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Abstract

The muonium (Mu) ground state hyperfine structure (HFS) interval, νMu HFS, in a

zero magnetic field was measured at the Japan Proton Accelerator Research Complex

(J-PARC), Materials and Life Science Experimental Facility (MLF), Muon Science

Facility (MUSE), where a high intensity pulsed muon beam is provided. Mu HFS is

strongly related to the muon anomalous magnetic moment g− 2, which was reported

of having a discrepancy of about 3σ between theoretical value and experimental

value. To improve the precision of the g − 2 measurement, it is important to measure

Mu HFS precisely.

In the previous measurement at the Clinton P. Anderson Meson Physics Facility

(LAMPF), it was reported that the time differential method can extract more

information than the time integral method. However, it was rather limited due

to low statistics. Therefore, we developed the time differential method by using

high-intensity beam at J-PARC.

It is required for a decay positron detector to measure the time and the number

of positrons correctly. Therefore, a silicon strip detector, which has a high rate

capability and a good time resolution, was developed. By using this silicon strip

detector, the time differential muon spin flip resonance method was developed.

For the development of the time differential method, a simulation study was

performed. We reveal that the time differential method can determine the muonium

HFS with only one frequency data, and by taking advantage of this property, it is

possible to improve the statistical uncertainty 3.2 times compared to the conventional

analysis method, which is also called the time integral method. The systematic

uncertainty due to the microwave power drift is also improved with the time

differential method.

The time differential method was applied to the experimental data taken in June

2017, and the obtained result was

νMu HFS = 4 463 302.2 (3.1) (0.2) kHz,



where the first error is the statistical uncertainty and the second one is systematic.

The total uncertainty was 690 ppb. This value corresponds to an improvement by a

factor of seven over the previous measurement at J-PARC, and is consistent with the

previous best measurement at LAMPF. The precision in this experiment would be

improved twice compared to the previous experiment at zero field if the measurement

would run for the same period of time, and by using the time differential method.

The measurement value of the Mu HFS frequency in a zero magnetic field at J-PARC

MLF MUSE is expected to be more precise than that in a high magnetic field at

LAMPF by the upgrade of experimental apparatuses in the future.
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Chapter 1

Introduction

Muonium (Mu) is the bound state of a positive muon and an electron, and one of

hydrogen-like atoms. In the standard model (SM), a positive muon and an electron

are point-like lepton particles so that the contribution of the strong interaction is

relatively small and well understood.

The muon-to-electron mass ratio is extracted from the muonium hyperfine

structure (HFS). The electron mass was determined quite precisely, so we can

determine the muon mass precisely. In fact, the extraction from the muonium HFS is

the most precise determination of the muon mass. The point is that the muon mass

can not be predicted by the SM, but is an input parameter for the SM calculation of the

Fermi coupling constant, the muon anomalous magnetic moment (aµ =
gµ−2
2 ), and

so on. Actually, a more precise mass measurement can make theoretical prediction

of the muonium HFS more accurate.

The precision measurement of g−2 is important because there is a discrepancy of

3.5 standard deviations between the SM prediction and the experimental value. This

discrepancy suggests that there is a new physics beyond the SM, and a more precise

measurement is desired. However, the experimental value of g − 2 was extracted by

using the muon-to-proton magnetic moment ratio obtained from the muonium HFS

measurement, and it is necessary to measure the muonium HFS more precisely to

improve the experimental value of g − 2. Therefore, it is important to measure the

muonium HFS precisely.

The idea to improve the precision of the muonium HFS is to use a new analysis

method with high-intensity pulsed muon beam. In the previous experiments, the
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muonium HFS was obtained by the time integrated signal data. The important

point is that the time differential method can extract the information lost during the

integration process from its signal shape, and both the statistical uncertainty and the

systematic uncertainty can be improved.

This chapter describes the physics motivation of the muonium HFS measurement,

the theoretical expression of the muonium HFS, and the introduction of the time

differential method.

1.1 Hyperfine Structure of Hydrogen-like atom

Muonium is more suitable for the validation of the bound state quantum electrody-

namics (QED) than other hydrogen-like atoms, such as hydrogen and positronium

(Ps). For hydrogen, theoretical calculation is limited by the knowledge about the

proton internal structure. Theoretical analysis for positronium is complicated and

difficult due to annihilation and recoil effect. For muonium, which is free from these

effects, it is possible to calculate more precisely than other hydrogen-like atoms.

In addition, the experimental value can be as precise as the theoretical calculation.

Therefore, the muonium HFS is one of the best probe to verify the bound state QED.

The latest measured value of hydrogen HFS is [1, 2, 3]

∆νH(exp) = 1 420.405 751 766 2(3) MHz (1.1)

and the theoretical value is [4]

∆νH(theory) = 1 420.405 11(79)(57)(140)MHz, (1.2)

where the first error comes from the finite size effect of the proton, the second

error is the contribution of the proton polarizability, and the third error represents

all remaining theoretical uncertainties. The comparison between the experimental

value and the theoretical value is

∆νH(theory) − ∆νH(exp)

∆νH(exp)
= (−0.45 ± 1.2) ppm. (1.3)
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The combined value of the three most precise measurements of positronium HFS

is [5, 6, 7]

∆νPs(exp) = 203 388.65(67) MHz, (1.4)

while the theoretical value is [8]

∆νPs(theory) = 203 391.69(41) MHz, (1.5)

where the uncertainty comes from unknown non-logarithmic higher-order terms and

was estimated by using an analogous coefficient as in the case of the muonium HFS.

The comparison between experimental and theoretical values is

∆νPs(theory) − ∆νPs(exp)

∆νPs(exp)
= (1.5 ± 0.4) ppm. (1.6)

There is a discrepancy of about three standard deviations between experiment and

theory.

The muonium HFS was measured by two different methods. One is a

measurement at a very-weak magnetic field, so called “zero” field, and the most

precise measurement value is [9]

∆νMu(ZF) = 4 463. 302 2(14) MHz. (1.7)

The other one is a measurement at a high magnetic field, and the most recent

measurement result is [10]

∆νMu(HF) = 4 463. 302 765(51)(17) MHz, (1.8)

in which the first error is the statistical uncertainty and the second one is systematic.

The current theoretical value is [11]

∆νMu(theory) = 4 463.302 868(271) MHz. (1.9)

The comparisons between results of the zero field (ZF) measurement and the high

field (HF) measurement at the Clinton P. Anderson Meson Physics Facility (LAMPF),
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and the theoretical value are

∆νMu(theory) − ∆νMu(ZF)

∆νMu(ZF)
= (150 ± 320) ppb, (1.10)

and

∆νMu(theory) − ∆νMu(HF)

∆νMu(HF)
= (23 ± 61) ppb, (1.11)

respectively.

Table 1.1 summarizes the precision of the experiment, theory, and a comparison of

hydrogen-like atom HFS. The muonium HFS provides the most precise comparison

between experiment and theory. Thus, muonium HFS measurement is important to

search for new physics beyond the SM.

Table 1.1: Summary table of precision of the hyperfine structure. Calculation of the
comparison is mentioned above.
Hydrogen-like atom Experimental Precision Theoretical Precision Comparison
Hydrogen 0.2 ppt 1.2 ppm (−0.45 ± 1.2) ppm
Positronium 3.1 ppm 1.1 ppm (0.15 ± 0.32) ppm
Muonium (ZF) 310 ppb 61 ppb (150 ± 320) ppb
Muonium (HF) 12 ppb 61 ppb (23 ± 62) ppb

1.2 Muon-Electron Mass Ratio and Muon-Proton Mag-
netic Moment Ratio

Hyperfine transition measurement can be used to extract fundamental constants: the

muon-electron mass ratio, mµ/me, and muon-proton magnetic moment ratio, µµ/µp.

1.2.1 Determination of the Magnetic Moment Ratio µµ/µp

In a static magnetic field the Hamiltonian of muonium is described as

H = h∆νI · J + µe
BgJJ · B − µµBg

′
µI · B, (1.12)
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where I is the muon spin operator, J is the total angular momentum operator of

the electron, B is the external static magnetic field, and h is the Plank constant.

µe
B = eℏ/2me and µµB = eℏ/2mµ are the electron Bohr magneton and the muon Bohr

magneton, respectively, where me is the electron mass, mµ is the muon mass, and

ℏ = h/2π. g′µ and gJ are the g-factor ratios of muon and electron in muonium,

respectively. They are different from the free value, ge and gµ, due to binding

corrections in muonium, and are described as [12]

g′µ = gµ *,1 − α
2

3

(
1 − 3

2

me

mµ

)
− *,α2

(
me

mµ

)2
− α3

12π

me

mµ
+

97

108
α4+-+- , (1.13)

gJ = ge *,1 − α
2

3

(
1 − 3

2

me

mµ

)
+
α3

4π
− *,α2

(
me

mµ

)2
+
5α3

12π

me

mµ
+ α4

( 1

12
+
0.289···
π2

)+-+- ,
(1.14)

in which α is the fine structure constant [11],

α−1 = 137.035 999 135(31). (1.15)

In a static magnetic field, the ground state splits into four substates as shown

in Fig. 1.1. The substates are defined by the quantum numbers of the muon

and electron spins,
(
Me, Mµ

)
. The transitions for (1/2, 1/2) ↔ (1/2, −1/2), ν12,

and (−1/2, −1/2) ↔ (−1/2, 1/2), ν34, are observed by a microwave resonance

technique. The transition frequencies are described by the Breit-Rabi formula [13]

ν12 = −
µ
µ
Bg
′
µB

h
+
∆ν

2

(
(1 + x) −

√
1 + x2

)
, (1.16)

ν34 =
µ
µ
Bg
′
µB

h
+
∆ν

2

(
(1 − x) +

√
1 + x2

)
, (1.17)

where

x =
(
gJ µ

e
B − g′µµ

µ
B

) B
h∆ν

, (1.18)

and B is the intensity of the external static magnetic field. The Larmor relation,

2µpB = hνp, and nuclear magnetic resonance (NMR) are used to determine B in
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terms of the precession frequency of the free proton, νp, and the proton magnetic

moment, µp. The muonium HFS is obtained from the summation of the transition

frequencies,

ν12 + ν34 = ∆ν. (1.19)

The muon-to-proton magnetic moment ratio can be extracted from the difference

between the transition frequencies,

δ ≡ ν34 − ν12 =
µ
µ
Bg
′
µνp

µp
+ ∆ν

(√
1 + x2 − x

)
. (1.20)

By using the notation

r′e =
gJ µ

e
B

µp
, (1.21)

r′µ =
g′µµ

µ
B

µp
, (1.22)

x is rewritten as

x =
(
r′e + r′µ

) νp

2∆ν
. (1.23)

From Eqs. 1.20, 1.21, 1.22, and 1.23, r′µ is described as

r′µ =
1

2

− (∆ν)2 + νpr′eδ + δ
2

νp
(
νpr′e + δ

) . (1.24)

The muon-to-proton magnetic moment ratio is expressed as

µµ

µp
=

r′µ
2

gµ

g′µ

=
1

4

− (∆ν)2 + νpr′eδ + δ
2

νp
(
νpr′e + δ

) *,1 − α
2

3

(
1 − 3

2

me

mµ

)
− *,α2

(
me

mµ

)2
− α3

12π

me

mµ
+

97

108
α4+-+-

−1

,

(1.25)

in which 1.13 is used.

Therefore, we extract the hyperfine structure interval of the ground state ∆ν
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Figure 1.1: Energy levels diagram for muonium in the ground state as a function of
the intensity of the static magnetic field. Mµ and Me are the quantum number of the
muon and electron spins, respectively. F is the quantum number of the total angular
momentum and MF is the quantum number of the z component of the total angular
momentum.

and the muon-to-proton magnetic moment ratio µµ/µp by the measurements of the

transition frequencies ν12 and ν34. The most precise experimented values are [10]

ν12(exp) = 1 897 539.800(35) kHz (18 ppb) (1.26)

ν34(exp) = 2 565 762.965(43) kHz (17 ppb) (1.27)

∆ν(exp) = 4 463 302.765(53) kHz (12 ppb) (1.28)
µµ

µp
= 3.183 345 13(39) (120 ppb) (1.29)

1.2.2 Determination of the Mass Ratio mµ/me from the Magnetic
Moment Ratio

The muon-to-electron mass ratio mµ/me is described as

mµ

me
=

(
gµ

ge

) (
µp

µµ

) (
µe

µp

)
. (1.30)
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Because gµ, ge and µe/µp are known more precisely than µp/µµ, mµ/me can be

obtained as precisely as µp/µµ by using Eq. 1.30 with µp/µµ from Eq. 1.25. The

current value is [11]

mµ

me
= 206.768 276 (24) , (1.31)

by using Eq. 1.29 and the following physical constants,

aµ =
gµ − 2

2
= 0.001 165 920 89 (63) , (1.32)

µe

µp
= −658.210 686 6 (20) . (1.33)

1.2.3 Theoretical Expression of ∆ν

The theoretical expression for the transition frequency of the hyperfine splitting is

described as the following equation [14],

∆νMu(theory) = ∆νF (1 + corrections) , (1.34)

∆νF =
16

3
Z3α2R∞c

me

mµ

(
mµ

me + mµ

)3
, (1.35)

where R∞ is Rydberg constant [11],

R∞c = 3.289 841 960 355(19) × 1015 Hz, (1.36)

and ∆νF is the Fermi formula. Z is the atomic number with Z = 1 for muonium.

The general expression for the transition frequency of the hyperfine splitting is

[11]

∆νMu(theory) = ∆νrad + ∆νrec + ∆νr−r + ∆νweak + ∆νhad, (1.37)

where the terms labeled rad, rec, r-r, weak, and had stand for the radiative, recoil,

radiative-recoil, electroweak, and hadronic contributions to the hyperfine splitting,

respectively. Representative Feynman diagrams for these correction are presented in

Fig. 1.2.

The radiative corrections come from emissions and reabsorptions of virtual

11
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（a） （b） （c） 

（d） （e） （f） 

Figure 1.2: Representative Feynman diagrams for some contributions to the muonium
hyperfine splitting. (a) is the leading radiative correction. (b) is the leading recoil
correction. (c) and similar diagrams are the leading radiative-recoil correction from
the electron line. (d) and similar diagrams are the leading radiative-recoil correction
from vacuum polarization. (e) is the weak interaction contribution. (d) is the hadronic
contribution.
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photons by the muon and the electron. Purely radiative terms of orders α (Zα)

and α (Zα)2 are known as [15]

∆νrad = ∆νF
(
1 + aµ

) (
1 +

3

2
(Zα)2 + ae + α (Zα)

(
ln 2 − 5

2

)
− 8

3π
α (Zα)2 ln (Zα)

[
ln (Zα) − ln 4 + 281

480

]
+
14.88 ± 0.29

π
α (Zα)2

)
,

(1.38)

where ae and aµ are the anomalous magnetic moments of the electron and muon,

respectively. The different radiative contributions are summarized in Table 1.2.

Table 1.2: Contributions from the radiative corrections
Term Contribution (kHz) Reference
(Zα)2 356.174 [15]
α (Zα) −428.611(1) [16]
α2 (Zα) 0.4256(2) [15]
α (Zα)2 −32.115(3) [17]
α (Zα)3 −0.542(8) [18]
α2 (Zα)2 0.193(24) [19]
Total −104.901(39)

The recoil contribution is given by

∆νrec = ∆νF *,−3Zα
π

mµme

m2
µ − m2

e
ln

mµ

me
+

γ2

mµme

[
2 ln

mr

2γ
− 6 ln 2 + 65

18

]+- , (1.39)

where γ ≡ Zαmr and mr = mµme/
(
mµ + me

)
.

The radiative-recoil contributions arising from both electron and muon lines and

from vacuum polarizations are given by

∆νr−r = ∆νF
α (Zα)
π2

me

mµ

(
−2 ln2

mµ

me
+
13

12
ln

mµ

me
+ 6ζ (3) + ζ (2) − 71

72
+ 3π2 ln 2

+Z2
[9
2
ζ (3) +

39

8
− 3π2 ln 2

]
+
α

π

[
−4
3
ln3

mµ

me
+
4

3
ln2

mµ

me
+ O

(
ln

mµ

me

)])
,

(1.40)

where ζ is the Riemann zeta function.
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The electroweak contribution due to the Z0 exchange is

∆νweak = −∆νFGF
3
√
2mµme

8απ
≃ −0.065 kHz, (1.41)

where GF is the Fermi coupling constant. The contribution from higher order terms

is negligibly small.

The correction of the hadronic vacuum polarization is [20, 21]

∆νhad, LO =
α (Zα)
π2

∆ν
memµ

m2
π

(3.75 ± 0.24) + · · ·

= 0.2327(14) kHz, (1.42)

where mπ is the charged pion mass. Other contributions are from hadronic higher-

order corrections and the hadronic light-by-light correction [21, 22, 23, 24]

∆νhad, HO = 0.005(2) kHz, (1.43)

and

∆νhad, LbL = 0.000 0065(10) kHz, (1.44)

respectively.

The above theory yields

∆νMu (theory) = 4 463 302.868(271) kHz, (1.45)

using values of the physical constants in CODATA-2014. The numerical values

of the terms given in Eqs. 1.38-1.45 are summarized in Table 1.3. The dominant

uncertainty of the theoretical calculation is the muon-electron mass ratio mµ/me.

Therefore, a more precise measurement of the muon-electron mass ratio as noted in

the previous section would make the uncertainty of the theoretical value smaller.
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Table 1.3: Theoretical prediction of muonium HFS.
Term Contribution (kHz) Reference
Fermi energy and aµ 4 459 031.819(253) [11, 15]
ae 5 170.926 [25]
Radiative correction of αn (Zαm) −104.901(39) [15, 25]
Recoil −791.714(80) [25]
Radiative-recoil −3.427(70) [25]
Electroweak −0.065 [26]
Hadronic vacuum polarization 0.232 7(14) [20, 21]
Hadronic higher order 0.005(2) [22, 23]
Hadronic light by light −0.000 0065(10) [24]
Total 4 463 302.868(271) [11]

1.2.4 Alternative Determination of the Mass Ratio mµ/me from the
Mu HFS

The mass ratio mµ/me is regarded as a parameter in ∆ν, which could also be

determined by the experimental result ∆ν(exp). By using Eq. 1.28 as the

experimental value, we obtain CODATA recommended values,

mµ

me
= 206.768 282 6(46) (22 ppb) , (1.46)

and

µµ

µp
= 3.183345142(71) (22 ppb) , (1.47)

where we have used R∞ and α as in Eq. 1.36 and Eq. 1.15, respectively. This method

can determine the values of mµ/me and µµ/µp more precisely than the determination

of µµ/µp from the difference between transition frequencies as discussed in Section

1.2.

1.3 Implementation of the Muon g − 2 Measurements

The muon anomalous magnetic moment (aµ =
gµ−2
2 ) was measured in the E821

experiment at the Brookhaven National Laboratory (BNL). The current experimental
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Figure 1.3: Feynman diagram for the muon g − 2 corrections [29]. From left to right,
the first order QED contribution (Schwinger term), the lowest-order weak contribution,
and the lowest order hadronic contribution.

value is [27]

aµ (exp) = 0.001 165 920 91(54)(33)
(
0.54 ppm

)
, (1.48)

(1.49)

where the first error is statistical and the second one is systematic.

Theoretical calculation also predicted the value of g − 2 as precisely as the

experimental value. The SM prediction value aµ(SM) is [28]

aµ (SM) = aQED
µ + aEW

µ + aHad
µ (1.50)

= 0.001 165 918 23(1)(34)(26), (1.51)

where the errors are due to the electroweak, lowest-order hadronic, and higher-

order hadronic corrections, respectively. Representative Feynman diagrams for these

contributions are shown in Fig. 1.3.

The difference between the experimental value and the SM prediction is

∆aµ = aµ (exp) − aµ (SM) = 268(63)(43) × 10−11, (1.52)

where the errors are from the experiment and SM prediction, respectively.

Comparison of the measured value and the theoretical expectation is shown in

Fig. 1.4. There is an interesting but not conclusive discrepancy of 3.5 standard

deviations. This discrepancy may imply the existence of new physics beyond the

SM. For example, supersymmetric (SUSY) models predict the following additional
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Figure 1.4: Comparison of experimental and theoretical values for aµ[29].

contribution [30],

aSUSY
µ ≃ ±130 × 10−11 ·

(
100 GeV

mSUSY

)
tan β, (1.53)

where mSUSY is a representative supersymmetric mass scale, tan β ≃ 3-40 a

potential enhancement factor, and ±1 corresponds to the sign of the µ term in

the supersymmetric Lagrangian. Supersymmetric particles in the mass range

100-500 GeV could be the source of the deviation ∆aµ.

Two experiments aim to improve the precision of the g − 2 measurement value.

One is the E989 experiment at the Fermi National Accelerator Laboratory (FNAL)

[31]. The other is the E34 experiment at the Japan Proton Accelerator Research

Complex (J-PARC) [32]. Table 1.4 compares the BNL experiment, its continuation

at the Fermilab, and the J-PARC experiment.

In the g − 2 experiments, the angular frequency of the spin precession of muon,

17



Table 1.4: Comparison of BNL-E821, FNAL-E989, and J-PARC-E34 [32].
BNL-E821 FNAL-E989 J-PARC-E34

Muon momentum 3.09 GeV/c 0.3 GeV/c
γ 29.3 3.1
Polarization 100% 100%
Storage field B = 1.45 T B = 3.0 T
Focusing field Electric Quad. very-weak magnetic
Cyclotron period 149 ns 7.4 ns
Spin precession period 4.37 µs 2.11 µs
# of detected e+ 5.0×109 1.8×1011 1.5 × 1012
# of detected e− 3.6×109 − −
Statistical precision (aµ) 0.46 ppm 0.14 ppm 0.14 ppm

ωa, is measured in a ring. In a static magnetic field, ωa is expressed as

−→ωa = −
e

mµ

*,aµ
−→
B −

(
aµ −

1

γ2 − 1

) −→
β × −→E

c
+- , (1.54)

where B is the magnetic field intensity, while the term due to the muon electric dipole

moment (EDM) is neglected because its contribution is very small. Eq. 1.54 can be

simplify by using the magic momentum, aµ −
1

γ2 − 1 = 0, or eliminating the electric

field as

−→ωa = −
e

mµ
aµ
−→
B . (1.55)

B is determined by using the Larmor relation and nuclear magnetic resonance (NMR),

which is the same method as in the muonium HFS measurement. ωa is obtained by

the oscillation of the time histogram of the decay positron as shown in Fig. 1.5.

1.4 Relations between g − 2, Mu HFS, and µµ/µp

The experimental value of aµ is determined from the relation [27],

aµ =
R

λ − R
, R =

ωa

ωp
, λ =

µµ

µp
, (1.56)

18



 / ndf 2χ  9838.858398 / 9995

Prob   0.8655165434

N         1188.3± 904966848 

life time  0.000006166± 6.613498211 

  g-2A  0.0000012716± 0.2198969424 

omega     0.000000903± 2.975280046 

delta     8.412253919e-06± 9.104106539e-06 

s)µtime (
0 5 10 15 20 25 30 35 40 45 50

ev
en

t

610

710

810

910

 / ndf 2χ  9838.858398 / 9995

Prob   0.8655165434

N         1188.3± 904966848 

life time  0.000006166± 6.613498211 

  g-2A  0.0000012716± 0.2198969424 

omega     0.000000903± 2.975280046 

delta     8.412253919e-06± 9.104106539e-06 

sumation

Time (μs)	

N
um

be
r o

f d
et

ec
te

d 
po

si
tro

n	

Simulation	

ωa	

Figure 1.5: Distribution of decay positron counts versus time obtained by a simulation.
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where ωp = 2πνp. In the BNL experiment, they used the following numbers as

inputs,

R(BNL) = 0.003 707 206 4(20), (540 ppb) (1.57)

λ(LAMPF) = 3.183 345 39(10). (31 ppb) (1.58)

In Eq. 1.56, aµ can be expanded in a series of R/λ ≃ 10−3 terms,

aµ =
R/λ

1 − R/λ
=

R
λ
*,1 + R

λ
+

(
R
λ

)2
+ · · · +- , (1.59)

and the uncertainty δaµ is described as

δaµ = δ

(
R
λ

) (
1 + O

(
R
λ

))
= δ

(
R
λ

)
. (1.60)

It is straightforward to calculate the relative uncertainty δaµ/aµ as

δaµ
aµ

=
1

aµ

√(
δR

∂

∂R
R
λ

)2
+

(
δλ

∂

∂λ

R
λ

)2
=

√(
δR
R

)2
+

(
δλ

λ

)2
(1.61)

In the J-PARC/Fermilab g − 2 experiments, we aim at δR/R = 140 ppb and then

δaµ/aµ = 140 ppb. To achieve this, we need

δλ

λ
≪ 140 ppb. (1.62)

Indeed, if
(
δR
R ,

δλ
λ

)
=

(
140 ppb, 120 ppb

)
, then δaµ/aµ = 184 ppb, while if(

δR
R ,

δλ
λ

)
=

(
140 ppb, 30 ppb

)
, then δaµ/aµ = 143 ppb. These numbers clearly

indicate that it is necessary to improve the value of λ, which is determined from

the difference between transition frequencies δ in Eq. 1.20. Furthermore, the

experimental value of λ, which was obtained from the muonium HFS was determined

only in a high-field experiment. For an independent verification, a precise muonium
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observation of a Quadratic Term in the hfs Pressure Shift for Muonium and
a New Precise Value for Muonium h,v*

T. Crane, D. Casperson, P. Crane, t P. Egan, V. W. Hughes, R. Stambaugh,
P. A. Thompson, and G. zu Putlitzt

Gibbs Laboratory, Yale University, Nese Haven, Connecticut 06520
(Received 30 June 1971)

New measurements of &v for muonium in argon at low pressures and at very weak
magnetic field provide the first observation for muonium of a quadratic term in the hfs
pressure shift and lead to a new precise value for the hfs interval in muonium, 4v
=4463.311(12) MHz.

Measurement of the hyperfine structure inter-
val b, v in the ground state of muonium (p'e )
with the highest possible accuracy is of great im-
portance for muon electrodynamics and for a
precise determination of the fine-structure con-
stant a.' ' An important factor which influences
the accuracy of the determination of Av is the
hfs pressure shift caused by collisions of muon-
ium with atoms of the inert stopping gas in which
muonium is formed. These collisions are, of
course, of interest in their own right; in particu-
lar, for muonium the effects of three-body colli-
sions can be studied and the dependence of the
collisions on the hydrogen isotope (since muon-
ium can be considered an isotope of hydrogen) is
also studied.
The measurements reported in this Letter in-

volve several important improvements in the ob-
servation of the transition (E,M F) = (1, a 1)—(0, 0)
at a magnetic field of 0.010 G."An improved
arrangement of the scintillation-counter system
and a larger microwave cavity led to an improved
ratio of signal to background at low stopping-gas
pressure. Use of a 45-MHz digitron and a PDP-
8 computer led to valuable time-dependent data
and good monitoring of experimental parame-
ters. '
A resonance curve obtained with argon gas at

10 atm is shown in Fig. 1. The experimental sig-
nal is the percentage increase in decay positron
counts observed during a time interval of 0.1 to
5.6 p, sec following a stopped-muon signal when
the microwave power is on. The experimental

points are fitted by a Lorentzian curve:

Sv = A(5v)'
(5v)'+ 4(P —v )'

in which v is the microwave frequency, and A
and vo are parameters obtained from the fit. The
linewidth (full width at half-maximum) 5v of
520 kHz is due to microwave power broadening
of the natural linewidth (145 kHz) and agrees
with the width expected from microwave power
measurements in the cavity and the line-shape
theory. ' The maximum signal is consistent with
the measured background counts and with our
previous observations.

2 'Yo—

1'Yo-
CD

Q'Yo I I
4462.5

I & i & i l ~ I
4465.0 4463.5

MICROWAVE FREQUENCY ( MHz )

FIG. 1. Muonium resonance curve for the transition
(F,M~) = (1, +1)—(0, 0) at a very weak magnetic field,
0.010 G, in a 10-atm argon stopping gas. The 1-stan-
dard-deviation error bars are due to counting statistics.
The solid curve is a least-squares fit by a Lorentzian
with the center at 4463.159+0.016 MHz.

474

Figure 1.6: Time integral signal obtained by the previous zero-field experiment [33].
The error bars are due to statistical uncertainties. The solid line shows a least-squares
fit by a Lorentzian with the center value at 4463.159 ± 0.016 MHz.

HFS measurement in a zero magnetic field is desired.

1.5 Mu HFS Measurement by the Time Integral Method

In the experiment, the muonium HFS was obtained from the relation between the

microwave frequency and number of detected positrons. There are two kinds of

analysis methods: the time integral method and the time differential method.

Figure 1.6 represents the time integral analysis obtained by the previous zero-field

experiment. The signal of the time integral data is the integral of the number of

detected positrons over the whole measurement time. The signal shape, plotted with

the microwave frequency as the horizontal axis and the signal as the vertical axis,

obeys a Lorentzian function, and the HFS frequency is obtained from the central

value of the Lorentzian.
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TABLE I. Results of fits of the data ~vg') on the muonium hfs interval at different pressures to the expression
avq ) =a~(1+~+OZ~).

Gas
a

(10 9/Torr)
b

(10 /Torr )
X, per degree
of freedom

Argon,
linear fit

Argon,
quadratic fit

Krypton,
linear fit

Krypton,
quadratic fit

—4.27 +0.04

—5.00 +0.24

—10.01 +0.08

—10.59 *0.39

8.14+2.59

8.79 +5.90

13.68/4

3.82/3

4.80/4

2.58/3

4463.282 +0.009

4463.31760.014

4463.267 +0.013

4463.296 +0.023

An alternative mode of analysis can be based on the use of the time-dependent data. The signal data
as a function of time are fitted by the function

2w(v —v, ) 2w(v —v,) —1 , 2w(v —v, ) 2w(v —v, ) + I'S( vt)=A 1 —2 1+ ' cos ' t —w 1 — ' cos ' fI' 2 (2)

in which I' =4w (v —vo) +4y(wbv —y), where y is
the muon decay rate (y =4.549 X10' sec '). The
quantities A' and v, are parameters obtained
from the fit. This expression can be obtained
from the theory of the transition process for the
three-level case. ' Figure 2 shows a fit of S(v, t)
to the time-dependent data. Because of the ad-
ditional information contained in the time-depen-
dent data, a higher accuracy is achieved in the
determination of v, than from the data of a reso-
nance curve such as shown in Fig. 1. In princi-
ple, fitting S(v, t) with the allowance that bv de-
pends on the frequency v makes possible the de-
termination of the microwave power in the cavity
at each v, and this may be important for future
measurements to eliminate error due to system-
atic power variation with frequency. However,
the present statistical accuracy of the time-de-
pendent data is not sufficient to provide as ac-
curate a power measurement as is obtained using
a conventional technique.
In the present experiment resonance curves

were obtained with argon pressures of 10 and 15
atm. In previous experiments" we obtained da-
ta only with argon pressures between 30 and 108
atm, but with krypton pressures from 6 to 73
atm.
Table I gives the results of fits to the expres-

sion bv(P) =nv(1+aP+bP'), in which P is the
density of the gas corrected to O'C. These re-
sults indicate clearly that adequate fits for argon
require a nonzero value for the quadratic term
b, and for krypton a nonzero value for b is fa-

5Vo

X 3'Ye-
tO

1/—

OV.~
0 I.O

I, I I ~ I ~

2.0 3.0 4.0 5.0 6.0

TIME ( Ia, sec )

FIG. 2. Observed signal height as a function of time
for the transition and gas pressure given in Fig. 1 and
for the microwave frequency v=4463.200 MHE at a
power input of 1.00 W. The 1-standard-deviation error
bars are due to counting statistics. The solid curve is
a fit of Eq. (2) to the time-dependent data with a central
frequency vo= 4463.161+0.011 MHz.

vored. Use of a nonzero value for b has an ap-
preciable effect on the value for ~v of free muon-
ium and also on the value for a, the linear coef-
ficient of the hfs pressure shift, particularly for
argon. Hence the final result for hv, based on
all the Yale low-field' data from argon and kryp-
ton, is b, v =4463.311(12)MHz (2.7 ppm). The er-
ror is 1 standard deviation, due to counting sta-
tistics; systematic errors are believed to be rel-
atively negligible. This value is in good agree-
ment with the value b,v =4463.302(9) MHz (2.0
ppm) given by the University of Chicago group. '

6A

475

Figure 1.7: Time differential signal observed by the previous experiment [33]. The
injected microwave frequency ν0 of this data is ν0 = 4463.200 MHz and the microwave
power P is 1.00 W. The solid curve is a fitting result to the time differential signal with
a central frequency ∆ν = 4463.161 ± 0.011 MHz.

1.6 Time Differential Method

Figure 1.7 shows the time differential data, which is equivalent to one of the data

point of the time integral analysis in Fig. 1.6. In this analysis, the HFS frequency is

derived from the time dependence of the signal. The time differential signal contains

more information than the time integral signal and may eliminate the systematic

uncertainty due to the power fluctuation with frequency. Therefore, it is expected

that a detailed and precise measurement is possible by using the time differential

method.

However, the previous time differential analysis was fairly limited because of low

statistics. Also in the previous measurement, a DC muon beam was used. We can

improve the statistical uncertainty by using the high-intensity pulsed muon beam

at J-PARC. Thus, J-PARC high-intensity beam makes it possible to use the time

differential method for the first time. On the other hand, the high-intensity beam
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may distort the time differential signal due to pile-up. Therefore, it is necessary to

develop a high-rate capable detector.

In general, a silicon strip detector is highly segmented and has a good time

resolution, so it is well suited to the time differential analysis with a pulsed muon

beam.

This paper presents the development of a silicon strip detector, the development

of the time differential analysis and the experimental results obtained by the time

differential analysis.

1.7 Organization of the Thesis

In the above, the physics motivation to measure muonium HFS and the advantage of

the time differential method were discussed.

An important point to emphasize in this dissertation is the fact that the time

differential method can improve statistical and systematic uncertainties compared

to the time integral method, and it is actualized for the first time by using the

high-intensity pulsed muon beam at J-PARC and a silicon strip detector with high-rate

capability.

This dissertation describes the development of the silicon strip detector and

the development of the time differential method. The second chapter presents the

theoretical expression of the signal forms. It is important for the fitting to understand

how the microwave power and its frequency affect the signal shapes.

The microwave system, the gas control system, and magnetic shields are important

to reduce systematic uncertainty due to variation of the microwave power, gas

density shift, and static magnetic field, respectively. The third chapter describes

the experimental apparatus and also presents the development and construction of

the silicon strip detector.

To substantiate the time differential method, a simulation study was developed.

The advantage of the time differential method was also evaluated by the simulation.

The detail of the simulation is described in the forth chapter.

The muonium HFS measurement at J-PARC was conducted in June 2017. The

performance check of the silicon detector in the measurement and data analysis with
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the time differential method are presented in the fifth chapter.

In the sixth chapter, we will discuss the experimental results and the estimation

of the systematic uncertainty by a Monte-Carlo (MC) simulation at this time. Then,

the perspectives of the muonium HFS measurement at J-PARC is described.
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Chapter 2

Theoretical Discussion for the
Muonium Hyperfine Structure
Measurement

In the experiment, the muon spin flip induced by a microwave magnetic field is

measured via the number of decay positrons. The theoretical expression of the

signals is described in this chapter.

2.1 Muonium Decay

The dominant mode of the muonium decay is due to the decay of the free positive

muon due to the weak interaction

µ+ → e+ + νe + ν̄µ. (2.1)

The measured mean lifetime τµ or the muon decay rate γ is [34]

τµ ≡
1

γ
= 2.196 981 1(22) µs. (2.2)

The momentum and angular spectrum of decay positrons from positive muons

with degree of polarization P is given by the following equation,

N (y, θ) =
γ

2π
y2

(
(3 − 2y) + (2y − 1) Pz cos θ

)
, (2.3)
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where θ is the angle between the muon spin direction and the positron momentum, and

y is the positron momentum y = p/pmax, with pmax being the maximum momentum

of the decay positron and given by

pmax =
m2
µ − m2

e

2mµ
c ≃ 52.8 MeV/c. (2.4)

2.2 Energy Levels of Muonium Ground State

Here the Hamiltonian of the muonium is introduced again.

H = h∆νI · J + µe
BgJJ · B − µµBg

′
µI · B. (2.5)

The first term is the magnetic interaction between the electron and the muon. The

second term and the third term are the energy of the electron and the muon in the

static magnetic field, respectively.

The four eigenstates of the muonium are expressed as

ψ = ϕ (r) χF, MF (B) , (2.6)

where ϕ (r) is the spatial part of the wave function, χF, MF (B) is the spin

eigenfunction, F is the quantum number of the total angular momentum, and MF is

the associated magnetic quantum number. The spin eigenfuctions are

χ1, 1 (B) = |1⟩ = αeαµ,

χ1, 0 (B) = |2⟩ = cαe βµ + sβeαµ,

χ1, −1 (B) = |3⟩ = βe βµ,

χ0, 0 (B) = |4⟩ = cβeαµ − sαe βµ, (2.7)

in whichαµ and βµ are the normalized spin eigenfunctions of the muon corresponding

to the spin orientation in the positive z direction and the negative z direction,
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respectively. αe and βe are that of the electron. The quantities s and c are

c =
1
√
2

√
1 +

x
√
1 + x2

, (2.8)

s =
1
√
2

√
1 − x
√
1 + x2

, (2.9)

where x is defined in Eq. 1.18. s and c satisfy the following equation,

s2 + c2 = 1. (2.10)

The energy eigenvalues of the Hamiltonian for the ground state are expressed in

the Breit-Rabi equation

WF=1
2±

1
2, MF

= −1
4

h∆ν − g′µµ
µ
B MF B ± 1

2
h∆ν

√
1 + 2MF x + x2. (2.11)

The energy levels of the muonium ground state are represented in Fig. 1.1. At a very

weak field, the energy levels of the state |i⟩, Wi, are described as

W1 =
1

4
h∆ν +

(
gJ µ

e
B + g

′
µµ

µ
B

)
2

B,

W2 =
1

4
h∆ν,

W3 =
1

4
h∆ν −

(
gJ µ

e
B + g

′
µµ

µ
B

)
2

B,

W4 = −
3

4
h∆ν. (2.12)

2.3 State Populations of Muonium

The time-dependent populations of the four states are expressed by the density

operator

ρ (t) = |ϕ (t)⟩ ⟨ϕ (t) | , (2.13)

where |ϕ (t)⟩ is the wave function for the system at time t. The density operator can

be described as a density matrix using the eigenfunctions of the system as bases. The
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elements of the density matrix are

ρmn (t) ⟨m | (t) |n⟩ = ⟨m |ϕ (t)⟩ ⟨ϕ (t) |n⟩ . (2.14)

An arbitrary muonium wave function is described as

|ψ⟩ =
4∑

i=1

ai (0) |i⟩ e−iWit/ℏ, (2.15)

where the coefficient ai (0) are normalized as

4∑
i=1

ai (0)a∗i (0) = 1. (2.16)

The diagonal matrix elements ρmn (0) = |am(0) |2 give the probabilities of formation

of the states |m⟩ at time t = 0.

The density matrix for the muon with a polarization P is

ρµ (0) =
1

2
*.,
1 + P 0

0 1 − P
+/- . (2.17)

The density matrix for the electron is

ρe (0) =
1

2
*.,
1 0

0 1

+/- . (2.18)

The elements of the density matrix for muonium at t = 0 are

ρik (0) = ⟨i | ρe (0) ρµ (0) |k⟩ . (2.19)

Therefore, the density matrix is

ρ (0) =
1

4

*........,

1 + P 0 0 0

0 1 + P
(
s2 − c2

)
0 2csP

0 0 1 − P 0

0 2csP 0 1 + P
(
c2 − s2

)
+////////-
, (2.20)
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where the spin eigenfunctions of Eq. 2.7 are used as bases. The probabilities of

formation of the states are

P1 =
1

4
(1 + P) ,

P2 =
1

4

(
1 + P

(
s2 − c2

))
,

P3 =
1

4
(1 − P) ,

P4 =
1

4

(
1 − P

(
s2 − c2

))
. (2.21)

For a highly polarized beam P ≈ −1 and a zero field case, the relative populations of

the states are

|a1 (0) |2 = 0,

|a2 (0) |2 = 1

4
,

|a3 (0) |2 = 1

2
,

|a4 (0) |2 = 1

4
. (2.22)

2.4 State Amplitudes of Muonium

Muonium formed in a gas target populates Zeeman states. Transitions between

Zeeman states are induced by the external magnetic field of the microwave. The

transition probability depends on the difference between the microwave frequency

and the transition frequency. A time dependent term H′ is added to the Hamiltonian

in Eq. 2.5 due to the applied magnetic field of the microwave and is described as

H ′ =
(
µegJJ − µµgµI

)
· B1 cosω0t

≡ H ′0 cosω0t

=
1

2
H ′0

(
e−iω0t + eiω0t

)
, (2.23)

where B1 = Bx x̂ + By ŷ is the vector amplitude of the microwave field and ω0 is the

microwave angular frequency. In the experiment, the microwave magnetic field is

perpendicular to the muon spin direction.
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The muonium wave function ψ (r, t) is describe as

ψ (r, t) = ϕ (r )
4∑

k=1

ak (t) |k⟩ e−iWk t/ℏ, (2.24)

where ϕ (r ) is the spatial component of the wave function, |k⟩ are spin wave functions

defined in Eq. 2.7, and Wk are energy eigenvalues.

Time dependent state amplitudes of muonium are decomposed into the muon

decay component and the state transition component induced by the microwave field.

The muon decay operator is treated phenomenologically by

ȧk (t) = −1
2
γak (t) , (2.25)

and the state transition is expressed as

iℏ
∂ψ

∂t
=

(H +H ′) ψ (t) . (2.26)

By using Eqs 2.25 and 2.26, the time dependence of the state amplitude is given by

ȧk (t) = −1
2
γak (t) − i

4∑
i=1

aibik fik (t) , (2.27)

where

bik =
1

2ℏ
⟨i | H ′0 |k⟩ , (2.28)

fik (t) = e−i(ωik−ω0)t + e−i(ωik+ω0)t, (2.29)

ωik =
Wi −Wk

ℏ
. (2.30)

For a general microwave field B1 = Bx x̂ + By ŷ + Bz ẑ, the matrix elements bik are

shown in Table 2.1. In the table, the following definition is used,

B± = Bx ± iBy . (2.31)

The z axis is chosen parallel to B and the microwave field B1 is assumed to be

perpendicular to B. All diagonal elements of b as well as b42 and b24 are zero

30



because Bz = 0 in the experiment.

Table 2.1: Matrix elements bik .
k\ i 1 2 3 4

1
gJ µ

e
B + g

′
µµ

µ
B

4ℏ
Bz

sgJ µ
e
B + cg′µµ

µ
B

4ℏ
B− 0

cgJ µ
e
B − sg′µµ

µ
B

4ℏ
B−

2
sgJ µ

e
B + cg′µµ

µ
B

4ℏ
B+

(
c2 − s2

) gJ µ
e
B − g′µµ

µ
B

4ℏ
Bz

cgJ µ
e
B + sg′µµ

µ
B

4ℏ
B− −2sc

gJ µ
e
B − g′µµ

µ
B

4ℏ
Bz

3 0
cgJ µ

e
B + sg′µµ

µ
B

4ℏ
B+ −

gJ µ
e
B + g

′
µµ

µ
B

4ℏ
Bz

−sgJ µ
e
B + cg′µµ

µ
B

4ℏ
B+

4
cgJ µ

e
B − sg′µµ

µ
B

4ℏ
B+ −2sc

gJ µ
e
B − g′µµ

µ
B

4ℏ
Bz

−sgJ µ
e
B + cg′µµ

µ
B

4ℏ
B−

(
s2 − c2

) gJ µ
e
B − g′µµ

µ
B

4ℏ
Bz

The time dependent coupled equations for the state amplitudes is given by the

matrix

*........,

ȧ1

ȧ2

ȧ3

ȧ4

+////////-
=

*...........,

−γ
2

0 0 −ib14ei(ω14−ω0)t

0 −γ
2

0 0

0 0 −γ
2

−ib34ei(ω34−ω0)t

−ib∗14e
−i(ω14−ω0)t 0 −ib∗34e

−i(ω34−ω0)t −γ
2

+///////////-

*........,

a1

a2

a3

a4

+////////-
, (2.32)

in which,

b14 =
1

4ℏ

(
Bx − iBy

) (
cgJ µ

e
B − sg′µµ

µ
B

)
, (2.33)

b34 = −
1

4ℏ

(
Bx + iBy

) (
cgJ µ

e
B − sg′µµ

µ
B

)
. (2.34)

b∗14 and b∗34 are the conjugates of b14 and b34, respectively. The microwave power is

defined as

b14 = −b∗34 ≡ b. (2.35)

Clearly the state |2⟩ is decoupled from other states.

For the zero field case, B = 0 and the following relations hold,

ω14 = ω34 = 2π∆ν ≡ ω. (2.36)
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The three coupled equations can be reduced to an equivalent two-level problem. The

state amplitudes defined by the linear combinations

A+ =
1
√
2

(a1 + a3) , (2.37)

A− =
1
√
2

(a1 − a3) , (2.38)

satisfy the matrix equations

*....,
Ȧ+

Ȧ−

ȧ4

+////-
=

*......,
−γ
2

0 0

0 −γ
2

−i
√
2bei(ω−ω0)t

0 −i
√
2be−i(ω−ω0)t −γ

2

+//////-
*....,

A+

A−

a4

+////-
. (2.39)

Only the A− and a4 are coupled. The solution for the state amplitudes is

A+ (t) =
(

a1 (0) + a3 (0)
√
2

)
e−γt/2, (2.40)

A− (t) = *,
(

a1 (0) − a3 (0)
√
2

) (
cos
Γt
2
− i∆ω
Γ

sin
Γt
2

)
+ a4 (0) *,−i2

√
2b
Γ

sin
Γt
2
+-+- e−γt/2+i∆ωt/2,

(2.41)

a4 (t) = *,
(

a1 (0) − a3 (0)
√
2

) *,−i2
√
2b
Γ

sin
Γt
2
+- + a4 (0)

(
cos
Γt
2
+

i∆ω
Γ

sin
Γt
2

)+- e−γt/2−i∆ωt/2,

(2.42)

where

∆ω = ω − ω0 ≡ 2π∆, (2.43)

Γ =

√
∆ω2 + 8 |b|2. (2.44)

The state amplitudes a1 (t) and a3 (t) are given by

a1 (t) =
1
√
2

(A+ (t) + A− (t)) , (2.45)

a3 (t) =
1
√
2

(A+ (t) − A− (t)) . (2.46)
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2.5 Time Dependence of the Muon Polarization

The time dependence of the muonium state is described as

ϕ (t) = a1 (t) |1⟩ e−iW1t/ℏ + a2 (t) |2⟩ e−iW2t/ℏ. (2.47)

The number of muon polarized along the z axis is

Pz (t) = |a1 |2 − |a3 |2 + a∗2a4eiω24t + a∗4a2e−iω24t . (2.48)

The muon decay rate γ is relatively small compared to the HFS frequency ω24.

Therefore, the cross terms are negligible, and Eq. 2.48 becomes

Pz (t) = |a1 |2 − |a3 |2

= 2Re
(
a∗+(t)a−(t)

)
=

1

4

(
cos
∆ωt
2

cos
Γt
2
+
∆ω

Γ
sin
∆ωt
2

sin
Γt
2

)
e−γt . (2.49)

Then, the ensemble average of the muon spin polarization is

⟨Pz (t)⟩ = P
2

(
G+
Γ

cosG−t +
G−
Γ

cosG+t
)
e−γt

= Pz0(t)e−γt, (2.50)

where G± =
Γ ± ∆ω

2
, respectively.

2.6 Muon Spin Relaxation

Muonium depolarizes due to collisions and chemical reactions. The gas impurity

may increase the rate of the muon spin relaxation. One of the main source of high

spin relaxation is the oxygen contamination in the gas target. Considering the spin

relaxation rate λ, the time dependence of the muon spin polarization can be written
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as

P′z0 = Pz0e
−λt

=
P
2

(
G+
Γ

cosG−t +
G−
Γ

cosG+t
)
e−λt . (2.51)

2.7 Resonance Signal

The counting rate of the number of detected positrons is described as,

dN (ν, |b| , t)
dt

= N0
λ

2π
y2 (3 − 2y)

(
1 +

2y − 1
3 − 2yP′z0 (t) cos θ

)
e−γtdydΩ, (2.52)

in which dΩ is the infinitesimal solid angle and N0 is the number of muons stopped

in the gas target. Integrating Eq. 2.52 over y from the threshold energy y0 to 1 gives

the total number of detected positron as

N =
∫ ∫

N0
λ

4π
A0

(
1 + aP′ (t) cos θ

)
e−γtdtdΩ, (2.53)

where

A0 = 1 −
(
2y30 − y40

)
, (2.54)

a =
1 −

(
3y40 − 2y30

)
3A0

. (2.55)

The signal is expressed by the ratio of the number of detected positron with

and without microwave. The time development of the signal is described by the

microwave frequency ν and the intensity of the microwave magnetic field |b| as

Sdiff (ν, |b| , t) =
dNON/dt − dNOFF/dt

dNOFF/dt

=
N0,ON

∫ (
1 + aP′

2 C (ν, |b| , t) cos θ
)
e−γtdΩ − N0,OFF

∫ (
1 + aP′

2 cos θ
)
e−γt dΩ

N0,OFF

∫ (
1 + aP′

2 cos θ
)
e−γtdΩ

=
C (ν, |b| , t) − 1

2

aP′
S2
S1
+ 1

, (if N0,ON = N0,OFF), (2.56)
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in which

C (ν, |b| , t) =
G+
Γ

cosG−t +
G−
Γ

cosG+t, (2.57)

S1 =
∫

cos θdΩ, (2.58)

S2 =
∫

dΩ. (2.59)

The shape of the time differential signal is described by the summation of cosine

functions. Their frequency and height are related to the field intensity of the stored

microwave and the difference between the microwave frequency and the muonium

HFS frequency.

Calculation results of Eq. 2.56 for several microwave frequencies and microwave

intensities are plotted in Fig. 2.1. This signal expression is called the time differential

signal. This figure indicates the following fact. When the microwave frequency

is detuned from the muonium HFS frequency, the frequency of the component
G−
Γ

cosG+t becomes higher, and that of
G+
Γ

cosG−t becomes lower, while signal

heights of both components become lower. On the other hand, when the microwave

power is increased, both frequency components become higher frequency and their

signal heights become higher. The response to the signal form is obviously different

between the microwave frequency and the stored microwave power. Hence, the time

differential signal can extract the muonium HFS and the stored microwave power

from its shape at the same time.

The integral over time from t = 0 to t = ∞ is elementary. The integration result

is

Sint =
NON − NOFF

NOFF

=

aP
2 cos θ

1 + λ
γ +

aP
2 cos θ

−2 |b|2
(
γ′2 + 2 |b|2

)
(
γ′2 + 2 |b|2

)2
+ γ′2∆ω2

=

aP
2 cos θ

1 + λ
γ +

aP
2 cos θ

L (ν, |b|) , (2.60)

where γ′ = γ + λ. L is the Lorentzian function. This expression is called the time
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Figure 2.1: Time differential signals. The left side shows microwave frequency
dependence of the time differential signal when the microwave power |b| is 800 kHz.
The detuning frequency from the muonium HFS is represented in respective colors. The
right side represents microwave power dependence just on the resonance frequency. The
stored microwave power is represented in respective colors.

integral signal. The signal shape described in Eq. 2.60 is plotted with the frequency

difference between the microwave and the muonium HFS as the horizontal axis and

the signal height as the vertical axis in Fig. 2.2. The time integral signal follows a

Lorentzian function of which the center microwave frequency is equal to the muonium

HFS frequency.

However the signals observed in the measurement are more complicated because

the magnetic field intensity of the microwave varies with position. The integral of

the time differential signal over the cavity is described as

Sdiff (ν, t) =

∫ ∫ (
N0,ON(r, θ, z)

(
1 + aP′

2 C (ν, |b| , t) cos θ
)
− N0,OFF(r, θ, z)

(
1 + aP′

2 cos θ
))

dΩdV∫ ∫
N0,OFF(r, θ, z)

(
1 + aP′

2 cos θ
)

dΩdV

=

aP′
2

∫ ∫
N0(r, θ, z) (C (ν, |b| , t) − 1) cos θ dΩdV∫ ∫

N0(r, θ, z)
(
1 + aP′

2 cos θ
)

dΩdV
, (if N0,ON = N0,OFF = N0),

(2.61)

where dV is the infinitesimal volume.
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Figure 2.2: Time integral signals. Solid lines represent the Lorentzian signal without the
spin relaxation. Broken lines show the signal considering a spin relaxation coefficient
of 200 µs.
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For the time integral method, the muonium HFS frequency is determined by a

multitude of frequency data. Therefore, a microwave power variation with frequency

due to the frequency characteristics of the microwave cavity may shift the center value

of the Lorentzian function and results in one the source of systematic uncertainty.

On the contrary, the time differential method can determine the muonium HFS

frequency from a single frequency data. In addition, the time differential signal can

also extract the microwave power from the signal form at the same time. Thus, the

time differential method can eliminate the systematic uncertainty due to fluctuation

of the stored microwave power.
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Chapter 3

Experimental Procedure and
Apparatus

This chapter describes the experimental setup of the measurement of muonium HFS

at J-PARC Materials and Life Science Experimental Facility (MLF) Muon Science

Facility (MUSE). Figure 3.1 shows a schematic view of the zero field muonium

HFS measurement. A polarized muon beam is injected in a Kr gas volume, and

then muonium is formed in the cavity. The muon spin flip due to the microwave

is measured by two types of detectors. Well suppressed very weak magnetic field

was achieved by three layers of permalloy magnetic shield. A gas handling system

controlled and monitored the Kr gas pressure.

3.1 Coordinate System

In the following discussion, the coordinate system is defined as shown in Fig. 3.1:

the z-axis, the y-axis, and the x-axis are along the beam direction axis, the vertical

axis, and the horizontal axis perpendicular to the z-axis and y-axis, respectively.

3.2 Muon Beam Line

Figure 3.2 shows the schematic view of the MLF muon beam line [35]. A proton beam

injected into a graphite target produces surface muons with a momentum of typically

28.0 MeV/c, and then the D-Line transports the polarized surface muon beam to
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Figure 3.1: Schematic view of zero field experiment at J-PARC MLF MUSE. Muon
beam is injected from the left side and stopped in Kr gas. The number of decay positron
is counted by a silicon detector and two segmented scintillation counters.

the experimental area. The proton beam power was 150 kW in this experiment.

The repetition rate of the beam was 25 Hz. The typical number of muons at the

experimental area was 1.8 × 105 per pulse.

3.3 Magnetic Field Control System

For the zero field experiment, it is necessary to reduce the residual magnetic field

in the cavity from the surroundings. The magnetic shields and a field measurement

system are shown in Fig. 3.3. The magnetic shields consist of three layers of

permalloy plates. The permeability of permalloy was estimated as 12000. A coaxial

flux gate probe (MTI K. K. FM-3500) was used to measure the magnetic field. The

resolution of the probe was about 0.5 nT. The result of the magnetic field measurement

is shown in Fig. 3.4. A magnetic field of less than 350 nT was achieved, which is

about 1000 times smaller than without the three layers of magnetic shield. The

largest source of the magnetic field was from a thermocouple used to measure the

temperature of the cavity. The time fluctuation of the magnetic field during muonium
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Figure 3.2: Schematic view of a part of the MLF experimental hall No.1 [35].
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Figure 3.3: Three layers of magnetic shield and a field probe. The left picture shows
a downward view of the magnetic shields, and the right the magnetic probe attached to
the end of a moving pole.
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Figure 3.4: Result of the magnetic field measurement. The angle θ measures the rotation
angle around the beam axis, and the probe was set at 41 mm from the center. The largest
field source was from a thermocouple that was attached on the microwave cavity.
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Figure 3.5: Block diagram of the gas control system. TMP stands for a turbo molecular
pump. The gas pressure was monitored by a capacitance gauge.

HFS frequency measurements was monitored by the same probe. The measuring

interval was 5 sec.

3.4 Gas Control System

The muonium HFS frequency is shifted in the Kr gas due to collisions. The collision

rate depends on the Kr gas density, which can be calculated by knowing the gas

pressure and temperature. Therefore, the muonium HFS frequency depends on

the Kr gas pressure, and monitoring of the gas pressure is important to reduce

systematic uncertainty due to gas density shift. Figure 3.5 shows the diagram of

the gas control system. Scroll pumps and turbo molecular pumps were used to

evacuate the gas chamber. The gas pressure was monitored by a capacitance gauge

(ANELVA M-342DG) with a precision of 0.2% at 300 K. Figures 3.6 and 3.7 show

pictures of the Kr gas chamber and the gas control panel. On the upstream side, a

100-µm thick aluminum foil separates the Kr gas volume from the outside. On the

opposite side, there was a 55-mm thick flange, which also works as an absorber to
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Figure 3.6: Kr gas chamber. There was a aluminum foil as a beam window at the front,
and a chamber flange with a thickness of 55 mm as an absorber at the back.

cut off low energy positrons and duct streaming radiations.

3.4.1 Gas Selection

When positive muons stop in a gas target, muoniums are formed through the following

electron capture reaction,

µ+ +Kr→ Mu +Kr+. (3.1)

Muonium is formed in any one of the bound state. The ionization energy of muonium

EI (Mu) is 13.54 eV and that of Krypton EI (Kr) is 14.000 eV [36]. In order for a

muon to capture an electron from a Krypton atom to form muonium in the ground

state, the kinetic energy of the muon-krypton system in the center of mass (CM)

coordinate system must be greater than the threshold value

Et (CM) = EI (Kr) − EI (Mu) = 0.46 eV. (3.2)

The ionization energies and the threshold energies for muonium formation for several

atoms are listed in Table 3.1. Et is negative in the case of xenon, and muonium

formation is always possible energetically. For the experiment, krypton gas is suitable

44



To Kr Gas Chamber!

From Kr Gas Bottle!
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Figure 3.7: Kr gas control panel. A capacitance gauge was attached. The gas pressure
was controlled and monitored by this panel.

because the muonium production is highly efficient due to the low energy threshold

and the muonium momentum is low.

Table 3.1: Ionization energies, threshold energies, and fractions for muonium formation
in rare gases [37, 38].

Atom EI Et Muonium formation fractions
He 24.587 11.04 0
Ne 21.565 8.02 0.06 ± 0.05
Ar 15.760 2.22 0.74 ± 0.04
Kr 14.000 0.46 1.00 ± 0.05
Xe 12.130 −1.41 1.00 ± 0.04

3.4.2 Gas Impurity

Muonium is a highly reactive paramagnetic atom. In order to avoid depolarization

through collisions and chemical reactions, a pure inert gas, krypton, is used. Its purity

is better than 99.999%. The cross section of the electron-spin exchange collision

between muonium and molecular oxygen is very large (∼ 10−16 cm2) [39, 40].

Therefore, the molecular oxygen impurity must be kept very low.

The gas impurity was evaluated by using a quadrupole mass spectrometer.
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Figure 3.8: Gas impurity measurement in the gas chamber by Q-mass spectrometer
before filling Kr gas. The mass numbers 18, 28, and 44 represent water (H2O), nitrogen
molecule (N2), and carbon dioxide (CO2), respectively. The mass numbers 16 and 17
correspond to the fragments of H2O. The gas with mass number 30 came from a cold
cathode gauge, which was detached from the chamber during the HFS measurement.

Figure 3.8 shows relative pressures for each mass number before filling Kr gas

in June 2017. The result was consistent with a previous measurement in 2016. The

systematic effect due to the gas impurity is discussed in Ch. 6

3.4.3 Extrapolation to Zero Gas Density

The quantity of gas density shift was reported by Thompson et al . as follows [41],

∆νMu (D) = ∆νMu (0)
(
1 + aD + bD2

)
, (3.3)

where D is the gas density at 0 ◦C, a is the coefficient of the linear density shift, and b

is the coefficient of the quadratic density shift. a and b are experimentally determined.

Their values are a = −10.66 (10) × 10−9/torr and b = 9.7 (2.0) × 10−15/torr2.
Figure 3.9 shows a plot of the monitored gas pressure as the vertical axis and

the time as the horizontal axis, and the histogram of the gas pressure is shown in

Fig. 3.10. As a result, the fluctuation of the gas pressure is about 20 Pa.
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Figure 3.9: Time variation of monitored Kr gas pressure. The red line indicates the time
when the microwave frequency was changed.

The gas temperature was controlled by a chiller with a temperature feedback

system, and was also measured to calculate the gas density at 0◦C as shown in

Fig. 3.11. Fluctuation of the gas temperature was about 0.17◦C.

3.5 Microwave System

The probability of muon spin flip depends on the injected microwave frequency

and power. Therefore a stable microwave injection system is necessary. A signal

generator was used to control the power and frequency of the injected microwave. The

resonance frequency of the microwave cavity was tuned by a 20 mm×100 mm×5 mmt

aluminum plate and a piezo actuator. Figure 3.12 shows the circuit diagram of the

microwave system. The microwave from a signal generator (R&S SMBV-B106) was

amplified and injected to the cavity. A part of the microwave was picked up by an

antenna inside the cavity and monitored by a power meter (R&S NRP2).

3.5.1 Microwave Cavity

Two microwave cavities were produced. One is for the resonance mode TM110,

and its length and diameter are 230 mm and 81 mm, respectively, and the other

one is for the TM220 mode, and its length and diameter are 330 mm and 180 mm,

respectively. A TM110 cavity is easy to design because other resonance modes

47



Entries  1374
Mean   1.01e+05
Std Dev     35.35

100.9 100.95 101 101.05 101.1 101.15 101.2
310×0

50

100

150

200

250

300

350

400
Entries  1469

Mean   1.011e+05

Std Dev     16.58

Pressure (Pa)	

Figure 3.10: Representative histogram of the Kr gas pressure during the measurement.
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Figure 3.11: Representative histogram of the gas temperature.
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Figure 3.12: Schematic circuit diagram of the microwave system. The stability of the
input power was monitored by a power meter. The resonance frequency of the cavity
was tuned by an aluminum tuning bar.

are limited. However, the diameter of the cavity is smaller than the muon stopping

distribution. Therefore, many muons would stop on the wall of the cavity where

microwave is not induced and become background. On the contrary, the design of

a TM220 cavity is a little more difficult due to other resonance modes, however

almost all muonium can contribute by feeling the magnetic field of the microwave.

Therefore the signal to noise ratio is much improved.

The number of stopping muons in the cavity was estimated by a Geant4 simulation.

As a result, the ratio of the number of stopping muons to the number of injected

muons was 38.1% and 93.8% for the TM110 cavity and TM220 cavity, respectively.

The number of muoniums which feel the microwave magnetic field is increased by

2.5 times by using the TM220 cavity instead of the TM110 cavity. Namely, the

statistics is improved by 2.5 times.

In the previous experiment at J-PARC in June 2016, the TM110 cavity was used,

while the TM220 cavity was used in this experiment in June 2017. Pictures of the

TM220 cavity is shown in Fig. 3.13.
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Figure 3.13: The TM220 cavity. (a) shows an inside view of the cavity. There were
two antennas for injecting microwave and picking up a part of the stored microwave
in the cavity to monitor stored energy. The resonance frequency was controlled by an
aluminum tuning bar. (b) shows the whole cavity. There was a piezo positioner at the
top of the cavity used to move the tuning bar.

3.5.2 Distribution of the Microwave Intensity in the Cavity

It is important to understand the intensity of the microwave field distribution on

the resonance because the shape of the muon spin-flip resonance-signal depends on

the muon stopping distribution and the magnetic field distribution in the microwave

cavity.

For the TMmn0 mode of a cylindrical cavity [42, 43], the magnetic field in

cylindrical coordinates is described as

Hr = −A
jωϵ
k2c

m
r

Jm

(
jmn

R
r
)
sin(mθ),

Hθ = −A
jωϵ
k2c

jmn

R
J′m

(
jmn

R
r
)
cos(mθ),

Hz = 0,

ω2ϵ µ = k2c =
(

jmn

R

)2
. (3.4)
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Below is a variation of the expression in Eq. 3.4.

Hr = −A
jωϵ
2kc

(
Jm−1

(
jmn

R
r
)
+ Jm+1

(
jmn

R
r
))

sin(mθ),

Hθ = −A
jωϵ
2kc

(
Jm−1

(
jmn

R
r
)
− Jm+1

(
jmn

R
r
))

cos(mθ). (3.5)

The square of the microwave magnetic field intensity is

|H |2 = |Hr |2 + |Hθ |2

= A2ω
2ϵ2

4k2c

(
J2m+1

(
jmn

R
r
)
+ J2m−1

(
jmn

R
r
)
− 2Jm+1

(
jmn

R
r
)

Jm−1

(
jmn

R
r
)
cos(2mθ)

)
.

(3.6)

The quality factor, Q, is given by

Q = ω
W
P
, (3.7)

where W is total energy of the microwave in the cavity, and P is the input power.

Since the power of the magnetic field WM is equal to one of the electric field WE , W

can be described as

W = WE +WM = 2WM

= µ

∫
V
|H |2 dV

= A2ω
2ϵ2µ

4k2c

∫ R

0

∫ 2π

0

∫ h

0

(
J2m+1

(
jmn

R
r
)
+ J2m−1

(
jmn

R
r
)

−2Jm+1

(
jmn

R
r
)

Jm−1

(
jmn

R
r
)
cos(2mθ)

)
r drdθdz

= 2πA2h
ϵ

4

∫ R

0
r
(
J2m+1

(
jmn

R
r
)
+ J2m−1

(
jmn

R
r
))

dr

=
1

2
ϵA2V J2m+1 ( jmn) , (3.8)

in which V (= πR2h) is the volume of the cavity. Using Eqs. 3.6, 3.7, and 3.8, we
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Figure 3.14: Magnetic field intensity of the TM220 microwave cavity. In the calculation,
Q = 20000, and an input power P = 0.8 W were used.
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|H |2 = PQ
2ωµ
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)
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(3.9)

The calculation result of the magnetic field intensity for a TM220 cavity with a

diameter of 180 mm is shown in Fig. 3.14

The distribution of the magnetic field of the TM220 cavity was also evaluated

by using a simulation software (AER, INC. CST microwave studio). Figure 3.15

shows the results of the simulation. The result are almost consistent with the analytic

calculation, but the field of the microwave was rotated due to the tuning bar. The
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Figure 3.15: Simulation result of the magnetic field of the microwave by CST microwave
studio. The arrows indicate the direction of the magnetic fields and their sizes represent
the intensity of the magnetic fields. In the calculation, the aluminum tuning bar was
considered.

uncertainty of the microwave field rotation will be discussed in Sec. 6.1.

3.5.3 Measurement of the Quality Factor of the Cavity

It is important to measure the quality factor of the cavity because the stored energy

of the microwave in the cavity depends on it. The quality factor of the TM220 cavity

was calculated from the ratio of the reflected power to the injected power, which is

called S11 parameter, by using a vector network analyzer (VNA).

Figure 3.16 shows a block diagram of the quality factor measurement system.

The VNA was connected to the two antennas of the cavity. First, the tuning bar was

moved to the position where the S11 parameter was minimum at the target frequency.

Then, the quality factor was obtained by fitting the frequency dependence of the

S11 parameter as a function composed of a gaussian plus a linear constant as shown

in Fig. 3.17. The result of the quality factor measurement appears in Fig. 3.18.
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Figure 3.16: Diagram of the quality factor measurement

This result indicates that the quality factor depends on the resonance frequency of

the cavity. Therefore, the time integral method with a simple Lorentzian fitting is

inapplicable.

3.5.4 Microwave Power Monitoring

A part of the microwave was picked up by one of the antenna and monitored.

This monitor recorded the picked up microwave power with a time interval of

5 seconds. Figure 3.19 shows the time variation of the monitored microwave power.

A microwave power drop was observed in several measurements. This power drop

was caused by the thermal expansion of the cavity. The heat source was the injected

microwave power. This problem could be improved by using a water cooling system.

The systematic uncertainty of the power drop will be discussed in Ch. 6.

3.6 Positron Detector

Changes in the number of decay positrons by the muon spin flip were detected by

two types of detectors. One is composed of segmented scintillation counters with
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Figure 3.17: Representative result of the frequency characteristics measurement. The
microwave frequency of the signal generator was tuned to the peak which was obtained
by fitting. The quality factor was calculated from the peak height and width.
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Figure 3.18: Results of the quality factor measurement. The horizontal axis and the
vertical axis correspond to the results of the peak center and the quality factor obtained
in Fig. 3.17, respectively.

MPPCs. The other is a single-sided silicon strip detector. These detectors must be

stable in a high-rate counting environment caused by high-intensity muon beam. To

achieve this requirement, these detectors were highly segmented.

3.6.1 Segmented Scintillation Detector

This detector consists of 576 (24×24) plastic scintillators. The size of each pixel was

10 mm square and 3 mm thick. A multi-pixel photo counter (MPPC, Hamamatsu

Photonics K.K. S12825-050P-01) was connected to each pixel. In the experiment in

June 2017, these detectors were not stable due to a miss-operation of the high voltage

control, and after pulses were observed. This problem can be improved by providing

appropriate voltage to the MPPCs.
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Figure 3.19: Time variation of the picked up microwave power. (a) shows a representative
run in which the microwave power fluctuation was relatively small. (b) represents a run
where the microwave power was decreasing.

57



3.6.2 Single-sided Silicon Strip Detector

A silicon strip detector is very useful for experiments in which high-intensity pulsed

beam is used. The sensor is highly segmented with pitch in the order of 100 µm.

Therefore, the pileup rate is low. A silicon detector also has a good time resolution.

For precise time measurements, a silicon strip detector, which consists of

an original silicon strip sensor and an original readout circuit optimized for our

experiment, was developed.

The original silicon strip detector was mainly developed for the precise

measurement of the muon g−2/EDM at J-PARC. For this measurement, the detector

must measure the decay positron momentum, time, and the number of positrons.

The measurement environment is in a high magnetic field of 3 T, with high-rate

fluctuation during the measurement time from 1.4 MHz to 140 kHz, and in vacuum.

The requirements and conditions are similar in our measurement. Therefore, this

sensor is also suitable for our muonium HFS measurement.

Silicon Strip Sensor

Figure 3.20 shows pictures of the silicon strip sensor for the muon g − 2/EDM

experiment at J-PARC. The specification of this sensor is summarized in Table 3.2.

Table 3.2: Specification table of the silicon strip sensor.
Item Specification

Sensor type p on n, AC
Sensor size 98.77 mm × 98.77 mm

Sensor thickness 320 µm
Number of Strips 512 strips× 2 blocks

Strip pitch 190 µm
Strip length 48.575 mm

Backside metal Aluminum

The characteristics of this sensor are that it is divided into two blocks to improve

the strip occupancy, and that it is possible to connect the chips from either the

vertical or horizontal direction by its double metal structure. The detector electrical

characteristics was studied for quality assurance by a probing test as detailed in

Appendix B. The strip area is smaller than the pixel area of the segmented scintillator.
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Polysilicon resistance	 AC pad	

500 µm (inactive gap)	

Double metal structure	 Alignment mark	

190 µm pitch	

(a)	

(b)	 (c)	

Figure 3.20: The silicon strip sensor developed for the muon g − 2/EDM experiment
at J-PARC. (a) shows a picture of the whole silicon strip sensor, and (b) and (c) are
microscope views at the center and the corner of the sensor, respectively.
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Figure 3.21: Block diagram of SliT128A. The SliT128A is an analog/digital combined
type integrated circuit.

Readout Circuit

An original Application-Specific-Integrated-Circuit (ASIC) named “Slit” was

developed. The latest version of the Slit, which is named SliT128A, was produced.

The process of the SliT128A is Silterra CMOS 0.18 µm. The SliT128A is an

analog/digital combined type integrated circuit. The signal from the silicon strip

sensor is amplified, shaped, discriminated, and digitized, then the hit timing is

recorded with a 5-ns time stamp over a time range of 40.96 µs. Figure 3.21 shows a

block diagram of the SliT128A [44].

Four SliT128As were mounted on the circuit board, named multi-SliT128A board,

and were controlled and readout by a Field-Programmable Gate Array (FPGA,

XILINX ARTIX-7) directly mounted on the board. The chips were glued by a

conductive sliver paste (DOTITE D-500) to provide bias voltage, and connected to

the board with 25-µm aluminum wires. The FPGA communicated with a PC via an

optical fiber. Figure 3.22 shows a photograph of the multi-SliT128A board.

A performance test of the SliT128A was conducted by using test pulses. The

pulses simulated minimum ionization particle (MIP) positron signal. The results are

summarized in Table 3.3.

For the time differential method, the time calibration is important. The clock

for the multi-SliT128A boards was provided from a function generator (Tektronix

AFG3252C), which has on accuracy of 1 ppm. The effect of the uncertainty of the
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Figure 3.22: Multi-SliT128A board. Four chips were controlled by the FPGA.

Table 3.3: The results of the performance tests of SliT128A.
Parameter Performance

Dynamic range 4 MIP
Equivalent Noise Charge (ENC) 430 e−

Pulse width 155 ns
Time walk (0.5 - 3 MIP threshold) 11.5 ns
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Pitch adaptor	

Sensor board	
Multi SliT128A board	

Mother frame	

FPGA	

SliT128A	

Gluing	

400 mm 
160 mm 

Figure 3.23: Schematic view of the silicon strip detector. The silicon strip sensor
and two pitch adaptors were glued on the sensor board, and the sensor board and two
multi-SliT128A boards were glued on the mother frame made of aluminum. The sensor,
pitch adaptors and SliT128As were connected by wire bonding.

time calibration will be discussed in Ch. 6.

Silicon Strip Detector Construction

Figure 3.23 shows a schematic view of the design of the silicon strip detector for

this experiment. The sensor was glued on the sensor board, which also provides

bias voltage to the sensor. Eight SliT128A were mounted on two circuit boards to

readout the whole sensor. Both the sensor board and the two circuit boards were

glued on an aluminum mother frame as shown in Fig. 3.24. The silicon strip sensor

was connected to the chips via two pitch adaptors. The pitch adaptors have 512

lines to read out a half side of the strip sensor and their minimum line/space is

20/22.5 µm, respectively. Figure 3.25 shows pictures of the pitch adaptor, and a

picture of the constructed silicon strip detector is displayed in Fig. 3.26. For gluing

of all the boards, pitch adaptors, and sensor, an insulated epoxy adhesive (Araldite

Araldite2011) was used. This adhesive is a two-component liquid type, and it takes

about a day for solidification at room temperature after mixing.
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Figure 3.24: After gluing the sensor board on the aluminum mother frame. The mother
frame had notches and was shielded by a Kapton tape to avoid electrical contact with
the circuit boards.

Zoom	

Back side	

Figure 3.25: Pitch adaptor made by Fujikura K.K. The back side of the pitch adaptor
was made of a copper mesh structure to control the curvature.
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Silicon strip sensor	

Pitch adaptor	

SliT128A	

Figure 3.26: Completed silicon strip detector.

Before gluing the silicon strip sensor, the sensor quality was confirmed by the

measurement of the sensor electrical characteristics as presented in Appendix B.

Silicon Strip Detector Performance Test

The silicon strip detector performance was estimated by using a test pulse simulating

a minimum ionising particle (MIP) signal. Figure 3.27 shows results of the

performance tests for several SliT128A. We confirmed that the average equivalent

noise charge (ENC) was 1400 e−. A signal to noise ratio of 21 was obtained. An

uniform gain and an offset at 0.3 MIP threshold were also obtained. There were

some channel dependence on an unit of 32 channels. This was because by the power

supply to the chip that was not adequate to fully control the chips. This problem can

be improved by a circuit upgrade.

3.7 Data Acquisition System

Figure 3.28 represents a block diagram of the data acquisition (DAQ) system. The

DAQ system for the silicon strip detector was separated from that of the segmented

scintillators. The DAQ trigger was distributed from the 25 Hz beam pulse, and

was provided even when the muon beam was off, thus background level could be

monitored.
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Figure 3.27: Summary plots of the performance tests of the silicon strip detector: (a)
ENC distributions, (b) offset DAC distributions, and (c) gain distributions. For each
32 channels, there were some channel dependence due to a poor power supply, but this
could be improved by a circuit upgrade.
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Figure 3.28: Block diagram of the trigger logic circuit. Two computers were used for
the data acquisition. They also monitored the performance of the detectors.
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Chapter 4

Simulation Study

This chapter describes the simulation study for the zero field experiment at J-PARC.

First, the estimation of the positron hit rate of the silicon detector is described. Then,

the estimation of the signal shapes obtained by the time differential method and the

time integral method is discussed.

4.1 Simulation Setup

For the estimation of the muon stopping distribution and counting rate of decay

positrons, a Geant4 simulation was used. For the signal form simulation of the time

integral method and the differential method, the total number of detected positrons

subjected to the microwave spin flip was calculated by using the muon stopping

distribution from a Geant4 simulation, and then, the signal form was calculated by

using Eqs. 2.53 and 2.60. The total number of simulated muons was 7.8 × 1011.
The event display of the simulation is shown in Fig. 4.1. In the simulation, muons

were injected from the beam pipe. The beam width was assumed to be 21.7 mm in

the x direction and 19.6 mm in the y direction, and the value of the beam momentum

was assumed to be 28.0 MeV/c.

4.2 Estimation of the Counting Rate

The hit rate of the silicon detector for the experiment in June 2017 was estimated.

The number of muons in a bunch is expected as 1.8 × 105 at the experimental area
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Figure 4.1: Geant4 simulation event display. Blue lines and red lines indicate muon and
positron tracks, respectively.

when the proton beam power is 150 kW. Simulation results about the hit rate of the

silicon detector are shown in Fig. 4.2. This figure indicates that the strip position

dependence is negligibly small.

Average hit rate per strip per pulse was estimated to be 0.43 count. Therefore, the

number of detected positron by the whole silicon detector was assumed as 440 hit

per pulse.

4.3 Estimation of the Signal Shapes

The signal shapes in the time integral method and time differential method were

estimated by a simulation. The muon stopping distribution was estimated by using

Geant4 as shown in Fig. 4.3, and then, the number of positrons, which was counted

by a detector, was calculated by using Eq. 2.53. The solid angle covering the detector

and the microwave field distribution of the TM220 cavity discussed in section 3.5

were considered. The decay positron energy threshold, which is related to the signal

amplitude, was estimated to be 30 MeV from the range of positron in aluminum for
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Figure 4.2: Hit rate of the silicon detector estimated by a Geant4 simulation. (a, b) show
strip dependence of simulated hit rate. (c) shows the distribution of hit rate per strip.
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Figure 4.3: Simulation results for the muon stopping distribution. The left shows a
projection on the beam axis and the right a distribution in the cavity projected on the
plane perpendicular to the beam axis.

a flange with a thickness of 55 mm. The quality factor and stored microwave power

were assumed to be 20000 and 0.8 W as ideal values, respectively.

4.3.1 Time Integral Method

In the simulation, the number of detected positron was calculated from the microwave

field intensity and the number of stopping muon was simulated by Geant4. Then, the

total number of detected positrons was integrated over the space and fluctuated by a

Poisson distribution. Finally, the signal was calculated as (NON − NOFF) /NOFF and

was plotted with the signal as the vertical axis and the microwave frequency, ν0, as

the horizontal axis. For each frequency, 7.8×1010 muons were simulated.

The fitting function is expressed as

f int (ν0, p1, p2, ∆, λ) = p1
∑ aP

2 cos θ

1 + λ
γ +

aP
2 cos θ

−2 |p2b|2
(
γ′2 + 2 |p2b|2

)
(
γ′2 + 2 |p2b|2

)2
+ γ′2 (2π∆)2

, (4.1)

where p1 is the signal amplitude scaling factor, p2 is the power scaling factor,

∆ = ∆ν − ν0 is the difference between the microwave frequency and the muonium

HFS frequency, and 1/λ is the spin relaxation time. The values of p1, p2, ∆ν,

and λ are free fitting parameters. The other two parameters, which were the muon

decay rate γ and the spin relaxation rate λ, were fixed as the inverse of Eq. 2.2 and
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Figure 4.4: The simulation result of the time integral method. Amp. scale, pow. scale,
life, detu. freq., and relaxation refer to the parameters p1, p2, 1/γ, ∆, and 1/λ in Eq.
4.1, respectively.

1/200 µs−1, respectively.

The fitting function was not a single Lorentzian, but a summation of multiple

Lorentzians that varied with the microwave power that the muonium feels at different

location. It appears as the summation in Eq. 4.1.

Figure 4.4 shows the simulation results obtained by the time integral method. The

precision of the muonium HFS frequency obtained by the time integral method was

estimated to be 0.41 kHz. Note that this method is only applicable when the quality

factor and injected microwave power are constant during the whole measurement.

4.3.2 Time Differential Method

The time differential signal shape was estimated in the same way as the time integral

method. Simulation results of the time differential signals are plotted in Fig. 4.5

with the signal as the vertical axis and the time as the horizontal axis. The statistics

for each frequency was the same as in the simulation of the time integral signal.
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Figure 4.5: The simulation results of the time differential signal.

The fitting function is expressed as

fdiff (t, p1, p2, ∆, λ, t0) = p1

aP
2

∑
i

Ni

(
G+
Γ

cosG− (t − t0) +
G−
Γ

cosG+ (t − t0) − 1
)

Si

∑
i

Ni

(
1 +

aP
2

Si

) ,

(4.2)

where p1 is the signal amplitude scaling factor, p2 is the power scaling factor, ∆ is

the difference between the microwave frequency and the muonium HFS frequency,

λ is the spin relaxation rate, and t0 is the time when muonium is formed. These five

values are free fitting parameters. Ni and Si are the number of stopping muons and

the solid angle of the silicon strip detector, respectively. G± is expressed as

G± =
Γ ± 2π∆

2
, (4.3)

Γ =

√
(2π∆)2 + 8 |p2b|2. (4.4)

We developed a new method to obtain the muonium HFS frequency from multiple
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Figure 4.6: The simulation result of the multiple time differential method.

results of the time differential method. The muonium HFS frequency ∆ν is described

with the following equation,

∆ν = ν0 − ∆, (4.5)

where ν0 is the microwave frequency, and ∆ is the detuning frequency obtained by

fitting. However, only absolute value of the detuning frequency from the muonium

HFS frequency, |∆|, can be obtained in the time differential method. Thus, the

muonium HFS frequency is

|∆| = |ν0 − ∆ν | (4.6)

Figure 4.6 shows the simulation results of the multiple time differential method.

Eq. 4.6 was used as fitting function. Precision of the muonium HFS frequency by

the time differential method was estimated to be 0.34 kHz.

This result is just a particular case when the same data as the time integral method
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Figure 4.7: Relation between the detuning frequency and the precision of the obtained
muonium HFS frequency when a quality factor of 20000 and an injected microwave
power of 0.8 W are considered. The most precise point is when the detuning frequency
is set to 60 kHz.

are used. One of the most charming point of the time differential method is that the

muonium HFS frequency can be determined by only one frequency data. Figure

4.7 shows the relation between the detuning frequency and the precision of obtained

muonium HFS frequency by a simulation whose statistics for each point is the same

as the total statistics of the above simulations. This plot indicates that the most precise

data can be obtained when the detuning frequency is set to 60 kHz. Figure 4.8 shows

the time differential signal obtained by a simulation when the detuning frequency

is set to 60 kHz, and the precision of the obtained muonium HFS frequency was

estimated to be 0.13 kHz. This precision is 3.2 times better than that obtained by the

time integral method.
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Figure 4.8: The simulation result of the time differential signal when the detuning
frequency is set to 60 kHz. The red line indicates the fitting result.

4.4 Comparison of the Time Integral Method and the
Time Differential Method

By comparing with the precision of the time integral method, the precision of the

time differential method is 15% better when the same data set is used. Moreover, the

time differential method can determine the muonium HFS with only one detuning

frequency data. Accordingly, the time differential method can be used efficiently by

concentrating all data at the most sensitive detuning frequency, and the statistical

uncertainty would be drastically improved by 3.2 times compared to the time integral

method.

In addition, the microwave power can be obtained by the fitting of the time

differential signal. Therefore, it is possible that the systematic effect of the

variation of the microwave power can be eliminated by using the time differential

method. Consequently, the time differential method can improve both the systematic

uncertainty and the statistical error.
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Chapter 5

Experimental Data Analysis

The experiment of the muonium HFS measurement was conducted from June 13 to

June 19, 2017. This chapter presents the experimental data analysis of the silicon

strip detector and the resonance spectroscopy. First, the validation of the silicon strip

detector is described. Next, the stability check of the detector and the stored energy

in the cavity are described. Then, the analysis of the time differential method is

discussed.

5.1 Experimental Setup

The experiment was conducted at area D2 of J-PARC MLF MUSE. The measurement

period of the beam time was 30 hours for beam tuning and 100 hours for the muonium

HFS measurement. The experimental apparatus is described in Ch. 3.

5.2 Validation of the Silicon Strip Detector

Event loss or multi-count deforms the signal shape. This deformation may contribute

to the systematic uncertainty. Thus, validation of the detector is necessary. First,

strips of the silicon detector were qualified by the time over threshold (ToT)

distribution to mask noisy strips. Next, events with the same timing between adjacent

strips were merged to prevent multi-count. Then, the event loss was estimated by the

time distribution of clusters.
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Figure 5.1: Representative plots of ToT distribution. (a) Threshold was reasonable.
Noise and MIP signals were clearly separated. (b) Threshold was high, and the total
number of counts was small. (c) Threshold was low, and ToT cut was necessary to obtain
the number of signals. (d) Noise level was too high to distinguish signals from the noise.
These strips were masked in the following analysis.

5.2.1 Qualification of Strips

The SliT128A measured both the leading edge and trailing edge of signal pulses. The

ToT was calculated from the time difference between these edges. The ToT gave us

information on the charge distribution that depends on the noise level, signal height,

and pulse width. Therefore, we could evaluate the strips. Strips were classified into

four types by ToT spectra. Several typical ToT distributions are shown in Fig. 5.1,

and the number of strips and strip types are summarized in Table 5.1. In total, 89%

strips survived.
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Table 5.1: Strip types and the number of strips.
Threshold level Number of strips

High threshold level 20
Reasonable 714

Low threshold level 174
Too noisy 10

Dead 106
Total (alive / masked) 908 / 116
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Figure 5.2: Time difference between adjacent strips. A peak due to multi-hits appears
on the accidental coincidence floor.

5.2.2 Clustering

When a positron hits multi-strips, it is necessary to merge several hits to avoid

double counting. Figure 5.2 represents the distribution of the time difference between

adjacent strips for all events. As the plot indicates, there is a multi-hit peak with a

time width of ±20 ns on the floor due to accidental coincidence. Thus, multi-events

within ±20 ns on adjacent strips were merged.
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5.2.3 Time Distribution

Figure 5.3 shows the time distribution of the clustered events normalized by the

number of pulses. The first peak corresponds to the prompt electron beam generated

at the muon production target. The muon beam arrives at the Kr gas target 250 ns

after the prompt electron beam.

As a fitting result, we obtain a muon life time of 2198±1.6 ns. It is consistent

with previous measurements. The number of positrons hitting the whole sensor

is estimated to be 430 counts/pulse, which is consistent with the simulation result.

Namely, the maximum hit rate of decay positron is estimated to be about 0.2 MHz

per strip. Assuming a muon pulse width of 100 ns, the maximum event loss ratio

due to pile-up is estimated to be 0.02%. However, this result indicates that 14% of

decay positrons are lost at the beginning. This is caused by strips having a wide pulse

width. Typical distorted and non-distorted time distributions are shown in Fig. 5.4.

The effect of event loss for systematic uncertainty will be discussed in Ch. 6.

This problem could be solved by improving the board power supply to control better

the chips.

5.3 Stability of the Counting Rate and the Microwave
Power

Fluctuation of the beam power or the ground level of the detector could change the

counting rate and the signal shape. Fluctuation of the microwave power could also

distort the signal shape. For these reasons, it is important to validate the stability of

the counting rate and the microwave power.

For the validation, it is useful to compare two data with the same microwave

condition. If there is no fluctuation, the signal should be zero constant as shown in

Fig. 5.5.

Figure 5.6 shows the chi-square distribution when we assume the signal to be zero

constant. The data with a chi-square of more than 149, corresponding to 0.1 percent

probability equivalent, are discarded in the following analysis.
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Figure 5.3: Time spectrum of the silicon strip detector scaled by the number of pulses
with the microwave power off. The time zero was adjusted to the time when the muon
beam is injected to the Kr gas target. The red line shows the fitting result with an
exponential function from 5 µs. Extrapolation of the fitting result to the time zero is
represented with a green broken line.
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Figure 5.4: Typical time spectra (left) and ToT distributions (right) before clustering. The
top shows the data of a well controlled strip and event loss cannot observed. However,
there is more than 20% of event loss in the bottom plots. The pulse width estimated
from the ToT distribution is much wider than expected.
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Figure 5.5: The ratio of two data with the microwave power off. The red line indicates
the fitting result with a constant function. This result shows that there was no fluctuation
of the counting rate between the two data.

0 100 200 300 400 500 6000

20

40

60

80

100

hchi2_off
hchi2_off

Entries  810
Mean    121.9
RMS      28.8

hchi2_offOff-Off	

Chi square	
0 100 200 300 400 500 6000

20

40

60

80

100

120

140

160

hchi2
hchi2

Entries  1240
Mean    127.3
RMS     30.46

hchi2On-On	

Chi square	

Figure 5.6: Chi-square distribution when assuming fitting results of zero constant signals.
The left side shows data with microwave power off, and the right side data with microwave
power on.
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5.4 Analysis of Time Differential Signal

Figure 5.7 shows typical time differential signals. The time bin width is 100 ns before

10 µs, and rebined to 500 ns after 10 µs to reduce statistical uncertainty. For the

fitting, Eq. 2.61 and the minimum chi-square method was applied. The minimization

was carried out with the MIGRAD algorithm from MINUIT fitting software, and

then the MINOS algorithm was used to evaluate uncertainties of the parameter values

[45]. The microwave power distribution and the muon stopping distribution were

assumed to be the same as in the simulation results discussed in Sec. 4.3. There

are two types of parameters. One is common parameters to all measurements. The

signal amplitude factor, the time offset, and the spin relaxation coefficient are of this

type. The other is individual parameters to each measurement. The scale factor of

the microwave power amplitude and the detuning frequency from the muonium HFS

frequency are of this type. In total, we measured muonium HFS frequency at 44

detuning frequency points.

5.5 Analysis of Multiple Time Differential Method

The experimental data analysis is different from the simulation since we must consider

the gas density shift.

From Eq. 4.5 and Eq. 4.6, we obtain

∆νHFS (0)
(
1 + aD + bD2

)
= ν0 − ∆, (5.1)

or

��∆′�� = ���ν′0 − ∆νHFS (0)��� , (5.2)

where

∆
′ =

1

1 + aD + bD2
∆, (5.3)

ν′0 =
1

1 + aD + bD2
ν0, (5.4)
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Figure 5.7: Typical time differential signals. The frequency of the signal generator
was from the top, +23.10 kHz, −223.46 kHz, and −679.90 kHz from 4 463 302 kHz,
respectively. The red line represents the fitting results. Equation 4.2 was used as
the fitting function. The numbers, which are components of the muonium HFS, ∆ν,
represent from left to right the microwave frequencies, the detuning frequencies from
the fitting ∆′, and uncertainties obtained by fitting for each plot.
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Figure 5.8: Results of the multiple time differential method. The red line shows the
fitting result.

and ∆νHFS (0) is the muonium HFS frequency in vacuum.

Figure 5.8 shows a plot with the obtained detuning frequency from the muonium

HFS frequency by fitting as the vertical axis and the microwave frequency as the

horizontal axis. The pull distribution is shown in Fig. 5.9, and it indicates that the

fitting is good.
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Figure 5.9: Pull distribution of the time differential method analysis. The red line
represents the fitting result with a Gaussian function.
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Chapter 6

Results and Discussion

In this chapter, we discuss about systematic uncertainties, and the result of the

muonium HFS measurement in June 2017. Finally, we present some perspectives

for our experiment.

6.1 Systematic Uncertainties of the Previous Measure-
ment at J-PARC in 2016

Systematic uncertainty in the previous measurement at J-PARC in June 2016, were

estimated and reported by Kanda [46] as shown in Table 6.1. The muonium HFS

was extracted by the time integral method at that time.

Table 6.1: Systematic uncertainties of the muonium HFS measurement at J-PARC in
2016, in which the time integral method was used.

Item Contribution
Gas pressure extrapolation 66 Hz
Gas pressure fluctuation 6 Hz

Gas impurity 12 Hz
Static magnetic field 0 Hz
Muon beam profile 9.8 Hz

Detector pileup 2 Hz
Microwave power drift 26 Hz
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6.2 Systematic Uncertainties in 2017

The differences between the experiments in 2016 and 2017 are the analysis method,

detectors, and the microwave cavity. Therefore, it is necessary to estimate other

uncertainties arising from these differences.

For the time differential method, the signal shape is directly fitted, so unexpected

distortion of the signal becomes the main source of systematic. To put it the other way

around, understanding the signal deformation can reduce systematic uncertainties by

adding the effect to the fitting function.

Candidates of signal distortion not considered in the fitting were the event loss

due to pileup, the wrong assumption of the muon beam profile, the microwave power

distribution, and the uncertainty of the time calibration of the detector. Uncertainties

due to these effects are discussed later. In addition to these effects, the uncertainty

in June 2017 due to gas pressure fluctuation was also estimated.

6.2.1 Gas Density

As discussed in Sec. 3.4, the resonance frequency is shifted due to collisions

between the Kr gas and the muonium atom. The quantity of the frequency shift is

experimentally described in Eq. 3.3. There was a pressure fluctuation of about 20 Pa

as shown in Fig. 3.10 and its contribution to the uncertainty was estimated to be

7 Hz. This value was larger than in the previous experiment in 2016 because the set

temperature of the chiller was colder and a time variation of the gas pressure was

observed.

Furthermore, according to the data sheet, the accuracy of the capacitance gauge,

which becomes uncertainty due to extrapolation to zero gas density, was 0.2%. The

systematic uncertainty due to the accuracy of the capacitance gauge was estimated

to be 66 Hz. It was the same value as in the previous experiment.

6.2.2 Muonium Spin Depolarization

As discussed in Ch.3, gas impurity is the cause of depolarizing collisions and

chemical reactions and makes spin relaxation rate higher. The spin relaxation due to
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gas impurity was included in the fitting function and no effect was observed.

The initial depolarization of the muon, the wrong evaluation of the momentum

distribution of detected positron, and detecting decay positrons of muons which

decay in the wall of the cavity only lead to changes in the signal amplitude and was

considered in the fitting function. Therefore, systematic uncertainties due to the

muon spin depolarization were estimated to be nearly zero.

6.2.3 Wrong Assumption of the Microwave Power Distribution

The wrong assumption of the distribution of the microwave power felt by muonium

leads to signal shape distortion and becomes a source of systematic uncertainty. The

cause of a misassumption is mainly the microwave power drift and the application of

the wrong muon stopping distribution. As shown in Fig. 3.19, the microwave power

decreased by up to 50% during the measurements.

The difference of the microwave power distribution felt by muonium due to a

wrong assumption is shown in Fig. 6.1 for several situations. This figure indicates

that a microwave power drop was dominant to change the distribution. Therefore,

it is sufficient to evaluate the uncertainty due to a microwave power drop as the

uncertainty of the wrong assumption of the microwave power distribution.

The equation of the time differential signal of muonium which feels the microwave

with power |b| can be modified from Eq. 2.61 as,

dSdiff = K
*..,
1 + ∆ω√

∆ω2+8|b|2

2
cos *,

√
∆ω2 + 8|b|2 − ∆ω

2
t+-

+

1 − ∆ω√
∆ω2+8|b|2

2
cos *,

√
∆ω2 + 8|b|2 + ∆ω

2
t+- − 1

+//-
= K

*..,
1√

1 + 8|b|2
∆ω2

*..,
√
1 + 8|b|2

∆ω2 + 1

2
cos

*..,
√
1 + 8|b|2

∆ω2 − 1
2

∆ωt
+//-

+

√
1 + 8|b|2

∆ω2 − 1
2

cos
*..,
√
1 + 8|b|2

∆ω2 + 1

2
∆ωt

+//-
+//- − 1

+//- , (6.1)
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Figure 6.1: Microwave power distributions felt by muonium estimated by a simulation.
The black line shows the ideal distribution of the microwave power. The green line
indicates the microwave power distribution when the beam center was assumed to be
shifted by 10 mm. The red line shows the distribution when the microwave power was
assumed to constantly drop to 50% during the measurement. These distributions were
normalized by the number of muons in a pulse at 150-kW proton beam power. In this
experiment, the largest misassumption of the microwave power distribution was due to
the microwave power drop.
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where K is a time independent signal amplitude when the spin relaxation rate is

negligibly small and expressed as

K =
aP
2 cos θ

1 + aP
2 cos θ

. (6.2)

The equation 6.1 indicates that the angular detuning frequency, ∆ω, is dominant in

frequency of the cosine function when the microwave power, |b|, is larger than∆ω. To

put it the other way round, a lower detuning frequency is more strongly related to the

microwave power. Figure 6.2 shows a plot obtained by a simulation with the ratio of

the microwave power drop as the horizontal axis and the precision of muonium HFS

for each detuning frequency as the vertical axis. This plot indicates that the obtained

muonium HFS frequency is shifted by more than 5 kHz due to a microwave power

drop of 50% when the detuning frequency is set to 10 kHz. However, no significant

shift of more than 200 Hz is observed when the microwave power decreases by 10%

under a detuning frequency of 100 kHz, or even if the microwave power drops by

50% over a detuning frequency of 100 kHz. In this experiment, the microwave power

decreased up to 10% during the measurement with a detuning frequency was set to

under 100 kHz. Hence, the uncertainty due to a microwave power drop was estimated

to be up to 200 Hz.

6.2.4 Pileup Event Loss

In the experiment in 2017, the event loss of the silicon strip detector due to pileup

was estimated to be 14% at maximum from the time spectrum. By the way, when we

will use the MLF H-Line instead of the D-Line and the proton beam power increases

to 1 MW, the counting rate of the silicon strip detector will be 29 count/strip and the

event loss will be expected to be 36% at maximum. Hence, the systematic uncertainty

arising from event loss in this experiment was smaller than that of in the future. The

uncertainty due to the pileup event loss in future measurements was estimated.

Figure 6.3 shows a plot with the detuning frequency as the horizontal axis and

the precision of the obtained muonium HFS frequency as the vertical axis. For each

detuning frequency, the statistics is the same, so the detuning frequency dependence
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Figure 6.2: Relation between the ratio of the microwave power drop and the precision
of muonium HFS frequency for several frequencies obtained by a simulation.

appears to the error bar in this plot as discussed in Ch. 4.3.

As a result, no significant shift of the muonium HFS frequency was observed and

the systematic uncertainty due to pileup event loss was estimated to be 10 Hz in this

experiment. If the measurement is concentrated to the detuning frequency of 60 kHz

in the future, the systematic uncertainty would be 1 Hz.

6.2.5 Uncertainty due to the Time Calibration

Equation 6.1 can be re-written as follows,

dSdiff = K
*..,

1√
1 + 8|b|2

∆ω2

(A+ cos (A−∆ωt) + A− cos (A+∆ωt)) − 1
+//- , (6.3)

where A± =
√
1+8|b|2/∆ω2±1

2 , respectively. If ∆ω is changed, A± could stay constant

by optimizing |b| and K . Thus, this equation implies that the time spectrum of

the signal can be scaled in the time direction by shifting ∆ω, |b|, and K , which

are free parameters in the fitting function. Therefore, the uncertainty of the time
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Figure 6.3: Result of the event loss simulation plotted with the detuning frequency as
the horizontal axis and the muonium HFS frequency as the vertical axis. There is no
significant shift for any detuning frequencies.

calibration would directly be the systematic uncertainty, and its quantity depends on

the detuning frequency. For example, when the accuracy of the time calibration is

1% at 100 kHz detuning frequency, the systematic uncertainty of the muonium HFS

frequency would be 1 kHz. In this experiment, the detuning frequency was set to

less than 1 MHz and the accuracy of the time calibration, which was determined by

the accuracy of the frequency of pulse generator, was 1 ppm. Hence, the systematic

uncertainty due to the time calibration was estimated to be 1 Hz.

6.3 Results and Perspectives

6.3.1 Results of the Experiment at J-PARC in June 2017

As given in the above discussion, the total systematic uncertainty was evaluated to

be 200 Hz in this experiment. The result of our muonium HFS measurement in June
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2017 was

∆νMu = 4 463 302.2 ± 3.1 ± 0.2 kHz. (6.4)

where the first error is the statistical uncertainty and the second one is systematic.

The total uncertainty was 690 ppb. This value is consistent with the previous result at

LAMPF, and it corresponds to an improvement by a factor of seven from the previous

measurement at J-PARC. This improvement is caused by a time differential method,

using the TM220 cavity, and removal of a beam collimator. The precision in this

experiment would be improved twice compared to the previous experiment at zero

field if the measurement would run for the same period of time, and by using the

time differential method.

6.3.2 Future Perspectives

The summary tables of the statistical uncertainty and the different systematic

uncertainties are indicated in Table 6.2 and Table 6.3, respectively.

In the future, the power drop could be suppressed down to 0.02% by installing a

water cooling system to the microwave cavity, and also a microwave power feedback

system [47]. The simulation result plotted with the detuning frequency as the

horizontal axis and the precision of the muonium HFS frequency as the vertical axis

is shown in Fig. 6.4. It indicates that there is no significant shift when the detuning

frequency is set to more than 10 kHz. When the measurement is concentrated to a

detuning frequency set to 60 kHz, the systematic uncertainty due to a power drop of

0.02% was estimated to be 1 Hz.

Finally, we could achieve 24 Hz (5 ppb) for the statistical uncertainty by using

a higher proton beam power, spreading the active area of the silicon strip detector,

extending the measuring time, and using the H-Line that will provide a muon beam

intensity 10 times higher than that of the D-Line. The total systematic uncertainty

will also be improved to 10 Hz (3 ppb). Therefore, the muonium HFS frequency at

zero field could be measured with a precision of 26 Hz (6 ppb), which would be even

more precise than that of the high field measurement at LAMPF.
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Figure 6.4: Result of a simulation to estimate the systematic uncertainty due to a power
drop of 0.02%.

Table 6.2: Results in 2016, 2017, and prospects of muonium HFS frequency of the zero
field experiment at J-PARC.

June 2016 June 2017 Prospects
Analysis Method Time integral Time differential Time differential
Beam line D Line D Line H Line
Beam power 200 kW 150 kW 1 MW
Measurement time 8 hours 31 hours 80 days (1920 hours)
Microwave cavity TM110 TM220 TM220
Detector area 240× 240 mm2 98.77× 98.77 mm2 98.77× 98.77 mm2 ×4
Statistical uncertainty 22 000 Hz 3 100 Hz 24 Hz

Table 6.3: Systematic uncertainty table in this experiment.
June 2017 Prospects

Gas pressure fluctuation 7 Hz 7 Hz
Gas pressure extrapolation 66 Hz 7 Hz
Gas impurity 0 Hz 0 Hz
Static magnetic field 0 Hz 0 Hz
Microwave power drift (including muon beam profile) 200 Hz 1 Hz
Detector pileup 10 Hz 1 Hz
Time calibration 1 Hz 1 Hz
Total systematic error 200 Hz 10 Hz
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6.3.3 Idea to Extract More Information from the Time Differential
Signal

The time differential signal contains information of the microwave power, so it is

possible to extract the microwave power distribution felt by muonium and make the

analysis more rigid. The idea of extracting the microwave power information from

the time differential signal is discussed here.

Equation 2.61 can be re-written as follows,

Sdiff (ν, |b| , t) =
aP′
2

∫
N0(r, θ, z)

(∫
cos θdΩ

)
(C (t) − 1) dV∫ ∫

N0(r, θ, z)
(
1 + aP′

2 cos θ
)

dΩdV

=

∫
α (r, θ, z) C (t) dV + C, (6.5)

where

α (r, θ, z) =
aP′

2

N0(r, θ, z)
∫
cos θdΩ∫ ∫

N0(r, θ, z)
(
1 + aP′

2 cos θ
)

dΩdV
, (6.6)

C = −aP′

2

∫
N0(r, θ, z)

(∫
cos θdΩ

)
dV∫ ∫

N0(r, θ, z)
(
1 + aP′

2 cos θ
)

dΩdV
. (6.7)

Therefore, the integral of the time differential signal over the cavity becomes

Sdiff (ν, |b| , t) =
∫

a (ϕ) cos ϕt dϕ + C, (6.8)

in which a (ϕ) is an appropriate factor.

Equation 6.8 indicates that a time differential analysis can be converted into the

frequency spectrum by a Fourier transform.

Especially, when the microwave frequency is set precisely to the muonium HFS

frequency, the equation of the time differential signal can be described as follows,

Sdiff (|b| , t) =
∫

α (r, θ, z)
(
cos

(√
2 |b| t

)
− 1

)
dϕ. (6.9)

Equation 6.9 means that the time differential signal is a summation of cosines.

Its frequency and amplitude depend on the microwave power and the number of
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positron hits, respectively. Hence, the Fourier transform of the time differential

signal may become a strong tool to validate the dependence between the muon

stopping distribution and the microwave power distribution.
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Chapter 7

Conclusion

The muonium HFS is one of the key to search for new physics beyond the SM, and

more precise measurement is desired. For that purpose, the time differential spin

flip resonance method was developed. This method contains much more information

than the conventional method, named the time integral method, so the precision could

be improved dramatically. However, this method needs high statistics, detectors with

high-rate capability and good time resolution. Therefore, a silicon strip detector

optimized for high-intensity pulse beam was developed. This detector was used in

the experiment in June 2017.

First, the time differential method was developed by using a MC simulation.

The most charming point of the time differential method is that the muonium HFS

frequency can be determined by only one detuning frequency while the time integral

method needs multiple detuning frequency data. Taking advantage of this property of

time differential method, it is found that the time differential method can dramatically

improve the statistical uncertainty by 3.2 times compared to the time integral method.

Furthermore, the systematic uncertainty due to the microwave power variation with

frequency can be eliminated. Thus, the time differential method can drastically

improve the uncertainty compared to the time integral method.

Next, we applied the time differential method to the experimental data in June

2017. The result of the muonium HFS frequency measurement was

∆νMu = 4 463 302.2 ± 3.1 ± 0.2 kHz. (7.1)
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where the first error is the statistical uncertainty and the second one is the systematic

uncertainty. The precision of the result value was 690 ppb. This result is consistent

with the previous experiment at LAMPF, and would be twice better than the previous

experiment at zero field if the data were taken for the same period of time. Moreover,

by upgrading the experimental apparatus, the precision in the future was estimated to

reach 26 Hz (6 ppb) at zero field. This precision would be better than the precision

of the previous measurement of 12 ppb at high field. Only after the time differential

method is used, this can be achieved.
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Appendix A

Formula of Bessel Function

Bessel functions are solutions to the differential equation,

1

x
d
dx

(
x

d f
dx

)
+

(
k2 − n2

x2

)
f = 0, (A.1)

where k is a real number and n is an integer. One of the independent solution to the

equation, Jn, is called a Bessel function of the first kind, and the following equations

are useful.

Jn+1(x) =
2n
x

Jn(x) − Jn−1(x), (A.2)

J′n(x) =
1

2
(Jn−1 − Jn+1) , (A.3)∫ x

0
J2n (kt) t dt =

x2

2

{
J′2n (kx) +

(
1 − n2

k2x2

)
J2n (kx)

}
. (A.4)

Equation A.4 is called a Integral of Lommel.
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Appendix B

Silicon Strip Sensor Qualification

The electrical characteristics of the sensor was measured by using a micro probe

at Kyushu University. This measurement is important to check the sensor quality.

Table B.1 shows the results of the measurement. The sensor for the experiment was

chosen according to this qualification.

Table B.1: Electrical characteristics table of the silicon strip sensor.
Item Estimation Measurement

IV measurement N/A plateau observed
Bulk capacitance 3100 pF 3050 pF

Full depletion voltage ∼80 V ∼80 V
Interstrip capacitance 3.0 pF +α 7.1 pF
Coupling capacitance 164 pF 167 pF
Polysilicon resistance 5∼15 MΩ ∼12 MΩ
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Appendix C

Wire Bonding of the Silicon Detector

Figure C.1 represents a picture of the automatic small wire bonder (Orthodyne

Electronics 3700 plus) at Kyushu University. Figure C.2 shows a microscope view

during wire bonding. The silicon strip sensor and the readout ASIC are highly

integrated. Hence, fine pitch wire bonding is necessary to assemble the detector.

There are two types of wire bonding processes. One is a ball bonding process in

which heat is applied to melt the wire. The other is a wedge bonding process in

which only ultrasonic force is used. The former can damage the sensor because of

heat. Therefore, the wedge bonding process with thin aluminum wires was used for

wire bonding.

There were 3660 wires for the silicon strip detector. After the wire bonding, the

status of each wire was validated by visual check with a microscope as shown in Fig.

C.3.

C.1 Pull Test

There are several tests to optimize the bond parameters, which are the bond force,

ultrasonic power, bond time, loop height, and so on. For the tests, first, we check

wires with a microscope whether there is a crack at the bond heels and distortion of

the wire, then, we perform a pull test, which is one of the break tests.

A picture of the pull tester is shown in Fig. C.4. This pull tester can be controlled

precisely by an electrical moving stage. It is useful to disconnect wires touching each

other. Figure C.5 shows a schematic view of the pull test. The tension applied to the
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Figure C.1: Automatic wire bonder at Kyushu University.
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Wire cramp	

Wire guide	

Figure C.2: Microscope view during wire bonding.

Figure C.3: Visual check of the wire bonding with a microscope. The area of bonding
pads on the chip is 60 µm square. The red circle indicates a disconnected wire.
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Figure C.4: Hook of the pull tester at Kyushu University. The circuit board with a chip
is on the moving stage and remotely controlled.

bond heel is calculated as follows,

fwt = F

(
h2 + ϵ2d2

)1/2 (
(1 − ϵ ) cos ϕ + h+H

d sin ϕ
)

h + ϵH
, (C.1)

fwd = F

(
1 + (1−ϵ )2d2

(h+H)2

)1/2
(h + H)

(
ϵ cos ϕ + h

d sin ϕ
)

h + ϵH
. (C.2)

Figure C.6 shows a plot with the tension to the bonding heel as the vertical axis

and the hook position as the horizontal axis for several loop heights when the wire

is pulled straight up. The height difference between bonded planes, and the distance

between bonds are 300 µm. This figure indicates that higher loop height gives a

better result because the tension to the bond heels is smaller. In addition, this figure

also shows that the pull test result depends on the pull position. Therefore, the pull

position was fixed in the middle of a wire. As a result of the pull test, we obtained a

pull force of more than 9 gf for a wire loop height of 400 µm.
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Figure C.5: Schematic view of the wire pull test.

Force vs hook position
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Figure C.6: Correlation plot between the pull position and the tension applied to the
bond heels.
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Appendix D

Solid Angle Calculation for an Off-axis
Rectangular Detector

For a rectangular detector, which is set as shown in Fig. D.1, the solid angle is

calculated as follows.

Ω =

∫ β2

β1

∫ α2

α1

cos θ cos ϕ(
1 − sin2 θ sin2 ϕ

)3/2 dθdϕ (D.1)

= Sin−1 (sin α1 sin β1) + Sin−1 (sin α2 sin β2)

−Sin−1 (sin α1 sin β2) − Sin−1 (sin α2 sin β1) . (D.2)
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Figure D.1: Schematic view of an off-axis rectangular detector.
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