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A remark on default risks in financial models:

a filtering model and a remark on copula
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Notation

A filtering model

o (,B,P {B:}ici,0)); A complete filtrated probability space.

{B;}+>0: A filtration satisfies usual conditions.

(GiX): The right continuous filtration generated by continuous stochastic process
X.

T =inf{t > 0; X; =0}

* Ni = lir<ny

o Fi= ol G Vo Au})
e a>0

e B! =a+ B,

o 70 —inf{t > 0; B* = 0}

o Nf = lrecy

o Y =NuselGi Vol Au}).

X a a?
° q(t) = |, s exp(—g;)ds

a — (12
o )\, (1) = —%logqa(t) = an(t) 1exp(—Q—t).
o Plr% > 1] = qu(t) = o= Jo Xa(u)du

o Pl € dit] = A (t)e~ Jode(dugy — ~ (¢)dt
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Notation
M, = N{ — [(1— N&)A(s)ds

LP,  p € (1,00): Space of {B;}-progressively measurable functions ¢ such that
E[fOT lplds] < oo for any T' > 0.

Lt =, L%p > 1.

g(t,x) = A= exp(—%)

O(t,x) = [*_g(t,y)dy

go(t,z,y) = g(t,y—x)—g(t,y+z) = g(t,y—a)(1—e /"), 2,y >0, t>0.
HP (8,5 ) = E[lprassy fs 28 (t — 5, BY|GY], t>s, feLl', k=012
APt ) = [LHP (tu; fdu, fe L5F, k=0,1,2.

Hy(t; f) = el 00 (HPD (8 £) + 20 (OB (8 1), f € L.

Udt,s; f) = Elgrass fs(20(t — s, BY) = 1)|GY], t>s, fe L.

Ua(t, s;f) = elo 2@ (H (@t 50 ) 4 A(OUL(E, 55 f)), t>s, fe L

dX, = dB; + bo(t, X, Z)dt,  Xo = x0 > 0.

dZ, = o1(t, Xy, Z)dBy + by (t, Xy, Z))dt,  Zy =z € RV,

dY; = 02<t7 }/:‘,)th + b?(t7Xt/\T7 K&)dt; Y[) = Yo S R

pe = exp(fy bo(s, X, Zs)dBot [} B(8, Xonr, Ya)dWtL [T (bo(s, Xy, Zs)?+B(5, Xonr, Ys)?)ds)

B(t,z,y) = oa(t,y) " ba(t, 2, y)
dP = p;'dP

By = B, + [ bo(s, Xy, Zs)ds
Wi = Wi + [ 8(s, Xopr, Ya)ds

M, = Ny — [J(1 = Ny )y (s)ds



iii
I®(t, s, f) = [1{T>s}8xk (t— s, Xs)ps—[fs|GY], t>s, k=012

(DoF)r = B(t, Xinr, YO Finr + Lirsiy fa(t)

(D:F)t = bo(t, Xt, Zi) Finr + Ly f3(t)

(D2F) = Loy fa(t)

(LF), = Lpon fu(2)

V(r; F) = ptelo Mo @du(Vy (r s F)4 2, (1) (— (28 (r, 20)—1) Fo+ E[L {50y 00 FGY])

Vi(r,s; F) = Jo IV (r, g DoF)dW, + Jo I (r, u; D1 F) + IO (r,u; LF))du

Son

(5) = Auo(5) + V(s;1)

M, = N — (1= N)A(s)ds

— Jy EIB(r, Xonr, Vo) | FJdr

HP(t,5:f) = Ellgasg | fo 28 (t — 5, BOIGY], t>5>0, k=012
V(t,5; ) = Elps1irsa fs20(t — 5, X,) — 1)|GY]

V(t,s;f) = el 2@ (IOt s: f) + Ay (V (L, 5 f))

I(t,s; f) = elo Ao ([ TRt u; f)du + 2200 (t) [ 1O, u; f)du)

V(r,s; F) = pitelo do@dw (Vi (r s: F) + Ny, (r)Va(r, s; F)), s <r.

Va(r, 85 F) =[SV (r,u; DoF)dW, + [3(V (r,u; LF) + 21 (r,u; D, F))du

Sy = E[XWIEM]

R, = e T I E[1omy| F]

R, = Eli-m|Bi
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Notation

A remark on credit risk and copula

(Q, F, P): A complete probability space.

W(t) = (W*(t))k=1. .4, t = 0: A d-dimensinal standard Wiener process.

G =c{W(s), se€[0,t]} VN

N ={BeF; P(B)y=0or 1}

N227,:Q—[0,00),i=1,...,N: Random variables
Fo=GVo{rnti=1,...,N}

& :[0,00) x Q@ = [0,00),7=1,..., N, G-progressively measurable processes

©: An open subset in RM

0: [0,00) x Q — RM_ G-Tto process, i.e., § is G-progressively measurable, §(t,w) is
continuous in ¢ for all w € €2, and there are RM-valued G-progressively measurable
processes M, k= 1,...,d, and b satisfying
d T T
P(Z/ GIR: +/ b(t)|dt < 00) =1, for any T > 0,
1 J0 0

and
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XTI, T7ANNMIET S 2005E, KRR 774V 2EL 7 4
VRV VY IZETNV] BLC [aaF] ZI0HS, @i ARSI o, BHIXE
BB R oIk 2R - Tnad, Ihs Z2ERmOMMATERL, FizvwLF v
VR E W TERL TS,

1.1 TI7ANMEECTAINIYVITETILOBE

TI7 AN N IIMEBENEITERT T 71 FAHETH B, #HEHP CDS(Credit De-
fault Swap) &\ o7z, EBIEEDERHY 227 BB EHE %, BRI Thh, EBEN
ThN, WMOBESIHEITEIBTEE>oTVWIEERSAVWS NI TH 5,

PIZ XA DG, MO £ THITER HEZHITUERE)RT 740 L
i, Wi oFFNHIZIZED SNz =R Dy, I IEe AR, HEDEA
Filkfbns, 2O—HT, WHINIBITERBT 74V FLTLES &, =KD
FTHWIEIEE D, TR E—EU D, HEWVIE, 2L KIbN R BB T —Ah% W,

F7z. BRRZBEL TH. TOPIX &\ o 72 ¥RMMliFE R Tl A < AR % D 854 1.
T ANV DN EEBRTABENRHETL S, THhIE, T7ANVIBRET B L, @, X
DFITFEROMKMIZ Y Oz 5720 Th B,

ZIT, fHRRETIVEZERATAHALD, (OB, P,{Blecpw) 71NV L —Ya v
& ORERZEME § 2, HIHEDREITERDT 7 4V KL% {B}iep,oo)- R 1LRZ &
%, OO OHEIZEEETHL L UL D, M TRITENBT 740 b LA
FAUETEADREN T E B, WO T 74V b5 &, RIE—YRINTET, #HE
OffifEid ¥ nizind 45, ZOMEDHIHHEZ T & LES, r2lYA7eH, QIFP
CEMEZR D) A RNIHERE T H, ZDEE, KLt IZ B B AE DR p(t) TR TE 2



2 FH1E X OME L BR

55,
T
p(t) = Loy BQfe e %11 |B)]

ZDEIP S P2, TT AV NI AT EETNLT 256, T 7 4V MR+ OF
O, U RTHENHERD N TORMEN SHRHE E9[|B,] IZET 2 FH P NBE L 25
TL %, T 74V MR 71, Structual 7 70 —F, » 5\ i&, Reduced form 7 71—
FIZE VRO oG Z &A%\, Structual 7 70 —F Tldk, BEMELD B —E
IKHER RE - 7% %2 7 7 4V PZI & EF L TWD, —75 T Reduced form 7 7’0 —
FTIE, T 7 4NV MG ZAMERNCEZT0W S, 2o OFFMIEmR - &3 - FIl 1] %
I N0, AT, BEZTEREZZ 25,

(1)Structual 7 7’10 —F

Structual 7 71— F & Merton[14] IZEWTHID THWOLNE LS ITR o2& Wb T
W5, T, BZEAMME VTP OMERMS AR 29 &35,

dVy = p(Vi, t)dt + o (V;, t)dW;. (1.1.1)
ZUT. REMEN LT Z Tl - 72K%% T 7 40 MRl T &35,
T =inf{t > 0:V, <0}.

ZOETIMIBELT, RIZ200MERMEMI N TWE, —Dik, NIz T 7 4L
ﬁ%ﬁ%ﬁ%iﬁéptﬁgmb%##bb?\yQ%TwTﬁ\T7ﬁwb#%5
ﬁﬁ%ﬂﬁ%&mi:t@%% HEr—ol%, REMEEECBHTELZDIX, 1Y
A X—=LDIIMKIFIERTARETH D L W I M TH B, HIZIEHBEOMiE T o A%2E 2 5L
1z, ﬁf@ﬁ%ﬁi%ﬁ5ﬁﬁ$i%M%i4/ﬁ4a—fi@mt@\K%Tw%
Z D F FHAEMED T a2 AW D DIFBEFERNTIERWEEZ 6N, EBRIZIE, ©®&
ZMMEABIHITEZ 201k, PEHEORBROATH S Z L0BL V2, FIZMZEME%
BHITE 2 L WO MM T RBREDRH L2006 LR, £, TOREOMEIZET 2
ETOFRPARINDE DT TIERNWZD, BETE5EHIE A X2EAEDDOLEHE
ZT2HDBERTH A 5,
(2)Reduced form 7 71 —F
Reduced form 7 7'H — F & Duffie-Singleton[10] X°> Duffie and Land[9] IZfRERI N2 T
TU—FThHd, T7HNVINELTIEHD 71V ML —a v {FYIZET 5 LR



1.1. TIZANVIIEEL 74NV VY ITETIILOE 3

et [/\ Nt = 1{T§t} (‘:j—éo /\-]j:\*_ ]\\‘l/" }\ ht =

M—fﬂ—MM% (1.1.2)

BAFY-SIVF U Tr—Nicnd &5%, {F-FENTHBRETHL L TE, Z0LE,
s<tiZBIFD, FMHMNET 7NV MERIILTTEZ OGNS Z D HISNT WA,

P(r > t|F.) = 1pogy Ele™ | 7]

ZDARMNS, TIANMNRE r 2EHRTHZ i, "N —RNLV—bMh 2EHKIT DL
AREWNZFA U THEZ EBRh 5,

UENS, T74NVMIV AT EETMETBIHTZ>T, T 74 MRELE T 1V
M=y a VORBS I REETHE LB nd,

TIZT, FA4NVERN T2 T7A4F Y ACHWERAOH# X TH 5, Duffie and
Land[9] IZDOWTE KR L TEE 72\, Wl - ¥ - P[] TEMHDOSNTWD EED,
Duffie and Land[9] (X, ®» 5 REPKREHMEEZFRITLTVWE T — A2 F A, KERMHE
flifE I DWW TR R EREZR/RAE L TS —f, #HEREHFRIATRLERL PRAEL T
WRWE U7z, £ U THREIR. BHIKMA RIS S & 512, REOHERRFREZRD S
ZeMTEDE U, T MEPREEZR DT —ATHE16., A—F—©0¥%x
HMELTWREEZOND,

WIRAG D B KABIZ 72 o THEE X, BROEY., HHEDOFKITHIE O, BihE, 5
WCEBaAANEZBETLE LN, INSICEALTEKREREEZITS 22 TET,
Me—, EERMOAZ IV PO =)L TEL L L7z, 20L& &, EERMIL, BEMED
HB—EKEE NE >R e LTHA 615 Z &%, Duffie and Land[9] IFFFHH L T
W5,

X 512, HBFEMLEMEDE & T, Structual 7 70 —F12B 1T 2252 . Reduced
T TR —FIIBITEEHNDH2EANTHIINEZ L ZRLTWVWDE, ZORUZDWTHH
N TEE R, REFPREL WS el RE 7 VL —Yary {F L,
BEREEMEE L TVWAAREREHRE 74 VL —Va vy (H)eT5, 22T, {H}
BRI DOES 74V b —Yared s, £UT, (1)Structual 7 70 —F D & 512,
A V, 3N (1.1.1) THEA NS T 5, HENLZ {H ) AZIERZ 70 N, = 1<



4 FIE GXOME L ER

£95, ZUT(2Reduced 7 7H—F D& H1Z, NF—=RL—1b hdk, A (1.1.2)
{H}vw%yf—wﬂﬁé%®&?éo

kD@ b, Duffie and Land[9] TIXERRZ 7 1%, BEMMME V, 23D 5 Kk#EZE RNE -
72HZ e WD Z B RUT WA, T ZTIEE%Z, Structual 7 780 —F £ Reduced
form 7 70 —F OFEGBMHIZEF I EE 72012, HEERZ 71X, BEMEV, DXL LT
WZio-lRe L&D, Zo& .

:pw T dx

WFEL ., MDEAMKIZEAED I N2 DTHIUR, t <7IZBWVT,

m:%daﬁdﬂ

MENLT 5 2 EWRENT WS, Duffie and Land[9] Tld, #HEREZFITREH I 12,
DE D FERIFFIZ B VW TATZRIFRPGZ 6D & LTWEA, Kusuoka[13] TlE, 7
T ANV Y ATIZET Bhk A RBELE TIVIZDWTHEL %475 T, Duffie and Land[9)]
DAY T BET MOV TEF AL TN D,

T 51T Nakagawa[l5] 1&, T 7 AN MV RAZIZETET7 4V R ) U TET I %
U, AERHEHMO FTORBEMZ /R LU 721ED, Kusuoka[13] DFEREHfE T, P LH
EREREE Q D FTONF—RKL—h )\ &, POFRTONY— R L — b h, Q%N
R U7z, 7272, Nakagawa[l5] TIXE Vb INZT T 0 VEEOMERHIE L\ D
BTN VWHIEZFHWT WA 728, KL TIE, Nakagawa[l5] D FikZ BEEL RS,
PR TVWHIEDO FTORBEMZ R LUz, AT, KX OMEZBEDLZ L&
5,

(B, P, {B}icjooo)) & MM RMEREME T 5, By, By, Wi I3IL7R Bigpo oo)- 7 7
U VEE| LT 5, (GY) 2D IMERERE X PoERINSGHER LTV L —Ya Y
9%, BIZIEGP = Npoyo{Bss <u}. THD, MOESRFILRH r 2FE X &5
T=inf{t >0; X, =0}, TUTN, = 1<y, Fr = (Nooy(Ge Vo{rAu}) &35, a>0&
U. Bf =a+ B, 7 =inf{t > 0; B =0}, N = 1grecyy, F}V = (r(GY Vo{T" Au})
ELES, 22 Tqlt) = [~ T exp(— Cds £ L, ROXSIBNAF—KL—h%H
ié&ﬂ)Z—ﬁk%%U:=%ﬁﬂdﬂ wm—§) IDLE, Pt > t] = qlt) =



1.1. T7A4NVEEELTANLVRY VY TETILVOME 5
e hoded G0 Plro g dt] = M (t)e™ S re@dugr — 4 (H)dt LB, Fi-,
t
M, = N/ — / (1 = N9 Au(s)ds
0

MFVINVFUT=VTHBI N3 N5D, TITL, pe (l,00) % {B,}-FEREAATHI
B o DL, ic‘:O)J:OET>O¢~_5(Tb’C3€EfO lp[Pds] < co ZHi7zd %
DET B, £y L=, L%p > 1 ERFAT D, ZORMNTT, IXORIEHZ R
L7z,

Theorem 1.1.1. (1) fEED ¢+, T >0 & fe LT IZH LT, AFAKILT 5,

/fsdB |FV] = /H s; fLom(*) Aa(s) " d M.

2)EED t>0 & fe LT ITHUT, BARAHNLT 5,

vl s Y] = / B s / K | Ot pyannage) .

B)EED t, T >0 & fe L5, DLTARRALT 5,

T TNt
E[/0 FodW, | F] = /0 E[f,|FY)aw, — / / (5,75 Lo ()W) Aa(s)~"dM..

) FEEDt>0,f;,e L2 i=1,--- ,dIZRH LT, BAFAKIT 3,
d t AL A .
By [ faBirt) -
=1 0

ZITX,Z,Y, 725 3 DDMERBREZEZ D, Xy, Zy, Yy [ ZIROMERM I JTFEAD
flee 3%,
dXt = dBt —+ bo(t, Xt, Zt>dt, XO = Ty > O,

dZ, = o1(t, Xy, Z)dBy + by (t, Xy, Z)dt,  Zo =z € RV,

d}/;ﬁ - 02(t7 Yt>th + bQ(t7 Xt/\T; }/;f)dt7 )/b =Y € R.



6 A SCDREEE & H

H
i

ZZ T, ROWERWMD HRRRDETH 2 p, 252 5,
Pt =
t t
exp( / bo(s, Xy, Z,)dB, + / B(s, Xons, Vo)A,
0 0

1 t
45 [ ol Xea 22+ B Xor Vo))
0

ZLUT, P2dP=p;'dP THEA NS, (O, F) LOWERHEL$5, Dk
. t
M:M—/Q—M)M@@
0

E P-F-RVFUTr =3, Y% B-EEEGEfE FOESE L, Z2TF I3,
fio i=1,23€ L5, (f)),j=1,---,de LT HRH>T,

t t t d t o
F = Fy+ / f1(s)ds + / fols)dW, + / f3<s>st+; / fi(s)dB!

LEREINhBH LTS5, 2T,

>

- t ™
(5) = Auy(5) + V(s 1), M:m—/u—mn@@
0

-~ . t

Wt = Wt - / E[ﬁ(?", Xr/\ﬂy;“ﬂfr]dr
0

tTét‘me%ﬂvw%yf—wﬁ%&fﬁﬁPi@mwfﬁﬁyﬁﬁt@%:
EEARFTRUZ, £, ARTIKIROKREEH 21572,
Theorem 1.1.2. F€X & U F, = E[F\|F] &35, ZOLELUT%2E5,
(1) t — t t —

E[Finr | F] :F0+/ fo(r;F)dMT—i-/ fl(r;F)dr—l—/ fg(r;F)dWT.

0 0 0

ZZT.
fo(r; F) = —1gany (V(r; F) + V(r; D) E, N () 7Y

fl(r; F) = 1{T>T}E[1{T>T‘}(LF)T|‘FT]7

fo(r; F) = E[(DoF),|F,] — E[B(r, X, Y,)|F ] E,_



1.2, ZULYY FEFIE IV 2 TDELZDOE 7

"C‘\% 50
(2) 51T, t>0IZ/LT 1{\Xt|§1}1{r>t}‘Ft‘ < C‘Xt‘a ERBESIRC>0L ac (O, 1)
PHEAET BOTHIUE, FDHALT B, fo(ri F) = —Liran Fre.

ZORBTCHDIGHE UT, HEEEOKME HEOMEEREE2 5 X7, ZTHo6D
FEHROFE LU WIEIAFIXE 28 TEHE 2 5,

1.2 LYy NEFINEIELISODEROHBE

HIETIET 74V b - VA7 OEIETIRIZBEA L Ciin a2 1T 722N £ 2 TOi

ik, FEARIZ, B—REDOT 74V N ERELTWD, #ER Y, BITRDT 74 b DA
DB DR LD O GETH UL, BIEDRE T T TH 5% CDO(Collateralized

Debt Obligation) IZfEI N5 & 574, EHORENZSRKT 28RBS 20K S
HliE. B2 DEBOMTIERL, TNODORMIMMTE2EZD5BEND 5,

ZZTCDO2&d, &Mz WT o7 LYy MIOHEINIREMIZDOWTHH
N TH E 720, SRBERIZEME TV NT 1 ZIZ/EINED, ZL Yy MIBIT
DEWIHELE -2 Th D, (HEIT 1 HEOMEEE FHEDOFATIR) ioxt U, RO
W& (FARDIEAE) BT 5, 7z, HEEHNL LERPRITL TS, —/FTa—
ik, B, EEE (0 —VOBLULF) T 1iITTH D, HEEE (m— VBV F) D 11
ThHdIENE\, B—VOEMEFOERITEEROEY, IZIFRITITRON S,

2Ly hOREFWZRT VNT 1 7k, CDS(Credit Default Swap) & CDO T 5,
CDSIZHMEREEEZBIBUEZY, BEon— v it at 21T % CDS%2H 5
P 2 ZTIHMER CDS(BATF, HIZ CDS L ERIFHIERI CDS 2453 2 & &9 5) IT#K -
TR ZEAT D,

CDS IZARBEFNZLTE D, CDS OEWFIL, ZHHAkF, CDSDF#h Fiz 7L
ST LEZLSRD Y IIC, ZHEHIZ CDS DS BEELT 7 4V h 3 X, CDS
D FPORIAREZITME I LN TES, CDSDED I, HEOEHWER LT
LEAND D, EBboH, FITE oL, SIEDZ LYy FaET IR, HifEA
EFTBL, TIANVIERELLRWEDIE, TUITLARI =RV EZITEZ &N



8 FIE GXOME L ER

TE5%, 72720, L CDS IFRDETHL D, £9 . MEFEYOZD, FEAIZE
LEHEVBETH DA, CDSIETIUNT 1 70720, IZIFHESEIAETH D (REED
&Tib%%®ﬁb0kﬁ%iﬁ%@m$%b#%%—ﬁﬁ\ﬂEiﬁ%KBmfﬁ
RIZHIETBDF vy a7a—ERELRY, 72, EIERE, Euro L ANR
WA (HAEDIE D FRFITHDA), CDSIFFROPSBEVRSB AL ILATES, &
S5IZ, HETWS EZAD|EFEDT 74 b, CDSDT 7 4 )V MNRIEIX R 5, BiE
. FIHAWE RO LI W B TON R WIREEZIET Y, BE X, T ORI VD
BNET 7 AN NERDEIENEL W ([EE->TT 740 b 2T 500, ISDA LIFIEN
THFIZ LD EHRIND),

KIZ CDOIZDWTTHBH, CDO IZDWTIR/NE [3] IZFEM 22508 A3 B 728
BEEEBRRB D2\, CDOWFZ LYy FEROR— 74V A4 (DI LYY
N ZZ2IRT 2T UNT 1 T ThL, SRRV LYY FOBEIRSFyy v a
CDO(#f&%: & CBO, m—>75 CLO), ZL Yy hFUNF 1 7 (CDS %) 2517
2561k, YT 4y 27 CDO LIEEN D, CDO 259 5 CDO HFHEL. Tl
CDO?(CDO A7 =7 —K) &IFiEN 5,

XT, CDO%ZEZB5GE,. ZIRE—DFT7AHVADHIZA->TWEZ LYy Mg
(%ﬁ@ﬁ4@n V)AL OMEEZEZ L BERH D, T TOMB I, HEEEE

WREEINE LD, T7AHIVNOE %f@ﬁ%f%éo_wm%%%zéﬁf§<%
WHNBEDH, RIZERZ AV 25 TH B,

DT L NE, EBOMEREIA X, oy, DB 0Tz & EIT, B2 DM Fy(1:),_, ..

&, TNo OFEKEFAREE F(xy, - 2,) ZBSEKEZH L. BARIZIE

,n

F(xq, -, x,) = C(Fi(z1), -+, Fo(zn))

RBHEMCHAYaTTHD, £72, Sklar DR [16) 12 K 0. FROAAREE F & &0
DA F iy, n 227225 O —BITFET B2 EAREHI TV, &
ZU. AN E iz, ZRONIEIC 2T CH—RITREZRTIER VDT,
ZIRT HEHOR— N7+ )V AORHIIZIE U T, B b b a2 T %2 & IRT 545
BEHRHTL B, Al - HR2) Tlkavass, 2HHEOMBEBEGREZTHTERET 53
Vagl, 1FEDONTA—-RTRETLIC2TICHELTE Y, g0kl LT, IE
Bavas taadz, BEOHIELT, INTA—X - TLAFAT4 Ty a2
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Z (F vV (Gumbel) - a¥aF, 7L A b (Clayton) - ¥ a7, 777 (Frank) -
A aTH) EEITTWD,

(1) ZREDOHBERR 2 T/ 2 HWTRE T 532 T

(I-1) IEf 2 ¥ 2 (Gaussian I 2 7)

MR A X bicr 0 DY BEEEEERI D MBI D, (21, -+ 2 D) IS T B, ZZ
TE W A{Xi}icr,. n DB TH S, ZDEEAV2TC %

Clzy - mn) = q)n(q)_l(ml)a T 7(1)_1(37n);2)
EBTIE, D &S IZFRIR A & LA MR ERE DI 2 Z N TE S,
(I)n(a:la' T 7'7:71,2) = C((bl(xl)a' T 7q)l($n))-

ZDaAV¥a27 C%EHIC2T (Gaussian I 2 T) LIEE,

(1-2)tavas

EHE v, BT Y O nZE80MENE " (v 2, %). BAOE Y D1EE 5743
Bat,bd2L, MCELEINDC &AL 2T LI,

Colwy 2y B) =15t (21), - o, (20) 2).

Q) TNFAT 4TV - a7
#(1) =0, ¢'(u) <0, ¢"(u) >0 for any u € (0,1) 272 TEE o(-) ZHNT, IRTHEL
INBA2TETIVFAT ATV - AT LR,

Clzy, -+ a) = ¢ (1) + - + P(zn))-

ZUTIATA— X CREMAEATE 2512 H Y~ (Gumbel) - T¥ 2T, 2 LA |
¥ (Clayton) - A€ a3, 7757 (Frank) - A€ a2 7%0H 5,

(1) HY AL - AT

AR - AT FIRTHEZ NS,

n

Clxy, -+ xp,) = exp(—(Z(— In 2;)®) ).

=1
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H
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(2-2) KEEH YR - a5
MEEH VR - a2 T IXIRTEZ 6N,

n

Clarw san) = Y@= L exp(=(3_ (= In(l = 2:))") /)

i=1

(23)ZLVA4 by -aa7
VA Ry A2 TW@ENTA—Ra>01Z8 L., IRTEZLNS,

C(zy, - @) = (in_a —n 1)V
i=1

(24) 752 - a¥as
TS5V s AT A=K a > 0L, RTHEZSNB,

C@M“£@:_1@+ngwtf»'

o (em@ —1)

XTCARTIE, Z0aV¥a T IEEEZYTTVWS, a¥a Tk, #HAERELETT, 2L
VY MEMDE— N7 AV FIZET BT A -2 —DHGFH, YV AZEDBEHIZAVW SN
TWwb, LT, ZL Yy MEROR— N7+ VA ZRFEEEE T 5 CDO OAfifg At i)z
HEIAVVTIRHVSNTWBEY, litgffiFicavasz2iWnWaigs,. a¥aIn#ni
TI7ANVMELUAETNEEENTH I, EWIRPEEL R >TL 5, IE2 7D
X, EHERIZEDISITHOSNTWS NI DOWTIE, Ligl, /N 3. FIR - &R
2] FIZRBINT VBN, ZOBEMIZDOWTHON 2T > i UIEHE DHFRZR D T
ik, FELZRV, LALIYaInBENL2H-I VWS Z iz, £5%H
EHETIHHONTWS K574, CDO OffifgffiFicavaszflnwad Z e EEK BT LD
ZLTIE W (D s ATV a v T4 22 I Black Scholes DS 5 1 5 IFFED
FUPEIZRN) EWNWDS T RITRB S,

Bjork-Christernsen [4] (2B ERBRMET IV L T+ T =R — b - A—THELHH
b, DFED, HEIBMETNIZE ST, BlDOHET7 47— RNAh—TOEFEKI
LEA DM EEL U7z, £72 XTI, #l& U T, Nelson-Sigel LD 7 5+ 7 —
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RL—1b - #—71d HoLee ET V& IE U LTS, ILHUHIREE T V2L BEW TR
WZeziEfMLTWS

ARTIE, BRIRGTDNT A =R 222270, BNRT 7 4L ML D
BfRE AT L. BIFNZART 7 4V MK L BEHR L7222 F1d, (Baire D —HOE
RC)HTHDENVWS ZEZRLEZ, DD, FLALTRTOAY 2T IFAFETHS
EIADBENEWZLTEST, CDODTIA Y v T WS BNRHREIIB VT
FAW25E61%, BEVEEZHER T 2HENH D L0 ODVAFOKMMTH S, RBEARRT
X, n =3 ® Gumbel T ¥ 2T &3 Gumbel ZHL D EIF, BUHEFEIZL D 2oL
MW7z RN &R R LT,

I2IDROVIZCDODT T4 Y Iz I WD, 20, B
IRT T AV NRRE T IV EBENLBEE LTED XS0 DMBEET 5D, 1200

SHROMITEREL Uz,

BBRICAROBREL, MmO EIZOWTRREZ L9 5, (O, F, P) %570
REMET D, W) = (W) he1a, t = 0, X d-IRTTOIEHRET 5 VB, N = {B €
F; P(B)=0or 1}, Qt—U{W(s), se0,t]} VN &9 5,

Fleo. N22,7:Q—1[0,00),7=1,...,N, Z random variable & U F, = G, V
o{riANtyi=1,..., N} & U7, 51T, & :[0,00) Xx Q2 —[0,00),4=1,...,N, T G-F&
JRI &R & U 72,

9. MO LS BINEE Bz,

(SC) fEED I C{l,....N} & t,t; €[0,00),i € I. 7272U. t < mingert; I L, BA
RIS B,
(H Lirsy)P(1i >t i € I|Fy) = H1{7>t} [exp(— Z/ &i(s)ds)|Gy] a.s.

el el el

(PO) fEED t 2 0120 L. UATFH LT B,
N
P(({m > tHIG] > 0 a.s.
i=1

2, BB T, IROIREZ B\ 77,
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(A1) fERED T > 01ZH Uy UFAHTT 5,

};AEWWW<m.

(A2)b>abT 2, HEDab>0EAEDi=1,... NITHU, UFHRKTT 2.

[e%S) b
/ &i(t) =00 a.s. 3D / &(t) >0 as.
0 a

N oo t
(A-3) Z/ (1+1)2E[&(t)? exp(—2/ &i(s)ds)dt < oo.

i=1 70 0
ZIZTH:[0,00) x Q= RM % Gg-HHEE L U, 0(t,w) IZBTDw € QI U T ¢ &
THOH, 51T, FENAHNERE , e R k=1,...,d, 2bD3H>T, fFEDT >0
XL T

PQ;AWWWﬁﬁAw@W<mp4

0(t) =000)+ Y /0 Me(8)dW*™ (s) + /0 b(s)ds.

Wiz 3 & U7z,
0 % RM ORI AL L L, K € C([0,1]N x 6;[0,1]) & U7z, 512, BAFZEK
E L7,

(A-4) PUEEDt > 012 L. 0(t) € ©) =1 D d5e Lz, 2ZTOKOcRMY D
HEThs & Uiz,
(A-5) etdt @ P(dw) 12813 % 0(t,w) DIEREEDRIE, O IZEWVWTHETHRWHESZ
B, DED, Uy € O ZEBTRHRVHEADV DT, EEDO Uy & e > 01T LTE
&9, .

/ PUOE) — 0] < &) et > 0

0
(CP) K(-,0) : [0,1]Y — [0,1] 1¥MEED I c 0zl Tavas@ETHH, LED

tty, ..., tn >0, t <mini—__ nt; R UTLA R 27279,

.....

N
(T 1) 16(0t) P (7 > tii = 1,... ,N|F,)
=1
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:%Ilhmﬂﬂ@@@»KU%ﬁ>tﬂELH.APﬁN>thDﬂ@»a&

................ N70(t)7®7K)
ZEINT 7 A4 MNEH I 2 S ETUIRERZIZL, 20X K 2 ZDETFIVIZE
HA oo a FEBDOEEIERZ LI129 5,

Definition 1.2.1. © % RM ORI EAG LT 5, BINT 74V MRZIava €TV
BH->T, K e O(0,1]VN x ©;[0,1])) BZDEF VAT ST 2T DETH
L& KEHAAEBRIC2TIOHELRERZ LIZT 5,

AREOHIITFEAMRER I 2 5 DRI T 2N MG 2 RT I TH 5, Hi
ZIX, RO &SI & 2R

N, M 21,0%%ETRHRVRY OB EETH D LT 5, L TCw(O) % C([0, 1]V x
0;[0,1]) DIMAEEGL L, MODES B K2ELEDET D, ZTITDK(-,0):[0,1]N —
[0,1] IZEDYI e OIINLTHIAL AT THY, K|pinxe O HBETHLLDT
D5,

O DEBES D, ZlFHMFIcary s vThdedde L. U2, D, =0 %iiil-
TE9DH, TDLECw)(0) &, IRD KD RIEHBER dis 2RO KR —F > F2ER & A
TIEeNTES,

dis(Ky, K>)

= 27" Asup{|Ki(,0) — Ka(x,0)]; z € [0,1]V, 0 € D}
n=1

n

a aa1+"~OéN+M K, — K
£ supd] Sl
n=1

al aN AN +1 QN+ M
aq,...,aN4 =0 axl o a‘CEN 891 d... eM

€ [1/4n,1—1/4n]N, 6 € D,,}).
ARDEEHIZIRDOLED TH S,

Theorem 1.2.1. N >3 M >1, 2L, 03ZTHWVWRM OFNHEELT 5, 20D
L&, Cwvy(0) DI DEEDHT, HFEWRR A 2 FEBD 5745 DX, Baire DH
—JH, OF 0., IMEMEOHESGDHNIZR>TW5,
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F/22 2706l LT, Gumbel 2¥ 2 J & Gumbel ZHU D EVF, BUEEIHEIZ
LD INODHFAMRTHRVEWVWSI Z L ZRUEZ, EHIE 2T (Gaussian I 2 F)
LHAARECIE RV E bW, FHEEENRD T, RTIeNTERN -7, B
V=L UTIECERBLMEY 7 P REZZNZTNA LA, FARROKERTHD, LFED
HRaWETHILIETERDP 72, TNODOERDFEL WIEHIXE3ETER 5,

2 U TIHW 7z A remark on credit risk models and copula t&® & £ D, A filtering
model PATE LI 2D 2 IZH 70, Wil BEEBIRICIIHE < O TR E 2 THEE L
FU7%, DEDEHH L XTI,
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|25 A filtering model

2.1 Introduction

Dutffie and Land [9] studied the implications of imperfect information for term struc-
tures of credit spreads on corporate bonds. They supposed that the bond investor cannot
observe the issuer’s assets directly and they can receive only periodic and imperfect ac-
counting information. Then they delivered a relationship between the volatility of the
issuer’s asset price and its hazard rate. Their model is a kind of a filtering model. Jarrow,
Protter and Deniz [11] provided an alternative credit risk model based on information
reduction where the market only observes the company’s asset value when it crosses
certain levels, interpreted as changes significant enough for the company’s management
to make a public announcement. Jeanblanc and Valchev [12] examined three types of
information for a company’s unlevered asset value to the secondary bond market, the
classical case of continuous and perfect information, observation of past and contempo-
raneous asset values at selected discrete times, and observation of contemporaneous asset
value at discrete times. Nakagawa[15] constructed a filtering model on a default risk and
showed representation formulas under imperfect information. He analyzed properties of
the processes under vy, which is a probability measure on C'([0,u]; R), and the law of
Brownian motion (Bj)sejo, conditioned to start from z; > 0, stay in (0, 00) for s < u
and reach x5 > 0 at time u under P. However since this measure is hard to deal with,
we give representation formulas without using the measure v. Let (2, B, P, {B;}+cjo,o0))
be a complete filtrated probability space and the filtration {B;};>o satisfies usual con-
ditions. Let By, Bt and W; be independent B;cp )-Brownian motions with values in
R,R? and R respectively. We denote by (G) the right continuous filtration gener-

ated by continuous stochastic process X. For example, G = (., 0{Bs,s < u}. Let
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T =inf{t > 0; X, = 0}, N, = Iy« and Fy = (o, (G Vo{r Au}). Let a > 0,
Bf =a+ Bt, ¢ = inf{t > 0; B =0}, N = 1gracyy and FV = (o, (G Vo {T* Au}).
Let ¢u(t) = [ 5 exp(~ )ds and Ay(t) = —$1084a(t) = —ga(t) " exp(—%).
Then P[T > t] = qu(t) = e fo Wt and Plr® € dit] = Ag(t)e Jo de@dugt — ~ (t)dt .
We also see that .

M, = N — /0 (1= N2, (s)ds

is F}V-martingale. Let
2

o) = = ep(=g) W)= [ gltyin

gO(taxay) = g<t7y - .I') - g(tay + $) = g<t7y - l‘)(l - 672xy/t)7 x,Yy Z 07 t>0.
Here we note that

dg oz D?g B B

We denote by LP) p € (1,00), the space of {B,;}-progressively measurable functions ¢
such that E[fOT plbds] < oo for any T'> 0 and denote £P" =, , L%, p > 1. Let

ak
Hc(Lk)(tvsuf) :E[1{7“>S}fsa_x'z(t_SaBg)lg;/VL t> S, f€£1+7 k:071727

HW® (¢ f) = /t HW (¢, u; f)du, feLiwr, k=0,1,2,
0
Hy(t; f) = el O (HO (@ 1) + 20, () HO(E f)), | € £,
Ud(t,s; ) = Ell{rassy fs(20(t — 5, B)) — 1)|GIY], t>s, feL't
and

Ua(t, s, f) = eJo 2O (HO (1 g0 F) 4 M (OU(L, 51 ), t>s, feLT

We will show that these are well-defined in Section 2.2. Then we have the following

Theorem.
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Theorem 2.1.1. (1) For any t,T >0 and f € L**,

/ fdB|FY] = / (55 fLio () Aals) " dM..

(2) For anyt >0 and f € L',

ﬂfﬂwﬂﬂ=AEMV%%—£K[m@nﬁM&®1M@

(3) For any t,T >0 and f € Lo,

E[/O FdW | FY] = /0 E[f| Y)W, - / / (5,7 Floa) ()W, Aa(s)-1dM..

(4) For any t > 0,f;,€ £2F,i=1,--- .d,
d ot
By [ fabirt) -
i=1 70
Let X and Z be solutions of the following stochastic differential equations under P,

dXt = dBt + bo(t, Xt7 Zt)dt, X() = Xy > 0,

dZ, = o1(t, Xy, Z,)dB, + by(t, Xy, Z)dt,  Zy =z € RV,

where by : [0,00) x Rx RY - R, 01 :[0,00) x R x RY — R¥*4 and b, : [0,00) x R x
RY — RY are bounded and continuously differentiable functions. Let Y be a solution

of the following stochastic differential equations,
d}/;t - 02(t7 n)th + b2(t7 Xt/\Ta Y%)dty )/E) =Y € R7

where g9 : [0,00) x R — R and b, : [0,00) x R x R — R are bounded and continuously
differentiable functions. We assume that there exists € > 0 and o9 (t, y) satisfies oo(t,y) >

¢ for any t € [0,00), y € R. Then o9(t,y) ™" exists and satisfies

oo(t,y) ' <e', yeR, te0,00).
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Let py, t € [0,T], be given by
Pt =

t t
eXp(/ bO(SaXs>Zs)st +/ B(SaXs/\Tans>dWs
0 0

1 t
45 [ ol Xt 27 4 B, Xonr V),
0

where ((t,z,y) = oa(t,y) " ba(t, x,y). Let P be a probability measure on (2, F) given
by dP = p;*dP. We see that p, p~* € ,>1 £7 by Novikov’s Theorem. Let p; = E[pt]}"t].

Here we will denote by E[-] denote an expectation under the probability measure P. Let

t
Bt = Bt +/ bQ(S,XS, ZS)dS
0

and .
Wt = Wt +/ /8($7XS/\T7YS)d8'
0

Then Et, B, and Wt are independent ﬁ'{Bt}te[O,oo) -Brownian motions. Stochastic

processes X, Z and Y are described in the following
dX, = dB,,
dZ, = o1(t, Xy, Z,)dBy + by (t, Xy, Zy)dt,

dY, = oo(t,Y,)dW,.

By the above equations, we see that {G;* }tejo.00) coincides with the natural filtration
generated by {ét}te[om). Since dﬁ//t = o(t,Y;)"'dY;, we can see that G} = gtVNV and
Fi = ﬂu>t(QZNV V o{T Au}). In addition, we can see that

N t
Mt = Nt — / (]. — Ns—))\xo(8>d8
0
is ﬁ—ﬂ—martingale. Let

~ ak
](k)(t, s; f) = E[1{7>S}a—ﬂg€(t — S,Xs)ps_fs|gf], t>s, k=0,1,2
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for f € £L**. Let X denote the set of B -adapted continuous processes F' for which there
exist fi, i=1,2,3¢€ L5 and (f]),j=1,---,d € L5 such that

¢ ¢ t d t N
F—F, +/ Fu(s)ds +/ Fo(s)dIV, +/ Fo(s)dB, + Z/ fi(s)dBl.  (2.1.1)
0 0 0 =170
For F' € X, let
(-/—D\(/)F)t = /B(t7 Xt/\7'7 }/t)Ft/\T + 1{T>t}f2(t)7 (bvlF)t = bO(ta Xta Zt)E/\T + 1{T>t}f3<t)7

(DaF)y = 1oy fu(t), (LF)y = 1apy fo(2)

and

~

V(r; F) =
pirtedo Ao Wdu (s FY 4 Ay () (— (20(r, ) — 1) Fo + E[1iranyp FrGY ), 7> 0,

where

~

Vi(r, s; F)
:/ I(l)(r,u;a)F)qu+/(1(2)(r,u;l3/1F)—i—](l)(r,u;zF))du, r>s>0.
0 0

Let

/:\(s) = Aoy () + V(s;1), ﬁt =N, — /t(l - Ns)j\(s)ds

0
and

~ ¢
Wi =W, — / E[B(r, Xonr, Yy )| Fdr.
0

Then we will show that M. ¢ is P-F-martingale and Wt is P-Fic[0,00)-Brownian motion.

Then we have the following theorem.

Theorem 2.1.2. Let F € ¥ and F, = E[Fy,|F:]. Then we have the following.
(1) t —~ t t —~
E[Fp | F] = Fy +/ fo(r; F)dﬁr +/ fu(r; F)dr—i—/ fo(r; F)df/vr7
0 0 0
where

Jo(rs F) = —14rany (Vs F) + V(1 )E)A ()™

fl(r; F) = 1{T>T}E[1{T>T}(EF)T|'FT]’
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fa(r; F) = E[(DoF),|F,] — E[B(r, X,., Y,) | F]Fy_.

(2) Moreover, if there exist C' > 0 and o € (0,1) such that 1{x,<1yl{r>n|F| < C|X¢|*
fort >0, we have fo(r; F) = —1onF_.

As an application of aforementioned theorems, the Proposition 2.6.1 and Proposi-
tion 2.6.3 provide the stochastic equations which the stock and bond price follow. In
Section 2.6 , the stock price S; is defined as a value of company looked over the filtra-
tion F; constructed of the observable process Y; and the information about whether the
default takes place or not. Let T" be the maturity of a bond issued by this company, the
recovery rate of this bond be zero, the risk free rate be also zero and o > 0 be constant
risk premium.

The author appreciates Prof. Kusuoka for his helpful advice.

2.2 Evaluation of integrands

For f € LY, let
77 (k dg 1%
HWB (t,s; f) = E[1{Ta>s}|fsﬂ(t —5,BY||GY], t>s5>0, k=0,1,2.
x
Proposition 2.2.1. Forq > 1 and k = 0,1,2, we have

oFg u
Loy | 5y (6=, BYIGY] < G (a) + O (q.a)(t — w)

—kq—q+2
2

foranyt>wu >0 witht —u <1. Here
k

W (q) = sup —gt,m < 00
Pl = sw 1520.0)

and

—ch g(u, 3)
O (a.0) = 2a( | oI R L)y sup T < o

u>0
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Proof. We have

3'“9 5k _1 _1 _ k1
%(t,x) = %(t 2g(1,t72x)) =1t T

Since {B{} and {W;} are independent,

oFg .
E[1{7a>u}|@(t —u, BY)|G)]

k

> 0
— [ (otwr -0~ gtz +a) S e~ w )i
0
00 k
- / gl — a)(1 —exp(—Q“i>> %(t—u )
0
< g(u,z —a) —(t —u, z)|%dx —|— — a)z| o= (t —u,z)|"dr. (2.2.1)
a/2 ox

For the first term, we have
/2g(u,x )lf) - (t—u, )| dx<C’ ( ) /2g(u,x—a)dx§C’1 (a).

For the second term, we have

2a [? g a 2a [ 8]“

ak

a. za oo k —kg—q+2 —kq—q+2
— ot D2 UG- ) < Pl — )

Then we have our assertion. [JTo give a representation
of conditional expectation under P with respect to {G}" yand {FV'}, we need to show
some inequalities to define stochastic integrals. Proposition 2.2.2 and Proposition 2.2.3

are supposed to valuate H, and U, in Theorem 2.1.1, respectively.

Proposition 2.2.2. Let p € (1 o0) and q =

(1) For k =0,1,2, there is C’3 ( q,a) and C k)( a) € (0,00) such that

AP (t,u; £) < (CP (g, 0) + CP (g a)(t —u) = =) E[|£J71G )7,
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forany f e LP, t>u>0.
(2) Let k =0,1,2 and p > 57. Then there are Céfﬂl)(q,a) and Céﬁ)(q, a) € (0,00) such
that

kq—q+4

t 1 - t 1
/ HP(t,u; f)du < (CF)(q, a)t7 + O (q,a)t™ 5 )( / E[|ful")du)?,
0 0

foranyt >0, f € LP.
(3) Let k=0,1, p> 5. There are Cég)(q,a) and Céfcz)(q,a) € (0,00) such that
b 1 —kq—g+3 t 1
| A P (©a.at + a0 BP0,
0
for anyt >0, f € L.
(4) Let s € [0,T]. There is Cy(T,q,a) € (0,00) such that

B / Ha(t: fldt] < Gy (T, g, ) / B[ fuP)du)?,

for any f € LP, p > 4.

(5) Let 0 < 59 < 81 and & be a bounded Fs -measurable random variable. Then we have
[ B 031y = 205581 ()
Proof. (1) By Proposition 2.2.1, we have

|H® (t,u; f)]

kg u 1 1
< BlL ooy |02 (0~ u, BYIG B 1IGY )

—kq—q+2 1

< (CP(a) + CP (g, a)(t — u) ™2 )0 B[ fulPIGI ]

kq—q+2

< (CP(g,a) + CP (g a)(t —u) 5 E|LIIGV ],

where
¥ (g,a) =2:CP (@)1, (g, a) =2:1CP (g, a)7.

Next, we will show assertion (2) and (3). Let m = 1, 2.

t ~
/ HP (t,u; f)™du
0
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—kq—qg+2

t
< [(©@P(a.0)+CP(g.a)t - u) 5 ELPIGYF du
0

—kq—q+2

< ( / (CP(g,0) + CF (g, a)(t — ) ™5 ymaduyi / B[ uPIGY " du)?

t t
m k m k m (=kg—g+2)m 1 m 1
<2 </ (C) (g, )™ + O (q, @)™ (¢ — w) = >du>q</ B[ fuPIGY " du)
0 0
Ifm:landp>3%k,orifm:2andp>%,Wehavep>%andw>

—1. Then we have

(=kg—g+2)m

t
/ (C5 (q,a)™ + O (q,a)™(t —u)— = )du
0

2 (=kq—g+2)m+2
2

|(=kq —q+ 2)m + 2|

< M (g,a)™1t + CP (g, a)™

Then we have the following for f € L£™P.
t ~
/ H® (8, u; f)™ du
0

(—kq—gq+2)m+2

t
< (.t + Clinla. ™) [ B,
0

where

mqg+m

mq+m m q

cH@)s, ¢ (g a) =

C*) (g a) =2 (g, a)

|(—kq —q+2)m + 2|§

(4) We can see that HP (t, f), k =0,1,2, are well-defined for f € Lwt by Assertion
(2). Then H,(t; f) is well-defined for p € £**. Since p > 4 and %{;A > 0, Assertion (1)

implies
s T N
B [ (6 kit < Bh 0 [P (6 )+ 200 B 6 1)t
0 0

< / B[ fuPldu)t < Cu(T, ,0)( / Bl ),

where

~

Cl<87 q, a)
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= el 0 [ (O @)+ O 0, ) 20 0O (@) O g, )b ).
0

(5) Since ipesyy [ %(r — u, BY)dr = 1gras39(s — u, By), we have the following by
Assertion (2).

| B 31
0
- / ( / HD (s €1y () dut)dr = / ( / HD (113 €10, 1)) ) du
S S 829 . -
= [ Bl @556 =BG )

S S a
=2 [ ([ Bl @F20 — 0. BIG )
0 U

= 2]:150)(3§ 51(80,81]('»-
O

Proposition 2.2.3. Let T > 0, p > 3, ¢ = z%' Then U, is well-defined, for any

f € L5 and there are Cy(q,a,T),Cs(q, T) € (0,00) such that

Tt _ ¢
E[/O (/0 0, (¢, u: f)2du)dt] < Cu(q. a,T)(/O El|fu[]du)dt)s + Co(T / F2du]
for any f € L£57.

Proof. Because 0 < ®(t — s, BY) < 1, for any f € L%" ,we have

[ Wt 1 < [ B ey 00 )~ )IGE P
0 0

< /OtE[f3(2<I>(t—u,ij) — 1)?]du < /Ot f2du.

By the above evaluation and Proposition 2.2.2 (2), we have

B[ ([ Ot par

:E[/O </0 220X (O (¢ 1 £+ Ny (12Un (1w f)) )]
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<22l Aa(r)dTE'/ / (HO(t,u; f) du)dt+/T)\a(t)2(/t|Ua(t7u;f)|du>zdt]
0
< 262l 0 / (30t + Ol 0. )| EIFPEdu) i
0

1T i Aa0) I sup Ag( / f2du).

0<t<T

For a part of first term, we have

T t
/o ((C53 (0 a)t + Gy (g, a)t )i / E[| ful??)du))dt

0

IN

([ s ciga e ant [ [ sisegan

Then we have tohe assertion where i i

Co(gr0.7) = 262000 (O (g, a4+ O g, a2y / Ll / B[l PP]du)dr)
and

Cy(T) = 9T e o Aa(r)r sup A (t)%

0<t<T

2.3 Representation theorem

We saw some integrals are well-defined under corresponding conditions in Section
2.2. Then Theorem 2.1.1 which is the representation theorem under F}" is proved in

this section.

Proposition 2.3.1. Lett > u > 0 and & be a bounded B,-measurable random variable.

Then we have

E[§|Ge] = E[€16,"] and E[§(B, — B.)|G] =

Proof. Let hg be a bounded G!V -measurable random variable and h; be a bounded

o{W(s) — W(u); s > u} measurable random variable.Then

E[ghoh] = E[ShoE[h1|Bu]] = E[&ho] E[hi]



26 H2F A filtering model

— BIE[E1GY o] Ell] = E[EIE|GY hoh]

and

E[¢(By — By)hohi) = E[€ho)E[(By — By)hi] = 0.
So we have our assertion. O

Proposition 2.3.2. Let 0 < sy < s1 and & be a bounded B,,-measurable random vari-

able. Then we have the following fort >0,
E[§1{7a>t}(B§1 - B?o)]
[e%s) 81 829
_ _/ (/ Luer) BIEL sy (=, B d)r (2.3.1)
t S0 x
Proof. Let

o(s,x,t) = / / (y —x)g0(s,z,y)90(t, y, z)dydz, x>0, st>0.
o Jo

At first, let us think about the case t > s;. Then we have

Liressoy Bl grasy (Bg, — Bg)|Bso] = Lirassgyp(s1 — so0, By, t — s1).

Then
E[£1{7a>t}(B‘gl - B.?o)] = E[£1{7a>50}g0(81 - 807 B‘(9107t - 81)]‘
Note that
et < [ [y algts.o— vlgtty - 2)dzdy
= [ lo=slgts.o =y = E[B = 5t 232
Since
0 1 92 0
dSQO(Sl — S, B?, T) = (_a =+ 5@)90(51 — S, Bgu T)dS + a_i<81 - S, BZ,T’)ng
and

0 1 0?
(—g + 5@)@(

_ < [% 990 _ /OO 990
- /0 /0 aZC (87x>y)90(raya Z)dydz - 895 (S + T,x,Z)dZ

0

S, X,T)
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> 0 0
= —/0 (a—i(s—ir'r,:c —z) — a—i(s—ir'r,:c—l—z))dz =—2¢(s+mrz), >0, s,7>0,
we have
Lirassoy(@(s1 = 8 AT Bipra, t — 51) — (51 — S0, By, t — 51))
SAT? SAT? ©
= —2/ g(t—u,BZ)dqu/ —(s1 —u, By, t — s1)dBy, s € [so, 51).
s s O

Then we have
El€1rasy (B, = BG)l
= Ellirassyo(s1 — S AT, Bepray t — 51)]
+2E[§1{7a>so}(/s Lirasuyg(t —u, By)du)], s € [so,51).

S0
Since ¢(s,0,t) = 0 and ¢(s,z,t) = 0, s | 0, we have
lim E[¢1{resspyp(s1 — S AT, Borrast —51)] = 0

S—S1

by Equation (2.3.2) and the bounded convergence theorem. Then we have

S1
E[§1{7a>t}(Bg1 - B?O)] = _2/ E[51{7“>u}g<t -, BZ)]drdu

B s1 0o ag .
= — /SO E[f/t 6’r(r—u,Bu)alr]du

e} S1 82
= _/ (/ 1{’M<T}E[£1{Ta>u}a_xg<7a — u, BY)|du)dr (2.3.3)
t S0

for any t > s;. By taking ¢ | s, we also have our assertion for ¢t = s;.

Second, let us think of the case t € (sq, s1].

El€liesny (BS, — Bl = El€l sy E[(B;, — B,)[Bi]]

a a > ! 829 a
— Bl€1pasny (B — BY)| = / ( / Luer) BIEL sy =, B d)dr
t S0
Let p >4 and ¢ = p%l,r > u > 0. Then we have

0%g u
E[|1{Ta>u}§@(’f’ - u, Bu)“
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Plp 0%g a)|q
Bl e €] El[17asu | 55 (r = u, BY)I']

3q+2

< El|Lgrasuy €717 E[(CP(a) + CP (2, a)(r —u) "% |3

3q+2

Q=

by Proposition 2.2.1. Since > —1, we can use Fubini’s Theorem in the following

equation.

e’} S1 . o 829 B duw\d
t ( ) {u<r} [ {Ta>u}§m<r_u7 u)] u) r
:/ (/ 1{u<r}E[1{7a>u}€ ( u,BZ)]dT)dU
t
_ 9 / B[l oo / (r — u, BY)]dr)du — 0.
t

So we have Equation (2.3.3) for ¢ € (s, $1].
When ¢ € [0, sq],
El€1asy (B, = Bl = ElSlzesn BIBS, = Bg Byl = 0
So we see Equation (2.3.3) is valid for ¢ > 0. O

Proposition 2.3.3. Let 0 < 59 < s1, t > 0 and £ be a bounded Fs,-measurable random

variable. Then we have

> dg a
Bl {ras sy lresny] = — Elgrassoy€ (r = so, By, )]dr-

soVt

Proof. We assume that t > sg, then we have

E[£1{7“>t}] = E[§1{7“>50}E[1{7’“>t}|Bso]] = E[£1{7“>so}(/ gO(t — S0, Bgoa y)dy)]
0

For x > 0 and t > 0, we have

| att.ppay = - / R sy

1 > 9 go > 090
=—= dy)d — 0)ds d
5| R =5 [ F s == [ s ais
Considering Equation (2.2.1) in Proposition 2.2.1, we have
o a "
E[gl{T“>so}1{T“>t}] = E[£1{7“>so} ( — S0, B )]d’f‘
soVt a
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Proposition 2.3.4. Let 0 < 5y < 51 and £ be a bounded Fs,-measurable random vari-
able, v : [0,00) — R be a bounded Borel measurable function. Then we have the follow-
mng.

(1)

o0 s1 82
PIEB, = B0 = = [ 00)(| Louen Pl ooy 5 = Bl du)ar

o0 0
E[§1{70>50}U<7—a)] = _/ U(T)E[l{T“No}ga_i(T — 50 Bgo)]dr.

S0

Ele(BY, - B)|FY] = / 2 () O (5 €111 AN

BIE(BY, — BL)IFY) = / Ho(5: €1 (DAals) ML, £ >0,

Proof. (1) For v = 1p o), Assertion (1) is valid by Proposition 2.3.2. Let V be the
collection of bounded measurable functions v which satisfy Assertion (1). Then V is a
vector space. In addition, if {v, },,en is an increasing sequence of non-negative functions
in V and if lim,,_, v, exists and bounded then lim,, o v, € V. Let A={A CR;1, €
V} then (t,00) € A for each t > 0. A is d-system by the monotone convergence Theorem
and A’ = {(t,00);t > 0} € A is m-system. Then we have our assertion by the monotone
class theorem.

(2) By the same way with Assertion (1), we see that this assertion is valid for any
bounded Borel measurable function v : (0, 00) — R. This completes the proof of Asser-
tion.

(3) Let v : [0,00) — R be a bounded Borel measurable function, hg be a bounded
GV -measurable Borel function and hy be a bounded o{W, — W,,; ¢ > so}-measurable
function. Note that By, V QO'Z and o{W; — W,;t > so} are independent. By Proposition
2.3.1 and Proposition 2.3.4 (1), we have

EE(B;, — B, )o(1)hohn] = = Elho€(B5, — B )v(1*)] E[I]
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e’} S1 82
_ /O o(r)( / Luer) Blo€ ey 5 9 — . BDldu)dr) B[]

2

00 s1 8
== o0 e Blhas B g 557 = 0. B G )

S0

[e§) 00 82
~Elhabn([ 00| e B (0L 550 = . B |G )
0 0

a a\— * an a a
~Elholso(r 1) [ Loy B L) (001 5 57 =, BE)IG
0

= _E[hOhIU(TG)7a<Ta>_1F]£2) (7% §1(s0,51] Q)

~Elhobo(r®) [ ) 05 (DN
0
Then we have the assertion.

(4) We note that AP (£ €1(s..(-)) = 0 for ¢ < so and
E[¢(By, — By )| Fiy 1 = EE[E(BY, — B,)|By]|Fly ] = 0.
Then we have
BIE(, — BL)IFY) = 0= [ HlosEli(DN) ML, <50
By Proposition 2.3.1, we have

/H 51 Lo ())ds = E[E(BY, — B2Y|GY] =

and then

E[/toofff)(s;&l(sm( )ds|GH] = / A (5: €1y (Nds.  (2.34)

By Assertion (3) and Equation (2.3.4), we see that
E[§(B;, — B, )IF'] = —E[/O Yo () HP (13 €1 (50,601 () AN F
t ] R
== [ O BP0 €1 (DN = B[ 27 0B 05 (DN
0 ¢

t t
= [ OB (511 Da(o) M= [ O 1) 1N
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t
—|—€f0 )\a(r)dr<1 — Nta) / HC(L2)<S; 61(50,51]('))(18' (235>
0

Here we note that efoe(Mdr(] — No) =1 — [ eJo 2edrgps; and

eJi 2air (1 _ o) / FIO (55 €100 () s

t t t
= [ O €1 g s = ([ RO [ F 5110 ()ds)
0 0

0

t s
_ /0 i )i /0 A (15 €10y 0 () dr)dM,

t S
/ P (511 4gp1())ds + / (O (5: €1 2()) / I3 2 g0 g .
0 0

Then we have the following for ¢ > s,

E¢(B, — BS)IF"] = _/0 el 2OV (57 61,01()) Aa(s) T M,

//H2 101 ())dr)d(efs 0 (1 _ N )

. / (B (O (51 1)+ Aals) / O (5 €1 ())dr) Aa(5) M.
0

0
Finally, we have Assertion by Proposition 2.2.2 (4). CLet £y be the space
of progressively measurable processes ¢; for which there exist B;, - measurable bounded

random variables £, such that

n—1
Sot = ngl(sk,SkJrﬂ(t)? t 2 O?
k=0

where 0 < 59 < 81 < --- < s, <T. Forany p > 1 and f € LP, there exist f, € EO,
n=1,2,---, such that

n—oo

T
lim E[/ |fa(s,w) — f(s,w)|Pds] =0 for any T > 0.
0

Corollary 2.3.5. Let T' > 0. Then we have

T 00 [e%)
E[/O fudBFY] = / () / H (s, u; flip(-))du) AN
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for any f € L** and

/ fudB,|F] = /"H 5 Flom(DAals) MM, 150
for any f € L.

Proof. Let s; > sg > 0 and fbe a bounded Bg, -measurable function and f; =
jfl(sovsﬂ(t). Then we see that the first and second assertion are valid for f € £O by
Proposition 2.3.4 (3) and (4), respectively. We can see that [;° H. (3 w; [l (+))du
in the first assertion is well-defined for any f € £** by Proposition 2.2.2 (2). As for the
second assertion, let us take {&,} € Ly such that

lim E[|&,(r) — fo|]] = 0 for all r > 0.

n—oo

Then we have

/ & (s)dB| F) = /H sfn 07())Xa(s) 1AM, t >0,

by Proposition 2.3.4 (2). Since o{W;;t > 0} and oc{N;;t > 0} are independent, we have
T ~ —
/ (Ha(ss &) —Ha(s: ) Dals) " dN] = E / B[ (Ha(s: &)= Ha(s: /)| Aa(s) " dN]

= / E[|(Hy(s; 6, — f)]le o 2e®qs 0, as n— oo, forall T >0
0

by Proposition 2.2.2 (2) . So f(f H, (s, flo7)(-))Aa(s)"1dM; is well-defined, and we have

the assertion. N

Proposition 2.3.6. Let s > 0 and f be a bounded, F-progressively measurable process.

Then we have the following.
(1) N
EULIFY) = EULIF e — [ () D (s £)aNe.
(2) t
BULIFY) = B = [ ) Ot DAl D, 2 s,



2.3. Representation theorem 33

Proof.
(1) Let s > 0, hy be a bounded GY -measurable Borel function, h; be a bounded
o{W, — Wy; t > s}-measurable function and v : [0,00) — R be a bounded Borel

measurable function. Then we have
E[fSU(Ta)hOhl] = E[fsl{T‘lSs}v(Ta>h0h1] + E[hl]E[fsl{'r“>s}v<Ta>h0]
and
E[fsl{T“SS}U<Ta)h0h1] = E[hl]E[fsl{T“SS}v(Ta)hO]
= Bl BB FY L pacgo(rYhol = EIELLIFY L rocau()hoh].

Since o{Wy;t > 0} and o{N;;t > 0} are independent, we have the following by Propo-
sition 2.3.4 (2),

E[hy) E[fu1(rassy0(7%)ho]

= E[h4] /OO U(T)E[1{7a>s}fs%(’f’ — 8, BY)hgldr
=—EWJ/WUQMAMEHAM‘¥$NﬁandW

:_/WUWWAﬂH%UYVﬁWnanMﬂW
= _E[E[U(T)fyawj)ilH(gl) (7’, 53 f)hOhl] ’T:T“1{7“>S}]
= —E[a(r") T HM (7%, 85 f)1rasy0(7%) hohi]

=—EK/m%0Y”ﬁWn&ﬁMWMﬁ%MML

So we have

E[f51{7a>s}|‘Fovg] = _/ ’Ya(r)_lHo(Ll)Oa?S; f)l{‘ra>s}ng-

Thus we have Assertion.

(2) Note that
0
a(ZCI)(t —s,x)—1)

* 0g T Q% dg
| Fe—swir= [ S5 sy = Fhe—s.0)
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and that

B >0 B Jg
20(t — s,z) — 1= —/t ar(Zq)(r —s,x)— 1l)dr = /t . —=(r — s,z)dr.

Here we note that

1
lim ®(t — s,x) = 3 x>0

t—00
and

ltlinCD(t —-s,z)=1, x>0.
Let

Li=1- exp(/ot Aa(s)ds)(1 — NJ).
Then we have
dL; = exp(/0 Aa(8)ds)(dNF — N\ (t)(1 — N)dt) = exp(/o Aa(s)ds)dM,.

We note that .
dNt“ = exp(—/ )\a(S)dS)st + )\a(t)(l - Nf)dt
0
and

Vo) THANT = Ao (t)rdL, + eXp(/t Aa(8)ds)(1 — N)dt

t
= No(t)"YdL; — Lydt + exp(/ Ao (8)ds)dt.
0

Then we have

Ua(t>57f)
= E[1{7a>s}fs<2q)(t -5 Ba) - l)lgW]
:_E[/tw1{7“>s}fsg (T_S Ba |gW / H TS f

It is obvious that

/ HO (1, 55 f)ya(r) " dN?

:/ Hél)(T,S;f))\a(T)_ldLr—/ Hél)(r,s;f)errJr/ HD(r, s; f)elo )y,
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Here we note that the third term at the last equation is F,-measurable. And the second

term of the above can be described in the following.

/lestdr— /lesf/dLu+L5)dr

/ / HW(r, s; f)dr)dL, —/ HW(r, s: f)Ldr
= /oo Ud(r,s; f)dL, + LUq(s+,s,; f).

Here we note that the second term at the last equation is F,-measurable. Then we have
E[f|FX]
:4Mﬂvawﬂ—%%@ﬁ$ﬁ_/ H{ (r,s; f)els 2=dr)
= [ D s )+ Ul )

The first three terms are F}V -measurable and the summation should be equal to E[f,|FY].

The last term is equal to

/OO exp(/or )\a(u)du)(Hél)(r,s; )+ (M) Ua(r, 85 ) Aa(r) " rd M,
— [ Ot e an,

Then we have our assertion. O

Proposition 2.3.7. Let s > so > 0, and £ be a bounded F -measurable process. Then

we have

B[ €10 ()WARY
_ /Ooo €Ly (P F V1AW, — / / (20 €1y oy ()W) A ()M,

In particular, for any T > 0, f € L5F,

BU[ ftam()dw| 7

/ Elf1on(r)|FY)dW, — // (s flom (1) AW ) Aa(r) " d M,
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Proof.
Note that
B[ €100V, ] = BEFEIOV, — W)
0

By Proposition2.3.6, we have

E[¢|FY] = Ele|FY) - / U 501 €1 sy () Aalr) M,

50
and then
E[/O 51(50781](7’)dWT|f0‘/g]

s1 0o
= / E[§|]:7_W}dwr - / UQ(T, 50; 51[50,51)('))(WT/\S1 - WSO)Aa(T)_ldMT
S0 S0

[e’e] [e’e] TAS1 B
~ [ B IFNW, — [ ([ Ol sui g (DA ()M,
S0
Here we note that

g o pa 99 o
1{Ta>80}(%(t —SAT 7Bs/\‘ra) - %(t — S0, Bso)>

SAT? 2g
= 1{7-a>8 }/ —(t -, Bg)ng, S € (Sg,t).
7S,  0x?

Then we have

9y « pa
Htgl)(ta S0, 51[50,51)(')) = E[1{7“>80}£1[80,81)(')(a_m<t —SAT, BS/\TQ>)’g;/(‘)/]

= Hc(ll)(t’ 3;51[80,81)('>); s € (80, tA 31).

Also we have
Lirasso} (Pt — s AT, Birra) — @(t — s0, B?O))

SAT®
= 1{7—a>80}/ g(t —r,BdB?, s € (so,t A s1).
S0

Thus we have

Ua(ta 505 51[80,t/\31)(')> = Ua<t7 S5 61[80715/\81)('))7 s € (807 LA 81)-

Since

Ua<r)u;§1(so,51](')) = 07 T e [07 80]7
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we can see that [ f§ Ua(r, w5 E1(sy,6,1 ()W) Aa(r) "1 d M, is well-defined. Then we have
the first assertion. For f € Cg, we have the following by the first assertion,

E[/OTédWAfZZ]: / EI&|FY)aW, — / / (7,0 AW, )\ (r) 1AM,

Let us take {&,} € Lo such that

T

lim E[ [ |&(r) = fr|dr] =0 for all T > 0.

Since o{W;;t > 0} and o{N;;t > 0} are independent, we have

/ / (r, ;&) — T, s £))dWoa| Ao () " dN]

/ [ / (05 E) — Ul £)) AW M) N

_ / E| / (Oa(r,us & — )W lga(r)dr

T T -
§/ E[/ (Ua(r,u; € — f)*du)"*dr
0 0
—0, as n—o0, forall T >0

by Proposition 2.2.3 for f € £5". So we have Assertion. m

Proposition 2.3.8. Let Tt > 0, f € L**. Then we have

! Wi ! 1%
B / fuds| V) = / E[f.|F)ds

t t r
— [ ElfaomnolFds = [ ([ Outsurs fram)dsias) ad,
0 0 0

Proof. Remember that Uy, (, s; f) = E[l{rasq fs(20(t — s, B) —1)|GY]. We can see
that [J([7 Ua(s,73 floz))ds)Na(s) " dM, is well-defined for any f € £2* by Proposition
2.2.2 (2) . Then we have the assertion by Proposition 2.2.3 and Proposition 2.3.6. [

Proposition 2.3.9. Let Tt > 0 and fj € L* j=1,---,d. Then we have

d t
B[y / f1dBIFNY] = 0
=1
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Proof. Because B, B and W are independent and FV C o{B,,W,;s € [0,00)},

/ flaBi|FY = / fldBI] =
O
Now Theorem2.1.1 is proved by Corollary 2.3.5, Proposition 2.3.8 and Proposition 2.3.9.
Proposition 2.3.10. Let f € £L*T. Then we have
N v dg
H& (@ f) =limE / Lirasgy fsdBS
o (BS) =T B[] Lo dBo) 50
The right hand side of the above corresponds to a representation Theorem in Nakagawa
[15] .

Proof. Note that

( - U7BZ)|gtW]

o 108% dg

(_%+28x2>8 (t —u,z) =0
and so )
dg o _ 99 g
du%(t—u,B ) 3x2(t_u B)dBy, wu<t.

By Ito lemma, we have

‘ -y 99 @
([ oo 248Gt = . BY)

09 AT N oy 5o
= 1{T“>u}fu£(t — U, Bu)dBu + ( . 1{Ta>s}fsd33>@(t —Uu, Bu)dBu

0?%g .
+1{Ta>u}qu(t —u, BY)du, u<t.

And then

“ 0
B[ 14remn £ABGHE — w0 BE)IG)

2 2

“ 0 “ 0
— [ Bl = s, BIG s = [ Bl £ 55— 5. B2)IGYds
0 0

:/ H3(t,s; f)ds, u<t.
0

So we have

H2 (1 f) = Tim E[( / Loy fodBY 22 (1~ u, BY)|GY).
utt 0 Ox



2.4. Equivalent probability measures
2.4 Equivalent probability measures

Note that
t —~
Pt = 1+ / ps—(bO(Sa Xsa Zs)st + 5(37 XS/\T) }/;)dWs)
0+

Let F' € 3 be given by Equation (2.1.1) in the Introduction. Then we have

= (Fu(s) = B8, X Y) Fal5) = bols, Xow Z2)fols))ds

A NS t NS t ) ~ )
and so

pt-Ft/\T

t tAT
= pOFO + / Fs/\pos + / ps—dFs + [p7 F]t/\T
0 0

t

t —~— o~ —_~ A~
— R+ / po(DiF).dB, + / po_(DoF) B,
0+ 0+
t

t —~— —~ o~
—i—/ ps(DOF)des—l—/ ps—(LF)qds.
0+ 0+

Let
V(ta S f) = E[p871{7—>s}fs<2q)(t - 37X5> - 1)|QZ],
V(b5 f) = b 0TIt 5: ) + A (OV (153 ).
T(t,5: f) = i Aol / IO, u: F)du + 27y (1) / 1O, us f)du),
0 0
V(r,s; F) = p-lelo Aoy (r s F) 4 Xy (r)Va(r,s: F)), s<r

where

VQ(T,S;F):/ V(r, u; ﬁ)F)qu+/ (V(r,u; ZF)+2](0)(r,u;aF))du
0 0

for f € £°" and F € 3. Then we have the following by Theorem 2.1.1.

E[ptFt/\T’Ft]

39
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tAT B . ro - . ro - .
S / (I(r,r; D1 F) + (/ V(r,u; DoF)dW,,) + (/ V(r,u; LEF)du)) Ay, (1) dM,
0 0 0
tAT . . tAT . . N
—i—/ Elp,_(LF).|F|dr +/ Elp.— (D1 F),|F.]dW,
0 0
t ~ —~
= Fp — / Pr_ V(1,75 F) Ao (r) 1AM,
0

+ [ Blor TR+ [ Elpr (BLF) 1A, (241)

Here we note that

I(r; p(D1F)) + / V (r,u; DoF)dW, + / V(r,u; LF)du
0 0
:efoT/\wo(U)du((/ [(1)(T,u;E)F)qu+/ (I®(r,u; Dy F) + 1M (r, u; LF))du)
0 0

g (1) / V(r,u; DoF)dW, + / (V(r,u; LF) + 2 / 1O(r, u; Dy F))du))
0 0 0
=5, V(r,r F).
Proposition 2.4.1. Let T'> 0 and F' € X. Then we have

. 0
Vi(r,s; F) = ——g(r,xo)Fo—i—I(l)(r,s;F), 0<s<r<T.

Ox
Proof. Because g (ryx) — %%(r, z) = 0, we have
%(r -5, X,) = OS %(r — u, X,)dB,.
So we have
A2~ X)puF)
= 2l (50— X0+ P, X,)(Dr ) )B,

@(r — 4, Xy) pu( Do F)udW,

8g .
X, D, B
== (r —u, Xy) pu (D2 F)d B, + o

81’

dg ~ 0%g

(5 (=, X)) (LF)u + 55 (= u, Xu)pu (D1 F).)du).
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Since GY, o{B,, Byiu < s} and U{Mu; u < s} are independent, we have the following

s )

for r > s.

Nag

E[%(T -5 Xs)l{T>s}pst|g3/]

o s . N s . ~
- a_i(r, o) Fo + / I (r,u; Do F)dW, + / (I®(r,u; D1F) + 1M (r,u; LF))du
0 0

0 N
= a_i<r7 xO)FO + %(Tu SvF)

Then we have our assertion. O

Proposition 2.4.2. Let T'> 0 and F' € X. Then we have

~

Vo(r,s; F) = —(20(r,zg) — V) Fy + V(r,s; F), 0<s<r<T
and
lim Vi (r, 55 F) = = (2®(r,0) = )Fo + E[lgrany 0, F11G) )
In particular, V(r,r; F) = V(r; F).

Proof. Because 22 (r, x) — %‘227‘?(7“, z) =0 and 22(r,2) = g(r, z),
O(r —s,X;) = / g(r —u, X,)dB,.
0

So we have

20(r — 5, X,) — 1)psFs = (2®(r, 20) — 1) Fp + 2/ pu-Fug(r —u, X,)dB,
0

n / (20 (r—1u, X.) 1) (pu_ (Dy F)udButpu_(DyF)udBu-tpu(DoF)udWo-tpu (EF)udu)
0

12 / Pu_g(r — u, Xu) (D1 F)ydu
0

and then we have the following by Proposition 2.3.1.

V(r,s;F) = E[(2®(r, o) — 1) Fy + / Lirouy 29 (r — 1, X)) — 1)pu_ (Do F)udW,
0

+/ 1{r>u}((2q)(7" —u, Xy) = 1)pu (ZF)u +29(r — u, Xy) pu- (B/lF)u)du'gg/]
0
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= (20(r, z) — 1) Fp + /0 S V (r,u; DoF)dW, + /O S(V(r, w; LF) + 210 (r, u, D1 F))du
= (2®(r, x9) — 1) Fy + Va(r, s; F).
Then we have
(20(r, x0) — 1) Fp + lsig} Va(r,s; F) = lslgl V(r,s; F)
= E[2®(r — v AT, Xnr) — D)penr Frar)GY ]
= B[l (280, X,) = 1)p, F)|G) ] = E[l(r< (20(r — 7,0) — 1)p, F;)[G)]

= E[l{‘r>r}err|gf]

So we have V(r; F) introduced in Introduction can be written as
V(r F) = ptelo do®du( (r 1y FY + Ay (1) V (r, 73 F))

= Py ledo 2o @BV (1 ry F) 4 Ngy (1) (— (20(r, o) — 1) Fy + E[L{rsiy 0, Fr|GY ).
Proposition 2.4.3.
Aa(D)(20(t,a) — 1) + g—i(t, a) = 0.

In particular,

A

V(r; F) =
1 [T () 9, ~
prlels @V (i F) — a—i(ﬁ 20)Fy + E[1(r>rypr F11G)])).
Proof. Since P[t* < t] = P[t* < t,Bf > 0]+ P[t* <t,Bf < 0] and P[r* < t, Bf >
0] = P[Bf > 0], we have g(t) = P[r* > t] = 1 = Plr* < {] = 1 — 225 [* e~ dr =
20(t,a) — 1. So we have

0 0P * Jg dg
=2 (t)=2[ < = %t ).
atqa(t) ax (t,SL’) - 8t (t7y)dy 8$ (th)
Since A4 (t) = —4 log g,(t), we have the assertion. O

Proposition 2.4.4. Let Z be a random variable and r > 0. Then we have

E[Zl{7'>r} |g7}~/]1{r>r} =e for AxO(U)duE[Z|fT] 1{T>7’}'
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Proof. Let A € F,. Then there exists B € G such that AN{r > r} = BNn{r > r}.

Since GY and 1, are independent, we have the following.
E[E[Z1(513|G) 1oy, Al = E[E[Z1(r503|G) 1175 15]

:E[E[Zl{T>T}1B|gX]1{T>T}] E[ [ZlB|g |E [1{r>r}“
= B[Z, A]P[r > 1] = Ele” o *oaz A] = Ele= o AW pl 7| F ], A.

Then we have Assertion. O

Proposition 2.4.5. Let F' € X. Assume that there exist C > 0 and o € (0,1) such that
Lix, i<ty lirsny | Fr| < C| X |* for r > 0. Then we have Vi(r,r; F) = —52 9% (r, o) Fy and

V<T F)_p efo o du}‘xo( ) [1{T>r}p7“F ’g ]

In particular,

Loy V(5 F) = 1iran 5ot A (M E[L sy oo Fo | Fr.
Proof. Let1<p<—,q— ; and r > s > 0. Then we have
~ ~ dg 1~ 1
B(I00, 5 )| < Bl 22 (5, X)L grssy el i) < BlLiron 92 (r—5, X)PIFo]3 Blpt) .
Note that zy > 0. We have the following by Mean-Value Theorem.

(z—=g)? (z+z0)? 220

e = —e 2 < —z, z€(0,00), se(0,r).
s

Since w > 0, we have

ElLgx sy birsnl g (r = s X)PIE]

_ (z—xq)? _ (eteg)?

_ /1( 1 x ‘%)P(C a)pe s —e 2 d
e 20r=s x x
“Jo 2m(r—s)T—5 V27s

vl

oo 2
_ _3 __pr"
< 220CP(r—s)" 2 s 2/ gt ™ot = g
0

2—p(2—a) 3

= 2xoCP(r —s)~ 2 5_2/ yUtralptle= 2dy—>0 as str.
0
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Let p' > 1, ¢ = p,p_l

ElLgx. sy birsnl g (r = s X

o g 74 % pd'\ 7
< Bl lipsn g (r = s, X7 [7 B "]
o0 1 xT 2 (3_(1723550)2 — @_(IJF;DSO)2 1 1
= (/ ( e 2= ) dz)v B||F,[" ]«
1 2n(r—s)r—:= 27s
—0 as str.
Then we have Vi (r,r; F) = (7“ 20) Fy +limgp, I (r, s, F) = (r xo)Fo. By Propo-
sition 2.4.3, we have the ﬁrst assertion. We have the second assertion by Proposition
2.4.4. O

Proposition 2.4.6. Let & be B - measurable process. Then we have

E[Ptft/w |H]

, HCB

Proof. For A € H C B;, we have
E[gt/\ﬂ A] = E[E[gt/\TLFtL A]

= Elpr Bl M), Al = E|Elpr|B] Bl M), Al = E[E[pi|H] El€inr [H], A).

At the same time,

E[ét/\ﬂ A] = E[PTft/\r; A] = E[E[pT‘Bt]ft/\ra A] = E[Ptft/\r, A] = E[E[ptft/\ﬂ'l%]a A]-

Proposition 2.4.7.
ElpFyne| Fi] = Fo

tAT . AT . tAT . .
- / pr_V (r; F) Xy, (1) td M, + / Elpr_(LF).|F,]dr + / Elpr_(DoF),|F.|dW,
0 0 0
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Proof. Since V(r,r; F) = V(r; F) by Proposition 2.4.2, we have our assertion by
Equation (2.4.1). O
Let p; be p; = E[Pt|-7:t]

Proposition 2.4.8.
t . . t .
=1t [ BV DA ) A+ [ B BB X YA,
0 0

and

V(r;1)?
Aao(r) + V(13 1)

t t .
+/ ﬁ;l(E[B(T, er }/r)|]:7“]2+ 1{T>7’}>d7ﬂ_/ ﬁ,r__lE[B(T, er }/r)|-/—_'7‘]dW7‘
0 0

Proof. Letting F; = 1 in Proposition 2.4.7, we have the first assertion. Then we

have

t t
pit =1 [ B [ BEF Y G5 5 )
0 0

o<r<t

t . 3 - —
1 / 5V (s 1)y ()M, — / T E[B(r, X, V)| F 1AW,
0 0

t"’ 5 t~ Y -1 2
+ [ R X VI F P+ [
’ 0 Au(r) + V(1)

Aeo (1) 1N,

Here we use the fact that

_ oy o) :/Ot’p“‘ Vir; )? — gy (r) LN,

==
0<r<t Pr—Pr

Then we have the assertion. O

Proposition 2.4.9. Mt 18 P-Fi-martingale and Wt 18 P-B;-Brownian motion.
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Proof. By Proposition 2.4.8,

dNy

o V(Y
AP M= P et + V(E: 1)

and then we have

— D) (t) -~
A5 M) = 5 dM, + M,_d d Y M), = =2l N, M, d(Y),
(Pt t) Pt t t— (P ) [ ]t )\xo (t) n V(t; 1) t t (P )t

are P-F;-martingale, we can see M, ¢ is also P-F;-martingale. We

Since p; M, and Pt

can see that W, is P-B; -Brownian motion by the following.

A W) = W+ Wed(p )+ dl™ W = 5 W, + Wad (57,

]

Now let us prove Theorem 2.1.2. Let F, = E [ptFinr| Fi], then we have the following
by Proposition 2.4.7 and Proposition 2.4.8 .

t ~ L L =~
Ft:FO—i—/ fo(r;F)er—I—/ fl(T;F)dT+/ fo(r; F)dW .,
0 0 0

—~

t t —~
b}l=1+/ 5l fo(r)add, +/ pr fa(r)dW,
0 0

where N
folri Py = —= LB 5 F) = Blo, (DoF), |
Ar)—=V(r;1
Al F) =
Bl (EFWIF] + 100 OV E) o i X Yo E Bl (BoF )]
) - V(1)
for) = VDA™, folr) = —EB(r, X, Y,)|F).

Note that dM, = dM, + (1 — N,_)V(t;1)dt and dW, = A, + E[B(t, Xinr, V)| Fdt
Then E[Fin|Fi] = ﬁ[lﬁt. Let Fy = E[F,.|F;] and we have the following.
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= Fy +/0 Tﬁﬁf(fo(r; F) + fo(r)E-)dM, + /0 Tﬁif(fl(r; F) + fa(r) fo(r; F))dr

[ BURE P + RORW, + 3 G = - B
0<r<tAT

o~
—

o / 5 ol F) 4 fo(r) Eoe - folr) folrs F))dD,

+/o B F) - Folr) ol F) + gy o) folrs F)AG)dr
[ B )+ R,
Here we note that

S G- B - B = / 5o fo(r) fo(r: F)AN,.

0<r<t

Then we have Theorem 2.1.2(1) as the following.

t ~ -~
E[Fin|F] = Fo — / Lirsmy(V(rs F) 4+ V (7, DE,_)A(r)~'dM,
0

t . t __ B -~
+ / Loy E[Lpory (BF), | F)dr + / (E[(DoF),\F] — ElB(r, X,, Y,)\F)Ey_)dW,.
0 0

If there exist C' > 0 and a € (0,1) such that 1gx,j<1ylirse|Fi| < C|X¢|® for t > 0, we
have

1{T>T}V(7’; F) = 1{T>T}ﬁr__l)\xo (T)E[1{7>r}err|J_‘;«]
= 1{T>T‘}ﬁ;_1 )\IO (r)efor )\IO (U)duE[l{T>T}pTFr‘gT] )
by Proposition 2.4.4 and Proposition 2.4.5. Then we have
1{T>T}(V(T; F) + V(h 1)Fr7)5‘(7ﬁ>71 = 1{T>T}F -

which gives Theorem 2.1.2(2).
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2.5 Examples

Example 2.5.1. K(t,z, z,y) € C*([0,00) x R x R x R; R) is a bounded and continu-
ously differentiable function which satisfies K(t,0, z,y) = 0. Let constants m,C" > 0 ex-
ist such that |K (t,z,y, 2) |+ 25 (¢, 2, 2, y) |+ ZE (¢, 2, 2, y) |+ ZE (¢, 2, 2, y) [+ 2 (t x,2,y)| <
C'(1+|z|+ 2| + |y|)™ . Let us think of the case Ky = K(t, Xy, Z;,Y;) in Theorem 2.1.2.

Then we have

0K

t ¢
K, = K, +/ (LOK)udu+/ Jg(u,Yu)a—(u,Xu,Zu,Yu)qu
0 0 Y

POK t .
+/ 8_(U7XU7ZU7Yu)dBu + / Ul(uaXuazu) Vz K(uaXuyzmeu)dBu
0o OX 0

where

0
+ bl(ta z, Z) V2 +b2(t7 z, y)_

(LoR)(t,7,2,9) = o

0 0
(at + by(t, z, Z>8a:

1. 0? 92
(g + ot n, 2] V2 4oa(t v g ) K (1,2, ).

Then we have

0K

(E)K)t = B(t, X, Y2) Kinr + 1{r>t}02(U, Yu)a—y

(u, Xu, Zu, Ya),

(ZK)t - 1{T>t}(ZgK>t
and

E[Kip-|Fi]
t

=Ko [ (V03B + VDR A M, + [ Bl (Bak) 17

0K

a XeraY;” r
5y " )17

t
+/ (E[ﬂ(ra XT‘?K”)KT/\T + 1{T>T‘}0-2(7.7K‘)
0

—~

—E[B(r, X, Y,)| F] K, )dW,,

by Theorem 2.1.2(1).
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Example 2.5.2. In the case that F; = X; = By + fot bo(r, X, )dr, we have (50)()15 =
B(t, X, Y)) X, and (LX), = Lirsrybo(t, X¢). Then we have

E[Xt/\T|~Ft]

t P t
=Ty — / erer + / E[1{7>r}60(r7 Xra Zr)lf;"]dlr
0 0

t gt
n / Loy (BIB(r X,, Y,) X, F,) — E[B(r, X,, Y,)|F) X, )dW,
0
by Theorem 2.1.2(2).

Example 2.5.3. Let f, € £6%,i=0,1,--- ,d and
t d t N
Ft=F0+/ fo(s)st+Z/ F(s)dB,

then (DoF), = B(t, X, Y,)F,, (LF), =0 and
E[Fin-| F
t < ~
_ R / (V(r: F) + V(r 1) )A(r)~'dD,
0

t —~
+ / Loy (E[B(t, X0, Yi) Eops | F] — E[B(r, X, Yy)|F) o )dVY .
0

2.6 A Financial market model

We will give an application to the financial market. Let X and Y be solutions of

the following stochastic differential equations under P.
dX; = dB; + bo(t, X;)dt, Xo=1x0>0,

d}/;t = Ul(t7 K)th + bl(ta Xt/\‘m K)dta }/b = %Yo € R.

Let S; = E[Xin-| Finr] and we regard S; as a stock price process. We consider the stock
price S; to be the same with a value of company looked over the filtration F; which

constructed of the observable process Y; and the fact that whether the default takes
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place or not. Let T be the maturity of a bond issued by this company, the recovery rate
of this bond be zero, the risk free rate be also zero and o > 0 be constant risk premium.
Then we will define the bond price R; as R; = e‘“(T_t)E[l{T>T}\.E]. By Example 2.5.2,

we have the following.

Proposition 2.6.1.

—~
—~

t ~ t t
St:xo—i—/ fg(T;X)dMT—i—/ fl(r;X,Z)dT+/ fa(r; X, Y)dW,
0 0 0

where

fo(r; X) =-S5, f(r;X,Z) = Elgranbo(r, X,, Z,)|F]

and

fQ(T;X7 Y) = 1{T>T}(E[/B<T7 XT7)/7")XT‘"7:T] - E[ﬁ(ﬂ Xrayr)l]:r]sr—)'

Proposition 2.6.2. If

%(r,x,y) >0 forallr,z,y € R,

then fo(t; X) >0 a.e. t > 0 in Proposition 2.6.1 for F € 3.

Proof.

Ja(r; X)
E[1{7>t}ﬁ(7aa Xra K‘)Xr|fr] - E[1{7>T}B(T7 Xra Y;‘) |‘FT]E[1{T>T}X’F|‘FT]

= 1{T>T}E[(ﬁ(7ﬂa X, Y,) = B(r, EX,|F.], ;) (X, — E[X,|F.])|F]
X, aﬁ
e Bl / V) da) (X, — BIXIFDIF] >0 as (2.6.1)
B[X,| ]
Since
P(X, — E[X,|F]=0,r <7)=P(X, — E[X,|GY] =0,r <7)

SP(XT_E[XT]:O):OJ

we have our assertion. O



2.6. A Financial market model 51
Proposition 2.6.3. Let R, = E[li,~1y|B]. Then R, = e *T"YE[R,|F,] and we have
Ry

¢ = -~
_ Ry / =0T (V (s B) + V(r: 1) Ry | F)A(r) " dDM,
0

t
+ / ae_a(T_r)err
0

t =
+/ e_a(T_T)1{7>r}(E[5<t7 Xta }/;)RT/\TLFT] - E[B(T, XT‘? Y;“)LFT]RT—)dWT
0

which means, in case o = 0, Ry i1s P-F;-martingale.

Proof. 1t is well known that there is w : [0,7] x [0,00) — R such that u(t,x) is
bounded, is continuous in (¢, z) € [0,7]x[0,00), C* int € (0,T) and is C? in z € (0, 00),
which satisfies

9+ (Lu)(t,z) =0, z>0,
u(t,0) =0, te0,7),
uw(T,z) =1, x>0

where ,

(Lu)(t,x) = (bo(t, x)% + %%)u(zﬁ, x).

Then we have

tAT 8
Lyenyu(t, Xp) = u(t A7, Xonr) = u(0, ) + 8—Z(r, X,)dB,, t<T.
0
Letting t T T,
TAT 811,
1{T<’T} = U(O, LTJ()) + / 8-(7“, XT)dBT
O :E

Then we have the following by Example 2.5.3.

E[f%tlft] - E[l{T<T}|-Ft]
- | (Vs )+ V()R DA() A,

t -
N / Loy (EIB( X2, V) Bons | o) = E[B(r, Xy, V)| F Ry )TV
0
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Here we note that

t ~ —~
=Ry — / e (V(r;R) + V(r; DR,_)\(r) " *dM,
0
t ~
+/ ae* R,.dr
0

t -~
+ / e Loy (BIB(t, Xo, Yi) Bons| Fo] — EIB(r, X, Y)|F/ Ry )V,
0

Then we have the assertion. O
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$£3E A remark on credit risk

models and copula

3.1 Introduction

Recently, copula models are widely used to describe the joint distribution of stopping
times (such as borrower default times). But it is not clear whether these copula models
are dynamically consistent. For consistency, there is an enormous family of correspond-
ing martingale restrictions. Specifically, the process describing the conditional probabil-
ity, as time passes and new information is gathered, of any specific joint default scenario
must be a martingale, by the law of iterated expectations. The scenario could be, for
example, that borrowers A and B default by January 1, 2015, while borrower C survives

until at least June 1, 2015.

In a static setting, the copula has been conveniently used to parameterize the likeli-
hoods of such scenarios, particularly for purposes of analyzing collateralized debt obliga-
tions and for capital-sufficiency analysis of credit portfolios. But the same copulas have
been applied in dynamic settings, routinely, and nobody to this point has ever checked
whether this can be done consistently in a dynamic setting. This is critical for dynamic
risk management purposes and obviously for checking the validity of the chosen copula

function.

Bjork-Christernsen [4] considered the relationship between a family of forwardrate
curves parameterized by finite factors and a dynamical interest rate model free of ar-
bitrage, and showed that there are some analytic constraint conditions for a family of

forwardrate curves which comes from a dynamical interest rate model free of arbitrage.

In the present paper, we study the relationship between a family of copula func-
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tions parameterized by finite dimensional parameters and dynamical default time mod-
els. Then we show that the set of copula models that are consistent in this dynamic
sense  and satisfy some technical regularity conditions, is extremely rare (a set of
the first category in the Baire sense). In economic theory, this notion of rareness is
described by saying that the consistency condition is ”generically” not satisfied. The
paper also analyzes consistency of the family of Gumbel copulas and concludes that it

is not consistent.
The setup in this paper is the following.
Let (9, F, P) be a complete probability space, W (t) = (W*(#))g=1.. 4, t = 0, be

a d-dimensinal standard Wiener process, and G, = o{W (s), s € [0,¢]} VN, where
N={BeF;, PB)y=0or1}. Let N =22, 7,: Q — [0,00),7=1,..., N, be random
variables, and let F; = Gy Vo{m At,i = 1,...,N}. Let & : [0,00) x Q — [0,00),
1=1,..., N, be G-progressively measurable processes.

First, we assume the following conditions.

t;
(SC) (H Lirsty)P(1 > ti,i € I|F) = (H Lirsey) Elexp(— Z/ &i(8)ds)|Gy] a.s.
icl icl iel Vi
forany I C {1,...,N} and t,¢; € [0,00),7 € I with ¢ < min;est;.

(PO) For any t = 0,

P(ﬂ{n > t1)|G,] > 0 a.s.

We also assume the following technical assumptions.

(A-1) For any 7' > 0,
N T
()4
Zl/o Ele(#)"]dt < oo.

(A-2) For any i =1,..., N,

00 b
/ &(t) =00 a.s. and / &(t) >0 a.s. for any a,b > 0 with b > a.
0 a

(A-3) Z/Ooo(l + )2 E[&(t)? exp(—2 /Ot &i(s)ds)dt < oo.

Let 6 : [0,00) x Q@ — RM be a G-Tto process, i.e., 8 is G-progressively measur-

able, O(t,w) is continuous in ¢t for all w € Q, and there are R™-valued G-progressively
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measurable processes ni, k = 1,...,d, and b satisfying
d T T
P(Z/ |nk(t)|2dt+/ b(t)|dt < c0) =1, for any T > 0,
k=10 0

and

d t t
6(t) = 6(0) + Z/o e (8)dW*(s) —I—/O b(s)ds. (3.1.1)

Let © be an open subset in RM and K € C([0,1]"Y x ©;[0,1]). We assume the
following, moreover.
(A-4) P(A(t) € © for all t = 0) = 1, where O is the closure of © in RM.
(A-5) the support of probability law of 6(¢,w) under e~'dt® P(dw) contains a non-empty
open set in O, i.e., there is a non-empty open set U in © such that for any 6, € U, and
e>0 .

/ P0(E) — 09| < £) e~"dt > 0.
0

(CP) K(-,0):10,1]¥ — [0,1] is a copula function for any 6 € O, and

N
(] s 10(0(t) P (7 > tii = 1,...,N|F)
=1

- (H Lo Lo (0() K (P(r > 1| F). ..., (P(rn > ty]F), 0(t)) a.s.

for any ¢,t1,...,ty > 0 with £t < min;,—; ;.

N, 0(t), 0, K) satis-

fying the above assumptions a dynamical default time copula model, and we call K the

.................

associated family of copula functions to this model.

Definition 3.1.1. Let © be an open subset in RM. We say that K € C([0,1]Y x0;[0,1])
15 an admissible family of copula functions, if there is a dynamical default time copula

model and K 1is the associated family of copula functions to the model.

The purpose of the present paper is to show that there are some analytic constraint
conditions for an admissible family of copula functions. For example we will prove the

following.
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Let N, M = 1, © be a non-void open subset in RM. Let C(x)(©) denote the subset
of C([0,1]" x ©;[0,1]) consisting of elements K such that K(-,6) : [0,1]Y — [0,1] is a
copula function for any 6 € ©, and K| 1)~ xe is a C* function.

Let D,, be an increasing sequence of compact subsets in © such that |-, D,, = ©.

Then we can regard C(n)(©) as a Polish space with a metric function dis given by

d’iS(Kl, Kg)

= 22771 /\sup{]Kl(x,H) - KQ(x79)|7 LS [07 1]N7 NS Dn}
n=1

[e.e] n

aal+"‘OéN+1W K, — K
000 supd] B K) 00,

o e I e

n=1 at,...,aN4 =0

x € [1/4n,1 —1/4n)N, 6 € D,}).
Our main result is the following.

Theorem 3.1.1. Let N =2 3, M = 1, and © be a non-void open subset in R™. Then
the subset of C(n)(©) whose elements are admissible families of copula functions is a set

of the first category in Baire’s sense.

We also show that a family of Gumbel copula functions of 3 variables is not admis-

sible by relying on numerical computation in Section 7.
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3.2 Preliminary results

Let £ : [0,00) x 2 — [0, 00) be a G-progressively measurable satisfying the following
three Condjitions.

(B-1) /0 E[¢(t)Y]dt < oo for any T > 0.
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(B-2) [;7&(t)dt = o0 a.s., and fab E(t)dt > 0 a.s. for any b > a = 0.
(B-3) E[/O (1 +t)2§(t)QeXp(—2/O E(r)dr)dt] < oo.

For each s 2 0, let {M(¢,s);t = 0} is a continuous martingale given by

M(t,s) = Elexp(— /Os E(r)dr)|Gyl, t = 0.

Proposition 3.2.1. There is f : [0,00) x [0,00) x Q — (0,00) satisfying the following.
(1) For anyt,s 2 0,

f(t,s) = Elexp(— /t: E(r)dr)|G] = exp(/O Sﬁ(r)dr)M(t, s) a.s.

(2) For anyw € Q f(-,*%:w):[0,00) x [0,00) — [0,00) is continuous.
(3) If so > s1 > t, then f(t,s1,w) > f(t,s2,w) >0, w € QA
(4) For anyt =0

f(t,t) =1, lim f(t,s) =0.

sToo

Proof. Note that for 0 < s; < 59

E[ sup |M(t,s1) — M(t,52)|4] S AE|[|M(s1,51) — M(s2, 32)|4]

te[0,00)

<48 [ et < 45— 50 [ Eletr) ).

S1

So by Kolmogorov’s continuity theorem and the assumption (B-1), we see that there is

a M : [0,00) x [0,00) x Q — [0,00) such that M(-,* w) — [0,00) is continuous and

P(M(t,s) = M(t,s)) =1,t,s 2 0. Let
f(t,s) = exp(/tl\s E(r)dr)M(t, s) t,s 2 0.
0
Then f(t, s) is continuous in (¢,s). Let 0 < s; < s5. Then
f(t,s1) — f(t,s5) = exp(/ E(r)dr)(M(t, s1) — M(t, s5)), t €10, s1].
0

By the assumption (B-2), we have

N (51, 1) — B (51, 52) = exp(— / " () dr)E[1 — exp(— / " )dr)[Gu] > 0 aus.
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Let 7 = inf{t > 0; M(t,s;) — M(t,s5) = 0} A s;. Then we see that

M(7,51) — M(7,85) = E[M(s1,51) — M(s1,52)|Gs] > 0, a.s.

So we see that

inf (M(t,s1) — M(t,s92)) >0 a.s.,

te(0,s1]

and so we have
inf (f(t,s1) — f(t,52)) >0 a.s.

te(0,s1]
for any s1,$9 € Q with sy > s; = 0. So there is an ; € F with P(Q;) = 1 such that
f(t,sl,w) > f(t,sz,w) for any w € Oy, $1,80 € Q with s5 > s; > 0 and t € [0, 57).
Since f(t,s) is continuous in (£, s), we see that f(t,s) is non-increasing in s. So we see
that f(t, S1,w) > f(t, S, w) for any w € Q, ¢, 51,82 € [0,00) with sy > 51 > t. Similarly
we can show that there is an Qy € F with P(€y) = 1 such that f(t,s,w) > 0 for any
w e Dy, t,s€[0,00).
We see that
Ellim f(t,)] £ lnn B[f(t.5)] = I Elexp(~ [ &(r)ar] 0.
t

S§—00 S—00 S5—00

Since lim,_, o f(t, s,w) exists for w € O, we see that lim, f(t, s,w) = 0 a.s. Also, it
is easy to see f (t,t) = 1 a.s. Therefore we can take a good version f of f satisfying the

assertion. N

Proposition 3.2.2. There exist 65, : [0,00] x [0,00) x Q — R, k =1,...,d, satisfying
the following.

(1) ox(t,-,w) : [0,00] = R, k=1,...,d, is continuous for any t € [0,00) and w € €.
Moreover, 6i(t,s,w) = 0, t 2 s, and lim,_,o. 04 (t,5,w) = 0 for any t € [0,00) and
w e .

(2) 6x(-,8) : [0,00) x Q@ = R, k=1,...,N, is G-progressively measurable for any s = 0

and

d t
M(t,s) = M(0,s) + Z/ 61(r, s)dWk(r), t=0, a.s.
k=1"0

for any s > 0.
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Proof. For each s 2 0, let N(¢,s),t € [0,00) be a continuous martingale given by
N(t,s) = B(s)exp(~ [ (r)ar)iGi.
0

By Ito’s representation theorem, we see that for any s = 0 there exist G-progressively

measurable processes ¢ (-, $) : [0,00) X Q@ = R, k=1,...,d, such that

d ¢
N(t,s) = N(0,s) + Z/ cr(r,8)dW*(r), t=0.
k=10

Since the map from [0, 00) to L*(Q, F, P) coresponding s to N(t,s) is measurable, we

may assume that ¢ : [0,00) X [0,00) x € — R is measurable. Note that

d 00
N(0,s)? + Z/ Elci(r, s)?]dr
k=170

— lim E[N(t, 5)?] < El¢(s)? exp(—2 /0 e(r)ar)].

t—o00

Therefore by the assumption (B-3), we see that
E[/ (1+ 5)%cx(r, 5)*drds] < oo, k=1,...,d.
[0,00) X [0,00)
Let us define , : [0,00) X [0,00) x @ = R, k=1,..., N, by

— [Pen(t,u)du, if 1+ t,u)ds <
5k(t,8)={0f06k( wdu, i [, u)?ey(t, u)?ds < oo,

otherw1se .

Then we see that 74 (-, s) : [0,00) x Q — R, is G-progressively measurable for any s = 0

and d(t,-) : [0,00) — R is continuous. Also, by stochastic Fubini’s theorem, we have

—/OS N(O,u)du—l—kzi;/ot@(ﬂs)dwk(r)
/NOudu—Z/ / w(r, u)du) AW (r)

:_/0 N(t, w)du = Elexp(— /g Vi) —1|G] = M(t,s) =1 as.
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So we see that .
¢
M(t,s) = M(0,s) + Z/ G (r, s)dW*(r).
k=10

Note that for 0 < s; < s < 00, we have

Gul(t 51) — Galt s)2 < ( / " et )| du)?

S1

o

< / (1 4 u)2du) / (1 4 ) (t, u)2du) < / (1 + u)2es(t, u)2du.

S1 S1 51

So we have

E[/[O’OO) dt( sup |ok(t,s1) — 0r(t, 52)|7)]

51,82>8
< E[A) . )(1 + u) g (r, u)*drdu) — 0, s — 0.

Therefore we see that

sup |Gx(t, s1) — Gx(t, 59)]° — 0, s — 00 dt ® P(dw) — a.e.(t,w).

51,52>S
This implies that 7;(, s) converges as s — oo for dt ® P(dw) — a.e.(t,w).

Also, we see by (B-2) that

B / " (lim 84(t, 9)?)d] < lim B / " Gu(t, 5)2dt] < lim Elexp(~2 / & (u)du)] = 0.

§—00 §—00 §—00
Thus we see that 7(t,s) = 0, s — oo for dt ® P(dw) — a.e.(t,w).

Let 6%, k=1,...,d, be given by

. or(t,s), if x(t,s) — 0, as s — oo,
Uk<t7 8) =

0, otherwise ,

Then we have our assertion. O

By Ito’s formula, we have

f(t.s)
= (0, s) —i—/o Sf(r)f(r,s)dr+2/o exp(/or Sf(u)du)ffk(r, s)dW*(r), t=0,

for any s = 0. So we have the following as a corollary to Proposition 3.2.2.
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Corollary 3.2.3. There exist 6, : [0,00] X [0,00) x Q2 = R, k=1,...,d, such that
(1) ox(t,-,w) : [0,00] = R, k =1,...,d, is continuous for any t € [0,00) and w € Q.
Moreover, 6y(t,s,w) = 0, t 2 s, and lim,_,o. 61 (t,s,w) = 0 for any t € [0,00) and
w € €.

(2) G5 x(-,8) 1 [0,00) xQ2 — R, k=1,..., N, is G-progressively measurable for any s = 0

and
tAs d t
f(t,s) = f(0,5) + / Er) fr,s)dr+> / ax(r,s)dW*(r), t20, as.

0 1 /0

for any s > 0.
By Proposition 3.2.1, we have the following immediately.
Proposition 3.2.4. Let T': [0,00) x (0,1] x Q — [0, 00] be given by
T(t,z) =inf{s = t; f(t,s) <z}, z € (0,1].

ThenT(t,-,w) : (0,1] — [0,00) is continuous and strictly decreasing and lim, o T'(t, z,w) =

oo for anyt 20 and w € Q.
Now let X : [0,00) x [0,00) x (0,1] x © — (0, 1] be given by
X(t787$):f(t\/8,T(8,l‘)), 7575207 ZL’G(O,l]

Then we see that lim, ,o X (¢,s,z,w) = 0. So by defining X (¢,s,0) = 0, we can define
X :[0,00) x [0,00) x [0,1] x Q@ — [0, 1] such that X (-, %, **,w) : [0,00) x [0,00) x [0, 1] —
[0,1] is continuous for any w € Q, X(¢,s,-,w) : [0,1] — [0,1] is continuous and non-

decreasing, and
fltvs,r)=X(t,s, f(s,1)), r>2s=20,t=0.
Then we see that X (¢,t,z) =x, and for t 2 s =2r 20,
X(t,s,X(s,r,2)) = f(t,T(s, f(s,T(r,x))) = f(t,T(r,x)Vs) = f(t,T(r,x)) = X(t,r, x).

Let Y(t,s) = inf{z € [0,1]; X(¢,s,2) = 1}. Then we see that T'(s,z) = ¢t iff z =
Y(t,s), and that Y (¢, s) is Gs-measurable.
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3.3 A remark on support

Let (Q,F, P) be a probability measure, © be a non-empty open set in R, and
M, be a Polish space. Also, let £ : [0,00) x Q — [0,00), 0 : [0,00) x Q2 — O, and
Y :[0,00)xQ — Mj be measurable processes. Remind that © is the closure of © in RM.
We assume that 0(-,w) — © is continuous for all w € Q and that P(fabf(t)dt >0)=1
for any a,b = 0 with a < b.

Let Q = [0,00) x Q. Let 14 be a probability measure on [0, 00) given by vy(dt) =
e~'dt, and v be a probability measure on (Q, B([0, 00)) x F) given by v = 1y® P. Then &,
(resp. 0, Y) can be regarded as a [0, 00) (resp. ©, My)-valued random variable defined
in a probability space (Q, B([0,00)) x F,v).

Let p be a probability law of (£,Y,60) and pg be a probability law of § unde v. Then
p and pg be probability measures on [0, 00) X My x © and © respectively. Let I' and
['y be the support of probability measures p and py respectively. Then I' and 'y are
closed subsets of [0,00) x Mg x © and © respectively. Let 7 : [0,00) x My x © — ©
be a natural projection and let I’y = 7((0,00) x My x ©).

Then we have the following.

Proposition 3.3.1. The closure of I'y contains I'y N ©.

Proof. Let ® : Q — [0,00) x Mg x O be given by ®(t,w) = (£(t,w), Y (t,w), 8(t,w)).
Let A= ®1(T"). Then we have

where A, = {t € [0,00); (t,w) € A}. Let
B ={weQ; 1A, =1, / E(t,w)dt > 0 for any r.r’ € Q with r <’ }.

Then we see that P(B) = 1. Let A’ = AN ([0,00) x B). Then we see that v(A") = 1.
Let 6y € Ty N ©. Then for any n = 1,

v({(t,w) € A'; |0(t,w) — O] < %}) > 0.
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Therefore there is a (t,,w,) € A" such that |0(t,,w,) — 6| < 1/2n. For any m = 1, we
see that ft"+1/m (t,w,)dt > 0, and so there is a s,,,, € (tn,t, +1/m) N A,, such that
&(Snm,wn) > 0. Since 6(t,w,) is continuous in ¢, we see that there is a m(n) = 1 such
that |0(Snm(n), wn) — O(tn, wn)| < 1/2n. Now let &, = £(Snmm)s wWn), On = O(Snmn), Wn),
and ¥, = Y (Snm(n), wn). Then we see that (§,,yn,0,) €', & > 0, and |0, — 6] < 1/n.

Since © is open, #,, € © for sufficiently large n. So we have our assertion. ]

3.4 Fundamental Relations

~,0(t),0,K) be a dynamical de-

fault time copula model as in Introduction. We also assume that K| q)vxe is C?. We

] Ay A

think about conditions which K must satisfy.

By Proposition 3.2.1, we see that there are f; : [0,00) x [0,00) x Q@ — (0, 00),
1=1,..., N, such that

flts) = Elexp(~ [ &(ndnig) as.  tsZ0,
tAs
fi(e,%,w) 1 [0,00) x [0,w), are continuous for any w € €, fi(t, s1,w) > fi(t, s9,w) > 0 for
S9 > 81>t we and

flt,t,w) =1, lim f(t,s,w) =0, t=20, we.

sToo

Also by Corollary 3.2.3, we see that there are &, : [0,00] X [0,00) x @ — R,
k= ,d, 1 =1,... N, satisfying the following.
1
2

(1) zk( ,w) : [0, oo]—)R k=1,...,d, is continuous for any t € [0,00) and w € Q.
(2) Gix(t,s,w) =0,t = s, and lim, o 7; (¢, s,w) = 0 for any ¢t € [0,00) and w € €.

(3) oik(-,s) 1 [0,00) x Q2 = R, k=1,..., N, is G-progressively measurable for any s = 0.
(4) For any s > 0

fi(t,s) = f:(0,s) +/0 Sﬁi(r)fi(r,s)dr+2/o Gig(r, s)dWF(r).
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Let T; : [0,00) x (0,1) x Q2 — (0,00), i =1,..., N, be given by
T;(t,x) = inf{s 2 ¢, fi(t, s) < z}, z € [0,1).

Then by Proposition 3.2.4 we see that T;(¢,-,w) : (0,1) — (0,00) is continuous and
strictly decreasing, lim, o 7;(t, z,w) = oo and lim,4 T5(¢, 2,w) = 0 for any ¢ = 0 and

we D Let oy :[0,00) x (0,1) xQ2—=R,i=1,...,N, k=1,....,d, be given by
oik(t,x) = Gik(t, Ti(t,z))  t20, z€(0,1).

Then we see that

lim o = lim o =0.
;ﬁ)laz,k(t,x) 0, ;%101,16(15,1') 0

So we can extend this o;; as a function o;; : [0,00) x [0,1] x Q@ — R, for which
oik(t,-,w) : [0,1] — R is continuous for any t = 0, w € €2, and 0, ;(£,0) = 0, (¢, 1) = 0.
Let v be a probability measure on (0,00) x Q given by v(dt, dw) = e 'dt @ P(dw).
By the assumption (SC), we see that
1{n>t}fi<t7 S) = 1{n>t}p<7—i > $|‘Ft) a.s. $ 2 t,i=1,... 7N7

and

N N
H Lir >ty exp(— Z/ &(r)dr)P(my > s1,..., TN > Su|F2)
i=1 i=1 70

N N
- H Lr>ty Elexp(— Z/ &(r)dr)|Ge a.s.
i=1 — Jo

for ¢ € [0, min;—;__n s;]. So by the assumption (CP) we have

77777

[[1monto@®)exp(= 3 [ &KL 5. fxlt0).00)

~T[1eate@®) o= Y [ 6l as

for t € [0, min;—; _y $;]. Therefore by the assumption (PO), we have

.....

Lo (6(t)) exp(— Z/O §i(r)dr) K (f1(t,51), - -, In (L, sx), 0(1))
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= 1o (0(0) Blexp(- Y /0 " ()dn) (G as.

for ¢ c [O, Hlil’lizl ..... N Si]-

Now let us take a non-empty open set U in RM such that U C © and fix it for a
while. For T' = 0, let 7 : Q — [0, 00) be given by

T =inf{t 2T; 0(t) U} A (T +1).

Then by the assumption (CP), we see that for any s1,...,sy =T

lU(Q(T))eXp(—Z/OM E(r)dr)K(fL(tAT,s1),. .., [N(EAT, sN), 0(EAT)), t € [T, T+1],

is a {G; }reprr41)-maringale, where 7 = 7/ A min;_

Note that 6(t) is an Ito process satisfying Equation (3.1.1). Therefore, applying Ito’s

formula and comparing finite total variation process, we have for any sq,...,sy =T
N
Ly(0(T))1grsy(rp A min s{=Q_GW)K (fi(ts1),- -, fn(t,sn), 0(1))
""" i=1

DGO )T (1) Tl v, 600)

i

+ij(t)%(ﬁ(t, $1)y- -5 fn(t,sn),0(1))

—‘(fl(t,sl), - ,fN(t,SN)ae(t>>

% > Zni(t)ng(t);gjg (fit, 1), Fn(t,sn), 0(F)

T Z > dult.s)ni(t) gxf;j (fi(t, 1), fn(t, sn),0(t)} =0 (3.4.1)
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Note that the left hand side of Equation (3.4.1) is right continuous in sy,..., sy.
So we see that there is an BY € B((T,T + 1)) x F such that v(((T,T + 1) x ) \ BY)
= 0 and Equation (3.4.1) holds for all (t,w) € BY and sy,...,sy € [T, 00).

Also, substituting s; = T;(t,x;), i = 1,..., N, to Equation (3.4.1), we see that for
all (t,w) € BY

1y (O(T) 1 (794 Zgz K(zy,...,zy,0(t))

N M

oK 0K
+Z$(t)xlax (wla"'a'IN?9(t))+Zb]()aej(xla"'axNae(t))
i=1 v j=1
1 N d 2K
+2”/ U;O—m (t, )0y 4(t, xl)axﬁxz (z1,..., 2N, 0(1))
1 M d 32
+§ Z ZT] ]ej/('xlv"'ax]\/?g(t))
Jj'=1 k=1
N M d PK

j
for any 1,...,zy5 € (0,1).

Let Jo = {(j,7/) € {0,1,...,M} x {1,...,M}; j < j'}. We define linear operators

SP i =1,...,N, i<, Sfj), =1,...,N,j =0,1,...,M, and S\, (j,j') € Je,
from C%((0,1)" x ©) to C((0,1)¥ x ©) by
(S F)(r,0) = aaaF (@00, 1Zi<i <N,
82
(So'F)@,0) = oss @0, i=1. N,
o) 0*F B -
(SZ] F)(ZE,H) 81‘189]( ) 1_17 7N7 ]_17 7M7
O2F o,
(S7F)@0) = ggag-(@6),  1S5S5 SN,
_OF
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for any F € C?((0,1)" x ©).

Also, let us define a) : [0,00) x [0,1] x [0,1] x @ = R, i,i = 1,..., N, i < ', al} -
[0,00) % [0,1]xQ = R,i=1,....N, j =0,1,...,M, and a\?) : [0,00) x [0,1] x 2 — R,
(7,4") € Ja, by the following.

th,xz Zalktxzazlktazz) 1<i<id <N,
L
ag(l))(ta i) = §Zazk(tv$z) i=1,...,N,
k=1

and

ag)(t) =by(t),  j'=1,...,M.

Then we have for all (t,w) € BY

0O (D 60 (5. 0(0) = K (2. 0(0)

d
+ > a txz,xz)(S@)K)(x,H(t))—l—ZZ al (t, ) (S K) (2, 0(t))

1<i<i’SN =1
0 0
+ Y dDOSOE) @, 0)} =0,  a,....o5 €(0,1). (3.4.3)
(4,3 €J2
Now let U,, n = 1,2,..., be non-empty open sets in R such that the closure of

U, is contained in © for each n, and |J,~, U, = ©. Since 6(t) is continuous in ¢, we see

that
{(t,w) € (0,00) x Q; 0(t,w) € O}
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= U U{tw e (T,T+1) % Q; 0(T,w) € Uy, t < 10 (w)}.

TEQZO n=1

So let

U D(B% N{(t,w) € (T,T+1) x Q; O(T,w) € Uy,, t <7 (w)})

and B = By U {(t,w) € (0,00) x Q; 0(t,w) ¢ ©}. Then we see that v(B;) = 1. Also,
we see that for all (t,w) € By

{Zsz (15, 0(0)) = K (,0(0)

=

d

- Z a2 (t, x5, 2) (SO K) (2, 0(t)) ZZE (t,2:) (S K) (2, 0(1))
+ Z K)(z,0(t)} =0,  a1,...,z5 € (0,1). (3.4.4)
(4,3")€T2

Let Cs be the set of continuous functions a : [0, 1] x [0, 1] — R with a(0,z) = a(1, x)
=a(l,z) =a(x,1) =0,z € [0, 1], and C; be the set of continuous functions a : [0, 1] - R
with a(0) = a(1) = 0. Then we see that agi)(t,-,*) €C?’1Zi<i <N, al(-jl-) € Cl,
i=1,...,N,j=0,1,..., M, for v —a.e. (t,w).

Also, let M = (Co)NWV=1/2 x (C))NI+M) » R”2. Then M is a Poilish space. Let
Y(t,w)
= (@l (t, %, w)izicren, (@ (t - @))iz1, =01, (@l (£ W) es)- Then we see
that Y (t,w) € M for v — a.e. (t,w). Therefore under the probability measure v on
[0,00) x Q, ((&(t,w))iz1..n, Y (t,w),0(t,w)) is a [0,00)Y x M x O-valued ranndom
variable. Let I' be the support of the probability law of this random variable.

Then we have the following.

Proposition 3.4.1. If (&)iz1,.v, (@) )1zicren, (@5 )iz N j=01..ar, (@50) 37 e 0)
belongs to I', and 0 € ©,then
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N d
+ YA () (S K)(2,0) + Y a (2:)(S K)(x,0)

1<i<i! <N i=1 j=0
+ Z ~(0) (O)K (2,0) =0, for allz = (z1,...,zx) € (0, 1)V
(4,3 €J2
and
N d
Z a( ) (x4, i) 2200 +Za(1) ZQ+ZZ a:l 2y + Z ajj,y]y] >0
1Si<i’SN i=1 j=1 (4,5")€J2

for allz = (z1,...,2x) € (0,1)Y and 21, ..., 25,91, -,ym € R.

Let 'y be the support of 6(¢,w) under v. Let 7 : [0, 00)Y x M x© — O be the natural
projection, and let Ty = 7(T' N ((0, 00) x [0,00)¥ "1 x M x ©)). Then Proposition 3.3.1

implies that the closure of I'y contains I'g N ©.

Then we have the following from the previous Proposition.

Lemma 3.4.2. Let N =2 2, M = 1, © be an open set in RM, and K € C([0,1]¥
©;[0,1]). Assume that K is an admissible family of copula functions and that K| 1)~ xe
is C?. Then there is a subset A of © such that the closure of A contaz’ns non-void open set
in ©, and for any 6 € A, there are &, >0, 20,i=2,..., N, a EC1 1Si<i <N,
) eCi=1,...,N,j=0,1,...,M, and @) € R, (;,])e Jy, such that

Z£i<xi§—i<x,e> ~ K(2.0))

N d
2 (1 1
+ Z xl, Tir) S(i/)K)(x, 0) + Z agj)(x,»)(Sfj)K)(x, 6)
1<i<i’EN =1 j=0
+ Z ~(0) S(O (2,0) =0, for allz = (z1,...,zx) € (0, 1)V
(4,3 €J2
and
N N d
(2 (1
> emnze ) g (@) £33y )z + D @y 20
1<i<i’ <N =1 i=1 j=1 (4,4")EJ2

for allx = (z1,...,2n5) € (0,1)Y and z1,..., 25,91, .-, ym € R.
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3.5 Verification

Let N, M = 1, and © be an open set in RM. Let n = 1, and 7 = (2i1.)i=1,._N k=1
(0, 1)V,
For k = (ki,...,ky) € {1,...,n}¥, and Z € (0,1)"N, let Zi(Z,k) = zip,, i = 1,..., N,
and Z(Z,k) = (215, - -, 2vuy) € (0, 1DV

.....

Let K € C([0,1]" x ©;]0,1]) be an admissible family of copula functions, and
assume that K| 1) xe is C?. Now let A be a subset in © as in Lemma 3.4.2 Then for any
6 e A, thereare &, i=1,....,N,a), 1<i<i¢<N,a),i=1,...,N,j=01,..., M,

and dg-(;-?, (j,7') € Ja, be as in Lemma 3.4.2. Then we have

1<i<i! SN i=1 j=0
~(0) r o(0) 7(7 1 _
+ (SO K)Z(Z,8),0) =0
(4,9")€J2
That is
N
N P o
i=1 v

+Z S 02 Cige 200 o, (SDK)(Z(Z,F), 0)

p,q=11Zi<i/<N
n N d
~(1 1 S 7
+3 3N (i) (ST KV (Z(2,5).0)
p=1 i=1 j=0

+ Z aNSOK)Z(2k),0)=0, ke{l,...n}". (3.5.1)
Let
C® ={(i,i") € {1,2,...,N}* i <i'} x {1,2,...,n}?

and
CW ={1,2,...,N} x{0,1,...,M} x {1,2,...,n}.
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@), n = 1, and ke {1,...,n}", we define contin-
(n)1 N s (n)(2) 1.
O, (M;""G)(-, k), i = 1,4...,N, (M0 G) (5 k),

) <z jip) € GV (MG (LK), (.)€ o, by

JJ

For any G € C?*((0,1)N x
uous functions deﬁned in (0 1N
k

(i,i',p,q) € CF, (M) V@),

for any z € (0,1)"" and 0 € ©.
Let Cpo = C’ff)UCS)UJQ, and C,, = {1,..., N}UC,. Note that the cardinal #(Ci,)

of Cpo is equal to n?N(N —1)/24+nN (M +1)+ M (M +3)/2, and #(C,,) = N +#(Cho).
For any G € C%((0,1)Y x ©), n = 1, and v € C,, we define a continuous function

(M™@), : (0,1)"™ x @ — Rl by

if v = (i,7,p,q) € C,

ii'pg I\ Vo V) T ke{l,..., n}N
_ (Mi(]?;)(l)G)(_)’ 0, k))Ee{l ..... n}N ify = (i,j,p) S C7(ll)a
(MJ(]TL/)(O)G)(_;’ 6’ k))EE{l ..... n}V if Y= (]73/) € J27
(MM G)(Z0,0))geqr, yn iy =i€{l,...,N}.

For any G € C*((0, 1) x ©), n =21, 7€ (0,1)"Y and 6§ € O, let V,,(G, Z,0) (resp.
G)y(2,0); v € Cn}

resp. M(”)G Z,0); v € Cpo}). Also, let N, (G, Z,0) be a vector space in RY given
(resp. {( el p g

by
Ny (G, 2,0) = {(v1,...,vy) € RY; ZUZM (Z,0) € Vio(G, Z,60)}.

Then we have N,y (K, Z,0) N[0, 00)" # {0}, for any 0 € A.

Therefore we have the following.
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Lemma 3.5.1. Let N =22, M = 1, and © be an open subset of RM Let K € C([0, 1] x
©;[0,1]). Assume that K is an admissible family of copula functions, and that K| 1)~ xe
is C2. Then there is a subset A of © such that the closure of A contains non-void open
set in ©, and for any 0 € A and Z € (0,1)"Y, N,y (K, Z,0) N[0, 00)Y £ {0}.

As a corollary we have the following.

Corollary 3.5.2. Let N = 2, M = 1, and © be an open subset of RM. Let K €
C([0, 1]V x ©;0,1]). Assume that K is an admissible family of copula functions, and
that K| 1vxe s C*. Then for anyn 2 1 and Z € (0, 1)"N | there is a non-void open
subset U of © such that

dimV, (K, 2,0) < #(C,) -1, 0eU.

Proof. Since dimV,, (K, Z,0) < n®, the assertion is obvious in the case that n® <

#(C,) — 1. So assume that n™ = #(C,,).

Let A be a subset in © as in Lemma 3.5.1. It is easy to see that for any 6§ € A
dimV,, (K, Z,0) = dimV,,o(K, Z,0) + N — dimN,,) (G, 2, 0) < #(C,,) — 1.
Let H be the set of injections from C,, to {1,...,n}" and let

90(8) = Z det((M(n)G>’)/1 (Z 87 h(72>>>71,V2€Cn)27 0eo.

Then we see p(f) = 0 for § € A. Since ¢ : § — R is continuous, we see that ¢(0) = 0
for € A. So we see that

dimV,(K,2,0) < #(C,) -1, 6€ A

This implies our assertion. O

3.6 Proof of Theorem 3.1.1

Now let N 22, M =21 and n = 1. Wesaythath:C’T(f)UC,(@l)—>{1,...,n}N is a

matching map, if h is injective and satisfying the following.

h(@)i,)pv Q))Z =D, h((i7i,7p7 Q>>Z’ =dq for any (la Z.,vpa q) € Or(z,2)7
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and
h((i,j,p)); =p for any (i, 5,p) € CV.

Proposition 3.6.1. Let N = 3. Assume that there is a matching map hy : cPuch -
{1,...,n}Y, and that #(C,)) S nN. Let 0 < ¢y < cp < ... <cp < 1,i=1,...,N,

,,,,,

that dimV,, (K, ¢, 00) = #(C,,).

Proof. From the assumption, there is an injective map h : C,, — {1,...,n}" such
that the restriction of h to C{2 UCY is equal to ho. Note that Z(c, k), ke{l,....n}V,
are distinct points. Let

e = min{|Z( F) — Z@ R KR € {1, k£ 7},
er =min{c;; i=1,..., N} Amin{l —¢;; i =1,..., N},

and £ = g9 A e1. Let g € C°(RY) and o1 € C°(RM) such that ¢o(x) = 1, |z| < £/3,
o) = 0. [a] > 2/3, and (6) = L. |0] < 1.
Let F: RY x R™ x C,, — R be given by the following.

—

F(m707i) = _QDO(x - Z(a h(l)))v (S ]7

F(x,0,(i,i,p,q))
= ol = 2@ b0y, p,0))) e = 2 MG T, 0)) e — 20 1G9, 0)o),
(i,i',p,q) € O,
F(2,0,(,0,9) = 30(e — 2@ (G0, 0)) i = Z@R(G,0.0)07, (,0,8) € O,

F(z,0,(i,j,p))

- SOO(x_Z(Ea h((Z,j,p)))(l’Z—Z(a h((ihj?p’ Q)>i)(0j_00j)901(0_00)7 (i7j7p> € 01(11)7.]. 2 1.
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Then we see that (M ™ F(., u))~(E, 00, h(a)) = 0ya, v, @ € C,, and that (M™E(., u))~ (€, Oo, k)
=0,v€Cp ke {l,....n}, with k # h(7). Now let Fy € C°(RY x RM) be given by
Fo(-, %) = Z E(%,7).
v€Ch
Then we see that derivatives of Fy of any order are bounded functions defined in RY x
RM,
det((M " Fy)y (0, h(0)) aec,) = 1,
and Fy(zy,...,zn,0) =0, if ; <e/3 or x; > 1— (¢/3) for some i =1,..., N.
Let
ol 0) = 520 (a0

© Oxy...0zN

Then we have

FO(x>0):/ / f0<y17"'7yN78)dy1--'dyN'
0 0
Let ¢ = sup{|fo(z,0)|; (z,0) € RN x RM} < oo, and let

Gs(xae):/ / (1+3f0<yla"'7yN79))dyl---dyN
0 0

—iL’l"'ZL‘N+8F0($1,...,IN.9)

for s e R, z € [0,1]Y, § € R™. Then

p(s) = det(((M(”)GS)W(E’, 0o, h(a)))%aec‘n)

is a polynomial in s and

lim s~ #(p(s) = 1.

§—00

Therefore there is a § with 0 < § < 1/(2¢+ 1) such that

det (NG, (€, 60, h(@))race,) # 0.

Note that 1 + §fo(y1,...,yn,0) > 1/(2¢ + 1). So it is easy to see that Gz(--- ,6) is a

copula function for all § € RM.

This shows our assertion. O
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Proposition 3.6.2. Let N =3, M = 1 and n = 1. Suppose thatn = M + 3, andn =1
or 5 mod 6. Then there is a matching map h : cPuch - {1,...,n}".

Proof. First we prove the following.
Claim. Let p,g,r = 1,...,n. If p # ¢ and r = 2¢ — p mod n, then r # p,q, p #
2r — ¢ mod n, and q Z 2p — r mod n.

Actually if r = p, we have 2p = 2¢ mod n, which implies p = ¢. If r = ¢, we have
g = p mod n. which implies p = ¢. If p = 2r — ¢ mod n, then 3p = 3¢ mod n, which
implies p = ¢. If ¢ = 2p —r mod n, then 3¢ = 3p mod n, which implies p = ¢. Therefore
we have our Claim.

Let us define h: C2 U CY — {1,...,n}" by the following.

h|c(2> is given by the following. For p,q =1,...,n, with p # ¢

h(1,2,p,q9) = (p,q,7), h(1,3,¢,p) = (¢,7,p) h(2,3,p,q9) = (,p,q),

where r =1,...,n, withr =2¢g —pmod n. Forp=1,...,n,

h(1,2,p,p) = (p,p,7), Nh(1,3,p,p) = (p,7,p) h(2,3,p,p) = (r,p, D),

where r =1,...,n, with r = p — 1 mod n.

h|,w is given by the following. For p=1,...,n,and j =0,1,..., M,

h(1,j,p) = (p,r,7), h2.4,p) = (r,p,7) h3,5,p) = (r,7,p),

where r =1,...,n, with r=p+ 7+ 2 mod n.

By the above Claim, we can easily check h is a matching map. O]

Proposition 3.6.3. Let N =2 4, M = 1 and n = 1. Suppose that n = M + 2. Then
there is a matching map h : cPuc - {1,...,n}".

Proof. First take a map R : {i,...,n}* — {1,...,n} such that R(p,q) # p,q
and R(p,p) = p+ 1 mod n. Since n = 3, we can take such a map. Now let us define
h.cPuc - {1,...,n}" by the following.
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Wi, i p.q) = (ki,....ky), (i,i',p,q) € CP, where k; = p, ky = q, k» = R(p,q),
r # 4,4, h(i,j,p) = (k1,...,kn), (i,7,p) € C’,(@), where k; = p, k, = 1,...,n, with
k. =p+j+1modn.

Since p + 2 # p mod n, we can easily check h is a matching map. O

Now let us prove Theorem 3.1.1.

Let N =2 3, M = 1, and © is a non-empty open set in R. By Propositions 3.6.2
and 3.6.3, there are n = 1 and an injective map h : C, — {1,...,n}" for which
h|c7<bg>ucy(ll> is a matching map. Fix such an n and let us take ¢ € R"" such that
O0<cp<cop<..<cp<lyi=1,....,N,i=1,...,N.Let D(#), 0 € O, be a set given
by

D(0) = {K € Cw)(©); dimV,(K, ¢, 00) = #(Cn)}-

Then by Propositions 3.6.1, we see that D(6) # for all # € ©. Let H be the set of
injections from C, to {1,...,n}". Let ¢ : Cx)(©) — R be given by

Zdet n)K 71(Z 9 h(’yQ)))'YINQGCn)Q'

heH
Then we see that ¢ : C(n)(©) — R is continuous and D(0) = {K € Cn)(0©); ¢(K) > 0}.
So we see that D(f) is an open subset C(n)(©).

Let G € D(#). For any K € C(x)(©) and s € [0,1], (1 —s)K + sGy € Cn)(O). Also,
©((1—s)K+sG) is a polynomial in s, and so is not equal to 0 except finite s’s. Therefore
there is a {s,}72; C [0, 1] such that s, | 0, £ — oo, and (1 —s,)K +s,)G) € D(0), £ = 1.
This observation shows that D() is dense in C(yy(©) for all § € ©.

Now let {6,,}>°_, be a dense set in O, and let
D= () D(bn)
m=1

Then by Corollary 3.5.2, we see that any element of D is not admissible family of copula

functions. This proves Theorem 3.1.1.
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3.7 Remarks

Let N =3, M = 1, and © be an open set in RM. Let K € C(x)(©). Assume that
n = N.

Let
A®)
:{<]"27p7Q); pJq:]‘7"'7n}U{<]"i7p7Q); 7::37“'7N7p:]‘)“'7n7 q:27"‘7n}
U{(i,7,p,q); 2<i<i <N, pg=2,...,ny C CP,

Also, let l;:;i/pq e R{L-mY (1,7,p,q) € ngz), be given by

Kiipg = (1,...,1,0,1,...,1,4,1,...,1).

K3 (2

Then we have the following.

Proposition 3.7.1. Let 6y € O, and assume that
PK

m(l’760)>0, :EE(O,I)N, 1§1<2,§N
Then for any n =2 N, and Z € (0,1)3,
N(N -1 N —1)(N -2
dimV;(K, ¢, 0p) = #(A®)) = %"2 —nN(N —2)+ ( )2( )
Proof. Remind that
n = - aZK
(MZ(Z/;((ZQ)K)<Z, 90, k‘) = 5P’ki(5q’kilm(zlkl7 -3y ZNEkn> 90), p,q = 1, e,

So for (i,i,p,q), (4,5 7, £) € A® we see that (Mi(;;((]Z)K)(Z, OO,Ejj/M) =0ifi > j, or
if © = 7 and 7 > j, and that (Ml.(;z))f)f()(g, GO,EZ-Z-W) = 0p+0q.4Ciirpqg, fOr some positive

numbers ¢y, S0 we see that {(M™K),(Z,6); v € A®} is linearly independent. So

we have our assertion. O

From now on we think of a special case. We assume that K is a family of Archi-
median copula functions, i.e., there are smooth functions ¢ : (0,1) x © — (0,00) and

p:(0,00) x © — (0,1) such that

N
K(zy,...,2n,0) = p(>_ @(ax,0),0),  a1,...,ay €(0,1), 6 €6,
k=1



78 3% A remark on credit risk models and copula

Then p(-, ) must be the inverse function of ¢(-,0).

Then we have the following.

Proposition 3.7.2. Let

N(N

. 2—1)n2+N<M+3_N)n_ (N-1)2M+4-N)  M(M+3)

2 * 2

Then we have the following.

(1) dimV,,o(K, Z,0) < myg. and dimV,,(K, Z,0) < mo+1 for any Z € (0,1)"", and 6 € ©.
(2) Assume that © is connected and that ¢ : (0,1) x © — (0,00) is real analytic. If
there exists a 0y € © such that dimV,, (K, Z,0y) = mqo + 1, then K is not an admissible

family of copula functions.
Since the proof is rather long, we will give it in the next section.

Now let us think of a family of Gumbel copula functions. Let N =3, M =1, and
© = (0,1). Let K € C(3((0,1)) be given by

3
K(x1, 19, 23,0) = eXp(—(Z(—log 513'1')0)1/6)7 1, 22,23 € (0,1), 6 € (0,1).
i=1
Then letting ¢(x,0) = (—logz)?, p(y, ) = exp(—y*/?), we see that

3
K (1,29, 73,0) = P(Z o(z;,0),0), x1, 22,73 € (0,1), 6 € (0,1).

i=1
Let n = 5. Then we have my = 89. So by Proposition 3.7.2 we see that if there exist

6o € (0,1) and Z = (2ip)ic123p=1...5 € (0,1)'* such that dimV,,(K, Z,6,) = 90, we see

77777

that K is not admissible family of copula functions.

By using numerical computation, we check that dimV,, (K, 2, 6y) = 90 for (z;1, ..., zi5)
= (0.55,0.65,0.75,0.85,0.95), i = 1,2,3, and 6y = 0.4 or 0.6. Actuary, we compute the
dimension of the vector subspace in R112345 gpanned by egiz,)pq(z_', 0o), (i,4',p,q) € A®),
eg-;(z, 0o), (i,7,p) € AW, eﬁ?(?, o), (4,4") € Jo, and ey(Z, 0y) given in the next section by
applying Householder transformation for the associated matrix, and we are convinced
that it is 90. As we show in the next section, the dimension of this vector subspace is

the same as dimV,, (K, 2, 6p) in this case.
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3.8 Proof of Proposition 3.7.2

For 7€ (0,1, 0 € © and k € {1,...,n}3, let

q)<_’797 E) = Z@(zzklae)
=1
@ (27 PPz 0.7 i @)
eii’pq(z707k) = 5Pki5qk¢l8_y2(q>(z707k>a0)a (Z7Z » P, Q) € Cn 5
- 0 -
clon(7,0.F) = by 5 (8(2,0,8),0), (1,0,p) € O
W) /> g d’p I o .
eijp(’z?e?k) - 5pkiM(q)(Z7‘97 k)ue) <Z7j7p) S CT(L1)7 J 2 17
2
020 7 9p T
6]]’(2707k) - aejaejl (CD(Z79’ k)a‘g)a (.] J ) S JQa J 21
L, 0 L,
by (7.0,F) = 50-(®(2,0,8),0). (0.4) € .
J
and
€0<_‘797 E) = —p((I)( 0 E) 9)
Let e?

“m@9>uWn>ec§,wu9>@jm€cn,ﬂvwx«ﬂ>
upq(z 0) = (e upq(z 0,k))ie Feq1,..n}s €tC.
Let A be the subset of C\” given by

AWM

={(1,5,p); j=0,1,....,M, p=1,...,n}

UW{(i,5,p);i=2,...,N, j=0,1,.... M, p=2,....,n},
and A® be the subset of ¥ given in the previous section.
@ (2,0); (i, p,q) €

N el (2,0); (i.5,p) € AV} and {e!7(2,0); (4, ') € Jo}. Since #(A®) +#(AD) +
#(J3) = my, we see that dim Uy(Z,0) < my.

First, we prove the following.

79
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Proposition 3.8.1. (1) ¢\2) (2,0) € Uy(Z,0) for all (i, 7, p,q) € C”

7/L pq

(2) e ”p(z 0) € Uy(Z,0) for all (i,7,p) € V.

Proof. Let
800,00 =3 e® (2.0) € Up(2,0), p=1,...,n,

and "
=Y e (Z0) €Us(2,0), i=2,....N-1 p=2....n

Then we see that
n

e (7,0) =l (2.0) =Y el (2,0) € Up(7,0), i=3,....N, p=1,....n.

61zpq
q=2

2) 5 .
So we see that egi;q(z,ﬁ) eUy(z,0),i=2,....,N,p,g=1,....n

Also, we see taht

2) o ~(2) /= 2 -
ez(-i,)lq(z, 0) = eg,;(z, 0) — egi,)pq(z, 0) e Uy(2,0), i=2,....,N, q=2,...,n,
p=2
and so
eihi(2,0) = e Zemq ) € Up(2,0), i=2,...,N.

These show that the assetion (1).

Let "

Zem ) e Up(Z,0), j=0,...,M.

p=1
Then we see that

el1(7,0) = eV (2.0) — Y e (2,0) € Up(7,0), j=0,...,M.
p=2
This proves the assertion (2). O
Now note that
o _ Oy Oy

(MPPK)(2,0,k) = o (i, 0) 5 (2, 0)els) (2.0.k), (i,7,p,q) € CP,
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8g0 Op IS
= > Z z,p, (zzqﬁ) 5, (z,,,,9)%(zi,q,9))e§§;q(z,e,k)

1<i<i’<N p,q=1 J

8g0 ﬁgp ~ R
+ZZ J(zzpﬁ)eE?(z,e,k)

i=1 p=1

o7y, 9 o
+Zzae 2 ) 2.0.F) 4 57 (i e (2.0.)

i=1 p=1
N n

0% @)/ 7 -
* Z Z 96,00, (zip, O)ejon (2,0, k) + €5(Z,0, k).

i=1 p=1

Therefore from the assumption, we see that
Vno(K, 5, 9) C U()(E, 9)

So we have the first assertion of Proposition 3.7.2 (1).

We remark that if
Oy
Ox
foranyt=1,...,Nand p=1,...,n, then

(Zz‘p, 0) > O,

Now note that
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So we have (M™K);(Z,0) — ey(Z,0) € V,o(K,Z,60), i € I This implies that the second
assertion of Proposition 3.7.2 (1).

Now let us prove the assertion (2) of Proposition 3.7.2. Suppose that K is an
admissible family of copula functions. Then by Lemma 3.4.2, we see that there is a
subset A of © such that the closure of A contains a non-void open subset of © and for any
0 € Athereare § 20,7=1,...,N,such that >, ;& >0and ), ; &(M™EK);(Z,6)
€ V(K 2,0). Then we see that ey(2,6) € V,0(K, Z,0). This implies that V, (K, 2,0) C
Uo(Z,0).

Then by the assertion (1), we see that dimV,, (K, Z,0) < mg, 0 € A. Let H; (resp.
H,) be the set of injective maps from {1,...,mg} to C, (resp. {1,...,n}".) Now let

hi1€H, ho€Ho
Then we see that f(6) =0, § € A. From the assumption, we see that f : © — R is real
analytic. So we see that f(§) =0, # € ANO. Since AN O contains a non-void open set
and © is connected, we see that f = 0 on ©. In particular, f(fy) = 0. But this implies
that dimV,,(K, Z,00) < mo — 1. This contradicts to the assumption. Therefore K is not

admissible.

This completes the proof of Proposition 3.7.2.

3.9 Examples of dynamical default time copula mod-

els

.....

d-dimensinal standard Wiener process. Let N = 2, and Zi,...,Zy be a independent
identically distributed random variables whose distributions are uniform distribution
on (0,1). We assume that o{Z,...,Zx} and o{W(t),t = 0} are independent. Let
M > 1. Let o, : RM — RM k = 0,1,...,d, be Lipschitz continuous functions and

hi : RM — (0,00), i =1,..., N, be continuous functions.
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Let Y be the unique solution to the following stochastic differential equation on
RM
' d
dY (t,y) =Y oxl(t, Y (t,y))dW" () + oo(t, Y (¢, y))dt,
k=1
Y(0,y9) =y € RY.
Let 1o € RM. We also assume that

0

and the support of the distribution of Y (¢, o) under e~ ® P(dw) contains non-empty

open set.

Now let us define random times 7, ..., 7y by
t
= inf{t > 0; exp(—/ hi(Y(s,v0))ds) < Z;}, i=1,...,N.
0

Then we see that
(J[ L) P(7i > ti, i € I1F2)

icl
Hl{n>t} [exp(— Z/ (s,90)ds)|Y (t,y0)]
icl iel
for ¢,¢1,....txy 2 0 with ¢t <min{t;; ¢ € I} (c.f. [6],[5],[7]). Let
H(s1,...,8n,y) = Elexp(— Z/ Y (r,y)dr)] $1,...,58 20, y e RM,
and

H(s,y) = E[exp(—/ hi(Y (r,y)dr)). i=1,...,N, s=20, yc R".
0

Then H;(-,y) : [0,00) — (0,1], 4 = 1,..., N, is strictly decreasing surjective function.
So the inverse functions H; '(-,y) : (0,1] — [0,00), i = 1,..., N, exist. Let K :
[0,1]Y x RM — [0, 1] be given by

K(z,...,zN,y) =

H(Hl_l(~,y)(x1),...,H;,l(-,y),y), if x1,...,2n € (0,1],
0, ifoneof zy,...,xxy =0.
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Then we have

N
(J[ 1) P> ti, i=1,... N|F)
i=1

N
= ([[ Lrsp) K(P(r1 > 11| ), ..., P(rn > tn, Y (t,0)) a.s.
i=1

for any t 2 0, and t1,...,ty € [t,00).

So we see that K is an admissible family of copula functions.
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