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Abstract

Along with remarkable attention to artificial intelligence technology in recent years, fur-
ther development of machine learning as its core technology is expected. In order to
realize highly accurate and advanced applications by machine learning, not only large-
scale datasets and complex modeling but also learning algorithms that work well for them
are necessary. In this thesis, we tackle this problem. The main body of the thesis is com-
posed of two parts. In the former part, we develop several efficient stochastic optimization
methods for large-scale problems by utilizing their structures such as convexity, smooth-
ness, finite-sum, and difference-of-convex structures. In the latter part, we propose learn-
ing methods for optimizing probability measures by extending optimization theory in the
case of finite-dimensional spaces to obtain highly accurate models. The other purposes
of the part are exploring the connection between optimization and sampling methods and
evaluating representational performance of neural networks having the residual structure.
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Chapter 1

Introduction

Artificial intelligence technology has been extensively developed due to rapid improve-
ment in computer performance and expansion of data storage capacity. For instance, the
accuracy of such techniques as image, character, and speech recognition are approach-
ing to the same level as human beings, and Al of board games like AlphaGO is growing
stronger than the top professional, moreover, vast studies on more sophisticated technolo-
gies such as automatic machine translation, data generations, autonomous robots, and
self-driving cars are now progressing. Machine learning has been received a lot of atten-
tion as a core technology of modern artificial intelligence. Typical goal of machine learn-
ing is to find a pattern or construct a function predicting unseen data from a given training
data. Various applications are constructed according to the combination of data type and
model type. This goal is basically achieved by modeling functions with finite-dimensional
parameters in Euclidean spaces and finding good parameters by minimizing the empirical
risk with some regularizations, which evaluates model fitness to a training data. Since the
risk we really want to optimize is the expected risk which corresponds to an empirical
risk with infinite samples almost surely at each parameter, large-scale datasets is required
to make the gap between an empirical risk and an expected risk sufficiently small and
to obtain good models providing better results. It is known that stochastic optimization
methods such as stochastic gradient descent are significantly useful (Bousquet and Bot-
ton, 2008) in solving large-scale problems thanks to cheap computational cost per iteration
compared to deterministic optimization methods including steepest descent and Newton
method. However, there is much room for improvement over stochastic gradient descent
even if problems are convex which is preferable structure for optimization methods. In ad-
dition, to obtain much higher accurate results than those of convex problems, complicated
modeling of functions is often required, which may be nonconvex and infinite-dimension
problems. As a result, optimization for such complex problems become harder than those
for finite-dimensional convex problems. Therefore, sophisticated optimization methods
are desired for solving such problems efficiently.

In this thesis, we tackle these problems by proposing new optimization methods for



1. Introduction

each problem setting and verify their effectiveness theoretically and empirically. The
thesis will make a first step toward my research mission to unravel the mystery of the
success of deep learning with stochastic optimization mathematically from the infinite-
dimensional optimization perspective. As for the importance of the optimization, Leon-
hard Euler mentioned ”Nothing in the world takes place without optimization, and there
is no doubt that all aspects of the world that have a rational basis can be explained by
optimization methods” (1774). 1 think this viewpoint is also valid in explaining machine
learning models and methods, which may include stochastic optimization methods not
only for learning model parameters but also for learning model structures. This intuition
is based on the belief and experience that the solution of the appropriate optimization
problem will have good mathematical properties as seen in Dirichlet’s principle, Hodge
theory, and so on. What kind of theory should be constructed for explaining deep neural
networks with the optimization? Since the optimization theory is basically a local theory,
it is common that only convergence to a local solution is guaranteed in the learning for
deep neural networks. The problem of whether or not the global optimum can be ob-
tained by stochastic optimization methods is really important for unraveling the property
of deep learning, hence problem settings and conditions to guarantee such a convergence
have been investigated in the literature. This line of research usually make extra assump-
tions to get closer to the goal, but, conversely, I believe it may be also important to relax
the conditions and investigate truly important properties. This is based on the idea that the
approach that looks opposite to the purpose is sometimes important as seen in the work
by Kiyoshi Oka, a mathematician in the theory of functions of several complex variables,
who accomplished a great achievement and succeeded in connecting the super local the-
ory and the global theory. There is also a famous episode that he gave Fields Medalist
Heisuke Hironaka this kind of advice. I refer the reader to essays (in Japanese) by Kiyoshi
Oka to learn his thoughts. I will summarize my achievement toward my mission at the
moment though it is far from their achievement, but believe we will get there someday.

Our contribution is mainly composed of two parts. In part I, we propose efficient
stochastic optimization methods for large-scale finite-sum convex problems and differ-
ence of convex problems, and show these methods provide faster convergence complex-
ities than standard optimization methods by utilizing these specific structures. In part L,
we extend problem settings from parameter optimization in a finite-dimensional space to
probability measure optimization in an infinite-dimensional space. Namely, we propose
new machine learning methods using functional gradients in infinite-dimensional spaces.
Since, this method basically performs in an infinite-dimensional space, it has much more
powerful optimization ability than that in a finite-dimensional one. We explain this phe-
nomena intuitively and theoretically and show how to overcome the limitation of finite-
dimensional methods by providing convergence analyses for several problem settings. We
remark that since the proposed methods are derived by extending optimization methods
in a finite-dimensional space in a natural way, it enable us to analyze the behavior of the
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proposed methods by leveraging the existing optimization theory. Moreover, we believe
that this attempt is useful for investigating the performance of specific deep networks and
the connection between some optimization methods and sampling methods.

Part [I: Stochastic Optimization Methods for Large Scale Problems

Chapter 2. The stochastic gradient descent (Robbins and Monra, T95T) is the workhorse
method for large-scale machine learning problems thanks to its scalability, applicability
for various problems, simplicity of implementation, and good performance. In chap-
ter 0, we briefly review stochastic gradient descent method to clarify our contributions
in Part I over this baseline and its several variants. Stochastic gradient methods were
called stochastic approximation in the early days, and analyzed in an asymptotic way
(Kushner and"Yin, 2003). Although such an analysis is still useful, recently provided
non-asymptotic analyses (Bach and Moulines, DOTT; Rakhlin ef all, P017; (Ghadimi_and
Lan, DOT3h; Botfou ef all, Z0TH) enable us to analyze stochastic gradient methods more
directly from traditional optimization viewpoint such as first-order optimization methods
mainly developed by Nesterov to derive convergence rates. We first introduce minimiza-
tion problems of an expected risk and an empirical risk which are main target of stochastic
gradient methods in machine learning context. We next introduce convergence criterion
for nonconvex and convex problems, and introduce two complexity measures named the
total complexity and the iteration complexity under stochastic optimization settings. The
theoretical performance of stochastic methods are evaluated by these complexities. Utiliz-
ing the above notions, we introduce existing convergence analyses for stochastic convex
and nonconvex problems in reference to Rakhlin ef all (2017); Ghadimi and Lan (20173h);
Boffon ef all (2016); Johnson and Zhang (2013) to give theoretical comparison with our
proposed methods later. We also introduce lower bounds on the complexities of spe-
cific algorithm classes for these problems. Finally, we explain the importance of variance
reduction for stochastic gradients based on these theoretical results to achieve better com-
plexities.

Chapter B. In this chapter, we focus on the regularized empirical risk minimization prob-
lem and propose a fast stochastic optimization method utilizing the finite-sum structure
and acceleration schemes. We first explain the tradeoff between stochastic gradient meth-
ods and deterministic gradient descent methods pointed out by Johnson and Zhang (20T13).
That is, the advantage of stochastic gradient descent over deterministic gradient descent
is a cheap computational cost at each iteration. In contrast, deterministic gradient descent
achieves the linear convergence rate for strongly convex problems at the price of heavy
cost at each iteration. Note that, due to the variance of stochastic gradients, stochastic
gradient descent obtains a slower convergence rate. To remedy this issue, lohnson and
/Zhang (20713) proposed stochastic variance reduced gradient (SVRG) and showed that
this techniques leads to the linear convergence. We briefly review these results. How-
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ever, it is known that the convergence rate of the gradient descent is not optimal and is
slower than accelerated first order methods such as Nesferov (1T9%73, 2004, 2013). There-
fore, a natural question arises whether the optimal iteration complexity can be achieved
by combining SVRG and such an acceleration method. Nifanda (2014) showed that it is
achieved by these two techniques with minibatching of reasonable size, maintaining the
same total complexity as SVRG. On the other hand, the optimal total complexity, which
is faster than SVRG, was given by Woodworfh and Srebrad (2016); [Arjevant and Shami
(2016) and achieved by several optimal methods (Shalev-Shwartz and Zhang, P0T4; [Cin
ef all, DOTY; Frostig et all, 20T95; Zhang and Xiad, P017; [ATlen-Zhu, P0T7). However, these
methods cannot achieve both optimal complexities simultaneously. More recently, M-
rata_and Suzuki (2017) showed that these optimal complexities are obtained by extending
the method (Nifanda, P(0T4) to doubly accelerated scheme. In this chapter, we show that
Acc-Prox-SVRG (Nifanda, 20T4) with or without an acceleration technique (Frostig et all,
20T15) also achieves the both optimal complexities like DASVRDA (Murafa and Suzuki,
2017). A notable common feature of Acc-Prox-SVRG and DASVRDA is minibatching.
Furthermore, we show the necessity of minibatching for the optimal iteration complexity
by giving lower-bounds on the minibatch size.

Chapter A. As mentioned above, several effective methods are recently proposed for
the smooth finite-sum problems (empirical risk minimization). SAG (Roux_ef-all, D017
Schmidf ef all, 201T7) and SAGA (Defazio ef all, 2014) are non-accelerated variance re-
duced methods achieving the same total complexity as SVRG for the strongly convex
problems. However, many problems arising in machine learning may be non-strongly
convex. An advantage of the SAG and SAGA is that they support general convex prob-
lems. More recently, Gong and Ye (2014) showed that SVRG has linear rate of conver-
gence under optimally strong convexity that is a quite weaker condition than the strong
convexity. In this chapter, we propose another acceleration method called AMSVRG
that incorporates different acceleration scheme from Acc-Prox-SVRG. We show that
AMSVRG has the similar feature as Acc-Prox-SVRG even for the optimal strongly con-
vex problems. In addition, we give a direct convergence analysis of AMSVRG for general
convex problems.

Chapter B. There is a strong need to develop better optimization methods for nonconvex
problems. Generally speaking, a nonconvex problem is really difficult to solve. However,
if the problem possesses a special structure, there is a possibility to construct effective
algorithms by making full use of this special structure. For instance, in the previous chap-
ters, we show that acceleration is realized by utilizing finite-sum structure. In this chapter,
we consider difference of convex functions (DC) programming (Taq, T986) as a special
structure. DC structure can be often encountered. Indeed, several tasks are formulated as
DC programming (see e.g., Argyriou et al] (2006), feature selection in support vector ma-
chines by e Thiefall (008)). DC algorithm (DCA) developed by Taa (T986) is the most
basic and practical method for solving DC program, which generates a sequence by solv-

10
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ing convex sub-problems by linearizing the concave part of objective successively. Due to
the simplicity, efficiency, and robustness, DCAs have been widely applied to many fields.
In this chapter, we introduce a more suitable variant of DCA called stochastic proximal
DC algorithm (SPD) which works effectively not only under a deterministic setting but
also a stochastic setting. We give convergence analyses of the method and show how the
convergence complexities would be improved by utilizing additional assumptions over
vanilla stochastic gradient descent. A main application treated in this chapter is training
Boltzman machines (BMs) that are energy-based generative models over binary observa-
tions and binary hidden units. Restricted Boltzmann machines (RBMs) and deep Boltz-
mann machines (DBMs) (Salakhufdinov_and Hinfon, 2009) are special forms of BMs.
These models are used for several purpose including dimension reduction, recommen-
dation, and unsupervised ensemble methods. However, training of RBMs and DBMs is
still quite difficult. We show the proposed method can be recognized an extension of
expectation-maximization (EM) and Monte Carlo EM (MCEM) algorithms on training
BMs. Although the effectiveness of EM algorithms on training BMs was known empir-
ically (e.g., Ikeda (2000); Yasuda and Tanaka (2008); [Yasuda ef all (2012)), they lack a
convergence analysis. In other words, we extend the EM algorithm on training BMs to a
more theoretically better method.

Part II: New Machine Learning Methods using Functional Gradient

Chapter B In this thesis, we point out that several problems in machine learning can be
formalized as problems of optimizing probability measures. Concretely, we treat three
tasks (ensemble method of classifiers, learning adversarial generative models, and func-
tional gradient boosting methods) and explain how these problems can be recognized as
optimization of probability measures. We first cast these problems as problems of op-
timizing transport maps in Lo-space with a given base probability measure to construct
computationally tractable methods and we propose variants of functional gradient meth-
ods. In this chapter, we introduce the most basic form of these methods by using simplest
formalization of the problem. We next give a convergence result by extending a noncon-
vex analysis introduced in Chapter [, naturally. Finally, we explain the connection be-
tween residual networks (He ef all, Z0T#) which is the state-of-the-art model in computer
vision and the proposed method. In other words, analyses in this part can bring theoretical
insight into prominent performance of residual networks. We moreover explain the rea-
son why proposed method has a superior optimization ability compared to that in a finite-
dimensional space. We here briefly review the literature in this line of research. From
the perspective of optimizing the probability measure, gradient-based Bayesian inference
methods (Welling and Teh (P0TT); Daief all (2016); Liu and Wang (2016)) are related to
ours. Stochastic variational gradient descent (SVGD) proposed in Liu and Wang (20T16)
is most related to our work. This work has a similar flavor to our method and convergence

11
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analysis from gradient flow perspective were also given in il (2017); Chen and Zhang
(2017). However, SVGD is specialized to minimizing the Kullback—Leibler-divergence.
In contrast, our method does not require special structure of a loss function and can be
applicable to a wider class of problems as shown in this thesis. We also remark the con-
nection with a normalizing flow (Rezende and Mohamed (2015)) that approximates Bayes
posterior through deep neural networks. Like the normalizing flow, our method constructs
a deep residual network as transport maps.

Chapter @. In this chapter, we consider ensemble learning problems with the L;-
regularization in an infinite-dimensional space of base classifiers; in other words, opti-
mization problems of probability measures to sample base classifiers contained in an en-
semble. Several methods (Schapire et all, T998; Mason ef all, P000; Friedman, 2001); Ben-
10 et all, 2006; Bach, 2014) for this problem have been proposed due to its better statisti-
cal performance (Schapire et all, T998; Kolfchinskii and Panchenkd, 2007; Barfleff ef all,
2006). Like boosting methods, these methods adopt the strategy that base classifiers are
added iteratively in a greedy fashion to avoid the difficulty of handling L,-regularization
in an infinite-dimensional space. In spite of the success of boosting methods in data anal-
ysis, it seems to be difficult to apply these methods for large-scale base classifiers such as
deep neural networks because the above methods require solving nonconvex subproblems
for adding base classifiers, which can become intractable. In this chapter, we propose a
new method called Stochastic Particle Gradient Descent (SPGD) for learning ensemble.
Our method adopt a completely different strategy as essentially explained in Chapter B.
This strategy is in opposition to existing methods that successively increase the number
of basis to be combined and easily executable compared to those. In the theoretical analy-
sis, we show the convergence of the proposed method by adapting the result described in
Chapter B to this problem setting. As a result, good convergence property as fast as that of
a stochastic optimization method for finite-dimensional nonconvex problems is obtained.
We also show the interior optimality property of the method which characterizes an opti-
mality condition considered in this chapter. We finally provide two practical variants of
SPGD method.

Chapter B. Generative adversarial networks (GANSs) (Goodtellow ef all, 2014) are con-
sidered as a promising scheme for learning generative models. GANs are composed of
two networks called a discriminator and a generator. These networks are trained in an
adversarial way. Generators generate samples to mimic real samples, whereas discrimina-
tors classify real samples and fake samples. Due to the success of generating high quality
images by GANs (Radford ef all, P0T6), many variants of GANs were proposed (Larsen
et all, 2016; Salimans et all, 2016; Nowozin ef all, P0O16; Chen et all, 2O16; [Zhang et all,
201°7). However, difficulty of training GANs also widely known. Some reasons for the
difficulty are high nonconvexity of an objective function and the limited representational
ability of the generator. In this chapter, we propose a new learning procedure to alleviate
the issues of limited representational power and local optimum by introducing a new type

12
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of layer called a gradient layer. The gradient layer finds a direction of improvement in
an infinite-dimensional space by computing the functional gradient. As shown in Chapter
B, since the functional gradient is not limited in the tangent space of a finite-dimensional
model, it has much more freedom and it can break the limit of the local optimum induced
by a finite-dimensional model. We theoretically justify this phenomenon from the func-
tional gradient method perspective and the property of Wasserstein distance. SteinGAN
(Wang and Liu, P0OT6) is closely related to our work and has a similar flavor. However, it
adopts different strategy for tracking gradient flow from our methods.

Chapter B. Since neural networks are highly flexible, an architecture search of networks
is very important. Indeed, several studies tackle this problem (Zoph and Le, P0T7; Cii
ef_all, DOT7, DOTY; Pham ef all, POTR). One way of architecture search (Bengio et al,
2006; Moghimi et all, 20T6; Corfes’ef all, P0T7; Huang et all, 20174) is based on boosting
theory where parts of neural networks are considered as weak learners and they are added
in a greedy way like boosting. In particular, Huang et al! (20173a) is interesting and related
to our work presented in this chapter, which explores residual network architecture with
respect to depth using boosting theory. Residual networks (He_ef all, P016) have achieved
great success in classification tasks as mentioned before. A notable feature of residual
networks is a special layer structure called skip-connection introduced by He ef-all (ZOT&)
to avoid the vanishing gradient problem, Thanks to their great performance, several vari-
ants of residual networks were proposed (Zagoruyko and Komodakis, P0T6; Xie ef all,
20717, Huang et all, 2ZOI7H). Moreover, several theoretical studies have been devoted to
reveal a reason of their success and analyze the structure of residual networks. There are
mainly two thoughts: one is the ensemble view and the other is the optimization view
based on ordinary differential equation. These viewpoints are reminiscent of gradient
boosting methods (Mason ef all, T999; Friedman, 200T) which are known to be most use-
ful in data analysis competitions. Although residual networks and gradient boosting are
state-of-the-art methods in different domains, there is an interesting similarity like this.
However, there are several differences between these two methods. In this chapter, we
propose a new gradient boosting method called ResFGB for classification tasks based on
these observations with theoretical guarantees. That is, the feature extraction gradually
grows by functional gradient methods in the space of feature extractions and a classifier
having residual network-like architecture is obtained. The expected benefit of the method
over existing gradient boosting methods is representational ability due to a deep architec-
ture rather than a shallow model. Indeed, superior performance of the proposed method
is verified in experiments.

Organization of the Thesis

The main body of this thesis is composed of our several works. Papers related to this
thesis are listed below.
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1. Introduction

e Chapter B is an extended work from Stochastic Proximal Gradient Descent with Ac-
celeration Techniques, A. Nitanda, Neural Information Processing Systems, 2014
(Nifanda, POT14).

e Chapter @ is based on Accelerated Stochastic Gradient Descent for Minimizing Fi-
nite Sums, A. Nitanda, Artificial Intelligence and Statistics, 2016 (Nifanda, DOTEH).

e Chapter B is based on Stochastic Difference of Convex Algorithm and its Applica-
tion to Training Deep Boltzmann Machines, A. Nitanda and T. Suzuki, Artificial
Intelligence and Statistics, 2017 (Nifanda_and Suzuki, P(0172).

e Chapter [1 is based on Stochastic Particle Gradient Descent for Infinite Ensembles,
A. Nitanda and T. Suzuki, preprint, 2017 (Nifanda and Suzuki, POT7h).

e Chapter B is based on Gradient Layer: Enhancing the Convergence of Adversarial
Training for Generative Models, A. Nitanda and T. Suzuki, Artificial Intelligence
and Statistics, 2018 (Nifanda and Suzuki, DOTSH).

e Chapter O is based on Functional Gradient Boosting based on Residual Network
Perception, A. Nitanda and T. Suzuki, International Conference on Machine Learn-
ing, 2018 (Nifanda and Suzuki, DOTRA).

Chapter [ is a brief literature review of stochastic gradient methods to clarify the
contribution of our work presented in Chapter B, d, and §. In Chapter B, a functional
gradient descent which is a commonly used notion in Chapters [, B, and 8 is explained
with its theoretical property which leads to deeper understanding of Part [.

The relationship between chapters is depicted in Figure [Tl

14



1. Introduction

Chapter 2 Chapter 6

Generalization

SGD

B Chapter 3

Gradient boosting

Infinite ensemble Generative model

Chapter 4

B8 Chapter 5

Finite-dimensional Infinite-dimensional

Figure 1.1: The organization of the thesis. FGD is the abbreviation for functional gradient
descent
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Part I

Stochastic Optimization Methods for
Large Scale Problems
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Chapter 2

Stochastic Gradient Descent

Stochastic gradient descent (Robbins and Monrd, T951)) method is the most popular and
useful stochastic optimization method for large-scale machine learning problems. In this
chapter, we briefly introduce several properties of stochastic gradient descent and several
important notions used frequently in this thesis. We first give problem settings to be
solved in machine learning. The ultimate goal of most machine learning problems is to
solve expected risk minimization problems. Let g(z, ) be a loss function that represents
fitness between models and data; smaller is better, where € R% is a parameter and & is
a random variable usually corresponds to a data. For example, for given data a € R? and
label b € R, if we set g(z, (a,b)) = (a’z — b)?%, then we obtain regression problem. If
we set g(, (a,b)) = log(1+exp(—bz"a)), then we obtain regularized logistic regression.
The expected risk minimization problem is defined as follows:

min {f(a:) def Elg(z, 5)}} , 2.1

z€ER4

where [E denotes the expectation with respect to &.

Although stochastic gradient descent can be applied for expected risk minimization
problems under appropriate settings, this problem is also sometimes intractable depend-
ing on an underlying distribution of £. Therefore, we often approximate an expected risk
using finite-samples (&;)”_, obtained independently from £. Namely, we use an empir-
ical risk which is the average of g(z,£) as a surrogate function and solve the follow-
ing empirical risk minimization problems with some regularization. We simply denote

gi(x) = g(z, &)
min {f(q:) def % Zgl(a:) + h(x)} : (2.2)

r€R4

where h : R? — is called regularization function that is used to prevent overfitting (Boiis-
quet and Elisseett, 20072; Mukherjee et all, P003; Sfeinwarf and Christmann, P00&; Shalev

Shwarfz_and Ben-David, 2014). Typical choices of & is h(z) = 3|z|li (|| - |1 is the

17



2. Stochastic Gradient Descent

Ly-norm) and h(z) = 3||z[|3. We call these regularizers L;-regularization function and
Ls-regularization function, respectively.

Stochastic gradient descent is the iterative method for solving both problems (PT)
and (Z72). Note that although we now explain stochastic gradient descent method for ex-
pected risk minimization problems (2-1), we can extend it to empirical risk minimization
problems (Z2) in an obvious way. We assume g(x, ) is differentiable with respect to x
and we denote its partial derivative by 0,g(z, ). Let k denote the iteration index, ;. be
the current iterate, and & be the random variable having the same distribution as . In
this thesis, we assume {{ } are independent. In stochastic gradient descent method, we
randomly choose the value & of £ at iteration £ and move the parameter x;, along the di-
rection 0,.g(xy, &) with sufficiently small step size 7, which is called learning rate. That

is, the update of stochastic gradient descent is described as follows:

Tt < T — Me0eg(Tk, &k).-

To introduce the convergence property of stochastic gradient descent, we give the
important notion of Lipschitz smoothness which is frequently used in this thesis. Let (, ),
and || - ||2 denote Euclidean inner-product and norm, respectively.

Definition 1 (Lipschitz smoothness). Let g : R? — R be a differentiable function. We
call that g is L-smooth if there exists a positive value L > 0 such that Vx,Vy € R¢,

IVg(x) = Vg(y)l < Lllz —yll2.

The Lipschitz smoothness implies very useful inequality for analyzing iterative opti-
mization methods. As for its proof, see Nesferov (2004).

Proposition 1. Let g : R? — R be an L-Lipschitz smooth function. Then, for Vx,Vy €
R% we get

9(0) — 9(x) — (Va(a),y — ), | < 5l — yll3

The convexity of functions is preferable for optimization methods because it may lead
to the global convergence property and faster convergence rate than that for nonconvex
problems. We here introduce the definition of convexity.

Definition 2 (Convexity). Let W € R is a convex set and g : W — R be a real valued
function. We call that g is convex if Vx,Yy € W and Vit € [0, 1],

g(te + (1 —t)y) < tg(x) + (1 —t)g(y).

Moreover, we call that g is p-strongly convex if there exists a positive value 11 > 0 such

thatVz, Yy € W and Vit € [0, 1],

gt -+ (1= 1)y) < tgla) + (1= 1)gly) — 5t~ D)l — ol
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2. Stochastic Gradient Descent

When g is differentiable, the condition of strong convexity is equivalent to the follow-
ing:
i
9(x) + (Vg(2),y = x), + Slly — 2[5 < gly) (Va,Vy e W),

When a function g is L-Lipschitz smooth and p-strongly convex, the ratio L/ called
condition number is defined, which is very important quality because this number usually
affects the convergence speed of gradient-based optimization methods. For more useful
inequalities of Lipschitz smooth function and (strongly) convex functions, we refer the
reader to Nesferov (2004).

2.1 Convergence Criterion and Complexity

Due to the difficulty of obtaining global minima of nonconvex problems, the expected
gradient norm E||V f(z)||3, where the expectation is taken with respect to random vari-
ables in a stochastic optimization method, is adopted usually as a convergence criterion
(Ghadimiand Tan, P0T3h) for nonconvex problems. Therefore, convergence criterion for
nonconvex problems is described as follows: for a given threshold € > 0,

E|[Vf()]3 < e

On the other hand, for convex problems, the objective gap f(z) — f., where f. =
inf,cga f(x), is adopted as a convergence criterion because global convergence is guaran-
teed in several optimization methods, that is, convergence criterion for convex problems
is described as follows: for a given threshold € > 0,

E[f(vx) — fu] <e

The performance of stochastic optimization methods is evaluated by a cost spent to
find an e-accurate solution in terms of the above criterion. There are two types of costs
commonly used in this literature; the first is total complexity that is the number of gradient
evaluations and the second is iteration complexity that is the number of updates of the
parameter. In this thesis, we use both types of complexities. We note that these qualities
coincide each other for the vanilla stochastic gradient descent, thus, we say simply the
complexity for such a case.

2.2 Convergence Analysis for Nonconvex Problem
Under Lipschitz smoothness assumption, a convergence analysis with several learning

rate strategies for nonconvex problems is provided in Ghadimi“and Tan (POT3H). We
introduce their result with a constant learning strategy in the following theorem.
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2. Stochastic Gradient Descent

Theorem 1 (Ghadimi and Tan (20130)). Let g(x, &) be L-Lipschitz smooth with respect
to x and the variance of stochastic gradient 0,g(x,£) is uniformly bounded by o> > 0,
that is, E||0,g(z, &) — V f(z)||3 < o for Vo € RY. Consider running stochastic gradient
descent for T iterations with a constant learning rate n;, = n > 0 from an initial point
x9 € RY. We assume f, = inf,cpa f(x) > —occ. Then, ifn < 1/L, it follows that

nLo?

12 2
T ;EHVf(xk)Hg < n_T(f(%) — f) + 5

By taking the sufficiently small learning rate, we can get the total complexity imme-
diately from this theorem.

Corollary 1. Let us make the same assumption as Theoremll. If we set a constant learning
rate ) = min {1, 75 }. Then, if T > “L(f(zo) — f.) max {1, "?2}, then we get

1 T-1
= DBVl < e
k=0

This corollary states that the total complexity of stochastic gradient descent to obtain
an e-accurate solution is at most O(Lo?/€?). In Chapter B, we further investigate noncon-
vex problems by utilizing specific structure called difference of convex (Taqa, T986).

2.3 Convergence Analysis for Convex Problem

There are mainly two types of convergence proofs of stochastic gradient descent for con-
vex problems; whether it relies on the smoothness or not. The smoothness does not always
accelerate the order of convergence rate in general stochastic optimization ([I'sybakov,
2003) except for specific functions, (for instance, Bach“and Moulines (2013) provides
convergence rates O(1/T") for the square and logistic losses without strong convexity) but
the proof based on Proposition [0 allows us to be free from a boundedness assumption on
gradient norms. In other words, proofs not relying on the smoothness for strongly convex
problems are valid only for the projected stochastic gradient descent introduced later, to
ensure the boundedness of gradients.

Since a convergence complexity of the order O(1/€?) for general convex problems
can be obtain immediately from Corollary [, we introduce a convergence analysis of or-
der O(1/¢) for strongly convex problems. We also note that following convergence rates
of stochastic gradient descent lead to those for non-strongly convex problems by reg-
ularizing techniques, moreover, recently proposed successively regularizing techniques
(Allen-Zhu_and Hazan, POTE) leads to those without log(1/¢€) factor unlike normal regu-
larizing strategy. For more direct analyses of projected stochastic gradient descent in the
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2. Stochastic Gradient Descent

case of general convex problems using the gradient boundedness, we refer the reader to
Nemirovskief all (200Y9); Bubeck (2Z015).

Theorem 2 (Boffon ef all (ZO16)). Let g(z, &) be L-Lipschitz smooth with respect to x and
f(z) be p-strongly convex. We assume that the variance of stochastic gradient 0,g(x, &)
is uniformly bounded by o* > 0, that is, E||0,g(x,&) — V f(x)|3 < o for Vo € R% We
assume f, = inf cgpa f(x) > —o00. Consider running stochastic gradient descent for T
iterations from an initial point x, € R%.

(i) If we use a constant learning rate ny, = 1 > 0 satisfying n < 1/L, then

nLo T-1 nLo?
E 1) — fi] < 1— — fu— .
[f(zr-1) = fi] < 2 + (1 —np) f(xo) = f o
(ii) If we use diminishing learning rates n, = % for some 5 > 1/ and v > 0,
satisfying no < 1/L, then
v

E[f(zr-1) — fi] <

v+ T
where

def { L0?
max {4 ————
2(Bpu—1)
From this theorem, we can immediately derive a corollary concerning complexities
by setting (i) 7 = min {5, 1} for the former part and (i) 8 = 2/p and v = 2L/p — 1
for the latter part. We denote the condition number by x = L/p.

Sy 1) () — ﬂ)} |

Corollary 2. Let us make the same assumption as Theorem [.
(i) If we set a constant learning rate 7, = min { 707 % , then complexities to obtain
e-accurate solution is

1+/<;max{1 U—Z}logw
’ME c .

(ii) If we set diminishing learning rates ny, = 2/(2k + k)u, then complexities to obtain

e-accurate solution is )
2K 20
2 {2 - 1)
€ 2

We next introduce convergence analysis not relying on the smoothness. Since analy-
ses of this type require the boundedness of gradients, the projected version of stochastic
gradient descent is essential and slightly better result than the above is achieved. Let
W C R< be a convex domain. Then, the update of projected stochastic gradient descent
is described as follows:

Tpy1 < Iy (l’k - ﬁkarg(xk? gk)) )
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2. Stochastic Gradient Descent

where 11,y is the projection operator onto a convex domain V. In Rakhlin"ef all (D0OT7),
the convergence rate O(1/T") of projected stochastic gradient descent with c-suffix av-
eraging is obtained for strongly convex problems without the smoothness. The a-suffix
averaging is defined by
- T1-a)T+1 T+ 27
T oT )

for a constant « € (0, 1) where we simply assume that 7" and (1 — «)7 are integers.

Theorem 3 (Rakhlin_ef all (2012)). Let f(x) be u-strongly convex and assume
E|0.g9(z,€)||5 < G* We assume f, = inf.cyy f(x) > —oo. Consider running pro-
jected stochastic gradient descent for T iterations with an initial point x, € R?. Then, we
get

2+ 25log (ﬁ) G?

o ul

E[f(@%,) — £ < 2.3)

We note that similar results to this theorem was given in Lacosfe-Tulien ef all (2012);
Bubeck (2019). Moreover, the rate of O(1/7") was also obtained in Nemirovski ef all
(2009) for strongly convex problems when the optimal point is an interior in }V, but it
requires both the boundedness assumption on gradients and Lipschitz smoothness. A
result concerning a complexity is obtained as follows.

Corollary 3. Let us make the same assumption as Theorem B. Then, a complexity to
obtain e-accurate solution by a-suffix projected stochastic gradient descent is

2+25log (%) G2
o e’

2.4 Optimal Complexity for Stochastic Convex Problems

According to Nemirovskirand Yudin (TY83); [Agarwal et al] (2009), optimal complexities

to obtain e-accurate solutions are
L 2
O ( it a—2> (2.4)
€ €

in the case of stochastic convex problems and

2
9, (, R (£> + U—) (2.5)
1 € JLE

in the case of stochastic strongly convex problems. Note that the above rates are essen-
tially composed of a deterministic (bias) and stochastic (variance) optimization terms.
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2. Stochastic Gradient Descent

Indeed, these rates correspond to deterministic optimal rates were obtained in Nesferov
(T9R3, 2004) when o0 = 0 and it is known that accelerated gradient methods (Nesferov,
19873, 2004) achieve these optimal rates.

In a stochastic optimization case, we notice that stochastic gradient methods achieve
(asymptotic) optimal rates from the previous analyses. A non-asymptotic analysis was
originally provided by Bach and Moulined (201T). More precisely they showed that
stochastic gradient descent with a constant small learning rate achieves an optimal rate for
stochastic strongly convex problems though it may be unstable and the Polyak-Ruppert
averaging (Ruppert, T988; Polyak and Juditsky, T997) variant achieves optimal rates for
both stochastic strongly convex and non-strongly convex problems.

Although stochastic gradient descent methods are basically asymptotic optimal in
terms of only stochastic terms which are dominant in (2-4) and (Z35), there are some
methods that achieve optimal rates in terms of both deterministic and stochastic terms.
Such methods are called uniformly optimal (Nemirovskii and Yudin, T983). For instance,
AC-SA (Ghadimi_and Tan, 2013d) and ORDA (Chen ef all, 2017) and their multi-stage
variants (Chen ef all, PDO172; (Ghadimiand Tan, P013a) are uniformly optimal.

For the non-strongly convex least squares regression problems, a much improved op-
timal complexity was shown. It can be obtained by combining the optimal deterministic
optimization term (Nesferov, T983) and the optimal stochastic term ([I'sybakov, 2003):

O -+— . (2.6)

We notice that this bound achieves a rate of O(1/¢) without strong convexity. In Bach
and Moulines (2013), asymptotic optimal complexity of averaging stochastic gradient de-
scents without strong convexity was shown, but the deterministic term was O(1/¢) which
is slower than that of (ZZf). More recently, the uniform optimal complexity (Z-6) was
achieved by accelerated stochastic averaged gradient descent (Dienlevenf ef all, ZOT7).

2.5 Variance Reduction Methods

As argued earlier, convergence rates of stochastic optimization methods are essentially
sum of the deterministic and stochastic optimization terms. Thus, variance reduction
techniques are important to accelerate the convergence speed of these methods. The sim-
plest method is minibatching that is a simple modification of the methods. While in
vanilla stochastic gradient methods, deterministic gradients are approximated by stochas-
tic gradients consisting of a single instance, in minibatch methods, stochastic gradients
are computed by multiple instances to reduce the variance of estimators. One benefit
due to minibatching is speeding up by parallel computing of stochastic gradients. In this
viewpoint, total computing time is almost proportional to the iteration complexity and its
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2. Stochastic Gradient Descent

theoretical limit corresponds to the deterministic optimization (bias) term in its complex-
ity. Since the stochastic term is much slower than deterministic term usually, very large
minibatch size is required to achieve this limit for sufficiently small €. For example, the
iteration complexity of the uniformly optimal methods with minibatch size b is

2
O (1/£10g (£> +a_> ;
I € 1be

thus, minibatch size for reaching the optimal iteration complexity is

ol ((5=(5))

This size is unrealistic for a small precision €. Therefore, estimating sufficient mini-
batch size to achieve the optimal iteration complexity is an important problem. We tackle
this problem in Chapter B and @ by combining other variance reduction techniques.

-1
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Chapter 3

Accelerated Variance Reduced
Stochastic Gradient Descent I

Proximal gradient descent and stochastic proximal gradient descent are popular methods
for solving regularized risk minimization problems in machine learning and statistics. In
this chapter, we propose and analyze an accelerated variant of these methods in the mini-
batch setting. That is, the method incorporates three techniques: Nesterov’s acceleration
method, a variance reduction for the stochastic gradient, and minibatching. We show that
our method can achieve both the optimal total and iteration complexity simultaneously by
utilizing these techniques. Furthermore, we show the necessity of minibatching for the
optimal iteration complexity by giving lower-bounds on the minibatch size.

This chapter is based on the work Stochastic Proximal Gradient Descent with Accel-
eration Techniques, A. Nitanda, Neural Information Processing Systems, 2014 (Nifanda,
2014).

3.1 Overview

In this chapter, we focus on the regularized empirical risk minimization problem:

min { f(z) = g(x) + h(z)}, (3.1)
where ¢ is the average of the smooth convex functions g, ..., g, from R? to R, i.e.,
g(z) = 3" gi(x) and h : R? — R is a convex function. We assume that / can

be non-differentiable, but relatively simple which means that proximal operator can be
computed efficiently. Typical examples of h are L,-regularization function A||z||; and Lo-
regularization function $ ||z||3, where A > 0 is a regularization parameter. Since / may be
non-differentiable, we consider (stochastic) proximal gradient descent rather than vanilla
(stochastic) gradient descent in this chapter. The definitions of the proximal operator and
(stochastic) proximal gradient descent will be given in the next section.
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3. Accelerated Variance Reduced Stochastic Gradient Descent 1

The advantage of stochastic proximal gradient descent over its deterministic variant
is that at each iteration, it only requires the computation of a single gradient Vg;, (xy).
In contrast, each iteration of proximal gradient descent evaluates the n gradients. Thus
the computational cost of stochastic gradient per iteration is 1/n that of the exact gradi-
ent. However, due to the variance introduced by random sampling, stochastic proximal
gradient descent obtains a slower convergence rate as shown in the previous chapter.

Under the smoothness and the strong convexity assumptions, (proximal) gradient de-
scent with a constant learning rate 7, = %, where L is the smoothness parameter, achieves
a linear convergence rate. On the other hand, for stochastic (proximal) gradient descent,
because of the variance introduced by random sampling, we need to choose diminishing
learning rate 1, = O(1/k) or small learning rate depending on the required optimization
accuracy e, and thus the stochastic (proximal) gradient descent converges at a sub-linear
rate.

To improve the stochastic (proximal) gradient descent, we need a variance reduc-
tion technique, which allows us to take a larger learning rate. Recently, several stud-
ies proposed such variance reduction methods for the various special cases of (B1). In
the case where g;(x) is Lipschitz smooth and h(x) is strongly convex, Shalev-Shwarfz
and Zhang (20172, POT36) proposed a proximal stochastic dual coordinate ascent (Prox-
SDCA); the same authors developed accelerated variants of SDCA (Shalev-Shwartz and
Zhang, P013a, P0T4). Ronx ef all (2017) proposed a stochastic average gradient (SAG)
for the case where g¢;(x) is Lipschitz smooth, g(x) is strongly convex, and h(z) = 0.
These methods achieve a linear convergence rate. However, SDCA and SAG need to
store all gradients (or dual variables), so that O(nd) storage is required in general prob-
lems. Although this can be reduced to O(n) for linear prediction problems, these methods
may be unsuitable for more complex and large-scale problems. More recently, Tohnson
and Zhang (2013) proposed stochastic variance reduction gradients (SVRG) for the case
where g;(z) is L-Lipschitz smooth, g(z) is p-strongly convex, and h(x) = 0. SVRG
achieves the following total complexity (total number of component gradient evaluations
to find an e-accurate solution) and the iteration complexity (the number of iterations to
find an e-accurate solution)

0 ((n 1 k) log (1)) and O </f10g (1)) |

respectively, where k is the condition number L /. Note that this method need not store
all gradients unlike SAG, Furthermore, X1ao and Zhang (2014) proposed a proximal vari-
ant of SVRG called Prox-SVRG and showed that it achieves the same complexity as
SVRG.

However, this iteration complexity is slower than the optimal iteration complexity

(Nesferov, 2004):
1
0 (ﬂlog (—)) .
€
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3. Accelerated Variance Reduced Stochastic Gradient Descent 1

We can show that this complexity is not reached by SVRG even if utilizing the minibatch
because SVRG is an stochastic variant of deterministic gradient descent.

On the other hand, the following lower bounds on the total complexity has been shown
for the problem (Bl) (Agarwal and Bottou, 2014; Woodworfh and Srebra, P016; [Arjevani

and Shamir, ZO16).
1
Q (n + v/nklog (—)) .
€

It is well known that the optimal iteration complexities is achieved by deterministic
acceleration methods (Nesferov, 2004, 2005, 20T3; Allen-Zhu_and Orecchid, 2014, As
for the optimal total complexity, several studies (Shalev-Shwartz and Zhang, P014; Lin
ef all, DOTS; Frostig et all, POTY; Zhang and Xiag, 20177; Allen-Zhui, 2(017) have proposed
the optimal methods in terms of this complexity.

However, these methods cannot achieve both optimal complexities simultaneously.
More recently, an exceptional method was proposed by Murafa _and Suzuki (2017),
namely, they showed that these optimal complexities are obtained by extending Acc-Prox-
SVRG (Nifanda, 20T4) to doubly accelerated scheme.

In this chapter, we first introduce the method Accelerated Mini-Batch Prox-SVRG
(Acc-Prox-SVRG), which is originally proposed in a short version of this work (Nifanda,
2014). Acc-Prox-SVRG incorporates two acceleration techniques in the mini-batch set-
ting: Nesterov’s acceleration method (Nesferov, 20004) and an variance reduction tech-
nique of SVRG (Johnson and Zhang, ?0T3). We show that the total and iteration com-
plexities of this method with reasonable minibatch size O(+/k) are

0 ((n T #)log (1)) and O (mog (1>) |

Moreover, we show that Acc-Prox-SVRG with APPA (Frostig et all, 20TY) using the
optimal minibatch size O(/n) achieves the following total and iteration complexities.

0 (i vt (1)) w0 (vite (1))

Namely, the optimal total complexity and the optimal iteration complexity are achieved
up to a logarithmic factor simultaneously like DASVRDA (Murafa_and Suzuki, POT7). A
notable common feature of our method and DASVRDA is minibatching. In this chapter,
we show the necessity of minibatching by providing a lower-bound on the minibatch size
for achieving the optimal iteration complexity, and show that these two methods achieve
it by the optimal minibatch size.

A short version of this work have been published at NIPS 2014 (Nitanda, D014). Ex-
tensions from the conference paper are: (i) both the optimal total and iteration complexi-
ties are achieved by applying APPA to Acc-Prox-SVRG with the efficient minibatch size
O(y/n) in the case of k > n, (ii) we show that this minibatch is a lower bound to achieve
the optimal iteration complexity.
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3. Accelerated Variance Reduced Stochastic Gradient Descent 1

3.2 Preliminary

In this section, we introduce some notions, assumptions, and methods used in this chapter.
Since h can be non-differentiable, vanilla gradient descent and stochastic gradient descent
are not directly applied to the problem (BIl) as mentioned earlier. Thus, we first introduce
the proximal operator and proximal variants of (stochastic) gradient descent.

The definition of the proximal operator is

. 1
pros() = argunin { 1 — 1P + (o) |
zcRd

In (stochastic) proximal gradient descent, the updated is constructed by the composition of
(stochastic) gradient step and the proximal operator. Namely, proximal gradient descent
is performed as follows; at iteration £ = 1, 2,. . .,

Tk41 = ProxX, j (xk - ng(fEk)) )

and stochastic proximal gradient descent is performed as follows; at iteration k£ = 1,2, .. .,
we pick i; randomly from {1,2,...,n}, and take the following update:

Tg41 = Prox,, p (zr — Vi, (1)) -
In this chapter, we make the following assumptions to provide a convergence analysis.

Assumption 1. Let L and i be positive values such that L. > u. We assume that each
convex function g;(x) is L-Lipschitz smooth and g(x) is p-strongly convex, that is, it
follows that

6(z) < 9ilw) + (Vau(y). 2 — )y + 5z — I’
9(2) = g(y) + (Vo(y).o = y)y + Slle =yl

Assumption 2. The regularization function h(x) is a lower semi-continuous proper con-
vex function; however, it can be non-differentiable or non-continuous.

3.2.1 Stochastic Variance Reduction Gradient

In this section, we briefly review stochastic variance reduction gradient (SVRG) (Iohn-
son and Zhang, 2013). To ensure the convergence of stochastic gradient descent, the
learning rate must decay to zero so that we reduce the variance effect of the stochastic
gradient. This slows down the convergence. Variance reduction techniques (Iohnson and
Zhang, P0T3; Xiao and Zhang, ?014; Konecny and Richtarik, P0173; Konecny et all, PZ016)
such as SVRG have been proposed to solve this problem. We introduce prox-SVRG in a
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3. Accelerated Variance Reduced Stochastic Gradient Descent 1

minibatch setting. Prox-SVRG is a multi-stage scheme. During each stage, this method
performs m-iterations of stochastic proximal gradient descent using the following direc-
tion,

vp = Vr, (2r) — Vg, () + Vg(2),

where 7 is a starting point at stage, k is an iteration index, I, = {i1, ..., ,} is a uniformly
randomly chosen size b subset of {1,2,...,n}, and f;, = %22:1 fi,- Note that vy,
is an unbiased estimator of gradient Vg(zy): Ej [vx] = Vg(zy), where E;, denotes

the expectation with respect to I;. The overall procedure of SVRG is summarized in
Algorithm [II.

Algorithm 1 Proximal Stochastic Variance Reduced Gradient (Prox-SVRG)
Input: the number of outer-iterations 7', the number of inner-iterations m, learning rate
7, mini-batch size b, and initial point 2,
for s=1to 1 do

T 4+ Tg

U4 i Vail@)

T1 < &

for £ =1 tom do
Randomly pick subset I, C {1,2,...,n} of size b
Vg < ngk (yk) - ngk (i’) + v
Tky1 < ProX,, (Y — nvr)

end for

~ 1 m—+1

Toy1 ¢ 72D peo Tm
end for

Return 274

Under the smoothness assumption, it is shown that variances of v approach to zero as
optimization proceeds and SVRG with b = 1 achieves total complexity of O((n+#)log %)
and iteration complexity of O(x log %) for the strongly convex problems, where « is the
condition number (for the proof, see Johnson and Zhang (?013); Xiao and Zhang (2014)).

3.2.2 Accelerated Proximal Gradient Descent

In this section, we briefly introduce accelerated proximal gradient descent (APG) (Nes-
rerov, 2004). In APG, two sequences of parameters are updated rather than one se-
quence like usual gradient descent, to accelerate the convergence speed of gradient de-
scent method. Indeed, for Lipschitz-smooth and strongly convex function g, it is shown
that APG achieves the optimal iteration complexity of O(y/klog(1/€)), where & is the
condition number. We note that the proof of this convergence rate is essentially included

29



3. Accelerated Variance Reduced Stochastic Gradient Descent 1

in that of our method proposed in the next section. The overall procedure of APG is
provided in Algorithm D

Algorithm 2 Accelerated Proximal Gradient Descent (APG)
Input: the number of iterations 7', learning rate 7, non-negative sequence 1, ..., B,
and initial point x

Y1 < 21
for s=1to 7T do
Vs < g1, (ys)
Tst1 ¢ Prox,, (ys — nos)
Ys+1 < Tst1 + ﬁs(xs+1 - xs)
end for
Return 744

3.2.3 APPA Acceleration

In this section, we introduce a technique APPA (Frostig et all, POT5) that is a meta-
algorithm to accelerate an existing optimization methods. For instance, in the case of
k > n, the total complexities of SAG, SAGA, MISO, and SVRG are improved from
O(rlog(1/e)) to O(y/nklog(1/e)), that is, they reach the optimal total complexity up to
a logarithmic factor. In APPA, the objective function Bl with a proximal term at a cur-
rent iterate is approximately minimized successively by using an existing method and an
acceleration step is taken. The overall scheme of APPA is described in Algorithm 3. We
denote by F¥ the infimum inf,cra Fi(x), where F; is defined in Algorithm B.

The following lemma is key result to derive a total complexity of an optimization
method accelerated by APPA. Concretely, Lemma [ gives an iteration complexity of Al-
gorithm B ignoring a complexity of an inner-solver M.

Lemma 1 (Frostig et all (2015)). Suppose that f is p-strongly convex and v > 3u/2.

Consider Algorithm B. If a generated sequence {ws}fjl satisfies the following

3
Blf )] - < 1 (25 ) (Bw) - F). (32)
Then, there exists a positive value Cy which only depend on wq such that
E[f(w,)] - f. < (1 Ny )Soo. (3.3)
2\ p+2y

From this lemma, we can get the complexity of APPA for the case of v > 3u/2:
1
0 (ﬁ oz (1)) (3.4)
i €
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Algorithm 3 APPA
Input: the number of iterations 7, strong convexity j, positive parameter v > 2u
inner-solver M, the number of iterations 7'y, for M, and initial point w;

_ P2y
" 2,“4 1
(=Lt
V1 < Wy

fors=1to7.do
1 p
—1/2 Ws + W”s

Zs —
Solve %flre followinglproblem approximately by running M starting from w; for T-
iterations:
Wasr 4 Argmingega Fu(2) S f(z) + 3|z — 2
gs < V(25 — Wey1)
V1 ¢ (1 — pil/Q)Us + P71/2(y5 —(9s)
end for
Return wr, 14

Note that although we here incorporate APPA, Catalyst in Lin“ef all (2015, 2OT7)
which is another proximal acceleration scheme also has a similar property.

3.3 Accelerated Mini-Batch Prox-SVRG

In this section, we give a detailed description of the proposed method called accelerated
proximal SVRG (Acc-Prox-SVRG). Since we are attempting to get the optimal iteration
complexity with reasonable minibatch size, we incorporate (Nesferov, 2004) and prox-
SVRG (Xiao and Zhang, P0T4). Acc-Prox-SVRG is a multi-stage scheme like prox-
SVRG. During each stage, this method performs m-iterations of APG by using variance
reduced stochastic gradient with minibatch:

vk = Vr,(yx) — Vo, (Z) + Vg (), (3.5)

where [, = {iy,...,4,} is a randomly chosen size b subset of {1,2,...,n} and g;, =
% 22:1 gi;- At the beginning of each stage, the initial point x; is set to be Z, and at the
end of stage, x is updated. Conditioned on y;, we can take expectation with respect to
I;, and obtain Ej, [vx] = Vg(yx), so that vy is an unbiased estimator. As described in
the next section, the conditional variance E;, ||vx, — Vg(yx)||* can be much smaller than
Ei|[Vgi(yr) — Vg(yx)||* near the optimal solution. The overall procedure of Acc-Prox-
SVRG is given in Algorithm 8.

In our analysis, we focus on a basic variant of Algorithm B with 3, = ;% We note
that Acc-Prox-SVRG can be further accelerated by applying APPA in an obvious way:
running Algorithm B using Algorithm @ as an inner-solver M.
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Algorithm 4 Acc-Prox-SVRG
Input: the number of outer-iterations 7', the number of inner-iterations m, learning rate
n, mini-batch size b, non-negative sequence (/5;)7" ,, and initial point
for s=1to 7T do
T 4 Ty
U % > i1 Vi)
Ty =Y <@
for £ =1tomdo
Randomly pick subset I, C
vk < Var, (k) — Vo, (T)
Tk+1 € Prox,, (Yx — nvr)
Ykl < Trp1 + Be(Tpy1 — Tp)
end for

Tsq1 & Tyl
end for
Return 2744

{1,2,...,n} of size b
+ v

Table 3.1: The best achievable total and iteration complexities.

Algorithm Condition  b,m n Total complexity Iteration complexity
Acc-Prox-SVRG  n>k  O(Vk) O (1) O (nlog (1)) O (Vrlog (1))
With APPA < O(/m) O() O(vamlog(t)) O (vrlog(L))

3.4 Analysis

In this section, we present our analysis of the convergence rates of Algorithm B and it with
APPA under Assumptions [ and 2. All missing proofs are provided in the Appendix of this
chapter. We summarize the best achievable complexities derived in this section in Table
B71. Note that the optimal total and iteration complexities are obtained simultaneously up
to a logarithmic factor. The notation O hides logarithmic terms of y and ~y (parameter of
APPA).

We first give useful notion estimate sequence which was developed to prove fast con-
vergence rate of APG (Nesferov, 20004). In the following analysis, we may omit the outer
index s for notational simplicity. By the definition of a proximity operator, there exists a
subgradient & € Oh(xg1) such that

i1 =Yk — 1 (06 + &) -
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We define the estimate sequence @, (z) (k=1,2,...,m+ 1) by
Di(x) = flar) + Slle — o]
0
Pppa(w) = (1= VEm@e(w) + VEnign (ve) + (vr @ = vy + 5 lle = uill”
+ h(:L’;H_l) + <§k,l’ — l‘k+1>2}, fOT k 2 1.
We set

®; = min $y(x) and z, = argmin Oy (z).
zER? zER4

Since V2®,(x) = pl,, it follows that for V2 € R?,
Oy (z) = gux—zky\2+cp;. (3.6)

The following lemma is the key to the analysis of our method.

Lemma 2. Consider Algorithm B under Assumptions I and Q. If n < S, then for k > 1

we have o
E [®4(2)] < f(z) + (1= /)" (&1 = f)(2), 3.7
* — k—1-1 pl—pn 2 2
BLf(e] B |8+ 3 -1 - Vi {55 =l + V() = v }] (.8)
where the expectation is taken with respect to the history of random variables I, . . . , [}._.

Note that if the conditional variance of v; is equal to zero, we immediately obtain a
linear convergence rate from inequalities (3~7) and (B=8). Our bound on the variance of vy
is given in the following lemma.

Lemma 3. Consider Algorithm B under Assumption . Let x, = argminf(z). Condi-
zeR
tioned on y, we have that

In—1»
Erllve = Vo (yi)|* < P

(2L2[lys — el + 8L(f(w) — f(a) + f(F) — f())) -

Utilizing these lemmas, we can give the convergence rate of Algorithm 8.
Theorem 4. Consider Algorithm B. Suppose Assumption I and @ hold. Let n <

min {(%2 (2—;17)2 &, ﬁ} and 0 < p < 1. Then we have

E [f(Z.1) - J ()] < ((1 — (L= p) /)" + %) 2+p)(f(&) - (). (39)
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1

Moreover, if m > ) Vi

log %, then it follows that

From Theorem B, we can see that for small 0 < p, the total and iteration complexities
of Acc-Prox-SVRG are (total number of component gradient evaluations to find an e-
accurate solution) is

o((v+ () o (1)

Thus, we have the following corollary:

Corollary 4. Consider Algorithm B. Suppose Assumption [l and D. Let p be sufficiently

— min J @2 (n=1)2 p L
small, as stated above, and n = min { (nfb) 725 3f

o } If mini-batch size b is smaller

than [W:—#’lﬁr&/ﬁ-" then the learning rate 1 is equal to % (2_31))2 L and the total

and iteration complexities are

(vt () o)

Otherwise, n = % and the total and iteration complexities become

0 ((n by log (%)) and O (\/Elog <%>) .

We denote by = W?ﬁ—#ﬁ&/ﬁ and note that by = O (min{n, /x}). From Corollary 8,
the total and iterations complexities of Algorithm B decrease monotonically with respect
to b when b < [by| and the total complexity increases monotonically when b > [bg].
Moreover, if b = 1, then Algorithm @ has the same complexities as that of Prox-SVRG,
while if b = n then the complexities of this method are equal to those of APG. Therefore,
with an appropriate mini-batch size by, Algorithm @ may outperform both Prox-SVRG and
APG. Even if the mini-batch is not appropriate, then Algorithm 8 is still comparable to
Prox-SVRG or APG. The following total and overall complexity are achieved Algorithm

@ by setting b = b,

0 (G + vty (1)) ndo (wintyzny s (1))

€
Therefore, we see that the optimal total and iteration complexities are achieved simul-

taneously up to a logarithmic factor by Algorithm B with an efficient minibatch size of
b= O(y/k) whenn > k.
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We next derive complexities of Algorithm B with APPA from results introduced in
Section in the case of n < k. To do so, we specify complexities of Algorithm & for
solving subproblems with required accuracy (B2) by APPA. Since g;(z) + %||z — z||? is
L +~-smooth and g(z) + ||z — z||* is 11 4 y-strongly convex, the condition numbers of

subproblems are x’ &f % We assume 7 > 3//2 below.

By choosing p to be satisfied 2p(2+p)/1—p < 1/2, we see that the objective F; can be
halved by running Algorithm B with the setting: b = O(min{n, v/x'}),n = O(1/(L+7)),
and m = O(v/x'), Moreover, we note that the number of outer iteration of Algorithm @
to satisfy requirement (82) is O(log(y/p)). Thus, by combining these observations and
(B4), we can immediately obtain an iteration complexity of Algorithm B with APPA:

oy ()

Setting 7 = < — p under the ill-conditioned case of n < &, we see b = O(y/n),
n=O(1/(L — u)), and m = O(y/n). Moreover, we conclude that the optimal total and
iteration complexities are achieved simultaneously up to a logarithmic factor when n < k
by Algorithm B with APPA under these settings,

o (v (1) mio (e (2)

3.4.1 Fast Iteration Complexity and Necessary Minibatch size

As mentioned above, Nesterov’s acceleration achieves the best iterations complexity
(Nesterov, 2004) for deterministic optimization problems. As for a specific class of
stochastic optimization methods, we can also confirm that the same lower bound on the
iteration complexity is held. We first consider the class A of first-order stochastic opti-
mization methods that correspond to deterministic methods when the variance of stochas-
tic gradients are zero. Then, for any method M € A, we can choose an objective function
g such that the deterministic variant of M needs the iteration complexity O(+/rx log(1/¢))
to minimize g. Thus, considering the empirical minimize problem derived by setting
g; =g foralli € {1,...,n}, the same lower bound is provided for the class A.
However, unlike deterministic optimization methods, this lower bound cannot be ob-
tained by direct application of Nesterov’s acceleration to vanilla stochastic methods with-
out the variance reduction. Moreover, we observe Nesterov’s acceleration with either
SVRG with minibatch size of 1 or only reasonable size minibatching is not enough to
achieve the optimal iteration complexity from the analysis in the previous section and
Coffer ef all (ZOTT). Namely, under stochastic setting, we observe that (i) Nesterov’s ac-
celeration + small mini-batching may have the almost same convergence rate as that of
SGD as indicated by Coffer ef all (201T)), (ii) Nesterov’s acceleration + SVRG without
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mini-batching has the same iteration complexity as SVRG, as shown in this chapter, (ii1)
mini-batching + SVRG has the almost same iteration complexity as deterministic gradient
descent because SVRG is a stochastic variant of it. On the other hand, by combining three
techniques: Nesterov’s acceleration, mini-batching, and SVRG, our method achieves the
optimal iteration complexity with the efficient minibatch size O(y/k) or O(y/n), as shown
in the previous section. These observations leads to the conjecture that we need not only
SVRG but also mini-batching to obtain sufficiently small variance for the acceleration
scheme. We support this observations for a specific algorithm class rigorously by giving a
lower bound on the minibatch size for achieving the optimal iteration complexity. Let b be
a positive integer and .A be a set of first-order stochastic optimization methods satisfying
the following properties.

e The total complexity is lower-bounded by 2(n + +/nx log(1/¢€)). For instance, such
a class is introduced in Arjevani and Shamir (2016), which includes major variance
reduced methods SAG, SAGA, SVRG, and these accelerated variants by APPA and
Catalyst.

e Achieving the optimal iteration complexity O(+/k log(1/¢)).

e The order of the total complexity is equal to minibatch size b times the iteration
complexity.

We remark that our proposed method and notable methods such as SAG, SAGA,
SVRG, APPA, and Catalyst using sufficiently large minibatch of size b are included this
class A. Moreover, we remark that when n > k, Acc-Prox-SVRG with b = O(\/k)
does not satisfy the last property in the above list, but it will be satisfied if resetting

For an arbitrarily method M, we can choose an empirical risk such that it takes the
total complexity of (y/nr log(1/¢)) from the property of A. Then, it clearly follows that

1 1
n + v/nklog (—) < bv/klog (—) :
€ €

Therefore, we get a lower-bound Q(max{n/+/x, \/n}) on minibatch size b, where £ hides
a constant and a logarithmic term. We immediately conclude the following statement from
this consideration.

Proposition 2. We consider a first-order stochastic optimization method M with mini-
batch of size b. We assume that M is included in the class A described above. Then, the
minibatch size b is Q(max{n/\/k, /n}).

We find that these lower-bound are attained by Acc-Prox-SVRG with b = O(n/\/k)
when n > k and by Acc-Prox-SVRG with Catalyst and b = O(y/n) when n < k.

36



3. Accelerated Variance Reduced Stochastic Gradient Descent 1

In the rest of this section, we explain this minibatch efficiency discussed above leads
to effective parallelization. An obvious benefit by minibatching is speeding up by parallel
computing of stochastic gradients with minibatch as done in (Dekel'ef all, DOT7; Agarwal
and Duchi, 20T1; Shalev-Shwartz and Zhang, 20134). In this view point, we notice that
the optimal iteration complexity gives the theoretical limit of the running time by mini-
batch parallelization if we ignore the communication cost. This limit is attained when we
used some stochastic accelerated methods and the number of processors is proportional
to the minibatch size providing the optimal iteration complexity. Therefore, to estimate
such a minibatch size is an important problem. We note that many of the optimal methods
in terms of the total complexity such as Acc-SDCA (Shalev-Shwartz and Zhang, 2014),
APCG (Linefall, 2014), and SPDC (Zhang and Xiag, 2017) require b = O(n) for achiev-
ing the optimal iteration complexity. On the other hand, as shown in Proposition [, our
method can obtain the optimal iteration complexity by the optimal minibatch size, which
means the effectiveness of the method by minibatch parallelization. In addition, we note
that DASVRDA (Murafa_and Suzuki, 20T7) that has the same property of our proposed
method.

3.5 Numerical Experiments

In this section, we compare Acc-Prox-SVRG with Prox-SVRG and APG on [L;-
regularized multi-class logistic regression with the regularization parameter A. Table B2
provides details of the datasets and regularization parameters utilized in our experiments.
These datasets can be found at the LIBSVM website”. The best choice of mini-batch size
is b = [bg], which allows us to take a large learning rate, n = % Therefore, we have

m > O(y/k) and B}, = gﬁ When the number of components 7 is very large compared
with \/k, we see that by = O(4/k); for this, we set m = 6b (6 € {0.1, 1.0, 10}) and
Br = 2;3 varying b in the set {100, 500, 1000}. We ran Acc-Prox-SVRG using values of
n from the range {0.01, 0.05, 0.1, 0.5, 1.0, 5.0, 10.0}, and we chose the best 7 in each
mini-batch setting.

Figure B compares Acc-Prox-SVRG with Prox-SVRG and APG. The horizontal
axis is the number of single-component gradient evaluations. For Acc-Prox-SVRG, each
iteration computes the 20 gradients, and at the beginning of each stage, the n component
gradients are evaluated. For Prox-SVRG, each iteration computes the two gradients, and
at the beginning of each stage, the n gradients are evaluated. For APG, each iteration
evaluates n gradients.

As can be seen from Figure B, Acc-Prox-SVRG with good values of b performs
better than or is comparable to Prox-SVRG and is much better than results for APG. On

the other hand, for relatively large b, Acc-Prox-SVRG may perform worse because of an

Thttp://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
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Figure 3.1: Comparison of Acc-Prox-SVRG with Prox-SVRG and APG. Top: Objective
gap of L; regularized multi-class logistic regression. Bottom: Test error rates.

overestimation of by, and hence the worse estimates of m and [3;.

Table 3.2: Details of data sets and regularization parameters.

Dataset

classes

Training size Testing size Features A

mnist

10
covtype 7
rcvl 2

60,000
522,910
20,242

10,000
58,102
677,399

47,236

10-°
106
107°

780
54
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3.6 Appendix

In this section, we provide proofs for a convergence analysis of our method.

3.6.1 Proof of Lemma

We first prove auxiliary lemmas for Lemma [.

Lemmad. Ifn < i, then for k > 1 we have

zer1 = (1 — /um)zk + /pnye — \/g(vk + &) (3.11)

1
2 — Yo = ——(Yr — T1)- (3.12)

T

Proof of Lemma B. From the definition of estimate sequence and (B-f), we have that for
k>1

p . p .
Elle = 2l + @y = (1 = i) (Sl = 2l + @5) + vim( gn (o) + on 7 =y,
0w = gl 4 Blwnsn) + (6 = asa)y).

By differentiating at yj, this equality, we obtain

1y — zk+1) = (1= /)y — 2) + /(v + &)
Hence, we have
Ui
%qu—wm%+ww%—¢;w+@x
and that is exactly (B11) of Lemma H.

Next, we prove (312) of Lemma B by induction. It is true for £ = 1. We assume it is
true for k, then it follows from (BI1l) of Lemma @ that,

n
Zep1 — Yk = (L — /) 2 + /1unyr — \/g(vk + &) — Ykt

1 1 —\/un
= ——(yr — Nk + &) — —F——=T% — Yr11
N N/ "
= L k L W?xk Yk
— 1 — - 1
— Tk+ i +
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From the update rule of y;.1, we have

= lm!fk _ Lt v (yk+1 - (1 + L= Wl) $k+1)
VT VHT L+ /pn
14+ /un 2

Hence, we get

Zk+1 — Yk+1 = (yk—i-l - «Tk—i-l)'

1
N
Lemma 5. For k > 1, we have

(Vo(ye) + & v + &)y = % (IVg(ye) + &> + lloe + &l* = IV g(y) — vell?) , (3.13)

lve + &lI* < 2 (IVa(yr) + &l + IValyr) — uill?) , (3.14)
IVg(ye) + &ll* < 2 (llow + &lI* + Vg (ye) — vill) - (3.15)

Proof of Lemma B. Averaging

(Va(yr) + &k ve + &)y = IV9(ur) + &lI* + (Va(ur) + & v — Vg(ur)),

and
(Va(yr) + & vk + &)y = 1ok + &P + (v + &k, Vg(ur) — vi)s
we get (B313) of Lemma B:

1
(Va(ye) + & v+ &)o = 5 (IValye) + &l + llok + &l = IV alye) — vill?) -
The inequality (B14)) of Lemma B is shown as follows:

loe + &klI* = llvk + & + Valye) + & — (Valyr) + &)
= Va(yr) + &> +2(Vg(yr) + &, vk — Va(yr)) + llv — Va(yi)|?
< 2([IVg(yr) + &> + llve — Vg(ye) 1)

In the last inequality, we use

2 b 2
[ {a,b),] < M for Va, Vb € R
The inequality (B-13) of Lemma B can be proved in a similar way. [

We here prove Lemma D.

40



3. Accelerated Variance Reduced Stochastic Gradient Descent 1

Proof of Lemma . We prove inequalities (B-7) and (B8) by induction. Obviously, the
inequality (B=7) holds for £ = 1. We assume it is also true for k. From the definition of
estimate sequence, we have

E ([@u1(w)] = (1= VADE [@e()] + VAN E g, () + (v = i),
+ Elle = wll? + hlwar) + (G w = i)
< (L= S (@) + (1= i) (@ = f)(a)
+VunE [g(yk) +(Vg(yr) x — yr)y + ng — yell” + h(xg1) + (€ T — Tp),

< (1= ) f(z) + (1= i) (@1 = f)(@) + un(g(w) + ()
= f(@) + (L= /)" (®1 = f)(2),

where for the first inequality we used induction hypothesis, E;, [g1, (yx)] = E[g(yx)] and
Er, [vi] = E[Vg(yx)], for the last inequality we used the convexity of ¢ and h. Hence, the
inequality (B77) follows.

We next prove (BR). From the definition of &1, & = f(x). we assume (BR) is true
for k. Using the equation (B-11]), we have

2

o = sl = | (1= VAo~ )+ [+ 6

Ui Ui
= (U= VP = 0 2, 0= ) G = o+ )+ D+
From the above equation and (B-6) with = = y;,, we get
Dpia(ye) = CI)Z—H
12 2 2 n n 2
+5 (L= )y — 2| +2 ;(1 — /) (Y — 2k, Uk + &)y + p”vk +&ll” ¢ -
On the other hand, from the definition of the estimate sequence and (B-6),

Dera () = (1= /o) (B + Sl — 2l1?) + Vi(gn, (o) + hlansa) + (v — wia).

Therefore, from these two equations, we have

D1 = (L= VP, + 5L = i) iallye = 2l + v/(gn, () + hlaean)
+ (G Y — Tha1)o) — (1= )N/ (Y — 2, Uk + Ek)p — g”vk + &% (3.16)

Since ¢ is Lipschitz smooth, we bound f(zy1) as follows:

L
f(@rg1) < g(yw) + (Vo) Trgr — i)y + §H9€k+1 — yil® + h(zps). (3.17)
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Using (BI6), (BI2), (B12), and 7401 — g = —n(v, + &) we have

Ep, [f(ifkﬂ) - <I>}Z+1]

ey s [ (1 V) 9(0) + k) + (V000,11

L P
+ VI (ks Thr1 — Yr)y + §||I'Ic+1 —yel® — 5(1 — VI |y — 2|
n
+ (1 — \/pm) /1 (Y — 2k, Ok + &)y + §||Uk + &I

(EC:I'.'Z) Er, [(1 — V) (=P + 9(yk) + h(xps1) + (X6 — Y, 6 + Ek)o) — N(V9(yk), v + &k)

v (oot 6, = 5y + L+ D+ 6] G18)

where for the first inequality we used E;, (g1, (yx)] = 9(yx)-
Here, we give the following,

Er, [9(yx) + h(zri1) + Tk — Yo, vk + &)y
= K7, [9(yx) + (Or, Tk — Yr)y + P(Tri1) + (Eks T — Thr1)y + (ks Thor — Yn)o)

<Ey, [g(en) = Sllow — vl + hee) = 1 {6, 0n 4+ ) (3.19)

where for the first inequality we used E;, [vx] = Vg(yx) and convexity of g and h. Thus
we have

Er, [f(zr41) — f ]
< By [0 - V(S - 0]) - S — P

(&Ts), (eTm) 2 \/mn
=1 (Vg () + €, v+ &)y + 3 (1 + In)ljon+ &)
w1
& B = V() = ) = 5 =

n 2 L772 2 2
2 7g(ue) + &l + 2 o+ &l + Lo~ Vauol

N
< Ky {(1 = Vim)(f(ze) = @) = 3 ka = ykll* +nllve — Valyr) |
(BT3),n< 57 VH
By taking expectation with respect to the history of random variables I, ..., I;_1, the
induction hypothesis finishes the proof of (BX). [
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3.6.2 Proof of Lemma 3
Lemma B is the key lemma which give a bound on the variance. Now we give this proof.
Proof of LemmaB. We set v; = Vg;(yx) — Vg;(Z) + 0. Since
1
k=3 D U
Jely

conditional variance of vy, is as follows (see Freund (I97T); Nifanda (2016) )

1n—2»
Er llok = Vgyo)ll* = - —=E;llv; = Valye)I*,
bn—1
where expectation in right hand side is taken with respect to j € {1,...,n}. Therefore, it

suffices to prove that
Ejllv; = Valyi)l* < 2L%|lyx — xxll? + 8L(f(wx) — f(2.) + f(Z) = f(x.)).  (3.20)
Fori € {1,...,n}, we set
¢i(z) = gi(z) — (gi(2:) + (Vgi(2e), 2 — 24),).

We have that ¢;(x,) = min, ¢;(x) since V¢;(x,) = 0 and convexity of ¢;. Since V¢; is
Lipschitz continuous with L, it follows that (see (Nesferov, 2004, Theorem 2.1.5))

1 2 —
57 IVoi@)I* < i) — 6s(2.) = du(),

Thus,
IVgi(x) = Vgilz.)|I* < 2L(gi(x) — gi(x:) — (Vgi(.), x — 20),).

Averaging from 7 = 1 to n, we have
1 n
- Y IVai(@) = V()P < 2L(g(x) = g(z.) = (Vg(a.),x = z.),).
i=1

By the optimality of z,, —Vg(z,) is a subgradient of / at x,, so that
(=Vy(z.), 2 — 2.)y < h(zx) = h(z.).

Hence we get

% Z IVgi(x) — Vgi(x.)|I” < 2L(g(x) — g(x.) + h(z) — h(z,)) = 2L(f(z) — f(z.)).
i (3.21)
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We now bound left hand side of (B20) as follows:

E;llv; — Vg(ye)l?
=E;l|Vg;(yx) — Vg;(Z) — (Valu) — Vg(2))|”
< E;[IVg;(yx) — Vi (2)|1?
< 2E;(|Vg;(yr) — Vs (i)l + 4E; || Vg (x) — Vgs(z)|” + 4E;||Vg;(.) — Vg (F)|?
< 202y — el + 8L(f (xx) — f(w) + f(2) — flz.)),

where for the first inequality we used E||¢ — E(||? < E||¢||? for any random vector , for
the second inequality, we used |la + b||* < 2|/a||* + 2||b]||?, and for the last inequality, we
used L-Lipschitz continuity and (BZZ1l). This finishes the proof of lemma. [

3.6.3 Proof of Theorem 4

We give the proof of the main convergence theorem.

Proof of Theorem B. From (BR), (3), and (B7) with x = z,, it follows that

(1= /) (@1 = f)() + B | S205 (1= /)
{ (-4 4 220 gy — g2 4 22 (w) - f(22) + FE) — f()}]

If » < min {% (:LL—:}))Q £, ﬁ}, then the coefficients of ||z; — y;||* are non-positive for
p < 2. Indeed, using
(pb)* (n=1\* p __ n—=bLy _p
< — = — <=y >0 3.22
1= \np) BT w1 SgVem Jorpz00 G2

we get

Thus, using (B222) again with p < 1, we have

E[f(ar) = f(z)] < (1= /) (@1 = f)(z.)

k-1

FE S0 = ) - £ + @) - f(2)

=1

< (1= VE)* (@1 = f)(z.) + p(f(2) = f(z.))
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3. Accelerated Variance Reduced Stochastic Gradient Descent 1

+E

i(l — V) (f () — f(:v*))] : (3.23)

. . k—1 —1— 00
where for the last inequality we used Y, (1 — /)" =1 < 3% (1 — \/um)t = \/L;Tn
We denote E|[f(xr) — f(z.)] by Vi, and we use W}, to denote the last expression in
B23). Thus, for k > 1, V), < W,. For k > 2, we have

Wi = (1 = /) {(1 = VED) (D1 — f)(@.) +pVi + i(l — V) py/im Vz}

+ v/ Vier + py/um Vi < (1 — /pn(1 — p))Wi_1 + py/um Wh.

Since 0 < /(1 — p) < 1, the above inequality leads to

W= (- @ -pvim* ™ + {2 ) (3.24)
From the strong convexity of ¢g (and f), we can see
Wi = Q1 +p)(f(&) - f(z.) + ngr — @ < 2+ p)(f(@) - f(z).

Thus, for k£ > 2, we have

Vi< W < ((1 =+ L) @+ p)(f(F) - f(z.)).

1—-p

and that is exactly (39). Using log(1 — o) < —aand m > log %, we have

1
(1-p)v/om

log(1 — (1 — p)yim)" < —m(1— p) /i < ~log + ;p,

so that

(1— (1= p)y/m)™ < 1%9

This finishes the proof of Theorem B. 0
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Chapter 4

Accelerated Variance Reduced
Stochastic Gradient Descent 11

In the previous chapter, we proposed a method incorporating an accelerated gradient de-
scent technique by Nesterov, a stochastic variance reduction gradient, and minibatching.
In this chapter, we proposed a new method by adopting another accelerated method for
smooth convex finite-sum problems. An important feature of this method is that unlike
Acc-Prox-SVRG, it can be directly applied to general convex and optimal strongly convex
problems that is a weaker condition than strong convexity. Thus, we extend results shown
in the previous chapter to these problems. In experiments, we show the effectiveness of
the method.

This chapter is based on the work Accelerated Stochastic Gradient Descent for Min-
imizing Finite Sums, A. Nitanda, Artificial Intelligence and Statistics, 2016 (Nifanda,
2016).

4.1 Overview

In this chapter, we consider the following empirical risk minimization problem:

- ar L~
;relﬁ%g{f(fc) = n;gz(rﬂ)}, (4.1)

where g1, ..., g, are smooth convex functions from R? to R. In machine learning, we
often encounter optimization problems as mentioned earlier. Note that each g;(z) may
include smooth regularization terms.

As mentioned in the previous chapter, several studies recently proposed effective
methods (SAG (Ronx"ef-all, POT?2; Schnudi"ef all, 2017), SDCA (Shalev-Shwarfz_and
/Zhang, 20172, 2013H), SVRG (Johnson and Zhang, 20173), S2GD (Kone¢ny and Richtarik,
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4. Accelerated Variance Reduced Stochastic Gradient Descent 11

20173), Acc-Prox-SDCA (Shalev-Shwartz and Zhang, 20T4), Prox-SVRG (Xiao and
Zhang, P0T4), MISO (Mairal, 20T5), SAGA (Defazio"ef all, P0T4), APCG (Lin_ef all,
2014), Acc-Prox-SVRG (Nifandd, 2014), mS2GD (Konecny et all, 20Té), SPDC (Zhang
and Xiad, 2017)) for solving strongly convex finite-sum problems. These methods at-
tempt to reduce the variance of the stochastic gradient and achieve the linear convergence
rates like a deterministic gradient descent. Moreover, because of the computational effi-
ciency of each iteration, the overall complexities of these methods are less than those of
the deterministic and stochastic gradient descent methods.

However, many problems arise in machine learning may become not strongly convex.
An advantage of the SAG and SAGA is that they support general convex problems. Al-
though we can apply any of these methods to non-strongly convex functions by adding a
slight Lo-regularization, this modification increases the difficulty of model selection. In
the general convex case, the overall complexities of SAG and SAGA are O((n + L)/e).
This complexity is less than that of the deterministic gradient descent, which have a com-
plexity of O(nL/e), and is a trade-off with O(ny/L/¢€) , which is the complexity of the
AGD.

More recently, Gong and Ye (2014) showed that Prox-SVRG has linear rate of conver-
gence for optimal strongly convex problems that is quite weaker condition than the strong
convexity. Our proposed method called AMSVRG in this chapter is similar to that in
the previous chapter, that is, it incorporates an accelerated gradient descent and stochas-
tic variance reduced gradient in a mini-batch setting. The difference between this method
and Acc-Prox-SVRG is the type of accelerated methods. Namely, AMSVRG incorporates
Allen-Zhu _and _Orecchiad (20T14), which is similar to Nesterov’s acceleration (Nesferow,
2005), whereas Acc-Prox-SVRG incorporates Nesferov (2004). An important feature of
AMSVRG is that it can be directly applied to general convex and optimal strongly con-
vex problems. We show that for general convex problems, AMSVRG achieves an total

complexity of
- L | L
O<n+min{—,n —}),
€ €

where the notation O hides constant and logarithmic terms. This complexity is less than
that of SAG, SAGA, and AGD. In the optimal strongly convex case, our method achieves

an total complexity .
@) (n + min {Ii, nvk }) ,

where £ is the condition number L /. Moreover, an iteration complexity (the number of

iterations needed to find an e-accurate solution in expectation) is
1
O (Vklog— |,
€

This iteration complexity is the same as that of deterministic acceleration methods, i.e.,
best iteration complexity. Thus, AMSVRG method converges quickly for general convex
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4. Accelerated Variance Reduced Stochastic Gradient Descent 11

and optimal strongly convex problems by parallelization of minibatch computation. We
also note that AMSVRG has the same important feature of Acc-Prox-SVRG described in
the previous chapter, namely, it can achieve the both optimal iteration and total complex-
ities simultaneously by applying APPA or Catalyst if needed.

4.2 Preliminary

In this section, we introduce some notions, assumptions, and methods used in this chapter.
To provide a convergence analysis, we make the Lipschitz smoothness assumption.

Assumption 3. Let L be a positive value. We assume that each function g;(x) is convex
and L-Lipschitz smooth, that is, it follows that,

0:(2) < 0v) + (Vau(y). 2 — )y + 5 lle —

While we assumed the strong convexity of loss functions in the previous chapter, we
suppose a much weaker condition called optimal strongly convex in this chapter. We next
introduce its definition.

4.2.1 Optimal Strongly Convex

We make an optimal strongly convex assumption as follows.

Assumption 4. Let C' be a subset of R? and X, denote the optimal set. We assume
Xi # ¢. fix) is p-optimal-strongly convex on C, i.e., there exists . > 0 such that for all
reC\X,

1
fot Sle =Tk (@) < f(2),
where f, is the optimal value and 11 x, denotes the projection onto X..

Obviously, we can see that optimal strong convexity is a weaker condition than strong
convexity. Since f. + £|lz — Iy (z)|* > f(z) by L-smoothness, we have < L. We
denote the ratio between L and p by x and we call it the condition number.

The main differences between strong convexity and optimal strong convexity are that
the latter condition admits an infinite number of solutions and linear parts of the function.
Thus, optimal strongly convex is a very large class.

Two quantities ||z —ITy, (z)||* and f(x)— f. are optimality measures and continuous

S faf) ..
% is positive
def

continuous on the complement of X,. Let C' C R? be a compact subset. Then, i =
inf,con x, pe(z) gives the optimal strong convexity parameter on C'. Since C'\ U is also

functions, so that the ratio between these two values: pu(zr) =
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4. Accelerated Variance Reduced Stochastic Gradient Descent 11

compact, where U is an arbitrary small open neighborhood of X,, p(x) has positive
minimum values on C'\ U. This means that whether Assumption B is satisfied or not
depend on the behavior of f around the boundary of C' N X,.. Therefore, many problems
belong to the class of optimal strongly convex on compact set.

A smoothed hinge loss function (see Figure Z1)

%—x (x <0),
fay={ ta—ap 0<z<),
0 (1<),

is a simple example of optimal strongly func-

tion on a bounded region. Let C' = [—a, a] (a >
1) be a bounded range. Since X, = [1,00) and
IIx, (z) = 1 for z ¢ X,, we can easily see

that optimal strong convexity parameter on C' for
smoothed hinge loss is

> 0.

inf  u(r) = 2f(—a)  1+42a

P edtay™™ T v e T L ra?

Here, we checked the value of p, but we
can conclude the positivity of p by the fact that
C = [—a,a] is compact and f is quadratic
around 0(C' N X,) = {1}.

In our analyses, for optimal strongly convex
problems we assume that points generated by al-
gorithm is contained in C. For monotonic algorithms (generating decreasing sequence
f(ws),_, 5 ), we may consider the case where C is the sublevel set {z € R%; f(z) < ¢}
and this éésumption holds for sufficiently large ¢ > f.. Here, we give the condition of
compactness of sublevel set.

Figure 4.1: Smoothed hinge loss.

Proposition 3. Let f be C! class convex function and X, be the optimal set of f. If X, is
compact, then for ¢ > f,, the sublevel set {x € R%; f(x) < ¢} is also compact.

Thus, by the above discussion, the monotonic algorithm deals with many problems
as optimal strongly convex problems and potentially converge fast. We propose such a
method later.

4.2.2 Accelerated Gradient Descent

In this section, we review the recently proposed accelerated gradient method. We first
introduce some notations. In this section, || - || denotes the general norm on R?. Let
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4. Accelerated Variance Reduced Stochastic Gradient Descent 11

d(z) : R? — R be a distance generating function (i.e., 1-strongly convex smooth function
with respect to || - ||). Accordingly, we define the Bregman divergence by

Va(y) = d(y) — (d(z) + (Vd(z),y — x),), Vz,Vy € R,

where (, ) is the Euclidean inner product. The accelerated method proposed in Allen-Zhui
and Orecchia (2014) called Linear Coupling uses a gradient step and mirror descent steps
and takes a linear combination of these points. The procedure of this method is described
in Algorithm B.

Algorithm 5 Linear Coupling

Input: the number of iterations m, learning rates 7, (ax41)p,, coefficients (7).
and initial points 1, 2o
for £k = 0 to m do
D1 — (1= T)yn + Th2e
Vg1 < Vf(Try1)
Y1 < argmingegs { 7 (Ver1, Y — Thga)y + 5y — 2ea|* b (GD step)
Zp1 4 Arg Minepa { Qg1 (Vpr1,2 — 2k)y + V2, (2) } (MD step)
end for
Return v,,,11

Then, with appropriate parameters, f(y;) converge to the optimal value as fast as the
Nesterov’s accelerated methods (Nesferov, 2004, 2005) for non-strongly convex prob-
lems. Moreover, in the strongly convex case, we obtain the same fast convergence as
Nesterov’s methods by restarting this entire procedure.

In the rest of this chapter, we only consider the Euclidean norm, i.e., || - || = || - |2

4.2.3 Stochastic Variance Reduction Gradient

The proposed method in this chapter, we combine stochastic variance reduced gradient
with the accelerated method as done in the previous chapter to reduce the variance effect
of stochastic gradients. We here list the step of SVRG with minibatch of size b again.
SVRG is a multi-stage scheme. During each stage, this method performs m SGD itera-
tions using the following direction,

vp = Vg, (xr) — Vg1, (7) + Vf(T),

where 7 is a starting point at stage, k is an iteration index, I = {i1, ..., ,} is a uniformly
randomly chosen size b subset of {1,2,...,n}, and ¢g;, = %Z?Zl gi;- Note that vy, is
an unbiased estimator of gradient V f(xy): Ej, [vk] = V f(z), where E;, denotes the
expectation with respect to /. A bound on the variance of vy is given in the following
lemma, which is proved in the Appendix.
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Lemma 6. Suppose Assumption B holds, and let x, = arg min f(z). Conditioned on xy,
zER?
we have

b
1)

Due to this lemma, SVRG with b = 1 achieves a complexity of O((n + &) log 2).

n

Ep, loe — V()| < 4Lb(n

(f(x) = f + f(Z) = f2).- 4.2)

4.3 Single-Stage AMSVRG

We now introduce a new method Accelerated efficient Mini-batch SVRG (AMSVRG)
which incorporates AGD and SVRG in a mini-batch setting. Our method is a multi-
stage scheme similar to SVRG. During each stage, this method performs several APG-like
(ATlen-Zhuand Orecchia, P0T4) iterations combining stochastic gradient descent (SGD)
and stochastic mirror descent (SMD) steps with SVRG direction in a mini-batch setting.
Each stage of AMSVRG is described in Algorithm B.

Algorithm 6 Single-Stage of AMSVRG
Input: the number of iterations m, learning rates 7, (akﬂ)z;o, mini-batch sizes
(bg+1)pq, coefficients (7x)}", and initial points yo, 2o
04 5 iy Vi(uo)
for k = 0tomdo
Llt1 (1 — Tk)yk + TZk
Randomly pick subset I;.,1 C {1,2,...,n} of size by
Vg1 < v91k+1 (xk-f-l) - vgfk+1 (yo) +0
Y1 < argmingeps { 1 (Ver1,y — Thpa)y + 5y — 2ena|* } (SGD step)
Zp1 — argmin,cpa { gy (Vg1 2 — 2k)y + Vo (2) } (SM D step)
end for
Option I-a: w < y,,.1,
Option I-b: w + —L; s,
Option II: If f(y;) < f(w), then w  y;,
Return w

4.4 Convergence Analysis of the Single-Stage AMSVRG

Before we introduce the multi-stage scheme, we show the convergence of single-stage
version Algorithm B. The following lemma is the key to the analysis of our method and
gives us an insight on how to construct algorithms.
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Lemma 7. Consider Algorithm B under Assumption B. We set §), = #ﬁ"l) Let x, €

arg min,ega f(z). If n = 1, then we have,

Z%H <T—1k —(1+ 45k+1)L04k+1) E[f(zk41) — f)] + Log, (Bl (yms1) — fo]
k=0

Tk

<Va(r) +Y (a LT Laz) Elf () — 1.]
k=1

+ (all — T 4Lza12€+16k+1> (f(yo) = f2)-

-
0 k=0

The following two lemmas are well known and useful for showing the convergence of
stochastic gradient descent and stochastic mirror descent, respectively, and they are also
useful for proving Lemma [2.

Lemma 8. (Stochastic Gradient Descent). Suppose Assumption B holds, and let n = %
Conditioned on xy, it follows that for k > 1,

1 1
Er[f(ye)] < flax) = 57 IV F @)l + 57 Erllos = V(@) (4.3)
Lemma 9. (Stochastic Mirror Descent). Conditioned on xy, we have that for arbitrary

u € RY,

ar (Vf(@r), 251 — u)y < Vi (u)—Eg [V, (U)]Jr% (IVf (@) II” + Egllox — V f(2)[7) -
(4.4)

From now on we consider Algorithm B with Option I-a and we set 7, a1, and 75 as

follows: For k = 0,1, ... we set

1 1 1 1
n= I’ Qg1 = E(k +2), T_k = Lagq1 + 5 4.5)

Theorem S. Consider Algorithm B with Option I-a under Assumption B. For p € (0, %],
we choose b1 € Z such that 4Ly 1.1 < p. Then, we have

16L

E[f(w) = fol SE[f(Ym+1) — fi] < m‘% (z.) + gp(f(yo) — fu).

. LV, (x4 .
Moreover, if m > 44/ W)(—f)*) for q > 0, then it follows

BIf(w) ~ £ < Elf(umer) — £1 2 (a4 30) (Fl0) ~ 1)
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Let byy1, m € Z, be the minimum values satisfying the assumption of Theorem B for

. n LV, (z«
p=q=c¢1e, b = {%W and m = |4 W . Then, from Theorem B,

we have an upper bound on the total complexity (total number of processed examples to
obtain e-accurate solution in expectation):

- nm nL
Ofn+ b <O(n+m =0|n+ —— |,
< g kH) B < €"+m> ( 62n+\/eL>
where we used the monotonicity of b,,; with respect to k for the first inequality. Note
that the notation O also hides V() and f(yo) — f.-

4.5 Multi-Stage AMSVRG

In this subsection, we introduce and analyze AMSVRG, as described in Algorithm [2.

Algorithm 7 Multi-Stage AMSVRG
Input: the number of outer-iterations 7, the number of inner-iterations (m,)Z_,, learn-
ing rates 7, (41)kez, , mini-batch sizes (by41)kez, » coefficients (7x)xez, , and initial
point wy
for s =0to 7T do
Yo < Ws, 2o < Ws
Wsy1 < AlgorithmB(mg, 1, (i1)rez, s (brr1)rezy s (Th)rez s Yo, 20)
end for
Return wyyq

If we run Algorithm B with Option IT in AMSVRG, it follows that f(w) < f(v1)-
Since z1 = Yy = =z, the step to obtain y; corresponds to the deterministic gradient
descent from the starting point at each stage. This means that AMSVRG (with Option

geoo

requires computational cost for computing function values of O(n) but the order of total
complexity does not increase.

4.6 Convergence Analysis of Multi-Stage AMSVRG

General Convex

We consider the convergence of AMSVRG for general convex problems under the fol-
lowing boundedness assumption which has been used in a several studies to analyze in-
cremental and stochastic methods (e.g., Boffon and e Cun (2005); Giirbiizbalaban ef al
(20T15)).
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Assumption 5. (Boundedness) There is a compact subset Q) C R® such that the sequence
{ws} generated by AMSVRG is contained in ).

Note that, if we change the initialization of 2 from zy <— w; to 2y < 2, where z is a
constant, the above method with this modification will achieve the same convergence for
general convex problems without the boundedness assumption (see Appendix). However,
this modified version is slower than the above scheme for the strongly convex case, thus,
we here consider this version described in Algorithm [2.

From Theorem B, we can see that for small p and ¢ (e.g. p = 1/10, ¢ = 1/4), the
expected value of the objective function is halved at every stage under the assumptions
of Theorem B. Hence, running AMSVRG for O(log(1/¢€)) outer iterations achieves an
e-accurate solution in expectation. Here, we consider the complexity at stage s to halve
the expected objective value. Let by 1, ms € Z, be the minimum values satisfying the

assumption of Theorem B, i.e., by, 1 = L%-‘ and m, = {4 %-‘ If the

initial objective gap f(w,) — f. in stage s is larger than e, then the complexity at stage is

2

O (n + ibk—kl) <0 (n T nim;%)
k=0 nL
<o(n+ 207),

where we used the monotonicity of by ; with respect to k£ for the first inequality. Note
that by Assumption B, {V,,, (x.) }s=12... are uniformly bounded and notation O also hides
Vi, (z+). The above analysis implies the following theorem.

Theorem 6. Consider AMSVRG under Assumptions B and B. We set 1, a1, and 1, as

in (E3). Let b1 = {%-‘ and mg = [4 %&fl) , where p and q are small
values described above. Then, the total complexity to run AMSVRG for O(log(1/€)) outer

iterations or to obtain an c-accurate solution is

o((-r i) (2)

Optimal Strongly Convex

Next, we consider the optimal strongly convex case. We assume that f is a y-optimal-

strongly convex function on C' C R?. In this case, we choose the distance generating
1

function d(z) = %[|z||?, so that the Bregman divergence becomes V,(y) = [z — y||%.
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Let the parameters be the same as in Theorem B with x, = ITx, (wy) at stage s. Then, the
expected value of the objective function is halved at every stage. Moreover, we assume
that {ws}s—01,.. C C. As mentioned in Section 2, for monotonic methods, we may
consider the case where C' is the sublevel set {z € R? f(z) < ¢} and this assumption
holds for sufficiently large level. Since, by definition of optimal strong convexity, we have

me = [4 \/ %W < {4 \/E—‘ , the complexity at each stage is

e nK
Ol|ln+ b <0 (n + ) )
( g k—‘rl) n —I— \/E

Thus, we have the following theorem.

Theorem 7. Consider AMSVRG under Assumptions and B.  Let parameters
10, k11, Tk, Ms, and by 1 be the same as those in Theorem B with x, = llx (w;) at stage
s. If {ws}s—o1... C C, then the total complexity for obtaining e-accurate solution in

expectation is
nK 1
O 1 —
((n+ n+\/E) e (e)) |

and its iteration complexity is
1
O ( vk log (—)> )
n+ vk €

Table BT lists the overall complexities of the AGD, S@G, SVRG, Acc-Prox-SVRG,
Acc-SDCA, APCG, SPDC, and AMSVRG. The notation O hides constant and logarith-
mic terms. By simple calculations, we see that

1
—CH
ntVE 2 (1, V),
nL 1 L L
=5 —, N - )
en+ Vel 2 € €

where H (-, -) is the harmonic mean whose order is the same as min{-, -}. Thus, as shown
in Table B, the complexity of AMSVRG is less than or equal to that of other methods
in general convex and optimal strongly convex. Note that Optimal Methods in the table
includes Acc-SDCA (Shalev-Shwartz and Zhang, P20714), APCG (Lin_ef all, 2014), SPDC
(Zhang and Xiag, 2017).
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Table 4.1: Comparison of total complexity.

Algorithm General Convex Optimal Strongly Convex  Strongly Convex
SAG O (L) O (L) O (n+ k)
SVRG - O (n+ k) O (n+ k)

Acc-SVRG - - O (n+ kA nyE)

Optimal Methods - - O (n+ K A /1K)

AMSVRG O<n+f/\n\/§> O (n+ k Anyk) O (n+ Kk Anyk)

4.6.1 Fast Iteration Complexity and its Benefits

In the above convergence analyses, we find that our proposed method AMSVRG achieves
the optimal iteration complexity for general, optimal strongly, and strongly convex prob-
lems with minibatch sizes of \/L/e , \/k, and \/k, respectively by combining an ac-
celerated gradient method and a stochastic variance reduced gradient. We note that the
previous method (Nifandd, 20T4) achieves it only for the strongly convex problem. As
seen in the previous chapter, this feature of our acceleration scheme leads to some advan-
tages: effective parallelization and better performance for linear-model on sparse dataset
without using sparse structure.

Firstly, AMSVRG achieves the optimal iteration complexity with reasonable mini-
batch sizes as described above, while many existing methods cannot achieve this rate.
This means, our method may become much faster more efficient than the other meth-
ods including optimal methods in terms of the total complexity, under the parallelization
settings.

Next, we discuss the performance of AMSVRG for linear model that takes a form
of g;(r) = I(al'z) on sparse datasets {a;}i=1. .. Since Vg;(z) = I'(alz)a;, some al-
gorithms such as SGD and SVRG can be updated efficiently by using sparsity of a;.
It is unclear whether AMSVRG can be also implemented efficiently, but our acceleration
scheme reduces the number of dense computations, consequently AMSVRG has the same
complexity as sparse implementation of SVRG, without using sparse structure for prob-
lems with large condition number. Let dy be the maximum number of non-zero elements
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of a;. Then, the total complexity including d and d, of AMSVRG is as follows:

- ~ d
where we used m < O(y/k) and b, < O(m) = O(y/k). Hence, if the condition number
is sufficiently large: d/dy < +/k, the total complexity is

O (do(n + K)).
Therefore, AMSVRG efficiently performs on sparse datasets without an implementation
trick.

4.6.2 Restart Scheme

The parameters of AMSVRG are essentially 77, m;, and by, (i.e., p) because the appro-
priate values of both a1 and 75 can be expressed by = 1/L as in (B3). It may be
difficult to choose an appropriate m, which is the restart time for Algorithm B. So, we
propose heuristics for determining the restart time.

First, we suppose that the number of components n is sufficiently large such that the
complexity of our method becomes O(n). That is, for appropriate m,, O(n) is an upper
bound on ;" by1 (which is the complexity term). Therefore, we estimate the restart
time as the minimum index m € Z that satisfies ) ;" ;by41 > n. This estimated value
is upper bound on my (in terms of the order). In this chapter, we call this restart method
RI.

Second, we propose an adaptive restart method using SVRG. In a strongly convex
case, we can easily see that if we restart the AGD for general convex problems every
\/k, then the method achieves a linear convergence similar to that for strongly convex
problems. The drawback of this restart method is that the restarting time depends on an
unknown parameter k, so several studies (O~ Donoghue and Candes, 2013 (Giselsson and
Boyd, 2014; Su'ef all, 20T4)) have proposed effective adaptive restart methods. Moreover,
Giselsson and Boyd (2014) showed that this technique also performs well for general
convex problems. Inspired by their study, we propose an SVRG-based adaptive restart
method called R2. That is, if

(Vkt1, Ykt1 — Yk)o > 0,

then we return 3, and start the next stage.
Third, we propose the restart method R3, which is a combination of the above two
ideas. When Z?:o bi1 exceeds 10n, we restart Algorithm B, and when

(U1, Uri1 = Y) >0 A Y bepr >,
k=0

we return y; and restart Algorithm B.
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Figure 4.2: Comparison of algorithms applied to Ls-regularized logistic regularization
(mnist, covtype, rcvl).

4.7 Numerical Experiments

In this section, we compare AMSVRG with SVRG and SAGA. We ran an L-regularized
multi-class logistic regularization on mnist and covtype and ran an Ly-regularized binary-
class logistic regularization on rcvl. The datasets and their descriptions can be found
at the LIBSVM website”. In these experiments, we vary regularization parameter \ in
{0, 1077, 1075, 107°}. We ran AMSVRG using some values of 7 from [1072, 5 x 10]
and p from [10~!, 10], and then we chose the best 7 and p.

The results are shown in Figure B2. The horizontal axis is the number of single-
component gradient evaluations. Our methods performed well and outperformed the other

Thttp://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
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methods in some cases. For mnist and covtype, AMSVRG R1 and R3 converged quickly,
and for rcvl, AMSVRG R2 worked very well. This tendency was more remarkable when
the regularization parameter A\ was small.
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4.8 Appendix

4.8.1 Proof of the Proposition 3

We now prove the Proposition B that gives the condition of compactness of sublevel set.

Proof. Let B%(r) and S?"!(r) denote the ball and sphere of radius r, centered at the
origin. By affine transformation, we can assume that X, contains the origin 0, X, C
B%(1),and X, N S%"1(1) = ¢. Then, we have that for Vz € S471(1),

(Vf(x),x)y = f(x) = f(0) >0,

where we use convexity for the first inequality and 0 € X, Az ¢ X, for the sec-
ond inequality. We denote the minimum value of (V f(x),z) on S?"!(1) by a. Since
(Vf(x),z) is positive continuous, we have o > 0. For Vr > 1 and Vz € S41(r), we set
& = x/r € S471(1), then it follows that

f@) =2 f(2) +(Vf(@), 2 - 2),
> f(@)+ (r = D) (V[f(Z),2),
> fi+(r—1a

This inequality implies that if r > 1 + %, then we have f(z) > c for Vo € S971(r).
Therefore, sublevel set {z € R?; f(z) < c} is a closed bounded set. [l

4.8.2 Proof of the Lemma

To prove Lemma B, the following lemma is required, which is also shown in Frennd
(T977).

Lemma 10. Let {&;}1, be a set of vectors in R? and 1 denote an average of {&;}1,. Let
I denote a uniform random variable representing a size b subset of {1,2, ... ,n}. Then, it
follows that,

n—>b
= " Ey|& — pl

Proof. We denote a size b subset of {1,2,...,n} by S = {iy,...,i,} and denote & —
by &;. Then,

2
%Zfi_ﬂ

el

i€l
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bQC

bQC Z (Z l& 17 +2 > & 5)

i,k i<k

where C(-, -) is a combination. By symmetry, an each 51 appears bC( Y) times and an each
pair §T§] for ¢ < j appears W times in ) _ . Therefore, we have

%Zfi—/ﬁ

el

2
1 bC(n,b) —~ 72, 2C

4,7,0<J
I1€1” + Z &'e.

=1 ’L]’L<]

Since, 0 = || o7, &l = 300, IGl12 + 23, .0, &) we have

LS e (;,L o) LI = s Sl

iel
This finishes the proof of Lemma. ]

We now prove the Lemma B.

Proof of Lemma 8. We set v; = Vg;(xx) — Vg;(&) + 0. Using Lemma A and
1
ve=g ) v
JEIk
conditional variance of vy, is as follows

1n

Er,|lve — V£ (@i)|I* = E illvy = V)|,

where expectation in right hand side is taken with respectto j € {1,...,n}. By Corollary
3 in Xiao and Zhang (2014), it follows that,

Ejllv; = Vi (@o)ll* < 4L(f(2e) — f(z.) + f(2) = f(2.))-

This completes the proof of Lemma . [
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4.8.3 Stochastic gradient descent analysis

Below is the proof of Lemma R.

Proof of Lemma 8 . Tt is clear that y; is equal to =, — nvy. Since f(x) is L-smooth and
n= %, we have,

F) < S+ (), o~ el + o o —

= f(ka)—l

1
7 (Vf(xr), ve)y + i||vk||2-

vy is an unbiased estimator of gradient V f(xy), that is, E;, [vx] = V f(xx). Hence, we
have

Erllvell® = IVf (@) |* 4+ Eg, llok — Vf (zi) |-

Using above two expressions, we get

1 1
Brlfm)] = f(on) = TNV @I + 5B el
1 1
= (@) = g IVF @)l + 57 Bl = VI (o)l
]
4.8.4 Stochastic mirror descent analysis
We give the proof of Lemma B.
Proof of Lemma @ . The following are basic properties of Bregman divergence.
(VVal(y),u —y)y = Va(u) = Vy(u) — Va(y), (4.6)
1
Va(y) = lle =yl (4.7)

Using (B-6) and (B72), we have

g (Vk, 25—1 — W)y = Qp (Vk, Zk—1 — 2k)o + (Vg 21 — 1)
= ap (g, zk-1 — 2r)y — (VVa, (21), 21 — u),

= (Uk, 21 — 2k)g + Vo, (0) = Vo (u) = Vo, (21)
1
g (U, k-1 — Zk)y — §|\Zk—1 — 2?4 Ve, (0) = Vi (u)

allogll® + Vz,_ (w) = Vi, (u),
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where for the second equality we use stochastic mirror descent step, that is, agv +

VV,._,(z) = 0 and for the last inequality we use the Fenchel-Young inequality
g (Vg 261 — 2k)y < soillorll® + 51121 — 2%

By taking expectation with respect to [, and using Ey, ||vx||? = ||V f (1) |*+Er, ||vx—
V f(x)|%, we have

0 (VF (1), 21 =y < Ve, ()=, [V, ()4 50319 £ (o) P45 0B, s f )]

This finishes the proof of Lemma B. U

4.8.5 Proof of the Lemma 7

We now prove the Lemma [ that is the key to the analysis of our method.

Proof. We denote V., (x,) by V}, for simplicity. We get

1 (Vf(@p41), 21 — 55*)2
< Vi = Epppy [Vira] + Loy (f (@r41) — Epy [F (1)) + @i By [[ongs — Vi (@) ||
< Vi = En V] + Laj (f(@r41) — Ere, [F(yee)])
+ALAR 0k (fern) = fl@a) + flyo) — f(x))
= Vi — ElkH[VkH] +(1+ 45k+1)L042+1(f(3?k+1) — f(z.)) — LazﬂElkﬂ [f(Urs1) — f(z2)]
+4Lag 10k (f(yo) — f(x2),

where for the first inequality we use Lemma 8 and B8 with v = xz,, for the second inequality
we use Lemma B.

By taking the expectation with respect to the history of random variables 1, I, . . ., we
have,

1 B[(V f (@41), 26 — T4)o) < E[Vi — Vi) + (14 40k11) Lag B[ f (wr11) — f(2)]
— Lo (E[f (yrar) — f)] + 4L0d 1 6ra (f (o) — flz)), (4.8)

and we get

Z g1 E[f (z41) — f(4)]

< 1 EAV f(2pg1), Thg1 — 24))

M= L]z

W1 (ELV f(@r41)s Trpr — 2i)o] + ELV f(Tr41), 21 — 24),))

i

0
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= kzo Q11 (1 ;ka]EKVf(a:kH),yk — Tpt1)g) T E[V f(Tr11), 28 — 55*>2])

(cuet = SELF () ~ Fanen)] + @ BUT 1), 22— 2,]).
4.9)

NE

i
o

Using (BER), (E9), and V,, ,, (z,) > 0, we have

> apen (14227 = (14 d6n) Lo ) Elflanss) = f(2.)
k=0

<Vo+ 3 i —E[f () — f@)] - LY ol Elf (i) — f(a)]

-
k=0 k

+ 4L Z Oéz+15k+1(f(90) — f(x4)).
k=0

This completes the proof of Lemma [2.

4.8.6 Proof of Theorem
We here give the proof of convergence theorem of AMSVRG.

Proof of Theorem B. Using Lemma [1 and

7o =1, — — (1 + 4041) Lag41 > 0,

Tk

we have

Lag, G B[f (ymi1) = £ < Vag(@a) +4L D o 16u41(f(30) — f2)-

k=0

This proves the theorem because 4L Y} 071 6ks1 < P g thr1 < 52 (m+2)% O
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Algorithm 8 Modified Multi-Stage AMSVRG

Input: the number of outer-iterations 7', the number of inner-iterations (m,)’_,, learn-
ing rates 7, (41)kez, , mini-batch sizes (by41)rez, , coefficients (7;)4ez, , and initial
point wy
for s=0to 1 do

Yo < Ws, 2o < Wo

Wsy1  AlgorithmB(m,, 1, (rt1)kez,» (Oer1)rez,, (Th)rez,, Yo, 20)
end for
Return wr

4.8.7 Modified AMSVRG for general convex problems

We now introduce a modified AMSVRG (described in Algorithm R) that does not need
the boundedness assumption for general convex problems.

We set 1, ag11, and 73, as in (B3). Let by € Z, be the minimum values satisfying
ALSj 410041 < p for small p (e.g. 1/4). Let my = [4 LVO—(“)W

€

From Theorem B, we get

Elf (wst1) = f(z)] < €+ a(f(ws) — f(2)),

where a = 2p. Thus, it follows that,

E[f(wepr) = f(2)] < Y a'e+ @ (f(wo) — f(x.))

e+a ! (f(wo) — flaw)).

1—a

Hence, running the modified AMSVRG for O (log %) outer iterations achieves e-accurate
solution in expectation, and a complexity at each stage is

o nm?
0] <n+Zka> <0 <n+ n—l—?i%)
k=0
nlL
=0(n+ ——
( en—i-\/EL)

where we used the monotonicity of by, with respect to k for the first inequality. Note
that V, (x.) is constant (i.e. V,,,(x,)), and O hides this term. From the above analysis,
we derive the following theorem.
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Theorem 8. Consider the modified AMSVRG under Assumptions B. Let parameters be as
above. Then the overall complexity for obtaining e-accurate solution in expectation is

o (o s ) (1))
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Chapter 5

Stochastic Difference of Convex
Algorithm

Difference of convex functions (DC) programming is an important approach to noncon-
vex optimization problems because these structures can be encountered in several fields.
Effective optimization methods, called DC algorithms, have been developed in determin-
istic optimization literature. In machine learning, a lot of important learning problems
such as the Boltzmann machines (BMs) can be formulated as DC programming. How-
ever, there is no DC-like algorithm guaranteed by convergence rate analysis for stochas-
tic problems that are more suitable settings for machine learning tasks. In this chapter,
we propose a stochastic variant of DC algorithm and give computational complexities to
converge to a stationary point under several situations. Moreover, we show our method
includes expectation-maximization (EM) and Monte Carlo EM (MCEM) algorithm as
special cases on training BMs. In other words, we extend EM/MCEM algorithm to more
effective methods from DC viewpoint with theoretical convergence guarantees. Experi-
mental results indicate that our method performs well for training binary restricted Boltz-
mann machines and deep Boltzmann machines without pre-training.

This chapter is based on the work Stochastic Difference of Convex Algorithm and its
Application to Training Deep Boltzmann Machines, A. Nitanda and T. Suzuki, Artificial
Intelligence and Statistics, 2017 (Nifanda and Suzuki, 2017a).

5.1 Overview

There is a strong need to develop better optimization methods for nonconvex problems
because many scientific problems are nonconvex. Generally speaking, a nonconvex prob-
lem is hard to solve. However, several important problems possess a special structure
(quadratic, finite sums, etc.), and it is expected that we can build effective algorithms by
making full use of the special structure. In particular, a wide range of problems are re-
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Table 5.1: Complexities of SPD

General case ~ Smooth concave  Polyak-Lojasiewicz

Outer Iteration Complexity — O(L,/e)  O(min{L,, L} /e) O(CL,)
Total Complexity
(general) O(Ly/€?) O(L,/€?) 0, (%)
Total Complexity
(variance growth condition) O (M) O (M) O (CL,(1+B))

duced to difference of convex functions (DC) programming (Tad, TY86) which takes the
the following form:
win{f(z) < g(x) = h(x)}, (5.1)
x€R4
where ¢ and h are differentiable convex functions from R? to R.

In fact, DC structures can be encountered in several fields, e.g., in economics, finance,
operations research, and biology. In machine learning, multiple kernel learning (Argyriou
ef_all, 2006) and feature selection in support vector machines (Ce Thief all, PO0R) are
formulated as DC programs. Moreover, it is shown that: (1) any continuous function over
a compact set can be approximated by a DC function by Stone-Weierstrass theorem and
DC decomposition of polynomials (ii) any C2-function f whose eigenvalues of Hessian
are lower bounded can be decomposed as a DC function; there exists a convex function /
such that f = g—his DC, where g = f+h. The former property is induced by the fact that
any continuous function on a compact set is a uniform limit of a sequence of polynomials
according to the Stone-Weierstrass theorem and, a polynomial can be decomposed as the
sum of a convex polynomial and a concave polynomial (Ferrex, 2001; Wang et all, 2014}
Ahmadiand Hall, POT5).

To solve optimization problem (B1l), practical methods are variants of DC algorithms
(DCAs) (faq, T98A) that generate a sequence by solving sub-problems that consist of
the sum of the convex part g and the linear approximation of the concave part —/h at the
current iterate. Due to their simplicity, efficiency, and robustness, DCAs have been widely
applied to many fields. It has been shown that a DCA converges to a stationary point even
when an objective function is non-differentiable. Moreover, convergence rates have been
given (Le Thief all, 2009; e Thiand Dinh, 2017T) for a special class of DC programs.

Important applications of DC programming are Boltzmann machines (BMs) which are
energy-based generative models over binary observations and binary hidden units. Re-
stricted Boltzmann machines (RBMs) and deep Boltzmann machines (DBMs) (Salakhni-
dinov_and Hinfon, 2009) are special forms of BMs. These models are used for unsuper-
vised learning, dimension reduction, feature extraction, and pre-training or initialization
of multi-layer perceptrons. RBMs and DBMs learning are easier than more general Boltz-

68



5. Stochastic Difference of Convex Algorithm

mann machine learning; however, it is still quite difficult. In fact, in recent years, several
studies have exploited optimization methods (Salakhunfdinov and Hinfon, P009; Choef all,
20173; Carlson_ef all, POT5). The log-likelihood of a BM is the subtraction of two com-
posite functions of linear mapping and a log-sum-exp function. That is, BM learning is
DC programming. However, there is still no DC-like algorithm with any convergence rate
analysis to solve stochastic problems that are more suitable settings for training BMs.

In this chapter, we propose a stochastic proximal DC algorithm (SPD). Our method
works effectively not only under a deterministic setting but also under a stochastic set-
ting, where only stochastic gradients are available for the convex part and sometimes
for the concave part. Optimization methods built under this setting can be applied to a
wider class of problems, including training BMs. Furthermore, we show that Expectation-
maximization (EM) and Monte Carlo EM (MCEM) algorithms, which are heavily used
for latent variable models, are recognized as special cases of our SPD algorithm, and our
algorithm is even more effective than these algorithms.

In addition, we give convergence complexities: the number of iterations of SPD to
obtain an e-accurate solution in expectation (i.e., E||V f(z)||? < €) under several settings:
Lipschitz smoothness of g, h and Polyak-Lojasiewicz condition on objective function f,
whose definitions will be described in Section 54.

SPD requires only approximate solutions of sub-problems in expectation. To solve
the sub-problems we can employ stochastic optimization methods for convex problems,
which is a very active research area. Moreover, since a sub-problem becomes strongly
convex, effective stochastic gradient-based methods (Rakhlin“ef all, 2012; Chen ef all,
20172; Ghadimiand Tan, 2013a; Boffon ef all, 2016) can be used as underlying solvers
to achieve fast convergence, and we give the total complexity analyses that include the
complexity of such a method.

Table 511 shows the complexities of our method in general case (g : L,-smooth),
smooth concave case (g, h : Ly, Ly-smooth), and Polyak-t.ojasiewicz case. Note that the
notation O hides a logarithmic term. The middle row of Table &1 lists the total complex-
ities without additional structures for the sub-problem. RSG (Ghadimiand Tan, PZOT3H)
is a stochastic optimization method for solving Lipschitz smooth nonconvex problems,
and in this case, we can obtain the same complexity O(L,/€?) as SPD by slight modifi-
cation of their proof. However, SPD has better practical performance than suggested by
the theory because our analyses for the total complexities do not take into account the
warm starting for sub-problems solved in SPD repeatedly. An intuition for the practical
performance of SPD is described in Section B-4.

Moreover, if the convex sub-problems have additional special structures such as 2nd-
order derivative, noise condition, finite sums, it is possible to show much better conver-
gence by utilizing this information for the convex optimization method used in the inner
loop. Especially, we focus on a variance growth condition (Bottou_ef all, DOT6; Carlson
ef all, P016), defined in Section 54 and we show that this condition strictly improves the
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total complexities as shown in the last row of Table B1l.

Related Works

The stochastic majorization-minimization method and the online DCA were proposed in
Mairal (20T3) for nonconvex problems. Although SPD is also a type of majorization-
minimization methods, it differs from their methods in several respects. The surrogate
function used in Mairal (2013) is more stochastic and is quadratically approximated, and
can be solved exactly. On the other hand, the convex part is not approximated in SPD
and it is relatively difficult to solve our surrogate function exactly; SPD only requires an
approximation to the solution in expectation. Moreover, although they gave convergence
analyses, convergence rates for the nonconvex problem were not provided.

The method proposed in Nesterov (20173) for deterministic nonconvex problems is one
of the methods which should be compared with our method. Applying their analysis to our
problem, the complexity to obtain a gradient mapping of norm € is O(L;/¢). However,
the norm of a gradient and the norm of a gradient mapping cannot be directly compared.
Furthermore, while the coefficient of their order is always affected by L, our method is
free from it when Lj, > L.

5.2 DC Algorithm

DCAs are optimization algorithms for solving DC problems. To obtain the next iterate
that linearly approximates the concave part —/h at the current iterate x; and solves the
resulting convex minimization problem:

min{g(w) — (h(xr) + (Vh(zr), & — o)} ~ min{g(z) — (Vh(zi),2)}, (5-2)
where (,) denotes the Euclidean inner product. Several studies have exploited the con-
vergence properties and shown the efficiency of a DCA under the assumption that we
can obtain an exact or deterministically approximate solution of the sub-problem (52).
However, there is no algorithm with convergence rate analysis for stochastic problems
frequently encountered in machine learning. Thus in the next section, we propose a more
suitable DCA for such problems.

5.3 Stochastic Proximal DC Algorithm

In the remainder of this chapter, we make the following stochastic assumption.

Assumption 6 (Stochastic Assumption). 7o solve DC problem (51, an optimization al-
gorithm can use only the stochastic gradients of g and h.
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Note that although there are several problems such that a deterministic gradient of A
can be computed and we can use Vh, we also make stochastic assumption on % to handle
some specific problems including general BMs. Here, we propose SPD, which is more
suitable for this assumption. Let H, denote the d x d positive definite matrix and || - || g,
denote the Mahalanobis norm defined by Hj, i.e., for v € R%, ||v||g, = +/ (v, Hyv). Let
v () denote an unbiased estimator of VA (z) and o} be an upper bound on the variance
of vy; E[vp(x)] = Vh(x), E[||vn(x) — Vh(x)||3] < of. Let x;, be the current iterate. To
obtain the next iterate x 1, SPD solves the following proximal sub-problem inexactly by
a stochastic method:

SP(k) : min{en(z) Y g(x) + %Hx — a3, — () + (o), 2 — 2} (5.3)

z€R4

The difference between sub-problems (52) and (53) is that the latter problem is a stochas-
tic approximation and includes the proximal term ||z — x||%; , which forces the solution
to stay close to x;, with respect to the norm || - || 7, . Practical choices for the metric Hj, and
our motivations are described in the next subsection. Since it is impractical to obtain an
exact or deterministic approximation to the solution, we employ the following condition
on expectation of a solution of the sub-problem:

E[or(zrs1)| Fr] < ¢F 46, (5.4)

where F}, is the filtration for all information up to iterate zy, ¢; is the optimal value of
SP(k), and 6 > 0. For many stochastic algorithms, e.g., stochastic gradient descent, the
global convergence property in expectation is shown for convex problems. Therefore, we
can use such algorithms as an underlying solver of SPD. Note that we can warm start to
solve sub-problems, i.e., by running a stochastic algorithm from a previous solution zy,
with sufficiently small learning rates, it is not particularly difficult to satisfy the above
condition empirically. In Section 64, we demonstrate how condition (5-4) guarantees
the convergence of SPD with better convergence rates to obtain an e-accurate solution in

expectation. Here, we briefly give a connection between SPD and mirror descent method.

Let x;_, = argmin ¢y (z), ¥ (2) o g(x) + ||=||3;, . and assume v, (1) = Vh(xy), then

we have

This equation means SPD can also be interpreted as an inexact variant of a stochastic
mirror descent method using distance generating functions ), for DC programming.

SPD runs for R iterations, where R is chosen uniformly at random from {1,2, ..., M}
for M € Z,. This is a standard technique for nonconvex analysis (Ghadimi_and Tan,
20173K). SPD is described in Algorithm @.

71



5. Stochastic Difference of Convex Algorithm

Algorithm 9 SPD (Stochastic proximal DC algorithm)
Input: initial point x, the maximum number of iterations M, underlying solver A for
solving S P(k), the number of iterations 7" for A
Randomly pickup R € {1,2,..., M}
fork=1to R —1do
Update the metric Hy,
Compute stochastic approximation vy,(xy) of Vh(zy)
ZTrr1 < Solve SP(k) by running A for T iterations
end for
Return xp

5.3.1 Metrics

There are two aims for including the proximal term ||z — 2|, of ¢ in sub-problems.
The first is to keep the next iterate ;1 in a neighborhood of the current x; where the
linear approximation of the concave part —/ is sufficiently accurate. In the gradient-based
optimization literature, it is well studied theoretically and empirically that the proximity
induced by an appropriate metric at each iteration improves the convergence behavior,
e.g., Natural Gradient (Amari, T998) and AdaGrad (Dnchief-all, DOTT). The second
is to enhance the effect of strong convexity, which makes the sub-problem SP(k) better
conditioned and easier to solve.

Next, we give practical choices for the metric Hj. The first choice is a scalar matrix,
ie., Hy = plg, p > 0. As will be discussed in Section 5.4, this choice with u = L,
or Ly, where L, L, are smoothness parameters, gives a better convergence complexity
according to our analysis. Second, when the concave part —/ is twice differentiable, we
propose a diagonal approximation to the Hessian of h (Becker and T.e Cunl, T98K). In
other words, we define H;, as follows:

Hy « |diag (VZh(zr)) | + pla, (5.6)

where the absolute value operator | - | is applied element-wise to the diagonal of the
Hessian and p is a positive value that guarantees sufficiently strong convexity to improve
the conditioning of the curvature of h. This metric makes the update take large steps in
the direction of low curvature compared to that of highly curved directions.

5.3.2 AdaSPD

Here, we derive a specific form of the SPD described by Algorithm B. For a metric Hj,
we use a scalar matrix or the diagonal Hessian (56) as in the previous subsection. For
an underlying solver, due to the simplicity of implementation and better empirical perfor-
mance, we adopt AdaGrad using the proximal term %] — x||7;, as the regularization in
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its update. Let yy; and vy, (¢ = 1,2,...) denote an inner iterate and a stochastic gradient
of g at yy,;, respectively, in outer iteration k. To adapt the step size to the geometry of the
objective function, AdaGrad computes diagonal matrix Dy, ; as follows:

Dyt \/)\Id + diag(Zle sk,isg’i),

where ) is a damping parameter for numerical stability and s, ; denotes vy, ; — vp(zy). To
obtain the next inner iterate yj .41, we solve the following problem:

_ 1 , 1 ,
arg min (k00 9) + 51y — @il + %Hy — Ykl Dy, ¢

where 7 denotes the learning rate. Note that Dy, can be updated successively and yj, 111
can be computed in closed form. The algorithm AdaSPD is described in Algorithm [IT.

Algorithm 10 AdaSPD
Input: initial point z;, the maximum number of iterations M, (lower) scale u of a
metric [}, the number of iterations 7" for the inner loop, damping parameter A of Dy, ;,
learning rate 17 > 0, suffix averaging parameter o € (0, 1) (assuming /7" is an integer)

Randomly picka R € {1,2,..., M}
fork=1to R—1do
scalar matrix option:
Hk — ,u[d
Diagonal Hessian option:
Hy « |diag (V2h(x))| + pla
Yk,1 < Tk
Sk70 ~— 0
fort=1to 7T — 1do
Uk, < a stochastic gradient of g at yy, +
Skt < Ukt — Un(Tg)
Skt < Sky—1 + diag(sk,tSZ,t)

Dy y < /Mg + Skt

Y1 — (NHp + Dk,t)_l(ﬁHkxk + Dy Ykt — NSkt)

end for
Zt:(lfa)T+l Ykt
x —
k+1 ol
end for
Return xp
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5.4 Analysis

In this section, we give convergence analyses of SPD and complexities to obtain an e-
accurate solution in expectation under several situations. Note that all proofs can be found
in the supplement. For simplicity, we only consider the scalar matrix px/y for Hy. We
first give the definition of Lipschitz smoothness needed for analyses.

Definition 3. A function ¢ is Lipschitz smooth if there exists Ly > 0 such that Vx,Vy €
R¢,
IVo(z) = Vo)l < Lollz =yl

5.4.1 General Case

The following proposition shows the expected square norm of the gradient is upper-
bounded by the expected reduction of the objective function per iteration up to ¢ and
o2.

Proposition 4. Consider Algorithm B under stochastic assumption B. Suppose g is L,-
smooth and the expected condition (B) holds. Then, it follows that for k = 1,2, ...

V 2 2
BB Mo = ul] + ST < 54+ 22 4 Bl fw) = floan) Fil

Using Proposition 8, we derive a convergence theorem.

Theorem 9. Make the same assumption as Proposition B and assume the optimal value
[« of f is bounded from below. Let 1, = O(Ly) and (i, = QL) or oy, = 0). Then it
follows that

IV flon)lf) < 0 (£,6-+ 03 + L EI=1)),

We immediately obtain the following corollary.

Corollary 5. Suppose the assumptions in Theorem B hold and o? = O(e). Set § =
O(e/L,). Then, the complexity M to obtain an e-accurate solution in expectation is

O(Ly/e).

The readers might feel that the assumption o7 = O(e) in the above corollary is un-
realistic because the variance o7 of the stochastic gradient of h is assumed to be smaller
than the solution accuracy e. However, this is reasonable because the total complexity
is unchanged even if we spend the same computational cost as that of solving SP(k) to
estimate V/ and the variance o7 can be made sufficiently small by using a comparable
number of samples in the mini-batch.
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5.4.2 Smooth Concave Function

In this subsection, we give the convergence properties for problems having Lipschitz
smooth h. To establish a complexity analysis, we slightly modify the algorithm: we
choose R, the number of iterations of SPD, uniformly at random from {2,3,..., M + 1}
instead of {1,2,..., M} as before for M € Z,. Then, we have the following proposition.

Proposition 5. Suppose that g, h are L, L,-smooth, respectively. Then, it follows that
E [V f(zre1)I[31F] < 8(Ly + )8 + 4oy, + (ki + LR)E [[Jepsr — zel|2] Fe] -
By combining Proposition B and B, we have the following proposition.

Proposition 6. Make the same assumption as Proposition B. Let i, = O(Ly,) and py, =
Q(Ly,). Then, it follows that

E [va(l’kJrl)Hg‘]:k} < O((Lg + Ln)o + oj + LuE [f (2x) — f(2r11) | Fi])-

From Proposition B, we can obtain the convergence theorem that indicates that as Ly,
decrease, SPD has better convergence.

Theorem 10. Make the same assumption as Proposition B. We assume L, = O(L,) and
the optimal value f, of f is bounded from below. Then it follows that

Ln(f (1) — f*))
M :

B[V fza)l2] < O (Lg5 fot

Theorem [0 implies the following complexity result which is better than Corollary B
because of L, = O(Ly).

Corollary 6. Suppose the assumptions in Theorem [0 hold and i = O(¢).We set § =
O(e/Ly). Then, the complexity M to obtain an e-accurate solution in expectation is

O(Ly/e).

5.4.3 Polyak-Lojasiewicz Condition

Here, we show a fast convergence of Double-loop SPD described in Algorithm [T under
Polyak-Lojasiewicz condition:

Definition 4. A function ¢ satisfies Polyak-tojasiewicz condition, i.e., 3C' > 0 such that
Vo € RY

¢(z) —min ¢ < C||Vo(z)||3. (5.7)
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Algorithm 11 Double-loop SPD
Input: initial point y;, the maximum number of outer-iterations /N, the options for
Algorithm 8 M, A, T
fort=1to N —1do
Ypy1 < Algorithm B (y,, M, A, T)
end for
Return yn

Note that Algorithm B and [T are essentially the same up to the returned point. There-
fore, algorithm remain unchanged in practical implementations.

Let 6 = O(e/L,), M = O(CL,/2) and assume o7 = O(e). Using Theorem @ and
(B77), we can easily show

E[Vf(y)ll3
E(|Vf(yer)|3] < € + M
This recurrence relation immediately implies EIY f(ys1)I3] < 2 + (19 F)l3
This mean that if we run Algorithm I for N = O(log1/¢) outer-iterations, we can

obtain an e-accurate solution. Thus, the following theorem holds.

Theorem 11. Make the same assumption as Theorem B and assume Polyak-tojasiewicz
condition holds. Let 0, M and o, be as above. Then, the complexity including that of
inner SPD to obtain a solution is O(C'L,log 1).

5.4.4 Total Complexity

We consider the total complexity that includes the complexity of an underlying solver.
In recent years, several stochastic optimization methods that can solve the sub-problem
SP(k) have been developed. Note that the objective function of the sub-problem can be
pir = O(Lgy) or O(Ly,) strongly convex. Let us adopt SGD (Rakhlin_ef all, D01?2) as
an underlying solver. Noting that, SGD can solve the sub-problem with a complexity

of O (ﬁ) , we obtain the total complexities as shown in the middle row of Table Bl

Although the complexity O(L,/€e?) is the same as that of RSG method (Ghadimi and
Lanl, 20T3h) for solving Lipschitz smooth nonconvex problems, SPD has better practical
performance for several reasons. Firstly, since we can warm start the underlying solver of
SPD at the previous solution, it is enough to perform fewer iterations than suggested by the
theory. By the strong convexity of the sub-problem, we get ||V f(z1)||3 > 2pux(dx(xr) —
¢;), that is, as current iterate xy is closer to a stationary point, initial objective gap of each
sub-problem SP(k) also becomes small. Let us assume p, are uniformly upper and lower
bounded by positive constants. Noting that smoothnesses L, + uy, strong convexities /iy,

and accuracy 0 of sub-problems are the same order among all iterations, we find that as
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the initial objective gap of a sub-problem is smaller, we can easily solve it empirically.
Secondly, although a performance of almost all of stochastic gradient based algorithms
are affected by its variance, SPD reduces this effect by fixing an estimate of Vh(xy) in
each inner loop.

Moreover, we can show improved convergence complexities by using an additional
structure of the convex sub-problems such as a variance growth condition.

Variance Growth Condition

We first introduce the variance growth condition.

Definition 5. A function ¢ satisfies the variance growth condition if there exist o, 5 > 0
such that Vz € R,
V[®(x,€)] < a+ B[ Vo(x)ll3,

where ® (1, £) denotes a stochastic gradient of ¢ at .

This condition can be found in Boffon ef all (2016); Carlson_ef_all (2016) and a
stronger condition called gradient growth condition is used in Schmidf-and Roux (2013);
Giirbiizbalaban ef all (Z(15). Note that the variance growth condition with v = 0 is used
in Carlson_ef all (20T6) to establish a convergence analysis of stochastic optimization
method for the learning discrete graphical models including RBMs and this condition is
controllable by mini-batching of gradient estimators.

Applying Theorem 4.6 in Boffon ef all (2016) to the sub-problem SP(k), we immedi-
ately obtain a complexity to solve it as follows.

Proposition 7. Let us assume that the objective function ¢ of SP(k) satisfies the variance

growth condition with m < 0. Then, if we run SGD, with a constant learning rate

n = O(++—=), a §-accurate solution of SP(k) can be obtained with a complexity of

Ly(1+p3)
0 (Lg(1 + ) log br(rr) — ¢}Z> '
Mk 0

Since (1) — ¢4 < 5= IV f (@) |13, if {|Vf (zx)[l2}2L, are uniformly bounded and
if we apply Proposition @ with the same i, ¢ as in Corollary B, B, or Theorem [, we can
find that the variance growth condition strictly improves the total complexities as shown
in the last row of TableBl.

5.5 Boltzmann Machines

Although we are mainly concerned with RBMs or DBMs rather than BMs, we describe an
application to learn BMs because BMs are the general form of these models. The BM is

77



5. Stochastic Difference of Convex Algorithm

a particular type of Markov random field with visible binary stochastic units v € {0, 1}
and hidden binary stochastic units 4 € {0, 1}*. The negative energy of the state {v, h} is

—E(w,h;0)=v"b+h'c+v'Uv+h"Vh+0v " Wh,

where © = (b,c,U,V,W) are the model parameters, i.e., b € RP ¢ € RM U ¢
RP*P vV ¢ RM*M and W € RP*M | The diagonal elements of U and V are set to zeros.
Note that special form of the Boltzmann machine with U = 0 and V' = 0 is nothing else

but RBMs. The joint distribution of v, & is defined as proportional to exp(—E(v, h; ©)).
Thus, the likelihood of BMs is

p(v|© Zexp (v, h; ©)),
ZZexp (v, h; ©)).

Learning the BM is achieved by minimizing the average negative log-likelihood, i.e., for
i.i.d. samples {v;} ¥ :

wmin £(€) = — ¥ 2 logr(u10) = (6) ~ ),

R4

where ¢(©) = log Z Z exp(—FE(v, h; ©)),

NZlogZeXp E(vi, h; ©)).

Since a composite function of the convex log-sum-exp function and linear mapping is
convex, training the BM is DC programming. The gradients of g and / are as follows: for
the parameter 6 € ©,

Vog(©) = —Epwne) [VoE (v, h;O)],

VQh(@) =—-K p(h|v;0)po (v [VgE(U h @)]

where po(v) is the empirical distribution + >-"_ | §(v = v;). To run SPD with a diagonal
Hessian approximation, we give d1ag(V2h(@)) based on the formulation:

Vi,h(0) = Vo, h(©) — (Vg,h(0))?,

whose derivation can be found in the supplement.
Although for RBMs the second expectation Vyh(©) is tractable, the first Vyg(O)
is not because the expectation is taken with respect to v and h. Practically, contrastive
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divergence (CD) (Hinfon, 2007) or persistent contrastive divergence (PCD) ([Tieleman
and Hinfon, 2009) is used to obtain a stochastic approximation of V,g(©). Therefore, we
can apply SPD with o7 = 0 to training RBMs. Note that, in each iteration of SPD, V/(O)
is computed at the cost of [V evaluations; however, in practice, this cost is relatively small
compared to that of CD / PCD used in an underlying solver. In fact, previous work
(Salakhutdinov and Murrayj, P008) has shown that to obtain a good approximation of the
gradient, a sufficiently large number of Gibbs samples are required in the CD method.

It is intractable to compute both expectations Vyg(©) and Vyh(O) for general BMs.
Therefore, we stochastically approximate these terms. We use persistent Gibbs sampling
(Salakhufdinov_and Hinfon, 2009) to compute the model expectation term Vyg(©). That
is, we obtain new samples v, h in underlying solver by Gibbs sampling with few steps,
initialized at the previous samples. This procedure is equivalent to PCD for RBMs. To es-
timate the data expectation Vyh(©), we adopt self-normalized importance sampling using
mean-field approximation: ¢(h|u) = H]Ail q(h7), with g(h/ = 1) = i/, to the true distri-
bution p(h|v, ©). First, we perform following fixed-point iterations until convergence and
obtain q(h|u), where = (!, ..., u*), as done in Salakhnfdinov and Hinton (2009),

,uj — 0o <07 —|—ij'?)i +ZJI€],Uk> R
i k

where ¢ is the sigmoid function. Next we draw samples {h,}f_, from q(h|u) and approx-
imate Vyh(O) as follows:

S —VeE(v,h©) - w,

P
Zs:l Ws
where w, = PCECRO) 564 ratio between joint distribution and g(k), so that it is
a(hs|p)

computable. This estimate is asymptotically consistent (Owen, 2013). Using these ap-
proximations, we can run SPD for learning BMs. For simplicity of implementation, we
may use P = 1 and the expectation y instead of a sample h' to reduce the sampling vari-
ance, even though it may have a relatively large bias, and so the resulting approximation
of Vh is the same as the mean-field approximation.

Voh(0) ~ Epyv)

)

5.5.1 SPD as The Extension of EM/MCEM Algorithms

In the following we describe the connection between EM, MCEM algorithms and SPD.
Let ©' be a current parameter of a BM, V = {v;}¥ |, and H = {h;}, be i.i.d data sam-
ples and corresponding hidden variables, respectively. At the E-step of the EM algorithm
we computes the following expectation of the log-likelihood of the joint distribution:

Q(6.0) = 1 [ pHIV. &) logp(V. Hl©)iH
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= Epyw)p(av.0n [~ E(v, h; ©)] — log Z.

In MCEM, the first term of the right hand side is approximated by a Monte Carlo method.
This term is a linear mapping with respect to V6 € O and its gradient is nothing else but
Vyh(©'). Combining the fact g(©) = log Z, we conclude that (O, ©') is the objective
function of the sub-problem of SPD with ;4 = 0 and the M-step in EM/MCEM corre-
sponds to solving this sub-problem. Therefore, SPD can be recognized as an extension of
the EM/MCEM algorithm for training BMs with better convergence analyses. Note that
the proximal term of SPD with L, or L, convexity does not affect the convergence rate by
Theorem B and [0, while it facilitates the optimization of the sub-problems by its strong
convexity. Thus, SPD may be the more efficient method than EM/MCEM algorithms.

5.6 Numerical Experiments

In this section, we demonstrate the effectiveness of AdaSPD on training RBMs and DBMs
with the weight decay. Our implementation is done using Theano (Bergstra et all, 20T0;
Basfien_ef_all, P0T2). We used the binarized MNIST (Salakhutdinov and Murray|, Z008)
which has 60,000 training and 10,000 test images (28 x 28 pixels) of 10 handwritten digits
(0-9) and used CalTech101 Silhouettes (Marlin_ef all, P0T() which has 6,364 training and
2,307 test images (28 x28 pixels) of 101 classes, representing object silhouettes.

Since computing the partition function of BMs is difficult (except for small RBMs),
we used the annealed importance sampling (AIS) (Salakhutdinov and Murrayl, 2008) to
estimate it with the settings: (i) for RBM, 500 temperatures spaced uniformly from O to
0.5, 4,000 temperatures spaced uniformly from 0.5 to 0.9, 10,000 temperatures spaced
uniformly from 0.9 to 1, and 100 particles, (ii) for DBM, 20,000 temperatures spaced
uniformly, and 1,000 particles. Theoretically, AdaSPD uses a random iteration count
R to establish complexity results to solve problems; however, we always evaluate the
model at the current iteration. The number of underlying solver iterations 7" and the
suffix averaging parameter a were set as follows: 7' = [N/b|, a1 = [T/2], where N is
the number of data points and b is a mini-batch size. All parameter settings of AdaSPD
used in experiments can be found in the supplement.

5.6.1 Restricted Boltzmann Machines

We compare AdaSPD to SGD and AdaGrad on RBMs with 15, 25, and 500 hidden units.
For metric H;, of AdaSPD, we tested the diagonal Hessian approximation and scalar ma-
trices with € {1071,1073,107°}.

The results are shown in Figure B11. The top row represents the result for binarized
MNIST dataset and the bottom row represents the result for CalTech101 Silhouettes. The
vertical axis is the average (estimated) log-likelihood on training dataset. As can be seen
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Figure 5.1: Comparison of algorithms on training RBMs with 15, 25, and 500 hidden
units. The vertical axis is the average (estimated) log-likelihood on training dataset. Top
row: MNIST, Bottom row: CalTech101 Silhouettes.

in the figure, AdaSPDs showed significantly fast convergence compared to the others,
although it tends to over-fitting, especially for the 500-hidden RBM on CalTech101 Sil-
houettes dataset. For binarized MNIST, the best training log-likelihood of the 500-hidden
RBM was -83.19 and test log-likelihood was -85.83 obtained by AdaSPD with the diag-
onal Hessian approximation. These results are comparable to those reported in Carlson
ef_all (2015); Salakhutdinov_and Murray| (?008). For CalTech101 Silhouettes, the best
training log-likelihood of the 500-hidden RBM was -84.15 obtained by AdaSPD with the
scalar matrix (¢ = 107%) and test log-likelihood was -109.95 obtained by AdaSPD with
the scalar matrix (1 = 1071).

5.6.2 Deep Boltzmann Machines

Next, we train two DBMs: one has three-hidden layers (500-500-1000 hidden units)
and the other has four-hidden layers (500-500-500-1000 hidden units). The results are
shown in Table B7. Stochastic approximation procedure (SAP) (Salakhufdinov and
Hinfon, 2009) is the standard method for training DBMs. We compare our method
with SAP with and without pre-training schemes (Cho ef all, POT3; Salakhufdinov_and
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lable 5.2: Comparison of estimated variationa
MNIST dataset.

Convex Algorithm

I Tower bound on the log-likelithood of

3-hidden layers DBM  4-hidden layers DBM

Algorithms Train Test Train Test
AdaSPD -82.28 -85.17 -82.85 -85.15
SAP - -128.72 - -128.70
Two-stage pre-training+SAP - -81.84 - -83.25
Pre-Training+SAP -84.49 -85.10 - -

Hinfon, 200Y9) We should point out that AdaSPD and SAP were run without any so-

phisticated pre-training such as Salakhnfdinov
Although AdaSPD showed a little bit worse
score than the method using the best pre-training
strategy (Cho'ef all, P013), it outperformed SAP
and was comparable to or better than the other
pre-training methods proposed in (Salakhnidi-
nov_and Hinfon, 2009; Cho ef all, 2013). Thus,
our experiments showed the possibility that no
pre-training methods can lead to a better BM
model. Figure shows the learning curves for
AdaSPD. From this figure we observe efficiency
of our method on DBMs.
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5.7 Appendix

5.7.1 Proofs
We give proofs of convergence analyses. We first prove the Proposition 4.
Proof of Proposition B. Since ¢y, is (L, + j1x)-smooth function, we have

Ly + 1w
2

Il — I3-

or(x) < or(wr) + (Vou(r),  — 1) +

By minimizing both sides of the above inequality,

1

- 2

or, < () —

Noting that ¢p.(xx) = f(xx) and B, o) [[IV i () [51F4] = [V £ ()13, we have

1

m”vf@k)ﬂz-

By, (@) [O11Fr] < f(x) —

Using E[¢x(zr+1)|Fx] < ¢f + ¢ and the above inequality, we have

1

m“vf(iﬂk)ﬂg-

El¢r(zr41)|Fr) <0+ flan) —
Thus, it follows that

B[ (wr1) + S lonen — anll31F]
< Elg(@er1) — (h(x) + (Vh(2r), Trir — x)) + %Hl‘kﬂ — i[5 ]
= E[or(zr41) — (VA(2r) — vn(@), Trrr — 2x) | Fi]
< E[¢r(@p41) | Fi] + E[iHVh(%) — op (i) |[3 + %kaﬂ — || F]

1

§5+f(l‘k)—m

2
o
IV f ()12 + M—Z + %E[ka—#l — @21 7],

where for the first inequality we used convexity of h and for the second inequality we
used Young’s inequality. This finishes the proof of Proposition H. 0

Next, let us prove Theorem B.
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Proof of Theorem .  Summing up the inequality of Proposition B over indices k =
1,..., M and taking the expectation, we have

M 1

T T BV @) < M8+ 37 S+ Elf (o) = f(aaran))

k=1 1 H*

Since ux = O(Lg) A (i, = QLy) V oy, = 0) and f(z1) — f(zar1) < f(21) — fos

D BV (xa)l3) < O(LyM8 + Mo, + Ly(f(x1) = f.)).

k=1

Noting that

B[V f(zr)ll2lFar] = ZHVf )13,

we can conclude the proof of Theorem as follows,
E[|Vf(zr)l3] = E [E[|Vf(zr)l51Fum]] = Z IV f (@) [13]
SO(Lg5+a§ Latdlan) - >)

Below is the proof of Proposition B.

Proof of Proposition B. 1t follows that

E[|[V f(zr+1) [151F]
= E[|Vor(zri1) — (Vh(zr) — vn(zx)) + Vh(zr) = Vh(@rer) = p(@rer — 20) 15215
< AE[[|[Vér(zrs) 3 + IVA(zr) = vn(z) 3 + V(@) = Vi(zrr) [l + pllores — wull3]Fi]
< 4oy, + 4E[|Vor (@) 13 + (i, + Li)lzwrr — zal3Fil,

where for the first inequality we used || E?Zl o;l3 < d ijl |;]13 and for the second

inequality we used Lipschitz smoothness of h. Since ¢, is (L, + /1 )-smooth,

1

mE[HV%(mH)Hafk] < E[gn(@ri1) — oplFi] <6

Thus, we conclude

B[V f (@rs1) 51 Fk] < 4oy + 8(Lg + )8 + 4(pti + Li)E[||zs1 — wal[5]F].
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5. Stochastic Difference of Convex Algorithm

By combining Proposition @ and B, we prove Proposition B.
Proof of Proposition B. Noting that p, = O(Ly) A ux, = Q(Ly), we have

E[|Vf(@rn)l21 7] < O ((Lg + L) 0+ oy + LyE[l|kn — 31 7])
< O ((Lg+ L) 0+ o + LiE[f () — f (k1) | Fi])

where for the first and second inequality we used Proposition & and B, respectively. [
We give the proof of Theorem M.
Proof of Theorem [[0.  Using Proposition B and L, = O(L,), it follows that
B[V (@r1)l21 7] < O (Lyd + o + LiELf (2x) — f(@r41) [ F]) -

This inequality resemble Proposition B up to the term E[||zy 1 — x1]|3|F%], so that we can
show the theorem in the same manner as Theorem B. [l

5.7.2 The derivation of diagonal hessian approximation

To run AdaSPD with a diagonal hessian approximation for training BMs, we give
diag(V2h(0©)), where h is the concave part of the log-likelihood of BMs. We only con-
sider a parameter WW;; connecting a visible unit v* and a hidden unit 4/ because for the
other parameters it can be shown in the same manner.

V%,Vijh(@) = V%Vij log Z exp(—F(v,h;0))

S nexp(—E(v,h; ©))v'h
- < > exp(—E(v,h; 0)) >
- Zas Py OV _ (el @))vw)Z
2nexp(=E(v,h; 0)) 2 nexp(=E(v,h; 0))
_ >onexp(=E(v,h;0))v'h (Zh exp(—FE(v, h; @))vihj)Q
2 nexp(—E(v, h; ©)) 2 nexp(—E(v, h; ©))

= Vw,, log Zexp(—E(V, h;0)) — (szj logz exp(—FE(v, h; @)))
= VW”h<@) - (VW”h<@))27

where we used (v'h7)? = v'h/ derived from the fact that v and 1 are binary units {0, 1}.

85



5. Stochastic Difference of Convex Algorithm

5.7.3 Parameter settings for training RBMs and DBMs

In our experiments, we optimized Lo-penalized log-likelihoods of RBMs and DBMs.
Here, we give all parameter settings used for AdaSPD. The damping parameter A was
fixed to 1074, The scales of metrics were set to u = 10~ for diagonal hessian ap-
proximation and ¢ € {107°,1073,107'} for scalar matrix. The number of under-
lying solver iterations 7' and the suffix averaging parameter o were set as follows:
T = [N/b],aT = [T/2], where N is the number of data points and b is a mini-batch
size. The other parameters are listed in Table for binarized MNIST dataset and Table
64 for CalTech101 Silhouettes.

Table 5.3: Parameter settings for binarized MNIST

Model Minibatch b PCD-k Mean-field iter. Lo-penalty 7
RBM-15 32 1 - 0 107!
RBM-25 32 3 - 0 1071
RBM-500 128 10 - 5x 107 107!

DBM-500-500-1000 128 10 10 3x 107 1072
DBM-500-500-500-1000 128 10 10 5x107* 1072

Table 5.4: Parameter settings for CalTech101 Silhouettes
Model = Minibatch-size b PCD-k Mean-field iter. Lo-penalty 7

RBM-15 32 1 - 0 1072
RBM-25 32 3 - 0 1072
RBM-500 64 10 - 1073 1072
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Part 11

New Machine Learning Methods using
Functional Gradient
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Chapter 6

Functional Gradient Descent

Most optimization methods on Euclidean spaces can be generalized to those on Hilbert
spaces. For instance, functional gradient methods (Kivinen ef all, 2004; Daief all, DOT4;
Zhiand X, P20TY; Dienlevenf and Bach, POTH) in Hilbert spaces are the most straightfor-
ward extensions. When a given functional class approximates the true function well and
it can be modeled efficiently by fewer parameters, parametric models are quite useful in
providing better results. One of the typical successful model is the convolutional neural
network commonly used in computer vision tasks. In contrast, when the task is rather
complicated and we do not have enough information about it, finding such a good param-
eterization is difficult due to the limitation of computational resources. In this case, an
infinite-dimensional modeling with a sophisticated regularization is reasonable to solve
the problem efficiently. Kernel method (Smola and Scholkopf, T998) is an example of
such a method, which is formalized as L,-regularized empirical risk minimization prob-
lems in a reproducing kernel Hilbert space consisted of functions. There are various
methods for solving this problem and many functional gradient based methods (Kivinen
ef_all, 2004; Daief all, 20T4) in a reproducing kernel Hilbert space were also proposed.
On the other hand, in boosting methods (Freund and Schapire, T997; Schapire et all, T998;
Eriedmanl, 200T; Mason et all, T999; Schapire and Freund, 2017), complicated functions
are constructed as large as necessary from a simple function by adding a weak learner at
each iteration and generalization ability of an obtained function is commonly guaranteed
by the early stopping. We note both approaches are none other than optimization methods
in functional spaces.

The methods proposed in subsequent chapters are similar to boosting methods. Those
are constructed based on the observation that several machine learning tasks can be re-
garded as optimization problems of probability measures. In this chapter, we first ex-
plain that such a problem can be (approximately) solved through transport maps using
the simplest form of the problem. We next introduce functional gradient methods for the
optimization problem of transport maps and explain convergence property of the method.
Finally, we explain the connection between residual networks (He ef all, P0T6) which
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6. Functional Gradient Descent

is the state-of-the-art model in computer vision and the functional gradient method, and
explain how powerful compared to methods on finite-dimensional spaces, intuitively and
theoretically. Recently, this connection is considered to be prominent for explaining the
reason of superior performance of residual networks. For instance, utilizing this connec-
tion, Barfleff ef all (20TX) showed the global convergence property of functional gradient
method for training residual networks for regression tasks under suitable assumptions. In
Huang et al] (20174), a boosting method for learning residual networks, which iteratively
trains residual-layer, was proposed. This method is also similar to our method introduced
in Chapter B. Another interesting aspect of functional gradient methods is Wasserstein
geometry view which will be explained in Chapter B. The methods proposed in Chapter [
and B for ensemble learning and generative model learning are closely related to this view-
point. We note that very similar methods (Chizai"and Bach, P0T&; Johnson and Zhang,
201R) to ours based on the same viewpoints have been proposed with good theoretical
analyses.

6.1 Problem Setting

In this section, we provide several notations and describe the simplest form of problems
considered in Part . Let X = R? be a space of interest. We denote by 1 a general Borel
probability measure on X which may have continuous, discrete, or finite support. we also
denote by E,, the expectation with respect to a random variable according to 1, by Lo (1)
the space of square-integrable functions with respect to y, and by L2 (1) the product space
of Ly(p) equipped with (-, ) 14(-inner product: for V¢, V¢ € Li(w),

(€. g & Ee(X)T¢X)) =E, [Z @-(X)@-(X)] .

We also use the following norm: for Y& € Li(n), [€lp1gy = Eu[lEX)]2] =

E, [ 1.1 &(X)|. We note that the notation of ¢ in L{(x) may be omitted if it is
not needed.

As seen in subsequent chapters later, several problems in machine learning can be
formalized as optimization problems with respect to probability measure. We note that
when a base probability measure i is given, this problem is (approximately) solved by
optimizing transport maps in Ls(j) as explained below. In general, for a probability
measure /i, the push-forward measure ¢, by a map ¢ € Lo(p) is defined as follows: for
a Borel measurable set A C O,

ds(A) E (71 (A)). 6.1)
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6. Functional Gradient Descent

For a probability measure 1, having a continuous density function ¢, i.e., du, = q(0)d#,
the push-forward measure is described as follows: by the change of variables formula

dypq(0) = q(¢7(9))| det Vo (0)~|do.

When we use maps in Ly() to push-forward probability measures, we call these as trans-
port maps. We notice that a vast space of probability measures may be reached through
transport maps from a given base probability measure. Such a property is investigated
well in the optimal transport theory, see Villani (2008); Ambrosio ef all (Z00R).

From the above discussion, considering the optimization problems with respect to
transport maps is justified. Especially, we treat the following simple problem to explain
basic form of functional gradient method and its property.

. def

min {£(¢) © B, [r(6(X))]} (62)
pELY (1)

where 7 is a sufficiently smooth function. Note that problems considered in subsequent

chapters are not interpreted as this simplified problem correctly, but it is useful in explain-

ing a property and an advantage of the method and leads to a deeper understanding.

Connections to concrete problems. We here briefly introduce the formulation of the
problems treated in subsequent chapters. In Chapter [, we propose an ensemble method
for classification tasks. Since an ensemble is composed of weak (base) learners by taking
an expectation on the space of them, the problem turns out to be equivalent to optimizing
probability measures to obtain a highly accurate classifier. Thus, the discussion in this
chapter is quite useful for understanding the method for ensemble learning problems. In
Chapter B, we consider the generative adversarial networks (GANSs) (Goodfellow ef all,
2014) which is the most successful model for generating realistic images. In the train-
ing procedure of GANSs, the discriminator and the generator are simultaneously trained
in an adversarial way. Namely, the discriminator is trained to classify between training
images and generated images drawn from the generator, while the generator is trained to
generate realistic images from a noise distribution to mimic real images. Thus, GANs
training can be formalized as min-max problems. Under the assumption where each dis-
criminator is completely optimized in the procedure, the problems can be recognized as
minimizing the objective with respect to generator to increase the classification error of
a current discriminator. Noting that generators are none other than transport maps, the
GAN training is also accomplished by optimizing transport maps. Moreover, we give an
interesting viewpoint that the functional gradient method is a discretization procedure of
a gradient flow in the space of probability measures in terms of Wasserstein geometry.
In Chapter B, we propose a new gradient boosting method for classification tasks. In our
method, a classifier consisting of the feature extraction and the linear classifier grows by
greedily adding a residual-layer on the top of the feature extraction based on functional
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gradient boosting theory. While GANs training is the min-max problem, this problem is
the min-min problem with respect to the linear classifier and the feature extraction. By
regarding feature extractions as transport maps from input data distribution in order to
obtain a ditribution in which each example can be linearly separated into corresponding
classes, we notice that the proposed method turns out to be the method for optimizing
transport maps when a linear classifiers is completely optimized in each iteration. Thus,
this problem is also basically special case of the problem treated in this chapter.

6.2 Functional Gradient Descent

In this section, we introduce functional gradient descent to solve (b2). The key notion
used in the method is the functional gradient in function spaces. Since they are taken in
some function spaces, we first introduce Fréchet differential in general Hilbert spaces.

Definition 6. Let (H, (,),,) be a Hilbert space and h be a function on H. For £ € H, we
call that h is Fréchet differentiable at £ in H when there exists an element V¢h(§) € H
such that

h(¢) = h(&) + (Veh(§), ¢ — &)y, + o(l[§ = Clln)-
Moreover, for simplicity, we call V¢h(&) Fréchet differential or functional gradient.
If the objective L(¢) is differential, then we can obtain VL(¢) = V,r o ¢, where
z stands for the input variable of r. Therefore, a functional gradient is a vector field of

gradients V,r at ¢(z) (z € X). A functional gradient descent is an iterative optimization
method using this functional gradient. The whole procedure is described in Algorithm I2.

Algorithm 12 Functional Gradient Descent

Input: the initial transport map ¢y € L$(p) and the learning rate 7.
fork=0to7T — 1do

1 — o — IV L(dk)
end for

Return the function: ¢r.

That is, the functional gradient is the method to move particles {¢x(x)},cx along
negative gradients { VL (¢x(x)) }.cx of decreasing the objective.

As in the finite-dimensional case, smoothness property of objective function is also
useful in infinite-dimensional problems, hence, we here introduce Lipschitz smoothness
in Hilbert spaces.

Definition 7. Let h be a function on a Hilbert space (H,(,),,). We call that h is L-
Lipschitz smooth if h is differentiable and it follows that V¢, ( € H.

IVA(E) = VA, < LIIE = ¢l
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Under the smoothness assumption, we can show the convergence to a stationary point
by naturally extending the proof of Theorem [I.

Theorem 12. Let us assume that L is L-Lipschitz smooth. Consider Algorithm [2 with
constant learning rate n < 1/L. Then we have for T € 7.,

2
. 2
pein IV LD 72(u0) < T

where L, = inf, L(¢).

(‘C(¢0) - E*)7

Since the proof of the theorem is essentially included in subsequent chapters, though
their have specific forms according to the problem and require additional assumption, we
omit it here. Note that the convergence rate O(1/7") is the same as the gradient descent
method for smooth objective in the finite-dimensional one. This means that even though
the optimization is executed in the infinite-dimensional space, we do not suffer from the
infinite dimensionality in terms of the convergence.

As explained in the previous section, concrete examples introduced in subsequent
chapters are also formalized as optimization problems of transport maps. Thus, the pro-
posed methods for these problems and theoretical analyses are given based on the above
idea although we need several adaptations depending on problems.

6.3 Powerful Optimization Ability and Connection to
Residual Networks

In this section, we explain that functional gradient methods exhibit an excellent perfor-
mance for optimizing £ compared to the gradient method in a finite-dimensional space.
If £ is Fréchet differentiable, the functional gradient is represented as V,L(¢)(-) =
V.r(¢(-)) as shown in the previous section. Therefore, the negative functional gradi-
ent indicates the direction of decreasing the objective r at each point ¢(z). An iteration
of the functional gradient method with a learning rate 7 is described as

¢t+1 < Cbt — T]vzr @) ¢t = (Zd — UVZT) O ¢t~

We can immediately notice that this iterate makes ¢; one level deeper by stacking a resid-
ual network-type layer id — nV,r (He et all, 2016), and data representation is refined
through this layer. Starting from a simple feature extraction ¢, and running the functional
gradient method for 7-iterations, we finally obtain a residual network:

¢ = (id —nV,r)o---o (id —nV.r) o ¢y.

Therefore, feature extraction ¢ gradually grows by using the functional gradient method to
optimize L. This is a huge advantage of the functional gradient method because stationary
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points in L$(p) are potentially significant better than those of finite-dimensional spaces.
Note that this formulation explains the optimization view ([asfrzebski“ef all, POT7) of
ResNet mathematically.

We now briefly explain how powerful the functional gradient method is compared to
the gradient method in a finite-dimensional space, for optimizing £. Let us consider any
parameterization of ¢; € L9(1). That is, we assume that ¢; is contained in a family of
parameterized feature extractions M = {gy : X — X | 0 € © C R™} C L4(uy), i.e.,
30" € O s.t. ¢, = gor. Typically, the family M is given by neural networks. If £(gs)
is differentiable at 6, we get VoL(gp)|o—or = (Vo L(P1), Voglo=o) 14 () According to the
chain rule of derivatives. Note that V,£(¢;) dominates the norm of gradients. Namely,
if ¢; is a stationary point in L4(j), ¢; is also a stationary point in M and there is no
room for improvement using gradient-based methods. This result holds for any family
M, but the inverse relation does not always hold. This means that gradient-based meth-
ods may fail to optimize £ in the function space, while the functional gradient method
exceeds such a limit by making a feature extraction ¢, deeper. For detailed descriptions
and related work in this line, we refer to Ambrosioef all (Z008); Daneri and Savaré (2010)
and subsequent chapters. As for the representational ability of residual networks, we also
refer the reader to Barfleff ef all (Z0T&) which showed the global convergence property of
functional gradient methods for regression problems under suitable conditions.
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Chapter 7

Stochastic Particle Gradient Descent for
Infinite Ensembles

We propose a new method for ensemble learning problems with the L;-regularization in
an infinite-dimensional space of base classifiers; in other words, optimization problems of
probability measures. Several optimization methods for this problem have been proposed
due to better statistical performance of this problem. Most of these methods adopt the
boosting strategy, namely adding base classifiers iteratively in a greedy fashion because of
the difficulty of handling L;-regularization in an infinite-dimensional space. As a result,
it causes the requirement of solving nonconvex optimization problems which may make it
difficult to apply to large scale models. In contrast, our proposed method adopts an easily
executable sampling strategy for approximating a probability measure, which optimizes a
transport map for sampling base classifiers, and we are free from adjusting early stopping
time. In the theoretical analysis, we show the convergence property to a stationary point
with a convergence rate and an interior optimality property of the method, that is, the
optimization proceeds as long as better probability measures than a current probability
measure exist in its support.

This chapter is based on the work Stochastic Particle Gradient Descent for Infinite
Ensembles, A. Nitanda and T. Suzuki, preprint, 2017 (Nitanda and Suzuki, 2OT7H).

7.1 Overview

The goal of the binary classification problem is to find a measurable function, called a
classifier, from the feature space to the range [—1, 1], which is required to minimize the
expected classification error. The ensemble methods, including boosting and bagging,
are powerful scheme for solving this problem; constructing a complex classifier by com-
bining base classifiers. It is well-known empirically that such a classifier attains good
generalization performance in experiments and applications (Bauer_and Kohavi (1T999);
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Diefferich (2000); Viola_and Tones (20071)).

Especially boosting methods have been thoroughly analyzed due to their excellent
performance. The first important result was presented by Schapire et al] (T998), where
the margin theory for convex combinations of classifiers was introduced. The tighter
generalization bounds were given in Kolfchinskii and Panchenkd (2002); Barfleff ef al’
(2006) by using the complexities of the function class such as the covering numbers and
Rademacher complexity. Moreover, several studies have shown the convergence prop-
erty and consistency of boosting methods (Mason ef all (2000); Zhang (2003); Mannor
ef-all (2003); Blanchard ef all (2003); Cugosi and Vayati§ (2004); Zhang and Yu (2005);
Bartfleff and Traskin (2007)). At the same time, many boosting-type methods have been
proposed, e.g., AdaBoost (Freund and Schapirg (1997)), LogitBoost (Friedman ef al’
(2000)), Arc-gv (Breiman (199Y9)), AdaBoost], (Ratsch-andWarmufh (20035)), a-Boost
(Friedman (2001))), and AnyBoost (Mason_ef all (2000)). These methods are essentially
based on the strategy of coordinate descent methods or functional gradient methods in
an infinite-dimensional space of base classifiers; classifiers are added iteratively in greedy
fashion with their weights in each iteration. As for the regularization, L,-regularization in
an infinite-dimensional space is adopted in these methods by restricting the model to con-
vex combinations of base classifiers or imposing early stopping with a small learning rate
(Friedman (2001)); Rosset ef all (2004)) to prevent the rapid growth of its L;-norm. The
former formalization have also appeared in convex neural networks (Bengio et al] (Z006);
Bach (20014))) and boosting-like methods have been proposed. Moreover, Bach (201T4) has
studied the generalization ability of this problem and Rossef ef all (20007) has shown that
the sparsity property still holds even in the case of an infinite-dimensional space.

In spite of the success of boosting methods in data analysis, it seems to be difficult to
apply these methods for taking an ensemble of large size base classifiers such as neural
networks because of the requirement of solving nonconvex subproblems for adding base
classifiers, which can become intractable. In this chapter, we propose a new ensemble
learning method, called Stochastic Particle Gradient Descent (SPGD) by adopting a com-
pletely different strategy based on easily executable sampling method for approximating
a current probability measure. The SPGD performs in a space of probability measures
on a set of continuously parameterized base classifiers and constructs an ensemble by the
expectation with respect to the obtained probability measure. In other words, the SPGD
method handles the L;-constraint naturally, hence we are free from adjusting early stop-
ping time and a complex ensemble can be found quickly. Such a procedure is realized
by constructing a transport map for sampling base classifiers and this transport map iter-
atively grows by stacking layers on neural networks to optimize the objective function.
This strategy is in opposition to those of existing methods that successively increase the
number of basis to be combined.

In the theoretical analysis, we show the convergence of the proposed method to a
stationary point with a convergence rate as fast as that of a stochastic optimization method
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for finite-dimensional nonconvex problems. Moreover, we show the interior optimality
property of the method, where the optimization proceeds as long as better probability
measures than a current probability measure exist in its support. This property is inherent
in problems with respect to probability measures and its proof mainly relies on partial
differential equation theory.

Furthermore, we provide two practical variants of SPGD method. One is a natural
approximation of a transport map in SPGD using finite particles, and we note this approx-
imation forms a residual-type network (He ef all (2016)). The other is a more practical
variant without resampling of particles, and we show this variant can be regarded as well-
initialized SGD for the nonweighted voting classification problem, that is, we can say
it is an extension of the vanilla SGD to the method for optimizing a general probability
measure.

Related Work

Ensemble learning with infinite models have been received a lot of attention due to their
superior performance and many optimization methods have been exploited. Represen-
tative methods are boosting methods (Schapire et al] (T99R)), convex (continuous) neu-
ral networks (Bengio et al] (2006); Le Roux and Bengio (2007); Rossef et all (2007)),
and Bayesian neural networks (MacKay (1992, 1T995); Neal (2012)). Kernel methods
using shift-invariant kernels (Rahimi and Rechi (2007)) also combine a basis, although
a base probability measure to sample base functions is pre-determined. Most of these
methods are based on optimization problems in infinite-dimensional spaces with some
regularization, for instance, boosting methods and convex neural networks use the L;-
regularization as mentioned earlier, that is, combinations by probability measures, and
kernel methods with shift-invariant kernels use RKHS-norm regularization which is writ-
ten by the Lo-regularization using an associated probability measure like infinite-layer
networks (Livniefall (2017)). Ly-regularized problems in kernel methods can be effi-
ciently solved by the functional gradient descent (Kivinen ef all (2004); Daief all (2014);
Zhuand Xu (2015); Dienleveuf and Bach (2016)) or methods using explicit random fea-
tures (Rahimi_and Rechf (2007); Livniefall (2017)). Note that the random kitchen sinks
(Rahimiand Rechi (2009)) adopt the L.,-constraint rather than the Lo-regularization. As
for the L,-regularization, combining its good generalization performance (Kolfchinskii
and Panchenka (2002); Kolfchinskiief all (2003); Bach (2014)) with the fact that the L-
ball always includes the Lo (L.)-ball, superior classification performance is expected,
especially when base classifiers have high representational ability. However, solving L;-
regularized problems are more challenging than Lo (L. )-regularized problems because
handling L;-regularization is difficult from the optimization perspective, indeed boost-
ing methods which are representative for this problem require to solve the nonconvex
subproblems for adding base classifiers.

From the perspective of optimizing the probability measure, gradient-based Bayesian
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inference methods (Welling and Teh (2011); Daief all (Z016); Liu and Wang (2016)) are
related to ours. Especially, stein variational gradient descent (SVGD) proposed in [Cii
and Wang (2016) is most related to our work, which has a similar flavor to our method.
Convergence analysis and gradient flow perspective were given in i (2017) and further
analysis was provided in Chen and Zhang (2017). However, while SVGD is a method
specialized to minimize the Kullback-Leibler-divergence based on Stein’s identity tech-
nique, our method does not require special structure of a loss function; hence, our method
can be applied to a wider class of problems and theoretical results hold in the more general
setting, though we focus our study only on the ensemble learning. We would like to re-
mark an interesting point of our method compared to the normalizing flow (Rezende and
Mohamed (2015)) that approximates Bayes posterior through deep neural networks. In
our method, a transport map is obtained by stacking residual-type layers (He ef all (2OT16))
iteratively, hence a residual network to output an infinite ensemble is built naturally.

7.2 Problem Setting

In this section, we explain our problem setting for classification tasks. We first define
the space of base classifiers. Let us denote the Borel measurable feature space and the
label set by X C R™ and Y = {—1, 1}, respectively. Let © C R be a Borel set and
H = {hy : X — [—1,1]; Borel measurable | § € O} be a subset of base binary
classifiers that is parameterized by # € ©. We sometimes use the notation h (6, z) for
he(z) when it is regarded as a function with respect to 6 and =. We assume that (6, x) is
Borel measurable on © x X" and continuous with respect to z € X.

Example 1 (Linear Classifier). For 6 € O, we define the linear classifier as follows:
hg(x) = tanh(0' ),
which separates the feature space X linearly using a hyperplane with normal vector 6.

Example 2 (Neural Network). Let {I,}L_ be the sizes of layers, where ly = n, I, = 1.
We set d = 3.5 o1 and © = T[22, ©,, where ©, C REb+1. For § = {0} € ©,
we define the classifier, that is, an L-layer neural network:

ho(x) = tanh(0, (0,0 (- o (6] x) - ))),
where o is a continuous activation function.

Let us denote the set of all Borel probability measures on © by P. For u € P, we
define the infinite ensemble (ensemble by the probability measure) b, : X — [—1,1] as

follows: for x € X,

ho(x) < E,[h(6, 7)),
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where [E, is the expectation with respect to y, and predict the label of = by sign(h,(z)).
Let G be the set of all infinite ensembles: G = {h,, | u € P}. The goal of the classification
problem under our setting is to minimize the empirical risk on P.

Let/: R — R be a loss function such as the exponential loss. Let us consider solving
the following problem:

N
def 1

min Ls(p) = ; L(=yshu(ay)) (7.1)
Noting that this problem can be cast as [L;-regularization problem in an infinite-
dimensional problem, good statistical properties of the problem are well known (Bach
(2014)). Moreover, since, this problem have an optimal solution of finite support (Ros-
sef_efall (2007)), several generalization guarantees (Kolfchinskii-and Panchenka (P0072);
Blanchard ef all (2003); Barfleff ef all (2006)) for convex combinations can be applied to
the problem ([Z1). Therefore, we focus on how to solve this problem efficiently.

One way to make this infinite dimensional optimization problem computationally
tractable is to parameterize its subspace locally by a space of actions, which may also
be infinite-dimensional manifold. Basically, our proposed method sequentially updates a
Borel probability measure on © based on the theory of transportation. That is, the current
probability measure p; is updated through pushing-forward by a transport map having
the form id + & toward a direction reducing the objective function Lg. Repeating this
procedure, we finally obtain a composite transport map ¢ = (id + &p_q) o -+ - (id + &)
from an initial probability measure 1y and the corresponding probability measure pip is
obtained by pushing-forward py by ¢r. In practice, the final probability measure g is
approximated by samples obtained through ¢ as ¢r(6;) ~ ur where 6; ~ o and this
approximation makes the method feasible. The resulting problem is how to choose &
to optimize ([Z1) and an answer to this question is to perform the functional gradient
method with respect to £. To explain our proposed method correctly, we should describe
the optimization domain with its properties.

7.3 Optimization Domain and Optimality Condition

In this section, we specify the optimization domain where the proposed method performs.
We set © = R?. Let i denote any Borel probability measure on © with finite second
moment E,[||0]|?] < 400 and P denote the set of such probability measures. We denote
by Lo(1) the space of Ly(u)-integrable maps from supp(u) C © into O, equipped with
() 1,(uy-inner product: for V&, V(¢ € La(u),

(€ O 1wy = Eal(0)C0)].
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As defined in Chapter B, we denote by ¢4/ the push-forward measure of ;1 by ¢. When
we use maps in Ls(u) to push-forward probability measures, we call these as transport
maps. We can clearly see ¢y is also contained in P, when p € P, and id is contained in
Lo(u) for arbitrary po € Ps. Let us consider approximately solving the problem (1) on
‘P2 by updating transport maps iteratively. To discuss the local behavior of the problem,
we must specify the topology of P; hence, we need to introduce more notions.

7.3.1 Integral Probability Metric on P

In this chapter, we adopt a kind of integral probability metrics (Miiller (T997)) on P. For
a positive constant C' > 0, let f be a function on © such that it is uniformly bounded
|f(0)] < Cand f(0) is C-Lipschitz continuous on © with respect to the Euclidean norm.
We denote by F¢ the set of such functions and the subscript will be omitted for simplicity.
This set of functions is used for defining the norm || - ||  on the space of linear functionals
on F, which includes P. Specifically, ||u||7 = supc |u(f)] for a finite signed measure
p on ©, where we denote the integral of a function f with respect to u € P by u(f).
Thus, P is a metric space with respect to the uniform distance dr(u,v) = ||u — v||# for
p, v € P. The convergence dx(u, ) — 0 is none other than the uniform convergence
of integrals 1,(f) — p(f) on F. Note that this norm defines the same topology as the
Dudley metric (Dudley| (T968)).

To investigate the local behavior of L£g(1), we need to clarify the continuity of several
quantities depending on p € P and h(-,z). Especially, —I'(—yh,(x))yVeh(8, x) is re-
ally important because it is used to describe an optimality condition and performs as the
stochastic gradient in the function space. For simplicity, we use the notation

Sﬂ(eax7y) = —l,(—yhu(iﬂ))ngh(e,l') (72)

The following proposition gives a sufficient condition for the continuity of these quanti-
ties.

Proposition 8. Suppose sets {h(-,z) | = € X} and {|Es[s.(-,z,y)]|3 | © € P} are
included in the set F¢. . Then, hy,(x), Ls(i), and |Eg[s,(0, %, y)]| 1, are continuous as
a function of p on P with respect to || - || 7.

The next proposition supports the validity of the assumption in this proposition for
Example [ of the linear classifier.

Proposition 9. Let the loss function | be a C'-class function. If h(-,x) is two times con-
tinuously differentiable and h(-,x),Vgh(-, x) are Lipschitz continuous with respect to 0
with the same constant for all x € X, then for sufficiently large C' > 0, the assumption in
Proposition 8 is satisfied.
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Note that, if we use the set of all 1-Lipschitz continuous functions instead of F, it
derives the Kantorovich and Rubinstein dual form of 1-Wasserstein distance. Although
continuous functions with respect to dx are also continuous with respect to larger dis-
tances including p-Wasserstein distances with p > 1, we prefer dr in this work because
it has sufficient size to contain the integrands h(-, x).

7.3.2 Local Optimality Condition

In this subsection, we establish the local optimality condition for the problem over P,. To
achieve this goal, we need not only the continuity propositions, but also the counterpart
of Taylor’s formula in the space of probability measures, giving the intuition to construct
and analyze an optimization method for solving the problem. Thus, we show such a
proposition under the following assumption.

Assumption 7 (Smoothness and boundedness). Let | be a C*-function and let h be a
C?-function with respect to 0. Moreover, we assume NV yh(0,x), Vah(6, z), and the eigen-
values of the latter matrix are uniformly bounded on © x X.

Note that this assumption also holds for Example [ of the linear classifier under the
compactness of X and this assumption is essentially stronger than the assumption in
Proposition B. The following is the counterpart of Taylor’s formula.

Proposition 10. Suppose Assumption U holds. For Vu € Py and V¢ € Lo(p), Lo((id +
&€)spt) can be represented as follows:

Ls((id + Ep) = L) + Eu[Esls,(0, 7, 9)] €6)] + SHlE) + olIEl) 73)

where H,, (&) = O(]|¢]] %2(“)) is described as follows: for 0, which is a convex combination
of 0 and § + £(0) depending also on x, H,(§) is defined by
H,(§) = —Es [yl (—yhu(2) Eull§(0)I3n00r.0)) + Esll" (—yhu(2))Eu[Voh(8, 2) " £(0)]%).

Proof Sketch. A perturbation of the probability measure y can be translated into that on
the parameter space ¢ in the integral with respect to i by the change of variables formula:
E(iare),u[h(0, 2)] = E,[M(0 + £, 2)]. Therefore, applying Taylor’s formula to i and I, we
get

Es[l(—yh(id%)w(m))] = ES[Z(_yEu[h(O + &, 2)])]
~ Eg[l(—yE,[h(0, x) + Vh(0, ) £(0)))]
~ Eg[l(—yhu(z)) + Eyuls, (0, z,y) T €0)]],

where we omitted the second- and higher-order terms for simplicity. A complete proof
will be given in the Appendix. [
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Using this proposition, we can immediately derive a necessary local optimality condi-
tion over P in a similar way to the finite-dimensional case, where P, is a closure of P,
in P with respect to dr. Note that from Assumption [, s,,(-,z, y) is contained in Lo (1)
for any p € P.

Theorem 13 (Necessary local optimality condition). Suppose Assumption [ holds. Let
s € Po be the local minimum of Ls () with respect to dz. Then we have

HES[SH* (eaxmy)]HLg(u*) = 0. (7.4)

7.3.3 Interior Optimality Property

In this section, we present the interior optimality property of the condition (Z4). When
the loss function [ is convex, the optimization problem () is also convex with respect

to 1 € P in terms of affine geometry, and hence the following holds: for a Borel measure
V7 such that [ dr(6) =0,

Lolw) + / V,Ls(1)(6)dr(8) < L+ 7).

where V,Lg(p) is Fréchet derivative with respect to pu:  V,LCs(p) =
Es[—U'(—yhu(z))yh(-,z)]. Thus, the equation, [V, Ls(p)(@)dr(0) = 0 (for Vr
s.t. [ dr(f) = 0), is the global optimality condition. In general, this condition and
the local optimality condition ([Z4)) are different. Indeed, in the set of Dirac measures,
there may exist some local minima as finite-dimensional optimization problems but the
global optimality condition is not satisfied. However, we can show the interior optimality
property of local optimum by using the global optimality condition.

Theorem 14. Suppose that h is a C'-function with respect to 0 and the loss function | is
a C'-convex function. Let ji, € P be a probability measure having a continuous density
function. If supp(p.) is a compact C*-manifold with boundary and i, satisfies the local
optimality condition (IZ4), then there is neither measure |1 having a continuous density
such that supp(u) C supp(u.) and Ls(p) < Ls(ps) nor p not having a continuous
density such that supp() is contained in the interior of supp(p.) and Ls(p) < Lg(ps).

This theorem states that the optimization proceeds as long as there exists a better
probability measure in support of a current measure p satisfying the same assumptions on
s in Theorem [I4 except for condition ([Z4).

So far, we have discussed the local optimality conditions and we have confirmed that
|Es[s.(0,2,9)]|| £.(u) for p € P, can be regarded as the local optimality quantity for
the problem due to its continuity and the above theorems. Therefore, the goal of an
optimization method for the problems is to output a sequence {y};°, C P, such that
|1 Es[su (0, 2,y)]|| £,(u) converges to zero.
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The following proposition ensures the existence of an accumulation point of such
a sequence satisfying the local optimality condition under the tightness assumption on
generated probability measures.

Proposition 11. We assume a sequence {y,}{2, in P is tight, that is, for arbitrary € > 0,
there exists a compact subset A C O such that p,(A) > 1 — € for Vt € N. Then, this
sequence has a convergent subsequence with respect to || - || .

Therefore, by taking a subsequence if necessary, we can obtain a sequence {}:°,
to converge to a stationary point y, € P by an appropriate method. Note that this con-
vergence implies the uniform convergence 1, (h(-,x)) — p.(h(-,x)) for all z € X by
Proposition B.

7.4 Stochastic Particle Gradient Descent

In this section, we introduce a stochastic optimization method for solving problem (IZT)
on P, and present its convergence analysis. The proposed method is essentially the same
as the functional gradient descent described in Chapter B, but we describe it by another
perspective. We first present an overview of our method again. Let pg € P, be an
initial probability measure and suppose a current probability measure p is obtained by
pushing-forward piy by ¢ € Lo(po). Then, ¢ and p are updated along & € Lo(u) as
¢t (id+ &) o ¢ and ut < (id + &)yp. The resulting problem is how to obtain & to
locally minimize the objective function Lg((id + £)31) on Lo(e). We can find that by
Taylor’s formula (Z3), this objective is Fréchet differentiable with respect to £ € Lo(u)
and its differential is represented by Eg[s,, (-, z, y)] via the Lo(u)-inner product. Thus, this
differential performs in function space with this inner-product like the usual gradient in a
finite-dimensional space and it is expected to reduce the objective value. We next provide

a more detailed description below.

Let us denote by B,.(u) the r-neighborhood of the origin in Ly(u); B,(u) & {¢ €

Lo(p) | €llraqy < r}. Since the higher-order term H, (&) + 0(||§”%2(M)) in (3) is
O(lI€l17, () it can be locally upper bounded by the quadratic form at { = 0. Thus, we

can assume that there exists a positive-definite smooth (d, d)-matrix A,(6) such that for

all € € B, (), 1 1
5 Hul€) +o(lEl7, ) < §E#I|£Hi#(e>- (7.5)

Note that we can choose scalar matrix c/; as A, with ¢ > 0 that does not depend on
under Assumption [A. By Proposition [, the following quadratic function with respect to
¢ is a local upper bound on Lg((id 4 &)yp) at pu € Pa:

1
Ls(p) + Eu[Es[s,(0, 2, y)] T (0)] + §Eu”fH,24M(9)- (7.6)
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Thus, minimizing (Z6) as a surrogate function, we can obtain £ € Ly(u) to reduce the
objective L and we can make an update ;1" < (id+&)sp and an update ¢ <— (id+§)o¢
for the corresponding transport map from the initial probability measure. Practically, such
a solution ¢ is obtained by minimizing the following stochastic approximation to ([Z):
for randomly chosen (2, y’) from S,

1
. P NT 2
[ain Eulsu(0,2", ) €(0)] + SElIEN A, 0)- (7.7)
Note that under Assumption [ and uniformly boundedness assumption on A,,, a positive
constant 77y exists such that for Vi € P and V(2/,y') € X x ),

n0||AH<0)_IS/L<0a xl) y/)”Lz(u) <r.

Thus, we can choose the step —nA4,(0)*s,(0,2',y') (0 < n < no) as an approximate
solution to ([7) and Lemma [ shows the reduction of the objective function by this step.
Moreover, if 7 is sufficiently small, we can find this step produces a diffeomorphism (see
Appendix), which preserves good properties of the initial probability measure such as the
manifold structure, and it may lead to good exploration of the proposed method by an
intuition from Theorem I4.

Lemma 11 (Descent Lemma). Suppose Assumption U holds and suppose 0 < Aaly; <
AL (0) 2 Aaly. Weset ((0) = —A,(0) s, (0,2',y') Then, there exist G > 0 and ng > 0,
depending on the smoothness, the boundedness of |, h, A,, and the radius r, such that
for 0 < ¥n < no, n¢ is contained in B, () and it leads to a reduction:

Es[Ls((id = nC)gp)] < Ls(p) — AiAHES[Su(Qa 2 Y)llL, 0 +1°G.

This lemma means that for sufficiently small learning rates 7 > 0, the iterate p <
(¢d 4+ n&)y e strictly reduces the objective function Lg in the expectation when y does not
satisfy the local optimality condition ([Z4). Here, we propose an algorithm called SPGD
in Algorithm 3 to solve problem ([1]) based on the above analyses. Note that Algorithm
is the ideal one, and hence a practical variant will be described later.

Depending on the choice of A,,, we can derive several specific algorithms as in the tra-
ditional (stochastic) optimization literature, e.g. steepest descent method, natural gradient
method, and quasi-Newton method. Thus, Algorithm I3 can be regarded as the simplest
form, where A, = cly (¢ > 0), of SPGD. We can obtain the convergence theorem for
Algorithm [3 by the inequality of Lemma Il

Theorem 15 (Convergence Theorem). Let us make the same assumptions as in Lemma
[[1. For e > 0, let n > 0 be a constant satisfying n < min{no, 5= }. Then an e-accurate
solution in the expectation, i.e., E[|[Es[s,, (0,2, y)][7, )] < € where the outer expecta-
tion is taken with respect to the history of sample data used in learning, can be obtained
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Algorithm 13 SPGD

Input: dataset S, initial distribution 1o, the maximum number of iterations 7’, learning

rates {1}

qb() —id

fork =0toT —1do
Randomly choose a sample (z
Prr1 < (id — sy (2, Y'))
fisr < (id — mesp, (2 Y

end for

Return ¢

'.y) from S
o Py,
))shtn

at the most

2(Ls(po) —infeo Ls(p))
€1
iterations of Algorithm [[3 with learning rate n;, = 1.

(7.8)

Running Algorithm I3, we obtain the transport map ¢r. If we choose a tractable
distribution as the initial distribution sy, we can obtain i.i.d. particles {69}, from py.
By the construction of ¢y, we find that {¢,(0%)}}, are regarded as i.i.d. particles from
the distribution 11, = ¢xsp0. However, note that Algorithm 3 is impractical because we
cannot compute exact value of h,, (x') required to get s, (-,2’,y'). Thus, we estimate it
using sample average hy ~ 77 Zf\il hgr. where 0% = ¢1,(69). The overall procedure is
summarized in Algorithm 4. Because of the form of id + nl'(—y'hi)y'Voh(-, 2'), we
notice that Algorithm 4 iteratively stacks residual-type layers (He ef all (Z0T6)) and so
a residual network to output an infinite ensemble is built naturally. We can also derive
more practical variant Algorithm [3 without resampling in Algorithm [4, that is, using
the same seeds {09 }2, over all iterations.

7.4.1 Extension of Vanilla Stochastic Gradient Descent

Let us explain how the proposed method can be regarded as an extension of vanilla
SGD in a finite-dimensional space. If we adopt the sum of Dirac measures as the ini-
tial distribution i, then Algorithm and [3 become the same method by initializ-
ing particles {0}, to be the support of jo. Moreover, we can see that the step of
Algorithm [3 is the same as that of vanilla SGD for the nonweighted voting problem:
minggycon Es[l(—7 S M yh(6;,x))]. Specifically, we can say that the vanilla SGD for
learning a base classifier is the method to optimize a Dirac measure and is none other than
Algorithm [3 with a Dirac measure 1. In other words, Algorithm I3 is an extension of

the vanilla SGD to the method for optimizing a general probability measure.
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Algorithm 14 SPGD - building residual network -
Input: dataset .S, initial distribution p, the maximum number of iterations 7', the
number of particles M, learning rates {7},
Og — td
fork=0to7T — 1do

Independently draw particles {69}, from p
{07 L) {on(09) 11,
Randomly choose a sample (z’,y’) from S
hi % Zﬁl hes (')
O < (id + il (=Y by )y’ Voh(-, z7)) o ¢y,
end for
Return {07 }M,

Algorithm 15 SPGD - practical variant -
Input: dataset .S, initial distribution i, the maximum number of iterations 7', the
number of particles M, learning rates {7}/,
Independently draw particles {69}, from yq
fork=0to7T — 1do
Randomly choose a sample (z’,y') from S
hi 4= 57 S0y hge(2)
{0773 {0F + el (=y'ha)y' Vol (0F, ")}y
end for
Return {7} M,

From this viewpoint of Algorithm I3, we can introduce some existing techniques
and extensions to our method. For instance, we can use accelerating techniques such as
Nesterov’s momentum method (Nesferov (2004))), which is also used in our experiments
to accelerate the convergence.

Moreover, we can extend Algorithm I3 to the multiclass classification problems. Let
us consider the c-classes classification problem. We denote the binary vector for the class
by y, that is, for the ¢-th class, only the i-th element y; is one and the other elements
are zeros. The output of the classifier h is extended to the range [0, 1]¢, which repre-
sent the confidences of each class such as the softmax function. Then, the SGD for the
problem mingyjcon Es[l(—2 S yTh(6;, x))] is the extension of Algorithm I3 to the
multiclass problem.
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7.5 Numerical Experiments

7.5.1 Synthetic Data

particles 6-axis particles f-axis predicted labels predicted labels
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Figure 7.1: Toy example of the SPGD method (upper-left: weights of the initial particles;
upper-right: weights of the final particles; bottom-left: predicted labels by the initial
particles; bottom-right: predicted labels by the final particles).

We first present how our method behaves by using toy data: two-dimensional double
circle data. We ran Algorithm I3 for Example [ of a binary linear model with exponential

loss;
| M
-
exp <_M > Ytanh(6] X + bl-))

=1

min Eg
0; ERQ,ZHER

The number of particles was set to be 20. The behavior of the method is shown in Figure
[Z1. The upper-left part shows weights 6 of the initial particles and the upper-right part
shows 6 of the final particles. The bottom row represents predicted labels by the initial
particles (left) and the final particles (right). It can be seen that the data are well classified
by the locations of the particles using this method.

7.5.2 Real Data

Next, we present the results of experiments on binary and multiclass classification tasks
in a real dataset. We ran Algorithm I3 with momentum for logistic regression and three-
layer perceptrons where we set the number of hidden units to be the same as the input
dimension and we used sigmoid activation for the output of the hidden layer. For the
last layer of multilayer perceptrons, we used softmax output with the exponential loss
or the logarithmic loss function. The number of particles was set to be 10 or 30. Each
element of initial particles was sampled from the normal distribution 1y with zero mean
and standard deviation of 0.01 to bias parameters and of 1 to weight parameters. To
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Table 7.1: Test classification accuracy on binary and multiclass classification.

DATASET LOGREG SPGD(LOGREG) | MLP(Exp) SPGD(Exp) | MLP(LOG) SPGD(LOG)

BREASTCANCER 0.966 0.965 0.965 0.971 0.968 0.971
(0.0187) (0.0177) (0.0210) (0.0174) (0.0110) (0.0174)

DIABETES 0.755 0.761 0.764 0.756 0.738 0.757
(0.0464) (0.0435) (0.0366) (0.0447) (0.0524) (0.0400)

GERMAN 0.769 0.763 0.738 0.769 0.724 0.775
(0.04006) (0.0390) (0.0178) (0.0381) (0.0393) (0.0356)

(ONOSPHEREO 0.892 0.886 0.914 0.937 0.923 0.937
(0.0400) (0.0383) (0.0512) (0.0274) (0.0339) (0.0274)

GLASS 0.566 0.622 0.477 0.616 0.619 0.659
(0.0655) (0.0692) (0.1127) (0.0595) (0.1144) (0.1033)

SEGMENT 0.934 0.913 0.717 0.953 0.961 0.970
(0.0148) (0.0143) (0.1104) (0.0100) (0.0082) (0.0089)

VEHICLE 0.771 0.780 0.759 0.838 0.794 0.829
(0.0422) (0.0248) (0.0372) (0.0451) (0.0525) (0.0370)

WINE 0.968 0.978 0.949 0.974 0.963 0.984
(0.0321) (0.0377) (0.0519) (0.0414) (0.0552) (0.0246)

COVERTYPE 0.720 0.738 0.772 0.763 0.772 0.806
(0.0071) (0.0056) (0.0269) (0.0255) (0.0271) (0.0247)

evaluate the performance of the SPGD, we also ran logistic regression and multilayer
perceptron, whose structure is the same as used for SPGD.

We used the UCI datasets: breast-cancer, diabetes, german, and ionosphere for binary
classification; glass, segment, vehicle, wine, and covertype for multiclass classification.
We used the following experimental procedure as in Corfes ef all (2014); we first divided
each dataset into 10 folds. For each run i € {1,...,10}, we used fold ¢ for validation,
used fold i + 1 (mod 10) for testing, and used the other folds for training. We performed
each method on the training dataset with several hyper-parameter settings and we chose
the best parameter on the validation dataset. Finally, we evaluated it on the testing dataset.

The mean classification accuracy and the standard deviation are presented in Table
[1. Notations SPGD(LOGREG), SPGD(EXP), and SPGD(LOG) stand for SPGD for
logistic regression, multilayer perceptrons with exponential loss, and with logarithmic
loss function, respectively. Although SPGD did not improve logistic regression on some
datasets, it showed overall improvements over base models on the other settings. Thus,
we confirmed the effectiveness of our method.
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7.6 Appendix

7.6.1 Topological Properties and Optimality Conditions

In this section, we prove statements about the optimization problem for majority vote
classifiers.

Proof of Proposition@. By the assumption, uniform boundedness, Lipschitz continuity
of h(-,z) and uniform boundedness of ||Es[s,(6,z,y)]||5 are clear. Thus, it is suffi-
cient to show uniform Lipschitz continuity of the latter functions. Let us define func-
tions ¢o(z) = || on, aizi/N|3 (where z; € R?, 3K, a € [-K, K]") and map-
pings ¥s(0) = (Veh(6,z;))Y,. By the boundedness assumption there is a constant
C > 0 such that ||[Veh(0,z)l]s < C. Note that ¢o|_¢cjav and g are Lipschitz
continuous with the uniformly bounded constant. Thus, composite functions of these;
{®a © ¥s}tac-c,cjan ¢ are also Lipschitz continuous with the uniformly bounded con-
stant. Clearly, functions ||Eg[s, (6, z, y)]||3 is an element of these composite functions, so
this finishes the proof. [

We now give propositions needed in our analysis. The first statement in the following
proposition shows that the distance between ¢ and ¢ + £ o ¢ with respect to Lo(p) is the
norm of ¢ with respect to Ly(¢4ut). The second statement gives a sufficient condition for
a vector to define a diffeomorphism that preserves good properties if the base probability
measures possesses these, for instance, the absolute continuity with respect to Lebesgue
measure and the manifold structure of the support of itself which are sometimes useful
from the Wasserstein geometry or partial differential equation perspective.

Proposition 12. For i € Ps, the following statements are valid:

() [|[(id + &) 0 & — Dl o) = Il La(o) for @ € La(p), € € Lo(dyp);

(ii) Let ¢ € Ly(u) be the C*-mapping from the convex hull of supp(u) to ©. We denote
by A an upper bound on maximum singular values of V&(0) as the (d, d)-matrix on the
convex hull of supp(p). Then id + 1€ is a diffeomorphism on supp(u) for 0 < Vn < 1/A.

Proof. We set pu = ¢y for ¢ € Lo(f10). Then we have that for & € Lo ()

6.0 = [ 1€@) (o)
— [ 1) Bdosuoo)
= / ||§(¢>(0))||§d,u0(0) = ||§ o Qs“%a(#o)’

where we used the variable transformation for the third equality. This finishes the
proof of (i).
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If we assume (id + n&)(0) = (id + n&) (&), then it follows that |6 — 0'||; = n[|£(0) —
E@)]l2 < n||VEONT(O — 0)]]2 < nA||@ — 0'||2, where 0" is a convex combination of
0 and 0. Since nA < 1, we have 6 = ¢, i.e., id + n¢ is an injective mapping. By the
same argument, we find that V (id +n¢)(0) = 1,+nVE(0) also defines an injective linear
mapping for 6 € supp(u) and nA < 1, so that this matrix is invertible. Thus, we conclude
the proof of (¢i) by using the invertible mapping theorem. O

Here, we present the proof of Proposition 8 and the continuity of the parameterization
via transport maps in the following propositions, which will be used to show a local
optimality condition theorem.

Proof of Proposition 8. Continuity of h,(z) and Lg(u) with respect to ;1 are clear. Let
{1:}72, be a sequence converging to ;o € P. In the following, we denote s,(6, x, y) by s,
for simplicity. By triangle inequality, we have

s[5yl Ly — NEs[80]7, 00| < [e(IBs[s0]112) — me(IEs[s][13)]
+ [ue(1Bs[su]ll2) — n(lEsls,l12)] -

Since ||Es[s,]||3 € F, the latter term converges to zero. In order to show that the former
converges to zero, it is sufficient to see the uniform convergence ||Eg[s,,][|3 — [|Es[s,]||3.
By the boundedness and the triangle inequality, we have

s[5, I3 — [Es[sulli3] < 2VO|[Eslsyilllz — Ess,]llz|
< 2VO|[Esls,] — Es[s,]l

This upper bound converges to zero. Indeed, each element in expectation: s,,(-,z,y)
uniformly converges to s, (-, x,y) as seen in the following:

11 (=yn,., (2)) V10, ) = I'(=yn, (x)) VA, 2) |2 < Cl'(=yn,, () = I'(=yn, ()| = 0.
This finishes the proof. [

Proposition 13. For Vi € Py and VE € Lo(p), it follows that dr((id + &)gp, 1) <
ClIEN Lo

Proof of Proposition [[3. Noting that Lipschitz continuity of Vf € F, we have that for
VE € La(p),

dr((id + &)sp, 1) —sup!((zd+€)nu)(f) u(f)]

[ sntia 100) - [ roaute)

[ o+ eo) - 50 du(f))‘

= sup
fer

= sup
fer
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<c / 1E@)12dp(6) < ClE o

where we used Holder’s inequality for the last inequality. [

As noted in the paper, the continuity in Proposition B also holds with respect to p-
Wasserstein distance (p > 1) and Proposition [3 holds for 1-Wasserstein distance with
C=1.

We now give the proof of the counterpart of Taylor’s formula.

Proof of Proposition [l . By the variable transformation, we have

[ 6.)dtia+ o) = [ 16+ €(6). 2)du(o)
Using Taylor’s formula, we obtain
hsuo (@) = Py (0) + EuVh(0,2)7(0) + €0 1T30000.0))-

where || - ||v,n(0,2) is Mahalanobis norm, and
1
l(a+0b)=1(a)+1(a)b+ 51"(@)()2 +o(b*) (a,b €R).

Noting that by Holder’s inequality and Assumption @, E,,[Vh(8, 2)7£(6)] = O(||€]| 1o())
and EN[H£(6)|’2V9h(9’,1')] = 0([|€]| o) )> We get

=Yoo () = U=yhy()) + Euls,u(0, 2,9)"(0)] + Hu(& 2, y) + o[I€]17, ).

where H, (&, x,y) is the integrand in H ,(&). Therefore, by taking the expectation Eg,
we finish the proof. [

Using facts and propositions presented in the paper, we prove the theorem of a neces-
sary optimality condition.

Proof of Theorem I3 . We denote (,, = Eg[s, (-, z,y)] and denote the d-ball centered at
t by Bf (.) with respect to dr. We assume /i, is a minimum on B (j1,). By Assump-
tion @ and Proposition [3, there exists 7o > 0 such that (id & n¢,)sp € BY (11.) N Po
for 0 < Vnp < mp and Y € B({;Q(u*) N Py. Let € > 0 be an arbitrary constant.
Here, we can choose a sequence {,;}i2; in Bf/g(/vb*) N Py satisfying p; — p, and
Ls() < Ls(ps) + €/t by the continuity of Lg. Then, using Proposition [T, we have

2
€ . Mo o 7
< (1= 6.) ) = Lalo) = =BT+ BOUESTsI )
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where we denote s,, = s,,(0,z,y) for simplicity. Note that Assumption [ is essen-
tially stronger than the assumption in Proposition B and the continuity of Lg(u) and
IEs[s]lI7, () With respect to y are valid by Proposition B. Thus, multiplying ¢, taking
the limit as ¢ — oo, and using continuity, we have 7,[|Eg][s,,. ]

%Q(N*z) < e. Since ¢ is taken
Lo(us) — 0 O

arbitrary and e, 77y are independent of each other, we get |Eg(s,,, |
We next provide the proof of Proposition [T.

Proof of Proposition [[1l. For Ye > 0, let A be a compact subset in © such that y;(.A) >
1 — e Let P(A) denote the set of Borel probability measures on A and i, € P(A) be
the rescaled probability measure of ji;| 4, i.e., 1y = p¢|a/p:(A). Note that measures in
P(A) are naturally extended to the whole space © and the distance between y; and i} is
bounded as follows: for Vf € F,

) = i Dl = | [ 1)~ [ £0)a

s/ﬁwmuiﬁﬂmw;
< /A FO)(1 — 1/ (A))djae| 4

SC(ﬁ—lJrE)SCe(lelie).

Since P(.A) is a compact with respect to the topology of weak convergence, we can take
a convergent subsequence of {x;}72,. Let us denote this by {u; }72, and its limit by
p € P(A). Using Ascoli-Arzela theorem, we can see F| 4 is relatively compact in the
set of continuous functions on .4 with uniform norm | - ||.. Noting that the set of the
continuous functions on a compact set is complete and that relatively compactness and
totally boundedness are equivalent, we can conclude F| 4 is totally bounded. Thus, for Ve,
we have a e-ball covering; { B (e)}i_, (fi € F|a), where B°(-) denote a ball centered
at f with respect to the uniform norm. Hence, for any f € F|4, thereis i € {1,...,l}
such that f € Bf (e).
Therefore, we have that for Vf € F,

+

f(@)dut
Ac

+ Ce

(1) = (0] = | [ O, - [ f(9)du‘
[ o, - | f(f))du‘ ; ] [ sy, ~ [ 10101,
[ s, ~ [ s +| [ 5o, - [ o]

IN

IN
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+'/fi(0)du—/f(9)du'+0(e)
<o+ | [ ret, - [ 1.
Since, p;, weakly converges to p in P(A), there is ky € N such that V& > ko,

for k > k. This implies p;, — 1 with respect to dr. O

7.6.2 Interior Optimality Property

To prove Theorem 4, we now introduce the notion of the smoothing of probability mea-
sures as Schwartz distribution. We denote by y a C*>°-class probability density function
on © = R? with supp(x) = {0 € © | ||0]]> < 1} and write x(0) = e~y (0/¢) for € > 0.
For a probability measure ¢ € P, it can be approximated by a smooth probability density
function defined by the following:

(1% x)(0) = / o8 — 8)dpu(8).

It is well known that p * y. is C>°-class on © and converges as Schwartz distribution
to v as € — 0 (Hormander (T963)). Moreover, if ;1 possesses a L,-integrable probability
density function ¢ € L,(©) with p > 1, then u * x. converges to ¢ with respect to L,,(0)-
norm. Let y. denote a probability measure induced by o * y.. When supp(y.) is compact
in ©, u(f) converges to u(f) for arbitrary continuous function f on ©. This can be
confirmed by constructing a C*-function ¢ that uniformly approximates f on supp(fi)
and takes the value zero outside of sufficiently large compact set. Clearly, we see that
supp(p) is contained in the closed e-neighborhood of supp(u). Thus, if supp(u) is
compact, then {/i}cc(0,1) is tight, so that we can find p. converges to p with respect to
|| - || = by the proof of Proposition [, that is, u.(f) converges uniformly to x(f) on F.

Note that if supp(u) is the compact submanifold in ©, supp(x) and the closed e-
neighborhood of supp(u) coincide for sufficiently small ¢ > 0 and these sets possess a
manifold structure as can be seen by the following auxiliary lemma.

Lemma 12. Let M be a [-dimensional compact C*™°-submanifold (I < d) or a d-
dimensional compact C*®-submanifold with boundary in R%. If € > 0 is sufficiently small,
then closed e-neighborhood of M in R is a d-dimensional compact C*°-submanifold with
boundary.

Proof. We only prove the case where M is a compact C*°-submanifold since we can give
a proof for a d-dimensional compact C*°-submanifold with boundary in a similar fash-
ion. Let M€ denote an open e-neighborhood of M in © = RY. By the e-neighborhood
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theorem (Guullemin_and Pollack (1974)), if € is sufficiently small, then V6 € M° pos-
sesses a unique closest point 7(#) in M and the map 7 : M — M is a submer-
sion. Moreover, for each 6, € ), we can see that there is a local coordinate system
z = (2Y,...,2%) = ¢(f) on an open subset U C O such that ¢(;) = (0,...,0),
M NU) = {z € ¢U) | 2t = ... = 2?2 = 0}, and the submersion 7 can
be written as m(¢~(2)) = ¢ (zt,...,250,...,0) for 2 € ¢(M N U). Since, M
is compact, the closed e-neighborhood M¢ is covered by a finite number of such lo-
cal coordinate systems for sufficiently small ¢ > 0. We redefine (U, ¢) to be one
of such local coordinate system. The Euclidean distance to M from ¢~'(z) € U is
f(z) = d(¢72),M) = |[¢7(2) — ¢4 (2},...,2,,0,...,0)|]2 and M N U is repre-
sented as {¢~1(2) | z € ¢(U), f(z) < €}. Since, f(-) is a C>®-function and df # 0 on a
neighborhood of OM¢ in U, M¢ N U is a d-dimensional compact C*°-submanifold with
boundary in ©. ]

Let U be a bounded domain with smooth boundary in © = RY, that is, U is
a d-dimensional C*-manifold with boundary. We denote by H'(U)(= W12(U))
the Sobolev space and we denote by V(U) a linear subspace {f € H'(U) |
Jo fd@ = 0}. We equip H'(U) with the Sobolev inner product (u,v)y1 ) =
fU 0)d0 + [, Vu(f)"Vu(f)do and we equip V(U) with the inner product

) vy = Jy Vu(d TVU< )df, (u,v € V(U)). The non-degeneracy and the com-
pleteness of (, )y ) on V(U) can be checked as follows. We denote u = S u(
where |U]| is the Lebesgue measure of U. Since u = 0 for u € V(U), we get from the
Poincaré-Wirtinger inequality that there exists Cy > 0 such that

vl 2,y = lu =Tl ) < CullVullL,w) = Collullvw). (7.9)

Thus, we have

ullvwy < lullarw) = \/IIUII ) HIVullg, @y < L+ Co)llullvw)

This inequality means that these two norms introduce the same topology to V' (U) and it
immediately implies the non-degeneracy and also the completeness of || - ||y ) on V(U)
because V' (U) is the closed subspace in the Sobolev space H' (U) with respect to IRIV?Er
Therefore, V(U) with (, ) is actually Hilbert space.

Although the Poincaré constant Cy; depends on a region U, it is known that for any
R > 0 there exists Cr > 0 such that if U is an e-open neighborhood of a connected set
K C Bg(0) = {0 € © | ||#]]2 < R} for some constant ¢ > 0, then Cy; can be taken as it
is upper bounded by C'r (Rm7 (2012)).

In our analysis, we need an estimation of the norm of a solution to the problem where
for f € V(U), the task is to find u € V(U) satisfying the following equation:

/ Vu() V() / f(@v(0)dd for anyv e V(U). (7.10)
U
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This is the weak formulation of the Neumann problem: to find u € V(U) such that
Au = fin U and du/dn = 0 on U, where n is the outward pointing unit normal vector
of OU. An upper bound on the norm of a solution is given by the following lemma which
can be proven in the standard way in partial differential equation theory.

Lemma 13. Let U be a bounded domain in © = R%. Then for any f € V(U), a solution
us € V(U) to the problem (1) exists and its norm is bounded as follows:

vy < llagllv)- (7.11)

where o is a linear functional og(u) = [, f()u(0)dl (v € V(U)) and | - ||y (v~ denote
the dual of the norm || - ||v ().

Proof. We denote 3(u,v) = [, Vu(0)"Vv(0)dd for u,v € V(U). Clearly, 5(-,-) is
bilinear function. The boundedness with respect to || - ||y () are shown as follows. Using
Holder’s inequality and the inequality (Z9), we have that for u,v € V(U),

|6(u, v)| =

/UVU(Q)TVU(Q)CW' < ulloanllvll oy < CEllullvanllvllvw)-

Moreover, (-, -) is 1-coercive because [(u,u) = ||u||‘2/(U). We can also see that a () is
a bounded linear functional in the same manner: for u € V(U),

vy (u)| =

/Uf(Q)U(Q)dQ‘ < N lloan el oy < Coll flloo lullvw)-

Thus, by the Lax-Milgram theorem, there is a unique solution u, € V(U) and we have
[uallvy < llagllve)- O

We now give the proof of Theorem [4l that gives an interior optimality property of the
local optimality condition.

Proof of Theorem [4 . We denote €2 = supp(yu.) and let ¢, be a continuous probability
density function of j,. We assume that there exists y/ € P that possesses a continu-
ous probability density function ¢’ and satisfies supp(u') C Q, Lg(i') < Ls(p«). By
smoothing 1, and p/ with sufficiently small ¢ > 0, we can obtain du, = ¢.(0)df and
dptve = Gxe(0)dO where ¢, q.. are C*°-density functions satisfying supp(u.) C supp(fise)-
As stated above, ¢’, g.. converge to ¢, ¢, in Ly(O).

Let us denote Q2 = supp(ii..) Since ¢, — g, is C>°-function and er (¢, — que)df = 0,
there is a C*°-function 1. on (). that solves the Neumann problem (Hormander (T963)):

At = ¢, — Gue 10 Qe, O/On =0 on 0,
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where 0. is the boundary of €2, and n is the outward pointing unit normal vector of 0f2..
By adding a constant, we assume [, 1.(0)d0 = 0, i.e., ¥ € V(), where Q! is the
interior of €2.. Therefore, we have

| Vst )@t~ 1) = | V,Lsn)0) 50 0)a8

Qe Qe
__ / VoV L (112)(0) TVt (0)d0
[ Vacsguoo2?

A0 an

_ / Es[s,.. (6,2, 9)] Vot (6)d6,  (7.12)
Qe

doS2.

where for the second equality we used Green’s formula and for the last equality we used
01 /On = 0. By the convexity of Lg with respect to 4 in terms of Affine geometry and
Ls(p') < Ls(fus), we have

iy [ 9,00 O)dl0, = 1) < Ty L) = Lo = L) = L) <0

e—0
(7.13)
By the boundedness of {2, we can assume it is contained in a ball with radius R > 0
centered around 0. Since, v, solves (I0) with U = Qé and f = ¢, — g, we get that by
Lemma 3,

lm [[9)e||y (i) < lim  sup
e—0 ellV(QL) e—0 ||“||V(m>§1

[ = oo

<lim sup [|g; = Guell Lo llwl| o)

< ll_I)%HQQ — Geellzo@y  sup Coillullvior

”u”‘/(Q;i)Sl

< Cgrlld — ¢l L20),

where we used the Poincaré-Wirtinger inequality (Z9) and uniform boundedness of C; .
Thus, the limit as € — 0 in the right hand side of (Z12J) is lower-bounded by

—lim [[Es[s,.. (0, 7, 9)] [l 200 Crlld =gl 220) = = Essu. (0, 2, )| o) Crll¢ =g+l La(0)-
(7.14)
Combining (Z13) and (Z14), we find Eg[s,. (0, 2,y)] #Z 0 on €, so . does not satisfy
the local optimality condition ([Z4)). This finishes the proof of the theorem.
For the case where ;1 does not have a continuous density, we can show the same result
in a similar way by smoothing x with as its support is contained in €. [
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7.6.3 Convergence Analysis

In this section, we prove the convergence theorem of the proposed method.

Proof of Lemma [[1 . Putting n¢ into (3) and (IZ3), we obtain

Ls((id +nC)gi) < Ls(i) — NEL[Es[s,(0, 2, y)]" Au(0) " 5,(0, 2", y/)]

n
+ E]Eu[HSu(ea IE/, y/) H2AH(6')*1]'

Note that by the assumption, there exists G > 0 such that E,,[||s, (0, z', y') ||iu(9),1] < G.

Moreover, using the bound on A, (f) ! and taking the expectation with respect to (2, y')
(i.e., Eg), we can finish the proof. OJ

Proof of Theorem [[3. Using the Lemma [, we can see the updates of Algorithm
decreases the objective value as follows:

Es[Ls(p1)] < Ls(pw) — nlBs[s, (0, 2, )17, +7°G-

Taking an expectation of the history of sample, summing up k& € {1,...,t — 1}, and
dividing by ¢7, we have

;ZE[HES[SP%(97x?Q)H|%2(Nk)] < s(io) reQ s(1)

; +nG.
k=1 n

Thus, if ¢ > 2EsW0lWaLsW) then LY R[|[Es(s,, (0, 2,)][2,(,,)) < € This
means the method can find e- accurate solutlon with respect to the expectation, up to ¢

iterations. [

7.6.4 Functional Gradient Aspect of SPGD

In this section, we provide the functional gradient method perspective of SPGD, that is,
we describe a connection between SPGD and the functional gradient method in Lo (1)
where 11 is the fixed initial probability measure in the method.

Though, we have introduced our method to optimize a probability measure, it also
can be readily recognized as the method to optimize a transport map in Lo (1) if we fix
the initial distribution py € P,. Indeed, since a composite function ¢ o 1) is contained in
Ly(119) when tp € Lo(f10) and ¢ € Lo(1)y110), so obtained transport maps by Algorithm
also belong to Ls(j1g). Thus objective function can be translated to the form of Lg(¢) =
Ls(ps10) with respect to ¢ € Lo(po). Note that in general, since an initial distribution is
usually variable in several trials, such a translation does not make sense.
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In a similar manner to the proof of Proposition [M, we can obtain the following for-
mula: for ¢, 7 € La(po),

Ls(¢+7) = Ls(0) + By [Es[s,,(0(0), 2, y)] " 7(0)] + Ho(7) + o7l 7, 0))

where 1 = ¢yuo and Hy(1) = O(HTH%Z(MO)). Thus, this formula indicates Lg(¢) is
Fréchet differentiable with respect to ¢. We can see its differential is represented by
Es[s,(¢(0), x,y)] and s,(¢(0), z,y) is the stochastic gradient via Ly (j)-inner product.
Therefore, we can perform a stochastic variant of the functional gradient method (LCunen-
berget (1969)) to minimize Ls(¢) on Ly(f10) and its update rule becomes as follows:

¢+ — ¢ - 77%@('%%9) = (Zd - nsu("xay» © Qb

We immediately notice the equivalence between this update and Algorithm 3, so SPGD
method is nothing but the stochastic functional gradient method if the initial distribution
1o 1s fixed. However, we note that to consider the problem with respect to a probability
measure £ is important because it can lead to a much better understanding of the problem
as seen before.
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Chapter 8

Enhancing the Convergence of
Adversarial Training

We propose a new technique that boosts the convergence of training generative adversar-
1al networks. Generally, the rate of training deep models reduces severely after multiple
iterations. A key reason for this phenomenon is that a deep network is expressed using a
highly nonconvex finite-dimensional model, and thus the parameter gets stuck in a local
optimum. Because of this, methods often suffer not only from degeneration of the conver-
gence speed but also from limitations in the representational power of the trained network.
To overcome this issue, we propose an additional layer called the gradient layer to seek a
descent direction in an infinite-dimensional space. Because the layer is constructed in the
infinite-dimensional space, we are not restricted by the specific model structure of finite-
dimensional models. As a result, we can get out of the local optima in finite-dimensional
models and move towards the global optimal function more directly. In this chapter, this
phenomenon is explained from the functional gradient method perspective of the gradient
layer. Interestingly, the optimization procedure using the gradient layer naturally con-
structs the deep structure of the network. Moreover, we demonstrate that this procedure
can be regarded as a discretization method of the gradient flow that naturally reduces the
objective function. Finally, the method is tested using several numerical experiments,
which show its fast convergence.

This chapter is based on the work Gradient Layer: Enhancing the Convergence of
Adversarial Training for Generative Models, A. Nitanda and T. Suzuki, Artificial Intelli-
gence and Statistics, 2018 (Nifanda and Suzuki, POTRH).

8.1 Overview

Generative adversarial networks (GANs) (Goodfellow efall, P0T4) are a promising
scheme for learning generative models. GANs are trained by a discriminator and a gen-
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erator in an adversarial way. Discriminators are trained to classify between real samples
and fake samples drawn from generators, whereas generators are trained to mimic real
samples. Although training GANSs is quite difficult, adversarial learning succeeded in
generating very impressive samples (Radtord ef all, DOT6), and there are many subsequent
studies (Larsen ef all, D016; Salimans ef all, POTH; Nowozin ef all, POT6; Chen ef all, DOTH;
Zhang et all, 20177). Wasserstein GANs (WGANSs) (Arjovsky et all, Z0T7) are a variant
to remedy the mode collapse that appears in the standard GANs by using the Wasserstein
distance (Villani, P0O0R), although they also sometimes generate low-quality samples or
fail to converge. Moreover, an improved variant of WGANs was also proposed (Gulrajani
ef all, P017) and it succeeded in generating high-quality samples and stabilizing WGANS.
Although these attempts have provided better results, there is still scope to improve the
performance of GANSs further.

One reason for this difficulty stems from the limitation of the representational power
of the generator. If the discriminator is optimized for the generator, the behavior is solely
determined by the samples produced from that generator. In other words, for a generator
with a poor representational power, the discriminator terminates its learning in the early
stage and consequently results in having low discriminative power. However, for a finite-
dimensional parameterized generator, the ability to generate novel samples to cheat the
discriminators is limited. In addition, the highly nonconvex structure of the deep neural
network for the generator prevents us from finding a direction for improvement. As a
result, the trained parameter gets stuck in a local optimum and the training procedure
does not proceed any more.

In this study, we propose a new learning procedure to overcome the issues of lim-
ited representational power and local optimum by introducing a new type of layer called
a gradient layer. The gradient layer finds a direction for improvement in an infinite-
dimensional space by computing the functional gradient (Luenbergetr, 1T969) instead of
the ordinary gradient induced by a finite-dimensional model. Because the functional gra-
dient used for the gradient layer is not limited in the tangent space of a finite-dimensional
model, it has much more freedom than the ordinary finite-dimensional one. Thanks to this
property, our method can break the limit of the local optimum induced by the strong non-
convexity of a finite-dimensional model, which gives much more representational power
to the generator. We theoretically justify this phenomenon from the functional gradient
method perspective and rigorously present a convergence analysis. Interestingly, one it-
eration of the method can be recognized as inserting one layer into the generator and
the total number of iterations is the number of inserted layers. Therefore, our learning
procedure naturally constructs the deep neural network architecture by inserting gradient
layers. Although gradient layers can be inserted into an arbitrary layer, they are typically
stacked on top of the generator in the final training phase to improve the generated sample
quality.

Moreover, we provide another interesting perspective of the gradient layer, i.e., dis-
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Figure 8.1: Random samples drawn from the generator trained by Algorithm @ on the
CIFAR-10 dataset.

cretization of the gradient flow in the space of probability measures. In Euclidean space,
the steepest descent which is the typical optimization method, can be derived by discretiz-
ing the gradient flow that naturally produces a curve to reduce the objective function. Be-
cause the goal of GANSs is to generate a sequence of probability measures moving to the
empirical distribution by training samples, it is natural to consider a gradient flow in the
space of probability measures defined by a distance between generated distribution and
the empirical distribution and to discretize it in order to construct practical algorithms.
We show that the functional gradient method for optimizing the generator in the function
space is such a discretization method; in other words, the gradient flow can be tracked by
stacking gradient layers successively.

The recently proposed SteinGAN (Wang and Liu, 20T6) is closely related to our work
and has a similar flavor, but it is based on another strategy to track gradient flow. That is,
since that discretization is mimicked by a fixed-size deep neural network in SteinGAN, it
may have the same limitation as typical GANs. By contrast, our method directly tracks
the gradient flow in the final phase of training GANs to break the limit of the finite-
dimensional generator.

8.2 Brief Review of Wasserstein GANSs

In this section, we introduce WGANSs and their variants. Although our proposed gradient
layer is applicable to various models, we demonstrate how it performs well for the training
of generative models; in particular, we treat Wasserstein GANs as a main application in
this chapter. Let us start from briefly reviewing WGAN:Ss.

WGAN is a powerful generative model based on the 1-Wasserstein distance, defined
as the L' minimum cost of transporting one probability distribution to the other. Let
X C RYand Z C R" be a compact convex data space and a hidden space, respectively. A
typical example of X’ is the image space [0, 1]V. For a noise distribution 1,, on Z, WGAN
learns a data generator g : Z — X to minimize an approximation to the 1-Wasserstein
distance between the data distribution ;1 and the push-forward distribution g;/t,,, which
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is a distribution that the random variable ¢(z) follows when z ~ p,, (in other words, the
distribution obtained by applying a coordinate transform ¢ to z ~ p,). That is, WGAN
can be described as the following min max problem by using a Kantrovich-Rubinstein
duality form of the 1-Wasserstein distance:

def

min max L(f,9) = Eonpp[f(@)] = Eonpi [f 0 9(2)],

where G is the set of generators and J is an approximate set to the set of 1-Lipschitz
continuous functions called critic. In WGANSs, G, F are parameterized neural networks
{90}, {f-} and the problem is solved by alternate optimization: maximizing and minimiz-
ing L(f:, ge) with respect to 7 and 0, alternately.

In practice, to impose the Lipschitz continuity on critics f,, penalization techniques
were explored. For instance, the original WGANSs (Arjovsky et all, POT7) use weight
clipping ||7]|« < ¢, which implies the upper-bound on the norm of V. f. and makes it
Lipschitz continuous. However, it was pointed out in a subsequent study (Gulrajani et all,
20177) that such a restriction seems to be unnatural and sometimes leads to a low-quality
generator or a failure to converge. In the same study, an improved variant of WGANs
called WGAN-GP was proposed, which succeeded in stabilizing the optimization process
and generating high-quality samples. WGAN-GP (Gulrajani et all, 2017) adds the gradi-
ent penalty (||Vzf-(Z)||2 — 1)? to the objective function in the training phase of critics,
where 7 is a random interpolation between a training example x ~ up and a generated
sample g(z) ~ Gpsfin, 1., T < ex + (1 — €)g(z) (¢ ~ UJ0,1]: uniform distribution).
DRAGAN (Kodali_ef-all, P(017) is a similar method to WGAN-GP, although it is based
on a different motivation. DRAGAN also uses the gradient penalty, but the penalty is
imposed on a neighborhood of the data manifold by a random perturbation of a training
example.

WGAN and its variants are learned by alternately optimizing f, and gy, as stated

above. We can regard this learning procedure as a problem of minimizing £(gy) o

max,{L(f,,g9) — AR, }, where R, is a penalty term. Let L(f,, go) — AR, attain its max-
imum value at 7, for gy. Then, the gradient VL(gp) is the same as —E,, [V, fTT* Vogo(z)]
by the envelope theorem (Milgrom and Segal, 200?) when both terms are well-defined.
The differentiability of £(gs) with respect to # almost everywhere is proved in Arjovsky
ef all (20177) under a reasonable assumption. Hence, we can apply the gradient method to
this problem by approximating this gradient with finite particles generated from p,,. How-
ever, because it is difficult to obtain f,_, we run the gradient method for several iterations
on training a critic instead of exactly computing f, at each gy. We can notice that this
learning procedure is quite similar to that of the standard GAN (Goodfellow ef all, 20T4).
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8.3 Gradient Layer

In the usual training procedure of WGANSs, though more general maps are admissible
for the original purpose, generators are parameterized by finite-dimensional space as de-
scribed in the previous section, and the parameter may get stuck in a local optimum in-
duced by this restriction, or the speed of convergence may reduce. In this work, we
propose a gradient layer that accelerates the convergence and breaks the limit of finite-
dimensional models. This layer is theoretically derived by the infinite-dimensional opti-
mization method. We first explain the high-level idea of the gradient layer that strictly
improves the ability of generator and why our method enhances the convergence of train-
ing WGAN:S.

8.3.1 High-level idea of gradient layer

Here, we explain gradient layer with intuitive motivation. It is inserted into the generator

g in WGANs. We now focus on minimizing £( f, g) with respect to g under a fixed critic

[, that is, we consider the problem min, £¢(g) o E,.[—f(g(2))]. Let us split g into two

neural networks g = g1 o go at arbitrary layer where a new layer is to be inserted. Our
purpose is to specify the form of layer ¢ that reduces the objective value by perturbations
of inputs ga(2), i.e., L;(g1 0 ¢ 0 g2) < Ly(g). Since Lf(g1 o ¢ o go) is regarded as the
integral E./ g, ., [~ f(91(#(2")))] with respect to the push-forward distribution g, this
purpose is achieved by transporting the input distribution of ¢ along the gradient field
V. f(91(2')). Therefore, we propose a gradient layer (7, with one hyperparameter 7 > 0
as a map that transforms an input 2z’ to

Gy(2') =2 + 0V f(gi(2)). (8.1)

Because the gradient layer depends on the parameters 7, 6 of the upper layers f, g1, we
specify the parameter as GZI’G if needed.

Applying the gradient layer recursively, it further progresses and achieves a better
objective. The computation of the gradient layer is quite simple. Actually, simply taking
the derivative is sufficient, which can be efficiently executed. Because too many gradient
layers would lead to overfitting to the critic f, we stop stacking the gradient layer after an
appropriate number of steps. Indeed, if f o g; is Lipschitz continuous, id + nf o g; for
sufficiently small ) is an injection because (id +nf o g1)(z) = (id +nf o g1)(Z') implies
|z — Z|l2 < nLfog, ||z — 2'||2 where Lo, is the Lipschitz constant. Thus, a topology
of supp(gzsptn) is preserved and early stopping is justified. Then, this layer efficiently
generates high-quality samples for the critic and the overall adversarial training procedure
can be also boosted.
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8.3.2 Algorithm description

The overall algorithm is described in this subsection. We adopt WGAN-GP as the base
model to which gradient layer is applied. Let us denote by Ry (%) a gradient penalty
term. In a paper on the improved WGANSs (Gulrajani et all, 2017), the use of a two-sided
penalty (||V;/f-(Z)]]2 — 1)? is recommended. However, we also allow the use of the one-
sided variant (max(||V;f,(Z)|l2 — 1,0))2. As for the place in which the gradient layer is
inserted, we can propose several possibilities, e.g., inserting the gradient layer into (i) the
top and (ii) the bottom of the layers of the generator. The latter usage is described in the
appendix.

The first usage is stacking gradient layers on the top of the generator, except for nor-
malization to fine-tune the generator in the final phase. Although a normalization term
such as tanh is commonly stacked on generators to bound the output range of the gen-
erators, gradient layers are typically applied before the normalization layer. Since tanh
is a fixed function, it is no problem to combine tanh with critics by reinterpreting F and
X. The gradient layer directly handles the generated samples, so that it may significantly
improve the sample quality. Because the gradient V, f,(x) of the critic with respect to
data variables provides the direction to improve the quality of the current generated sam-
ples, it is expected that we can obtain better results by tracking the gradient iteratively.
To compute the output from the gradient layer for a completely new input, we need to
reproduce the computation of the gradient layers, which can be realized by saving the his-
tory of the parameters of critics and stacking the gradient layers using these parameters.
The concrete procedure is described in Algorithm [6. When executing Algorithm [,
the parameter of gy is fixed, so that the push-forward measure gg; 11, is treated as a base
probability measure and we denote it by ,. Because the gradient layers depend on the
history of the parameters in this case, we specify the parameter to be used: G7. For the
parameter 7 and the gradient v, we denote by .A(, v) one step of a gradient-based method
such as SGD with momentum, Adam (Kingma and Bd, 2015), and RMSPROP (Tlieleman
and Hinfon, DOT7). From the optimization perspective, we show that Algorithm I can
be regarded as an approximation to the functional gradient method. From this perspec-
tive, we show fast convergence of the method under appropriate assumptions where the
objective function is smooth and the critics are optimized in each loop. This theoretical
justification is described later. Although Algorithm I has a great optimization ability,
applying the algorithm to large models is difficult because it requires the memory to reg-
ister parameters; thus, we propose its usage for fine-tuning in the final phase of training a
WGAN-GP. After the execution of Algorithm [, we can generate samples by using the
history of critics, the learning rate, and the base distribution as described in Algorithm [I2.
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Algorithm 16 Finetuning WGAN-GP
Input: The base distribution 11, = g;/i,,, the minibatch size b, the number of iterations
T', the initial parameters 7y of the critic, the number of iterations 7| for the critic, the
regularization parameter A, and the learning rate 7 for gradient layers.

fork =0toT —1do
T < Tk
for ko =0to 7, — 1do
{xi}?:l ~ le)j’ {zi ?:1 ~ qu {e f:l ~ U0, 1]b
{zi}o_ {ng ©:-+0 GF(%') i
{Zi‘l ?:1 < {Eiﬂfz‘ —+ (]_ — EZ‘)ZZ‘ i'):l
V= Vi S e (z) = fo(w) + ARy (&)

T < A(T,v)
end for
Tht1 < T
end for
Return (71, ..., 7r).

Algorithm 17 Data Generation for Algorithm [If
Input: the seed drawn from base measure z ~ p, = g;/i,, the history of parameters
{7 }1_,, and the learning rate 7 for gradient layers.

Return the sample G770 - - 0 G71(2).

8.4 Functional Gradient Method

In this section, we provide mathematically rigorous derivation from the functional gra-
dient method perspective under the Fréchet differentiable (functional differentiable) as-
sumption on L. That is, we consider an optimization problem with respect to a generator
in an infinite-dimensional space. For simplicity, we focus on the case where the gradi-
ent layer is stacked on top of a generator g and we treat gy, as the base measure .
Thus, in the following we omit the notation g in L(f, ¢ o g). Let L?(u,) be the space of
L*(1,)-integrable maps from R” to RY, equipped with the (-, -) 12(u,)-inner product: for

v¢1av¢2 € L2(,ug),
(91, ¢2>L2(p,g) =E,, [01(2) " ¢a(2)].

To learn WGAN-GP, we consider the infinite-dimensional problem:

min max L(f, ¢) — ARy, ,

DEL?(pg) frE€F

where R is a gradient penalty term. To achieve this goal, we take a Gateaux deriva-
tive along a given map v € L?*(y,), i.e., a directional derivative along v. Let us denote
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maxy, e r{L(fr,®) — ARy} by L(¢) and arg maxy, e 7{L(f-,¢) — ARy, } by f} and the
corresponding parameter by 77, i.e., fj = fT:; for ¢ € L*(u,). If every f € F is Lipschitz

continuous and differentiable, we can find that by the envelope theorem and Lebesgue’s
convergence theorem this derivative takes the form:

d
SLO+1)| = B [Vaf5(@)| oer(2)]
Therefore, —V. f;(2)|z=¢() can be regarded as a Fréchet derivative (functional gradi-
ent) in L?(p,) and we denote it by V,L(¢), which performs like the usual gradient in
Euclidean space. Using this notation, the optimization of £(¢) can be accomplished by
Algorithm I8, which is a gradient descent method in a function space. Because the func-
tional gradient has the form —V . f§ o ¢, each iteration of the functional gradient method
with respect to ¢ is ¢ <~ ¢+ 0V, f; 0 = (id + 1V, f}) o ¢, where 7 is the learning rate.
We notice here that this iteration is the composition of a perturbation map id+nV, f and
a current map ¢ and is nothing but stacking a gradient layer G- on ¢(z). In other words,
the functional gradient method with respect to ¢, i.e., Algorithm IR, is the procedure of
building a deep neural network by inserting gradient layers, where the total number of
iterations is the number of layers. Moreover, we notice that if we view V. f7 as a pertur-
bation term, this layer resembles that of residual networks (He et all, OTé) which is one
of the state-of-the-art architectures in supervised learning tasks.

However, executing Algorithm I8 is difficult in practice because the exact optimiza-
tion with respect to a critic f to compute £(¢) is a hard problem. Thus, we need an
approximation and we argue that Algorithm [@ is such a method. This point can be un-
derstood as follows. Roughly speaking, it maximizes L(f, ¢) with respect to f in the
inner loop under fixed ¢ = Gj+ o Gy oo G, to obtain an approximate solution 741
to 7, and minimizes that with respect to ¢ in the outer loop by stacking G;***, which is
an approximation to GG7*. Thus, Algorithm [ is an approximated method, but we expect
it to achieve fast convergence owing to the powerful optimization ability of the functional
gradient method, as shown later. In particular, it is more effective to apply the algorithm
in the final phase of training WGAN-GP to fine-tune it, because the optimization ability
of parametric models are limited.

Algorithm 18 Functional Gradient Descent
Input: the initial generator g and the learning rate 7).
b0 < g
fork=0toT — 1do
Grt1 < Ok — NV L(Pr)
end for
Return the function: ¢r.
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8.5 Convergence Analysis

Let us provide convergence analysis of Algorithm ¥ for the problem of the general form:
min, £(¢). We note that the Algorithm [X is the sames as that in Chapter B. The con-
vergence can be shown in an analogous way to that for the finite-dimensional one. To
prove this, we make a smoothness assumption on the loss function. We now describe a
definition of the smoothness on a Hilbert space whose counterpart in finite-dimensional
space is often assumed for smooth nonconvex optimization methods.

Definition 8. Let h be a function on a Hilbert space (Z, (,) ;). We call that h is L-smooth
at z in U if h is differentiable at z and it follows that Vz' € U.

h(2") = h(2) = (V:h(2),2" = 2) 2| < gl!Z' — 2|z

The following definition and proposition provide one condition leading to Lips-
chitz smoothness of £. Let us denote by || - ||z(,,) the sup-norm ||v||pe(,,)

SUDgupp(u,) |[¥(2)]l2 and by BX°(¢) a ball of center ¢ and radius r. Let L(f0) =

L(f,v) — ARy. In the following we assume f; is uniquely defined for ¢ € L?*(u,)
and L-smoothness with respect to the input .

Definition 9. For positive values r and L, we call that L is (r,L)-regular at ¢ when
the following condition is satisfied; For V) € BX(¢), L(f}:,v) is L-smooth at 1) with
respect to V' in B ().

Proposition 14. If L is (r, L)-regular at ¢, then L is 2L-smooth at ¢ in B (1)).

We now show the convergence of Algorithm 8. The following theorem gives the rate
to converge to the stationary point.

Theorem 16. Let us assume the norm of the gradient ||V f;(x)||2 is uniformly bounded
by o and assume L is L-smooth at ¢ in BX(¢) for Yo € L*(u,). Suppose we run
Algorithm I8 with constant learning rate n < min{1/L,r/a}. Then we have for T € Z,

. 2
min_ | (VoL(00) g < m(£(d0) - £.),

ke{0,....T—1}
where L, = inf, L(¢).

Note that the convergence rate O(1/7) is the same as the gradient descent method
for smooth objective in the finite-dimensional one. This means that even though the opti-
mization is executed in the infinite-dimensional space, we do not suffer from the infinite
dimensionality in terms of the convergence.

The following rough argument indicates that Algorithm ¥ matches with learning
WGANSs. Let W, denote the 1-Wasserstein distance with respect to the Euclidean dis-
tance on a compact base space X C R". The following proposition is immediately shown
by combining existing results (Ambrosia, 2003; Sndakov, T979).
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Proposition 15. Let 11, be a Borel probability measure on X and assume L, is absolutely
continuous with respect to the Lebesgue measure. Then, there exists an optimal transport
Y and it follows that Wy (Yupg, ip) = (1 — )Wy (g, ip), where 1oy = (1 — t)id + tap.

The notion of the optimal transport is briefly introduced in Appendix. By this propo-
sition, there exists a curve v strictly reducing distance, i.e., dWy (s fig, pp)/dt < 0 if
Ly # pp. Because £ approximates W7, it is expected that dL(v),)/dt < 0 when p,, dif-
fers from yup. Noting that dL(vy)/dt = (Vo L(Yr), ¥ — id) 12(u)" the functional gradient
VoL (1) # 0 does not vanish and the objective £ may be strictly reduced by Algorithm
IR.

8.6 Gradient Flow Perspective

In Euclidean space, the step of the steepest descent method for minimizing problems can
be derived by the discretization of the gradient flow dvy(t)/dt = —V,F(vy(t)) where F
is an objective function on Euclidean space. Because our goal is to move p, closer to
ip, we should consider a gradient flow in the space of probability measures. To make
this argument rigorously, we need the continuity equation that characterizes a curve of
probability measures and the tangent space where velocities of curves should be contained
(c.f., Ambrosio_ef-all (2008)). When these notions are provided, the gradient flow is
defined immediately and it is quite natural to discretize this flow to track it well. In
this section, we show that Algorithm [I¥ is such a natural discretization; in other words,
building a deep neural network by stacking gradient layers is a discretization procedure
of the gradient flow. We refer to Ambrosio ef all (2008) for detailed descriptions on this
subject, and also refer to Offd (20071) for an original method developed by Otto.

8.6.1 Continuity Equation and Discretization

We denote by P the set of probability measures on R”. For 1 € P, let {¢; }ic[0,5) be a
curve in L?(y) that solves the following ordinary differential equation: for an L?(¢yu)-
integrable vector field v; on R,

iqbt(m) = v(¢y(x)) for Vo € R".

= d
¢0 a, dt
Then, this equation derives the curve v; = ¢4 in P, which can be characterized by .
d
%Vt + V- (Utyt) = 0. (82)

In other words, the following equation is satisfied

// (Ouf (,t) + Vo f (z,t) Tv)dvdt = 0,
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forVf € C°(RY x I) where C°(R" x I) is the set of C*°-functions with compact support
in R" x I. Conversely, a narrowly continuous family of probability measures v, solving
equation (82) can be obtained by transport map ¢; satisfying %d)t(aj) = v(¢y(2)) (AmA
brosioef all, 2008). Thus, equation (82) indicates that v; drifts the probability measures
v;. Indeed, v, can be recognized as the tangent vector of the curve v, as discussed below.

Here, we focus on curves in the subset P, C P composed of probability measures
with finite second moment. Noting that there is freedom in the choice of v; modulo
divergence-free vector fields w € L*(v;) (i.e., V - (wyy) = 0), it is natural to consider
the equivalence class of v € L?(v;) modulo divergence-free vector fields. Moreover,
there exists a unique I1(v) that attains the minimum L?(v;)-norm in this class: II(v) =
arg minye 2., {|w| L2y | V- ((v—w)ry) = 0}. Thus, we here introduce the definitions
of the tangent space at ;i € P, as follows:

def
T, Py = {U(v) | ve L*(u)}. (8.3)
The following proposition shows that 7),P, has the property of the tangent space on
the space of probability measures, that is, a perturbation using v, € T),P, can discretize
an absolutely continuous curve v; and v, locally approximates optimal transport maps.
We denote the 2-Wasserstein distance by 5.

Proposition 16 (Ambrosio ef all (200X)). Let v; : I — Po be an absolutely continuous
curve satisfying the continuity equation with a Borel vector field v; that is contained in
T, Py almost everywhere t € I. Then, for almost everywhere t € I the following property

holds:

hm WQ(Vt+5, (Zd + (S'Ut)ﬁl/t) _
6—0 ’(5|

In particular, for almost everywhere t € [ such that v, is absolutely continuous with
respect to the Lebesgue measure, we have

1
N A 12
(151_{% 5(tw id) = v in L*(1),

where t,"° is the unique optimal transport map between v, and v, ;.

This proposition suggests the update ;1 <— (id + v)yu for discretizing an absolutely
continuous curve in Py. Note that when 1 = ¢y, (v € Pa, ¢ € L*(v)), the corresponding
map to 4+ is obtained by ¢; v = p* where ¢* is a composition as follows:

¢t (id+v)ogp=¢+voo. (8.4)

So far, we have introduced the property of continuous curves in P, and a method of
their discretization. We notice that the above update resembles the update of Algorithm
[8. Indeed, we show that the functional gradient method is nothing but a discretization
method of the gradient flow derived by the functional gradient V,L(¢).
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8.6.2 Discretization of Gradient Flow

We here introduce the gradient flow, which is one of the most straightforward ways to
understand Algorithm I[8. We have explained that an absolutely continuous curve {v; };c;
in P, is well characterized by the continuity equation (82) and we have seen that {v; };cs
in (872) corresponds to the notion of the velocity field induced by the curve. Such a
velocity points in the direction of the particle flow. Moreover, the functional gradient
VsL(¢)(-) points in an opposite direction to reduce the objective L at each particle. Thus,
these two vector fields exist in the same space and it is natural to consider the following
equation:

v = —VaL(0). (8.5)

This equation for an absolutely continuous curve is called the gradient flow (Ambhbrosio
ef all, P00X) and a curve satisfying this will reduce the objective L. Indeed, we can find
by the chain rule such a curve {v; = @11, }ie; that also satisfies the following:

d
Eﬁ(@) = —[|V4L(1) ||%2(ut)'

Recalling that 14 can be discretized well by 14,5 ~ (id— 0V ,L(¢:) )14, we notice that
Algorithm [ is a discretization method of the gradient flow (B3). In other words, build-
ing deep neural networks by stacking gradient layers is such a discretization procedure.

Figure 8.2: Generated samples by Algorithm I on 8-gaussian dataset for 0, 25, 50, and
100 generator iterations (from left to right) and training data (rightmost).

129



8. Enhancing the Convergence of Adversarial Training

8.7 Experiments

In this section, we show the powerful optimization ability of the gradient layer method
empirically on training WGANSs. Our implementation is done using Theano (Bergstra
ef all, 2010; Basfienef all, P0T7). We first used three toy datasets: swiss roll, 8-gaussian,
and 25-gaussian datasets (see Figure B7) to confirm the convergence behavior of the
gradient layer. The sizes of toy datasets are 500, 500, and 1000, respectively. We next
used the CIFAR-10 containing 50,000 images of size 32x32, and STL-10 containing
100,000 images. For STL-10 dataset, we downsample each dimension by 2, resulting
image size is 48x48. We reported inception scores (Salimans_ef all, DOT6) for image
datasets, which is one of the conventional scores commonly used to measure the quality
of generated samples.

Toy datasets We ran Algorithm I@ without pre-training of generators (i.e., g = id)
on toy datasets from Gaussian noise distributions with the standard deviation 0.5. We
used four-layer neural networks for the critics where the dimension of hidden layers
were set to 128 for swiss roll and 8-gaussian datasets and 512 for 25-gaussian dataset.
We adopted one-sided penalty with regularization parameter A = 10. The output of
generator was activated by tanh. We used ADAM for training critics with parameters
a=10"% 3, = 0.5, 8, = 0.9, minibatch size b = 50. When we run Algorithm [, gradi-
ent layers are stacked below tanh. The learning rates were set to 7 = 0.1. The number of
inner iterations 7; for training the critics was set to 5 x datasize/b. Figure B2 shows the
results for toy datasets for running 7" = 100 iterations of generators. Although we ran the
algorithm without pre-training the generators, we obtained better results only for a few
iterations. This is surprising, because these toy datasets are difficult to learn and fail to
converge in the standard GANs and WGANs. Whereas improved variants of these models
overcome this difficulty, they usually require more than 1,000 iterations to converge.

CIFAR-10 and STL-10 We first trained WGAN-GP with a two-sided penalty (A = 10)
on the CIFAR-10 and STL-10 datasets. We used DCGAN for both the critic and the
generator. The batch normalization ([ofte and Szegedy, P015) was used only for the gen-
erator. The critic and the generator were trained by using ADAM with o = 1074, 3, =
0.5, B2 = 0.9, and minibatch size b = 64. The number of inner iterations for training the
critics were 5 and we ran ADAM for 10°-iterations. The left side of Figure shows the
inception scores obtained by WGAN-GP. It seems that the learning procedure is slowed
down in a final training phase, especially for CIFAR-10. The final inception score on
CIFAR-10 and STL-10 are 6.32 and 7.40, respectively. We next ran Algorithm [I@ starting
from the result of WGAN-GP. The critics were trained by ADAM with the same param-
eters, except for « = 5 x 107° and Ty = datasize/b. The learning rates were set to
0.5 for CIFAR-10 and 0.3 for STL-10. The right side of Figure shows the inception
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Figure 8.3: Left: Inception scores obtained by WGAN-GP, Right: Inception scores obtain
by Algorithm [@ starting from the result of WGAN-GP.

scores obtained by Algorithm [f. Note that, since we focus on the optimization ability of
generators, we plotted results with the horizontal axis as the number of outer-iterations.
We observed a rapid increase in the inception scores, which were improved to 6.80 and
7.71 on CIFAR-10 and STL-10, respectively.
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8.8 Appendix

8.8.1 The Other Usage

We introduce the usage that inserts a fixed number of gradient layers into the bottom of
the generator to assist overall training procedure, which is described in Algorithm M9.
Note that we always use latest parameters of f, g for gradient layers in Algorithm I9.
When gradient layers are inserted in the middle of the generator: g, o ¢ o go, we can apply
Algorithm M9 by setting 1, < gogtin, g < g1. After training, we can generate samples
by using parameters of the critic and the generator, the learning rate, and the number of
gradient layers, which is described in Algorithm20.

Algorithm 19 Assisting WGAN-GP
Input: The base distribution f,,, the minibatch size b, the number of iterations 7', the
initial parameters 7y and 6, of the critic and the generator, the number of iterations
Ty for the critic, the regularization parameter c, learning rate 7 for gradient layers, the
number of gradient layers /.

fork =0toT —1do
T < Tk
for k, =0to 7Ty — 1do
{l’i}?:l ~ le)j’ {zi ?:1 ~ va {ei ?:1 ~ U0, 1]b
# G7% is applied [ times.
{21}t < {go, 0 G 0 0 GIP% ()}
{Zi}h) — {ami + (1 — )z},
0=V A0 (=) — folw) + ARy (3)
T A(T,v)
end for
Tet+1 < T
{zi}i1 ~ m,
# G7F+% is applied [ times.
(@i (G oo G
[ _VG% Zli):l ka+1 (g9k (ZZ»
8k+1 — A(@k, U)
end for
Return 77, 0.

We next briefly review Algorithm [ in which a fixed number of gradient layers with
latest parameters is inserted in the bottom of a generator of WGAN-GP. That is, gradi-
ent layers modify a noise distribution p,, to improve the quality of a generator by the
functional gradient method.
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Algorithm 20 Data Generation for Algorithm 9
Input: the seed drawn from the base measure z ~ pu,, the parameter 7 and 6 of the
critic and the generator, the learning rate 7, the number of gradient layers /.

Apply gradient layers [ times 2" + G;ﬁ 0.0 G;ﬂ( 2)
Return the sample gy(z').

8.8.2 Brief Review of Wasserstein Distance

We introduce some facts concerning the Wasserstein distance, which is used for the proof
of Proposition 3. We first describe a primal form of the Wasserstein distance. For p > 1
let P, be the set of Borel probability measures with finite p-the moment on X C R”. For
i, v € P, a probability measure 7 on X x X satisfying 7Tﬂ1’7 = p and ngy = v is called
a plan (coupling), where 7" denotes the projection from X x X" to the i-th space X'. We
denote by I'(, v) the set of all plans between p and v. We now introduce Kantorovich’s
formulation of the p-Wasserstein distance IV, for p > 1.

WP(u,v) = min / Iz = yl2dy(z,y) (8.6)
XxX

vel(u,v)

When p = 1 and p, v have bounded supports, there is the Kantorovich-Rubinstein dual
formulation of the 1-Wasserstein distance, which coincide with the definition introduced
in the paper. The existence of optimal plans is guaranteed under more general integrand
(c.f. Millani (Z008); Ambrosio ef all (2008)) and we denote by I' the set of optimal plans.
Prior to this formulation, the optimal transport problem in Monge’s formulation was pro-
posed.

[ 1o - 6(o)ldula), 57)
¢>uﬂ—l’ X

where the infimum is taken over all transport maps ¢ : X — X from p to v, i.e., ¢y = v.
Because a transport map ¢ gives a plan v = (id X ¢)yu, we can easily find (86) < (872).
In general, an optimal transport map that solves the problem (877) does not always exist
unlike Kantrovich problem (8fl). However, in the case where p > 1, X = R", and p
is absolutely continuous with respect to the Lebesgue measure, the existence of optimal
transport maps is guaranteed (Breniex, T987, T991)) and it is extended to more general
integrand (see Ambrosio ef all (Z00R)). Moreover, this optimal transport map also solves
Kantrovich problem (Bf), i.e., these two distances coincide. On the other hand, in the
case p = 1, the existence of optimal transport maps is much more difficult, but it is shown
in limited settings as follows.

Proposition 17 (Sudakov (Sudakov, 1979), see also (Ambrosid, 2003)). Let X be a com-
pact convex subset in R” and assume that 1 is absolutely continuous with respect to
Lebesgue measure. Then, there exists an optimal transport map ¢ from | to v for the
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8. Enhancing the Convergence of Adversarial Training

problem B4 with p = 1. Moreover, if v is also absolutely continuous with respect to
Lebesgue measure, we can choose 1) so that 1)~ is well defined jiy-a.e., and gbﬁ_ =

Under the same assumption in Proposition [, it is known that two distances (87) and
(B6) coincide (Ambrosia, 20073), that is, the Kantrovich problem (K1) is solved by an
optimal transport map.

8.8.3 Proofs

We here the give proof of Proposition I4.

Proof of Proposition [4. Note that L£(v)) = ﬁ(fj;, ¥). For i) € BX(¢), we divide L(1))
into two terms as follows.

L) = (L(f}.0) — LUf5.0) + L(f5. ). (8.8)

We first bound the first term in (88) by L-smoothness of ﬁ( T 1) with respect to 1)’ at
¥ in BX().

. R R L
£U30) = (U300 + (Tl )y = 0) )| < Tl = bl

L2(ug)
Since £( fir,4) attains the maximum, we have Vo L( f )] y—y = U and have
. - L
£0750) = £03,0)| < S0 = ¥lEaga, (8.9)
We next bound £( f4,¢) in (BR). We remember that
L(f3,0) = B [[3(@)] = Bany, [f 0 ()] = ARy, (8.10)
By L-smoothness of [, it follows that
L
Fo0()) — (F3(0@) + {V-F3(2)] oy 00) = 6(0)) )| < S 0(0) — oo}

By taking the expectation with respect to [, , we get

L
‘_Exwug [f(z o Yﬁ(l“)] + Eug [f:;(¢($))] + <vzf:; o ¢7 @D - ¢>L2(Hg) S —H@D - QSH%?(;LQ)'

We substitute this inequality into (810), we have

. L
E(fga w) < EINMD [f;($)] + EHw - ¢H%2(,ug) - (E#g[f;;(¢<x>>] + <sz; © ¢7 ¢ - ¢>L2(“9)) - )\Rf;;
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. L
= ‘C(f;7 ¢) - <vzf$ © ¢7 77b - ¢>L2(Ng) + §||77Z) - (;5”%2(“9)
L

L
(8) + {VoL(9): ¥ = D) 2y + S 1Y = Dllr2uy)s (8.11)

and the opposite inequality

R L
L3 0) 2 £(0) + (VoLl() ¥ = 6) oy = 510 = BlEa)  B12)

where we used V4L(¢) = —V. fi(2)].=¢()- By combining (BX),(8Y), and (8TII), we
have

L) < L(D) + (VoL(D) ¥ = 0) 12,y + LG = DIz,

Moreover, since ﬁ(f,z, ) — ﬁ(f;, 1Y) > 0in (BR), we have L()) > ﬁ(f(;f, ¥). There-
fore, we get the opposite inequality by (B12)

£(8) 2 £(6) + (VoL(8).6 ~ Dyagu) — 216~ lEagu
This finishes the proof. [
We next provide the proof of Theorem [8.
Proof of Theorem [[A. Noting that |7V, L(¢x)|lc < 7 and Lipschitz smoothness of L,
we have
L

L(¢ri1) < L(dr) = nlIVoL(Dr) 72, + T||V¢£(¢k)||L2(ug)

= L(¢r) = n(1 = nL/2) VLD 72(,)-
Since 1 < 1/L, we have L(¢p+1) < L(dx) — 3IVoL(dr)[172(,,)- Summing up over
k€ {0,...,T — 1} and dividing by 7" we obtain

1« 2
- ; IV6 (6L, < ;7 (£(00) = £(91)).

This inequality finishes the proof of the theorem. [

Proof of Proposition [[3. By Proposition [['Z, there exists an optimal transport ¢ from i,
to 1p and an optimal plan is given by v = (id X ¢)p,. We set ¢, = (1 — t)id + t1) and
pe = Yyttg. Because (s, 1)y (0 < s < ¢t < 1) gives a plan between /i, and pp, we
have

Wi (ptes 1) < / = yllad(tba, o )sitg

XXX
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= [ o) = wate) s

t—s/Hx— x)||2dpg = (t — s)Wi (g, pp). (8.13)

We next prove the opposite inequality. Noting that (id, 1)y, is a plan from /i, to 11, and
(11, 1)4414 1s a plan from 41, to pp, we have the following two inequalities

Wi (jtgs ) < /X e =yl )z, = /X I — $s(@)lladity = SWi(11g: 1),

Wi(pe, pp) < / 12 = yll2d (e, 1)spg = / [Ve(x) = (2)l|2dpg = (1 = )Wi(pg, pip)-
XxX X
Using these two inequalities and the triangle inequality, we get

W (,uga,uD) < Wl(ugvNs)+W1(/'stﬂt)+W1(ut7uD) (1+S t)Wl(:ugnuD)-i_Wl(:uS?H't)

That is (¢ — s)Wi(ug, tp) < Wi(us, ptt). By combining this inequality and (813), we
have (¢t — s)Wi(ug, tp) = Wi(ps, p1¢) and this finishes the proof. O

8.8.4 Labeled Faces in the Wild

We provide the result on the Labeled Faces in the Wild dataset. The result is depicted in
Figure B4. After training WGAN-GP, we ran Algorithm I8 for a few iterations.

Figure 8.4: Random samples drawn from the generator trained by WGAN-GP (left) and
the gradient layer (right).
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Chapter 9

Functional gradient boosting based on
residual network perception

Residual Networks (ResNets) have become state-of-the-art models in deep learning and
several theoretical studies have been devoted to understanding why ResNet works so well.
One attractive viewpoint on ResNet is that it is optimizing the risk in a functional space
by combining an ensemble of effective features. In this chapter, we adopt this viewpoint
to construct a new gradient boosting method, which is known to be very powerful in data
analysis. To do so, we formalize the gradient boosting perspective of ResNet mathemat-
ically using the notion of functional gradients and propose a new method called ResFGB
for classification tasks by leveraging ResNet perception. Two types of generalization
guarantees are provided from the optimization perspective: one is the margin bound and
the other is the expected risk bound by the sample-splitting technique. Experimental re-
sults show superior performance of the proposed method over state-of-the-art methods
such as LightGBM.

This chapter is based on the work Functional Gradient Boosting based on Residual
Network Perception, A. Nitanda and T. Suzuki, International Conference on Machine
Learning, 2018 (Nifanda and Suznki, 20T&a).

9.1 Opverview

Deep neural networks have achieved great success in classification tasks; in particu-
lar, residual network (ResNet) (He_ef all, 20OT6) and its variants such as wide-ResNet
(Zagoruyko and Komodakis, 2016), ResNeXt (Xie_ef all, 2017), and DenseNet (Huang
ef all, 20T7h) have become the most prominent architectures in computer vision. Thus, to
reveal a factor in their success, several studies have explored the behavior of ResNets and
some promising perceptions have been advocated. Concerning the behavior of ResNets,
there are mainly two types of thoughts. One is the ensemble views, which were pointed
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9. Functional gradient boosting based on residual network perception

out in Veaf ef all (Z0T18); Ciffwin and Wolf (20T6). They presented that ResNets are ensem-
ble of shallower models using an unraveled view of ResNets. Moreover, Veif ef all (ZOT)
enhanced their claim by showing that dropping or shuffling residual blocks does not af-
fect the performance of ResNets experimentally. The other is the optimization or ordinary
differential equation views. In [lasfrzebski ef all (2017), it was observed experimentally
that ResNet layers iteratively move data representations along the negative gradient of the
loss function with respect to hidden representations. Moreover, several studies (Weinan,
201°7; Haber ef all, POT7; Chang et all, 0T7a,h; Cu_ef all, PD0IT7) have pointed out that
ResNet layers can be regarded as discretization steps of ordinary differential equations.
Since optimization methods are constructed based on the discretization of gradient flows,
these studies are closely related to each other.

On the other hand, gradient boosting (Mason ef all, T999; Friedman, 200T) is known to
be a state-of-the-art method in data analysis; in particular, XGBoost (Chen and Guesfrin,
2016) and LightGBM (Ke et all, 20177) are notable because of their superior performance.
Although ResNets and gradient boosting are prominent methods in different domains, we
notice an interesting similarity by recalling that gradient boosting is an ensemble method
based on iterative refinement by functional gradients for optimizing predictors. However,
there is a key difference between ResNets and gradient boosting methods. While gradient
boosting directly updates the predictor, ResNets iteratively optimize the feature extraction
by stacking ResNet layers rather than the predictor, according to the existing work.

In this chapter, leveraging this observation, we propose a new gradient boosting
method called ResFGB for classification tasks based on ResNet perception, that is, the
feature extraction gradually grows by functional gradient methods in the space of feature
extractions and the resulting predictor naturally forms a ResNet-type architecture. The
expected benefit of the proposed method over usual gradient boosting methods is that
functional gradients with respect to feature extraction can learn a deep model rather than
a shallow model like usual gradient boosting. As a result, more efficient optimization is
expected.

In the theoretical analysis of the proposed method, we first formalize the gradient
boosting perspective of ResNet mathematically using the notion of functional gradients
in the space of feature extractions. That is, we explain that optimization in that space
is achieved by stacking ResNet layers. We next show a good consistency property of
the functional gradient, which motivates us to find feature extraction with small func-
tional gradient norms for estimating the correct label of data. This fact is very helpful
from the optimization perspective because minimizing the gradient norm is much easier
than minimizing the objective function without strong convexity. Moreover, we show the
margin maximization property of the proposed method and derive the margin bound by
utilizing this formalization and the standard complexity analysis techniques developed in
Kolichinskirand Panchenka (2007); Barfleff and Mendelson (200?7), which guarantee the
generalization ability of the method. This bound gives theoretical justification for mini-
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9. Functional gradient boosting based on residual network perception

mizing functional gradient norms in terms of both optimization and better generalization.
Namely, we show that faster convergence of functional gradient norms leads to smaller
classification errors. As for another generalization guarantee, we also provide conver-
gence analysis of the sample-splitting variant of the method for the expected risk min-
imization. We finally show superior performance, empirically, of the proposed method
over state-of-the-art methods including LightGBM.

Related work Several studies have attempted to grow neural networks sequentially
based on the boosting theory. Bengio et al] (Z006) introduced convex neural networks
consisting of a single hidden layer, and proposed a gradient boosting-based method in
which linear classifiers are incrementally added with their weights. However, the ex-
pressive power of the convex neural network is somewhat limited because the method
cannot learn deep architectures. Moghimi et al! (Z016) proposed boosted convolutional
neural networks and showed superior empirical performance on fine-grained classifica-
tion tasks, where convolutional neural networks are iteratively added, while our method
constructs a deeper network by iteratively adding layers. Corfes ef all (2017) proposed
AdaNet to adaptively learn both the structure of the network and its weight, and provided
data-dependent generalization guarantees for an adaptively learned network; however, the
learning strategy quite differs from our method and the convergence rate is unclear. The
most related work is BoostResNet (Huang et all, P0T74), which constructs ResNet itera-
tively like our method; however, this method is based on an different theory rather than
functional gradient boosting with a constant learning rate. This distinction makes the dif-
ferent optimization-generalization tradeoff. Indeed, our method exhibits a tradeoff with
respect to the learning rate, which recalls perception of usual functional gradient boosting
methods, namely a smaller learning rate leads to a good generalization performance.

9.2 Preliminary

In this section, we provide several notations and describe a problem setting of the clas-
sification. An important notion in this chapter is the functional gradient, which is also
introduced in this section.

9.2.1 Problem setting

Let X = R? and ) be a feature space and a finite label set of cardinal c, respectively.
We denote by v a true Borel probability measure on X x ) and by v, an empirical
probability measure of samples (z;, y;)"_; independently drawn from v, i.e., dv,(X,Y) =
Y iy Oy (X, Y)dXdY /n, where ¢ denotes the Dirac delta function. We denote by vy
the marginal distribution on X and by v(:|X) the conditional distribution on Y. We
also denote empirical variants of these distributions by v, x and v,(-|X). In general,
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for a probability measure 1, we denote by £, the expectation with respect to a random
variable according to u, by Lo(pt) the space of square-integrable functions with respect to
, and by L (1) the product space of Lo(u) equipped with (-, -) 14(-inner product: for
VE,VC € L),

(€ pggn & EAE(X)TCX)) =E,

ZSJ(X)CJ(X)] :

We also use the following norm: for Vp € (0,2] and V¢ € Li(u), ||£||Izg(u) o
Eu[l¢(X) 5] = B, [ (2, €002,

The ultimate goal in classification problems is to find a predictor f € L§(vx) such that
arg maxy,ey f, (z) correctly classifies its label. The quality of the predictor is measured
by a loss function I((,y) > 0. A typical choice of [ in multiclass classification problems
is 1(C,y) = —log(exp(¢y)/ D _gey €xp((y)), Which is used for the multiclass logistic re-
gression. The goal of classification is achieved by solving the expected risk minimization
problem:

min {£(f) B, (F(X),Y)]}. ©.1)

JFeLs(vx)

However, the true probability measure v is unknown, so we approximate £ using the
observed data probability measure v,, and solve the empirical risk minimization problems:

def

min {£,(£) <R, [1(£(X),Y)]}. 92)
fFeLs(vx)

In general, some regularization is needed for the problem (82J) to guarantee generaliza-

tion. In this chapter, we rely on early stopping (Zhang and Yu, 20005) and some restriction

on optimization methods for solving the problem.

Similar to neural networks, we split the predictor f into the feature extraction and
linear predictor, that is, f(z) = w' ¢(z), where w € R%*¢ is a weight for the last layer
and ¢ € Li(vy) is a feature extraction from X to X. For simplicity, we also denote
[(z,y,w) = l(w"z,y). Usually, ¢ is parameterized by a neural network and optimized
using the stochastic gradient method. In this chapter, we propose a way to optimize ¢ in
L4(vx) via the following problem:

. def A
min { R0, w) 2 E0(X), Vo)) + 5wl ©3)
peL(vx)
where A > 0 is a regularization parameter to stabilize the optimization procedure and

|| - ||2 for w is a Euclidean norm. When we focus on the problem with respect to ¢, we

use the notation R(¢) o min,,cgaxe R(P, w). We also denote by R, (¢, w) and R, (¢)
empirical variants of R (¢, w) and R(¢), respectively, which are defined by replacing E,
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by E, . In this chapter, we denote by O the partial derivative and its subscript indicates
the direction.

9.2.2 Functional gradient

The key notion used for solving the problem is the functional gradient in function spaces.
Since they are taken in some function spaces, we first introduce Fréchet differential in
general Hilbert spaces.

Definition 10. Let H be a Hilbert space and h be a function on H. For £ € H, we call
that h is Fréchet differentiable at & in H when there exists an element V¢h(§) € H such
that

h(¢) = h(&) + (Veh(§), ¢ = &)y + o(ll§ = Clln)-

Moreover, for simplicity, we call V¢h(&) Fréchet differential or functional gradient.

We here make an assumption to guarantee Fréchet differentiability of R, R,,, which
is valid for multiclass logistic loss: I(z,y, w) = — log(exp(w, z)/ > gey exp(wy z)).

Assumption 8. The loss function [(C,y) : R x ¥ — R is a non-negative C*-convex
function with respect to ( and satisfies the following smoothness: There exists a positive

real number A such that |021(¢,y)l| < A (V(¢,y) € R® x V), where || - || is the spectral

norm.

Note that under this assumption, the following bound holds:
1821(z, y, w)|| < Ar® for z € X,y € Y, w € B(0),

where B,.(0) C R%*¢is a closed ball of center 0 and radius . After this, we set A, L Ay
for simplicity.
For ¢ € Li(vx), we set wy aof arg min,cgixe R(¢,w) and w, 4 o

arg min,,cpaxe Ry, (¢, w). Moreover, we define the following notations:

def

VoR(0)(x) = Epyin)[0:1(d(2), Y, wy)],
V¢Rn(¢)(;p) déf {@l(ﬁb(fvz),yz, wmﬁ) (J] — Ii),

0 (otherwise).

We also similarly define functional gradients 0,R(¢,w) and 94R (¢, w) for fixed w by
replacing wg, wy, 4 by w. It follows that

VeR(9) = OsR(¢, ws), VeRn(9) = O3 R (9, wng)-

The next proposition means that the above maps are functional gradients in Ld(vy)
and L4 (v, x). We set [y = max,ey 1(0,y).
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Proposition 18. Let Assumption B hold. Then, for Vo, € Li(vx), it follows that

R() = R(9) + (VoR(9): % — 6) ) + Holt), ©.4)

where H,(1¢) < ASA lp — M@d(ux) (cx = \/2lo/N). Furthermore, the corresponding
2

statements hold for R(-,w) (Yw € R?) by replacing R(-) by R(-,w) and for empirical

variants by replacing vx by v, x.

We can also show differentiability of £(f) and £, (f). Their functional gradients
have the form VL(f)(x) = Eyv(e)[0cl(f(x),Y)] and VL, (f)(x:) = Ol (f(2:),v:). In
this chapter, we derive functional gradient methods using V4R, (¢) rather than VL, (f)
like usual gradient boosting (Mason et all, T999; Friedman, 2001]), and provide conver-
gence analyses for problems (1) and (822). However, we cannot apply V,R,(¢) or
0y Rn(¢,w) directly to the expected risk minimization problem because these functional
gradients are zero outside the training data. Thus, we need a smoothing technique to
propagate these to unseen data. The expected benefit of functional gradient methods us-
ing V4R, (¢) over usual gradient boosting is that the former can learn a deep model that
is known to have high representational power. Before providing a concrete algorithm
description, we first explain the basic property of functional gradients and functional gra-
dient methods.

9.3 Basic Property of Functional Gradient

In this section, we explain the motivation for using functional gradients for solving clas-
sification problems. We first show the consistency of functional gradient norms, namely
predicted probabilities by predictors with small norms converge to empirical/expected
conditional probabilities. We next explain the superior performance of functional gradient
methods intuitively, which motivate us to use it for finding predictors with small norms.
Moreover, we explain that the optimization procedure of functional gradient methods can
be realized by stacking ResNet layers iteratively on the top of feature extractions.

9.3.1 Consistency of functional gradient norm

We here provide upper bounds on the gaps between true empirical/expected conditional
probabilities and predicted probabilities.

Proposition 19. Let [((,y) be the loss function for the multiclass logistic regression.
Then,

IVsL(f)

1
L§(vx) > % Z ||V(y|) _pf(yl')“Ll(VX)?

yey
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1
IV L ()25 wnx) = 7 D vyl = s L)

yey

where we denote by p¢(y|z) the softmax function defined by the predictor f, i.e.,
exp(fy())/ 2gey exp(f5(+))-

Many studies (Zhang, 2004; Steinwarf, 2005; Barfleff ef all, Z006) have exploited the
consistency of convex loss functions for classification problems in terms of the classifi-
cation error or conditional probability. Basically, these studies used the excess empiri-
cal/expected risk to estimate the excess classification error or the gap between the true
conditional probability and the predicted probability. On the other hand, Proposition T9
argues that functional gradient norms give sufficient bounds on such gaps. This fact is
very helpful from the optimization perspective for non-strongly convex smooth problems
since the excess risk always bounds the functional gradient norm by the reasonable order,
but the inverse relationship does not always hold. This means that finding a predictor with
a small functional gradient is much easier than finding a small excess risk.

Note that the latter inequality in Proposition T3 provides the lower bound on empirical
classification accuracy, which is confirmed by Markov inequality as follows.

Py, [L=pr(Y[X) = 1/2] < 2B, [1 — pp(Y]X)]
< 2Ve||VLo(f)]

Generally, we can derive a bound on the empirical margin distribution (Kolfchinskii-and
Panchenkd, P002) by using the functional gradient norm in a similar way, and can obtain
a generalization bound using it, as shown later.

L(i (Vn,X) :

9.4 Algorithm Description

In this section, we provide concrete description of the proposed method. Let ¢; € L4 (v )
and w; denote t-th iterates of ¢ and w. As mentioned above, since functional gradi-
ents 0,R,, (¢, wi+1) for the empirical risk vanish outside the training data, we need a
smoothing technique to propagate these to unseen data. Hence, we use the convolution
T, O R (b, wyy1) Of the functional gradient by using an adaptively chosen kernel func-
tion k; on X. The convolution is applied element-wise as follows.

Tkt ,na¢Rn(¢t7 wt-l-l) déf EVn,X [a¢7?’n<¢t7 wt—l-l) (X)kt (X7 )]

1 n
= E Z azl(¢t(xz)7 Yi, wt—‘rl)kt(xia )

i=1

Namely, this quantity is a weighted sum of 0, R, (¢¢, wii1)(x;) by ki(z;, -), which we
also call a functional gradient. In particular, we restrict the form of a kernel k; to the inner-
product of a non-linear feature embedding to a finite-dimensional space by ¢; : R? — R?,
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that is, ks (2, 2") = 1;(¢+()) "t:(¢:(x)). The requirements on the choice of ¢; to guarantee
the convergence are the uniform boundedness and sufficiently preserving the magnitude
of the functional gradient 0,R,,(¢:, w:11). Let F be a given restricted class of bounded
embeddings. We pick up ¢; from this class F by approximately solving the following
problem to acquire magnitude preservation:

max || Ty, w05 Ron (1, i), (9.5)

where we define ||y, &7 = (€, Thyn&) Ld(un <) fOr @ vector function &. Detailed
conditions on ¢; and an alternative problem to guarahtee the convergence will be discussed
later. Note that due to the restriction on the form of k;, the computation of the functional
gradient is compressed to the matrix-vector product. Namely,

A S 0, R (0w (w)u(0u(:))
i=1
Tkt,naqun(gbtv wt+1) = AtLt(¢t('))'

Therefore, the functional gradient method ¢y < ¢ — Tk, nOpRn(Pr, wei1) can be
recognized as the procedure of successively stacking layers id — 1, Ay (o0(¢)) (t €
{0,...,T — 1}) and obtaining a residual network. The entire algorithm is described in
Algorithm 1. Note that because a loss function [ is chosen typically to be convex with
respect to w, a procedure in Algorithm X1l to obtain w,, 4, is easily achieved by running an
efficient method for convex minimization problems. The notation 7j is the stopping time
of iterates with respect to w. That is, functional gradients OsR,, (¢, we+1) are computed
at wyy1 = Wy e, and correspond to V4R, (¢:) when ¢ < T and computed at an older
point of w when t > Tj, rather than V4R, (¢¢).

9.4.1 Choice of embedding

We here provide policies for the choice of ¢;. A sufficient condition for ¢, to achieve good
convergence is to maintain the functional gradient norm, which is summarized below.

Assumption 9. For positive values v, ¢, p < 2, q, and K, a function k(x,2') =
v(de(x)) T e(e(x)) satisfies ||u(z)]ls < VK on X, and MO Ron (Pt wes )24, ) —

V€ < | TheinOp R (B2, wer1) [,
This assumption is a counterpart of that imposed in Mason ef all (T999). The existence
of 1, not necessarily included in F, satisfying this assumption is confirmed as follows.

We here assume that ¢; is a bijection that is a realistic assumption when learning rates
are sufficiently small because of the inverse mapping theorem. Then, since v,(-|X) =
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Algorithm 21 ResFGB
Input: S = (x;,y;),, initial points ¢y, wp, the number of iterations 7" of ¢, the
number of iterations 7 of w, embedding class F, and learning rates 7,
fort=0to7 — 1do
if ¢ < T}, then
Wity — Wy p, = Argmin, cgaxe Ry (¢r, w)
else
Wig1 < W
end if
Get (; by approximately solving (93) on S
Ay % Z:-L:l O U(Pe(3), vis wt+1)bt(¢t($i))T
Gry1 < O — At (D(+))
end for
Return ¢, and wp

Vn(-|¢¢(X)), functional gradients 3R, (¢¢, wiy1)(z) become the map of ¢;(x), so we
can choose ¢; such that

t(e(-)) = s Rn( Pt w1 ) (1) /|06 Ron (P wisa ) () -

By simple computation, we find that k;(x, 2") < 1 and ||y, 0 R (1, wii1)][7, are lower-
bounded by |0, R (s, wis1) HZL%(% .- A detailed derivation is provided in Appendix.
Thus, Assumption B may be satisfied ifan embedding class F is sufficiently large, but we
note that too large F leads to overfitting. Therefore, one way of choosing ¢, is to approxi-
mate Oy R,, (Pr, Wit1)(+)/||0sRn(Pe, wer1)(+) |2 rather than maximizing (93) directly, and
indeed, this procedure has been adopted in experiments.

9.5 Convergence Analysis

In this section, we provide a convergence analysis for the proposed method. All proofs
are included in Appendix. For the empirical risk minimization problem, we first show
the global convergence rate, which also provides the generalization bound by combining
the standard complexity analyses. Next, for the expected risk minimization problem, we
describe how the size of F and the learning rate control the tradeoff between optimization
speed and generalization by using the sample-splitting variant of Algorithm [, whose
detailed description will be provided later.
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9.5.1 Empirical risk minimization

Using Proposition I8, Assumption 8, and an additional assumption on w;, we can show
the global convergence of Algorithm 1. The following inequality shows how functional
gradients decrease the objective function, which is a direct consequence of Proposition
Q 1
I8. When n < I, K we have
Ru(br41, wet2) < Ry(dr, wesn)

n
- §||Tkt,na¢Rn<¢t7wt+1)||zt‘

Therefore, Algorithm 1l provides a certain decrease in the objective function; moreover,
we can conclude a stronger result.

Theorem 17. Let Assumptions 8 and @ hold. Consider running Algorithm 1 with a con-
stant learning rate n; = n < A;K. If p > 1 and the minimum eigenvalues of(thwt)tTﬁo

have a uniform lower bound o2 > 0, then

= 2Rn(¢07 wl) €

1 q
T ; IV Ln(flll e, ) < o T Tt (9.6)

T
where we denote f, = w,, | ¢;.

Remark. (i) This theorem states the convergence of the average of functional gradient
norms obtained by running Algorithm [Z1l, but we note that it also leads to the conver-
gence of the minimum functional gradient norms. (ii) Although a larger value of 7{, may
affect the bound in Theorem 7 because of dependency on the minimum eigenvalue of
(w, wt)tTio, optimizing w at each iteration facilitates the convergence speed empirically.
Theorem [l means that the convergence becomes faster when an input distribution has
the high degree of linear separability. However, even when it is somewhat large, a much
faster convergence rate in the second half of the algorithm is achieved by making an

additional assumption where loss function values attained by the algorithm are uniformly
bounded.

Theorem 18. Let Assumptions B and @ with (e, p, q) = (0, 1,2) hold. We assume T'/2 € N
for simplicity. Consider running Algorithm U1 with learning rates 1y and 1, in the first
half and the second half of Algorithm, respectively. We assume 1,171 < W. We set
ft = w/. 9. Moreover, assume that there exists AM > 0 such that [( f(X),Y) < M for
(X,Y) ~ vp.x and the minimum eigenvalues of (w; ' w;)12, have a uniform lower bound
0% > 0. Then we get

A |

12 2L,(f
- Z IV £ Lol g i) < -
=0

noyo T’
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L,(fo)
77 702(2 +noa Ly (fo)T)T

—levfﬁ ol w0

9.5.2 Generalization bound

Here, we derive a generalization bound using the margin bound developed by Kolfchinskii
and Panchenka (2007), which is composed of the sum of the empirical margin distribution
and Rademacher complexity of predictors. The margin and the empirical margin distri-

bution for multiclass classification are defined as m¢(z,y) o fy(x) — maxy 2, fiy ()
and P, [ms(x,y) < 6] (0 > 0), respectively. When [ is the multiclass logistic loss, us-
ing Markov inequality and Proposition [9, we can obtain an upper bound on the margin
distribution:

P, [ms(z,y) <] < (1+ p—— )) VeIV s L L )

Since the convergence of functional gradient norms has been shown in Theorem 2
and IR, the resulting problem to derive a generalization bound is to estimate Rademacher
complexity, which can be achieved using standard techniques developed by Barfleff and
Mendelson (200?); Koltchinskir and Panchenkad (200?2). Thus, we specify here the archi-
tecture of predictors. In the theoretical analysis, we suppose F is the set of shallow neural
networks Bo(Cx) for simplicity, where B, C' are weight matrices and ¢ is an element-
wise activation function. Then, the ¢-th layer is represented as

Gr1(z) = di(z) — Dio(Cige()),

where D; = 1, A; By, and a predictor is fr_1(x) = w;¢7_1(x). Bounding norms of these
weights by controlling the size of F and A, we can restrict the Rademacher complexity
of a set of predictors and obtain a generalization bound. We denote by Gr_; the set of

predictors under constraints on weight matrices where L;-norms of each row of w}, 4,
and D, are bounded by A,,, A, and A;.

def
Gr-1 = {|[(wr)sylli < Aw, [[(Co)ixlli <A,
”(-Dt)j,*“l S A:S’ le {07 ce 7T - ]-}7 \V/%V%VJ}

Theorem 19. Let [ be the multiclass logistic regression loss. Fix § > 0. Suppose o is
L,-Lipschitz continuous and ||z||s < Ao on X. Then, for Vp > 0, with probability at
least 1 — p over the random choice of S from v", we have ¥V f € Gr_1,

23 A A

M
W . (1 o )) VeV L)l 5 o)

P,[m(X,Y) <0] < - H (1+ AN L,)
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Combining Theorems [, I8 and M9, we observe that the learning rates 7, the num-
ber of iterations 7', and the size of F have an impact on the optimization-generalization
tradeoff, that is, larger values of these quantities facilitate the convergence on training data
while the generalization bound becomes gradually loose. Especially, this bound has an
exponential dependence on depth 7', which is known to be unavoidable (Neyshabur et all,
20T9) in the worst case for some networks with L, or the group norm constraints, but this
bound is useful when an initial objective is small and required 7" is also small sufficiently.

We next derive an interesting bound for explaining the effectiveness of the proposed
method. This bound can be obtained by instantiating bounds in Theorem I3 for various
T, A} and making an union bound. Since norms of rows of A; are uniformly bounded by
their construction, norm constraints on D, = n;A;B, is reduced to bounding a norm of
B,. Thus, we further assume ), ||(By) ]2 < A”.

Corollary 7. Let | be the multiclass logistic regression loss. Fix 6 > 0. Suppose o is L,-
Lipschitz continuous and ||x||s < Ao on X. Then, for ¥p > 0, with probability at least

1 — p over the random choice of S from V", the following bound is valid for any function
fr—1 obtained by Algorithm 21 under constraints || (wr ) y|l1 < Aw> D [[(Bi)willz < A,

and || ()|, < VK.

23N Ly Aoy
dv/n

T-1
C3Aoko < C S
4 S oollw 1+_ZﬁtHVan(ftﬂLi(”n,X)
d\/n T—1 t=0

o (o () orre)

1
4 (1 + m) Vel VLo (fr-)ll s x)s

B fmy, (X.Y) < 0] <

where f, = w/ ¢y and C = 2AL, vV Kd\"c,.

This corollary shows an interesting and useful property of our method in terms of gen-
eralization, that is, fast convergence of functional gradient norms leads to small complex-
ity of an obtained network, surprisingly. As a result, our method is expected to get a net-
work with good generalization because it directly minimizes functional gradient norms.

By plugging in convergence rates of functional gradient norms in Theorem 4 and I®
for the generalization bound in Corollary [4, we can obtain explicit convergence rates of
classification errors. For instance, under the assumption in Theorem [ with g = 2, € = 0,
and a learning rate n = O(1/7) 0 < a < 1, then the generalization bound becomes
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Moreover, under the assumption in Theorem I8 with learning rates o = O(1/7%) and
m = O(1/T?*71) 1 < o < 1, a faster convergence rate is achieved.

1 1-a 1 1
0GR (o504 o)+ 2mr)

Note that by utilizing the corollary, the optimization and generalization tradeoff depend-
ing on the number of iterations and learning rates is confirmed more clearly.

We note another type of bound can be derived by utilizing VC-dimension or pseudo-
dimension (Vapnik and Chervonenkis, T97T). When the activation function is piece-wise
linear, such as Relu function o(z) = max{0, 2}, reasonable bounds on these quantities
are given by Bartlett et all (1998, 2017). Thus, for that case, we can obtain better bounds
with respect to 7' by combining our analysis and the VC bound, but we omit the pre-
cise description for simplicity. We next show the other generalization guarantee from
the optimization perspective by using the modified algorithm, which may slow down the
optimization speed but alleviates the exponential dependence on 7" in the generalization
bound.

9.5.3 Sample-splitting technique

To remedy the exponential dependence on 7' of the generalization bound, we introduce the
sample-splitting technique which has been used recently to provide statistical guarantee
of expectation-maximization algorithms (Balakrishnan ef all, 0T7; Wang et all, 20TY).
That is, instead of Algorithm I, we analyze its sample-splitting variant. Although Algo-
rithm Il exhibits good empirical performance, the sample-splitting variant is useful for
analyzing the behavior of the expected risk. In this variant, the entire dataset is split into
T pieces, where T’ is the number of iterations, and each iteration uses a fresh batch of
samples. The key benefit of the sample-splitting method is that it allows us to use con-
centration inequalities independently at each iterate ¢, rather than using the complexity
measure of the entire model. As a result, sample-splitting alleviates the exponential de-
pendence on 7' presented in Theorem T9. We now present the details in Algorithm 2. For
simplicity, we assume 7 = 0, namely the weight vector w;, is fixed to the initial weight
wq.

Our proof mainly relies on bounding a statistical error of the functional gradient at
each iteration in Algorithm P21. Because the population version of Algorithm 21 strictly
decreases the value of R due to its smoothness, we can show that Algorithm P2 also
decreases it with high probability when the norm of a functional gradient is larger than a
statistical error bound. Thus, we make here an additional assumption on the loss function
to bound the statistical error, which is satisfied for a multiclass logistic loss function.
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Algorithm 22 Sample-splitting ResFGB
Input: S = (z;,y;)",, initial points ¢y, wy, the number of iterations 7', embedding
class F, and learning rates n
Split S into 7" disjoint subsets S, . .., St of size |n/T |
fort =0to7 — 1do
Define R, /7| (¢¢, w) using S;
Get +; by approximately solving (83) on S;
Ay = [F] 2200 00(n(s), g wo) el dn())T
Gry1 < O — NAsi(e(-))
end for
Return ¢r_1 and wy

Assumption 10. For the differentiable loss function [(z,y, w) with respect to z,w, there
exists a positive real number 3, depending on r > 0 such that ||0,l(z,y,w)||s < B, for
ze X, ye),we B.(0).

We here introduce the notation required to describe the statement. We let F7 be a
collection of j-th elements of functions in . For a positive value M, we set

. KdD / 2dD
e(m,p) = Bluolz | B <2M +4 /2K log 7) :

The following proposition is a key result to bound a statistical error as mentioned
above.

Proposition 20. Let Assumption [0 hold and each F’ be the VC-class (for the definition
see van_der Vaart and Wellne#t (T996)). We assume ||v(z)||2 < VK on X. We set i to
be vx or vy, x and k(x,2') to be 1(p(x)) " t(p(z)). Then, there exists a positive value M
depending on F and it follows that with probability at least 1 — p over the choice of the
sample of size m, €(m, p) upper-bounds the following.

sup || 740 R (9, wo) — ThmOs R (0, wo)

o HLS(M)'

Since each iterate in Algorithm 22 is computed on a fresh batch not depending on pre-
vious batches, Proposition 20 can be applied to all iterates with m < |n/T| and p < §/T
for 6 € (0,1). Thus, when |n/T | is large and 7 is small sufficiently, functional gradients
used in Algorithm P2 become good approximation to the population variant, and we find
that the expected risk function is likely to decrease from Proposition I[8. Moreover, we
note that statistical errors are accumulated additively rather than the exponential growth.
Concretely, we obtain the following generalization guarantee.
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Theorem 20. Let Assumptions B, B, and [0 and the same assumption in Proposition
hold. Consider running Algorithm 2. If p > 1, ||0:l(¢,y)||2 < B, and the minimum
eigenvalue of wy ' wy is lower-bounded by 0> > 0, then we get with probability at least

1—p,

1
2T T\* B
Liy) < B <—n log ;) + /3

V1o

IV L (wg ¢r.)

1

Ro n op n 232 B
‘ {n_T + Blwol-€ (:ﬁ T) + 5 Awolle KB, + 7€

where Rog = R(wo,¢o) and t. is the index giving the minimum value of
IV L1y (wg )l g, 20

According to this theorem, 7, T, and F control the optimization-generalization trade-
off like Theorem 9.

Table 9.1: Test classification accuracy on binary and multiclass classification.

METHOD LETTER USPS IJCNN1 MNIST COVTYPE SUSY

RESFGB (LOGISTIC) 0.976 0.953 0.989 0.986 0.966 0.804
(0.0019)  (0.0007)  (0.0004) (0.0007) (0.0004)  (0.0000)

RESFGB (SMOOTH HINGE) 0.975 0.952 0.989 0.987 0.965 0.804
(0.0014)  (0.0023)  (0.0005)  (0.0010)  (0.0058)  (0.0004)

0.971 0.948 0.988 0.986 0.965 0.804

MULTILAYER PERCEPTRON 559y (0.0045) (0.0010) (0.0010) (0.0015)  (0.0004)

0.959 0.948 0.977 0.969 0.824 0.754
(0.0062) (0.0023) (0.0015) (0.0041) (0.0059) (0.0534)
0.964 0.939 0.980 0.972 0.948 0.802
(0.0012) (0.0018) (0.0005) (0.0005) (0.0005) (0.0004)
0.964 0.938 0.982 0.981 0.972 0.804
(0.0011) (0.0039) (0.0010) (0.0004)  (0.0005)  (0.0005)

SUPPORT VECTOR MACHINE

RANDOM FOREST

GRADIENT BOOSTING

9.6 Experiments

In this section, we present experimental results of the binary and multiclass classification
tasks. We run Algorithm I and compare it with support vector machine, random forest,
and gradient boosting methods. We here introduce settings used for Algorithm 1. As
for the loss function, we test both multiclass logistic loss and smooth hinge loss, and
as for the embedding class F, we use three or four hidden-layer neural networks. The
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number of hidden units in each layer is set to 100, 200, or 1000. Linear classifiers and
embeddings are trained by Nesterov’s momentum method. The learning rate is chosen
from {1073,1072,1071, 1,10, 10?}. These parameters and the number of iterations 7" are
tuned based on the performance on the validation set.

letter usps ijjcnnl

1.00 1.00

accuracy
)
©

.90

08 L
0 0 5 10 15 20 25
susy

1.00 .82

40.80 | z

/ — train

- - test

accuracy
o
&

0.90

0.,

L s L 78
0123 45¢6 738 0 10 20 30 40 50 O 1
iterations iterations iterations

Figure 9.1: Learning curves for Algorithm I with multiclass logistic loss on libsvm
datasets showing classification accuracy on training and test sets versus the number of
iterations.

We use the following benchmark datasets: letter, usps, ijcnnl, mnist, covtype, and
susy. We now explain the experimental procedure. For datasets not providing a fixed test
set, we first divide each dataset randomly into two parts: 80% for training and the rest for
test. We next divide each training set randomly and use 80% for training and the rest for
validation. We perform each method on the training dataset with several hyperparameter
settings and choose the best setting on the validation dataset. Finally, we train each model
on the entire training dataset using this setting and evaluate it on the test dataset. This
procedure is run 5 times.

The mean classification accuracy and the standard deviation are listed in Table BT
The support vector machine is performed using a random Fourier feature (Rahimi and
Rechi, 2007) with an embedding dimension of 103 or 10%. For multilayer perceptron, we
use three, four, or five hidden layers and rectified linear unit as the activation function.
The number of hidden units in each layer is set to 100 or 1000. As for random forest,
the number of trees is set to 100, 500, or 1000 and the maximum depth is set to 10, 20,
or 30. Gradient boosting in Table @1 indicates LightGBM (Ke et all, 2(017) with the
hyperparameter settings: the maximum number of estimators is 1000, the learning rate
is chosen from {1072,1072,107%, 1}, and number of leaves in one tree is chosen from
{16,32,...,1024}.
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As seen in Table UTl, our method shows superior performance over the competitors
except for covtype. However, the method that achieves higher accuracy than our method
is only LightGBM on covtype.

We plot learning curves for one run of Algorithm 1l with logistic loss, which depicts
classification accuracies on training and test sets. Note that the number of iterations are
determined by classification results on validation sets. This figure shows the efficiency of
the proposed method.
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In this section, we introduce auxiliary lemmas used in our analysis. The first one is
Hoeffding’s inequality.

Lemma 14 (Hoeffding’s inequality). Let Z1, ..., Z, be i.i.d. random variables to [—a, al
for a > 0. Denote by A, the sample average »"._, Z;/s. Then, for any € > 0, we get

P[A, + ¢ < E[A,] < exp (_62—3) .

2a?

Note that this statement can be reinterpreted as follows: it follows that for § € (0, 1)

with probability at least 1 — ¢
2 1
Ay —log = > E[A,].
+ay/log 5 > E[A]

We next introduce the uniform bound by Rademacher complexity. For a set G of func-
tions from Z to [—a, a] and a dataset S = {z;};_, C Z, we denote empirical Rademacher
complexity by Rs(G) and denote Rademacher complexity by R,(G); let 0 = (0;)5,
be i.i.d random variables taking —1 or 1 with equal probability and let S be distributed
according to a distribution p°,

s

sup— > az-f@cz-)] . Ru(0) = B, [Rs(0)]

feg 8500

Rs(G) = E,

Lemma 15. Let 71, ..., Z, be i.i.d random variables to Z. Denote by As(f) the sample
average y ., f(Z;)/s. Then, for any 6 € (0,1), we get with probability at least 1 — &
over the choice of S,

sup | A.(f) ~ E[A(D]] < 20.(G) + 0y log >
feg S

When a function class is VC-class (for the definite see van_der Vaarf and Wellner
(1996)), its Rademacher complexity is uniformly bounded as in the following lemma
which can be easily shown by Dudley’s integral bound (Dudley], T999) and the bound on
the covering number by VC-dimension (pseudo-dimension) (van der Vaarf and Wellner,
1996).

Lemma 16. Let G be VC-class. Then, there exists positive value M depending on G such
that Rs(G) < M/y/m.

The following lemma is useful in estimating Rademacher complexity.
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Lemma 17. (i) Let h; : R — R (i € {1,...,s}) be L-Lipschitz functions. Then it follows
that

sup Z oihi o f(x;)

fe6im

E, < LE,

?éqg);ai o f(:cl)] .

(ii) We denote by conv(G) the convex hull of G. Then, we have Rg(conv(G)) = Rs(G).

The following lemma gives the generalization bound by the margin distribution, which
is originally derived by Kolfchinskii and Panchenka (2002). Let G be the set of predictors;
G C {f: X — R and denote IIG = {f,(-) : X —| f € G,y € YV}, then the following
holds.

Lemma 18. Fix 6 > 0. Then, for Vp > 0, with probability at least 1 — p over the random
choice of S from v™, we have V' f € G,

22

Pylmys(X,Y) < 0] S By, [my(X,Y) < 0] + =R (11G) + ,/% log%-

9.7 Proofs

In this section, we provide missing proofs in the paper.

9.7.1 Proofs of Section 9.3 and 9.4

We first prove Proposition [[¥ that states Lipschitz smoothness of the risk function.

Proof of Proposition I8 . Because [(z,y, w) is C2-function with respect to z, w, there ex-

ist semi-positive definite matrices A%, BZ'Y such that

(), y,we) = U (), y, ws) + D:U((w), y,ws) T (P(2) — ()

+ %W@ — ¢(2)) T ALY (1 (x) — ¢(2)), ©9.7)

A A
(@), y,we) + Fllwslls = Ut (), 4, wy) + Flwyll;
+ (awl(¢<w)7 Y, w¢) + )‘ww)—r(w¢ - w¢)

+ —(U}¢ — ww)TBf:;f(wd) — ’LU¢). (98)

N[ —

Note that we regard w, and w, are flattened into column vectors if necessary. By
Assumption B, we find spectral norms of A;’i:g is uniformly bounded with respect to
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x,y, ¢, 1, hence eigen-values are also uniformly bounded. In particular, since %||w¢ 12 <
R(p,ws) < R(p,0) <lo,wesee —A, T < ADY < A, I.
By taking the expectation [E, of the equality (877), we get

1
R, wy) = R(d, ws) +(VoR(), ¥ = 6} g,y +5 B (4 (2) =6 () ALY (1 (2) = ()]
9.9)
and by taking the expectation [E, of the equality (I-8), we get
R, ) = R, wy) + = (1w — wy) "By [BEy ) (wy — wy), (9.10)

2
where we used 0,,R(¢, w,,) = 0. By combining equalities (229) and (210), we have

R(0) = R(9) + (VeR(9), & — 6) ) + Hal®),

where
1 1
Hy(4) = SE[(4(2) — ¢(x) T ALY (P(x) — ¢())] — 5(ws = wy) "By [BYY | (wg — wy).
By the uniformly boundedness of Af’ and the semi-positivity of BS¥ s we find Hy(¢y) <
CA |¢ 77D”Ld (vx)"
The other cases can be shown in the same manner, thus, we finish the proof. O]

We next show the consistency of functional gradient norms.

Proof of Proposition [[9. We now prove the first inequality. Note that the integrand of
y'-th element of V ;£L(f)(x) for multiclass logistic loss can be written as

Ay — o exp(fy ()
O, U(f(x),y) = =1y =y + 5 explfy @)

Therefore, we get

IVL(f)

Lewx) = Eux [VAL(F)(X)]2
= Euy By ix)[0c(f(X), Y)]|2

> Eoyio 0, (F(X),Y)])?

y'ey

ERSN

yey

1)1, (F(X), Y]
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=L s [ (21 R0
— \/E@/%,EVX (y'1X) ( L+ >y eXp(fy(X))>
y exp(fy (X))
+y;y, (yIX)ZyGyeXp(fy(X))u
= LS i (-1 U0
\/EZ/%]EVX (¥'[X) ( 1+ Z*ey exp(fy(X)>>

1 o exp(fy (X))
\/Ey%EVX (v/'|X) + > exp(f(X)) u
_ %C ST =v@) + s 1))
y'ey

where for the first inequality we used (>°5 , a;)* < ¢, a?. Noting that the second
inequality in Proposition [9 can be shown in the same way by replacing v by v,,, we finish
the proof. O

We here give the proof of the following inequality concerning choice of embedding
introduced in section B4.

1
|Tin @Rl wr11) I, = 1106 R0, w24 ©.11)

Proof of (211) . For notational simplicity, we denote by G; = 0sR,,(¢¢, we+1)(+) and by
G the i-the element of G;. Then, we get

1 Tso (GOl R, = (G, TsnGt) 1, )
= E(x xnmaz  [Gi(X)  GHX)GHX) T Go(X) /(| Gu(X) || G (X))

(Ey, « [GHX)GLX)/IG(X)I2])

d
'7j:

~
—_

> ) (B, ([GHX)/G(X)]2])?

Vn,X) ’

1
By, x 1G] = SlIGull 7y
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9.7.2 Empirical risk minimization and generalization bound

In this section, we give the proof of convergence of Algorithm X1l for the empirical risk
minimization. We here briefly introduce the kernel function that provides useful bound
in our analysis. A kernel function k is a symmetric function X x X — R such that for
arbitrary s € N and points V(x;);_,, a matrix (k(z;,;));;—, is positive semi-definite.
This kernel defines a reproducing kernel Hilbert space H;, of functions on &X', which has
two characteristic properties: (i) for Vo € X, a function k(z,-) : X — R is an element
of Hy, (i) for Vf € Hy and Vo € X, f(x) = (f, k(x,))y,, Where (,),, is the inner-
product in H;.. These properties are very important and the latter one is called reproducing
property. We extend the inner-product into the product space H¢ in a straightforward way,
Le., <f7 g>7—[g = Z?:l <f27 gz>7-[k

The following proposition is useful in our analysis. The first property mean that the
notation || 7%, , VR,.(é:) ||k, provided in the paper is nothing but the norm of T}, , VR,,(¢:)
by the inner-product (, >7{ﬁt'

Proposition 21. For a kernel function k, the following hold.

e (f, g>Lg(l/x) = <kaag>7-[z for [ € Lg(VX), g € H,‘j where T,.f =
B [f(X)k(X, )],
(f, 9>L2(an) = (Tinf, 9>Hg for [ € Lg(l/n,x), g € ’H% where Ty, f

B, x[F(XRX, )]

O A1 gy < B[RO, XN F N5, Sor | €
1A, ) < Bu R XN 5,0 Sor £ € Hy.

Proof. We show only the case of vx because we can prove the other case in the same
manner. For f € Ly(vx), g € H{, we get the first property by using reproducing property,

(F:9) sty = B PO T {9 KX, ) = (9. T g
We next show the second property as follows. For Vf € H¢, we get

11 = En L FOOIS
= Eu [ (FO), KX g 3
< B [I6CC ) B, 112
= By (60X X)) £y
]

We give the proof of Theorem 7 concerning the convergence of functional gradient
norms.
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Proof of Theorem 4. When 1 < ﬁ, we have from Proposition I8 and Proposition
X
21,

R @41, Wer2) < Rp(dr, weg1) — gHTkt,na¢Rn(¢t7th)Hit‘
By Summing this inequality over ¢ € {0,...,T — 1} and dividing by T, we get
=

T Z [T 009 Ron (1 wt+1)Hit <
t=0

2

n—TRn(%, wr), (9.12)

where we used K, > 0.
On the other hand, since 0,1(z,y,w) = d,l(w" z,y) = wO:l(w" z,y), it follows that

8¢Rn(¢7 w)(x) = Eun(Y\x) [azl(¢($)7 Y, w)]
= Eun(Y\x) [w@cl(ngb(x), y)]
= wV L, (w'¢)(x).

Thus, by the assumption on (w, ' w;)/2,, we get fort € {0,...,T — 1}

106 R (Dt Wi 1) || Lt ) = B x [lwe 1V Lo (w1 60) (X) |[5]7
> 0By, IV Lo (w1 00) (X577
= U“vfﬁn(wldébt)||L;(un,X). (9.13)

Combining inequalities (212) (Z13) and Assumption B, we get

T-1
! T q 2 .
T ; ”vfﬁn<wt+1¢t)||L;(yn’X) < WR"L(¢07U}1) + E'

Since p > 1, we observe ||V L, (w100 Lsw, ) < 1ViLa(wl161)|| g, ) and we
finish the proof. O

To provide the proof of Theorem X, we here give an useful proposition to show fast
convergence rate for the multiclass logistic regression.

Proposition 22. Let [((,y) be the loss function for the multiclass logistic regression.
Let M > 0 be arbitrary constant. For a predictor f, we assume I(f(X),Y) < M for
(X,Y) ~ v,. Then, we have

1 —exp(—M)

TR )

IV Ln()llzewnx) =
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Proof. Since exp(—t) <1 — Mt for Vt € [—M,0), we get

1 —exp(—M)

By, lexp(—1(f(X), V)] £ 1- —20

Ln(f)-

Using [(f(X),Y) = —logps(Y|X) and the above inequality with Proposition I3, we
obtain

IV s Lo )5 wn ) Z 12 (yl) = 2r (Yl L1 x)
\/_ yey

\/— ZEvnxlyn(y|X> pf(y|X)|
yeY

> %Eyn[l — ps(Y]X)]
:%MﬂwWJWﬂWH

S 1 —exp(—M)

> Tl

The following is the proof for Theorem [IX.

Proof of Theorem I8 . Noting that fi11  fi — w1 Th, nOsRn(dr, wis1), we get the
following bound by a similar way in the proof for Theorem 2.

Lo(fer1) < L(fr) = n{VL(f2), w1 Th, nOsRon(Dt, wet1) >LC

A
+ ;]Hwt+lTktna¢R <¢tawt+1)

§(Vn,x)

L§(vn,x)*
We here bound the right hand side of this inequality as follows.
<V£n(ft)> w;:—lTkt,na¢Rn<¢t> wt+1)>L§(Vn,X) = <wt+1v£n(ft), Tkt,na¢Rn<¢t7 wt-i-l))Lg(yn’X)

= (06 Rn(t; Wt1), Ty nO R (91 le))Lg(vn,x)
> |05 R (bt wir )17, )

where we used Proposition I for the second equality and Assumption B for the last
inequality. Recalling ||w;;1]]2 < ¢\, we have

||w;1Tkt,na¢Rn(¢ta Wit1)

L) = B s 101 Ty 005 R (G, Wi ) II2
< AEy, 1Tk, n 0 Ron (b1, wigr) (XI5

160



9. Functional gradient boosting based on residual network perception

< K0 R (b1, wt+1)(X)||i‘f(l’mX)’
where for the second inequality, we used ||, nOsRn(Pr, wir1)(X)]2 <

K|05Rn(¢t, wet1)| L4y, ) Whichis a consequence of the triangle inequality. Combining
the above three inequalities, we have

1
£alfied) < L0l = 1 (7= FANR® ) 1000 g
ny
< L,(ft) — 7H<9¢Rn(¢t, wt+1)”%g(yn,x)

2
< La(f) = TV Lal)

%i(yn,x), (9.14)

where we used Anci K? < + for the second inequality and we used (213) for the last
inequality. Thus, we obtain from (8-I4)) and Proposition 22 that

Lo(frr1) < La(fe) — ﬂaﬁi(ft%

2 2
_ o (l—exp(=M))
where o = oA .

From this inequality, we get

N S Lo(f) o 1 e
‘Cn(ft) - L"n(ft-&-l) En(ft-I—l) - £n(ft+1) 7

where for the last inequality we used the fact that £,,(f;) is monotone decreasing which
is confirmed from the inequality (2-14)). Therefore, by applying this bound recursively for
t€A0,...,T/2 — 1} with n = ny, we conclude

2L, (fo)
Lalfrp2) < 50 oL (fo)T

(9.15)

On the other hand, by summing up the inequality (214) over t € {T/2,...,T — 1}
with 7; and dividing by T'/2, we get

T-1

> IVLa(fe)

t=T/2

2

2
mvo
1 Tsn) < TiLalfrz2): (9.16)

From inequalities (213) and (2-16), we conclude

T—1 4L, (fo)
Z HVfEn(ft)H%f(Vn,X) ~ (24 noal,(fo)T)T"

t=T/2

myo?
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We next show Theorem M9 that gives the generalization bound by the margin distri-
bution. To do that, we give an upper-bound on the margin distribution by the functional
gradient norm.

Proposition 23. For V§ > 0, the following bound holds.

Pulmg(Y) <02 (14 s ) VAT 20)

Lc Vn X)

Proof. If ms(z,y) < 6, then, we see
S expliy ()~ fe) 2 exp (mx y0) = (2) ) = explomyli, ) = exp(=0).
y'#y vy

This implies,

(o) = 1 S
PryIE) = 1+ Zy’#y exp(fy (z) — fy(z)) = 1 +exp(—0d)

Thus, we get by Markov inequality and Proposition 09,

P, [ms(X,Y) < <P, [pf(Y|X) = Hex;p(&}
M}

—P, {1 —e VX)) 2 7 TS

1
<|(14+4——E, [1—ps(Y|X
< (14 sy ) Bl = V1)
1
- <1 + exp<_5)> E,, [va(Y]X) = ps(V|X)]
1
<(1+ ) 5 )~ 0l s
1
< c .
< (14 sz ) VAT Dl
L]
We prove here Theorem I9.

Proof of Theorem [[4 . To proof the theorem, we give the network structure. Note that
the connection at the ¢-th layer is as follows.

Gr1(x) = ¢p(w) — Do (Crop(w)).
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We define recursively the family of functions #; and H, where each neuron belong:
We denote by P; € R? the projection vector to j-th coordinate.

Ho & (P X 5> R|je{l,... d}},

1, Y o[ o) : X 5 R | ¢y € HY crq € RY [lein ||y < A,
Hi & (] —d] by : X - R| ¢] € Hy,9hy € ?:[;iadt € R ||de|ly < AL}

Then, the family of predictors of y € ) can be written as
def
Gr-1y = {w, 71 : X - R| ¢ € H_j,w, € R, [l |1 < Ay}

Note that Gr—y = {(fy)yey | fy € Gr-1,4,¥ € V}.
From these relationships and Lemma 2, we get

Re(He) < Re(Hoor) + Ay Ro(Hey)
< (1+ AN AL)Rs(Hi1),
§)A%S<gT—1,y> < Aw%S(HT—l)-

The Rademacher complexity of #, is obtained as follows. Since || P;||2 = 1, we have

. 1 n
%S(HO) = EE(%)T_L sup Z Jinxi

_JE{]' 7777 d} =1

1 r n
< —E@yr, | sup [Pz Z Tl
| €{1,d} =1 )
1 n
- EE(U’)LZI Z Tii
LIl =1 2

no
I

VAN

| =
=
N
E:

Q

8

1 [« A

where we used the independence of o; when taking the expectation. R
We set IGr_1 = {f,(-) : & =| f € Gr_1,y € V}. Noting that Rg(IIGr_,) <

> yey Rs(Gr-1,), we get

T—2
Rs(MGr-1) < cAuwhoo [J(1+ AN L,)/v/n.
t=0
Thus, we can finish the proof by applying Proposition 73 and Lemma [IX. [
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Corollary @ can be derived by instantiating Theorem I9 for various choices of T, A;.

Proof of Corollary 4. For simplicity, we set v; ; the L;-norm of j-th row of D;, namely,
Upj déi |(D;);.«||1. For arbitrary positive integers (T, kr_s) = (T, ko, ..., kp_), we set
B(T, kr_5) to networks defined by parameters included in

k
{maxvtvj < Tt’ max || (wr)cll1 < Ay, max |[(Ch)ixl|li <A, VE€{0,...,T — 2}}
J c 7

and set
P

T(T + 1)k0(k0 -+ 1) SRR kT,2<kT,2 -+ 1) ’

p(T, Fr o) <

Moreover, we set B« UT Fors B(T,kp_5). Clearly, we see ZT,ET_Q p(T, kp_s) = p.

Therefore, by instantiating Theorem 9 for all (T, kr_s) with probability at least 1 —
p(T, kr_5) and taking an union bound, we have that with probability at least 1 — p for
Vf e B,

P,[ms(X,Y) <0] < 203/\ Aw H ( )

T2

1 1

+ o log <;) +2log(T+ 1)+ Z 2log(k: + 1)
=0

1
. (1+ - 5>) VeIV LDz v

Let f € B be a function obtained by Algorithm IT and (f;) = (w,,,¢;) be a sequence
to obtain f in the algorithm. We choose the minimum integers (7', k7_,) such that f €

B(T, kr_5), then
1

T.

t
maxvy; < — < maxuvy; +
J T J

Thus, it follows that

s (X.Y) <0 < (14 s ) VA g

23N Ny TT ( < 1
4+ — 1+ AL, [ maxuv, ; + —))
o/n Py J T

-2
1 1
-+ o (log (;) +2log(T + 1) +2210g Tmaxvtj—|—2)>

t=0
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We next estimate an upper bound on max;v;;. Note that |(A:B:)ixl

<
1A xll2 220 1(Be)wall2 < [(Aeisll2A” and 5 [1(Ar)is |2 <
VEd||0yRy(dr; wis1)| 1, «) by its construction. Thus, we get

max vy j < Z“t,j < MV KdA”||8¢Rn(¢t,wt+1)||Lf(Vn’X) < eV EdN e\ |V Lo(fr)

J

L§(vn,x)>
J

where we used ||w;||2 < ¢, for the last inequality.

T-1
Using the inequality HtT;OQ(l +p) < ( = Zt o pt> for positive integers
(p;) and Jensen’s inequality, we have

ASALA, 2A L, =1
P, [my(X,Y) < 0] < <1+exp( >> Vel ViLa(f )HL;%,Xﬁ—( T )

ov/n
T-1
3 "
L A, <1+2AL NVEdN ¢y & LCM)

VL,
rf Y S 1.0
1 1
+4/—log|—)+0TlogT) ).
2n p
Since (1 + %)Tﬂ is an increasing with respect to 7" and converges to 2A L., we
finish the proof. O

9.7.3 Sample-splitting technique

In this subsection, we provide proofs for the convergence analysis of the sample-splitting
variant of the method for the expected risk minimization. We first give the statistical error
bound on the gap between the empirical and expected functional gradients.

Proof of Proposition P01 . For the probability measure v, we denote by ¢ the push-
forward measure (¢,id);v, namely, (¢,id)sv is the measure that the random variable
(¢(X),Y) follows. We also define ¢;1/,, in the same manner. Then, we get

IT50R (6. w0) — TissRon(6, 00 g,

— VB [E0:U(6(X), Y w) k(X X')] = By [0:1(6(X), Y, wo) (X, X')1

-\ S By (B0, 1(6(X), Y o) (6(X))] = Euy [0, 1(6(X), Y. wn (6(X))) Te3(X))P

< \ KZ 1B, [0:,1(¢(X), Y, wo)u(¢(X)))] = Ky, [0:,1($(X), Y, wo)e(¢(X))][I3
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d D
< AED TS B [04,1(X, Y, we) i (X))] = B, [0, 1(X, Y wo)d (X)) (9.17)

7j=1 i=1

To derive an uniform bound on (8-177), we estimate Rademacher complexity of
Gij € {0.,1(z, y, wo)i'(x) : X x Y = R | ' € Fi}.

For (z, )2, C X xY, weset hy(r) = 10, l(z1, y1, wo). Since, |0, 1(x1, Y1, wo)| < Bjuwols
by Assumption [, £; i8S 3|, |, -Lipschitz continuous. Thus, from Lemma [ and Lemma
7, there exists M such that foralli € {1,...,D}, j € {1,...,d},

§Rm(gz]) = Eo

< 5””0”2%‘

Therefore, by applying Lemma I3 with § = 5 for Vi, j simultaneously, it follows
that with probability at least 1 — p for Vi, 5

sup |Eg,, [0.,1(X, Y, wo)' (X))] = Egu,, [0:,1(X, Y, wo)' (X)]]

e F?

Blwolla 2dD
< —— [ 2M + /2K log — (9.18)
Vvm p

Putting (81IR) int (2177), we get with probability at least 1 — p
KdD 2dD
sup 170 R (¢, wo) — TomOs Rom (&, wo)ll g,y < Bilwollz |/ - <2M + /2K log - ) :
Le
[

We here prove Theorem 20 by using statistical guarantees of empirical functional
gradients.

Proof of Theorem 20 . For notational simplicity, we set m < |n/T'| and 6 < p/T. We
first note that

<a¢R(¢t7 ’w()), Tkt,ma¢Rm(¢ta wO)>L§l(VX)
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B % Z o [05R (1, wo) (X) T 0y Rom (b1, wo) () ke (X, 5)]

- % > Th,05R(¢1,w0) ()" 05 Ron (1, wo) ()

=1

= <Tkt8¢R(¢t7 wo)v 8¢Rm<¢t7 w0)>Lg(

Noting that [|0.1(¢(2;), y;, wo)|l2 < Bjuwo|, by Assumption B, and applying Proposi-
tion D0 for all ¢t € {0,...,7 — 1} independently, it follows that with probability at least
1-T6(Ge.,1—p)forvte{0,...,T -1}

Vm,X) :

(05 R(r, wo), Ty mOs Ron (b, wo)),;g(l,x) = {The;mO6Rom (¢, o), O Ron (1, w0)>Lg(Vm7X)
< T, 05 R(9r, wo) — They im0 Rn (P, wo) || (o, ) [|106Rom (P, wo) [ L3 (o, <)
< Bjjwo|2€(M, 6). (9.19)

We next give the following bound.
2
2 2
<P HwollzK '

m

Z ¢t ajz yiawO)kt('riaX)

||Tkta¢Rm(¢ta wO)H%g(

(9.20)
On the other hand, we get by Proposition [

R(t11,wo) < R(Dey1,wo) — 1 (O R(¢t, wo), Ty mOs Rom (1, w0)>Lg(uX)

1% Al
+ TMHTkta(me((bt?wO)“ig(,}X)- (921)

Combining inequalities (219), (8220), and (8221]), we have with probability at least
1-Tofort e {0,...,T —1},

212 2
1 B o T Ao
R(Pr11,wo) < R(¢t+1>wO)_nHTkt,maqum(@,wo)||it+77,6||wou2€(m,5)+ llwoll2 or=

2

By Summing this inequality over ¢ € {0,...,7 — 1} and dividing by 7', we get with
probability 1 — 70

— (¢0,ﬂ)0)

nBE 1. K2 A
_ZIITkt mO R (01, w0) |17, < n—T+5Hon2€(m,5)+ lwolla " Allwol

2

Thus by Assumption B and the assumption on w, wy, we get

TZvac wO ¢t>HLdV X
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1 R((b(],UJO) nﬂﬁwo”gK2A”wOH2
= Wq{ T + Bilwoll €(m, 6) + 5 +yee. (922

To clarify the relationship between ||V (L., (f) | e (v, ) and [V L(f)|| e (vx)» We take
an expectation of the former term with respect to samples (X}, Y;)7, ~ v™. Since
10c1(C,y)|l2 < B, we obtain

Ex; viym e IV £ Lo ()25 0 x) = B,y mm 100 (X), Y2

1
> SECr (X, Y1

1
2 BB Burix [0 (f(X), Y] 12

1
= EEumXIIVfﬁ( AN

= —HVfﬁ( )

L(vx)*
Hence, applying Hoeffding’s inequality —with ¢ — p/T to

Ex;v,ym ~om |V L (wg &)l Lo, ) for all ¢ € {0,...,T — 1} independently,
we ﬁnd that with probability 1 — T for Vt € {0,...,T — 1},

/2 1

1
> §||Vf£(w3 ] [me (9.23)

LC l/m X)

where we used for the last inequality || -

%(’(VX = “ H%c (vx)"
We set t. = argmingeo,. -1} ||V Lm(wg ¢ Li(v,,x)- Combining inequalities

.....

(822) and (823) and noting p > 1, we get with probablhty at least 1 — 270,

2 1
Le(uy) = B EIOgS

1 {R(%, wo)

'71/(10' 77T

_vaﬁ(wo ¢t*)

167 ol K2 A ‘
+ 6||w0||2€(m75) + [lwoll2 : [lwoll2 + e '

Noting that v/a + b < v/a + /b for a, b > 0, we finally obtain

2 1\1?
IV £(wf ¢ sy < B (a 10g5>
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B | R(¢o, wy) 1B o 1 5 Aol %
i \ 7o { g+ Pl 8) 2 e

Recalling that m < |n/T"| and ¢ < p/T, the proof is finished. O
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Future Work

In this thesis, we have introduced our work for large-scale or complicated machine learn-
ing problems. We here mention possible extensions of our work.

In Chapter B and @, we have introduced optimal methods in terms of the total and
iteration complexities, which are expected to better work by parallelization of minibatch
computing. Thus, we will try to further investigate in this line of research and compare
with asynchronous variants of stochastic gradient methods and variance reduced meth-
ods (Ceblond ef all, POT7) for huge datasets empirically and theoretically. In Chapter B,
we have introduced a stochastic variant of difference of convex algorithm and provided
better theoretical analysis. Moreover, superior empirical performance has been verified
especially on training restricted Boltzmann machines. Therefore, it is expected to ex-
plore applications using this model efficiently. One candidate for such an application is
unsupervised ensemble (Dawid and Skenel, T979; Shaham ef all, P2(0T6) which has gained
attention recently because of increasing demand for crowd labeling for supervised learn-
ing tasks (Brabham, 200R; Kiffur ef all, P00K). Furthermore, exploring other applications
from Boltzmann machines is also highly expected because the difference of convex struc-
ture can appear in several fields.

In Chapter B and subsequence chapters, the functional gradient method for learning
probability measures and its applications with several theoretical results have been pro-
vided. One common notion appeared in these chapters is notable deep learning network
structure called residual networks (He_ef all, POT#). It is widely known empirically that
residual networks have remarkable performance especially for computer vision tasks, but
there is a lack of better theoretical explanations of their ability. Thus, such an analysis
is desired in machine learning community. In our work, we haves shown the conver-
gence of the functional gradient method in several situations. As shown in this thesis,
the method has the connections with residual network. This means that we also provide
sufficient size of residual networks to achieve a required accuracy. This is quite meaning-
ful because network size is important for analyzing its generalization ability. Moreover,
functional gradient methods under settings considered in Chapter [1 and B are also closely
related with sampling methods. Therefore, we think that our analyses also provide a
new way for theoretical guarantees of some specific sampling methods. Especially, Stein
variational gradient descent (Liu and Wang, 20T6) recently proposed sampling method
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in Bayesian inference literature to better match to a posterior distribution may be further
investigated theoretically using our technique by combing the analysis for kernel func-
tion like that provided in Chapter B, although we only used simple analysis for the kernel
because we adopted variable kernel functions thanks to its better empirical performance
rather than the more analyzable fixed kernel function. We next comment on each appli-
cation in Chapter B and 8. In Chapter B, we have introduce the method for enhancing the
convergence of adversarial generative models (Goodfellow ef all, P(1T4; [Arjovsky et all,
20177; Gulrajani et all, 20T7) by applying the functional gradient descent on the generator.
Thus, we focused only on the generator, but performance of the discriminator (critic) is
also clearly important. In particular, we think that the smoothing technique for the dis-
criminator is useful to generate better samples as done in Miyato et al] (2018) because the
smoothness may exclude a kind of adversarial example (Goodfellow ef all, Z0TS; Kurakin
ef_all, DOT6) which cheats discriminator by unrealistic samples. Thus, we believe that
the performance of the functional gradient descent can be further improved by combining
such a smoothing technique. In Chapter B, the new functional gradient boosting method
based on the property of the residual network has been proposed. Indeed, an interesting
and better theoretical analysis of the method was shown, but the important problem is left,
that is, a theoretical benefit of deep structure. If we can show the benefit of our method to
shallow models such as usual functional gradient boosting methods (Mason et all, T999;
Friedman, P00T), the concrete superiority of our method is also shown. The first step
for this line of research is to give some examples where a deep structure approximate
functional gradients well more efficiently than shallow models. As for empirical verifi-
cation, we have shown that the proposed method outperforms existing methods including
the state-of-the-art method such as LightGBM (Ke ef all, P0T7) on general benchmark
datasets. However, such a result on image datasets on which regular residual networks
perform well has not yet observed and additional efforts will be required to achieve this
goal. This is one of important topics left for future work.
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