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the nominal stiffness and mass matrices are Input.

Substituting Eqs.(3) through (6) into Eq･(1) and applying

the perturbation technique, We obtain the elgenValue

sensitivity in the vicinity of the nominal structural para-

meters by Eq.(7),

Aml- (射T(lKmI] -え[Mml])(a)/〈¢)Tlh] (射

(7)

where the superfix T denotes transpose of matrix. Now that

the elgenVeCtOr in this study is normalized so as to set

〈¢〉r 【〟日¢) always equal to unity, the eigenvector

sensitivity is obtained on the basis of Eq･(8), in which the

normalizing condition of eigenvector is added as an equality

constraint condition for the elgenVeCtOr7)･

lK] -llM]

2(a)TlM] ( 4'mI)

lKmI]一見[Mml] - AmIlM]

(a)TlMmI]
(a)　　　(8)

4. Quadratic convex hull

The interval of the eigenvalue or elgenVeCtOr COmpOnentS

is searched for a glVen interval of the uncertain variables,

which can be constituted in various ways. The uncertain

variables dealt with in stochastic structural mechanics are

correlated more or less so that it is desirable to provide

convex hull that is able to take correlation between the

uncertain variables into account. Quadratic convex hull

meets this purpose. Consequently we suppose that the

conceivable domain of the uncertain variables IS glVen in the

form of a quadratic convex hull expressed by Eq.(9),

C2〈C)Tlw](可-1≦0　　　　　　　　　(9)

Expanse and shape of the convex hull are speci丘ed by the

parameter c and matrix 【Ⅳ】, respectively･ These can be

chosen judiciously and analogously somehow to variances

and covariances of probabilistic variables.The matrix 【W]

should be positive-definite for the purpose to set a convex

hull as the conceivable do叩ain of the uncertain variables6)･

5. 1nterval estimation by Lagrange multiplier method

The maximum and minimum of a convex function with

respect to the variables conBned in a convex hull take place

on the boundary of the convex hull･ This means that the

maximum and minimum, whose difference is interval, can

be searched by the Lagrange multiplier method for

quadratic convex hull by constituting a functional 〟 as stated

in the following6)･

JT-〈C)T(S) +V(C2(8)Tlw]〈可-1)　　(10)

In case that the interval of eigenvalue is estimated, the first

term of the right hand side of Eq･(10) stands for the

eigenvalue change of Eq･(5) so that 〈∫) is the sensitivity

vector consistlng Of the elgenValue sensitivities AmJ･

The stationary condition of the functional 〟 With respect

to the unknowns Cm and the Lagrange multiplier v results in

their nonlinear simultaneous equations (ll) and (12)･

Introducing a vector (qyde血ed by Eq･(13), we obtain (8)

of Eq.(14) that satisfies Eq･(ll)I

∂Jr

∂(8)T

-〈S)+2vc2lw]〈E)-(0)　　　(ll)

普-C2回Tlw](8)-1-0

(q)-lwrl(S)

〈C)--〈q)/2vc2

The calculation of (q ) is available because the matrix lW] is

positive-deBnite. Substitution of Eq.(14) into Eq･(12)

enables us to determine the Lagrange multiplier as glVen by

Eq.(15) and to earmark the uncertain variables as Eq･(16)

by substituting the Lagrange multiplier into Eq･(14)･

γ-±∨(q)TlwHq) /2C　　　　　(15)

くど*)-〒〈q)/cV(q)Tlw](q〉　　　(16)

Equation (16) earmarks the uncertain variables indicated by

asterisk. Then the maximum and minimum of the elgen-

value are calculated by reanalysIS Of the elgenValue

problem based on the uncertain variables thus earmarked･

The interval of each component of the elgenVeCtOr Can be

estimated by applying the process mentioned above to the

component whose sensitivity is derived from Eq･(8)･ The

interval of the elgenValue and eigenvector components thus
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estimated satisfies the eigenvalue problem in the framework

of the first-order approximation･

6. Numerica一 Examp一e

The effect of uncertainty of elastic resilience and mass on

the interval of the elgenpalr Of longitudinal vibration of an

elastic bar is investigated in this study･ Figure 1 illustrates

the bar divided into two bar elements of unit length･ In the

modeling, lumped mass matrix is employed･The nominal

sprlng COnStant and nominal half mass of each element are

taken as EA/l - 1 and pAl/2 - 1 without loss of generality,

respectively. The nominal eigenvalue problem of longltu-

dinal vibration is expressed by Eq･(17) under the boundary

condition that the left end of the bar is触ed･ Two uncertain

variables are dealt with, that is, the first one 81 is asslgned to

resilience of the element A and the second one 82 tO mass Of

the element B. Equations (18) and (19) express thefirst-

order approximation of the change of the stiffness matrix

and mass matrix in the vicinity of the nominal matrices･

(L; -IJ-Al2.号日{Q}-{0}

･K･-Li -11日: 0.]81

･M･-[2.臣lH]E2

(17)

(18)

(19)

The sensitivity analysis of the elgenPalr Of the first elgen-

mode results in the followlng equations,

A - 0.29289 + 0.25g1 - 0.2196782

4'1 - 0.5 - 01008838881 - 012133982

ヽ

¢2 - 0.70711 + 0･125g1 - 0･2285582

A �"�

…◎0-0◎1◎2 

一一■　r-

Figl 1 Finite elements of bar under longitudinal vibration

where theかst terms on the right hand side indicate the

nominal eigenvalue and two components of the elgenVeCtOr･

suppose that the uncertain variables scatter in a circle of O･1

in radius. The first-order approximation employed in

section 3 seems to be sufficient for such a small circle･ Then,

identity matrix is input as the matrix lW] that represents the

convex hull, and the parameter c is taken equal to lO･0･

Figure 2 depicts the conceivable domain of the uncertain

variables by matted area within the circle and the contours

ofA , 01 and ¢2 that are determined by Eqs･(20) to (22) an-d

the positive terms of Eq･(16), and come in contact with the

circular convex hull at (0.07512,-0･06600), (-0･03826, -

0.09237) and (0.04796,-0･08770), respectively･ These coor-

dinates indicate the uncertain variables earmarked for the

maximum of the elgenValue and eigenvector components,

while the minimum of them is determined by the negative

terms of Eq.(16) in this case･

Figure 3 illustrates the ellipse in which the elgenVeCtOr

components scatter corresponding to the uncertain resili-

ence and mass in and on the circle ofFig･ 2･ The solid circles

and squares in Fig. 3 indicate the intervals of ¢l and ¢2

calculated by Eqs.(21) and (22) for the uncertain variables

earmarked by themselves, respectively･ These are in good

agreement with the ellipse derived from the uncertain

variables on the circle of the small convex hull･ The solid

triangles correspond to the interval of A due to the uncertain

variables earmarked by A itself･ The intervals of the

elgenValue and two elgenVeCtOr COmpOnentS due to the

uncertain variables earmarked in different ways are listed in

/　　　/

Fig. 2　Convex hull and contours ofl, ¢1 and ¢2
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