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SECOND-MOMENT CLOSURES FOR RECIRCULATING AND

STRONGLY-SWIRLING FLOWS
—Part 1. Turbulence Models——
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Second-moment closures are turbulence models which consist of differential or alge-

braic equations, each governing the balance between generation, redistribution,
dissipation and transport of a related Reynolds stress or a sealar flux. The paper
argues the potential advantages of using such closures in preference to eddy-viscosity
models in the presence of body forces brought about by fluid recirculation, swirl and
buoyancy. Some basic forms of second-moment closure are introduced, and their

numerical implementation is discussed.

1. INTRODUCTION

Impressive progress has been made over the past
decade in the area of direct and large-eddy simula-
tion of turbulent flow, with the latter begining to
yield results not only valuable from a fundamental
viewpoint but also helpful in the engineering
context. Yet, it is the conventional approach,
based on time- or ensemble-averaged formulations,
which has maintained a strongly dominant position -
and seems set to continue doing so - in the field of
computing complex industrially-relevant flows in
which information is sought on mean transport of
heat, mass and momentum, and on the distribution
of design-related global parameters such as wall
pressure, skin friction and heat-transfer coefficients.

A statistically-averaged mathematical frame-
work is based on the notion that any instantaneous
flow quantity - say, velocity, pressure, density and
enthalpy - may be represented as the sum of a time-
(or ensemble-) mean value and a related turbulent
fluctuation. Insertion of this decomposition into the
instantaneous flow equations, followed by an averag-
ing process - involving time-integration or event
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summation, results in a set of equations governing
the distribution of averaged flow quantities. In the
case of momentum components, this process ‘trans-
fers' the Navier-Stokes to the Reynolds equations.

The principal merit of the above approach is
economy , particularly if attention is focused on statis-
tically steady and two-dimensional flow, for in such
circumstances, the computational task reduces from
a fully three-dimensional time-dependent solution to
a two-dimensional iterative one. The penalty of
averaging the parent equations is, however, an
important loss of information, reflected by the
appearance of unknown double correlations - termed
‘second moments’. In the case of momentum, these
correlations are the ‘Reynolds stresses', while inclu-
sion of scalar transport gives rise to further unknown
correlations of scalar and velocity fluctuations re-
presenting ‘turbulent fluxes'. A pre-requisite for the
solution of the averaged equations is thus a mecha-
nism yielding the unknown stresses and fluxes in
terms of known or determinable quantities. This is
what is known as the "Turbulence Model".

The key concept underlying most traditional and
well-established approaches to modelling turbulence
effects is the quasi-linear relationship between stress
and strain, analogous to that used for laminar flow,
but in which a flow-dependent ‘eddy viscosity* takes
the place of the fluid viscosity. Cartesian-tensor
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notation permits the relationship between all six
independent Reynolds stresses in a 3D incompressible
flow, puu;, and their associated strains to be collec-
tively written as:
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where the last term containing the turbulence energy,
k=0.5 (ui+ui+u?), has been included to account
for the fact that the sum of the normal stresses must
amount to 2%, even if all strains are zero. In analogy
to (1), any scalar flux (that of enthalpy, say) is
related linearly to the associated gradient of the
mean scalar value, with the diffusivity being the
proportionality factor and formed by the ratio of the
above eddy viscosity and an assumed Prandtl/
Schmidt number.

Dimensional reasoning dictates that the eddy
viscosity be proportional to a velocity scale and a
length scale of the turbulent motion, and the most
obvious parameters to adopt is the »ms value of the
turbulence energy, %k, and a macro-length scale, L,
representing the large energy-containing eddies
which interact most intimately with the mean
strains. It is readily appreciated that both quantities
cannot simply depend on local flow properties alone
but must be influenced by processes in neighbouring
locations, with convective and diffusive transport
providing the *bridges'. It is this realization which has
led to the formulation of a number of “two-equation
models of turbulence”®, all containing a modelled
transport equation for turbulence energy and a sec-
ond equation for L or some combination of £ and L
(e.g. vorticity @=~£"%/L or dissipation & =#k%?/L).
The %k-& model of Launder and Spalding® is the
version which has established itself as the most popu-
lar model for computing a wide range of flows - from
simple 2D free shear flows® to very complicated 3D
recirculating flow in jet engine combustors® and
rotating impeller passages?”.

While the above models have been found to
return satisfactory numerical solutions in many situa-
tions, they do not perform well in flows in which
body forces - arising from strong curvature, recir-
culation, swirl and buoyancy - play an important
role. Such body forces interact differently with dif-
ferent normal and shear stresses, and this selective,
or rather discriminatory, influence connot be captur-
ed by use of a model which relates all stresses to the
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mean field via a single isotropic parameter.

It is helpful to illustrate the above interaction by
focusing on the specific example of streamline curva-
ture in the plane 2D shear flow shown in Fig. 1.
Exact transport equations for the Reynolds stresses
can be derived, and these will be introduced later.
Here, it is merely necessary to accept that exact
stress-generation terms contribute to these equa-
tions, and that, for the present thin shear flow, the
rates of generation of the stresses u?, v? and % can
be expressed, in terms of stream-line adapted co
-ordinates, as follows:

Pa=—2mw(2+Y (2)
Pa=4w 4 (3)
Pa=—v 24 { (za-7)T} (4)

A number of useful qualitative observations may
be made by reference to the above equations; We note
first that the secondary strain U/R tends to increase
P and hence ww, since 2u? typically exceeds ¥?bya
factor 4. This stress is negative, however, and curva-
ture will consequently reduce the magnitude of uv.
Second, the influence of U/R is much stronger than
one might expect, for its multiplier in P is (2u*—
%) which is much larger than 7%, the multiplier of the
primary strain. That % is relatively small follows
from the observation that Pw is not only low but, in
fact, negative. Of course, despite the negative pro-
duction, »? cannot itself be negative, and this is
ensured by so-called “pressure-stain-interaction”
processes which continuously ‘feed® energy from uE to

2%, The stress #? can well afford this loss, for it is

generated at a high rate due to the interaction
between #v and the primary stain 3U/3r. The final

Fig. 1 Curved 2D thin shear flow
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point to note is that the curvature-induced reduction
in v? leads to a further reduction in the magnitude of
v through the product of v? and the primary strain in
Puw. In summary then, it may be concluded that
curvature selectively attenuates o2 (but slightly
increases #?) leading to a substantial reduction in %v .
In addition, uv is reduced directly by U/R. Similar
arguments apply to other curved or swirling flows
(where thrbulence may either be attenuate or am-
plified, depending on the sense of curvature) , as well
as to situations in which buoyancy gives rise to terms
analogous to those associated with curvature.

The fact that some essential elements of the
interaction between curvature and turbulence can
only be explained by reference to the individual stress
-generation terms lends strong support to the asser-
tion that a turbulence model expected to yield a high
degree of generality must be based on equations
describing the processes affecting the balance of each
Reynolds stress (and, if appropriate, flux) separate-
ly. Exact forms of these equations can be derived by
somewhat lengthy manipulations and combination of
the Navier-Stokes, the Reynolds and the analogous
scalar-property equations®?. Adépting, at this
stage, a simple descriptive representation, one may
write the stress and flux equations in the following
form:

Convection (w2;) =Diffusion (1)
+Production (%)
+Pressure-strain (%;7;)
—Dissipation (%) (5)

Convection (#,c) =Diffusion (%;)
+Production (#;c)

+ Pressure-scrambling (#,c)

—Dissipation (%) (6)
that is, each equation represents a balance between
physical processes which, apart from pressure/strain
and pressure/scalar-gradient interaction, are famil-
iar from mean-flow considerations. In the above
equations, when written in their full, mathematically
correct form, convection and (most importantly)
production need not be modelled, for both only con-
tain mean-flow quantities and the stresses (or fluxes)
themselves. The remaining terms, however, contain
higher-order moments (for example, triple correla-
tions of the form #*v and M) or indeterminable
correlations such as the product of strain fluctua-

tions. It is this which necessitates approximations to
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be postulated if the stress and flux equations are to be
closed at second-moment level. Of course, these
approximations are certain to introduce errors into
the equations, therby eroding their capabilities. Yet,
the expectation is that the retention of the exact
production terms for each stress, coupled with rea-
sonably good modelling proposals for diffusion, pres-
sure-strain and dissipation, would ensure a high level
of generality.

Previous applications of stress/flux models to
curved and buoyant boundary-layer type flows!®t
have, indeed, shown that the models return the
correct response to the anisotropy-promoting agents.
Few studies have focused on more complex recir-
culating flow, however, and the little evidence which
has emerged from these studies is inconclusive. In a
number of cases*®*'¥, the response of the turbulence
closures has been completely masked by numerical
errors provoked by the use of the first-order upwind
approximation within a hybrid central/upwind-dif-
ferencing scheme for convection. These errors are
particularly damaging in the context of stress clo-
sures which do not naturally yield diffusivity-contain-
ing second-order terms enabling the central-differen-
cing part of the hybrid scheme to operate without loss
of iterative stability. The absence of such numeri-
cally stabilizing terms appears also to have seriously
hindered the use of stress closures in combination
with accurate, numerically non-diffusive discretiza-
tion schemes. In some recent instances™~'®, stability
problems have been overcome either due to some
artificial diffusion introduced through the use of
implicit Euler-type time-marching or other stability
-promoting measures.

The present paper reports the efforts towards
computing complex recirculating and strongly swir-
ling flows with stress closures. The review starts
with a statement of the turbulence models under
consideration. There follows an outline of the numer-
ical framework, with particular emphasis placed on a
brief description of some generally applicable numeri-
cal measures, specifically designed to promote
numerical stability when stress closures are used in
conjunction with non-diffusive discretization within
the finite-volume method.

2. THE TURBULENCE MODELS

Four types of turbulence models have been used
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in computations to be presented in Part 2, and all are
time-averaged formulations. One closure, an
unweighted (as opposed to density-weighted) stress
-transport model (RSTM), may be considered the
‘master’ or ‘parent' version from which two other
unweighted forms may be derived by introducing
additional modelling assumptions or simplifications.
The fourth model is a density-weighted version of the
stress-transport model.

The most general co-ordinate framework used in
the computations is curved-orthogonal, and the
models may, in principle, be written in terms of these
co-ordinates. However, such a form is unnecessarily
complicated for the present purpose of outlining the
principles adopted; indeed, it would impair transpar-
ency. Instead, the models are introduced in terms of
Cartesian-tensor notation. Also, while the complete
models contain swirl-related contributions and con-
sist of coupled equations for the stresses, fluxes and,
most generally, the variance of the turbulent scalar
fluctuations, the forms reported here exclude swirl
and scalar contributions. Flux and variance equa-
tions only come into play in the case of two swirling
-flow calculations to be presented, and appropriate
reference will be made later to papers containing
complete model descriptions. Finally, in one swirling
~flow case, strong density variations occur due to the
mixing between jets of very different densities. This
has necessitated the use of density-weighted (Favre
-averaged) form of the stress/flux-transport closure
with inclusion of additional density-related terms.
Here again, this special form is not given, but refer-
ence is made to a related publication.

The basic form of the parent closure is the ver-
sion of Gibson & Launder® (based on that of Launder
et al'®), and this consists of modelled transport
equations for the stresses #;;, which may be written

QUsuitt; _ @ k ouy;
— = o, [Cs etk —L] +P;

OXp, o
2
+ g due (7)
where U, are mean-velocity components in the direc-
tions
_ aU; aU;
S — UUhr —— Uil
Pu=—uu on e o (8)

is the generation of the stress ##;, ¢.; controls the re
~distribution of turbulence energy, k=0.5uu;,
among the normal stresses, and 2/3 ¢ stands for the
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rate of dissipation of the normal stresses by the action
of viscosity. In the above, convection and generation
are exact, while the remaining terms are models of
exact expressions which cannot be used in their
original form as they contain third-order correla-
tions. Thus, diffusion is modelled by a generalized
gradient approximation, while dissipation is assumed
to be isotropic, with each normal stress dissipated at
the same rate, 2/3¢, where & is determined from its
own transport equation,

dUke _ 0 k 2e £
% _axk[ctu"u’ € axlj G oz Por

2

—Ce,z% (9)

Finally, the redistribution term, ¢;;, modelling the
interaction between turbulent fluctuations of pressure
and stains, consists of three contributions, namely
Rotta’s linear ‘return to isotropy' term,

Gisn = _‘C-;f [

the ‘isotropization of production’ term,

Gy 0 Tl (10)

Giz=—Cs [Pij—'é' di5 Pkk] (11
and the ‘wall-reflection’ terms,

[pp— 33—
@i 0= Cis v 5 S Unthm M5 Sy Urlli 175
k 2
3
Y Urthinhs) -+ Coo(fihrm,2MaPm O

“%ﬁ@m”lz%_—;‘ﬁ@mnk%i) (12)

where the suffix 7° takes the same numerical value as
‘k* with no summation implied in this instance only,
and #; is the unit vector normal to the 7-direction.
The above is, essentially, a vectorial interpretation
of a model combining suggestions by Shir®® and
Gibson and Launder®, and is meant to account for the
simultaneous influence of *'-and %‘-directed walls
on normal-stress anisotropy. This influence is ex-

X1

Fig. 2 Wall-related distances in functions £ and f;
(equation 13)

11
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pressed via the functions (applicable to plane cases
only),

_B 11
T2.5¢ xL+xR

_ES 11
T 2.5e yu+yr] (13)

A fo

which represent ratios of a turbulence length scale to
equivalent wall distances, where x., xz, ¥r and ys
are actual distances to surrounding walls, as illus-
trated by the example shown in Fig. 2.

The second closure is a so-called algebraic stress
model (ASM), and the particular version presented
here arises upon the replacement of the differential
stress-convection and diffusion terms by Rodi’s

proposal??,
(Co—Dy)— B (c—D)=op—e)  (14)

where C, D, P and & represent convection, diffu-
sion, production and dissipation of turbulence
energy, respectively. There terms arise in the trans-
port equation for the turbulence energy,

Uik _
Xy

2] k ok
a—xk[cs Uths a—xl] +P—¢ (15

which is simply half the sum of the transport equation
of the normal stresses #f. The essential feature to
note here is that, once # and & (and hence P) have
been determined from the differential equations (15)
and (9), equations (7), incorporating the model
(14), couple the stresses algebraically.

The final and simplest unweighted closure, used
here merely to generate ‘reference predictions'
against which stress-closure calculations can be
‘compared, is the Boussinesq-viscosity k-& model
(EVM)#®. This assumes stress-strain relationships
involving an isotropic eddy viscosity,

~z= (2 +20) (16)

The viscosity is related, by dimensional arguments,
to the turbulence energy and its dissipation rate via

2
v=Cu 2 an
&
where £ and ¢ are determined from equations (15)

and (9) with Csum, g—z and C, w,u; g—; replaced by
C k gf; and Cu/0: & g—; respectively, where o is
a Prandtl number.

Extended forms of the Reynolds-stress-transport
equations for uniform-density swirling flow may be
found in refs®*?®, while mass-averaged forms for

12
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Table 1 Coefficients appearing in three closures

C C; Cs C: Cu O Ce,l Ce,Z cx,w Cow
1.80.6(0.22|10.16(0.09| 1.3 [1.45|1.92} 0.5 0.3

swirling flow, including scalar-flux and variance
equations, are documented in ref?”. Finally, a ver-
sion of the algebraic stress closure applicable to
general-orthogonal co-ordinates is given in ref?®.

3. NUMERICAL IMPLEMENTATION

Discretization of the transport equations govern-
ing mean and turbulence properties is based on the
staggered finite-volume approach. The principles of
this approach, as well as the underlying rationale for
staggering the volumes pertaining to mass conserva-
tion and momentum components U and V', are well
known and will not be pursued here. A logical exten-
sion of the above rationale, previously used by
Pope'® and adopted here, is to stagger the locations
of the stresses (and fluxes, if applicable) and their
associated volumes, as shown in Fig. 3.

The main advantage of this practice is increased
numerical stability - a result of the strong coupling
established between the stresses (or fluxes) and the
associated ‘primary‘ strains (or scalar gradients).
Focusing on the shear stress %% as an example, it
will be observed that stress is located such that the
discrete velocities used to approximate the strain
(8U/or+ 8V /ax) straddle this stress centrally. A
useful consequence of this practice is that the stresses
are located such that no interpolation is involved in
evaluating stress differences required for the finite
-volume equations.

The convective fluxes appearing in any finite

Ur1U2

Ur1lUs W
-—5—
ue’ @
UrU2

Fig. 3 Staggered stress and flux arrangement
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-volume equation are approximated by the power
-law differencing scheme (PLDS) of Patanker?® or,
alternatively, by the quadratic upstream-weighted
scheme (QUICK) of Leonard®”. The latter has been
used as a means of indicating the degree of grid
-independence, for this scheme is, in contrast to
PLDS, unaffected by artificial diffusion. The numeri-
cally non-diffusive character of the quadratic
scheme, combined with the absence of naturally
-arising second-order (physical) diffusion terms, and
the intense coupling between the equations, neces-
sitated the introduction of a series of special algorith-
mic measures designed to enhance numerical stability
and hence convergence. One important measure,
documented in detail in ref?®, involves the represen-
tation of a particular portion of each Reynolds stress
by means of an associated apparant viscosity. As
shown in ref.?®, such a representation is offered by
the discretized version of the related stress-transport
equation which equates the stress to a collection of
additive contributions, one of which consists of a
group of unconditionally positive quantities multiply-
ing the primary strain which is associated with the
stress in question. A similar practice is adopted in the
case of the algebraic model, only that in this case
attention is focused directly on the algebraic equation
governing the stress. An analogous strategy is also
applied to flux equations.

A second measure which has been found to be
beneficial to stability in the case of stress-transport
computations entails a discrimination between posi-
tive and negative contributions to the source of any
one discretized equation at all grid points, and al-
locating contributions according to

S;;=Su,5+Sp,;; u; (no summation on 7, j)

(18)
where Sy combines all positive and Sr all negative
contributions.

Finally, an important stability-promoting prac-
tice adopted in conjunction with the algebraic model
involved a coupled solution of the normal-stress
equations, with the coefficients of the equations re
-arranged in such a way that the system always
returns positive values for the stresses. Following the
solution of this system, the remaining shear-stress
equations are solved explicitely. Details of this prac-
tice may again be found in ref?®.
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4. CONCLUDING COMMENTS

An outline has been provided of recent progress
made in computing complex recirculating and strong-
ly swirling flows with Reynolds-stress closures and
non-diffusive discretization within the finite-volume
framework. Many results reported suffice to illus-
trate that stress closures provide a superior represen-
tation of turbulent transport processes to that retur-
ned by the Boussinesq-viscosity model. This applies
both to mean-flow and turbulence features, the latter
being of particularly importance in the context of
heat transfer and scalar transport.

(Manuscript received, March 2, 1988)
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