(x)

Θf(x) = f(ΘTx), Θ−1f(x) = ΘTf(x) = f(Θx).

σα1 . . . σαn f(x)
αj ∈ RN 1 ≤ j ≤ n

σα1 . . . σαnf(x) = f(σαn . . . σα1x),

σα W

ρf(x) = f(ρTx) = f(x)
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i Ti i = 1, . . . , N

Tif(x) =
∂

∂xi
f(x) +

∑

α∈R+

k(α)
(1− σα)f(x)

α · x αi.



∇ = (∂/∂x1, . . . , ∂/∂xN)T

ξ ∈ RN

Tξf(x) =
N∑

i=1

ξiTif(x) = ξ ·∇f(x) +
∑

α∈R+

k(α)
(1− σα)f(x)

α · x ξ ·α.
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α = e1 ei i
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i=1 x
pi
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c

N∏
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xpi
i ,

p1 2xp1−1
1 c

∏N
i=2 x

pi
i pi

n − 1 Ti −1

{Ti}Ni=1 f, g W

Ti[f(x)g(x)] = g(x)Tif(x) + f(x)Tig(x).

∆ :=
N∑

i=1

∂2

∂x2
i

→
N∑

i=1

T 2
i .
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T 2
i f(x) = ∆f(x)+2

∑
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[α ·∇f(x)

α · x − α2

2
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(α · x)2
]
.
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N∑
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T 2
θif(x) =

∑
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θjiθliTjTlf(x) =
∑
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[ΘTΘ]jlTjTlf(x)

=
N∑
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T 2
j f(x).

∂

∂t
− 1

2
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T 2
i = 0

x y
t p(t,y|x)

∂

∂t
p(t,y|x) = 1

2

N∑

i=1

T 2
i p(t,y|x)

=
1

2
∆p(t,y|x) +

∑

α∈R+

k(α)
[α ·∇
α · x p(t,y|x)− 1− σα

(α · x)2p(t,y|x)
]
.

x

R
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∂

∂t
p(t,y|x) = 1

2
∆(y)p(t,y|x)−

∑

α∈R+

k(α)
α ·∇(y)p(t,y|x)

α · y

+
∑
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k(α)
α2

2

p(t,y|x) + p(t,σαy|x)
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x y α
y = σαx
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RN

C = {x ∈ RN : x ·α > 0 ∀α ∈ R+}.

C

σα
C

W

P (t,y|x)

P (t,y|x) =
∑

ρ∈W

p(t,y|ρx).

x Wx
C p(t,y|x)

RN P (t,y|x)
C

∑
ρ∈W ρ x

∂

∂t
P (t,y|x) = ∂

∂t

∑

ρ∈W

p(t,y|ρx) = 1

2

N∑

i=1

∑

ρ∈W
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=
1

2
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∑
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p(t,y|ρx) = 1

2
∆P (t,y|x) +

∑

α∈R+

k(α)
α ·∇
α · x P (t,y|x).

W P (t,y|x)

A B k(α)

A

A = {αij = ei − ej : 1 ≤ i )= j ≤ N}.



A+ = {αij = ei − ej : 1 ≤ j < i ≤ N}

ei i σαij = σij
σij

x i j
l σijx

(σijx)l = xl − (xi − xj)(δil − δjl).

xl l )= i, j (σijx)i = xj

(σijx)j = xi

A
SN

A

αij σmj m
j m αij

αim σil l αlm

k(α)

k(αij) = k(σmjσilαij) = k(αlm)

k(α)

A

ATif(x) =
∂

∂xi
f(x) + k

N∑

j=1
j $=i

f(x)− f(σijx)

xi − xj
,

A

∂

∂t
PA(t,y|x) =

1

2
∆PA(t,y|x) + k

∑

1≤i $=j≤N

1

xi − xj

∂

∂xi
PA(t,y|x).

∂

∂t
p (t,y|x) = 1

2
∆p (t,y|x) + β

2

∑
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1

xi − xj

∂

∂xi
p (t,y|x),



A
k = β/2

PA(t,y|x) k = β/2

B

B = {±ei : 1 ≤ i ≤ N}∪{±(ei−ej),±(ei+ej) : 1 ≤ j < i ≤ N}.

B+ = {ei : 1 ≤ i ≤ N} ∪ {ei − ej, ei + ej : 1 ≤ j < i ≤ N}.

B

σ±eix = (x1, . . . , xi−1,−xi, xi+1, . . . , xN),

σ±(ei−ej)x = (x1, . . . , xi−1, xj, xi+1, . . . , xj−1, xi, xj+1, . . . , xN),

σ±(ei+ej)x = (x1, . . . , xi−1,−xj, xi+1, . . . , xj−1,−xi, xj+1, . . . , xN).

i
i j

i j

σ±ei = σ̂i,

σ±(ei−ej)x = σij,

σ±(ei+ej)x = σ̂iσ̂jσij.

WB

RN

B {±ei}Ni=1

{±ei±ej}1≤i $=j≤N k(ei) =
k0 k(±ei ± ej) = k1 B

BTif(x) =
∂

∂xi
f(x) + k0

f(x)− f(σ̂ix)
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N∑
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j $=i

[
f(x)− f(σijx)
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+

f(x)− f(σijσ̂iσ̂jx)
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]
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B

∂

∂t
PB(t,y|x) =

1

2
∆PB(t,y|x) + k0

N∑

i=1

1

xi

∂

∂xi
PB(t,y|x)

+ k1

N∑

j=1
j $=i

[ 1

xi − xj
+

1

xi + xj

] ∂
∂xi

PB(t,y|x).

∂

∂t
p (t,y|x) = 1

2
∆p (t,y|x) + β

2

[ N∑

i=1
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2xi

∂

∂xi
p (t,y|x)

+
∑

1≤i $=j≤N

( 1

xi − xj
+

1

xi + xj

) ∂

∂xi
p (t,y|x)

]
,

k0 = β(ν+1/2)/2 k1 = β/2
B

PB(t,y|x)

k(α) β/2
β → ∞

α0

k(α0) =
β

2
> 0.

κ(α)

κ(α) :=
k(α)

k(α0)
> 0.

k(α) =
β

2
κ(α).

R+
∑

α∈R+

k(α).
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γ :=
∑

α∈R+

κ(α),

∑

α∈R+

k(α) =
β

2
γ.

Vβ

TiVβf(x) = Vβ

[ ∂
∂xi

f(x)
]
,

Vβ1 = 1

A A2

Vβ

Vβ Vβ

ρ ∈ W
Vβ = ρTVβρ.

Ar

PN
n x ∈ RN n

Kr = {x ∈ RN : |x| ≤ r} N r
||g||∞,Kr |g(x)| Kr Ar

g : Kr → C

g(x) =
∞∑

n=0

gn(x), gn(x) ∈ PN
n



∞∑

n=0

||gn||∞,Kr < ∞.

β,κ ≥ 0
x ∈ RN µx σ

RN

Vβg(x) =

∫
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g(ξ) µx(ξ)

g(x) ∈ A|x|

µrx(B) = µx(r
−1B) µρx(B) = µx(ρ

−1B)

r > 0 ρ ∈ W

(µx) = (Wx).

(Wx) Wx = {z : ∃ρ ∈ W, z = ρx}

Vβg(x)

|Vβg(x)| ≤
∫

RN

|g(ξ)| µx(ξ) ≤
ξ∈ (Wx)

|g(ξ)|,

g(x) ∈ Ar β > 0

β→∞ Vβg(x) = V∞g(x) g(x)
x

Vβ

N

p (t,y|x) =
−(y−x)2/2t

(2πt)N/2
,

( ∂
∂t

− 1

2
∆x

)
p (t,y|x) = 0.



Vβ

Vβ

( ∂
∂t

− 1

2
∆x

)
p (t,y|x) =

( ∂
∂t

− 1

2

N∑

i=1

T 2
i

)
Vβp (t,y|x) = 0.

Vβ

Vβ

Vβ

Eβ(x,y) := Vβ
x·y.

TiEβ(x,y) = TiVβ
x·y = Vβ

( ∂

∂xi

x·y
)
= Vβ(yi

x·y) = yiEβ(x,y).

x · y
Eβ(ix,y)

|Vβ
x·y| ≤

∫

RN

| ξ·y| µx(ξ) = 1,

µx(ξ)
c ∈ C ρ ∈ W

Eβ(x,y) = Eβ(y,x),

Eβ(cx,y) = Eβ(x, cy),

Eβ(ρx, ρy) = Eβ(x,y),

Eβ(x,y)
† = Eβ(x

†,y†),

†

1

cβ

∫

RN

Vβ[
x·y]Vβ[

x·z] −x2/2wβ(x) x = (y2+z2)/2Vβ
y·z.



f̂(ξ) :=
1

cβ

∫

RN

f(x)Vβ
− ξ·xwβ(x) x,

wβ cβ

wβ(x) :=
∏

α∈R+

|α · x|βκ(α)

cβ :=

∫

RN

−x2/2wβ(x) x,

f(x) = [f̂ ]ˇ(x) :=
1

cβ

∫

RN

f̂(ξ)Vβ
ξ·xwβ(ξ) ξ

f(x)

p (t,y|x) = 1

(2π)N

∫

RN

−tξ2/2 y·ξ − x·ξ ξ.

−tξ2/2 − x·ξ

Γ(t,x,y) =
1

c2β

∫

RN

−tξ2/2Vβ[
y·ξ]Vβ[

− x·ξ]wβ(ξ) ξ.



∂

∂t
Γ(t,x,y) =

−1

c2β

∫

RN

ξ2

2
−tξ2/2Vβ[

y·ξ]Vβ[
− x·ξ]wβ(ξ) ξ

=
1

c2β

∫

RN

−tξ2/2Vβ[
y·ξ]Vβ

[1
2
∆ − x·ξ

]
wβ(ξ) ξ

=
1

2

N∑

i=1

T 2
i

1

c2β

∫

RN

−tξ2/2Vβ[
y·ξ]Vβ[

− x·ξ]wβ(ξ) ξ

=
1

2

N∑

i=1

T 2
i Γ(t,x,y).

Γ(t,x,y) =
−(y2+x2)/2t

cβt(βγ+N)/2
Vβ

x·y/t.

Γ(t,x,y)
y wβ(y)Γ(t,x,y)

∫

RN

wβ(y)Γ(t,x,y) y =
−x2/2t

cβt(βγ+N)/2

∫

RN

−y2/2tVβ
x·y/twβ(y) y

= −x2/2t x2/2t = 1.

p(t,y|x) = wβ(y)Γ(t,x,y) = wβ

(
y√
t

) −(y2+x2)/2t

cβtN/2
Vβ

(x · y
t

)
.

p(t,y|x) = wβ(y)

c2β

∫

RN

−tξ2/2[Vβ
y·ξ][Vβ

− x·ξ]wβ(ξ) ξ.

P (t,y|x) = wβ

(
y√
t

) −(y2+x2)/2t

cβtN/2

∑

ρ∈W

Vβ

(ρx · y
t

)
.



P (t,y|x)
C |W |

RN

wA(x) =
∏

1≤i<j≤N

|xj − xi|β wB(x) =
N∏

i=1

|xi|β(ν+1/2)
∏

1≤i<j≤N

|x2
j − x2

i |β

γA = N(N − 1)/2 γB = N(N + ν − 1/2)

cA =
N∏

j=1

√
2πΓ(1 + j β

2 )

Γ(1 + β
2 )

cB = 2
βγB+N

2

N∏

j=1

Γ(1 + j β
2 )Γ[

β
2 (ν + j − 1

2) +
1
2 ]

Γ(β2 + 1)

CA = {x : x1 < . . . < xN} CB = {x : 0 < x1 < . . . < xN}

wβ(x) γ
cβ C

x ∈ RN cβ



R

HR = −1

2
∆(x) +

β

2

∑

α∈R+

α2

2

κ(α)[βκ(α)/2− σα]

(α · x)2 +
ω2

2

N∑

i=1

x2
i ,

= 1

x ·∇



(t,y) → (τ, ζ) =

(
t

2ω
,

y√
2ωt

)
.

y
√
t

t
f(t,y)

f [t(τ, ζ,ω),y(τ, ζ,ω)] = f(τ, ζ),

f(τ, ζ) = [−W (τ, ζ)]U(τ, ζ)

W (τ, ζ)

W (τ, ζ) =
1

2
ω

N∑

i=1

ζ2i −
β

2

∑

α∈R+

κ(α) |α · ζ|+ ωNτ.

R

R

∂

∂t
=

1

2ωt

∂

∂τ
− 1

2t
ζ ·∇(ζ),

∂

∂yi
=

1√
2ωt

∂

∂ζi
.



W ∂

∂τ
−W =

∂

∂τ
− ωN,

W ∂

∂ζi
−W =

∂

∂ζi
− ωζi +

β

2

∑

α∈R+

κ(α)

α · ζαi,

W∆(ζ) −W = ∆(ζ) + 2

(
β

2

∑

α∈R+

κ(α)

α · ζα− ωζ

)
·∇(ζ) + ω2ζ2

−(βγ +N)ω +
β2

4

∑

α∈R+

∑

ξ∈R+

κ(α)κ(ξ)

(α · ζ)(ξ · ζ)α · ξ

−β
2

∑

α∈R+

κ(α)

(α · ζ)2α
2.

∂

∂τ
U(τ, ζ) =

1

2
∆(ζ)U(τ, ζ) +

ω

2
[βγ +N − ωζ2]U(τ, ζ)

+
β

2

∑

α∈R+

α2

2

κ(α)

(α · ζ)2U(τ, σαζ)

−β
2

4

∑

α∈R+

∑

ξ∈R+

α · ξ
2

κ(α)κ(ξ)

(α · ζ)(ξ · ζ)U(τ, ζ).

α )= ξ
ER = ω(βγ+N)/2

HR ζ x

− ∂

∂τ
U(τ, ζ) = [HR − ER]U(τ, ζ),

R A
ω >

0 ω = 0



U(τ, ζ)

f(τ, ζ)
τ → ∞

HR {ψη(ζ)}η
{ER

η }η η

{ψη(ζ)}η

U(τ, ζ) =
∑

η

−τ [ER
η −ER

0 ]ψη(ζ).

ER
η ≥ ER

0 τ U(τ, ζ)
ψ0(ζ)

ψ0(ζ) = a0
−ωζ2/2

∏

α∈R+

|α · ζ|βκ(α)/2,

a0

f(t,
√
βtv)(βt)N/2

ω = β τ = ( t)/2β ζ = v/
√
2

f(t,
√
βtv)(βt)N/2 = βN/2U

( t

2β
,
v√
2

)

×
[
− βv2

4
+
β

2

∑

α∈R+

κ(α) |α · v/
√
2|
]

t→∞−→ βN/2
[
− βv2

4
+
β

2

∑

α∈R+

κ(α) |α · v/
√
2|
]
ψ0(v/

√
2)

=
a0βN/2

2βγ/2

[
− β

(v2

2
−
∑

α∈R+

κ(α) |α · v|
)]

.

y
√
βtv



σα
HR β → ∞

ω = β β

V (x) =
1

4

∑

α∈R+

α2

2

κ2(α)

(α · x)2 +
1

2

N∑

i=1

x2
i .

β → ∞

F (v) =
v2

2
−
∑

α∈R+

κ(α) |α · v|.

|∇(v)F |2 = v2 − 2γ +
∑

α∈R+

α2κ2(α)

(α · v)2 = 4V (v/
√
2) − 2γ.

(∇(v)F ·∇(v))∇(v)F = 2∇(v)[V (v/
√
2)].

F (v) v = z
V (v) v = z/

√
2 F (v)

β → ∞



F (v)
A

B

v =
∑

α∈R+

κ(α)

α · vα.

{si}i
R

∏

α∈R+

|α · s|κ(α).

√
γ

N

A B

N

(N−1)Q(x)

∏

1≤i<j≤N

(xj − xi)
2 −(N−1)

∑N
i=1 Q(xi),

(N−1)Q(x) = x2

(N − 1)Q(y) = y− (ν + 1
2) y yi = x2

i

i
R

τ = ( t)/2β β



Xt = Bt +
β

2

∑

α∈R+

κ(α)α

α ·Xt
t.

N
α ∈ R



Yt = Xt/
√
βt

Yt

Yt =
Bt√
βt

+
1

2t

∑

α∈R+

κ(α)α

α · Yt
t− Yt

2t
t.

τ = ( t)/β
t = βt τ

Yτ = Bτ +
β

2

[ ∑

α∈R+

κ(α)α

α · Yτ
− Yτ

]
τ.

σα√
βt

f(t,y)
f(t,y)

ft(v) := f(t,
√
βtv)(βt)N/2,

f (v) :=
[
− β

(v2

2
−
∑

α∈R+

κ(α) |α · v|
)]

.

f(t,y)

2t
∂

∂t
ft(v) =

1

β
∆ft(v)−

∑

α∈R+

κ(α)
[α ·∇ft(v)

α · v − α2

2

(1 + σα)ft(v)

(α · v)2
]

+ v ·∇ft(v) +Nft(v).

g(y) g̃(v) = g(
√
βtv)

T (y)
i g(y) =

1√
βt

T (v)
i g̃(v),



ft(v)

∂

∂t
ft(v) =

∂

∂t

[
f(t,

√
βtv)(βt)N/2

]

=
N

2t
ft(v) + (βt)N/2 ∂

∂t
f(t,y)

∣∣∣
y=

√
βtv

+
1

2t
v ·∇ft(v),

∂

∂t
ft(v) =

N

2t
ft(v) +

1

2t
v ·∇ft(v) +

1

2βt

N∑

i=1

T 2
i ft(v).

2t
f (v)

ft(v)
f (v)

v ·∇f (v) = −β(v2 − γ)f (v),

α ·∇f (v) = −β
[
α · v −

∑

ζ∈R+

κ(ζ)ζ ·α
ζ · v

]
f (v),

∂2f

∂v2j
= β2

[
vj −

∑

α∈R+

κ(α)αj

α · v

]2
f (v)

−β
[
1 +

∑

α∈R+

κ(α)α2
j

(α · v)2
]
f (v).

f (v)

β
[
v2 − 2γ +

∑

α,ζ∈R+

κ(α)κ(ζ)α · ζ
(α · v)(ζ · v)

]
f (v)−

[
N +

∑

α∈R+

κ(α)α2

(α · v)2
]
f (v)

−
∑

α∈R+

κ(α)
[
− β + β

∑

ζ∈R+

κ(ζ)ζ ·α
(α · v)(ζ · v) −

α2

(α · v)2
]
f (v)

− β(v2 − γ)f (v) +Nf (v).

f (v)



µ(x)

f(t,y) y =
wβ(y)

c2β

∫

RN

−tξ2/2[Vβ
y·ξ]
[ ∫

RN

[Vβ
− x·ξ]µ(x) x

]
wβ(ξ) ξ y.

Vβ
x·y

FR(v,κ) =
v2

2
−
∑

α∈R+

κ(α) |α · v|,

f (v) = −βFR(v,κ) = −βv2/2wβ(v)

zβ =

∫

RN

−βFR(ζ,κ) ζ =

∫

RN

f (ζ) ζ.

fR(v) :=
1

zβ
f (v) =

1

zβ
−βFR(v,κ).

µ(x)

∣∣∣
∫

RN

xixjµ(x) x
∣∣∣ < ∞.

µ(x)

x̄µ :=

∫

RN

xµ(x) x,

s2µ :=

∫

RN

|x− x̄µ|2µ(x) x

f(t,
√
βtv)(βt)N/2 v = fR(v, β) v[1 +O(η

√
β) +O(ε2)]

t - (s2µ + x̄2
µ) [1, β]

η ε

ε2t - 1 η2t [1, β] - 1.



y =
√
βtv ξ = ζ/

√
t x = u

√
t

f(t,
√
βtv)(βt)N/2 v =

wβ(v)

zβcβ

∫

RN

−ζ2/2[Vβ

√
βv·ζ]

×
[ ∫

RN

[Vβ
− u·ζ]tN/2µ(

√
tu) u

]
wβ(ζ) ζ v.

u

I(t, ζ) :=
∫

RN

[Vβ
− u·ζ]tN/2µ(

√
tu) u.

u u

I(t, ζ) = Vβ[ (u · ζ)− (u · ζ)].

u u ζ
∫

RN

utN/2µ(
√
tu) u = x̄µ/

√
t,

∫

RN

(u− x̄µ/
√
t)2tN/2µ(

√
tu) u = s2µ/t,

I(t, ζ) ζ = 0

TjI(t,0) = − x̄µ,j√
t
,

N∑

j=1

T 2
j I(t,0) = −1

t
(s2µ + x̄2

µ).

TjVβ[ (u · ζ)− (u · ζ)]|ζ=0 = − (u )j|ζ=0,
N∑

j=1

T 2
j Vβ[ (u · ζ)− (u · ζ)]|ζ=0 = −u2|ζ=0.



u := u |ζ=0 = x̄µ/
√
t,

u2 := u2|ζ=0 = (s2µ + x̄2
µ)/t.

ζ2 . t/(s2µ + x̄2
µ) I(t, ζ)

Vβ[ (u · ζ)− (u · ζ)] +O(ζ2/t).

O[ζ2/t]
I(t, ζ) ζ = 0

u
tε
Vβ (x · y)

{φi}Ni=1 RN dR
R N − dR

Vβ

Vβx · y =
1

1 + βγ/dR

[
x · y +

βγ

dR

N∑

i=dR+1

(x · φi)(y · φi)
]
.

Vβ [Mβ]ij = mij

Vβx · y =
∑

1≤i,j≤N

ximijyj.

Vβ

yi =
N∑

j=1

mijyj +
β

2

∑

α∈R+

αi
κ(α)

α · x(1− σα)
∑

1≤i,j≤N

xlmljyj

(1− σα)x
TMβy =

(
2
α · x
α2

α
)T

Mβy = 2
α · x
α2

αTMβy,

y = Mβy+β
∑

α∈R+

κ(α)
ααT

α2
Mβy =

[
I +β

∑

α∈R+

κ(α)
ααT

α2

]
Mβy.



Mβ =

[
I + β

∑

α∈R+

κ(α)
ααT

α2

]−1

.

Mβ α
y

(R) α
y ∈ (R)

nR

{ξi}nR
i=1

κ(ξi) )= κ(ξj) i )= j

∑

α∈R+

κ(α)
ααT

α2
=

nR∑

i=1

κ(ξi)

|ξi|2
∑

α∈R+∩Wξi

ααT .

Wξi = {ρξi : ρ ∈ W} ξi W

W W
R ξi

α
|ξi|2 α

Wξi

∑

α∈R+

κ(α)
ααT

α2
=

nR∑

i=1

κ(ξi)

|ξi|2
|R+ ∩Wξi|

|W |
∑

ρ∈W

(ρξi)(ρξi)
T ,

|R+∩Wξi|/|W |
ρ [ρ]ij ij

W jl
ρ

∑

ρ∈W

[ρξi]j[ρξi]l =
∑

ρ∈W

dR∑

n,n′=1

[ρ]jn[ξi]n[ρ]ln′ [ξi]n′ =
dR∑

n,n′=1

[ξi]n′ [ξi]n
∑

ρ∈W

[ρ]jn[ρ]ln′ .

ρ

∑

ρ∈W

[ρ]jn[ρ]ln′ =
|W |
dR

δjlδnn′ ,



∑

ρ∈W

[ρξi]j[ρξi]l =
dR∑

n,n′=1

[ξi]n′ [ξi]n
|W |
dR

δjlδnn′ =
|W ||ξi|2

dR
δjl.

∑

α∈R+

κ(α)
ααT

α2
=

nR∑

i=1

κ(ξi)
|R+ ∩Wξi|

dR
I =

I

dR

∑

α∈R+

κ(α) =
γ

dR
I.

y ∈ (R)

Mβ = I/(1 + βγ/dR).

Mβ

(R)

y =
[
y −

N∑

i=dR+1

(φi · y)φi

]
+

N∑

i=dR+1

(φi · y)φi.

[
I + β

∑

α∈R+

κ(α)
ααT

α2

][(
y −

N∑

i=dR+1

(φi · y)φi

)
+

N∑

i=dR+1

(φi · y)φi

]

=
[(

1 +
βγ

dR

)
I − βγ

dR

N∑

i=dR+1

φiφ
T
i

]
y = M−1

β y,

Mβ

Mβ =
1

1 + βγ/dR

[
I +

βγ

dR

N∑

i=dR+1

φiφ
T
i

]

[(
1+

βγ

dR

)
I−βγ

dR

N∑

i=1+dR

φiφ
T
i

] 1

1 + βγ/dR

[
I+

βγ

dR

N∑

i=dR+1

φiφ
T
i

]
= I,



x⊥ x (R)
x‖ x (R)

Vβx · y =
x‖ · y‖

1 + βγ/dR
+ x⊥ · y⊥.

⊥ ‖

J (t,v) :=
1

cβ

∫

RN

−ζ2/2I(t, ζ)[Vβ

√
βv·ζ]wβ(ζ) ζ,

t
−ζ2/2I(t, ζ)

√
βv

I(t, ζ) ε√
tε - 1 J (t,v)
J1 ζ <

√
tε J2

ζ ≥
√
tε J2

|J2| ≤
1

cβ

∫

ζ≥
√
tε

−ζ2/2wβ(ζ) ζ =
CJ

cβ

∫ ∞

√
tε

−ζ2/2ζβγ+N−1 ζ

=
CJ 2(βγ+N−2)/2)

cβ

∫ ∞

tε2/2

−zz(βγ+N−2)/2 z = O( −tε2/2(tε2)(βγ+N−2)/2).

CJ z =
ζ2/2

I(t, ζ)

|I(t, ζ)| ≤
∫

RN

|Vβ
− u·ζ|tN/2µ(

√
tu) u ≤

∫

RN

µ(x) x = 1.

1

cβ

∫

ζ≥
√
tε

−ζ2/2g(ζ)wβ(ζ) ζ = O( −tε2/2(tε2)(βγ+N+r−2)/2)



g(ζ) ∼ ζr ζ

ζ <
ε
√
t J1 J

J
J RN

r = 0

J =
1

2cβ

∫

RN

−ζ2/2Vβ(
u ·ζ + − u ·ζ)Vβ

√
βv·ζwβ(ζ) ζ

+O( −tε2/2(tε2)(βγ+N−2)/2).

J = −(u2 +βv2)/2Vβ (
√
βu · v) +O( −tε2/2(tε2)(βγ+N−2)/2).

J

J = −(u2+βv2)/2Vβ (
√
βu · v) +O( −tε2/2(tε2)(βγ+N−2)/2).

J

J =
O[ε2]

cβ

∫

ζ<
√
tε

−ζ2/2Vβ

√
βv·ζwβ(ζ) ζ

= O[ε2]
[ 1
cβ

∫

RN

−ζ2/2Vβ

√
βv·ζwβ(ζ) ζ +O( −tε2/2(tε2)(βγ+N−2)/2)

]

= O[ε2][ −βv2/2 +O( −tε2/2(tε2)(βγ+N−2)/2)].

tε2 O( −tε2/2(tε2)(βγ+N−2)/2)

J (t,v) = −βv2/2{ −u2 /2Vβ (
√
βu · v)

+ −u2/2Vβ (
√
βu · v) +O[ε2]}.

tε2 - 1 tu2 ε2 = ε2(s2µ + x̄2
µ) . 1

J (t,v)
t→∞−→ −βv2/2,



t

Vβ (u · v) u v . 1

g(v,u ) =
[ v2u2

2(N + βγ)

]

Vβ (u · v)

N∑

j=1

T 2
j Vβ (u · v)|ζ=0 = u2 ,

v

∆vg(v,u ) =
u2

N + βγ

[ v2u2

N + βγ
+N

]
g(ζ,u )

β
∑

α∈R+

κ(α)
α ·∇vg(v,u )

α · v =
βγu2

N + βγ
g(v,u ),

N∑

j=1

T 2
j g(v,u )|v=0 = u2 .

g(v,u )
Vβ (u · v) v = 0 g(ζ,u )

βv2/2J (t,v)−O(ε2) = −u2 /2Vβ (
√
βu ·v)+ −u2/2Vβ (

√
βu ·v)

=
[
−u2

2

(
1− βv2

N + βγ

)]
+ −u2/2

[√βu ‖ · v‖

1 + βγ/dR
+
√
βu ⊥ ·v⊥

]
+O(βv2/t).

g(v,u )

µ(x) Vβ (u · v)
g(v,u )



u

h(v)
h(v) ∼ vr v

h

〈h〉 :=
∫

RN

h(v)fR(β,v) v.

h

〈h〉t :=
1

zβ

∫

RN

h(v)wβ(v)J (t,v) v.

(s2µ + x̄2
µ)βv

2

t
. 1

v < η
√
t v ≥ η

√
t

η
√
t - 1

K1 K2

v′ =
√
βv

|K2| ≤
1

cβ

∫

v′≥η
√
βt

|h(v′/
√
β)|wβ(v

′) −(v′)2/2|{ −u2 /2Vβ (u · v′)

+ −u2/2Vβ (u · v′) +O[ε2]}| v′

≤ CK

cβ

∫ ∞

η
√
βt

(v′)βγ+N−1(v′/
√
β)r{ −(v′−u )2/2/2 + −(v′−u )2/2/2

+ −(v′)2/2O[ε2]} v′.

h(v)
v′ - 1

|Vβ (u · v′)| ≤ (u v′) ∼ (u v′)/2,

|Vβ (u · v′)| ≤ (u v′) ∼ (u v′)/2.

CK

K2 = O[ −η2βt/2(η2βt)(βγ+N+r−2)/2β−r/2(1 + ε2)].



η
√
βt - 1

Ko K
K

Ko =
O(ε2) +O(βη2)

cβ

∫

v′<η
√
βt

h(v′/
√
β)wβ(v

′) −(v′)2/2 v′

= 〈h〉[O(ε2) +O(βη2)].

η . 1/
√
βx̄2

µ

K =
1

cβ

∫

v′<η
√
βt

h(v′/
√
β)wβ(v

′) −(v′)2/2

× −u2/2
[ u ‖ · v′

‖

1 + βγ/dR
+ u ⊥ · v′

⊥

]
v′.

∣∣∣
u ‖ · v′

‖

1 + βγ/dR
+ u ⊥ · v′

⊥

∣∣∣ ≤
η
√
β

x̄µ

[ x̄2
µ‖

1 + βγ/dR
+ x̄2

µ⊥

]

K = 〈h〉O(η
√
β),

〈h〉
u → 0

K =
1

cβ

∫

v′<η
√
βt

h(v′/
√
β)wβ(v

′)
[
− (v′)2

2

(
1−

s2µ + x̄2
µ

t(βγ +N)

)]
v′

× −(s2µ+x̄2
µ)/(2t) = 〈h〉.

ε η

〈h〉t = 〈h〉[1 +O(η
√
β) +O(ε2)],

t - s2µ + x̄2
µ, ε2t - 1, ε−2 - s2µ + x̄2

µ,

η2βt - 1, η2t - 1, η−2 - β(s2µ + x̄2
µ).



t - (s2µ+
x̄2
µ) [1, β] !

β

β

β

x µ(x)

1 + βγ/dR > 1
x̄µ

µ(x)
(R)

x̄µ⊥ = 0
β

β dR < N



R A
B

µ(x)

f(t,y) y = wβ

(
y√
t

) −y2/2t

cβtN/2

∫

RN

−x2/2tVβ

(x · y
t

)
µ(x) x y.

f(t,
√
βtv)(βt)N/2 v =

wβ(v) −βv2/2

zβ

∫

RN

−x2/2tVβ
x·v

√
β/tµ(x) x v

= fR(v)

∫

RN

−x2/2tVβ
x·v

√
β/tµ(x) x v

β → ∞
R {si}|W |

i=1 FR(v,κ)



µ(x)
x̄µ s2µ

β → ∞
t > 0

β→∞
f(t,

√
βtv)(βt)N/2 v =

1

|W |

|W |∑

i=1

δ(N)(v − si) v.

f(t,
√
βtv)(βt)N/2

fR(v)
f(t,

√
βtv)(βt)N/2

fR(v) µ(x)
∫

RN

−x2/2tVβ
x·v

√
β/tµ(x) x.

fR(v)

v = si β → ∞
f(t,

√
βtv)(βt)N/2 fR(v)

t > 0
β → ∞

Yt = Xt/
√
β

Yt =
Bt√
β

+
1

2

∑

α∈R+

κ(α)α

α · Yt
t.

N
−∇Φ

Φ(v) = −
[ ∏

α∈R+

|α · v|κ(α)/2
]
,

Bt/
√
β



Yt = Xt/
√
β X0 = x

Y0 = x/
√
β Y0 = 0

x β → ∞ Yt

Yt

Xt

u =
√
tv

β→∞
f(t,

√
βu)(β)N/2 u =

1

|W |

|W |∑

i=1

δ(N)(u−
√
tsi) u.

Yt

Yt µ(x)
β → ∞.

u = v/
√
t x =

√
βξ

t > 0 µ(x)
v = y/

√
βt

β

β

V∞f(x) :=
β→∞

Vβf(x)

f(x) ∈ A|x| A|x|

V∞f(x) W

β

1

β

[
Vβ

∂

∂xi
f(x)− ∂

∂xi
Vβf(x)

]
=

1

2

∑

α∈R+

αiκ(α)
(1− σα)Vβf(x)

α · x



i = 1, . . . , N Vβ

β β → ∞

κ(α) f(x) ∈ A|x| V∞f(x) = V∞f(σαx)
α V∞f(x) W

W

W ∑N
i=1 ξiTi ξ = (ξ1, . . . , ξN)T (R)

W

f(x) W

Tξf(x) = ξ ·∇f(x) +
β

2

∑

α∈R+

(ξ ·α)κ(α)
(1− σα)f(x)

α · x

W f(x) = f(σαx)
α ∈ R

Tξf(x) = ξ ·∇f(x).

ρ ∈ W

ρ
[ ∂
∂xi

f(x)
]
=
∂f(ρTx)

∂(ρTx)i
.

ρi i ρ

ρ
[ ∂
∂xi

f(x)
]
= ρi ·∇[ρf(x)] = ρi ·∇f(x).

W

ξ ·∇f(x) = ρ[ξ ·∇f(x)] =
N∑

j=1

ξjρ
[ ∂
∂xi

f(x)
]
= [ρξ] ·∇f(x)

ρ ∈ W ξ W f
ρξ = ξ σαξ = ξ ∀α ∈ R ξ

R



W

f(x) W [A]ij =
aij

∑

1≤i,j≤N

aijTiTjf(x) =
∑

1≤i,j≤N

aij
[ ∂2

∂xi∂xj

+
β

2

∑

α∈R+

αiκ(α)
1− σα
α · x

∂

∂xj

]
f(x).

W f
A W

W f

ρ ∈ W
W f

∑

1≤i,j≤N

aij
∂2

∂xi∂xj
f(x) = ρ

[ ∑

1≤i,j≤N

aij
∂2

∂xi∂xj
f(x)

]

=
∑

1≤i,j≤N

aijρi ·∇[ρj ·∇f(x)]

=
∑

1≤i,j≤N

[ρTAρ]ij
∂

∂xi

∂

∂xj
f(x).

ρ ∈ W
A = ρTAρ.

ρ
[ ∑

α∈R+

αiκ(α)
1− σα
α · x

∂f(x)

∂xj

]
=
∑

α∈R+

αiκ(α)
1− σρα
(ρα) · x [ρj ·∇f(x)]

=
∑

α′∈R+

[ρi ·α]κ(α′)
1− σα′

α′ · x [ρj ·∇f(x)].

α′ = ρα
ρ i



j

β

2

∑

1≤i,j≤N

aijρ
[ ∑

α∈R+

αiκ(α)
1− σα
α · x

∂f(x)

∂xj

]

=
β

2

∑

α∈R+

κ(α)
1− σα
α · x [ρAρTα] ·∇f(x).

W

β

2

∑

α∈R+

κ(α)
1− σα
α · x [ρAρTα] ·∇f(x) =

β

2

∑

α∈R+

κ(α)
1− σα
α · x [Aα] ·∇f(x).

W
dR = N

A = cI c ∈ R dR < N
A = (cIdR)⊗ A′ A

(R)
(R) A = I

N
{φi}Ni=1

dR < N

V∞
x·y =

β→∞
Vβ

x·y =
[ ∑

dR<i≤N

(x · φi)(φi · y)
]
.

V∞
x·y g(x,y)

g(x,y) W

TξVβ
x·y = ξ · yVβ

x·y

β > 0 ξ ∈ RN Tξ

W ξ (R)
β → ∞ ξ



{φi}dR<i≤N W W

dR < j ≤ N

Tφj = φj ·∇+
β

2

∑

α∈R+

[φj ·α]κ(α)
1− σα
α · x = φj ·∇,

φj ·α = 0 ∀α ∈ R, dR < j ≤ N β → ∞

φj ·∇g(x,y) = [φj · y]g(x,y)

dR < j ≤ N Z [Z]ij =
ζij = [φj]i u,v ∈ RN

x = Zu ⇐⇒ u = ZTx,

y = Zv ⇐⇒ v = ZTy.

gZ(u,v) = g(x,y)

∂

∂uj
gZ(u,v) =

{
vjgZ(u,v) dR < j ≤ N,

0

g(0,y) = 1

gZ(u,v) =
[ ∑

dR<i≤N

uivi
]
,

u v x y

√
β

dR = N V∞
x·y = 1

β→∞
Vβ

√
βx·y =

[x2y2

2γ

]
.

Vβ1 = 1 ∀β

Vβ
x·y =

∞∑

n=0

Vβ
(x · y)n

n!
,



β → ∞

β

Vβx · y =
x · y

1 + βγ/N

β
≈ Nx · y

βγ
∼ 1

β
.

W
Vβ (x · y) W

W

y2

β
Vβ

(x · y)n−2

(n− 2)!
=
[ 1
β
∆ +

∑

α∈R+

κ(α)
(α ·∇
α · x − α2

2

1− σα
(α · x)2

)]
Vβ

(x · y)n

n!

n > 1

Vβ
(x · y)2m

(2m)!
∼ 1

βm
Vβ

(x · y)2m+1

(2m+ 1)!
∼ 1

βm+1
,

m = 0
σα β

∑

α∈R+

κ(α)
(α ·∇
α · x − α2

2

1− σα
(α · x)2

)
Vβ

(x · y)n

n!

=
1

β

[
y2Vβ

(x · y)n−2

(n− 2)!
−∆Vβ

(x · y)n

n!

]

β
≈ y2

β
Vβ

(x · y)n−2

(n− 2)!
∼
{

1
βm+1 n = 2(m+ 1),

1
βm+2 n = 2(m+ 1) + 1.

m ≥ 0

Vβ
βm(x · y)2m

(2m)!

β → ∞

Vβ
βm+1/2(x · y)2m+1

(2m+ 1)!
∼ 1√

β

β→∞−→ 0.



Lm(x,y) :=
β→∞

Vβ
βm(x · y)2m

(2m)!
.

W
βm n = 2m

y2Vβ
βm−1(x · y)2(m−1)

(2(m− 1))!

=
[ 1
β
∆+

∑

α∈R+

κ(α)
(α ·∇
α · x − α2

2

1− σα
(α · x)2

)]
Vβ
βm(x · y)2m

(2m)!
.

y2Lm−1(x,y) =
∑

α∈R+

κ(α)
α ·∇Lm(x,y)

α · x .

Lm(0,y) = δ0,m.

Lm(x,y) =
1

m!

(x2y2

2γ

)m
.

∑

α∈R+

κ(α)
α ·∇Lm(x,y)

α · x = Lm−1(x,y)
y2

γ

∑

α∈R+

κ(α) = y2Lm−1(x,y)

m > 0 m

β→∞
Vβ

√
βx·y =

∞∑

m=0

Lm(x,y) =
(x2y2

2γ

)
.

β
W Vβ [

√
βx·y]



y2Vβ

√
βx·y =

[ 1
β
∆+

∑

α∈R+

κ(α)
(α ·∇
α · x

)]
Vβ

√
βx·y

β [x2y2/2η]
η > 0
β η

η =
1

2β
[N + βγ +

√
(N + βγ)2 + 4βx2y2]

β
≈ γ

2
+

√
γ2

4
+

x2y2

β
.

β→∞
η = γ,

η
β,x
≈ xy/

√
β.

x

Vβ [
√
βx · y]

β
≈

[ x2y2

2(γ + εβ)

]
,

εβ

εβ =

{
x2y2/(βγ) x .

√
β,

xy/
√
β x -

√
β.

v(β/t)1/2

x
√
βx

β
x

√
βx

x‖ y‖

Vβ

√
βx·y β

≈
[√

βx⊥ · y⊥ +
x2
‖y

2
‖

2(γ + εβ)

]
.



E(x,y) := Vβ

√
βx·y.

E(x,y)

TξE(x,y) =
√
βξ · yE(x,y),

N∑

i=1

T 2
i E(x,y) = βy2E(x,y).

x y u v

EZ(u,v) := E(x,y).

ξ ·∇E(x,y) = (ZTξ) ·∇uEZ(u,v),

σαE(x,y) = E(σαx,y) = EZ(Z
TσαZu,v)

= EZ(σZTαu,v) = σZTαEZ(u,v).

Tξ

TξE(x,y) = (ZTξ) ·∇uEZ(u,v) +
β

2

∑

α∈R+

[ξ ·α]κ(α)
1− σZTα

(ZTα) · uEZ(u,v)
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β
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[(ZTξ) ·αZ ]κZ(αZ)
1− σαZ

αZ · u EZ(u,v).

RZ

RZ = {αZ = ZTα : α ∈ R},

κZ(αZ) = κ(α)
N − dR {φi}Ni=1

(R) [αZ ]j = 0 dR < j ≤ N

[αZ ]j = [ZTα]j =
N∑

i=1
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[φj]iαi = φj ·α = 0.



ξ = φi ZTξ = ei
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αZ∈RZ+
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αZ · u
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∂

∂ui
EZ(u,v).

TZ,i

(R) 1 ≤ i ≤ dR
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∂

∂ui
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√
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β
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T 2
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T 2
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dR∑
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i=dR+1

∂2

∂u2
i

EZ(u,v).
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T 2
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∂2

∂u2
i

GZ(u⊥,v⊥) = c,

c c = 0
FZ(u‖,v‖)
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T 2
Z,iFZ(u‖,v‖) = βv2‖FZ(u‖,v‖).

β

FZ(u‖,v‖)
β
≈

[ u2
‖v

2
‖

2(γ + εβ)

]
,

β→∞ εβ = 0 E(x,y)

f(t,
√
βtv)(βt)N/2 v

β
≈

−βFR(v,κ)

zβ

∫
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−x2/2t
[√β

t
x⊥ · v⊥ +

x2
‖v

2
‖

2(γ + εβ)t

]
µ(x) x v.

β → ∞

fR(v, β) =
−βFR(v,κ)

zβ

β
FR(v,κ)

FR(v,κ) s



fR(v, β)

fR(v, β) ≈
βN/2 H

πN/2|W |
∑

ρ∈W

−β(v−ρs)TH(v−ρs) β→∞−→ 1

|W |
∑

ρ∈W

δ(N)(v − ρs).

β
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FR(v,κ)

∂

∂vi
FR(v,κ) = vi −

∑
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κ(α)

α · vαi = 0, 1 ≤ i ≤ N.

s
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∑
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α · sα.

s
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s2 = s · s =
∑

α∈R+

κ(α)

α · ss ·α =
∑

α∈R+

κ(α) = γ.

H(v) FR(v,κ)
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∂2

∂vj∂vi
FR(v,κ) = δij +

∑

α∈R+

κ(α)

(α · v)2αiαj.

H(v) v ·α )= 0 x ∈ RN

∑
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xixj
∂2

∂vj∂vi
FR(v,κ) = x2 +

∑

α∈R+

κ(α)
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FR(v,κ)
ρ ∈ W
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∑

α∈R+

κ(α)

α · sρα =
∑

α′∈R+

κ(α′)

ρ−1α′ · sα
′ =

∑

α′∈R+

κ(α′)

α′ · ρsα
′.

α′ = ρα ρs
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zβ β
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∫

RN
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[−βrTH(s)r/2] r,

r = v − s
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2π

βλi
,
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√
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(2π)N/2|W |
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−β(v−ρs)TH(v−ρs)/2.
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W

β → ∞

∫

RN
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1
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√
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H

(2π)N/2|W |
∑

ρ∈W
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µ(x) x v.
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fR(v, β)
β−1 v2 = γ + O(β−1)
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β x

(R) H
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dR∏

i=1

λ1/2i

∑

ρ∈W
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√
β . 1
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√
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√
t

1
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[ ∫
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+

∫

y≥X
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φ[ 1√
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√
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∣∣∣
1
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∣∣∣

≤
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√
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y

√
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(N−dR)(v⊥)

∑

ρ∈W

δ(dR)(v‖ − ρs) v

(ρs)‖ = (ρs) (ρs)⊥ = 0
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hN = (hN,1, . . . , hN,N)
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HN(x) = (−1)N x2
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xN
( −x2

).
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α L(α)
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−xxαL(α)
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x

)N
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FR R = A
B

FA(v) =
v2

2
−

∑

1≤i<j≤N

|vj − vi|,

FB(v, ν) =
v2

2
− 2ν + 1

2

N∑
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|vi|−
∑
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|v2j − v2i |,

F̃B(v) =
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2
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i i,
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2
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i i
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2
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β → ∞

fA(t,
√
βtv)(βt)N/2 v

β→∞−→ δ(N)(v − hN) v.

β

fB(t,
√
βtv)(βt)N/2 v = N !(2β)N/2 −β[FB(v,ν)−KB ] v,



β → ∞
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Xi,t = Bi,t +
β

2

N∑

j=1
j $=i

t

Xi,t −Xj,t

β > 0 β = 0

x̄µ = (0, 1, 2)T

2 × 10−4 β = 2 10−2
√
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2

−
∑

1≤i<j≤N

|vj‖ − vi‖|+
v2⊥
2

= FA(v‖) +
v2⊥
2
,

v2 = v2‖ + v2⊥

− β[FA(v)−KA]−
x2

2t
+

x2
‖v

2
‖

2t(γA + εβ)
+

√
β

t
x⊥v⊥

= −β[FA(v‖)−KA]−
x2
‖

2t
+

x2
‖v

2
‖

2t(γA + εβ)
− 1

2

(√
βv⊥ − x⊥√

t

)2
.

u = x/
√
t 〈h〉A,t

〈h〉A,t =
(βt
2π

)N/2

N !

∫

CA

∫

CA

h(v) −β[FA(v‖)−KA]−u2
‖/2+u2

‖v
2
‖/2(γA+εβ)

×
[
− 1

2

(√
βv⊥ − u⊥

)2]
µA(

√
tu) u v.

u⊥
f(x)

f(x)
|x|
≈ C

xr
,

C r > 0
∫

R
f(
√
tx) −(

√
βy−x)2/2 x



u⊥
x =

√
βu 0 < ε. 1

∫

R
f(
√
tx) −(

√
βy−x)2/2 x =

√
β
[ ∫

|u|≥ε

+

∫

|u|<ε

]
f(
√
βtu) −β(y−u)2/2 u.

f(x)

∫

|u|≥ε

f(
√
βtu) −β(y−u)2/2 u ≤

∫

|u|≥ε

C

(
√
βtu)r

u = O[(βt)−r/2ε−r+1].

u∗ |u∗| < ε

∫ ε

−ε

f(
√
βtu) −β(y−u)2/2 u = −β(y−u∗)2/2

∫ ε

−ε

f(
√
βtu) u.

β t
√
βtε - 1

ε. 1

∫

R
f(
√
tx) −(

√
βy−x)2/2 x = −β(y−u∗)2/2

∫ ε
√
β

−ε
√
β

f(
√
tx) x

+O[t−r/2(βε2)−(r−1)/2].

ε ∝ (βt)−α 0 < α < 1/2
√
βtε - 1

ε. 1 β t

∫

R
f(
√
tx) −(

√
βy−x)2/2 x =

−βy2/2

√
t

∫

R
f(x′) x′ +O[t−1/2(βt)−(1/2−α)(r−1)]

u∗ ≈ 0 x R
O[(βt)−r/2ε−r+1]√

tx = x′ u⊥
u‖

u‖ (N − 1) N N − 1

u‖ u⊥
N → N − 1

〈h〉A,t = 〈h〉A{1 +O[t−(1/2−α)(r−N+3)] +O[t−1/2(βt)−(1/2−α)(r−1)]}.

!



β → ∞ ν → ∞

FA(v) v = hN

FA(v) v

∂

∂vi
FA(v) = vi −

N∑

j:j $=i
j=1

1

vi − vj

FA(v) v

vi =
N∑

j:j $=i
j=1

1

vi − vj
.

FA(v)

∂2

∂vj∂vi

[v2

2
−

∑

1≤i<j≤N

|vj − vi|
]
=

∂

∂vj

[
vi −

∑

l:l $=i

1

vi − vl

]

=

{
1 +

∑
l:l $=i

1
(vi−vl)2

i = j,

− 1
(vi−vj)2

i )= j.

N × N
v vi )= vj i )= j

u

∑

1≤i,j≤N

ui
∂2FA(v)

∂vj∂vi
uj =

N∑

i=1

u2
i +

1

2

∑

1≤i<j≤N

(ui − uj)2

(vi − vj)2
≥ 0

ui

z z

zρ(i) =
N∑

j:j $=i
j=1

1

zρ(i) − zρ(j)

ρ ∈ SN



{zi}i=1,...,N N

∏N
l:l $=i
l=1

(zi − zj)

zi

N∏

l:l $=i
l=1

(zi − zl) =
N∑

j:j $=i
j=1

N∏

l:l $=i,j
l=1

(zi − zl).

{zi}i=1,...,N

p1(x) = c1

N∏

n=1

(x− zn),

c1

p′1(x) = x
p1(x) = c1

N∑

j=1

N∏

n:n $=j
n=1

(x− zn)

p′′1(x) =
2

x2
p1(x) = 2c1

∑

1≤j<l≤N

N∏

n:n $=j,l
n=1

(x− zn).

zi p′′1(x)

p′′1(zi) = 2c1

N∑

j:j $=i
j=1

N∏

n:n $=i,j
n=1

(zi − zn)

p′′1(zi) = 2c1zi

N∏

n:n $=i
n=1

(zi − zn) = 2zip
′
1(zi).

p1(x) N

H ′′
N(x)− 2xH ′

N(x) + 2NHN(x) = 0,

x = hi,N , i = 1, . . . , N hi,N

i HN(x) p1(x) ∝ HN(x), z = hN



FA(v)−KA

FA(hN)−KA =
h2
N

2
−

∑

1≤i<j≤N

|hj,N − hi,N |

− N

4
(N − 1)(1 + 2) +

1

2

N∑

i=1

i i.

hN

h2
N =

∑

1≤i $=j≤N

hi,N

hi,N − hj,N
=

1

2

∑

1≤i $=j≤N

hi,N − hj,N

hi,N − hj,N
=

N

2
(N − 1) = γA.

∑
1≤i<j≤N |hj,N − hi,N |

H ′
N(hi,N) =

x→hi,N

HN(x)

x− hi,N
= 2N

N∏

j:j $=i
j=1

(hi,N − hj,N),

∏

1≤i<j≤N

(hj,N − hi,N)
2 = (−1)N(N−1)/2

∏

1≤i $=j≤N

(hj,N − hi,N)

=
(−1)N(N−1)/2

2N2

N∏

i=1

H ′
N(hi,N)

=
(−1)N(N−1)/2NN

2N(N−1)

N∏

i=1

HN−1(hi,N).

H ′
N(x) = 2NHN−1(x).

N∏

i=1

HN−1(hi,N) = 2N(N−1)
N∏

i=1

N−1∏

j=1

(hi,N − hj,N−1)

= 2N(N−1)
N−1∏

j=1

N∏

i=1

(hj,N−1 − hi,N) =
N−1∏

j=1

HN(hj,N−1).



HN(x) = 2xHN−1(x)− 2(N − 1)HN−2(x),

HN(hj,N−1) = −2(N−1)HN−2(hj,N−1)

N∏

i=1

HN−1(hi,N) = [−2(N − 1)]N−1
N−1∏

j=1

HN−2(hj,N−1).

N∏

i=1

HN−1(hi,N) = (−2)N(N−1)/2
N−1∏

j=1

jj.

∏

1≤i<j≤N

(hj,N − hi,N)
2 =

(−1)N(N−1)/2NN

2N(N−1)

N∏

i=1

HN−1(zi,N)

=
1

2N(N−1)/2

N∏

j=1

jj.

2
∑

1≤i<j≤N

|hj,N − hi,N | =
N∑

i=1

i i− N

2
(N − 1) 2.

FA(hN)−KA = 0.

FA(v)
β → ∞

fA(t,
√
βtv)(βt)N/2

µ(x) CA FA(v)−KA

hN

β→∞
−β[FA(v)−KA]

( β
2π

)N/2

N ! =
∑

ρ∈SN

δ(N)(v − ρhN).



β → ∞
x

∫

CA

[
− x2

2t
+

x2
‖v

2
‖

2t(γA + εβ)
+

√
β

t
x⊥v⊥

]
µA(x) x.

hN⊥ = hN · 1/
√
N = 0

N∑

i=1

hi,N = 0.

−βv2⊥/2 FA(v)

∫

CA

[
−

x2
‖

2t
+

x2
‖v

2
‖

2t(γA + εβ)
− 1

2

(x⊥√
t
−
√
βv⊥

)]
µA(x) x.

−
x2
‖

2t
+

x2
‖v

2
‖

2t(γA + εβ)
β→∞−→ 0,

v‖ hN‖ = hN

β → ∞
v⊥ x⊥

√
β

2π
−β(v⊥−x⊥/

√
βt)2/2 β→∞−→ δ(v⊥).

fA(t,
√
βtv)(βt)N/2 β→∞−→

∑

ρ∈SN

δ(N)(v − ρhN) = δ(v⊥)
∑

ρ∈SN

δ(N−1)(v‖ − ρhN).

fA(t,y) CA

hN

fA(t,
√
βtv)(βt)N/2 β→∞−→ δ(N)(v − hN),



FB(v, ν) rν−1/2,N

(rν−1/2,N)2 = lν−1/2,N

FB(v, ν)

v2i = ν + 1/2 +
N∑

j:j $=i
j=1

2v2i
v2i − v2j

.

FB(v, ν)

∂2

∂vj∂vi
FB(v, ν) = δij

(
1 +

2ν + 1

2v2i

)

+ 2
[
δij

N∑

l:l $=i
l=1

v2i + v2l
(v2i − v2l )

2
− (1− δij)

2vivj
(v2i − v2j )

2

]
.

FB(v, ν)
u ∈ RN

∑

1≤i,j≤N

uiuj
∂2

∂vj∂vi
FB(v, ν) =

N∑

i=1

u2
i

(
1 +

2ν + 1

2v2i

)

+
∑

1≤i $=j≤N

(uivi − ujvj)2 + (uivj − ujvi)2

(v2i − v2j )
2

≥ 0.

s = (u)2

si = ν + 1/2 +
N∑

j:j $=i
j=1

2si
si − sj

.

p2(x) = c2

N∏

j=1

(x− sj),

p′2(x) p′′2(x)



x = si

p′2(si) = c2

N∏

n:n $=i
n=1

(si − sn)

p′′2(si) = 2c2

N∑

j:j $=i
j=1

N∏

n:n $=i,j
n=1

(si − sn).

p′N(si)

sip
′′
2(si) + (ν + 1/2− si)p

′
2(si) = 0, i = 1, . . . , N.

xL(α)′′
N (x) + (α + 1− x)L(α)′

N (x) +NL(α)
N (x) = 0,

p2(x) L(ν−1/2)
N (x) {si}Ni=1

L(ν−1/2)
N (x) {li,ν−1/2,N}Ni=1

FB(v,α + 1/2) v = (
√
l1,α,N , . . . ,

√
lN,α,N)

α = ν − 1/2
rν−1/2,N

(rν−1/2,N)
2 = lν−1/2,N .

FB(v, ν)−KB

FB(rν−1/2,N , ν)−KB =
r2

2
− 2ν + 1

4

N∑

i=1

r2i −
∑

1≤i<j≤N

|r2j − r2i |

− N

2
(N + ν − 1/2) +

1

2

N∑

i=1

i i+
1

2

N∑

i=1

(ν + i− 1/2) (ν + i− 1/2).

N ν − 1/2

r

r2ν−1/2,N =
N∑

i=1

(
ν + 1/2 +

N∑

j:j $=i
j=1

2r2i
r2i − r2j

)
= N(ν + 1/2) +N(N − 1) = γB.



N∑

i=1

r2i =
N∑

i=1

li,α,N = (N !L(α)
N (0)),

α = ν − 1/2 L(α)
N (0) = 1

N !

∏N
i=1(α + i)

N∑

i=1

r2i =
N∑

i=1

(α + i).

FA(v)

∏

1≤i<j≤N

(lj,α,N − li,α,N)
2 = (−1)N(N+1)/2(N !)N

N∏

i=1

L(α)′
N (li,α,N).

xL(α)′
N (x) = NL(α)

N (x) − (N + α)L(α)
N−1(x)

∏

1≤i<j≤N

(lj,α,N − li,α,N)
2 =

(−1)N(N−1)/2(N !)N(α +N)N
∏N

j=1(α + j)

N∏

i=1

L(α)
N−1(li,α,N).

N∏

i=1

L(α)
N−1(li,α,N) =

NN

N !

N−1∏

i=1

L(α)
N (li,α,N−1),

NL(α)
N (x) = (−x + 2N + α − 1)L(α)

N−1(x) −
(N + α− 1)L(α)

N−2(x)

N∏

i=1

L(α)
N−1(li,α,N) =

(−1)N−1(N − 1 + α)N−1

(N − 1)!

N−1∏

i=1

L(α)
(N−1)−1(li,α,N−1).

N∏

i=1

L(α)
N−1(li,α,N) = (−1)N(N−1)/2

N−1∏

i=1

(
α + i

N − i

)i

.

2
∑

1≤i<j≤N

|lj,α,N − li,α,N | =
N∑

i=1

[(i− 1) (α + i) + i i].



FB(rν−1/2,N , ν) = 0.

B RN

β → ∞ fB(t,
√
βtv)(βt)N/2

A

β→∞
−β[FB(v)−KB ](2β)N/2N ! =

∑

ρ∈WB

δ(N)(v − ρrν−1/2,N),

FB(v) − KB > 0 v )= rν−1/2,N WB

rν−1/2,N

rν−1/2,N ∈ CB

x

∫

CB

[
− x2

2t

(
1− v2

γB + εβ

)]
µB(x) x,

β → ∞ εβ → 0 v2 → r2ν−1/2,N = γB

fB(t,
√
βtv)(βt)N/2 = −β[FB(v)−KB ](2β)N/2N !

×
∫

CB

[
− x2

2t

(
1− v2

γB + εβ

)]
µB(x) x

β→∞−→
∑

ρ∈WB

δ(N)(v − ρrν−1/2,N)

∫

CB

µB(x) x

=
∑

ρ∈WB

δ(N)(v − ρrν−1/2,N).

fB(t,
√
βtv)(βt)N/2 CB

CB

β→∞
fB(t,

√
βtv)(βt)N/2 = δ(N)(v − rν−1/2,N),

ν → ∞ fB(t,
√
βνtv)(βνt)N/2

FB(
√
νv, ν) − KB ν



N − 1/2

FB(
√
νv, ν)−KB = ν

v2

2
−2ν + 1

4

(
N ν+

N∑

i=1

v2i

)
−

∑

1≤i<j≤N

|v2j−v2i |

− N

2
(N − 1) ν − N

2
(N + ν − 1/2) +

1

2

N∑

i=1

i i

+
1

2

N∑

i=1

(ν + i− 1/2) (ν + i− 1/2)

FB(
√
νv, ν) − KB ≈ ν

[v2

2
− 1

2

N∑

i=1

v2i −
N

2

]
−

∑

1≤i<j≤N

ν|v2j − v2i |

ν - N − 1/2 F̃B(v)

fB(t,
√
βνtv)(βνt)N/2 ≈ −βνF̃B(v)

∏

1≤i<j≤N

|ν(v2j − v2i )|β(2βν)N/2N !

×
∫

CB

−x2/2t
0F (2/β)

0

(
(x)2

2t
, (v)2

)
µB(x) x.

F̃B(v)

∂F̃B

∂vi
= vi −

1

vi
,

∂2F̃B

∂vj∂vi
= δij

(
1 +

1

v2i

)
.

F̃B(v)
v vi = ±1

F̃B(v) βν

−βνF̃B(v) ≈
N∏

i=1

∑

zi=±1

[
− βν(vi − zi)

2
]
.



E =

∫

C̄B

h(v)
N∏

i=1

∑

zi=±1

−βν(vi−zi)2
∏

1≤i<j≤N

|ν(v2j − v2i )|β(2βν)N/2N !

×
∫

C̄B

−x2/2t
0F (2/β)

0

(
(x)2

2t
, (v)2

)
µB(x) x v,

h(v)
CB Dε = {y ∈ C̄B : 1 − ε ≤ y1 ≤ . . . ≤

yN ≤ 1 + ε} 0 < ε. 1 βν

∫

C̄B\Dε

h(v)
N∏

i=1

∑

zi=±1

−βν(vi−zi)2
∏

1≤i<j≤N

|ν(v2j − v2i )|β(2βν)N/2N !

×
∫

C̄B

−x2/2t
0F (2/β)

0

(
(x)2

2t
, (v)2

)
µB(x) x v

= O[ −βνε2 ],

(v)2 = 1
ε βνε2

ε ∝ ν−α 0 < α < 1/2
Dε

∫

Dε

h(v)
N∏

i=1

∑

zi=±1

−βν(vi−zi)2
∏

1≤i<j≤N

|ν(v2j − v2i )|β(2βν)N/2N !

×
∫

C̄B

−x2/2t
0F (2/β)

0

(
(x)2

2t
, (v)2

)
µB(x) x v

= (2βν)N/2N !
∏

1≤i<j≤N

|ν(v2j∗ − v2i∗)|β
∫

Dε

h(v)
N∏

i=1

∑

zi=±1

−βν(vi−zi)2

×
∫

C̄B

−x2/2t
0F (2/β)

0

(
(x)2

2t
, (v)2

)
µB(x) x v,

v∗ ∈ Dε v∗

vi∗ = 1 +O(ε),

v2j∗ − v2i∗ = 2O(ε) +O(ε2) = O(ε).



∏

1≤i<j≤N

|ν(v2j∗ − v2i∗)|β =
∏

1≤i<j≤N

|O(νε)|β = O(ν(1−α)βN(N−1)/2).

ν → ∞

ν→∞
E ∝

∫

CB

h(v)
N∏

i=1

∑

zi=±1

δ(vi − zi)

×
∫

CB

−x2/2t
0F (2/β)

0

(
(x)2

2t
, (v)2

)
µB(x) x v

=

∫

CB

h(v)
N∏

i=1

∑

zi=±1

δ(vi − zi) v

∫

CB

−x2/2t
0F (2/β)

0

(
(x)2

2t
,1

)
µB(x) x

= h(1)

∫

CB

−x2/2t
0F (2/β)

0

(
(x)2

2t
,1

)
µB(x) x.

0F (2/β)
0

(
(x)2

2t
,1

)
=

(
x2

2t

)
,

ν→∞
E ∝ h(1)

∫

CB

−x2/2t x2/2tµB(x) x = h(1),

ν→∞
fB(t,

√
βνtv)(βνt)N/2 v ∝ δ(N)(v − 1) v.

CB !



R

Vβ



β

β

Vβ

A B
Vβ

α ∈ R

β → ∞



β = 2

β > 0
β > 0

β = 2



N p(x) q(x) p(∇)
{xi}1≤i≤N

{∂/∂xi}1≤i≤N

(p, q)0 := p(∇)q(x)|x=0.

N∏

i=1

∂λi

∂xλi
i

xµi
i

∣∣∣
x=0

λ µ

(p, q)0 = (q, p)0.



T = (T1, . . . , TN)T

(p, q)β := p(T )q(x)|x=0.

j
(x · y)

E(j)(x,y) :=
(x · y)j

j!
,

p(x) n

(VβE
(n)(x, ·), p)β = p(x)

Vβ

Uβf(x) := (x · T (y))f(y)|y=0

f(x) (y)
Uβ

Vβ Uβ

∂

∂xi
Uβf(x) =

∂

∂xi
(x · T (y))f(y)|y=0 = (x · T (y))T (y)

i f(y)|y=0

= Uβ[Tif(x)].

UβVβf(x) = VβUβf(x) = f(x).

Vβ Uβ

f(x) y

f(x) = [x ·∇(y)]f(y).

p(x)

p(x) = E(n)(x,∇(y))p(y).



V (y)
β V (x)

β

V (x)
β p(x) = V (x)

β E(n)(x,T (y))V (y)
β p(y).

Vβ Vβp(x)
q(x) y

y = 0

q(x) = V (x)
β E(n)(x,T (y))q(y)|y=0 = (VβE

(n)(x, ·), q)β,

∆β∑N
i=1 T

2
i

p(x) q(x)

(p, q)β =
1

cβ

∫

RN

[ −∆β/2p(x)][ −∆β/2q(x)] −x2/2wβ(x) x.

f(x)
g(x) i =

1, . . . , N
∫

RN

[Tif(x)]g(x)wβ(x) x = −
∫

RN

f(x)[Tig(x)]wβ(x) x.

∫

RN

[Tif(x)]g(x)wβ(x) x

=

∫

RN

[ ∂
∂xi

f(x) +
β

2

∑

α∈R+

αiκ(α)
f(x)− f(σαx)

α · x

]
g(x)wβ(x) x.

∫

RN

[ ∂
∂xi

f(x)
]
g(x)wβ(x) x = −

∫

RN

f(x)
[ ∂
∂xi

[g(x)wβ(x)]
]

x

= −
∫

RN

f(x)
[
wβ(x)

∂

∂xi
g(x) + wβ(x)g(x)β

∑

α∈R+

αiκ(α)

α · x

]
x,



∂

∂xi
wβ(x) = wβ(x)β

∑

α∈R+

αiκ(α)

α · x .

x′ = σαx

β

2

∑

α∈R+

αiκ(α)

∫

RN

[f(x)− f(σαx)

α · x

]
g(x)wβ(x) x =

β

2

∑

α∈R+

αiκ(α)
[ ∫

RN

f(x)g(x)wβ(x)

α · x x−
∫

RN

f(σαx)g(x)wβ(x)

α · x x
]
=

β

2

∑

α∈R+

αiκ(α)
[ ∫

RN

f(x)g(x)wβ(x)

α · x x+

∫

RN

f(x)g(σαx)wβ(x)

α · x x
]
.

x′ x
wβ(σαx) = wβ(x)

σα

[
xi,

1

2
∆β

]
f(x) =

xi

2
∆βf(x)−

1

2
∆β[xif(x)] = −Tif(x)

i = 1, . . . , N.

α ·∇[xif(x)] = αif(x) + xiα ·∇f(x),
1

2
∆[xif(x)] =

∂

∂xi
f(x) +

xi

2
∆f(x),

α2

2

(1− σα)[xif(x)]

(α · x)2 = xi
α2

2

(1− σα)f(x)

(α · x)2 + αi
f(σαx)

α · x .

1

2
∆β[xif(x)] =

∂

∂xi
f(x) +

xi

2
∆f(x)

+
β

2

∑

α∈R+

κ(α)
[
αi

f(x)

α · x + xi
α ·∇f(x)

(α · x) − xi
α2

2

(1− σα)f(x)

(α · x)2 − αi
f(σαx)

α · x

]

= Tif(x) +
xi

2
∆βf(x),



[xi,
−∆β/2] = Ti

−∆β/2.

[xi,∆β/2] = −Ti

n

[
xi,
(∆β

2

)n]
= −nTi

(∆β

2

)n−1

.

∑∞
n=0(−1)n(n!)−1

[
xi,

∞∑

n=0

1

n!

(
− ∆β

2

)n]
= Ti

∞∑

n=1

1

(n− 1)!

(
− ∆β

2

)n−1

,

Ti[
−x2/2( −∆β/2p(x))] = Ti(

−x2/2)[ −∆β/2p(x)] + −x2/2Ti[
−∆β/2p(x)]

= −xi
−x2/2[ −∆β/2p(x)] + −x2/2Ti[

−∆β/2p(x)]

= − −x2/2{ −∆β/2[xip(x)] + Ti
−∆β/2p(x)}+ −x2/2Ti[

−∆β/2p(x)]

= − −x2/2 −∆β/2[xip(x)].

−x2/2 W

q(x) p(x)
x T q(x)

q(T )[ −x2/2( −∆β/2p(x))] = (−1) q −x2/2 −∆β/2[p(x)q(x)],

p(x) = 1

q(T ) −x2/2 = (−1) q −x2/2 −∆β/2q(x).

p(x) q(x)

Mβ(p, q) =
1

cβ

∫

RN

[ −∆β/2p(x)][ −∆β/2q(x)] −x2/2wβ(x) x.



(p, q)β p(x) = 1

(1, q)β = q(0).

q(x)

Mβ(1, q) =
1

cβ

∫

RN

[ −∆β/2q(x)] −x2/2wβ(x) x

=
1

cβ

∫

RN

(−1) q[q(T (x)) −x2/2]wβ(x) x,

E(ξ) = 1

cβ

∫

RN

[Vβ
− x·ξ](−1) q[q(T (x)) −x2/2]wβ(x) x,

ξ = 0.

E(ξ) = 1

cβ

∫

RN

[q(T (x))Vβ
− x·ξ] −x2/2wβ(x) x

=
1

cβ

∫

RN

[q(− ξ)Vβ
− x·ξ] −x2/2wβ(x) x.

ξ = 0

Mβ(1, q) = E(0) = q(0)

cβ

∫

RN

−x2/2wβ(x) x = q(0).

cβ
Mβ(p, q)

q(x)
Mβ(1, q) = (1, q)β = q(0).

(p, q)β
ri(x) = xip(x)

(ri, q)β = ri(T
(y))q(y)|y=0 = p(T (y))T (y)

i q(y)|y=0 = (p, Tiq)β.

(p, q)β

(p, q)β = (1, p(T )q)β



p(x) q(x) Mβ(p, q)

Mβ(ri, q) =
1

cβ

∫

RN

{ −∆β/2[xip(x)]}[ −∆β/2q(x)] −x2/2wβ(x) x

=
1

cβ

∫

RN

{−Ti[
−x2/2( −∆β/2p(x))]}[ −∆β/2q(x)]wβ(x) x

=
1

cβ

∫

RN

−x2/2[ −∆β/2p(x)]{Ti[
−∆β/2q(x)]}wβ(x) x

= Mβ(p, Tiq).

Mβ(p, q)

Mβ(p, q) = Mβ(1, p(T )q),

p(x) q(x)

Mβ(p, q) = Mβ(1, p(T )q) = (1, p(T )q)β = (p, q)β

n Vβ
x·y

L(n)
β (x,y) :=

n∑

j=0

1

j!
Vβ(x · y)j.

p(x) m ≤ n

(L(n)
β (y, ·), p)β =

1

cβ

∫

RN

[ −∆β/2L(n)
β (x,y)][ −∆β/2p(x)] −x2/2wβ(x) x

= p(y)

−∆β

2
L(n)

β (x,y) = −y2

2
L(n−2)

β (x,y).

n → ∞

n→∞
−∆β/2L(n)

β (x,y) = −y2/2Vβ
x·y,



p(y) =
1

cβ

∫

RN

[ −y2/2Vβ
x·y][ −∆β/2p(x)] −x2/2wβ(x) x.

p(x) = L(m)
β (x, z) m → ∞

Vβ
y·z =

1

cβ

∫

RN

[ −y2/2Vβ
x·y][ −z2/2Vβ

x·z] −x2/2wβ(x) x.

y z !





1 + 1





Nc = 2







1/r2
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