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Abstract

Orbit uncertainty propagation is a key aspect of Astrodynamics. In particular, in the
context of planetary defense, reliable and efficient uncertainty propagation is crucial
for the task of monitoring possible impacts of Near Earth Asteroids (NEAs) with our
planet. Other important application is collision monitoring in Low Earth Orbit (LEO)
and Geostationary Earth Orbit (GEO) for satellites and pieces of space debris.

The evolution of the orbit uncertainty can be in principle approximated by Monte
Carlo simulations, but the computational cost can become too high if a good accuracy
is required. A very simple approach for quick calculations is employing a fast linear
propagation method. However, the accuracy of this approach depends on the set of
variables used to represent the state vector. That is, the nonlinearity of the differential
equations that govern the evolution of the uncertainty can be (partially) absorbed by
a nonlinear transformation of the state, which is an algebraic equation and is easier to
handle. To investigate which representations of the state are more interesting for orbital
applications, an extensive campaign of numerical simulations employing different sets
of orbital elements is performed in this research. Results show how the nonlinearity is
mainly concentrated in the anomaly of the orbital motion. Mean anomaly is found to
be more linear than the eccentric anomaly, which in turn shows a more linear behavior
than true anomaly. Time elements are found to be the most linear, but they come at the
cost of particularizing the formulation for elliptic, parabolic or hyperbolic orbits, and
they require solving Kepler’s Equation.

As a first example of how the representation of the state can be advantageous, curvi-
linear coordinates are used to improve the uncertainty propagation accuracy of space
debris compared to a Cartesian method. First, a double-frequency quadratic-order so-
lution of the Keplerian motion is presented. Using this solution, a state transition matrix
is constructed to propagate the uncertainty of the orbital motion. This method is shown
to be applicable for more than one week in the Geostationary region, and for a several

orbital periods in LEO.



Next, linear propagation using the Dromo orbit formulation is presented. Dromo
is a nonsingular set of orbital elements which has shown an excellent performance in
terms of numerical orbit propagation. Using this formulation, the linear propagation of
the uncertainty of NEAs subject to N-body perturbations is presented. The applicability
of the method is characterized by two linearity indices, which allow to divide the NEAs
into three categories: one in which the Cartesian and the Dromo propagation agrees,
one in which the Dromo formulation outperforms a Cartesian linear method, and one
in which the linearity is lost after a close approach with highly nonlinear dynamics.

To mitigate the third body gravitational perturbation linearization error, a primary
body switch is proposed. This technique has been widely used for orbit propagation
to reduce the numerical error in the integration, but its application to orbit uncertainty
is a novel approach. The switch is found to be applicable to more of 90% of the close
approaches, and the uncertainty propagation accuracy is improved up to a factor of 30.

Finally, the Dromo formulation is employed for orbit determination and navigation
applications. A batch estimator based on least-squares and a sequantial estimator based
on Kalman filter are presented using Dromo variables. The formulation is then applied
to two different scenarios. The first one is orbit determination of an object in a LEO
orbit, and the second is on the navigation of a spacecraft in a binary asteroid system

using optical navigation techniques.



Acknowledgements

This dissertation is the result of the work of several years, and could not have been
possible without the support and help of Claudio Bombardelli. Claudio was my super-
visor during my bachelor and master’s degree in the Technical University of Madrid,
Spain. Thanks to Claudio I could work for the first time in a myriad of novel topics in
Astrodynamics and learned how to become a researcher. Back in 2014 we started dis-
cussing about the topic of the present dissertation while we were working together in
Spain, and after I came to Japan for my PhD and actually started to work on the research
he always collaborated remotely, offering constructive and useful comments and ideas.
The collaboration with Giulio Bati during the last year of my degree also contributed
significantly to the methodologies and results presented in the main text. I have had the
pleasure of working with different researchers in topics of space situational awareness
that have not been included in the dissertation. I especially acknowledge here Ricardo
Garcia-Pelayo and Davide Amato for our collaborations in collision probability and
asteroid impact monitoring.

I also want to thank my multiple colleagues and friends that supported me at some
point during my pursue of the degree in Tokyo. First, I am especially thankful to my
colleague Ralf Boden, with whom I had the pleasure of sharing the pains and diffi-
culties of the doctoral course, both inside and outside our laboratory. Nicola Baresi
offered me his invaluable help in multiple topics, and more concretely regarding orbit
determination techniques. I also shared valuable experiences and learned to overcome
insurmountable challenges while working in the OMOTENASHI project with Stefano
Campagnola, Yusuke Ozawa, Shota Takahashi and Toshinori Ikenaga among others,
and I am deeply grateful to them. I want to express gratitude to all the colleagues that
offered me their moral support at lunch time, coffee breaks and outside the laboratory,
especially Stefania Soldini, Chit Hong Yam Hippo, Daniel Garcia Yarnoz, Onur Celik,
Colleen Madlinger, Roger Gutiérrez Ramon, Tommaso Pino, Mattia Pugliatti, Ferran

Gonzalez Franquesa, Naoya Ozaki and Stefaan van Wal. Outside the university, I espe-



cially thank Ifiigo de Arcos Villa for being always there when one needs a friend and
never letting me down.

I also want to thank my supervisor Prof. Junich’iro Kawaguchi for accepting me in
his laboratory at the Institute of Space and Astronautical Science (ISAS) of the Japan
Aerospace Exploration Agency (JAXA). During my stay in ISAS/JAXA, I could connect
with different scientists and engineers working in multiple space projects, and I had
the opportunity to collaborate in different proposals and missions, like a Japanese
secondary payload proposal in the American Asteroid Redirect Robotic Mission
(ARRM), a novel shape estimation algorithm for the Japanese next generation solar sail
OKEANOS, orbit design for a spacecraft with transformable structure for last-minute
detection of Earth-impacting asteroids, and trajectory design of the Japanese cubesat
OMOTENASHI which aims to be the first spacecraft to perform a semi-hard landing
on the Moon surface.

The committee members of my dissertation also played a key role in the completion
of this thesis, as they offered very interesting and useful ideas to improve the final ver-
sion of this work. For this, I am thankful to Prof. Akira Iwasaki and Prof. Ryu Funase
from The University of Tokyo, Prof. Toshio Fukushima from the National Astronom-
ical Observatory of Japan, Prof. Daniel J. Scheeres from The University of Colorado
Boulder, and Prof. Brandon A. Jones from The University of Texas at Austin. I am also
indebted to my labmate Yuki Takao for his support with all the necessary paperwork at
the university.

The Ministry of Education, Culture, Sports, Science and Technology (MEXT)
supported my doctoral studies with one of their scholarships for graduate students
(BRI A 5 224).  Additional economic support was provided by ISAS/JAXA via
its Research Assistant program.

Last, but not least, I am deeply grateful to my parents for supporting me all the way

to the completion of the PhD program.



Contents

List of Figures
List of Tables

1 Introduction
1.1 Motivation . . . . . . ...
1.2 Contributions and Research Goal . . . . . .. ... ... ... .......
1.3 ThesisOverview . . . . .. . . . . ...

1.4 DPublications . . . . . . . . . . e

I Nonlinearities in Orbit Uncertainty Propagation

2 Nonlinearities in Orbit Uncertainty Propagation

21 Introduction . . ... ... . ...
2.2 Uncertainty propagation . . . . . ... ..... ... ... ........
221 Linearsystem . .. ... ... .. ...................

222 Nonlinearsystem . . . . .. ... ... ... ... .........

2.3 Influence of the State Representation . . . . . .. ... ... ........
2.4 Numerical Comparison of Different State Representations . . . . .. ..
241 Benchmark Setof Variables . . . . ... ... ............
24.1.1 Cartesian coordinates . . . . .. ... ... ... .....

2412 Equinoctialelements . ... ... ... ....... ...

24.1.3 Alternate Equinoctial elements. . . . . ... ... .. ..

2414 Dromo. . . . ... e

2415 EDromo . ... ... ... ... o

242 Results . ... ... .

iii

G B = E E

N &



CONTENTS

2.5 Conclusions . . .

II Curvilinear Coordinates

3 Curvilinear Coordinates

3.1
3.2

3.3
34
3.5
3.6

3.7

Introduction . . .

Curvilinear coordinates . . . . . . . . . . . ..

3.2.1

Equations of Motion in Curvilinear Coordinates . . . . . . .. ..

Curvilinear Clohessy-Wiltshire . . . . ... ... ... ... ........

Quadratic solution

Linearization around the quadratic solution (QuadLin) . . . ... .. ..

Results . ... ..

3.6.1

Application to the GEOregion . . ... .. ... ....... ...
3.6.2 Applicationtothe LEOregion . .. ... ..............

Conclusions . . .

III' Dromo Formulation and Applications

4 Relative Motion and Uncertainty Propagation with Dromo

41
4.2

4.3
44

4.5

4.6

Introduction . . .

Overview of the Dromo Formulation . . . . .. . ... ... ... .....

421

Dromo variables . . . . . . . .. ...

422 Dromo Hodographplane . ... .. ... ..............

42.3 Equations of Motion in Dromo Elements . . . ... ... ... ..

Probability Distribution Function of the Dromo Variables . . . . . . . ..

Linear propagation with Dromo . . . . . . ... ... ..... ... ... ..

441

451

Gradient Matrices . . . . . . . . . .
442 N-bodyterm . ............ ... ... .. ... ... .

Linearity indices .

Orbit ConditionCode . . . . . . . . . .. . . .. .. .. .. ...

45.2 Close approach linearizationerror . . . . ... ... ... .....

Real case application . . . ... .. .. ... ... ... .. .. ... . ...

4.6.1

2000SG344

iv



CONTENTS

462 2011AMS37 . . . . e 85
463 2013HO . . . . . e 87
464 2016DJ . . . .. 88
4.7 Discussion on the linearindices . . . . . ... ... ............. 9Tl
4.8 Anomaly Transition Tensor . . ... ... ... ............... 92]
48.1 Formulae for the quadraticterms . . . . ... ... ......... 93]
4.8.2 Formulae for the cubicterms . . . ... ... ............ 93
49 Conclusions . . . . . . . . e 95
Primary Body Switch 97
5.1 Introduction . .. . . . . . . . . . . .. 97
52 Primarybodyswitch . ... .. ...... . ... . ... .. . ... ...
53 Results . . . . . . e 100}
531 2011AGS . . . . o 101l
53.2 2012API10 . . . . . e [101]
5.3.3 2004RQ252 . . . . . e 102
534 2001AV43 . . . .. [103]
535 99942 Apophis . ... ... ... 104
54 Discussion . . . . . . ..o e e e e e e e 106!
55 Conclusion . . . . . . . .. 110]
Orbit Determination using Dromo il
6.1 Introduction . . ... ... . ... ... .. 111l
6.2 Observations . . . . .. ... .. ... ... 112
621 Range . .... ... . . ... 112
622 Range-Rate . .. ....... ... ... ... . ... .. ... .. I13l
6.2.3 Opticalnavigation . ... .. ... .................. 114
6.3 Batch Estimation based on Least-Squares . . . .. ... .......... 115]
6.3.1 Aprioriinformation . . ... ... ... .o o L L L 176l
6.3.2 Least-Squares Estimationin Dromo . . . . . ... ... ...... 117
6.4 Sequential Estimation. Conventional Kalman Filter . . .. ... ... .. 119
6.5 Applications . . . ... ... 1211
6.51 ExampleinLEO . ... ... ... ... ... ... .. 1211



CONTENTS

6.5.2 Application to Navigation of a Spacecraft in the Binary Asteroid

System Didymos . . . . ... ... ... ... .. ... . ...

6.6 Conclusions

Conclusions

71 Concluding Remarks . . . .. ... ........ ... .. ... .. ..

7.2 Future Work

Probability Distribution Function and Moments

A.1 One-Dimensional Random Variable . .. ... ... .. ... .......

A.1.1 ParentDistribution . . . . . . . .. ... .. ..

A.1.2 Sampling Distribution . . . ... .. ... ... .. .. ... .. ..
A.2 Multi-Dimensional Random Variable . . ... ... .. .. ... .....

Orbital Elements as a Function of the Curvilinear Coordinates

C Melton’s Method

Relations of Dromo with Other Sets of Variables

D.1 Relations with Classical Orbital Elements . . . . ... ... ... .. ...

D.1.1 Dromo to Classical Orbital Elements Transformation . .. .. ..

D.1.2 Dromo to Classical Orbital Elements Jacobian . . ... ... ...

D.1.3 C(lassical Orbital Elements to Dromo Transformation . . ... ..

D.1.4 Classical Orbital Elements to Dromo Jacobian . .. ... ... ..

D.2 Relations with Cartesian Coordinates . . . . . ... .. ... ... ....

D.2.1 Dromo to Cartesian Coordinates Transformation . . . . . . . . ..

D.2.2 Dromo to Cartesian Coordinates Jacobian . . . . . . ... ... ..

D.2.3 Cartesian Coordinates to Dromo Transformation . . . . . . .. ..

D.2.4 Cartesian Coordinates to Dromo Jacobian . . . . . . ... ... ..

D.3 Relations with Equinoctial Elements . . . . ... ... ... ........

D.3.1 Dromo to Equinoctial Elements Transformation . . ... ... ..

D.3.2 Dromo to Equinoctial Elements Jacobian . . . ... ... ... ..

D.3.3 Equinoctial Elements to Dromo Transformation . . ... ... ..

NEODyS data

vi



CONTENTS

E.1 2000SG344 . . .
E2 2011AM37 . ..
E3 2013HO. . . ..
E4 2016D] .. ...

E5 (367789)2011AGS5 . . . . . . . . .

E.6 2012AP10. . ..
E.7 2004RQ252 . . .
E.8 2001AV43. . ..
E9 (99942) Apophis

References

vii

170

172

175

[176)

178

179



List of Figures

1.1
1.2
1.3
1.4

2.1
2.2
23
24
25
2.6
2.7
2.8
29
2.10

3.1
3.2
3.3
34
3.5
3.6
3.7
3.8
3.9

Space debris population that come into LEO region . . . . . .. ... ..
Space debris population that come into GEOregion . . . . ... ... ..
Prediction of the evolution of space debris population in LEO region . .

Thesis structure. The numbers correspond to the chapter numbers. . . .

Root Mean Square error for the LEO (e = 0.01) orbit. . . . . ... ... ..
Root Mean Square error for the LEO (e = 0.1) orbit. . ... ... ... ..
Root Mean Square error for the LEO (e = 0.2) orbit. . ... ... ... ..
Root Mean Square error for IBEX orbit. . . . .. .. ... ... .. ... ..

Root Mean Square error for Simbol-X orbit. . . . ... ... ... .. ...

Comparison of RMS of the angular variables for the LEO (e = 0.01) orbit.

Comparison of RMS of the angular variables for the LEO (e = 0.1) orbit.
Comparison of RMS of the angular variables for the LEO (e = 0.2) orbit.
Comparison of RMS of the angular variables for IBEX.. . . . . . ... ..
Comparison of RMS of the angular variables for Simbol-X. . . . ... ..

Relative motion geometry and curvilinear coordinates. . . . .. ... ..
Relative motion in the C frame: Full view (left) and zoom (right).

p standard deviation error (GEO). . . . . ... ... ... ... ... ....
p standard deviation error (GEO). . . . . . ... ... ... ... ... ...
0 standard deviation error (GEO). . . . . . . . ... ... ...
0 standard deviation error (GEO). . . . . .. .. .. .. ... ... ... ..
z standard deviation error (GEO). . . . . . .. ... ... ... ...
Z standard deviation error (GEO). . . . . . . ... ... .. ... ... ...
Uncertainty dispersion in the Af-Ap plane at an intermediate epoch
(GEO,7=281days). . . . ... ... .

viii

B EH & B



LIST OF FIGURES

3.10

3.11

3.12

3.13

3.14

3.15
3.16
3.17
3.18
3.19
3.20

4.1
4.2
43
44
4.5
4.6
4.7
4.8
49
4.10
411
4.12
4.13
4.14
4.15
4.16

Uncertainty dispersion in the Af-Ap plane at an intermediate epoch
(GEO, 7=8.00days). . . . . ... ... ..
Angular-radial uncertainty clouds including Melton’s method at an early
epoch (GEO, 7 =0.80days). . . ... .....................
Angular-radial uncertainty clouds including Melton’s method at an in-
termediate epoch (GEO, 7 = 2.81days). . ... ...............
Average position error including comparison with Melton’s method
(GEO). . . . e
Maximum value over time of the average position error in the GEO sce-
nario for different values of the eccentricity of the Follower.. . . . . . ..
p standard deviation error (LEO, i = 98deg). . . ... ... ... ... ..
p standard deviation error (LEO, i = 45deg). . . .. ... .. ... ....
¢ standard deviation error (LEO, i =98deg). . . . .. .. ... ... ...
¢ standard deviation error (LEO, i = 45deg). . . . . ... ... ... ...
z standard deviation (LEO, ¢ = 98deg). . . .. ... ... ... ... ...
z standard deviation (LEO, i =45deg). . . .. ... ... ... ... ...

Inertial (Z = {x1,yz, 27)) and intermediate (P = {zp, yp, zp)) frames. . .
Intermediate (P = {(zp,yp, zp)) and LVLH (R = (xr,yr, 2r)) frames.

Dromo Hodographplane . ... ... ....................
Geometry of close approach with uncertainty . . . . ... ... ... ...
2000SG344 Uncertainty cloud. . . . . ... ... ... ... .. . ...
Non-linearity indices for 20005G344 . . . . .. ... ... . ... .....
Skewness and excess kurtosis for 20005G344 . . . . . ... ... ... ..
2011AM37 Uncertainty cloud. . . . . . ... ... .. ... .. .. .....
Non-linearity indices for 2011AM37 . . .. ... .. .. ... .......
Skewness and excess kurtosis for 2011AM37 . . . ... ... ... .. ..
2013HO Uncertainty cloud. . . ... ... ... ... ..........
Non-linearity indices for 2013HO . . . . . ... ... .. ... .. .....
Skewness and excess kurtosis for 2013HO . . . . ... ... ... ... ..
2016D] Uncertainty cloud. . . . . ... ... ... ... ... .. .. ...
Non-linearity indices for 2016DJ . . . . . ... ... .. ... ... .....

Skewness and excess kurtosis for2016D] . . . . ... ... ... ...

ix

86
86
37/
33
39
39
90
90



LIST OF FIGURES

5.1
52

5.3

54

55
5.6

5.7

5.8
59

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

Primary body switch flow chart. . . ... ... ... .. .. .. .....
Average position error for 2011AG5 at year 2050 as a function of the
switchdistance . .. ... ... ... .. .. ... ... .. . ...
Average position error for 2012AP10 at year 2050 as a function of the
switchdistance . . ... ... ... ... ... ... .. ...
Average position error for 2004RQ252 at year 2050 as a function of the
switchdistance . . .. ... ... ... ... ... L o L
Average position error for 2004RQ252 as a function of time.. . . . . . . .
Average position error for 2001AV43 at year 2040 as a function of the
switchdistance . .. ... ... ... .. ... ... . .
Average position error for 99942 Apophis at year 2040 as a function of
theswitchdistance. . . . . .. ... ... .. ... . Lo oL
Optimum switch distance. . . . . ... ... .................

Switch error-reduction factor . . . . . . . ... L o

Elevation as seen from ground stations and observations. . . . . . .. ..
Ground track and observations . . . . ... ... ... . 0oL
Range and range-rate residuals after each pass of the Dromo least-
squares estimation algorithm. . . . ... .. ... ... 0000
Distribution of range and range-rate residuals after the last pass of the
Dromo least-squares estimation algorithm. . . . ... ... ... ... ..
3-0 Dromo covariance envelopes and error of the reference trajectory
after the last pass of the Dromo least-squares estimation algorithm. . . .
Range and range-rate residuals after each pass of the Cartesian least-
squares estimation algorithm. . . . .. ... ... ... ... .0 0L
Distribution of range and range-rate residuals after the last pass of the
Cartesian least-squares estimation algorithm. . . . . ... ... ... ...
3—o0 Cartesian covariance envelopes and error of the reference trajectory
after the last pass of the Cartesian least-squares estimation algorithm. . .

Didymossystem . . . . ... ... ... ... ..

6.10 Seven days backwards propagation of the nominal trajectory . . . . . . .

6.11 Seven days backwards propagation of the nominal trajectory . ... ..



LIST OF FIGURES

6.12 Maximum position standard deviation when changing the observations
interval from 0.1 to 84 hours, with a step of 0.05. Values for the maximum
value over time and for the finalepoch. . . .. ... ... ... ...... [135]

6.13 Maximum position standard deviation with observations taken at inter-

valsof 0.5,1,3and 6hours. . . ... ... ... ... ... ... ......
6.14 Dromo Covariance envelopes for with observations taken at intervals of
0.5,1,3and 6hours. . . . . . . . . ... 136

xi



List of Tables

2.1
2.2
23

41
4.2
4.3
44
4.5

51
52
53
54

6.1

6.2
6.3

6.4

6.5
6.6

Initial conditions for the LEQ orbits. . . . . . . .. ... ... ... ....
Initial conditions for IBEX. . . . . . . . . . . ...

Initial conditions for Simbol-X. . . . . . . . ... .. . .

Selected Asteroids . . . . ... ... ... o
Close approaches for 20005G344 . . . . .. .. ... ... . .......
Close approaches for 2011AM37 . . . . . ... ... ... .. .......
Close approaches for 2013HO . . . . . ... ... ... .. .......
Close approaches for 2016D] . . . .. ... .. ... .. ... .......

Significant data of the asteroids considered in the analysis. . . . . .. ..
Summary of theresults . . . . ... ... ... ..o o 0L
Summary of closest approaches. . . . ... ... ..............

Statistics of Earth encounters after a search in the NEODyS database. . .

Initial conditions expressed expressed in the Earth-centered J2000 Equa-
torial frame. . . . . . ... L
Groundstations . . . . .. ... ... . L o
RMS error of the range and range-rate residuals after each pass of the
Dromo least-squares algorithm. . . . . ... ... ..............
RMS error of the range and range-rate residuals after each pass of the
Cartesian least-squares algorithm. . . . ... ... .. ... ... ... ..
Characteristics of the Didymos system . . . . . ... .. .. ........

Final and initial values of the backwards propagation . . . . .. ... ..

xii

100

123]



Chapter 1

Introduction

1.1 Motivation

Orbit uncertainty propagation is a key aspect of Astrodynamics that has been receiving
increasing attention in the last years. For some applications, it is not enough to just
analyze the nominal orbit of an object, and it becomes paramount to carefully consider
the deviation between the real and the predicted orbit.

In particular, in the context of planetary defense, reliable and efficient uncertainty
propagation is crucial for the task of monitoring possible impacts of Near Earth Aster-
oids (NEAs) with our planet. These asteroids have sizes that range from the 16.8 km of
433 Eros to a few meters as in the case of small bodies like 2015 TC25. The NEAs on the
small size of this spectrum are very faint and especially hard to detect and observe, and
many of them can be observed only when they fly-by the Earth. This poses challenges
for object-orbit linkage and precise orbit determination, which further complicates the
task of Earth-impact monitoring. Orbit uncertainty is also key in missions that include a
rendezvous with small NEAs, as the small size is associated with a low magnitude, and
several months must be allocated for a search phase once the spacecraft has reached the
expected position of the target asteroid [42]. In this scenario, a mismodeled uncertainty
region may make its duration unnecessarily long. For these applications, efficient orbit
uncertainty propagation and orbit determination techniques are important to reduce
the required resources allocated to these tasks.

Other important application is collision monitoring in Low Earth Orbit (LEO) and

Geostationary Earth Orbit (GEO) for satellites and pieces of space debris. As a collateral
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damage of the use of space by military, scientific and commercial spacecraft missions,
tens of thousands of derelict objects have been left in orbit around our planet. They are
usually referred to as space debris, and their number is growing year by year [54] 66].
The population of space debris is diverse in size, orbit an origin. The number of objects
in orbit around Earth has been steadily growing since the beginning of the space era
that begun with the launch of Sputnik in 1957. In fact, the number of objects in LEO
and GEO shows no signs of deceleration as can be seen in Figs[T.T|and [1.2] taken from
a report of the European Space Agency [85]. Several authors predict that this trend
will continue, as Krag et al. reported (see Fig.|1.3|taken from [67]). Additionally, plans
for mega constellations of small satellites in the near future may magnify the problems
caused by the large number of Earth-orbiting objects [74].

Even if the nominal trajectories of two orbiting objects do not lead to an impact,
uncertainty in their orbit may mask a collision. The probability of collision for a pair
of objects is low, but since the population of satellites and space debris is large and
growing every year, the total risk cannot be neglected. In November 2010, the U.S. mil-
itary reported an average of 190 conjunctions per week [54]. These conjunctions may
lead to a collision between the bodies, causing minor damages, major damages or even
mission termination or body fragmentation. Collision avoidance maneuvers are per-
formed several times during the lifetime of a satellite: as an example Envisat executed
4 maneuvers in 2011 [67]. There are several examples of collisions in the past, like the
2009 Iridium-Cosmos collision [84] or the non-catastrophic damage sustained by the
solar panels of the European satellite Copernicus Sentinel-1A in August 2016 [68]. The
assessment of the risk of collision between two orbiting objects in low Earth orbit (LEO)
requires the knowledge of the covariance matrices of both objects propagated up to the
collision epoch (see [36] and references therein). In geostationary orbits (GEO), where
conjunctions occur throughout a much larger time scale, these matrices may even need
to be propagated throughout the conjunction duration to properly evaluate collision
probabilities [23, pp. 153-171]. An example of potential collision in GEO was presented
by [71]].

The problem of space debris can be partially mitigated by Post Mission Disposal
[33] or Active Debris Removal [75]. In any case, the increasing number of objects must
be constantly monitored for collisions between them and with other active spacecraft.

This is done nowadays by ground-based telescopes and radars [33], but their coverage
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is limited and the time between observations can become large in the near future. This
calls for advance and efficient methods of uncertainty propagation and conjunction

monitoring.
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Figure 1.1: Space debris population that come into LEO region (taken from [85]).
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Figure 1.2: Space debris population that come into GEO region (taken from [85]).

Last but not least, orbit uncertainty is the foundation of spacecraft navigation [100,
110].

When the uncertainty is small, the probability distribution function (pdf) is usually
modeled as Gaussian because of the central limit theorem and because its analytical
properties, mainly preservation of Gaussianity under linear transformations. Unfortu-
nately, the orbital motion is strongly nonlinear and the assumption of a Gaussian dis-
tribution propagated linearly eventually loses validity. When this happens, in general

one must obtain the pdf by solving complicated partial differential equations, like the
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Figure 1.3: Prediction of the evolution of space debris population in LEO region (taken
from [67]).

Fokker-Plank Equation [78, pp. 192-202], or use another method to accurately calculate
the evolution of the orbit pdf. For instance, Park et al. [88] proposed generalizing the
state transition matrix (STM) to higher orders by constructing state transition tensors.
The use of Differential Algebra (DA) has also been considered for orbit uncertainty
nonlinear propagation [105], orbit determination [6], and for real cases like the 2029
close approach of the asteroid Apophis [5]. Another possibility is to model the orbit
uncertainty as a sum of Gaussian kernels in the Gaussian Mixture Model (GMM) [38].
There is a whole family of non-intrusive methods that exploit already existing orbit
propagation tools. The most elementary method one could think of is a simple Monte
Carlo (MC) method, which propagates random samples of the initial distribution. If the
samples are not random but correspond to carefully chosen points, computational time
can be greatly reduced by the use of the Unscented Kalman Filter [58]. The solution
can be conveniently projected in an orthonormal basis using Polynomial Chaos Expan-
sions (PCE), and the components in the new basis can be calculated from propagation
of a reduced number of samples [56]. Vittaldev and Russell proposed a combination
of GMM and PCE [107]. Kriging, a method for interpolation from discrete data, has
also been applied for orbit uncertainty propagation [101]. When studying the orbit un-
certainty of NEAs, Milani et al introduced the concept of Line Of Variations (LOV), a
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one-dimensional sampling along a carefully chosen direction that accounts for most of
the orbit uncertainty [81].

Some techniques are possible to extend the validity of linear methods, which are
usually faster than the algorithms mentioned above. Junkins et al. [59] pointed out that
the accuracy of the predicted covariance depends on the set of variables that constitute
the state vector. They proposed the use of orbital elements substituting the classical
Cartesian representation, Other authors have also explored the use of equinoctial or-
bital elements to improve the propagation of the uncertainty [34} 96], and Kechichian
provided the required partial derivatives of the equations of motion in equinoctial ele-
ments including the effect of non-Keplerian perturbations while considering lineariza-
tion techniques for low-thrust trajectory optimization [60, 61} 62,63, 164]. Roa et al. stud-
ied the applicability of different advanced sets of orbital elements for orbit uncertainty
propagation [95]. Following a similar approach, Weis proposed studying orbit uncer-
tainty in Kustaanheimo-Stiefel space [108]. Conversely, curvilinear coordinates have
also been proven to ameliorate the problem (see [27, 46,52} 169, [79] for instance). These
techniques also have applications in orbit determination, as Weisman et al. showed
while studying the nonlinear mapping of the uncertainty between Cartesian coordi-

nates and orbital elements and comparing to Monte Carlo simulations [109] .

1.2 Contributions and Research Goal

In this thesis, the importance of the representation of the state vector for orbit uncer-
tainty propagation is explored. A numerical survey to analyze the linearization error
for different representations of the state is presented. Then, two different formulations
are proposed for space situational awareness and spacecraft navigation applications.

The first formulation is based in an analytical solution of the equations of motion
in curvilinear coordinates. It is very efficient in orbits in which the gradient of the
perturbation is not dominant, and allow for quick computations of evolution of the
uncertainty of space debris in LEO and GEO.

The second formulation is Dromo, a relatively recent orbital motion formulation
that was proposed by Peldez et al. in 2007 [89] and considerably improved in subse-
quent works by Urrutxua et al. [103], Roa et al. [93] and Bat et al. in 2013 [8], 2014 [9],

and 2015 [10]. It employs seven non-singular orbital elements and a fictitious time de-
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rived from a second order Sundman transformation. It has been shown that Dromo ex-
hibits an excellent performance in terms of numerical propagation of orbits. Using this
formulation, the linear propagation of the uncertainty of NEAs subject to /N-body per-
turbation has been developed by the author of the present dissertation, drastically im-
proving its Cartesian counterpart [44]. The method has been applied to Earth-bounded
orbits as well, obtaining satisfactory results [47]. While linearization with the origi-
nal Dromo formulation is possible [95], it leads to problems of time synchrony in the
propagated pdf [94]. The first step in order to make the formulation applicable to co-
variance propagation in time was to choose time as the independent variable. This is
crucial when the covariance propagation process involves time-dependent perturba-
tions whose time-derivative needs to be evaluated. The propagation of asteroid orbits,
for instance, requires the computation of N-bodies gravitational perturbations obtained
from time-dependent ephemerides. Next, one has to construct a state transition matrix
(STM) in Dromo elements and obtain the fundamental (linear) differential equation that
governs its time evolution by computing the partial derivatives of the perturbing accel-
erations with respect to the Dromo state variables. Once the time evolution of the state
transition matrix is obtained, the covariance matrix propagation can be carried out ana-
lytically, effectively propagating the initial orbit uncertainty into the future. For the case
of close encounters of Near Earth Asteroids with the Earth, a primary body switch is
proposed to overcome the limitations of a purely linear propagation. Finally, the Dromo

formulation is also employed for orbit determination and navigation applications.

1.3 Thesis Overview

Chapter [2]introduces the problem of orbit uncertainty propagation and the advantages
and disadvantages of employing a linear method. Furthermore, the possibility of par-
tially absorbing the nonlinearity of the equations of motion with an appropriate choice
of the state representation is presented, and a numerical comparison of different for-
mulations is included.

An interesting choice of state representation for weakly-perturbed orbits with small
eccentricity is the use of curvilinear coordinates. It is possible to obtain an analytical
solution for the relative motion expressed in curvilinear coordinates [17]. This solu-

tion can be truncated to a quadratic-order, double frequency, which provides a state
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transition matrix for the relative motion [46]. This approach is presented in Chapter

Chapter 4] is devoted to the relative motion and uncertainty propagation using
Dromo. The Dromo state transition matrix is proposed and the necessary gradient
matrices are provided for numerical efficiency. Then, the linear propagation of the
orbit uncertainties of Near Earth Asteroids is presented, improving the results of a lin-
ear method based on Cartesian coordinates [44]. The applicability of this algorithm
is found to be limited only by the gravitational force linearization error during close
approaches with the Earth.

To mitigate the linearization error of the third-body perturbation acceleration dur-
ing close approaches, a primary body switch is introduced in Chapter |5, The primary
body switch consists in replacing the body used as reference to construct the Dromo
elements. The primary body switch is found to reduce the average error up to a factor
of 30 [50].

Finally, in Chapter [} the applicability of the Dromo formulation to orbit determi-
nation is studied. A least-squares and a Kalman filter in Dromo variables are proposed
and applied first to an object in LEO, and then to a spacecraft in the vicinity of a binary
asteroid system.

The thesis structure is shown in Fig.

1.4 Publications

The following papers have been published while pursuing the doctoral degree:

Journal papers

¢ Javier Hernando-Ayuso, Claudio Bombardelli, and Giulio Bat. “Uncertainty prop-

agation in the N-body problem using dromo elements”. Acta Astronautica, 2017. In
press (December 2017). [50]

¢ Javier Hernando-Ayuso and Claudio Bombardelli. “Covariance propagation via

quadratic-order state transition matrix in curvilinear coordinates”. Celestial Mechanics
and Dynamical Astronomy, 129(1):215-234, Sep 2017. [46]

Conference papers
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posium on Space Flight Dynamics, held together the 31st International Sympo-
sium on Space Technology and Science, number 2017-d-071, Matsuyama, Japan,
3-9 June 2017. [47]
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1.4 Publications

¢ Javier Hernando-Ayuso and Claudio Bombardelli. “Orbit uncertainty propagation

using Dromo”. In AIAA/AAS Astrodynamics Specialist Conference, number
ATAA 2016-5632, Long Beach, CA, 2016. [44]
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Chapter 2

Nonlinearities in Orbit Uncertainty
Propagation

2.1 Introduction

The orbit of an object is determined from observations which have limited accuracy.
Combined with the uncertainties in the dynamical model, this causes that the orbit can-
not be perfectly known, and our best guess will have a confidence region associated to
it. When propagating the orbit uncertainty, the case of a Gaussian distribution linearly
propagated is especially efficient, while the general scenario is harder to solve. The im-
portant question we seek answer for is the following: can we convert a hard problem into
the easy problem of a linearly propagated Gaussian?

In this chapter, we review key concepts for orbit uncertainty propagation in Sec-
tion In Section 2.3} we highlight the possibility of answering the question that was
posed above, proposing a general way to propagate in a more efficient way the uncer-
tainty. Finally, we perform a numerical study of different state representations and their
linearity in Section

2.2 Uncertainty propagation

Let X = (X1,...,Xy) € RY be a N-dimensional random variable that represents the

state of the orbiting particle. Its cumulative distribution function g(x) is defined as

@) = P(X <a) = f; » f: p(x)d, @.1)
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where p(x) is the probability distribution function (pdf) associated to X. For the par-

ticular case of a multidimensional Gaussian distribution, its pdf is
1

1
px) = ————expl—= (& — (@) O (z — (@) | | (22)
(2m™ || { 2 }

where (x) is the mean value of X and C is its covariance matrix.
More details about the probability distribution function and its moments are in-
cluded in Appendix

2.2.1 Linear system

The evolution on time of a linear dynamical system with white Gaussian noise is gov-

erned by the stochastic differential equation [77, pp. 133-174]
dx(r) = F(r)x(t)dr + G(7)dB(7), (2.3)

where 3 corresponds to a Brownian motion process of zero mean and diffusion Q(r).

For practical applications, the following model is used instead [77, p. 163]
da(r) = F(r)x(t)dr + G(1)w(r)dT. (2.4)

where G(7) is a known matrix of piecewise continuous functions, and Q(7) becomes
the strength of the Gaussian process w(7). Equation (2.3) can be easily solved using the

state transition matrix ®:

2(7) = & (7, 70) (0) +f (1, 10) G(t)w(t)dL. 2.5)
T0
The state transition matrix satisfies
L3
d ((177'—, ) _ F(r)®(r,70), ® (79, 70) =1, (2.6)
and is a measure of the sensitivity to the initial conditions:
ox(T)
1] = . 2.7
(Ta 7-0) am (7_0) ( )

A very important property of linear systems is that Gaussianity is preserved [77, pp.
111-113], and the propagated distribution is uniquely determined by its mean and co-

variance:

(x)(1) = ® (1,70) {T)(70), (2.8)

14
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C(1) = ® (1,70) Co®" (,70) + J ’ ®(1,t) GHOQHGT ()@ (,t) dt. (2.9)

70
That is, the solution of the dynamical linear system, including deterministic and
stochastic effects, is obtained with little computational effort. The solution is further
simplified when the system can be considered as deterministic, as the integral in
Eq. vanishes in that case.

2.2.2 Nonlinear system

When dealing with nonlinear systems, Gaussianity is no longer preserved in the general
case. The evolution of a nonlinear system with white Gaussian noise can be described

by the differential stochastic equation [78, pp. 192-202]
de = f(z,7)dr + G(x, 7)dB(7). (2.10)

As the pdf does not remain Gaussian, it is necessary to propagate it on time to know
its evolution with time. To this end, we introduce the Forward Kolmogorov Equation,
also called Fokker-Planck Equation:

op(x, T
or é’

2

N N
ty Z M% {G(z,1QNG (z,7)},,
o (2.11)

il;’ 7'

l\DM—t

Unfortunately, solving the Forward Kolmogorov Equation is hard. First of all, it is a par-
tial differential equation instead of an ordinary differential equation as usually encoun-
tered in astrodynamics. Second, it is defined on an infinite domain and must satisfy

boundary conditions at infinity:
p(x — +owo,t) — 0. (2.12)

Moreover, the pdf must satisfy the normalization constraint over the domain

| o, ydz = 1. (2.13)
J-1

Finally, it suffers the so-called curse of dimensionality. Augmenting the dimension of
the state vector increases the difficulty of the problem exponentially and the problem
quickly becomes intractable. To solve the Forward Kolmogorov Equation, many au-
thors have proposed different methods as like GMM, PCE, DA, LOV or Kriging (see
section 1.1)).
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2.3 Influence of the State Representation

Hereon, and unless otherwise specified, we assume that the dynamical model is purely
deterministic, and that all the uncertainty lays in the state for simplicity. Then, Eq. (2.10)

reduces to

dz = f(x, 7)dT, (2.14)
and by expanding in Taylor series we obtain

dz(r) = (£(0,7) + F(r)z(t) + O (z?)) dr, (2.15)

where the term f(0, 7) can be eliminated with an appropriate change of variables. To
the first approximation, Eq. is equivalent to the deterministic version of Eq. (2.3).
However, if the nonlinear terms in the differential equation given by Eq. have an
important contribution, one must solve the Fokker-Planck equation (see Eq. (2.11)). The
uncertainty in the variable « will significantly become non-Gaussian in general, and its
propagation will be a hard problem.

Suppose a new state representation y, related to « by a invertible nonlinear trans-

formation of the state vector of the form

y=y(=z), (2.16)
and whose evolution with time is given by

dy = g(y, 7)dr. (2.17)

First, note that if the distribution in x is Gaussian and its main-axes standard deviations
are small, the distribution in y will be reasonably Gaussian. Here small is determined
from the transformation between the variables, as it must behave linearly across the
characteristic length of the distribution. This is specially useful to transform the pdf at
the initial epoch.

More importantly, if we can find a transformation y (x) that has associated a time-
derivative function g with greatly reduced or negligible nonlinear terms, the propa-
gation of the uncertainty in the variable y will be easy, because Gaussianity will be
preserved. That is, y will more closely follow a Gaussian distribution which can be lin-

early propagated. Once the Gaussian in the variable y has been obtained, one can use
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the inverse of the nonlinear mapping given by Eq. to recover the non-Gaussian
distribution in the variable x. This can be achieved using methods like sampling and
estimation of moments, Taylor expansions or other techniques as shown in [109].

In this process, we have exchanged the nonlinearity of the problem from a compli-
cated differential equation to an algebraic equation, greatly reducing the complexity of the
propagation. In the cases where this is possible, we say that the representation of the state
(partially) absorbs the nonlinearities of the motion.

The question that remains to be answered is what representation of the state is more
advantageous for orbit determination applications. This question will be answered in

the following section.

2.4 Numerical Comparison of Different State Representations

To determine which representations of the state vector behaves in a more linear fash-
ion, a numerical study is performed in this section. For several states representations
and different orbits, the linearization error is quantified. To measure it, we consider N
random samples from the initial distribution and compare the linear propagation with
the propagation using the equations of motion. The linear propagation is approximated

using finite differences by scaling the initial uncertainty by a factor o « 1:
1
T lin (T) = EX (azxio,T), (2.18)

where X is the result of integrating Eq. from 7y to 7, and the coordinates of each
sample x; are defined with respect to the center of the distribution.

The dynamical model is considered as deterministic. We employ a 2 x 2 spherical
harmonics model for the Earth, and include the gravitational perturbations of the Moon
and the Sun.

In all cases, the initial uncertainty distribution is assumed to be Gaussian in Carte-
sian coordinates. The sampling is performed in the Cartesian state, and each sample is
then transformed to the corresponding set of variables. The scaling performed for the
linear propagation is performed directly on the set of elements whose linearity is being

analyzed. To measure the linearization error, the root mean square error (RMS) of the
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marginal distributions is employed

N 2
RMS(r) =, Y] (z;(7) ;f?“f‘m) . (2.19)
J

2.4.1 Benchmark Set of Variables

In this section, we present different sets of variables we use to express the uncertainty
of the orbital state. In all cases, the initial semi-major axis is chosen as unit of length,
and the unit of time is defined so that the gravitational parameter of Earth becomes
unity. This canonical system of units is adopted in order to facilitate the interpretation
of the results for the different orbits that will be tested, as position, velocity, semi-major
axis and mean motion become quantities of order unity, making possible a direct com-

parison.

2.4.1.1 Cartesian coordinates

Cartesian coordinates are the most natural choice of variables to study the motion of a
celestial body because they have a direct interpretation. For conjunction assessment, it
is also the most preferable form because distances are easily represented. However, the
equations of orbital motion are highly nonlinear because of the 1/r? term associated to

the gravitational acceleration of the primary body.

24.1.2 Equinoctial elements

Equinoctial elements provide a representation of the orbital motion which is singular
only for a purely retrograde orbit (¢ = 180deg) or for vanishing angular momentum
(h = 0) (see [21] or [7Z, pp. 490-494]).

The first element is typically chosen the semi-major axis a. Two more elements, P;
and P, are defined as the projections of the eccentricity vector e onto an intermediate

frame

P, =esin (2 + w), (2.20)
P, =ecos (2 + w), (2.21)

where Q is the right ascension of the ascending node, and w is the argument of periapsis.
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By introducing two more elements ()1 and ()2, the orbital plane becomes completely
defined

Q; = sin Qtan % (2.22)
Q2 = cos)tan % (2.23)

Finally, the sixth variable is the mean longitude I, which gives the angular position

along the orbit:
l=Q+w+ M, (2.24)

where M is the mean anomaly. It evolves linearly with time 7 (as M = n7 in the
Keplerian case, being n the mean motion) and is expected to behave smoother than the
true or eccentric anomalies. However, it requires solving Kepler’s Equation to recover

the Cartesian state.

2.4.1.3 Alternate Equinoctial elements

Horwood et al. proposed an alternate set of equinoctial elements [53], in which they
replaced the semi-major axis a by the mean motion n. This is motivated because the
evolution mean longitude in the unperturbed motion is given by nAr, a linear function
of the mean motion. Then, initial errors in the mean motion will result in a linear
growth with time of the mean longitude, preserving Gaussianity.

The alternate equinoctial elements are then n, P;, P>, @1, Q2 and (.

2.4.1.4 Dromo

Dromo is a special perturbation method developed by Peldez et al. at the Space Dynam-
ics Group of the Technical University of Madrid [8,89,92,103]. Sectioncontains de-
tailed explanation about the Dromo formulation, including its seven elements ¢, . . . , g7
and a fictitious time o that follows from a second order Sundman Transformation.

In addition, we consider a time element for the Dromo Formulation. A time element
is, as defined by Stiefel et al. [99, p. 83], “a quantity which during a pure Kepler motion
is a linear function of the independent variable”. Following Bat et al. [9], two time ele-
ments can be obtained for the Dromo formulation when considering the fictitious time

as independent variable. Starting starting from Kepler’s Equation, Bau et al. derived
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a “linear” time element that is proportional to the fictitious time, and a “constant” time
element in which the fictitious time does not appear explicitly. Here we employ the
latter because it can be regarded as a orbital element since it remains constant for the

Keplerian motion. The constant time element gy can be calculated as
Qo = 7 — a*?B, (2.25)

where 7, is the time of periapsis passage, and §3 is the drift of the fictitious time defined
in section The constant time element g is also a time element when employing the
real time as independent variable.

Note that when introducing a time element, one must solve Kepler’s Equation, and

consequently particularize the formulation for elliptic, parabolic or hyperbolic motion.

2.4.1.5 EDromo

The classical Dromo formulation is derived following a second order Sundman trans-
formation. By using a first order Sundman transformation, an analogous formulation
called EDromo was obtained by Bati et. al [10]. In this way;, a fictitious time ¢ is defined
as the sum of the osculating eccentric anomaly plus an angular drift v caused by the

perturbations
¢ =FE+7. (2.26)

The use of the eccentric anomaly in EDromo improves the performance of the numerical
propagation for very high eccentric orbits. The seven Edromo elements are constructed
as follows [10]

A1 = ecos", Ao = esin-y, A3 = a, (2.27)
L1 Q—-—w+7ry i, Q—w+y
A4 = sin — cos ——, A5 = sin g sin ————,
2 2 : (2.28)
N —cos bsin EECTY L g s EW T
6 2 2 T 2 2

Finally, the fictitious time is introduced as the eight state variable of the EDromo state

vector:

As = 0. (2.29)
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2.4.2 Results

We study five different orbits in the comparison of state representations. In the first
place, we consider a set of LEO orbits with different values of the eccentricity. The initial
conditions and the initial standard deviations for the LEO orbits are listed in Table
Then, we select the orbit of the IBEX satellite, an American astronomy mission placed
in a highly elliptical orbit which is strongly perturbed by Earth’s spherical harmonics
close to perigee, and by the Moon in apogee. Its initial conditions are shown in Table2.2]
The final orbit corresponds to the French-Italian canceled project Simbol-X, an X-ray
telescope that was to be placed in a highly elliptical orbit. Table 2.3/ shows the initial
conditions for Simbol-X

In all cases, the comparison is performed for ten periods of the initial osculating
orbit. For the scaling factor, we chose @ = 1073. The sampling is used employing
the same random seed for all the variable sets. The sampling size was selected as 100
points, since no significant difference was appreciated when selecting 500 samples.

The results are shown in Figs. and [2.3] for the LEO orbits with increasing
eccentricity, Fig. for IBEX and Fig. for Simbol-X. In these figures, the Cartesian
RMS is shown in the upper left subfigure. The results for equinoctial and alternate
equinoctial elements are shown under the previous one. On the right and in descending
order, the results for Dromo, Dromo with Constant Time Element (CTE) and EDromo
are presented. A comparison between the anomalies of the different sets of orbital
elements is shown in Figs. 2.8[2.9]and 2.10]

For all the orbits, the Cartesian state shows a high RMS in all components. For

orbits of larger eccentricity, the RMS increases near perigee and decreases near apogee,
but the value is larger than the rest set of variables in any case.

Next, for the equinoctial, Dromo and EDromo formulations, the anomaly has a RMS
several orders of magnitude larger than the rest variables. The along-track angular vari-
able is related to the mean anomaly in equinoctial elements, to the eccentric anomaly in
EDromo and to the true anomaly in Dromo. This follows from a zeroth-order, first order
and second order Sundman transformation, respectively. In general, the mean anomaly
presents a smoother behavior, the true anomaly presents oscillations with peaks of RMS
higher than the mean anomaly and valleys under it. The eccentric anomaly is an inter-
mediate case; it also presents oscillations but their amplitude is smaller. Note that while

the value of the anomaly of equinoctial elements presents a more regular value of the
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RMS, it requires solving Kepler’s equation, with the increased computational burden it
carries. The quaternion components of Dromo and EDromo show RMS values constant
with time and large in some of the situations. This is probably caused by numerical
problems of the approximation to the linearized solution, but neither increasing the
number of samples nor changing the value of the scaling factor o modifies the result.
For every considered orbit, two formulations stand out, as the RMS remains small
for longer periods of time: Dromo with a Constant Time Element and alternative
equinoctial elements. The anomaly of both formulation is a time variable that has the
peculiarity of being a linear function of the other state variables, preserving Gaussian-
ity of the pdf of the Keplerian motion. These two sets of variables have advantages
and drawbacks. On one hand, Dromo employs a state vector with dimension 8
instead of 6, the minimum required to completely characterize the orbital motion. This
introduces constraints that cause rank deficiency in the covariance and observation
matrices (Sections [4.1|and [6.3.2), and may complicate solving Fokker-Planck Equation
or applying higher order methods based on sampling like PCE. On the other hand,
the use of alternate equinoctial elements further complicates obtaining the gradient
matrices that govern the evolution of the state transition matrix [60, 161} 162} 63} 64].
However, one must remember that time elements come associated with Kepler’s
equation. On top of the increased computational cost, one must particularize the em-
ployed formulation according to the value of the eccentricity. Thus, to obtain a formu-
lation applicable to all values of eccentricity and with reduced computational burden,
in Part [llll we will employ the Dromo formulation. This especially interesting for ap-
plication of Near Earth Asteroids and Space Debris with small eccentricity, as it will be

proven that the linearization error becomes small in those cases.
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Table 2.1: Initial conditions for the LEO orbits.

Component

Value

Epoch

a [km]

e[-]

i [deg]

Q [deg]

w [deg]

v [deg]

Position standard deviation [km]
Velocity standard deviation [km/s]

2012 Jul 04 23:58:53
8500

{0.01, 0.1, 0.2}

80

30

—20

0

0.1

1076

Table 2.2: Initial conditions for IBEX.

Component

Value

Epoch

a [km]

e[-]

i [deg]

2 [deg]

w [deg]

v [deg]

Position standard deviation [km]
Velocity standard deviation [km/s]

2012 Jul 04 23:58:53
185039.850185
0.69258199579
30.7632425335
320.362493377
183.325596694
297.113056627

0.1

1076

Table 2.3: Initial conditions for Simbol-X.

Component

Value

Epoch

a [km]

e[-]

i [deg]

Q [deg]

w [deg]

v [deg]

Position standard deviation [km]
Velocity standard deviation [km/s]

23

2018 Dec 22 17:49:12
106247.136454
0.75173

5.2789

49.351

180.008

0

0.1

1076
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—q,

1

]

o0 0 0 o o O
S N o B W

S b

2
W N B W N

NOILVOVJdOUd ALNIVIYADONA LIGYO0 NI SIILIMVANITNON 'C



14

Cartesian RMS

Eq RMS

AEQ RMS

A LEO (e = 0.1) A
10' r : : : : : 10' -
! ! ! ! g 10_5 b

10°8;

107107%

Dromo RMS

¢ 7, fI“" ' I

.\1*/' 1“'|

-
- B

10-14
1072 10!

time [orbital period]

10

10°

108
10710 : : :
10-12 b

10°

10!

time [orbital period]

Laveilemie

Dromo CTE RMS

-

time [orbital period]

T i'

et "i ‘I |”i|'

EDromo RMS

1072 10! 10° 10! 1072 10!
time [orbital period]

Figure 2.2: Root Mean Square error for the LEO (e = 0.1) orbit.

10°

time [orbital period]

—q,

SHO!]E]HGSQICIG}I 9}e]lg juaIdjji(g Jo uos;.nzdum:) [edst_wnN $°¢



9¢

Cartesian RMS

Eq RMS

AEQ RMS

LEO (e = 0.2)

10t 10° 10t
time [orbital period]

Dromo CTE RMS Dromo RMS

EDromo RMS

Laee .p'\l.f I]\"ll

-__-. ,'||‘I|J

1078 : : : e
10710 for ,----~----f“ i
-14 ! ! il /y/\
10 - :
10 10 10
time [orbital period]
10
-6
10 8 LR |n ""‘ i\I'I‘ ;:::I
10- —-_-—______-- ssss dos
10710¢ : i s
10712 s i U EE e
101 — L i
1072 107 10° 10!

time [orbital period]

Figure 2.3: Root Mean Square error for the LEO (e = 0.2) orbit.

1

]

o0 0 0 o o O
S N o B W

S b

2
W N B W N

NOILVOVJdOUd ALNIVIYADONA LIGYO0 NI SIILIMVANITNON 'C



Cartesian RMS
Dromo RMS

Eq RMS

e

Dromo CTE RMS

time [orbital period]

AEQ RMS

EDromo RMS

time [orbital period]

1072 10t 10° 101
time [orbital period]

time [orbital period]

Figure 2.4: Root Mean Square error for IBEX orbit.

SHO!]E]HGSQICIG}I 9}e]lg juaIdjji(g Jo IIOS!.IEdlIIO:) [edst_wnN $°¢



8¢

3 Simbol-X
10°

< "
x s
c o
© 2

w
£ 2
8 (]
(73]
s
A o0
LLl

s
= 5
o Q
- §
1015 ' ‘ ‘ a

107 10 10° 10°
time [orbital period]

<
2 x
o (@]
g §
<1 a
LLl

time [orbital period] time [orbital period]

Figure 2.5: Root Mean Square error for Simbol-X orbit.

NOILVOVJdOUd ALNIVIYADONA LIGYO0 NI SIILIMVANITNON 'C



2.4 Numerical Comparison of Different State Representations
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2. NONLINEARITIES IN ORBIT UNCERTAINTY PROPAGATION

2.5 Conclusions

In this chapter, the foundations of the probability distribution function of the orbital
state and its linear and nonlinear propagation were laid. We revisited the known fact
that Gaussian distributions are easily propagated using linear theory, while nonlinear
propagation results in general in a non-Gaussian distribution whose pdf in the future
is hard to calculate.

It was also pointed out that the nonlinearity of the physical processes that govern
the propagation of the uncertainty can be partially absorbed by a convenient choice of
the state. That is, the nonlinearity in the equations of motion may be transformed into a
more linear form of the equations of motion and a nonlinear algebraic equation, being
this algebraic equation easier to handle mathematically.

Additionally, a numerical comparison of different state representations for the or-
bital motion was performed. The benchmark variables were Cartesian coordinates,
equinoctial elements and a variation of it, and three alternate forms of the Dromo for-
mulation. Results confirm the well known fact that Cartesian coordinates are highly
nonlinear. Formulations with the most linear behavior are those that employ a time
element as state variable in substitution of the orbital anomaly, as long as this anomaly
is a linear function of the other state variables. Eccentric and true anomaly show larger
errors, but employing them allows one to avoid Kepler’s equation and its associated

increased computational time of the calculations.
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Chapter 3

Curvilinear Coordinates

3.1 Introduction

As stated in the introduction, the use of curvilinear coordinates and orbital elements is
known to be advantageous with respect to an approach based on Cartesian coordinates
[59], as the along-track error is effectively projected onto the orbit, instead of being
tangent to it. Here, curvilinear means that the coordinate lines of the coordinate system
may be curved. The simplest examples of curvilinear coordinates are polar coordinates
in R? and cylindrical and spherical coordinates in R3.

However, in spite of their limitations Cartesian coordinates have been widely used
for uncertainty propagation. In fact, one of the most elementary techniques is to employ
the Clohessy-Wiltshire (C-W) linear solution. In [79], Melton improved the C-W solu-
tion considering reference elliptical orbits using a series expansion on the eccentricity.
Melton also proposed using an angular variable to increase accuracy. However, in his
method the relation between the angular variable and the Cartesian coordinates was
linearized; thus variations of the angular variable are no longer contained inside the
orbit. More recently, Lee at al. [72] presented a semi-analytical method (it requires solv-
ing Kepler’s Equation) for propagating the covariance matrix expressed in Cartesian
coordinates, which is based on the Yamanaka-Ankersen state transition matrix [111]
and consequently valid for elliptical orbits. Again, the method does not allow one to
project the along-track error along the curved orbital path.

The use of curvilinear coordinates is especially interesting for propagating the orbit

uncertainty because variations in the angular variable lead to a time delay, preserving
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3. CURVILINEAR COORDINATES

the orbit shape. This fact allows one to accurately propagate uncertainties over a much
larger time span when compared to Cartesian methods. Alfriend et al. [1] and Geller
et al. [37] presented the equations of motion using cylindrical coordinates in linear and
full form, respectively. Bombardelli et al. [17] presented the solution for the Keplerian
relative motion expressed in curvilinear coordinates. In their work, they provided the
exact solution as an infinite convergent series, a linear solution which can be regarded
as an improved version of the C-W solution and a single-frequency quadratic solution
among others. Other authors have employed spherical coordinates (see [69] for exam-
ple) or elliptical curvilinear coordinates ([27,52] among others).

In this chapter, the results of [17] are revisited in sections and and then
extended to a double-frequency quadratic solution in section A linearization tech-
nique around such solution is then applied to obtain a new analytical state transition
matrix, valid for orbits with small eccentricity (e < 0.1 approximately). However, this
limitation does not hinder the applicability of the method, as 54.5% of the trackable
orbits around Earth describe near-circular orbits (e < 0.01), and another 32.0% of the
objects have a moderate eccentricity (0.01 < e < 0.1) [66} p. 17]. The STM is then em-
ployed as a straightforward mean to propagate the state uncertainty along the orbit.
The domain of validity of the proposed method is investigated by comparing the ana-
lytically propagated uncertainty with numerical results obtained using a Monte Carlo
method and accounting for all relevant environmental perturbations. Test cases in LEO

and GEO are considered.

3.2 Curvilinear coordinates

The relative motion of a Follower object (F) with respect to a Chief (C) spacecraft which
moves in a circular orbit can be conveniently described using curvilinear coordinates.
This motivated the works of [1], [37] and [17] among others. In the following we employ
a similar approach to [17], and reproduce the key equations for completeness.

We will employ the Chief orbital radius and the inverse of the mean motion as unit
of length and time respectively. Let 7 (%, j, k) be the Earth-centered reference frame
where we set k perpendicular to the Chief orbital plane and ¢ pointing to the Chief at
the initial epoch 7 = 0. A non-inertial reference system C (¢, ', k') is defined as the

Chief Local Vertical Local Horizontal reference frame. The axes of this Chief-centered
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3.2 Curvilinear coordinates

system are oriented such that k' is parallel to k and j' is parallel to the Chief orbital
velocity vector. The reference systems 7 and C are shown in Fig.

Figure 3.1: Relative motion geometry and curvilinear coordinates.

The relative position and velocity between the Follower and the Chaser can be writ-

tenin C as
v =axit’ +yj’ + 2K, (3.1)
v =i +yj + 2K (3.2)

After introducing the curvilinear coordinates of the follower, p and 6 € (—m, 7]

p=—1+1/(z+1)*+42, (3.3)
0 = atan2 (y,1 + z), (3.4)

the relative position and velocity components can be expressed as a function of the

curvilinear coordinates and its time-derivatives as

x=—14(1+p)cosé, (3.5)
y = (1+ p)sind, (3.6)
i = pcost — 0 (1+ p)sinb, (3.7)
§ = psind + 0 (1 + p) cosb. (3.8)

We note that the presented curvilinear coordinates can also describe the absolute posi-

tion of the Follower in cylindrical coordinates (1 + p, 6 + 7, 2).
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3. CURVILINEAR COORDINATES

We introduce for later use the curvilinear state vector

c= (p, 0,z,p, 9, é)T . (3.9)

Finally, orbital elements of the Follower in the rotating frame can be constructed

from the curvilinear state vector (see Appendix [B|for details).

3.2.1 Equations of Motion in Curvilinear Coordinates

The absolute position, velocity and acceleration of the Follower in the non-inertial ref-

erence system C can be written as

r=rc+7r, (3.10)

v=vc+v +wcxr, (3.11)

azwcx(wcxr')—i—chxv'—i-ac—i-a':—%, (3.12)
T

where r¢, v and ac are the known position, velocity and acceleration vectors of the
Chief, w¢ is the angular velocity vector of the reference system C, and v’ and a’ are the
time-derivatives of Eq. and Eq. respectively. Note that in the right hand side
of Eq. (3.12), the gravitational parameter becomes unity in the system of units defined

above and therefore is omitted. After some manipulations of the equations we obtain:

p—20—3p=ai,+ ay, (3.13a)
0+2p = ag (3.13b)
Z+z=agy; (3.13¢)

where the non-linear terms, which do not depend on 6, can be divided into inertial
accelerations (a;, and a;9) and gravitational accelerations (a4, and a,.). The non-linear

accelerations obey:

aip, = 62 (1 + p) + 26p, (3.14a)
1+p
agp = —2p+1— ; 372" (3.14b)
[(1 +p)" + z2]
a;p = QP(P—9>7 (3.14¢)
1+p
(gs = 2 — : (3.14d)
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3.3 Curvilinear Clohessy-Wiltshire

3.3 Curvilinear Clohessy-Wiltshire

The homogeneous solution to the system of differential equations of Eq. (3.13) corre-
sponds to the case in which the non-linear accelerations are negligible. Analyzing the

non-linear accelerations reveals that this will happen when
(1pol. 201, o] ol 20]) < 1.

Eq. (3.13) reduces then to:

p—20—3p=0 (3.15a)
6+2p=0 (3.15b)
F42=0 (3.15¢)

The homogeneous equations have the same structure of the Cartesian Clohessy-
Wiltshire (C-W) equations after replacing the Cartesian y coordinate with 6. However,
Egs. have a larger domain of validity compared to the Cartesian C-W due to the
fact that ¢, unlike 3, does not play any role in the non-linear terms (see Eq. (3.14)) and
need not to be small for the preceding linearization to be valid. The homogeneous

solution with initial conditions ¢y at epoch 7 = 0 reads:

C = <I>CWc0 (316)
with
[ 4—3cosT 0 0 sinT 2(1 —cosT) 0 |
6(—7 +sin7) 1 0 2(=1+4+cosT) —37+4sinT 0
0 0 cosT 0 0 sin T
Pow = 3sinT 0 0 Cos T 2sinT 0 (3.17)
6(—1+cost) 0O 0 —2sinT —3+4cost 0
i 0 0 —sinT 0 0 COST |

3.4 Quadratic solution

In [17], Bombardelli et al. presented a single-frequency, quadratic solution to the rel-
ative motion using curvilinear coordinates. Bombardelli et al. neglected the double-
frequency terms, but a careful inspection of the general solution reveals that the double-
frequency terms are also of quadratic order. In this section, we prove this fact and

complete the quadratic solution with the double-frequency correction.
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3. CURVILINEAR COORDINATES

First, we report the exact solution in curvilinear coordinates as a function of the or-
bital elements of the follower (normalized semi-major axis a, eccentricity e, inclination

i, right ascension of the ascending node €2, argument of periapsis w, and true anomaly

v):

a(l—e?) c12 a2
p=—l+m\/1—sm i sin®(w +v), (3.18a)
0 =—7+Q+ atan2 (cosi sin(w + v), cos(w + 1/)), (3.18b)
a(l—e*) . . |
=T+ ocosp SR sin(w + v). (3.18¢)

In this equation, v is related to the eccentric anomaly £ by

cosE —e

COos Vv :m, (3193)
V1—e2sinE
sinv :ﬁ’ (3.19b)

which in turn is related to the normalized time 7 by Kepler’s Equation:
M=DMy+nr=FE—esink, (3.20)

where M is the mean anomaly and n is the normalized mean motion. Even if a close-
form solution to the relative motion is available, Eq. requires solving Kepler’s
equation for each epoch so it cannot be considered completely analytical. However, it
is possible to expand cos v and sin v in series as a function of the eccentricity using .J;,
the Bessel function of the first kind and order j. Following [7, p. 210], Eq. can be

expanded as

2 1—6 =
cosy:—e—i—(iZ i(je) cos jM, (3.21a)
]:

dJ;(j
siny =24/1 Z é sij. (3.21b)
J
j=1

Equation (3.21a) can be substituted into Eq. (3.18a)) after applying the angle sum
trigonometric identities. We can express q, e, i, 2, w, My and n in Egs. (3.18aH3.21a)) as a

function of the initial curvilinear coordinates ¢y (see Appendix [B).
The obtained equations provide the exact solution to the relative motion as a func-

tion of ¢y and 7, but involve convoluted expressions and infinite summations. With
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3.4 Quadratic solution

the help of a symbolic manipulator, we expand them in series of the initial curvilinear
coordinates. After neglecting terms of order O(cj) and higher, the double-frequency

quadratic solution is obtained as

P(T) = peonst + POr COSNT + psr SINNT + poor COS 2NT + pgar Sin 2nT, (3.22a)
O(T) ~ Oconst + Ocr cosnT + Ogr sinnt + Ocor cos 2nT + Ogor sin 2n7 + Osec7, (3.22b)

2(T) > Zeonst + 2Cr COSNT + 25y SINNT + 2o9r COS 2NT + 2Zg2, Sin 2n7. (3.22¢)

where the coefficients and the normalized mean motion n are quadratic functions of
co. The triple-frequency terms were found to be at least of cubic order and thus are not
included.

The normalized mean motion can be approximated by a quadratic function as
;3 . .
n:1—6,00—390—5(z§+zg+p(2)—5p(2)). (3.23)

The coefficients for p in Eq. (3.22a)) are given by

Peonst = 4po + 200 + 32—9p8 + 26p000 + Zzg + %;‘% + 7602 + Z 52, (3.24a)
per = —3pg — 200 — 15p3 — 20pof — %zé — 2p§ — 505 — 24, (3.24b)
psr = po — pobo + zoo, (3.24¢)
poar = —%p% — 6poflo — izé + %p% — 207 + %‘3’ (3.24d)
ps2r = 3popo — %Zoéo + 26 po. (3.24e)

For the angular variable, the corresponding expressions are:

Oconst = 0o — 2po + %/50/)0 + pofo — 220, (3.25a)
fsec = (n—1), (3.25b)
Ocr = 2p0 — 800p0 — 65000 + 22070, (3.25¢)
05, =400 + 6po + 6p2 + 12pobo + 4p2 + 202 + 222 + 22, (3.25d)
Ocor = %ﬂopo - %202’0 + 560 po, (3.25e)
Osor = %pg + 15p060 + izg - Zpg + 502 - izg. (3.25f)
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The coefficients of the quadratic formula for the out-of-plane motion read:

3. . : 9
Zeonst = 5,P0%0 — 3206 — 5P0%0; (3.26a)
zZor = 20+ 3pozo — 2pozo + 2902’0, (3.26b)
zZsr = 2o + 3pozo + pozo + 90207 (3.26¢)
3 . 1. .
Zc2r = 5p0%0 + 206p + Sh0%0; (3.26d)
3. 1 . -
Zsar = 520P0 — 5%0P0 + toz0- (3.26e)

The following expressions provide the time-derivative of the curvilinear coordi-

nates

(1) ~n(psr cosnt — porsinnt) + 2n (psar oS 2nT — pogr sin 2n7) , (3.27a)
0(7) ~n (0g; cosnt — Ocr sinnt) + 2n (g2 cos 2nT — Ocor SIN2nT) + Ogee, (3.27b)

2(7) = n(zgr cosnT — zor sinnt) + 2n (zg2, COSN2T — zoor Sin 2n7T) . (3.27¢)

3.5 Linearization around the quadratic solution (QuadLin)

) T
Let chom be the nominal orbit with initial conditions ¢y = (pg, 0o, 20, o, o, z'o) . The

nominal orbit can be calculated using the quadratic solution g:
Crom = 4 (c0) - (3.28)
Another orbit ¢ very close to the previous one will have as initial conditions
co + by = <p0 + 60, 00 + 600, 20 + 620, o + 80, o + 060, 0 + 520)T , (3.29)
and the quadratic formula will yield
c=4q(co+dcp). (3.30)

It is possible to expand q in Taylor series around cj. The zeroth-order term is simply
Cnom, Which corresponds to the evolution of the nominal orbit and can be calculated
with a more accurate method if necessary. If the difference between the orbits is very

small, the linear terms will provide a sufficiently accurate approximation

C =Cnom + a—q e+ ..., (3.31a)
6c0 o
dc =¢ — Cnom =~ ®(7,70)dCyH. (3.31b)

42



3.5 Linearization around the quadratic solution (QuadLin)

The matrix aaTqO constitutes a state transition matrix (STM) ®(7, 7p) for the Keplerian

co
relative motion. ®(7,7y) corresponds to an approximate solution, since it was devel-
oped from the truncated quadratic solution, and as a consequence it deviates from the

real solution by cubic and higher order terms.

The first row of ®(7, 1) reads

»

dco :[q)PP’ oo, Ppzr Pppy Py q)’”"]:

co
. Opconst opcr on opsr on .
_{ + ( oco + psr (?COT cos (nt) + aco pcr 6COT sin (n7) +

6c0

0pcar on 0psor on .
— + 2psor— 2 — — 2pcor— 2
< dco + 2ps2 2cq T> cos (2nT1) + < 2co PC2 9cq 7') sin (2n71) }

€o

(3.32)

where the partial derivatives are given by the row vectors
O W5 4390+ 2600, 0, 320, 3po ., 2+26p0+ 146y, 34 | (3.33a)
Lé’.if =| —3—30py — 2060, 0, —z9, —4po , —2—29pg — 100y, —% | (3.33b)

co
e W TP 660 , 0, =320, po , —6po—46p , 3% | (3.330)
?TSQT 60: 0 , 0, 2.:0 ’ 1-— 90 ’ Do ;20 (333(1)
psar| = 36 0, —Lz0, 3po + 26 2 “L| (333e)
dco . 0 » Y, =320, 900 0/ £0 ;7 T 320 .
and
% Zl —6 + 15PO/ O/ _320/ _3p0/ _390/ _3Z0 (334:)
C€o
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The row corresponding to the angular variable 6 can be calculated as

00
co . = [®op, Pog, oz, Dop By Pos| =
_ 08const aiT—f—
aCO 8c0
¢+ 00g, 0 )
< 60(’; 9576 T> cos (n1) + < 550 — T&cn T) sin (n7) +
00c9, on 0059, on .
< aij + 295276607> cos (2nT) + ( aij — 20(;276007'> sin (2n7) }
co
(3.35)
together with
a%ﬁgﬁ CO: %PO s ]-/ _%20/ %,00 + éO - 2/ pO ’ _%ZD (336a)
Ger| = ~860  , 0, 2%, 2-8p0—600,  —6pp , 2z | (3.36b)
co
e, = Poo 0, —%, ‘Fpo+5b 5o0  , —Lz0| (3.36c)
Do | Bt 1200+ 6, 0, 2z , 80, 12p0+460+4, 43 | (3.36d)
Psor| =| 8py+1200+6, 0, 2z, 80  , 12p0+460+4, 43 | (3.36e)
Co

The out-of-plane row of the STM is governed by

o

aco = [q)zpv ¢Z97 q>22a q)zf)a ézé; ¢z2] =

C€o

_ OZconst Ozcr on 0zsr on .
_{ =+ < + 29, 2cs 7') cos (nt) + < — ZCT@COT> sin (n7)

(900 (960 560
(32027 on aZSZT on .
+ < 2o + 2259, 9cg 7') cos (2n7) + ( e 220276607> sin (2n1) }
co
(3.37)

44



3.5 Linearization around the quadratic solution (QuadLin)

where we set

%"8“ c —%ZOI 0, —%Po — 36, %Zo , —3zp, %Po (3.38a)
e | 30,0 14300+ %0, —2%0, 220,  —2f0 | (3.38b)
62% o 320,0, 3po+ bo 0, 20, 0 | (3.38¢)
G o 320, 0, Po ;2 ., %0, 143po+ éo_ (3.38d)
G G| 2000 —ah L —300 o G0 + 6o (3.38¢)

Finally, the last three rows of ®(7, 7p) can be obtained as the 7—derivative of the first

three rows

oo, Ppzs Ppp Py ‘I’pz']=

on
COT> cos (n1) — pCTa—CO sin (n7)

(3.39)

((?éocc(‘; + pST§Z)T> sin (n1) + psT;; cos (nr)

0 0 0
+2n ( gi? — 2pCQTa:07> cos (2n1) — 2,00276—; sin (2n7)

0 0
- 2pzsfa:07> sin (2n7) + 2psfa—; cos (2n7) }

co
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@
aCO

_d (o
_dT 6c0

)=[q’e‘p’ oo P gy Loy %]=

co

on 00g, on on .
_{600 +n ( co GCTaCOT> cos (n1) — 9078700 sin (nT)

Co

00¢c on . on
—-n ( Pco +0sr 2e 7'> sin (n7) + 6g, e cos (nt)

+ 2n <agi3T _ 29027_;2)7-) cos (2nt) — 26’027-;:;; sin (2n71)

0002, on . on
-2 2 — 2 2 — 2
n < 2cq + 2059, 2e 7‘) sin (2n7) + 20, 2es cos (2nT) }

cf3.40)

2
é’co

_d (o=
o ~dr \ dco

)=[‘I’zp, Big, Dsoy Pip, Py, Disl

co

=< n Ozsr _ 2 a—nT cos (nt) — z a—nsim (nT)
B (9(20 or 6c0 or 6c0

0zcr on . on (3.41)
n ( 7co + zsr 2e T> sin (n1) + zsr e cos (nT)

02527 0 on .
+2n < giz - 2202762)7—) cos (2nT) — 2202707; sin (2n7)

0 0 0
_op [ & + ZZQST—nT sin (2n1) + 2zST—n cos (2nT)
c ocy oco
co

Finally, the covariance matrix expressed in curvilinear coordinates can be propa-

gated on time as

C(1)=®(1,70)Co @ (7,70). (3.42)

3.6 Results

In this section, we first apply the proposed STM to the uncertainty propagation problem
of a piece of space debris orbiting in the GEO region with respect to an active satellite.
We propagate the covariance matrix of the relative state using the curvilinear C-W and

the QuadLin STM’s. To assess whether the Gaussian distributions associated to these
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matrices are representative of the dynamics of the problem, we compare them to high-
tidelity numerical simulations considering Luni-Solar, J> and C5 5 perturbations. To
this end, the initial uncertainty distribution is sampled and propagated via direct inte-
gration of the equations of motion. The covariance matrix is then estimated at every
epoch from the samples. The evolution of the samples is also compared to the result
of applying the STM’s to the relative initial states. Additionally, a comparison with
the work of Melton [79] is included. The equations employed for Melton’s Method are
provided in Appendix [C|for completeness.

An example in LEO using a fictitious reference orbit is also presented following the

same procedure as in the GEO example.

3.6.1 Application to the GEO region

An active GEO satellite whose orbit is known with arbitrary accuracy is considered as
the Chief. The unit of length is set as its orbital radius, approximately equal to 42164 km.
The unit of time is equal to 86400/(2) s, which is approximately 13751 s. In these units,
Earth’s gravitational parameter becomes unity and the GEO orbital period is simply 2.
The ratio of the unit of distance to the unit of length is equal to the velocity of a satellite
in GEO orbit, around 3.066 km/s.

The motion of a nearby piece of space debris or a non-maneuverable, non-
cooperative object is studied using the linearization method presented in the previous
section. The initial relative state is fixed by imposing po = —0.0003, po = 0.001,
6o = 10.55deg, e = 0.01 and 7 = Odeg. Fig. shows the nominal relative motion
between both bodies in the C reference frame. The relative orbit is propagated for
8days. The nominal orbits do not intersect, but the orbit uncertainty could lead to a
collision.

The relative position and velocity uncertainty at the initial epoch are assumed to fol-
low independent isotropic Gaussian distributions expressed in Cartesian coordinates,
with op0s = 107* and oy = 107°. In non-normalized units, these values correspond
to 4.2km and 3cm/s approximately. As the uncertainty is small, an initial Gaussian
distribution in curvilinear coordinates can be generated from the initial distribution in
Cartesian coordinates using a linear mapping based on the Jacobian of Egs.
and its time-derivatives. Here we exploit the fact that linear transformations preserve

Gaussianity, and because the uncertainty distribution is small, higher order terms can
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Figure 3.2: Relative motion in the C frame: Full view (left) and zoom (right).

be neglected. From this point onwards, we refer to the uncertainty distribution in curvi-
linear coordinates.

The covariance matrix is propagated employing the curvilinear C-W solution and
the linearization around the quadratic solution (QuadLin). To assess the validity of the
method, a validation against a Monte Carlo simulation (M-C) is performed. For each of
N samples in the initial distribution, the orbit is propagated using the curvilinear C-W
solution, the QuadLin solution and a high-fidelity numerical solution including Luni-
Solar, J; and C 5 perturbations. Finally, for each time step the mean orbit is estimated

as

1 N
- . 2 (3.43)

and the covariance matrix is estimated as

1 T
pr =) (ei(r) = ety ) (e(r) = ¢elr)y ) - (3.44)
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Figures show the standard deviation absolute errors with respect to the high-
fidelity numerical M-C simulations. The blue lines correspond to the curvilinear C-W
solution, and the green dashed lines represent the QuadLin method. When considering
second-order terms in the covariance propagation, the absolute error is reduced by one

to two orders of magnitude.
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Figure 3.3: p standard deviation error (GEO).

One can gain more insight into the performance of the methods by looking at the
samples of the M-C simulations. The uncertainty point-clouds are identical at the initial
epoch for the three compared methods. However, at an intermediate epoch (Fig.
the C-W solution shows a considerable deviation on the (Af, Ap) plane. This effect is
multiplied for later epochs as can be seen in Fig. In both figures, the QuadLin
method is able reproduce the covariance evolution with a higher fidelity. The M-C
points show a slight “banana” shape, which suggests that the real uncertainty distribu-
tion starts to depart from Gaussianity owing to nonlinear effects. The result in all cases
show improvement compared to the curvilinear C-W method.

Additionally, a comparison against Melton’s method [79] is performed. Numerical
simulations reveal that out-of-plane motion accuracy is similar between the proposed
and Melton’s method. The ¢ error remains smaller for Melton’s method as it considers

the high-fidelity nonlinear expression for the normalized mean motion n, instead of
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its second order expansion. However, Melton’s method is not able to reproduce with

high fidelity the nonlinear motion in the radial direction. Figures and show
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this effect: for early epochs Melton’s method presents a small error, but the accuracy
degrades as the covariance grows larger. This could be caused by the definition of
Melton’s angular variable as a linear function of the transversal distance, which makes
the orbit error to be tangent to the orbit instead of curved along the orbit. We note
however that Melton’s method was probably not developed with long-term propaga-
tion in mind, and his approximation yields high accuracy for small errors and short
propagation times.

Finally we consider the position error with respect to the Monte Carlo result, aver-
aged over the samples for each epoch (see Fig. [.13). The QuadLin method shows the
best accuracy for almost every epoch. The only exception is for very short propagation
arcs (smaller than 0.1 days), when the three compared methods provides results with
error of the same order of magnitude. For the proposed method, the maximum aver-
age error around 5km. This is about one order of magnitude smaller when compared
to the Curvilinear C-W solution and Melton’s method. Figure also includes the
average error for the single-frequency quadratic-order method. For propagation times
close to integer numbers of the orbital period, the error is comparable to the double fre-

quency algorithm, but the double frequency terms improve the accuracy of the solution
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for other epochs. Furthermore, inspection of Fig. reveals that in order to correctly
represent the initial relative state using the quadratic solution, it is necessary to include
the novel double-frequency terms.

Figure shows the maximum value over time of the average position error when
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propagating during 8 days for different values of the eccentricity of the Follower in the
GEO example. For eccentricity up to about 0.1, the QuadLin method offers an average
error smaller than the other methods, and for values up to about 0.2 the average error
is of the same order of magnitude than Melton’s method. Finally, for very high values
of the eccentricity the quadratic expansion convergence degrades progressively as the

eccentricity increases.

3.6.2 Application to the LEO region

We consider an uncontrolled object following an elliptical orbit in the LEO region with
a = 7000km and e = 0.01. We set for simplicity Q = w = 19 = 0deg. We study
two cases with different inclination: 98 and 45 deg. The former is commonly used for
sun-synchronous orbits, while the latter is characterized by a stronger perturbation that
induces a higher precession of the orbital plane. The position standard deviations are
taken as 10m, 362m and 12m in the cross-track, along-track and out-of-plane direc-
tions respectively, following the values reported in [16]. The velocity covariance is set
as isotropic with standard deviation of 1072 m/s. The orbit and the covariance matrix
are propagated for 20 orbits. We employ here a fictitious circular reference orbit with
the same energy, and whose orbital plane and in-plane angular position coincide with
that of the initial osculating orbit. The numerical Monte Carlo solution is referred to
the orbital plane of the nominal orbit. In general, this orbital plane will be different
than the one used to construct the analytical solutions, but the numerical solution of
the reference orbit can be employed as an improved reference. In this way, the uncer-
tainty distribution will follow the motion of the nominal, and the deformation of the
distribution will be governed by the gradient of the perturbing force, which is smaller
than the perturbation itself.

The in-plane covariance propagation for both inclinations provides good accuracy
using the QuadLin method: the second-order terms correspond to a correction to the
curvilinear C-W solution. In Figs. and the standard deviation in the radial di-
rection is reproduced with a higher accuracy using the QuadLin solution than with the
curvilinear Clohessy-Wiltshire approach. This is the case as well for the circumferential
direction (see Figs. and [3.18). The out-of-plane covariance in Figs. and
shows smaller improvements with the quadratic and double-frequency terms, as the

out-of-plane motion can be conveniently approximated by a harmonic oscillator for the
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Keplerian case. Moreover, the effect of the perturbations starts to degrade the accuracy
of the QuadLin solution in the case of i = 45 deg after several revolutions, as can be
seen in the plots for p and z (Figures and respectively).
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Figure 3.15: p standard deviation error (LEO, ¢ = 98 deg).
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3.7 Conclusions

A double-frequency, quadratic-order analytical solution to the relative motion with re-
spect to a a reference circular orbit, expressed in curvilinear coordinates, was presented
and employed as a fast and efficient tool for covariance propagation. The covariance
propagation can be analytically performed with a new analytical state transition matrix
constructed from the proposed quadratic solution.

The proposed covariance propagation method was compared with other linear co-
variance propagation methods using GEO and LEO orbits and accounting for all main
perturbations. An improvement of between one and two orders of magnitude was
observed when comparing the accuracy of the proposed method with a curvilinear
Clohessy-Wiltshire model and a previous model proposed by Melton.

As for the range of validity of the method two main limitations appear. The first is
related to the eccentricity of the nominal orbit, which should be low enough (e < 0.1) in
order not to exceed the range of validity of the quadratic solution. However, this limi-
tation does not hinder the applicability of the proposed approach, as in LEO all objects

have low eccentricity because the perigee distance must be greater than the Earth Ra-
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dius, and among all objects orbiting the Earth, more than 86% satisfy the eccentricity cri-
teria. The second limitation concerns the effect of environmental perturbations, which
is only negligible as long as secular effects do not accumulate beyond a limit threshold.
For near geostationary orbits, no appreciable degradation was observed after propaga-
tion time span of around 8 orbits assuming position and velocity uncertainties of the
order of km and cm/s, respectively. On the other hand, the linear uncertainty propaga-
tion in LEO was found to be limited to about 10 orbits owing mainly to the J>-induced
orbital plane precession, which directly affects the covariance propagation error in the
direction orthogonal to the initial reference plane. Ways to mitigate these effects will be

explored in the future.
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Chapter 4

Relative Motion and Uncertainty
Propagation with Dromo

4.1 Introduction

Dromo is a special perturbation method developed by Peldez et al. [89] of the Space Dy-
namics Group (SDG) of the Technical University of Madrid, Spain. Its initial purpose
was the analysis of the orbital motion of space tethers, but its outstanding performance
lead the researchers of the SDG to generalize it to arbitrary orbiting objects. Dromo is a
regularized theory, and a fictitious time o derived from a second order Sundman trans-
formation is considered as independent variable. Dromo employs seven non-singular
orbital elements ¢; and an intermediate frame which is Hansel ideal®, allowing to decou-
ple the in-plane dynamics from the motion of the orbital plane. It has been shown that
Dromo exhibits an excellent performance in terms of numerical propagation of orbits,
as well as interesting analytical properties.

Further improvements have been made to Dromo by members of the SDG and ex-
ternal collaborators. Urrutxua et al. remarked the importance of Hansel’s concept of
ideal frame [103], particularized the formulation for the planar case and applied it to
the Tsien problem [104]. Bau et al. in 2013 [8] adapted the Dromo formulation for forces
that can be derived from a potential, improved the formulation by introducing time el-

ements in 2014 [9], and proposed replacing the second order Sundman transformation

A Hansen ideal frame satisfies that its angular velocity is parallel to the orbiting particle
position vector, then the velocity in the inertial and in the inertial frame coincides (see [43, p.
66], [55]).
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by a first order one in 2015 [10]. Roa et al. also proposed several improvements of the
formulation, including propagation in Minkowskian geometry [93], analyzed singular-
ities in the formulation [91], and studied the applicability of Dromo to relative motion
[92, 94, 95]. In [70], Lara proposed to combine the quaternion elements that give the
orientation of the intermediate plane with the magnitude of the angular momentum,
effectively reducing by one the dimension of the state vector. Herrera-Montojo et al.
used Dromo to obtain an analytical solution of Keplerian orbits perturbed by the J, ef-
fect of the primary [51]. Additionally, The Dromo formulation has also been applied to
trajectory and maneuver optimization problems, obtaining interesting analytical and
numerical results by Gonzalo et al. (see [41], [40] and [39) pp. 187-203]) and Bom-
bardelli et al. [13,14,(15}116}[18]. Finally, Amato et al. [4] applied the Dromo formulation
to planetary close encounters and proposed a primary body switch to further improve
the numerical performance.

There is a family of methods that share similarities with the Dromo formulation.
Deprit [30] was one of the first authors to exploit the concept of ideal coordinates, em-
ploying an intermediate ideal frame. Palacios et al. proposed a formulation that re-
sembles Dromo, employing a quaternion to define the orientation of an intermediate
frame which is Hansel ideal and a second order Sundman transformation, but he did
not exploit the Variation of Parameters technique for the in-plane motion, obtaining
variables that are not constant for a pure Kepler motion[87]. Another formulation with
some similarities with Dromo is the Unified State Model by Altman [2} [106] for orbit
propagation, and also proposed for orbit determination application [3} 90]. Recently it
has been employed for trajectory optimization [82]. Altman approach was to employ
three variables that describe the Hodograph and four variables corresponding to the
components of a quaternion. While the variables that correspond to the hodograph are
integration constants in the Keplerian motion, Altman chose his quaternion to charac-
terize the orientation of the local horizontal local vertical frame, which are not orbital
elements and evolve with the fast frequency of the orbit on top of the slow frequency
of the orbit perturbations.

In this chapter, the linear propagation using Dromo is presented, and all the gra-
dient matrices needed to account for non-Keplerian perturbations are obtained. Ap-
plications to propagation of orbits of Near Earth Asteroids are also presented. Finally,

it is noted that most of the propagation error lays on the fictitious time o. Thus, the
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possibility of expanding o to higher orders is proposed.

4.2 Overview of the Dromo Formulation

4.2.1 Dromo variables

Let us consider a particle of negligible mass orbiting around a primary of gravitational
parameter y. Let us employ, from now on and unless specified, 7 = 1 au as unit of
distance and 1/n as the inverse of unit of time (7), where 7 is the angular rate of a
circular orbit with radius equal to the reference radius 7:
=y (4.1)
T
In this canonical system of units, the gravitational parameter of the primary becomes
unity.
The Dromo formulation is characterized by the use of a fictitious time ¢ as given by

the second-order Sundman transformation

dr r?

= L 42

do_ h ? ( )
where h is the angular momentum and r corresponds to the orbital radius. The fictitious

time o is related to the osculating true anomaly v by
o=v+p. (4.3)

That is, the fictitious time evolves as the osculating true anomaly plus a drift 5 caused
by orbital perturbations. Without any loss of generality, we can set the value of /3 for
the initial epoch equal to zero. In contrast with the classical Dromo formulation, we
use real time 7 as independent variable instead of the fictitious time ¢. This yields an
easier treatment of time-dependent forces, as in the case of N-bodies gravitational per-
turbation deriving from time-dependent ephemerides, and makes it straightforward to
track the evolution of the state uncertainties in time because we can avoid cumbersome
transformations to assure the 7—o synchrony of the propagated pdf [92,194]. Therefore,
we will consider o as a variable that depends on time, and propagate it together with
the rest of the Dromo elements.

To avoid singularities in the description of the orbital motion, seven generalized
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orbital elements are employed. The first three Dromo elements are defined as

q =% cos f3, (4.4a)

qugﬁnﬁ, (4.4b)
1

q3 :E7 (44C)

where e corresponds to the magnitude of the eccentricity vector e.

The four remaining generalized orbital elements are the Euler-Rodrigues parame-
ters characterizing the rotation associated to the matrix P. This rotation brings an in-
termediate frame P (having two axes constantly lying in the instantaneous orbital plane
of the particle) to overlap with a reference inertial frame (Z). In the classical Dromo
formulation [89], the intermediate frame was chosen to coincide with the local-vertical
local-horizontal (LVLH) orbital frame R at 7 = 0. Here we choose P in such a way that

it coincides with the perifocal frame at 7 = 0, as done in Ref. [103]]. The matrix P reads

G-G-G+E 2(qa95 — q6q7) 2 (qaqs + 4597)
P=| 2(ugp+eq) —-G+@E—ad+d¢ 2(g506 —quqr) |- (4.5)
2 (qaq6 — q597) 2(g5q6 + uq7)  —a4F — G + @ + 2

An additional rotation matrix @ brings the orbital frame R to overlap with the inter-
mediate frame P through a rotation of —o around the common z-axis, which is oriented

towards the angular momentum vector:

coso —sino 0
Q = |sino cosg 0]. (4.6)
0 0 1

Finally, the rotation from the 7 to the R frame can be built as the composition of the

rotations previously introduced, and is characterized by the matrix R given by

R=PQ. (4.7)

The Euler-Rodrigues parameters can be related to the classical orbital elements (inclina-

tion 4, right ascension of the ascending node (2, and argument of periapsis w) as follows:
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—-—w+p

.1
¢4 =sin 5 cos > , (4.8a)
, 0_
q5 = sin ? gin ﬂ, (4.8b)
2 2
. 0 B
g6 = COS ? sin Lﬁ, (4.8¢)
2 2
; 0 B
q7 = Cos % COS Lrw=p ; B, (4.8d)

where 3 was introduced in Eq. (4.3).
The inertial reference frame Z, the intermediate frame P and the LVLH frame R, as
well as the rotations that relate them, are shown in figures4.T|and

'
Yr
Figure 4.2: Intermediate
(P = <£L'7>, yp, Z’P>) and LVLH
Figure 4.1: Inertial (Z = {zz,yz, 2z)) and in- (R = {xr,yr, 2r)) frames. Note that
termediate (P = (zp, yp, 2p)) frames. 2R = 2p.

Other relations between Dromo elements and Cartesian coordinates, classical or-
bital elements and equinoctial elements, as well as the corresponding Jacobian matrices,

are provided in Appendix D

4.2.2 Dromo Hodograph plane

The Hodograph is a useful tool to analyze the motion by considering only the velocity
components [7, pp. 126-127]. It has been employed in multiple applications, including
orbit transfers (see [7, pp. 531 — 536] and [3] for reference). The Hodograph in Dromo

variables takes a especially simple expression, because the coordinates ¢i, g2, ¢3 are
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selected as the components of the Hodograph equation.

In fact, the transversal and radial components of the velocity, s and u respectively,

are given by

§=¢q1coso + gz2sino + gs, (4.9)

U = q1 8IN 0 — @2 COS T. (4.10)

The Dromo Hodograph plane is shown in Fig. On the left, the terms that form s
and u are decomposed in different colors, while on the right they are combined into the
classical Hodograph plane. Note that the classical Hodograph plane for the transversal
and radial components of the velocity measures the true anomaly from the horizontal
axis [7, pp. 126-127], while in the Dromo formulation the angle employed is o, and
thus the reference is rotated by an angle of —4.

A “\

5 8 g3 s
g
| 2 2\1/2
: (¢:°+g°)"/
(a) Hodograph components. (b) Combined Hodograph.

Figure 4.3: Dromo Hodograph plane

4.2.3 Equations of Motion in Dromo Elements

The evolution in time of the generalized orbital elements under the effect of the radial
(fr), transversal ( fy) and out-of-plane (f,) components of the dimensionless perturbing

acceleration is governed by the differential equations (see [103] for a detailed deriva-

70



4.3 Probability Distribution Function of the Dromo Variables

tion):
q [n 1 ssino (s + g3)coso f
— | @ |=—=|—-scoso (s+¢3)sino ( T) , (4.11)
do q3s3 fo
q3 0 —q3
q4 0 0 —sino  coso q4
d (g _ In 0 0 coso sino | | g5 4.12)
do | g6 2q3s3 sinoc —coso 0 0 g |’ '
qr —coso —sino 0 0 qr

to be accompanied by the equation governing the evolution of the fictitious time,

rewritten as a function of the Dromo variables as

d 1
Lo (4.13)
do  ¢3s

After introducing the Dromo state vector q = (q1, . . ., g7, O’)T, the equations of mo-

tion in the presence of a perturbing acceleration f (g,7) = (fr, fo, fu) ' expressed in the

R frame can be written as (see [47])

d
OTq —g(q,f(q,7) (4.14)
-
where
g1 = % = fo (s +q3)coso + frsino, (4.15a)
dr s
g2 = dao _ Jo (s + g3)sino — f,coso, (4.15b)
dr s
g5 = % _ B (4.15¢)
T s
O :
e (g7 coso — ggsino), (4.15d)
_dgs  fa :
B=7 = 5 (gs coso + q7sino), (4.15¢)
~dgs  fn :
9= "3 = "9, (g5 coso —qasino), (4.151)
_dgr S :
9=, = o (qacoso + gssino), (4.15g)
do
g8 =5 = q35°. (4.15h)
T

4.3 Probability Distribution Function of the Dromo Variables

The good results obtained in orbit propagation with the Dromo formulation motivate

to apply it to the relative motion and uncertainty propagation problems. For example,
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

starting from an initial Gaussian distribution one could linearly propagate the orbit
uncertainty. However, one must be careful when following this approach. Rigorously,
a Gaussian distribution is defined on the real numbers, but this is not the case for the
all the Dromo elements. First, the variables corresponding to quaternion components
q4, - - ., g7 must satisfy the unit-norm constraint, and their distributions are not defined
in R? but in the hypersphere S?, associated to the group SO(3) of rotations in the three-

dimensional space.
G+ @ +ag+ai=1 (4.16)

An additional implicit constraint naturally arises by the definition of the Dromo vari-
ables, and corresponds to rotations of angle /5 the intermediate ideal frame over an axis

perpendicular to it.

B = atan2 (g2, q1) . (4.17)

Another minor limitation is that the third element must be strictly positive
g3 > 0. (4.18)

Additionally, the fictitious time o is an angle which is naturally defined on a circle,

and satisfies
o =0 +2T. (4.19)

The branch of statistics that studies distribution of variables defined in circles, spheres
or hyperspheres is called directional statistics, and the main concepts are covered in [76].
A useful distribution for variables defined on a circle is the Von Mises distribution,
which can be approximated by a wrapped normal distribution, and generated by a
two-dimensional Gaussian distribution constrained to the unit circle [76, pp. 36 — 45].
The equivalent for variables defined over the 4-dimensional unit-hypersphere is the
Bingham distribution (see [76, pp. 159-244] or [83, p. 89]). Some other applications
of directional statistics in astrodynamics include nonlinear filtering for orbital tracking
problems [65].

When the uncertainty is small, one can approximate the distributions mentioned

above by Gaussian distributions. For the fictitious time, the error will be important only
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4.4 Linear propagation with Dromo

if the tails of the distribution start to wrap around a whole revolution. For the compo-
nents of the quaternion, we employ an approach commonly used in filtering with a
nonlinear constraint, which consists on relaxing the constraint and then projecting the
result onto the surface defined by it [57]. Relaxing the unit-norm constraint, yields a
Gaussian contained in the hyper-plane tangent to the unit hypersphere at the mean
values of the quaternion, but is quaternion norm becomes a non-observable quantity.
This translates into a rank deficiency in the direction of the mean values of the quater-
nion, as was reported for spacecraft attitude applications by Lefferts et al. [73]. Another
way of interpreting this rank deficiency emerges from the procedure of Section
which highlights that variations of the quaternion components are not linearly inde-
pendent. These variations can still be projected onto the unit hypersphere to generate
a valid quaternion with unit norm, following the projection approach. In the same Sec-
tion it is proven that assigning the value of j for the initial time induces a linear
dependence between variations of two of the Dromo variables, and consequently the
rank of the covariance matrix further decreases by one. Combining both results, the co-
variance matrix in Dromo will have dimension 8 but a maximum rank of 6. This rank
deficiency is a mathematical artifact and not a physical singularity, as converting back

to the Cartesian space yields a full rank covariance matrix.

4.4 Linear propagation with Dromo

An orbit g close to a reference orbit q,.; can be linearly propagated via the state transi-
tion matrix (STM) as

q (T) = et (T) + @ (T7 TO) (q (TO) — Gref (TO)) : (4.20)

The evolution of the STM is given by

d® (7, 7
(I)‘(:hjo) =G (Qref (T) 77—) ‘I’(Ta TO)a (421&)
(70, 70) =Is, (4.21b)

which must be integrated together with Eq. (4.14), and where Iy is the eight-
dimensional identity matrix. The gradient matrix G' corresponds to the following total

derivative evaluated on the reference orbit

.99 _9d9  d90f

- 3o =0t 3f5e (4.22)
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

where f must be expressed in the R reference system.

The derivative ag must be calculated for constant f:

o9
oq
B foqa cos® o foqs cososino s— q3 0 0
- 32 - 2, fG Cos o
_ Jogs coss20 sino faq3;21n o fa s> % gin o 0 0
coso sino s
feq3s2 feq:;Q. —fg 82113 0 0
__gacoso __gasino g4
HE= B P 0 0
g5 COs O __gssino g5
T s S s 0 0
_ gecoso __gesino g6 funsino _ fpcoso
s s 2s 2s
__grcoso __grsino g7 __fncoso _ fpsino
s s 2s 2s
2q3scos o 2qsssin o 52 + qus 0 0
with
g1 a3 asy .
= frcoso + fy (——cosa (1—1——) sma),
oo S s
g2 a3 a3
= frsino + fo (——sma + (1 + —) cosa) .
oo S s

5 _
0 0 g—%l
0 0o
0 0 e
__ fnsino fpcoso gau—gss
fn CgSU i sisn o g5uig4s ’
2s 2s uig7s
SO
0 0 gr sg6
0 0 —2g3su|
(4.23)
(4.24)
(4.25)

The second der1vat1ve, 5 is calculated considering a constant Dromo state vector:

og
of

sin o (1 + qj) cos o
—coso (1—1—%3) sin o
0 _ 43

s

o O O o O
o O O o o

0

0

0
(g7 coso — ggsino)
(gs cos o + grsino)
(g5 coso — qasino)
5= (qacoso + gssino)

0

5 ~$\~§\~$\~

(4.26)

Finally, the last derivative % depends on the nature of the perturbing accelerations and

must be calculated for each of them. A general formulation is given in section .4.1]

and expressions particularized for for third-body perturbing accelerations, key for un-

certainty propagation of NEAs, are given in section[4.4.2]

44.1 Gradient Matrices

Let M perturbations act on the mass particle whose motion is under study. The total

perturbing acceleration is

M
-3
k=1

S
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4.4 Linear propagation with Dromo

Then, the last term in Eq. (4.22) becomes

2 af Lk (4.28)

k=1

That is, linearity allows one to simply add the gradient of each perturbation.

One example of a perturbation with multiple terms is the gravitational perturba-
tion of the nonspherical primary body. The point-mass term is already contained in the
Dromo formulation, but considering a spherical harmonics expansion of the potential
up to some degree and order introduces further perturbations. The perturbing poten-
tial, the acceleration in the inertial frame 7 and its gradient can be calculated via iterative
methods [31].

The question is, how to relate af to af ? To answer it, first note that

fR=R"fL. (4.29)
Then,
R T T
o aR fI Taf . (4.30)
oq oq

The term %f can be easily calculated using Eq. (4.7). The last term in the right hand

side can be calculated using the chain rule as

oft  offort

ZJ 277 4.31
oq orL oq (431)

which is easily calculated since the first factor is assumed to be known, and the second
is given by the upper half of Eq. (D.7).

4.4.2 N-body term

The N-body perturbing acceleration can be written as

7’—7’
4.32
E“Jur T Z“ﬂnr E (432)

where j = 1 is the primary body already considered in the Dromo formulation and
j = N is the propagated object, whose mass is considered negligible with respect to the
perturbing bodies. The quantities 7; and 1 are the position vector and the gravitational

parameter of the 5™ body respectively.
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

It is important to underline that in order to derive analytical expressions for the
3 x 8 Jacobian matrix %, the perturbing acceleration f has to be projected onto the R
reference frame. The representation of the particle position vector with respect to such

frame is straightforward:

*= (o)
rR=(-—",00) . (4.33)

q3s

The position of the ;™ body only depends on time and can be obtained using JPL’s DE
ephemeris [35] or VSOP [98] (Variations Séculaires des Orbites Planétaires), for example.
This position is usually expressed as a vector r]I with respect to the inertial frame and
can be projected onto R as follows

i =R'rl. (4.34)

The derivative of the force components in R can be obtained by applying the chain

rule, if we consider that f depends on q through r and r;:

N—-1 R
of _ of or® 3 of or; (4.35)

oq orR oq = W%

Reordering the terms in the summation, we obtain

1 (n ) e oy
- J

3 5
R R N S A
I, rfr}z 07“}2}
3 5
T

(4.36)

where I is the 3-dimensional identity matrix, y y represents the outer product of the

vector y € R? with itself, which results in a 3-dimensional matrix, and

ar | RF HE PR 0000 g
el 0 0 0000 0 |, (4.37)
0 0 0 0000 O
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4.5 Linearity indices

orR 000 \ . |T \

J _ ToPT ToP QT

w —|000@Q aqT Rrl . Q aq|7 fa’Q : (4.38)
000

where the derivatives of the P matrix are given by Eq. (D.10), and

T —sinoc —coso 0
aai = cosc —sino 0. (4.39)
g 0 0 0

4.5 Linearity indices

In this section we introduce two indices that allow one to estimate when the uncertainty

distribution can be propagated using linear theory.

4.5.1 Orbit Condition Code

The Orbit Condition Code (OCC), also referred to as Uncertainty Parameter' U, provides
an estimate of the rate of change of the longitude in a logarithmic scale, and takes
integer values from 0 to 9. A value of 0 is assigned to very well determined orbits and
9 implies a very imprecise orbit. A simple algorithm to calculate the OCC' is as follows.

First, we calculate the longitude runoff )\, measured in seconds of arc per decade as

- 1 1
A= (e or,|y + 10 oply P|> k—— x 3600 x 3 (4.40)
y

P,
where o7, | 4 1s the uncertainty in the time of perihelion passage in days, P]y is the
orbital period in years, op|y is the uncertainty in the orbital period in days and
k= % % 0.01720209895 deg is the Gaussian constant in degrees. Then, one can

calculate the OCC as

occC =
Ao

2+ 1‘ : (4.41)

where |y| is the floor function, and Ao is a constant such that

. In6d
Ao = @ ~ 1.49. (4.42)

Thttp://www.minorplanetcenter.net/iau/info/UValue.html, accessed on 2018
May 21

77


http://www.minorplanetcenter.net/iau/info/UValue.html

4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

To obtain a better understanding of the evolution of the longitude runoff, we will also
consider the OCC without applying the floor function.

Larger values of OCC' cause a uncertainty distribution to grow in shorter times,
even if the initial uncertainty distribution is small. A method based on Cartesian co-
ordinates will have its performance degraded as the uncertainty growth will not be
contained on the orbit.

By writing Eq. as a function of the Dromo variables q, we can calculate the
OCC in the Dromo formulation. First note that the orbital period P can be written as

2T

P =2rad®? = (4.43)

(@-a—-a)"*

The time of periapsis passage 7}, can be calculated starting from Kepler’s Equation
M=n(r—1T,) =FE —esinE. (4.44)

The above equation can be rearranged to yield
E—esink
- .

T,=1— (4.45)

We can easily obtain sin £ by using the classical equations that relate trigonometric
functions of the eccentric and true anomalies [7, pp. 158 — 159]. In particular, starting

from

52
sin = Y- sy (4.46)
1+ ecosv

it is straightforward to obtain

3 2 2 2
inp - V8 —ai— g (@sino —gacoso)  un/g3 — i — 6 (4.47)

NG+ 33 (g3 +qicoso+qsine) s /@G +q
where s and u are the transversal and radial velocity and are given be Egs. and
(4.10), respectively. By multiplying by the orbital eccentricity, one of the terms in Ke-

pler’s equation is obtained as

VE—E-&
UVaB = 6h (4.48)

esin b = —
S q3

To express the eccentric anomaly F), it is possible to write a similar expression for
cos E and use the atan2 function. However, a simplified formula can be obtained by

the use of the elegant relation given by Broucke et al [20]

esinv
FE =v —2atan 4.49
<1+\/1—ezcos1/) (4.49)
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yielding the simple result

E =0— [ —2atan 2u — (4.50)
s+4/q3 —qi — 43
Finally, The mean motion reads
1
=5 = (@ —d—a)’” (4.51)

and combining all the previous results

_B—9atan| —u
o—p aan( TR q%_q§> L .

T,=717— - :
P (63 —a} — 43)? sq3 (g3 —af — 43)

(4.52)

Note that neither P nor 7, depend on the Dromo elements corresponding to quater-
nion components gy, . . . g7. The standard deviations of P and T}, can be calculated using
their gradient with respect to the Dromo state vector for frozen time and the Dromo co-

variance matrix P

oP _oP"
P=5C% 4.
7P = 3¢ oq (4.53)
oT, oT,"
2
9T, = g —rC—== %4 (4.54)
The gradient of the orbital period % reads
or_ e brgy —6r 00000
oq [qg(lqufqg)“’/? 20-¢-a)” d0-i-i)" ] (4.55)

The gradient of the time of periapsis passage p takes a more complex expression.

To give compact formulae, we will use auxiliary var1ab1es to get the following results:

oT, auq; —sino 2q1 + gz coso
e geos ELML —gu 2q232 +3Eq1a5/2+
oq1 eq3s e*qss (4.56)
aucoso 2auq; + sino ’
q3s* q3s
oT, augs + cos o 2¢2 + gz sino
—L — _qcosE © —au © 261232 +3qua5/2+
0qo eq3s e%q5s (4.57)
ausino 2augs — cos o ’
q35? a3s
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o1, _azucosE_auqlcosa—l—qgsina 8+Q3+2aq§s

o — 3Eq3a”? 4.
0q3 es e2q3s? gaa (g35)* - (458)
oT,
—£ =, j=4,...7, (4.59)
ﬁq]'

T, 1
Ty _ (4.60)

o g (1 +ecosv)?

where a and e are given by Egs. (D.1a) and (D.Ib), respectively, and with

@+ ¢2 + quqz cos o + qagzsino

s\t + 43

4.5.2 Close approach linearization error

cos F = (4.61)

The second index I' is a measure of the error induced by the linearization of the
third-body perturbing acceleration, especially important during close approaches with
a large uncertainty distribution. I' is inspired by a simple 1-dimensional model in
which for any point in the uncertainty distribution close to the perturbing third body,

the perturbing acceleration can be expanded in power series as

1 1 op op 2
ficpy————=pui——11-2 —|—3< > +...1], (4.62)
’ ! (Pnom + 5ﬂ)2 ! pr210m Pnom Pnom

where p = r — r; and the subindex nom refers to the nominal orbit and ép = p — pnom-

We define I as the first term neglected in the linearization of the above expression:

5 2
T = 33—, (4.63)

p nom

which has units of 772.
In orbits in three dimensions and as a first approximation, the uncertainty distri-
bution is expected to be elongated along the velocity vector direction as sketched in

Fig. and the position of the extrema of the uncertainty distribution p reads

P = Ppom T oo (4.64)
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4.6 Real case application

where ¢, the relative position vector of the tail of the distribution with respect to its

center, can be written as

dr 1
00 =V0;, X V—0, =7

. 465
do 1352 7 (4.65)

with o, and o, being the standard deviation of the real and the fictitious time respec-

tively. The norm of this vector is the along-orbit drift:

1 1
05 = VU2 + 82 —50,. (4.66)

do ="
n q3s

352

Finally, 6p can be approximated by the difference between pnom and the projection

of p on the p,,, direction

0p ~

Prom — P - pnom‘ _ ‘(5@ . pnom‘ (467)

Pnom

Pnom

Figure 4.4: Geometry of close approach with uncertainty. pnom is in general located at an
arbitrary point of the space.

During a close approach, a high value of I' indicates that the linearization of the
gravitational force may induce large errors in the results. An empiric threshold will be

suggested on section [4.7]

4.6 Real case application

In order to assess the accuracy of the proposed method, we calculated the Dromo STM

for an extensive list of asteroids and compared the results with a Monte Carlo method
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

which was performed for samples randomly drawn from the initial uncertainty dis-
tribution, propagating the orbit of each of the points individually. Additionally, the
STM employing a Cartesian linear method was also included in the comparisons of
our study. The number of MC samples was chosen as Nj;c = 103, and the execution
time of the linear methods was about 5 times smaller than the sample-wise numerical
propagation.

The orbital elements and the 1-0 covariance matrices were obtained from the
NEODYyS database!. NEODyS, maintained by the University of Pisa and the SpaceDyS
company, offers this information for two different epochs: Near middle of observational
arc and Near present day. We chose the former, aiming to minimize the deviations
from Gaussianity caused by the orbital motion. The data used in the simulations is
presented in Appendix [E| To construct the dimensionless variables, we chose 7 = 1 au,
leading to i = 27y~ L.

The analyzed asteroids can be divided into three categories:

1. Those whose uncertainty distribution is small, and thus both the Dromo STM
and the Cartesian STM can reproduce the results of the MC method. Examples of
these asteroids are 2002AA29 and 469219 (2016HO3).

2. Those which have a moderate-size uncertainty distribution but have not been
strongly perturbed by a close approach. In these cases, even if the Cartesian STM
based method fails to reproduce the non-linear orbital motion, the Dromo method
follows the MC results with a reasonable accuracy until a catastrophic close ap-

proach occurs. Examples of these asteroids will be given below.

3. Those which are strongly affected by the non-linear perturbation induced by the
Earth gravitational force during close approaches, like 2016CA138. In some cases,
they are discovered in the vicinity of the Earth and the orbit fitting process yields
an initial Gaussian distribution that rapidly becomes non-Gaussian because of the

Earth influence.

The asteroids in the first category are usually characterized by a small OCC' and close
approaches with small I, so their uncertainty distribution can be considered to evolve

linearly with very high accuracy.

"http://newton.dm.unipi.it/neodys/, accessed on 2018 May 22
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4.6 Real case application

The third category is comprised of asteroids that usually have faced a close ap-
proach with a large value of I'. After this encounter, the linearity of the motion of the
uncertainty cloud is lost.

The second category consists of intermediate cases between the two others. They
are characterized by a small to moderate OCC, and the range of time validity of the
proposed method is governed by I' at the incoming close approaches. During a future
close approach, if the distance between the asteroid and the encountering body is small
and the along-orbit drift is large, they may transit into the third category.

Table4.1|shows some selected examples of the second category of asteroids, as well
as the initial and final propagation time and the initial OCC. The NEODyS raw data
employed is listed in Appendix[E]

Table 4.1: Selected Asteroids

Name Initial propagation time Final propagation time Initial OCC
20005G344 1999 Nov 08 12:10:56 2050 Jun 30 00:00:00 4
2011AM37 2011 Jan 14 01:29:15 2050 Jun 30 00:00:00 7

2013HO 2013 Apr 18 21:59:11 2050 Jun 30 00:00:00 6

2016DJ 2016 Mar 05 02:31:27 2050 Jun 30 00:00:00 4

4.6.1 2000SG344

The first selected asteroid, 20005SG344, is a small body with absolute magnitude H =
24.7. It was discovered in 2000 right before a close approach with the Earth, and has
multiple predictions for very deep close approaches in the future (see Table4.2|for a list
until 2050).

The propagation for the orbit uncertainty distribution of this asteroid begins some
months before a close approach in which distance between the nominal orbit and the
asteroid is 0.04 au or 3.98 rso ! During this first close approach the uncertainty is small
enough for the linearity of the motion to be preserved both using Cartesian and Dromo
elements. As time evolves, the Cartesian linear method starts to show errors while the
proposed method is more accurate, as can be seen in Fig.

Figure shows the effect of the 2028 and the first 2029 close approach in the

Lyrsor stands for radius of the Sphere of Influence of the Earth.
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

Table 4.2: Close approaches for 20005G344

Minimum Minimum
Epoch ] ] I [F7?]
distance [rgo;] distance [au]
2000 Sep 12 3.98 0.04 7.40 x 1010
2028 May 07 1.96 0.02 4.99 x 10796
2029 Feb 16 5.27 0.05 7.99 x 10707
2029 Jul 28 3.43 0.03 1.03 x 10708
2029 Nov 21 4.53 0.05 2.00 x 10797
2030 Sep 22 3.42 0.03 4.12 x 1079
10 <107 2000SG344 2025 FEB 23 11:54:38 o5 %10 2000SG344 2029 MAY 10 05:48:19
- ‘ ‘ ‘ ‘ e o ‘ ‘ ‘ ‘ ‘ we
? & : g;:tne]gian i % 2l : graortme:ian ]
% 2t g 1 5 i
2 ) 2 R 38
Lo L , &
% % A 05 : 0 os 1 15 go.s 6 -4 2 0 2 . 6 €
Position uncertainty ellipsoid semi-major axis [au] %1073 Position uncertainty ellipsoid semi-major axis [au] %1073
(a) Before the close approach. (b) After the close approach.

Figure 4.5: 20005G344 Uncertainty cloud.
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(a) OCC as a function of time (b) Along-track drift as a function of time

Figure 4.6: Non-linearity indices for 20005G344

uncertainty distribution, where the Dromo linear method suffers only minor errors as

the relatively low value of I' suggests. As the OCC and the along-track drift grows

84



4.6 Real case application
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Figure 4.7: Skewness and excess kurtosis for 20005G344 as a function of time in the position
uncertainty ellipsoid main directions.

(see Fig.[4.6), the Cartesian method predicts an erroneous elliptical region, expressed in
Cartesian coordinates, while the Dromo method can retain some of the non-linearities
of the full model. As the along-orbit drift increases, the Dromo method performance
degrades in these series of close approaches as large enough values of the index I are
achieved.

Finally, Fig. shows the skewness and excess kurtosis as a function of time, for
the marginal distributions corresponding to the main directions of the position covari-

ance ellipsoid, and reflects the effect of the close approaches in the distribution. These

quantities are calculated via Eqs. (A.15,[A.16) of Appendix[Al

4.6.2 2011AM37

We start the propagation for 2011AMB37 short after a close approach with nominal dis-
tance 0.0009 au on 2011 January 14. The orbit fit is poor, consequence of a reduced

number of only 17 observations during a timespan of less than 2 hours. This has a
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direct impact in the OCC, which starts at a high value of 7, and accordingly the along-
track drift will grow at a fast pace as can be seen in Fig.

Table 4.3: Close approaches for 2011AM37

Epoch Minimum Minimum I [72]

distance [rgo;] distance [au]

2025 Jul 22 17.57 0.18 1.21 x 1079
2026 Jan 13 1.30 0.01 1.79 x 10791
2033 Jan 22 11.58 0.12 2.18 x 10701

108 2011AM37 2024 FEB 24 14:45:31 2011AM37 2030 SEP 29 19:37:37
: : : ‘

o
o

MC
* Dromo
+ Cartesian |-

T
MC
oF s “« 1 + Dromo

- Cartesian

o
T
i

o
o

o
T

o
T

+

Position uncertainty ellipsoid intermediate semiaxis [au]
e
® *
Position uncertainty ellipsoid intermediate semiaxis [au]

n

@
&
=3

1 1 1 1 I
-0.15 -0.1 -0.05 0 0.05 0.1
Position uncertainty ellipsoid semi-major axis [au] Position uncertainty ellipsoid semi-major axis [au]

o
o

(a) Before the close approach. (b) After the close approach.
Figure 4.8: 2011AM37 Uncertainty cloud.
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Figure 4.9: Non-linearity indices for 2011AM37

Such an initial orbit uncertainty leads to a quick growth of the covariance matrix,

which the Cartesian method cannot reproduce. The Dromo method shows an accept-
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4.6 Real case application
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Figure 4.10: Skewness and excess kurtosis for 2011AM37 as a function of time in the posi-
tion uncertainty ellipsoid main directions.

able performance, showing only minor errors in the tails of the distribution until the
2025 and 2026 close approaches. During them, the strongly non-linear perturbation of
the Earth over the very large uncertainty distribution makes the motion of the MC sam-
ples to depart from Gaussianity. After these close approaches, it becomes unfeasible to

apply the linear methods considered here.

4.6.3 2013HO

In the case of 2013HO, the orbit propagation starts a week after a close approach of
nominal distance 0.02 au. The two close approaches of 2013 don’t have a large impact
on the accuracy of the Dromo based method as a small value of I' would suggest, but
the Cartesian coordinates based one starts accumulating small errors (Figure as
a consequence of the large along-track drift. As Fig.[4.12]reflects, the large OCC of this
asteroid makes the along-orbit uncertainty grow quickly, which causes the Cartesian
method to show major errors compared to the MC solution (Figure £.11(b)). Finally,
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

during the close approaches of 2040-2042, large enough values of the index I' induces
errors in the proposed method as the MC method shows a highly non-linear behavior.

The skewness and excess kurtosis for the orbit uncertainty of 2013HO are shown in
Fig. .13}

Table 4.4: Close approaches for 2013HO

Epoch ‘Minimum Minimum r [fﬁQ]
distance [rgo;] distance [au]
2013 Apr 11 1.90 0.02 1.57 x 10798
2013 Oct 04 17.03 0.17 5.12 x 10799
2040 Oct 21 13.97 0.14 1.30 x 1079
2041 Apr 14 9.54 0.10 5.28 x 10796
2041 Oct 12 7.77 0.08 1.09 x 1079
2042 Apr 10 12.09 0.12 1.89 x 1079
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(a) After the first close approaches. (b) Before the final close approaches.
Figure 4.11: 2013HO Uncertainty cloud.

4.6.4 2016D]

As the previously analyzed asteroids, the initial epoch is after a close approach with the
Earth, around one month before in this case, and with minimum distance 0.04 au. A
very shallow close-approach on 2017 with a small value of I' does not have a large effect
on the validity of the linear methods , but the high value of OCC leads to a growing
along-orbit drift (see Fig. [4.15). This makes the Cartesian coordinates based method

to lose accuracy even in the absence of intermediate close approaches, as can be seen
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Figure 4.13: Skewness and excess kurtosis for 2013HO as a function of time in the position
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in Fig. The proposed method shows a good performance, only limited by by

the close approaches of 2042-2046 (Figure [£.14(b)). This is reflected in the higher order
moments shown in Fig.
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

Table 4.5: Close approaches for 2016D]

Minimum Minimum -9
Epoch . ) [rn]
distance [rgo;] distance [au]
2017 Feb 13 19.39 0.19 9.81 x 10712
2042 Aug 08 3.01 0.03 1.13 x 10707
2043 Jun 11 17.32 0.17 3.37 x 1079
2043 Oct 15 13.87 0.14 1.66 x 107%
2044 Apr 21 18.84 0.19 2.87 x 10710
2045 Feb 23 10.12 0.10 3.88 x 10797
2046 Feb 10 10.90 0.11 5.61 x 10707
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Figure 4.16: Skewness and excess kurtosis for 2016D] as a function of time in the position
uncertainty ellipsoid main directions.

4.7 Discussion on the linear indices

The two indices introduced in section 4.5|have different impact on the presented tech-
nique and on the Cartesian linear method.

The OCC is more important for the Cartesian linear method, as a large value will
cause considerable errors since the growing along-orbit drift cannot follow the curva-
ture of the orbit when employing this approach. The Dromo method is not strongly af-
fected by the OCC, as the along-orbit drift is taken into account with the fictitious time
uncertainty. However, minor effects may still arise as the perturbations are linearized
around the nominal orbit, and variations of o outside of the linearity may introduce
errors in our formulation.

The close-approach linearization error index I' affects both methods as the Dromo
linear method employs a Cartesian gravity gradient matrix, later transformed into
Dromo elements. Thus, non-linearities appearing during close approaches will

degrade the solution provided by both methods, which according to the simulation
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4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

results seems to happen for I' > 1075.

4.8 Anomaly Transition Tensor

In chapter 2} it was determined that most nonlinear variable in the weakly-perturbed
orbital motion is usually the anomaly. This is especially the case for orbits of high
eccentricity, as the neglected terms by approximating Eq. by the last row of the
STM given by Eq. are all multiplied by powers of u, which is proportional to the
eccentricity.

Thus, in the Dromo formulation it is convenient to expand the fictitious time o to

higher orders:
do = Z g 090,
i=1,2,3,8
1
+3 ZZ P35 0q0,i9q0,j (4.68)

(i.)=1,2,3,8
+ % DI Bk 090,00,50G0k + - - -
(i.5,k)=1,2,3,8
where we exploited that gs does not depend on ¢y, ... g7 to reduce the summation in-
dices domain. Note that ®g; correspond to the terms already present in the STM. To
solve for the coefficients, we must use substitute Eq. into Eq.

d®g;  dgs
i~ oq (4.69a)
ddg;; 0%gs
LY 4.69b
dr 0q;0q; (4.69b)
dPs i~ 0°gs (4.69¢)

dr  0gi0g;0qp

For (i,7,k) = 1,2,3,8. The right hand sides take simple values because gg does not

depend explicitly on the non-Keplerian perturbation, so closed-form formulae can be

obtained for any scenario. The initial conditions for the equations above are all identi-
cally equal to zero, except for the term ®gg = 1.

The number of necessary terms grow exponentially with the order of the expansion.

However, symmetries allow to reduce the number of terms that must be calculated
Dy = Ps i (4.70a)
s ik = Psijk = Psjik = Ps jki = Pskij = Ps,kji (4.70b)
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4.8 Anomaly Transition Tensor

It is a a known result that the number of independent components of a symmetric tensor

of rank r in d dimensions is!

<d+r—1> _ (d+r—1)(d+r)...(d+1)d

4.71)

r!
Then, to include quadratic terms, 10 terms are needed in the integration, retaining cubic
terms requires additional 20 coefficients, the quadratic terms would require another 35

coefficients and so on.

4.8.1 Formulae for the quadratic terms

In this section, we give expressions for Eq.
d®s 11

i - 2q3 cos? o, (4.72a)
dqc)fT’l’2 = 2¢g3cososino, (4.72b)
dq;STJ»S — 2(gs + 5) cos 0, (4.720)
(ﬂ:;’_l’zl = —2q3 (ucoso + ssino), (4.72d)
01(};1877'2,2 = 2¢3sin’ o, (4.72e)
dq:isf’g = 2¢3sino + 2ssino, (4.721)
d(};lsz = 2q3(scoso —usino), (4.72g)
0833 _ g5 445, (4.72h)
diSjA — gsu—2su, (4.72i)
B8 2 (a2 45 g1 - ) @72

4.8.2 Formulae for the cubic terms

In this section, we give expressions for Eq. (4.69¢)

d®sii _ 0, (4.73a)
dr

Thttp://www.physics.mcgill.ca/~yangob/symmetric%20tensor.pdf Accessed
on 2018 May 21

93


http://www.physics.mcgill.ca/~yangob/symmetric%20tensor.pdf

4. RELATIVE MOTION AND UNCERTAINTY PROPAGATION WITH DROMO

d®g 112

[ t)

dr
d®g 11,3

dr
d®g 1,14
dr
d®g 12
dr
d®g 123
dr
d®g 124
dr
d®s 133
dr
d®g 134
dr
d®sg 144
dr
d®g 222
dr
d®go23
dr
d®go04
dr
d®g 233
dr
d®g 234
dr
d®g 244
dr
d®g 333
dr
d®g 334
dr
d®g 344
dr
d®g 444
dr

=0,

= 2cos? o,

= —4g3cososino,
=0,

= 2cososino,

= 2q3 (0082 o — sin® a) ,

= 4 cos o,

= —2(ucoso + (s + g3)sino),

= 2¢3 (2usino + (g3 — 2s) cos o),
=0,

= 2sin? o,

= 4g3 cos o sin o,

= 4sino,

=2(q3 + s)coso — 2usino,

= 2q3sino (g3 — 2s) — 4qsu cos o,
=6,

= —4u,

= 2q§ — 25 + 202,

= —2q3u (3g3 — 4s) .
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4.9 Conclusions

4.9 Conclusions

In this section, a novel method for linear orbit uncertainty propagation was developed.
The proposed algorithm is based on the special perturbation method Dromo, which
offers key advantages for obtaining analytical expressions of the necessary Jacobian
matrices.

The method was applied to study the evolution of the uncertainty distribution of
several Near Earth Asteroids and the results were compared to Monte Carlo simula-
tions and Cartesian coordinates based linear methods.

For well-determined orbits, the proposed method shows equal or better perfor-
mance than linear methods based on Cartesian coordinates. When the uncertainty dis-
tribution grows to middle or large size, the new algorithm is found to be more accurate,
and its performance deteriorates only in the presence of close-encounters characterized
by a strongly non-linear gravitational perturbation across the size of the uncertainty
distribution.

The applicability of the linear methods in Cartesian and Dromo coordinates de-
pends on the quality of the initial orbit and the presence of close-approaches, can be
qualitatively predicted by referring to two non-linearity indexes. The first is the Orbit
Condition Code (OCC) proposed by the Minor Planet Center, whose evolution in time
is here investigated. The second, proposed here for the first time, is an estimate of the
linearization error over the uncertainty distribution in the presence of close encounters.
The OCC gives an estimate of when applying the Dromo formulation has advantages
over the Cartesian method, and the second index predicts when linearity will be lost
for both formulations. Future work will be focused on a more precise determination of
the domain of applicability of the method and ways to improve its performance

Finally, a higher order expansion of the angular variable was proposed. The higher
order expansion seeks mitigating the error on this variable, which is dominant. In
Dromo, the evolution of the fictitious time does not depend explicitly on the orbital

perturbations, hence the coefficients of the expansion are relatively easy to calculate.
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Chapter 5

Primary Body Switch

5.1 Introduction

A primary body switch consists on replacing the central body used as a reference in the
integration of the equations of motion by another massive body. It is well known that a
primary body switch can greatly reduce the numerical truncation error in the cases of
planets flybys. Recently, Amato et al. [4] showed that the distance at which the primary
body switch is performed when using a Dromo formulation strongly affects the accu-
racy of the calculations. The existence of a non-trivial optimum switch distance was
also reported. This distance does not coincide with the size of the Sphere of Influence
of the approached planet, but is actually greater.

In the present chapter, the advantages of a primary body switch on the propagation
of orbit uncertainty are explored, under the assumption of a deterministic dynamical
system. When propagating the uncertainty of the orbital motion, a primary body switch
seeks reducing the third-body gravity linearization error. This is especially the case for
formulations that absorb the nonlinearity associated to the 1/r? term of the equations
of motion.

To highlight the benefit of the switch, we employ a Monte Carlo method with ran-
dom sampling of the initial pdf. Each sample is propagated linearly around the mean
orbit, and the nonlinear function that describes the primary body switch in Dromo el-
ements allows reducing the uncertainty propagation error. Without loss of generality,
this strategy can be combined with other methods mentioned in the introduction (LOV,

GMM, STT, PCE, DA, etc) reducing the number of terms or samples needed for a given
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accuracy, or decreasing the error for an equivalent computational time.

5.2 Primary body switch

To overcome the limitations of a purely heliocentric linear propagation in the presence
of close approaches with planets, we introduce a primary body switch at a threshold
distance from the encountering planet. Without loss of generality, we assume that the
encountering planet is the Earth.

When employing the primary body switch strategy, the linear propagation is sub-
stituted with a hybrid Monte Carlo (MC) method. At the initial epoch, we sample
M = 1000 random points from the Gaussian distribution described by the nominal
orbit and the covariance matrix. For each asteroid, the nominal orbit and covariance
matrix are obtained from the NEODyS database. We employ the uncertainty data pro-
vided in equinoctial elements, and the covariance matrix accounts for the uncertainty
in the six equinoctial elements.

We propagate each sample using the STM of the nominal orbit of the object of study
(Eq. (#.20)). If the nominal orbit intrudes the sphere of a given radius centered at the
Earth, the heliocentric propagation is interrupted and all the MC samples ( = 1,..., M)
are transformed from the heliocentric to the geocentric reference frame. In the geocen-
tric phase, we consider a reference frame with origin in the Earth center and having the
same orientation of the heliocentric inertial frame. We compute the relative positions

and velocities with respect to the Earth by

’IA"Z' =T, —To (51)

’i)i =v; — Vg (52)

where we denote the geocentric variables with a hat (*), and employ @ as the Earth
symbol. From 7;, ©; we obtain the geocentric Dromo representation of the MC samples,
which are propagated again using linear theory until the distance between the nomi-
nal orbit and the Earth is greater than the employed threshold. At that point, another
primary body switch is performed to return to the heliocentric frame. The switch is
repeated if needed in case the nominal orbit comes again close to the Earth. A scheme
of this process is shown in Fig.
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5.2 Primary body switch

The switch is calculated using Egs. and the formulae in Sec-
tion[D.2.7] that provide the Dromo elements as a function of the inertial Cartesian state
vector and vice versa. This set of equations is constituted by fully analytical expres-
sions involving the position and velocities of the asteroid and the Earth, and in general
is nonlinear. When performing a switch, a Gaussian distribution will remain Gaussian
if the eigenvalues of its covariance matrix are sufficiently small, because in that case
the equations that define the switch can then be linearized around the reference orbit
with negligible error. A second switch under similar conditions will yield a final distri-
bution that will also be approximately Gaussian. Moreover, for primary body switches
that are well approximated by a linear mapping, a combination of switches with helio-
centric and geocentric STMs will result in a STM which is mathematically equivalent
to the purely heliocentric STM. On the other hand, if the equations that govern the pri-
mary body switch cannot be replaced by their linearized form, Gaussianity will not be
conserved in general. We note that close orbits can still be propagated using a STM
even if they follow a non-Gaussian distribution. That is, we can combine linear prop-
agation arcs with primary body switches, retaining with a higher degree of fidelity the
nonlinearities of the orbital motion. The uncertainty distribution at a generic epoch is
characterized by the dispersed MC states, and if necessary, the covariance matrix and

other higher order moments can be estimated [28} pp. 341-363].

Start
Initial epoch

SWitCh at Heliocentric
jitch distance linear

(nonlinear) \ propagauon

\-<

Figure 5.1: Primary body switch flow chart.

We highlight that the primary body switch, when applied to the orbit uncertainty
propagation problem, is a technique that seeks reducing the third-body gravitational

perturbation linearization error of the orbital uncertainty dispersion. This is different
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from the classical application of the primary body switch, which aims to reduce the

numerical error of a single orbit [4].

5.3 Results

In this section we present examples of orbit uncertainty propagation for some selected
asteroids employing the primary body switch strategy.

These asteroids were chosen as good candidates to perform the primary body
switch based on two criteria. First, all of them have their closest approach before the
year 2050 at a distance no much greater than 1 radius of the Sphere of Influence of the
Earth Rgo ~ 0.0062au ~ 9.25 x 10° km. For reference, 1 lunar distance corresponds to
384400 km ~ 0.42 Rg,1. Second, they have a well determined orbit. Here, we employ
the Orbit Condition Code (OCC), introduced in section to decide whether to
apply the switch or not to a particular asteroid. We only selected asteroids with initial
OCC equaltoOor 1.

The selected asteroids are shown in Table For all these asteroids, we performed
a parametric search on the switch distance to analyze its effect on the propagation ac-
curacy. We took as lower bound the minimum close approach distance, and consider

performing a switch as far as 3 radii of the Sphere of Influence of the Earth.

Table 5.1: Significant data of the asteroids considered in the analysis.

Asteroid oce Closest approach Closest approach Final propagation

distance [Rgor] epoch epoch
2011AG5 1 1.17 2040-02-04 2050-01-01
2012AP10 1 0.51 2042-12-29 2050-01-01
2004RQ252 1 0.57 2043-04-01 2050-01-01
2001AV43 0 0.34 2029-11-11 2040-01-01
99942 Apophis 0 0.04 2029-04-13 2040-01-01

To better understand the effect of the primary body switch, we also considered cases
where the initial standard deviations, expressed in equinoctial elements, were scaled up
or down by a factor of 10.

We used as a measure of the linearization error the position error averaged over all
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the MC samples:
M
1 2 2 2
€= M;M (wi — &) + (g — y})* + (20— 2) 639)

where the true solution (z*, 7, z*) " was calculated by integrating the equations of mo-
tion for each individual sample. Furthermore, for each asteroid and initial uncertainty
scaling factor, we normalized the average error with the maximum position standard

deviation estimated from the true solution at the final epoch.

5.3.1 2011AG5

The orbit uncertainty propagation of 2011AGS5, a Potential Hazardous Asteroid (PHA),
was carried out using the primary body switch. 2011AG5 will experience a close ap-
proach with the Earth in 2040 February 4 with a minimum distance of about 0.007 au,
which is slightly larger than the radius of the Sphere of Influence. The propagation
was performed from 2011 November 29, and the average error was evaluated on 2050
January 1.

Figure [5.2 shows the average error as a function of the switch distance for this as-
teroid at the end of the propagation. If the switch distance is smaller than the closest
approach distance, the switch cannot be performed. However, for distances of about
1.05 times the Earth closest approach distance, the average error drops between one
and two orders of magnitude. This behavior persists even when scaling up or down
the initial uncertainty, which suggests that for 2011AG5, performing a switch may help
to greatly reduce the uncertainty propagation error. The gray region in Fig. |5.2| corre-
sponds to a switch distance between 1.05 and 1.15 times the closest approach distance

of the nominal orbit.

5.3.2 2012AP10

2012AP10 is a 20 m asteroid that will flyby the Earth in 2042 December 29 at a nominal
distance of about 1.4 lunar distances, but its minimum distance with the Earth could be
as low as 0.4 lunar distances. This is reflected in its condition code of 1. We propagate
from 2013 April 5 to 2050 January 1, and evaluate the average error at the end of the
propagation. As it can be seen in Fig.|5.3] the average error is effectively reduced for the
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Figure 5.2: Average position error for 2011AG5 at year 2050 as a function of the switch

distance. For the real initial covariance, the normalization factor is about 1.8 x 10 km.
The gray region corresponds to a switch distance between 1.05 and 1.15 times the closest
approach distance of the nominal orbit.

actual initial uncertainty, as well as for its scaled-up initial covariance matrix. However,

by lowering the initial uncertainty the switch becomes less effective in this case.

5.3.3 2004RQ252

2004RQ252 will flyby the Earth at a distance of about 8 x 10° km in 2043 April 1. Our
integration starts in 2006 March 5, and is performed until 2050 January 1. Figure
shows the average position error at the final epoch. The effectiveness of the switch
with this asteroid resembles that of 2011AG5, with a very high efficiency for a switch
performed at a distance of about 1.05 times the Earth closest approach distance.

For 2004RQ252, we also provide a comparison between the Dromo linear propaga-
tion without performing any switch, and a linear propagation in Cartesian coordinates.
Figure 5.5/ shows how the Dromo linear method outperforms its Cartesian counterpart

until the 2043 flyby. After this close encounter, the error of the two methods is compa-
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Figure 5.3: Average position error for 2012AP10 at year 2050 as a function of the switch
distance. For the real initial covariance, the normalization factor is about 1.3 x 10° km.
The gray region corresponds to a switch distance between 1.05 and 1.15 times the closest
approach distance of the nominal orbit.

rable. By employing the primary body switch strategy, the final error can be reduced
by a factor of 17.75.

5.3.4 2001AV43

The propagation of the orbit uncertainty of 2001AV43 was performed starting from 2012
October 14, and was carried out until 2040 January 1. In this interval, 2001AV43 has an
Earth flyby on 2029 November 11, approaching as close as 0.34 Rgo;.

Figure5.6|shows the results of the primary body switch evaluated at the final epoch.
For the actual or the scaled-down initial orbit uncertainty, the advantages of performing
a primary body switch are not clear. This could be explained by its well-determined
orbit, which has an OCC of 0. When considering larger initial uncertainty, a switch at
distances of about three times the closest approach distance reduces the final error in

more than half. We note that for 2001AV43, the closest approach occurs at a distance
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Figure 5.4: Average position error for 2004RQ252 at year 2050 as a function of the switch
distance. For the real initial covariance, the normalization factor is about 1.6 x 10° km.
The gray region corresponds to a switch distance between 1.05 and 1.15 times the closest
approach distance of the nominal orbit.

of the same order of magnitude as the Moon distance, whose gravity at close distances
may affect the accuracy of the linear propagation. Finally, the change of behavior at
approximately 1.2 Rgoy in Fig.[5.6]is caused by a second close approach that complicated

the propagation of the uncertainty.

5.3.5 99942 Apophis

We applied the proposed primary body switch to the PHA Apophis. The propagation
starts on 2009 May 6 and is performed until 2040 January 1, when we evaluate the
average position error. In 2029, Apophis will fly by the Earth at a nominal closest-
approach distance of about 38000 km. During this close flyby, the nonlinear nature
of the Earth’s gravitational force across the uncertainty region may strongly affect the
evolution of the orbit uncertainty of this asteroid.

Figure shows the results of performing the primary body switch at different
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Figure 5.5: Average position error for 2004RQ252 as a function of time.
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Figure 5.6: Average position error for 2001AV43 at year 2040 as a function of the switch
distance. For the real initial covariance, the normalization factor is about 2.9 x 10° km.
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distances from the Earth and for different scalings of the initial uncertainty. For the
actual initial uncertainty, the error can be reduced by 40% if a switch is performed
at about 0.6 Rgo;. Similar results are obtained when considering larger initial uncer-
tainties, where the reduction increases to almost 70%. However, a scaled-down initial

uncertainty does not seem to benefit from the primary body switch.
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Figure 5.7: Average position error for 99942 Apophis at year 2040 as a function of the switch

distance. For the real initial covariance, the normalization factor is about 2.9 x 10° km.

5.4 Discussion

Figure shows the optimum distance that minimizes the final average error.
Figure@ shows the switch error-reduction factor, which is defined as the ratio of the
error that we have without performing the switch to the minimum error that we obtain
among all the possible switch distances. That is, a higher value of the error-reduction
factor means that the switch is a more effective way of decreasing the error for that
particular case. The results are summarized in Table In Table we provide the
closest approach distance with respect to the Earth and the Moon for each asteroid. For

2001AV43 and Apophis, the switch did not reduce the error for a scaling factor of 0.1.
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We indicated this in Table[5.2]as N/A (not applicable).
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Figure 5.8: Optimum switch distance. For 2001AV43 and Apophis, the switch did not

reduce the error for a scaling factor of 0.1.

2011AG5, 2012AP10 and 2004RQ252 are characterized by having an optimum
switch distance that does not vary significantly with the initial uncertainty scaling
factor, and corresponds to a switch distance slightly larger than the closest approach
distance. The optimum switch distance lays between a 5% and a 15% larger than
the minimum close approach distance with respect to the Earth. For these asteroids,
performing the switch over very short propagation arcs improves drastically the result
of the uncertainty propagation. This is justified because near the close approach is
where the linearization error of Earth’s gravity becomes critical [44]. However, longer
geocentric propagation arcs are not beneficial in these cases because the Sun gravity
linearization error would become dominant.

On the other hand, a less clear behavior is observed for Apophis and 2001AV43.
In the case of Apophis, the nonlinearity of its very close flyby causes multiple local
minima in the curve of average error for some of the initial uncertainty scaling factors.
Additionally, during the 2029 close encounter, Apophis comes as close to the Moon

as 6.5 x 107*au, which further complicates the propagation of the uncertainty. For
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Figure 5.9: Switch error-reduction factor. For 2001AV43 and Apophis, the switch did not

Table 5.2: Summary of the results. For 2001AV43 and Apophis, the switch did not reduce
the error for a scaling factor of 0.1.

Asteroid Scaling Optimum switch Error-reduction Optimum switch distance
factor distance [ Rgoi] factor Minimum Earth distance
0.1 1.22 30.44 1.05
2011AGH 1 1.22 27.09 1.05
10 1.22 7.75 1.05
0.1 0.55 3.12 1.06
2012AP10 1 0.59 5.63 1.14
10 0.59 6.11 1.14
0.1 0.60 4.80 1.04
2004RQ252 1 0.61 17.75 1.06
10 0.61 13.51 1.06
0.1 0.34 N/A N/A
2001AV43 1 0.99 1.13 2.92
10 1.21 2.51 3.57
0.1 0.04 N/A N/A
99942 Apophis 1 0.63 1.66 15.04
10 0.57 2.99 14.11
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Table 5.3: Summary of closest approaches.

. Earth-asteroid Moon-asteroid
Asteroid .. . .. .
minimum distance [au] minimum distance [au]
2011AG5 72x 1073 4.7 x 1073
2012AP10 3.2x10°3 5.4 x 1073
2004RQ252 3.5 x 1073 1.3 x 1073
2001AV43 2.1x 1073 1.7 x 1073
99942 Apophis 2.5 x 107 6.5 x 1074

2001AV43, the results suggest that the initial orbit uncertainty could be too small to
benefit from the switch, or that the linearization error of the Moon gravity during the
flyby has a non-negligible importance. The closest approach distance of these two as-
teroids with the Earth is below 2.5 x 1072 au (about the Earth-Moon distance), which
could suggest that this is a limiting factor on the applicability of the primary body
switch technique with the current formulation. To assess the frequency of such close
Earth encounters, we searched the NEODyS database for the number of encounters
with different maximum closest-approach distance. We carried out our query for en-
counters occurring at any epoch, and repeated the process for encounters only after the
current epoch. Our search reveals 1784 close encounters in the future with a minimum
nominal distance from the Earth smaller than 3 Rgo; ~ 0.0185 au. Among them, only 60
encounters occur closer than the Moon distance a¢ = 0.00257 au. The full result of our
search is shown in Table

Table 5.4: Statistics of Earth encounters after a search in the NEODyS database.

Maximum Close encounters Close encounters
close-approach distance (in the future) (any epoch)
3 Rsor = 0.0185au 1784 5369
2a¢ = 0.00514 au 196 1046
ag = 0.00257 au 60 455

Finally, from the summary in Tables [5.2]and [5.3] a larger Earth-asteroid minimum
distance seems to be correlated with a higher error-reduction factor. However, a more
detailed study and a wider population of Earth-encountering asteroids are needed to

understand this relation.
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5.5 Conclusion

In this work, we extended the domain of validity of linear propagation in Dromo ele-
ments in the presence of planetary close encounters. We combined linear propagation
in the heliocentric and geocentric frames with nonlinear transformations of the Dromo
elements between the two. By using this approach, the linearization error of the third
body gravitational force can be reduced when linearly propagating the orbit uncer-
tainty.

We applied the method to a list of asteroids that have a close approach with the
Earth before 2050, and with an Orbit Condition Code not greater than 1. We also scaled
up and down by a factor of ten the standard deviations at the initial epoch to study how
larger or smaller uncertainties affect the applicability of the method. We found that
performing the primary body switch may improve the result of the linear propagation
up to a factor of 30, and that in many cases a switch on very short arcs may drastically
improve the orbit uncertainty prediction.

In future works, we will consider a broader set of asteroids, both real and simulated,
to better understand the role of the switch distance. An alternative formulation for the

geocentric arc, which could improve the accuracy of the method, is also under study:.
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Chapter 6

Orbit Determination using Dromo

6.1 Introduction

Orbit determination is the process of obtaining a trajectory statistically consistent with
a set of observations. So far, we have assumed that the initial orbit and its associated
uncertainty is available from traditional methods, and that no new observations are
obtained. However, two questions arise. First, is it possible to update with new infor-
mation the probability distribution function propagated with the Dromo formulation?
Second, is it possible to calculate the initial pdf by processing directly the available ob-
servations using the Dromo formulation? In this chapter, we show how the Dromo
formulation can accommodate observations of the orbital state to positively answer
these questions.

Following the works of Tapley et al. [100] and Wiesel [110], the evolution of the

unknown state X and and the equation of an observation Y; are given by

X =F(X,7) (6.1a)
Yi =G (Xi, Ti) + €; (61b)
where the subindex i = 1,..., m corresponds to the epoch 7;, and € is the random error

of the observations. In general, G (X, ;) is a nonlinear function. The problem is how
to calculate the best estimate of the state X}, also called nominal. If enough information

with enough accuracy is available, the deviations between the real trajectory and its best
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estimate will be small, that is,

z(1)=X (1) — X*(1), (6.2a)
y(r) =Y (1) =YY" (1) =Y (1) - G(X*(7),7), (6.2b)
will be small quantities. Under this hypothesis, it is possible to linearize the equations

of motion and the observation around the best estimate, and Eq. (6.1) can be rewritten

for the state deviation x and the observation deviation y as

z=A(r)x (1), (6.3a)
v, =H;X; + ¢, (6.3b)
with
B oF(r)]*
Ar) = [ ~ } , (6.4a)
- oG 1*
H:[aXi]i’ (6.4b)

and where the superscript * means that the derivatives are to be evaluated on the nom-
inal orbit. Manipulation of Eq. (6.3a) following the same procedure as in section
leads to the STM ¢ (7, 79). The STM solves Eq. (6.3a) for any initial condition:

x (1) = ¢ (1,70)x(10) . (6.5)

6.2 Observations

6.2.1 Range

The distance or range between the spacecraft and an instrument, usually Earth-based,

is mathematically described as

p=~p'p (6.6)
with

p=r—r1; (6.7)

where 7;(7) position vector of the instrument, which may depend on time. This is the

case when the instrument is fixed on ground, because its coordinates in the inertial
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frame depend on Earth’s rotational state. The gradient matrix in Cartesian coordinates
reads
-

%_p (6.8)
or o)

With this result, it is easy to express the gradient matrix with respect to the Dromo

elements as

L W N o
aq o ap aq o p 5(|11 6(’12 . a(|17 6|U .

where the derivatives of the position vector are given by Egs. D.11).

6.2.2 Range-Rate

The rate of change of the distance, usually called range-rate, is another quantity that is

frequently measured. Mathematically,

p=Pp. (6.10)
)

While the instrument’s coordinates are typically constant in the Earth-fixed reference

frame, they will have a velocity in the inertial frame. Thus,
p=v—vy. (6.11)

The gradients in Cartesian coordinates read
. T . T
P _yr(B_pp N B _P (6.12)
or p p3 ov p

This result allows one to calculate the gradients in Dromo elements as

I o]

é & or or
o _thie iy s |f T
= _[a a] | e I (6.13)
0q Ox dq T e o v v

oqn  Oq2 "' Oqr 0o

T

As in the case of range measurements, the derivatives of the Cartesian coordinates with

respect to the Dromo elements are given by Egs. D.117).
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6.2.3 Optical navigation

Here we consider optical observations of celestial bodies or their centroids, or surface
landmarks on those bodies [86]. In these observations, the observable quantity is the
direction from a camera mounted on the spacecraft to the observed feature. We omit
here techniques that exploit the relative size of the target celestial body in the sensor
field of view to estimate the relative distance like the one presented in [26].

For convenience, we parametrize the observed direction in spherical coordinates
with respect to the inertial frame. The azimuth and elevation angles, denoted by

A€ (—m,m] and ¢ € [—7/2, /2] respectively, read

A =atan2 (y; — y, 2t — 2) (6.14a)

2 (6.14b)
ra

p = arcsin
where the ¢ subindex stands for target, and with
P =T —T. (6.15)

The gradients of the spherical angles with respect to Cartesian coordinates can be

easily calculated as

2

2 4 (6.16a)
ox
o\ 2t —z
oA _ 6.16b
oy (e —y)° + (2 — 2)° o1
O\ Yt — Y
oA _ 1
Ep (yt _ y)Q N (Zt _ 2)2 (6 6C)
A 7 (6.16d)
ov
dp _ (2 —2)(2 — 2) 6.16
o | pP/(ze — 2)? + (ye — y)? (o100
dp _ (yt —y) (2t — 2) 6.16f
oY >/ (wr — )2 + (yr — y)? o160
dp V(@ — )2+ (ye —y)?
ap _ 6.16
0z lp:|I? o8
% _oT (6.16h)
ov

(6.161)
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Note that with this parametrization of the unit sphere, the gradients of the angles are
singular in the poles.

The gradient matrices in Dromo coordinates are constructed by applying the chain

rule:
oN  O)\ox
o _ o 17
oq Oxoq’ (6.17a)
dp Oy ox
r e 6.17b
oq Oxdq’ ( )

where the derivatives of the Cartesian coordinates with respect to the Dromo elements

are given by Egs. D.11) as in the previous case.

6.3 Batch Estimation based on Least-Squares

Least-squares estimation is a powerful technique developed by Gauss in 1809. It is
based on minimizing the sum of the squares of the residuals of the observations. To
apply the least-squares method, we must convert all the observations and states to the
same epoch 7;. This is conveniently achieved via the STM. The state can be converted

using Eq. (6.5), while the observations at the common epoch are given by
Hi = I:II(I’ (7'@',7']'). (618)

For the ease of notation, we will introduce the following definitions:

Y1 H,
Yy = : 5 H = :
ym Hm
. W, 0 ... 0 (6.19)
! 0 Wy 0
€= : 5 W = . .
Em 0 0 W,,

where W, are weighting matrices, usually picked as the inverse of the noise covariance

matrices Ry:
W, =R;" (6.20)

The least-squares estimation is based on minimizing the following objective func-
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tion:

1

J (@) = 5

e'We. (6.21)
Equation (6.21) can be rewritten as a function of a; with the help of Eq. (6.3b):

J(x;) = 5 (y — Hz))' W (y — Hz;). (6.22)

N

A necessary condition of the &, the minimizer of the objective function, is derived from

satisfying that the first derivative must be null at that point. This can be expressed as
(H'WH)z; = H' Hy. (6.23)

The matrix Z = (H'W H) on the left hand side is called information matrix. For the
state to be observable, the information matrix must be full rank. If the information

matrix is non-singular, then the following solution is obtained:

c;=(HWH) ', (6.24a)

&; =C;H' Wy. (6.24b)

It can be proven that if R is constructed from the observations covariance, C; is the
best estimate of the covariance matrix [100, pp. 183-187].
Once Eq. (6.24) has been solved, the state and covariance matrix can be easily prop-

agated in from time 7; to time 7y, as

Cr =® (14,7) C;®" (10, 75) , (6.25a)
x, =P (Tk,Tj)i’j (6.25b)

If after the filtering process the residuals of the observations are too high, a nonlin-
ear version of the least-squares estimator is possible by updating the nominal trajectory

and processing again the observations [100, pp. 194 — 199]. This iterative process can

be employed until the filter converges and the residuals are below some tolerance.

6.3.1 A priori information

In many situations, a priori information about the state and covariance of the system
is available. One possibility is to process again all the observations used to calculate

the a priori state, adding the new information to them. This process can be greatly

116



6.3 Batch Estimation based on Least-Squares

time-consuming, and must be repeated every time new observations are obtained. To
prevent this, it is possible to directly incorporate the results of a previous estimation
into the least-squares formulation. Let ; be the a priori state, and C; be its associated
covariance matrix, which can be considered as a weighing factor. When incorporating
a priori information, Eq. is modified as

T(@)) =3 (y— Ha)) Wy~ Ha)) + (2 —2)) O (2 —2;),  (626)
which yields

C; = (HTWH +C; 1)7 , (6.272)

& =C; (H Wy + C;'a;) . (6.27b)

6.3.2 Least-Squares Estimation in Dromo

Dromo uses an augmented state vector with constraints between its components, as
explained in detail in Section It was already proven that the covariance matrix in
Dromo elements is rank-deficient by definition (see Section [4.T), and this has important
consequences for batch estimation.

In the first place, it is not trivial how to incorporate a priori information in the es-
timator, as Eq. requires to invert the covariance matrix. Second, the information
matrix in Eq. is always singular, and it cannot be inverted. This can be easily
proven by constructing the matrix H by applying the chain rule using the dependence
of g through the cartesian state x.

These two issues are in fact related, and are caused by the implicit constraints of
the Dromo variables. As it was explained in section a first constraint appears
naturally by the unit norm of the quaternion elements, while a second constraint is

introduced by fixing the value of 3. Then, the unit vectors

1

ury :ﬁ (_qQaQI7O7OaOaOa070)Ta (628&)
qi + @5
ug = (070707Q47q57QG7q770)T (628b)

will belong to the kernel of both the information and the covariance matrices. While
the distribution in these directions cannot be observed, the additional information of

the constraints allows us to compute the covariance matrix in Dromo elements. This
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was discussed by Lefferts et al. when discussing the use of quaternions in spacecraft
attitude [73].

The eigenvalues and eigenvectors problem for the Dromo information matrix is for-

mulated as
T u=\u. (6.29)
Eight eigenvalues \; > --- > Ag > 0 are obtained. Because of the two constraints,

A7 = Ag = 0 will always be satisfied, and their corresponding eigenvectors can be
chosen as in Eq. (6.28). The eigenvectors u; can be arranged by columns into the matrix

U, diagonalizing the information matrix:

(A1 0 0 00

0 X 0 00 ‘ ‘
I=UAU", A=|*" 0001 U=|u ... ug|. (630

0 0 X¢ 0 0 | |

0 0 0 00

[0 0 0 0 0]

If the problem was observable, inversion of the information matrix would provide the
covariance matrix. This is possible for the observable manifold spanned by the eigen-
vectors uq, . .., ug. The inverse is not possible for the non-observable manifold spanned
by w7 and ug, but in order to satisfy the constraints given by Eq. the corresponding

covariance eigenvalues must be zero. By writing the diagonal form of the covariance

matrix as
i1 O 0 0 0]
0 o 0 00
C=UMU', M=|*% " 0 00 (6.31)
0 0 pe 0 0
0 0 0 00
[0 0 0 0 0
we can express the inverse as
;== ifi=1,...6
Hi= s Bees (6.32)
i =0, ifi=17,8

This is accomplished by employing the Moore-Penrose pseudo-inverse of the informa-

tion matrix [19) p. 649], denoted by a { sign:

c=1!, zI=C (6.33)
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Then, Eq. (6.27) can be rewritten as
ot

C; = (HTWH n C}) : (6.34a)

& =C; (H Wy + Cla; ). (6.34b)

Note that multiplying the covariance matrix by its pseudo-inverse does not result in an

identity matrix:
C;Cl =UMU'TUMUT =UMM'UT, (6.35)

which can be simplified since M M is a block diagonal matrix composed by a 6 x 6

identity matrix and a 2 x 2 null matrix:

T
R A R o
CjCj_U[02 6 02 ]U :Ig— u7 usg ur usg :Ig—U7u7—u8u8.
X
. .

(6.36)

6.4 Sequential Estimation. Conventional Kalman Filter

Equation usually requires inverting a matrix of dimension equal to the dimension
of the state vector. When employing the Dromo formulation, the computational bur-
den is further augmented because pseudo-inverse operations are involved (Eq. (6.34)).
Thus, it is convenient to reformulate the filtering equations to avoid this situation, re-
sulting in the so-called Kalman filter. Here we follow an approach similar to [100, pp.
199 — 201], adapting it to the constraints and rank-deficiency of the Dromo formulation.

Recalling Eq (6.25), an estimate &, and its associated covariance matrix C, at time

7}, can be propagated to time 7; as
C; =® (1j,7) Cr®" (15, 7k), (6.37a)
x; =P (15, 7) Tk (6.37b)
At the new time 7;, we assume that an additional conservator is available:
y; = Hjz;j + ¢, (6.38)
and the state and covariance matrix can be updated as:
f

c; - (H;wW,H; +CY) (6.39a)

N ~ T =T _
& =C; (H; Wy, + Cla;) (6.39b)
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Starting from Eq. (6.39a)), and exploiting that the pseudo-inverse composed with

itself provides the original matrix,
Cl=H W.H,+C! (6.40)
J 37737 J° :
First, we premultiply Eq. (6.40) by C; and postmultiply C;
C]C;C] = CjI:I;—WjIN{jC'j —l—CjC';r-C'j. (6.41)

According to Eq (6.36), the product C; C} is not an identity matrix. However, the left

hand side can be simplified using the relation

0  Ogxo

e — (1.
c,cic; (Ig U[OM T

] UT> UMU' =C;, (6.42)

and by using an equivalent relation on the right hand side, the expression can be sim-

plified as:
of W H,C; + O, (6.43)
which provides the updated covariance matrix C);

C,;=C;—C;H, W,H,C;. (6.44)

Further simplifications are possible. Post-multiplying Eq. (6.43) by H ]T W ; leads to

CiH[W; =C,H,W; (H,C;H] W, +1)
T - =T L (6.45)
—C,H; W, (H;C;H] + W' )W,
Solving for the term C; H ]T W ;, we obtain
~ _ o~ ~ o~ —1
C;H; W, = C;H; (H;C;H] +W;') (6.46)

where the inverse in the right hand side does not face the problems that required using
the pseudo-inverse for the Dromo formulation. We can then substitute this result into

Eq. (6.44) to obtain the classical equation of the Kalman filter for the covariance update

_ -~ T [~ ~ T N1~ ~ _
Cj=Cy—C;H; (H;CH] + W) H,C; = (Is - K;H;) €, (647)
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where K ; is the Kalman gain, given by
_ - L -1
K; - C;H; (H;,C;H; + W;') . (6.48)

Here, one of the advantages of the Kalman filter with respect to a batch estimator be-
comes clear: we need to invert a matrix of dimension equal to the number of observa-
tions, instead of the size of the state vector.

The update of the state vector is performed with Eq. (6.39b). To prevent calculat-
ing the pseudo-inverse of the covariance matrix, we can rewrite the Kalman gain as a

function of the updated covariance using Eqs (6.46} [6.48):

K; = C;H, W, (6.49)
which yields
&; = Ky, + C;Clz;. (6.50)

Substituting the updated covariance from Eq. provides

&; = Kjy; + (Is - K,;H;) C;Cla;. (6.51)
The product C, C’; is given by Eq. (6.36), and the updated state becomes

&y = Ky + (Is - KGH ) (Is — uru] — ugu]) ;. (6.52)

The difference between the classical Kalman filter formulae and Eq. (6.52) is the term
associated to the outer product of w7 and ug. This additional term guarantees that the

constraints of the Dromo formulation are satisfied.

6.5 Applications

6.5.1 Example in LEO

Orbital determination is key in the Low Earth Orbit region for satellites and space de-
bris that revolve around the Earth in orbits with a relatively high density of objects.
Examples of these are the Sun-Synchronous orbits whose inclination close to 100 deg
and the GEO region [66} pp. 14 — 15]. As the population of objects is expected to greatly
increase in the future, both by new launches, mega-constellations and newly gener-

ated space debris, assuring frequent tracking can become a challenging task. Certain
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space debris may additionally lay in orbits which makes them less easily observed by
ground-based radars. In a scenario in which new information may be hard to come by,
the increasing propagation time between observations makes the uncertainty region
to grow and eventually lose Gaussianity in Cartesian coordinates. Here, the Dromo
formulation may play an important role in the orbit determination of these objects, as
the residual of the observation is expected to be smaller, leading to a better and faster
convergence of the navigation filter.

As an example of orbit determination in LEO, we study the orbit uncertainty of a
satellite that is able to communicate with several ground stations. We employ range and
range-rate measurements to improve the best estimate of the orbit and its covariance
matrix, assuming that the initial uncertainty follows a Gaussian in Cartesian coordi-
nates. Furthermore, we assume that this initial Gaussian can be linearly converted into
Dromo variables without loss of reality, and that the initial conditions of the reference
orbit were drifted from the true orbit by an amount statistically admissible with the
initial distribution.

The initial conditions for this simulations are given in Table[6.1, where the standard
deviations are the 1-o values of the pdf in the Cartesian space, and the simulation is

performed for five hours.

Table 6.1: Initial conditions expressed expressed in the Earth-centered J2000 Equatorial
frame. Position and velocity correspond to the true orbit.
Component Value
Epoch 2018 June 01 23:11:09
x [km] 757.7
y [km] 5222.607
z [km] 4851.5
vy [km/s]  2.21321
vy [km/s] 4.68734
v, [km/s] —5.37130
Position standard deviation [km] 1
Velocity standard deviation [km/s] 107°

To generate the observations, the ground stations of Uchinoura Space Center, Gold-
stone and Malargiie are employed. Their locations are shown in Table Figure

shows the elevation of the spacecraft as seen from each ground station. For simplicity,
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we assume a perfectly spherical Earth. As can be seen in the ground track (Fig. [6.2),
the ground stations were chosen to provide tracking at least once per orbit. When the
elevation is greater than 10 deg, a pair of range and range-rate observations is planned
every 20 seconds. Gaussian noise of standard deviations 0, = 10m and o, = 0.5mm/s
is added to the range and range-rate measurements, respectively. These standard devi-

ations are also employed as weights for the filtering process.

Table 6.2: Ground stations

Name Latitude Longitude

Uchinoura Space Center ~ 31° 12 0" S 131°4'48" E
Goldstone 35° 25 36" N 116° 53/ 24" W
Malargiie 35°46'34”S  69° 23 54" W
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Figure 6.1: Elevation as seen from ground stations and observations.
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Figure 6.2: Ground track and observations. The ground track starts near Japan and moves
east-wards.

The nonlinear version of the least-squares estimation algorithm using Dromo as
used to process the range and range-rate measurements. After all the observations are
processed in the first pass, the state deviation is used to update the reference orbit.
Then, the process is repeated after the residuals of the observations are below the ac-
curacy of the measurements. The a priori covariance matrix was chosen as that of the
initial Gaussian distribution.

Figure[6.3|shows the residuals of the observations for 5 passes of the batch estimator,
and the corresponding root mean square (RMS) error of the residuals is presented in
Table |6.3| The residuals are distributed after the last pass of the filter as in Fig and
shows a reasonable agreement with the Gaussian distributions the observations were
drawn from. Finally, the covariance envelope of Fig. shows how the calculated

reference is well within the 3-o0 standard deviation of the true orbit.

Table 6.3: RMS error of the range and range-rate residuals after each pass of the Dromo
least-squares algorithm.

Pass number

1

2

3

4

Range [m]
Range-rate [mm/s]

604.58

79.62

9.69 9.65

1822.69 426.87 549 0.49
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Figure 6.3: Range and range-rate residuals after each pass of the Dromo least-squares esti-
mation algorithm.
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Figure 6.4: Distribution of range and range-rate residuals after the last pass of the Dromo
least-squares estimation algorithm.

125



6. ORBIT DETERMINATION USING DROMO

-8 -8
1 x10 ----Covariance envelope ——error 1 x10
o 0 o 0
1 . 1
0 1 2 3 4 5 0 1 2 3 4 5
-8 -8
1 x10 1 *x10
o 0f o 0
1 . 1
0 1 2 3 4 5 0 1 2 3 4 5
-9 -8
1 *x10 > *x10
o Of o 0
-1 .
0 1 2 3 4 5
2 7><10'8
o 0 e
-2 . . . . )
0 1 2 3 4 5

Time [h] Time [h]

Figure 6.5: 3—-0 Dromo covariance envelopes and error of the reference trajectory after the
last pass of the Dromo least-squares estimation algorithm.

A classical least-squares algorithm using Cartesian coordinates was also employed
for completeness, and its results are shown in Figs and [6.8} and in Table

Table 6.4: RMS error of the range and range-rate residuals after each pass of the Cartesian
least-squares algorithm.
Pass number 1 2 3 4
Range [m] 1316.55 3242 9.65 9.65
Range-rate [mm/s] 279755 17391 049 051
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Figure 6.6: Range and range-rate residuals after each pass of the Cartesian least-squares
estimation algorithm.
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Figure 6.7: Distribution of range and range-rate residuals after the last pass of the Cartesian
least-squares estimation algorithm.
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Figure 6.8: 3—o Cartesian covariance envelopes and error of the reference trajectory after
the last pass of the Cartesian least-squares estimation algorithm.

6.5.2 Application to Navigation of a Spacecraft in the Binary Asteroid Sys-
tem Didymos

The Didymos system is composed of two asteroid. The first of them is named Didymos,
as the binary system. A small secondary, commonly called Didymoon, orbits around the
center of mass of the binary system, which is well inside Didymos. This binary asteroid
system is the target of the Double Asteroid Redirection Test (DART) mission, which seeks
impacting on Didymoon in 2022 as a demonstration mission of asteroid orbit modifi-
cation capabilities [24]. DART was part of a European-American joint mission called
Asteroid Impact and Deflection Assessment (AIDA), but the European part Asteroid Impact
Mission (AIM) failed to obtain funds and was canceled. AIM was to orbit the binary
system to support DART operations [11], as well as possibly releasing small landers
[22, 32, [102]. ESA is still considering a mission to the Didymos system called Hera to
study the effect of DART, to be launched in 2023 [80]. Dell’Elce et al. [29] and Silva-
Neto et al. [97] performed independent campaigns of simulations to assess the stability

of the orbital environment in the Didymos system, concluding that most of the orbits
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in the binary system are unstable and only a few are suitable for operations.
The current information of the characteristics of the Didymos system is limited, and
the uncertainties are large. For the application presented in this section, we employ the

values released by the European Space Agency!, and collected in Table

Table 6.5: Characteristics of the Didymos system

Parameter Value
Diameter of Primary 0.775km
Diameter of Secondary 0.163km
Mass of Primary 5.23 x 101 kg
Mass of Secondary 4.89 x 10%kg
Distance between bodies 1.18 km

While perturbations such as solar radiation pressure, non-spherical gravitational
forces of Didymos and Didymoon and the gravitational of the Sun and the planets
might cause an important influence in the motion of a spacecraft operating in the sys-
tem, it is convenient to study the nominal trajectory in the context of the circular re-
stricted three body problems. To this end, we will employ the semi-major axis of Didy-
moon as unit of length, and unit of time is chosen such that make the sum of the gravita-
tional parameters of both asteroids equal to unity. For the Didymos-Didymoon system,
i =~ 0.00926. The distance from Didymoon to L1 and L2 is about 0.134 and 0.153, re-
spectively, and L3 is about 1.004 from Didymos. For reference, the radius of the Sphere
of Influence of Didymoon is about 0.154 times the semi-major axis of its orbit. Figure[6.9)
shows the zero-velocity curves in the rotating frame for different values of the Jacobi
constant up to 3.5, and the five Lagrange points are denoted by the red asterisks.

Orbiting a binary asteroid system is difficult. Most of the orbits are unstable and
eventually escape the system or impact one of the bodies. This is exacerbated by forces
not considered in the three body restricted problem, especially solar radiation pressure
and the irregular gravitational field of the asteroids. For long-term operations, Dell’Elce
et al. showed that only terminator and interior retrograde orbits are stable [29]. Other
possibility is to safely deploy small landers from an actively controlled mothership that

moves to a safe orbit after separation [22,32,102]. For a safe and robust landing of these

"https://www.esa.int/Our_Activities/Space_Engineering_Technology/
Asteroid_Impact_Mission/Didymos_facts_figures, accessed on 2018 May 22
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Figure 6.9: Didymos system. Lagrange points and zero-velocity curves in the synodic
frame. The unit of length is the distance between the asteroids.

small payloads, it is convenient to exploit the zero-velocity curves of the three body
problem to bound the possible motion under the influence of bouncing, navigation and
deployment uncertainties. Following this approach, it is natural to start the deployment
in the proximity of L1 or L2, as in these regions low energy trajectories can be trapped
inside the zero-velocity curves.

Here, we focus on the trajectory up to the separation region close to the L2 point.
The mothership starts its motion far from the asteroids, approaches the L2 point and
perform a set of maneuvers to hover the secondary asteroid prior to deployment. One
important factor in this mission scenario is the navigation error of this spacecraft. We
explore in this example the applicability of the Dromo Formulation to the uncertainty
propagation and orbit determination of a spacecraft performing this mission. For sim-
plicity, we consider that the Didymos system is coplanar with the ecliptic, approximate
the primary and the secondary bodies by perfect homogeneous spheres and neglect
the solar radiation pressure effect. The gravitational effect of other bodies of the solar
system will also be ignored. While more precise model could be employed, the effect

on the orbit uncertainty will be small, since it is mainly affected by the gradient of the
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forces, not by the perturbations themselves.

To construct the nominal orbit, we start from the final condition and propagate back-
wards in time, for a duration of 7 days. The final state is chosen such as that the oscu-
lating orbit with respect to the secondary Didymoon has zero eccentricity, 90 deg incli-
nation and a semi-major axis equal to 0.25 in normalized units. We set the orbit plane
such that the final position of the spacecraft is aligned with the Didymos-Didymoon
line, on the L2 side of the secondary. This state places the spacecraft outside the Sphere
of Influence of Didymoon, and backwards or forwards propagation further increases
the distance to the secondary. Thus, we choose the primary Didymos as the reference
body for the Dromo elements. The final and initial values of the state vector and the
corresponding epochs are shown in Table Figure shows the components of
the trajectory in the synodic frame (see Fig. for the motion in the the z—y). At ap-
proximately —5.5 hours the spacecraft comes again close to Didymoon as can be seen in
Fig. but the close approach occurs when the spacecraft is out of the horizontal

plane a distance about the Sphere of Influence of Didymoon.

Table 6.6: Final and initial values of the backwards propagation. The states are expressed in
a Didymos-centered frame with axes parallel to the J2000 Ecliptic frame.

Component Final values Initial values
Epoch 2021 Jan 01 12:20 2020 Dec 25 12:20:00
X[] 0.5831 2.9763
Y[] —1.1057 —0.6705
Z [-] 0 0.0671
Ve[l 0.8845 0.3131
V,[-]  0.4665 0.3889
Vo[-l 0.1934 0.0762

The spacecraft is assumed to employ optical navigation with respect to the primary
of the system. For simplicity, we approximate the measurements of features on the
surface of the asteroid by its centroid. We will study how often the spacecraft should
make these observations and what accuracy should they have for a safe mission.

We assume an initial Gaussian distribution in Cartesian coordinates with 3—o stan-
dard deviations equal to 100 m and 1075 m/s for position and velocity, respectively. We
want to compare the position standard deviation when choosing the 3—o value of the

angular measurements obtained by via of optical navigation as 1 deg and 0.1 deg.
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Figure 6.10: Seven days backwards propagation of the nominal trajectory.

We vary the observations interval from 0.1 to 84 hours, with a step of 0.05.
Figure[6.12] shows the standard deviations associated to the maximum eigenvalue
of the position covariance matrix for two epochs. The first one corresponds to the
maximum value over time for fixed observations interval, while the second one is for
the final epoch when the spacecraft is near L2 and the transfer phase finishes. The
results for both values of the measurement accuracy are included, where the continu-
ous lines represent the most precise set of measurements and the dash-dots lines are
for less accurate observations. In both cases, a smooth trend is observed for shorter
observations intervals, while for a decreasing number of measurements a rapidly
varying behavior appears. The maximum value for the oops = 1 deg case crosses the
100m threshold when the observations interval is greater than 0.5 hours, which might
make it an unfeasible choice for this mission scenario as the close approach with the
secondary between 1 and 2 days of propagation might strongly perturb the orbit of
the spacecraft, or even cause a collision with Didymoon. This could be mitigated
with several measurements per hour, by sensor fusion employing other observable
quantity, or by choosing the more precise sensor for optical navigation. If the latest

option is chosen, the oos = 3 deg set of observations can provide a small covariance
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matrix: for 4 hour intervals ~ 40 m at the final time, and below 1 m for the final epoch.
Additionally, reducing the number of uniformly distributed observations does not
impact dramatically the navigation accuracy.

Figure shows the maximum standard deviations of the position as a function of
time for different observations intervals. On the left, the results suggest that it is hard
to obtain a value below 100m at the close approach with the secondary Didymoon
between 1 and 2 days. The results on the figure on the right suggest that a 3—o accu-
racy of the optical navigation system of 0.1 deg should be enough for these purposes.
Choosing the observations interval as 0.5 hours offers only small improvements over
hourly measurements, but double computational burden. Selecting the observations
interval as 3 or 6 hours could also be acceptable, depending on other requirements of

the mission. The Dromo covariance envelopes are shown in Fig.
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6.6 Conclusions

In this chapter, the possibility of performing orbit determination with the Dromo for-
mulation was explored, effectively updating the orbit uncertainty distribution. A batch
least-squares estimation method and conventional Kalman Filter, a sequential algo-
rithm, were presented, as well as the required formulae to compute the derivatives of
the observable quantities in Dromo variables. A remarking result is that the constraints
that affect the Dromo variables introduce correction terms in the filtering equations.
Examples in LEO and in the binary asteroid system Didymos were shown, demon-
strating the feasibility of the Dromo formulation for navigation purposes when new

information is available.
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Chapter 7

Conclusions

7.1 Concluding Remarks

In this thesis, the propagation of orbit uncertainty using alternate state representation
was explored. Linear propagation is a fast and efficient technique for orbit uncertainty
propagation, when applicable. In addition, linear propagation has the interesting prop-
erty of conservation of Gaussianity, which has important advantages to analytically
process the propagated uncertainty. However, the equations of motion are usually
highly nonlinear. By using nonlinear transformations of the variables used to repre-
sent the state vector, the linearity of the motion can be improved, at the cost of solving
nonlinear algebraic equations to convert between different representations. In this pro-
cess, the nonlinearity of the differential equations that describe the motion is partially
absorbed by these algebraic equations, being the latest easy to handle in general.

To investigate this phenomena, a campaign of numerical simulations was per-
formed, considering several representations of the state vector and different orbits.
It was observed the convenience of employing orbital elements for a more linear
propagation. When employing an anomaly as a state variable, it was observed that in
decreasing order of linearity, the best option was to choose mean anomaly, followed by
eccentric anomaly, being the true anomaly the element with the least linear behavior.
These differences vanish for circular orbits, as the three anomalies become equivalent.
More over, choosing a time element (that is, a variable that is constant or proportional
to the independent variable), or mean anomaly when the mean motion is also a

state variable was found to be especially efficient. However, by choosing a state
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variable following these results, one must sacrifice the generality of the formulation
and particularize it according to the eccentricity of the orbit, and must solve Kepler’s
equation with its associated computational cost.

Then, using the idea of replacing the state representation, an analytical quadratic-
order double-frequency state transition matrix in curvilinear coordinates was proposed
for a fast analysis of the evolution of the orbit uncertainty for applications like space
debris in LEO or GEO.

For a more precise result, the use of the Dromo formulation was proposed. Dromo is
an orbit formulation that has shown excellent results in orbit propagation problems. In
addition, it has several analytical advantages, like absorbing the 1/r? term of the grav-
itational acceleration of the primary body in the variables and the decoupling between
the in-plane the out-of-plane motion. In fact, it is specially easy to obtain the gradient
matrices that, to the first order, govern the evolution of the orbit uncertainty distribu-
tion. This method was applied to several Near Earth Asteroids, and the applicability of
the method was found to be limited only by close encounter with a planet. During this
close encounters, the linearization error of the third body is no longer negligible, and
the linearity of the motion may be lost.

For these cases, a primary body switch was proposed and successfully applied. A
primary body switch consists in replacing the reference body of the Dromo variables
by another body, the Earth in this application. By introducing geocentric propagation
arcs, the orbit uncertainty propagation error was found to decrease up to a factor of 30.

Finally, the possibility of incorporating new information into the uncertainty dis-
tribution using the Dromo formulation was explored. A least-squares batch estima-
tor and a sequential Kalman filter were proposed, and their differences with classical
approaches were highlighted. The methods were applied to the orbit uncertainty of

objects in LEO and to the navigation of a spacecraft in a binary asteroid system.

7.2 Future Work

In future works, there are several points that can be more deeply studied.
In the benchmark of state representations, a Dromo formulation employing a time
element as state variable was found to be very effective. The convenience of employing

such a formulation for an eccentricity regime, elliptic orbits for example, should be
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more carefully evaluated and traded with the need of solving Kepler’s Equation.

Moreover, the ease of obtaining the state transition matrix when employing Dromo
elements naturally calls for the investigation of using Gaussian Mixture Models
(GMM). In a GMM, the uncertainty distribution is modeled as a combination of
Gaussian kernels, which are linearly propagated about their mean. This approach
could allow for a more precise propagation of the orbit uncertainty.

Finally, and related to the previous point, the analytical expressions for the gradients
of the equations of motion make this formulation a promising option for trajectory op-
timization. Combined to the availability of closed-form solutions for constant thrust in
Dromo variables, its application for future deep space mission trajectory design should
be further studied.
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Appendix A

Probability Distribution Function
and Moments

A.1 One-Dimensional Random Variable

A.1.1 Parent Distribution

Given an unidimensional random variable X, its cumulative distribution function g(x)

is defined as
g(x) =P(X <x)= fﬁ p(z)dz (A1)

where p(z) is the probability distribution function (pdf), the derivative of g(z). The pdf
of an unidimensional Gaussian distribution, typically used in uncertainty modeling
and propagation because of its analytical properties and because of the Center Limit

Theorem, reads

p(e) = oo {; (”” _U<‘"”>)2} (A2)

where (z) is the mean value and ¢ is the standard deviation of the random variable.

The estimation operator E[y(z)] allows to calculate quantities related to the distri-
bution (see [28| pp. 170-182] or [110, pp. 14-16]):
Bly@)] = |yl (A3)
—00

The first order estimator or moment is simply the expected value of the random
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A.PROBABILITY DISTRIBUTION FUNCTION AND MOMENTS

variable

E[z] = (z), (A4)
while the second order unbiased estimator corresponds to the variance

E [(m - <w>)2] =0 (A.5)

We can totally define a Gaussian distribution with the two first moments, (x) and o.
Additionally, all the other odd-order moments are zero and the even-order moments are
in general non-zero functions of the variance. For example, the fourth-order moment
of a Gaussian is equal to 30*.

When studying the third and fourth order moments of a distribution, it is conve-
nient to replace them by related quantities. Herein we introduce two quantities com-
monly used: the skewness and the excess kurtosis.

The skewness is defined as the standardized, unbiased moment of third order. It
gives a measure of the asymmetry of the distribution, and is related to a disparity be-
tween the mean and the mode. For example, in the case of a unimodal distribution,
positive skewness indicates that the right tail (that is, for large positive x) has more

weight on the distribution. The coefficient of skewness 7 reads [28, pp. 183-184]

n=E [(x_g@f] - E[(x_@)g] (A.6)

o3

The excess kurtosis is defined as the difference between the fourth-order standard-
ized unbiased moments of the distribution itself and a Gaussian. The coefficient of
excess kurtosis is [28] p. 184]

B~ @)]
Vg = ——>= —3. (A7)

ol

A positive excess kurtosis is usually associated with distributions that are tall and slim
compared to a Gaussian. Conversely, negative excess kurtosis usually happens when

the pdf is flatter and more widely distributed.
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A.1 One-Dimensional Random Variable

A.1.2 Sampling Distribution

We will follow Cramér [28] in this section. According to Cramér’s notation, m,, is a
consistent estimator of order v, and M, is an unbiased estimator of the same order. Here,
consistent means that the estimator converges to the actual value for a large number of
samples, and unbiased means that the estimator average value coincides with the actual
average value. These two concepts are not equivalent, and one may occur without the
other.

First, the sample mean (z) can be estimated as

1 n
= — i A8
(zy = ~ ; z (A8)
Then, we introduce the v-th order sample estimator as
-2 Z — @) (A9)
0 x .

which is in general biased. The simplest estimators we can build for the coefficients of

skewness and excess kurtosis are

m3
m

o :;21 _3 (A11)
my

but, unfortunately, they are biased too [28| pp. 342, 349]. We report in the following
unbiased estimators up to the fourth order.

The unbiased sample variance follows the well known formula [28| p. 351]

My =" -y = 2 —(x))?. (A.12)

n_

Cramér provided unbiased estimators for the third and fourth order moments [28, pp.
351, 352]

n?

A ey

ms (A.13)

n{(n? —2n + 3) my — 3(2n — 3) m3]
(n—1)(n—2)(n—3)

My = (A.14)
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and using them, unbiased estimators for the skewness and excess kurtosis can be con-

structed as

r, — , (A.15)
M
My

I's = — —3. Al

A.2 Multi-Dimensional Random Variable

The cumulative distribution function ¢ () and probability distribution function p (x)
(Eq. (A.1))) can be generalized to more than one dimension:

T1 T
glx)=P(X <x) = f J p(zx)dex, (A.17)
-0 -0
with X e R". To estimate moments of the distribution, the estimation operator can still
be used
0 o0
Ely(xz)] = f . f y(x)p(x)dx. (A.18)
—0 —0

The first order estimator becomes
E[z] = (@), (A.19)

and the second order unbiased estimator yields the covariance matrix C":

2

07 0102012 ... 010pPln
2
0102012 op; <. 020nP2n
.
El@—@)@-@) |=c=| . G 7))
O10nPIn  O20np2n ... 02

where p;; is the correlation coefficient between the components ¢ and j of the random
variable X € R". Note that —1 < p;; < 1.
In the case of a multi-dimensional Gaussian distribution, the probability distribu-

tion function reads

1

1

p(@) <x—@»%7ww—@»} (A21)
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Finally, it is also possible to construct a multi-dimensional version of kurtosis and
excess skewness. However, they will be third and fourth order tensors, respectively,
and interpreting and analyzing exponentially growing number of components becomes
challenging. Instead, when necessary we will use the one-dimensional equations for the
marginal distributions, that is, considering one component of the multi-dimensional

random variable at a time.
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Appendix B

Orbital Elements as a Function of
the Curvilinear Coordinates

On the following, the expressions that provide the orbital elements of the Follower
defined on the rotating frame as a function of its curvilinear coordinates are reported.
The angular elements 2, w, v and M, presented here must be converted to the interval
[0,27) in which they are usually defined.

The normalized semi-major axis a can be deduced from the vis-viva equation:

r
a = m, (Bl)

where

r=a/(1+p)°+ 22 (B.2)

) N2
v=1/(1+p) (1+0) . (B.3)
The normalized mean motion n can be then easily computed as
1
= —. B.4
= ap (B4)

The normalized angular momentum vector h can be calculated as

h = (h,cos® — hgsin®) i’ + (h,sinf + hgcos) 3’ + h, k' (B.5)
p p
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B. ORBITAL ELEMENTS AS A FUNCTION OF THE CURVILINEAR
COORDINATES

with:

hpz—zu+p)@+é»
ho =2p — (1 + p) 4.
m:41+m2@+é»

The eccentricity vector reads:
e = (e,cos0 —epsinb) i’ + (e,sinf + egcosh) ' + e,k

with:

N2 L 1+
€p=(1+p)3<1+9> —zzp+(1+p)92—7p,

ep == (1+p) (1+0) {(1+p) p+ 23},

.9 .. 2 -\ 2 z
e: =z = p(L4+p)+2(L+p) (1+0) -2,

so that the eccentricity yields:

— . /e2 2 2
€=4/€, ey +e;.

The relative inclination takes the form:

h.

A/ 12+ h§ + h?

Ccost =

(B.6a)
(B.6b)
(B.6¢)

(B.7)

(B.8a)

(B.8b)

(B.8¢)

(B.9)

(B.10)

The right ascension of the ascending node (2, referred to an inertial frame parallel to

C at ™ = 0, obeys

h-i h-j

sin{) = ——,
|h| |h|

The argument of periapsis w satisfy

sinw =

COSw =

hex /b2 + 13 ’ ex/h2+1h3

We calculate the true anomaly v as

V=¢—w.
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hy (ezh, — h.e,) + hg (e2hg — h.eq) eoh, — ephg

(B.11)

(B.12)

(B.13)



where ¢ is argument of longitude, defined as
z (k2 + hg) — (1 + p) hph. (1+ p) he
hry[h% + hj rA/h2 + By

Finally, the mean anomaly at the initial epoch M is computed as

sin¢ = cos ¢ = —

MO = EO - esinEo
where Ej is the initial eccentric anomaly:

E 9 at < esin 1 >
0 = Vo — 4£atan .
14++/1—¢€2+ecosyy
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Appendix C

Melton’s Method

N
Melton [79] introduced a curvilinear coordinate system cpelton = (p, 0,z,p,0, 2) to
describe the motion of a Follower spacecraft with respect to the Chief’s local vertical

local horizontal frame (x,y, z) as

p =z, (C.1a)
0= TE (C.1b)
z, (C.10)

where r* is the orbital radius of the Chief, which in the general case changes with time.

In these coordinates, the state transition matrix be expanded
P felton = g‘I’ + elcq) + 6220‘1’ +0 (63) ) (CZ)

where e is the eccentricity of the Chief’s orbit.

The matrix with the first order terms §® reads

[ 4—3cosnt 0 0 %sinm‘ 2W“(l—cosm‘) 0 ]
6(—n7 +sinnt) 1 0 2 (—1+cosnt) —37+ Lsinnr 0
Co— 0 0 cosnt 0 0 Lsinr
0 3nsinnt 0 0 cosnT 2asinnt 0
%”(—1+cosm') 0 0 —%sinnT —3 +4cosnt 0
| 0 0 —nsinnrt 0 0 COSNT |
(C.3)

where a is the semi-major axis, and n is the mean motion of the Chief.

The non-zero terms of the corrections { ® and § ® are given by

Y@y = —5cosn(r — 1) — 3cosn(21 — 1) + 13 cosnT, — 5cosn(r + 7,) — 6n7sinn(r — 7,)

(C.4)
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C. MELTON’'S METHOD

1
Ty, = - (=3sinn(r — 1) + sinn(27 — 7,) — 3sinn7y, + sinn(r + 7)) (C5)
(o5 = % (cosn(T — 1) —4cosn(21 — 7,) + 4cosnty, — cosn(T + 1) — 6nTsinn(r — 7))
(C.6)
oy, = 7i (24n7 cosn(T — 7p) 4+ 30nT cosnt, — 4sinn(r — 1) — 15sinn(21 — 7,) + sinnt, — 20sinn(r + 7))
(C.7)

1
Ty, = San (—12cosn(T — 1) + 5cosn(2T — 7p) + 3cosnty + 4cosn(T + 7p) + 6nTsinnTy)
(C.8)

1

Ty 5 = - (—6nT1cosn(r —7p) — bsinn(r — 1) + 5sinn(27 — 7,) — sinnt, + sinn(r + 7))
(C9)
Ty, = —i (24n7 cosn(T — 7p) 4+ 30nT cos nt, — 4sinn(r — 1) — 15sinn(2r — 7,) + sinnt, — 20sinn(r + 7))
(C.10)

1
Ty, = San (—12cosn(T — 7p) + 5cosn(2T — 1) + 3cosnt, + dcosn(r + 7p) + 6nTsinnT,)
(C.11)

1
Coy5 = - (—6n1cosn(r — 7p) — bsinn(r — 1) + 5sinn(27 — 7,) — sinn7, + sinn(r + 7))
(C12)
C 1 3

T P33 = 5 cos n(2r — 1) — 5 COSTTp + COS n(t + 1) (C.13)

1
Cdg6 = o (=3sinn(r — 1) +sinn(27 — 75) — 3sinn7t, +sinn(r +7,))  (C.14)

Y®,1 = —n (6n7cosn(r — 7p) + sinn(r — 1) — 6sinn(2r — 7,) — 5sinn(r + 7))
(C.15)
C®,4 = —3cosn(r — 1) + 2cos (27 — 7,) + cosn(T + 7,) (C.16)
Yo 5 = —% (6nT cosn(T — 1) + Tsinn(r — 1) — 8sinn(27 — 7,) — sinn(r + 7))
(C.17)
(o5, = g (—10cosn(r — 1) + 15cosn(27 — 1) — 15 cosnt, + 10 cosn(t + 1) + 12n7sinn(r — 7))
(C.18)
?@574 = (6sinn(r — 7)) — 5sinn (21 — 7)) + 3sinnt,) — 2sinn(r + 7)))/a
(C.19)
C®5 5 = —11cosn(t — 1) + 10cosn(27 — 7) + cosn(7 + 7,) + 6n7sinn(r — 7,)
(C.20)
C®6 3 = —n (sinn(21 — 7,) + sinn(r + 7)) (C.21)
1
Cdg6 = 5 (—3cosn(t —7p) + 2cosn(2T — 1) + cosn(T + 7)) (C.22)
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1
§®,, = §(40 — 40 cos 2nT — 40 cos n(T — 27p) — 27 cos (31 — 27,) — 24 cos 2n (7T — 7,)

+ 152 cos 2n1y, — 61 cosn(T + 27,) — 60nT sinnT — 60nT sinn(r — 27,) — 48nt sin 2n(T — 7))

(C.23)
1
@14 = 8771( — 12n7 cosnt + 12n7 cosn(T — 27,) — 4sinnt + 8sin 2n7 + 9sinn(37 — 27,)
— 24sin2n(7 — 1) — 24 sin 2n7, + 9sinn(r + 27,))
(C24)

@15 = %( — 10 + 12cosnt — 2cos 2nT + 2 cosn(T — 27,) — 9 cosn(31 — 27,)

+ 6 cos 2n(1 — 7,) + 2 cos 2n7, — cos(n(T + 27,) — 12n7 sin 2n(1 — Tp))
(C.25)
1
gsz,l = @( — 12n7 — 60nT cos nT — 60nT cos n(T — 27,) — 60nT cos 2n(T — 7,)
— 84n7 cos 2nT, — 28sinnT + 50sin 2nT + 6sinn(r — 27,) + 39sinn (31 — 27,)

+ 10sin 2n(r — 7,) — 6sin 2n7, + 61sinn(r + 27,))
(C.26)
c 1
g Doy = M( — 2 —8cosnt + 10cos 2nT + 6 cosn(T — 27,) + 13 cosn(31 — 27p)

— 30 cos 2n(T — 1) + 2 cos 2n7, + 9cosn(T + 27,) + 12n7 sinnt

— 12n7sinn(r — 27,) + 12n7 sin 2n7))
(C.27)

1
F®y5 = n (6nT — 30nT cos 2n(T — 7,) — 16sinn7 + 5sin 2n7 + 26 sinn (31 — 27,)

— 25s8in2n(1 — 7,) — sin(2n7, + 2sinn(r + 27,))

(C.28)
1
033 = g( —4cosnt + 4cos 2nT + 3cosn(37 — 27,) — 12 cos 2n1y, + 9cosn(T + 27,))
(C29)
1
C . . .
P36=—(—4 2sin2 3 31 —2

5 P36 8n( sinnt 4 2sin2n7 4 3sinn (37 — 27,) (C30)

— 6sin2n(r — 1) — 6sin2n7, + 3sinn(r + 27,))
§®,, = g( — 60nT cosnT — 60nT cosn(T — 27,) — 96nT cos 2n(T — 7,) — 60sinnT + 80sin 2nT

— 20sinn(T — 27,) + 81sinn(31 — 27,) + 61sinn(r + 27,))
(C.31)

@44 = (=16 cosnt + 16 cos 2nT + 12 cosn(r — 27,) + 27 cosn(37 — 27,) — 48 cos 2n(7 — 7)

o =

+ 9cosn(t + 27,) + 12n7 sinnT — 12n7 sinn(r — 27,))

(C.32)
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o5 = —% (24nT cos 2n(r — 7,) + 12sinnT — 4sin 2n7 + 2sinn(r — 27,) (C.33)
— 27sinn(31 — 27p) + 24 sin 2n(r — 1) — sin(n(r + 27))
o5, = %( — 12 — 88 cosnt + 100 cos 2nT — 54 cos n(T — 27,) + 117 cos n(31 — 27p)
—40cos 2n(1 — 7)) — 84 cos 2nT, + 61 cosn(T + 27,) + 60nT sinnr

+ 60nT sinn(t — 27,) + 120n7 sin 2n(r — 7))
(C.34)

1
§®54 = ™ (12n7 cosnt — 12n7 cos n(T — 27,) + 20 sinnT — 20sin 2n7 — 18sinn(r — 27,)

— 39sinn(37 — 27,) + 60sin 2n(7 — 7,) + 12sin 2n7, — Isinn(r + 27,))

(C.35)
1
S5 5 = B (3 — 8cosnt + 5cos2nT + 39 cosn(31 — 27,) — 40 cos 2n(1 — 1) (C36)
+ cos (T + 27) + 30nT sin 2n(1t — 7))
Cdgy = %(4 sinnT — 8sin 2n7 — 9sinn(37 — 27,) — Isinn(r + 27,)) (C.37)

§®g6 = (—4cosnt + 4cos2nT + 9cosn(31 — 27,) — 12cos 2n(T — 7,) + 3cosn(T + 27))

(C.38)

ool =

In the equations above, 7, corresponds to the time of periapsis passage of the Chief’s

orbit.
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Appendix D

Relations of Dromo with Other Sets
of Variables

D.1 Relations with Classical Orbital Elements

In this subsection, the relation between the Dromo state vector g, and the classical or-

bital elements ce = (a, e, i, 2, w, y)T is presented.

D.1.1 Dromo to Classical Orbital Elements Transformation

Once the Dromo elements have been calculated as a function of (real) time, it is con-
venient to obtain a more intuitive representation of the state. To this end, we employ
the inverse of the transformation described by Egs. to express the classical

orbital elements as a function of the Dromo elements:

1

a=—s-s—-7, (D.1a)
95 —ai — a3
1
e=—nr/¢ +q3, (D.1b)
a3
i=cos™ (—¢i — G+ G+ @), (D.1c)
2 = atan2 (g5, q4) + atan2 (g, q7) , (D.1d)
w = atan2 (q2, q1) + atan2 (gg, g7) — atan2 (gs, q4) , (D.1e)
v =0 — atan2 (g2, q1) . (D.1f)
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D. RELATIONS OF DROMO WITH OTHER SETS OF VARIABLES

D.1.2 Dromo to Classical Orbital Elements Jacobian

After introducing the orbital element state vector e = (a, ¢, 1,2, w, I/)T and by taking

into account Egs. (D.1a|-|D.1f), one obtains the Jacobian matrix

2q1 5 qQ
(B-3-a3)" @/ +a3
2q2 , q2
(3-a?—a3)"  asv/ai+a3
-2 _Aa+E
2 2
(43—ai—a3) a3
dae 0 0
Jqﬂw = (’Q =
0q 0 0
0 0
0 0
0 0

0

—q2

ai+as
0 0 91
ai+q3
0 0 0
2q4 45 &5
PR NE +
\/1—(q<%+q2§—q§—q3) I
g5 494 —q4
\/1 2 2d 2_2\2  @+a@  @+q?
_(‘14‘“125_‘16_‘17)
— 446 a7 qr7
1 2, 2_ 2 9\2 qi+qi  qi+q?
7(‘14*‘125*‘167‘17)
—=q7 —d6 —d6
2,2 2 2\2 qi+q2 qi+q?
1_<Q4+Q5_QG_Q7> 67 61T
0 0 0

a2

ai+a3
—q1

?+q3

(D.2)

Note that this Jacobian presents some singularities, which correspond to the singulari-

ties of the orbital elements used (i.e. i = 0, e = 0).

D.1.3 Classical Orbital Elements to Dromo Transformation

The classical orbital elements to Dromo transformation was introduced to define the

Dromo elements in section This mapping is governed by Eq. 4.3), Eq (#.4) and

Eq. &.3).
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D.2 Relations with Cartesian Coordinates

D.1.4 Classical Orbital Elements to Dromo Jacobian

Following the same approach as in section Egs. yield the Jacobian of

the Dromo to orbital elements transformation:

A

oq
ngrq = dce =
—ecos 8 cosf3 0 0 0 O_
2\/&3(1—62) \/&(1762)3
—esin 8 sin B 0 0 0 0
2\/{13(1—62) \/(),(1762)3
—1 £ 0 0 0 0
2\/0,3(1er \/(/L(l—ez)5
1 z R-wtB 1 i gy 2=wtB 1gin i ain 2-wtB8
0 0 210052.005Q 2+/3 %smzsterﬂ %Sln281n92+ﬁ 0] .
0 0 cos % sin ~—2 sin % cos “—2 — = sin & cos =% 0
2 2 2 2507 2 2507 2
0 0 2 sin 2 sin w 2 cos 2 cos W 2 cos 2 cos He=8
0 0 f% sin § cos 9“2” B % cos % sin QJ”; 8 f% cos % sin Qﬂ; S
0 0 0 0 0 1
(D.3)

D.2 Relations with Cartesian Coordinates

D.2.1 Dromo to Cartesian Coordinates Transformation

It is also possible to express the inertial Cartesian position 7 = (z,y,z)' and velocity
v = (Vg, vy, v,)' as a function of the Dromo elements. This relation can be written in

compact form as

r cos o

r=R|0|=rP|sinc |, (D.4)
0 0
U —@2 — q3sino

v=R|s|=P| q+g3coso |, (D.5)
0 0

where the orbital radius r takes the expression
1

D.2.2 Dromo to Cartesian Coordinates Jacobian

After denoting the Cartesian state vector by © = (z,v, 2, vz, vy, UZ)T and taking into
account Egs. (D.4]-[D.5), the Jacobian can be conveniently expressed as a set of column

vectors:
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D. RELATIONS OF DROMO WITH OTHER SETS OF VARIABLES

[ ]
oz _ | G de
Jq_,m = T = | 1 e | | . (D7)
q |ow o v v
og1  dq2 " Oqr 0o
I A IR R
The derivatives with respect to the three first Dromo elements read:
or r cosa ov 0
a—=—7cosaP sino |, P 1],
q1 S 0 q1 0
or r cosa ov -1
— =——sinoP | sino |, —=P| 0 |, (D.8)
0q2 s g2
0 0
coso —sino
or ov
— =—1%(s+q3) P | sino |, — =P | coso
aQ3 0 5(]3 0

The derivatives with respect to the Dromo elements that correspond to the quater-
nion components are:
S S T o

— =r— |sinoc |, —=— q1 + qscoso |, (D.9)
dgj g\ g5 0qj 0

for j = 4,...7. In the above expressions, the derivatives of the P matrix are given by:

OP 44 45 de P —45 44 q7
=2 ¢ —q1 —qr|, =2 @ 4 G5,
0g1 de ar —q4 0as —qr 46 —4s
- Z - Z (D.10)
OP —q6 —qr7 q4 OP qr —ds g5
. =2 @ —a¢ |, Ey. =2 e @1 —q
6 | 44 a5 g6 | ’ | — 45 q4 q7 |
Finally, the derivatives with respect to the fictitious time o can be written as
or 1 —q2 — q3sino oo cos o
—=—P| qt+qcoso |, = =—q3P |sino |. (D.11)
0o q38 0 oo 0
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D.2 Relations with Cartesian Coordinates

D.2.3 Cartesian Coordinates to Dromo Transformation

The inverse of the transformation given by Egs. (D.4|—[D.5) constitutes an alternative of
Egs. (D.1) for setting the initial values of the Dromo variables [8]:

h2
Q= (r — 1> cos og + husin oy, (D.12a)
h2
g2 = < — 1) sin og — hu cos oy, (D.12b)
T
q3 = 1/h, (D.12c¢)
1 hey — h h
qQ=— 2e¥ W) cos oo + = sin oo — =L, (D.12d)
4q; rh r h
1 hey —h x
q5 = 47(]7 { (yrhyx> sinog — ;COS oo + };L} ) (D.12e)
1 h,r — hy . hyz — h
g6 = — _r et ez sin og + Yy _ M= Ry cosoq ¢ , (D.12f)
4q7 T rh T rh
1 h., h,x — hy hyz —h, .
47 = i2\/1 + ” + (‘:f + xrhz> cosog + (i — yzrhy) sinog, (D.12g)
h2
o =09 =1y+ [ = atan2 (hu, P 1) + 5, (D.12h)

where the angular momentum vector and its components can be written as
h = (hg hy,h,) =7 xv,  h=+vh-h, (D.13)
and the radial velocity v reads

u=—-. (D.14)

If g7 = 0, the following expressions may be used:

1 hy,
1 h,
== D.15b
g5 2q6 h ) ( )
1 h.
=+4/=(1+-"7). .
g =+ 5 ( + A ) (D.15¢)

For the case of g and ¢7 being both zero, the inclination corresponds to 180 deg and the
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D. RELATIONS OF DROMO WITH OTHER SETS OF VARIABLES

quaternion is defined by

qgu=*t4+/=(1- Y sin oo + B~ o2 s oo ) |, (D.16a)
2 r hr
1 hyz — h,
Q5 =— L sin oo + B2 7 R2Y g oo | - (D.16b)
2q4 \ 1 hr

Finally, if g4 = ¢ = g7 = 0, then g5 = +1.

D.2.4 Cartesian Coordinates to Dromo Jacobian

The Cartesian coordinates to Dromo Jacobian can be in principle calculated by differ-
entiation of Eq. (D.12), taking into account the special cases that lead to ¢; = 0 (Equa-
tion (D.1I9)), g6 = ¢7 = 0 (Equation (D.I6)) or ¢4 = g6 = g7 =0, g5 = *1.

However, a more interesting result can be obtained following the approach by Roa
et al. [92]. It is based on inverting the Jacobian matrix of the inverse transformation
given by Eq. (D.7). Unfortunately, the dimensions of the domain and image of the
transformations are different and the Jacobian matrix cannot be inverted directly. Roa
et al. proposed introducing two additional dummy variables to the Cartesian state to
obtain an invertible Jacobian matrix. These two dummy variables are chosen following
two constraints that naturally arise when increasing the dimension of the state vector
from 6 to 8. The first one is the normalization constraint on the Dromo variables corre-

sponding to the quaternion:
q1..7(a) = qi + @3 + 4 + a7 —1=0. (D.17)
Taking the gradient of the normalization constraint leads the first constraint

5(14,...7
oq

7
5q = > qi 6g; = 0. (D.18)
=4

The second constraint is introduced by f, as incrementing its value by a constant
only rotates the intermediate frame P around the orbital momentum direction. The
new rotated intermediate frame is still one of the infinite Hansel ideal frames, and con-
sequently a valid intermediate frame for the Dromo formulation. From Eqs [4.4D),

3 can be obtained as

f = atan2 (qe, q1), (D.19)
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D.3 Relations with Equinoctial Elements

which can be differentiated to obtain

55 = —42001 + q19g2

(D.20)
@+ a3

The second constraint is obtained by arbitrarily setting 63 = 0.
By defining the extended Cartesian state & = (, v, 2, Vs, Uy, V2, q4,...7, 3), we can de-
fine the mapping & = & (q), which is invertible except for isolated singularities (g3 = 0

or e = 0). This means that it is possible to define
q=2%"(q(2)) (D.21)

The (square) Jacobian matrix for the extended Cartesian state reads

or or Or Or Or Or Or Or
oq1 0q2 0qs 0qa Ogqs Oq¢ Oq7 Oo
i i i i i | | |
0F | | [ A R
Jozg =g = | & o o w (D.22)
q q1 dq2  Oqz Jdqa 0dqs dg6 0qr 0o
| | | | | | | |
0 0 0 @ ¢ g qr O
L 4 0 0 0 0 0 0
| i +a5  ¢i+as |
Which can be inverted to provide
-1
Jioq = Jgoi " (D.23)

D.3 Relations with Equinoctial Elements

The equinoctial elements e = (a, P, P, Q1,Q2, Z)T are a set of non—singular1 orbital
elements developed by Professor R. A. Broucke at the University of Texas at Austin [7,

pp- 490-494]. They are conveniently defined from the orbital elements as

a, (D.24a)
P, =esin (2 +w), (D.24b)
Py, =ecos (2 +w), (D.24c¢)
@1 = tan % sin {2, (D.24d)

'Note that the equinoctial orbital elements still present singularities for i = 7 and for degen-
erate rectilinear orbits, but these cases are usually of less practical importance.
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D. RELATIONS OF DROMO WITH OTHER SETS OF VARIABLES

Q)2 = tan % cos {2, (D.24e)
{=02+w+ M, (D.24f)

where [ is the mean longitude and M is the mean anomaly, which is calculated using

the Kepler’s equation
M=F—esinE, (D.25)

and the eccentric anomaly F is related to the true anomaly v by [20]

esinv
E =v —2atan . D.26
<1+\/1—62+€COSV> ( )

The inverse equation of Eq. (D.24) is given by

a (D.27a)

e =/P}+ P} (D.27b)
i = 2arctan/Q? + Q3 (D.27¢)

Q = atan2 (Q1, Q2) (D.27d)
w = atan2 (P, P») — atan2 (Q1, Q2) (D.27¢)
v= V(P1>P27Q1>Q27l) (D27f)

where v must be calculated by solving Kepler’s Equation (Eq. (D.25)).
The equinoctial elements are especially important for the applications of chapters

and | as the orbital data used in the simulation is provided in these elements (see
Appendix [E for details).

D.3.1 Dromo to Equinoctial Elements Transformation

The first equinoctial element, the semi-major axis, can be expressed as a function of the
Dromo variables as
1

N
@3- —a

(D.28)
After some algebra and with the help of a symbolic manipulator software, the sec-
ond to fifth equinoctial elements are obtained:

1q (¢ — @) + 2q19647
a3 @t + 43

P = (D.29)
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D.3 Relations with Equinoctial Elements

1la (¢ — @¢) — 2420647
q3 4t + 43

P =

q496 + 4597
Ql D) D)
95 t+ 47

q497 — 4596
Q? D) 5
9 + a7

(D.30)

(D.31)

(D.32)

The last element is more convoluted. First, using Dromo elements, the sum (2 4+ w

reads:

2 4+ w = atan2(q2, ¢1) + 2 atan2(qgs, q7)

(D.33)

The mean motion M can be decomposed on the difference of the eccentric anomaly £
and the esin E term. These two terms are given by Eq. (4.50) and (4.48), respectively.

Combining the above terms, the mean longitude becomes

/22 2
EzU—B—Q&‘u&n( Y ) VA B S

- = +
stV -d-a) s a3
+ atan2(qe, q1) + 2 atan2(ge, q7)

D.3.2 Dromo to Equinoctial Elements Jacobian

The Jacobian for the Dromo to equinoctial elements transformation results in:

J %a
7€ Oe
2q1 2q2 —2q3 0 0 0 0
2 2 2
(¢2—q?—a3) (ﬁ,*tff’;qgg (i3—a3—a3)

1 2qeq7 _1%-9 0 0 0 oPy oPy

93 q2+q2 43 g2+q2 996 aq7
_13%~97 _ 1 2geqr 0 0 0 Py oP

a3 q2+q? a3 g2 +q? 996 ag7

0 0 0 g6 q7 0Q1 0Q1

@G+ G+ad 46 aq7

0 0 0 q7 _ G 0Q2 0Q2

@+ @+e:  9d oq7
ol oL ol 0 0 2q7 __2ge

a1 oqs @ @+e2 a5 +as
where
2 2
o 1aq (43 — ¢3) + 2q2q647 5
aQG = - q73 5 o 2 qr,
(46 +a3)
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o o O

[an)

ol

(D.35)
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D. RELATIONS OF DROMO WITH OTHER SETS OF VARIABLES

oP, 1 q1 (6 — 3) + 2q2q647
Tl - = (48 5 ?) ™ 246, (D.36b)
qr g3 (qG + q7)
oP 1 g2 (95 — ¢7) — 2019697
L (46 . 7) 2oy, (D.36¢)
g6 q3 (q6 + q7)
OP 1 g2 (95 — 47) — 2919697
o (46 27) T o, (D.36d)
qr q3 (q6 + q7)
001 q1 (48 — 43) + 2459697
o= - e , (D.36¢)
96 (45 +a2)
0 §—q3) —2
an _ a5 (% 2q7) : 014067 (D.366)
a7 (45 + a2)
0Q2 a5 (4§ — 4%) — 2949607
= —U S (D.36g)
96 (a8 +a3)
0Q2 q1 (4§ — 43) + 2059647
22— o (D.36h)
a7 (45 +a2)
and
% B q2 vaqucos E N cos Esino 2uqq U COS O
o1 @+ q3 seqs vaseqs Vas?e2g2  yJas?elqs (D.37)
+\/Euq1+ucosa—ssina ’
q3s Vagss?
o q1 vagucosE  cos E coso 2uqo usino
02 4+ 43 seqs Vaseqs  \Jas?e?q3  \/as®e’qs (D38)
yauga  usino + scoso ’
+ + 5
q3s Vagss
ol A1 —e?
E = o (coso (qru — q28) + 2q3u + G2q3 COS T + q1G2) - (D.39)
3/2
o (43— —ad)
o= o . (D.40)
D.3.3 Equinoctial Elements to Dromo Transformation
It is straightforward to obtain the third Dromo element:
1 1
= - = . D.41
“B=G, \/a(1_p12_p22) (D41)
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D.3 Relations with Equinoctial Elements

The two first equinoctial elements also can be written without much difficulty as

e P? + P
QI_hCOSB_\/a(l—Pf—PZQ) cos 3,
e . P12+P22 .
qz—h51n6—\/a(1_P12_P22) sin .

(D.42a)

(D.42b)

Next, we introduce @ = w — 3, the angle from the z7 to the xp axis.

In the first place, note that

i _ | Q1+@3
2 1+Q? + Q3

sin — =
1 1

COS — = —/——————.
VI+QT+Q3

2

(D.43a)

(D.43b)

Additionally, to facilitate the calculation of ¢4 and g5, the following expressions are

useful:

cos (
sin <

-w
2
N—-w

N+w

) = cochos(
) = sin!)cos(

N+a

> —i—sin()sin(
w) —costin(

N+w

).
)

N+

(D.44a)

(D.44b)

We can exploit Eq. (D.27d) and Eq. (D.27€) to express the trigonometric functions

in the formulae above as

Gin@— 91
V@I + Q3
cos {2 = &
V@7 + Q3

N+o

sin <
cos (

) . (atanQ (P, P)—p
= sin

)
)

)

2+
2

P, Py) —
2

(atanQ (
08

(D.45a)

(D.45b)

(D.45¢)

(D.45d)

Combining the above results, the quaternion components are obtained

-0
2

.1
g4 =sin 5 cos

1

atan2 (P, Py) — 8

2

e
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>+Q1Sin<

atan2 (P, Py) —
2

))

(D.46a)



D. RELATIONS OF DROMO WITH OTHER SETS OF VARIABLES

_sin Lgin =%
q5—Sln2SIIl 9
P, P)— tan2 (P, Py) —
_ 1 (Qlcos (atanZ( 1, Po) ﬁ)  Oysin <a an2 (P, Py) ﬂ))
V1+Qi+Q3 2 2
(D.46b)
] 2+ 1 2(P, Py) —
g6 = Cos - sin o sin (atan (P1, 7) B) (D.46¢)
2 2 V1+Q3+ Q3 2
] 2+ 1 tan2 (P, Py) —
Q7=coszcos o cos (a an2 (P, 1) 6) (D.46d)
2 2 V1+Q7+ Q3 2

Finally, the initial value for the pseudo-anomaly is obtained after solving the modi-
tied Kepler’s Equation in equinoctial coordinates:

/P2 P2 : _
EF=0— [ —2atan i 2251n(a 8)
1+\/1—<«/P12+P§> +/P} + Pjcos (o — B)
(—atan2 (P, P,) = E—/P} + P§sinE.  (D.47b)

An alternative is to first calculate the eccentric anomaly using a standard Kepler’s Equa-

. (DA47a)

tion solver, convert it to true anomaly, and finally obtain the initial value of o. In any

case, the initial value of 5 can be set to zero without any loss of generality.
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Appendix E

NEODyS data

NEODYS is a web based service that provides information about all Near Earth Aster-
oids, including ephemerides and observational information, orbit uncertainty, future
close approaches and other useful data like impact probability. NEODyS was created
in 1999 at the Department of Mathematics of the University of Pisa, Italy. Nowadays, it
is maintained by the University of Pisa and the SpaceDyS company, and economically
supported by ESA. NEODyS directly processes astrometric data provided by the Minor
Planet Center, and updates the predicted orbits and their uncertainty. An overview of
NEODYyS can be found in [25] and [12].

As noted in [12], the only other comparable service for Earth-impact monitoring
is the American SENTRY sys’cem1 maintained by the Jet Propulsion Laboratory (JPL).
JPL also provides ephemeris and covariance information for Near Earth Asteroids and
other minor bodies of the solar system in their Small-Body Database 2.

In the following pages, the NEODyS raw data used for all the simulations of the
present dissertation are reported. The state vector (EQU) and its covariance matrix
(COV) are expressed in equinoctial elements, employing the mean longitude as angular
variable. All the elements are defined with respect to the mean ecliptic and equinox of
J2000 reference frame, and the epoch is given as Modified Julian Date (M]D) in Terrestial
Dynamical Time (TDT).

Ihttps://cneos.jpl.nasa.gov/sentry/, Accessed on 2018 May 22
Zhttps://ssd.jpl.nasa.gov/sbdb.cgi, Accessed on 2018 May 22
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E.1 2000SG344

format = 'OEF2.0’ ! file format

rectype = ‘ML’ ! record type (1L/ML)

refsys = ECIM J2000 ! default reference system

END_OF HEADER

20005G344

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  9.8285676439236425E—01 0.063139018864697 —0.017830918391328 —0.000224614467801 —0.000914937903828
46.8358122160849

MJD 51490.508335304 TDT

MAG 24.788 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 2.01984E—-06 5.77370E—06 2.74613E—-06 6.52276E-08 1.09378E-07 2.05218E—-04
! EIG  4.76236E—09  9.01515E—09  7.64405E—08  7.90803E—08  3.33361E—07  7.59462E—06
! WEA  0.26571 —0.75988 0.36110 0.00198 0.01289 0.47056

COV  4.079743672610729E—-12 —1.166076037402100E—11 5.523885631879679E—12

QOV  3.026022973027605E—14 1.984814552553843E—13 4.120070104031324E—-10

COV  3.333565169521630E—11 —1.580306389162065E—11 —8.656919840223246E—14

COV  —5.670248472984236E—13 —1.179275301839643E—09 7.541226074860318E—12

QOV  4.146839705884446E—14 2.665243963585391E—13 5.631144834569296E—-10

COV  4.254644050204784E—15 4.348633940776643E—15 3.092956608453093E—12

cov 1.196363733130423E—14 1.988894139006423E—-11 4.211439485192131E—-08

NOR  3.707460987091648E+16 1.404020130313298E+16 —5.350933391505376E+15

NOR —1.612658576295161E+14 2.220362475698557E+14 1.019018386731636E+14

NOR  5.335225499378274E+15 —1.986674035062568E+15 —2.975348553172076E+14

NOR  4.120637212969828E+14 3.843075453743004E+13 9.478747300222286E+14

NOR —4.312705605823994E+14 5.944954020117991E+14 —1.620504170390726E+13

NOR  4.395732722920799E+15 —5.763081617323240E+15 1.411575274210380E+12

NOR  8.008305839748438E+15 —1.941489527956386E+12 2.967324999808820E+11

VIvd SAdOiN 3
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E.2 2011AM37

format = 'OEF2.0’ ! file format

rectype = ‘ML’ ! record type (1L/ML)

refsys = ECIM J2000 ! default reference system

END_OF HEADER

2011AM37

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  1.1038918010272913E+00 0.131734645896958 0.075043640696685 —0.021859337322328 0.008615662281624
100.5181102315087

MJD 55575.062740815 TDT

MAG 29.691 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 4.26556E—04  3.81820E—04 2.13142E—-04 4.95001E—-05 2.01995E—05 3.43606E—02
! EIG 3.49145E—-09 3.77176E—-09 1.39077E-07 7.13694E—-07 2.30587E—-05 8.57402E—-04
! WEA  0.49729 0.44515 0.24829 —0.05745 0.02347 —0.69932

cov 1.819496993635343E—07 1.628673740084247E—-07 9.063661744281500E—08

QOV  —2.094035885237365E—-08 8.560593642929684E—09 —1.463968271123454E—05

cov 1.457868630392961E—-07 8.114201999464935E—-08 —1.874824082328911E—-08

COV  7.664248239853916E—09 —1.310541968117600E—05 4.542961563524778E—08

QOV  —1.053684162222579E—08 4.302504382022841E—09 —7.320303134536399E—-06

COV  2.450261587850543E—09 —9.997676118243560E—10 1.695298246028275E—06

COV  4.080210309852605E—10 —6.925537456132742E—07 1.180647525223728E—-03

NOR  3.146627938170614E+15 —7.186481520412913E+15 —9.231810888161546E+15

NOR  3.251658833247517E+15 7.528511044756686E+15 —9.824651848122795E+13

NOR  1.860345497280912E+16 2.763474852983175E+16 —3.490287220137036E+15

NOR —8.098255167020821E+15 2.889953229212129E+14 4.667580411999218E+16

NOR  2.244627665236814E+15 5.145863089694378E+15 4.814762166435624E+14

NOR  1.061019749632375E+16 2.458849826959601E+16 1.468205938659309E+13

NOR  5.701732525943160E+16 3.350363370849934E+13 4.973517892233792E+12
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E.3 2013HO

format = "OEF2.0’ ! file format
! record type (1L/ML)
! default reference system

rectype = ‘ML’
refsys = ECIM J2000

END_OF_ HEADER

2013HO

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  1.0232233890992430E+00 0.028994063166331 —0.012644116201266 —0.033111190090623 —0.079436661604393
205.0053799421055

MJD 56400.916880920 TDT

MAG 25.679 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 3.15931E—-05  1.34652E—06  2.13852E—05 1.93406E—05 4.65032E—05 1.29584E—03
! EIG  5.13057E—-09 5.98036E—09  6.89176E—08  7.91330E—07  1.93325E-06 6.70896E—05
! WEA  0.47075 0.01425 —0.31867 —0.28827 —0.69311 —0.33636

COV  9.981220404509446E—10 2.944669245232316E—11 —6.754955340757331E—-10
COV  —6.107363458607172E—10 —1.468569008186696E—-09 —4.077449221819273E—-08
Ccov 1.813115767088311E-12 —2.022456440099787E—11 —1.849818784438605E—11
COV  —4.434069306209212E—11 —1.315210341508972E—09 4.573254411896619E—10
COV  4.133908451407643E—10 9.939740517117441E-10 2.763362193315430E—-08
COV  3.740587064098304E—10 8.993927766717231E-10 2.500249673793733E—-08
COV  2.162544061738712E—09 6.010333701151700E—08 1.679200267392512E—06
NOR  3.068207614040418E+15 2.776852841714432E+15 2.104602162595907E+15
NOR —6.936260292967826E+15 3.657300587011491E+15 1.441568862320295E+13
NOR  2.557774469502500E+16 —9.869586768639242E+15 —7.613467035255562E+14
NOR  6.282706961410154E+14 2.387277558210233E+14 7.456619475677726E+15
NOR —7.566751717054791E+15 3.873887575782390E+15 —1.053273932821742E+14
NOR  1.778837432514690E+16 —9.225893638993336E+15 2.085883266784781E+13
NOR  4.798871518229974E+15 —8.847353736977977E+12 2.276429216823781E+12
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E4 2016D]

format = 'OEF2.0’ ! file format

rectype = ‘ML’ ! record type (1L/ML)

refsys = ECIM J2000 ! default reference system

END_OF HEADER

2016DJ

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  1.0231988694975496E+00 0.119159913646651 0.108495377809516 —0.014917174436943 0.034920616547363
146.4782969220512

MJD 57452.105958698 TDT

MAG 25.652 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 4.47804E—-06 9.71574E—-06 9.46227E—-06 1.34897E-06 3.17717E-06 1.58888E—-03
! EIG  8.01420E—-09 8.90971E—09  5.08366E—08 1.74069E—07 3.85670E—07  3.13805E—05
! WEA  0.14249 0.30958 0.30140 —0.04296 0.10117 —0.88371

COV  2.005284106826442E—11 4.346215454149933E—11 4.223378649529736E—-11

QOV  —6.027532662755070E—12 1.419476182890737E—11 —7.104326186848901E—09

COV  9.439566968725698E—11 9.183987352694578E—11 —1.309185530069565E—11

COV  3.082983187015817E—11 —1.543558156750595E—08 8.953456364058501E—11

COV  —1.275730911262965E—11 3.004542240693214E—11 —1.502729274768849E—08

cov 1.819725272381100E—-12 —4.285777966816858E—-12 2.141866294592010E—-09

cov 1.009441652376883E—~11 —5.044038159346785E—-09 2.524540591840841E—06

NOR  1.390566083632816E+14 4.223412686771727E+14 3.264771356827955E+14

NOR —2.648275856293538E+14 —2.492711057942669E+14 4.643595926858519E+12

NOR  9.453993769416328E+15 4.757490233042424E+15 —8.967736690257752E+14

NOR —3.519727126967361E+14 8.736874613626517E+13 2.519339022924354E+15

NOR —6.936830844135491E+14 —4.317106833409945E+14 4.472935997280297E+13

NOR  1.158524413804658E+16 4.775654197686226E+15 —1.064482205705382E+13

NOR  2.228591586838438E+15 —5.022284600125611E+12 8.125068027603077E+11

fastoz ¥4
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E.5 (367789) 2011AG5

format = 'OEF2.0’ ! file format

rectype = ‘ML’ ! record type (1L/ML)

refsys = ECIM J2000 ! default reference system

END_OF HEADER

367789

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  1.4305693219850588E+00 —0.062358365157607 —0.385417317713688 0.022434681409097 —0.022998593128761
333.4409698097048

MJD 55894.708051299 TDT

MAG 21.853 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 3.53369E—-08  6.27018E—08  3.48284E—08 5.45783E—08 3.24201E—08 5.74627E—06
! EIG  1.13325E-08 1.77191E—-08 3.77510E—08  5.90593E—08  6.36220E—08  1.05253E—07
! WEA  0.25404 0.17583 —0.08546 0.00931 —0.00223 —0.94718

COV  1.248693538115729E—15 —2.402550517134857E—16 —7.704066637066305E—16

QOV  3.281593592969466E—17 —1.855579759894068E—17 —1.496023668161782E—-13

COV  3.931517285227024E—15 —5.464760638375324E—17 —1.604848623886423E—16

COV  2.548402944998297E—16 —7.954499482036419E—14 1.213019599159924E—15

QOV  —3.620768387140700E—17 —2.286898116606691E—17 3.856145636534673E—14

GOV 2.978786116989022E—15 —1.391065867816345E—15 —5.389934533112802E—15

cov 1.051064177442225E-15 3.111763656544980E—-15 3.301967141301515E-11

NOR  5.674713118529383E+15 8.902461670994552E+14 2.863048720598804E+15

NOR  1.516621817722036E+13 —1.059043985740981E+14 2.452396016384379E+13

NOR  4.139874250397238E+14 4.362374851225258E+14 —4.024194003609715E+13

NOR —1.418321375483238E+14 4.528090339804182E+12 2.304492569413206E+15

NOR  5.874871040060219E+13 3.910454002279043E+13 1.133717373139573E+13

NOR  8.884447175347260E+14 1.187333376611016E+15 —6.370810202287504E+10

NOR  2.558909715268078E+15 —9.145029352073711E+11 1.391399009918831E+11

VIvd SAdOiN 3



74}

E.6

2012AP10

format

rectype = ‘ML’

= 'OEF2.0" ! file format

! record type (1L/ML)

0.023352702043761

1.03307E—-04
1.91117E-06

refsys = ECIM J2000 ! default reference system

END_OF_ HEADER

2012AP10

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  8.8920636610553039E—01 —0.100482810605067  0.095943151462522
270.9470045736080

MJD 56387.461106609 TDT

MAG 26.472 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 3.84316E—08  4.38773E—07 4.31774E—07  3.36307E—07  4.53650E—08

! EIG  1.29826E—09  6.33890E—09  8.71538E—08  1.21524E—07 2.67549E—07

! WEA  0.01679 —0.20197 0.20847 0.16089 —0.00102 —0.94318

cov 1.476987322153907E—15 —1.498111205372421E—-14 9.417238122553055E-15

cov 1.064233414404498E—14 6.844413812312568E—17 —3.317899364653091E—-12

cov 1.925219091049900E-13 —1.264424974454006E—13 —1.345104275202012E—13

COV  —9.701804106486453E—16 3.952147758109287E—11 1.864291328518284E—13

cov 1.127190547284529E-13 —1.708097448563048E—15 —4.123209482726066E—11

cov 1.131023164358840E—13 —4.949270218819794E—-15 —3.150507600204035E—11

COV  2.057982053084914E—15 1.675688735574932E—13 1.067235817503990E—-08

NOR  5.746830053577148E+17 —8.299826426373912E+15 8.698920861407877E+16

NOR  1.615774933873040E+16 3.978477764445554E+16 5.925488451341829E+14

NOR  9.978754941460872E+14 —1.402765234575811E+15 1.398017184494006E+15

NOR  3.565075788561902E+15 —7.624107879411385E+12 1.326152185380957E+16

NOR  2.249035181811618E+15 5.530977657759351E+15 9.002605705997875E+13

NOR  3.662690178904087E+15 9.233262422835384E+15 1.920256376802269E+13

NOR  2.377824552249132E+16 4.741864479712273E+13 6.162957240775663E+11

—0.004779774579820
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E.7 2004RQ252

format = "OEF2.0’ ! file format

rectype = ‘ML’ ! record type (1L/ML)
refsys = ECIM J2000 ! default reference system
END_OF_ HEADER

2004RQ252

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  1.1256873311431759E+00  0.368409361590643 —0.122763270870089 0.029237030995799 0.061071945757693
120.7997311650237

MJD 53799.848967580 TDT

MAG 22.498 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 3.83718E—08  3.63373E—07  4.41336E—07  4.00024E—08  1.12546E—07 3.36580E—05

! EIG  1.68114E—09 1.65887E—08 2.57047E—08  4.31500E—08 6.51134E—08  8.24988E—07

! WEA  0.04644 0.43950 —0.53323 0.03609 —0.11357 0.71144

cov 1.472393145705471E-15 1.391596674032341E—-14 —1.686347009458753E—14

cov 1.146240743737742E-15 —3.578929762015892E—-15 1.287105946594909E—12

cov 1.320402983980620E—-13 —1.591556748512319E—-13 1.079419945095033E—14

COV  —3.381426670424776E—14 1.218919584005328E—11 1.947772734532339E—-13

COV  —1.362540884254477E—14 4.077549926417975E—14 —1.475400770297661E—11

cov 1.600194885712685E—-15 —1.882192509932251E—-15 9.849199237899626E—13

cov 1.266650543878842E—14 —3.142215219182533E-12 1.132860769928902E—-09

NOR  3.519061322944662E+17 —2.246744025995356E+16 1.171594400861245E+16

NOR  5.656381876642594E+15 —1.616750098795358E+13 —1.045600951537356E+13

NOR  2.673749919980166E+15 —6.397167290618110E+14 —6.502872040472540E+14

NOR  6.886519358275277E+13 —1.081721711034579E+13 1.034936883893012E+15

NOR  1.030829745273960E+15 —1.574818731694001E+14 5.717658802784176E+12

NOR  3.125493813880074E+15 —6.217482865750536E+14 9.553651750279461E+12

NOR  3.809814983607102E+14 —1.176307550113416E+12 1.920480999796538E+11

VIvd SAdOiN 3



LL1

E.8 2001AV43

format = "OEF2.0’ ! file format

rectype = ‘ML’ ! record type (1L/ML)
refsys = ECIM J2000 ! default reference system
END_OF_ HEADER

2001AV43

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  1.2770710799699776E+00  0.228599070669711 0.066529332853096 0.001267749937787 0.002061560694280
149.9224260483016

MJD 56214.603144821 TDT

MAG 24.703 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 5.75928E-10 2.78029E—-08 5.50289E—-08 1.67924E-08 1.67962E—-08 5.73154E—-06

! EIG  6.71635E—11  9.72760E—10  1.18643E—09 1.58670E—08 1.69528E—08 1.17605E—07

! WEA  0.00373 —0.23263 0.46742 —0.01561 0.06125 —0.85053

COV  3.316935210329764E—19 —1.268517684871868E—17 2.405025133767687E—17

COV  —2.988831565637742E—-19 5.796443066211348E—-18 —2.491580762103823E—-15

COV  7.730025184843727E—16 —1.492415105400574E—-15 9.267690924343798E—-17

GOV —2.571060903972582E—16 1.564761055601290E—13 3.028184589796454E—15

COV  —8.014287093710364E—-17 3.661496227164082E—16 —3.151639274483198E—13

COV  2.819832732877020E—16 —3.864309893348825E—19 1.027402069941270E—14

COV  2.821113602779557E—16 —4.034149844410992E—14 3.285049857951552E—-11

NOR  2.003412502324968E+20 1.690477661400484E+18 —5.665642477818166E+19

NOR  3.448028972225348E+18 —7.153766307258445E+18 —5.462758208761571E+17

NOR  7.087651683593295E+17 —2.938631448426745E+17 —1.015831983268851E+17

NOR  1.569959737356441E+17 —5.842553450611183E+15 1.684495229968939E+19

NOR —1.064069397732532E+18 2.153056159359812E+18 1.616879450629816E+17

NOR  9.133928091687506E+16 —1.692861476250954E+17 —9.699627002634742E+15

NOR  3.345439024811263E+17 1.982954932216948E+16 1.565027856388962E+15

EVAVI100C 84



841

E.9 (99942) Apophis

format = 'OEF2.0’ ! file format

rectype = ‘ML’ ! record type (1L/ML)

refsys = ECIM J2000 ! default reference system

END_OF HEADER

99942

! Equinoctial elements: a, exsin(LP), excos(LP), tan(i/2)*sin(LN), tan(i/2)*cos(LN), mean long.

EQU  9.2242562886554802E—01 —0.093156562272564 0.166975055470516 —0.012033463843986 —0.026474070069010
40.7767973752541

MJD 54957.268675100 TDT

MAG 18.901 0.150

! Non—grav parameters: model used, actual number in use, dimension

LSP 0 0 6

! RMS 1.30505E-10  5.36191E—09  6.34004E—09  9.12633E—09  7.13218E—09  9.03416E—07
! EIG  2.08590E—11  3.09855E—10  1.03140E—09 2.70568E—09  1.11407E—08 1.78646E—08
! WEA  0.00456 —0.28106 —0.33777 0.22018 —0.05014 0.86943

cov 1.703144763435252E-20 —2.528616193250696E—-19 —6.125233234486191E—19

QOV 9.511048527336443E—19 —7.013575977720047E—19 6.150950561086154E—17

COV  2.875009528891401E—-17 2.758662420668355E—17 —1.369287874100070E—-17

COV  —4.372658659561057E—18 —4.580215874343670E—15 4.019614105183713E—-17

COV  —3.307322945915814E—-17 1.626891358344337E—17 —5.164313283851017E—15

COV  8.328981296573713E—17 —5.811421170827577E—17 2.240116232937201E-15

COV  5.086805502756089E—17 2.381873033641661E—16 8.161612396662175E—-13

NOR  2.293371656502339E+21 —4.328491873177247E+19 —6.414495527572917E+19

NOR  2.259023675451635E+18 5.494709587701046E+19 —8.438666479348041E+17

NOR  4.709079241575021E+18 —7.875265121109887E+17 2.291342676841818E+18

NOR  2.594918960870082E+18 1.765956093438511E+16 3.825051504453857E+18

NOR —1.444369462403151E+18 —3.964836435761501E+18 2.973943793017867E+16

NOR  1.544377516168374E+18 2.461025585973943E+18 —1.407876121317494E+15

NOR  5.187366313203529E+18 —2.293503343114900E+16 3.626622063534528E+14

VIvd SAdOiN 3
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