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An Optimization theory and its Application to CFD based Design

for Marine Propeller behind Ship
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1. Introduction

An optimization theory is proposed based on the Hilbert space
theory”, which is applied to design of a propeller in non-uniform
wake. To accelerate the optimization, Euler beam theory is intro-
duced to generate a small change of variation for the propeller.
From the propeller designer’s point of view, it is difficult to con-
sider a complex non-uniform wake behind a hull. In this study, an
optimization theory is proposed to maximize its efficiency in the
non-uniform wake with the help of functional approach.
Furthermore, the beam theory is introduced to generate a variation,
which is intuitively and physically appropriate in this study.
Because of the non-uniform wake behind the hull, propeller
blades at each radius r as shown in Fig.1 experiences different
angle of attack with respect to the incoming fluid of the non-uni-
form wake. For a systematic analysis, let a(r) be an angle
between the linear line intersecting L.E and T.E of a blade at each
radius r and the y-z plane. A small variation of ¢(r) would change
the propulsive efficiency of the ship. In this study, it is shown that
although there may be infinitely many variations of a(r), the vari-

Fig.1 Definition sketch of a propeller
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ation of a(r) which gives an optimal propulsive efficiency is to be
found by using the Hilbert space theory. According to this study,
there is no reason to exclude a cavitation flow generated by the
propeller. To proceed the present theory, CFD simulation will be
used, i.e. the governing equations for the fluid flow are the
Navier-Stokes equation and the equation of continuity. The present
study gives theoretical results for improved propeller efficiency
and corresponding optimal shape of the propeller based on CFD

simulation.

2. Mathematical formulation

Forward speed of a ship U, a diameter of a propeller d and rev-
olution per time n being fixed constant, then the advance ratio
J=Ulnd is constant, so that a thrust 7" and torque Q of the propeller
are a function of the geometry of the propeller. Physically, the
geometry is faithfully described with help of the slope a(r). In
mathematical view point, the thrust T and the torque Q are a func-
tional of a(r);

By the way, the propulsive efficiency of the ship” is

_pu _(1-0U T

n= 2J!nQ T o Q e (3)

where D is the drag force of the ship and 7 is its thrust-deduction
coefficient. From eq. (3), it is known that the propulsion efficien-
Cy increases in proportion to the rise in the ratio 7/Q. According to
eq. (1) and eq. (2), the ratio 7/Q is also a functional of the slope

a(r);
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where 7(c) is defined to be the ratio 7/Q. Let h=hA(r) is a small

variation of the sectional slope a(r) such that

1/2

1= hIfar) =0t o )

and

h=h(r) has a regularity

where e<<1 indicates a positive small parameter. Then a per-
turbation of the ratio T(a) can be described as following;

a+h)—1tla)=AR)+EMHR) «-eveei <6)

Here, the operator A is a bounded linear functional and E(#) is
a nonlinear functional which will be ignored, provided e<<1. From
the Riesz representation theorem”, the bounded linear functional A
has the functional form as following;

d |2

A(h)=<h,g>=f h(r)glr)dr ..o L 7)

hub

Here, a function g(r) is unique and belongs to the Lebesgue
space X such that

J:b/ Zfz(r)d” < °°} ...................... (8)

Therefore, it is possible to write eq. (6) as following;

X={f(r)

tlat+h)=t(a) F<h,g> «covereiiii (9)

where g(r) is to be determined. A function g(r) can be
expressed with the help of a complete orthogonal set with unit

norm, i.e. a complete orthonormal set {ef{r)};

g(x):égiei(r) ............................... (10)

and

|e,.(r) l|=1 i=1,2,..

Considering the continuity of the inner product
T(a+h)zr(a)+}i_1)r_;e<h,2giei> ............... (11)

The variation is

From the Parseval formula®, the norm of h is O(¢). The coeffi-

cients gk, can be found as

a/2
eh,,=<h,e,.>=j R(rde(r)dr .ooooooioiiin.. (13)
b

therefore

h(r)=g<h,@i>ei(’) .......................... (14)
If a variation

k _y x _

h(r)—i;<h,e,->e,-, k=1,2,3,0c oo (15)

is substituted into eq. (9), then

tla+n")=vla) +<h*, g>

=r(a)+zi<hk,ei><e,-,g>

=T(a)+g<hk,e;>8n k=1,2,3,... .. (16)

Therefore, the following linear matrix equation is obtained from
eq. (15), which can be solved to yield g;

oo

T, =ziAk,igi ................................... 17)

where

r,=t(a+1") —7la)
d /2 "
Ak',,=<h",e,,>=f r(#)e,(r)dr

hub

By the way, from the beam theory”, a deflection due to a con-
centrated force P is governed by the differential equation;

d,ﬁ =—A—E4'}k—’ rhub<r<d J2 e (18)’

where E is modulus of elasticity, / is moment of inertia and M,

is a moment generated by the force P at r=r,, r,,, <r,<d/2.
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Fig. 2 Definition sketch of the Euler Beam
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Using the set of the functions 4%, it is possible to construct

g(X)=§grhk(”) ............................... (19)

From eq.(9), the following matrix equation is obtained;

where

T=vla+1") —tla)
) d/2 )
B, =<h* i >=f B (r)n' (r)dr
hub

From the Schwartz inequality®,

<k g>|<|n] ¢l

=\/th2(r)dr _\/ngZ(r)dr ................ (21)
0 0

which means that the change of the ratio 7/Q, i.e. <h, g> is

always bounded by the norm products | 4|l - | gll . Here, the max-
imization of the change of the ratio 7/Q is attained when A(r) is
spanned by g(r).Using eq.(20), it is possible to find the function
g(r). Therefore, the desired sectional slope of the propeller of the
ship which maximize the propulsive efficiency is

a,.(r)=alr) F ol (F) e (22)

where a(r) is the original sectional slope of the propeller. The
corresponding maximal change of the ratio 7/Q is

<h,g>=<hmag>=<81'g,g>=31||g||2 ........... (23)

where ¢, is a constant to be determined, which depends on the
functional .

3. Theoretical results for the propulsive efficiency

Suppose that the modified propeller with a,, (1) in eq. (22)
operates. Then the speed U, the thrust-deduction coefficient 7 and
the ratio T/Q would slowly vary and these slowly varying quanti-
ties can be asymptotically expressed;
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T'/Q'=T/Q +8"g"2+0(£) ..................... (26)

where U', ¢, and T'/Q" are slowly varied speed, thrust-deduction
coefficient and ratio of thrust and torque, respectively. Therefore,
a new propulsive efficiency n,,, is

pu’ _ (-t 12

Then™ 2xnQ’~  2an Q
1— —
S Zntn)U % elg " ’>U F0(E) e, 27)

Using q.(3) and the definition of the norm, the above equation

becomes
-1)U
Tew=n1E| g || 2.7: +o(e)
_ &1 (1‘0[], T R S
=n+ o b g (r)dr +o(e) (28)

According to the Parseval formula, the above integral repre-

sentation can be transformed into series;
( t)U

The gain of the propulsive efficiency is

A77=77w_77——(1ﬂ f 2(r)dr +ole )(30)
51'(1—1‘)U <
=G B e} o) -

4. Conclusions

In this paper, a minimization theory based on the Hilbert space
theory is proposed and applied to design for propeller in a wake,
which gives theoretical results for optimal efficiency and corre-
sponding shape of the propeller based on CFD simulation. In
addition, the gain efficiency is always non-negative, because the
following term in eq. (30) is always non-negative;

d/2 o0
f g(rdr=3 | g[20
hub i=1

Exact calculation of the gain of the propulsive efficiency can be
obtained from the relation between self-propelled and open-
water propelled tests using the modified propeller. From the
analysis, it is concluded that if the above minimizing process
repeats, then the optimization to increase the propulsive coefficient
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