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1.Introduction

MHD flowsareattractingmuchattentionin

closerelationtonuclearfusionphysics,especially,the

reversedfieldpinchesofplasma(RFP)1). Inthe

researchofplasmaconfinement,RFPprovidesa

promisingmechanism ofplasmaconfinement,in

addition to the tokamak confinement.The

reversed-field configuration isconsidered to be

sustainedbyturbulentdynamothatisfamiliarinthe

sustainmentofearthmagneticfield2･3).

PhemomenarelatedtoRFParesocomplicated

thatpurelyanalyticalapproachesfailtoglVeaClear

detailedunderstanding.Thissituationalsoholdsin

thestudyofnon-MHDturbulentshearflows.Init,

numericalsimulation hasbeen an indispensable

methodforunderstandingcomplicatedturbulence

structures.Insuchsimulations,however,Somekindof

turbulencemodelmustbeincorporated,becausethe

dissipationscaleofturbulentflowsathighReynolds

numbers(R)isof0(R13/4L)(L isareference

length),andcannotbetreatednumericallyevenby

existingandprospectivesupercomputers.

Ofavarietyofsimulationmethods,largeeddy

simulation (LES)isthemostpromisingintile

accuracyanddetailofcomputedresults4･5).InLES,

theenergydissipationmechanism,whichislost

becauseofcoarsegridresolution,iscompensatedfor

withtheaidofsubgrid-scale(SGS)eddyviscosity.

LESwasfirstappliedtochannelflowsbyDeardorff6)

usingtheSmagorinskymodelfortheSGSeddy

viscosity.Withtheprogressofsupercomputers,LES

hasachievedmuchprogressintheimprovementof
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modelsand the imposition ofexactboundary

conditionsonsolidwalls.

InnumericalsimulationofRFP,theirdirect

simulationwithnoturbulencemodelisalsovery

difficultathighkineticandmagneticReynolds

numbers.Because,allscalesfrom torusradiusto

magneticreconnectionscalescannotberesolved

simultaneouslyevenbyanyexistingsupercomputers.

ThissituationsuggeststousthatLESalsowill

becomeausefulmethodintheresearchofvarious

MHDturbulentshearflows.

Inthispaper,Wefirstmakeanintroductionto

thesubgridmodelinginLESofnon-MHDturbulent

flows,andremarkaboutitsapplicationtosometypes

offlows.Then,wegiveaMHDsubgridmodel,which

canbederivedusingatwo一駅aledirect-interaction

approximation(TSDIA)7). Forthedetails,referto

Ref.8.

2.Non-MHDflows

A.Fundamenta暮equatjons

The Navier-Stokes equation fora viscous

incompressiblefluidiswrittenas

晋 十志 uαua-- 豊 十リ△u α I (1)

withthesolenoidalcondition

慧 -o･ (2)

Here,〟isthevelocity,pisthepressuredividedby

fluiddensity,zJisthekinematicviscc'sity,andthe

summationconventionisappliedtorepeatedRoman

superscripts.

B.FJHtering

lnLES,Weintroducetheconceptoffiltering,i.e.,

filtering outthefluctuationssmallerthan grid
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inteⅣals.Theenergydissipationm echanismborneby

thosefiltered-outfluctuationsmustbecompensated

forbywhatarecalledsubgridmodels.Forthe

filtering,weintroduceafilterC(∫,〟)todefinethe

filteringof/(∫)as

j-/G(x,y)I(y)dy･ (3)

Asarepresentativefilter,useisoftenmadeofthe

Gaussianfilter

G(x,y)-(7r△2)~312expト (x一g)2/△2], (4)

whereAisthefilterwidthrelatedtocomputational

gridsizes.

Onapplying(3)to(1)and(2),wehave

晋 .志 u-a u-a-一叢

･志 (RαG+Lαa･Caa十リ慧 )･ (5)

with

雷 -0, (6)

where

Ra6--u′αu′β, (7)

LaJ,--(iiαu-β-u-αu-〟) (8)

ca6--(u-αu′P+u′αu-P) (9)

(u′-Lt一房). The mostremarkable feature of

filteringprocedureisthattheLeonardten (8)and

thecrossterm (9)appear,whereasonly the

Reynoldsstresscorrespondingto(7)appearsinthe

ensemble･meanprocedure.

C.Smagorinskymodel

Asthemostfundamentalofsubgridmodels,let

usmentiontheSmagorinskymodel.Ⅰnthemodel,we

neglect(8)and(9),andapproximateRaPbyusing

thefamiliareddy-viscosityconceptas

R aβ- -iKcOaP･yG(aaS ･aaS )I (10)

whereKGistheSGSkineticenergy,and7/cistheSGS

eddyviscosity.

Next,weassumethatthefilterwidth△ is

approximatelyoftheinertial-rangescale,andthat

theSGSenergyproductionratebalancestheSGS

energydissipationrate.Asaresult,wehave

vG- (Cs△)2[(%a･診 2/2]1′2 (ll)

KG-諺/(CK△)2. (12)

ThemodelconstantsCsandCKareoptimizedas

Cs-0.1,CK-0.1. (13)

Especially,a iscalledtheSmagorinskyconstant,

whichplaysacruciallyImportantroleinestimating

theSGSenergydissipation.

D.Applications

LESwasfirstappliedbyDeardorff6)usingthe

Smagorinskymodeltochannelflows.InrecentLES,

theLeonardterm (8)isoftentakenintoaccount

sinceitcanbecalculateddirectlybyafilterfunction.

LESaccompaniesalargeamountofcomputingtime

byasupercomputer,andisrestrictedtoflowswith

simplegeometryatleastatpresent.Acomprehensive

reviewofLESisgiveninRefs.4and5･

3.MHDsubgridmodeling

TheSmagorinskymodelwasoriginallyderived

frompurelydimensionalanalysisincorporatedwith

somephysicalassumptions.Themodelcanalsobe

derivedfromthestatisticalviewpoint9).Atthistime,

theusualfiltersuchastheGaussianoneisnot

convenient.So,Weintroduceastatisticalfilter

j-/k〈kvf(k)expト ik･x)dk

･</A,kJ (k)exp(-ik･x)dk,･ (14)

byusingtheFouriercomponentI(k)off(x).
Here,<>denotestheensemblemean,and‰isthe
wavenumber of the largest spatialscale of

fluctuationsfilteredout,whichiswrittenusingthe

filterwidthAas

kM-〟/A. (15)

Wecancombine(14)withatwo-scaledirect

-interactionapproximation(TSDIA)toderivethe

Smagorinskymodel(lo巨(12).Atthistime,the

Smagorinskyconstanta isestimatedasO･14･

AMHDsubgridmodelofSmagorinskytypecan

bederivedsimilarlywiththeaidofTSDIA.The

modelissummarizedasfollows:

Navier-Stokesequation

警 ･妾 (u-αu-a-baba,
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-慕 +妾 (R;言+V慧 )･

Magneticinduct10nequation

警 +志 (u-aba-u-aba)

-志 (RBaaGH 冨 ),
Solenoidalcondition

% a-% a- 0 ,

SGSMHDstresses

R;望≡-(u,αu,p-b′αb′β)ニー(CK△)2D26aP

･(cs△)2D(aaS ･aaS ),

RBa望≡-(u′βb′a-u,αb,β)=(CBA)2

･D(aa5 -aaS )-(cA△)2

･(bα憲 一-bβ貰 ),

with

D-[(器 ･S )2/2]l/2

(16)

(17)

(18)

(19)

(20)

(21)

Themodelconstantsareestimatedas

CK-0.22,Cs-0.14,CB-0.23,CA-0.27. (22)

4.Discuss10n

Thefilteredmagneticinductionequation(17)is

alsowritteninvectorfom as

雷 +v x(古×由)-V X(m )･入A-b･ (23)
Here,theterm u′×b′iscalledtheSGSelectromotive

force.Whenthefilteringisreplacedbytheensemble

averaging,theimportanceofthetermisveryfamiliar

inthestudyofearthmagneticdynamo2･3).

Inthecaseofearthmagneticdynamo,the

electromotiveforceismodeledas

(前 盲7)α-Cαab-a･CαabS ･････ (24)

Thetwotermsin(24)arenamedtheα(alpha)and

P(beta)terms,respectively.Theirfeatureisthatthe

fomerislinearlydependentonthemagneticfield

itselfandthelatteronthemagneticshear.Thosetwo

termsstemfromtheisotropicnon-mi汀OrSymmetric

andmirrorsymmetricpropertiesofthevelocityfield,

respectively.Inreality,thekinematicalhomogeneous

turbulentdynamotheoriescanassumetheisotropic

non一mirrorsymmetricvelocityfieldtoshowthat

cαβ-caSaP, (25)

Cαβγ-cpeαβγ (26)

usingtheKroneckerdeltasym bolOuPandthe

alternatingtensoreαβγ,whereCaandCparescalar

quantities.Atthistime,C.rintheαterm canbe

writtenintermsofthehelicity

u′･60 (27)

characterizing the non一mirrorsymmetry ofthe

velocityfield,wherew'(-V Xu′)isthevorticity.

Withintheframeworkofhomogeneousturbulence

theory,however,wehavenowaytorelateCaandCp

totheresolvablefield盃anda.

Ⅰnthepresentresult,wehave

Cαβニ ー (CAA)2eαβ窓 ,

Cαβγ-(cB△)2Deαβγ.

Oncomparing(28)and(29)with(25)and(26),(28)

correspondstotheαterm,and(29)totheβterm.

Fromthelattercorrespondence,Cβof(26)iswritten

aS

Cp-(CBA)2D, (30)

inourfilteringprocedure.

Ontheotherhand,theαtermin(28)isdifferent

essentiallyfrom (25).Thecauseofthepresentα

termistheinhomogeneityofthefluctuatingfield,as

was discussed in Ref.7.The inhomogeneity

generatedbytheresolvable-fieldshear(gradient)

violatestheisotropyofthefield,andgivesriseto

nonvanishinghelicityleadingtotheαterm.

Finally,letuscomparethepresentsubgridmodel

withthecorrespondingMHDensemble一meanmodel

toinvestigatesomedifferencesbetweenthem.We

denotetheensemblemeanpartsofu,a,andpbyU,

B,andP,respectively.Moreover,theMHDturbulent

energyorthesumofkineticandmagneticturbulent

energyanditsdissipationratearedenotedbykMand

ew.Then,theensemble･meanmodel,whichisderived

fromTSDIA,isgivenasfollowslO):

Navier-Stokesequation

旦㌢ +去 (UαUa-BαBa)

一芸 +去 (Ryaa.リ芸 )･ (31)
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AIagneticindllCtionequation

晋 ･去 (UαBa-UαBa)

-aB (R冨a+入冨 )I

Solenoidalcondition

aS -冨 - 0 ,

(32)

(33)

MIIDstresses

R冨β= -(MvlkM-Mv2重一些 LeM Dt

･Mv3告 箸 )OαP

･Mv4怒 (a# 十a# ), (34)

RBuP-M Bl誉-(欝 -宗 一脇 2虹 (B懲elk,1

-Bβ纂)十M B老 (B忠 一BP欝 ,,(35)
kM equation

告 ≡(it+Ua去 )kM-PM-eM+DM, (36)

with

pM-R冨ba# ･RBa宗 , (37)

eM equation

告 -MS竜 一p汀IM82か Ba(Me3諾意

･J:-: /･･ (38)

Here,Mvl,Mv2,etC.aremodelconstants,andDMand
D 帥aretheso-calleddiffusionterm s(forthedetails,

seeRef,10).

Themajordifferencesbetweentheabovetwo

modelsarethat

(a)the ensemble-mean modelisoftwo-equation

type,wheresthesubgridmodelisofzero-equation

type;

(b)in theMHD stressesRgP andR霊 thatare

crucialindynamoeffects,thealphatermsinthe

formerconsistoftwo differentterms,unlikethe

latter. (Manuscriptreceived,April24,1987)
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