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Abstract

This thesis studies multivariate linear mixed model with application to small area estimation.
In the small area estimation, the empirical best linear unbiased predictor (EBLUP) in the linear
mixed model is useful because it gives a stable estimate for a mean of a small area. For measuring
uncertainty of EBLUP, much of research is focused on second-order unbiased estimation of mean
squared prediction errors in the univariate case.

In this thesis, the multivariate Fay-Herriot model and nested-error regression model where
the covariance matrix of random effects is fully unknown are considered. When the EBLUP
is measured in terms of a mean squared error matrix (MSEM), a second-order approximation
of MSEM of the EBLUP and a second-order unbiased estimator of the MSEM are derived
analytically in closed forms. Confidence region and confidence interval of the small area mean
centered around EBLUP, which are second order correct are also constructed.
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Chapter 1

Introduction

Linear mixed models and model-based predictors in small area estimation have been studied
extensively and actively in recent years due to the growing demand for reliable small area esti-
mates. In small area estimation, direct design-based estimates for small area means have large
standard errors due to small sample sizes from small areas. In order to improve accuracy, the
linear mixed models are considered which consist of fixed effects based on common parametes
and random effects depending on areas, and the resulting empirical best linear unbiased predic-
tors (EBLUP) provide more reliable estimates by ‘borrowing strength’ from neighboring areas.
This is because EBLUP shrinks the sample mean of the small area towards a stable quantity
costructed by pooling all the data through the fixed effects, and the shrinkage arises from the
random eects. Then, EBLUP can be interpreted as the empirical Bayes estimator, which is
discussed by Efron and Morris (1975).

The linear mixed models used in small area estimation are the Fay-Herriot model for ana-
lyzing area-level data by Fay and Herriot (1978) and the nested error regression (NER) model
for analyzing unit-level data by Battese, Harter and Fuller (1988). Various extensions and gen-
eralizations of these models and many statistical methods for inference have been studied in the
literature.

In the linear mixed models, best linear unbiased predictors (BLUP) are derivated at first,
which cannot be used since they contain unknown variance components. Several methods for
estimation of these parameters are known. Two major methods are maximum likelihood and
restricted maximum likelihood methods based on the marginal density function of the observa-
tions. Other methods are moment estimators, which are proposed by Prasad and Rao (1990) and
Fay and Herriot (1979). Their properties are studied in the literatures and the most important
one is that they converge to the true values as the number of areas increases under the some
regularized conditions. EBLUP is obtained by plugging the estimates of variance components
in BLUP.

When EBLUP is used for the estimation of small area means, we need to evaluate the
uncertainty of EBLUP. Mean squared error (MSE) of EBLUP is usually considered for this, and
its estimator is needed in practice. MSE of EBULP is approximated at first with second-order
accuracy when the number of areas increases by Taylar’s expansion. Then, the second-order
unbiased edtimator of MSE is obtained in the same way as the MSE approximation. Another
method for assessing the reliability of EBLUP is the construction of confidence intervals of small
area means. Confidence intervals constructed by using EBLUP and estimates of its MSE based
on the standard statistical theory are known to have the coverage probabilities (CP) which have



the second-order bias for the nominal confidence level. Several methods are proposed to correct
this. One is to derive the correction term analytically by approximating the distribution of the
satistic of interest via the Taylor’s expansion. Another is to approximate computationally the
distribution function of the statistic by the parametric bootstrap method.

For comprehensive reviews of small area estimation, see Ghosh and Rao (1994), Datta and
Ghosh (2012), Pfeffermann (2013) and Rao and Molina (2015).

When multivariate data with correlations are observed from small areas for estimating multi-
dimensional characteristics, like poverty and unemployment indicators, Fay (1987) suggested a
multivariate extension of the univariate Fay-Herriot model, called a multivariate Fay-Herriot
model, to produce reliable estimates of median incomes for four-, three- and five-person fam-
ilies. Fuller and Harter (1987) also considered a multivariate modeling for estimating a finite
population mean vector. Datta, Day and Basawa (1999) provided unified theories in empiri-
cal linear unbiased prediction or empirical Bayes estimation in general multivariate mixed linear
models. Datta, Day and Maiti (1998) suggested a hierarchical Bayesian approach to multivariate
small area estimation. Datta, et al. (1999) showed the interesting result that the multivariate
modeling produces more efficient predictors than the conventional univariate modeling. Porter,
Wikle and Holan (2015) used the multivariate Fay-Herriot model for modeling spatial data.
Ngaruye, von Rosen and Singull (2016) applied a multivariate mixed linear model to crop yield
estimation in Rwanda.

Although Datta, et al. (1999) developed the general and unified theories concerning the
empirical best linear unbiased predictors (EBLUP) and their uncertainty, it is definitely more
helpful and useful to provide concrete forms with closed expressions for EBLUP, the second-
order approximation of the mean squared error matrix (MSEM) and the second-order unbiased
estimator of the mean squared error matrix. Recently, Benavent and Morales (2016) treated
the multivariate Fay-Herriot model with the covariance matrix of random effects depending on
unknown parameters. As a structure in the covariance matrix, they considered diagonal, AR(1)
and the related structures and employed the residual maximum likelihood (REML) method
for estimating the unknown parameters embedded in the covariance matrix. A second-order
approximation and estimation of the MESM were also derived. For some examples, however, it
is difficult or impossible to assume specific structures without prior knowledge or information on
covariance matrices. Then, this thesis studies multivariate linear mixed model with application
to small area estimation where the structure of the covariance matrix of random effects is fully
unknown.

In this thesis, some problems are considered and new results are obtained. Firstly, the
multivariate Fay-Herriot model where the covariance matrix of random effects is fully unknown
is considered. The empirical best linear unbiased predictors are provided, and second-order
approximation of their mean squared error matrices and their second-order unbiased estimators
of the MSEM are derived with closed expressions. The problem of costructing confidence regions
for small area mean vectors is also cinsidered. These are achieved under tha normal assumption.
This assumption, however, is often strict in practice, and then we need the robust estimator
for the MSEM of EBLUP. This is considered in Chapter 3. In Chapter 4, the multivariate
nested-error regression model where the covariance matrix of random effects is fully unknown is
considered. The construction of the confidence interval for the liner combination of a small area
mean and some vector is also considered.



Chapter 2

Multivariate Fay-Herriot Model

2.1 Motivation

In this chapter, the multivariate Fay-Herriot model where the covariance matrix of random
effects is fully unknown is considered. This situation has been studied by Fay (1987), Fuller and
Harter (1987), Datta, et al. (1998), and useful in the case that statisticians have little knowledge
on structures in correlation. As a specific estimator of the covariance matrix, Prasad-Rao type
estimators with closed forms and use the modified versions which are restricted over the space
of nonnegative definite matrices is employed. The empirical best linear unbiased predictors
are provided based on the Prasad-Rao type estimators, and second-order approximation of
their mean squared error matrices and their second-order unbiased estimators of the MSEM are
derived with closed expressions. These are multivariate extensions of the results given by Prasad
and Rao (1990) and Datta, et al. (2005) for the univariate case. It is noted that empirical best
linear unbiased predictors for small area means are empirical Bayes estimators and related to the
so-called James-Stein estimators. In this sense, the prediction in the multivariate Fay-Herriot
model corresponds to the empirical Bayes estimation of a mean matrix of a multivariate normal
distribution, which is related to the estimation of a precision matrix from a theoretical aspect
as discussed in Efron and Morris (1976). In this framework, several types of estimators are
suggested for estimation of the precision matrix, and it may be an interesting query whether
those estimators provide improvements in the multivariate small area estimation.

Another topic in this capter is the construction of confidence regions. Confidence regions are
more useful for measuring uncertainty of EBLUP, but there is no literature about confidence
regions for multivariate small area estimation problems to the best of our knowledge. Naive
confidence regions can be constructed easily by using the Bayes estimators of small area means
and their MSEM. As is the case in the univariate small area estimation problem, the coverage
probability of the naive methods cannot be guaranteed to be greater than or equal to the
nominal confidence coefficient 1 — «. Recently, in the univariate Fay-Herriot model, Diao,
Smith, Datta, Maiti and Opsomer (2014) constructed closed-form confidence intervals whose
coverage probability is identical to the nominal confidence coefficient up to the second-order for
small area means under the normality assumption. Although the approach discussed in this
chapter is a multivaliate extension of Diao et al. (2014), there are two difficulties: One is how to
construct a confidence region on the multi-dimensional space, and the other is how to construct
a positive-definite and consistent estimator of the covariance matrix of random effects. We here



consider a confidence region based on the Mahalanobis distance centerd around EBLUP, and
use the asymptotic expansion of the characteristic function of this distance to approximate the
coverage probability based on the chi-square distributions. We obtain the correction term in
a closed form, and provide the confidence region that is second order correct. Concerning the
estimation of the covariance matrix, the Prasad-Rao type estimator with non-negative definite
modification can be given in a closed form by the moment method. When the covariance
matrix is estimated with the zero matrix or a singular matrix close to the zero matrix, however,
the correction term becomes instable in the confidence region. This fact is well known in the
univariate confidence interval. Thus, a new method for obtaining a positive-definite and sencon-
order unbiased estimator of the covariance matrix is suggested. Moreover, the extension of our
results to construction of corrected confidence regions for the difference of two small area mean
vectors is considered. Another approach to construction of corrected confidence regions is the
bootstrap method which needs heavy burden in computation. Because the corrected confidence
region suggested here is provided in closed forms, it is easy to implement, which is a merit of
our method.

This chapter is organized as follows: Section 2.2 introduces the multivariate Fay-Herriot
model and gives the EBLUP and its prediction risk approximation. In section 2.3, the second-
order approximation of MSEM of EBLUP and the second-order unbiased estimator of the MSEM
are derived. In section 2.4, the proposed confidence region is derived. Section 2.5 gives the
Prasad-Rao type estimator of the covariance matrix of the random effects and its positive-definite
modification with second-order unbiasedness and consistency. In section 2.6, the extension to
the confidence regions for the difference of two small area means is described. The performances
of our proposed methods are investigated in Section 2.7. This numerical study illustrates that
the proposals have good performances for the low-dimensional case. However, a k x k covariance
matrix has k(k + 1)/2 parameters, and we need more data so as to maintain the performances
of the proposals for higher-dimensional cases.

2.2 Multivariate Fay-Herriot Model and Empirical Best Linear
Unbiased Predictor

Suppose that area-level data (y;,X1),...,(y,,, Xm) are observed, where m is the number of
small areas, y, is a k-variate vector of direct survey estimates and X; is a £ X s matrix of
covariates associated with y, for the i-th area. The multivariate Fay-Herriot model suggested
by Fay (1987) is described as

Yy, =XiB+vi+e, i=1...,m, (2.2.1)

where (3 is an s-variate vector of unknown regression coefficients, v; is a k-variate vector of
random effects depending on the i-th area and e; is a k-variate vector of sampling errors. It is
assumed that v; and €; are mutually independently distributed as

’UZ‘NNk(O,‘I’) and SiN./\/’k(O,Di>, (2.2.2)

where ¥ is a k x k unknown and nonsingular covariance matrix and Dy,...,D,, are k X k
known covariance matrices. This is a multivariate extension of the so-called Fay-Herriot model



suggested by Fay and Herriot (1979). Letting 8; = X ;8 + v; for i = 1,...,m, we can rewrite
the model given in (2.2.1) and (2.2.2) as

y; | 0; ~Ni(0;,D;),

fori =1,...,m. Thus, the multivariate Fay-Herriot model is interpreted as the Bayes model with
the prior distribution of ;. It may be convenient to express model (2.2.1) in a matrix form. Let
y=(y/,...,y0), X =(X{,...,. X)), v=(v],...,v])T and e = (¢],...,g})T. Then,
model (2.2.1) is expressed as

y=XB+v+e, (2.2.4)

where v ~ Ny (0, I, ® ¥) and & ~ N, (0, D) for D = block diag(Dy, ..., D,,). Throughout
the paper, it is assumed that X is of full rank.

For example, we consider the crop data of Battese, Harter and Fuller (1988), who analyze
the data in the nested error regression model. For the i-th county, let y;; and y;2 be survey
data of average areas of corn and soybean, respectively. Also let x;1 and ;o be satellite data of
average areas of corn and soybean, respectively. In this case, y;, X; and 3 correspond to

1 Ti1 T2 0 0 0

o NT x _ T
yi_(yllale) ) Xz <O 0 0 1 T xi2>7 B (ﬁl?"'aﬁﬁ)

for kK = 2 and s = 6. Battese, et al. (1988) applied a univariate nested error regression model
for each of y;1 and y;2, while we can use the multivariate model (2.2.1) for analyzing both data
simultaneously.

We want to predict and construct a confidence region of 8, for the a-th area. To this end,
we begin by deriving the Bayes estimator of 8,. The posterior distribution of 8; given y; and
the marginal distribution of y, are

0; ‘ Y; NNk(éa(IBa‘I’)v (\Ilil + Di_l)il)v

i=1,...,m, (2.2.5)
y; ~Ni(X:68,% + D),

where

aa(ﬁv ‘Il) :X;FIB + \IJ(‘IJ + Di)il(yi - leg)
=y; — Di(¥ + D;)"'(y; — X:83),

which is the Bayes estimator of 6;.

When ¥ is known, the maximum likelihood estimator or generalized least squares estimator
of B is

B¥) ~(X (In® ¥+ D) X} ' X (I, ¥ + D)y
m 1 m
:{ZXI(\IHFDZ-)*XZ} S X (¥ + D)y, (2.2.6)
i=1 =1
Substituting B(¥) into 8,(3, ¥) yields the empirical Bayes estimator
8u(¥) =y, — Du(¥ + Do) {y, — XuB(T)}. (22.7)
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Datta, et al. (1999) showed that Ea(m) is the best linear unbiased predictor (BLUP) of 8. It can
be also demonstrated that 8,(¥) is the Bayes estimator against the uniform prior distribution
of 3 as well as the empirical Bayes estimator as shown above, which is called the Bayes empirical
Bayes estimator.

Because ¥ is unknown, we need to estimate the covariance matrix W. Estimators used in
the univariate case are the ANOVA type estimator given by Prasad and Rao (1990), the Fay-
Herriot estimator suggested by Fay and Herriot (1979), and the ML and REML methods used
in Datta and Lahiri (2000). Corresponding to the univariate case, we consider the general class
of estimators ¥ of ¥ which satisfy the following conditions:

(H1) U is an even function of y ; \/I\I( )= \il(—y)
(H2) W is a translation invariant function ; ®(y + XT) = ¥(y) for any T € R* and all y.

The modified Prasad-Rao estimator suggested later in this paper and the ML method satisfy
these conditions. We replace ¥ in 0 o(¥) with the estimator \I! and the resulting empirical
Bayes (EB) estimator is

8,” = 0,(%) = y, — Do(¥ + D)y, ~ X.B(D)}. (22.8)

This is also interpreted as the empirical best linear unbiased predictor (EBLUP) in the context

of the linear mixed models.

2.3 Second-order Approximation of Mean Squared Error Ma-
trix

~EB
For evaluating the uncertainty of 6, , we prepare three lemmas.

Lemma 2.3.1 ,@(‘I’) is independent of Py for P =1 — X(XTX)'X. Also, 558 —0,(®) is
a function of Py, and independent of B(W¥).

The proof of Lemma 2.3.1 is given in the section 2.8. It is noted that BaEB -0, = (aa(\I’) -
0.) + (0,(T) — @fB). From Lemma 2.3.1, 6,(¥) — (/9\53
of 0,(¥) — 0,. It is noted that
) —6a)"]

(0a(8,%) = 0.)T + (0.(F) — 0.(8,%))(0u(¥) — 0,(8.9)) "]

I

is a function of Py and is independent

E[(04(®) — 0,)(8.(®
=E[(0.(8,%) - 0,)
—Gla( ) + G2a(‘1’)

where

G (®) = '+ DY ' =9(¥+D,)'D,,

_ -1 T Iy 1-1xT 1 (2.3.1)
G2 (¥) =D, (¥ +D,) ' X (X" (I, ¥ +D)'X}'X,)(¥+D,) 'D,.

Because 59\ () — 6, is independent of Py, it is observed that given Py, the conditional distri-
bution of 0,(¥) — 0, is Ni(0, G14(¥) + G2,(¥)). This implies the following lemma which will
be used for constructing a confidence region in the next section.

11



~EB
Lemma 2.3.2 Under the conditions (H1) and (H2), the conditional distribution of 8, — 6,
given Py is

0, — 0, Py ~ Ni(0)," — 0,(®), H,()). (2.3.2)

for Hy(¥) = G14(¥) + G2 (F).

For evaluating uncertainty of the EBLUP asymptotically, we assume the conditions given
below for m — oo:.

(H3) W is \/m-consistent and second-order unbiased, namely -0 = O(m~'?)and E [\il} =
¥ +o(m™1).

(H4) 0 <k < 00,0 < s < 00.

(H5) There exist positive constants d and d such that d and d do not depend on m and satify
dl, < D; <dIfori=1,...,m.

(H6) X " X is nonsingular and X " X /m converges to a positive definite matrix.

Under these conditions, we can obtain the important approximations which will be useful
for evaluating the mean squared error (MSE) matrix of éaEB and for constructing corrected

. ~E
confidence region based on 6, .

Lemma 2.3.3 Under conditions (H1)-(H6), the following approzimations hold:
(1) B{0.° — 8,(0)H0," — 0.(0)}T] = Gaa(¥) + O(m3/2), where

G34(¥) = Do(¥ + D) 'E|(¥ — ¥)(¥ + D,)" (¥ — ©)|(¥ + D,) " 'D,, (2.3.3)

(2) E[G1a(®)] = G1a(¥) — G3o(¥) + O(m~5/?).

The proof of Lemma 2.3.3 is given in the section 2.8. Using Lemma 2.3.2 and Lemma 2.3.3

~EB
(1), we can approximate the MSE matrix of 6,  as

MSEM(8, ) =G1a(®) + Ga(®) + E[{B,  — 0a(¥)HB,  — 0.(®)}7]

=G14(P) + Goo(P) + Gz, (T) + O(m™3/?). (2.3.4)
Using Lemma 2.3.3 (2), we can obtain the second-order unbiased estimator of MSEM(/B\QEB),
which is given by

~

msem(@y ) = Gra(®) + Goa(®) + 2Gsa(T), (2.3.5)

namely, E[msem(aaEB)] = MSEM(@fB) +0(m~?/?). Lemma 2.3.3 will be also used for deriving

corrected confidence region in the next section.

2.4 Confidence Region with Corrected Coverage Probability

~EB
We now construct a confidence region of 8, based on 8,  with second-order accuracy. When W is
known, it follows from Lemma 2.3.2 that the confidence region based on the Mahalanobis distance
with 100(1 — @)% confidence coefficient is {8 | (04 — 0,(¥)) " H, 1 (¥)(0, — 0,(¥)) < x7, .}

12



for Hy(¥) = G14(¥) + Gao(¥), where X%l_a is the 100a% upper quantile of the chi-squared
distribution with degrees of freedom k. For a matrix A(¥), 14_1(\11) denotes the inverse matrix
of A(W). Since ¥ is unknown, we replace ¥ with estimator ¥ to get the naive confidence region

CRo= {04 | (60 — 0,(%)) " H, ' (¥)(8, — 0,(¥)) < x71_o}- (2.4.1)

Under appropriate conditions, it can be shown that the coverage probability tends to the nominal
confidence coefficient 1 — a, namely lim,, oo P(0, € CRy) = 1 — . However, this confidence
region has the second-order bias, because P(0, € CRy) = 1 — a + O(m~!). Thus, we want to
derive a corrected confidence region CR such that P(6, € CR) =1 — a + O(m~>/2).

Define By, By and Bs by
1 ~ ~
By =Bi(¥) = —5tr (BIK.(9)H, ' (9)Ko(9)))),

By =B3(¥) = —%{E[trQ(Ka(@))} + 2tr (E[(Ka(\i:))2])}, (2.4.2)
By =tr (H; " (¥)G34(¥)),

~

where Ko(¥) = Hy?(0)(G1a(P) — G1a(¥))H, /*(¥) and tr2(A) = (tr A)? for matrix A.
It can be seen that By = O(m™1), By = O(m™!) and B3 = O(m™1!). Then, we provide the main
theorem which will be proved in the section 2.8.

Theorem 2.4.1 Under the conditions (H1)-(H6), it holds that

P{(8," —6.) H, ()0, -6,) <z}

= Fy.(z) + 2(B1 — By — B3) fir2(x) + 2Ba frya(x) + o(m™), (2.4.3)

where Fy(z) and fi(x) are the cumulative distribution and probability density functions of the
chi-squared distribution with the degree of freedom k, respectively.

We can consider the Bartlett-type correction using the asymptotic expansion (2.4.3). For
h = O(m™1), it is observed that

P, 0. H; (9)@, —0,) < x(1+h)}
=Fj(x) + ha fr(z) + 2(B1 — By — Bs) fea(x) + 2Ba fqa(x) + o(m™").
Note that hazfy(z) + 2(B1 — By — Bs) fra2(z) + 2Bafrra(z) is of order O(m™1). Thus, the

second-order term vanishes if
h.’Efk(.T}) = —2(31 — BQ — B3)fk+2(x) — 2Bgfk+4<x) = 0. (244)
Since I'(z + 1) = 2I'(z) for the gamma function I'(z), the solution of the equation (2.4.4) on h

is
h*(¥) = —2{(B1 — B3 — Ba)/k + Bax/k(k + 2)}. (2.4.5)
For h*(¥) given in (2.4.5), it holds that for any = > 0,

EB
a

P{(1+ 1" (%) 710, —60.) H, (#)B, —8.) <} = Fu(x)+om™).

Hence, the corrected confidence region is given by

~EB AEB)

CR={6,| (00— 6, ) H,"(®)(0, 8, ) < {1+1 ()}, o} (246)

13



Corollary 2.4.1 Under conditions (H1)-(H6), it holds that

PO, € CR)=1—a+o(m™b).

2.5 Derivation of a Second-order Unbiased and Positive-definite
Estimator of the Covariance Matrix of Random Effects

We here provide a new method for deriving a second-order unbiased and positive-definite esti-
mator of ¥. As well known in the univariate case, the Prasad-Rao estimator of the ‘between’
component of variance takes a negative value with a positive probability, and the nonnegative
estimator which truncates it at zero is used. The maximum likelihood (ML) and restricted
maximum likelihood (REML) estimators take values of zero with positive probabilities. To fix
this drawback, Li and Lahiri (2010) suggested the adusted maximum likelihood method for giv-
ing a positive and consistent estimator. As pointed out by Yoshimori and Lahiri (2014), this
problem causes instability of the corrected confidence interval. In the multivariate case, since
G2 () = O(m™1), it is seen that H,'(¥) = G} (¥) + O(m™') = ¥~ + D1 + O(m™1).
This means that the correction function h*(¥) takes a large value when some eigenvalues of
estimator ¥ are zero.

To derive a positive-definite and consistet estimator of ¥, let U be a k x k orthogonal
matrix U such that ¥ = ULU ' for a diagonal matrix L = diag (£1,...,¢). Then, we consider
adjusted estimators of the form

~ 1 ~
Ty = 5(\Il—aIk+UL(A)UT), (2.5.1)
where
dlag \/ 51 —a +b1,...,\/(€k—&)2+i)k),
for some statistics @ and by, . . ., by.

Proposition 2.5.1 Assume that & = Op(m~"), E[a?] = o(m~") and that b;’s are positive almost
surely and b = Op(m~ Yfori=1,... k. Let U be a consistent estimator of ¥ as m — oo.

(1) \I'( 4) given in (2.5.1) is posztwe definite almost surely, and ‘I!( A = T+ Op(m™1).

(2) If ¥ is second-order unbiased, namely, E[¥] = ¥ + o(m™Y), and if b; = 4a(t; — a)0 is
almost surely positive, then W4 is positive definite almost surely and second-order unbiased.

Proof. It is clear that \/I\l( 4) is positive definite almost surely. Note that there exists positive
i such that £; converges to A;, because W is consistent. Since & = Op(m~1) and E[a% = o(m™1),
it is seen that P(A\; —a < 0) = o(m™!). Then, the eigenvalues of W4 are approximated as

G—a+\ (b —a)? +b; :£<—@+\/ '—/\-+/\-—A)2+6-

Ni—a Ei—)\i)-f-(gi—)\i)Q-i-lA)i
={; — N — 1

=20; — 24 + m +o,(m™Y). (2.5.2)

14



This implies that \/I\I(A) =0+ O,(m~1), which shows part (1). For part (2), let b; = 4a()\; — a).
Then we can see that the second term is equal to the third term in RHS of (2.5.2), and the
second-order bias vanishes. Thus, the part (2) is shown by replacing \; with ¢;. 0

Before constructing the estimator \TI( 4) with specific a and b;’s, we obtain estimator U which
satisfies conditions (H1), (H2) and (H3). When W is a fully unknown covariance matrix, it is hard
to derive the ML and REML estimates numerically. Instead, we begin by deriving a Prasad-Rao
type estimator based on the moment method. Because E[(y;, — X;8)(y; — X:8)"] = ¥ + D;
fori=1,...,m, we have >.I" | E[(y; — X:8)(y, — X:B)"] = m¥ + 3" | D;. Substituting the
ordinary least squares estimator BOLS = (X X )yTIX Ty into B, we get the Prasd-Rao type
consistent estimator

T, = ;Z {(w; - x.B°) ;- x:8°°°)T - D} (2.5.3)

It is noted that this estimator has a second-order bias. In fact, the bias, given by Bias ‘i’pR(\Il) =
0
~ PR

E¥, |—-¥,is
1 m m
Biasgrr(¥) =~ 3 Xi(X X))~ { Z (¥ + D;) Xj}(XTX)_lXZ-T
i=1 j=1
1 m m
- (T +D)X(XTX) X[ - — Z X,(X"X)' X/ (¥ + D).
i=1 1=1
(2.5.4)
Substituting {I\I(I; f into Bias\i,pR(\Il) provides the bias-corrected estimator
0
~PR ~PR ~ PR

0

~ PR
The estimator ¥ satisfies conditions (H1), (H2) and (H3). However, it still has a drawback
of taking a negative value with a positive probability. For applying the method suggested in

Proposition 2.5.1, let
a=tr (@ ) /mk and b = max{4a(¢"F —a),1/m}, for i=1,...,k,

where ¢'7’s are eigenvalues of &7, Note that P{a(tP® —a) < 1/(4m)} = o(m™1). Then, we
suggest the adjusted estimator

~PR 1 ~PR |
Ui =5 (¥ —al, + UL ), (2.5.6)

) ~ PR
where column vectors of UP® are the eigenvectors of ¥ and

L} = diag (\/(ffR —a)2 4 by, .., \/(ekPR — )2+ by).

~ PR
It follows from Proposition 2.5.1 that ¥ () is positive-definite and second-order unbiased.

Before calculating some moments given in By, By and Bs, we need a closed-form expression
of G3,(®) given in (2.3.3), which is stated in the following lemma.
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Lemma 2.5.1 By using the Prasad-Rao type estimetor given in (2.5.5) or (2.5.6), we can write
G3,(¥®) in (2.3.3), as

G3q(P) :%Da(‘l’ +D,)! [i(\p + D)(¥ + D,) (¥ + D))
. =1 (2.5.7)
+ ) {tr[(¥ + D) (¥ + Do) '}(¥ + D;) | (¥ + D,) "' D,

=1

~ PR
Finally, we calculate some moments given in By, Bs and Bjs for the estimator W 4. This

calculation is used for providing the correction function h*(W).

~ PR
Lemma 2.5.2 Assume conditions (H4)-(H6). For W4 as in (2.5.6), the values of By and B
in (2.4.2) are given by

B Ly {tr (¥ + Do) ™ D H2(®)Dy(¥ + Do)~ (¥ + D))

X (@ + D,) "D H, (®)Dy(¥ + D,) (¥ + D))
+tr ((\I: + D) D H2(%)Dy (¥ + D,) (¥ + Di))
x tr (¥ + Do) "D, H; ' (¥)D,(¥ + D,) "L (¥ + Di))} +o(m™Y),
e 3 [ir (% + D)~ D.H; (®)Dy(¥ + D)7 (¥ + D))

=1

Ftr (((\I: + D) D H; (¥)Dy (¥ + D,)" (¥ + Di))2>

By =

+tr2(((¥ + Do) Do H (9)Do(® + Do) (¥ + D) ) |+ o(m ™),

and the value of Bz in (2.4.2) is Bz = tr (H ;' (¥)G34,(®)) for G3,(¥®) given in (2.5.7).

By substituting these values into (2.4.5), we can construct the confidence region in the closed-
form. Moreover, by substituting (2.5.7) into (2.3.5), we can obtain an estimator of closed-form

~EB
approximation of the MSE matrix of 8, as a by-product.

2.6 Confidence Region for the Difference of Two Small Area
Means

In this section, we extend the results in Section 2.4 to the construction of a confidence region

for 8, — 6y for a # b. This enables us to conduct a statistical test under the null hypothsis

Hy : 8, = 6. Since the corrected confidence region of 8, — 8, can be constructed by the same
arguments as in Section 2.4, we here provide the sketch of the result.
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~EB ~EB
Let Gop(®) = Hy () + Hy(¥) — Gogp(¥), where Gogy(¥) = E[(0, —0,)(0, —0,) ]+
E[(abEB - eb)(ﬁfB —6,)"]. Then, it can be evaluated as

G20(®) =D, (¥ + D,) ' X (X" (I,,® ¥ + D)' X} ' X[ (¥ + D,) "' D,
+ Dy (¥ + D) X {X (I, ¥+ D)X} ' X (¥ + D, 'D,.

The asymptotic expansion of the cumulative distribution function is

P{O" —0,-8," +0,) G L )0, — 0,8, +6y) <z}
=Fy(x) + 2(B1 — By — Bs) fry2(x) + 2B fira(x) + o(m™),
where B;, By and Bs are
By = — i (G (9)(Gra(®) — Gra(®) + Gip(F) — Guy())G,(¥)
% (G1a(®) = Gra(®) + Guy(¥) — Gu() G, (W)]).
By =~ L Blr*(G1a(®) — Gra(®) + Gu(F) — Gu(W))G3 () (2:6.1)
+ 261 (E[((G1a(¥) — G1a(®) + Guu(®) — Guy(®) G, (9))]) |,
By =t1 (G} (¥)(Gia(®) + G(¥) — Gaas(¥))),

Setting h* = —2{(B; — B3 — By)/k + Box/k(k +2)}, we have

- ~EB ~EB ~ ~EB ~EB
P(L+h*)7H0, —0,—86, +6,) G, (T)O, —0,—0, +86,)<z)=TFy(z)+o(m™),
namely, P(0, — 0, € CRy) =1 — a+ o(m™!) for the corrected confidence region

~EB ~EB ~ B EB
CRap =1{60.—6(6, —0,—-6, + gb)TG (‘I’)(e —0,-60, +6,)<(1+ h*)Xk l—a)-

~ PR
When the adjusted Prasd-Rao type estimator ¥, given in (2.5.6) is used for estimating ¥,

the functions Bl and Bg are calculated as Then, we have
By =— %tr (Viaa + Vi + Vias + Vi) + 0o(m™),
4m2 Ztr ({ (¥ +D,) 'D,G,)D,(¥ + D,) (¥ + D)
(¥ + Dy) DG Dy + D) N (® D))

1
-t (Vaaa + Vo + Vaab + Vava) + 0o(m ™),
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where for (¢,d) = (a,a), (a,b), (b,a) and (b,b),
Vlcd :Gc_dl/2(l:[’)Dc(‘I’ + Dc)_l

X [% Zm: {(® + D)(® + D) D.GLA(W)Dy(® + Do)~ (¥ + D)

+tr (¥ + D) ' DG (W) Dy(¥ + D) (¥ + Dy))(¥ + D) }|
x Dg(¥ + Dy)~'G.}* (W),
Vo =G> (¥)D.(¥ + D)™

m

x [# Z {(lIl + Dl)(lIl + Dc)_chG;Cll(‘I/)Dd(\Il + Dd)_l(\Il + Dz)
=1

+tr (@ + Do) DG (¥)Dy(¥ + Dy) ™ (¥ + D)))(® + D)) }|
x (¥ + Dy) ' DG} ().

Also, Bj is obtained by using the expression in (2.5.7).

2.7 Simulation and Empirical Studies

2.7.1 Finite sample performances

We now investigate finite sample performances of EBLUP in terms of MSEM and the second-
order unbiased estimator of MSEM by simulation.

[1] Setup of simulation experiments. We treat the multivariate Fay-Herriot model
2.2.1) for k = 2,3 and m = 30,60 without covariates, namely X; = I,. As a setup of the
) ) Yy p
covariance matrix W of the random effects, we consider

o { poatpy + (1 p)diag(yatpy ) for k=2,
pbsts + (1 — p)diag(psepy ) for k =3,

where ¥ = (v/1.5,v/0.5)", 95 = (v/1.5,1,4/0.5) T, and diag(A) denotes the diagonal matrix
consisting of diagonal elements of matrix A. Here, p is the correlation coefficient, and we handle
the three cases p = 0.25,0.5,0.75. The cases of negative correlations are omitted, because we
observe the same results with those of positive ones.

Concerning the dispersion matrices D; of sampling errors €;, we treat the two D;-patterns:
(a) 0.71%, 0.6I, 0.51, 0.41, 0.3 and (b) 2.0I, 0.61, 0.51, 0.4, 0.2I;. In the univariate Fay-
Herriot model, these cases are treated by Datta, et al. (2005). There are five groups G, ..., G5
corresponding to these D;-patterns, and there are six and twelve small areas in each group for
m = 30 and 60, respectively, where the sampling covariance matrices D; are the same for areas
within the same group.

[2] Comparison of MSEM. We begin with obtaining the true mean squared error matrices
~EB ~ A~
of the EBLUP 6, = Oa(\Il+) by simulation. Let {ygr),z’ = 1,...,m} be the simulated data
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in the r-th replication for » = 1,..., R with R = 50,000. Let \/I\IHT) and OELT) be the values of

=+ : L :
¥ and @, in the r-th replication. Then the simulated value of the true mean squared error
matrices is calculated by

a

R
MSEM(0, ) = RS {8,8") — 001 {8, (") — o0} .
=1

. . . =+ .. .
As an estimator of ¥, we here use the simple estimator ¥, because there is little difference

=+ S .

between W, and ¥, in simulated values of MSEM under the setup of X; = Iy. Simulated
values of the mean squared error matrices, averaged over areas within groups G, are reported
in Tables 2.1, 2.3, and 2.5. To measure relative improvement of EBLUP, we calculate the

~EB
percentage relative improvement in the average loss (PRIAL) of 8,  over y,,, defined by

~EB
e tr {MSEM(6, )}
PRIAL =1 1= y
RIAL(6, ,y,) = 100 x tr {MSEM(y,)}

~EB ~uFEB
It is also interesting to compare 8, with the EBLUP GZ derived from the univariate Fay-
Herriot model. Thus, we calculate the PRIAL given by

~EB
uEB tr {MSEM(0, )}
) =100 x |1 — = m |

tr {MSEM(@., )}

PRIAL(@. .8

a

and those values are reported in Tables 2.2, 2.4 and 2.6.

~EB
Table 2.1 reports the simulated values of the true MSEM of 8,  for k = 2, D;-patterns (a),
m = 30,60 and p = 0.25,0.5,0.75. For fixed m, the values of MSEM decrease as the correlation
p in the random effect becomes large. For fixed p, the values of MSEM decrease as m becomes

~EB ~uFEB
large. Table 2.2 reports the values of PRIAL of 8, over y, and OZ under the same setup

as in Table 2.1. In all the cases, EEB

~uEB ~uFEB
larger for larger p. In comparison with OZ , the univariate EBLUP BZ is slightly better than
~EB ~FEB ~uFEB
0, for p=0.25, but the difference is not significant. The values of PRIAL of 8, over OZ

~EB
get larger as p increases. In the case of m = 60, the improvements of 8, in light of PRIAL

. improves on y, largely and the improvement rates are

get larger for larger p. In the case of p = 0.25, the improvement of §fB over EZEB is better
for m = 60 than for m = 30. This is because the low accuracy in estimation of the covariance
matrix ¥ has more adverse influence on prediction than the benefit from incorporating the small
correlation into the estimation.

The comparison of performances between D;-patterns (a) and (b) is investigated in Tables

~EB
2.3 and 2.4. The simulated values of the MSEM of 0aE in D;-patterns (a) and (b) are reported
in Table 2.3 for k = 2, m = 30,60 and p = 0.5. As the increment of variance of sampling error
in G1, the MSEM in G1 becomes larger, and the other groups have slightly larger MSEM except

~EB ~uEB
Gs. The values of PRIAL of 8, over y, and GZ are given in Table 2.4 for D;-patterns (a)
~EB
and (b). under the same setup as in Table 2.3. As seen from the table, the improvement of 6,,
~EB
over y, in G is larger for D;-pattern (b) because of the large sampling variance. However, 6,
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~uEB
is not better than 8 in G4 and G5 for m = 30 and in G5 for m = 60 in D;-pattern (b). This
implies that incorporating the information of areas with large sampling variances affects more
adversely estimation of areas with small sampling variances in the multivariate model than in
the univariate model.
Tables 2.5 and 2.6 report the values of MSEM and PRIAL for £ = 3, m = 30, p = 0.5 and

~EB ~uEB
D;-pattern (a). From Table 2.6, it is revealed that PRIAL of 8, over y, and HZ are larger

for £ = 3 than for £ = 2 in the case of p = 0.75, but smaller in the case of p = 0.25. When
m is fixed as m = 30, the accuracy in estimation of the covariance matrix ¥ gets smaller for
the larger dimension. This demonstrates that it is not appropriate to treat the multivariate
Fay-Herriot model with a large covariance matrix when m is not large.

m = 30
p=0.25 p=0.5 p=0.75

a [49.8 38 ] [487 81 [ 465 13.8 ]
| 3.8 326 | | 81 301 ] | 138 253 |

Gy [ 447 317 [438 65| [ 414 11.6 ]
| 31 304 | 65 283 ] | 11.6 23.7 |

s [39.0 2471 [380 53] [366 92]
| 24 279 | 53 263 ] | 92 218 |

a (331 17] [324 381 [306 6.8]
| 1.7 253 | | 3.8 236 ] | 6.8 19.8 |

G 261 1.1] [256 23] [242 46 ]
| 11 216 | | 23 204 | | 46 174 |

m = 60
p=0.25 p=0.5 p=0.75

a [49.0 41 7] [474 827 [ 452 14.0 ]
| 41 307 | 82 280 | | 14.0 23.6 |

Gy (435 341 [425 7.0 [ 403 11.7 ]
| 34 286 | | 70 265 | | 11.7 221 |

G (379 26] [371 5771 [352 96 ]
| 26 260 | | 57 245 ] | 9.6 204 |

a (319 18] [314 417 [298 73]
| 1.8 234 | | 41 218 | | 7.3 185 |

G (252 121 [248 271 [238 5.1]
| 12 198 | 27 187 | | 51 16.1 |

~EB
Table 2.1: Simulated values of mean squared error matrices of 6, multipled by 100 for k = 2, D;-patterns (a)

[3] MSEM approximation and its estimator. We next investigate the performance
~EB
of the second-order approximation of MSEM of EBLUP 6,  given in (2.3.4) and the second-

order unbiased estimator msem(afB) of MSEM given in (2.3.5). The values of the second-order

approximation of MSEM are given in Table 2.7 for k = 2, m = 3 and D;-pattern (a). Comparing
the values in Table 2.7 with the corresponding true values of the MSEM in Table 2.1, we can
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~EB ~FEB ~uFEB

0, vsuy, 6, vs@,
m=30 p=0.25 p=0.5 p=0.75 p=0.25 p=0.5 p=0.75
G 41.2 43.8 48.9 -0.5 3.8 11.6
Go 37.2 40.1 45.7 0.0 3.5 12.3
Gs 33.0 35.8 41.8 -0.7 3.4 11.8
Gy 27.3 29.8 37.2 -1.9 1.8 11.0
G 20.8 23.5 304 -2.5 1.1 10.0
~EB ~EB  ~uEB
0, vsy, 6, vs@,
m=60 p=0.25 p=0.5 p=0.75 p=0.25 p=0.5 p=0.75
G 43.2 45.8 51.0 -0.6 4.6 13.9
Go 39.8 42.4 48.1 0.2 5.1 13.6
Gs 35.6 38.7 44.2 1.3 4.6 14.3
Gy 30.6 33.7 39.8 0.3 3.5 13.2
G 24.8 27.5 33.6 0.4 2.9 11.0

Table 2.2: PRIAL of éfB over y, and EZEB for k = 2, D;-patterns (a)

m =30  Pattern (a) Pattern (b) m =60  Pattern (a) Pattern (b)
a (487 811 [ 899 19.7 ] a (474 82 [ 86.8 20.1 ]
| 8.1 30.1 ] | 19.7 429 | | 8.2 28.0 | | 201 40.0 |

Go [ 438 65| [ 445 6.0 ] G (425 70 [ 429 6.5 ]
| 6.5 283 ] | 6.0 302 | 7.0 265 ] | 65 27.8

G (380 531 [393 4.7] s 371 57 [378 5.0]
| 5.3 263 ] | 4.7 283 | 5.7 245 ] | 50 258

a [ 324 3871 [334 32 a (314 417 [320 36
| 3.8 236 ] | 32 259 | 41 218 ] | 3.6 238

G 256 231 [191 0.1 ] G (248 271 [181 0.6 ]
23 204 | | 0.1 188 2.7 187 ] | 06 164

Table 2.3: Simulated values of mean squared error matrices of 553 multipled by 100 for k =2, p = 0.5
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~EB ~EB ~ulB

0, vsy, 6, vs0,
m = 30 Pattern (a) Pattern (b) Pattern (a) Pattern (b)
G1 43.8 66.4 3.8 2.1
Go 40.1 37.0 3.9 0.8
Gs 35.8 32.1 3.4 1.0
Gy 29.8 26.2 1.8 -0.2
Gs 23.5 4.2 1.1 -8.5
0. vsy, 0, vs.
m =60 Pattern (a) Pattern (b) Pattern (a) Pattern (b)
G 45.8 68.5 4.6 3.1
Go 42.4 40.7 5.1 3.1
Gs 38.7 36.2 4.6 2.7
Gy 33.7 30.6 3.9 1.3
Gs 27.5 13.9 2.9 -2.7

Table 2.4: PRIAL of 8°" over y, and 8" for k = 2, m = 30,60, p = 0.5, D;-patterns (a), (b)

m = 30
p=0.25 p=0.5 p=0.75

(500 34 357 [480 70 647 [ 420 123 10.0 ]

G1 34 443 34 70 41.1 6.5 12.3 348 94
| 35 34 333] | 64 65 295 ] | 100 94 231 |
(452 26 2871 [428 58 5471 [382 100 8.3]

G2 2.6 398 29 58 377 5.5 10.0 31.8 8.0
| 2.8 29 312 | | 54 55 282 | | 83 80 217 |
(400 20 197 [375 41 397 [335 77 7.0]

G3 1.9 36.1 2.1 4.1 339 4.1 7.7 28.8 64
| 19 21 290 ] | 39 41 258 ] | 70 64 205 |
(334 13 157 [321 27 297 [292 56 517

G4 1.3 310 1.6 2.7 29.2 3.0 56 25.2 5.1
| 15 1.6 260 | | 29 3.0 207 ] | 51 51 184 |
(263 0.7 0771 [258 16 1571 [234 31 327

G5 0.7 254 1.0 1.6 241 1.8 3.1 21.0 34
0.7 10 227 ] | 15 18 207 ] | 32 34 165 |

~EB
Table 2.5: Simulated values of mean squared error matrices of 6, multiplied by 100 for k = 3, m = 30, D;-patterns

()
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~EB ~EB  ~uEB
0, vsy, 6, vs@,
k=2 p=0.25 p=0.5 p=075 p=0.25 p=0.5 p=0.75
G 41.2 43.8 48.9 -0.5 3.8 11.6
Ga 37.2 40.1 45.7 0.0 3.5 12.3
Gs 33.0 35.8 41.8 -0.7 3.4 11.8
Gy 27.3 29.8 37.2 -1.9 1.8 11.0
Gs 20.8 23.5 30.4 -2.5 1.1 10.0
éaEB Vs Y, 553 Vs 5ZEB
k=3 p=0.25 p=20.5 p=075 p=0.25 p=05 p=0.75
Gl 39.5 43.6 52.4 -1.9 5.9 20.3
G2 35.2 40.0 48.9 -2.6 4.8 19.2
G3 30.3 35.1 44.6 -3.9 3.2 18.2
G4 25.2 29.7 39.6 -4.4 1.9 15.7
G5 17.6 21.6 32.0 -5.7 -0.3 12.8

see that the second-order approximation can approximate the true MSEM precisely for every

G, and p.

Concerning the performance of the second-order unbiased estimator msem(@,,

(2.3.3), we compute the simulated values of relative bias of the estimator msem(aa ), averaged
over areas within groups G;. Those values are reported in Table 2.8 for k£ = 2, m = 30,60 and
D;-pattern (a). It is revealed from Table 2.8 that the relative bias gets larger for larger p. Also,
the values of the relative bias are smaller for m = 60 than for m = 30, namely, the relative bias

gets small as m increases.

~EB
Table 2.7: Second order approximations of mean squared error matrices of 6, multiplied by 100 for k = 2, D;-patterns

(a)

Table 2.6: PRIAL of gEB over y, and /Q\HEB for k = 2,3, m = 30, D;-patterns (a
a a a

~EB

m = 30
p=0.25 p=0.5 p=0.75
a 498 371 [486 79 ] [ 46.2 13.2 ]
| 3.7 326 | | 79 303 ] | 132 259
G 446 311 [436 667 [ 415 11.1 ]
| 31 304 | | 6.6 284 | | 11.1 244
G 380 241 [381 5271 [363 8.9]
| 24 278 | | 52 261]| | 89 226
., 326 171 [320 38] [306 6.6]
| 1.7 247 | | 38 233 ] | 6.6 205
G- (257 1.1 ] [253 2470 [244 43]
| 1.1 207 ] | 24 200 | 43 17.8 |
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Pattern (a)

m =30 p=0.25 p=0.5 p=0.75

a [ —0.3 —2.6 ] { 09 —4.1 ] [ 0.6 —9.5 ]

| 2.6 1.1 | —41 29 —-9.5 10.1
G [ 0.6 3.1 } { 0.3 —-3.5 ] [ 1.1 —104 ]
3.1 0.9 -35 27 | —104  13.1 |
s [ —0.6 —5.8 ] { 1.3 —7.8 ] 1.2 —16.7 ]
| —5.8 12 | —78 4.6 | —16.7  13.6 |
a [ —0.4 —4.6 ] { 04 -10.8 ] 1.2 —234 ]
| —4.6 29 | —-10.8 4.7 | —234 178 |
s [ 0.3 24.4} { 0.6 26.1] [ 3.4 —423]
—24.4 2.2 —26.1 7.7 | —42.3  23.1 |

Pattern (a)
m = 60 p=0.25 p=0.5 p=0.75

a [ —0.1 —2.3] 0.2 —0.2 ] 04 —0.7 ]
| —2.3 =05 | | —0.2 —0.5 | | —0.7 1.7
e [ 0.7 —34] [ 04 —08] 0.8 —0.0 ]
| —34 —02 | | —0.8 —0.5 | | —0.0 21
e [ 02 —5.1] [ 01 —15] [ 03 —14]
| —5.1 —0.2 | | —1.5 0.1 | —1.4 29
a [ —0.1 —5.1] [ —04 —24] [ 14 —29]
| 5.1 —0.4 | | —24 0.3 | —29 36
Gs [ 02 —-3.3] [ 03 —5.9] 0.6 —8.1 ]
| —33 —0.2 | | =59 —0.1 | | 81 5.1 |

~EB
Table 2.8: Simulated values of percentage average relative bias of mean squared error matrices of 8, ~ multiplied by 100

for k =2, m = 30,60, D;-pattern (a)
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[4] Confidence region. We next investigate finite sample performances of the proposed
confidence regions by simulation in the multivariate Fay-Herriot model (2.2.1) for & = 2,3 and
m = 30. The design matrix, X; is a k x 2k matrix, such that

1 Tl 0 0 0 0

1 .
XZ-:<0 o (1) ;),Xi: 0 0 1 mp 0 0O
2 0 0 0 0 1 x4

for k = 2,3 respectevely, where x;;’s are generated from the uniform distribution on (—1,1),
which are fixed through the simulation runs. As a setup of the covariance matrix ¥ of the
random effects, we consider

o { poatpy + (1= p)diag(yatpy ) for k=2,
pPathy + (1 — p)diag(ehyps ) for k=3,

where 1, = (v/1.6,v/0.8) T, ¥ = (v/1.6,/1.2,4/0.8) T, and diag(A) denotes the diagonal matrix
consisting of diagonal elements of matrix A. Here, p is the correlation coefficient, and we handle
the three cases p = 0.2,0.4,0.6. The cases of negative correlations are omitted, because we
observe the same results with those of positive ones.

The dispersion matrices D; of sampling errors g; are set in the smae way as before. Then,
we treat the two Dj;-patterns: (a) 0.71j, 0.6Ix, 0.5I, 0.41, 0.3I; and (b) 2.0Ix, 0.6, 0.5I,
0.41j, 0.2I;. There are five groups (G1, ..., G5 corresponding to these D;-patterns, and there are
six small areas in each group for m = 30, respectively, where the sampling covariance matrices
D; are the same for areas within the same group. Concerning the underlying distributions for
v; and €;, we consider two kinds of distributions, that is, multivariate normal distributions and
multivariate normalized chi-squared distributions with degrees of freedom 2, which are denoted
by M1 and M2, respectively. The chis-quared distribution is used for investigating robustness
of the proposed method against the misspecification of distributions of v; and €;. The values of
coverage probabilities (CP) of the corrected confidence region and the naive confidence region
and the values of the Bartlett-type correction term h* are obtained based on 10,000 simulation
run, where the nominal confidence coefficient is 95%.

The values of CP and the correction term in the case of & = 2 are reported in Tables 2.9
and 2.10 for D;-patterns (a) and (b), respectively. From the tables for normal distributions, the
corrected method has CP values larger than the nominal confidence coefficient. In contrast, CP
values of the naive confidence region are much smaller than the nominal confidence coefficient.
For example, CP value for G; in Table 2.10 is about 89%. These show that the naive method
is not appropriate for a confidence region and the correction by h* works well. For chi-square
distributions, CP values of the corrected method satisfies the nominal confidence coefficient in
most cases except few cases where CP values are slightly smaller than, but close to 95%, while
the performance of the naive method is worse than that in the normal distributions. Thus,
the corrected method remains good and robust for the chi-square distributions. Concerning the
Bartlett-type correction, it increases as sampling variances or correlation coefficients p increase.

Table 2.11 reports the results for ¥ = 3 and D;-pattern (a). Comparing Tables 2.9 and 2.11,
we can observe that CP values of the naive confidence region are worse in £ = 3 than those in
k = 2. The corrected confidence region satisfies the nominal confidence coefficient for £ = 3 in
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most cases except the case of p = 0.2 in chi-square distributions. Hence, the corrected method
works well and is robust still for k = 3.

We next investigate the finite sample performance of the corrected confidence region for the
difference of two small area means, 8, — 6 for k = 2 and D;-pattern (a), where the corrected
method is provided in Section 2.6. In each area group, we consider the difference between
the first two small areas means. Table 2.12 reports values of the coverage provabilities (CP)
and the Bartlett-type correction term h* for 8, — 0,. From Table 2.12, it is revealed that the
performances are similar to the results in Table 2.9, while values of the Bartlett-type correction
term h* are larger for 6, — 0y,.

Normal chi-square

P 0.2 0.4 0.6 0.2 0.4 0.6
G1 CP 0.955 0.968 0.974 0.939 0.945 0.956
(0.917) (0.923) (0.917) (0.898) (0.901) (0.907)

h*  0.429 0.492 0.760 0.636 0.697 0.841

G CP  0.962 0.960 0.977 0.941 0.942 0.954
(0.923) (0.913) (0.922) (0.902) (0.899) (0.912)

h*  0.534 0.571 0.865 0.598 0.640 0.758

Gs CP 0.958 0.962 0.978 0.939 0.947 0.953
(0.921) (0.921) (0.922) (0.901) (0.906) (0.912)

h* 0470 0.530 0.843 0.669 0.731 0.849

Gy CP  0.959 0.965 0.973 0.939 0.944 0.953
(0.928) (0.928) (0.925) (0.905) (0.908) (0.911)

h*  0.388 0.441 0.688 0.552 0.610 0.742

Gs CP 0.954 0.962 0.976 0.951 0.947 0.955
(0.923) (0.927) (0.930) (0.914) (0.914) (0.924)

h*  0.441 0.470 0.734 0.480 0.519 0.622

Table 2.9: Coverage probabilities (CP) for nominal 95% confidence regions for k = 2 and D;-
pattern (a). (the corrected method in the first line and the naive method in parentheses)

2.7.2 Illustrative example

This example, primarily for illustration, uses the multivariate Fay-Herriot model (2.2.1) and data
from the 2016 Survey of Family Income and Expenditure in Japan, which is based on two or
more person households (excluding agricultural, forestry and fisheries households). The target
domains are the 47 Japanese prefectural capitals. The 47 prefectures are divided into 10 regions:
Hokkaido, Tohoku, Kanto, Hokuriku, Tokai, Kinki, Chugoku, Shikoku, Kyushu and Okinawa.
Each region consists of several prefectures except Hokkaido and Okinawa, which consist of one
prefecture.

In this study, as observations (y;1,%2)', we use the reported data of the yearly averaged
monthly spendings on ‘Education’ and ‘ Cultural-amusement’ per worker’s household, scaled
by 1,000 Yen, at each capital city of 47 prefectures. In addition, we use the data in the 2014
National Survey of Family Income and Expenditure. The average spending data in this survey
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Normal chi-square

P 0.2 0.4 0.6 0.2 0.4 0.6
Gi1 CP 0.974 0.980 0.990 0.952 0.957 0.963
(0.897) (0.895) (0.899) (0.876) (0.876) (0.891)

h* 1.288 1.645 2.571 1.962 2.145 2.270

G, CP 0.969 0.980 0.987 0.953 0.960 0.967
(0.905) (0.908) (0.909) (0.885) (0.894) (0.897)

h* 1.493 1.870 2.979 2.207 2.380 2.466

Gs CP 0.967 0.976 0.984 0.954 0.961 0.969
(0.912) (0.908) (0.908) (0.894) (0.898) (0.901)

h* 1.288 1.730 2.876 1.933 2.173 2.332

Gy CP  0.967 0.974 0.982 0.953 0.958 0.965
(0.916) (0.918) (0.914) (0.898) (0.898) (0.907)

h* 1.107 1.433 2.319 1.695 1.854 1.950

Gs CP 0.966 0.973 0.980 0.954 0.957 0.965
(0.926) (0.921) (0.922) (0.904) (0.909) (0.917)

h* 1.169 1.494 2.471 1.696 1.857 1.928

Table 2.10: Coverage probabilities (CP) for nominal 95% confidence regions for £k = 2 and
D;-pattern (b). (the corrected method in the first line and the naive method in parentheses)

Normal chi-square

P 0.2 0.4 0.6 0.2 0.4 0.6
G1 CP 0.964 0.977 0.987 0.941 0.953 0.964
(0.897) (0.903) (0.917) (0.877) (0.884) (0.887)

h*  0.527 0.675 0.809 0.816 0.890 1.284

G, CP 0.964 0.976 0.989 0.950 0.951 0.965
(0.897) (0.897) (0.920) (0.883) (0.878) (0.886)

h*  0.570 0.734 0.882 0.884 0.975 1.440

Gs CP 0.966 0.975 0.986 0.943 0.955 0.967
(0.903) (0.903) (0.917) (0.879) (0.884) (0.889)

h*  0.579 0.744 0.876 0.891 0.981 1.454

Gy CP  0.965 0.973 0.985 0.940 0.952 0.965
(0.908) (0.910) (0.923) (0.881) (0.889) (0.893)

h*  0.488 0.630 0.755 0.772 0.843 1.252

Gs CP 0.964 0.972 0.983 0.944 0.953 0.968
(0.916) (0.912) (0.922) (0.893) (0.898) (0.904)

h* 0474 0.610 0.727 0.761 0.826 1.247

Table 2.11: Coverage probabilities (CP) for nominal 95% confidence regions for k¥ = 3 and
D;-pattern (a). (the corrected method in the first line and the naive method in parentheses)
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Normal chi-square

p 0.2 0.4 0.6 0.2 0.4 0.6
Gy CP 0975 0.983 0.990 0.960 0.966 0.973
(0.912) (0.919) (0.928) (0.895) (0.911) (0.911)

h*  0.940 0.957 1.364 1.114 1.373 1.969

G, CP 0977 0.986 0.986 0.960 0.967 0.975
(0.922) (0.933) (0.929) (0.907) (0.912) (0.927)

h*  0.742 0.770 1.087 0.914 1.106 1.543

Gs CP 00971 0.971 0.988 0.959 0.961 0.971
(0.928) (0.917) (0.932) (0.912) (0.908) (0.911)

h*  0.715 0.727 1.028 0.870 1.067 1.491

Gy, CP 0974 0.976 0.983 0.950 0.965 0.978
(0.936) (0.931) (0.924) (0.904) (0.912) (0.913)

h*  0.675 0.712 1.035 0.834 1.049 1.514

Gs CP 0.979 0.977 0.985 0.959 0.961 0.967
(0.933) (0.930) (0.935) (0.920) (0.915) (0.910)

h*  0.772 0.752 1.088 0.885 1.112 1.648

Table 2.12: Coverage probabilities (CP) for nominal 95% confidence regions of the difference
between two small area means for kK = 2 and D;-pattern (a). (the corrected method in the first
line and the naive method in parentheses)

are more reliable than the Survey of Family Income and Expenditure since the sample sizes
are much larger. However, this survey is conducted only once in every five years. As auxiliary
variables, we use the data of the average spendings on ‘Education’ and ¢ Cultural-amusement’,
which is denoted by EDU; and CUL;, respectively. Then the regressor in the model (2.2.1) is

1 EDU; 0 0
Xi_(o 0 1CUL,»)'

Then we apply the multivariate Fay-Herriot model (2.2.1), where sampling covariance matrices
D; of the i-th region for ¢ = 1,...,10 are calculated based on data of yearly averaged monthly
spendings on ‘Education’ and ¢ Cultural-amusement’ in the past ten years (2006-2015), where
D; is given as the average of the sampling covariance matrices of prefectures within the i-th
region. That is, the sampling covariance matrix D; are the same for prefectures within the same
region.

The estimates of the covariance matrix W, the correlation coefficient p and the regression
coefficients are

~ /899 319\ . ~ -
T = <3.19 10.84> ,p=0323 and B = (4.49,0.82,12.16,0.65)".

The values of EBLUP and direct estimate of spendings on ‘Education’ and ¢ Cultural-
amusement’ are reported in Table 2.13. We only pick up the three prefectures from three
different regions: Tokyo prefecture from the Kanto region, Osaka prefecture from the Kinki
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region and Fukushima prefecture from the Tohoku region, whose sampling covariance matrices

are
1.1 0.3 1.1 —-0.2 and 4.7 3.5
03 3.0/ \-0.2 39 3.5 49/’

respectively. It is seen that as the sampling variances become larger, the direct estimates are

more shrunken by the EBLUP in the sense of (direct estimate - EBLUP)/(direct estimate).

Table 2.13: EBLUP and direct estimates

Tokyo Osaka Fukushima

direct estimator (EDU)  32.5 19.0 13.3
EBLUP (EDU) 31.8 194 12.6
direct estimator (CUL)  41.8 24.9 29.9
EBLUP (CUL) 40.6 26.1 29.0

The uncertainty of EBLUP is provided by the second-order unbiased estimator of MSEM
of EBLUP. Table 2.14 reports the estimates of MSEM averaged over prefectures within each
region for 10 regions. We also calculate the percentage relative improvement in the average loss
estimate (PRIAL estimate) of /H\fB over y, and §ZEB. Table 2.15 reports the average of those
values over each region for spendings on education and cultural-amusement. It is revealed from
Table 2.15 that the multivariate EBLUP improves on the direct estimates significantly and that
the multivariate EBLUP is slightly better than the univariate EBLUP for most regions except
Okinawa, which has a smaller sampling covariance matrix.

~EB
Table 2.14: Estimates of the mean squared error matrices of 8,

Hokkaido Tohoku Kanto Hokuriku Tokai
0.5 0.7 3.2 22 1.0 0.3 1.0 0.6 1.4 0.6

[ 0.7 3.8 } [ 2.2 3.4 } [ 0.3 2.5 ] [ 0.6 4.7 } [ 0.6 1.8 ]
Kinki Chugoku Shikoku Kyushu Okinawa

1.0 —-0.0 1.5 0.3 4.2 09 1.0 0.7 3.0 0.8
—-0.0 28 0.3 2.6 09 3.5 0.7 1.8 0.8 1.7

Table 2.16 reports the reduction rates of areas of confidence regions with 95% nominal
confidence coefficient for each area group based on EBLUP, which is calculated by (S(y,) —

S (éaEB)) /S(y,), where S(y,) and S (553)) are areas of confidence regions based on direct esti-
mators and confidence regions given in (2.4.6). Table 2.16 also reports the the size of sampling
covariance matrices for each area group, which is defined as tr (DJQ) /2 for j =1,...,10. It is
seen that the reduction rate of area of confidence regions based on EBLUP is larger as the size
of sampling covariance matrix is large. This is a reliable result because direct estimators for
areas with large sampling variances are more shrunk and shows the usefulness of our proposed
method.
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Table 2.15: PRIAL estimates of gaE over y, and 5 ubp

~EB
0, vswy,
Hokkaido Tohoku Kanto Hokuriku Tokai Kinki Chugoku Shikoku Kyushu Okinawa
82.4 84.7 80.9 84.1 80.5  81.5 81.6 85.7 80.1 81.0
~EB ~uEB
6, vs0,
Hokkaido Tohoku Kanto Hokuriku Tokai Kinki Chugoku Shikoku Kyushu Okinawa
4.1 7.1 1.9 5.3 1.1 4.5 2.4 3.9 1.3 -33.9
Hokkaido Tohoku Kanto Hokuriku Tokai Kinki Chugoku Shikoku Kyushu Okinawa
reduction rate (%) 17.3 24.2 13.4 24.6 11.9 16.6 17.1 34.7 9.8 19.4
sampling variance 15.8 35.7 5.2 29.9 3.9 7.4 6.7 37.0 3.2 11.5

Table 2.16: Reduction rate of areas of confidence regions based on EBLUP and direct estimates

2.8 Proofs

2.8.1 Proof of Lemma 2.3.1
The covariance of Py and B(\I!) is

E[Py(B(®) - B) X (I, ® ¥ + D) X}
— Blly—x8""" )y - XB) |(In® ¥+ D)X
= [ © 4+ D) - X{XT (I, © ¥+ D)1 X} X | (T 0 ¥ + D)X
= 0.

~ ~EB -~
This implies that B(¥) is independent of Py. Next, we prove that 8, — 0,(¥) is a function

of Py. From (H2), U is a function of Py. Rewrite EEB aEB(\TI(y) Y), /H\a( ¥) a s 0 (¥, y)

and ,6( ) as B(\Il y). Since ,/3\(\Il,y + XT) = B(\Il y)+ T, from (2.2.7) and (2.2.8), we have

~

LU (®(y + XT), y+XT) 8. (U(y+ XT),y+ XT)
=0, (B(y),y + XT) — 0,(¥(y),y + XT)
=Yy + XoT — Do(¥(y) + Do)y, + XoT — XoB(E(y)) — X, T}
— Yy — XoT + Dy (¥ + D,) ’1{ya+X T - X,8(%) - X,T}
=y, — Do(¥(y) + Do) Hy, — XuB(®(Y)} — y, + Do(¥ + Do) Hy, — X.6(%)}
6, (¥ (y),y) — 0a(T(y),y)-

6

~EB  ~ ~ ~

Thus, OQE — 0,(¥) is translation invariant, which implies that Gf — 0,(¥) is a function of
~EB '~ ~

Py. Hence, 8, — 6,(P) is independent of B(¥). O
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2.8.2 Proof of Lemma 2.3.3
For the proof of part (2), note that

~

(¥ +D;) ' =(O+ D) —(¥+ D) {(¥ - &) (¥ +D;)"". (2.8.1)

Then, Gla(\/I\l) is rewritten as

~

Gio(®)=(® ' + D' =D, — D,(¥ + D,)"'D,
=G14(¥) + Do (¥ + D,) (¥ — ¥)(¥ + D,) ' D, (2.8.2)
— Do(¥ + Dy) (¥ — O)(T + D) (¥ — ¥)(¥ + D,) " D, + Op(m3/?2),
which implies that E[Gla({I\l)] = G14(P) — G3,(®) + O(m~3/?).

For the proof of part (1), it is noted that

0, —0,(%) =D, {(¥ + Do) — (¥ + D) "}y, — Xuf) + Do(¥ + D) X, {B(T) — B}

— D,(¥ + D,) ' X {B(¥) - B}.
Using the equation in (2.8.1), we can see that
Do{(¥ + Do)~ — (¥ + D,) '}y, — XuB)
=Do(¥ + D,)" (¥ — ¥)(¥ + D,) " (y, — Xa6)
=Dy (¥ + Do)~ (¥ — ¥)(¥ + Do)y, — XaB) + Op(m™")
and
D, (¥ + D,) ' X {B(®) — B}
=Do(¥ + Do) ' X {B(¥) — B} — Du(¥ + Do)~ H(¥ — ¥)(¥ + D,) ' X {B(¥) - B}
=Do(¥ + Do) ' X {B(¥) — B} + Op(m™").

Thus, we have

8, — 0,(¥) =Dy(¥ + Do) (& — ¥)(¥ + Do)\ (y, — X.B)

+ D, (¥ + Do) ' X {B(®) — B(®)} + Op(m™)
=l + L+ O0p(m™"). (say)
For I, it is noted that

B(¥) - B(W)
-[{ f:X]T(\i: + Dj)—lxj}_l - {iX;r(‘I’ + Dy’)_lXj}_l]
j=1 =t

x Y X[ (¥ + D) Ny, — Xip)
i=1

H{ o xT @) xS XTH{@ 4+ D) - (DY) - Xi6)
= i=1
=11 + Iss.
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We can evaluate Io; as

It :{ ij(qf + Dj)*lxj}_l{ Z X[ (¥ + D)"Y - ®)(® + Di)’lXi}{B(‘f') - B}
:Op(mfl),

because Y7 X (¥ + Dj)71X; = O(m), Y, X[ (¥ + D;)"Y(¥ — ©)(¥ + D;)'X; =
O,(m*/?) and ,@(\il) — B =0,(m~/?). We next estimate Iy as

122:—{

m

X (¥ + Dj)*lxj}_l{ S XA, DZ-)XZ}

NE

J=1 i—1
X {Z;XIA(‘/I\’,DZ)Xz}_ Z;X:A(\/I\I7DZ)(:UZ ~ X,8)

for A(¥,D;) = (¥ 4 D;)"}(¥ — ®)(¥ + D;)~L. It can be seen that Iy = Op(m™1) from the
same arguments as in Iz;. Thus, it follows that Iy = O,(m™1). Hence, we have

B8, —0.(%)}{8, " —0,()}7]

=Do(¥ + Do) ' E|(¥ = ¥)(¥ + Do)~ (y, — XaB)(y, — XaB) (¥ + Do) (¥ — )
X (¥ + D,)"'D, + O(m™>/?).
Let \i'(_a) be an estimator of ¥ from the data except the ath area. If we add or remove the

data of one area in the estimation of W, there is a negligible change in the value of the above
expectation since ¥ — W (_,) = Op(m™"). Thus, we have

E{0," — 0.(9)}{8,  —0.(%)}7]

=Do(¥ + Do) B[(¥ (o) = ¥)(¥ + Do) (y, = XaB)(yo — XoB) (¥ + Do) () — ®)]
X (¥ + D,)"'D, + O(m™3/?)
=D, (¥ + D,)'E :(@(—a) —W)(¥ + Da)_l<‘/I}(—a) - ‘I’)} (¥ + Da)_lDa + O(m_3/2)

“Du( + D) B[(@ — @)(® + D)@ - 9)] (¥ + Do) D+ O(m )

which is equal to G14(®) +O(m~3/?), where the second equation follows from the independence
of the data of different areas, and the the third equation follows form the same reason mentioned
above. O

2.8.3 Proof of Theorem 2.4.1

Let z, = H;1/2(\Il)(§fB —0,— EaEB +§a(1l)) From Lemma 2.3.2, the conditional distribution

of z, given Py is z, ~ N (0, I}), and the mahalanobis distance is approximated as

~EB ~FEB

(0a - Oa)Tszl(‘/I})(a - aa)

a
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—=] H/*(9)H, (¥ >H1/2<\P>za +200,” ~ 0.(9)) H, (0)HY/*(¥)z,
+ (0, ~0.(9) H, ()0, - 0.(¥))
—z; [T — H () (H,(¥) — H, (%)) H, /()
+ H ' (0)(G1a(P) — G1a(9) H () (G1a(®) — G1o(®)) H, (W) 2,
+2(8, " — 0,(%) H, (9)HY(¥)z,
+ (0, —0.(9)TH, (¥)0, —0a(¥))+o(m™)
=z, (I — G124(0))2Zq + 292, (¥) " 24 + g30(¥) + o(m 1), (2.8.3)

where

G2a(V) =H;'/?(W)(H,(¥) — H,())H, /()

H;V2(9)(G1a() — G (W) H2()(G1a(P) — Gra(®)) H V2 (W),
92(B)T =B, — 0,(®)) H, ' (¥)HY(W),
95a(®) =B, — 0,(%)TH, (¥)(0, — 04()).

From (2.8.3), the characteristic function ¢(t) = E[exp{it(afB — 0.)TH,; (W)(6, —0,)}] is
approximated as

o(t) =B exp (it{z] (I — G12a(#)20 + 205,(¥) 20 + gsa(¥)}) + om™)

—F [eitza {14 it{~2] Graa(®) 20 + 2024(¥) 20 + g3a( D)}

)

—~

- —{ 20 G19a(®) 24 + 205,(®) " 2, +gga(@)}2}] "+ ofm-

)}

T G @)z, + 420 03 ()20 8) 20 — 420 Gr2a(#) 2020 (#) 2} )] + o),

)

—E|: ltz Za{l + Zt{ z G12a( )ZCL —|— QQQQ(‘/I\I)T,ZCL + g3ll(

because Gioq(¥) = 0, (m=1/2), Gou(¥) = Op(m~1/?) and 93a(¥) = Op(m™!). From the law of

iterated expectations and the conditional normality of z,, the above equation reduces to

~

p(t) =B |e"= = {1 1 it{~2] Graa(®) 24 + g3a(P)}
t T, = = -
— 5120 G12a(9)20)? +42] 920 (¥)90, (¥) 20} | + 0(m ™).
For some deterministic matrix A and z ~ Nj(0, I}), it holds that

. —27 sz
E[e”szzTAZ] :(27r)_k/2/€_(125)zTAde = (1 - 2it)"** e (A),

(1-2it)z | =

E[eitzu(; Az)Q] —(2m) /2 / e 2 (2l Az)%dz = (1-2it) M2 (tr%(A) + 2tr (A?)).
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Using these equalities, from the law of iterated expectations, we have

p(t) =(1 = 2it) /21 4 it{ = (1= 2it) " r (E[G12a(P)) + Elgsa(¥)] |
G 1 = 2it) Bl (G ()] + 211 (E[G ()

+ (1= 2it) " 4tr (Elgaa(£)g2,(8) ) }] + o(m™).

[\

+

~

For notational simplicity, let C' = E[U‘Q(Glga(‘i’))] + 2tr (E[G39,(®)]). Let s = (1 — 2it)~*
it = (s —1)/2s. Then, (1 — 2it)~%/2p(t) — 1 can be written as

it{ — (1 — 2it)"Hr (B[Gr24(P)]) + E[gga(‘f’)]}

it)? ~ -
{01 2it) 20+ (1~ 201) 4Blg,(8) g, (8]}

+
= {192 (8) 2, (9)] - Elgua (8]}
{3 (B (®))) + 3 Blasa(®)] + 5~ Blgau(®)2,(¥)]}
= S (EIC ()~ § + L Blon(#) ga, ()} + S tolm ™). (28.4)

which is a second-order polynomial of s.

We shall evaluate the moments in (2.8.4). First, G124(T) can be expanded as

G12,(®) =H, '*(®)(H,(¥) — H,(®))H,*(¥) (2.8.5)
— H(0)(G1a(¥) — G1a(P) H,*(¥)(G1a(F) — G1a(P) H,/2(T) + 0y (m ™).

From Lemma 2.3.3, the expectation of the first term in (2.8.5) is —H;1/2(\II)G3G(\I/)H;1/2(\II)+

o(m™1), so that
E[Gh2q(¥)] = —H,'*(¥) G0 (9)H, /* () — E[K () H, (¥)Ko(¥)] + o(m ™),
for Ko(¥) = Hy?(%)(G1a(¥) — G1a(¥))H, /2. Thus,
tr (E[G12q(®)]) = —Bs + 2B1 + o(m™1), (2.8.6)

for By and Bj defined in (2.4.2). Noting that the first term in (2.8.5) is of order O(m~'/?) and
the second term is of order O(m™'), we can expand G3,,(¥) and tr2(G12(P)) as

G50 (¥) =H;2(0)(G14(¥) — G1a() H,  (P)(G1a(F) — G1a(P)H, 2(T) + 0, (m ™),
tr2(Gr2q(®)) =tr 2(H, /2 (¥)(G1a(P) — G1a(¥)) H, V() + 0p(m™ 1),

which lead to E[G35,(®)] = E{K(¥)}2] + o(m™!) and E[tr2(G12,(¥))] = E[tr2(Ko(¥))] +
o(m™"). Thus,

C = E[tr2(Ko(®))] + 2E[{K(®)}?] + o(m™') = —8B; + o(m™"), (2.8.7)
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for By defined in (2.4.2). It can be also observed that

920 (%) 95, (%) =0, — 0,(¥))  H, (¥)H,(¥)H, (B)(0, — 0,())
=0, — 0,(¥)TH, (¥)(8, — 0,(¥)) +op(m™),
93(®) =6, — 0,(%)) H, (¥)(8," — 0,(¥))
=0, — 0,(W) H, (¥)(8, — 04(¥)) +op(m),

both of which lead to

~ ~ o~

E(924(¥) " 924(¥)] = Elgsa(¥)] = tr (H; (¥)G3a(¥)) + o(m™") = By +o(m™).  (2.8.8)

Combining (2.8.6), (2.8.7) and (2.8.8), we can see that the constant term and the coefficient
of 5% in (2.8.4) are By — B3 — By and — By given in (2.4.2), respectively. Thus, the characteristic

function of @EB - OQ)THJI(\/I\’)(EEB -

“ 0,) can be written as

@(t) = (1 = 2it) ™21 + By — By — By + (=B + B3 + 2Bs)s — Bas?) + o(m™").

From the fact that the characteristic function of the chi-squared distribution with degrees of
freedom k + 2h is given by (1 — 2it) /2= = (1 — 2it)=%/2s" it follows that the asymptotic

expansion of the cumulative distribution function of (éfB -0,)'H ;1(@)(553 —0,)is

Fy.(x) + (By — By — B)Fy,(x) + (=By + B3 + 2B2) Fyy2(x) — BaFjya(x) +o(m™1),

where Fj(x) is the cumulative distribution function of the chi-squared distribution with degrees
of freedom k. Note that Fyy,_o(x) — Fiir(x) = 2fp1r(x), where fi(z) is the density function
of the chi-squared distribution with degrees of freedom k. Then, it is expressed as

P((@, " — 0, TH, (B)@, - 0.) <)

:Fk(x) + Q(Bl — Bs — BQ)fk+2(CU) + QBka+4(£L’) + O(mil),

which proves Theorem 2.4.1. O

2.8.4 Proof of Lemma 2.5.1

~ PR ~ PR
From Proposition 2.5.1, it is sufficient to show this approximation for ¥ instead of ¥ 4. It

~ PR
is noted that ¥ — W is approximated as

m

- ¥ :% > {(yi = XiB)(y; — XiB)" — (¥ + Dy)} + Op(m ™), (2.8.9)
=1

~ PR
v
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which is used to evaluate

E[(% — )(¥ + D)™ (4, — XoB)(ya — XaB) (¥ + D) (¥ - W)

5 D B[ {ww] = (¥ 4+ D)H® + Do)~ ugu] (¥ + Do) {uju] — (€ + D)}
_ 2iE[{uiu;~r—(\P+Di)}(\IJ+D) wou, (¥ + D)~ l{uiu;——(\ll—l—Di)}]

because E[{uz — (¥ +D)}(¥+ D,) tugu) (¥+ D,)~ l{uj — (¥ + D; )}} =0 for i # j.
Letting z; = (¥ + Di)_1/2ui, we can see that z; ~ Ny(0, I). Then,

- ZE[{uz (@ + D)} + Do) ugu) (¥ + Do)~ ugu! — (¥ + D)}

:W > (T Di)1/2E[(ziziT —~I)Bz,2) B (z;z] —I)|(¥ + D))" + O(m™?),
i#a

for B = (¥ + D;)/>(¥ + D,)" /2. Let C = BB' = (¥ + D,)'/?(¥ + D,)~"(¥ + D;)'/2. For
i1 #a,

E[(ziz{ —I)Bz,z) B (z;z] —I)]

:E[ziz;rBzazIBTziziT + Bzaz;rB—r - zizz—BzazIBT — BzazIBTzizZT]

=E[z;z; Cziz] —C]=C + (tr O)I},

because E[z;z] Cz;z]] = 2C + (tr C)I}\. Thus,

1
— > (¥ + D)V*{C + (tr C)I (¥ + D;)'?
i#a
1
7

Em: U+ D)Y{C + (tr OV I} (¥ + D)2 + O(m™?),

which leads to the expression in (2.5.7) from Lemma 2.3.3 (1). O

2.8.5 Proof of Lemma 2.5.2

~PR ~ PR
From Proposition 2.5.1, it is sufficient to show this approximation for ¥ instead of \IJ( A)-
For some deteministic matrix A and multivariate standard normal variables z;, ¢ = 1,...,k,
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E[(\TIPR - \II)A(\TJPR — W)] is, from (2.8.9), approximated as

E@ " - wa@’ - w)
=S B[l - XiB)w - XiB)T - (v + Dy}a
x {( y; — X,;8)(y; - jﬁf—(ij)}} +O(m™?)

=1 l

for C; = (¥ + D;)'/2A(® + D;)'/2. For i # j, E[(z;z] — I)Ci(zjij — I)] = 0, we have

Z ZE[(zlzzT - I)Ci(zjij —I)| = ZE[zizICizizj - C|l.
i=1 j=1 i=1

Because E[z;z; C;z;z] | = 2C; + (tr C;)I}, it is concluded that

E@ - wae™ - w i @+ D)A(¥ + D;) + tr (A(¥ + D,))(¥ + D;)).
=1

Using this equality, we have
E[(T"" — 0) (0 + D)\ D H () Do (¥ + D) (& — @]

m

:% Z {(‘I’ +D)(¥+D,) 'D,H;*(%)D,(¥ + D,)" (¥ + D;)
i=1

+tr (¥ + Do) 'DoH,*(¥)Do(¥ + Do)~ (¥ + Dy)) (¥ + Di)} +o(m™),

and
E[(G1a(F ) = G1a(®) H; (¥)(G1a(T ) — G1a())]
=D, H,'(P) [# Em: {(\Il + D) (¥ +D,) 'D,H; (¥)D,(¥ + D,) (¥ + D))
=1

Ftr (¥ + Do) ' Do H Y (¥)Do(¥ + Do)~ (¥ + D;))(T + Di)H (& + D,)"'D, + o(m™Y),

which leads to the first and third expressions in the lemma. From (2.8.2),

Eltr2(Gha(¥' )] =Bltr 2(H; (®)(G1a(T' ) = G1a(®)))] + o(m ™)

—E[tr2(¥ + D) "D H (¥)Do(¥ + Do) L (T — ®))] + o(m™).
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Letting u; = y; — X;3, we can see that

~ P

tr (¥ + D) "D H (0)D.(¥ + D) L' " — )

=S (% 4 D) DoH, () Du(¥ + D) (% + D) (] — L) (% + D))
i=1

+o(m™)

1 m
=— > (¥ + Do) 'DH, (¥)Do(¥ + D) (¥ + Dy) Pugu (¥ + D;)'?)

=1

_ ;itr((‘l’ +D,) 'D,H; (¥)D,(¥ 4+ D,)" (¥ + D)) + o(m™1).
=1

Thus we have

~ PR

E[tr2(G12a(‘I’ )] = % itr (((‘I’ + Da)_lDaH;l(‘I’)Da(‘I’ + D) (P + Dz))2> + O(m_l)v
i=1

which leads to the expression in the lemma. O

38



Chapter 3

Robust Estimation of Mean Squared
Error Matrix of Small Area
Estimators in a Multivariate

Fay-Herriot Model

3.1 Motivation

In this chapter, we treat the multivariate Fay-Herriot model without assuming multivariate nor-
mal distributions. We suggest a consistent and nonnegative-definite estimator of the covariance
matrix of the random effects, and provide the EBLUP for a vector of small-area characteris-
tics. We derive a second-order approximation of the mean squared error matrix (MSEM) of
the EBLUP and obtain the second-order unbiased estimator of the MSEM. This second-order
unbiased estimator of the MSEM is robust, because it does not depend on any distributions
of the random effects. This is a multivariate extension of the result given in Lahiri and Rao
(1995). The difference between the approach discussed here and Lahiri and Rao (1995) is clari-
fied as follows: (1) Lahiri and Rao (1995) assumes that the error terms have univariate normal
distributions with known variances, while no distributional assumptions are imposed on the
random effects. The present approach does not assume the normality for the error terms, but
assumes that the second and fourth moments are known. (2) The present approach handles the
multivariate Fay-Herriot model where the covariance matrix of random effects is fully unknown
without nomality assumption, while Lahiri and Rao (1995) treated the univariate Fay-Herriot
model with unknown variance of random effects.

In Section 3.2, as a specific estimator of the covariance matrix, we employ a Prasad-Rao type
estimator with a closed form and use the modified version which is restricted over the space of
nonnegative definite matrices. The consistency is also shown. The EBLUP is provided based
on the Prasad-Rao type estimator.

In Sections 3.3, we derive the second-order approximation of the mean squared error matrix
and the second-order unbiased estimator of the MSEM with a closed form. Similarly to Lahiri
and Rao (1995), this MSEM estimator is achieved only under the moment assumptions for
random effects, and then, our estimator of MSEM is useful because the normality assumption
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is very resrtrictive and the specification of the underlying distributions for random effects and
sampling errors are difficulut in practice. However, in the multivariate problem, when deriving a
second-order approximation of the MSEM of EBLUP and a second-order unbiased estimator of
the MSEM, we cannot use the standard technique of approximation via the Taylor’s expansion
as Lahiri and Rao (1995). Then, the results for the multivariate version are not obvious and we
must consider them separately from the univariate problem.

The performances of EBLUP and the MSEM estimator are investigated in Section 3.4
through simulation and empirical studies. The proofs of the main theorems are given in the
section 3.5, where the details of tedious calculations are given in the Supplemental Matrial.

3.2 Empirical Best Linear Unbiased Prediction

We assume that area-level data (y;, X1),...,(y,,, Xm) are observed, where m is the number
of small areas, y; is a k-variate vector of direct survey estimates and X; is a k x s matrix of
covariates associated with y; for the i-th area. Then, we consider the multivariate Fay-Herriot
model

Yy, =XiB+vi+e, i=1...,m, (3.2.1)

where B is an s-variate vector of unknown regression coefficients, v; is a k-variate vector of
random effects depending on the i-th area, €; is a k-variate vector of sampling errors, and

v; and g; are mutually independent for ¢ = 1,...,m. The distributional assumption of the
standard extension of the Fay-Herriot model is that v; ~ Ny(0, %) and e; ~ N(0,D;) for
unknown covariance matrix ¥ and known error covariance matrices D1, ..., D,,. Instead of

this assumption, we here assume some moment conditions for

v; = U'2y;, and € = Dil/QeZ-7 (3.2.2)
namely, Fu; = Fe; = 0, Var(u;) = Var(e;) = I, Eufj = K, and Eefj =K fori=1,...,m
and j =1,...,k, where u; = (u1,...,uy)" and e; = (e;1,...,¢e4) . Following the setup of the
Fay-Herriot model, we assume that ¥ and &, are unknown, but . and D;’s are known.

Let y = (y{,...,y,)", X = (X!, ., X)), v= (v{,...,v))" and e = (e],...,e))T.
Then, model (3.2.1) is expressed in a matrix form as
y=XB+v+e, (3.2.3)

where E[v] = 0, Cov (v) = I,,&%¥, E[e] = 0 and Cov (¢) = D for D = block diag(D1, ..., Dy,).

For the a-th area, we want to predict the quantity 8, = X3 + v,. Then, the best linear
unbiased predictor (BLUP) of 8, can be provided by

0a(®) =y, — Do(¥ + D)y, — X.B(0)}, (3.2.4)
where ,E'}(\Il) is the generalized least squares estimator

B(W) ={X" (I, ¥ +D) ' X} ' X (I, ¥ + D) ly

m 1 m
:{ZX;V(\I:JrDi)—lXZ} Y X[ (¥ + D)y, (3.2.5)
=1 i=1
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Since W is unknown, we need to estimate W consistently. It is noted that E[(y, — X;3)(y; —
X;8)T] = ¥ + D, for i = 1,...,m, which implies that >.7", E[(y, — X:8)(y; — X:8)'] =

m®¥ + >, D;. Substituting the ordinary least squares estimator 3 = (XTX)_lXTy into 3,
we get the consistent estimator

m

T = % > {y, - XiB)(y, - XiB)" — D;}. (3.2.6)

i=1

Taking the expectation of Wy, we can see that E[\ilo] =V + Biasg (¥), where

. 1 e _
Biasg, (¥) =— > Xi(X ' X) 1{ SXT(w+ Dj)XJ}(XTX) 1x]
i=1 j=1

1 & 1 &
=) (T+D)Xi(XTX)' X - =) XX X)X (¥ + D). (3.2.7)
m =1 m =1

Substituting ¥, into Biasg (¥), we get a bias-corrected given by
@, = ¥, — Biasg, (¥o). (3.2.8)

For notational convenience, we use the same notation U for \i’o and \ill without any con-
fusion. It is noted that both estimators are not necessarily nonnegative definite. In this case,
there exist a k x k orthogonal matrix H and a diagonal matrix A = diag (\1,. .., Ax) such that
U= HAH'. Let AT = diag (max{0, A\ }, ..., max{0, \}), and let

O = HATHT.

. . . . =+ .. . . .
Replacing W in 0,(¥) with the estimator ¥ | we get the empirical best linear unbiased predictor

(EBLUP)
07 — 9,371, (3.2.9)

a

To guarantee asymptotic properties of \il+, we assume the following conditions:

(H1) 0 <k < 00,0 < s < 00.

(H2) There exist positive constants d and d such that d and d do not depend on m and satify
dl, < D; <dI fori=1,...,m.

(H3) X " X is nonsingular and X ' X /m converges to a positive definite matrix.

Then, we obtain the next theorem, which is proved in the section 3.5.

Theorem 3.2.1 Under conditions (H1)-(H3), the following properties hold for T = ¥ and
\ S

(1) Biasg (¥) = O(m™Y), which means that W has the second-order bias, while ¥, is a
second-order unbiased estimator of W.

(2) & — W = 0,(m~2) and B(¥) — B = O,(m~/?2).

(3) The nonnegative defnite matriz " is consistent for large m, and P(\/I\l+ £ W) =
O(m=K) for any K, provided 4K -th moments of v;’s and €;’s exist.
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3.3 Evaluation of the Mean Squared Error Matrix of EBLUP

o~

~EB
Uncertainty of the EBLUP 6, in (3.2.9) is measured by the mean squared error matrix
EB ~EB ~EB
(MSEM), defined as MSEM(0, ) = E[{8, — 0,}{0, — 6,}"]. We begin by deriving the
~EB
second-order approximation of MSEM(60, ) under the assumptions (H1)-(H3) and the following
assumption:
(H4) The eighth moment of u; and e; given in (3.2.2) exist, namely E(u;u;)* = O(1) and
E(eief)* =0(1) fori=1,...,m.

Let 0*(3,%) =y, — D,(¥ + D,) ' (y, — X.B). The difference gaEB — 0, is written as

a

0, — 0, = {0:(8,9) — 0,} + {8,(¥) — 02(8, %)} + {0, — 0(¥)}.

Thus, the mean squared error matrix is decomposed as

MSEM(8. ")

= E[{6:(8,T) — 6,}{65(8. %) — 0.} 7] + E[{6.(¥) — 0:(8, )}{0.(¥) — 0;(5,¥)} ]
+ E[{0, " —0.(2)}0,  —8.(¥)}"] (3:3.1)
+ E[{0, "~ 0.(%)}{0a(®) — 0.} 7] + E[{0.(¥) — 0,}{6,  — 0, (T)}].

Because Ea(\y) —0:(8,¥) = —D, (¥ + Da)_lXa{B(\Il) — B}, the first two terms in (3.3.1)
can be easily evaluated as E[{0,(8,¥) — 0,}{0,(8,¥) — 0.}"] = G14(¥) and E[{0,(¥) —
0,(8,9)H{0.(¥) — 0;(8, %)} ] = G20 (¥), where

G1a(¥) :(‘I’il + Dgl)il =U(¥+ Da)ile

_ -1 T —1y1-1yT -1 (3.3.2)
Gou(P) =D, (¥ + D) ' X (X' (I, ¥ + D)X} 'X, (¥ +D,) 'D,.

For the third term and the last two terms in (3.3.1), define Gso(¥) and G, (¥) as

G30(0)
:%Da(\ll +D,)7! [ (¥ + D) ( + D) (¥ + D)
=1

+ i{tr (¥ + Dy)(® + D,) 1N ¥ + D) + m(k, — 3) ¥/ ?diag(®V/?(¥ + D,) ' ®'/2)w!/2
=1

+ Y (k: — 3)D}*diag(D}"* (¥ + Da)_lDil/Q)D.l/Q] (¥ + D,)"'D,, (3.3.3)
=1

and

Gia( W) = Dy (T + Da)*l{ — (1y — 3) 8 *diag(®'/*(¥ + D,) ' w/2)¥'2(¥ + D,)"' D,
m
+ (. — 3)DY2diag(DY*(® + D,) "' DY) DY2(w + Da)*l\Il}. (3.3.4)

Then, we can prove the following lemmas, where the proofs are given in the section 3.5.

42



Lemma 3.3.1 Under the assumptions (H1)-(H4), it holds thatE[{O - ( )}{0 ( 3] =
G, () + 0, (m™3/2).

Lemma 3.3.2 Under the assumptions (H1)-(H4), it holds that E[{EGEB - éa(ql)}{éa(@) -
0.}"] = G1a(®) + Op(m=3/2).

Let Gua(®) = Guo(¥) + {G4a(¥)}T. Combining (3.3.1), (3.3.2) and Lemmas 3.3.1 and
3.3.2, one gets the following theorem.

~EB
Theorem 3.3.1 Assume (H1)-(H4). Then, the mean squared error matriz of the EBLUP 6,
s approzimated as

MSEM(8. ) = G1a(®) + Ga(T) + Gsa(¥) + Gaa(®) + O(m~3/2). (3.3.5)

~EB
When v;’s and g;’s are normally distributed, the second-order approximation of MSEM(8, )
can be simplified as

1 —1 < —1
Gla(‘I’)+G2a(‘I’)+mD (¥ + D,) {;[\IHFD (¥ + D,)

+tr {(% + D)(¥ + Do) M| (¥ + D) (¥ + D) 7' D,

because Ky, = ke = 3.
We next obtain a second-order unbiased estimator of the mean squared error matrix of the

~EB ~EB
EBLUP 6, in (3.2.9). A naive estimator of MSEM(6, ) is the plug-in estimator of (3.3.5)
given by Gla(\/I\lJr) + GQa(‘/I\’Jr) + Gga(\ilJr) + G4a(‘/I\’+), but this has a second-order bias, because
E[Gla(\/I\l+)] = G14(P) + O(m~1). Thus, we need to correct the second-order bias. Let

G5q(¥) = —Do(¥ + D,) 'Biasg (¥)(¥ + D,) ' D,, (3.3.6)

where Biasg () is the bias of T given by

&l
Biasg () = | Bosen(¥) r &= o
0 for ¥ = ¥y,
for Biasg (¥) given in (3.2.7), because Biasg (¥) = O(m~1) and Biasg (¥) = O(m~=2).
In the following theorem, which will be proved in the section 3.5, we obtain the second-order

unbiased estimator given by

msem(@. ) = Gra(®") + Goa(T ) + 2G5, (T + Gua(@ 1) + G5 (T7). (3.3.7)

Theorem 3.3.2 Under the assumptions (H1)-(H4), it holds that E[Gla(\ier) + G3a(‘/I\’+) +
Gso(¥ )] = G1a(¥) + O(m~#/2), and
E[msem(6, )] = MSEM(8. ) + O(m~%2),

~EB ~FEB
namely, msem (0, ) is a second-order unbiased estimator of MSEM(6, ).
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Although G3,(¥) and G4,(¥) depend on the unknown kurtosis , of the distirbution of the
random effects, it can be shown that 2G3,(¥) + G4,(¥) is independent of «,. In fact,

2G3a(‘1’) + G4a(\I’)
%Da(@ + D) [i(ql +D;)(¥ + D,) " (¥ + D)
=1

+ i{tr (¥ + D) (¥ + D,) |} (¥ + D))

+ 3 (k. — 3)D}*diag(D{*(¥ + D,)'D}"*)D}"*| (¥ + D,) ' D,
=1

7 i i

Re —

°D,(¥ + D,)" DY/ diag(DY?(¥ + D,)"' DY*)DY*(¥ + D,)"'®
m

Ke — 3

_|_

_'_

U(¥ + D,) ' D}?diag(D}/?(® + D,)"'DY?)D)/*(¥ + D,) "' D,,,
m

which does not depend on k,. Thus, we do not have to estimate k, when we provide the
~EB ~EB

estimator msem(6, ). In other words, the estimator msem(6#, ) is the same form as in the
case that the random effects have the multivariate normal distribution, which imples that this
estimator is robust over distribution of random effects.

~EB

Corollary 3.3.1 The second-order unbiased estimator msem(6, ) is robust over any distribu-
tions of v;’s.

~EB
When v;’s and €;’s are normally distributed, the second-order unbiased estimator msem(80, )

. . . . =4 .
is given by replacing ¥ with ¥ in the expression

G1a(®) + Goo(¥) + %Da(\p + Da)—l{ i [(\Il + D;)(¥ + D)
=1

+tr {(¥ + D) (¥ + Da)‘l}Ik} (T + Di)}(\Il +D,)"'D,
— Dy(¥ + D,) 'Biasg (¥)(¥ + D,) ' D,,

because Kk, = k. = 3.

3.4 Simulation and Empirical Studies

3.4.1 Finite sample performances

We now investigate finite sample performances of a second-order unbiased estimator of the mean
~EB
squared error matrix of the EBLUP 6,  given in (3.3.7).

We treat the multivariate Fay-Herriot model (3.2.1) for & = 2 and m = 40. The design
matrix, X; is a k x 2k matrix, such that

o 1 Pl 0 0
XZ_(O 0 1 :Ei2>’
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where x;;’s are generated from the uniform distribution on (—1,1), which are fixed through the
simulation runs. As a setup of the covariance matrix W of the random effects, we consider

U = pipotpy + (1 — p)diag(hythg )

where 1, = (v/1.6,1/0.8)T and diag(A) denotes the diagonal matrix consisting of diagonal
elements of matrix A. Here, p is the correlation coefficient, and we handle the three cases
p = 0.2,0.4,0.6. The cases of negative correlations are omitted, because we observe the same
results with those of positive ones.

Concerning the dispersion matrices D;’s of sampling errors €;’s, we treat the two D;-patterns:
(a) 0.7I, 0.6, 0.51, 0.41, 0.3I; and (b) 2.01, 0.6I, 0.5, 0.41), 0.2I%. In the univariate Fay-
Herriot model, these cases are treated by Datta, et al. (2005). There are five groups G, ..., G5
corresponding to these D;-patterns, and there are eight small areas in each group, where the
sampling covariance matrices D; are the same for areas within the same group.

Concerning the underlying distributions for v; and €;, we consider three kinds of distribu-
tions, that is, multivariate normalized t distributions with degrees of freedom 5, multivariate
normalized chi-squared distributions with degrees of freedom 2 and multivariate normalized
lognormal distributions A(0, 1), which are denoted by M1, M2 and M3, respectively.

~EB ~ o~
We begin with obtaining the true mean squared error matrices of the EBLUP 8, = Ga(\Il+)
by simulation. Let {ygr),i = 1,...,m} be the simulated data in the r-th replication for r =

~ ~EB ~ ~EB
.,R with R = 100,000. Let 6, 8 (®) and 8. """ be the values of 04, O,(¥) and 0.
in the r-th replication. Then the simulated value of the true mean squared error matrices is

calculated by

AEB(r) (7”)

MSEM(0.") = G1a(®) + G (¥) + R~ 12{0’53“ 0 (w)}0, V)T

Ar)

R R
+ RS0 8 (e (w) - 00y T+ RS (8 () - 001 eL " — 8 (w)) T
=1 =1

To measure performances of a second-order unbiased estimator of the MESM of Ea , we
~EB
obtain the Frobenius risk of a second-order unbiased estimator of the MESM of 8,  with and
without the normal assumption for v; and ; by simulation. A second-order unbiased estimator
~EB
of the MESM of 6,  with the normal assumption is the same with (3.3.7), but &, and k. are
eaqual to 0.
~EB(r*
Let 6, ) be the EBLUP for the ath area in the r*-th replication for r* =1,..., R* with
R* =10,000. The simulated Frobenius risk of a second-order unbiased estimator of the MESM
~EB
of 8, is calculated by

~EB(r*)

R* X
R*! Z tr (msem(@fB(T )) - MSEM(afB)) (msem(ea ) — MSEM(@QEB)>T,

~EB ~EB
where MSEM(OaE ) is a simulated true MESM of OaE
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Tables 3.1 and 3.2 report the simulated Frobenius risks of a second-order unbiased estimator
of the MESM for D;-patterns: (a) and (b), respectively. The simulated Frobenius risk of a
second-order unbiased estimator of the MESM with a normality assumption is displayed in
parenthesis.

It can be seen that for almost all the cases, the frobenius risks of the MSEM estimator
without a normality assumption are smaller than those with a normality assumption. For the
stable sampling error variances, that is, D;-patterns: (a), there is a littele difference between
the simulated Frobenius risk with and without a normality assumption for all p patterns and
for all area groups when the underlying distribution of random effects and sampling errors
are t distributions. On the other hand, when the underlying distribution of random effects
and sampling errors have long tails, especially they are log-normal distributions, there are well-
marked improvements for the second-order unbiased estimator of the MESM without a normality
assumption. This is because kurtosis of the distribution which have long tails tend to be large
and there is large difference between the second-order unbiased estimator of the MESM with
and without a normality assumption.

When sampling error variances for some area groups are extremely large, that is, for D;-
patterns: (b), the results are similar to for that is, D;-patterns: (a). In this case, however, the
values of risks of the MESM estimator are larger especially for the area groups with an extremely
large and extremely small sampling variance, and there are considerable improvements for the
second-order unbiased estimator of the MESM without a normality assumption for all disribution
patterns. Then, we can say that a second-order unbiased estimator of the mean squared error

~EB
matrix of @, given in (3.3.7) have robustness for specifying the distribtions of random effects
and samplin errors.

t chi-square Log-normal
P 0.2 0.4 0.6 0.2 0.4 0.6 0.2 0.4 0.6
G,y 0.115 0.126 0.137 0.171 0.187 0.208 0.789 0.633 0.536
(0.137) (0.146) (0.167) (0.177) (0.193) (0.216) (1.202) (1.037) (0.912)
Gy 0.076 0.083 0.087 0.115 0.126 0.143 0.263 0.281 0.272
(0.098) (0.102) (0.109) (0.119) (0.132) (0.150) (0.540) (0.577) (0.572)
Gs  0.046 0.055 0.051 0.075 0.088 0.081 0.119 0.386 0.119
(0.064) (0.078) (0.065) (0.080) (0.093) (0.087) (0.346) (0.695) (0.317)
Gy 0.018 0.022 0.022 0.037 0.042 0.041 0.025 0.030 0.024
(0.049) (0.052) (0.056) (0.057) (0.075) (0.074) (0.045) (0.062) (0.047)
Gs  0.007 0.006 0.010 0.013 0.014 0.013 0.040 0.033 0.039
(0.039) (0.028) (0.030) (0.026) (0.025) (0.027) (0.023) (0.035) (0.077)

Table 3.1: Frobenius risk of estimator of MSEM with D;-patterns: (a). Values in parenthesis
are the risk of estimator of MSEM multiplied by 10 under normality assumption.

3.4.2 Illustrative example

Data from the 2016 Survey of Family Income and Expenditure in Japan, which is based on
two or more person households (excluding agricultural, forestry and fisheries households) can be
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t chi-square Log-normal
p 0.2 0.4 0.6 0.2 0.4 0.6 0.2 0.4 0.6
Gy 1.397 1.341 1.392 1.796 1.833 1.604 9375  4.752 4.180
(1.571) (1.450) (1.651) (1.835) (1.874) (1.632) (12.24) (6.603) (5.907)
G2 0.039  0.042 0.071 0.082 0.092 0.078  0.141 0.180  0.298
(0.082) (0.078) (0.075) (0.097) (0.112) (0.090) (0.423) (0.374) (0.969)
Gz 0.021 0.033 0.087  0.035 0.034  0.041 0.834  0.558  0.845
(0.037) (0.033) (0.037) (0.046) (0.043) (0.046) (0.082) (0.142) (0.077)
G4 0.043  0.073 0.173  0.014  0.015 0.030 1.529 1.450 1.649
(0.107) (0.156) (0.297) (0.066) (0.059) (0.095) (1.801) (1.815) (1.973)
Gs 0339  0.534 1.182 0.174  0.279 0.512 10.82 9.075 11.27
(0.417) (0.655) (1.437) (0.246) (0.379) (0.702) (11.91) (10.05) (12.52)

Table 3.2: Frobenius risk of estimator of MSEM with D;-patterns: (b). Values in parenthesis
are the risk of estimator of MSEM multiplied by 10 under normality assumption.

obtained and we apply these data to the multivariate Fay-Herriot model (3.2.1) for illustration.
The 47 Japanese prefectural capitals are the target domains, and these are divided into 10
regions: Hokkaido, Tohoku, Kanto, Hokuriku, Tokai, Kinki, Chugoku, Shikoku, Kyushu and
Okinawa. FEach region consists of several prefectures except Hokkaido and Okinawa, which
consist of one prefecture.

In this study, the reported data of the yearly averaged monthly spendings on ‘Education’
and ‘ Cultural-amusement’ per worker’s household, scaled by 1,000 Yen, at each capital city of
47 prefectures are observed as (yﬂ,yig)—r. In addition, we use the data in the 2014 National
Survey of Family Income and Expenditure. The average spending data in this survey are more
reliable than the Survey of Family Income and Expenditure since the sample sizes are much
larger. However, this survey is conducted only once in every five years. As auxiliary variables,
we use the data of the average spendings on ‘Education’ and ¢ Cultural-amusement’, which is
denoted by EDU; and CUL;, respectively. Then the regressor in the model (3.2.1) is

1 EDU; 0 0
Xi_(o 0 lCULZ->'

We assume that the sampling covariance matrix D; of the i-th region are the same for prefectures
within the same region. Then, these matrices D; for ¢ = 1,...,10 are estimated by data of
yearly averaged monthly spendings on ‘Education’ and ¢ Cultural-amusement’ in the past ten
years (2006-2015), that is, D; is given as the average of the sampling covariance matrices of
prefectures within the i-th region.

Kurtosis k. of sampling errors is estimated by sample kurtosis after standardizing data of
yearly averaged monthly spendings on ‘Education’ and ¢ Cultural-amusement’ in the past ten
years (2006-2015) by sampling covariance matrices Dy,..., Djo. Then, we obtain k. = 4.70.
The estimates of the covariance matrix ¥ and the correlation coefficient p is

& <8.98 3.19

~ \3.19 10.83) and  p = 0.32.
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The estimates of the regression coefficients are B = (4.49,0.82,12.16,0.65) .

The values of direct estimate and EBLUP of spendings on ‘Education’ and ¢ Cultural-
amusement’ are reported in Table 3.3. We pick up one prefecture from each region: Hokakido,
Fukushima, Tokyo, Nigata, Aichi, Osaka, Hiroshima, kochi, Fukuoka and Okinawa.

direct estimator (EDU) EBLUP (EDU) direct estimator (CUL) EBLUP (CUL)

Hokkaido 15.1 15.0 31.5 30.7
Fukushima 13.3 12.7 29.9 29.0
Tokyo 32.5 31.9 41.8 40.6
Nigata 15.4 15.5 28.4 29.7
Aichi 20.2 20.6 30.9 30.6
Osaka 22.8 22.5 29.4 30.1
Hiroshima 19.4 18.7 30.7 30.4
Kochi 27.2 26.3 31.1 30.6
Fukuoka 13.5 13.8 28.0 28.1
Okinawa, 13.2 13.3 19.4 20.2

Table 3.3: Direct estimates and EBLUP (1,000yen)

The uncertainty of EBLUP is provided by the second-order unbiased estimator of MSEM
of EBLUP. Table 3.4 and 3.5 report the estimates of MSEM averaged over prefectures within
each region for 10 regions with and without a normality assumption. It can be seen that the
estimates of MSEM with a normality assumption slightly under estimate the risk of EBLUP
than those without a normality assumption.

Hokkaido Tohoku Kanto Hokuriku Tokai
0.51 0.73 3.20 2.20 1.00 0.30 0.96 0.58 1.37 0.64
{ 0.73 3.84 ] [ 2.20 3.41 ] [ 0.30 2.46 } [ 0.58 4.78 ] { 0.64 1.78 ]
Kinki Chugoku Shikoku Kyushu Okinawa
0.95 —0.04 1.47 0.29 4.23 0.88 0.99 0.65 3.02 0.78
[ —0.04 2.82 } [ 0.29 2.57 ] [ 0.88 3.53 } [ 0.65 1.74 ] { 0.78 1.68 ]

~EB
Table 3.4: Estimates of the mean squared error matrices of 6, without a normality assumption.

Hokkaido Tohoku Kanto Hokuriku Tokai
0.51 0.71 3.12 2.13 0.99 0.30 0.96 0.56 1.36 0.63
[ 0.71 3.73 ] [ 2.13 3.33 ] [ 0.30 2.42 } [ 0.56 4.60 ] { 0.63 1.76 ]
Kinki Chugoku Shikoku Kyushu Okinawa
0.94 —-0.03 1.46 0.29 4.05 0.86 0.99 0.64 2.94 0.77
[ —-0.03 2.76 } [ 0.29 2.53 ] [ 0.86 3.44 } [ 0.64 1.73 ] { 0.77 1.67 ]

~EB
Table 3.5: Estimates of the mean squared error matrices of 6,  with a normality assumption.

48



3.5 Proofs

Proof of Theorem 3.2.1

We begin by writing \TJO — W as
‘/I}O_‘Il:%Z{('yi_Xiﬁ)(yi_Xi/B)T_(‘Il+Di)}+%ZXi(B_ﬁ)(B_ﬁ)TX;r
' i=1
——Z - X,8)(B-8)" X - ZXB B)(y; — X:i8),

which yields the bias given in (3.2.7). It is easy to check that the bias is of order O(m™1!).

For (2), it is noted that ¥ — ¥ is approximated as

U= {(y; = XiB)(y; — XiB)" — (¥ + Dy)} + Op(m™ ")

3=

1

-
Il

I
3=
NSE

{wiu; — (¥ + D;)} +Op(m™1), (3.5.1)

-
Il

where u; = y; — X3, having Ni(0,¥ + D;). Tt is here noted that (u;u; — (¥ + D;))/m
for i = 1,...,m are mutually independent and E(uZ —(¥+ D;))/m=0fori=1,...,m
Then the con81stency follows because >, E(u;u, (\Il + D;))?/m?* = S (2(¥ + D;)? +
tr (¥ + D;)I;)/m? = O(m~!) under condition (H ) Using condition (H2) and the finiteness of
moments of normal random variables, we can show that \/ﬁ(\il — W) converges to a multivariate
normal distribution, which implies that I Op(mfl/ 2).

We next verify that 3(¥) — 8 = 0,(m~1/%). Note that B(¥) — B is decomposed as {B(¥) —
B(W)} + {B(¥) — B}. For B(¥) — B, it is noted that

Bw) - B={ > XI(®+D)'X.} Y. X[ (¥+ D)y, ~ By, (3.5.2)
i=1 =1
Then, Var(B(®) ~ 8) = { T, X] (@ + D)7 X} = O(1/m) and this implies B(®) — 3 =
O,(m~1/%). We next evaluate B(¥) — B(¥) as

m m

= X (¥ i)ilXi}_linTO/I}‘i‘Di)ily

1 i=1

3> x] (v + D)™ i}flzxj(qui)—ly

m m
i—1 =1

m

f:X X} ZXI{ D)™ (¥ + D)}y,
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+[{ ixj(@ + Di)—lxi}_1 -{ Emjxj(xp + Di)—lx,-}_l] f: X[ (¥ +D;) 'y
=1

=1 =1

First, I is written as
I {ZXT (¥ + D) } ZXT LT~ )T+ D)y, (3.5.4)

which is of order O,(m~'/2), because 1", X (¥ + D)X, = Op(m) and Y /", X (v +
D)"Y(® — ¥)(¥ + D;)" 'y, = O,(m'/?). Next, I is rewritten as
" ~ -1 -
I = — { SOXT (T + Di)_lXZ} ZXI{(\I/ + D)7t — (W + Di)_l}X,;
= i=1

x{ixj(xxwpi) } ZXTfo+D)
=1

3

:{ ixj(@ + Di)—lxi}* Z X/ (¥ + D)~ (¥ - ©)(¥ + D;)" X
X { i X (@ + Di)_lXZ}_l i X/ (¥ + D)y, (3.5.5)
i=1 =1

which is also of order O,(m~'/2), because > 7", X/ (¥ +D)'X; =0 p(m), ST X (®
D) (T -)(T+D;) ' X; = 0,(m/?), 3" X (®+D;)"' X; = O(m) and 7", XI(
D;) 'y; = O,(m). Thus, we have 3(¥) — B(¥) = O,(m~/?), and it is concluded that B(¥) —
B = 0p(m~1/?).

For (3), let A, ..., A\ be eigenvalues of \i', and let A1,..., \; be eigenvalues of ¥. Then, for
j=1,...k

P(j <0) =P =X < =X) = P(=(A; = A;) > X)) < P(Vm(Xj = X)) > vVmy).

Note that A; > 0. It follows from the Markov inequality that for any K > 0,

re»

~ m N — A\ 2K
PV, 3| > Vi) < SV — on-r,

because the 4K-th moments exist and \; — \j = O,(m~'/?) from T 0= O,(m=1/2). O

3.5.1 Proof of Lemma 3.3.1

. .. . . . . = . =
From (2) in Theorem 3.2.1, it is sufficient to show this approximation for ¥ instead of ¥ . It
is observed that

8, — 0,(¥) =Do{(¥ + D)™ — (¥ + Do) "} (y, -~ XuB) + Du(¥ + Do) X {B(T) - B}

- Da(‘Il + Da)_IXa{//B\(\II) - l@}
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Using the equation
(T + D) ' = (¥4 D) — (¥4 D) (¥ - ®)(¥+D,)" ", (3.5.6)
we can see that
D {(¥ +D,)"" = (¥ + Do) '}y, — XB)
@+ D,) (y, — XaB)
W+ Do) (y, — Xaf) + Op(m™1)
and
D, (¥ + D,) ' X.{B(¥) - B}
=Dy (¥ + D,) "' X o{B(¥) — B} — Do(¥ + Do) (¥ — ¥)(¥ + D,) "' X, {B(¥) — 8}
v

=D, (¥ + D,) "' Xo{B(¥) — B} + Op(m™).

Thus, we have

0, —8,(%) =Dy(¥ + D,) " (¥ — )(¥ + D) (y, — Xu)

+ Do(¥ + Do) "' X, {B(¥) — B(¥)} + Op(m ")
=1+ I+ Oy(m™"). (say)
For I, it is noted that
B(¥) - B(¥)
[ x@ ) 0} - {Exgw ) x) ]
j=1

Jj=1

X ZXZT(‘T’ + D) (y; — XiB)

i=1
A0 ) X {@ 0 - @ D) - X
j=1 i=1

=11 + I2.
We can evaluate Iy as
m -1 ~ ~ ~
Iy ={ > X](w+ D) X;} {3 XT(@+ D) (% - )@+ D)X HB(E) - 8}
j=1 i=1
:Op(mil)a
because 327" X[ (¥ + D;)"'X; = O(m), Y0 X (¥ + D) Y(¥ — ®)(¥ + D;)"'X; =
1

O,(m!/?) and B(¥) — B = O,(m~1/2) from Theorem 1 (2). We next estimate oy as

Iyy = — {]zm;X]T(\II +Dj)—1Xj}1{lZ:X:A(\Tl,Di)X¢}

{ZXTA\IID i} iXT y; — XiB)

=1 =1

51



for A(¥,D;) = (¥ + D;)" (¥ — ®)(¥ + D;)"L. It can be seen that Iy = Op(m™1) from the
same arguments as in Io;. Thus, it follows that I, = Op(m_l).

Then, we only need to evaluate E[I1I]] for the approximation of E [{/H\GEB ( )}{9
0@(‘11)}—'—]' Let Jp :E[(‘I’:‘Il)(‘l’+Da)_1(ya_Xaﬂ)(ya_Xa/B)T(‘I’+D ) (‘I’ ‘I’)]
is noted from (3.5.1) that ¥ — W is approximated as

V- Tlni {(vi +e)(vi+e)" — (¥ + D)} +0,(m™),

which is used to evaluate
1 m m
Ji=—3 Z Z b [{(vl +e)(vite) —(¥+D)HP +D,) " (va+€a)(va+€0) (¥ +Dy) "

m? £ <
=1 j=1

< {(v; +)(v; +€)7 = (¥ + D)} |+ O(m™?)

:# i B|{(v: + &) (vi + &) — (¥ + D)H® + Do)~ (v + £a)(va + ) (¥ + D) ™!
=1

x {(vi +e)(vi+e) — (¥4 D)}| +0(m?)

E{(vi+e)(vit+e) —(T+D)H¥+D,) (v +e&)(vi+e) — (¥+D;)}
m2

i#a

—I—O( —3/2)

-— Ly {B|i+e)wi+e) (¥ + Do) (v + &)(vi + &)
i#a

— (T + D;)(¥ + D) (T + Di)} +O(m™3/?).

The second equality follows since E [{('vZ +e)(wite) —(T+D)HT+Dy) vy +ea)(va+
g0) (T + Do) H(vj+ej)(vj+e) — (T + Dj)}} = 0 for ¢ # j, and the third equality follows

since the term for i = a in the summation is of order O(m~2). For i # a,
B (v + e)(vi+ )T (¥ + D)™ (w3 + &) (i +€) |
—E[vv(\Il—l—D) vv; + 200 (¥ + D,) leie] + 28] (¥ + D) tov]
+ e, (O + D,) tvie] +vie] (¥4 D,) lev] +eie] (¥ + D) leie] |
We evaluate E[v;v] (¥ + D,) 'v;v] and Ele;e] (¥ + D,) ;e ]. We can write
Elvv] (¥ + Da)flvi'v?] = O2Euu] OY2(® 4+ D,) " 0V 200, |92,

The (a, d)-element of E[u;u; Bu;u; ] for some symmetric matrix B is > e Eltiauip Bocuictidl,
where By, is the (b, ¢)-element of B Since u; ~ (0, I,,), we only need to evaluate four cases;
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WNa=b=c=d,(2)a=d,b=canda#0b, (3)a=bc=dand a#c, and (4) a=c,b=d
and a # b. For the case (1), we have

Z E[uiauibBbcuicuid] - E[u?aBaa] - "QUBaa
b,c

For the case (2), we have

Z Eluiquip Bpetictiq) = Z Eu2,u? By = Z By, — Baa.
b,c b#a b

These imply that the diagonal elements of E[w;u; Bu;u; | is those of (k, — 1)B + tr (B)I,.
For the case (3), we have

> " EluiquipBoctiictiiq) = Eluf,u?Bag) = Bag.
b,c

For the case (4), we have

Z Eluiquip Byetiictia) = Elug,uiyBad] = Bad.
b,c

These imply that the off-diagonal elements of E[u;u, Bu;u; ] is those of 2B. Hence, we have
Elusu, Buju; | = (k, — 1)diagB + tr (B)I + 2(B — diagB) = (ky — 3)diagB + 2B + tr (B)I,,.
Therefore,

E[vifuiT(‘Il + Da)_lvi'uiT]

=(ky — 3) ¥ 2diag(PV2(® + D,) WY W/2 4 2%(® + D,) "' + tr (¥(¥ 4+ D,) ).
In the same way, we have
Eleie] (¥ + D,) 'ee] ]
=(k. — 3)D}*diag(D}*(¥ + D,) "' D/*)D!* + 2D;(¥ + D,) ' D; + tr (D;(¥ + D,) ") D;.
Hence, for i # a,
E[('vl +&)(vi+€) (T + Do) (v; +€i)(v; + Ez’)T}
—E['uv (¥ + D,) 'vw, + 200 (¥ + D,) teie) + 268 (¥4 D) low]

+ev; (O + D,) tve] +vie] (¥ + D) teiv] +eief (¥ +D,)7! ZT]
=(ky — 3) W 2diag(®V/2(¥ + D,) 'Y ®Y2 4 20(¥ 4+ D,) ' + tr (¥(¥ + D,) ¥

+ 4% (¥ + D,)"'D; + tr (¥(¥ 4+ D,) " )D; + tr (D;(¥ + D,) ™" ¥

+ (ke — 3)D}*diag(D;*(¥ + D,) "' D}*)D!* 4+ 2D;(¥ + D,) "' D; + tr (D;(¥ + D,) ") D;
=2(¥ + D;)(¥ + D,)" (¥ + D;) + tr (¥ + D;)(¥ + D,) ") (¥ + D))

+ (ky — 3) 8 2diag(®/2(¥ + D,) "' W/2)W'/2 1 (k. — 3) D} *diag(D*(¥ + D,) "' D;/*)D}"*

1
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Hence, we have
1 m
h=—s> [(\1: 4+ D) (¥ + D) ¥ + D;) + tr (¥ + D;)(¥ + Do)~ )(¥ + D;)
=1

+ (K — 3) 0 2diag(®V/2(W + D,) ' W/2)W'/2 1 (k. — 3) D *diag(D*(¥ + D,)"'D;/*)D}"*

i i i

+0(m™=?),
which leads to the expression in (3.3.3) by multipling .JJ; by Do(% + D,)~! and (¥ + D,)"'D,
from left and right sides, respectively. O

3.5.2 Proof of Lemma 3.3.2

We can decompose

E{8,  — 0a(9)}{6.() - 0,}7]
—E[{8," — 0.(9)}{0,(®) — 0} ] + E[{0, " — 8,(®)}{0; — 0.} 1. (3.5.7)

Since ga(\I') — 0% = O(m~'/?), using the statement in the proof of Lemma 3.3.1, the first term
in (3.5.7) can be written as

B8, —0a(9)}{6.(®) - 0:}7]

== Dy(¥ + Do) ' E[(& — ®)(¥ + Do)}y, - XuB){B(®) — B} | X] (¥ + Du) ™ Dy + O(m~/2).
In the same way, we have

B|(% - ®)(¥ + Do)~ (y, - X.8){B(¥) - 8}

:;iiE[{@i +e)(vi+ &) = (¥ + D)HE + Do) (v, + €a) (v + €)'
i=1 j=1

X X; (XTI, @ ¥+ D)X T)"L 4 O(m™3/?)

:%E {(va + ) (v + €0)" = (¥ + Do)} + Do)~ (va + €0) (v + €0) |
X Xo(X(I, @ ® +D) ' XT)™t 4+ 0(m™3/?)
=0(m™*/?),

~

since the expectation is zero for i # a or j # a. Hence, we have E[{GfB - Ea(\y)}{@a(\p) -
0.}]=0(m™7?).
Next, we evaluate the second term in (3.5.7). It is noted that
0 —0,=—v,(¥+D,) 'D,+¢e)(¥+D,) ¥ =0(1)
and

~EB
0

a

— 0,(T)
=D {(¥ + D)™ = (¥ + Do) '}y, — XuB) + Du(¥ + D,) "' X {B(P) - B}

N (3.5.8)
- Da(‘I’ + Da)_IXa{ﬂ(lIl) - /6}
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We evaluate the expectation of the product of 8, — 6, and the first term in (3.5.8), namely
D,E[{(¥ + Do)t — (¥ + D,) "}y, — XoB){6: — 6,}T]. Using the equation,

(T+D,)"' = (¥ + D)
=(¥ + D,)" (¥ — ¥)(¥ + D,) "
— (¥ +D,) (T — B)(¥ + Do) (¥ - ©)(T +D,) "+ 0(m /),
this can be written as
Dy(¥ + Do) { E[(¥ - 9)(¥ + Do)y, — X.B){6; — 0.}
E[(% — )( + D,)(¥ - ©)(¥ + Do) (y, — XaB){0; — 0.} | } + O(m /%) (35.9)

=D (¥ + D,) (K1 + K2) + O(m™%/?). (say)

Recall that

bow-t i = Xy = X — (D)) ZX B-B)B-B)X]

Z - X:B)(B-8)"X] - ZXBﬂ XiB)".

(3.5.10)
We can write K1 = K11 + K12 + K13 + K14, where

K= B[{ 3 (i~ XiB)(, ~ Xi8) ~ (¥ + D)} + Do) (y, ~ XaB){6: 0},
=1
Kiy=FE [% > Xi(B-B)(B-B)X] (¥ +Dy) " (y, — XB){0; — 0.},
i=1

Kis= B[ 3y, XiB)(B ~ B) X[ (3, ~ XuB){6; — 0.)],

i=1
and

KM:—E[;i Xi(B-B)(y; — XiB) (¥ + Do) (y, — XuB){0; — 0.} |
K1 can be written as .
Kip=— ZE[ v; + €)W + ) — (¥ + D) T + Do)~ (va + €4)
x {—v] (¥ +D,)"'D, + el (T + D,)~ 1\11}}
:iE[{@a ) (Ve +€0)T — (U + D)} + Do) (00 + €0)
x {~v] (¥ + D,) "Dy + €] (¥ + Dy)~ 1\1:}}

:EE[('UG—F%)('U@+sa)T(\Il+Da) H(va + ) {~v] (@ + D) ' Dy + & (¥ + D) WY
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since the expectation is zero for i # a. Using the results from Lemma 3.3.1, the first term in
the last eqation is

—%E{(va +€0)(Va +€a) (¥ + Do) N, +€0)v } (¥ +D,) 'D,
:—%E[vav (¥ + D,) v 4 2e.e) (¥ + D) ww] +vee! (¥ +D,) e |(¥+D,) 1D,
=— %{(/{U — 3)W'2diag(¥Y/%(¥ + D,) ' w2 W2 4 2W(¥ + D,) "' W + tr (¥ (¥ + D,)" 1) ®
+2D4(¥ + Do) + tr (Do(¥ + Do) ™) ® }(¥ + D,) 7' D,
and the second term is

L[ (0t €0) (wa + ) (¥ + Do) v, + e)e] | (8 + D)

m
1

:—EE{EQF: (T + Dy) Leqel +20,0] (¥ + Do) tewe] +eqv] (¥ + Do) vee, | (T + D,) 1w
1

=— —{(na — 3)D}/*diag(D}/*(¥ + D,) ' D}/*)D}/* + 2D, (¥ + Do) ' Dy + tr (Do(¥ + D,) ') D,
m

Y 2W(W + D) 'D, + tr (U(T + Da)*l)Da}(\Il + D).

Thus, we have

K =— i(mv — 3)¥'2diag(®/%(¥ + D,) "'/ w/2(® + D,)"' D,
m
1

+ — (ke — 3)D}/*diag(D,/*(¥ + D,) ' D}/*)D}/*(® + D,) "' .
m

K15 can be written as

m m m

Kz *ZZZE[ (XTX) 7' X T (v +€) (v + 1) X(XTX) X (T +Dy)Hvg + ea)
=1 j=1 k=1

¥ {~v] (¥ + D,)"'D, + el (¥ + D,)~ 1\1:}}
;i [ (X TX)TIX T (v, +€0)(Wa + €)' X(XTX)IX] (O + D) H(va +€4)
% {—v] (U + D,)"'D, + €] (¥ + D,)~ 1\1/}}

=0(m™?),

The third equality follows since for j # a or k # a, the expectation is zero, and the last equality
follows since X ' X = O(m). For the same reason, K3 can be written as

1 m m B B
Kig=— 3" F [('vi te)(w+6) X(X X)X (T + Do) (v + €4)
i=1 j=1

x {—v) (¥ +D,)'D, +¢! (¥ +D,) ¥}

:EE [(va tea)(We +e) T (XTX) XX (@ 4+ Do) Hva + €4)
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x {~v) (¥ + Do) ' Dy + ) (¥ + D,) "' ¥}
=0(m™?).
Similarly, K14 is of order O(m~2). Hence, we have
D,(¥ + D,) 'E[K}]
:%Da(\ll + Da)—l{ — (ky — 3) 8P diag(¥/2(¥ + D) ' /) W2(® + D,) ' D,

+ (e — 3) DY/ diag(DYX(¥ + D) ' DY) DY*(W + D) "W} + O(m ™)

Next, we evaluate Ko, which can be written as by (3.5.10)

m

Ko =E[{ 3 {(w ~ XiB)wi — Xif)T — (@ + D)} + > Xi(B-B)(B - 8) X]

i=1 =1

To evaluate the order of Ko, we need to evaluate the following expectations,

Kot = E[ 5 > {(yi = XiB)(y; - XiB)| ~ (¥ + D))(¥ + D,)
x>y~ X,8)(y; ~ X,;8)" (¥ + D)) Ky, — XaB)1{0; — 0a}7 |,

j=1

Ko = B[S (g~ XiB) i — Xi8)| — (¥ + D)} (¥ + D)
=1
<Y X;(B-B)(B-B)X] (y,— XB){0; — 0.} |,

j=1

3

Koo = B[ S {(y, — Xif)(y, — Xi0)| — (¥ + D)W + D,)
i=1

(y; — X;8)(B-B) X/ (y, — XaB){0; — 0.},

-
Il

s

I
—_

X
J
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K= 5 3N B[XiB - BB~ 8)TX] (¥ + D)X, (B -8B~ B) X]

i=1 j=1

X (¥ + Do)y, — XaB){0; — ea}T

Kos=—5 3 3 > E|X;(B-8)(B-B) X/ (¥+D,)

j=1k=1

1
% (yx = XiB)(B — B) X[ (¥ + Do) (y, — X.B){0; — 0.} .

and

Koo = —3 3" S B[Xu(B~ B)(y — X:8)T (¥ + D,)
i=1 j=1

1
x (y; — X;8)(B - B)"X] (¥ + D,)(y, — Xa08){0; — ea}T] .

K51 can be written as

Koy =— Z;Z;E{ vi+e)(vi+e) — (¥ +D)H¥+ Do){(vj+¢;)(v;+¢;)" — (¥+ D;)}

X (@ + Do) (4, — XaB){~v] (¥ + Do) Dy + &1 (¥ + D)~ 0}
:#E[{(va—i—sa)(va—ksa) (T + D)} + Do){(va + €)(va + €a) " — (¥ + D)}
< (¥ + D) (y, — XaB){—v] (T + D) D, + €] (¥ + D,)~ 1\1:}}
—0(m™?),

since the expectation is zero for ¢ # a or j # a. Koo can be written as
1 m m . .
Ky =—; ZZ {(vi+ )i+ )" — (¥ + D)H® + Do) X,(8 - B)(B- B X]

X (¥ + Da)(yy — Xaf){~v, (¥ +Da) ' Do+ €, (¥ +D,) "' ¥}

;iiiz [ (vite)(vite) —(T+D)HT+ D)X (X "X) ' X" (vg +ex)
i=1 j=1 k=1 (=1

< (v +e) X(XTX) ' X[ (¥4 Do) (va + €a){—vy (¥ + Do) 'Do+e) (¥ + D,)~ 1\11}]
:% iiE[{(va + €a)(va + sa)T — (U + D)} (P + Da)Xj(XTX)_IXT(Uk +ep) (v + Ek)T
=1 k=1

x X(XTX) "X (¥ + D,)(va + €a){—v. (¥ + D,) "D, +¢] (¥ + D,)" 1\1'}}
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Z% Emj E [{(va +ea)(Vatea) — (¥ +Dy)H¥+ D)X ;(X"X) ' X" (¥ + Dy)
j=1k#a

X X(XTX) 7 X] (@ + Do) (va + €a){~0] (¥ + Do) ' Do + ] (¥ + Do) ¥} | + O(m™

=0(m™?),

since the expectation is zero for i # a or k # £ and (XX ")~ = O(m™"). Ks3 can be written
as

KQ?,:T}L ZZE[ {(wi+e)(wi+e)" — (T +D)}(T + Dy)(vj+e;)(B-8) X/
=1 j=1

X (¥ 4+ Dy)(vy +eo){—v, (¥ + D,) ‘D, +¢) (¥ +D,) 1w}

:# 3 ZZE[{(W +e)(vit+e) — (¥4 D)+ D,)(vj+ej) (v, +e)"

i=1 j=1 k=1
x X(X X)X ] (¥ + D,)(va + €4){—v] (¥ + D,)"'D, + &) (¥ + D,) 1@}}
= B[{(wa + €0 (wa +€0) T~ (¥ + DHP + Do) (v +€0) (w0 +20) "
X X(XTX) ' XT (O + Do) (va + €0){—v] (¥ + Do) ' D, + €] (¥ + D)~ 1\11}}

+— ZE[ Vo + €0)(Va + €4) T — (¥ + D) N + D,)(¥ + D))
Jj#a

x X(XTX) "X (¥ + D,)(va +ea){—v] (¥ + D,) "D, +¢] (¥ + D,)" 1\1:}}
=0(m™?),

since the expeqtation is zero for i # a and X X T = O(m). Ky4 can be written as

1 m m m m m m B
39S ZZE[ (XXX 0 )l + o) XXX
i=1 j=1 k=1 =1 p=1 g=1

E

X)~ X7 (vp + &p)(vg + Eq)TX(XTX)_lX;r(‘I’ + D) (va + €4a)

x (¥ + D,
i D)lD +es(®+D,) W

x {—v, (¥

_l’_

If all £, [, p and ¢ are not equal to a, the expectation is zero, and these terms in the summation
vanish. If one of k, [, p and ¢ is equal to a, the expectation is zero unless the others, which are
not equal to a are the same, which implies these terms in the summation are of order O(m=3)
since XX = O(m). If two of k, [, p and ¢ are equal to a, the expectation is zero unless the
others, which are not equal to a are the same, which implies these terms in the summation are
of order O(m™3) since X ' X = O(m). If three of k, [, p and ¢ are equal to a, the expectation is
zero, and these terms in the summation vanish. If all k, [, p and ¢ are equal to a, this term is
of order O(m~*) since X' X = O(m). Then, the above equation is of order O(m=2). Kys and
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Kog can be written as

o Z%ZZZZZZE[XAXTX) X )+ )T XXX X (4 D)o )
i=1 j=1 k=1 l=1 p=1g=1
x (Vg +eg) X(XTX) ' X] (¥ + Do) (va + €){—v, (¥ + Do) "' D, + €] (& + D)~ 1@}}

and
1 m m m m B
Kas=—3 533" E[Xi(XTX) LX T (vg, + e)(vi + &) (¥ + D) (v + ;) (v, + )7
i=1 j=1 k=1 I=1

x X(XTX) ' X] (¥ + Dy)(va + €a){—v, (¥ + D,) "D, +e] (¥ +D,)" 1\11}].

These are of order O(m~3) for the similar reason for Kay. Hence, Ky is of order O(m=3/2).

Next, we evaluate the expectation of the product of 0) — 0, and the second term in (3.5.8),
namely D E[(¥ + D,) ' X {B(¥) — B}{6: — 0,1 T]. We can write

E[(¥ + D)™ Xo{B(¥) - BHO; — 6.} 7]
=B[(¥ + D,) "' X {B(¥) - B(¥){6; — 0.} "] + E[(¥ + D,) ' Xo{B(®) — BHO; — 04} ]
=(¥ + Do) XoE[{B(¥) — B(L)HO; — 0.} 7] + (¥ + Do) ' X E[{B(T) - BHO, — 04} 7]
— (¥ + D) E[(¥ — ®)(¥ + Do) X {B(®) - BHO, — 0} ]+ O(m™2),
(3.5.11)

since El(\/I\l) - ,B(\Il) =0(m™), B(‘I’) —B=0(m?) and ¥ — ¥ = O(m~/2). Recall that
v

x i X] (% + D) \(y; - X:B) (3.5.12)

The first term of (3.5.12) can be approximated as

[{ inT(‘i’ + Dj)_lXj}il - {inT(‘I’ + Dj)_lXj}il] inT(‘i’ +D;) Ny, — XiB)
=1

]:]_ =1

<
3
—
.
[
N

X {Z:XZ-T(\THLDZ-)AXZ}_1 iXiT(‘/I}'FDi)il(yi - XiB)
=1 ;
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Ms

{ix (¥ + D) } {

]:]_ =1

X (0 + D) N(F - \I')(\IH—Di)_lXi}

3

X{ZXZT\II+D } {ixj\p+p (\1:—\11)(\11+Di)—1xi}
i=1

X { ZXI(\I’ + Di)—lX,} ZXZT(\IJ + D) Ny, — XiB) + O(m~>/?),
=1 i=1
and the second term of (3.5.12) can be approximated as

{iXI (@ + D) x;) S x; {(@+D)' = (@ +D) 'y - X8)
j=1 i=1

- { inT(‘I’ + Dj)_lXj}il i X[ (¥ +D;)" (¥ - ¥)(¥ + D;) " (y; - X:B)
i=1
4

X inT(‘I’ + D) (T — O (T + D) (T — 0 (T + D;) Ny, — X;8) + O(m=3/?).
i=1

XJ(@+ D)%, } S XT (@4 D)@ - w)(w + D)y, - XiB)
=1

1= T

<.
I
—_

-1

NE

X[ (w+ D)X,

<.
Il
-

Then, the expectation in the first term of (3.5.11) is

E{B(¥) — B(¥)}{6;, — 0.}

x {~v) (¥ + D,)"'D, +¢el (¥ + D,) ')
‘E[{i’f?(‘“l’ﬂ‘*} liX (¥ + D)7 (¥ — ) (¥ + D) (y, — XiP)
j=1 i=1
(Exe )
7=1

x i X[ (®+ D)7 (¥ - ¥)(¥ + D) (¥~ ®)(¥ + D;) " (y; - Xi)

x {-v) (¥ + D,)"'D, +¢} (¥ + D,) 1w}
(3.5.13)
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Let S = {37, X/ (¥ + D;)"' X;}~". The first term of (3.5.13) is
sy 3 ZE{XI(\IJ + D) (¥ - W)(¥ + D) X,SX] (¥ + D) (¥ — )
i=1 j=1 k=1

x (¥ + D;) ' X;8X [ (¥ + Dy) (y, — XiB)|{—v4 (¥ + D,) "' Dy + e, (¥ +D,) ' ¥},

and second term of (3.5.13) is

—ESiXiT(\I’ + Di)fl(‘/I\’ — ) (¥ + Di)fl(’vi + &)
=1

+ Si X[ (¥ + D)"Y (T - 0)(T+ D) (¥ — ) (¥ + D;) (v, + ;)
i=1
x {—v, (¥ +D,)'D, +¢, (¥ +D,) ¥}

Since S is of order O(m~1), these are of order O(m~3/2) for the same reason for the second term
of (3.5.9). Since B(¥) —B=(X"(I,, ¥ +D)'X)"' 3", X[ (¥ + D;) ' (y;, — X;0), the
expectation in the second term of (3.5.11) is

E{B(¥) — BHO; — 0.}

=(X (I, ® ¥+ D)‘IX)‘IEZXI(‘I' + D) Ny, — XiB){~v, (¥ +D,)"'D, +el (¥ +D,) ¥}
=1

(X" (I, ¥ +D) X)X/ (®+D,) 'E(v, +eu){—v) (¥ +D,)'D, +¢] (¥ + D, ¥}

:0’

wheich implies that the expectation of the product of 6} — 8, and the third term in (3.5.8) is
zero, and the expectation in the third term of (3.5.11) is

E(¥ — W)(¥ + D,) " X {B(¥) — BHO, — 0.}
=E(¥ — ) (¥ +D,) ' X (X (I, ® ¥ + D)1 X)™
X i X (O +D) Y v +e){-v) (¥ +D,) D, +¢] (¥+D,) ¥}

i=1
=0(m™?),
for the similar reason for K in (3.5.9). Hence, we have EDo (¥ + D,) "' X {B(¥) — B}{6" —
0.} = O0(m=3/?). O

3.5.3 Proof of Theorem 3.3.2

. o . . . . = . =+
From (2) in Theorem 3.2.1, it is sufficient to show this approximation for ¥ instead of ¥ .
Using the equation in (3.5.6), we can rewrite G1,(¥) as

Gio(®) =(¢ ' + D' =D, — D,(¥ + D,)"'D,
=G14(¥) + D, (¥ + D,)" (¥ — ) (¥ + D,)"'D, (3.5.14)
— D,(¥ + D,) H(¥ —®)(¥ + D,)" (¥ — ) (¥ + D,) "D, + 0,(m™%?).
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We shall evaluate each term in RHS of the above equality. It is easy to see from (3.5.1) that
E[¥ — ¥| = Bias(¥), which is written as (3.2.7). From Lemma 3.3.1, the expectation of the
second term is

—EDy(¥ 4+ D,) Y (¥ — ¥)(¥ + D,)"Y(¥ — ¥)(¥ + D,) "' D, = —G3,(¥) + O(m=>/?).
The above arguments imply that a second-order unbiased estimator of G1,(¥) is G1a(\i!+) +

Gga(\/I\lJr) + G5a(\il+). The estimators Gga(\/I}Jr), G3a(@+) and G4a(\il+) do not have second-
order biases, and the results in Theorem 3.3.2 are established. O
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Chapter 4

Multivariate Nested-Error
Regression Models

4.1 Motivation

In this chapter, we consider multivariate nested error regression models (MNER) with fixed
effests based on a vector of regression coefficients 8 and vectors of random effects v; and sampling
errors €;; for the j-th unit in the i-th area. When 8, defined by 6, = c;r B+wv,, is a characteristic
of interest for the a-th area and constant c¢,, the Bayes estimator of 8, in the Bayesian context
is

6(1(/87l:[lvz) = c;r/@ +Ba(ya _YIIB)’

for B, = ¥(¥ +n;'¥)"!, where ¥ and ¥ are covariance matrices of ;; and v;, respectively,
ng is a size of a sample from the a-th area, and 3y, and X, are sample means of response
variables and the associated explanatory variables in the a-th area. When components of v; and
€;; are mutually independent, namely ¥ and X are diagonal matrices, it is enough to treat the
estimation of each component of 6, separately. When components of v; or g;; are correlated
each other, however, it could be better to consider the estimation of 8, simultaneously. For
example, the survey and satellite data of Battese, et al. (1988) consist of two crop areas under
corn and soybean, and it should be reasonable that the two crop areas are correlated each other.

The multivariate small area estimation has not been studied so much, while most results in
small area estimation have been provided in the univariate cases. Fay (1987) proposed a multi-
variate Fay-Herriot model for analyzing multivariate area-level data. Porter, Wikle and Holan
(2015) and Benavent and Morales (2016) suggested multivariate spatial Fay-Herriot models
with covariance matrices in which spatial dependence is embedded. Concerning the multivari-
ate nested error regression (MNER) models, Fuller and Harter (1987) obtained the empirical
Bayes estimator or the EBLUP and the analytical results for its uncertainty, and Datta, Day
and Maiti (1998) developed the fully Bayesian approach. Datta, Day and Basawa (1999) also
provided general theoretical results for the multivariate empirical Bayes estimators, but did not
give concrete expressions in the fully unknown case of covariance matrices.

The MNER model has the two components of covariance: ‘between’ component ¥ and
‘within’ component 3. We here use an exact unbiased estimator 3 for 3, and for ¥, we suggest
a nonnegative definite and consistent estimator ¥ which is a second-order unbiased estimator of
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. For the other estimation methods, see Calvin and Dykstra (1991a, b). Substituting T and
¥ into ¥ and ¥ in the Bayes estimator 0,(3, ¥, X) and estimating 3 by the generalized least

—~ ~EB ~ o~ o~ o~
squares estimator 3, one gets the empirical Bayes estimator or EBLUP 0, = 0,(3,¥,X). We
derive analytically a second-order approximation of the MSE matrix of the EBLUP and provide

~

a closed form expression of a second-order unbiased estimator, denoted by msem(@,, B), of the
MSE matrix of the EBLUP. These results are extensions of the univariate case. It is noted that
similar results were given by Fuller and Harter (1987) who considered to estimate B, nearly
unbiasedly, which is slightly different from the approach of this paper.

Another topic addressed in this chapter is the confidence interval problem. As pointed out in
Diao, Smith, Datta, Maiti and Opsomer (2014), one difficulty with traditional confidence inter-
vals is that the coverage probabilities do not have second-order accuracy. It is also numerically
confirmed that the coverage probabilities are smaller than the nominal confidence coefficient.
Diao et al. (2014) suggested the construction of accurate confidence interval based on the
EBLUP and the estimator of MSE of EBLUP so that the coverage provability is correct up to
second order. For other studies on the confidence interval problem, see Datta, Ghosh, Smith,
Lahiri (2002), Basu, Ghosh and Mukerjee (2003), Chatterjee, Lahiri and Li (2008), Kubokawa
(2010), Sugasawa and Kubokawa (2015) and Yosimori and Lahiri (2014). In this paper, we
consider the confidence interval for the liner combination £ 8, for £ € R¥. The naive confidence

interval is given by eTéaEB + 249 ¥ \/ETmsem(/H\aEB)E where z, /5 is the 100(1 —a/2)% percentile
of the standard normal distribution. Because this confidence interval does not have second-order
accuracy, using similar aguments as in Diao et al. (2014), we construct the closed-form confi-
dence interval whose coverage probability is identical to the nominal confidence coefficient 1 — «
up to second order.

This chapter is organized as follows: In Section 4.2, we probide an exact unbiased estimator
S for ¥ and a nonnegative definit, consistent and second-order unbiased estimator U of U,
Substituting these estimators into the Bayes estimator yields the empirical Bayes estimator or
EBLUP 6, (El, U, f]) In Section 4.3, we derive a second-order approximation of the MSE matrix
of the EBLUP and a second-order unbiased estimator of the MSE matrix analytically. Section
4.4 presents the confidence interval with second-order accuracy.. The numerical investigation
and emprical studies are given in Section 4.5.

4.2 Empirical Best Linear Unbiased Prediction

In this paper, we assume that data (yij,Xij) fori=1...,mand j =1,...,n; are observed,
where m is the number of small areas, n; is the number of the subjects in an i-th area such
that >, n; = N, Y;; 1s a k-variate vector of direct survey estimates and X;; is a s X k matrix
of covariates associated with y;; for the j-th subject in the i-th area. Then, we assume the
multivariate nested-error regression model described as

v =X B+vite; i=1..m, j=1,..n, (4.2.1)

where (B is an s-variate vector of unknown regression coefficients, v; is a k-variate vector of
random effects depending on the i-th area and €;; is a k-variate vector of sampling errors. It is
assumed that v; and €;; are mutually independently distributed as

’UZ'N./\/’k(O,‘Il) and €ij NNk(O,E),
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where ¥ and ¥ are k x k& unknown and nonsingular covariance matrices.

We now express model (4.2.1) in a matrix form. Let y, = (y,}, - -, y;;i)T, y=(y{, ., yn)",
X; = (Xil,...,Xmi)T, X = (X]—,...,X;,[L)T, €; = (EZ-TI,...,EZ-TW)—r and € = (f-slT,...,e;;)—r
Then, model (4.2.1) is expressed as

Y, = X8+ 1,, ®v; + €, (4.2.2)

where 1, ® v; ~ Njn. (0, T, @ ¥) and €; ~ Ny, (0, I, ® ) for J,,, = 1,,,1,)

For the a-th area, we want to predict the quantity 8, = CI,B + v,, which is the conditional
mean Ely, | v,] given v, when

Na
Y -1
Ca:Xa:TLa E Xaj-
7=1

A reasonable estimator can be derived from the conditional expectation E[0, | y,] = ¢l B +
E[v, | y,]. The conditional distribution of v; given y; and the marginal distribution of y, are

v; | y; ~N(0:(8, 2, 3), (T +n, 2717,

i=1,...,m, 4.2.3
where
5:(8,9,%) = ¥(¥ +n;'2) (g, - X, B), (4.2.4)

where g; = n; ' > 7i1Y;;- Thus, we get the estimator

0.(8,¥,%) =c| B+ Eva | y,] = c] B+ 5.(3, ¥, %)
—cl B+ U (T +n'D) (Y, - X, B), (4.2.5)

which corresponds to the Bayes estimator of 8, in the Bayesian framework.

When ¥ and 3 are known, the maximum likelihood estimator or generalized least squares
estimator of 3 is

B(®. %) =(X"D'X)'X Dy,

where D = blockdiag(D1,...,Dy,) and D; = J,,@ ¥+ 1, ® X for i = 1,..., m. Substituting

~

B(¥,3) into 0,(8, ¥, ) yields the estimator
0.(0,%) = ¢ B(¥, ) + (¥ +n,'%) (g, - X, B(L, ). (4.2.6)

It can be easily verified that this estimator is the best linear unbiased predictor (BLUP) of 6,.

We provide consistent estimators of the covariance components 3 and ¥. Concerning estima-
tion of 32, it is noted that E[{y;;—¥;— (X s;—X,) " BHy,;—¥;,—(Xi;—X:) '8} ] = (1-n; ") S for
i=1,...,mandj=1,...,n;, which implies that  \", > %", E[{y,; vy, — (X} —Yi)T,@}{ij—
?i_(Xij_Xi)TIB}T] = (N_m)z Let @2 = ((yzl _gi)—ra ) (yzm _yi>T)T7 y= (:‘N/Ia st 7@7—72)Ta
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)T, Substituting the statistic

— — T ~ ~T ~T
Xl:(-r)(“_X-F”le_Xl) andX:(Xl,...,Xm
B=(X X) !X gyinto 3, we get an unbised estimator of the form
~ 1 — —
Y= (@-XB)@y-XB)" 4.2.7
- XD~ XB). (427)
where s is the rank of X. For estimation of W, it is noted that El(y;; — )( )T} =
¥+ Xfori=1,...,mand j =1,...,n;, which implies that > " 12 [( X ﬁ)(yl
Xzﬂ)j] = N(¥+X). Substituting the ordinary least squares estimator ,8 = (X"X)'XTy
and X into B and X, we get the consistent estimator
T oS ~OLS T
=1 j= 1

Taking the expectation of Wy, we can see that E[\ilo] = U + Biasg (¥), where

Biasg, ZZXT (X™X)'XD'X(XTX) Xy
=1 j=1

1 e T _
-5 YN EX]-nvX, ) (XTX)T' Xy
i=1 j=1
- — Z Z XHXTX) M X% - n X, ), (4.2.9)
=1 j=1

where D = block dlag(Dl,./.\.,Dm) for D; = Jp, @ ¥ +1I,, ® %, i =1,...,m. Let @1 =
T, — Biasg (\Ilg, ¥)). Then, ¥, is a second-order unbiased estimator of ¥. Because ¥, takes a
negative Value we modify it as

U = Hdiag {max(A1,0),...,max(\,0)}H ', (4.2.10)

where H is an orthogonal matrix such that U, = Hdiag (\y,...,\e)H".

The consistency of 3 and ¥ can be shown under the assumptions:

(A1) The number of areas m tends to infinity, and k, s and n;’s are bounded with respect
to m.

(A2) X T X is nonsingular and X " X /m converges to a positive definite matrix.

Theorem 4.2.1 Assume conditions (A1) and (A2). Then, the following asymptotic properties
hold for S and ¥

(1) \Il is a second-order unbiased estimator of W, while S is an unbiased estimator of X.

(2) B -2 =0,(m™2), ¥ — ¥ = 0,(m~V/?) and B(¥, %) — B = Oy(m~1/?).

(3) For any § > 0, P(® # W) = O(m™°).

The proof is given in the section 4.6 Since S and ¥ are consistent, we can substitute them
into (4.2.6) to get the empirical best linear unbiased predictor (EBLUP)

0, =c BT, 2)+ ¥(T +n,'S) Yy, - X, B(T,3)). (4.2.11)
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4.3 Evaluation of Uncertainty of EBLUP

The EBLUP suggested in (4.2.11) is expected to have a small estimation error, and it is im-
portant to measure how much the estimation error is. In this section, we derive a second-
order approximation of the mean squared error matrix (MSEM) of the EBLUP and provide a
second-order unbiased estimator of the MSEM. The MSEM of the EBLUP is MSEM(@fB)
E[0.7 —6,1{67"7 —6,)7]. Tt is noted that

B
a

0," — 0, = {0,(8, 9, %) — 0.} + {0.(V.5) - 0,(8, ¥, 2)} + {8, —6,(¥,%)},

where 6,(3, ¥, %) and /O\a(\Il, 3)) are given in (4.2.5) and (4.2.6). The following lemma which
will proved in the section 4.6 is useful for evaluating the mean square error matrix.

~ ~0 —— ~
Lemma 4.3.1 3(¥,X) is independent of y — X3 L8 and y— X 3, which implies that B(¥,3)
s independent ofi and W. Also, ,E‘I(\Il, Y)) is independent of EaEB - aa(\Il, 3).

Noting that 8,(¥, %) — 8,(8, ¥, %) = {c] — ¥(¥ + n; %)X, HA(L, ) — B}, from
Lemma 4.3.1, we can decompose the MSEM as

MSEM(®, ) =E[{04(8, ¥, =) — 0,}{04(3, ¥, %) — 0,} ]
+ B[{0.(%,%) - 0,(8, %, )H8.(¥, %) - 0,(8,%,)}7]
+ B0, — 0,(8, )10, —0.(¥,%)}7]
~G1u(¥, 5) + Goo(¥, %) + E[{B, —0,(8,D)}{0, - 0,(¥,%)}7),
where

G1(0, %) =T 40,2 H ! =pn 1 WALYE,

_ o (4.3.1)
Gou(,5) =(c] — BA'X, N XTD'X) e, — XA, D),

for A, = ¥ +n, 1'%, In the following theorem which will be proved in the section 4.6, we
approximate the third term as

) m
G3.(T, %) :7\6}2 A an{AiAglAi +tr (A;lAi)Az}A;lE
=1
+ L(N\IJ + mE)A’l{EA’12 +tr (A*lz)z}Afl(N\Il +mX)
N2(N _ m) a a a a °

(4.3.2)

~EB
Theorem 4.3.1 The mean squared error matriz of the empirical Bayes estimator 8,  is ap-
prorimated as
~EB
a

MSEM(8, ) = G1a(¥, ) + Goa(¥,5) + Guo (¥, 5) + O(m ). (433)
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We next provide a second-order unbiased estimator of the mean squared error matrix of

the EBLUP. A naive estimator of MSEM(@aEB) is the plug-in estimator of (4.3.3) given by
G1a(U, %) 4 Goo (¥, 3) + G, (¥, ), but this has a second-order bias, because E[G1,(¥, 2)] =
G1,(¥,2)+0(m™1). Correcting this second-order bias, we can derive the second-order unbiased
estimator

msem(8, ) = Gia(¥, ) + Goa(T, 8) + 2G3 (T, 5). (4.3.4)

Theorem 4.3.2 Under the coditions (A1) and (A2), it holds that E[G1q (%, f])—{—Gga(\il, f])} =
G1.(¥, %)+ 0(m=3/?) and

E[msem(6. )] = MSEM(8~ ") + O(m~%2),

~EB ~EB
namely, msem(0, ) is a second-order unbiased estimator of MSEM(6, ).

4.4 Confidence Interval for Linear Combination of EBLUP with
Corrected Coverage Probability

In this section, we consider the confidence interval of the liner combination £'8, for £ € R¥ for
the a-th area in the MNER.

We begin by estimating the linear combination £' 0, = ET( ! B4wv,), which is the conditional
mean E[€"y, | v,] _given v,. A reasonable estimator is provided by the conditional expectation
El(T0, | y,) =£"0,8,® , %), where 0,(8,¥,%) is given by (4.2.5). By replacing 3 with the
generalized least estimator ,8(\11 ¥)=(X"D" 1X) 1X "Dy, the BLUP of £0,, is provided by
ETaa(\Il, 3), where §a(\p, Y)) is given in (4.2.6). Substituting (4.2.7) and (4.2.10) into the BLUP

~EB ~EB ~EB
yields the EBLUP £7@," for 8, given in (4.2.11). The mean squared error is E[(£'6),

~

£70,)? = ETMSEM(afB)K and and its second-order unbiased estimator is £'msem(6, )¢,

namel
Y T ~EB THEB Tp \2 -1
E[¢ 'msem(0, ){|=FE[£'0, —£ 0,)°]+o(m "),

~EB ~EB
where MSEM(6, ) and msem(6, ) are given in (4.3.3) and (4.3.4).

We now construct the confidence interval. The naive confidence interval is given by

~EB ~EB
N 070, £ 2,0 % \/ETmsem(Ga )2, (4.4.1)
where z, /5 is the 100(1 — a/2)% percentile of the standard normal distribution. However,
this confidence interval does not have the second-order accuracy, namely P(£'6, € INC!) =
1—a+0(m™1). To derive a conﬁdence interval with second—order accuracy, we need to evaluate

the second moment of BTmsem(O )E KTMSEM(O )8. Let

= n%{(ETEAglAiZ)Q FOTSATIAADISE X ETAiE}

2n 4m? T 2n2
e T pTEACISACISN? - e (pTWATISA L We)2 (4.4.2)
NQ(N m)(’e a a e) +N_m(£ ‘IJ a a ‘Il'e)

2n,3m

__AMa M [T A1 AL Ty a1 T A—1sA —1gyp)\2
N(N_m){e TA;ISAIWE x €T SAIS+ (€T SAISA; D) }
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Lemma 4.4.1 Under the coditions (A1) and (A2), it holds that

~ ~ 2 —~
El{eTmsem(®,”)e — e MSEM(@, )e} | = V(8,) + o(m ™),

and for ¢ > 3,
E[{eTmsem(a )¢ — £TMSEM(8, )e}c] = o(m™Y).
Theorem 4.4.1 Under the coditions (A1) and (A2), it holds that for any z,

a

P(@Téf (T msem(8, )} V22 <070, < €70,
v@fB)

4{£TMSEM( Byey2

+ {ETmsem( )2}1/2 )

=20 (2) — (2> +2)¢(2) + o(m™1),

where ®(+) and ¢(-) are the distribution and density functions of the standard normal distribution.

Solving the equation

V<5fB>

4{£TMSEM(8. " )£}?

20(z) — 1 — (3 +2)p(2) =1—a,

we get the solution given by

2= Zasn + (202 + Zaj2)V @, )/8{ETMSEM( )E}Q

which provides the improved confidence interval

EB
a

'l . ¢7g :t{ﬁTmsem( ) J/2%, (4.4.3)

Then from Theorem 4.4.1, it follows that P(£'8, € I'T) =1 — a + o(m™").

4.5 Simulation and Empirical Studies

4.5.1 Finite sample performances

We now investigate finite sample performances of EBLUP in terms of MSEM and the second-
order unbiased estimator of MSEM by simulation.

[1] Setup of simulation experiments. We treat the multivariate Nested-Error model,

yij:X;-rj,B-f—’Ui—i-Eij, 1=1,....m, j=1,...,n;.

We take m = 40, k = 2,3 and 8 = (0.8, —0.5, —0.3,0.6) T for k = 2 and 8 = (0.8, —0.5, —0.3,0.6,0.4, —0.2) T

for k = 3. Moreover, we equally divided areas into four groups (G = 1,...,4), so that each group
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has ten areas and the areas in the same group has the same sample size ng = 3G — 2. The
design matrix, X;; is 2k x k matrix, such that

0 0 0 0\

) T 1 zn
Xij:(1 zir 0 0> Xi=[0 0 1 ap 0
0 0 1 0 0 0 0 1 a4
(2

s}

for k = 2,3 respectevely. We generate x;; from uniform distribution on (—1, 1), which are fixed
through the simulation runs. As a setup of the covariance matrix ¥ of the random effects, we

consider
_ { popy + (1 — p)diag(whyrhy ) for k =2,
pstps + (1 — p)diag(whsrps ) for k =3,

where ¥, = (v/1.5,4/0.5)7, ¥3 = (v/1.5,1,4/0.5)T, and diag(A) denotes the diagonal matrix
consisting of diagonal elements of matrix A. Here, p is the correlation coefficient, and we handle
the three cases p = 0.25,0.5,0.75. The cases of negative correlations are omitted, because we
observe the same results with those of positive ones. Concerning the dispersion matrices 3
of sampling errors g;, we set X = I,. We consider three patterns of distribution of wv;, that
is, M1: wv; is normally distributed, M2: wv; follows multivariate ¢ distribution with degrees of
freedom 5 and M3: v; follows multivariate chi-squared distribution with degrees of freedom 2.
The distribution of ¢; is normal.

[2] Comparison of MSEM. We begin with obtaining the true mean squared error matrices
of the EBLUP /H\GEB = 6,(¥,3) by simulation. Let {yir),z' =1,...,m} be the simulated data
in the r-th replication for » = 1,..., R with R = 50,000. Let \il(r), f)m and 0((1” be the values
of \fl, S and 0, = YZ,B + v, in the r-th replication. Then the simulated value of the true mean
squared error matrices is calculated by

MSEM (8 = Z (6,(F )— 018,37, 87y — T (4.5.1)

a

To measure relative improvement of EBLUP, we calculate the percentage relative improvement
~EB
in the average loss (PRIAL) of 8, over y,, defined by

PRIAL(G. ", y,) = 100 x

~EB

tr {MSEM(8,, )}}
tr {MSEM(y,)} 1
. . . ~EB . ~uEB . .

It is also interesting to compare 8, with the EBLUP 8,  derived from the univariate Nestd-

Error model. Thus, we calculate the PRIAL given by

~EB
_FB MSEM
PRIAL®@",8:77) = 100 x [1 — TS (euEB)}

o tr {MSEM(9""")}

and those values are reported in Figure 4.1 and 4.2.

Figure 4.1 reports the PRIAL for k£ = 2 and three patterns of distribution of v;; M1, M2 and

~EB
M3. We can see that the performances of 8, are stable regardless of the distribution of v;. In
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~EB
all the cases, 8, improves on y, largely and the improvement rates are larger for larger p; for

~EB ~uFEB
normal case (M1). On the other hand, 8, improves on OZ for large p, but the univariate

EBLUP EZEB is slightly better than /B\aEB for p = 0.25 for some areas, but the difference is not
significant. This is because the low accuracy in estimation of the covariance matrix ¥ and 3 has
more adverse influence on prediction than the benefit from incorporating the small correlation
into the estimation. Moreover, the PRIAL is larger for the groups with small sample size. This
is reasonable because the benefit given by incorporating the information from neibouring areas
is large for such groups.

Figure 4.2 reports the PRIAL for £k = 3 and a pattern of distribution of v;; M1. The results
are almost the same with the case for £ = 2. The PRIAL is larger for k = 3 than for k£ = 2 in the
case of p = 0.75, but smaller in the case of p = 0.25. This is because when m is fixed as m = 40,
the accuracy in estimation of the covariance matrices gets smaller for the larger dimension.

M1y M2y M3.y
o o o
© © ©
o | o o
"2 w w
Q | Q Q
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E E E
z 9 4 z < 4 z 9
g - g - g -
o o o
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Figure 4.1: PRIAL for p = 0.25 (real line), p = 0.5 (dashed line) and p = 0.75 (dotted line) in
case of k = 2.

[3] Finite sample performances of the MSEM estimator. We next investigate the

~EB
performance of the second-order unbiased estimator msem(6, ) of MSEM given in Theorem
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1
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group number group number

Figure 4.2: PRIAL for p = 0.25 (real line), p = 0.5 (dashed line) and p = 0.75 (dotted line) in
case of k = 3.

4.3.2. We use the same data generating process as mentioned above and we take only k = 2.
We consider the normal case (M1) as a pattern of distributions for v;. The simulated values
of the MSEM are obtained from (4.5.1) based on R = 50,000 simulation runs. Then, based on
R = 5,000 simulation runs, we calculate the relative bias (RB) of MSEM estimators given by

RB, — 1 ER: msem(afB(r)) — MSEM(@GEB)
Lt MSEM(8-")

AEB(r), . . . L.
where msem(6, ) is the MSEM estimator in the r-th replication. In Table 4.1, we report
mean values of RB, in each group. For comparison, results for the naive MSEM estimator,
without any bias correction, are reported in Table 4.1 as well. The naive MSEM estimator is the
plug-in estimator of the asymptotic MSEM (4.3.3). The relative bias is small for the diagonal
elements, less than 10% in almost the cases, whereas considerably large for off-diagonal elements.
The naive MSEM estimator is more biased than the analytical MSEM estimator for diagonal
elements in all cases, so that the bias correction in MSEM estimator is successful. On the other
hand, the analytical MSEM estimator is more biased slightely than the naive MSEM estimator
for off-diagonal elements in some cases.

[4] Finite sample performances of the confidence interval. We investigate the perfor-
mance of the improved confidence interval given in (4.4.3). Table 4.2 reports values of coverage
probabilities (CP) and average length (AL) for 1 — o = 95% confidence coefficient, where the
setup of the simulation experiment is the same as above, namely the three patterns of distribu-
tions of v;, M1, M2 and M3 and the three cases of p = 0.25,0.5,0.75 are treated. Table 4.2 also
reports values of CP and AL in parentheses for the naive confidence interval (4.4.1).

For all patterns of distributions of v; and correlation coefficients, values of CP are close to the
nominal level of 0.95 and are higher than those for the naive method, especially for areas with
small sample size. This is coincident with Diao et al. (2014), which considered the confidence
interval estimator under the Fay-Herriot model. Values of CP for areas with large sample sizes
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p=025 p=05 p=0.75
RB NRB RB RB RB NRB

G [—35 0.8 ] —65 —0.6 —46 —-1.8 —3.2 —-35 —2.7 —6.3 —-4.3
loos -81 | [ -0.6 —12.2 ] [ -1.8 —77} { —11.8 ] { —2.7 —7.6 ] [ —4.3 —11.7]
G [ —1.9 26.7 ] [ —4.0 36.1 } [ —0.5 } { 8.1 ] { —-0.6 3.7 ] [ -3.3 9.8 ]

| 26.7 —4.1 | 36.1 —8.8 0.9 73 1 -85 3.7 —47 9.8 —114

e [ —0.7 54.8 | [ -23 771 —-04 193 } { 37.5 { —-1.7 99 } [ —43 269

| 54.8 2.7 | 771 —6.9 19.3 —2.1 375 —7.2 9.9 —29 26.9 —10.6
e [ —0.2 302 ] [ -1.5 56.5 } [ 0.5 5.6 } { —1.1 299 ] [ 04 0.1 } { —23 281 ]

| 302 —0.5 | 56.5 —4.2 56 —0.3 299 —5.0 0.1 0.6 28.1 7.8

Table 4.1: The Mean Values of Percentage Relative Bias in Each Group (RB) and Relative Bias
of Naive MSE Estimator (RBN).

are slightly higher than those for the naive method, but the differences are negligibly small.
Values of AL are also larger than those for the naive method for areas with small sample size,

and the diferrence is negligible for areas with large sample size.

Normal t chi-square

P 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
Gy CP 0.949 0.950 0.957 0.946 0.945 0.950 0.940 0.940 0.943
(0.936) (0.933) (0.928) (0.935) (0.929) (0.923) (0.927) (0.924) (0.918)

AL 3.700 3.330 2.768 3.655 3.279 2.733 3.615 3.239 2.705
(3.501) (3.108) (2.512) (3.459) (3.073) (2.472) (3.412) (3.023) (2.434)

G, CP 0.947 0.943 0.941 0.945 0.941 0.937 0.941 0.940 0.935
(0.945) (0.940) (0.937) (0.943) (0.940) (0.932) (0.939) (0.938) (0.931)

AL 2.340 2.239 1.978 2.357 2.218 1.948 2.339 2.197 1.924
(2.364) (2.226) (1.950) (2.343) (2.204) (1.925) (2.321) (2.177) (1.898)

Gs CP 0.947 0.947 0.946 0.947 0.947 0.947 0.948 0.946 0.945
(0.946) (0.946) (0.944) (0.947) (0.946) (0.945) (0.947) (0.944) (0.943)

AL 1.920 1.845 1.706 1.905 1.833 1.687 1.896 1.822 1.673
(1.909) (1.839) (1.690) (1.897) (1.826) (1.676) (1.886) (1.811) (1.661)

Gy, CP 0949 0.949 0.951 0.951 0.949 0.951 0.950 0.951 0.952
(0.947) (0.948) (0.949) (0.950) (0.948) (0.950) (0.949) (0.950) (0.950)

AL 1.653 1.607 1.531 1.643 1.600 1.520 1.639 1.595 1.514
(1.644) (1.602) (1.520) (1.636) (1.594) (1.512) (1.630) (1.586) (1.505)

Table 4.2: Coverage probabilities (CP) and coverage length (AL) for nominal 95% confidence
intervals.

4.5.2 Illustrative example

This example, primarily for illustration, uses the multivariate Nested-Error regression model
(4.2.1) and data from the posted land price data along the Keikyu train line from 1998 to 2001.
This train line connects the suburbs in the Kanagawa prefecture to the Tokyo metropolitan area.
Those who live in the suburbs in the Kanagawa prefecture take this line to work or study in
Tokyo everyday. Thus, it is expected that the land price depends on the distance from Tokyo.
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The posted land price data are available for 53 stations on the Keikyu train line, and we consider
each station as a small area, namely, m = 53.

For the i-th station, data of n; land spots are available, where n; varies around 4 and some
areas have only one observation. For i =1,...,m, observations y;; = (yij1, ij2, yijg)—r denotes
the difference between the value of the posted land price (Yen/1,000) for the unit meter squares
of the j-th spot from 1998 to 2001, where y;;1 is the a difference between 1998 and 1999, y; ;o
is the a difference between 1999 and 2000 and y;;3 is the a difference between 2000 and 2001.
As auxiliary variables, we use the data (7Tj, D;j, FAR;;). T; is the time to take from the nearby
station ¢ to the Tokyo station around 8:30 in the morning, D;; is the value of geographical
distance from the spot j to the station ¢ and F'AR;; denotes the floor-area ratio, or ratio of
building volume to lot area of the spot j. Then the regressor in the model (4.2.1) is

FAR; T, Dy 0 0 0 0 0 0 ’

0
0 0 1 FAR; T Dy 0 0 0

1 0
Xi;=1| 0 0
0 0 0 0 0 0 0 1 FAR; T, Dj

0
0

The estimates of the covariance matrix ¥ and X are

R 434 273 284 R 169.2 127.3 101.0
v =273 334 204 and ¥ =|[1273 113.5 &85.3
284 204 28.5 101.0 853 776

Thus, the estimated correlation coefficient of random effects p = (p12, p13, p23) " is (0.72,0.81,0.66),
where pgp 1s the correlation coefficient of v, and v,. The estimates of the regression coefficients
are 3 = (—4.28,16.67, —1.79, —0.13,6.32, 13.16, —2.34, —0.02, —4.22,11.16, —0.33, —0.06) ' .

All the estimated values of regression coefficients of T; and D;; are negative values which
leads to the natural result that the 7T; and D;; have negative influence on y;;, whose magnitude
are almost unchanged for three years. On the other hand, the magnitude of the influence of
FAR;; on y;; decreases during the same time. The obtained values of EBLUP for a difference
between the posted land price data in 2000 and 2001 given in (4.2.11) are give in Table 4.3 for
selected 15 areas. To see the difference of predicted values of MNER and NER, Figure 4.3 reports

the difference between the degree of shrinkage, which is caluculated by |dif (5EB) — dif (§UEB)\
where dif(6) = [;;3 —0i;j3. It can be seen that the difference gets smaller as an area sample size
n; gets larger. This is because the smaple mean is reliable when n; is large, so that the sample
mean does not be shrunk and the the degree of shrinkage of MNER and NER have almost no
difference. In Table 4.3, we also provide the estimats of squared root of MSE (SMSE) given in
(4.3.4). It is revealed from Table 4.3 that SMSE of MNER is smaller than that of NER when
n; is small. On the other hand, SMSE of MNER is larger than that of NER when n; is large,
particularly larger than 5. This is because the low accuracy in estimation of the covariance
matrix ¥ and 3 has more adverse influence on prediction than the benefit from incorporating
the small correlation into the estimation. Table 4.4 reports lower bounds (LB) and upper bounds
(UB) of the 95% confidence interval estimator of the difference between the value of the posted
land price from 1998 to 2001, that is 276, where £ = (1,1, l)T, for selected 15 areas.

4.6 Proofs

In this section, we use the notations A; = ¥ + n;lﬁ and ./AX, =+ n;1§ fori=1,...,m.

75



sample MNER NER
area. n; mean EBLUP SMSE EBLUP SMSE
16 1 3.0 2.94 4.93 9.66 5.03

17 1 23.0 29.70 4.85 27.32 4.96
31 1 75.0 38.93 4.74 41.33 4.85
21 2 19.5 19.12 4.29 24.76 4.35
22 2 9.0 11.37 4.29 13.80 4.35
13 3 14.0 16.35 3.87 15.46 3.89
34 3 37.66 36.83 3.87 35.06 3.89
12 4 27.75 28.50 3.58 28.02 3.57
35 4 25.0 25.81 3.56 24.05 3.56
9 5) 9.2 9.05 3.38 9.38 3.35
7 6 21.33 18.65 3.15 19.32 3.11
26 7T 17.14 18.34 2.95 18.02 2.92
40 8 13.63 11.48 2.81 11.40 2.77
52

0 6.0 6.33 2.58 6.52 2.54
1

41 17.0 14.50 2.47 14.71 2.43

Table 4.3: The estimated results for PLP Data for selected 15 areas.

area n; sample mean EBLUP LB UB

16 1 73.0 48.99 14.97  83.02
17 1 74.0 10775 74.24  141.24
31 1 261.0 136.79  103.93 169.65
21 2 132.5 109.78  80.78 138.78
22 2 64.0 63.46 34.48  92.44
13 3 50.0 58.86 32.61  85.11
34 3 113.66 120.87  94.63 147.11
12 4 103.5 104.60  80.20 129.00
35 4 71.75 80.66 56.43 104.89
9 5 23.2 21.91 -1.28  45.11
7 6 67.0 56.34 34.68  77.99
26 7 65.86 69.62 49.25  89.99
40 8 35.13 28.40 8.99 47.82
52 10 14.9 15.38 -2.55 3331
41 11 47.55 38.91 21.75  56.06

Table 4.4: 95% confidence interval estimator for PLP Data for selected 15 areas.
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Figure 4.3: Plots of the difference of shrinkage degree against area sample size in MNER and
NER.
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4.6.1 Proof of Theorem 4.2.1

We first show the results (1) and (2) for the estimators U, and 3. Clearly, E[S] = . To
show that E[¥; — ¥] = O(m3/2), we begin by writing ¥y — ¥ as
‘IJO_‘II_ ZZ{ Yij — (y’L] X;; )T_(‘IJ+E)}
i=1 j=1
R P S T
+ o ZZX BB -8 Xy - 3> - X58)BE7 - o7 X,
=1 j=1 i=1 j=1
1 = ~OLS o
=D XG(BTT =By — XiB) — (£-3),
i=1 j=1

which yields the bias given in (4.2.9). Since s is unbiased, the bias Bias‘f,o(\Il, ¥) of U, is of
order O(m™'). Using the results that \ilo —W¥ =0,(m _1/2) and -3 = O, (m~1/2), which will

be shown below, we can see that \Ill = \Ilo — Biasg (\Ilo, Z) is a second-oder unbiased estimator

of W,
For (2), it is noted that S-Sis approximated as

m n;

i -3 = N i ™ Z { Z(Eij — éi)(sij — él')—r — (nl — 1)2} + Op(m_l). (4.6.1)

i=1  j=1

It is here noted that {Z?;l(&:ij—éi)(sij—éi)T—(ni—l)E}/(N—m) fori=1,...,m are mutually
independent and E{> 7", (e;; — &;)(€i; — &) —(ni—1)X}/(N—m)=0fori=1,...,m. Then
we can show that \/M(fz — %) converges to a multivariate normal distributionthe because of the
finiteness of moments of normal random variables, which implies that X — 3 = O, (m~1/2).

Concerning ¥, — ¥ = O,(m~1/2), from the fact that Biasg, (To, %) = O L,(m™h), it s
sufficient to show that ¥y — ¥ = O,(m~1/2). Then U, — W is approximated as

m n;

~ 1 ~ B
Ty — W = Z; { Z;(vi +eij)(vi+ &) —ni(¥ + 2)} — (B0 =)+ 0y(m™"). (462)
i= j=
It is here noted that {377, (v; + €;5)(vi + €ij)" —ni(¥ +X)}/N fori=1,...,m are mutually
independent and E{> ", (v; + €;5)(vi + ij)T —ni(¥+X)}/N =0fori =1,...,m. Then
we can show that ﬁ(‘i’g — W) converges to a multivariate normal distribution because of the
finiteness of moments of normal random variables, which implies that ¥ — ¥ = Op(m_l/ 2).

We next prove (3) from the fact that \/m(¥; — ¥) = O p(1). The difference between T

and \Ill is in the case that \1'1 is not nonegative definite. Thus, we evaluare the probability

P(a TWa < 0) for some a € R¥. Tt is noted that the event a"Wia < 0 is equivalent to
—y/ma" (¥ — ¥)a > a' ¥a. Using the Markov inequality, we observe that for any & > 0,

P(a"¥ia < 0) =P(—v/ma' (¥, — ®)a > /ma' ¥a)
<P(lyma' (¥, — W)a| > v/ma' ¥a)

(L R
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which proves (3) of Theorem 4.2.1.

Using the result (3) of Theorem 4.2.1, we can show that E[¥]— ¥ = O(m=3/2) and ¥ — ¥ =
O, (m~1/2).

Finally we verify that ,@( 2)—-B=0 ( ~1/2). Note that ,B(\/I\l, 3)) — 3 is decomposed as
{(B(T, %) — B(¥, %)} + {B(T, %) — B}. For B(¥,X) — B, it is noted that
B(¥, %) -B=(X"D'X)'X D (y - XP).

Then, Cov( (¥, %)
We next evaluat B(

B(T.3) - 3(‘1’ %)

—(X"D 'x)'X'D" 1y (XTD'X)"'X Dy

XD 'X)'XTD ' -D Yy + (XD 'X)'— (X' D'X) X Dy
=1 + I, (463)

) = (X" D™'X)~t = O(1/m) and this implies B(®¥, )-8 = O,(m~1/2).

L) =X
¥ 3) - [(P,X) as

where D is obtained by replacing ¥ and ¥ in D with f]g and \TIO respectively. First, Iy is
written as

L=—(X"D'X)'X'D '(D- D)D"y, (4.6.4)

which is of order O,(m~1/?), because (XTIA)ilX) = Op(m) and XTﬁil(lA) - D)D !y =
0,(m!/?). Next, I is rewritten as
L=— (XD 'X)'X" (D' - D HX(X' D 'X)'X Dy

(XD 'X)"'X"D (D-D)D'X(X'D'X)"'X Dy (4.6.5)
which is of order O, (m™1/2), because XD 'x = Op(m), XTﬁil(ﬁ—D)Dle = 0,(m!/?),
XD 'y = O,(m). Thus, we have 3(¥,3) — B(¥, %) = O,(m~'/?), and it is concluded that
B(¥, %) — B =0,(m1/?). O
4.6.2 Proof of Lemma 4.3.1

The covariance of y — XBOLS and B(lIl, YY) is

El(y - X3°")(B(w,n) - 8)'1x DX

—Bl{(y - xB8) - X(B°"" - B}y - XB)"ID'X
—(I-X(X'X)"'X")E[(y- XB)(y— XB)'|ID'X
—I-X(X'"X)"'X")DD'X =0,

79



which implies that B(\Il, ¥)) is independent of y — X BOLS. We next note that y = Qy and
X = QX where Q = block diag(P; ® Iy, ..., Py, ® Iy) for P; =1, — n;lJm. Then,
E|(j - XB)(B(¥.%) - B)'|X DX
R N I _
=E{(5-XB) - X(X X)"X (y-XB) }y-XB)'|D7'X
={Q-Q@X(X'Q'QX) X'Q'Q}El(y - XB)(y - XB)'|D"'X
=QX -QX(X'Q'QX) X'Q'QX,
which is equal to zero from the property of the generalized inverse. Thus, B(\Il, ¥)) is independent
of y — X3, so that B(¥, ) is independent of 3 and W.
It is also noted that

0.7 _9,(v, %)
—c[{B(T,%) - B(, %)} + TA, {7, - X, BT, %)} - A, (g, - X, B(¥, %)}
—c/{B(, %)~ B(¥, )} + (PR, — WA )@, - X, 8

An—1—T ~ =~ =~ ~OLS =T .= ~OLS
_‘IlAa Xa {6(\:[}72)_5 }+\I’Aa1Xa {B(‘Pvz)_ﬁ }7

OLS

which is a function ofy—XBOLS and 2, because B(\Il, Z))—B (X"TD'X) ' XTD ! (y—
~OLS

X8 ) - (XTX) X T(y - X,@OLS). Hence, 553 - Ea(\p, ¥) is independent of B(\I!, ¥). O

4.6.3 Proof of Theorem 4.3.1
We shall prove that E[{0. — 0,(%, )10 — 0,(¥,%)}T] = G30(¥, X) + 0,(m~/2). 1t
is observed that

~EB ~

0, — 0,(¥,%)
—(BA, — WA )G, — X, B)+ (¢, —BA, X ){B(T,3) - B}
— (el —WA'X,){B(Y, %) - B).

a

We can see that
(TR, — ¥A ) (G, - X, 0)
={¥A, - A+ (T - ¥)A @, - X, )
={(I— ¥R, )@ - )~ TR, 0 (S - D)}A; '@, - X, 5)
—{n;'SA;N(T - W) - WA 0 (B - ) A @, - X, B) + Op(m ™)

and
(c] — TR, X){B(T.2) - B)
—(c] —WA;'X){B(E,3) - B} - (¥4, — WA, )X, {B(T.5) - B}
=(c] — UA;'X,){B(L.5) - B}
+{n,'SA, (¥ - ) - A, (£ - D)}A, X, (BT, ) - 8}

={c; —OA'X, HB(E.Z) - B} +Op(m™Y).
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Thus, we have

~EB
0

—0,(T,%) ={n,'SA; (T - ¥) - TA; 0 (E - 2)}A, (7, — X, 6)
+ (el —WA'X,){B®, ) - B} +Oy(m™Y)

=L+ L+ 0,(m™). (say)

a

For I5, it is noted that

BE,3) - B, ) ={(X'D 'X)"' (X' D'X)} XD '(y— XB)
+(X'D'X)'X (D - D)y - XB)
=I5 + I22, (say).

We can evaluate Io; as
In=(X'"D'X)"'X'D (D~ D)D'X{B(¥,%) ~ B} = 0,(m),

because X TD1X = O(m), XD~ (D-D)D"'X = 0,(m"/?) and B(¥, )~ B = 0, (m~/2)
from Theorem 4.2.1 (2). We next estimate 22 as
Iop = — (XTD*1X)*1{ S XT AT, E)Xi}
i=1

A xTa@2)x,) zxuﬁ - Xif),
i=1

where
AW, S) =T, @0+ 1,2 HJ, @ -0)+1, 0 E-)}J, ¥+ 1, o)™
It can be seen that oo = Op(m™!) from the same arguments as in Io;. Thus, it follows that

I, = Op(m_l).
From equations (4.6.1) and (4.6.2),

0, —0.(, %)

:{nglegl(@ ) - BA (S - 2)}A;1@a ~X,)B)+0,(m™) (4.6.6)
not U
:[ﬁzAgl Z Z {(Uz + eij)(vi + €ij)T — (‘I’ + E)}
i—1 j—1
-1
lla 1 ij — ij 7«) - (1 - nz_l)z
N ; 321 {(e (€ij — & }]

x A (P, — X, B) + Op(m™)

2! im{(’vl +&)(vi+ &) — AJA (v, + &)
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’)’Lil m ng

e -1 S L S |
NN ) (N® +mX)A, ;; {(esj —&)(es;—&) — (1 -n;HT}
x Ay (vg +E4) + Op(m™)
=Ai(y) — As(y) + Op(m™1), (say). (4.6.7)
Note that E[A;(y){A2(y)}] = 0 because v; + &; is independent of €;; — &;. Hence, we need to
evaluate E[A1(y){A1(y)}"] and E[A2(y){A2(y)}"].
Concerning E[A1(y){A1(y)}"], it can be seen that

E[Zm{(w +&)(vi+ &) — AJAT (v +8a)(Va + &) TATD ni{(v; + &) (v +85)T - Aj}}
i=1 Jj=1
_ f: n2E [{(vi + &)+ )T — AL (V0 + Ea)(Va + 2a) TA; { (vi + &) (vi + )T — Ai}}
i=1
— Z TL?E [{(UI + éi)('ui + éz‘)T — Ai}Agl{(’Ui + éi)(vi + éi)—r — Az}:| + O(l)
i#a

= P {AAT A+t (ATA)AG +O(1) =D nf{AAT A+ tr (A TA) AL + O(1),
i#a i=1

so that we have

ElAi(y){Ai(y)} ] =

_9 m
n, _ _ _ _ _
N7 DA Y TP {AA A+t (ATADAGATS + O(m?). (4.6.8)
i=1
Concerning the evaluation of E[As(y){A2(y)} '], let W =S, > it (eij —&i)(eiy — &)’
for simplicity. Then, W has the Wishart distribution Wi(N — m,X). Because v, + &, is
independent of &;; — &;, it follows that

E[Z Z {(eij —&)(es; — &) — (1= HZ A (va + &a) (Vo + Ea) T AL
i=1 j=1
x ZZ {(ene —&r)(ere—&r) T — (1 - nil)z}}
k=1 (=1

=E[{W — (N —m)Z}A; (v + &4)(ve + &a) TA;H{W — (N —m)Z}]
=E[{W — (N —m)Z}A; ' {W — (N —m)=}].

From the properties of the Wishart distribution, it is noted that E[W] = (N — m)X and
EWA;'W] = (N —m)(N —m+ 1DZA;'E + (N —m)tr (A, X)X, Thus,

=2
E[As(y){A2(y)} '] =W(N‘I’ +mE)AE[{W — (N —m)S}A; H{W — (N — m)S}]
x AJH(N® +mX)
:M(W + mz)Agl{zAglz Ftr (A;lz)z}Agl(N\Il +mE).
(4.6.9)
Combining (4.6.7), (4.6.8) and (4.6.9) gives the expression in (4.3.2). O
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4.6.4 Proof of Theorem 4.3.2

From (2) in Theorem 4.2.1, it is sufficient to show this approximation for ¥. We can rewrite

G1a(T) as
G1a(¥, ) =n ' (F + n;'8)7'S
=G1,(U, %) + 1 2SA H (T — O)A;'S + 0, ' WA (E - DA W
—n2SA (W - OAH (T - OA'E - 02 OA NS - DA (E - DA
F 0 2SA (T — )AL E - DA + 0 20AL NS - DA H(T - )ALS
+ Op(m™3/?),
which implies that
G14(¥, %) — E[G1,(¥,3)]
—En?SA (T — O)A (T — O)A'S + 0,2 0AH(E - DA H(E - DA
—n2SA (T - WA NE - DA - 20AN (S - DA (T - ALLS
+0(m™/?),

because W is second-order unbiased and 3 is unbiased. On the other hand, from (4.6.6), it
follows that

E[{0, ~ 0.9, )10, ~ 0a(¥,2)}"]
—E[{n ' SA; (T - @) - UA (S - D)}AL (9, — X, B)
X (Go — X1 B)TA;H{(F — WA 'S — g (S - 2)Ag1\1:}} +O(m3/?)
—E[{n ' SA; (@ - @) - WA (S - DA {(F - 0)AT I T - 0 (S - D)A; 0
+0(m™/?).

Thus, we have

G1a(¥, %) — FIG1o(¥, 5] = BB, — 0,(%, 2)HO, " — 0u(,2)} 7]+ O(m~*/2),

which yields G14(®, ) — E[G14(¥, )] = G34(¥, %) +0(m~%/2). Since Gs,(¥, %) = O(m™1),
one gets o o
G1.(¥, %) = E[G1(¥, %) + G34(T, 2)] + O(m™>/?),

and Theorem 4.3.2 is established. O

4.6.5 Proof of Theorem 4.4.1

The proof is done along the line given in Diao et al. (2014). Let Px = I}, — X(X " X)"1X T,

From Lemma 4.3.1 ET(O Y 9 (¥, X)) is a function of P xy and is independent ofET/(éa(\I/,E)—
0 a) given Pxy. It is noted that E[ﬁT(B (T, %) -0 )(9 (U,3) —0,)74 = LT E[(0,(¥,%) —
0.(8,%,%))(04(¥, %)-0,(8, ¥, %)) +(0.(8, ¥, 2)-0,)(0a(8, ¥, £)-0,) ] = £ (G1.(¥, £)+
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G (P, X)L, where G14(¥,X) and G, (P, X) are given in (4.3.1). Then the conditional dis-
tribution of £' (éfB —0,) given Pxy is

€707 —0,)|Pxy ~Nu(£T (0.7 — 8,0, %)), 6T H, (¥, %)e), (4.6.10)
where H, (P, Y) = G14(P,X) + Gou (P, X). This implies that

eT(éEB )
P( T 1/2 = Z)
{€ msem( ) }

B {p(ﬂwa —6,)—£7(6, —0,(¥.%))
{¢"H, (ql >)e}1/2
(€ msem (9. )e}/22 — €T (0.7 —8,(®, %))
: (€TH,(%, 2)£}1/2 Pxy)]
o[ (1 msem (@, )6} 22 — 76, ~ 0,(%, %))
_E{@< {eTHa(\p,z) 1172 ﬂ

Thus, it is observed that
P(@Téf —{eTmsem( 5ey2, < 070, < €79, + (£ msem (@, )}1/2)
~FEB ~
:E[q)({fmsem( D)y — 7@, ~8u(®.2))
{ETH (&, 3)e}1/2

(€Tmsem (0. )e}\/22 — €T (0. —8,(®, %))
; (I)( {eTHa(xIr, )0}/ )}

=K [‘D(ﬁa —124) — ®(—710 — T2a)] = E{‘I’(Tla + 12q) + P(r1a — T2a)} -1,

where
ra ={€7 msem( ) V220" H, (%, 2)0}1/2,
roa =€ (027 — 0,0, %)) /{7 H, (¥, £)6}V/2.

By the Taylor series expansion, for rj, € (r1a,71a + 724) and ri% € (114,714 — 724), We have

1 * *
5172a(0P(rl) + 6 (r] ). (4.6.11)
where ¢(1)(-) and ¢®)() are the first and third derivatives of the standard normal density ¢(-).
The Taylor series expansion is also used to get

D(r1g + r2a) + P(r1a — r2a) = 2P(r14) + r%aqﬁ(l)(rla) +

(€ msem (0. )e}"/2 ={£TMSEM(0. )£ + £ msem(9. )€ — £TMSEM(8. )}1/2
Lo (y . £ msem(8, )¢ — £ MSEM(G, )¢
Depa (14 L
26 MSEM(@. )¢
(€T msem(§, e — eT1\4SE1\4(§EB)e)2+ )
8{£TMSEM(8., )62

—{¢TMSEM(8,

(4.6.12)
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We evaluate the expectation of the first term 2®(ry,) in (4.6.11). By the Taylor series expansion,
for 2* € (z,714), it is seen that

2 3 '—Zﬂ

D(riy) — P(2) = (r1a — 2)0(2) + Mqﬁ(l)(@ + M¢(2)(Z) n (r1ia — 2)°

(1) (%
2 6 o )

(4.6.13)

From (4.6.12), we can evaluate E|ry,] as

B ]_(eTMSEM(éaEB)e>1/2Z[1+E[eTmsem(a ) — eTMSEM(e %1g
V(v 26T MSEM(8, )¢
E[(€Tmsem(8, )6 — ETMSEM(éfB)E)Q]+E[(£Tmsem(5EB)£ eTMSEM(EEB)m
8{£TMSEM(6. ")e)2 16{¢TMSEM(8. " )e}3

15 £TMSEM(8: 7)e o s

—-F TMSEM(@ 1/25,=7/2 _ pTMSEM 511

+ 168 [/eTmsem(EaEB)e {€'MS )E} (¢"msem(6, )€ — £ 'MSEM(, )¢) H
(4.6.14)

~EB ~EB ~EB
Since MSEM(6, ) = O(1) and msem(6, ) is a second order unbised estimator of MSEM (6, ),
the second term in the bracket of (4.6.14) is of order o(m~1). From Lemma 4.4.1, the moments of

higher than three are of order o(m~!), and we have E[{ETmsem(O )£ ETMSEM( )E} | =
V(@fB) + o(m™'). Then, using

<eTMSEM(5fB>£)1/2 L MG@,
CTH, (T, %) 20" H, (¥, )¢ ’
we have
- ]_Z_<eTMSEM(5fB>E>”QZ[1— V@“EB) | =z+om™)
T TN T H, (W, 2)e 8{£TMSEM(8"")e)2
_{<ETMSEM(§aEB)£)1/21(ETMSEM(‘% )£>1/2 V(aaEB) }z
(TH,(,%)¢ £ H,(¥, %)L 8{£TMSEM(6. ")e)2
+o(m™)
~EB ~EB
_ {1 e:aga(ea ) Vo, ) Lo+ o(m™), (4.6.15)
20 Ho (P, 2)¢ g1eTMSEM(G. " )£)?

because Gga(aEB) and V(@EB) are of order O(m™1).
Since E[r2,] = E[€ msem(8. P02 /0T H (W, 2) = 2267 MSEM(6. " )e/eT Ho (W, 2)e +
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o(m™) and E[(r1, — 2)?] = E[r?,] — 22E[r1a — 2] — 22, it is observed that

E[(r1a — 2)°]
2eTMSEMw " 22((£TMSEM(553)£)1/2Z[1  E[(¢ msem(8, e — eTMSEM(a %1002

€T H, (P, 2)L €T H, (P, 2)L 8{€TMSEM(8. " )e}2
- z) — 22 +o(m™h)
:{ (ETMSEM(afBM) 12 1>2 (ETMSEl\/I(aaEB)Z)1/2 V(@fB) }22 +o(m™)
€ H, (¥, )¢ €' H, (P, %)/ 41¢TMSEM(B. )e)2
~EB
V(0 ) 22 +o(m™). (4.6.16)

74{£TMSEM( Brep2

This implies that r1, — z = Op(m~/2). Then, the expectation of the third and forth terms of
(4.6.13) is of order O(m_3/2).

We evaluate the expectation of the second term in (4.6.11). Since E[r3,] = £' Gs.£/€" H £
and E[r1,] — z are of order O(m™!), we have

VAN e

mz o(m™h. .0.
a0 )+ otm™) (4.6.17)

E[r3,0" (r10)] = Elr3, 0 (2)] + o(m™) =

Since 73, = O(m~2) and E[r},] — 2 = O(1), the expectation of the third term in (4.6.11) is
of order O(m™=2).

Combining (4.6.11), (4.6.13), (4.6.15), (4.6.16) and (4.6.17) gives

p(eTéfB—{eTmsem( P\ 12 <070, < €70, + (£ msem(B, )€}/ )

~EB ~EB
20 Ho (P, 2)¢  geTMSEM(G. " )£)2
~EB
V(ea ) 22 (1)(2:) ETGBa ¢(1)( ) —I—O(mil)
4{€TMSEM(8., ")e)2 £ H.t
~EB
=20(2) — V(. ) (22 4+ 2)p(2) + o(m™1),
4{¢' MSEM(6, )¢}?
which establishes Theorem 4.4.1. O

4.6.6 Proof of Lemma 4.4.1

It is noted that

G1a(U, %) — G1a(¥, ) = n2SA; (¥ — O)A; 'S + 0, ' WA HE - B)A ' + 0, (m ™),
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and Gog (¥, %), G2o(T, ), G3,(¥, 2) and G, (¥, 3) are of order O(m ™). Thus,

E[(€ msem (8. )€ — £TMSEM(@. "~ )£)?]
=0 E(n;?SA; (¥ — W)A'S + 0, ' WA (E - S)A w)ee”
x (n2BA; N (¥ — OASIS + 0, ' WAL H(E - B)A W)+ o(m ™),
and the moment of £' msem(@ )E BTMSEM(B )E of order higher than three is of order

o(m™1).
From equations (4.6.1) and (4.6.2), it follows that

n?SA; N (W — )AL + 0 ' WALN(E - B)A W)

_9 m
:nLEA(;l Z nz{(vl + éi)(vi + é‘i)T — AZ}A(IIE

N ;
=1
[N( A 122{ e —&)(ei; — &) — (1—n7HSIA;LS
=1 j=1
— Nni m\I’Agl Z Z {(Eij — éi)(sij — éi)—r — (1 — n;l)E}Agl‘I’] + Op(m_l)
i=1 j=1

=Bi(y) — Ba(y) + Op(m™"), (say).

Since v; + &; is independent of e;; — &, it is seen that F[B1(y)€€' {B2(y)}'] = 0. Thus, we
shall evaluate E[B;(y)e£' {Bi(y)}"] and E[By(y)€€' {Ba(y)}"]. For the proofs, we can use
the same arguments as in (4.6.7), (4.6.8) and (4.6.9).

Concerning E[B(y)¢£" {B1(y)}"], it is observed that

E[Zni{(vi+éi)(vi+s —A; }A IEEETEA IZTL]{ UJ+€])(U]+€] j}]
i=1 j=1

= in: anE {{('vz + E‘i)(vi + E_?Z')T - Ai}A(leEETEAgl{(vi + E_?Z')(’Ui + E?Z')T — AZ}]

= nH{AATSLTSATA + tr (A TS0TSA T A)A Y,
1=1

so that we have

E[B1(y)ee"{B1(y)}'] =

4 m
oz > nH{AATSTSATA + tr (AL STEATA)A )
=1

(4.6.18)

Concerning F[Ba(y)€L' {Ba(y)} '], recall that W = 37", >ty (eij—E&i)(eij— g;) " has the
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Wishart distribution Wi(N — m, X). Then, we have

E[By(y)eL" {Ba(y)} ']
—E{JMEAal{W — (N —m)S}A; 'S - N”j_lmmal{w — (N - m)E}A;llP}
2 -1

TnSm o s e A (N .
x 00 {N(N—m)EAa (W= (N =m)Z}A;'S - WA W — (V- m)S}A; \I,}
n74’m2
“NAN—m)
-2

2A;1{EA;12%T2A;12 + tr (MlE%TEAZIE)E}A;lz

n

N;’?m (4.6.19)
——t SANEAITU TAS AT OAL 1
N(N —m) a { . Xl o X 4tr(A, Xee YA, E)E}Aa U
n-3m
— 0 WA AU TSAS 4 tr (AT AT iy
N(N —m) a { a a +tr (A, YA, E)E}Aa by

+

WA SA T OATIE ¢ (A e WA )T A

Multipling £ by (4.6.18) and (4.6.19) from both sides, we get the expression given in (4.4.2). O
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