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Introduction

Maximizing profits is the ultimate goal for private firms. This is one of the most funda-
mental assumptions in the literature of industrial organization. Under this assumption,
researchers have piled up studies about optimal production, pricing, research and de-
velopment, advertising, entry and exit. Accordingly, researchers have assumed that
private firms choose their actions so as to maximize their own profits. This sounds
quite natural and valid. Why on earth do firms act differently despite their ultimate
goal?

In 1987, however, one paper written by Fershtman and Judd shows the possibility
that non-profit maximizing firms can acquire higher profits than profit maximizing firms
in oligopoly. Consider a firm operated by a professional CEO hired by its owner. The
contract between them specifies the incentive scheme in which the CEO is evaluated
not only on profits but also revenues of the firm. Under such contract, the CEO
operates more aggressively to sell more products than profit maximizing firms. The
aggressiveness crowds out competitors and results in a higher market share and hence
higher profits. This is the mechanism in which non-profit maximizers defeat profit
maximizers. Given this insight, the next question is what is optimal to achieve the
ultimate goal.

Many studies follow Fershtman and Judd to open up the strategic delegation lit-
erature. Some try to probe other criteria than revenues, such as market shares, sales
or relative performance. Others apply the mechanism to other economic agents than
private firms, including state-owned enterprises, nonprofit organizations, and govern-
ments. For example, state-owned enterprises are assumed to maximize social welfare,
but it is found that the best objective function is not necessarily the welfare itself.
Rather, under fairly general settings it is a mixture of welfare and corporate profits,
which provides theoretical supports for privatization of the state-owned companies.

This thesis also belongs to the strategic delegation literature. Chapter 1 investigates
the strategic relationships between corporate social responsibility of private firms and
partial privatization of the state-owned firm. CSR can play the same role as the revenue
component that private firms can commit. Thus the strategic delegation framework
partially explains recent rise of CSR. In response, one research question is whether the
government should privatize public firms. The other question is whether a government
wishing to induce more CSR, should privatize the state-owned firms. It proves that
the relationships can be either strategically complementary or substitutive, or even
non-monotonic if there is a threshold where the strategic characteristics reverse.

Chapter 2 focuses on price competition with multimarkets, and privatization policy
therein. There are two markets. One is served solely by a state-owned public firm,
and the other is served by both public and private firms. The markets are linked by
the production technology of the public firm. Using a relatively general model, we first
show that privatization is never optimal in the absence of multimarket contacts (i.e.,
there is only one monopoly or duopoly market). However, in the presence of multi-
market contacts, privatization can be optimal. We provide a parametric example for
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this possibility using a linear-quadratic specification. The characterization of optimal
privatization demonstrates its non-monotonicity with respect to the relative sizes of the
two markets and the degree of product differentiation.

Chapter 3 applies strategic delegation to the tax competition literature. There
is no room for objective function adjustment if the countries are closed and there is
no mutual relationship between them. However, circumstances change as globalization
takes place; as the countries links to other countries through spillovers, trade and factor
mobility. The model of tax competition is led by policy makers selected from citizens
with different stance to other countries. The citizens will choose a political leader who
makes them expect to bring the greatest benefit in relation to other countries. With
this approach, our interest is on which of the altruistic or malicious, in other words
hostile politician towards neighboring countries will be more likely to be elected as the
policy-maker who represents the diverse citizens when countries have become connected
in a single market. The results in the symmetric tax competition show that there exists
an incentive for the median voter of the country to delegate the power to decide the
tax policy to the altruistic individual. In our study allowing the asymmetries across
the countries, it was also shown that the individual having malicious preferences could
become representatives of the country.
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1 Introduction

Corporate Social Responsibility, henceforth CSR, prevails nowadays. According to
KPMG Survey of Corporate Responsibility Reporting 2017, 93% of the world’s largest
250 companies and 75% of the whole sample of 4900 companies issue Corporate Respon-
sibility reports. The numbers were 39% and 12% in 1999 respectively. As the numbers
show, private firms, which are conventionally modeled as pure profit maximizers, pay
attention to social factors which directly has no positive effects on profits. This holds
true also in industries such as postal services, financial services, telecommunications,
automobile manufactures, utilities and so forth. These industries are typical ones where
the state-owned enterprises operate in addition to private ones. As CSR rising, the ef-
fects of privatization to CSR and CSR to privatization attracts researchers’ attention.
The research question is something like whether the state-owned firm should sell or buy
its government share in response to increasing CSR, or in order to promote it.

Several papers use versions of strategic delegation game à la Fershtman and Judd
(1987) to investigate the interaction of privatization and CSR. Ouattara (2017) and
Kim et al. (2017) analyze strategic incentives of privatization to CSR. They show the
result that privatization is a strategic substitute to CSR and if CSR is fixed at some
high degrees then full-nationalization can be optimal in contrast to Matsumura (1998).
Kim et al. (2017) additionally points out, that the optimal degree of privatization ex-
hibits non-monotonic relationship with the degree of CSR if private firms have different
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magnitudes of CSR. Itano (2017) studies the strategic relationship of CSR to privatiza-
tion besides the one of CSR to privatization. He concludes that CSR is also a strategic
substitute to privatization. The strategic relationships of CSR and privatization in
mixed duopoly situations are confirmed as mutually monotonic and substitute. That
implies, for example, that nationalization possibly induces more CSR.

In this paper, we show that the relationships can be non-monotonic, or precisely,
there exists a threshold where the strategic substitute becomes complement. The new
findings are due to generalization of functional specifications which are used in the
literature. We generalize the specification in two ways; cost functions and an abstraction
of CSR. In the literature, the cost functions are quadratic with coefficient 1/2. We
introduce γ > 0 so the coefficient is γ/2, and show that γ = 1 is a threshold that
the strategic relationships are always monotonic for γ ≥ 1. The other generalization
is about an abstraction of CSR. In the literature some papers use consumer surplus
while other1 use social welfare as representation of CSR, but never both. We test both
to see if they support the same results. It turns out not, though they share the same
property that firms become aggressive by taking CS or SW into consideration. That
means there exists other crucial difference between two as representation of CSR. We
figure out that it is whether being sensitive to competitors’ actions or not. Considering
CS makes firm less sensitive to competitors, whilst SW makes more sensitive than pure
profit maximizers. That the sensitivity can be a determinant factor of the strategic
relationships is also new finding of our study, not only to mixed oligopoly literature but
to strategic delegation literature as well. Summarizing the above, in order to judge the
strategic relationships of CSR and privatization, the results in the paper recommend
policy makers to carefully check competitors’ cost efficiency and sensitivity to others
actions.

The specific game model is introduced in Section 2. The equilibrium under CS type
CSR comes in Section 3. Then, Section 4 investigates welfare type of CSR, instead of
consumer surplus type, whether the type matters to the results. Section 5 concludes.

2 Model

2.1 Game flow

The game consists of two stages. In the first stage, a public firm choose a degree of
privatization to maximize welfare while a private firm a degree of CSR to maximize its
profit. The choice is done simultaneously. In the second stage, both firms simultane-
ously choose production quantities to maximize their own objective functions, which
are possibly different from pure welfare or profit ones depending on the result of the
first stage. An equilibrium concept is a subgame perfect equilibrium, so the analysis
takes place backwards.

1For instances, Yasui and Haraguchi (2018), Ghosh and Mitra (2014) and Matsumura and Ogawa
(2014)
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2.2 Specification

Following the literature, this study employs simple linear demand and quadratic cost
formulations. Precisely, both firms have following profit functions,

πi = (1− qi − qj)qi −
γq2i
2

, i = 0, 1. (1)

Here, i = 0 represents a state-owned public enterprise and i = 1 a competing private
firm and qi each amount of production. On top of a canonical formulation, we introduce
γ in the cost functions. This signifies an efficiency of firms’ production technology. In
the literature, γ = 1 is often assumed because of its parsimony. However as shown
later, generalizing γ provides new findings which are in a stark contrast to results in
the literature. Thus γ is allowed to take any strictly positive value, i.e., γ > 0.

As an abstraction of corporate social responsibility act, the private firm takes care
of consumer surplus in its objective function, let alone own profit. Thus, the objective
function to be maximized in the production stage is

U1 = α1π1 + (1− α1)CS, (2)

where CS =
(q0 + q1)2

2
. (3)

α1 indicates an inverse degree of CSR of the private firm. The lower is α1, the more
CSR is the private concerned with. To guarantee positive productions for both firms
with any γ, the study restricts an attention to α1 ∈ [1/2, 1].

For the public sector, following Matsumura (1998), its objective function has a
possibility of partial privatization in the following form,

U0 = α0π0 + (1− α0)SW, (4)

where SW = π0 + π1 + CS. (5)

In turn, α0 ∈ [0, 1] is a degree of privatization, so higher α0 means the public firm sells
larger amount of its stock to private investors and thus takes care its own profit more.
The public firm maximizes U0 in the production stage.

Through the second stage, an equilibrium pair of quantities (q∗0(α0,α1), q∗1(α0,α1))
and resultant values materialize. Anticipating them, both firms choose each αi to
maximize each objective function. Namely, the public firm’s problem is,

max
α0

SW (q∗0(α0,α1), q
∗
1(α0,α1)) (6)

and the private one is,
max
α1

π1 (q
∗
0(α0,α1), q

∗
1(α0,α1)) . (7)
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3 Equilibrium

3.1 Production stage

Given αi, each firm maximizes each objective function with its own quantities. The
FOCs are,

∂U0

∂q0
= α0

∂π0

∂q0
+ (1− α0)

∂SW

∂q0
= α0(1− q1 − (2 + γ)q0) + (1− α0)(1− q1 − (1 + γ)q0) = 0, (8)

∂U1

∂q1
= α1

∂π1

∂q1
+ (1− α1)

∂CS

∂q1
= α1(1− q0 − (2 + γ)q1) + (1− α1)(q0 + q1) = 0. (9)

SOCs are satisfied. The reaction functions and the equilibrium pair of quantities are

qR0 =
1− q1

1 + γ + α0
, qR1 =

α1 − (2α1 − 1)q0
3α1 − 1 + α1γ

, (10)

q∗0(α0,α1) =
α1(2 + γ)− 1

α0(3α1 − 1 + α1γ) + α1(1 + 4γ + γ2)− γ
,

q∗1(α0,α1) =
α1(−1 + α0 + γ) + 1

α0(3α1 − 1 + α1γ) + α1(1 + 4γ + γ2)− γ
.

(11)

The above equations lead to the following lemma, which confirms a well-known aggres-
sive role of CSR and less-aggressive role of privatization.

Lemma 1.

∂q∗i (α0,α1)

∂αi
< 0,

∂q∗i (α0,α1)

∂αj
> 0 for i = 0, 1, i ̸= j. (12)

Proof. See Appendix.

3.2 Commitment stage

Firms solve each maximizing problem, either (6) or (7), which is subject to the con-
straint (11). The reaction functions in this stage are,

αR
0 (α1) = max

{
(6α2

1 − 7α1 + 2) γ

α1 (α1 (γ2 + 5γ + 2)− 2γ − 1)
, 0

}
,

αR
1 (α0) =

α2
0 + α0(3γ + 2) + γ(2γ + 3)

α2
0 + 3α0(γ + 1) + 2γ(γ + 2)

.

(13)

Differentiating both reaction functions with respect to each argument gives strategic
relationships between privatization and CSR.
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Proposition 1.

1. For γ > 0, α0 is a strategic complement to α1. In other words, a degree of
privatization is a strategic substitute to a degree of CSR.

2. For γ ≥ 1, α1 is a strategic complement to α0. In other words, a degree of CSR
is a strategic substitute to a degree of privatization.

3. For 0 < γ < 1, α1 is a strategic substitute in a range of 0 ≤ α0 <
√
γ − γ and

complement otherwise.

Proof. See Appendix.

The first part of Lemma 2 can be understood in the following way. The public
firm fundamentally faces a dilemma, to improve welfare, that it tries to improve CS
by increasing production while at the same time to improve production cost efficiency
by sharing total production with the private firm as equally as possible. Since when
the private is purely own profit oriented, i.e., α1 = 1, q1 is the smallest from Lemma
1, so the public needs to be moderate in production not to worsen cost inefficiency.
Thus, again from Lemma 1, it privatizes the most. Yet, as the private starts CSR, it
increases production, so the public has less anxiety for cost inefficiency and can increase
production. Thus in this case, as CSR strengthened, the partial privatized firm become
more public.

While the first part of Lemma 2 is from the public side’s dilemma, the second and
third part is owing to the one of the private side, a revenue and a cost. Consider
infinite small increment of privatization from the point (0,αR

1 (0)), where the public
is fully nationalized and the private optimally respond to it with CSR. Due to the
privatization, q0 decreases in its first order while q1 increases in its second order. With
the first order effect only, the price would rise with other values fixed. This motivates
the private firm to acquire more revenue by increasing production, so it does to promote
CSR more. On the other hand, with the second order effect only, the price would drop
and the cost inflate, so the private would like to withhold CSR to reduce production.
The total effect is a sum of the two, thus ambiguous. However, as the marginal cost
becomes heavier due to higher γ or q1 (because of higher α0), the second order tends
to dominate the first. Therefore, beyond the threshold, CSR comes to a strategic
substitute to partial privatization from a strategic complement.

Proposition 1 is about global properties of the reaction functions, and next Lemma
3 states the local property at the equilibrium.

Corollary 1.

∃γ∗ ∈ (0, 1) s.t. 0 < γ < γ∗ ⇔ dα1

dα0

∣∣∣∣
α=α∗

< 0, γ∗ ≤ γ ⇔ dα1

dα0

∣∣∣∣
α=α∗

≥ 0. (14)

Proof. See Appendix.
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The approximate value of γ∗ is .8. Lemma 3 claims the reversibility of strategic
relationship of CSR to privatization matters on the equilibrium, as well as off-path. As
is well known, the strategic relationships of strategic values are crucial in, if any, an
endogenous timing game, which is discussed in Appendix.

4 Welfare type of CSR

While up to this point the consumer surplus represents CSR, there also are papers in
which social welfare plays that role2. Which specifications match the reality better
still seems under discussion. This section is devoted to compare the welfare one to the
consumer surplus one by checking if the former supports the same results as the latter.
It turns out the results are different. The reasons of the difference is addressed after
showing the results.

4.1 Equilibrium with SW type CSR

The game structure is exactly the same as before. The formulation is also the same with
one exception. It is SW instead of CS the private takes into account in its objective
function of the production stage. Accordingly, the domain of α1 becomes to [0, 1] as
α0. In order to highlight values are calculated under SW type CSR setting, overlines
are added appropriately.

The FOCs, reaction functions, and equilibrium quantities in the production stage
are,

∂Ui

∂qi
= αi

∂πi

∂qi
+ (1− αi)

∂SW

∂qi
= αi(1− qj − (2 + γ)qi) + (1− αi)(1− qj − (1 + γ)qi) = 0, (15)

qRi =
1− qj

1 + γ + αi
, (16)

q∗i (αi,αj) =
αi + γ

(αi + αj)(1 + γ) + αiαj + γ(2 + γ)
. (17)

Then, the commitment stage generates the following reaction functions of CSR and
privatization.

αR
0 (α1) =

α1γ

γ + (α1 + γ)2
, αR

1 (α0) =
α0 + γ

1 + α0 + γ
. (18)

Given the reaction functions, the next proposition, which is a CSR-by-SW counterpart
to Lemma 2 in the CSR-by-CS case, holds.

2For examples,Yasui and Haraguchi (2018), Ghosh and Mitra (2014) and Matsumura and Ogawa
(2014)

9



Proposition 2.

1. For 0 < γ <
(√

5− 1
)
/2, α0 is a strategic substitute to α1 in a range of 0 < α1 <√

γ2 + γ and complement otherwise.

2. For
(√

5− 1
)
/2 ≤ γ, α0 is a strategic complement to α1. In other words, a degree

of privatization is a strategic substitute to a degree of CSR.

3. For γ > 0, α1 is a strategic complement to α0. In other words, a degree of CSR
is a strategic substitute to a degree of privatization.

In comparison with Proposition 1, there are two main differences. The first one is
that the strategic relation of privatization to CSR depends on the cost efficiency. The
other one is that of CSR to privatization does not. Though the differences are two,
they share one and the same root. It is expressed in the following lemma and corollary.

Lemma 2.

∀α1 ∈ (1/2, 1) ∀α1 ∈ [0, 1)
∂2qR1 (q0)

∂α1∂q0
< 0 <

∂2qR1 (q0)

∂α1∂q0
. (19)

Proof. Though proving on the specification herein is straightforward, we provide a proof
on more general assumptions. Suppose for i, j = 0, 1 i ̸= j, (∂2πi/∂qi

2), (∂2πi/∂qi∂qj),
(∂2SW/∂qi

2), and (∂2SW/∂qi∂qj) all exist and are negative and (∂2CS/∂qi
2) and

(∂2CS/∂qi∂qj) exist and positive. Suppose additionally, αi is defined in the inter-
sectional range of (∂2Ui/∂qi

2) < 0 and [0, 1].
Under these assumptions, the two cross derivatives are,

∂2qR1 (q0)

∂α1∂q0
=

−(p′ − c′′i ) (p
′ + p′′(qi + qj))

(∂2Ui/∂q2i )
2 =

(∂2SW/∂q2i )(∂
2CS/∂q2i )

(∂2Ui/∂q2i )
2 < 0, (20)

∂2qR1 (q0)

∂α1∂q0
=

p′2 + p′′q1c′′1
(∂2Ui/∂q2i )

2 >
(p′ + p′′q1)2

(∂2Ui/∂q2i )
2 > 0. (21)

The first inequality in (21) is from strict concavity of the profit function. Q.E.D.

Corollary 2.

∀α1 ∈ (1/2, 1) ∀α1 ∈ [0, 1) 0 >
∂qR1 (q0)

∂q0
>

∂qR1 (q0)

∂q0
. (22)

If firms try to maximize consumer surplus only, all they have to do is just producing
infinite amounts regardless of competitors’ actions. In contrast, if firms take care welfare
only like as the fully nationalized firm, they have to more flexibly adjust own production
in response to competitors’ one than the pure profit maximizer does. Therefore, as
the private firm doing CSR-by-CS, it pays less attention to the competitor and doing
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CSR-by-SW, vice versa. It is this difference of sensitivity to competitors’ action that
generates a number of different results depending on the CS type CSR or SW type.

To see how the sensitivity matters in the first difference in Proposition 1 and 2,
the strategic relation of privatization to CSR can be reversed under SW type CSR
and not under CS type, the point of (αR

0 (1), 1) is important. Since, at that point,
the private firm behaves as a pure private and the public responds with its optimally
adjusted privatization, the difference of SW and CS has no effects yet. The initiation
of CSR out of that point increases welfare through both total production and cost
efficiency improvements. In response to the CSR, the public becomes able to improve
welfare more than the status quo, by adjusting privatization. On its choice, there are
potentially two opposite directions, either increasing or decreasing its production, i.e.,
nationalizing or privatizing. Since at the status quo, the public produces more than the
private, increasing production improves total production but worsens the cost efficiency
and vice versa. Hence, the public direction to pursue depends on the relative sizes of
two effects. With CS type CSR, total production improvement dominates the cost
efficiency worsening, so the public increases its production by nationalizing. With SW
type CSR the opposite can hold, so the public can decrease by privatizing.

The determinant relative sizes in turn depend on the slope of the private reaction
function, or sensitivity to the public production. The steeper slope, which is the case
with the SW type CSR, makes the efficiency weight heavier, because small reduction of
the public production induces a substantial increase of the private production. At the
same time, it makes the total production harder to change, due to the higher elasticity
of substitution. On the other hand, with the flatter reaction curve, as with the CS
type, the opposite holds. Therefore, with SW type and the higher sensitivity, the cost
efficiency improvement can dominate the worsen consumer surplus if γ and CSR are
small enough. The reason of being limited with small CSR is that as CSR increases and
privatization follows the production gap shrinks, so does the efficiency improvement.
The reason of small γ is that with large γ, the public cannot produce large amounts in
the first place, so the production gap, and hence cost inefficiency is small.

Secondly, the other difference in Proposition 1 and 2, that the strategic relation
of CSR to privatization is fixed under SW type CSR but not under CS type, is also
due to the sensitivity difference. As noted in the exposition after Proposition 1, the
strategic relation depends on the relative sizes of the first and second order effects of
privatization on the private profit. If the first order one, the decline of q0, is large, then
the private would like to promote CSR and be aggressive. Otherwise the second order,
the q1 increase, is large, the private withhold CSR and be less aggressive. Therefore,
with SW type CSR, i.e., with the steeper reaction curve, the latter case is more likely
to happen. This sensitive reaction is so dominant a factor in the specification for CSR
to be a strategic substitute to privatization regardless of γ.

As in the CS type CSR, the next lemma characterizes the equilibrium.

Corollary 3.

∀γ > 0
dαi

dαj

∣∣∣∣
α=α∗

> 0 i, j = 0, 1, i ̸= j. (23)
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Proof. See Appendix.

Corollary 3 claims that though the strategic relationship of privatization for CSR
depends globally, at the equilibrium it is always a strategic substitute, as in corollary
2. That of CSR for privatization also does not depend on the marginal cost, but this
is in contrast in corollary 2 owing to the difference explained above.

5 Conclusion

In this paper we analyze strategic relationships between CSR and privatization using
more general specifications than in the literature. As a result we have possibilities of
strategic complementarity which has not been confirmed yet. Specifically, if the private
firm which has high cost efficiency cares about consumer surplus in addition to its
profit, then the CSR can be strategic complement to privatization. On the other hand,
if the firm’s CSR takes a form of social welfare, then privatization can be strategic
complement to CSR. We also discuss the reason why the results depend on which form
CSR takes, consumer surplus or social welfare. Though they are similar in terms of
making firms aggressive, they are opposite with regard to the sensitivity to competitors.
With consumer surplus, firms become less sensitive to competing firms, whereas become
sensitive with social welfare. The difference of sensitivities leads to the different strategic
relationship. One possible policy implication out of this study is that policy-makers in
government sectors should pay attention to private firms’ cost efficiency and sensitivity
to public sector to induce more CSR with some measures. Though our calculations
still rely on the specific functional forms, we believe the intuitive mechanism behind
the results explained after equations contains robustness to some degree.

Appendix

Proof of Lemma 1

Differentiating two equations in (11) by each degree yields the jaccobian matrix,

⎛

⎜⎜⎝

∂q∗0
∂α0

∂q∗0
∂α1

∂q∗1
∂α0

∂q∗1
∂α1

⎞

⎟⎟⎠ =
1

A

(
−(α1(γ + 2)− 1)(α1(γ + 3)− 1) α0 + 2γ + 1

(2α1 − 1)(α1(γ + 2)− 1) −(α2
0 + α0(3γ + 2) + 2γ2 + 3γ + 1)

)

(24)

where A =
(
α0(α1(γ + 3)− 1) + α1

(
γ2 + 4γ + 1

)
− γ
)2

> 0.

Therefore for α0 ∈ [0, 1], α1 ∈ (1/2, 1], and γ > 0 the statement holds. Q.E.D.
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Proof of Proposition 1

Differentiating the reaction function of α0 in (13), we have,

dα0

dα1
=

⎧
⎪⎨

⎪⎩

γ (α2
1 (7γ

2 + 23γ + 8)− 4α1 (γ2 + 5γ + 2) + 4γ + 2)

α2
1 (−α1 (γ2 + 5γ + 2) + 2γ + 1)2

, α1 ∈ [2/3, 1],

0 otherwise.

(25)

The sign in the range of α1 ∈ [2/3, 1] is determined by the numerator. Note that the nu-
merator takes U-shape in terms of α1, and its value at α1 = 2/3 is 2γ (2γ2 + 4γ + 1) /9 >
0. Thus the first part of Lemma 2 is proven. Then, for the other reaction function, we
have,

dα1

dα0
=

α2
0 + 2α0γ + (γ − 1)γ

(α2
0 + 3α0(γ + 1) + 2γ(γ + 2))2

! 0 ⇔ α0 !
√
γ − γ. (26)

Therefore when γ ∈ (0, 1) α1 has a range of strategic complement to α0 near the full
nationalization, and otherwise substitute. Q.E.D.

Proof of Corollary 1

If γ > 1, the result is trivial, so we restrict our attention to the case γ ∈ (0, 1]. In
the following we compare the point (

√
γ − γ,α1(

√
γ − γ)) and the point (α0(α1(

√
γ −

γ)),α1(
√
γ − γ)) along with α0 axis. If

√
γ − γ < α0(α1(

√
γ − γ)), then the reaction

functions intersect at the point of mutual strategic complement, and otherwise α1 is
strategic substitute to α0.

To begin with, from the strategic complementarity of α0 to α1, we have,

0 < α0(α1(
√
γ − γ)) < α0(1) =

γ

1 + 3γ + γ2
< γ. (27)

So the public reaction point under consideration is bounded from above by γ. In turn,
the private point has following property.

d(
√
γ − γ)

dγ
=

1

2
√
γ
− 1 " 0 ⇔ γ ! 1

4
. (28)

Note that
√
γ − γ = 1/4 at γ = 1/4. Therefore in the range of (0, 1/4],

√
γ − γ >

α0(α1(
√
γ − γ)). For 1/4 < γ ≤ 1,

√
γ − γ decreases to 0, so if α0(α1(

√
γ − γ)) is

increasing in this range, the existence of the unique threshold is guaranteed.

dα0(α1(
√
γ − γ))

dγ

=
80γ

3
2 + 138γ

5
2 + 7γ

7
2 − 47γ

9
2 − 8γ

11
2 − γ6 − 26γ5 − 44γ4 + 86γ3 + 129γ2 + 32γ + 6

√
γ

(
γ + 2

√
γ + 2

)2 (
6γ

3
2 + 2γ

5
2 + γ3 + 5γ2 + 5γ + 2

√
γ + 1

)2

>
80γ

3
2 + 138γ

5
2 + 7γ

7
2 + 86γ3 + 3γ2 + 32γ + 6

√
γ

(
γ + 2

√
γ + 2

)2 (
6γ

3
2 + 2γ

5
2 + γ3 + 5γ2 + 5γ + 2

√
γ + 1

)2 > 0.
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Q.E.D.

Proof of Proposition 2

Differentiating two reaction functions in (18) yields,

dαR
0

dα1
=

γ (−α2
1 + γ2 + γ)

(α2
1 + 2α1γ + γ2 + γ)2

,
dαR

1

dα0
=

1

(α0 + γ + 1)2
. (29)

The left is straightforward as in the proof of Lemma 2. Q.E.D.

Proof of Corollary 3

The next equation demonstrates that the private reaction curve passes under, if any,
the corner of the public one.

For γ > 0,
√

γ2 + γ − αR
1 (α

R
0 (
√
γ2 + γ)) =

(3γ + 2)
√

γ2 + γ − γ

3γ + 4
> 0. (30)

Q.E.D.

Endogenous timing game

Here we discuss an endogenous timing game of CSR and privatization à la Hamilton
and Slutsky (1990). The previous first stage of the game is split into two stages,
thus hereafter the game consists of three stages as a whole. In the first stage, both
firms have choices with respect to timing of commitment of either privatization or
CSR, whether early of later. The second, ex-first, stage is played simultaneously or
sequentially depending of the result of the first stage. For example, if in the first stage,
say, the public firm chooses early and the private chooses later, then in the second stage,
the public privatizes first and the private decides the amount of CSR following it, and
vice versa. Alternatively, if both of them choose the same timing, early or later, in the
first stage, the second stage is a plain simultaneous game as illustrated above. Following
the two commitment stages, the third, production stage are played simultaneously.

Proposition 3. In the endogenous timing game, where the public firm and the private
choose timing of privatization of CSR commitment, the equilibrium is that,

• For 0 < γ < γ∗, the public firm commits as a leader and the private follower.

• For γ∗ ≤ γ, both try to be a leader thus the simultaneous structure occurs.

The resultant timing structure of Proposition 1 fundamentally owes to Lemma 3,
which is new in the literature. Therefore the leader-follower structure of privatization

14



and CSR in the range of high cost efficiency has not ever been supported until this
study, at least with this type of game. However, as examples in Introduction shows,
it seems the real structure with plausibility. The behind intuition is following. When
the public firm knows that the private adjusts its degree of CSR in accordance with
the one of privatization, the public predicts incremental CSR follows the privatization
(in a relevant range) if the costs are sufficiently efficient. This is because of the private
firm’s rationale illustrated in Lemma 2. The incremental CSR compensates the welfare
loss due to privatization. From the view point of the private also, the leader-follower
structure is welcome, since the market share of the private in the production stage
increases, inducing higher profits. Therefore the leader-follower structure is supported
by both firms, so it is the equilibrium. The resultant amounts of CSR and privatization
are summarized in the following corollary.

Corollary 4. Comparing to the simultaneous choice version, the public leader and
private follower structure induces,

• more CSR and privatization if costs are efficient enough,

• less CSR and more privatization otherwise.

Proof. In preparation for the proof of the endogenous timing game, we put the next
lemma.

Lemma 3.

dSW (α0(α1),α1)

dα1
=

∂SW

∂α0

dα0

dα1
+

∂SW

∂α1
=

∂SW

∂α1

∣∣∣∣
α0=α0(α1)

= − (3α1 − 2)γ (2α1γ2 + 7α1γ + α1 − 2γ)

(α2
1 (γ

3 + 7γ2 + 15γ + 1)− 2α1γ(γ + 5) + 2γ)2
< 0, (31)

dπ1(α0,α1(α0))

dα0
=

∂π1

∂α0
+

∂π1

∂α1

dα1

dα0
=

∂π1

∂α0

∣∣∣∣
α1=α1(α0)

=
(α0 + γ)(α0(γ + 1) + γ(γ + 2))

(α0 + γ + 1)2(α0(γ + 2) + γ(γ + 3))2
> 0. (32)

Second equalities in each equation are from the envelope theorem. What the lemma
means is that along each reaction function each ultimate objective increases or decreases
with competitor’s commitment. Given this, the hypothetical leader firm picks the best
point on the competitor’s reaction curve. Let (αL

i ,α
F
j ) denote that best point when the

firm i is a leader and firm j follower. Then it necessarily satisfies the property either
α∗
1 ≥ αF

1 or α∗
0 ≤ αF

0 . For expository simplicity, take a public leader case. Suppose
the leader choose the point such as αF

1 > α∗
1, then SW (αL

0 ,α
F
1 ) < SW (α0(αF

1 ),α
F
1 ) <

SW (α∗
0,α

∗
1). The first inequality comes from the definition of reaction functions and

the second one from Lemma 3. Hence the point (αL
0 ,α

F
1 ) is strictly dominated by the

simultaneous one, this is contradiction. Similar arguments hold in the private leader

15



case. As for αL
i to α∗

i , the relative positions depend on whether the reaction curve of
firm j has a positive or negative slope.

Lastly, owing to the following equations, the two weak inequalities above are actually
strict ones, except γ = γ∗ case.

sgn

(
dSW (α0,α1(α0))

dα0

∣∣∣∣
(α∗

0,α
∗
1)

)
= sgn

(
∂SW

∂α0
+

∂SW

∂α1

dα1

dα0

)
= −sgn

(
dα1

dα0

)
, (33)

sgn

(
dπ1(α0(α1),α1)

dα1

∣∣∣∣
(α∗

0,α
∗
1)

)
= sgn

(
∂π1

∂α0

dα0

dα1
+

∂π1

∂α1

)
= sgn

(
dα0

dα1

)
. (34)

Therefore if, say, the private is a leader, the point chosen is upper right to the si-
multaneous point in the α0 − α1 coordinate plane. At that point the private profit
of course increases compared to the simultaneous one, but the welfare on the other
hand decreases as in Lemma 3. Hence, the public deviates from its follower role. The
similar results hold for the public leader case if α1 is strategic complementary to α0 at
the simultaneous equilibrium. However, if it is strategic substitute at the intersection,
then the private profit also increases, so it has no deviation incentive from the follower
position. Q.E.D.

Endogenous Timing Game with SW type CSR

Finally, we check if the SW type CSR can endogenously support the privatization leader
and CSR follower structure like as the CS type one.

Proposition 4. In the endogenous timing game in the commitment stage with pri-
vatization and the welfare type CSR, the equilibrium is a simultaneous structure in
consequence of a common incentive for the leader.

Proof. The counterpart of Lemma 3 is following.

dSW (αR
0 (α1),α1)

dα1
=

∂SW

∂α1

∣∣∣∣
α0=αR

0 (α1)

=
−α1γ2(α1 + γ + 1)

(α2
1(γ + 1) + 2α1γ(γ + 2) + γ (γ2 + 3γ + 2))2

< 0,

(35)

dπ1(α0,αR
1 (α0))

dα0
=

∂π1

∂α0

∣∣∣∣
α1=αR

1 (α0)

=
(α0 + γ)(α0(γ + 1) + γ(γ + 2))

(α0 + γ + 1)2(α0(γ + 2) + γ(γ + 3))2
> 0. (36)

Thus, the similar arguments as in Proposition 1 remain valid. Q.E.D.

Because of the mutual strategic substitutability induced by SW type CSR, both try
to be a leader, otherwise their objectives being impaired. Therefore, if the privatization
leader CSR follower structure is imposed for some reason, it has a possibility of crowding
out private CSR acts, though improving overall welfare.
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S�`iB�H S`Bp�iBx�iBQM mM/2` JmHiBK�`F2i
S`B+2 *QKT2iBiBQM»

h�Fm J�bm/�Þ�M/ ambmKm a�iQß

�#bi`�+i

q2 BMp2biB;�i2 i?2 2z2+ib Q7 KmHiBK�`F2i +QMi�+ib QM i?2 T`Bp�iBx�iBQM TQHB+v
BM � KBt2/ /mQTQHv mM/2` T`B+2 +QKT2iBiBQMX h?2`2 �`2 irQ K�`F2ibX PM2 Bb
b2`p2/ bQH2Hv #v � bi�i2@QrM2/ Tm#HB+ }`K- �M/ i?2 Qi?2` Bb b2`p2/ #v #Qi? Tm#HB+
�M/ T`Bp�i2 }`KbX h?2 K�`F2ib �`2 HBMF2/ #v i?2 T`Q/m+iBQM i2+?MQHQ;v Q7 i?2
Tm#HB+ }`KX lbBM; � `2H�iBp2Hv ;2M2`�H KQ/2H- r2 }`bi b?Qr i?�i T`Bp�iBx�iBQM
Bb M2p2` QTiBK�H BM i?2 �#b2M+2 Q7 KmHiBK�`F2i +QMi�+ib UBX2X- i?2`2 Bb QMHv QM2
KQMQTQHv Q` /mQTQHv K�`F2iVX >Qr2p2`- BM i?2 T`2b2M+2 Q7 KmHiBK�`F2i +QM@
i�+ib- T`Bp�iBx�iBQM +�M #2 QTiBK�HX q2 T`QpB/2 � T�`�K2i`B+ 2t�KTH2 7Q` i?Bb
TQbbB#BHBiv mbBM; � HBM2�`@[m�/`�iB+ bT2+B}+�iBQMX h?2 +?�`�+i2`Bx�iBQM Q7 QTiBK�H
T`Bp�iBx�iBQM /2KQMbi`�i2b Bib MQM@KQMQiQMB+Biv rBi? `2bT2+i iQ i?2 `2H�iBp2 bBx2b
Q7 i?2 irQ K�`F2ib �M/ i?2 /2;`22 Q7 T`Q/m+i /Bz2`2MiB�iBQMX

C1G +H�bbB}+�iBQM >9k- Gjj
E2vrQ`/b JmHiBK�`F2i +QMi�+ib- T�`iB�H T`Bp�iBx�iBQM- bi�i2@QrM2/ Tm#HB+ 2Mi2`T`Bb2

R AMi`Q/m+iBQM
aBM+2 i?2 2�`Hv RN3yb- r2 ?�p2 Q#b2`p2/ � rQ`H/rB/2 r�p2 Q7 T`Bp�iBx�iBQM Q7 bi�i2@
QrM2/ Tm#HB+ 2Mi2`T`Bb2bX L2p2`i?2H2bb- K�Mv Tm#HB+ �M/ b2KB@Tm#HB+ 2Mi2`T`Bb2b UBX2X-
}`Kb QrM2/ #v #Qi? Tm#HB+ �M/ T`Bp�i2 b2+iQ`bV �`2 biBHH �+iBp2 BM TH�MM2/ �M/ K�`@
F2i 2+QMQKB2b BM /2p2HQT2/- /2p2HQTBM;- �M/ i`�MbBiBQM�H +QmMi`B2bX q?BH2 bQK2 Tm#HB+
2Mi2`T`Bb2b �`2 i`�/BiBQM�H KQMQTQHBbib BM M�im`�H KQMQTQHv K�`F2ib- � +QMbB/2`�#H2
MmK#2` Q7 Tm#HB+ UBM+Hm/BM; b2KB@Tm#HB+V 2Mi2`T`Bb2b +QKT2i2 rBi? T`Bp�i2 2Mi2`T`Bb2b

»q2 �`2 ;`�i27mH iQ hQb?B?B`Q J�ibmKm`�- .�M a�b�FB- LQ`B�FB J�ibmb?BK�- �FB7mKB Ab?B?�`�-
ambmKm *�iQ- �FBQ E�r�b�FB- J�b�FB L�F�#�v�b?B �M/ b2KBM�` T�`iB+BT�Mib BM i?2 lMBp2`bBiv Q7
hQFvQ �M/ EvQiQ lMBp2`bBivX �HH `2K�BMBM; 2``Q`b �`2 Qm` QrMX J�bm/� �M/ a�iQ �`2 }M�M+B�HHv
bmTTQ`i2/ #v CaSa :`�Mi@BM@�B/ 7Q` CaSa _2b2�`+? 62HHQrb UR3CRkj3e �M/ R3CRykRkV X

Þ:`�/m�i2 a+?QQH Q7 1+QMQKB+b- h?2 lMBp2`bBiv Q7 hQFvQ- 1K�BH,i�FmRkRk3R!;K�BHX+QK
ß:`�/m�i2 a+?QQH Q7 1+QMQKB+b- h?2 lMBp2`bBiv Q7 hQFvQ- 1K�BH,bmbmKmb�iQ!HBp2XDT

RN



BM � rB/2 `�M;2 Q7 BM/mbi`B2bXR PTiBK�H T`Bp�iBx�iBQM TQHB+B2b BM bm+? KBt2/ QHB;QTQHB2b
?�p2 �ii`�+i2/ 2ti2MbBp2 �ii2MiBQM 7`QK 2+QMQKB+b `2b2�`+?2`b BM }2H/b bm+? �b BM/mbi`B�H
Q`;�MBx�iBQM- Tm#HB+ 2+QMQKB+b- }M�M+B�H 2+QMQKB+b- BMi2`M�iBQM�H 2+QMQKB+b- /2p2HQT@
K2Mi 2+QMQKB+b- �M/ TQHBiB+�H 2+QMQKvXk

aT2+B}+�HHv- /`�rBM; QM i?2 `2bmHi Q7 J�ibmKm`� URNN3V i?�i 7mHH M�iBQM�HBx�iBQM
Bb M2p2` QTiBK�H BM � *Qm`MQi KBt2/ /mQTQHv- K�Mv bim/B2b QM KBt2/ QHB;QTQHB2b BM@
p2biB;�i2 ?Qr 2+QMQKB+ 2MpB`QMK2Mib �z2+i i?2 QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQMXj JQbi
bim/B2b QM T`Bp�iBx�iBQM TQHB+B2b BM KBt2/ QHB;QTQHB2b mb2 i?2 [m�MiBiv +QKT2iBiBQM KQ/2H
iQ +?�`�+i2`Bx2 �M QTiBK�H T`Bp�iBx�iBQM TQHB+vX >Qr2p2`- i?2`2 �`2 K�Mv �TTHB+�iBQMb
r?2`2 Bi Bb KQ`2 TH�mbB#H2 iQ �bbmK2 i?�i }`Kb +QKT2i2 BM T`B+2X9 AM �//BiBQM- �b
b?QrM #v J�ibmKm`� �M/ P;�r� UkyRkV- r?2M Tm#HB+ �M/ T`Bp�i2 2Mi2`T`Bb2b +�M
+?QQb2 r?2i?2` iQ +QKT2i2 BM T`B+2 Q` [m�MiBiv- i?2v +?QQb2 iQ +QKT2i2 BM T`B+2 BM
i?2 2[mBHB#`BmKX h?2`27Q`2- /Bb+mbbBM; QTiBK�H T`Bp�iBx�iBQM TQHB+B2b mM/2` T`B+2 +QK@
T2iBiBQM Bb �HbQ BKTQ`i�Mi 7`QK #Qi? T`�+iB+�H �M/ i?2Q`2iB+�H T2`bT2+iBp2bX h?�i b�B/-
i?2 HBi2`�im`2 QM KBt2/ QHB;QTQHB2b `2+Q;MBx2b i?�i � T`Bp�iBx�iBQM TQHB+v- �b � /2pB+2
mb2/ iQ +?�M;2 Tm#HB+ }`KǶb Q#D2+iBp2 iQ QM2 Q7 T`Q}i K�tBKBx�iBQM- /Q2b MQi BKT`Qp2
r2H7�`2X h?2 `2�bQM Bb i?�i T`Bp�iBx�iBQM BM+`2�b2b i?2 T`B+2b Q7 Tm#HB+ }`Kb �M/ i?Qb2
Q7 T`Bp�i2 }`Kb i?`Qm;? i?2B` bi`�i2;B+ BMi2`�+iBQM- #Qi? Q7 r?B+? ?�`K r2H7�`2X

q2 �`;m2 i?�i i?Bb `�iBQM�H2 /2T2M/b QM i?2 �bbmKTiBQM i?�i }`Kb +QKT2i2 BM
� bBM;H2 K�`F2iX A7 i?2 Tm#HB+ }`K QT2`�i2b BM KmHiBTH2 K�`F2ib- i?2 `2bmHi +?�M;2bX
JmHiBK�`F2i +QMi�+ib �`2 T`2p�H2Mi BM `2�HBbiB+ KBt2/ QHB;QTQHv bBim�iBQMbX 6Q` 2t�KTH2-
BM i`�MbTQ`i�iBQM BM/mbi`B2b- i?2`2 �`2 � MmK#2` Q7 bBim�iBQMb r?2`2 i?2 Tm#HB+ }`K
T`QpB/2b Bib b2`pB+2b BM m`#�M �M/ `m`�H `2;BQMb- r?2`2�b T`Bp�i2 }`Kb T`QpB/2 i?2B`
b2`pB+2b BM m`#�M �`2�b QMHv U2X;X- �Ki`�F BM i?2 lMBi2/ ai�i2b �M/ >QFF�B/Q _�BHr�v
*QKT�Mv BM C�T�MVX h?2b2 bBim�iBQMb +�M ?�TT2M r?2M i?2 Tm#HB+ b2+iQ` ?�b i?2
/Bz2`2Mi Q#D2+iBp2 7`QK i?2 T`Bp�i2 QM2 Q` Bb bm#D2+i iQ +2`i�BM `2;mH�iBQMb- bm+? �b �
mMBp2`b�H b2`pB+2 Q#HB;�iBQMX h?2b2 +�b2b +�M #2 pB2r2/ �b KmHiBK�`F2i +QMi�+ib BM �
KBt2/ QHB;QTQHv- r?2`2 K�`F2ib �`2 ;2Q;`�T?B+�HHv b2T�`�i2/X �Hi2`M�iBp2Hv- }`Kb K�v
T`QpB/2 KmHiBTH2 T`Q/m+ibX 6Q` 2t�KTH2- i?2 C�T�M2b2 ;Qp2`MK2Mi QrMb � b?�`2 Q7
K�DQ` 2H2+i`B+Biv T`QpB/2`b �M/ `2+2MiHv /2`2;mH�i2/ i?2 2H2+i`B+Biv �M/ ;�b K�`F2ib bQ
i?�i 2H2+i`B+Biv �M/ ;�b T`QpB/2`b +QmH/ 2Mi2` i?2 Qi?2` K�`F2iX �b �MQi?2` 2t�KTH2-
C�T�M SQbi T`QpB/2b irQ FBM/b Q7 TQbi�H b2`pB+2b- M�K2Hv- H2ii2`b �M/ T�`+2Hb- r?2`2 i?2

R1t�KTH2b BM+Hm/2 lMBi2/ ai�i2b SQbi�H a2`pB+2- .2mib+?2 SQbi �:- �`2p�- LBTTQM h2H2+QK �M/
h2H2+QKKmMB+�iBQM- úH2+i`B+Biû /2 6`�M+2- �M/ EQ`2� AMp2biK2Mi *Q`TQ`�iBQMX

kh?2 B/2� Q7 � KBt2/ QHB;QTQHv /�i2b �i H2�bi iQ J2``BHH �M/ a+?M2B/2` URNeeVX _2+2MiHv- i?2
HBi2`�im`2 QM KBt2/ QHB;QTQHB2b ?�b #2+QK2 `B+?2` �M/ KQ`2 /Bp2`b2X 6Q` 2t�KTH2b Q7 KBt2/ QHB;QTQHB2b
�M/ `2+2Mi /2p2HQTK2Mib BM i?Bb }2H/- b22 Ab?B#�b?B �M/ J�ibmKm`� UkyyeV- Ab?B/� �M/ J�ibmb?BK�
UkyyNV- *QHQK#Q UkyReV- *?2M UkyRdV- J�ibmKm`� �M/ amM�/� UkyRjV- >�`�;m+?B �M/ J�ibmKm`�
UkyR3V- �M/ i?2 T�T2`b +Bi2/ i?2`2BMX

j6Q` 2t�KTH2- b22 GBM �M/ J�ibmKm`� UkyRkV 7Q` i?2 b?�`2 Q7 7Q`2B;M BMp2biQ`b r?Q Tm`+?�b2 i?2
biQ+F Q7 Tm#HB+ }`Kb- J�ibmKm`� �M/ E�M/� Ukyy8V 7Q` 7`22 2Mi`v- �M/ a�iQ �M/ J�ibmKm`� UkyRdV
7Q` i?2 b?�/Qr +Qbi Q7 Tm#HB+ 7mM/bX

96Q` �MbHvb2b Q7 T`B+2 +QKT2iBiBQM BM KBt2/ QHB;QTQHB2b- b22 "�`+2M�@_mBx UkyydV- J�ibmKm`� UkyRkV-
*`2K2` 2i �HX URNNRV- �M/ �M/2`bQM 2i �HX URNNdVX

ky



7Q`K2` �`2 T`QpB/2/ 2t+HmbBp2Hv #v C�T�M SQbiX h?2b2 irQ b2`pB+2b +�M #2 pB2r2/ �b irQ
b2T�`�i2/ K�`F2ibX8 AM i?2b2 ivT2b Q7 2MpB`QMK2Mib- r2 b?Qr �M QTTQbBi2 `2bmHi 7`QK
i?2 +QMp2MiBQM�H rBb/QK BM i?2 HBi2`�im`2- i?�i � TQbBiBp2 /2;`22 Q7 T`Bp�iBx�iBQM +�M
#2 QTiBK�HX Pm` `2bmHi `2p2�Hb �M BKTQ`i�Mi �bT2+i Q7 � T`Bp�iBx�iBQM TQHB+v BM � KBt2/
QHB;QTQHv bm+? �b i`�MbTQ`i�iBQM Q` TQbi�H BM/mbi`B2bX AM i?2 T`2b2M+2 Q7 KmHiBK�`F2i
+QMi�+ib- i?2 T`Bp�iBx�iBQM Q7 i?2 Tm#HB+ }`K +�M biBKmH�i2- `�i?2` i?�M /2i2`- i?2
+QKT2iBiBQM BM m`#�M /Bbi`B+ib i?`Qm;? i?2 BKT`Qp2/ T`Q/m+iBQM 2{+B2M+v Q7 i?2 Tm#HB+
}`KX

JQ/2HBM; i?2 KmHiBK�`F2i bBim�iBQM- i?Bb bim/v 2t�KBM2b � p�`B�iBQM Q7 i?2 KQ/2H
Q7 E�r�b�FB �M/ L�BiQ UkyRdV r?Q K�F2 mb2 Q7 i?2 7`�K2rQ`F Q7 "mHQr 2i �HX URN38VX
>2`2- i?2`2 �`2 irQ K�`F2ib- QM2 Q7 r?B+? Bb b2`p2/ bQH2Hv #v i?2 bi�i2@QrM2/ Tm#HB+
}`K- �M/ i?2 Qi?2` Bb b2`p2/ #v #Qi? i?2 Tm#HB+ }`K �M/ T`Bp�i2 }`KX h?2 irQ K�`F2ib
�`2 HBMF2/ #v i?2 T`Q/m+iBQM +Qbi Q7 i?2 Tm#HB+ }`KX �b 2tTH�BM2/ H�i2`- i?2 QTiBK�HBiv
Q7 T`Bp�iBx�iBQM +QK2b 7`QK i?2 BMi`�@}`K T`Q/m+iBQM bm#biBimiBQM Q7 i?2 Tm#HB+ }`KX
�M BM+`2�b2 BM i?2 /2;`22 Q7 T`Bp�iBx�iBQM /2+`2�b2b i?2 T`Q/m+iBQM Q7 i?2 Tm#HB+ }`K BM
i?2 KQMQTQHv K�`F2iX h?Bb /2+`2�b2b i?2 K�`;BM�H +Qbi Q7 T`Q/m+iBQM 7Q` i?2 /mQTQHv
K�`F2i- r?B+? `�Bb2b i?2 BM+2MiBp2 iQ BM+`2�b2 i?2 T`Q/m+iBQMX q?2M i?2 /2;`22 Q7
T`Q/m+i /Bz2`2MiB�iBQM #2ir22M i?2 Tm#HB+ �M/ T`Bp�i2 }`Kb Bb bK�HH- i?2 H�ii2` 2z2+i
i2M/b iQ /QKBM�i2 i?2 mMBH�i2`�H 2z2+i Q7 T`Bp�iBx�iBQM iQ /2+`2�b2 i?2 T`Q/m+iBQM BM
i?2 /mQTQHv K�`F2iX lM/2` T`B+2 +QKT2iBiBQM- i?Bb /2+`2�b2b i?2 2[mBHB#`BmK T`B+2 Q7
i?2 T`Bp�i2 }`K i?`Qm;? i?2 bi`�i2;B+ BMi2`�+iBQM �M/ BKT`Qp2b i?2 r2H7�`2X h?Bb Bb
i?2 K2+?�MBbK i?`Qm;? r?B+? T�`iB�H T`Bp�iBx�iBQM +�M #2 QTiBK�H BM i?2 T`2b2M+2 Q7
KmHiBK�`F2i +QMi�+ibX

�7i2` b?QrBM; i?�i T�`iB�H T`Bp�iBx�iBQM +�M #2 QTiBK�H- i?2 bim/v T`Q+22/b iQ +?�`@
�+i2`Bx2 i?2 QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQM rBi? `2bT2+i iQ i?2 `2H�iBp2 bBx2b Q7 i?2
K�`F2ib �M/ i?2 /2;`22 Q7 T`Q/m+i /Bz2`2MiB�iBQMX Ai b?Qrb i?�i i?2 QTiBK�H /2;`22 Q7
T`Bp�iBx�iBQM 2t?B#Bib MQM@KQMQiQMB+Biv UBX2X- �M BMp2`i2/ l@b?�T2 `2H�iBQMV BM i?2 `2H�@
iBp2 bBx2 Q7 i?2 KQMQTQHv K�`F2i �M/ i?2 /2;`22 Q7 T`Q/m+i bm#biBimiBQMX "Qi? Q7 i?2b2
T�`�K2i2`b ?�p2 irQ +QmMi2`p�BHBM; 2z2+ibX PM i?2 QM2 ?�M/- �M BM+`2�b2 BM i?2 bBx2
Q7 i?2 KQMQTQHv K�`F2i UQ` � /2+`2�b2 BM T`Q/m+i /Bz2`2MiB�iBQMV K�F2b �M BM+`2�b2 BM
i?2 /2;`22 Q7 T`Bp�iBx�iBQM /2bB`�#H2 QrBM; iQ i?2 +QKT2iBiBQM@�++2H2`�iBM; 2z2+i QM i?2
/mQTQHv K�`F2iX PM i?2 Qi?2` ?�M/- r?2M i?2 bBx2 Q7 i?2 KQMQTQHv K�`F2i Bb iQQ H�`;2
UQ` i?2 T`Q/m+ib BM i?2 /mQTQHv K�`F2i �`2 �HKQbi ?QKQ;2M2QmbV- i?2 K�;MBim/2b Q7
i?2 +QKT2iBiBQM@�++2H2`�iBM; 2z2+ib #2+QK2 MBH- #2+�mb2 i?2 /mQTQHv K�`F2i Bb iBMv `2H@
�iBp2Hv iQ i?2 Qp2`�HH 2+QMQKv UQ` i?2 +QKT2iBiBQM BM i?2 /mQTQHv Bb �H`2�/v bm{+B2MiHv
bi`QM;VX h?2 `2H�iBp2 bBx2b Q7 i?2b2 irQ 2z2+ib ;2M2`�i2 i?2 MQM@KQMQiQMB+BivX

a2p2`�H `2+2Mi bim/B2b 7Q+mb QM T`Bp�iBx�iBQM TQHB+B2b BM KmHiBK�`F2i KBt2/ QHB;QTQHv
b2iiBM;bX "�`+2M�@_mBx �M/ :�`xƦM UkyReV �M/ .QM; 2i �HX UkyR3V +QMbB/2` i?2 T`Bp�@
iBx�iBQM TQHB+v Q7 � bi�i2 ?QH/BM; +Q`TQ`�iBQM i?�i ?�b TH�Mib QT2`�iBM; BM KmHiBTH2
K�`F2ib- �M/ b?Qr i?�i i?2 /2K�M/ BMi2`/2T2M/2M+2 Q7 i?2 K�`F2ib �z2+ib i?2 QTiBK�H
T`Bp�iBx�iBQM TQHB+B2bX >�`�;m+?B 2i �HX UkyR3V +QMbB/2` i?2 T`Bp�iBx�iBQM Q7 � Tm#HB+

86Q` Qi?2` 2t�KTH2b Q7 KmHiBK�`F2i +QMi�+ib BM � KBt2/ QHB;QTQHv- b22 E�r�b�FB �M/ L�BiQ UkyRdVX

kR



2Mi2`T`Bb2 BM � KBt2/ K�`F2i BM i?2 T`2b2M+2 Q7 M2B;?#Q`BM; T`Bp�i2 K�`F2ibX h?2v
b?Qr � MQM@KQMQiQM2 `2H�iBQMb?BT #2ir22M i?2 QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQM �M/ i?2
MmK#2` Q7 }`Kb BM i?2 M2B;?#Q`BM; K�`F2ibX h?2`2 �`2 irQ K�BM /Bz2`2M+2 #2ir22M
i?2b2 bim/B2b �M/ Qm`bX 6B`bi- i?2 �7Q`2K2MiBQM2/ bim/B2b +QMbB/2` [m�MiBiv +QKT2iBiBQM
bBim�iBQMb- r?2`2�b r2 +QMbB/2` T`B+2 +QKT2iBiBQMX �b � `2bmHi- i?2 BKTHB+�iBQM Q7 i?2
T`Bp�iBx�iBQM TQHB+v QM K�`F2i +QKT2iBiBQM BM Qm` bim/v ;`2�iHv /Bz2` 7`QK i?Qb2 i?�i
K�F2 mb2 Q7 i?2 KQ/2H Q7 [m�MiBiv +QKT2iBiBQMX a2+QM/- i?2 T`2pBQmb bim/B2b KQ/2H i?2
KmHiBK�`F2i BMi2`�+iBQM #v i?2 /2K�M/ BMi2`/2T2M/2M+2 #2ir22M i?2 K�`F2ib- r?2`2�b
r2 KQ/2H Bi #v i?2 T`Q/m+iBQM +Qbi Q7 i?2 Tm#HB+ }`K b2`pBM; #Qi? K�`F2ibX h?Bb KQ/@
2HHBM; �TT`Q�+? 2M�#H2b mb iQ b?2/ HB;?ib QM i?2 2z2+ib Q7 T`Bp�iBx�iBQM TQHB+v QM i?2
KmHiBK�`F2i +QKT2iBiBQM r?2`2 K�`F2ib b22K iQ #2 BM/2T2M/2Mi BM i2`Kb Q7 /2K�M/
+QM/BiBQMb U2X;X- ;2Q;`�T?B+�HHv b2T�`�i2/ K�`F2ibVX

k JQ/2H
h?2 KQ/2H ?2`2BM Bb � KBt2/ T`B+2 +QKT2iBiBQM p2`bBQM Q7 i?2 KmHiBK�`F2i KQ/2H ¨ H�
"mHQr 2i �HX URN38VX h?2`2 �`2 � bi�i2@QrM2/ Tm#HB+ }`K- }`K 0- �M/ � T`Bp�i2 }`K-
}`K 1X h?2`2 �`2 irQ K�`F2ib- A �M/ BX J�`F2i A Bb bQH2Hv T`QpB/2/ #v }`K 0- r?BH2
K�`F2i B Bb T`QpB/2/ #v #Qi? }`K 0 �M/ }`K 1X h?Bb K2�Mb i?�i i?2 Tm#HB+ }`K b2`p2b
irQ K�`F2ib- BM QM2 Q7 r?B+? Bi +QKT2i2b rBi? i?2 T`Bp�i2 }`KX

h?2 `2T`2b2Mi�iBp2 +QMbmK2` BM K�`F2i A Bb +?�`�+i2`Bx2/ #v Bib `2H�iBp2 bBx2 φ ∈
[0, 1] �M/ i?2 miBHBiv 7mM+iBQM UA(xA

0 )+ yA- r?2`2 xA
0 Bb i?2 �KQmMi Q7 i?2 +QMbmKTiBQM

Q7 i?2 T`Q/m+ib T`QpB/2/ #v }`K 0 �M/ yA Bb i?2 +QMbmKTiBQM Q7 i?2 +QKTQbBi2 ;QQ/bX
h?2 `2T`2b2Mi�iBp2 +QMbmK2` BM K�`F2i B Bb +?�`�+i2`Bx2/ #v Bib `2H�iBp2 bBx2 (1 − φ)
�M/ i?2 miBHBiv 7mM+iBQM UB(xB

0 , x
B
1 ) + yB- r?2`2 xB

0 �M/ xB
1 �`2 i?2 �KQmMib Q7 i?2

+QMbmKTiBQM Q7 i?2 T`Q/m+ib T`QpB/2/ #v }`K 0 �M/ }`K 1- �M/ yB Bb i?2 +QMbmKTiBQM
Q7 i?2 +QKTQbBi2 ;QQ/bX �bbmKBM; i?�i i?2 `2T`2b2Mi�iBp2 +QMbmK2` BM 2�+? K�`F2i
?�b 2MQm;? BM+QK2 �M/ UA �M/ UB �`2 +QM+�p2- Bib +QMbmKTiBQM Bb /2`Bp2/ 7`QK i?2
}`bi@Q`/2` +QM/BiBQMb

∂UA

∂xA
0

= pA0 ,
∂UB

∂xB
0

= pB0 , �M/ ∂UB

∂xB
1

= pB1 , URV

r?2`2 pA0 , p
B
0 - �M/ pB1 �`2 T`B+2b Q7 T`Q/m+ibX q2 /2MQi2 DA(pA0 )- DB

0 (p
B
0 , p

B
1 )- �M/

DB
0 (p

B
0 , p

B
1 ) �b i?2 /2K�M/ 7mM+iBQMb �M/ CSA(pA0 ) �M/ CSB(pB0 , p

B
1 ) �b i?2 +QMbmK2`

bm`THmb2bX LQi2 i?�i- #v i?2 2Mp2HQT2 i?2Q`2K- ∂CSA/∂pA0 = −DA
0 �M/ ∂CSB/∂pBi =

−DB
i - i = 0, 1 ?QH/X
q2 �bbmK2 i?�i i?2 T`Q/m+ib BM K�`F2i B �`2 bm#biBimi2b- BX2X- ∂DB

i /∂p
B
j < 0 7Q`

i ̸= jX q2 �HbQ �bbmK2 i?�i i?2 /2K�M/b �`2 bvKK2i`B+- i?�i Bb- DB
0 (x, x) = DB

1 (x, x)X
6m`i?2`- r2 �bbmK2 i?�i i?2 /2K�M/ 7mM+iBQMb b�iBb7v i?2 7QHHQrBM; `2;mH�`Biv +QM/BiBQM

∂DB
i

∂pBi
+

∂DB
i

∂pBj
< 0 7Q` i = 0, 1, j ̸= i. UkV

kk



h?Bb +QM/BiBQM K2�Mb i?�i B7 i?2 T`B+2b Q7 #Qi? }`Kb bBKmHi�M2QmbHv BM+`2�b2- i?2 /2@
K�M/b 7Q` #Qi? T`Q/m+ib /2+`2�b2- r?B+? Bb M�im`�H iQ �bbmK2 BM K�Mv �TTHB+�iBQMbX

h?2 T`Q/m+iBQM i2+?MQHQ;B2b Q7 }`Kb �`2 ;Bp2M #v +Qbi 7mM+iBQMb C0(qA0 , q
B
0 ) �M/

C1(qB0 )X h?2M- i?2 T`Q}i Q7 2�+? }`K Bb ;Bp2M #v

Π0(p
A
0 , p

B
0 , p

B
1 ) = φDA(pA0 )p

A
0 +(1−φ)DB

0 (p
B
0 , p

B
1 )p

B
0 −C0(φD

A(pA0 ), (1−φ)DB
0 (p

B
0 , p

B
1 )),
UjV

�M/
Π1(p

B
0 , p

B
1 ) = (1− φ)DB

0 (p
B
0 , p

B
1 )− C1((1− φ)DB

0 (p
B
0 , p

B
1 )). U9V

aQ+B�H r2H7�`2 SW Bb ;Bp2M #v

SW = φCSA(pA0 ) + (1− φ)CSB(pB0 , p
B
1 ) + Π0(p

A
0 , p

B
0 , p

B
1 ) + Π1(p

B
0 , p

B
1 ). U8V

6B`K 0 K�tBKBx2b i?2 r2B;?i2/ �p2`�;2 Q7 Bib QrM T`Q}i �M/ bQ+B�H r2H7�`2

Ω = αΠ0 + (1− α)SW, UeV

r?2`2 α ∈ [0, 1] Bb i?2 /2;`22 Q7 T`Bp�iBx�iBQMX

j 1[mBHB#`BmK
q2 �/QTi bm#;�K2@T2`72+i 2[mBHB#`BmK �b i?2 bQHmiBQM �M/ bQHp2 i?2 KQ/2H #v #�+Fr�`/
BM/m+iBQMX AM i?2 K�`F2i bi�;2- i?2 }`bi@Q`/2` +QM/BiBQMb 7Q` }`K 0 �`2 ;Bp2M #ve

∂Ω

∂pA0
= α

(
∂DA

0

∂pA0

(
pA0 − ∂C0

∂qA0

)
+DA

0

)
+ (1− α)

∂DA
0

∂pA0

(
pA0 − ∂C0

∂qA0

)
= 0,

∂Ω

∂pB0
= α

(
∂DB

0

∂pB0

(
pB0 − ∂C0

∂qB0

)
+DB

0

)
+ (1− α)

(
∂DB

0

∂pB0

(
pB0 − ∂C0

∂qB0

)
+

∂DB
1

∂pB0

(
pB1 − ∂C1

∂qB1

))
= 0,

UdV

�M/ i?2 }`bi@Q`/2` +QM/BiBQM 7Q` }`K 1 Bb ;Bp2M #v

∂DB
1

∂pB1

(
pB1 − ∂C1

∂qB1

)
+DB

1 = 0. U3V

q2 �bbmK2 i?�i i?2 b2+QM/@Q`/2` +QM/BiBQMb �`2 b�iBb}2/- BX2X- i?2 >2bbB�M K�i`Bt Q7 Ω
Bb M2;�iBp2 /2}MBi2- �M/ ∂2Π1/∂pB1

2
< 0X q2 �HbQ �bbmK2 i?�i i?2 bi`�i2;v Q7 }`K 1

2t?B#Bib bi`�i2;B+ +QKTH2K2Mi�`Biv- i?�i Bb-

∂DB
1

∂pB0

(
1− ∂DB

1

∂pB1

∂2C1

∂qB1
2

)
+

∂2DB
1

∂pB1 ∂p
B
0

(
pB1 − ∂C1

∂qB1

)
> 0. UNV

eAM i?2 KQ/2H Q7 T`B+2 +QKT2iBiBQM rBi? bi`B+iHv +QMp2t +Qbib- }`Kb K�v ?�p2 BM+2MiBp2b MQi iQ b2`p2
�HH i?2 �KQmMi /2K�M/2/X q2 B;MQ`2 bm+? TQbbB#BHBiB2b BM i?Bb KQ/2H bBM+2 �b b?QrM #v J�ibmKm`�
UkyRkV- B7 i?2 Tm#HB+ }`K 7�+2b i?2 mMBp2`b�H b2`pB+2 Q#HB;�iBQM- i?2`2 �`2 MQ bm+? BM+2MiBp2bX

kj



� bm{+B2Mi +QM/BiBQM 7Q` bi`�i2;B+ +QKTH2K2Mi�`Biv Bb i?�i ∂2DB
1 /(∂p

B
1 ∂p

B
0 ) ≥ 0 �M/

C1 #2BM; r2�FHv +QMp2tX
6m`i?2`- iQ ;m�`�Mi22 i?2 mMB[m2M2bb �M/ i?2 bi�#BHBiv Q7 i?2 2[mBHB#`BmK- r2 Tmi

i?2 7QHHQrBM; `2bi`B+iBQMX G2i RA
0 (p

B
1 ) �M/ RB

0 (p
B
1 ) #2 i?2 #2bi@`2bTQMb2 7mM+iBQMb Q7 }`K

0 �M/ RB
1 (p

B
0 ) #2 i?2 #2bi@`2bTQMb2 7mM+iBQM Q7 }`K 1X q2 �bbmK2 i?�i |∂RA

0 /∂p
B
1 | < 1-

|∂RB
0 /∂p

B
1 | < 1- �M/ |∂RB

1 /∂p
B
0 | < 1X

G2i pA0 (α)- pB0 (α)- �M/ pB1 (α) #2 i?2 2[mBHB#`BmK T`B+2b ;Bp2M αX
L2ti- BM i?2 T`Bp�iBx�iBQM bi�;2 i?2 ;Qp2`MK2Mi +?QQb2b α ∈ [0, 1] iQ K�tBKBx2

SW X G2i α∗ #2 i?2 r2H7�`2@K�tBKBxBM; p�Hm2 Q7 αX AM i?2 +�b2 Q7 BMi2`BQ` bQHmiBQM- i?2
}`bi@Q`/2` +QM/BiBQM Bb ;Bp2M #v

dSW

dα

∣∣∣∣
α=α∗

=
dpA0
dα

φ
∂DA

0

∂pA0

(
pA0 − ∂C0

∂qA0

)
+ (1− φ)

dpB0
dα

(
∂DB

0

∂pB0

(
pB0 − ∂C0

∂qB0

)
+

∂DB
1

∂pB0

(
pB1 − ∂C1

∂qB1

))

+
dpB1
dα

(1− φ)

(
∂DB

0

∂pB1

(
pB0 − ∂C0

∂qB0

)
+

∂DB
1

∂pB1

(
pB1 − ∂C1

∂qB1

))
= 0.

URyV

q2 �bbmK2 i?�i i?2 b2+QM/@Q`/2` +QM/BiBQM Bb b�iBb}2/X AM +�b2b Q7 +Q`M2` bQHmiBQMb- r2
?�p2 2Bi?2` (dSW/dα)|α=0 ≤ 0 Q` (dSW/dα)|α=1 ≥ 0X

Ai ?�b #22M `2+Q;MBx2/ i?�i- BM i?2 Tm#HB+ KQMQTQHv Q` KBt2/ QHB;QTQHv rBi? T`B+2
+QKT2iBiBQM- TQbBiBp2 /2;`22 Q7 T`Bp�iBx�iBQM rQmH/ M2p2` #2 QTiBK�HX h?2 7QHHQrBM;
H2KK� �M/ T`QTQbBiBQM 7Q`K�HBx2 i?2 bi�i2K2MiX

G2KK� RX A7 φ = 0- (dpB0 /dα)|α=0 > 0 �M/ (dpB1 /dα)|α=0 > 0X

S`QQ7X a22 �TT2M/BtX

S`QTQbBiBQM RX A7 φ = 0 Q` φ = 1- 7mHH M�iBQM�HBx�iBQM Bb QTiBK�HX

S`QQ7X a22 �TT2M/BtX

h?2 `2�bQM 7Q` i?2 �#Qp2 `2bmHi Bb i?�i �M BM+`2�b2 BM i?2 /2;`22 Q7 T`Bp�iBx�iBQM
7`QK 7mHH M�iBQM�HBx�iBQM BM+`2�b2b i?2 Tm#HB+ }`KǶb T`B+2 bBM+2 Bi H2�Mb iQ Bib QrM T`Q}i-
r?B+? �HbQ BM+`2�b2b i?2 T`B+2 Q7 T`Bp�i2 }`Kb i?`Qm;? i?2 bi`�i2;B+ BMi2`�+iBQMX h?2
7Q`K2` +?�M;2 ?�b M2;HB;B#H2 2z2+i QM i?2 r2H7�`2 bBM+2 i?2 Tm#HB+ }`K Bb � r2H7�`2
K�tBKBx2` U2Mp2HQT2 i?2Q`2KV- #mi i?2 H�ii2` ?�`Kb i?2 r2H7�`2X

9 S�`iB�H S`Bp�iBx�iBQM rBi? JmHiBK�`F2i *QMi�+i
9XR :2M2`�H 6Q`K
h?2 QTiBK�H T`Bp�iBx�iBQM TQHB+v /`�biB+�HHv +?�M;2b mM/2` KmHiBK�`F2i +QMi2tibX Ai Bb
b?QrM i?�i i?2 K�BM /`BpBM; 7Q`+2 Q7 i?2 /Bz2`2M+2 Bb � +Qbi HBMF�;2 Q7 i?2 Tm#HB+ }`K
#2ir22M K�`F2ibX

k9



qBi? KmHiBK�`F2ib- i?2`2 K�BMHv �`2 irQ TQbbB#H2 +?�MM2Hb Q7 BMi2`�+iBQM- r?B+? �`2
i?2 /2K�M/ �M/ i?2 +QbiX q2 `2bi`B+i Qm` bim/v iQ i?2 +Qbi- #2+�mb2 � T`BK2 2t�KTH2 Q7
BMi2`2bi Bb � i`�MbTQ`i�iBQM BM/mbi`v r?2`2 i?2 b2`pB+2b BM bQK2 `2;BQMb �`2 T`QpB/2/ #v
� bBM;H2 Tm#HB+ b2+iQ` r?BH2 i?2 b2`pB+2b BM Qi?2` `2;BQMb �`2 T`QpB/2/ #v #Qi? Tm#HB+ �M/
T`Bp�i2 2Mi2`T`Bb2bX A7 irQ K�`F2ib �`2 7�` �r�v HBF2 BM m`#�M �M/ `m`�H �`2�b- i?2M i?2
/2K�M/ BMi2`�+iBQM b22K iQ TH�v H2bb `QH2 i?�M i?2 +QbidX LQi2 i?�i i?Bb KQ/2HBM; /Q2b
MQi 2t+Hm/2 KmHiBT`Q/m+i +QKT2iBiBQMb BM � bBM;H2 `2;BQM bm+? �b H2ii2` �M/ T�+F�;2
/2HBp2`B2bX

h?2 M2ti H2KK� b?2/b HB;?i QM r?2`2 iQ 7Q+mb r?2M +?2+FBM; M2+2bbBiv Q7 U�i H2�biV
T�`iB�H T`Bp�iBx�iBQMX

G2KK� kX

sgn

(
dSW

dα

∣∣∣∣
α=0

)
= −sgn

(
dpB1
dα

∣∣∣∣
α=0

)
= −sgn

(
∂RB

0

∂α

∣∣∣∣
α=0

)
URRV

S`QQ7X a22 i?2 �TT2M/BtX

.2pB�iBM; 7`QK 7mHH M�iBQM�HBx�iBQM iQ T�`iB�H T`Bp�iBx�iBQM- Bib 2z2+i �TT2�`b i?`Qm;?
i?2 T`Bp�i2 }`KǶb T`B+2 +?�M;2 BM i?2 /mQTQHv K�`F2i QMHv- /m2 iQ i?2 2Mp2HQT i?2Q`2KX
h?2 /B`2+iBQM Q7 i?2 T`B+2 +?�M;2 7mHHv /2T2M/b QM i?2 bi`�i2;B+ +QKTH2K2Mi�`Biv- i?mb
2p2Mim�HHv QM i?2 /B`2+iBQM Q7 �M �/DmbiK2Mi Q7 i?2 Tm#HB+ }`KǶb #2bi `2bTQMb2 7mM+iBQM
BM i?2 K�`F2iX PM i?Bb H2KK�- r2 /2KQMbi`�i2 i?2 +`BiB+�H `QH2 Q7 i?2 +Qbi HBMF�;2X

*QMbB/2` � bK�HH BM+`2�b2 BM α �i α = 0X q2 ?�p2

sgn

(
∂RB

0

∂α

)
= sgn

(
∂pB0
∂α

+
dpB0
dpA0

∂pA0
∂α

)
URkV

h?2 }`bi i2`K BM i?2 `B;?i ?�M/ bB/2 �M/ i?2 b2+QM/ 7�+iQ` Q7 i?2 b2+QM/ i2`K �`2
i?2 }`bi Q`/2` 2z2+ib Q7 T`Bp�iBxBM; QMiQ Tm#HB+ }`KǶb T`B+2bX h?2b2 �`2 TQbBiBp2X h?2
`2K�BMBM; 7�+iQ` +QMbBbib Q7 `2H�iBp2 K�`F2i bBx2b- � T`B+2 2z2+i QM � /2K�M/ BM i?2
KQMQTQHv K�`F2i- +`Qbb /2`Bp�iBp2 Q7 i?2 Tm#HB+ }`KǶb +Qbi 7mM+iBQM- �M/ T�bb@i?`Qm;?
2z2+iX h?�i Bb-

dpB0
dpA0

= φ(1− φ)
dDA

dpA0

∂2C0

∂qB0 ∂q
A
0

dpB0
d(∂C0/∂qB0 )

. URjV

A7 i?2 Tm#HB+ }`KǶb K�`;BM�H +Qbi 7mM+iBQM 2t?B#Bib 2+QMQKB2b Q7 b+QT2- i?2 bB;M Q7 URRV
Bb �Hr�vb TQbBiBp2- r?B+? BKTHB2b i?�i 7mHH M�iBQM�HBx�iBQM Bb QTiBK�H #v G2KK� kX q2
MQi2 i?Bb `2bmHi �b �MQi?2` H2KK�X

G2KK� jX q?2M i?2 K�`;BM�H +Qbi 7mM+iBQM Q7 i?2 bi�i2@QrM2/ }`K 2t?B#Bib Ur2�FV
2+QMQKB2b Q7 b+QT2- 7mHH M�iBQM�HBx�iBQM Bb QTiBK�HX

d*QMD2+im`�HHv- 2z2+ib Q7 i?2 /2K�M/ BMi2`�+iBQM /2T2M/ QM r?2i?2` Bi Bb bm#biBimi2 Q` +QKTH2K2Mi
#2ir22M K�`F2ibX A7 irQ K�`F2ib �`2 BM � bm#biBimiBQM�H `2H�iBQMb?BT- T`Bp�iBx�iBQM i2M/b iQ #2 H2bb
QTiBK�H i?�M BM i?2 T`2b2Mi b2iiBM;- KQ`2 B7 +QKTH2K2Mi �MvX h?Bb Bb #2+�mb2 i?2 T`B+2 /2+`2�bBM; BM
i?2 /mQTQHv K�`F2i +�mb2/ #v T`Bp�iBx�iBQM BM i?2 KQMQTQHv K�`F2i #2+QK2 r2�F2M2/ B7 bm#biBimiBQM�H
�M/ bi`2M;i?2M2/ B7 +QKTH2K2MiX

k8



"v +QMi`�bi- B7 i?2 Tm#HB+ }`KǶb K�`;BM�H +Qbi 7mM+iBQM ?�b � T`QT2`iv Q7 /Bb2+@
QMQKB2b Q7 b+QT2- i?2 bB;M Q7 URRV +�M #2 M2;�iBp2X A7 i?Bb ?�TT2Mb- 7mHH M�iBQM�HBx�iBQM
Bb bm#QTiBK�H #v G2KK� kX h?Bb H2�/b iQ i?2 K�BM `2bmHi Q7 Qm` T�T2`X

S`QTQbBiBQM kX q?2M i?2 K�`;BM�H +Qbi 7mM+iBQM Q7 i?2 bi�i2@QrM2/ }`K 2t?B#Bib /Bb@
2+QMQKB2b Q7 b+QT2- 7mHH M�iBQM�HBx�iBQM Bb TQbbB#Hv bm#QTiBK�HX

Ai Bb rQ`i? /Bb+mbbBM; i?2 TH�mbB#BHBiv Q7 Qm` /Bb2+QMQKB2b Q7 b+QT2 +QM/BiBQMX AM
Qm` KQ/2H- i?2 K�`;BM�H +Qbi Q7 i?2 bi�i2@QrM2/ }`K 2t?B#Bib /Bb2+QMQKB2b Q7 b+QT2 B7
�M BM+`2�b2 BM i?2 T`Q/m+iBQM BM QM2 K�`F2ib BM+`2�b2b i?2 K�`;BM�H +Qbi BM i?2 Qi?2`
K�`F2iX h?Bb Bb TH�mbB#H2 B7 i?2`2 �`2 b2p2`�H }t2/ BMTmib +QKKQMHv mb2/ 7Q` T`Q/m+iBQM
BM #Qi? K�`F2ib U2X;X- K�M�;2`B�H `2bQm`+2b- 7�+iQ`B2b 7Q` }`K@bT2+B}+ BMTmibVX AM bm+?
� +�b2- �M BM+`2�b2 BM i?2 T`Q/m+iBQM BM QM2 K�`F2i +�mb2b � +QM;2biBQM BM }t2/ BMTmib-
BM+`2�bBM; i?2 K�`;BM�H +Qbi Q7 T`Q/m+iBQM BM i?2 Qi?2` K�`F2iX

Ai Bb �HbQ rQ`i? K2MiBQMBM; i?�i- 2p2M B7 i?2 K�`;BM�H +Qbi 7mM+iBQM 2t?B#Bib i?2
/Bb2+QMQKB2b Q7 b+QT2- i?2 iQi�H +Qbi 7mM+iBQM +�M 2t?B#Bi i?2 2+QMQKB2b Q7 b+QT2 B7 i?2`2
Bb � H�`;2 }t2/ +Qbi- r?B+? Bb i?2 +�b2 BM M2irQ`F BM/mbi`B2bX h?mb- Qm` �bbmKTiBQM Bb
+QKT�iB#H2 rBi? i?2 +?�`�+i2`BbiB+b Q7 BM/mbi`B2b Q7 Qm` BMi2`2bi- bm+? �b i`�MbTQ`i�iBQM
Q` /2HBp2`v BM/mbi`B2bX

PM2 +�M �HbQ �`;m2 i?�i B7 i?2`2 �`2 /Bb2+QMQKB2b Q7 b+QT2 #2ir22M K�`F2ib- i?2
T`Bp�iBx2/ }`K K�v ?�p2 BM+2MiBp2 iQ /BpB/2 Bib2H7 BMiQ irQX h?2`2 �`2 b2p2`�H 7�+iQ`b
/2i2``BM; bm+? �M BM+2MiBp2X 6B`bi- 2bi�#HBb?BM; �MQi?2` +QKT�Mv K�v BM+m` � bm#bi�M@
iB�H }t2/ +Qbi 7Q` `2+`mBiBM; K�M�;2`b- Tm`+?�bBM; 7�+BHBiB2b- �M/ bQ QMX a2+QM/- B7 QM2
K�`F2i Bb bQ bK�HH �b iQ ;Q #�MF`mTi �7i2` i?2 /BpBbBQM- bm+? �+iBpBiv K�v #2 7Q`#B//2M
#v i?2 ;Qp2`MK2Mi /m2 iQ � /Bbi`B#miBQM�H +QM+2`MX

AM i?2 M2ti bm#b2+iBQM- r2 T`2b2Mi � T�`�K2i`B+ 2t�KTH2 �b � T`QQ7- r?2`2 T�`iB�H
T`Bp�iBx�iBQM Bb QTiBK�H BM MQM2KTiv b2i Q7 T�`�K2i2` p�Hm2bX

9Xk S�`�K2i`B+ 6Q`K
hQ b?Qr �M 2t�KTH2 Q7 S`QTQbBiBQM k- i?�i Bb- i?2 +�b2 r?2`2 UT�`iB�HV T`Bp�iBx�iBQM Bb QT@
iBK�H rBi? i?2 Tm#HB+ }`KǶb K�`;BM�H +Qbi 7mM+iBQM r?B+? 2t?B#Bib /Bb2+QMQKB2b Q7 b+QT2-
r2 mb2 i?2 7QHHQrBM; [m�/`�iB+ miBHBiv �M/ +Qbi bT2+B}+�iBQMX UA(xA

0 ) = xA
0 − (xA

0 )
2/2-

UB(xB
0 , x

B
1 ) = xB

0 + xB
1 − ((xB

0 )
2 + 2γxB

0 x
B
1 + (xB

1 )
2)/2 7Q` γ ∈ (0, 1)3- C0(qA0 , q

B
0 ) =

(qA0 + qB0 )
2/2- �M/ C1(qB1 ) = (qB1 )

2/2XN h?2`2 Bb � TQi2MiB�H Bbbm2 Q7 +Q`M2` bQHmiBQM 7Q`
+QMbmK2` +?QB+2 UBX2X- xB

0 = 0V BM K�`F2i " bBM+2 }`K 0 ?�b +Qbi /Bb�/p�Mi�;2X hQ �pQB/
i?Bb +QKTHB+�iBQM- r2 `2bi`B+i Qm` �ii2MiBQM iQ i?2 `�M;2 Q7 T�`�K2i2` p�Hm2b (γ,φ) bm+?
i?�i i?2 /2K�M/ 7Q` 2�+? ;QQ/ Bb TQbBiBp2 BM i?2 2[mBHB#`BmKXRy h?2M r2 vB2H/

3AM i?2 +�b2 Q7 +QKTH2K2Mi�`v ;QQ/b- i?2 ;�K2 `2/m+2b iQ i?2 QM2 bim/B2/ BM E�r�b�FB �M/ L�BiQ
UkyRdV- bBM+2 T`B+2 +QKT2iBiBQM rBi? +QKTH2K2Mib ?�b i?2 b�K2 bi`m+im`2 �b [m�MiBiv +QKT2iBiBQM rBi?
bm#biBimi2bX

NAM i?Bb bT2+B}+�iBQM- �HH i?2 �bbmKTiBQMb Tmi BM i?2 ;2M2`�H KQ/2H ?QH/X
Ry� bm{+B2Mi +QM/BiBQM Bb γ < T−1(φ)- r?2`2 T (γ) Bb /2}M2/ #v T (γ) = γ3−γ2−2γ+3

−γ3+2γ+1 - r?B+? /2+`2�b2b
BM γX

ke



Π1 = pB1 (1− φ)

(
1− γ − pB1 + γ ∗ pB0

1− γ2

)
− (1− φ)2

2

(
1− γ − pB1 + γpB0

1− γ2

)2

, UR9V

Πo =pA0 φ(1− pA0 ) + pB0 (1− φ)

(
1− γ − pB0 + γpB1

1− γ2

)

− 1

2

(
(1− φ)(1− γ − pB0 + γpB1 )

1− γ2
+ φ(1− p)

)2

,

CSA =
(1− pA0 )

2

2
, UR8V

�M/
CSB =

pB0
2
+ pB1

2
+ 2(1− pB0 − pB1 )− 2γ(1− pB1 )(1− pB0 )

2(1− γ2)
. UReV

AM i?Bb bT2+B}+�iBQM- r2 Q#i�BM i?2 7QHHQrBM; H2KK�X
G2KK� 9X A7 φ ∈ (0, 1) i?2M-

∃γ∗(φ) s.t. ∀γ ∈ (γ∗,min{T−1(φ), 1}) dpB0
dα

∣∣∣∣
α=0

< 0 and
dpB1
dα

∣∣∣∣
α=0

< 0, URdV

and ∀γ ∈ (0, γ∗]
dpB0
dα

∣∣∣∣
α=0

≥ 0 and
dpB1
dα

∣∣∣∣
α=0

≥ 0. UR3V

S`QQ7X a22 �TT2M/BtX
h?2 K2+?�MBbK #2?BM/ G2KK� 9 Bb 7QHHQrBM;X .2T�`iBM; 7`QK 7mHH M�iBQM�HBx�iBQM iQ

T�`iB�H T`Bp�iBx�iBQM K�F2b � Tm#HB+ 2Mi2`T`Bb2 H2�M iQ Bib QrM T`Q}i- �M/ i?�i #�bB+�HHv
K�`Fb mT Bib T`B+2b BM #Qi? K�`F2ibX AM � K�`F2i bQH2Hv bmTTHB2/ #v i?2 Tm#HB+ }`K
2bT2+B�HHv- Bi H2�/b iQ H2bb T`Q/m+iBQMX "2+�mb2 Q7 i?2 H2bb T`Q/m+iBQM BM i?2 QM2 K�`F2i-
i?2 Tm#HB+ }`K +�M ?�p2 � `QQK BM Bib +Qbi 7mM+iBQM iQ +mi /QrM i?2 T`B+2 BM i?2 Qi?2`
K�`F2iX h?Bb T�bb@i?`Qm;? 2z2+i ;2ib bi`QM;2` �b i?2B` T`Q/m+ib #2BM; bBKBH�`- �M/
#2vQM/ bQK2 i?`2b?QH/ Bi /QKBM�i2b i?2 }`bi K�`F@mT 2z2+iX 6BM�HHv- i?2 /QKBM�Mi T�bb@
i?`Qm;? 2z2+i TmHHb /QrM i?2 +QKT2iBiQ`Ƕb T`B+2 �b r2HH i?`Qm;? bi`�i2;B+ +QKTH2K2Mi
`2H�iBQMb?BTX

G2KK� 9 BKK2/B�i2Hv vB2H/b � T�`�K2i`B+ p2`bBQM Q7 Qm` K�BM T`QTQbBiBQM bi�iBM;
�M QTiBK�HBiv Q7 i?2 T�`iB�H T`Bp�iBx�iBQM BM T`B+2 +QKT2iBiBQM- r?B+? M2p2` #2 QTiBK�H
rBi?Qmi KmHiBK�`F2i +QMi�+ibX
S`QTQbBiBQM jX A7 φ ∈ (0, 1) i?2M 7Q` γ∗(φ) /2}M2/ BM G2KK� 9-

∀γ ∈ (γ∗(φ),min{T−1(φ), 1}) dSW

dα

∣∣∣∣
α=0

> 0 URNV

S`QQ7X a22 �TT2M/BtX
6B;m`2 R b?Qrb i?2 b2i Q7 T�`�K2i2` p�Hm2b (γ,φ) r?2`2 T�`iB�H T`Bp�iBx�iBQM Bb

QTiBK�HX h?Bb };m`2 BHHmbi`�i2b i?�i T�`iB�H T`Bp�iBx�iBQM Bb QTiBK�H 7Q` � bm#bi�MiB�H
`�M;2 Q7 T�`�K2i2` p�Hm2bX

kd



6B;m`2 R, AM i?2 HQr2`@H27i �`2�- 7mHH@M�iBQM�HBx�iBQM Bb QTiBK�HX h?2 KB//H2 �`2� Bb i?2
�`2� r?2`2 UT�`iB�HV T`Bp�iBx�iBQM Bb QTiBK�H �M/ i?2 2[mBHB#`BmK +QMbBbib Q7 BMi2`BQ`
bQHmiBQMbX AM i?2 mTT2`@`B;?i �`2�- x2`Q T`Q/m+iBQM #v i?2 Tm#HB+ }`K BM K�`F2i " Bb
QTiBK�H rBi? 7mHH M�iBQM�HBx�iBQMXh?2 #Q`/2` #2ir22M KB//H2 �M/ mTT2`@`B;?i �`2�b Bb
T (γ)X

k3



9Xj *QKT�`�iBp2 ai�iB+b
h?2 QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQM BM �M 2tTHB+Bi 7Q`K Bb Qp2`@+QKTHB+�i2/- #mi Bib `2@
H�iBQMb?BT rBi? irQ T�`�K2i2`b γ �M/ φ `2K�BM K�M�;2�#H2 �M/ Bi im`Mb Qmi i?�i Bi Bb
MQM@KQMQiQMB+X

S`QTQbBiBQM 9X h?2 `2H�iBQMb?BT Q7 i?2 QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQM �M/ i?2 /2;`22
Q7 T`Q/m+i /Bz2`2MiB�iBQM Bb MQM@KQMQiQMB+X S`2+Bb2Hv-

∀φ ∈ (0, lim
γ→1

T (γ))
d2SW

dγdα

∣∣∣∣
α=0,γ=γ∗

> 0, lim
γ→1

(
d2SW

dγdα

∣∣∣∣
α=0

)
< 0.

S`QQ7X a22 �TT2M/BtX

q?2M γ Bb M2�` γ∗- +QKT2iBiBQM BM i?2 /mQTQHv K�`F2i Bb HQr- �HHQrBM; 2MQm;? �
`QQK 7Q` r2H7�`2 BKT`Qp2K2MiX h?mb- �b γ ;`Qrb ?B;?2`- Q` T`Q/m+ib bBKBH�`- i?2 T�bb@
i?`Qm;? 2z2+i 7`QK i?2 KQMQTQHv K�`F2i iQ i?2 /mQTQHv K�`F2i +�mb2/ #v T`Bp�iBx�iBQM
#2+QK2b H�`;2`- 2M?�M+BM; i?2 r2H7�`2 BKT`Qp2K2MiX q?2M γ Bb M2�` 1- ?Qr2p2`- i?2
+QKT2iBiBQM Bb �H`2�/v +mi@i?`Q�i 2MQm;? i?�i T`Bp�iBx�iBQM +�MMQi K�F2 bB;MB}+�Mi
r2H7�`2 ;�BMX

h?2 M2ti T`QTQbBiBQM Bb QM i?2 `2H�iBp2 K�`F2i bBx2 φX

S`QTQbBiBQM 8X h?2 `2H�iBQMb?BT Q7 i?2 QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQM �M/ i?2 `2H�iBp2
bBx2b Q7 K�`F2ib Bb MQM@KQMQiQMB+X S`2+Bb2Hv-

∀γ ∈ [γ∗(1), T−1(1))
d2SW

dφdα

∣∣∣∣
α=0,φ=φ∗

> 0,
d2SW

dφdα

∣∣∣∣
α=0,φ=1

< 0

r?2`2 f(γ∗(1), 1) = 0 �M/ f(γ,φ) ! 0 ⇔ φ ! φ∗X

S`QQ7X a22 �TT2M/BtX

AM+`2�bBM; φ ?�b irQ 2z2+ib QM i?2 r2H7�`2 `2bmHi Q7 T`Bp�iBx�iBQMX PM2 Bb bBM+2 i?2
KQMQTQHv K�`F2i br2HHb- i?2 �KQmMi Q7 K�`;BM�H +Qbi `2/m+iBQM BM/m+2/ #v T`Bp�iBx�iBQM
?2B;?i2MbX h?2 Qi?2` Bb bBM+2 i?2 /mQTQHv K�`F2i b?`BMFb- r2H7�`2 ;�BM i?2`2 #v i?2
K�`;BM�H +Qbi `2/m+iBQM b?`BMFb �b r2HHX h?2 M2i `2bmHi Q7 i?2b2 irQ ~BTb �b φ p�`B2b
7`QK 0 iQ 1X

6`QK S`QTQbBiBQMb 9 �M/ 8- Bi Bb M�im`�H iQ 2tT2+i i?�i i?2 QTiBK�H /2;`22 Q7 T`Bp�iB@
x�iBQM ?�b �M BMp2`i2/ l@b?�T2- i?�i Bb- BM+`2�bBM; BM γ �M/ φ �b HQM; �b i?2b2 �`2 #2HQr
bQK2 i?`2b?QH/ �M/ /2+`2�bBM; �#Qp2 i?2KX q2 +QM}`K i?Bb +QMD2+im`2 #v MmK2`B+�H
2t�KTH2b b?QrM BM 6B;m`2 kX

kN



6B;m`2 k, LmK2`B+�H 2t�KTH2b Q7 �M QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQMUG27i,φ = 1/2-
_B;?i,γ = 1/2VX

8 .Bb+mbbBQM
8XR a2T�`�i2 S`Bp�iBx�iBQM

Ç Abbm2, ?Qr iQ b?�`2 i?2 +Qbi\

Ç PM2 �Hi2`M�iBp2, b2i λ �b � b?�`BM; `mH2 Q7 +QKKQM +Qbi +QKTQM2MiX

Ç _2bmHi, T`Bp�iBx�iBQM QMHv BM KQMQTQHv K�`F2i

Ç �MQi?2` �Hi2`M�iBp2, b2T�`�i2 QT2`�iBQM BM+m`b �MQi?2` mMBi Q7 }t2/ +Qbi KX

Ç h?2M i?2 b2T�`�i2 T`Bp�iBx�iBQM BM+m`b H�`;2 }t2/ +Qbi �M/ BM72�bB#H2X

8Xk .mQTQHv BM "Qi? J�`F2ib
Ç AKTQ`i�Mi 2H2K2Mi Bb i?2 �bvKK2i`v #2ir22M K�`F2i +QM/BiBQMbX

Ç �b HQM; �b K�`F2ib �`2 �bvKK2i`B+ BM +QKT2iBiBQMfbBx2fbQK2i?BM;- T�`iB�H T`Bp�@
iBx�iBQM +�M #2 QTiBK�HX

e *QM+HmbBQM
AM i?Bb bim/v- r2 7Q`K�HBx2 i?2 r2HH@FMQrM 7�+i i?�i mM/2` i?2 T`B+2 +QKT2iBiBQM- i?2
T`Bp�iBx�iBQM Q7 Tm#HB+ 2Mi2`T`Bb2b M2p2` BKT`Qp2b r2H7�`2 B7 i?2v b2`p2 � bBM;H2 K�`@
F2iX q2 i?2M b?Qr i?�i T�`iB�H T`Bp�iBx�iBQM +�M #2 QTiBK�H B7 i?2 Tm#HB+ }`K 7�+2b
KmHiBK�`F2i +QMi�+ibX AM �//BiBQM- Qm` +QKT�`�iBp2 bi�iB+b �M�HvbBb /2KQMbi`�i2b i?�i

jy



i?2 QTiBK�H /2;`22 Q7 T`Bp�iBx�iBQM /2T2M/b MQM@KQMQiQMB+�HHv QM i?2 `2H�iBp2 bBx2b Q7
i?2 K�`F2ib �M/ QM i?2 /2;`22 Q7 +QKT2iBiBQM BM i?2 /mQTQHv K�`F2iX h?2b2 `2bmHib
?�p2 TQHB+v BKTHB+�iBQMb 7Q` T`Bp�iBx�iBQM TQHB+v BM b2+iQ`b bm+? �b i`�MbTQ`i�iBQM- BM
r?B+? Tm#HB+ 2Mi2`T`Bb2b Q7i2M b2`p2 `m`�H �`2�b QM i?2B` QrM- #mi +QKT2i2 rBi? T`B@
p�i2 2Mi2`T`Bb2b BM m`#�M �`2�bX AM bmKK�`v- Qm` �M�HvbBb BM/B+�i2b i?2 BKTQ`i�M+2 Q7
KmHiBK�`F2i BMi2`�+iBQMb r?2M �M�HvxBM; QTiBK�H T`Bp�iBx�iBQM TQHB+B2bX

a2p2`�H BKTQ`i�Mi +QKTQM2Mib Q7 `2�HBiv �`2 H27i mMiQm+?2/ BM i?2 KQ/2HX 6B`bi- i?2
bi�i2@QrM2/ }`K K�v ?�p2 KmHiBTH2 +QKT2iBiQ`bX AM bm+? +�b2b- i?2 MmK#2` Q7 T`Bp�i2
QT2`�iBM; K�`F2ib M22/ MQi #2 QM2X �++Q`/BM;Hv- i?2 MmK#2` Q7 r�vb Q7 BM r?B+? r2
+�M b2i i?2 ?2i2`Q;2M2Biv Q7 ;QQ/b i?2Q`2iB+�HHv BM+`2�b2b KQ`2 i?�M T`QTQ`iBQM�i2HvX
h?mb- }M/BM; �M/ 7Q+mbBM; QM � `2H2p�Mi +QM};m`�iBQM /2T2M/BM; QM BMi2`2bi- BM r?B+?
+�b2- r2 `2+QKK2M/ /Bb2Mi�M;HBM; i?2 BMi2`�+iBQMbX h?2 TQbbB#BHBiv Q7 7Q`2B;M +QKT2iB@
iQ`b T`QpB/2b � M�im`�H �M/ 7`2[m2MiHv �M�Hvx2/ /B`2+iBQM iQ 2ti2M/ i?Bb `2b2�`+?X AM
+QMi`�bi iQ KmHiBTH2 T`Bp�i2 }`Kb- i?2 +�b2 Q7 KmHiBTH2 Tm#HB+ }`Kb K�v �ii`�+i �ii2M@
iBQM- 2bT2+B�HHv 7Q` M�iBQMrB/2 KmMB+BT�H Tm#HB+@}`K +QKT2iBiBQM- 7Q` 2t�KTH2X 6BM�HHv-
T`Bp�iBx�iBQM TQHB+B2b +�M i�F2 p�`BQmb 7Q`Kb- BM+Hm/BM; K�`F2i@#v@K�`F2i /2;`22b Q7
T`Bp�iBx�iBQM Q` b2[m2MiB�H T`Bp�iBx�iBQM- �KQM; Qi?2`bX

�TT2M/Bt
1[mBHB#`BmK S`B+2b BM a2+iBQM 9
h?2 2[mBHB#`BmK T`B+2b ;Bp2M α mM/2` i?2 bT2+B}+�iBQM BM a2+iBQM 9 �`2 �b 7QHHQrb,

pA0 (α) =
1

δ
[α2
(
γ2 − 1

)
(φ− 3) + α

(
γ
(
γ
(
γ2 + γ(φ− 1) + (φ− 2)φ− 4

)
− φ+ 1

)
− 2φ+ 6

)

+(γ − 1)γ
((
γ2 − 2

)
φ+ γ

)
− 2γ − φ+ 3]UkyV

pB0 (α) =
1

δ
[α2(γ2 − 1)(2γ + φ− 3) + α(γ(γ(γ2 + 2γφ+ γ + (φ− 1)φ− 5)− φ− 2)− 2φ+ 6)

+γ((γ − 2)γ(γ + 1)(φ+ 1) + 2φ)− φ+ 3]UkRV

pB1 (α) =
(γ2 + φ− 2) (α2 (γ2 − 1) + α (γ2(φ+ 1) + γ − 3) + γ − 2)

δ
, UkkV

r?2`2
δ ≡ α2

(
γ2 − 1

)
(φ− 3) + α

(
γ4 + γ2

(
φ2 − φ− 7

)
− 3φ+ 9

)
+ γ4(φ+ 1)− 2γ2(φ+ 2)− 2φ+ 6.UkjV

S`QQ7 Q7 G2KK� R
AM i?2 +�b2 r?2`2 φ = 0- i?2 2[mBHB#`BmK T`B+2b ;Bp2M α Bb +?�`�+i2`Bx2/ #v ∂Ω/∂pB0 = 0
�M/ ∂Π1/∂pB1 = 0X lbBM; i?2 BKTHB+Bi 7mM+iBQM i?2Q`2K- r2 ?�p2

H

(
dpB0
dα
dpB1
dα

)
= −

(
DB

0 − ∂DB
1

∂pB0

(
pB1 − ∂C1

∂qB1

)

0

)
Uk9V

jR



r?2`2

H =

⎛

⎝
∂2Ω

∂pB0
2

∂2Ω
∂pB0 ∂pB1

∂2Π1

∂pB1 ∂pB0

∂2Π1

∂pB1
2

⎞

⎠ Uk8V

�i α = 0- r2 ?�p2

DB
0 − ∂DB

1

∂pB0

(
pB1 − ∂C1

∂qB1

)

=DB
0 +

∂DB
1 /∂p

B
0

∂DB
1 /∂p

B
1

DB
1 > 0,

UkeV

r?B+? 7QHHQrb 7`QK i?2 `2;mH�`Biv +QM/BiBQM- pB0 < pB1 - �M/ bvKK2i`v Q7 i?2 /2K�M/
7mM+iBQMX

h?2M- mbBM; *`�K2`Ƕb `mH2- r2 ?�p2

dpB0
dα

∣∣∣∣
α=0

=
−
(
DB

0 + ∂DB
1 /∂pB0

∂DB
1 /∂pB1

DB
1

)
∂2Π1

∂pB1
2

detH
> 0

bBM+2

detH =
∂2Ω

∂pB0
2

∂2Π1

∂pB1
2 − ∂2Ω

∂pB0 ∂p
B
1

∂2Π1

∂pB1 ∂p
B
0

=
∂2Ω

∂pB0
2

∂2Π1

∂pB1
2

(
1− ∂RB

0

∂pB1

∂RB
1

∂pB0

)
> 0

UkdV

7`QK i?2 bi�#BHBiv +QM/BiBQMX
6BM�HHv- i?2 2[m�iBQM

∂2Π1

∂pB1 ∂p
B
0

dpB0
dα

+
∂2Π1

∂pB1
2

dpB1
dα

= 0

BKTHB2b i?�i dpB1 /dα > 0X h?Bb +QKTH2i2b i?2 T`QQ7X ZX1X.X

S`QQ7 Q7 S`QTQbBiBQM R
6Q` �Mv φ ∈ [0, 1]- r2 ?�p2

dSW

dα

∣∣∣∣
α=0

= (1− φ)
dpB1
dα

1

∂DB
0 /∂p

B
0

(
pB1 − ∂C1

∂qB1

)(
∂DB

1

∂pB1

∂DB
0

∂pB0
− ∂DB

1

∂pB0

∂DB
0

∂pB1

)
. Uk3V

q?2M φ = 1- i?Bb 2[m�Hb x2`Q- r?B+? BKTHB2b α∗ = 0X q?2M φ = 0- G2KK� R BKTHB2b
i?�i dpB1 /dα|α=0 > 0X aBM+2 i?2 i2`K Qi?2` i?�M dpB1 /dα|α=0 > 0- b�v dSW/dpB1 - Bb
M2;�iBp2 7`QK i?2 bi�#BHBiv +QM/BiBQM �M/ i?2 }`bi@Q`/2` +QM/BiBQM Q7 }`K 1- r2 ?�p2
(dpB1 /dα|α=0)(dSW/dpB1 ) < 0X h?mb- r2 ?�p2 α∗ 4 y BM #Qi? +�b2bX ZX1X.X

jk



S`QQ7 Q7 G2KK� k
:Bp2M 6P*b UdV �M/ U3V- /2}M2 7QHHQrBM; K�i`B+2b H3 �M/ H2 `2bT2+iBp2Hv-

H3 =

⎛

⎜⎜⎝

∂2Ω

∂pA0
2

∂2Ω
∂pB0 ∂pA0

∂2Ω
∂pB1 ∂pA0

∂2Ω
∂pB0 ∂pA0

∂2Ω

∂pB0
2

∂2Ω
∂pB1 ∂pB0

∂2Π1

∂pA0 ∂pB1

∂2Π1

∂pB0 ∂pB1

∂2Π1

∂pB1
2

⎞

⎟⎟⎠, H2 =

(
∂2Ω

∂pA0
2

∂2Ω
∂pB0 ∂pA0

∂2Ω
∂pB0 ∂pA0

∂2Ω

∂pB0
2

)
. UkNV

�bbmK2 H3 �M/ H2 �`2 M2;�iBp2 /2}MBi2X LQi2 i?�i ∂2Ω/∂pB1 ∂p
A
0 = ∂2Π1/∂pA0 ∂p

B
1 = 0

#2+�mb2 Q7 MQ /2K�M/ BMi2`�+iBQMX 6B`bi 2[m�HBiv BM i?2 bi�i2K2Mi +QK2b 7`QK i?2
2Mp2HQT i?2Q`2K �M/ (dSW/dpB1 )|α=0 < 0X 6Q` i?2 b2+QM/ QM2- #v *`�K2`Ƕb `mH2-

dpB1
dα

=
dpB0
dα

dRB
1

dpB0
, UjyV

�M/ i?2 b2+QM/ 7�+iQ` QM i?2 `B;?i ?�M/ bB/2 Bb TQbBiBp2 `2~2+iBM; bi`�i2;B+ +QKTH2K2M@
i�`BivX 6m`i?2`KQ`2-

dpB0
dα

=
det(H2)

det(H3)

∂2Π1

∂pB1
2

∂RB
0

∂α
UjRV

r?2`2 i?2 7Q`K2` irQ 7�+iQ`b �`2 M2;�iBp2X ZX1X.X

S`QQ7 Q7 G2KK� 9

dpB0
dα

∣∣∣∣
α=0

=
(γ + 1) (2γ2 + φ− 3) f(γ,φ)

(γ4(φ+ 1)− 2γ2(φ+ 2)− 2φ+ 6)2
UjkV

dpB1
dα

∣∣∣∣
α=0

=
γ(γ + 1) (γ2 + φ− 2) f(γ,φ)

(γ4(φ+ 1)− 2γ2(φ+ 2)− 2φ+ 6)2
UjjV

r?2`2

f(γ,φ) ≡ γ4(φ+ 1)2 − γ3
(
φ2 + φ+ 1

)
− γ2

(
φ2 + 8φ+ 4

)
+ 7γ(φ+ 1) + φ− 3. Uj9V

aBM+2 γ, φ ∈ (0, 1)- i?2 bB;Mb Q7 i?2 /2`Bp�iBp2b �`2 i?2 QTTQbBi2 7`QK i?�i Q7 f X q2
?�p2 f(0,φ) < 0, f(1,φ) > 0 �M/ f(γ,φ) #2HQM;b iQ C∞ +H�bbX h?2M b?QrBM; f(·,φ)
?�b �i KQbi QM2 2ti`2KmK BM γ ∈ (0, 1) 7Q` �Mv φ ∈ (0, 1) T`Qp2b G2KK� kXRR

RRamTTQb2 i?�i f(·,φ) ?�b �i KQbi QM2 KBMBKmK Q` K�tBKmKX A7 i?2 2ti`2KmK Bb KBMBKmK �i γ-
i?2M fγ(γ,φ) < 0 7Q` �HH γ < γ- bBM+2 Qi?2`rBb2 i?2`2 Bb bQK2 TQBMi γ′ ∈ (0, γ) bm+? i?�i fγ(γ′,φ) = 0-
+QMi`�/B+iBM; i?2 �bbmKTiBQM i?�i f(·,φ) ?�b �i KQbi QM2 2ti`2KmKX aBKBH�`Hv- fγ(γ,φ) > 0 7Q` �HH
γ ∈ (γ, 1)X h?2b2 BKTHv i?�i i?2`2 2tBbib γ∗ bm+? i?�i f(γ,φ) < 0 7Q` �Mv γ ∈ [0, γ∗)- f(γ∗,φ) = 0-
�M/ f(γ,φ) > 0 7Q` �Mv γ ∈ (γ∗, 1]X h?2 +�b2 r?2`2 i?2 2ti`2KmK Bb K�tBKmK Bb �M�HQ;QmbX

jj



G2i fγ(γ,φ) �M/ fγγ(γ,φ) #2 i?2 }`bi �M/ b2+QM/ T�`iB�H /2`Bp�iBp2b rBi? `2bT2+i iQ
γX h?2M-

fγ(γ,φ) = 4γ3(1 + φ)2 − 3γ2(1 + φ+ φ2)− 2γ(4 + 8φ+ φ2) + 7(1 + φ) Uj8V
fγγ(γ,φ) = 12γ2(1 + φ)2 − 6γ(1 + φ+ φ2)− 2(4 + 8φ+ φ2) . UjeV

aBM+2 fγγ(0,φ) < 0 �M/ fγγ Bb +QMp2t- fγ ?�b �i KQbi QM2 2ti`2KmKX AM �//BiBQM iQ Bi-
fγ(0,φ) > 0 �M/ fγ(1,φ) < 0 iQ;2i?2` b?Qr i?2 bQHmiBQM Q7 fγ(·,φ) = 0 rBi? `2bT2+i iQ
γ Bb mMB[m2- r?B+? BKTHB2b i?2 mMB[m2M2bb Q7 i?2 2ti`2KmK Q7 f(·)X ZX1X.X

S`QQ7 Q7 S`QTQbBiBQM j
amTTQb2 i?�i T−1(φ) ≥ γ > γ∗X

dSW

dα
=

dpA0
dα

dSW

dpA0
+

dpB0
dα

dSW

dpB0
+

dpB1
dα

dSW

dpB1
UjdV

�i α = 0- i?2 }`bi �M/ b2+QM/ i2`K Q7 i?2 `B;?i ?�M/ bB/2 �`2 x2`Q 7`QK i?2 2Mp2HQT2
i?2Q`2KX h?2 }`bi 7�+iQ` Q7 i?2 i?B`/ i2`K Bb M2;�iBp2 7`QK G2KK� k- �M/ i?2 b2+QM/
7�+iQ` Bb M2;�iBp2 �b b?QrM BM i?2 T`QQ7 Q7 S`QTQbBiBQM R BM i?2 �TT2M/BtX h?mb i?2
bB;M Q7 i?2 r?QH2 /2`Bp�iBp2 Bb TQbBiBp2X ZX1X.X

S`QQ7 Q7 S`QTQbBiBQM 9
q?2M φ ∈ (0, limγ→1 T (γ))- i?2 2[mBHB#`BmK /2K�M/ 7Q` 2�+? T`Q/m+i Bb TQbBiBp2 7Q` �HH
γ ∈ (0, 1)- �M/ r2 +�M +QM/m+i +QKT�`�iBp2 bi�iB+b #v /Bz2`2MiB�iBQMX 6B`bi- 7Q` i?2
+�b2 Q7 γ = γ∗- 7`QK i?2 2Mp2HQT2 i?2Q`2K �M/ i?2 /2}MBiBQM Q7 γ∗ r2 ?�p2-

sgn

(
d2SW

dγdα

∣∣∣∣
α=0,γ=γ∗

)
= −sgn

(
d2pB1
dγdα

∣∣∣∣
α=0,γ=γ∗

)
= sgn (fγ(γ

∗,φ)) Uj3V

r?2`2 fγ Bb /2}M2/ BM i?2 T`QQ7 Q7 G2KK� kX "v i?2 /2}MBiBQM Q7 γ∗- fγ(γ∗,φ) ≥ 0X
6`QK i?2 7�+ib b?QrM BM i?2 T`QQ7 Q7 G2KK� k- i?�i fγ(0,φ) >, fγ(1,φ) < 0- �M/ fγ = 0
?�b � mMB[m2 bQHmiBQM BM i2`Kb Q7 γ BM [0, 1] b?Qr fγ(γ∗,φ) ̸= 0X
L2ti- r?2M γ = 1- MQi2 7mHH@M�iBQM�HBx�iBQM Bb QTiBK�H- bBM+2-

dSW

dα

∣∣∣∣
γ=1

=
−4α(3− φ)φ

(3 + α(3− φ))3
.

h?2M-
lim
γ→1

(
d2SW

dγdα

∣∣∣∣
α=0

)
=

−4φ

27
< 0.

ZX1X.X

j9



S`QQ7 Q7 S`QTQbBiBQM 8
q?2M γ ∈ (0, T−1(1))- i?2 2[mBHB#`BmK /2K�M/ 7Q` 2�+? T`Q/m+i Bb TQbBiBp2 7Q` �HH
φ ∈ (0, 1)- �M/ r2 +�M +QM/m+i +QKT�`�iBp2 bi�iB+b #v /Bz2`2MiB�iBQMX 6Q` i?2 +�b2 Q7
φ = φ∗- �b BM i?2 γ +�b2- r2 ?�p2-

sgn

(
d2SW

dφdα

∣∣∣∣
α=0,φ=φ∗

)
= sgn (fφ(γ,φ

∗)) UjNV

r?2`2 fφ Bb � T�`iB�H /2`Bp�iBp2 rBi? `2bT2+i iQ φX aBM+2 f(γ, 0) < 0 �M/ ∀γ >
γ∗(1), f(γ, 1) > 0 �M/ f(γ,φ) Bb bi`B+iHv BM+`2�bBM; BM φ- fφ(γ,φ∗) > 0. 6Q` i?2 Qi?2`
+�b2- r2 ?�p2

d2SW

dφdα

∣∣∣∣
α=0,φ=1

=
−γ(2− γ)f(γ, 1)

8(1− γ)(2− γ2)3
.

h?Bb Bb M2;�iBp2 ∀γ ∈ [γ∗(1), 1)X ZX1X.X

j8



_272`2M+2
�M/2`bQM- aX SX- �X /2 S�HK�- �M/ CX 6X h?Bbb2 URNNdV- ǳS`Bp�iBx�iBQM �M/ 1{+B2M+v BM

� .Bz2`2MiB�i2/ AM/mbi`vǴ- 1m`QT2�M 1+QMQKB+ _2pB2r- 9RUNV- TTX Rej8 @ Re89X

"�`+2M�@_mBx- CX *X UkyydV- ǳ1M/Q;2MQmb hBKBM; BM � JBt2/ .mQTQHv, S`B+2 *QKT2@
iBiBQMǴ- CQm`M�H Q7 1+QMQKB+b- NRUjV- TTX kej @ kdkX

"�`+2M�@_mBx- CX *X- �M/ JX "X :�`xƦM UkyRdV- ǳS`Bp�iBx�iBQM Q7 ai�i2 >QH/BM; *Q`@
TQ`�iBQMbǴ- CQm`M�H Q7 1+QMQKB+b RkyUkV- RdR @ R33

"mHQr- CX AX- CX .X :2�M�FQTHQb- �M/ SX .X EH2KT2`2` URN38V- ǳJmHiBK�`F2i PHB;QTQHv,
ai`�i2;B+ am#biBimi2b �M/ *QKTH2K2MibǴ- CQm`M�H Q7 SQHBiB+�H 1+QMQKv- oQHX
NjUjV- TTX 933 @ 8RRX

*?2M- hXGX UkyRdV- ǳS`Bp�iBx�iBQM �M/ 1{+B2M+v, � JBt2/ PHB;QTQHv �TT`Q�+?Ǵ- CQm`@
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1 Introduction

When considering policies that a↵ect neighboring countries, such as refugee relief, trade
agreements and measures against global warming, most citizens prefer a policy that
would benefit themselves, but some citizens may have di↵erent preferences. Altruis-
tic citizens may wish policies not only for their own country’s gains but also on the
merits in other countries a↵ected by such policies. In contrast, some citizens are con-
cerned about their own country’s relative position compared to other countries. They
may emotionally feel malice or envy of the state of other countries. Specifically, it is
sometimes observed that the masses of a country have hostilities towards neighboring
country, which brings economic conflicts, and such are particularly likely to arise be-
tween neighboring countries with negative history. We see such political emotions when
one country imposes a punitive trade policy and the movement to boycott the products
of target country, even though both countries su↵er from it.

This paper proposes a model of tax competition led by policy makers selected from
citizens with di↵erent stance to other countries. When countries in the world are
isolated and there is no mutual relationship between them, the individual with moderate
preference will be chosen as a representative of diverse citizens. In most cases, such
a moderate representative is self-interested without having strong malice or altruism
against other countries. However, circumstances change when the home country links
to other countries through spillovers, trade and factor mobility. The citizens will choose
a political leader who makes them expect to bring the greatest benefit in relation to
other countries. Our main concern in this paper is the type of policy-maker elected
under the indirect democracy when the interactions among countries are present in the
globalized market. The globalization is captured by the increased mobility of capital
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accompanied by capital market integration, which leads us to use the canonical models
of tax competition [Zodrow and Miezskowski (1986) and DePater and Myers (1994)].
The tax competition model is, of course, not a sole, but one of the useful methods
that has been widely used as an analytical tool to describe the consequences of market
integration. With this approach, our interest is on which of the altruistic or malicious,
in other words hostile politician towards neighboring countries will be more likely to
be elected as the policy-maker who represents the diverse citizens when countries have
become connected in a single market.

Although most of previous tax competition studies assume the individuals having
homogeneous preferences, we depart from this setting to analyze the emergence of either
altruistic or malicious policy-maker (politician) in the tax competition environment.
When citizens in a country are in some way heterogeneous, there arises a question that
whose preference is reflected in the policy-making. A stylized model of representative
democracy with citizen candidates is e↵ective for analyzing such environment and has
been used to reveal the type of policy-maker elected by the majority voting. Assuming
residents di↵er in their endowment (stock of capital), Persson and Tabellini (1992) and
Ihori and Yang (2009) showed that a decisive voter in the election tends to delegate the
authority to set the tax rate to a poor citizen, or a citizen whose capital share is lower
than that of the decisive voter. Extending the model to asymmetric tax competition,
Ogawa and Susa (2017) show the appearance of equilibrium, in which a decisive voter
delegates the authority to tax to a rich citizen in some countries and to a poor citizen in
other countries.1 These studies construct the two-stage game model in which a policy-
maker is elected from the heterogeneous citizens through majority voting, and then the
elected policy-maker chooses the tax rate to compete for mobile factors. We follow this
standard approach to find whether the citizens choose altruist as their representatives
or choose malicious representative.

Studies that assumed individuals with altruism or malice are nothing new. In the
context of rent-seeking contests pioneered by Tullock (1980), there are a great number
of studies that assumed individuals with envy, malice and altruism.2 There are several
reasons why these have been extensively studied. First, non self-interested behavior
has long been observed in the experimental nonmarket like situations. Specifically, the
subjects are often act as if altruism or fairness is an element in their preferences.3 Sec-
ond, it is known that a particular mixture of altruists and envious individuals in the
society is evolutionarily stable. For instance, Konrad (2004) formally proved that altru-
ists and envious people do better than a population of narrowly rational individuals in

1Another approach is to use a simple median voter model, which has been taken by Fuest and
Huber (2001), Borck (2003), Grazzini and van Ypersele (2003), Lockwood and Makris (2006), and
Ogawa and Susa (2017). This approach reflects the policy setting in a direct democracy. In contrast,
our approach reflects the delegation of power to policy-making under representative democracy, which
is e↵ective in studying the type of political leader emerged under the democratic institution.

2See, for example, Frech (1978), Konrad (2004), Sha↵er (2006), and Schmidt (2009), among others.
See also Sheremeta (2018), especially, for the review of experimental researches.

3For earlier researches, see Marwell and Ames (1979) and Miller and Oppenheimer (1982).
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the rent-seeking game, and that it is evolutionary stable that they exist in society at a
certain rate. Third, it is recognized that the existence of altruistic and envious individ-
uals a↵ects the e�ciency and policy implication significantly. For instance, Beckman
et al. (2002) show in their experiments that envy and malice account for 60% of the
reasons for rejecting Pareto gains.4 It has also long been known that altruism and envy
influence the optimal policy. At an early stage, for instance, Oswald (1983) derives
the Mirrelsian optimal tax structure, i.e., Mirrlees (1971), when there is altruism and
jealousy and show that all of optimal tax theory’s general results no longer hold.5

Our paper extends the model of interest to neighbors to situations of interest to
neighboring countries and clarifies the type of the policy-maker chosen as the represen-
tative of the citizens having diverse preferences in tax competition model. The analysis
aims presenting a possible explanation of the appearance of benevolent or discrimina-
tive political leaders in a globalized society. This framework is more or less similar to
Konrad and Morath (2012), which study conflict between two groups of individuals.
Their model contains in-group altruism and spiteful behavior towards members of the
out-group. Our paper also analyzes the situation where the two groups, i.e., two in-
dependent countries, conflict in attracting capital investment. Their focus is on the
evolutionarily stable combinations of in-group favoritism and out-group spite, but our
focus is not on there and on the emergence of either altruistic or malicious political
leader in a country.

The definition of altruism in this paper is very standard. We define individuals as
altruistic when they receive benefit not only in the utility obtained in his own country
but also have a feeling of concern for the utility of the residents in other countries. In
contrast, our strategy to capture malice or hostile preferences is based on the “di↵erence-
maximizing behavior” proposed in Frohlich et al. (1984). This can be supported by
the widely acknowledged phenomenon of keeping up with the Joneses. That is, the
utility in particular country depend on the relative standing, and thus the residents’
utility in the neighboring country negatively a↵ects residents in the home country.6 By
expressing the di↵erence in preferences to the rival country like this, we first show in the
baseline model of symmetric tax competition that the citizen with altruistic preference
will be more likely to be elected as the representative of the diverse residents in the

4It is confirmed by many experiments and empirical studies that individuals care about their relative
positions with their neighbors. For instance, Zizzo and Oswald (2001) conduct the experiment in which
subjects can pay to reduce other subjects’ money and find that most of them do. Luttmer (2005) shows
the evidence that the negative e↵ect of increases in neighbors’ earnings on own well-being is most likely
caused by interpersonal preferences. These suggest that individuals have utility functions that depend
on relative consumption in addition to absolute consumption.

5Among others, Johansson (1997) studies how di↵erent kinds of altruistic behavior would a↵ect
optimal externality-correcting taxes and Aronsson and Johansson-Stenman (2008) modified optimal
tax formulas when individuals concern relative utilities.

6See Ok and Kockesen (2000) that models negatively interdependent preferences. See also Risse
(2011) which applies the concept of negatively interdependent preferences to the group contest game.
The “di↵erence-maximizing behavior” is also applied to firms’ strategy in the oligopolistic market
[Lundgren (1996) and Matsumura et al. (2013)].
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country. By extending the model to asymmetric tax competition. in which one country
imports and the other exports capital, we secondly show the emergence of malicious
policy-maker.

The remainder of this paper is organized as follows. In section 2, we present a
basic model. The equilibrium properties are presented in section 3 along with the main
results. Section 4 presents the discussion of the model, which is mainly extended to the
case of asymmetric tax competition. Here, the asymmetry is captured by the political
institution: One country chooses the tax policy for competing mobile capital under the
indirect democracy and the other country under the direct democracy. Section 5 o↵ers
conclusions.

2 Model

Environment. The economy consists of two symmetric countries (i = 1, 2), and the two
countries compete for investment by residents in two countries and overseas investors.
We assume that residents in each country have a high attachment to where they live,
and so do not migrate between countries. For simplicity, we here assume the population
in each country is normalized to 1. A resident in each country is endowed  units of
capital, and thus, the initial endowment of capital in the two countries is 2. Capital
is invested in one of the two countries, depending on the net return to the investment,
which leads the countries to compete for attracting the investment.

Production. The production of private goods in country i requires capital and labor,
along with technology that exhibits constant returns to scale. The per capita production
function in country i is given by yi = f(ki), where ki is the amount of capital per capita
used in country i. A firm’s profit is given by ⇡i = f(ki)� rki � tiki �wi, where r is the
price of capital, ti is the unit tax on capital employment imposed by the government
in country i, and wi is the wage. Profit maximization gives wi = f(ki) � kifk(ki) and
r = fk(ki)� ti, which yield the capital demand function, ki = k(ti, r).

Domestic capital market. The supply function of capital in the country is expressed in
reduced form, and is assumed to be linear in the interest rate: 2 + br, where r is the
(equalized) interest rate the two country can o↵er, and b(� 0) is the responsiveness of
the capital supply to the interest rate, which has a positive relation with the capital
supply elasticity with respect to the interest rates [Eichner and Runkel (2012) and
Wang and Ogawa (2018)].7

This setting allows us to deal with the endogenous supply of capital without mod-
elling savings: If b = 0, the model reduces to the standard capital tax competition

7Although we assumed the linear supply function for simplicity, this assumption might be justified
for two reasons. First, the supply function of each investor living outside the country can be convex
or concave. If there is a su�ciently large number of investor, then the total supply function would be
approximately represented by the linear supply function. Second, the linear supply function of capital
would be obtained if the external investors incur a convex sunk cost when investing abroad, which has
been widely assumed in the models of tax competition (Bacchetta and Espinosa, 1995).
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model, in which the capital market of the two countries is closed to outside the two
countries and, thus, the total amount of capital in the two countries is constant. As
the parameter b increases, the capital supply responds sensitively to the interest rate.
Here, b can be interpreted as a proxy for the connection between the countries to be
analyzed and the outside the two countries. The larger the value of b, the more the
country’s market is open to the overseas investors.

The capital market equilibrium for the two-country economy is reached when the
sum of the capital demand in the two countries is equal to the total capital supply:

k1(t1, r) + k2(t2, r) = 2+ br. (1)

To obtain a clear solution, we specify the form of production as f(ki) = (A � ki)ki,
where A represents the productive e�ciency.8 Under this specification, we have

r =
A

1 + b
� 4+ t1 + t2

2(1 + b)
, (2)

ki =
k

1 + b
+

tj � ti + 2(A� ti)b

4(1 + b)
. (3)

Individuals. The citizens in each country are homogeneous in terms of endowments of
labor and capital, but their preferences are di↵erent. That is, the residents are assumed
to be heterogeneous in standpoints to neighboring countries. The residents in country i

are indexed by ai, an index that is uniformly distributed over [�1, 1], and the resident’s
utility of type ai is given by

Ui = ui + aiuj, (4)

where ui(= xi) is the utility (consumption of a private numeraire good) in country i.9

An individual with ai = 0 is interested only in her utility. Individuals having positive
value of ai are altruistic, and an individual with ai = 1 means a completely benevolent.
Conversely, the individuals who have negative values of ai have malice to neighboring
countries, and the individual of type ai = �1 corresponds to the “di↵erence-maximizer”
identified in Frohlich et al. (1984). Since ai distributes uniformly along the interval of
[�1, 1], the median voter is an individual with ai = 0, implying that she does not have
altruism or malice in the neighboring countries.

A resident in country i receives labor income wi(= f
i(ki) � kif

i
k(ki)), a return on

her capital investment r, and a lump-sum transfer from the government gi. Hence,
the budget constraint of the resident is given as follows:

8The production function is assumed to be quadratic, so that the marginal product of capital is
a linear function of the capital labor ratio. Although this is a strong assumption, it has been often
used in the literature to get analytical solutions. See Keen and Konrad (2013, p.270). We also assume
A� 2 > 0 to ensure to ensure ki > 0.

9The assumption of uniform distribution is not crucial and all results are maintained as long as the
type of medium voter is represented by ai = 0.
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xi = wi + r+ gi. (5)

The government in each country can only use a unit tax on mobile capital. Thus, the
government budget constraint in country i becomes

gi = tiki. (6)

3 Equilibrium

The model constructed here follows that of Person and Tabellini (1992) which originates
from the citizen-candidate models presented by Osborne and Slivinski (1996) and Besley
and Coate (1997). The timing of the decision-making is as follows. In the first stage, a
simple-majority election takes place in each country to pick a citizen as the policymaker.
This policymaker governs the country and determines a tax rate in the next stage. In
the second stage, tax policies are selected simultaneously in both countries by the
individuals elected as policymakers.

Because the concept of a sub-game perfect Nash equilibrium is applied, we solve the
model backward.

3.1 Second stage

We denote the type of the policymaker in country i elected in the first stage as aiP .
Given the tax rate in the other country j, tj, the policymaker determines the tax rate
in her country by solving the following maximization problem:

maxti UiP = ui + aiPuj,

s.t. (2) and (3),

where ui = wi + r+ gi = (Ai � ki)ki + r(� ki). The first-order condition gives us the
following reaction function for country i:

t
R
i =

1 + aiP

4b2 + 8b+ 3� aiP
tj +

2b(1 + aiP )(A� 2)

8b+ 4b2 + 3� aiP
(7)

Taxes are strategic complementary relationship except for ai = �1. From (7), we have

@t
R
i

@ai
=

4(1 + b)2[2b(A� 2) + tj]

(3 + 8b+ 4b2 � ai)2
> 0, (8)

suggesting that the more an altruistic individual is elected as the policy-maker, the
higher tax is chosen to mitigate tax competition. Solving (7) for i = 1, 2, we obtain the
tax rate of country i in the equilibrium of the following sub-game:
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t
⇤
i =

2b (1 + aiP ) (A� 2)

(8b+ 4b2 + 2� aiP � ajP )
, (9)

which gives the following results:

Lemma 1. Under ai 2 [�1, 1],

@t
⇤
i

@ai
=

2b(A� 2k)(3 + 8b+ 4b2 � aj)

(2 + 8b+ 4b2 � ai � aj)2
> 0 (10)

@t
⇤
i

@aj
=

2b(A� 2k)(1 + ai)

(2 + 8b+ 4b2 � ai � aj)2
� 0. (11)

The equality in (11) holds if ai = �1. It is straightforward, from (8) and the feature
of tax complementarity, that the own e↵ect of a change in ai is positive. The flip side
of this is that by electing a more altruistic policy-maker the residents in country i can
expect a tax increase in other country j.

Substituting (9) for i = 1, 2 into (2) and (3) yields the equilibrium values: k
⇤
i =

ki(aiP , ajP ) and r
⇤ = r(aiP , ajP ). Using these values with (9), we obtain the utility of

the median in country i as ui(aiP , ajP ), which is maximized in the first stage.

3.2 Frist stage

The simple median voter theorem leads us to set the first-stage optimization problem
as

max
aiP

ui = (Ai � k
⇤
i )k

⇤
i + r

⇤(� k
⇤
i ),

where k⇤
i = ki(aiP , ajP ) and r

⇤ = r(aiP , ajP ). The first-order condition of each country’s
decisive voter yields the following reaction function:

a
R
iP =

ajP + 1

8b+ 4b2 + 3� ajP
. (12)

From (12), we find that preferences of elected policy makers are strategic complements,

da
R
iP

dajP
=

4(1 + b)2

(3 + 8b+ 4b2 � ajp)2
> 0. (13)

Furthermore, from (12), in the sub-game perfect Nash equilibrium of this game, the
policymaker of each country, selected by the median voter, is characterized by10

a
⇤ ⌘ aiP = ajP = 2b (b+ 2) + 1� 2(1 + b)

p
b (b+ 2) 2 [0, 1], (14)

10The other solution does not satisfy the condition that ai 2 [�1, 1] and the second-order condition
for the optimum choice of ai. See Appendix A.
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where

da
⇤

db
= �

2
p

b (b+ 2)
⇣
1 + b�

p
b (b+ 2)

⌘2

b(b+ 2)
< 0,

d
2
a
⇤

db2
=

2
p

b (b+ 2)
⇣
1 + b�

p
b (b+ 2)

⌘2 ⇣
1 + b+ 2

p
b (b+ 2)

⌘

b2 (b+ 2)2
> 0,

with limb!0a
⇤ = 1 and limb!1a

⇤ = 0. Since a
⇤ 2 [0, 1] for b � 0, our main finding can

be summarized as follows.

Proposition 1.

In a symmetric tax competition, citizens choose partially altruistic individual as the
representative of the state, aiP > 0. As b increases, more self-interested individual is
elected as the representative, @aiP/@b < 0.

The mechanism behind the result is as follows. To see the median voter’s incentive
to delegate the authority to either an individual with malicious preference located to
the left of the median’s position or an altruistic individual who locates to the right of
her, we first take the first-order derivative of the utility at the point of aiP = ajP = 0:

@ui

@aiP

����
aiP=ajP=0

=
@ui

@ti|{z}
=0

@ti⇤
@aiP

+
@ui

@tj

@tj⇤
@aiP| {z }
>0

(15)

The first term is zero because of the envelope theorem from the second stage, and the
last term is positive from (8). Therefore, the sign of whole e↵ect is the same as the sign
of @ui/@tj:

@ui

@tj
= (fk � r)

@ki

@tj
+ (� ki)

@r

@tj
. (16)

Although the sign of fk � r is always positive in the symmetric equilibrium, the sign of
the derivative in the first term of (16), @ki/@tj, is technically ambiguous because there
are two paths from tj to ki. A first-order e↵ect is that the country j loses its attraction
for investment if it increases tj, so capital moves to country i. This makes the sign of
@ki/@tj positive. However, there is a second-order e↵ect: An increase in tj decreases
the price of capital r and it makes the entire market unattractive for outside investors.
This lowers the total supply of capital in two countries, and therefore investment to
country i is decreased. In our specification, however, the first-order e↵ect dominates
the second one, and that the sign is positive; @ki/@tj = 1/4(1 + b) > 0.
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The second term is also positive, because of, so called, the terms of trade e↵ect.
Since two countries import capital from outside the two countries, the sign of  � ki

is negative. In addition, an increase in tax rate lowers the capital price, which makes
capital importing countries better o↵. Therefore,

@ui

@tj
> 0 ! @ui

@aiP

����
aiP=ajP=0

> 0,

suggesting that the median voter in each country denoted by ai = 0 does not select
herself as the policy-maker, but selects the altruistic politician who has positive value
of ai.

Summarizing the above, the entire mechanism is three-fold: (i)By electing a bit
altruistic policy maker in country i, country i can commit to a higher tax rate in the
second stage; (ii)When country i sets a high tax rate, the rival country j also sets a
high tax rate because the tax policies are in a strategic complementary relationship;
(iii)The tax increase of rival country j benefit country i by two routes: a declining
interest rate and a capital inflow. (i) and (ii) ease pressures of tax-cut competition and
(iii) directly benefits the country. Anticipating the mechanism above, the median voter
in the country delegates the power to tax to the citizen with the altruistic preference,
aiP > 0.

4 Asymmetric countries

In this section, we discuss an asymmetric the tax competition. Basically, the asymmetry
is captured by the di↵erent political institutions. One country (i = 1) is governed by
an indirect democracy, so the median voter in the country delegates its authority to
set a tax rate to a policy maker as before. In contrast, in the other country (i = 2),
all citizens vote to decide the tax rate directly. In this case, the simple median voter
theorem is applied, and thus, the tax rate in country 2 reflects the preference of the
median voter. In the second part, we add another element that generates regional
di↵erences to show the emergence of malicious policy-maker.

4.1 Di↵erent political institutions

In country 2, citizens directly vote to express their opinions on tax policy, and then
the tax policy of the Condorcet winner among the citizens comes into force. Since
the median voter theorem holds, the citizen located at the median of the preference
distribution becomes the decisive median voter in this game, suggesting that country
2 is virtually committed to a2P = 0 before the country 1’s election. To respond to it
optimally, the median voter in country 1 chooses the policy maker in accordance with
(12),
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a
⇤⇤
1P ⌘ 1

8b+ 4b2 + 3
. (17)

Note that a
⇤⇤
1P < a

⇤. This means that the median voter in country 1 still delegates
authority to those who are more altruistic than herself, but the type of policy-maker
chosen approaches more self-interested one. Under this setting, we can compare the
equilibrium values between two countries as follows:

t1(a
⇤⇤
1P , 0) > t2(a

⇤⇤
1P , 0), (18)

k2(a
⇤⇤
1P , 0) > k1(a

⇤⇤
1P , 0), (19)

u2(a
⇤⇤
1P , 0) > u1(a

⇤⇤
1P , 0). (20)

The tax rate in country 1 is higher than in country 2, so capital and utility in country
1 are less than in country 2. These results are because of the strategic complement
property of tax rates. As explained in the previous section, country 1 increases its tax
rate to induce country 2 to increase the tax rate. The adjustment is done along with
a country 2’s reaction curve which has a slope less than 1. Therefore, tax increase is
larger for country 1 than for country 2.

4.2 Productivity di↵erences

Now, we add another element representing the regional di↵erences, keeping a2P = 0.
We here assume that the productivity between countries captured by Ai di↵ers between
two countries. Having a2P = 0 makes equations herein simpler and analyses of the
productivity asymmetry possible.

According to the same procedure so far, the reaction function of country 1 in the
second stage is given by

t
R
1 =

1 + a1P

3 + 8b+ 4b2 � a1P
t2 +

2b[A1 + A2a1P � 2(1 + a1P )] + (A1 � A2)(1� a1P )

3 + 8b+ 4b2 � a1P
.

(21)

Then, we have,

@t
R
1

@a1P
=

2(1 + b){2(1 + b)[2b(A2 � 2) + t2]� (1 + 2b)(A1 � A2)}
(3 + 8b+ 4b2 � a1P )2

. (22)

(22) shows the di↵erence from the case of symmetric equilibrium, i.e., (8): The sign of
(22) is ambiguous, and thus it is not clear whether an altruistic policy maker raises a
tax rate, depending mainly on the productivity gap and tax rate in country 2.

The equilibrium tax rates are,
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t
⇤⇤
1 =

4b(1 + b)(A1 � 2) + (1 + 2b)(A1 � A2)� 2(1 + b)a1P [A1 � A2 � 2b(A2 � 2)]

2(1 + b)(2 + 8b+ 4b2 � a1P )
,

(23)

t
⇤⇤
2 =

4b(1 + b)(A2 � 2)� (1 + 2b)(A1 � A2)

2(1 + b)(2 + 8b+ 4b2 � a1P )
. (24)

Di↵erentiating the equilibrium tax rates by aiP provides,

@t
⇤⇤
1

@a1P
=

3 + 8b+ 4b2

2 + 8b+ 4b2 � a1P
t
⇤⇤
2 , (25)

@t
⇤⇤
2

@a1P
=

1

2 + 8b+ 4b2 � a1P
t
⇤⇤
2 . (26)

Substitution of the equilibrium tax into k2 gives

k
⇤⇤
2 �  =

(1 + 2b)[4b(1 + b)(A2 � 2)� (1 + 2b)(A1 � A2)]

4(1 + b)(2 + 8b+ 4b2 � a1P )
=

1 + 2b

2
t
⇤⇤
2 . (27)

Therefore the following lemma holds.

Lemma 2.

sgn(t⇤⇤2 ) = sgn(k⇤⇤
2 � ) = sgn

✓
@t

⇤⇤
1

@a1P

◆
= sgn

✓
@t

⇤⇤
2

@a1P

◆
(28)

Lemma 2 can be interpreted clearly. Suppose that country 2 imports capital, k⇤⇤
2 >

, as before. Lemma 2 suggests that the stronger the altruism of policy maker in country
1, the higher the tax rate she chooses. This is simply because, by increasing tax rate, the
policy maker with strong altruism expects she can lower the capital price, and thereby
reduce borrowing costs of country 2. A raise of tax rate in country 1 increases the tax
rate of country 2 as well because of the strategic complement property. In contrast,
suppose country 2 exports capital, k⇤⇤

2 < , and so it subsidizes rather taxes capitals,
t
⇤⇤
2 < 0. In this, the stronger the altruism of policy maker in country 1, the lower the
tax rate he/she chooses. By lowering the tax rate, altruistic policy-maker in country 1
induces a high interest rate which increases the capital income in country 2.

Anticipating the responses in the second stage, the median voter in country 1 chooses
the type of policy maker who has a following preference11,

a
⇤⇤
1P =

�1

2(1 + b)�1
, (29)

11We further assume a regulatory condition for the solution to be interim, �1
2(1+b)�1

< 2 + 8b+ 4b2.
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where

�1 ⌘ 4b(1 + b)(A1 � 2) + (1 + 2b)(A1 � A2),

�1 ⌘ 2b(5 + 10b+ 4b2)(A2 � 2)� �1.

Depending on parameter values, both �1 and �1 can be positive or negative. This
means that whether the type of policy-maker chosen will deviate to the left or right
from the median voter’s preference is ambiguous. To address what determines it, we
see the next equation.

@u1

@a1P

����
a1P=0

=
@u1

@t1

@t
⇤⇤
1

@a1P
+

@u1

@t2

@t
⇤⇤
2

@a1P

=
@u1

@t2

@t
⇤⇤
2

@a1P

=


t
⇤⇤
1

@k1

@t2
+

@r

@t2
(� k

⇤⇤
1 )

�
t
⇤⇤
2

2 + 8b+ 4b2

=
t
⇤⇤
1

2

t
⇤⇤
2

2 + 8b+ 4b2

=
�1�2

64(1 + b)2(1 + 4b+ 2b2)3

where �2 ⌘ 4b(1 + b)(A2 � 2) + (1 + 2b)(A2 � A1). The direction the median voter
(ai = 0) delegates authority depends on the signs of �1 and �2, which indicate the
capital position of two countries.

Lemma 3. If �i > (<)0, country i imports (exports) capital and chooses a positive
(negative) tax rate to lower (increase) interest rates.

Proof. The numerator of equation (23) and (24) are, respectively, equal to �1 and �2

when a1P = a2P = 0. Hence, sgn(�i) = sgn(t⇤⇤i ) = sgn(ki � ). Q.E.D.

Lemma 3 shows that the sign of �1 represents whether country 1 taxes or subsidizes
capitals, or equivalently, it is a capital importer or exporter when a1P = 0. �2 is its
counterpart in country 2 and has the same sign as �1 under the regularity conditions
in use. That is, country i imports capital when �i > 0 and aiP = 0, and it exports
capital when �i < 0 and aiP = 0. Therefore, which type of individual is elected as the
representative in country 1 depends on the capital position of the country when the
median voter chooses the tax rate of the country. We summarize it as follows:

Proposition 2. Under the regularity conditions with a2P = 0,
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1. assume that both countries import capital (�1 > 0 and �2 > 0) when the median
voter chooses the tax rate of the country.12 In such countries, altruistic individual
is chosen as the representative in country 1, a⇤⇤1P > 0.

2. assume that one of the two countries imports and the other exports capital (�i > 0
and �j < 0 for i 6= j) if the median voter chooses the tax rate of the country. In
such countries, malicious individual is chosen as the representative in country 1,
a
⇤⇤
1P < 0.

The mechanism behind this result can be explained by the terms of trade e↵ect and
strategic complement property of tax rates in the second stage. Suppose that country
1 imports but country 2 exports capital when a1P = a2P = 0, �1 > 0 and �2 < 0. In
this case, if the median voter in country 1 selects a bit more altruistic individual as the
policy maker in her country, he/she expects a tax reduction in own country because
the altruistic policy-maker aims increasing capital income of country 2 by raising the
capital price. In addition, the tax reduction in country 1 induces country 2 to reduce
the tax rate because of strategic complement property. These result in the increase
in capital price which harms country 1 since it imports capital. Therefore the median
voter in country 1 never delegates authority to those who are on the right of herself but
rather delegates authority to an individual with malicious preference located to the left
of herself.

The intuitive mechanism can be explained in a same manner when country 1 exports
but country 2 imports capital, �1 < 0 and �2 > 0. If the median voter in country 1
selects a bit more malicious individual as the policy maker in her country, he/she expects
a tax reduction in own country because the malicious policy-maker aims increasing
capital borrowing costs of country 2 by raising the capital price. The increase in capital
price benefits country 1 since it exports capital to country 2. Therefore, the median
voter in country 1 will delegates authority to those who are on the left of herself who
has malicious preference.

The above mechanism has been explained by assuming the type of policy maker
in country 2 is constant, a2P = 0. However, this mechanism works in the same way
even if we allow two countries freely choose the type of policymaker (see Appendix B).
This means that whether the citizens choose altruistic or envious individual as their
representative depends on the capital position of the countries. The citizens in a country
which imports capital are likely to choose the altruistic policy-maker if the neighboring
countries import capital, while they will choose the individual with malicious preference
as the policy-maker if the neighboring countries export capital.

In closing the section, we refer on the e↵ect of growth in productivity and the
endowments on the type of policy-maker elected. The simple comparative statics, using
(29), shows the following results:

12We can ignore the case of �1 < 0 and �2 < 0 since the two countries will never become capital
exporters at the same time as long as r � 0.
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Corollary 1.

@a
⇤⇤
1P

@A1
> 0,

@a
⇤⇤
1P

@A2
< 0,

@a
⇤⇤
1P

@
R 0 , A1 R A2.

Corollary 1 shows that technological progress and the increase in capital endowments
will have di↵erent impacts from country to country. That is, the productivity growth
in country i leads country i to have altruistic policy-maker while it leads country j

to have malicious policy-maker. In addition, the increase in capital endowment leads
high-productivity country to have altruistic policy-maker, but it leads low-productivity
country to have malicious policy-maker.

5 Conclusion

Studies on tax competition with delegation have modeled the residents having homoge-
neous preferences. This paper has treated the individuals having heterogeneous stance
to the neighboring countries in the citizen candidate model in which the policy-maker
is selected under the majority voting. The results in the symmetric tax competition
show that there exists an incentive for the median voter of the country to delegate the
power to decide the tax policy to the altruistic individual. This finding questions the
assumption made in the literature that the government maximizes the utility of the
resident in the country. However, the result that altruistic individual is elected as the
representative of the country is not necessarily robust. In our study allowing the asym-
metries across the countries, it was also shown that the individual having malicious
preferences could become representatives of the country. Specifically, such a situation
is likely to occur when the two countries are divided into a position to export and to
import capital. Specifically, In countries importing capital, it is likely to choose indi-
vidual with malicious preference as the representative of the country, whereas citizens
in countries exporting capital are more likely to choose altruistic individual as the rep-
resentative. In any cases, however, our results imply that policy-maker elected by the
diverse citizens considers not only the utility of the residents in the home country but
also cares for the utility of neighboring countries.

The basic model can be extended in several directions. Firstly, one of the promising
extensions is to formulate the model with di↵erent form of fiscal competition. Al-
though we have found that the capital position of two countries critically e↵ects on the
resulting type of policy-maker, there is another source that determines the equilibrium
characteristics. Specifically, since the results depend on the strategic complementarity
between two countries, our findings would be changed if we model the game of public
investment in which countries are in the strategic substitution. Following the model of
investment competition developed by Hindriks et al. (2008), we have confirmed that the
median voter will delegate the authority to decide the investment policy to the individ-
ual with malicious preferences if countries are symmetric. The analysis on asymmetric
investment competition will add new insights into the type of policy-maker in the fis-
cal competition models. Secondly, the generalization of the model might contribute to
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check the robustness of the results. In our paper, we rely on several strong assumptions,
which should be relaxed. For instance, we assumed that all tax revenue is returned to
the residents in the lump-sum manner, implying that there are no public goods that di-
rectly benefit resident’s utility. We also specify the production function, which is made
for tractability to derive closed-form solutions. More general formulations complicate
our analysis, but are left for future research.

Appendices

Appendix A. In equation (14), we define a
⇤ as the unique solution of the game. Yet

there also exists the other solution that satisfies (12). Let a� denote the other one,

a
� ⌘ aiP = ajP = 2b (b+ 2) + 1 + 2(1 + b)

p
b (b+ 2).

The followings show that a� does not satisfy the second-order condition.

@
2
ui

@aiP
2

����
a=a�

= �

⇣
2b+ b

2 �
p

b(2 + b)(1 + b)2
⌘
(A� 2)2

16(1 + b)2(2 + b)2

= �

p
b(2 + b)

⇣p
b(2 + b)�

p
(1 + b)2

⌘
(A� 2)2

16(1 + b)2(2 + b)2

= �

p
b(2 + b)

⇣p
b(2 + b)�

p
1 + b(2 + b)

⌘
(A� 2)2

16(1 + b)2(2 + b)2
> 0.

Appendix B. In Section 4.2, we only study the one-sided delegation using parametric
formula. This made the comparative statics possible, and as a result we were able
to obtain Corollary 1. However, if it is only for leading Lemma 2 and Proposition 2,
there is no need to restrict the analysis to the one-sided delegation. We here show that
Lemma 2 and Proposition 2 hold with weaker assumptions and two-sided delegation
setting, keeping the assumption of productivity di↵erence between countries.

Objective function of country i in the second stage is

Ui = ui + aiuj.

The first-order condition is given by

@Ui

@ti
=

@ui

@ti
+ ai

@uj

@ti
= 0.

The implicit function theorem, with the first-order condition, gives

H

 
@t⇤i
@ai
@t⇤j
@ai

!
= �

✓ @uj

@ti
0

◆
where H ⌘

 
@2Ui
@ti2

@2Ui
@ti@tj

@2Uj

@tj@ti

@2Uj

@tj2

!
.
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Applying the Cramer’s rule, we have13,
 

@t⇤i
@ai
@t⇤j
@ai

!
= � 1

det(H)

 
@2Uj

@tj2
� @2Ui

@ti@tj

� @2Uj

@tj@ti
@2Ui
@ti2

!✓ @uj

@ti
0

◆

= � 1

det(H)

 
@2Uj

@tj2

� @2Uj

@tj@ti

!
@uj

@ti

With the concavity (@2
Ui/@ti

2
< 0) and strategic complementarity (@2

Uj/@tj@ti > 0)
assumptions,

sgn

✓
@t

⇤
i

@ai

◆
= sgn

✓
@t

⇤
j

@ai

◆
= sgn

✓
@uj

@ti

◆
. (30)

The last term of (30) can be decomposed as

@uj

@ti
= (fk � r)

@kj

@ti
+

@r

@ti
(� kj)

= tj
@kj

@ti
+

@r

@ti
(� kj).

We additionally make natural assumptions that @ki/@ti < 0, @kj/@ti > 0, and @r/@ti <

0. Under these assumptions, we obtain the same properties as in Section 4.2:

@Uj

@tj

����
aj=0

=
@uj

@tj
= 0

, t
⇤
j

@kj

@tj
+

@r

@t
⇤
j

(� kj) = 0

, t
⇤
j = �

@r/@t
⇤
j

@kj/@tj
(� kj), (31)

suggesting that the sign of the last term of (30) equals that of tj at aj = 0 because
tj and  � kj have opposite signs. Therefore, we obtain the following result, which
corresponds to Lemma 2.

Lemma 4. At aj = 0,

sgn(t⇤j) = sgn(k⇤
j � ) = sgn

✓
@t

⇤
i

@ai

◆
= sgn

✓
@t

⇤
j

@ai

◆
= sgn

✓
@uj

@ti

◆
.

Finally, using Lemma 2, the general version of Proposition 2 is straightforward,
which can be summarized as follows. .

Proposition 3.

sgn

✓
@ui

@ai

����
a=0

◆
= sgn

✓
@ui

@tj

◆
sgn

✓
@t

⇤
j

@ai

◆
= sgn(k⇤

i � )sgn(k⇤
j � ).

13For inversion, we assume det(H) > 0 , @2Ui
@ti2

@2Uj

@tj2
� @2Ui

@ti@tj

@2Uj
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> 0.
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