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Chapter 1

Introduction

The primary purpose of this thesis is research into the origins of life.
Life is a self-replicating system composed of a wide variety of biopolymers.1

Major biopolymers include polynucleotides such as RNA, DNA, proteins, lipid
polymers. Generally, proteins function as enzymes, DNA records information as
a sequence of the bases, and lipids form a double-layer membrane. Proteins are
synthesized by ribosomes, large biopolymers composed mainly of RNA, whereas
polymerases (enzymes) replicate RNA and DNA. In this way, polymers help each
other’s synthesis and grow as a whole living system.

The reproduction process in a living system is not perfect, and there are vari-
ations. Among life forms, those that can reproduce themselves faster eventually
survive. This is the process of evolution that Charles Darwin proposed in his cele-
brated book “The Origin of Species.” [7] The diversity of life on Earth today have
been created by adaptively evolving to various environments. Serving as a well-
known genetic material in a living system is a long DNA polymer, whose structure
was elucidated by the discovery of the double-helix conformation by Watson and
Crick in 1953 [8]. Then, the leading cause of error in the replication of life is mis-
copying of a base in a DNA sequence. The search for the ancestor life form in the
current data is carried out by means of the phylogenetic tree of life, which was
derived by Carl Woose using differences in the gene that codes for the ribosome
polymer as a molecular clock [9]. It was suggested that all species of living crea-
tures have a last universal common ancestor (LUCA). For example, it is predicted
that the LUCA has a genetic system that transcribes DNA sequence to mRNA and
translates mRNAs to proteins. It is also predicted that the LUCA is a thermophile,
and these creatures lived in places like hydrothermal vents in the deep sea. On the
other hand, little is known about life before the LUCA because there is almost no
trace of these life forms.

1There are various alternative definitions of life [1, 2, 3]. If we consider a self-replicating
system in general, there are various examples of complex systems and artificial-life research, e.g.,
Neumann’s self-replicating machine [4] and life game in computer simulations, which are not
restricted by laws of physics. There are also various examples in science fictions [5, 6]. By
contrast, in this thesis, we define life as a system of biopolymers that is restricted by the physical
laws of thermodynamics and kinetics.
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The greatest mystery in the study on the origins of life is how life systems
emerged before the LUCA. The idea that life originated from nonliving materials in
the primitive Earth’s “primordial soup” was first proposed by Darwin too, and the
more concrete hypothesis of the chemical reaction process was suggested by Oparin
in the “coacervate hypothesis.” [10] It has long been known that organic materials
can be synthesized from inorganic materials as first uncovered by the experiment
on the synthesis of urea by Wöhler in 1828. Besides, in 1950, Miller showed that
several kinds of amino acids could be synthesized from the reducing atmosphere
of the primitive Earth [11]. It is now believed that simple organic molecules and
amino acids, which are basic units of proteins, could be synthesized naturally on
the primitive Earth. Nonetheless, there is a big gap between such simple organic
molecules and the system of biopolymers that can reproduce itself like the LUCA.

An important hypothesis in the discussion about the emergence of life before
the LUCA is the RNA world [12]. As described above, modern life is composed
of multiple biopolymers such as proteins and DNA. On the other hand, the RNA
world hypothesis postulates that a self-replicating system composed only of RNA
molecules preceded the modern forms of life, and later, DNA has taken over the
role of the information storage medium for inheritance, whereas proteins the role
of catalysts. RNA can replicate sequence information by forming Watson–Crick
pairs with the corresponding monomer species and by using other polymers as
templates. The existence of a “ribozyme,” which has a catalytic ability like enzymes
do, was gradually elucidated recently since the discovery of self-cleaving ribozymes
by Thomas Cech [13]. Moreover, it is known that the major part of the ribosome,
which translates mRNA and synthesizes proteins, is RNA. These are the reasons
why the RNA world is supported by evidence. In fact, there is a chapter on the
RNA world in the standard molecular biology textbook “Molecular Biology of the
Cell.” [14] Many researchers think that the RNA world is a reliable hypothesis
about the origins of life. Nevertheless, the RNA hypothesis has many problems
too; for example, it is relatively more difficult to synthesize monomers of nucleic
acids (nucleotides) than amino acids. Thus, the protein world hypothesis in which
the emergence of proteins has preceded for RNA is also believed as an alternative
for the RNA world hypothesis. Therefore, the debate about the first biopolymers
constituting the prelife system is not completely settled.

Whether in the protein world, RNA world or a autocatalytic system of other
biopolymers, how huge and complex polymers had been synthesized from the ba-
sic units (monomers) is a big question. In vivo, various huge polymeric catalysts
such as ribosomes and polymerases cooperate to synthesize or replicate polymers.
For example, the central part of a ribosome are nucleotides with a few thousand
in length. Generally, functional polymers in living systems are longer than one
hundred, although shorter polymers have a small catalytic ability. The presence
of such complicated and huge polymers is required for the synthesis of such poly-
mers themselves. Although it is experimentally tested whether long polymers can
be synthesized without such a polymeric catalyst, the synthesis has not reached
the length and complexity level that would be required for self-replicating systems.
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This problem corresponds to the “chicken or the egg” question regarding the origins
of life.

In this thesis, we explore how sufficiently complex polymers that constitute
self-replicating systems emerged and persisted using mathematical models. In the
research on the origins of life and evolutionary biology, mathematical models are
often used because the emergence and evolution of life require too long a period for
analysis in a laboratory. In particular, we focus on the problem that several steps
of a polymerization process are necessary to synthesize long biopolymers.

In the introduction chapter, first, we will briefly review experiments on noncat-
alytic synthesis of monomers such as amino acids and polymers such as proteins
and RNA as well as the attempts to construct autocatalytic polymer systems in
synthetic biology and organic chemistry. Next, theoretical studies related to the
origins of life will be reviewed, based on (1) the law of the growth and evolution
for replicators, (2) emergence of an autocatalytic system, and (3) evolution of the
autocatalytic set toward a complex cell. Finally, we will discuss the outline of this
study and its scope for understanding the origins of life.

1.1 Experimental implementation for the origins-
of-life hypothesis

Biopolymers such as RNA or proteins are composed of many types of monomers
[14]. The monomers of nucleotides consist of sugars, bases, and phosphates. There
are C (cytosine), G (guanine), A (adenine), and U (uracil) as bases. For proteins,
there are 20 types of monomers (e.g., glycine and alanine) in vivo. These monomers
can form a covalent bond with each other (the peptide bond for amino acids and
the phosphodiester bond for nucleotides) and polymerize into long sequences.

The monomer sequences of biopolymers are regarded as a genotype that is in-
herited after replication as information and determines the phenotypes such as a
function as a catalyst. Catalysts that are proteins are called enzymes and those
that are RNAs are ribozymes. The structure of biopolymers determines their func-
tions such as catalytic activity. Both proteins and RNAs can be folded into three-
dimensional structure depending on their sequence of monomers (genotype). The
tertiary structure of both RNAs and proteins is predicted numerically.

In this section, we will briefly look at attempts to synthesize such monomers
and polymers and their autocatalytic sets in organic chemistry or synthetic biology
experiments. (see details in review articles in [15, 16, 17, 18, 19].)

1.1.1 Experiments on the synthesis of biopolymers and
monomers

Amino acids were synthesized in the Miller–Urey experiment [11]. 23 types of
amino acids [20] are easily synthesized by passing an electric current through a
reducing gas composed of water, methane, ammonia, and hydrogen, which was
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supposed to constitute the atmosphere of the primitive Earth. These experimental
conditions are now considered unrealistic for the primitive Earth, and amino acids
are synthesized under various alternative conditions. Regarding nucleotides, the
routes of synthesis of the sugars (ribose for RNA) and bases (G, C, A, and U), which
constitute nucleotides (monomers), have been researched. For example, it has been
shown by Oró that purine bases (guanine and cytosine) can be synthesized in the
polymerization reaction of HCN [21]. Additionally, the ribose sugar is synthesized in
the formose reaction although its yield is quite low [22]. Compared with an amino
acid, nucleotides are not so easy to synthesize because the process of assembly
of these sugars and bases generates various types of byproducts, and the yield
of canonical nucleotides is low. Recently, the alternative pathway to synthesize
nucleotides is searched by Sutherland et al., which is not through bases and sugars
as intermediates [23].

Because we focus on the polymerization process of biopolymers, we assume the
existence of sufficient amounts of (activated) monomers and do not discuss the
synthesis of monomers.

Synthesis of longer biopolymers like peptides or nucleotides is another prob-
lem. For example, the Gibbs energy for peptide bond formation between glycine
molecules is ∼ 6kBT (at 25 ◦C and neutral pH) [24, 25]; therefore, the yield of the
dimer is ∼ 0.2%. Similarly, for the phosphodiester bond, this energy is ∼ 9kBT
[26], and thus the yield of the dimer is ∼ 0.01%. (On the other hand, if the
monomer of nucleotides is activated, formation of the bond is energetically favor-
able.) There are various experiments involving nonenzymatic polymerization of
peptides and nucleotides on the prebiotic Earth. For example, in the experiment
that uses mineral clay as a catalyst, RNA like polymers up to 14-mer are synthe-
sized from activated monomers [27, 28]. Among different kinds of biopolymers, their
length in vitro experiments on polymerization obeys the Flory–Schultz distribution
[29] f(l) = a2l(1−a)l−1, where l is the length of polymers, and a is a constant. This
distribution is derived by the process in which a polymer elongates at one of the
termini at rate 1−a and stops its elongation at rate a. This exponential decay with
certain length is natural because longer polymers have a higher chemical potential.

1.1.2 Experimental construction of a self-replicating system
of polymers

Using the Qβ replicase ribozyme, Spiegelman has attempted to evolve RNA se-
quences experimentally [30, 31, 32] (This is a experimental implementation of the
quasispecies model discussed in section 1.2.1). As a consequence of this evolution,
a “little monster” of smaller length appears that can replicate faster than the ini-
tial longer RNA polymer. The method has been extended to directed evolution of
enzymes and is used for enzymes of interest in bioengineering [33].

Such evolution experiments require other enzymes or ribozymes; therefore, the
system itself is not autocatalytic. An autonomously replicating system consisting
only of RNA is implied in the hypothesis about the origins of life such as the RNA
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world. Nevertheless, in the present natural world, such examples of life forms are
not known. Accordingly, researchers have attempted to construct such a system
in a laboratory. For example, ribozymes that catalyze the polymerization of two
fragments of itself have been synthesized by Joyce’s group [34]. In this system,
a ribozyme can replicate exponentially. Thus, Darwinian evolution (selection of
the fittest) is observed among different kinds of fragment resources. Alternatively,
Lehman’s group [35] has constructed a network of mutually catalyzing ribozymes.
Each ribozyme can be formed by binding of several parts and catalyze the formation
of covalent bonds of others.

On the other hand, the synthesis of the RNA polymerase ribozyme (RPR) has
also been attempted by Joyce and Holliger [36, 37, 38, 39]. RPR is a ribozyme
that catalyzes the reaction of RNA replication. As the highest record to date, they
succeeded in replicating RNA as long as 200 bases. This result does not reach the
length of RPR . Holliger and Joyce created RPR with a catalytic ability by complex
formation of noncatalytically synthesizable fragments as big as 30 bases.

1.2 Theoretical studies on the origins of life

Self-replication is one of the most fundamental properties of life. Here, we first
review Eigen’s theory of such self-replication [40, 41]. Next, we will examine the
studies on the emergence of such an autocatalytic system. Finally, we will review
the chemical evolution toward a more complex protocell.

1.2.1 Eigen’s error catastrophe and the hypercycle (selec-
tion and evolution law for self-replicating templates)

Phenomenological theory of growth and selection

We start from a simple chemical reaction in a container of constant volume:

(S) +X
r→ 2X.

In this reaction, a molecule (replicator), X, produces a copy of itself at rate r while
consuming substrate (nutrient) S, which is assumed to be present in a constant
amount. Here, we postulate that external nutrients are supplied rapidly. Hence,
the concentration of S is assumed to be constant.

The corresponding rate equation is of course

ẋ = rsx,

where s and x are concentrations of S and X, respectively. (We will set s to 1 for
simplicity.) Solution by elementary calculation leads to x(t) = x0 exp(rt).

Instead of the growth in proportion of the concentration itself, another form of
growth is sometimes discussed:

ẋ = rxα.
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(Examples of this type will be provided later.) Depending on the exponent of growth
rate α, the growth of the replicator is different qualitatively. When α < 1, the
replicator grows subexponentially (or parabolically), whereas at α > 1, the growth is
superexponential (or hyperbolic). The differential equation can be solved as follows:

x(t) =
[
x1−α
0 + (1− α)rt

] 1
1−α (α ̸= 1). Especially, for α > 1, the concentration of

the replicator goes to infinity at t = x1−α
0 /(α− 1)r.

Next, we consider multiple replicators X1, X2, . . . , XN and competition among
them. We introduce their dilution so that the total sum of their concentrations is
constant (i.e.,

∑
i xi = xtotal = const) 2 In other words, the replicators share the

same “niche” (competition for the same resources).

ẋi = rix
α
i − φxi,

where φ = 1
xtotal

∑
j rjx

α
j . (We set xtotal = 1 later.)

The stationary states (fixed points) of the above rate equation qualitatively
change depending on exponent α. When α = 1 (the case of exponential growth),

2There are several ways to implement the stationary growth of replicators. (without diverging
the concentrations to infinity), for example, the chemostat condition (proposed by Leo Szilard [42])
or a simultaneous increase in container volume. In the chemostat condition, a constant supply of
resource S (at rate f) and dilution of all the compounds (at rate d) are considered.

ṡ = f − s
∑

i

rixi − ds

ẋi = srixi − dxi

In this equation, total concentration s+
∑

i xi = f/d is conserved. s can be eliminated as follows:

s = f
d+

∑
i rixi

(ṡ = 0) or equivalently s = f/d−
∑

i xi.

Another possibility is reaction systems in a protocell coupled with vesicle growth. If the number
of replicators Xi, ni, obeys the rate equation

ṅi = s0rin
α
i /V

α−1,

then the rate equation of concentration xi =
ni
V is

d

dt
(
ni

V
) =

ṅi

V
− V̇ ni

V 2
.

If we let the volume V grow proportionally to the total number of replicators
∑

i ni, then V̇ /V
corresponds to dilution rate φ in the text.
Although the two equations have different dynamics (for instance, in the chemostat condition,

there is only a fixed amount of monomers), the stationary state is equivalent when we set d to
φ∗, f = d(s0 + xtotal), where φ∗ is φ in the stationary state.
Note that rescaling of concentration (xi/xtotal → xi and xα

total → t) is incorrect when there is
a different order of terms in the rate equation. For instance, let us consider rescaling of the rate
equation,

d

d(xtotalt)
= r/xtotal(x/xtotal) + r′(x/xtotal)

2.

If xtotal is infinite, the first term goes toward zero. Therefore, in the size limit of a large system,
the only effective term in the rate equation is the one with the highest order. For this reason, the
hypercycle can be dominant in the system.
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the only (nontrivial) stable fixed point is the one corresponding to the survival
of a replicator with the highest replication rate (xi = 1(i = a), 0(i ̸= a), a =
argmaxj rj). That is, if the replication rates are given as fitness, this means “sur-
vival of the fittest.” (If those replicators have exactly the same maximal replication
rate (ri = rj), then their concentrations are indeterminate.) For α < 1 (subexpo-
nential growth), at a stable fixed point, all the concentrations of a replicator have

a finite value: i.e., all the replicators coexist. The solution is xi =
[(1−α)ri]

1
1−α

∑
j [(1−α)rj ]

1
1−α

.

At α > 1 (superexponential growth), only one type of replicator survives, and this
type is dependent on the initial state of replicators’ concentrations. (xi = 1 and
xj = 0(i ̸= j).) The one that is present in a larger amount can grow faster and
tends to be selected (frequency-dependent selection).

The problem of error catastrophe in the quasispecies model

We consider bit sequences of length L, {0, 1}L as templates. During the replication
process, an error occurs at each bit with constant probability µ. (See the section
on kinetic proofreading regarding the physics behind the determination of µ.)

The rate equation is
ẋi =

∑

j

wijx
α
j − φxi,

where φ =
∑

i,j wijxα
j . And

wij = rj

(
L

hij

)
µhij(1− µ)L−hij ,

where hij is the Hamming distance between bit sequences i and j.
We designate the 0th sequence (the sequence with all zeros) as a master sequence.

We suppose that α = 1 and the replication rate of the master template is faster
than that of others. Therefore, only the master sequence survives as discussed in
the previous subsection. The question is whether the information of the master
sequence persists under the conditions of a nonzero mutation rate.

For simplicity, we assume that the replication rate of the master sequence is
r0, and these rates of the others are r1. We define order parameter Φ =

∑
i(1 −

2h0i/L)xi, where h0i is the Hamming distance between the master sequence and the
ith sequence. This parameter means the accuracy of the information of the master
sequence or average similarity of the templates to the master sequence. If only the
master sequence exists, then Φ = 1. If the distribution of template concentrations is
uniform, then Φ = 0. As presented in Fig. 1.1, the fraction of the master sequence
and the order parameter decrease with an increase in mutation rate µ. Above a
critical value, the master sequence cannot persist because the number of incorrect
sequences exponentially increases with L.

Judging by the condition for the growth of the master sequence, the latter is
defeated by the growth of other sequences:

r0(1− µ)L ∼ r1,
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Figure 1.1. Dependence of the order parameter Φ on the error rate µ for
different α and L. Φ is defined in the main text.

and critical mutation rate µ∗ is

µ∗ ∼ 1

L
ln(r0/r1).

From the rough estimation that µ ∼ 10−2, Eigen concluded that in this case
of exponential growth, replication of information of sufficient length (L ! 100) is
not plausible. On the other hand, if α is over 1 (if the growth of templates is
superexponential), then the critical error rate drastically increases, although the
critical rate still decreases with the increase of template length. This is because
the master sequence, which is in the majority under the initial conditions, has an
advantage during frequency-dependent selection. Therefore, in the prebiotic world,
to replicate information of sufficient length, a mechanism is needed that makes α
greater than 1.

On the other hand, at α < 1, the error threshold is even worse than in the
exponential-growth case. This is because even at µ = 0, wrong sequences coexist
that have lower fitness than the master sequence does.

The competition between the difference in fitness and the number of sequences
is quite similar to the relation between energy and entropy in thermodynamics and
statistical physics. Error catastrophe is described as the first-order phase transi-
tion in a statistical physics model of replicator equation [43, 44, 45]. (Actually,
µ increases with the rising temperature.) Besides, the general case of the fitness
landscape has been studied.
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Implementation of superexponential growth: the hypercycle (α > 1)

The growth rate exponent of more than 1 is interpreted as cooperation among
replicators:

(S) +X +X → 2X +X

In this replication reaction, more than one replicator is involved.
Eigen suggested a cooperative network of replicators as the mechanism under-

lying their superexponential growth,

Xi +Xj
cij→ 2Xi +Xj.

In the network, a replicator catalyzes a replication reaction of another replicator.
The corresponding rate equation is

ẋi =
∑

j

cijxixj − φxi,

where φ =
∑

i,j cijxixj.
For instance, the cycle of n components Xi +Xi+1 → 2Xi +Xi+1 (Xn+1 = X1),

their total concentration xcycle =
∑n

i xi grows as follows: ẋcycle = x2
cycle/n. Thus

exponent α is 2. 3

Nonetheless, in the hypercycle, the problem of parasites could emerge. Suppose
a template catalyzes replication of itself and of another, but the latter molecule
does not catalyze any reaction:

ẋ1 = c12x1x2 − φx1,

ẋ2 = c22x
2
2 − φx2.

(If time t is rescaled as tx2, then the replicator’s growth is exponential.) In this
case, the selection is the same as in the case α = 1; thus, if c12 > c22, eventually
the parasite will dominate the whole population, and replicators will not be able to
continue to replicate. (In this case, X2 is considered a polymerase ribozyme, and X1

is a shorter one that lost catalytic activity. It is only logical that the shorter template
can replicate faster just as Spiegelman’s “little monster” can). The solution to this
problem is discussed in detail later in the section about multilevel selection.

Note that the hypercycle is different from cross-catalysis in which the growth
rate exponent equals unity [47]. (X1 → X2 + X1, X2 → X1 + X2.) Although
experimental implementations of cross-catalysis were reported recently [35], this
approach has not succeeded yet in the construction of the hypercycle.

3More generally,
ẋi = fi({xj})xi − φxi,

where φ =
∑

i fi({xj})xi.
The fitness (replication rate) function is determined by concentrations of all the replicators.

This type of equation is studied mostly in evolutionary game theory [46]. The hypercycle with a
parasite corresponds to the prisoners’ dilemma game.

11



Another possible way to implement the superexponential growth of a replicator
is multistep autocatalysis. For example,

(S) +X → X ′ +X → X +X, X ′ d→ (S).

In this replication reaction, X is produced by passing through intermediate state
X ′. In addition, there is a backward reaction where X ′ goes back to S or is diluted
from the system. This type of chain reaction is realized as stepwise ligation reactions
(polymerization) of polymers [48] or a mutually catalytic metabolic network [49].
The rate equation is

ẋ′ = x− x′x− dx′, ẋ = x′x.

When d≫ 1, this equation can be reduced to

ẋ =
1

d
x2,

thus corresponding to the case of α = 2 in Eigen’s model of growth.

Implementation of subexponential growth (α < 1)

The replication of RNA templates in the experiment by Kiedrowski [50] shows sub-
exponential growth. To be precise, in the replication of a nucleotide sequence, a base
pair is involved [51]. Therefore, the double helix of templates must be dissociated
to start another replication process.

(S) +X
r→ C, C

kb
"
kf

2X,

where X is a free template, and C is a double helix (complex) of a pair of templates.
The corresponding rate equation is

ẋ = 2kbc− 2kfx
2 − rx,

ċ = −kbc+ kfx
2 + rx.

In this case, the growth of templates becomes asymptotically subexponential.
We assume that r ≪ kb ≪ kf (dissociation of templates is energetically difficult ).
Therefore, from conservation of the total concentration of a template, it follows that
xt = 2c+ x ∼ 2c (because kb ≪ kf ). From kbc = kfx2, it can be concluded that

ẋt = r

√
kf
2kb

xt.

This is corresponding to the case of α = 1/2 in Eigen’s model of growth.
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The finite-population case

So far, we have considered only the model with a deterministic and continuous rate
equation. By contrast, in the evolution and selection of a replicator, stochasticity
could be an important factor. Moreover, discreteness of the number of molecules is
essential for describing the phenomena of biopolymers because the combination of
sequences is far larger than the number of template polymers.

In population genetics, the stochastic property of evolution of a replicator is
studied. The simplest model of replicators with a finite population is the Moran
process [52, 53]. Let there be two types of replicators X and Y , and their number
is always fixed at N . When a replicator makes its copy, one replicator is randomly
chosen and removed from the system to fix N . We set the number of X species to
n. Then,

τ+(n) = rX(1− µ)(1− n/N)n+ rY µ(1− n/N)(N − n),

τ−(n) = rY (1− µ)(n/N)(N − n) + rXµ(n/N)n.

are transition probabilities from state n to n+ 1 and from n to n− 1, respectively.
rX and rY are replication rates of X and Y , and µ is a small rate of mutation at
each replication. Then the stochastic dynamics of this chemical reaction system
follow the master equation,

Ṗ (n, t) = τ+(n− 1)P (n− 1, t) + τ−(n+ 1)P (n+ 1, t)− (τ+(n) + τ−(n))P (n, t).

In the large N limit, if we set x to n/N , the master equation becomes a simple
rate equation ẋ = rX(1 − µ)x + rY µy − φx, ẏ = rY (1 − µ)y + rXµx − φy, where
φ = rXx+ rY y (corresponding to a replicator equation with mutation L = 1).

Let us consider the case where oneX molecule appears in a Y -dominated popula-
tion. We can calculate the probability of fixation of the X molecule (the probability
that X overtakes Y ),

ρ =
1− rY

rX

1− ( rYrX )
N
.

Then, the speed of evolution v is given by

v = Nρµ

If the replication rates of two replicators are identical (rX = rY ), ρ = 1/N ; thus,
v does not depend on system size N . For this reason, the number of mutations
in genetic information can serve as a “molecular clock,” i.e., a method to measure
time because of differentiation of species.

Via Kramers–Moyal expansion [54, 55], the master equation is approximated by
the Langevin equation with continuous variable x = n/N :

ẋ = rXµ(1− 2x) +

√
rX
N

[µ+ 2(1− 2µ)x− 2(1− 2µ)x2]η(t)
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where η(t) is a random variable with ⟨η(t)η(t′)⟩ = δ(t− t′) Then, in case of µ > 0,
the stationary-state distribution of x can be calculated as

P st(x) ∝ (µ+ 2(1− 2µ)x− 2(1− 2µ)x2)γ

where γ = Nµ
1−2µ − 14.

In the limit of infinite system size, the stable fixed point is x = 1/2, i.e., repli-
cators coexist. When N is large, in the probability distribution, there is a single
peak near the fixed point. On the other hand, when N is small, there are two peaks
near x = 0, 1. This is because when the number of replicators is small, the time
to extinction (or fixation) is short. (Regarding the chemical Langevin equation,
multiplicative noise is significant at x = 1/2 and small at x = 0 or 1. Therefore,
the system stays for a long time at the edge of x.)

This phenomenon is similar to discreteness-induced transition in the Togashi–
Kaneko model [56]. The effect of smallness of noise in the chemical reaction sys-
tem has extensively been studied [57, 58, 59, 60, 61]. Especially, homochirality of
biopolymers is explained by a similar model [62].

Next, we consider the effect of noise to the problem of error catastrophe. When
there are not only mutational errors but also stochastic noise due to the finiteness
of the population, error tolerance of the master sequence is even worse [63]. This
effect is related to Muller’s ratchet. When the population of the replicator is finite,
as in the above discussion, even in the case of the dominance of the master sequence,
there is a chance of fixation of a replicator with lower fitness.

In case that replicators grow with the exponent α > 1, there are multiple fixed
points in which each replicator dominates as discussed previously. In contrast to
infinite system size and deterministic case, the transition between attractors is me-
diated by noise due to the finiteness of system size. If the dynamics are rephrased
by the flow in the potential, an attractor representing a faster replication rate has a
deeper well in the potential landscape. Therefore, in a stationary distribution, the
fittest is selected even if the growth of replicators is superexponential.

More generally, when the growth rate of Xi is a function of Xs, i.e.,

ẋi = fi({xj}j)− φxi.

and there are multiple attractors, then the attractor with the fastest growth φ∗ is
also selected by stochastic noise. Because in principle, strength of attraction to a
stable fixed point (maximum eigenvalue of a Jacobian) is −φ∗ 5, and the depth of
the potential valley for a given attractor positively correlates with the attraction.
This attractor selection mechanism is employed by living systems such as bacteria
for adaptation to different environments [64].

4The solution for the Fokker–Plank equation ∂tP = ∂x(A(x)P ) + 1
2∂

2
x(B(x)P ) is P =

1
B(x) exp(

∫ x A(x′)
B(x′)dx

′).
5If ∂jfi(x∗) ∼ 0 is assumed to be near fixed point x∗, Jacobian J = {∂jfi(x∗) −

(
∑

k ∂jfk(x
∗)x∗

i )− φ∗δij}ij ∼ {−φ∗δij}ij , thus |J | = −φ∗
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The thermodynamics of replicators

Normally, the reaction that converts substrate S into replicator X never occurs (or
is very rare) because X is thermodynamically less stable than a substrate.

In a replication reaction, X itself determines the rate of the reaction (that it
catalyzes) drastically. On the other hand, the existence of a catalyst does not change
the thermal equilibrium state. Therefore, the supply of energy, i.e., a nonequilibrium
condition is required for the replication reaction to proceed.

Consequently, in an autocatalytic system of a nonequilibrium steady state, usu-
ally, energy is provided via a supply of nutrients S and is dissipated by removal of
replicators X.

For example, if the replication of replicator X is a reversible reaction,

S +X
k+

"
k−

2X,

then entropy production is expressed as

σ = x(k+s− k−x)A/T,

whereA is the chemical potential difference between S andX A = ln|k+s|−ln|k−x|,
and T is the temperature of the system. To maintain this autocatalytic system, the
same amount of energy supply is required [65].

1.2.2 Emergence of autocatalytic sets

In the previous section, we considered a phenomenological theory for replicating
polymers (an autocatalytic set). Nevertheless, how such replicators or their system
have emerged in the first place? This question is what we want to discuss in this
section.

Generally, such replicating polymers do not emerge spontaneously because such
long and complex polymers are rather energetically unstable. Because reactions of
their synthesis take place only rarely, enzymes or ribozymes are necessary to speed
up the synthesis reactions.

Pioneering work for the study of the emergence of autocatalytic set has been
done by Freeman Dyson [66]. Suppose there are polymers of length L that contains
m+1 monomer species: a correct and energetically active one and m incorrect and
inactive ones. Monomers have a chance to change their type with a mutation. A
polymer composed of active monomers has a catalytic ability that can help inactive
monomers to gain activity. He assumed that the activity of the polymer is ψ(ξ),
where ξ(= n/L) is the proportion of active monomers in it. From rough thermody-
namic argument, he decided that ψ(ξ) = exp(Uξ/kBT ), where U is the difference
of the activation energy at the presence of a perfect catalyst. Then, transition
probabilities from state with n to n+ 1 active monomers and from n to n− 1 are

τ+(n) =
ψ(ξ)

m+ 1
(1− n/L), τ−(n) =

m

m+ 1
n/L.
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Then, the rate equation corresponding to this stochastic process,

ξ̇ = ψ(ξ)(1− ξ)−mξ,

has two stable fixed points: a high activity state and low activity state.
The model is mathematically the same as the Ising model in a fully connected

graph. The transition between inactive and active states is regarded as a first-order
phase transition in statistical physics. If the system size is finite, the transition
between states occurs due to stochastic noise like the transition between ordered
states in the Ising model. Just as in the Ising model, the transition probability
is calculated approximately in the Arrhenius law–like form (or Kramers rate), i.e.,
an exponential of energy barrier ∝ exp(L∆E), where 1/L is corresponding to the
strength of noise.

Within this framework, Dyson tested whether the RNA world or the protein
world is more plausible as the first autocatalytic set. Using the phenomenological
parameters m, L and U for proteins and nucleotides, he calculated the transition
probability from the inactive to active states. If this probability is greater, one can
conclude that the emergence of the autocatalytic set is more plausible. With his
conclusion, the protein world (autocatalytic set with protein) is more plausible as
prelife.

In Dyson’s phenomenological model, the concept of polymerization is lacking.
Not only thermodynamics but also kinetics are vital for estimating the transition
probability because it is a dynamical property.

ẋ = (1− x)(ϵ+ xα)− dx

x is concentration of a “catalyst,” and (1 − x) is concentration of “monomers.”
Polymers are dissipated from the system or decay back into monomers at rate
d. A catalyst synthesizes itself from a monomer at a unit rate but is synthesized
spontaneously at (small) rate ϵ. For exponential growth rate α > 1, a cooperative
structure of the catalyst is required (see the section about the hypercycle).

More specific polymer models are also studied. In most of such studies, con-
crete polymers with certain length l of multiple types χ of monomer sequence {χ}l
are considered a ligation reaction between polymers and a cleavage reaction of a
polymer:

A+B → AB, AB → A+B

where A and B are polymers with arbitrary length and sequence and these reac-
tions are catalyzed by another polymer C with catalytic efficiency k. Usually, only
monomers (or short polymers) are supplied, and for the synthesis of a specific poly-
mer, several steps (reactions) are required. For example, to synthesize a 2n-mer
from monomers requires at least n steps of ligation reactions. Thus, in contrast to
Dyson’s model, the synthesis of a catalyst is constrained not only energetically but
also kinetically.

For instance, in the model by Kauffman et al. [67, 68], it is assumed that ran-
domly chosen polymer species are the catalyst. That is, a reaction among substrate
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A and B and catalyst C exists at probability ρ. Thus, polymers constitute a network
of mutual catalysis at connection rate ρ. As a conclusion of the model, at critical
ρ∗, the network is percolated, and new longer polymers are synthesized infinitely (if
resources are unlimited).

Giri et al. [69] have stated how strong a catalyst needs to be for an autocatalytic
set to emerge if we assume dissipation of polymers in the system. They not only
have to be connected to each other but also the catalyst should be sufficiently
catalytically active. There is a threshold for the catalytic efficiency of a catalyst
for an autocatalytic set with longer polymers. Nonetheless, the threshold can be
reduced if there is an autocatalytic system of shorter polymers with smaller catalytic
activity.

Guseva et al. [70] analyzed the mechanism of action of the catalyst concretely.
As monomers, hydrophobic H and polar P are assumed, and the folded structure
is calculated via the scheme of the HP model [71]. By rough thermodynamical
estimation, the rate of a ligation reaction between polymers via condensation at a
hydrophobic surface of the folded polymer is derived. They concluded that although
this catalytic efficiency is small, it is enough for the appearance of autocatalytic set
with long polymers.

On the other hand, there is a series of studies in which template-directed ligation
is specifically considered as a catalyzed reaction. That is, a ligation between A and
B polymers occurs via forming base pairs with a sequence of another polymer C.

For example, the symmetry breaking in the polymer distribution and the emer-
gence of information is discussed in studies of such a model. In Anderson’s model
[72, 73], polymers are ligated in a template-directed way. Besides, the death rate of
polymers depends on their sequences and is determined as quenched random values
as in a spin glass model. As a result of the model, the system manifests multiple
stable fixed points with different polymer distributions.

In a realistic model that details the dynamics of an in vitro experiment on
template polymerization by Kiedrowski [50], selection of a specific motif of the
sequence is observed [74]. Similarly, Tanaka et al. have reported that in a simplified
model of a template-directed ligation system, only periodic sequence is observed [75].

Obermayer et al. [76] considered the stability (free energy) of a folded structure
of a duplex of two nucleotides, and the cleavage rate depends on it (i.e., a reaction
AB → A+B is inhibited by the presence of the C polymer which forms a duplex with
the AB polymer). This approach plays a similar role in template-directed ligation
during the production of sequences, and information inheritability is observed in
the model.

In the model of Ohtsuki et al. [77, 78], there are not only ligation reactions be-
tween polymers (A+B → AB) but also phenomenological replication of a sequence
(A → 2A). As in a quasispecies model, if the replication rate is fast enough and
the mutation rate is low enough, information inheritance is possible.

Besides, in the models by Tkachenko et al. [79] and by Wu et al. [80], they
discussed the emergence of long polymers via template directed ligation. They
considered template-directed ligation in a mean field likely for base pairs between
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sequences. Then, they showed that the process could produce an autocatalytic set
of longer sequences.

Multiple types and a limitation of resources (niche) and complexity

So far, we have considered only the case of only one type of resource (or niche). In
such a case, (except for the case with the subexponential growth of replicators), only
one replicator can survive in a stationary state. On the other hand, in a situation
involving several types of resources, several species of replicators can survive. This
is because if different species consume different resources, then there is no com-
petition (interaction) between them. Generally, the number of survivable species
of replicators does not exceed the number of different resources or niches; this is
known as the Gause’s principle [81, 82].

In this regard, let us examine the case where each replicatorXi’s growth depends
on the logistic equation in the same niche (same limited space or requirement for
growth of a shared resource),

ẋi = ri(1− xi/Ki)xi − φxi,

where φ = 1
xtotal

∑
i ri(1 − xi/Ki)xi. Ki is capacity of Xi, which is a stationary

concentration without competition with other replicators.
The consequence of selection depends on xtotal, which can be seen as “strength

of selection pressure.” In the case of small selection pressure, all the species coexist,
and in the opposite case, the species with the highest fitness survive (survival of
the fittest). (For example, in a two-species case and if we assume that r1 > r2,
the threshold is xtotal =

K1
r1
(r1 − r2).) This difference in selection is known as r/K

selection theory in ecology [83].
For a more complicated autocatalytic set, maintaining the diversity of com-

ponents in an autocatalytic system is essential. For example, diversification of
components is discussed in the study on the hypercycle [84]. Here, we consider
the hypercycle with N components, where each component Xi consumes a different
substrate, Si, during its replication catalyzed by Xi+1;

Si +Xi +Xi+1
1→ 2Xi +Xi+1, ∅

D#
D

Si,

where XN+1 = X1. Here, substrate Si diffuses in and out at the rate D.
The corresponding rate equation for the reaction system is

ṡi = D − sixixi+1 −Dsi,

ẋi = sixixi+1 − φxi,

where xi and si are concentrations of Xi and Si, respectively. Here, we suppose that
total concentration of Xs is 1 (

∑
i xi = 1). Furthermore, then if we assume that all

the Xs are homogeneous, then the concentration of one of them is xi = 1/N .
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Thus, in the stationary state, growth rate φ∗ is derived as

φ∗ =
∑

i

sixixi+1 =
DN

1 +DN2
.

Then the rate is maximal atN = 1/
√
D. Therefore, for smaller diffusion rateD (i.e.,

when substrates are depleted), a hypercycle with more components is advantageous
with respect to the growth rate.

1.2.3 A compartment and multilevel selection

Error correction by compartmentalization

Until now, we have analyzed the chemical reaction system of replicators under
conditions of good mixing, and there is no spatial structure. One of the properties
that life must have is compartmentalization. Modern cells have a double lipid layer,
which isolates the internal chemical reactions from those outside. Similarly, in the
origins of life, at a certain point of chemical evolution, a prelife autocatalytic system
has to become a compartment system.

Compartmentalization is one of the ways for the exclusion of parasites or for
error correction in components of an autocatalytic set [85, 86]. When there is a
small population in one compartment, there is some probability that a compartment
where there are few or no parasites could appear, and it can prosper because it has
more of the catalyst and grows faster. A similar effect is also proposed in ecology
or sociology as the exclusion of a selfish individual or a free-rider (group selection).

To discuss the stochastic corrector mechanism, here, we review the parasite
problem in the hypercycle with a finite population and a multilevel Moran process.
We suppose that there are replicators of N fixed population competing for the same
niche in a compartment. In addition, there are M such compartments, and their
interior is separated spatially from that of other compartments.

The master equation of such a system is

Ṗm(n) = τ+(n− 1)Pm(n− 1) + τ−m(n+ 1)Pm(n+ 1)− Pm(n)(τ
+
m(n) + τ−m(n))

+
1

M − 1

∑

m′ ̸=m

[
Pm′(n)τm′(n)−

∑

n′ ̸=n

Pm′(n′)τm′(n′)

]
,

where the equation in the first line represents a Moran process at the inner compart-
ment level, and the second line represents the process at the between-compartment
level. Pm(n) is the probability that the mth compartment contains n catalytic repli-
cators from the total of N replicators. τ+m(n) and τ

+
m(n) are transition probabilities

from n to n + 1 and n to n − 1 in mth compartment, respectively. τm(n) is the
probability of the mth compartment with n catalytic replicators to divide into two
compartments: τm(n) = n.

From the stochastic simulation of the master equation, for small N and large
M , catalytic replicators prosper relative to the whole population in the stationary
state. In the opposite case, parasitic replicators prosper.
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In the same way, this error correction mechanism works for the cases with the
exponential growth of replicators, and for one of the solutions to prevent Muller’s
ratchet, which is discussed above.

Origin of genetic system

Other than compartmentalization, the prelife system has to acquire a complex bio-
logical mechanism. One of such “major transitions” [87] toward LUCA is acquisition
of the genetic mechanism. In modern cell systems, one or a few DNAs are tran-
scribed into mRNAs, and mRNA is translated into enzymes. Why did life invent
such a mechanism or what is the benefit for a living system to have it? One of
the possible answers is that for a whole cell to have an “evolvability” property, it
is necessary that one of the replicator molecules be in the minority and undergo
strong selection [88].

Consider the system in which two types of replicators X and Y catalyze each
others’ replication.

Xi + Y0 → Xi +Xj + Y0, Yi +X0 → Yi + Yj +X0

The replication can be catalyzed only by catalytically active master sequence X0,
Y0, and errors occur during the replication at constant rate µ.

The rate equation of this reaction’s dynamics is

ẋi = rX
∑

j

wijxjy0 − φxi

ẏi = rY
∑

j

wijyjx0 − φyi
(1.1)

where φ = (rXαx + rY αy)xtotytot. (xtot =
∑

i xi, ytot =
∑

i yi, αx = x0/xtot, αy =
y0/ytot.)

Same as in the quasispecies model, sequence information ofX and Y suffers error
catastrophe because there is no fitness difference between an active and inactive one
if we have a large population and a deterministic case. Here, we presume a finite
population of Xs and Y s in a compartment, and competition between them as
before. We also assume that rX ≫ rY , i.e., production of Y is much slower than
that of X, and thus Y is in the minority in a compartment. In this case, via
a stochastic corrector mechanism (as discussed above), strong selection pressure
leads to a greater proportion of active Y molecules Y0 in a protocell.

Minority molecule Y (in the amount of Y0) determines the growth speed of the
compartment. Therefore, it has the same role as a genetic polymer, just as DNA
has for modern cells.
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1.3 Kinetics and thermodynamics of polymeriza-
tion

The polymerization reactions of biopolymers such as RNA, DNA, or proteins are the
fundamental processes in living systems. The kinetic and thermodynamic properties
of the polymerization are studied separately from the context of the origins of life.

In a copolymerization process of DNA or RNA in vivo, various enzymes including
polymerases are involved. A simplistic picture of such a process is energetically
driven one-dimensional random walk of a polymerase on a template polymer. Under
this assumption, kinetics of the polymerization have been studied. The dynamics of
the probability that the polymer is of the length l and the monomer conformation
w, P (l, w) is described as

Ṗ (l, w) = τ−P (l + 1, w′′) + τ+P (l − 1, w′)− (τ+ + τ−)P (l, w).

For example, if we hypothesize copolymerization of a random nucleotide sequence
and that the velocity of replicases depends on the types of bases at the site, the
speed of polymer elongation is sublinear (i.e., ⟨l⟩ = tα, 0 ≤ α ≤ 1) [89]

Furthermore, the thermodynamic property of polymerization is analyzed [90, 91].
As a consequence of the second law of thermodynamics ( ˙Stot ≥ 0),

dStot

dt
= vA ≥ 0

is derived6, where v = ⟨l̇⟩, A = ϵ + D(w) + I(w,α). ϵ is driving energy, D(w)
is Shannon entropy of the polymer sequence, and I(w,α) is mutual information
between the polymer sequence and template sequence. This condition restricts the
minimum energy supplied to the proceeding polymerization reactions.

Each monomer addition during the polymerization can be regarded as a Michaelis–
Menten type of reaction:

R/W + E
k+

"
k−r/w

R/W · E k→ Pr/w.

Suppose the energy of complex formation between the right or wrong substrate
R/W (monomer) and catalyst E (template) is er and ew, respectively. In addition,
we set the association rate of both substrates to 1 for simplicity. Accordingly, the
dissociation rates of both are k−

r = eβer and k−
w = eβew .

The production rates of correct and wrong products are (assuming that the
amount of the catalyst is limited),

ṗr/w =
kxr/we

1/k−
r/w + xr/w

.

6This equation is obtained via a time derivative of Stot = −
∑

l,w∈l P (l, w) log(P (l, w)) using
the ansatz P (l, w) = P (l)P (w) [90].
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Therefore, when concentrations of substrates xr and xr are identical and small,
the proportion of the production rate of the wrong one is

µ =
ṗw

ṗr + ṗw
∼ e−βew

e−βer + e−βew
∼ eβ(er−ew).

For instance, these reactions are regarded as the addition of one monomer during
the polymerization process. E is the template, and R or W is a monomer that
can form a correct (i.e., A · U and C · G) or incorrect base pair with a base in a
template. The correct base pair is energetically stabler than the incorrect pair. As a
rule of thumb, the rate of incorrect addition can be roughly estimated as µ ∼ 10−3.
Generally, DNA has millions of bases, and therefore heredity of genetic information
seems to be almost impossible according to the discussion of error catastrophe in
the previous section. How does life achieve accurate replication of information in
DNAs?

One of the possible answers is the kinetic proofreading mechanism proposed by
Hopfield [92, 93]. Here, we consider the reaction process with a intermediate state
in which the catalyst is modified,

R/W + E
k+

"
k−r/w

R/W · E " R/W · E∗ k→ Pr/w + E,

R/W + E
k+

"
k−r/w

R/W · E∗.

Then, we also suppose that the modification of the catalyst and dissociation of
the complex are irreversible processes, i.e.,

R/W + E
k+

"
k−r/w

R/W · E → R/W · E∗ k→ Pr/w + E,

R/W + E
k−r/w← R/W · E∗.

In this case, the proportion of error is square of the original’s:

µ ∼ (eβ(er−ew))2.

Similarly, if the number of intermediate states is n, µ is the n+ 1th power.
By such a mechanism, the mutation rate is improved: µ ∼ 10−6. Thus, accurate

replication of information in DNA becomes possible. It is thought that not only
DNA replication but also various reactions and circuits in a living system use such
a “design principle” of life. Nonetheless, for the precursor of life, it is not plausible
to have such a complicated process with evolutionary consequences.

Generally, in the error correction process, there is a trade-off between production
speed and the error rate [94, 95, 96, 97].
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1.4 An outline of this thesis

As mentioned above, a living system is a self-replicating system that is composed
of many species of biopolymers. How such an autocatalytic system preceding the
LUCA had emerged and preserved itself is what we want to study in this thesis.

As reviewed in previous sections, there are many conflicting hypotheses about
the origins of life: the RNA world or protein world as hypotheses about the con-
stituent substances of primitive life, and the hypothesis of a warm little pond or
hydrothermal-vent hypothesis regarding the place where life has arisen. Based on
these hypotheses, there are many attempts to reconstruct the emergence and evo-
lution of primordial life in laboratories.

To serve as the guideline in experimental exploration of self-replicating polymers
or to verify the plausibility of such a hypothesis, theoretical analysis of a self-
replicating polymer system as a primordial life form is important. Biopolymers that
constitute primordial life obey the physical laws of thermodynamics and kinetics.
Therefore, it is crucial to discuss such a physical constraint for the elucidation of
conditions in which primordial life could have appeared and preserved itself. For
example, Dyson analyzed plausibility of the emergence of an autocatalytic system
in the phenomenological model. In addition, Eigen demonstrated that the length
of heritable information has a limit in the quasispecies model.

In particular, in this thesis, we focus on the kinetic constraints due to the poly-
merization process of self-replicating biopolymers. Polymerization is the fundamen-
tal process in the replication of a biopolymer system, and the synthesis of long and
complex polymers inevitably requires several steps of chemical reactions. Under
this constraint, what physical property a biopolymer must have to form a self-
replicating system that can spontaneously emerge and persist as well as evolve into
a protocell that can undergo open-ended evolution? Besides, what condition of the
environment is consistent with such an autocatalytic system?

In chapter 2, we will discuss the emergence of an autocatalytic system of a
long polymer. As in Dyson’s model, the transition from a noncatalytic to catalytic
state via stochastic fluctuation will be discussed. we will show that probability of
the transition depends on the system size, and there is an optimal one due to the
kinetic constraint of polymerization.

In chapter 3, we will discuss the selection of a complex sequence among different
kinds of autocatalytic templates in a polymer set. To be a sophisticated auto-
catalytic system such as prelife, a polymer with a complex monomer sequence is
essential for information coding and sophisticated functions. We will see the selec-
tion of a specific sequence as a consequence of the kinetic constraint of the reaction
pathway to a template sequence. Moreover, it will be revealed that the complexity
of the selected sequence depends on the kinetic condition of the environment; i.e.,
the supply rate of monomers. This result suggests that an optimal nonequilibrium
condition in the environment exists for prelife to select and maintain a polymer
with complex sequences.

In chapter 4, we will discuss heritability of information in a self-replicating poly-
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mer system. As reviewed in the introduction, how to prevent error catastrophe of a
long template polymer and to preserve the information of sequences is a big problem
for the maintenance of the autocatalytic set. We will examine how the polymeriza-
tion details of the template affects its error tolerance. We first will see that there
is correspondence between the growth law of replicator templates and kinetic pa-
rameters of polymerization. In the case where template growth is superexponential,
the error tolerance for a mutation increases with the length of the template poly-
mer in contrast to Eigen’s quasispecies model in which replication of a template is
considered only phenomenologically.

In chapter 5, we will summarize this thesis and discuss its relevance to the origins
of life studies.
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Chapter 2

Optimal size for emergence of
self-replicating polymer system

A biological system consists of a variety of polymers that are synthesized from
monomers, by catalysis that exists only for some long polymers. It is important
to elucidate the emergence and sustenance of such autocatalytic polymerization.
We analyze here the stochastic polymerization reaction dynamics, to investigate
the transition time from a state with almost no catalysts to a state with sufficient
catalysts. We found an optimal volume that minimizes this transition time, which
agrees with the inverse of the catalyst concentration at the unstable fixed point that
separates the two states, as is theoretically explained. Relevance to the origins of
life is also discussed.

2.1 Introduction

All life systems known so far consist of a wide variety of polymers that catalyze
each other and are replicated through catalytic reactions. In cells, for instance,
ribosomes whose main component are RNAs that synthesize a variety of protein
species, such as polymerases, that catalyze RNA replication [98]. When considering
the origins of life, it is therefore necessary to understand the emergence of a pri-
mordial polymer system that allows for self-replicating catalytic reactions, in which
resource monomers such as amino acids or nucleotides, which are the building blocks
of polymers, are supplied [11, 99]. It is also important to understand the timescale
of the synthesis of catalytic polymers by polymerizing reactions of the monomers.

In this scenario, a polymer has to be long enough to function as a catalyst.
In general, without catalysts, a chemical reaction to synthesize such a long poly-
mer is extremely slow, while polymers, even if they are synthesized, are constantly
degraded or diffused out. The synthesis can overcome possible degradation or dif-
fusion only under catalysts (enzyme for protein; ribozyme for RNA) that accelerate
the reaction by 107 ∼ 1019 [100]. To sustain such a catalytically active state,
a certain amount of catalysts is needed, which in turn is only synthesized from
catalysts. Hence, the reaction system with autocatalytic polymers is expected to
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exhibit bi-stability between the inactive state with almost no catalysts and the
active state with abundant catalysts that reproduce themselves. In fact, the im-
portance of the transition from the inactive to active state for the emergence of
a primitive replicating system has already been pointed out in the seminal work
by Dyson [66], while catalytic reaction networks have also been extensively studied
[41, 68, 101, 102, 103, 104]. Here, we study this problem by considering a simple
autocatalytic polymerization process, with an aim to obtain the time required for
the transition from the inactive to active states.

The existence of bistable states and the transition to a catalytically active state
has been discussed recently [69, 80]. In these studies, the rate equation of the
concentrations of the monomers and polymers were often adopted. However, at the
stage of the emergence of catalytic polymers, the number of molecules may not be so
large, and the fluctuations are not negligible. Hence the description by rate equation
may not be appropriate. These fluctuations enable the transition across the barrier
between the two states. Hence, we adopt a stochastic model with random collisions
of molecules to investigate the transition.

The effects of fluctuations due to the smallness in molecule number have at-
tracted considerable attention in chemical reaction dynamics [56, 57, 105, 106, 61,
62, 58]. The change in the steady distribution as well as the relaxation dynamics
around the steady state have been studied with respect to the decrease in the system
size. However, here, we are interested in the transient time course and statistics
for the transition. We study the system-size dependence of the transition time in
several models for stochastic polymerization reaction dynamics, in order to find the
optimal size that minimizes the transition. We then show that this time is estimated
by the inverse of the concentration of the catalytic polymer at the unstable fixed
point in the reaction rate equation. We will also explain the origin of this inverse
law, and discuss its relevance to the origins of life.

2.2 Autocatalytic polymer model

To introduce our model, we postulate the following properties of the biological
polymerization process. (i)Monomers are supplied sufficiently. (ii)Polymerization
occurs stepwise from monomers to longer polymers. (iii)Catalytic function can
emerge only for polymers with a sufficient length. (iv)Polymerization reaction pro-
ceeds extremely slowly without catalysts, but is accelerated drastically with them.

Initially only monomers are supplied, and the polymerization progresses slowly
owing to degradation or diffusion. Once sufficient catalysts are synthesized, the
catalytic reaction to synthesize them progress constantly. We investigate the emer-
gence and time scale of such autocatalysis by introducing a model consisting of
polymers. We denote the polymer of length n as A(n), with A(1) being a supplied
monomer. Sequence information under multiple monomer species is disregarded,
and only the length is considered. We assume that catalytic capacity appears at
n = L. For successive polymerization for each ligation reaction, we introduce model
(I) with a set of reversible reactions:
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A(n− 1) + A(1)
α
$
1

A(n)

A(n− 1) + A(1) + A(L)
αk
$
k

A(n) + A(L)

A(n)
µ→ ∅ (n = 2, 3, 4, . . . , L)

Conversely, for polymerization processes which double the length, we introduce
model (II):

A(n) + A(n)
α
$
1

A(2n)

A(n) + A(n) + A(L)
αk
$
k

A(2n) + A(L)

A(n)
µ→ ∅ (n = 2, 4, 8, . . . , L)

We first consider the simplest case for model (II), i.e., L = 4; the general case
will be studied later.

The model consists only of monomers, dimers, and tetramers. Two monomers
ligate into a dimer, and dimers ligate into a tetramer. Without losing generality,
the spontaneous reaction rate without catalysts is set at unity, while the ligation
reaction is accelerated k times by the catalytic tetramers, where k ≫ 1, accordingly.
The backward reaction rate is set to α. We present the case where α = 1, while
for α ≥ 1 the result generality holds. Indeed, the synthesis of the catalytic polymer
often needs energetic cost, and the forward reaction is slower than the backward
one, and then α ≥ 1 is resulted. Even if α < 1, however, as long as the polymer
concentration decreases with its length, the discussed results are valid.

These molecules are placed in a container with a (constant) volume. We assume
that molecules are well mixed in the container, and we do not consider spatial
inhomogeneity. From the external reservoir, monomers are supplied sufficiently
fast, such that its number n1(= V ) is assumed to be constant. Then, our dynamics
are represented by the number of dimers n2(t) and tetramers n4(t) at time t. The
dimers and tetramers are diffused out so that their numbers decrease with the
rate µ. Considering that all the reaction processes occur stochastically with the
rate following the mass action law for reaction, the dynamics of the probability
distribution of n2 and n4 is given by

∂P (n2, n4, t)/∂t =
6∑

m=1

[
πmP (n2 − ν2,m, n4 − ν4,m, t)− πmP (n2, n4, t)

]
,

(2.1)

where m is the index of the reaction, and ν2,m, ν4,m are the increment in the
number of dimers and tetramers in the mth reaction (for example, ν2,1 = 1, ν4,2 =
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Figure 2.1. Nullclines of the rate equation Eq.2.2 for k = 104 and µ = 30,
plotted in the phase space (x4, x2). The blue line represents the nullcline ẋ2 = 0,
and the red line represents the nullcline ẋ4 = 0. Intersection points of the lines
A, B, and C are fixed points of the equation, where A and C (black circle) are
stable fixed points and B (white circle) is an unstable one.

0, ν2,2 = −1, ν4,2 = 0, and so forth). The first term describes the inflow of the prob-
ability from (n2−ν2,m, n4−ν4,m) by the reaction, and the second term describes the
outflow of probability from (n2, n4). Each πm(ν2,m, ν4,m) is the transition probability
of monomers ligation, dimer cleavage, dimers ligation, tetramer cleavage, diffusion
of dimer and tetramer, respectively, as given by

π1(+1, 0) =
1

2
κn1(n1 − 1)V −1, π2(−1, 0) = ακn2

π3(−2,+1) =
1

2
κn2(n2 − 1)V −1

π4(+2,−1) = αn4V
−1 + αkn4(n4 − 1)V −1

π5(−1, 0) = µn2, π6(0,−1) = µn4,

where κ is the sum of the rate of spontaneous and catalytic reaction as: κ =
1 + kn4V −1.

In the continuum limit with V, ni → ∞, the change in molecule concentration
(x1 = 1, x2 = n2/V, x4 = n4/V ) 1 is represented by the deterministic rate equation
[55], as given by

ẋ2 =(1 + kx4)(
1

2
x2
1 − αx2 − x2

2 + α2x4) −µx2

ẋ4 =(1 + kx4)(
1

2
x2
2 − αx4) −µx4

(2.2)

1Unit of polymer concentration is [number/L]. If we use [mol/L], we need to make a unit
conversion by multiplying by the Avogadro constant.
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Figure 2.2. Time series of the number of dimers n2 (blue line) and tetramers
n4 (red line) for k = 104, µ = 30 and (a)V = 102,(b)103,(c)104. The time for the
transition to the active state are t∗ ∼ 204, ∼ 1, and ∼ 754 for (a),(b), and (c),
respectively.

For a certain range of parameters k and µ, this deterministic rate equation has
bi-stable fixed points, separated by an unstable fixed point, which are denoted by
A(xa

2, x
a
4), B(xb

2, x
b
4) , and C(xc

2, x
c
4), (x

a
2 < xb

2 < xc
2, x

a
4 < xb

4 < xc
4) (see Fig.2.1).

The fixed point A corresponds to the non-active state with only few dimers and
tetramers, while C corresponds to the active state with autocatalytic reactions and
sufficient catalysts.

2.3 Optimal volume for the transition and its re-
lation with unstable state

We now study the probabilistic chemical reaction system by the Gillespie algorithm
[107]. Examples of the time series of the number of molecules are shown in Fig.2.2,
for different values of V , where the initial condition of the number of dimers and
tetramers is set to zero. As shown, the transition from the inactive to active state
is observed at a certain time, while for small V , there also exists transition back
from the active to inactive state.

We now define the transition time to the active state by the time when the
concentrations of both dimers and tetramers n2/V, n4/V exceed the value given by
the active fixed point C(xc

2, x
c
4) in the rate equation. The volume dependency of
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the transition time is plotted in Fig.2.3. As can be seen in the figure there is a
minimum transition time at a certain optimal volume Vopt. By decreasing V below
Vopt, the transition time increases asymptotically as V −1, while for V > Vopt, it
increases exponentially with the volume.

We computed Vopt by varying the parameters k and µ. Interestingly, as shown in
Fig.2.4, these optimal volumes, when plotted as a function of xb

4, i.e., the tetramer
concentration at the unstable fixed point in rate equation, are fitted on a single
curve, given by Vopt ∼ 1/xb

4
2 , for all the parameter values. (If backward reaction

rate α is close to zero, the polymer concentration could be higher than the monomer
at the unstable fixed point, and in this case, the monomer number that satisfies 1/xb

4

is less than unity for small V , and the optimal volume cannot exist. Apart from
this unrealistic case this relationship of the optimal volume generally holds.)

We now explain the origin of this optimal volume and its relationship with xb
4.

First of all, by using the standard formalism [55] master equation is approximated by
the Fokker–Planck equation (FP) for large volume. It is obtained by the Kramers–
Moyal expansion or the chemical Langevin equation, as the expansion by 1/V . For
our model (α = 1, x1 = 1), the FP equation is straightforwardly obtained as

∂P (x2, x4, t)/∂t = −
∑

i=2,4

∂xi(Ai(x)P (x, t))

+
1

2V

∑

i,j=2,4

∂xi∂xj(Bi,j(x)P (x, t))

A =

(
(1 + kx4)(

1
2 − x2 − x2

2 + 2x4)− µx2

(1 + kx4)(
1
2x

2
2 − x4)− µx4

)

B =

(
(1 + kx4)(

1
2 + x2) + µx2 4(1 + kx4)(

1
2x

2
2 + x4)

(1 + kx4)(
1
2x

2
2 + x4) µx4

)

(2.3)

We computed the volume dependency of the transition time from the initial
value x2 = x4 = 0 to x2 > xc

2, x4 > xc
4 by using the FP equation, as is plotted in

Fig.2.5. The transition time increases monotonically with V , and is fitted well with
exp(const.×V ). This is expected from the Kramers formula [54] in which the prob-
ability to jump from one stationary state to another is given by exp(−ϵU), where ϵ
is the noise strength and U is the potential barrier to go to the new stationary state.
Here the noise in the FP equation is proportional to ϵ = 1/V , and the transition to
the active state which has to go across the unstable fixed point is given by the jump
over the potential barrier Ub. Hence the transition time increases as exp(UbV ) with
the increase in V . In fact, the transition time computed by the master equation
asymptotically agrees with this estimate for large V .

(Indeed, for a one-variable Fokker–Planck equation

∂tP (x, t) = −∂x
(
A(x)P (x, t)

)
+

1

2
∂2x
(
B(x)P (x, t)

)
, (2.4)

2With the unit of concentration [mol/L], this expressions is written as Vopt ∼ 1/(xb
4NA).
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Figure 2.5. The transition time estimated by the FP equation Eq.2.3 for k =
104,µ = 30 (black line); the transition time directly estimated by the master
equation is also shown for comparison (red line).

the corresponding potential is given by U(x) =
∫ x

A(x′)/B(x′)dx′. In the present
two-variable case, such potential does not generally exist [108], but the temporal
evolution to cross the saddle-point B is restricted around its unstable manifold that
is located between the two nullclines (see Fig.2.1). Thus the motion is effectively
represented by a one-dimensional motion, and the effective potential exists for the
present Fokker–Planck equation.)

As this dependence is monotonic in V , the FP equation can explain neither
the existence of Vopt nor the increase in the transition time for V < Vopt. For the
explanation the discreteness of the molecule number 0, 1, 2, . . . is very important.
We now explain the relationship Vopt ∼ 1/xb

4 along this line.
For the transition to occur, the concentration x4 has to exceed the value of the

unstable fixed point xb
4, while the catalytic reaction needs at least a single tetramer.

For small V < 1/xb
4, the average tetramer number is decreased below unity. The

tetramer number is therefore often zero, and the probability of having a single
molecule decreases with the decrease in V . Then the probability of crossing xb

4

decreases with V , if V xb
4 < 1. Thus, the transition time increases as V decreases

below 1/xb
4, which gives the optimal volume for the transition time.

We have confirmed that the relationship between the optimal volume and the
unstable fixed point is universal in an autocatalytic polymerization process, as given
by models (I) and (II). Indeed, most autocatalytic polymerization process can be
essentially constructed by combination of models (I) or (II). Here, the master equa-
tions for probabilities are given in the same way as in Eq.2.1, and the rate equation

32



T
ra

n
s
it
io

n
 t
im

e

10
1

10
2

10
3

10
4

10
5

Volume

L=3, k= 2500, μ=100
  3,      5000,     100
  3,    10000,     200
  4,      5000,     100
  4,    10000,     100
  4,    10000,     200

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

Figure 2.6. The same plot for model (I) with (L, k, µ) = (3, 2.5 ×
103, 100), (3, 5.0 × 103, 100), (3, 1.0 × 104, 200), (4, 5.0 × 103, 100), (4, 1.0 ×
104, 100), (4, 1.0× 104, 200). Computed in the same manner as Fig.2.3

in the infinite volume limit for models (I) and (II) is given by:

ẋn = (1 + kxL)(xn−1x1 − αxn − xnx1 + αxn+1)− µxn

(n = 2, 3, 4, . . . , L− 1)

ẋL = (1 + kxL)(xL−1x1 − αxL)− µxL,

(2.5)

for model (I) and

ẋn = (1 + kxL)(
1

2
x2
n/2 − αxn − x2

n + 2x2n)− µxn

(n = 2, 4, 8, . . . , L/2)

ẋL = (1 + kxL)(
1

2
x2
L/2 − αxL)− µxL.

(2.6)

for model (II).
Again, the dynamical systems of the model equations (2.5) and (2.6) have two

stable fixed points A(xa
i ), C(xc

i) and one unstable fixed pointB(xb
i), for a certain

parameter region. Fixed points in model (II) are the root of the self-consistent
equation:

xL =

(
1 + kxL

2α(1 + kxL) + 2µ

)L−1

xL
1 .

Using direct Gillespie simulations of the model, we computed the transition time
between the state with xL ∼ 0 to the active state with xL ∼ xc

L, which has a
minimum at a certain volume Vopt (see Fig.2.6). We have plotted Vopt for a variety
of parameters and maximal lengths L, again as a function of xb

L in Fig.2.7. We have
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thus confirmed that the relationship between the optimal volume and the catalyst
concentration at the unstable fixed point, Vopt ∼ 1/xb

L is universal.
Last, we have also studied a model with plural monomer species and sequence

dependent catalytic reaction. In this case again, we have confirmed the existence of
optimal size for the transition to the active catalytic state, where specific sequences
are selected.

2.4 Summary and Discussion

To sum up, we have unveiled the explicit condition for autocatalytic polymers to
emerge. As spontaneous synthesis of polymers is much slower than the diffusion or
degradation, longer polymers are not maintained only by that. In contrast to this
inactive state, catalysts are continuously replicated with the autocatalytic reaction,
in the active state. Fluctuations in the number of molecules induce the transition
from the former to the latter state while at least a single catalyst is needed for
it. This tradeoff leads to the optimal volume to minimize the transition time,
generally given by the inverse of the catalyst concentration at the unstable fixed
point of the deterministic rate equation. Below this optimal volume, the time to
assemble a single catalytic polymer increases in proportion to V −1, while beyond
it, more catalytic polymers are needed for the transition, and the time to achieve
such fluctuation increases exponentially with V .

Discreteness (0,1,..) in the molecule number essentially matters for the deter-
mination of the optimal volume, in contrast to several studies that adopt the FP
equation by the system-size expansion [55, 109] to obtain the change in distribution
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[61, 58] and the transition process [60]. In fact, the FP equation approach can
account for the exponential increase in the transition time with the system size but
not the optimal volume. It is also interesting to note that despite the importance
in the discreteness in the number, the optimal volume is estimated by the unstable
fixed point of the rate equation that itself is obtained in the infinite size limit.

Our result applies generally to an autocatalytic replication process, where inac-
tive and active states are bistable. The inverse relationship between the optimal
volume and the catalyst concentration at the unstable fixed point that separates
the two stable states is general even though the unstable-point concentration de-
pends on several reaction parameters, and the details of the polymerization process.
In models (I) and (II), the concentration decreases exponentially with the (mini-
mum) length of the catalyst polymer, such that the optimal volume as well as the
transition time increases.

Although the emergence of life will require several steps, autocatalytic polymer-
ization is essential as one of them. The present result suggests that the volume of
the reaction space matters for it. A limited space with an appropriate size is prefer-
able, which would be first provided by a porous medium such as a mineral surface,
and later by a vesicle composed by the lipid bilayer. For example, by considering
the model (II) with k = 108[L/mol], µ = 1 (with the unit of spontaneous reaction
rate), α = 1[L/mol], x1 = 1[mol/L] and L = 16 the unstable fixed point value
of the catalyst in the rate equation becomes xb

L = 8.4 × 10−9[mol/L]. Therefore,
Vopt ∼ 1/(xb

LNA) is estimated by 2× 10−16[L], which is as small value as a bacterial
cell, while these parameter values are not unique and reliable estimates are diffi-
cult since the chemical parameters for the primitive catalytic polymerization are
not currently available. This estimate, however, will be useful to design protocells
with catalytic polymers within a vesicle, which has been extremely investigated in
synthetic biology [110, 111]. Our optimal size will provide a guide to choose an
appropriate vesicle size.
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Chapter 3

Kinetic Selection of Template
Polymer with Complex Sequences

Emergence and maintenance of polymers with complex sequences pose a major
question in the study of the origins of life. To answer this, we studied a model poly-
merization reaction, where polymers are synthesized by stepwise ligation from two
types of monomers, catalyzed by a long polymer as a template. Direct stochastic
simulation and dynamical systems analysis revealed that the most dominant poly-
mer sequence in a population successively changes depending on the flow rate of
monomers to the system, with more complex sequences selected at lower flow rate.
We discuss the relevance of this kinetic sequence selection through nonequilibrium
flow to the origin of complex polymers.

3.1 Introduction

Schrödinger, in his celebrated monograph “What is Life” [112], recognized that the
essence of heredity-carrier lies in aperiodic crystals, as was soon confirmed by the
elucidation of DNA structure. In general, biopolymers consist of different kinds of
monomers, constituting an aperiodic complex sequence, as is important not only
for genetic information, but also for the catalytic function.

With regard to the origins of life or self-replication, catalytic polymers are re-
quired, as has also been investigated in recent experiments [50, 34, 113, 35, 114]. In
their study, polymers with complex sequences had to be synthesized and preserved,
to encode a large amount of information and for catalytic functions [115, 116].
Hence, it is important to uncover the condition that allows for the generation of a
polymer with a complex monomer sequence.

Polymers such as RNA are replicated using other polymers as templates. In the
prebiotic world, complex monomer sequences therefore have been synthesized by
reactions with templates as catalysts, which are also synthesized via such template
reaction. Thus, the polymerization processes are auto-catalytic in nature, as has
been extensively investigated [117, 68, 118, 104, 69, 119, 70, 120], including theo-
retical models that explicitly consider template-like self-replicating polymerization
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[72, 121, 74, 77, 78, 76, 116, 122, 79] and some synthesis experiments [114, 123, 48].
If there exist multiple catalytic polymers with sufficient lengths, then the auto-

catalytic process for their synthesis can select one of such polymers. Here we study
the dependence of the selected sequence on the flow rate of monomers. Replica-
tion of polymers needs a supply of monomers to compensate polymer degradation.
Such a nonequilibrium open condition could be provided by a hydrothermal vent
at the origins of life and by a chemostat condition in a laboratory experiment [42].
Despite the recognition that such nonequilibrium flow is essential to the emergence
and maintenance of life, its influence on the selection of sequence has not been
systematically investigated.

The selection of a specific polymer by catalytic reactions studied so far [72, 121,
74, 77, 78, 76, 116, 122, 79] does not show any dependence on external conditions.
Ref [120] reported the dependence of the selected polymer sequence on the bias in
the monomer components. In contrast, here, we study a template-catalyst poly-
merization model by a complementary sequence, and demonstrate that the selected
sequence of the template polymer depends critically on the flow rate, and more com-
plex sequences are selected as the flow rate is decreased. This selection mechanism
is kinetic, rather than energetic; selection of complex sequences (that include a va-
riety of subsequences, which are defined later) without any specific design of energy
dependence, as a result of changing the rate of external supply of monomers. As will
be analyzed by dynamical systems and combinatorial analysis, complex sequences
that are synthesized via diverse kinetic pathways from monomers are selected for
a low flow rate. The generality of this selection mechanism will be discussed with
possible relevance to prebiotic polymer synthesis.

3.2 Template directed polymer model

We consider a synthetic reaction of polymers, which consist of two kinds of monomers,
denoted as 0 and 1, where each polymerization is catalyzed by a long template poly-
mer (Fig. 3.1). Thus, all polymer species are described by the binary integer s of
length l (for example, 01, 0101, 00000 etc.). The polymerization progresses in a
container with volume V under a well-mixed (homogeneous) condition. Only the
two monomer species flow into the container from outside at the same constant rate
1
2fV , while all the molecules in the container diffuse out at rate d.

For simplicity, only the ligation reaction between the polymers and monomers is
considered here. The polymer has directionality, and the monomer can ligate from
both the left and right sides of a polymer (e.g., 1+00→ 100 and 00+1→ 001). For
simplicity and to focus on the kinetic aspect, all the polymer species of the same
length are assumed to have the same chemical potential. Thus, in equilibrium, the
concentrations of all the polymer species with the same length are equal.

A template polymer serving as a catalyst accelerates both the forward and back-
ward reactions, without changing the equilibrium condition. The catalytic reaction
works if the template includes a subsequence of the bit-inversion of the product.
For example, the reaction 111 + 1→ 1111 is catalyzed by the template containing
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Figure 3.1. The catalytic ligation reaction of a polymer with monomers. Circles
with different colors represent different types of monomers. The arrow indicates
the direction in which the reaction proceeds. In the reaction highlighted by the
arrow, a polymer 010 and a monomer 0 ligate into the product polymer 0100.
The reaction is catalyzed by a template polymer 00101101, which contains the
complementary sequence of the product 1011 as a subsequence.

0000 as a subsequence, i.e., 00000, 10000, or 00001. For simplicity, only the longest
polymers with the given length L, independent of their sequence, can serve as the
template in ligation reactions. Since all the ligation reactions do not change the
total number of monomers, the ratio of monomer inflow to the outflow by the diffu-
sion of the polymers determines the total number of monomers in the system, i.e.,
the total monomer concentration is given by f/d.

In summary, the chemical reactions are given as follows by denoting the polymer
of the length l with the sequence s = {0, 1}l as Al,s:

φ
1
2fV→ m, Al,s +m

κl+1,sm−−−−→ Al+1,sm,

Al,s
d→ φ, m+ Al,s

κl+1,ms−−−−→ Al+1,ms,

where m is a monomer 0 or 1 and sm and ms are the sequences with m added to
the left side or right side of s, respectively. (For l = 1 the top and the bottom
reactions are considered only once. The reverse ligation reaction is neglected here,
but its inclusion does not alter the following results qualitatively, as long as its rate
is small.) The polymerization can occur spontaneously at a rate, ϵ, is set to be
quite small.

Under the large volume limit, the concentration of polymer Al,s, xl,s follows the
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deterministic rate equation.

ẋ1,m =
1

2
f − x1,m

∑

l′,s′

(κl′+1,s′m + κl′+1,ms′)xl′,s′ − dx1,m,

ẋl,s =κl,sx1,m(x
(1)
l−1,s + x(2)

l−1,s)

− xl,s

∑

m′

x1,m′(κl+1,sm′ + κl+1,m′s)− dxl,s,

ẋL,s =κL,sx1,m(x
(1)
L−1,s + x(2)

L−1,s)− dxL,s.

(3.1)

Here, x(1)
l−1,s and x(2)

l−1,s are the concentrations of (l− 1)-mer, which is a subsequence

of Al,s on both the sides (For l = 2, eq. 1 should be read with x(1)
1,s = x1,m and

x(2)
1,s = 0). ) and κl,s = 1

2(ϵ +
∑

(l′,s′)∈Tl+1,s
nl′,s′/V ), Tl,s is the set of all template

molecules that can catalyze the reactions to produce the polymer species Al,s. This
equation has multiple attractors: As the pair of the longest polymer of a given
sequence and its complementary pair catalyze the reaction to synthesize them, the
concentrated population for each of the complementary pairs can be an attractor.
It should be noted that since the complementary sequence works as a template for
the polymerization, the complementary pair (e.g., 0010 and 1101) always coexists
in an equal fraction.

3.3 Results of stochastic simulation of chemical
reaction system

If the system size is finite, fluctuations around the rate Eq. 3.1 induce switching
among the attractors, and specific attractor(s) are selected dominantly. We inves-
tigated this selection by numerically solving the original stochastic reaction model
[107]. In Fig. 3.2, the time series of the concentration of template species is plotted.
A specific complementary pair of sequences is dominant for some time span, fol-
lowed by switching to a state with a different dominant pair. As the concentrations
of complementary sequences are equal, only one of them is plotted throughout the
chapter.

Next, the temporal average of the concentration of each template sequence was
computed to examine its dependence on the flow rate, f (Fig. 3.3), by fixing
f/d = 1 (hence, the total monomer concentration f/d is kept constant). As shown,
the concentration of each sequence, and in particular, that of the dominant species
depends on f . Note that a sequence and its reverse form (e.g. 0010(1101) and
0100(1011) ) have the same fraction over a long time average due to symmetry,
although at each instance, one of them is selected in the system. For L = 4, 0101
(and 1010) is selected for a large f , while 0011 is selected for a small f . For L = 6,
as is shown in Fig. 3.4(a), the result showed a stepwise switch of the dominant
sequence species; the dominant sequence changes as 010101 → 011001 → 001001
→ 000100 with a decrease in f .
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Figure 3.2. Time series of concentrations of all template species. L = 4, V =
400, f/d = 1, ϵ = 10−4, f = 7.0× 10−5.

These changes in the dominant sequence against the decrease in the flow rate are
interpreted as the increase in the sequence complexity. Here, a “complex” sequence
implies that it contains more subsequences including their complimentary ones. For
example, 0101 includes only 01 and 10 dimers, while 0010 includes 00, 01, 10, and 11,
and is thus more complex. In general, let Cl(2k) be the set of template sequences that
have 2k species of l-mers as subsequences (note that the complementary sequence
is included in the counting). For example, 0101 belongs to C2(2) because it includes
two dimer subsequences 01 and 10, and 0110 belongs to C2(4) as it includes 01, 11,
10, and 00. To study the selection of a complex sequence with f , we computed the
sum of the average residence time at each attractor corresponding to the sequences
belonging to Cl(2k). It is defined by xl(2k) =

∑
s∈Cl(2k) xL,s. In Fig. 3.4(b), xl(2k) is

plotted as a function of f . For L = 4, the concentration of the dominant sequence
changes from x2(4) to x2(2), whereas for L = 6, it changes in the order x3(8),
x3(6), x3(4), x3(2) with an increase in f , implying that a more complex sequence is
selected for a smaller f .

(Note that as the flow rate reaches zero, the system approaches thermal equi-
librium, where the frequency of each template sequence tends to be uniform if the
backward reaction is also taken into consideration. The number of sequences that
belong to C3(6) is the largest among all the hexamers, and therefore, in Fig. 3.4(b),
the frequency x3(6) increases as the flow rate approaches zero.)
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3.4 Analysis by dynamical systems and reaction
pathway to synthesize templates

To understand this change in the dominant sequence, we note that the residence time
for each attractor, under noise due to the finiteness in molecule number, is larger
if the attraction toward it is stronger. To understand this change in the dominant
sequence, we first study the change from the sequence with C2(4) to that with
C2(2). Since the polymerization progresses from a dimer to a trimer, and then to a
tetramer, the transition first occurs between tetramers that share the trimers, i.e.,
those with only a one-bit difference. The transition diagram is shown in Fig. 3.5(a),
where the change from C2(2) with 0101 to C2(4) with a decrease in f is mediated
by the transition to sequence 1101 (0010). Hence, we first discuss the competition
between the attractor with the dominance of 0101 and 1010 pair (denoted as B)
and that with 0010 and 1101 pair (as A) by focusing only on these two pairs of
templates, while neglecting other template polymers. (This approximation is valid
when the rate of spontaneous ligation is much smaller than the time scale of the
transition dynamics.) By assuming that the number of shorter molecules changes
faster than do the templates, the reduced rate equation is written only in terms of
the concentrations of these templates, as follows:

ẋA = rA(xA, xB)xA −dxA, (3.2)

ẋB = rB(xA, xB)xB −dxB. (3.3)

Here, rA (rB) is the synthesis rate of the corresponding template for each type A (B)
for a given xA, xB, respectively, whose form is obtained from Eq. 3.6, as shown in the
Appendix. This rate equation has two fixed-point attractors, (xA = x∗

A, xB = 0)
and (xA = 0, xB = x∗

B). (To analyze the stability of each attractor, the (tiny)
spontaneous ligation term is not necessary, and it is neglected.) The vector field
for dxA/dt, dxB/dt is thus obtained as in Fig. 3.6. Here, the attractor close to the
unstable fixed point is each kicked out by noise.

It is shown straightforwardly that the attraction speed to attractor A is given
by vA ≡ rB(x∗

A, 0)−rA(x∗
A, 0), from Eq. 3.4, 3.5 and the eigenvalues of the Jacobian

matrix of the dynamics, and that to B is vB ≡ rB(0, x∗
B)−rA(0, x∗

B)) (see Appendix).
As shown therein vB − vA < 0 for f ∼ 0 and > 0 for f ≫ 1, explaining the
transition from B to A by noise with the decrease in f . This flow rate dependence
is also interpreted by the diversity in reaction pathways to replicate templates A and
B. While only one reaction pathway exists for synthesizing B from the monomers
with double the speed because of symmetry, various pathways exist for synthesis
of A from the monomers because they have more types of subsequences. For large
f(= d), double autocatalytic paths to B work efficiently, while existence of diverse
subsequences for the pathways to A causes a larger loss of shorter polymers, leading
to rB > rA. For small f , the concentrated use of the same dimer for B results in its
deficiency, and rA is larger since A can use both dimers. (See Appendix for analytic
derivation of this dependence).
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Figure 3.5. (a) Transition network between attractors. Double head indicates
transition between them and each sequence represents the one of a complemen-
tary pair that is dominant at each attractor. (b) Schematic diagram representing
the reaction pathway from monomers to each template A and B. White and black
circles represent 0 and 1 monomers, respectively. Arrows indicate ligation reac-
tion of a shorter polymer with a monomer. Each reaction proceeds using A or
B or both as a template. Detailed coefficients are in the main text.
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Figure 3.6. Vector field of xA and xB. Blue line is the nullcline of ẋA = 0 and
red is the nullcline of ẋB = 0. The nullclines overlap xA line and xB line partially.
In both the figures, there are two stable fixed points (•) and one unstable fixed
point (◦). Two stable fixed points are A-abundant and B-abundant attractors,
respectively. As the value of f increases from f(= d) = 1.0×10−5(a) to 5.0×10−4

(b), the unstable fixed point moves toward the A-abundant attractor.
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Figure 3.7. Reaction pathway to synthesize 8-mer templates from monomers for
(a) a complex sequence (01101110 ∈ C4(10)) and (b) a simple sequence (01010101
∈ C4(2)). Black and white circles represent monomers 1 and 0, respectively. Each
arrow indicates ligation reaction between a shorter polymer and a monomer,
which are catalyzed by product templates.

The above argument holds for all the template sequences belonging to C2(2)
and C2(4). Therefore, the total concentration of the sequence x2(2)(x2(4)) is large
when f is large(small). Furthermore, it is valid for the L-mer template sequence A
belonging to Cl(2k+2) and B belonging to Cl(2k) sharing subsequences in part. Here
again, the replication speeds of A and B, i.e., rA and rB, determine the attraction
speed to the fixed points A and B, and the attractor A with complex sequence is
dominant for a low f . In Fig. 3.7, the ligation reactions from the monomer to
8-mer templates are drawn. The most complex sequence with C4(10) has a variety
of pathways, as compared with the simple sequence with C4(2). For a low f , the
sequence with C4(10) is expected to be selected, while for a high f , that with C4(2)
is selected. The fraction of each sequence obtained from direct simulation is plotted
in Fig. 3.8 as a function of f .

Since direct simulation of cases with larger L is time-consuming, we studied
a reduced model, where only the transition between the attractors with a certain
dominant template was considered, with the transition probability determined by
the difference between the replication rates of the two templates (see Appendix for
details). A complex sequence with a large number of subsequences was selected as
the flow rate decreased.
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(C4(2)), 00110011 (C4(4)), 01011010 (C4(6)), to 01001110 or 01101110 (C4(10))
with a decrease in flow rate.
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3.5 Generality of the results

We have confirmed the generality of the present result, i.e., successive increase in
the complexity of dominant sequence with the decrease in the flow rate, for the
following cases: (i) inclusion of variation in the catalytic activity by each template,
if it is not too large (ii) change in the rules for catalytic strength (iii) inclusion
of the ligation between polymers longer than monomers (iv) difference in the con-
centrations of monomers (0,1): In the study here, complementary polymers take
the same concentrations, irrespective of the monomer concentrations, and thus, the
bias in monomer cannot select one of the complementary molecules. (v) increase
in spontaneous ligation rate ϵ. Finally, in the study presented here, the number of
monomer types is only 2, in contrast to 4 in RNAs and 20 amino acids in proteins.
Still, the increase in polymer complexity by the diversity of reaction pathways holds
for a larger number of monomer types (see also [124]).

(i) Variation in catalytic activity

We tested the case in which the catalytic activity of each template L for the sequence
s is not identical, given by kL,s, so that κl,s in the main text is replaced by 1

2(ϵ +∑
(L,s′)∈Tl+1,s

kL,s′nl′,s′/V ). As an example, we studied the tetramer as the template,

by changing the catalytic activity of the template 0101 (and 1010), which is the
dominant sequence for fast flow, so that the activity for the sequence is given by k
while that for other sequences is set at unity.

In Fig. 3.9, we plotted the fraction of each sequence, as shown in Fig. 3.3 The
dominant templates change depending on the flow rate, whereas the transition flow
rate and the frequency of dominant species changes so that the fraction of sequence
0101 is increased (decreased) with the increase in k. If k is too large (say ∼ 2) (too
small (say ∼ 0.5)), 0101 remains (is not) the dominant species, respectively, against
the change in the flow rate. The competition between the difference in the catalytic
activities and sequence diversity can be compared to the competition between the
energy and entropy in equilibrium thermodynamics.

(ii)Change in the ligation speed

To examine the generality of the results in the main text, i.e., the increase in
sequence complexity with the decrease in flow rate, we studied an alternative model
in which the rules for catalytic strength were changed from that in the original
model.

In the alternative chemical reaction system, the ligation reaction rate of l-mer
polymer with sequence s (Al,s) κl,s is changed as follows.

κl,s =
1

2
(ϵ+

∑

(L,s′)∈Tl+1,s

ml,s,L,s′nL,s′/V ),

where ml,s,L,s′ is the number of l-mers with sequence s, which is contained in the
template with sequence s′. Under this rule, for example, the tetramer sequence
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Figure 3.9. Average concentration of each template sequence in the stationary
state. The horizontal axis is the flow rate in chemostat f(= d). L = 4, V =
400, f/d = 1.ϵ = 10−4. k for the sequence 0101 (or 1010) is 0.9(a), 1.4(b) while
ks for other sequences is kept at unity.

0101 has two dimers 01 as subsequences and catalyzes the reaction 0+1→ 01 three
times faster and 1 + 0→ 10 two times faster as compared to the catalytic strength
in the original rule.

We calculated the flow rate dependence of the average concentrations of tem-
plates in the stationary state (Fig. 3.10). Although the dominant sequence at each
flow rate differs from that of the original rule (e.g. in the high flow rate case, not
only 0101 but also 0000 is selected), a stepwise increase in the complexity of the
dominant sequence with a decrease in flow rate is observed, as in the original model.

(iii)Ligation between polymers beyond the monomer

We also simulated another model in which there is not only ligation between a
monomer and a polymer but also ligation between two polymers longer than the
monomers (e.g. 01+01→ 0101, 01+0101→ 010101), so that the ligation reaction
in the original model is replaced by

Al,s + Al′,s′
κl+l′,ss′−−−−→ Al+l′,ss′ .

In this case also, the flow rate dependence of the complexity of the dominant se-
quence is observed, as in Fig. 3.11.

(iv) Difference between concentration of monomers 0 and 1

In the main text, we assumed that the ratio between monomer species 0 and 1
was equal. Here, we also calculated the case in which the supply rates of the two
monomers are different, by varying the flow rate of monomers 0 given by f0, and that
of monomers 1 given by f1, while keeping f0+f1 = 1 fixed. The flow rate dependence
of the averaged concentration of template species is shown in Fig. 3.12. If the bias
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Figure 3.10. (a)Flow rate dependence of average concentrations of templates
in the stationary state. The horizontal axis is the flow rate in chemostat f(= d).
We set L = 4, V = 200, ϵ = 1.0×10−5 (a) and L = 6, V = 250, ϵ = 5.0×10−6(b).
The most dominant sequence is switched stepwise with the decrease in flow rate
as 000000 or 010101 → 000101 → 010001, corresponding to C3(2), C3(6), and
C3(8), respectively.
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Figure 3.11. Flow rate dependence of average concentrations of templates in
the stationary state. The horizontal axis is the flow rate in chemostat f(= d).
We set L = 4, V = 400, ϵ = 1.0 × 10−4 (a) and L = 6, V = 250, ϵ = 1.0 × 10−6.
The most dominant sequence is switched stepwise with the decrease in flow rate
as 001100 → 001001 → 000101 → 010001, which correspond to C3(4), C3(6)
,C3(6) and C3(8), respectively.
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Figure 3.12. Average concentration of each template sequence in the stationary
state in the case of bias between monomer species. The horizontal axis is the
flow rate in chemostat f(= d). L = 4, V = 400, f/d = 1.ϵ = 10−4, f0 : f1 =
0.6 : 0.4(a), 0.7 : 0.3(b), 0.9 : 0.1(c) and L = 6, f0 : f1 = 0.525 : 0.475 (d). The
most dominant sequence is switched stepwise with the decrease in flow rate as
011001 → 001001 → 000111 → 000100, which correspond to C3(4), C3(6) ,C3(6)
and C3(8), respectively.

between the two flow rates is not too large, qualitatively, the same result is obtained
as in the main text Fig. 3.3. This is because in our model, the templates replicate
as a complementary pair between 0 and 1, in contrast with the model in ref. [124].
The same number of monomers (0 and 1) is consumed to make each complementary
pair of polymers, so that complementary polymers (e.g., 0000 and 1111) take the
same concentrations, irrespective, of the monomer concentrations. Thus, the bias in
monomer cannot select one of the complementary molecules. As the bias increases,
however, the synthesis of templates is slowed down because the minority monomer
(i.e. monomer 1) is deficient. Then, the complementary pair hardly exists (i.e. an
attractor at which a specific pair of templates exists is unstable) and the catalytic
reaction stops. In this case, only the polymer consisting of the majority monomer
(i.e. 0000) is synthesized by spontaneous (template independent) ligation reactions.
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Figure 3.13. Flow rate dependence of average concentrations of templates in
the stationary state. The horizontal axis is the flow rate in chemostat f(= d).
We set L = 4, V = 400, ϵ = 1.0× 10−3 (a) and ϵ = 1.0× 10−2 (b).

(v) Change in the spontaneous ligation rate ϵ

We also studied dependence on the spontaneous ligation rate ϵ. The flow rate
dependence of the average concentration of template sequences is plotted in Fig.
3.13, as in the main text Fig. 3.3. As shown, the result in Fig. 3.3 (i.e. the
dominance of sequence 0101 in the fast flow region, and 0011 in the slow flow
region.) is robust against the increase in ϵ up to ∼ 2.0 × 10−3. If ϵ is beyond this
threshold, the attractor with a dominance of a certain template disappears and the
template species just coexist (similar to the error catastrophe [40]), where the flow
rate dependence is not observed.

3.6 Summary and Discussion

To sum up, we have shown that in a polymerization process with template-based
catalytic reactions, the dominant sequence selected depends on the flow rate of the
monomers, and its complexity increases with the decrease in the rate. The selection
is based on two basic mechanisms; (I) the attractor selection of a higher growth
rate due to stochasticity in reactions, and (II) preference of a complex sequence to
have a variety of pathways to avoid the deficiency of sub-part shorter polymers.

(I) the finiteness of the system size provides stochasticity (noise) in reaction,
which gives rise to switches among attractors with different dominant sequences.
Attractors with a higher growth rate have larger stability against noise (see for
example Fig. 3.6), and are selected dominantly under the presence of noise. If the
noise strength is too small, no transitions occur among the attractors, whereas if it
is too large, no specific sequence dominates (Spontaneous reaction that undergoes
without templates plays the similar role as the noise: If it is too large, there emerges
no dominant sequence, and if it is too small, there is no transition between the
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attractors. see also [64, 125] for attractor selection of a higher cellular growth, and
[119, 62, 88] for relevance of noise to chemical evolution).

(II) when the flow rate is limited, the polymerization of simple (say 01-periodic)
sequence suffers from the deficiency of subsequence polymers of shorter length. The
polymerization of a complex sequence of diverse pathways can keep a variety of
subsequence polymers (see also [84] for an increase in component diversity in the
protocell under low nutrient flow), while under a larger d value, the decomposition
of many components is disadvantageous for the growth.

This variety of subsequence leads to the definition of the complexity in sequence
we adopted here. (The definition we adopted is closer to algorithmic complexity.
However, it is not concerned with the computer algorithm, and is with the diver-
sity of chemical-reaction paths for polymerization.) Of course, this is one possible
definition, whereas a related definition is adopted to compare the subsequences in
the genome in bioinformatics [126, 127, 128, 129, 130, 131]. The relationship be-
tween sequence complexity and structural or functional property of polymers has
been discussed in several studies [132]. In our study, such a complex sequence is
kinetically selected in the low flow rate region.

The results presented here will provide a novel perspective on kinetic conditions
for the origins of life. Although a nonequilibrium condition is needed for life, our
result implies that an excessively strong nonequilibrium condition will damage the
sequence complexity. For the emergence and maintenance of prebiotic autocatalytic
systems, optimal nonequilibrium conditions are required. Although it is difficult to
estimate the actual flow rate for the appearance of complex sequences, the flux rate
dependence of the complexity of synthesized polymers will be important to uncover
the possible condition for the origins of life and for the laboratory construction of
prebiotic self-replication systems.
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3.7 Appendix

3.7.1 Detailed analysis in case of tetramer templates

Derivation of dynamics of two templates

Considering the switch between the dominant sequences of 0010(1101) and 0101(1010),
as mentioned in the main text, the rate equation is reduced to the concentrations
of these templates and the corresponding trimers, dimers, and monomers.

ẋa =
1

2
x2
mxA −

1

2
xmxaxA − dxa

ẋb =
1

2
x2
m(2xA + 2xB)−

1

2
xmxb(3xA + 4xB)− dxb

ẋa′ =
1

2
xm(xa + xb)xA −

1

2
xmxa′xA − dxa′

ẋb′ =
1

2
xm2xb(xA + 2xB)−

1

2
xm(xA + 2xB)xb′ − dxb′

ẋA = 1
2xm(xa′ + xb′)xA −dxA (3.4)

ẋB = xmxb′xB −dxB (3.5)

Here, xm represents the concentration of 0 or 1, xa is 00 or 11, xb is 01 or 10, xa′

is 001 or 110, xb′ is 010 or 101 , xA is 0010 or 1101, and xB is 0101 or 1010. Note
that the respective complementary pair has the same concentration. The reaction
coefficient in the above equations is proportional to the number of corresponding
reactions. For example, 00 (a) is produced in a single reaction 0 + 0 + 0010, and
is consumed in the reaction 00 + 1 + 0010 by the template 0010 (A). On the other
hand, 01 (b) is produced in four reactions 0 + 1 + 0010, 0 + 1 + 1101, 0 + 1 +
0101, and 0 + 1 + 1010 (see main text Fig. 3.5(b)), where B and A are used in two
reactions, respectively, and consumed in reactions 0 + 01 + 0010, 01 + 0 + 0010,
1 + 01 + 1101, 01 + 0 + 0101, 01 + 0 + 1010, 1 + 01 + 0101, and 1 + 01 + 1010,
with three reactions using A and four reactions using B.

The concentrations of a, b, a′, b′ and m are adiabatically eliminated, and two-
variable dynamics just for xA and xB are obtained as Eq. 3.4 and 3.5 with

xa =
xA

xmxA + 2d
x2
m, xb =

(2xA + 2xB)

xm(3xA + 4xB) + 2d
x2
m,

xa′ =
xmxA(xa + xb)

xmxA + 2d
, xb′ =

xm(xA + 2xB)(xb + xb)

xm(xA + 2xB) + 2d
.

(3.6)

Using them, the explicit form of rA and rB can be written as

rA =
1

2
x4
m

(
xA

xmxA + 2d

(
xA

xmxA + 2d
+

(2xA + 2xB)

xm(3xA + 4xB) + 2d

)

+ 2
(xA + 2xB)

xm(xA + 2xB) + 2d

(2xA + 2xB)

xm(3xA + 4xB) + 2d

)
,

rB = 2x4
m

(xA + 2xB)

xm(xA + 2xB) + 2d

(2xA + 2xB)

xm(3xA + 4xB) + 2d
.

(3.7)
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(Note that xm is also the function of xA and xB but cannot be solved explicitly.)

Derivation of strength of attraction near the fixed point

The Jacobian of the rate equation at a fixed point corresponding to the A-abundant
attractor is given by

JA =

( ∂rA
∂xA

(x∗
A, 0)x

∗
A

∂rA
∂xA

(x∗
A, 0)x

∗
A

0 rB(x∗
A, 0)− d

)
. (3.8)

Here, rA and rB are the replication rates of A and B, respectively, and rA(xA, xB) =
1
2xm(xa′ + xb′) and rB(xA, xB) = xmxb′ . The eigenvalues of this Jacobian are
∂rA
∂xA

(x∗
A, 0)x

∗
A and rB(x∗

A, 0) − d, and the maximum eigenvalue of the Jacobian is
given by rB(x∗

A, 0)− rA(x∗
A, 0), considering that rA(xA∗, x∗

B)−d = 0. Therefore, the
replication rates of A and B, i.e., rA and rB, determine the maximal eigenvalue of
the Jacobian.

Flow rate dependence of concentration of shorter polymers and relation
to reaction pathways

For a large f(= d), xa = xAx2
m/(2d) and xb = (2xA+2xB)x2

m/(2d), so that xa < xb.
The subsequence b is produced to a greater extent because b is shared by both A
and B, while the consumption of b is irrelevant in the fast dilution case (in Eq. 3.6,
the dilution term d in the denominator is much larger than the other term). If the
supply of dimers is fast, the replication speed of the simple sequence B is higher,
as the reactions are concentrated on those using b. Using this, the replication rates
rA and rB become

rA(xA, xB) =
x4
m

4d2
(7x2

A + 14xAxB + 8x2
B)

rB(xA, xB) =
x4
m

d2
(2x2

A + 6xAxB + 4x2
B).

(3.9)

The attraction speed near the fixed point A is given by rA(x∗
A, 0) − rB(x∗

A, 0)(=

− x4
m

4d2x
∗
A
2) < 0 and that near the fixed point B is given by rB(0, x∗

B) − rA(0, x∗
B)(=

2x4
m
d2 x

∗
B
2) > 0.

On the other hand, when f(= m0d) is small, xa = xm and xb =
2xA+2xB
3xA+4xB

xm, so
that xa > xb. The replication rates are

rA(xA, xB) = x2
m(1 + 3

2xA + 2xB

3xA + 4xB
)

rB(xA, xB) = x2
m(4

2xA + 2xB

3xA + 4xB
).

(3.10)

When f is small, the attraction speed toward the fixed pointA is given by rA(x∗
A, 0)−

rB(x∗
A, 0)(=

8
3x

2
m) > 0 and that toward the fixed point B is given by rB(0, x∗

B) −
rA(0, x∗

B)(= −1
2x

2
m) < 0.

In summary, the attraction to the fixed point A is faster (slower) than that to
B when f is small (large).
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3.7.2 Reduced description of the model

Since the original model requires excessive computational time, we examined the
selection in a system size with larger L using the reduced description. Here, the
reduction scheme is as follows.

In the reduced model, we consider only the transition between the attractors,
in which a certain pair of templates is dominant. During the transition, we assume
that the number of templates other than the pair is zero. This is guaranteed when
the spontaneous ligation rate, ϵ, is small because a new template will appear only
by a spontaneous reaction. For template length L, there are 2L−1 attractors. We
estimate the transition probabilities, TA→B, between A-abundant and B-abundant
attractors by noise.

First, we consider the dynamics of concentration of a pair of templates A and B.
By assuming that the dynamics of concentration of the shorter polymer is sufficiently
faster than that for the template, the concentrations of polymers shorter than L−1
are adiabatically eliminated and determined as functions of the concentration of A
and B, i.e., xA and xB, so that

ẋA =rA(xA, xB)xA − dxA

ẋB =rB(xA, xB)xB − dxB.
(3.11)

This equation has two fixed points xA = x∗
A, xB = 0 and xA = 0, xB = x∗

B, where
rA(x∗

A, 0) = d and rB(0, x∗
B) = d, corresponding to the A-abundant and B-abundant

attractors, respectively.
Then, the corresponding Langevin equations are given by

ẋA = FA(xA, xB) +
√

GA(xA, xB)/V ηA(t)

ẋB = FB(xA, xB) +
√

GB(xA, xB)/V ηB(t),
(3.12)

where ηi(t) is the Gaussian white noise with ⟨ηi(t)ηj(t′)⟩ = δijδ(t − t′) and FA =
rA(xA, xB)xA − dxA , GA = rA(xA, xB)xA + dxA.

We assume a one-dimensional slow manifold, in which the dynamics connecting
the two attractors are restricted on the straight line between the fixed points A
and B. We also assume that the replication rate, rA, and degradation rate, d, are
constant along the line, so that GA = 2xAd and GB = 2xBd.

Since we assume that the dynamics are restricted to the one-dimensional line,
the probability that the system escapes from attractor A and enters B is calculated
by the Kramers formulae, as follows (for example, [54, 55]):

TA→B ∝
1

G(x)
exp(2V

∫ x F (x′)

G(x′)
dx′), (3.13)

where the integral
∫ x

is carried over from fixed point A to point x along the straight
line connecting the fixed points A and B, and x is the value at which the integral
takes the maximum value.
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Using the approximation x∗
A ∼ x∗

B, we can now obtain the transition probabil-
ity explicitly. TA→B = exp(−V∆A→B), where ∆A→B = 1√

2d
maxx

∫ x

0 (rA − rB) dx′.
∆A→B is considered to be the highest barrier in the quasi-potential of the dynamics
of xA and xB along the line xA/x∗

A+xB/x∗
B = 1. (To calculate rA and rB explicitly,

we also used x∗
A ∼ f/(2dL) by assuming that almost all the monomers (f/d) are

included in the templates, and the free monomer concentration xm ∼
√
f , as de-

rived from Eq. 1 presented in the main text, by assuming that the concentrations
of polymers other than the templates are sufficiently low.)

We calculated all the possible transitions between the attractors and constructed
the transition matrix T . We assumed that transition occurs only between the pairs
of L-mer templates that share the (L − 1)-mer subsequences. By calculating the
eigenvector with the maximum eigenvalue of the transition matrix T , we could
obtain the stationary distribution of the model.

We calculated the residence probability of the attractors in the stationary dis-
tribution for L = 4, 8, 12, as shown in Fig. 3.14, derived from the reduced model.

Although the obtained concentration of the template species differs quantita-
tively from that obtained by the original chemical reaction model for a small L, the
stepwise increase in complexity in the dominant sequence with a decrease in flow
rate was reproduced. In other words, at the highest flow rate, the periodic sequence
(010101..., C2(2)) is selected. Here, we also examined the case with a longer L,
e.g. L = 12. As shown in Fig. 3.14(c), an increase in complexity was seen with a
decrease in f .
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Figure 3.14. Flow rate dependence of stationary probability distribution of
attractors with dominance of a pair of templates. Systems with L = 4(a), L =
8(b), L = 12(c) are plotted as a function of flow rate. V/

√
2 = 50. Representative

sequences are drawn in the figure (black and white circles indicate monomer type
0 and 1, respectively).
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Chapter 4

The proto kinetic proofreading in
the polymerization process of
information polymer

4.1 Introduction

How to prevent the error catastrophe in replication of template polymer is one of
the largest problems in the origins of life study. As discussed by Eigen, simple
replication system of a polymer with exponential growth shows error catastrophe
(see section 1.2.1). The fittest (or functional) sequence cannot keep high popula-
tion fraction, and is replaced by non fittest ones, due to the accumulation of errors,
which is inevitable in thermal polymerization reaction. Here, we study “error catas-
trophe” problem by using the dynamical model of polymerization. First, we show
that the population growth of templates exhibits super- or sub-exponential growth
depending on the kinetic parameters. Then, we show that in the super-exponential
region, the kinetic error correction mechanism akin to kinetic proofreading works, to
prevent the error catastrophe, and the longer template has higher error tolerance.
Since this does not require specific design, this may work as an error correction
mechanism in the prebiotic world.

4.2 Model

Here we consider the self-replicating template polymer. In the model, we consider
the polymerization process and dissociation and association between templates and
polymers (Fig.4.1);

X(l,s) +X(L,t)

kf#
k̂b(l,s,L,t)

C(l,s),(L,t), (4-a)

X(1,m) + C(l,s),(L,t)

rtν(l,s,L,t)#
δrt

C(l+1,sm),(L,t), (4-b)
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where X(l,s) is a polymer with length l and sequence s ∈ {0, 1}l , and C(i,s),(L,t)

is a complex between a polymer X(l,s) and a template polymer X(L,t). Here for
simplicity, only the polymers with length L are assumed to work as templates. The
reactions in the first line (4-a) are formation and dissociation of complex between a
template X(L,t) and a substrate X(l,s) polymer, and kf and k̂b(i, s, L, t) are the rate

of these reactions, respectively. The dissociation rate k̂b(i, s, L, t) depends on the
numbers of correct and incorrect base pairs between the sequences of the substrate
and the template, which form a complex C(i,s),(L,t). In this model, we assume a
monomer in the substrate polymer and one in the template at the same position
form a base pair. Further, the pair between different monomer types (i.e., 0 and 1)
is assumed to be a correct one, whereas that with the same types (i.e., 0 and 0 or 1
and 1) is incorrect. We assume that energy of the incorrect base pair is higher than
the correct one with the difference ϵ. Therefore the dissociation rate k̂b(i, s, L, t) is
given by

k̂b(i, s, L, t) = kb exp(nϵ),

where n(≤ l) is the number of incorrect pairs between a template X(L,t) and a
substrate X(l,s). Thus, the more mismatch pair in a complex exists between a
template and a substrate, the dissociation of them occurs faster. For example,
since the complex of 0100 and 101 has no mismatch base pair, the dissociation
rate of them is k̂b(3, 101, 4, 0100) = kb. While, k̂b(3, 111, 4, 0100) = kbeϵ, since the
complex of 0100 and 111 has one mismatch base pair.

The reaction in the second line (4-b) is the ligation between a monomer and a
polymer which forms a complex with a template. In this model, a polymer which
does not form a complex with a template cannot elongate. Since there are two types
of monomers, there are two types of ligation reaction; with a correct base pair and
an incorrect one. If a base pair of the monomer to be ligated and the one at the
corresponding position in the template X(l,s) are correct ones, the ligation rate is rt,
and otherwise, the rate is rte−ϵ. We also assume that the ligation rate rt depends
on the sequence of the template X(L,t), and the rate is the same as its complemental
sequence. For example, in the case with a substrate 101 which forms a complex
with a template 0100, a monomer 0 ligates at the rate r0100 and a monomer 1 at
the rate r0100e−ϵ. Note that µ = 1/(1 + exp(ϵ)) is the error rate at each monomer
addition in the template replication.1

In the model, we also assume the constant supply of free monomers 0, 1 at
rate f/2, respectively and the constant dilution of polymers at rate φ (chemostat
condition);

∅ f/2→ X(1,m), X(l,s)
φ→ ∅, C(l,s),(L,t)

φ→ ∅,

where m represent monomer types 0 or 1. Thus total monomer concentration is
given by xt

m =
∑

l

∑
s∈l

[
lx(l,s) + (L+ l)

∑
t∈L c(l,s),(L,t)

]
, where

∑
s∈l is the summa-

tion for all of the sequences of length l, which is kept as constant value f/φ.

1Here, we consider only the ligation of a monomer to a right side of a polymer. Therefore, unlike
the model in the previous chapter, there is no difference in the diversity of reaction pathways in
synthesizing templates with different sequences.
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+ + +

Figure 4.1. Schematic diagram of the polymerization model. In the upper
row, a complex between a trimer template and a monomer, a dimer and a trimer
with complemental monomer sequence are drawn. Right arrows between them
represent ligation reactions between a substrate polymer and a monomer and
left arrows reverse of these reactions. There are two types of monomers (red
and white circle), and the dashed line represents a base pair between them. Up
and down arrows represent complex formation with a trimer template and a
substrate.
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The rate equation of the concentration of polymers and complexes in this chem-
ical reaction process (assume infinite system size) is,

ẋ1,m =f/2− kf
∑

t∈L

x1,mxL,t +
∑

t∈L

k̂b(1,m, L, t)c1,m,L,t

−
∑

l,s∈l,L,t∈L

rtν(l + 1, sm, L, t)cl,s,L,tx1,m − φx1,m,

ċ1,m,L,t = kfx1,mxL,t − k̂b(1,m, L, t)c1,m,L,t − rtc1,m,L,tx1,m − φc1,m,L,t,

ẋl,s = − kf
∑

t∈L

xl,sxL,t +
∑

t∈L

k̂b(l, s, L, t)cl,s,L,t − φxl,s,

ċl,s,L,t = kfxl,sxL,t − k̂b(l, s, L, t)cl,s,L,t + rtν(l − 1, s′, L, t)cl−1,s′,L,tx1,m

− rt(1 + e−ϵ)cl,s,L,tx1 − φcl,s,L,t,

ẋL,t = − kfxL,txL,t + k̂b(L, t, L, t)cL,t,L,t +
∑

l,s∈l

(−kfxl,sxL,t + k̂b(l, s, L, t)cl,s,L,t)− φxL,t,

ċL,s,L,t = kfxL,sxL,t − k̂b(L, s, L, t)cL,s,L,t + rtν(L− 1, s′, L, t)cL−1,s′,L,tx1,m − φcL,s,L,t,
(4.1)

where s′ represents the sequence in which the right end monomer of the sequence
s is deleted. Note that the sequence and its complementary sequence have the
same concentration at any time. Also note that these reactions satisfy the detailed
balance condition, thus in the equilibrium state (i.e. the stationary state when there
are no nonequilibrium flow f = φ = 0), the total concentration of a polymer X(l,s)

i.e. xt
l,s = xl,s +

∑
t∈L cl,s,L,t is the same for all of the sequences with the identical

length.

4.3 Result

4.3.1 Competition between two types of templates under
no mutation

We first test the competition between two complementary pairs of templates in the
condition in which there is no mismatch ligation of a monomer; i.e., the energy of
the incorrect base pair ϵ is infinitely large. We assume that these pairs of templates
share only monomer species as a substrate. Below, we study the dynamics of the
concentration of only one of the complemental template pair, each complemental
template has the same concentration.

First, we consider the case in which their elongation speed constants r are same.
We also set the length of templates are three. We calculated the dynamics of the
concentrations of two templates in Fig. 4.2. As in the figure, there are two types
of fixed points: in one fixed point two template pairs coexist, and in the other,
only one template pair dominates. The stability of the fixed point depends on the
dissociation rate kb as shown in Fig. 4.3(a). When kb is low, only the fixed point
of co-existence is stable. On the other hand, when kb is high, fixed point with the
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dominance of one of them is stable. In the middle range of kb, both of them are
stable, and the initial condition of concentrations determines the final state. The
same phase diagrams are drawn for the case in which the template polymer is longer.
As the figure in Fig. 4.3(b), The phase diagram in these cases is qualitatively the
same as in the case of L = 3, although the parameter region in which the selection
of two types of templates shows frequency dependency is extended to the region
with lower kb.

Next, we set the ligation speed constants r to be different between two pairs
of templates. In proportion to the speed, the templates are replicated. Hence the
speed works as the fitness. Selection of a template sequence is made accordingly.
As shown in Fig. 4.4, when kb is high, both of the fixed points with the dominance
of the templates and that with the coexistence are stable. Here, the former has
higher fitness than the other. As kb decreases, the fixed point with the dominance
of lower fitness template become unstable first before one with higher fitness. Thus
there is a regime where only the fixed point with the dominance of the template
with the highest fitness is stable.

To understand these results, here, we reduce the rate equation of the model
chemical reaction system and derive the growth rate of the templates concentration.
When the ligation rate is much faster than the complex formation and deformation,
kb ≪ kf ≪ r, the model chemical reaction system can be reduced to,

X1 +XL
kf→ CL

2XL

kf#
kb

CL,

where X1 is a monomer, XL is a template species and CL is complex of two of
templates. In this case the rate equation of concentration of XL is approximated as

ẋt
L = x1

√
2kfkb

√
xt
L − φxt

L. (4.2)

(detailed calculation is in the last of this chapter) In this rate equation, the growth
of template is not proportional to its concentration xt

L but with its square-root.
This is the reason why the templates coexist in the low kb regime, as discussed in
section 1.2.1.

On the other hand, when the association and dissociation rates are sufficiently
faster than the ligation rate, kb ≫ kf ≫ r, the model can be reduced to,

X1 +XL
rK→ X2 +XL

rK→ . . .
rK→ 2XL,

where K = kf/kb. If we also assume the dilution rate is sufficiently faster than the
ligation reaction i.e., φ≫ rKx1, we obtain

ẋt
L = (rL−1KL−1xt

1
L
/φL−2)xt

L
L−1 − φxt

L, (4.3)

The exponent of this growth rate equation is proportional to the number of steps
in the polymerization of templates, i.e. the length of the template L. Intuitively,
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this is because the template is required at multiple steps of ligation reactions as
a catalyst. Since the exponent of the growth rate of templates is larger than 1 as
discussed in section 1.2.1. This is the reason why the sequence that is dominant
initially is selected for larger kb.

To estimate the parameter kb that separates the regions of sub- and super-
exponential growth, we consider the reduced form of the chemical reaction, with
the case L = 3

X1 +X3
rK→ X2 +X3

rK→ C3,

2X3

kf#
kb

C3.

Here, the formation of the complex between a template and substrate polymers
shorter than the template is assumed to be sufficiently faster than the other reac-
tions.

In this case, the growth rate of the template is given by

ẋt
3 = αx1φ

(
√

1 + βxt
3 − 1)2

(
√

1 + βxt
3 − 1) + α

, (4.4)

where α = 4kfφ
rKx1(φ+kb)

and β = 8kfkb
(kb+φ)2 . From this description, the condition that the

template grows super-exponentially is estimated as

1≫ βxt
3. (4.5)

This condition is satisfied when kb is large, and kf is small. According to Eq. 4.5, the
critical value for the super-exponential growth depends on the total concentration
of the template. This explains why there exist two attractors one of which shows
coexistence of templates and the other represents the survival of only one template,
in the middle region of kb in Fig.4.3. This formula can also be applied for longer
templates. If the total concentration of the monomers (i.e., the supply rate of a
monomer f and the diffusion rate of φ) is fixed, the coexistence of longer templates
tends to be harder because they have low concentrations.

4.3.2 Replication of templates with the error

Next, we analyze the replication of template polymer under error and explain the
error tolerance of their sequence information (i.e., the energy difference between the
correct and incorrect base pairs ϵ is finite). Here we assume the pair of template
sequences with only one type of monomers (i.e., 000... and 111...) as the master
sequences and set the replication rate r0 of the master sequence as r0 = 1.0, and
these of all the other r1 as r1 = 0.1. For this parameters, there is only the fixed
point of the dominance of the master sequences. (i.e., the survival of the fittest).

We calculated the dependency of the fraction of the master sequence for all of
the template sequences with the error rate µ. The fraction represents the precision
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Figure 4.2. Time series of the total concentrations of two template species A
(green), B(blue), xtotA , xtotB . In initial condition the concentration of template A
is slightly larger than B. We set φ = 0.1, f = 1.0, kb = 1 (a) and kb = 3 (b).
The horizontal axis is time in log scale. For low kb (left), the two templates
eventually converge to same concentration at the stationary state, and for high
kb the template A dominates the system.

of information replicated. Naturally, the fraction decreases monotonically with the
increase of µ, as in Eigen’s quasispecies model. As in Fig. 4.5(a), with the increase
in the dissociation rate kb, the decline of the fraction with the increase of µ is
moderate than in the quasispecies model with the same length of templates and
same fitness distribution. This is consistent with the discussion in the previous
section that the growth of the templates is super-exponential for high kb. Thus the
initially abundant master sequences are better preserved and more dominated.

Next, we plotted the same figure with various length L of the template. (Fig.
4.5(b)) Surprisingly, the decrease of the fraction of the master sequence with the
increase of error µ is slower with the increase of L. This result is in a sharp contrast
with that in the quasispecies model, in which the decline of the fraction is sharper
with the increase of L, as studied on error catastrophe (section 1.2.1). This is
because the exponent of the growth rate of templates is larger as their length is
longer, and the master sequence is more dominantly selected.

There is a tradeoff relationship between the accuracy and the speed of replication
of the templates. In Fig. 4.6, how the fraction of the master sequence among all of
the template sequences and the total concentration of the master sequence depends
on the dissociation rate kb is plotted. The fraction increases with the increase of
kb, whereas the yield decreases in a high kb region. Although the increase of the
fraction is monotonous for all regions of kb, there is the optimal value for kb which
gives the maximum of the yield.
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Figure 4.3. (a)Phase diagram of stability of the fixed points. Horizontal axis
is dissociation rate kb, and the vertical is association rate kf . (I)Only the fixed
point in which two templates coexist is stable (blue area). (II)Only the fixed
point in which one template dominates is stable (yellow area). (III)Both types
of fixed points are stable (white area). (b)The same diagram for L = 3 (blue),
L = 4 (green) and L = 5 (light blue). At the left side of the solid line the fixed
point with the coexistence of the two templates is stable, whereas the other side
it is unstable. At the right side of the dashed line, the fixed point with the
survival of the only one is stable. Thus, there are three phases.
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Figure 4.4. Phase diagram of stability of the fixed points for two templates
with different fitness. The horizontal axis is kb and the vertical axis is the fitness
of the second template pair B, rB. We set f = 1,φ = 0.1, L = 3 and the fitness
of the template pair A as rA = 1. There are three types of attractors; (i) in
which template A and B coexist, (ii) template A dominates, and (iii) template
B dominates. Colors of each area represent the stability of these attractors; only
attractor (i) is stable (blue), (ii) and (iii) are stable (yellow), (i) and (ii) are
stable (purple), and all of the attractors are stable (white). Solid line represents
the boundary of stability for the fixed point with coexistence of two templates.
Blue and orange dashed line represent the boundary of stability for the fixed
point with dominance of template A and one with B respectively.
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Figure 4.5. Dependence of the fraction of one of the master sequences among
all of the template sequences x0 = xL,0/

∑
s∈L xL,s on the error rate µ. We set

f = 1,φ = 0.1, kf = 1, L = 3 and kb = 0.5, 1, 2, 4, 8, 16. Dashed line (qsm)
represents the dependence of x0 on µ in the model in which templates grows
exponentially corresponding to the quasispecies model with L = 3 (see detail in
the last of this chapter.). The same plot for different set up for the length of
templates L. (f = 1,φ = 0.1, kf = kb = 1.)
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4.3.3 Similarity with kinetic proofreading and trade-off be-
tween replication speed and accuracy

The polymerization process can be regarded as multi-step error correction of each
monomer in the template sequence. After the ligation of i-th monomer to substrate
polymer, there are L− i+1 step of ligation reactions before completion of template
synthesis. Then the relative speeds of each ligation between the templates in which
the i-th monomer is 0 and 1, F (i)

0 and F (i)
1 respectively, are

F (i)
0 ∝ eϵ(x0r0 + (x(i)

0 − x0)r1) + x(i)
1 r1

F (i)
1 ∝ x0r0 + (x(i)

0 − x0)r1 + eϵx(i)
1 r1,

(4.6)

where x(i)
0 and x(i)

1 are the fractions of template sequence such that the i-th monomer

is 0 or 1, so that x(i)
0 +x(i)

1 = 1. Then the fraction of one of the master sequence with

all-0 is x0 =
∏

i x
(i)
0 . Here, we ignore the other complemental master sequence and

sequences similar to it, since they hardly form a complex with sequences considered
here for large ϵ.

Thus, relative production rate of templates that i-th monomer is 0 or 1 are
derived as

ẋ(i)
0 ∝ (F (i)

0 )L+1−i,

ẋ(i)
1 ∝ (F (i)

1 )L+1−i.
(4.7)

If we assume the dominance of the master sequence (x(i)
0 ∼ x0, x

(i)
1 ∼ 0), the

effective error rate at the i-th monomer in replication, µ(i), is approximated as

(F (i)
1 )L+1−i

(F (i)
0 )L+1−i + (F (i)

1 )L+1−i
∼ e−(L+1−i)ϵ, (4.8)

since F (i)
1 /F (i)

0 is approximated as e−ϵ This is exactly same as minimum error rate
that can be achieved in the kinetic proofreading model with L + 1 − i steps (see
section 1.2.4). In this way, in our model, if the error rate at the i-th monomer of the
template replication is µL+1−i, the error threshold for information persistence takes
a finite value even for infinitely long templates, in contrast with the quasispecies
model.

Also note that (relative) growth rates of x(i)
0 and x(i)

1 are proportional to x(i)
0

L+1−i
,

x(i)
1

L+1−i
, respectively, for large ϵ. Thus their growth is super-exponential. In this

error correcting scheme, the super-exponential growth of a template is inevitable,
because to energetically discriminate correct and incorrect base-pairs fast associa-
tion and dissociation between a substrate and a template is needed.

4.3.4 Optimality for evolution speed

Finally, we study the speed of the evolution in the template system. We calculated
the time series from the state in which the dominance of lower fitness template
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to the state of the dominance of the fittest template. We set the fitness of all
0 and all 1 sequence template (master sequences) as r0 = 1.0, whereas that of
the periodic sequence 0101... and 1010... (which are the most far from both of the
master sequence in the sequence space.) is set at r1 = 0.5, and the others are set at
r2 = 0.1. In this setting considered here, only the fixed point with the dominance
of the master sequences is stable. Thus, no matter what the initial condition of the
fraction of templates is, the master sequence eventually dominate the system.

We first start from the dominance of the (complemental pair of) periodic se-
quence and calculate the dynamics of the templates concentrations to converge to
the fixed point. (Fig. 4.7(a)) Here we define the speed of the evolution of tem-
plates by the transient time until the master sequence becomes dominant. As in
Fig. 4.7(b), there exists an optimal kb value that minimizes the evolution time.

For small kb, the speed of the template evolution is low, since the selection pres-
sure of the master sequence is weak because the templates grow sub-exponentially.
On the other hand, for large kb the evolution is also slow. This is because the
template abundance grows super-exponentially so that initially dominant sequence
that is not fittest keeps its dominance over other sequences (see section 1.2.1).

4.4 Summary and Discussion

To sum up, we found in the template polymerization model there are phases of
sub- and super-exponential growth corresponding to the growth form discussed in
section 1.2.1. In the super-exponential growth phase, the longer template has higher
degrees of power in the growth rate. Therefore, in that case, the longer template
has higher error tolerance in contrast to Eigen’s original model. Here, however,
there is a trade-off between the accuracy of information in template sequence and
the production speed of the template. Also, there is an optimal point to maximize
the evolution speed of templates, in which their growth is exponential.

In this chapter, we reconsider Eigen’s theory for the selection of replicators and
the error catastrophe in the quasispecies model, from the microscopic elementally
polymerization process. In our model, the growth of templates changes from sub
to super exponential depending on the kinetic parameter of polymerization as in
Eigen’s model. On the other hand, unlike Eigen’s model of the replicator, the
exponent of the growth rate of templates also depends on their concentration at
the moment. Further, since long templates require many steps for their synthesis,
they have a higher exponent of the growth rate. Accordingly, they are more robust
against errors in the information replication compared with the simple exponential
growth.

In this chapter, we assume only the long polymer can be a template. Thus
our model cannot solve the problem of Spiegelman’s monster discussed in section 1
[30, 31, 32]; Since shorter templates have faster replication rates, longer templates
are not selected. Instead, we focused on the selection of the sequence with the
correct information among a vast range of the sequence space. For example, the
condensation of longer polymers by thermal convection in rock pore is proposed
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as a solution to the Spiegelman’s monster problem [133, 134]. Our model suggests
that if there is such a mechanism for selecting longer polymers, the problem in the
information inheritance is also settled.

This mechanism to increase the replication accuracy is similar to kinetic proof-
reading, which is an error correction mechanism proposed by Hopfield [92, 93].
Kinetic proofreading is used in the present cell to reduce the error in the replication
by doubling the energy difference between correct and incorrect base-pairs. On the
other hand, the proofreading requires more time for synthesis of the polymer. In
fact, our model exhibits also the tradeoff between the speed and the accuracy of the
production [94, 95, 96, 97]. In order for kinetic proofreading to work, the specific
design to couple the synthesis of a molecule with the conversion of the cofactor
such as ATP is needed. On the other hand, in the scheme in this chapter, only
the requirement is the supply of energy as a monomer and dilution of polymers.
Therefore, it can provide a plausible mechanism of error correction in the prebiotic
world.

A super-exponentially growing template is advantageous to maintain accurate
replication under a high error rate. On the other hand, with exponential growth,
both of the growth rate and the evolution speed are moderately fast. Thus, life
systems in the early stages would have used error correction mechanism proposed
in our model, and then gradually evolved to the regime of exponential growth to
satisfy Darwinian evolution.
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4.5 Appendix

4.5.1 Derivation of the growth rate of templates

Sub-exponential growth for kf ≫ kb

When association rate between polymers are faster than dissociation,kf ≫ kb, the
model chemical reaction system can be reduced to as followings,

X1 +XL → CL ↔ 2XL

where X1 is a monomer, XL is a template species and CL is double-helix of two of
templates.

The rate equation is

ẋL = −2kfx2
L + 2kbcL − kfxLx1 + kbc1 − φxL,

ċL = kfx
2
L − kbcL + kfxLx1 − φcL.

(4.9)

The rate equation for the template polymer xt
L = 2cL + xL is

ẋL
t =

d

dt
(2cL + xL) = kfxLx1 − φxtot

L . (4.10)

Then if we assume kf ≪ kb, xt
L ∼ 2cL and kbcL ∼ kfx2

L. It can be concluded that

ẋt
L = x1

√
2kfkb

√
xt
L − φxt

L. (4.11)

Super-exponential growth for kf ≪ kb

On the other hand, when the dissociation rate is faster than association rate, kf ≪
kb, the model where the template is trimer can be reduced to,

X1 +XL → X2 +XL → · · ·→ 2XL,

where K = kf
kb
.

If the complex formation and deformation reactions are much faster than the
ligation reaction,kb ≫ 1 and kf ≫ 1, c3 = kf

kb
x3x3, c2 = kf

kb
x3x2, c1 = kf

kb
x3x1, Total

tetramer, dimer and monomer concentrations are, xt
3 = x3+2c3+c2+c1, xt

2 = x2+c2
, xt

1 = x1 + c1. For kb ≫ kf , Then the rate equation is reduced to,

ẋt
1 = f − 2rKxt

3(x
t
1)

2 − rKxt
3x

t
2x

t
1 − φxt

1,

ẋt
l+1 = −rKx1x

t
Lx

t
l+1 + rKxt

Lx
t
lx

t
1 − φxt

l ,

ẋt
L = rKxt

1x
t
Lx

t
L−1 − φxt

L.

(4.12)

If we assume the stationary state (or change of dimer’s total concentration is much
faster than tetramer’s),

x∗
l+1 =

rKx1xixL

rKx1xL + φ
∼ Kx1xixL/φ. (4.13)
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The approximation can be applied when the speed of dilution is much faster than
the speed of ligation reaction, φ ≪ Kx1xL. As a result, the rate equation for
template concentration is

ẋt
L = (rL−1KL−1xt

1
L
/φL−2)xt

L
L−1 − φxt

L. (4.14)

Estimation of the parameter kb that separates the regions of sub- and
super- exponential growth

X1 +X3
rK→ X2 +X3

rK→ C3,

2X3

kf#
kb

C3.

The rate equation is

ẋt
2 = rKx2

1x3 − rKx1x2x3 − φxt
2,

ẋ3 = −2kfx2
3 + 2kbc3 − φx3,

ċ3 = kfx
2
3 − kbc3 + rKx1x2x3 − φc3.

(4.15)

If we assume ẋt
2 = 0,

xt
2 =

rKx2
1x3

rKx1x3 + φ
. (4.16)

From constraint for conservation of total template concentration, xt
3 = x3+2c3,

and ẋ3 = 0,

x3 =
kb + φ

4kf

(√
1 + βxt

3 − 1
)
, (4.17)

where β = 8kfkb
(kb+φ)2 .

Therefore, the growth rate of the template is

ẋt
3 = rKx1x

t
2x3 =

rKx2
1(kb + φ)

4kf

(
√
1 + βxt

3 − 1)2

(
√

1 + βxt
3 − 1) + α

, (4.18)

where α = 4kfφ
rKx1(φ+kb)

.

When 1 ≪ βxt
3, from the approximation

√
1 + βxt

3 ∼ 1 + 1
2βx

t
3, the growth of

the template is faster than exponential,

ẋt
3 ∝

(12βx
t
3)

2

βxt
3 + α

. (4.19)

When 1 ≪ βxt
3, on the other hand, from the approximation

√
1 + βxt

3 ∼
√
βxt

3,
the growth of the template is slower than exponential,

ẋt
3 ∝

βxt
3√

βxt
3 + α

. (4.20)

Therefore, the critical kb that separates the regions of sub- and super- exponen-
tial growth is

1 ∼ βxt
3 (4.21)
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The polymerization process which can be reduced to the quasispecies
model

Here we change the dissociation rate k̂b(l, s, L, t) as followings:

k̂b(l, s, L, t) = exp(nϵ) (l = 1),

= 0 (l = 2 . . . L− 1),

=∞ (l = L).

The dissociation of a complex between a polymer longer than a monomer and a
template polymer does not occurs, while that of the complex between two of tem-
plates occurs infinitely fast. In this process, once a monomer forms the complex
with a template, a substrate does not dissociate until complete the synthesis of the
template. (This process requires a special design that specifically dissociates only
the complex between the templates.)

We can reduce the process as,

X(1,m) +X(L,s) → X(L,s̃) +X(L,s),

where s̃ is the complemental sequence of the s. Then, the fraction of the template
sequences xi in the fixed point is consistent with one of the quasispecies model,

ẋi = N
∑

j

wijxj − φxi, (4.22)

where N is a constant and wij = rj
(

L
hij

)
µL−hij(1− µ)hij . In this case, the accuracy

of information (the fraction of the master sequences) declines with the length of the
template same as the quasispecies model.

The error threshold for replicating template with the error correction

As is the previous discussion, due to the multi-step ligation, the error rate at the
i-th bit of the template in the replication is modified as ∼ µL+1−i. In this case, the
error threshold at which the growth rate of the master sequence is overwhelmed by
that of the others is estimated by the condition,

L∏

i=1

(1− µi)r0 ∼ r1, (4.23)

where r0 and r1 are the fitness of the master sequence and the other, respectively.
For infinite length L, −

∑∞
i=1 log(1 − µi) is bounded from above by

∑∞
i=1 iµ

i.
From the condition that W >

∑∞
i=1 iµ

i, the critical error rate µ∗ is at least

µ∗ >
2 + 1/W −

√
4/W + 1/W 2

2
, (4.24)

where W = log(r0/r1). Therefore, even for the infinite length of template, the
master sequence can persist under the finite error rate.
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Chapter 5

Summary and Discussion

In this thesis, we studied the self-replicating system of biopolymers as a model for
the origins of life. In the chapters 2-4, we studied the following issues;

• How long does it take for sufficiently long polymer to spontaneously emerge
which can function as a catalyst? What is the condition for such emergence?
(Chapter 2)

• What kind of polymer sequences will emerge? Under what condition the
complex sequences which can code more information are selected? (Chapter
3)

• What is the relationship between the growth and the selection of template
sequences? Under what condition can the information on the template attain
robustness against errors and be sustained? (Chapter 4)

In such problems, kinetics of polymerization process have an essential role. We
answered these questions in respect with properties of the environment, especially;

• Strength of nonequilibrium drive; i.e., the supply speed of monomers,

• Volume of the compartment; i.e., system size,

which provide parameters related to the kinetics.

Nonequilibrium drive

In chapter 3, we studied dependence of the selected sequence on the monomer supply
rate in a model of template-directed ligation. Moreover, we also uncovered that the
complexity of the selected polymer increases with the decrease of such flow rate.
This dependency on the selection of complexity is due to the kinetic constraints in
the reaction pathways to synthesize templates.

In chapter 4, on the other hand, we showed that the growth law and the conse-
quence of the selection among the template polymer depend on the kinetic param-
eters of the polymerization process.The error correction mechanism akin to kinetic
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proofreading prevents the error catastrophe during replication. The monomer sup-
ply and dissipation drive is necessary for such a correction mechanism to work.
Similarly to kinetic proofreading mechanism, there is a trade-off between produc-
tion speed and accuracy of information.

In both cases, the existence of the optimal flow rate or nonequilibrium drive
exists for each mechanism to work efficiently for the self-replicating polymer system,
although each has a different perspective.

System size

In chapter 2, we discussed transition time from the inactive state without a catalyst
to the active state with catalyst, caused by stochastic noise due to the finiteness of
system size. Then, we showed the existence of the optimal volume for the emergence
of a self-replicating system with a long catalytic polymer. Also, we derived a formula
that determines the optimal volume from the fixed point of the deterministic rate
equation.

In the model in chapter 3, there also exists an optimal size for the selection of
complex sequence to work, for the slow speed of flow. The transition in the model
is due to the finiteness of the system size: if the size is too large, the transition to
the attractor with the dominance of a complex sequence does not occur. On the
other hand, if it is too small, the noise is so large that the system cannot stay at
an attractor with the dominance of complex sequence.

The dependency on the system size for the model in chapter 4 is a future issue.
As in section 1.2.1, for the evolution of exponentially growing sequence, the noise
due to finiteness of system size is an important factor for the selection pressure.
Also, for our template replication model with polymerization, the finiteness of the
system size is expected to affect the robustness to error and the speed of evolution
of the templates.

In this thesis, we showed that for both the system size and the strength of nonequi-
librium drive, there is an optimal value for the self-replicating system of polymers
to emerge. Such kinetic constraint for the prelife system will be important in the
study of the origins of life, to examine the validity of various conflicting hypotheses
for it.

The constant flow of monomer supply is realized in a laboratory condition by
chemostat [42], where one can control the speed of such flow or the volume of the
reactor easily. Of course, the parameters which determine the environment are not
only the volume or speed of flow. For example, the temperature, pH or the metal
ion concentration are considered to be important.

Since our model is abstract, it is difficult to quantitatively predict the optimal
volume and speed of flow for realistic conditions. To estimate the actual value, ex-
perimental specification of the parameter values of biopolymers is necessary. On the
contrary, elucidation on the properties of biopolymers required for a self-replicating
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system to emerge and be sustained in a plausible environment should be essential
to search for candidate biopolymers for the origins of life, among a vast variety of
possibility.

Future issues

Energetics of polymerization

In this thesis, we studied the kinetics of polymerization rather than the energetics.
It is necessary to discuss the energetics of polymer polymerization in considering a
more realistic system.

As discussed in section 1.1, the exponential decay of the amount against the
length of polymers is one of the problems for the emergence of the self-replicating
system of biopolymers. Longer polymers are harder to synthesized. Therefore, how
to supply energy from the external environment, other than the supply of activated
monomers is a big problem in the origins of life. One of the possibilities is that
energetic drive by the oscillation of the environmental condition. In fact in the
experimental nonenzymatic synthesis of proteins and RNAs, oscillation of environ-
mental conditions such as temperature oscillation or dry–wet cycles are considered
to be essential. Then, it will be necessary to study theoretically what polymeriza-
tion process can be accelerated by such oscillation whether the energy is converted
efficiently into the chemical potential of the covalent bonds, and to search for the
condition in which the synthesis of long polymers is possible. (For example, the
minimum energy to require to proceed copolymerization process on the template is
discussed (see section 1.3).)

Also, the extension of the model of the sequence selection discussed in chapter 3
to the model to include energetics is an important future issue. In the model in the
section, the template polymers are assumed to be energetically homogeneous. In an
actual polymer system, however, they are inhomogeneous. In preliminary study, the
correlation between the speed of flow and the complexity of the selected sequence
is suggested even in such case, but elucidation for the condition is important in
future.

Emergence of genetic system

In this thesis, we discussed the first stages for the origins of life, replication of long
polymers. However, the self-replicating system has to go through various other
stages to evolve into the present life system. One of such stages is the acquirement
of the genetic system, as discussed in section 1.2.3.

The kinetic origin of the molecule with the role of genetic information is discussed
in Kaneko–Yomo model [88], In the model, a hypercycle with two components in
a protocell is considered. If the symmetry of the replication rate between the two
molecules is broken, the activity of minority molecule determines the growth rate
of the whole cell. Thus the minority molecules plays a role for information carrier.
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However, in the model, the growth rate of the total protocell itself is faster if there
is no difference in the replication rates between the molecules. Therefore, how the
symmetry in replication rates between such molecules is broken is not explained as
a consequence of selection of a higher growth system.

The elementary process of the polymerization process as considered in this thesis
could be a solution to the problem. As discussed in chapter 4, the replication rate of
templates could be proportional to the powers of the concentration of itself. In that
case, in contrast to the original model, the growth rate of the whole protocell is faster
when the amounts of the two molecules are asymmetric. Therefore, considering the
process of polymerization to synthesizing biomolecules, there is a possibility that a
genetic system can be derived as a natural consequence of the chemical evolution
of photocells.

Concluding remarks

In this thesis, we have considered a self-replication system of biopolymers in respect
with the chemical reaction process of polymerization. We have elucidated some
physical conditions for the emergence of self-replicating polymer systems. In the
origins of life studies, such theoretical analysis is essential. By deriving stronger
conditions for prebiotic life to emerge and sustain, we may elucidate history of life
on the earth. Furthermore, uncovering constraints on the life will contribute to
understand not only the origins of life but also the present life itself.
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[43] Ira Leuthäusser. An exact correspondence between eigen ʟs evolution model
and a two-dimensional ising system. The Journal of chemical physics, Vol. 84,
No. 3, pp. 1884–1885, 1986. pages 10
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