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A Note on Finite Element Synthesis of Structures (Part 2)
--Indeterminate Shift Synthesis of Vibration Eigenvalues and Eigenvectors

1'f~N~*1*~::oJ: Qt.my /~YA ~::OOTQ/ -}- (~2 ¥R)
-t~jfJ[@1'ffrnr· [@1'f~:7 }-JvO)/f'1ifgJEY7}- • Y/~YA-

Shigeru NAKAGIRI* and Keiko SUZUKI*
r:p t/IlJ ~.~ * 1IDI: T

2 . Statement of problem

Suppose that the stiffness matrix Or) and mass

matrix (M) of the baseline structure or at a certain

step of the iteration are given, and that the eigenvalue

X and eigenvector {if>} of L degrees of freedom are

known as the solution of the following reat

eigenvalue problem. The upper bar indicates the

baseline or known terms.

Any of the objective eigenvalue or eigenvector

components are indicated by Xj (j = 1 through j)

generally. The expectations are denoted by x/, and

the indeterminacy of the objectives is represented by

small probabilistic variables Cj whose expectations

are zero as given below.

xj=x/(l+c;! (2)

The problem in this paper is to determine the

variance of the objective design corresponding to the

structural modification required for the

indeterminate shift of the eigenpair from a

determinate baseline structure and deals with the

implementation by the finite element method with

respect to an undamped vibration eigenvalue

problem. The method is based on the aforementioned

notion. The approach to the objective design is

approximated by the first-order sensitivities of the

finite element solution, and is employed as the

constraint conditions incorporated by the Lagrange

multiplier method. The objective design is

indeterminate corresponding to indeterminate setting

of the objective eigenpair. The indeterminacy of the

objective design is expressed in the form of the

standard deviation of the structure shape.

(1)((K)-X (M){if>}={O}

1. Introduction

Attention has been paid to the modification of

both the eigenvalues and eigenvectors in problems of

the optimization of dynamic responses of

structures1),2),3),The vibration mode shapes are taken

as the objective or constraint conditions in order to

improve driving comfort or to decrease the noise of

automobiles, An attempt was made to formulate the

algorithm to determine the structural modification

required to attain the objective mode shape on the

basis of a new notion that the objective design is

searched as near the baseline structure as possible') ,

On the other hand, the objective mode shape hardly is

set determinately on sure grounds. What is desired,

for instance, is to enlarge or diminish some parts of

the vibration modes to some extent, and there is left

some fuzziness in the decision of designers. The

fuzziness cannot be ignored in cases that the

structural system has uncertain factors, Measurement

errors and structural uncertainties are taken into

account in problems of the system identification

regarding to the modal analysis5
). It is rather easy to

change some eigenvector components in far field, but

difficult to change or set adequately the components

in near field. When the objective components are set

at important points, the realizable mode shape is

determined of its own accord. It is therefore plausible

to allow a certain latitude in setting the eigenvector

components of limited number instead of setting

many components determinately from the viewpoint

of the eigenpair synthesis.

This paper presents a method to determine the
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given xj+ and statistical property of e;. The

superscript * indicates the expectation terms

hereafter.

3 . Iterative search using first-order sensitiveities

The structural modification is to be determined

by the use of the well chosen design variables a, (n=

1 through N) in order to attain the indeterminate

objectives x; from n of the determinate baseline

structure. Such strategy is taken that the design

variables are determined to obtain the objective

expectations *;* at first, and then the variation of the

design variables is evaluated in the vicinity of the

expectations for the indeterminate objectives. The

shift of the eigenpair in a certain vibration order is

dealt with in this study.

According to the change of the structural para-

meters described by the design variables, the

eigenpair is changed. The change from the baseline

structure to the objective design is approximated by

the first-order Taylor series expansion in the form of

E q .  ( 3 ) .

Ⅳ
場
*=場+Σ 場がα″

π = 1
(3)

The first-order sensitivities x3nr can be evaluated

for 4 separately with respect to the design variables.

The minimization of the squared sum of the design

variables is employed for the determination of them

so that the objective design is searched near the

baseline structure. In doing so, the equations ( 3 ) are

incorporated as the equality constraint conditions by

means of introducing Lagrange multipliers 4, in

number /. The governing equation for an and pi is

given on the basis of a functional of Eq. ( 4 ) and the

differentiation of it with respect to them. The result

is summarized in the form of Eq. ( 5 ) ,

π=ざ%2+`ん(場*_鳥_I場″I c71)
π=1   ノ=1       ″ =1

〔〃〕{夕}=(″ )

where

〔″〕=

~ 幼
1 1 ・

¨ ~ ″
ノl I

~ ム
ⅣI °… ~ 均

″I (5-1)

Such determination of ar and p; should be iterated by

renewing the baseline structure unril xr*:v, is

obtained. because Eq. ( 3 ) is the f irst-order

approximation of the change oI the eigenpair.

4 . Evaluation of structural indeterminacy

The ob j  ec t i ve  des ign  is  inde terminate

corresponding to the indeterminate objectives

expressed by Eq. ( 2 ) . An assumption is made that

the indeterminate objective design can be expressed

in the form of Eq. ( 6 ) based on the fluctuation of a,,

and p;, which are obtained after the iteration stated

in Section 3 is converged. nith respect to e3. The

vector t fiz l is modified in the same form of Eq. ( 7 ) .

1 . !  l :

μl

μノ

(″ ) = (5-2)

( 6 )

( 7 )

(8)

i .  - * . *

り)=抄→+`{鋳→ら
ブ= 1

(″}={″*}+`{zI}εJ
ブ=1

(4)

(5)

The sensitivities 4n I of the objective design is

indeterminate, but the indeterminacy of the matrix
(H) is neglected in this study, because of the

first-order approximation of x:,  so that the

expectation matrix (H) of the objective design is used.

Then the indeterminacy of the objective design

obtained after the iteration converged can be

evaluated by means of determining the unknowns y; I

in regard to e;. The governing equations for ytr are

derived from the perturbation technique applied to

Eq(5)as follows

〔〃〕{ルI } = { % I }

Now that the sensitivities of the design variables an, I

are calculated as the upper part of iyrli, the

variance of the design variables at the objective

design is evaluated by the first-order approximation

o f E q .  ( 9 ) ,

Var〔α″〕=雀 `α″IめたIE〔らεた〕
′=1カ=1

(9)

where,E[e;eu) means the second-order moments of the

probabil ist ic variables €; repersenting the

indeterminacy of the objective eigenpair.

SYA/1  1      o
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iteration (blank circles) in the case that the
5  Numerical example

eigenvalue is increased to 1209` and the deflectiOn

Figure l l■ustrates the finite element rnOdeling of     components of the eigenvector at the points A and B

a truck chassis Thirty beam elements of unifOrm     in Fig. l decreased to 80% of the baseline structure

length are used by taking the YOung's rnodulus equal     deterlminately The s01id circles in the figure rnean the

to 206 GPa and the uniform moment of inertia f=      case that the constraint conditions are introduced in a

0 141× 10~41n4 for the baseline structure rrhe mass     quadratic form4)suCh normalization cOndition Of the

matrix is generated by the distributed load shov.7n in     eigenvector is taken that the deflection component at

Fig l, the self‐M′eight of the chassis being neglected      the point P is kept equal to unity Figure 3 shov′ s that

The  stiffness matrix  is formulated  under  the     two statge setting is needed to cover such a large

assumption that the moment of inertia is distributed     decrease of the deflection component at the point A

linearly M′ithin an element in order to express the     to 16% of the baseline value The resultant mode

beam Shape、 vith tlle elements of small number.Only     shape and distribution of the moment of inertia are

the nodal monents of inertia are taken as the design     shoM′ n in Fig 4 The design variables determined by

variables as given below                             Eq (3)sometilnes gives rise to unnatural prediction

ふ=ι ( 1 +α2 )                 ( 1 0 )   s u c h  a s  n e g a t i v e  n■ o m e n t  o f  i n e r t i a  b e c a u s e  o f  t h e

The natural frequencies of the baseline structure are     first―Order approximation in the process of the

4 42, 9 83 and 23 66 Hz up tO the third Order           iteration when the set Shift is tOo large The difficulty

5. l  Case study of determinate shift                 can be overcOme by ineans of setting the objective by

Figure 2 Shows the fast cOnvergence of the

|(、_′ ′政1_、T;_ '。 'デ5(m)

Figure 1 Baseline Structure of Truck Chassis

Beam Model

Figure 2 Comparison of Convergence of First-

Order Sensitivity Based Schemes
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Figure 3  Convergence of Two‐ Stage Setting of

Large Shift
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Figure 4 Mode Shape and Distribution of Moment

of Inertia after Structural Modification
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the structural modification with the latitude for the

shift of the eigenpair prescribed in small number.

This method is devised in order to overcome the

difficulties of the structural synthesis for eigenpair

arising from determinate setting of inadequate

objectives in large number. An iterative algorithm is

proposed for the synthesis on the basis of the

first-order sensitivities of the finite element solution

in conjunction with a new notion that the objective

design is searched near the baseline structure. The

effectiveness and fast convergence of the algorithm

are evidenced by the numerical example of the shift

of the vibration eigenvalue and eigenvector of the

simple finite element model of a truck chassis.

(Manuscript received, February 3, 1988)
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Figure 5 Deterministic Solutions and Perturbation
Solution Regarding Objective Fluctuation

40(% twice, while the moment of inertia is kept
positive, no matter how small it is, as shown in Fig. 4.
It can be said that the algorithm can cover the change

of the objectivesby 600/o.

5. 2 Structural synthesis for indeterminate shift

This section deals with the indeterminate setting

of the eigenvector. Figure 5 shows the comparison of

the moments of inertia at the point C for the increase

of the deflection at the point A to 120%, (ea =0) with

the latitude of 20'%. It is seen that the perturbation

solution (broken line) by Eq. ( 8 ) can follow the

solutions obtained by repeating deterministic

synthesis for the deflection increase (blank circles).

This evidences that the indeterminate objective

design can be simulated by the first-order
perturbation for the latitude of about 10%o of the

objectives. Figure 6 depicts the indeterminate

distribution of the moment of inertia. The

expectations of the objective deflection components

are the increase to 12096 at the point A and decrease

to 80(% at the point B. This causes the decrease of the

natural frequency expectation to 3.62H2. The latitude

of the objectives is input as the coefficients of

variation of ea and ss eeual to5)(. The solid line in

Fig. 6 means the expectation of the moment of

inertia. The chain line and broken line are the

one-sigma bounds (the standard deviation added to or

subtracted from the expectation) for the fully

correlated case and uncorrelated case of the
probabilistic variables. It should be noted that the

one-sigma bounds thus obtained have no information

of the spatial correlation of the moment of inertia.

6 . Concluding remarks

A method of synthesis is presented to determine
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