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Abstract

Quantum thermodynamics is thermodynamics extended to be applied to microscope
quantum systems. The conventional studies of quantum thermodynamics are based on
two assumptions: first, the dynamics of the microscope quantum system is described by
the unitary evolution; second, the work performed on an external agent is equal to the
energy loss of the microscope quantum system. However, several studies pointed out that
these assumptions are not compatible with each other.

As an alternative to the conventional approach, it has been proposed to describe the
dynamics of the microscope quantum system as a quantum measurement process. This
proposition made based on the analogy between the work extraction of thermodynamics
and the measurement process of quantum mechanics, implying that quantum thermody-
namics is essentially quantum-measurement theory.

In the present thesis, we first derive a quantum version of the Jarzynski equality using
the new approach. Our derivation correctly contains information about the fluctuation of
the actual work, namely, the energy gain of the external agent. Our derivation enables us
to analyze the influence of the quantum measurement quantitatively.

Our derivation of the Jarzynski equality describes the fluctuation of the actual work
under the actual dynamics, but is unclear how the microscopic quantum system is oper-
ated by the external agent. To resolve this issue, we next consider the continuous mea-
surement of the control parameter and derive the quantum Jarzynski equality under the
continuously monitoring control parameter. We can thereby obtain the relation between
the control parameter and the second law of thermodynamics.
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Chapter 1

Introduction

Thermodynamics is one of the fundamental and important theories in physics [4]. It char-
acterizes to macroscopic systems in terms of several macroscopic physical quantities with-
out resorting to microscopic details of the macroscopic systems. In other words, thermo-
dynamics is a universal theory on macroscopic systems.

The mostimportant characteristic of thermodynamics is the irreversibility of the macro-
scopic systems. This irreversibility is a unique property not found in other fundamental
theories of physics and is known as the second law of thermodynamics. The second law
of thermodynamics, yields limitations of dynamics of the macroscopic systems; for exam-
ple, an upper bound of the work performed by the macroscopic system and one of the
efficiency of macroscopic heat engines [1], which are transducers of the heat to the work.

Since the macroscopic system consists of a huge number of microscopic degrees of free-
dom, it is one of the major issues in physics to derive thermodynamics from microscopic
mechanics. One answer is statistical mechanics [10], which is a theory that associates
the statistical properties of microscopic degrees of freedom with the thermodynamics of
quantities, and thus describes the equilibrium of the macroscopic systems.

A new demand arises because the recent development of experimental technology lets
us observe and operate microscopic systems; we can perform experiments of molecular
motors in cells [21], a box containing a single electron [90] and so on [33, 59, 65, 72, 97,
98]. Because these experiments are performed on microscopic systems, we cannot directly
apply thermodynamics to them. Accordingly, many researchers have been trying to extend
thermodynamics in order to apply it to microscopic systems.

Quantum thermodynamics is thermodynamics extended to be applied to microscopic
quantum systems [116]. It utilizes a combination of statistical and quantum mechanics,
adopting a model of a microscopic quantum system connected to an external agent. Many
conventional studies [8, 9, 23, 25, 27, 30, 32, 36, 39, 40, 42, 46, 48, 50, 52, 54, 68, 70, 71, 73,
79, 80, 85, 88, 94, 95, 103, 116] of quantum thermodynamics use two assumptions: first,
the dynamics of the microscopic quantum system is described by the unitary evolution
generated by a time-dependent Hamiltonian of the microscopic quantum system; second,
the work performed on the external agent is equal to the energy loss of the microscopic
quantum system. In this conventional approach, we can derive not only the second law of
thermodynamics [7, 9, 26, 43, 56, 57, 63, 69, 85, 89, 105, 115] but also many results such
as the fluctuation theorem [23, 25, 30, 40, 48], which describes the fluctuation of physical
quantities in microscopic systems, and information thermodynamics [46, 50, 54, 70, 71,
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73,79, 80, 88, 94, 95, 103], which is thermodynamics with feedback processes taken into
account.

The conventional approach indeed gives some properties of thermodynamics. How-
ever, several studies [93, 114, 117, 119, 122] pointed out that the two assumptions above
are not compatible with each other. For example, if the actual dynamics of the micro-
scopic quantum system is approximated to the unitary evolution, the statistical properties
of the energy loss of the microscopic quantum system and the energy obtained by the ex-
ternal agent behave differently. Therefore, the assumptions of the conventional approach
is inappropriate to quantum thermodynamics. Accordingly, we needs to find a different
approach to study quantum thermodynamics.

As an alternative to the conventional approach, is has been proposed to describe the
dynamics of the microscopic quantum system as a quantum measurement process [93,
117, 120]. This proposition was made based on the analogy between the work extraction
in thermodynamics and the quantum measurement process. The work extraction is a
process in which an external agent operates a system and obtains quantities of the work.
On the other hand, the measurement is a process in which an external agent operates a
system to observe and obtains physical quantities. This approach implies that quantum
thermodynamics is essentially quantum-measurement theory. Therefore, we need to take
into account the influence of measurements in thermodynamics.

In the present thesis, we study quantum thermodynamics using the new approach,
which describes the work extraction processes as measurement processes. First, we con-
sider the Jarzynski equality, which describes a statistical property of the extracted work,
under the new approach to research the influence of the quantum measurement. Our
derivation of the Jarzynski equality correctly contains information about the fluctuation
of the actual work, namely, the energy gain of the external agent, and is essentially dif-
ferent from the conventional derivation of one [23, 25, 30, 40, 48]. The influence of the
measurement appears in the Jarzynski equality as the difference of a constant and the
constant is determined by the measurement process.

Our derivation of the Jarzynski equality describes the fluctuation of the actual work
under the actual dynamics. However, it is unclear as to how the microscopic quantum
system is operated by the external agent. To resolve this issue, we next consider the contin-
uous measurement of the control parameter, which describes the operation by the external
agent. By combining the now approach of the work extraction and the formulation of the
continuous measurement, we obtain the parameter-dependent Jarzynski equality as well
as the relation between the control parameter and the second law of thermodynamics.

The present thesis is organized as follows. In the chapter 2, we describe the general
theory of quantum dynamics and measurement. In the chapter 3, we review the conven-
tional approach of quantum thermodynamics and the derived results. This chapter has
the three sections about the definition of the conventional approach, the second law of
thermodynamics and the fluctuation theorems. In the chapter 4, we explain the problem
of the conventional approach of quantum thermodynamics and review the new approach
describing the work extraction of thermodynamics as the measurement process of quan-
tum mechanics [93, 117]. In the chapter 5, we derive a quantum version of the Jarzynski



equality based on the new approach of the chapter 4. The results in the chapter 5 are based
on the references [119] under the author’s collaboration with Dr. H. Tajima and Prof. N.
Hatano. In the chapter 6, we derive a quantum version of the Jarzynski equality under
continuously monitored control parameter. The section 6.1.1 in the chapter 6 is a short
review of the time reversal introduced in the reference [121]. The other sections in the
chapter 6 is the results of the author under the collaboration with Dr. H. Tajima.






Chapter 2

Quantum dynamics and measurement

2.1 Quantum dynamics

In this section, we first describe a unitary evolution, which is a fundamental time evolution
in quantum mechanics and is applicable to a closed quantum system. Next, we introduce
a general quantum dynamics, which can be applied both to a open and closed quantum
systems.

2.1.1 Unitary evolution

Let us consider a closed quantum system. In quantum mechanics, the state of an isolated
quantum system is represented by a unit vector [i), whose time evolution follows the
Schrodinger equation

d
i [9(0) = H©O) (), (2.1)

where H(t) is the generally time-dependent Hamiltonian of the system.
The time evolution

|[(6)) = UL, £o) [9(t0)) (2.2)

defined the unitary operator U(t, t,), which is satisfies U(t, ty) = I with identity operator
I. Inserting the equation (2.2) into the Schrédinger equation (2.1), we obtain

ih%U(t, to) = HIOU(L, t,); (2.3)

in other words, the operator U(t, t,) satisfies the Schrodinger equation. Therefore, the
operator U(t, ty) is given by

.t
i
U(t,ty) = Texp _E_/ dsH(s)], (2.4)
to
where T is time ordering. From the equation (2.4), we obtain
U(tz, to) = U(tz, tl)U(tl, to), (25)
U'(t1,t0) = U(to, 1) (2.6)
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forty <t; <t,.

In the above description, the state of the system is represented by a unit vector and is
called a pure state. We can extend the state of the system to statistical mixture of pure
states, which is called a mixed state. The mixed state is described by a Hermitian operator
p, which is called the density matrix. For the mixture of pure states |¥;) and the corre-
sponding probability p; satisfying Zi pi = 1, the density matrix p is given by

Using the Schrodinger equation (2.1) in the time derivative of the density matrix (2.7), we
obtain 50(0)

. opll

lhT = [H(t), p(0)] (2.8)
with [A, B] := AB — BA. This is called the von Neumann equation. Similarly to the pure
state, the time evolution of the density matrix is given by the unitary operator U(t, t;) of
the equation (2.4) in the form

p(t) = U(t, to)p(to)U' (¢, to). (2.9)

2.1.2 General quantum dynamics

In the previous section, we showed that the time evolution of the closed quantum system
is represented by a unitary operator. However, in the case of an open quantum system, we
cannot generally represent the time evolution in terms of a unitary operator.

To consider the time evolution of the open quantum system, we introduce an environ-
ment interacting with the system of interest and trace it out after the time evolution.

We assume that the composition of the system S of interest and the environment E is a
closed quantum system. Hence, the composite system is evolved under a unitary operator
U of the composite system. Let p and oy denote the initial states of the system S and the
environment E, respectively. Then, the time evolution of the system S is given by a map
K in the form

K(p) := Trg[U(p ® op)UT], (2.10)

where Trg denotes the partial trace over the environment E. This map K describes the gen-
eral time evolution of the system S of interest and is called a quantum channel or quantum
operation in quantum information theory [24, 108]. Of course, the unitary evolution in
the section 2.1.1 is a simple case of the quantum channel. From the equation (2.9), the
map U, ;, of the unitary evolution is given by

Uy () = U(t, to)pU (2, t). (2.11)
The time-evolution map X of the equation (2.10) has the following properties:

Affine property (convex linear) For any density matrices p; and p, and for a real number
p € [0, 1], there satisfies

K(pp1 + (1 = p)pz) = pK(p1) + (1 — p)K(p2). (2.12)
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Trace preserving For any density matrix p, there satisfies Tr(K (o)) = Tr(p) .

Completely Positive For any positive operator Ag on the system S, K(Ag) is also the pos-
itive operator. Moreover, if we introduce an extra system R of arbitrary dimension,
(K ® Jr)(Agr) is the positive operator for any positive operator Agg on the compos-
ite system SR, where J; denotes the identity map on the extra system R.

We can show the three properties of time-evolution map from the equation (2.10); in
other words, the time-evolution map is a trace-preserving completely positive (TPCP)
map [108]. Conversely, we can drive the equation (2.10) from any map K that satisfies
the three properties of TPCP map. Therefore, the TPCP map can always represent the
environment model of the equation (2.10) [24, 108].

The time-evolution map (2.10) has another representation known as the Kraus repre-
sentation [108] and the operator-sum one [24]. The Kraus representation of the TPCP map
is given by the following: for a TPCP map X, there exists a set of linear operators { K, },

satisfying Zn K;Kn = I, where I is the identity operator, such that
K(p) = ) KnpK (2.13)
n

for an arbitrary operator p. The operator K,, in the equation (2.13) is called the Kraus
operator.

Let us derive the Kraus operator explicitly. Assume the eigenvalue decomposition of
the initial state oy in the equation (2.10) in the form

or = ), qilY) (il (2.14)
i
with Zi gi =1 and E<¢i | Y j>E = J;,j. The equation (2.10) thereby becomes

K(p) = D, Ki oK, (2.15)
i,j

with K; j = \/q; E<z,b iU ¢i>E. Because the operator K; ; satisfies
D RLR = 3 @il il U [w;) (851U] (2.16)
LJj LJj

the set of the operators {K; j }i j is a set of the Kraus operators of the time-evolution map
K. Thus, we can obtain a Kraus representation from the equation (2.10).

2.2 Quantum measurement

In this section, we describe measurement theory of quantum systems. We first introduce
the projection measurement and secondly the general quantum measurement. Finally,
we show a continuous measurement as a limitation of a series of repeated measurements.
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2.2.1 Projection measurement

The projection measurement is a fundamental measurement in quantum mechanics. Let
us consider the projection measurement of a physical quantity A. The physical quantity
A is denoted by a Hermitian operator and has the spectral decomposition

A=) aP,, (2.18)
a

where a and P, denote the eigenvalue of the observable A and the corresponding pro-
jection, respectively. Given a state p of a system, the probability that the outcome of the
measurement is the eigenvalue a is given by

Pr(A = alp) := Tr[P4p], (2.19)

which is called the Born rule [108]. Of course, the summation of the probability
Pr (A = al|p) with respect to the outcome a is equal to unity, because the projection P,
satisfies D, P, = I with the identity operator I.

In general, the state changes after the measurement. When we obtain an outcome a

by the projection measurement, the post-measurement state depends on the outcome a,
given by
_ PgpP,
- Pr(A=alp)’
On the other hand, when we perform the projection measurement but do not know the
measurement outcome, the post-measurement state becomes the statistical mixture of the
equation (2.20) of each outcome, given by

p' =Y Pr(A=alp)py = ), PupPs. (2.21)
a a

Pa (2.20)

The situations of the equations (2.20) and (2.21) are called selective measurement and
non-selective measurement, respectively [108].

In particular, when P, projects states onto the normalized eigenstate |¢,) of the eigen-
value a, namely P, = |¢,){¢4l, the probability (2.19) is given by Pr (A = a|p) = (¢, | p | Pa)
and the corresponding selective measurement (2.20) becomes the pure state of the eigen-

state |¢,):
 18a)aloléa)(@dl
S CAPIES:

= [$a){¢al- (2.22)

2.2.2 General quantum measurement

To consider a general quantum measurement, we can use an indirect measurement model,
which is described by the time evolution of a system composed by a system of interest and
a measurement device. The measurement device interacts with the system of interest and
extracts information out of it. After the interaction, we observe the measurement device
and indirectly obtain the information of the system of interest from the measurement
device.
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Let us assume that the system composed by the system S of interest and the measure-
ment device D is a closed quantum system. Let p and o, denote an arbitrary initial state
of the system S and an initial state of the measurement device D, respectively. The initial
state of the composite system is given by p ® op. Since the composite system is a closed
quantum system, it evolve accordingly to a unitary operator U into the state U(p ® op)U".
After the time evolution, we measure a physical quantity Ap of the measurement device
D, which is called a meter observable. The spectral decomposition of Ay, is given by

Ap =) aP? (2.23)
a

where a and PY denote the eigenvalue of A, and the corresponding projection, respec-
tively.

Suppose that we obtain an outcome a after the measurement of the meter observable,
which is the selective measurement of the composite system. The post-measurement
state (2.20) for the outcome a is given by

s Us®PR)U(p ® op)U'(Is ® PR)

© 7 Pr(Ap=dU(@op)UT) ’
where Ig is the identity operator on S. Note that we replaced P, in the equation (2.20)
with Iy ® PY because the measurement of the meter observable is not supposed to affect

the system S. The denominator Pr (Ap = a|U(p ® op,)U") is the probability of the specific
outcome a given the state U(p ® opp)U" of the system S in the form

Pr(Ap = a|U(p ® op)UY) = Tr[(Is ® P2)U(p ® op)UT]. (2.25)

(2.24)

We now focus on the measurement of the system S of interest. Tracing the equa-
tion (2.24) over the measurement device D, we obtain the post-measurement state of the
system S depending on the outcome a in the from

_ _ Mq(p)
fa=Toled| = e @ oD (2.26)

where Trp is partial trace over the measurement device D and a map M, depending on
the outcome a as

M(p) = Trp[(Is ® PE)U(p ® op)U' (Is ® PR)]. (2.27)
The probability (2.25) is written as
Pr(Ap = a|U(p @ op)U") = Tr[M,(p)]. (2.28)

Because the right hand side of the above probability depends on the initial state p and the
outcome a, we can rewrite the equations (2.26) and (2.28) as

s Ma(p)
Pa = By AL = alo)’ (2.29)
Pr(Ap = alp) = Tr[M4(p)]- (2.30)



Chapter 2 Quantum dynamics and measurement

Hence, the general quantum measurement is given by the set of the maps { M, } , whose
elements are given by the equation (2.27) in the indirect measurement model. Note that
the corresponding non-selective measurement is given by the map

M=) M, (2.31)
a

which is a TPCP map satisfying the those properties on the page 6. Because the map (2.31)
is given by
M(p) = Tr[U(p @ op)U"], (2.32)

it clearly denotes a general quantum dynamics in the section (2.10).

The quantum measurement { M, }, is mathematically called a CP instrument. The
CP instrument is a set of completely positive (CP) linear maps whose sum is a TPCP map.
Similarly to the general quantum dynamics of the section 2.1.2, an arbitrary CP instrument
can be represented as an indirect measurement model.

The CP instrument has the Kraus representation similarly to the TPCP map. The Kraus
representation of the CP instrument is given as follows: for a CP instrument { M, } ,

the each CP map M, can be represented by a set of linear operators {Ma,n }n satisfying
.M oM na<Tand ) M{ .M an = I, where I is the identity operator, such that

Mq(p) = ZMa,ang,n- (2.33)
n

We thereby obtain the probability (2.30) in the form

Pr(Ap = alp) = Z Tr[Ma,anZ,n]. (2.34)
n

In particular, when the echo CP map M, of the CP instrument is represented by only one
operator M,, namely '
My(p) = MaPMCTI (2.35)

for all outcome a, we call the operator M, the measurement operator. When the measure-
ment operator is a projection, the equation (2.35) becomes a projection measurement.

Finally, we show a POVM (positive operator valued measure of probability operator val-
ued measure) measurement, which is a quantum measurement focused on a probability
of outcomes, ignoring a post-measurement state.

The POVM measurement of the physical quantity A is given by a set of positive Hermi-
tian operators { E, }, with the normalization Za E, = I. Then, we define the probability
Pr (A = a|p) of an outcome a given a state p as

Pr(A = a|p) := Tr[E,p]. (2.36)

The POVM measurement is an extension of the Born rule (2.19) and satisfies an affine
property:

Pr(A = alpp; + (1 — p)p;) = pPr(A = alp,) + (1 — p) Pr(A = alp,) (2.37)

10
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for any states p; and p, with a real number p € [0,1]. On the other hand, the POVM
measurement can be derived from the affine property (2.37) [108].

The POVM measurement can be represented by the indirect measurement model, the
CP instrument and the Kraus representation. From the equations (2.25), (2.30) and (2.34),
we obtain

E, =Trp|U'(Is ® P2)U(I5 ® op)] (2.38)
= M) (2.39)
= > M nMg p, (2.40)

where M, is the adjoint of M, as defined in the appendix A.

2.2.3 Continuous measurement

Let us consider measurement of a physical quantity A in a closed quantum system. We
keep measuring it continuously between time 0 and 7 and obtain a measurement record
[a] == {a(t) | t € (0,7)}, where a(t) is a path of the measurement outcome. We call this
procedure the continuous measurement.

We approximate the continuous measurement by a series of instantaneous measure-
ments, which we describe as CP instruments {Ma,t }a of the physical quantity A for
each time ¢ [17, 75]. The time evolution between successive two instrument measure-
ments { M, }_and { Mgs} (¢ < s) is the unitary evolution map U, given by U ,(p) =
U(s,t)pU (s, t) for an arbitrary state p, where U(s, t) is a unitary operator of evolution
between time ¢ to s.

We define the continuous-measurement map M, as the limitation of a series of rep-
resented instantaneous measurements in the form

Mg = 1\1,1_11; Uyt M, Uy, Mg

N-2-tN-2

X X 'Utz,tl Ma

N-1,IN-1 IN-2

Us,gyr (241)

1.t

where t,, = nt/N and a, := a(t,). The set of the continuous-measurement maps
{M a] }[a] is a CP instrument, because the map M, is a CP map and its path integral

over all measurement records [a] is trace preserving:

| [ lal M1 (0)| = T (2.42)

for any density matrix p, where /D[a] denotes a path integral defined by

N-1
f Dlal:= lim [] ). (2.43)

n=1 ay

Hence, the probability P([a]|p) of a measurement record [a] given a state p is given by

P([allp) = Tr[Mq(0)] (2.44)

11
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with
f Dlal P(allp) = 1. (2.45)

12



Chapter 3

Time-dependent Hamiltonian approach on
conventional studies

One of the important points of thermodynamics is to distinguish the work and the heat
in the energy transferred from a system to another. In macroscopic thermodynamics, the
work is the energy transferred by varying external parameters of a thermodynamic system,
such as the volume and a magnetic field, whereas the heat is the energy transferred by
thermal contact with heat baths [10]. However, quantum mechanics itself does not make
the distinction of the work and the heat. To construct quantum thermodynamic, it is
critical to know how to define the work and the heat quantum-mechanically.

In this chapter, we review a conventional approach to the definition of the work and
the heat in quantum thermodynamics by using a time-dependent Hamiltonian.

3.1 Time-dependent Hamiltonian and first law of
thermodynamics

In the conventional studies of quantum thermodynamics, a thermodynamic system op-
erated by an external agent is represented by a time-dependent Hamiltonian. This time
dependence is derived from the time variation of external parameters of the system which
is caused by the operations of an external agent.

In this section, we define the work and the heat from the time-dependent Hamiltonian
and derive the first law of thermodynamics.

3.1.1 Work, heat, and first law of the thermodynamics

Let H(t) and p(t) denote the time-dependent Hamiltonian of a driven system and its state
at time t, respectively. The change of the internal energy AU of the driven system from
the time ¢t = 0 to 7 is given by

AU = Tr[p(t)H(7)] — Tr[p(0)H(0)]. (3.1)

Since the work is the energy transferred owing to the change of the external parameters
and the heat is the energy transferred without the variation of the Hamiltonian, we define

13
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the average work performed by the system and the average heat absorbed by it as

(W) = — f dt Tr[p()H(1)], (3.2)
0

<@=fdﬂmmmm, (3.3)
0

respectively [8, 9, 27, 32, 36, 39, 42, 52, 68, 85, 116].

These definitions satisfy the first law of thermodynamic, namely the energy conserva-
tion. Indeed, deforming the equation (3.1) using derivation with respect to the time ¢, we
obtain

AU = f dtiTr[p(t)H(t)] (3.4)
Lt
= f dt (Tr[p(OH®)] + Tr[p()H(®)]). (3.5)
0

Combining equations (3.2), (3.3) and (3.5), we obtain the energy conservation law in the
form of

AU =(Q)—(W). (3.6)

Notice that the equation of the motion with respect to the state p(t) is irrelevant in the
definitions (3.2) and (3.3). In other wards, we can apply them both to closed and open
quantum systems.

For example, consider the adiabatic dynamics of a closed quantum system for the driven
system H(t). The evolution of the state p(t) depends only on the Hamiltonian H(t), and
hence follows the von Neumann equation

0
iW%Q=m@w®L (3.7)

Calculating the average heat (3.3) using the von Neumann equation (3.7), we obtain

@ =7 [ @i, o) ) G5
0
=%fdwmmmmmm—nwmmmmh (3.9)
0
—0. (3.10)

Therefore, the change of the internal energy is equal to the average work:

AU = —(W). (3.11)

14
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3.1.2 Thermodynamics system with heat baths

In the discussion above, the heat baths are represented by the influence on the driven
system except for the external parameters. However, some studies [25, 46, 56, 57, 63, 69,
95,103, 106] of quantum thermodynamics consider the closed quantum system including
the driven system and the heat baths. In this approach, we assume that the Hamiltonians
of the heat baths do not change in time, and the work performed by the driven system and
the heat absorbed by it are equal to the energy decrements of the composite system and
the heat bath, respectively. We can thereby derive the first law of thermodynamics.

For simplicity, we consider the case of one heat bath and that the external operation
is performed from time O to 7. Let Hg(t), Hg and V(¢) denote the Hamiltonians of the
driven system, the heat bath and the interaction between the two systems, respectively.
The Hamiltonian Hg(t) of the driven system has time dependence with respect to the ex-
ternal operation. On the other hand, the Hamiltonian Hy of the heat bath does not depend
on time. We assume that the interaction Hamiltonian V() vanishes except during the ex-
ternal operation; V(¢t) = 0 for ¢t ¢ (0, 7). Hence, the Hamiltonian of the composite system
is given by

H,(t) :== Hg(t) + V(t) + Hy. (3.12)

Let us first find the heat absorbed by the driven system. Since we assume that the com-
posite system is a closed quantum system, the state p(t) of the composite system follows
the von Neumann equation with respect to the Hamiltonian (3.12) of the composite sys-
tem. Hence, the average heat of the composite system is zero (see equation (3.10)), and
we obtain

(Q)g = f i Tel (0 (H (1) + V()] = — f 4 Te[p(0)H (3.13)
0 0

= Tr[p(0)Hg] - Trlp(DHgl.  (3.14)

The left-hand side of the above equality denotes the average heat absorbed by the driven
system including the contribution of the interaction, and the right-hand side is the energy
decrements of the heat bath. Thus, the energy decrements of the heat bath is equal to the
heat absorbed by the driven system.

Next, we find the work performed by the driven system. Since the composite system
is a closed system, the energy decrement of the composite system is equal to the average
work performed by the composite system (see equation (3.11)):

Tr{p(0)Higy(0)] — Trlp(0)Hing(2)] = f 4 Tr[ (O Fly (8], (3.15)
0
From H,,(t) = Hs(t) + V(t), we obtain

Tt[0(0) Hi(0)] — Trlp()Hioe(0)] = j dt Te[p(O)(Eis()) + V(D)) = (W) (3.16)
0
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Chapter 3 Time-dependent Hamiltonian approach on conventional studies

The right-hand side of the above equality indicates the average work performed by the
driven system including contribution of the interaction. Thus, the energy decrements of
the composite system is equal to the work performed by the driven system.

Moreover, we define the change of the driven system including contribution of the in-
teraction as

AUs = Tr[p(t)(Hs(t) + V(7))] — Tr[p(0)(Hs(0) + V(0))]. (3.17)
We then arrive at the first law of thermodynamics for the driven system:

AlIS = <Q>s - <W>s . (318)

3.2 Second law of thermodynamics

The second law of thermodynamics represents the irreversibility, which is a characteris-
tic and important phenomenon in thermodynamics. To represent the irreversibility, we
define the (thermodynamic) entropy Sy, from a reversible thermodynamic process and
obtain the following statement: the entropy change ASy, of any thermodynamic process
satisfies

ASy, > En: ?—: (3.19)
where Q,, is the heat absorbed by the nth heat bath at a temperature T,,. This is well known
as the Clausius inequality, which is one of the statement of the second law.

Another representation of the second law of thermodynamics is focused on the ex-
tracted work. It is known as the principle of maximum work: the extracted work un-
der any isothermal process is maximal for a reversible isothermal process. To represent
the maximum work, we define the Helmholtz free energy as F*d := U — TS,, where U
and T are an internal energy and an temperature, respectively. Then, the maximum work
is represented by the difference of the Helmholtz free energies. Hence, the principle of
maximum work is given by

W < —AF, (3.20)

where W and AF®? are the extracted work under any isothermal process and the difference
of the Helmholtz free energies between the initial and the final equilibriums, respectively.
In macroscopic dynamics, the equations of motion have the reversibility. Deriving the
irreversibility of thermodynamics from this microreversibility is an important issue of sta-
tistical physics, and has been studied by many researches.
In this section, we derive the second law of thermodynamic for quantum systems using
the time-dependent Hamiltonian approach.

3.2.1 Clausius inequality and entropy production

In quantum thermodynamic, we define the (nonequilibrium) entropy of the state p with
the von Neumann entropy

S(p) := —Tr[plog p]. (3.21)
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3.2 Second law of thermodynamics

This definition comes from the analogy of (equilibrium) statistical mechanics, and is equal
to the thermodynamic entropy except for the Boltzmann constant when the state is in the
equilibrium. Because the von Neumann entropy is unitary invariant, it does not change
in the closed quantum system.

The second law of thermodynamics is represented as

AS > ) Bn(Qn), (3.22)

where AS is the change of the von Neumann entropy of the driven system and (Q,,) is the
average heat that the driven system absorbs from the nth heat bath at the inverse tempera-
ture 3,,. This is a representation of the Clausius inequality in quantum thermodynamics.

In nonequilibrium thermodynamics, the second law is often represented in another
form using the entropy production. The entropy production is the entropy produced inside
the driven system and is given by

AiS = AS =3 B (Qn)- (3.23)

From the equation (3.22), we have the second law in terms of the non-negativity of the
entropy production:
A;S > 0. (3.24)

The non-negativity of the entropy production has been shown in several situations [9,
56]. In this section, we show it in the case of the section 3.1.2, for the Hamiltonian (3.12).
Let ps(t) denote the state of the driven system derived from the trace of p(t) over the de-
grees of the heat bath. We assume that the initial state p(0) of the composite system does
not have entanglement between the driven system and the heat bath, and the initial state
of the heat bath is the canonical distribution at an inverse temperature f3:

e e e—BHs
p(0) = ps(0) ® pg’, pg = Tr[e~Fa] (3.25)
Since the composite system is closed, its entropy does not change:

S(p()) = S(p(0)) = —Tr|[ps(0) log ps(0)] — Tr[p5' log py'] (3.26)
= S(ps(0)) — Tr[py log oy |, (3.27)

from which we obtain the change of the entropy of the driven system in the form
AS = S(ps(1)) — S(ps(0)) (3.28)
= S(ps(1)) — S(p(1)) — Tr[ g log oy | (3.29)
= —Tr[ps(7) log ps(7)] + Tr[p(t)log p(7)] — Tr[pp' log ppl]- (3.30)

On the other hand, from the equation (3.14), we obtain the average heat absorbed by the
driven system S as

B(Q)s = B(Tr[py'Hy| — Tr[p(r)Hz]) (331)
= Tr[p(7) log e PHB| — Tr[ g’ log e ~PH3] (3.32)
= Tr[p(7)log pp'] — Tr[pg! log oy’ ]- (3.33)
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Chapter 3 Time-dependent Hamiltonian approach on conventional studies

Therefore, the entropy production (3.23) is reduced to

A;S == AS — B(Q)g (3.34)
= —Tr[p(r) log (os(t) ® pg’)] + Tr[p(z) log p(7)] (3.35)
= D(p(@)]|es(®) @ o3, (3:36)

where D(p||o) := Tr[plogp] — Tr[plogo] is the quantum relative entropy. Because the
quantum relative entropy is non-negative [24], we obtain the second law of thermody-
namics, the equation (3.24).

3.2.2 Principle of maximum work and free energy

In the previous section, we define the entropy production A;S as the difference of the ab-
sorbed heat from the entropy change. Using the energy conservation law, we can describe
the entropy production in terms of the extracted work and derive the principle of maxi-
mum work under quantum thermodynamics.

We now assume the case of one heat bath. Then, the energy conservation (3.6) and the
entropy production (3.23) reduce to

AU =(Q) — (W), (3.37)
AiS = AS - B(Q), (3.38)

respectively, which are followed by
AiS = AS — BAU — B(W). (3.39)

In the analogy of the Helmholtz free energy of thermodynamics, let us define the
nonequilibrium free energy [57, 63, 69, 76, 111] as

F(p; H) = Tr[pH] — B~"S(p). (3.40)

We therefore have
AF := F(p(7); H(7)) — F(p(0); H(0)) (3.41)
= AU - B71AS, (3.42)

where we used the equation (3.1). We thus obtain the entropy production in terms of the
work in the form
AS = —B(AF + (W)). (3.43)

The nonequilibrium free energy (3.40) can be characterized by the reversible isothermal
process as well as the Helmholtz free energy in thermodynamics. Its difference represents
the maximum work between two general state. Indeed, the non-negativity of the entropy
production (3.24) and the equation (3.43) give

(W) < —AF. (3.44)
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3.2 Second law of thermodynamics

This is the principle of maximum work under quantum thermodynamics.

Finally, we show the relation between the nonequilibrium and Helmholtz free energies.
Transforming the definition (3.40) using the canonical distribution at the inverse temper-
ature 3,

—BH
p*(B; H) = ZG.H) (3.45)

with Z(B; H) := Tr[e~PH], we obtain
F(p; H) = —B~1(Tr[plog 0*9(8; H)| + log Z(B; H)) — B~ Tr[plog o] (3.46)
= =~ log Z(B; H) + S~ D(pllp*(B; H)), (3.47)

where D(pl||o) == Tr[plog p| — Tr[plogc] is the quantum relative entropy. The first term
is the Helmholtz free energy F®4(B; H) = —f~1log Z(8; H). The non-negativity of the
quantum relative entropy in the second term therefore gives

F(p; H) — F*4(8; H) = 7' D(p||0*4(8; H)) > 0. (3.48)

Thus, the nonequilibrium free energy is always greater than the Helmholtz at the same
temperature, and is equal to it when the state is at equilibrium.

In particular, if the initial state is the canonical distribution p®I(3; H(0)), the nonequi-
librium free energy is equal to the Helmholtz one: F(p®4(3; H(0)); H(0)) = F*4(3; H(0)).
Using the equations (3.44) and (3.48), we can obtain a quantum counterpart of the equa-
tion (3.20):

(W) < F(p*4(B; H(0)); H(0)) — F(p(7); H(7)) (3.49)
= F*(B; H(0)) — F*4(B; H(7)) = —AF*. (3.50)

3.2.3 Second law of thermodynamics with information

Macroscopic thermodynamics focuses on macroscopic systems and gives universal laws
without depending on microscopic details of thermodynamic systems. In order to derive
this property from microscopic mechanics, we calculate statistical properties of the col-
lection of many particles in the thermodynamic system, not the motion of each particle.
If we can know the motion of each particle, can we obtain the thermodynamic laws?

To this question, Maxwell, in 1871, considered a thought experiment in which an agent
performs measurements on each particle and make operations on the thermodynamic sys-
tem depending on the measurement results. He thus showed that the second law of ther-
modynamics is a stochastic law derived from statistical properties [2]. He demonstrated
that this agent can separate gas at a certain temperature into two boxes of gas at different
temperatures without affecting the gas, and claimed that the second law of thermodynam-
ics was therefore broken. At the present time, this agent is called Maxwell’s demon and the
breaking of the second law of thermodynamics is called the paradox of Maxwell’s demon.
It is one of the most important topics in thermodynamics [29, 53].
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Chapter 3 Time-dependent Hamiltonian approach on conventional studies

Many researchers have studied to understand and solve this paradox. Particularly, Lan-
dauer’s principle [5] is the most famous. Landauer’s principle claims that any logical ir-
reversibility, such as the erasure process of information, corresponds to the thermody-
namic irreversibility and increases the corresponding entropy. Bennett, in 1982, applied
this principle to the paradox of Maxwell’s demon, and solved the paradox [11]. Because
a physically possible demon cannot store information limitlessly, it can increase the en-
tropy. Thus, the composite system of a thermodynamic system and the demon obeys the
second law of thermodynamics.

After the solution of the paradox using Landauer’s principle, researchers have studied
Maxwell’s demon in more detail; this research field is called information thermodynamics.
Today, we know an extended second law, called the second law of information thermody-
namics, in the following form [46, 50, 80-82]: When the initial state of a thermodynamic
system is the canonical distribution at an inverse temperature 3, the average work (W)
performed by the thermodynamic system satisfies

(W) < —(AF®9) 4+ g71I, (3.51)

where (AF®%) is the average change of the Helmholtz free energy and I is the amount of
information obtained by the demon from the thermodynamic system. When the thermo-
dynamic system is a classical system, the amount of information I is the mutual informa-
tion between the system and the demon, while for a quantum system, the amount [ is the
information gain by the quantum measurement, which is defined by Groenewold [6] and
Ozawa [12] and is called QC-mutual information by Sagawa and Ueda [46].

As we can see in the equation (3.51), the upper limit of the extracted work exceeds the
one in the second law of thermodynamics by the amount of information I. Indeed, for
the (classical) Szilard engine [3], which is a famous model of Maxwell’s demon, we have
(W) =p~1 log2, AF®? = 0, and I = log2. Hence, the work of the Szilard engine breaks
the conventional second law and achieves the equality of (3.51). The quantum version of
the Szilard engine functions in the same way [70].

Let us now regard Maxwell’s demon as a thermodynamic system and find inequalities
regarding the quantities of the demon. Let (W)__ - and (W)_, denote the average work
required by the measurement and the information erasure of the demon, respectively, We
find the second laws of information thermodynamics with respect to the demon in the
following form [54]:

(W), eas = (AFgamon) — B~ H = D), (3.52)
(W), = — (AF gamon) + B H, (3.53)

where (AFg ) is the average change of the Helmholtz free energy of the demon and H
is the Shannon entropy regarding the measurement outcome.

Combining the above three equations (3.51), (3.52) and (3.53), we obtain
< —(AF*9). (3.54)

eras —

W) = (W) ineas — W)

meas

Hence, we thus recover the second law of thermodynamics for the combined system of
the thermodynamic system and the demon.
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3.3 Fluctuation theorems

In this way, we obtain a relation between the thermodynamics and the information
from the feedback operation, an operation that depends on the measurement outcome of
the thermodynamic system, which is nothing but what Maxwell’s demon. The amount
of information in the equations (3.51), (3.52) and (3.53) is large when the probability of
the measurement outcome has wide tails. Because a microscopic system fluctuates larger
than a macroscopic one, the second law of information thermodynamics is important in
the microscopic system.

In quantum systems, we can derive the three versions of the second law, (3.51), (3.52)
and (3.53) using the entanglement [93-95, 103]. To understand quantum thermodynam-
ics, it is not important only the relation of the information but also the entanglement.

3.3 Fluctuation theorems

From statistical mechanics, we know that the state of a system fluctuates. This fluctua-
tion is small when the system size is large enough. Thus, we have no problem in deriving
macroscopic thermodynamics. When we consider thermodynamics in microscopic sys-
tems, on the other hand, we cannot ignore the fluctuation. Are there rules that govern
the fluctuation? The fluctuation theorem indeed is a statement for physical quantities in
nonequilibrium processes, such as the work, the heat and the entropy production.

A typical form of the fluctuation theorem is given by the following equation on the
probability pr(Q) of a thermodynamic quantity Q in a nonequilibrium process [66, 83]:

pr(Q) = e99=0) py(—Q), (3.55)

where a and b are appropriate constants and pg(Q) is the probability for the backward
process. For example, the work performed by a thermodynamics system satisfies the work
fluctuation relation

pr(W) = e BWVHAFS) b (—W), (3.56)

where f is the inverse temperature and AF®? is the change of the Helmholtz free energy of
the thermodynamic system. This work fluctuation relation is called Crooks’ fluctuation
theorem [18].

The fluctuation theorem stochastically permits the quantities to violate the second law
of thermodynamics. In the case of Crooks’ fluctuation theorem [18], the work beyond the
principle of maximum work W < —AF*®4 occurs with a non-zero probability.

The expectation with respect to the probability pr(Q) of the fluctuation theorems (3.55)
gives

<e—a(Q—b)> — fdQ pF(Q)e—a(Q—b) =1. (3.57)

The above equation is also a kind of the fluctuation theorem, and is called the integral
fluctuation theorem [83]. Particularly when the quantity Q is the work W, we obtain

(ePW) = e=BAF®, (3.58)
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which is called the Jarzynski equality [14]. Applying the Jensen inequality (e/) > ¢! to
the Jarzynski equality, we obtain

(W) < —AF. (3.59)

In other words, the second law holds for the expectation value.

The fluctuation theorem has been theoretically derived in various situations [14-16, 18-
20, 22, 23, 25, 27, 28, 30, 31, 34, 35, 37, 38, 40-42, 44, 45, 47-49, 55, 58, 60, 61, 64, 66, 67,
71, 77, 78, 83, 84, 86-88, 91, 92, 99-101, 104, 106, 107, 109, 112, 113, 118] and have been
experimented in various microscopic systems [33, 59, 65, 72, 90, 97, 98]. In the following,
we show a quantum version of the fluctuation theorem, particularly the work fluctuation
relations [23, 25, 30, 40, 48].

3.3.1 Work fluctuation relations

We show a quantum version of the fluctuation theorem with respect to the work.

To consider the work fluctuation, we define the work extracted by a single operation,
not the average work. Kurchan [23] and Tasaki [25] defined the work in a single operation
as the difference of the outcomes of two energy measurements.

We now consider a closed quantum system with the time-dependent Hamiltonian H(t).
The instantaneous spectral decomposition of H(¢) is given by

H(t) = ), En(DP(0), (3.60)

where E,(t) is the energy eigenvalue at each time and P, (t) is the corresponding eigen-
projection.

We assume the work extraction preformed from time 0 to 7. Then we consider the fol-
lowing process:

1. The initial state is the equilibrium state at the inverse temperature 3, namely, is
given by
e_ﬁH(O)

gan = 3.61
Po Zs ( )

with Z = Tr[e FH©)].

2. We measure the energy of the driven system using the energy projection P,(0). We
assume that the energy outcome is E,(0).

3. After the energy measurement, we let the driven system evolve from time O to .
This time evolution is given by the unitary operator

U:=Texp (—% f dtH(t)), (3.62)
0

where T is time ordering.
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3.3 Fluctuation theorems

4. Finally, we measure the energy of the driven system using the energy projection
P,,(7) and assume that the energy outcome is E,,,(7).

For the above process, we obtain the joint probability of the two specific energy outcomes
E,(0) and E,,,(7) in the form

e_ﬁEn(O)

Tr[P,(D)UP,(O)UT]. (3.63)

Pnm =
0

Accordingly to the energy conservation law, we assume that the extracted work is equal
to the energy loss of the driven system. Then, the probability distribution of the extracted
work W in this process is given by

pF(W) = Z (W — En(o) + Em(f))pn,m (3.64)

¢—BEn(0)
Zy

= > (W — Ep(0) + Ep, (7)) Tr[P,,(1)UP,(0)UT], (3.65)

where §(x) is the delta function. Using the property of the delta function 6(x — xg) f(x) =
d(x — x¢)f(xp) and the cyclic property of the trace, we obtain

e_.@Em(T)

Z—Tr[Pn(o)UTPm(r)U], (3.66)

pe(W) = i—;e—ﬁW S S(W — En(0) + Em(®)

n,m

where Z; := Tr[e FH®)],

The summand in the equation (3.66) is the probability distribution of the work when
the initial state is the canonical distribution of the final Hamiltonian H(7) and the time
evolution is the unitary operator U, which is a backward time evolution. Let us define
the backward probability distribution of the work as

e‘ﬁEm(T)
ps(W) = Y. 8(W — Ep(7) + En(O))Z—Tr[Pn(O)UTPm(T)U]. (3.67)
n,m T
We thereby obtain
pr(W) = e PIVHAFSD) po (W), (3.68)

where AF® is the difference of the Helmholtz free energy in the form
eq eq -1 Z‘[
0

with Fz! := —8~!log Z,. This is a quantum version of the fluctuation theorem [23, 26, 48].
Calculating the expectation of e#%, we obtain a quantum version of the Jarzynski equa-
tion in the form

(ePW) = depF(W)eBW = e PAFT, (3.70)
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3.3.2 Work fluctuation relation under feedback

Similarly to the argument of Maxwell’s demon in the section 3.2.3, we can consider the

fluctuation theorems under feedback processes. For simplicity, we show a quantum fluc-

tuation theorem under the feedback process with a classical error. The classical error

means that the measurement outcome changes according to a conditional probability.
We consider the following process for a closed quantum system:

1.

24

Let H(0), E,(0) and P,,(0) denote the initial Hamiltonian, its eigenvalues and the
corresponding eigenprojections, respectively. The initial state of the system is the
canonical distribution at an inverse temperature f3:

e_ﬁH(O) e_ﬁEn(O)

eq ., _ —
po' = =g = 2 Fal0) (3.71)

n

with Z, == Tr[e AH(®)]. The corresponding Helmholtz free energy is given by Fy' :=
—B~tlog Z,.

We measure the energy of the system using the projection P,(0). We assume that
the energy outcome is E,,(0).

. After the energy measurement, we let the system evolve from time 0 to 7., fol-

lowing the time-dependent Hamiltonian H(t). The time evolution is given by the
unitary operator

i Tmeas
U :=Texp (—% f dtH(t)), (3.72)
0
where T is time ordering.

At the time 7,,.,,, we perform an intermediate measurement using the projection
IT,, and obtain the outcome x.

. The intermediate measurement outcome x is changed to the outcome y following

the conditional probability p(y|x) because of the classical error.

After the intermediate measurement, we perform the feedback operation depending
on the outcome y. We let the system evolve from time 7., to 7 following the time-
dependent Hamiltonian H,,(¢) which depends on y; we here implement the feedback
operation by means of the y-dependence. Then, the time evolution is given by the
unitary operator

i T
Uy =T €xXp <—E f dtHy(t)). (373)
Tmeas
The corresponding Helmholtz free energy is given by Fte;l, = —f~llog Zt(y ) with

Z® = Tr[e PO,



3.3 Fluctuation theorems

7. We perform the energy measurement using the elgenprqectlon P(y )(r) of the final

Hamiltonian H,(7). Assume that we obtain the eigenvalue Em (‘L') as the energy
outcome.

We obtain the probability of the specific outcomes E,(0), x, y and Ej;, & )(T) in the form

_ﬁEn(O)

e

Prym = —5—Tr[PR@U,ILUP(0)U LU} | p(yx). (3.74)
0

Similarly to the section 3.3.1, we define the extracted work as the energy loss of the
system:

Wy,m = En(0) — EQ (). (3.75)

We also define the difference of the Helmholtz free energy and the (non-average) mutual
information as

AFY! = F5 — Fy, (3.76)

= log p(y|x) — log p,, (3.77)

with = , respectively. Calculating the expectation of
Py n,x,m Prn.x,y,m p Y g p

BWnym+AFy)=Lcy with respect to the probability (3.74), we obtain the quantum
Jarzynski equality with the (classical) information in the form

(PVHAFD=IY o N0 P rmAFY) Ty (3.78)
n,x,y,m
e—ﬁEﬁ%)m
_ - [P(y)(r)U I, UP,(0)U'TL, U-}]p (3.79)
Z(Y) y

n,x,y,m T

= ZTr[pg?y]py =1, (3.80)
y

where pz3, = e FHY(®) /79 is the canonical distribution of the final Hamiltonian for the
outcome y.

Because we here suppose that the intermediate measurement is the projection with the
classical error, the equation (3.80) includes the classical mutual information. In the case
of more general quantum measurements [88], the classical mutual information in the
equation (3.80) is replaced by an information gain whose expectation is the QC-mutual
information in the equation (3.51). Thus, applying the Jensen inequality (e/) > e\’ to
the equation (3.80), we can obtain the second law of information thermodynamics of the
equation (3.51).

Wn,y,m+AF3)

Moreover, calculating the expectation of B , we obtain another type of the
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quantum Jarzynski equality under the feedback operation in the form

(BW+AFDY o S Prx.y me® W noym*AF) (3.81)

n,x,y,m
~BE (@)

_ € ») i g7t
> TTr[Pm (DU, ILUP,(OU'TLU} [p(ylx)  (3.82)
nx,y,m 24zt
= > Tr[ILUJp2, Uy IL, | p(ylx) = y. (3.83)
X,y

Using the Jensen inequality (e/) > e, we obtain another type of the second law of
information thermodynamics in the form

(W) < —(AF) + B~ 1logy. (3.84)

The quantity y characterizes the efficiency of the feedback operation [62] because the ex-
tracted work is bounded by it. It has been measured by an experiment in a classical sys-
tem [65].
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Chapter 4

Work extraction as measurement process

In this chapter, we review a new approach of work extraction in quantum thermodynam-
ics instead of the conventional approach using time-dependent Hamiltonian. Our new
formulation is based on a quantum measurement process.

4.1 Problems of time-dependent Hamiltonian approach

In the previous chapter, we analyzed quantum thermodynamics using a time-dependent
Hamiltonian of a driven system. To define the extracted work, this approach made the
following assumptions:

+ The time evolution of the thermodynamic system, which is the driven system with
heat baths, is described by the unitary operator generated from the time-dependent
Hamiltonian of the thermodynamics system.

« The work performed on the external agent is equal to the energy loss of the thermo-
dynamic system.

These assumptions have the following problems. First, the actual dynamics of quantum
system is not generally described by a unitary operator. Because the external agent is
also a physical system that interacts with the thermodynamic system, the thermodynamic
system is an open quantum system. Hence, the dynamics of the thermodynamic system
is not generally the unitary evolution. Next, the statistical property of the work given by
the external agent is not corresponding to one of the energy loss of the thermodynamic
system.

Several studies [93,114, 117, 119, 122] of these problems, indeed showed that the two as-
sumptions are not compatible with each other. In other words, when the dynamics of the
thermodynamic system is described by the unitary evolution, we cannot truly describe the
statistical property of the extracted work as the energy loss of the thermodynamic system;
see an example of a two-level system in the section 5.1. For that reason, we necessarily
describe the work extraction different form the time-dependent Hamiltonian approach.

In order to resolve this problem, we can consider two approaches of the work extraction.
One is to introduce an external agent which obtains the work from the thermodynamic
system and the other is to consider the work extraction in the framework of quantum
measurement theory. In several studies [102, 105] of the first approach, they introduced
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Total Hamiltonian: Hgc = Z Hg(4) ® |A)c(A]
1

_____________________________________________________________

V2 ~

Control system C'}
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( /\ State |A)c

Thermodynamics system S

Hamiltonian Hg(4)

e
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Figure 4.1: Tllustration of the thermodynamic system S, such as a gas, controlled by the
control system C, such as a piston. The Hamiltonian of the total system is
given by the time-independent Hamiltonian Hgc defined by the equation (4.1).
Whereas the Hamiltonian of the total system does not change in time, one
of the thermodynamic system S changes according to the state of the control
system C.

a work-storage device, such as a battery, as an external agent that obtains the energy from
the thermodynamic system and derived the second law of quantum thermodynamics. On
the other hand, in several studies [93, 117] of the other approach, they considered an
analogy between the work extraction and a quantum measurement process and intro-
duce a new formulation of the work extraction, which is called the measurement-based
work extraction. Note that the two approaches of the work extraction may have a simi-
lar relation between an indirect measurement model and a map representation of quan-
tum measurement, because the approach using the work-storage device may reduce to
the measurement-based work extraction when the work-storage device is traced out. We
adopt the latter in the present thesis and describe it in the present chapter.

4.2 Control system

Instead of the previous approach using the time-dependent Hamiltonian, we use a time-
independent Hamiltonian in order to consider the work extraction of quantum thermody-
namics. For the actual thermodynamic system, the Hamiltonian clearly seems to change
along time. We solve this gap by introducing a control system [89, 93, 105, 110, 117].

Let us assume that the Hamiltonian of the thermodynamic system S depends on a pa-
rameter A as in Hg(4). We define the control system as a quantum system having an or-
thonormal basis { |1),, } , corresponding to the value of the parameter A. The Hamiltonian
of the system composed by the thermodynamic system S and the control system C is given
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4.3 Measurement-based work extraction

by
Hgc = ;Hs@ ® 1) (Al (4.1)

Using a cylinder as an example, the thermodynamic system S and the control system C
are a gas in the cylinder and its piston, respectively (see the figure 4.1). The Hamiltonian
of the thermodynamic system S changes according to the state of the control system C.
For example, if the state of the composite system is the direct product of the state pg of the
thermodynamic system S and the state |1,) of the control system C, the average energy of
the composite system is equal to the average energy of the thermodynamic system A = 4,:

Tr[Hsc(Ps ® |/10>C</10|)] = Tr[Hs(2o)ps]. (4.2)

We can thus analyze quantum thermodynamic using the time-independent Hamiltonian
of the composite system of the thermodynamic system and the control system.

4.3 Measurement-based work extraction

As an alternative to the approach of time-dependent Hamiltonian, it has been proposed
to regard the work extraction as a quantum measurement process [93, 117, 120].

The work extraction in thermodynamics is a process in which an external agent oper-
ates a system and obtain quantities of the work, and consequently the state of the sys-
tem changes. On the other hand, the measurement in quantum mechanics is a process
in which an external agent observes a system and obtain physical quantities, and conse-
quently the state of the system changes. Therefore, we can regard the work extraction
in quantum thermodynamics as a measurement process obtaining the quantities of the
work.

Based on this analogy, we define the work extraction process as a CP instrument { X }j

corresponding to a set of outcomes of the work { wj }j. Hence, the work extraction is rep-

resented by the set of the measurement processes and the outcomes { Kj,w; } . According
J

to the theory of quantum measurement in the section 2.2.2, the probability P; of the ex-
tracted work w; is given by

P; = Tr[X(p)], (4.3)
where p is the state of the thermodynamic system. The average of the extracted work is
given by

J J

We expect the work extraction to satisfy the first law of thermodynamics, namely, the
energy conservation law. We add the energy conservation law to the work extraction
{ K, w; }j as follows. Suppose that the thermodynamic system is a closed quantum system

with a time-independent Hamiltonian H. The energy conservation for the expectation is
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Chapter 4 Work extraction as measurement process

given by
(W) = Tr[pH] — Z Tr[%;(0)H]| (4.5)
J

for all state p of the thermodynamic system. Note that it is sufficient for this energy con-
servation to be satisfied for the expectation; the work extracted by a single operation is
not necessarily equal to the energy loss of the thermodynamic system. In other words,
the equation (4.5) is a weak condition of the energy conservation for the work extraction
{ :}Cj » Wj } j

On the other hand, we can consider a strong condition of the energy conservation of
the work extraction { Kj, w; }j. Let E,, and |n) denote the eigenvalue of the Hamiltonian

H and the corresponding eigenstate, respectively. The strong condition of the energy con-
servation is given by [117]

K i(In)(nl) = PEn—ijj(m)(nDPEn—wj (4.6)

for all n and j, where Py := Zm;Em: z |m){m|. This energy conservation dictates that the
transition occurs between the energy eigenstates with the energy loss always equal to the
extracted work w;. Of course, the condition (4.6) satisfies the condition (4.5).

Beside the above conditions, Hayashi and Tajima proposed two other conditions of the
energy conservation [117]. The difference in these energy conservation conditions origi-
nated in the difference in the state of the external agent and the interaction between two
systems.

4.4 Fully quantum model of work extraction

Similar to the setup in the indirect measurement model for the quantum measurement
(see the section 2.2.2), we can consider the external agent obtaining the work from a ther-
modynamic system as a quantum system [93, 117].

We consider the thermodynamic system S and the external agent E with the Hamilto-
nians Hg and H, respectively. Let the spectral decomposition of Hy given by

J

We suppose that the composition of the two systems are a closed quantum systems and its
time evolution is given by a unitary operator U.

Let o denotes the initial state of the external agent. The work extraction { Kj,w; }j is
given by [117]

5j(p) = Trz[ (Is ® P})U(p ® op)U], (4.82)
w] = Ej — TI'[O'EHE], (48b)

where p and [ are the initial state and the identity operator of the thermodynamic system
S, respectively, and Trg denotes the partial trace over the external agent E.
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4.4 Fully quantum model of work extraction

This work extraction (4.8) does not generally satisfy the energy conservation. Thus,
we additionally require the energy conservation of the unitary operator U of the work
extraction (4.8):

[Hg + Hg, U] = 0. (4.9)

The work extraction (4.8) thereby satisfies the weak energy conservation (4.5) for an arbi-
trary initial state oy of the external agent E. In particular, when the initial state oy of the
external agent E resides in a specific energy eigenspace, the work extraction (4.8) satisfies
the strong energy conservation (4.6). Note that the equation (4.9) is a sufficient condition
but not a necessary condition of the energy conservations (4.5) or (4.6).
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Chapter 5

Quantum Jarzynski equality of
measurement-based work extraction

In the previous chapter, we described the problems of the conventional approach of quan-
tum thermodynamics and reviewed the new formulation of work extraction, which is
based on a quantum measurement process. What is the difference in applying the new
formulation of work extraction from the conventional approach?

In order to show the difference, we derive a quantum version of the Jarzynski equality
using the new formulation of work extraction introduced in the chapter 4 instead of using
the conventional approach reviewed in the section 3.3.1.

We first demonstrate the problem of the conventional approach using a two-level sys-
tem. Next, we derive the quantum Jarzynski equality using the new formulation. To derive
this, we first consider the case of a cyclic process, and then the case of a non-cyclic process
by extending the case of the cyclic process using a control system given in the section 4.2.
Finally, we calculate a quantity appearing in the new derivation using a simple system and
show its behavior.

The study in this chapter is based on the reference [119] under the present author’s
collaboration with Dr. H. Tajima and Prof. N. Hatano.

5.1 Example of problem of time-dependent Hamiltonian
approach

In this section, we exemplify the problem of time-dependent Hamiltonian approach using
a toy model. We show that energy loss of a thermodynamic system and energy obtained
by an external agent have difference behaviors of statistical when we approximate the
time evolution of the thermodynamic system to a unitary one. Specifically, we compare
variances of both energy changes.

We consider that a thermodynamic system S is a two-level system in which a cyclic pro-
cess is performed by an external agent E. The cyclic process means that the final Hamilto-
nian of the thermodynamic system S is equal to the initial one. Let Hg and Hy, denote the
(initial) Hamiltonians of the thermodynamic system S and the external agent E, respec-
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Thermodynamics system S External agent E
4 : N
— Im + 2)
J
Interaction I [m+ 1)
< > 9]
— [m)g
J
— - 1)y
0 - J
Hs = - (I1)s{1] = [0)5(0]) Hy = 3" mS )yl

meZ

Figure 5.1: Illustration of the systems in the section 5.1. The operators Hg and Hy denote
the Hamiltonians of the thermodynamic system S and the external agent E,
respectively, and the parameter Q denotes the level spacing.

tively (the figure 5.1):

Q
Hg = 5(|1>s<1| — 10)5(0]), (5.1)
Hg= ). hylm)(ml, (5.2)
meZ

where Q is the level spacing and h,,, := mQ is the eigenvalues of Hg.

Let pg and o denote initial state of the thermodynamic system S and the external agent
E. Because the thermodynamic system S is the two-level system, we can write the initial
state pg in the form

with0 < p <1,q € C and |q|2 <p(1-p)<1/4.
We assume that the time evolution of the total system is unitary one given by an unitary
operator Ugg and conserves the total energy as in

From energy conservation (5.4), we can write the unitary operator Ugg in the form

USE = Z Kn,n’ ® In)E(n’I (5-5)
n,n'

with

Kn,n’ = 5n,n’(an|0>s<0| + bn|1>s<1|) + 5n—1,n’cn|0>s<1| + 5n+1,n’dn|1>s<0| (5.6)
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5.1 Example of problem of time-dependent Hamiltonian approach

for all integers n and n’, where the coefficients a,, b, ¢, and d,, are complex numbers.
Because Ugg, is the unitary operator, we obtain ZmKZn,nKm,n' = Oy nls, where Ig is an
identity operator on the thermodynamic system S, and thereby obtain

2 2
lan|” +dy1]” =1, (5.72)
2 2
bpl” + lepal” =1, (5.7b)
ayc, +dy_1b,_1=0 (5.7¢)

for all integers n. Then, the time-evolution map K of the thermodynamic system S is given
by

K(ps) = TrE[USE(pS ® O'E)UgE] (5.8)
= Z g(n'|og|n")g Kn,n’PSK:;,n”’ (5.9)
n,n',n''ez

where Try is partial trace over the external agent E.
For the time evolution of the thermodynamic system S to approximate to the unitary
one, we choose the initial state oy and the unitary operator Ugg as

1 M
M m:l
Ugg = i n’zzo 1 In)(n|Us|n')g(n'| @ WE =" (5.10b)

for an arbitrary unitary operator Ug on the thermodynamic system S, where M is a natural
number and Wy := 3, __ [m + 1) (m| is the shift operator on the external agent E. Then,
we can approximate the time-evolution map X of the equation (5.9) to the unitary evolu-
tion given by the unitary operator Ug when the natural number M in the equation (5.10a)
becomes large enough [93, 96]:

M—oo
K(ps) — UspsUs. (5.11)

The coefficients a,, b,, ¢,, and d,, of the equation (5.6) become

an = (0| Us|0)g =t ug 0, (5.12a)
b, = (1| Us| L)g = uy g, (5.12b)
cn =s{0|Us|1)g =t ug 1, (5.12¢)
d, =s(1|Us|0)g =t uy o (5.12d)

for all integers n.

First, we consider the variance of the energy loss of the thermodynamic system S. To
calculate the variance of the energy loss, we define a single-shot energy loss by a differ-
ence of energy-measurement outcomes before and after the time evolution (5.9). In the
time-dependent Hamiltonian approach, particularly quantum fluctuation theorems, this
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Chapter 5 Quantum Jarzynski equality of measurement-based work extraction

quantity is defined as the work extracted by the external agent (see the sections 3.3.1 or
4.1). From the time evolution (5.9) of the thermodynamic system S, the probability of the
energy loss of the thermodynamic system

Vg1 =€ — €] (5.13)

is given by
qi, = s <k | ps [ ) Tr[IDUK([)g(Kl) ], (5.14)
where e, := —Q/2 and e; := Q/2 are the eigenvalues of the Hamiltonian in the equa-

tion (5.1). Because the time evolution (5.9) satisfies the trace preserving, the average of
k1 is equal to the average energy loss of thermodynamic system S:

(V)g = . Vg = TrlpsHs] — Tr[K(pg)H]. (5.15)
k.l
We now define the variance of the energy loss of the thermodynamic system by
Varg[v] = (v2), — (v);. (5.16)
Since ey = —Q/2 and e; = Q/2, the square of the energy loss vi,l is equal to zero or Q2.

Therefore, we obtain <02>S < Q2. From (v)é > 0, we obtain an upper bundle on the
variance Varg[v] in the from
Varg[v] < Q2. (5.17)

Note that this upper bound holds regardless of a form of the time evolution of the thermo-
dynamic system S. Hence, the variance Varg[v] of the energy loss of the thermodynamic
system S is always smaller than Q2 when the time evolution of the thermodynamic system
S is approximated to the unitary one.

We next consider the variance of the energy obtained by the external agent E. By refer-
ring to the section 4.4, we define

w;j = hj — Trg[ogHg] (5.18)
as the energy obtained by the external agent E and its probability is given by
pj = Tr[ /)| Use(ps ® op)U] (5.19)
= 2 elnlog|n)), Te[K] K] ps), (5.20)
nn'ez

where Tr is trace over all systems. From the equations (5.4), the average of w; is equal to
the average energy loss of the thermodynamic system S of the equation (5.15):

(wyg = D w;p; (5.21)
jez

= Tr[HEUSE(PS ® OE)U;LE] — Trg[ogHg] (5.22)

= Tr[(Hs + He)(ps ® or)] — Tr[HSUSE(pS ® GE)UgE] — Trg[ogHE] (5.23)

= Tr[psHs]| — Tr[K(ps)H;] (5.24)

= (V). (5.25)

36



5.1 Example of problem of time-dependent Hamiltonian approach

We define the variance of the obtained energy w; by

Varg[w] := (w?), — (w)E (5.26)
= (h?)_ - (h);, (5.27)

where (h) and (h?) are the average and the means square of h j» respectively, with respect
to the probability p;.

We now assume that the time evolution of the thermodynamic system S is approxi-
mated to the unitary one using the equations (5.10). Then, the probability p; in the equa-

tion (5.20) reduces to
1

pj = 3;T[K]K 05 (5.28)
with
M
Kj= Z Kjm = Z Z 8j—n’ +n,mUn,n’ [M)s(n'] (5.29)
m=1 I’l,l’l/=0,1 m=1

We can write (h), and (h?), in the forms
Qs
(hyy = — Z]Tr[Kjij], (5.30)
(h?), = — ZﬂTr[KTK pl. (5.31)

From the equation (5.29), we find

(147,01)4(0] for j =0
Us — ug,110)((1| for j =1
Kj=<US for2.Sj§M—1, (5.32)
Us —u10/1)(0] for j =M
ug,110)5(1] forj=M+1
0 otherwise
and thereby obtain
(Jurol” 10)(0] for j =0
— Juto.|” 111 + 15 210,01 15(0] + g U5 l0)(1] for j =1
”TK_:<IS for2§j§M—1.
I as = Tty o 100601 + uf g 1100511 + 2y g1t [1)5(0] for j = M
|uo,1|2 )1 forj=M+1
0 otherwise
(5.33)
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Using the relations (5.7) and (5.12), we obtain

.. MM +1) 5 N
.51
2 IRIR; = ————1Is = M(Jur,o|" 10)(0] — o, |” [1)(11)
J
+ (M — D)(uf gup110)5(1] + ug gui 1 [1)5(0]), (5.34)
ot MM +1)2M +1) 2 2
2 KK = ) I — M? uy | 10)(0] + M(M + 2) [ug 1| [1)4(1]
J

+ (M? — 1) (uf oup 110)g(1] + uy guf 1 [1)5(0]). (5.35)
Using the equation (5.3), the equations (5.30) and (5.31) are respectively given by

(h) M+1) 2 2 _ -
QE -T2 T |urol” p + |uoa|” (1 = p) +2(1 = M~1)Re[uf guy14], (5.36)

(h?); (M +1DEM +1)
Q2 6

2 2
— M uy0|" p+ (M +2)|ug;|” (1 - p)

+2(M — M~1)Re[uf guy 1q]. (5.37)
From the equation (5.18), we can obtain

M+1

Comparing the above equation and (5.36), we obtain
<w>E = Q[|UO’1|2 (1 - p) - |U1,0|2p + 2(1 - M_I)Re[Uioul’lq]], (539)
and thereby obtain
M+1)2M +1)
(?), = - Q + M + DO W) + 0(Juy ol p + [uoa|* A — p)).  (5.40)

Inserting the equations (5.38) and (5.40) into the equation (5.27), we obtain

M? -1

Varg[w] = 5

Q2 = (W + Q(Juyol* p + [uos|” A = p))- (5.41)

Because (w);, = QO(1) as M — oo from the equation (5.39), the variance Varg[w] be-
comes
Varg[w] = Q?0 (M?) (M - ). (5.42)

Hence, the variance of the energy obtained by the external agent E diverges when the
time evolution of the thermodynamic system S is approximated to the unitary one. This
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5.1 Example of problem of time-dependent Hamiltonian approach

behavior is clearly difference from the variance of the energy loss of the thermodynamic
system S of the equation (5.17).

The above demonstration proves a problem of the time-dependent Hamiltonian ap-
proach, which employ a unitary evolution of the thermodynamic system and regard its
energy loss as the work. In particularly, because the energy obtained by the external agent
is the actual work, we can recognize that the quantum version of the work fluctuation
relations derived in the conventional approach (see the sections 3.3.1 and 3.3.2) do not
contain relevant information about the fluctuation of the actual work. In order to resolve
this problem, we derive in the section 5.2 the quantum Jarzynski equality using the new
formulation of the chapter 4.

Incidentally, we show that we cannot approximate the time evolution to a unitary one
in the case M = 1. To show it, we calculate the quantity

i T
Jmin d(H(ps), UpsU"), (5.43)

where d(A, B) := (1/2)Tr |A — B| is the trace distance [24, 108] of operators A and B. For
M =1, the initial state of the external agent E is a pure energy eigenstate. We now choose
a energy eigenstate of a fixed energy level n, as the initial state o, namely, o = |ng) (nl.
Then, the time-evolution map (5.9) reduces to

K(ps) = Z Kn,nOPSK;rlJlo

nez

= {lan,|* P+ lenga|” @ = P)]10)5(01 + [ [y (1 = P + |dn—a|” p|I15(1
+ by, 10)(1] + ajy by, [1)5(0].  (5.44)

From the equations (5.7) and (5.24), we obtain
(w)g = Qx(1 = p) + yp] (5.45)
. 2 2
with x = ¢y 41| and y = |d, 4"

Let us calculate the equation (5.43). Because the state pg is a positive semi-definite
operator, we obtain its eigenvalues 4, = (1/2) + R with

R:= \/<p - %)2 + g/’ (5.46)

and define |¢i) as normalized eigenstates of 4., respectively. Then, we obtain

s = 315+ R(19: )94~ 18)5(6-1) (5.47)

Similar to the state p, eigenvalues of the state X (pg) are given by A} := (1/2) + R’ with

1\?2 2
R = <(1—x— y)p+X—5> +1 -0 - gl (5.48)
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and we define |¢’i> as normalized eigenstates of 1}, respectively. We obtain

1
Kps) = 5Ts + R(194 )(94] = 1 )5($L1)- (5.49)
Combining the equations (5.47) and (5.49), we obtain
K(ps) — UpsU"
= R(I¢4)o(¢| = 1$1)6(BL1) = R(UI$1)o(¢+|UT = Ulp_)s(¢_IUT), (5.50)

where U is an arbitrary unitary operator.
The arbitrary unitary operator U can be given by

U = e®(alpl ) (bl — BI04 ) (Bl + BIPL)(Bs| + a*I$L)(P-[),  (5.51)

where a and §3 are complex parameters satisfying la|® + | B > =1and 0 isareal parameter.
Using above representation, we obtain

K(ps) — UpsU"
= [R" = R(lal* = 1BI°) [I¢: ) (85| = [R" + R(IBI* = latl”) [|¢ )" |
— 2aBRIP} )(PL| — 20 BRIPL) (L. (5.52)

From |a)*> + 8> = 1, the eigenvalues of XK(ps) — UpsU' are given by
-_|-\/R’2 +R2-2 |oc|2 IﬁlzRR’, and we thereby obtain

1
STr |K(ps) — UpsU'| = \/R’Z +R2—2|al*|BI°RR'. (5.53)

The equation (5.43) is minimization of the above equation with respect to the unitary
operator U, namely, the parameters o and 5. We therefore obtain

min d(K(ps), UpsU') = min \/R’2+R2—2|cc|2 18> RR’ (5.54)
UTU=Is > +1617=1

=+/R?+R2. (5.55)

In case of x = y = 0, the quantity R’ reduces to R and the distance of the equation (5.55)
is then equal to zero. This means that the time evolution can be approximated to the
unitary one. However, the average work of the equation (5.45) is always equal to zero. For
that reason, we have to consider cases other then x = y = 0. If we choose the initial state
of the thermodynamic system S as p = 1/2 and |q| = 0, the distance of the equation (5.55)
is not equal to zero without x = y = 0 (the figure 5.2(a)). Similarly, if we choose the
initial state as p = |gq| = 1/2, the distance of the equation (5.55) is not equal to zero for
x =y # 0 (the figure 5.2(b)). Therefore, we cannot approximate the time evolution of the
thermodynamic system S to the unitary one in the case M = 1.
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Figure 5.2: Plots of the equation (5.55) taking the parameters (a) (p, |q]) = (1/2,0) and (b)
(1/2,1/2).

5.2 Jarzynski equality

From the previous section, we showed a problem of the quantum version of the Jarzyn-
ski equality derived the conventional approach [23, 25, 48, 66], which assumes a unitary
evolution of a thermodynamic system and regard the energy loss of the thermodynamic
system as the work. To resolve this problem, we here derive the quantum version of the
Jarzynski equality using the new formulation of work extraction in the chapter 4.

5.2.1 Cyclic process

We first consider the case of a cyclic process, in which the final Hamiltonian is equal to
the initial one. We assume that a thermodynamic system is performed the cyclic process
by an external agent and the external agent obtain the energy from the thermodynamic
system as the work.

Let Hg and Hg denote the initial Hamiltonian of the thermodynamic system S and the
external agent E. The eigenvalue decompositions of Hg and Hy, are denoted by

Hg =) hylhy)(hyl, (5.56)

Hy = ] eilep)(eil, (5.57)

where h, and e; are the eigenvalues of Hg and Hg, (the figure 5.3(a)).

Referring to fully quantum model of work extraction in the section 4.4, we assume that
the cyclic process of the total system is given by the unitary evolution given by a unitary
operator Ugg which satisfies the energy conservation

We further assume that the initial state of the thermodynamic system S and the external
agent E are given by the canonical distribution at an inverse temperature § and a pure
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Figure 5.3: (a) Illustration of the cyclic process of the thermodynamic system S performed
by the external agent E. The cyclic process means that the final Hamiltonian is
equal to the initial one. We now represent the cyclic process by the unitary evo-
lution Ugg, of the total system. After the cyclic process, we measure the energy
of the external agent E using the projection |e j>E<e ;| and define w; = e;—e, as
the work extracted by the external agent E. (b) Illustration of the cyclic process
of the thermodynamic system S after trace over the external agent E. The cyclic
process reduces to the work extraction process X j defined by the measurement
process (5.65) and the corresponding work is w;. The work extraction process
X j satisfies the strong energy conservation of the equation (5.66).

energy eigenstate of energy e, respectively:

e_ﬁhx
ps = D) ——Ihx)Chl, (5.59)
X S
o5 = leg)p(eol (5.60)

(5.61)

with Zg = Tr[e=PHs].
According to the fully quantum model of work extraction in the section 4.4, we consider
the following process (see the figure 5.3(a)):

1. We set the initial states of the thermodynamic system S and the external agent E
given by the equations (5.59) and (5.60): the initial state of the total system is given
by

Ps @ Of. (5.62)
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2. We evolves the total system according to the unitary operator Ugg: the state of the
total system becomes

Usg(ps ® 05)Udp. (5.63)

The key point is to consider the unitary evolution of the total system, not of the
thermodynamic system S.

3. To know the amount of the extracted work, we finally measure the energy of the
external agent E using the projection |e j>E<e j| and define

wj=ej—eg (5.64)

as the work extracted by the external agent E. It is essential that at this point the
“work” w; is not a fixed value but given probabilistically.

In the above process, we obtain the work extraction process of the specific extracted
work w; in the form

K i(ps) = TrE[|ej>E<ej|USE(pS ® UE)UgE], (5.65)

where Try, is partial trace over the external agent E (the figure 5.3(b)). Because the unitary
evolution of the total system satisfies the energy conservation (5.58) and the initial state of
the external agent E is the pure energy eigenstate (5.60), the work extraction process X
satisfies the strong energy conservation of the equation (4.6) in the section 4.3, namely,
satisfies

Ki(I)s(hal) = Brmo 3 (1neds (Pl ) By —u, (5.66)

for all j, x, where Py, := 3} 8y |hy) (hy| (see the section 4.4).
We then define the probability distribution of a random variable W with respect to the
extracted work by

P(W) = 2 S(W — w; ) Tr[ % j(ps)], (5.67)
J

where §(x) and Tr are the delta function and the trace over all system, respectively. Be-
cause X is a linear map and 3} |hy>s<hy| = I, where I is the identity operator on the
thermodynamic system S, we obtain

—Bhy
POW) = 3, 8(W - wj)eZ—STr[|hy>S<hy|7cj(|hx>s<hx|)]. (5.68)
J:X,y

From the strong energy conservation of the equation (5.66), the extracted work w; must be
equal to the energy loss h, — h,, of the thermodynamic system S after the work extraction
process K ;. Hence, we find

—B(wj+hy)

PW) = Y, 8(W - wj)—e 7 Tr[|hy>s<hy|ycj(|hx>s<hx|)] (5.69)
J:X,y
= e PV 8(W — w;)Tr[psk ;(Is)]. (5.70)
J
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Chapter 5 Quantum Jarzynski equality of measurement-based work extraction

Let us denote the average with respect to the probability distribution P(W) by

(f(W)) = / dw f(W) P(W), (5.71)

where f(W) is a function of the random variable W. Using the equation (5.70), we then
obtain the Jarzynski equality under the cyclic process in the form

Py =y (5.72)

with
¥ = Tr[psK(Is)], (5.73)

where X is the time-evolution map of the thermodynamic system S defined by

K(ps) = Z Kj(ps) = TrE[USE(pS ® GE)UgE]' (5.74)
J

Note that we did not use the detail of the external agent E to derive the equation (5.72) but
the strong energy conservation (5.66) of the work extraction process K ; of the thermody-
namic system S.

Applying Jensen’s inequality <ef > > ef) to the equation (5.72), we obtain the second
law of thermodynamics under the measurement-based work extraction in the form

(W) < g~ 'logy. (5.75)

Let us assume that the time evolution of the thermodynamics system S is a “natural”
thermodynamic process. The “natural” thermodynamic process means the work extrac-
tion process which does not operator a feedback operation and satisfies the first and second
laws of thermodynamics for an arbitrary initial state. From the strong energy conserva-
tion of the equation (5.66), the work extraction process K ; clearly satisfies the first law of
thermodynamics for an arbitrary initial state. On the other hand, to satisfy the second law
for an arbitrary initial state, we append the following condition to the time-evolution map
K:

S(p) < S(K(p)) (5.76)

for an arbitrary initial state p of the thermodynamic system S, where S(p) := —Tr[plog o]
is the von Neumann entropy. As a necessary and sufficient condition of the equation (5.76)
for an arbitrary initial state, the time-evolution map KX must be a unital map [51]:

K() = I. (5.77)
Inserting the equation (5.77) into the equation (5.73), we obtain y = 1 and thereby obtain

(P =1, (5.78)
(W) <o. (5.79)
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Hence, we can obtain the same form as the quantum Jarzynski equality derived the con-
ventional approach [23, 25, 48, 66] under the cyclic process when the work extraction
process is a “natural” thermodynamic process.

The difference of the right-hand side of the Jarzynski equality from unity is known for
feedback processes [62, 71, 74, 106] and/or absolutely irreversible process [100, 106]. The
difference is represented as an feedback efficiency [62] for the feedback process, on the
other hand, comes from a probability of the singular part [100] for the absolutely irre-
versible. In case of this section, we do not apply the absolutely irreversible to the equa-
tion (5.72), because the initial state (5.59) of the thermodynamic system S is the canonical
distribution and thereby does not have the singular part. On the other hand, because the
time-evolution map X includes the feedback process, we can regard the coefficient y of
the equation (5.73) as the feedback efficiency.

We stress that the quantum Jarzynski equation of this derivation is essentially different
from those of the conventional derivation [23, 25, 48, 66] in the section 3.3.1. The con-
ventional derivation of the quantum Jarzynski equality defined the measured value of the
energy loss of the unitary-evolving thermodynamic system as the random variable W, and
thereby did not appropriately contain information about the fluctuation of the energy ob-
tained by the external agent. As we have shown in the section 5.1, the variance of the work
W in the conventional derivation is completely different from that of the energy obtained
by the external agent, which is the actual work that we can use, under the approximation
of the unitary evolution of the thermodynamic system. Therefore, the quantum Jarzyn-
ski equality of the conventional derivation does not give relevant information about the
fluctuation of the actual work.

On the other hand, the present derivation of the quantum Jarzynski equality is different
in this point. Because we now employ the unitary evolution of the total system satisfy-
ing the energy conservation of the equation (5.58), we also define the measured value of
the energy loss of the thermodynamic system as a random variable W, but it is equal to
the measured value of the energy obtained by the external agent. Therefore, the present
derivation correctly contains the information about the fluctuation of the actual work.

5.2.2 Non-cyclic process

We next consider the case of a non-cyclic process, extending the case of the cyclic process
in the section 5.2.1 using a control system in the section 4.2. For a non-cyclic process,
the Hamiltonian of a system of a driven system is different between the initial and final
ones. To apply the derivation for the cyclic process to the non-cyclic one, we divide the
thermodynamic system S into two subsystem [89, 93, 105, 110, 117]. One of the subsystem
is an internal system I which is a working substance, such as a gas. The other subsystem
is a control system C which controls the Hamiltonian of the internal system I as piston
(the figure 5.4). We consider the work extracted from the internal system I.

Referring the section 4.2, let{ 1) } 3 denotes an orthonormal basis of the control system
C corresponding to the value of the control parameter 4. We assume the initial Hamilto-
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ThermodynamicssystemS ~ Hamiltonian: Hg := };; Hi(1) & [1)c{4|

______________________________________________________________

e ™\ Control system C |
: Internal system I State |2)¢ |
i (working substance) i
! Hamiltonian Hy (1) |

e

Figure 5.4: To apply the formalism for the cyclic process of the section 5.2.1 to the
non-cyclic one, we divide the thermodynamic system S into two subsystems,
namely an internal system I and a control system C (see the section 4.2).

nian (5.56) of the thermodynamic system S in the form
Hs = ) Hi(D) ® 12)(Al
7l

=2 2 hawy P ), s Al (5.80)
1 x(A)

where H;(A1) is the Hamiltonian of the internal system I, whose eigenstate and corre-
sponding eigenvalue are denoted as |hx( /1)>1 and hy(y), respectively; and |hx( A)» /1>IC denotes
|hx( ’1)>1 ® |4)c. We change the control parameter A, making the non-cyclic process. Note
that the index x(4) depends on the control parameter A, because the set of the eigenvalues
of the Hamiltonian H;(4) depends on the control one A. From the strong energy conserva-
tion (5.66) of the work extraction process X ;, the energy of the internal system I changes
from h, 3y to hy) — w; after the work extraction process X ; of the specific extracted work
wij.

JTo start the internal system I from the equilibrium with a fixed parameter 4;, we replace
the initial state (5.59) of the thermodynamic system S by the canonical distribution of the
internal system I with a pure state |4;). of the control system C (the figure 5.5):

_ﬁhx(/1~)
(1) = > e A Aaae A
PsAy B ZI(/L) x(4;)> M IC x(4;)> M
= p1(4) ® 1) A4l (5.81)

with Z;(1) := Tr[e FH®M] and p(1) = e PH1IW/Z,(1). The Helmholtz free energy of the
internal system I for a specific parameter 4 is given by

Fi(2) = -~ tlog Z;(A). (5.82)
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Thermodynamics system S

——————————————————————————————————————————————————————————————————————————————————

N, . ’
Work extraction process

i | Internal system I W i (measurement process) i W i
: i K; = i
| Initial state ! — i !
: e-BHIW) | | : i
i ya = H i i
| p1(A) 7, @ \ : Work (outcome) i |
\ J wj \ )
Control system C Projection of C Outcome
Initial state |/1i)c(li| Mf)C(AfI Af

Figure 5.5: Illustration of the non-cyclic process of the thermodynamics system S. To ap-
ply the formalism for the cyclic process of the section 5.2.1 to the non-cyclic
process using the division of the thermodynamic system S, we replace the ini-
tial state of the thermodynamic system S by the canonical distribution of the in-
ternal system I with a pure state |4;) . of the control system C. The work extrac-
tion process X satisfies the strong energy conservation of the equation (5.66)
in the section 5.2.1, and the extracted work is denoted by w It After the work
extraction, we observe the control system C using the projection |1) (4| to
know the destination of the non-cyclic process.

We then define the probability distribution of the random variable W with respect to
the extracted work during the process in which the state of the control system C changes
from |4;). to |45) as

(W —w;
Boa(W) = Z %Tr[uf)d/mxj(;ol(/li) ® |/1i>c</11|)]’ (5.83)
J i—=At
where
Pamas = Tr[120) A F(01(4) & 14:)o(Ai] )| (5.84)

is the transition probability that the control parameter changes from 4; to 4; (see the fig-
ure 5.5). In the same way as in the equation (5.70) of the section 5.2.1, we obtain

Py, (W) = e PV +AF(1,40)
(W —w;
x2 (P/l—/l])Tr[pI(/lf) ® 120 (447 (1) ® 1) (il )], (5.85)
J i—Af

where AF;(4;, A¢) = Fi(4;) — Fy(4;) is the difference of the Helmholtz free energy of the
internal system I and [;(4) = X, ) 1% ,1)>I<hx( 1| is the identity operator of the internal
system I with fixed control parameter A.

Modifying the average (5.71) with respect to the probability distribution P(W) to

GO, = [aW 500 B0 (556)
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we therefore obtain the quantum Jarzynski equality under a non-cyclic process in the form

(€Y ) 1oz, = T FARAD (5.87)
with
Pr—a;
Vi = , (5.88)
/11 ;tf qlf—)/li
Qo = T pr(A) @ A6 (AT (1(4) ® |2}l |- (5.89)

Note that we observe the initial and final states of the control system C, not its intermediate
state. During the dynamics between these states, we cannot tell the path of the change of
the control parameter, such as the position of a piston, nor can we tell the motion of the
internal system I. It is in contrast with the fact that the motion of the system is fully
determined by a given path of a parameter in the conventional derivation of the quantum
Jarzynski equality [23, 25, 48, 66].

We now argue that the coefficient y;._, ;. is not necessarily unity for a unital map as y of
the equation (5.73) was for the cyclic process. When the time-evolution map X is unital,
namely the “natural” thermodynamic process defined in the section 5.2.1, the coefficient
Ya,—2, gives the ratio of the forward and backward transition probabilities. When the time-
evolution map X is unital, trace preserving and completely positive, so is its adjoint K.
In other words, the adjoint map K is regarded as another time evolution. Therefore,
the equation (5.89) gives the backward transition probability that the control parameter
changes from A; to 4;:

G-y = Tr[IAD (A1 (01(A0) @ 120) (el ) |. (5.90)

As can be seen from the calculation of a simple model in the section 5.3, the backward
transition probability (5.90) is not necessarily equal to the forward one (5.84). Hence, the
coefficient y;._, ;. is not necessarily unity for the unital map.

When the time-evolution map X is not unital, incidentally, we cannot regard the equa-
tion (5.89) as a transition probability. Because the adjoint X' of a non-unital map X does
not satisfy trace preserving, the sum of the equation (5.89) over 4, is not unity:

; Qo = T ® 1) (Al K (Us(1:)) ] (5.91)

= Tr[#(p1(4) ® We) (el )| # 1, (5.92)

where I := 3 ) I;(1) ® |4)(4| is the identity operator of the thermodynamic system S.

Finally, we show that the equation (5.87) reduces to the case of the cyclic process (5.72)
when the control system C has only one eigenstate. In this case, the state of the control
system C cannot changes from the initial state, and we thereby obtain p; ;. = 1 and
AF(4;, 4;). Therefore, the equation (5.85) reduces to

B2 (W) = e™PW 3" 8(W — w;)Tr[ o) & 1) (A% (1) ® 14D (Ail)] - (5.93)
J
Because the control system C has only one eigenstate in this case, we obtain I = I;(4;) ®

14i)o{4il and ps = p1(4;) ® |4;){4;l, and thereby the equation (5.93) is equivalent to the
equation (5.70).
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5.3 Calculation for a simple model

In this section, we evaluate the coefficient y;. _, . of the section 5.2.2 using a simple system.
We suppose that the Hamiltonian of the simple thermodynamic system S and the internal
system I is given by

Hy(w) = Y, Hi(Aw)® ), (5.94)
1=0,1

H(A;w) := %(/1 + 1)ol, (5.95)
where w is level spacing and o} := |1),{1] — |0),{0[. The canonical distribution of the

internal system I at the inverse temperature g is given by
pi(B.4) = D mu(B, ) In)(nl, (5.96)

n=0,1
~ 1

(8. 2) = (5.97)

1+exp (DY@ + D)

where f8 := fw is the dimensionless inverse temperature.
We suppose that the work extraction process X ; on the thermodynamic system S is
given by the following equation using a unitary operator Ulg:

K j(ps) = KjpsK, (5.98)

Kj= Y >, b by =hyan Hy@) Vet L) (5.99)
1,A"=0,1 x(4),y(1")=0,1

with hy ) = (—1)1_x(’1)(/1 + Dw/2 and Iy = [x(A), A);-(x(1), A|. Then, the correspond-
ing time-evolution map X := Zj Kjis unital and, therefore, is not a feedback process. The
unitary operator U, is represented as the tracing out the external agent from the time evo-
lution of the total system. We define the effective Hamiltonian by Heg := —T ~!log U,
where T is the operation time of the work extraction process X ;. For simplicity, we sup-
pose that the effective Hamiltonian H is given by

Heff(w’ gs 77) = HS(CU) + Veff(gw) + Hhop(nw)s (5-100)
Ver(a) = al; ® [1)(1], (5.101)
Hypop(a) = 0% @ (al1)(0] + a*[0)(1]), (5.102)

where the parameters £ and 7 are real and complex numbers, respectively, and ¢’ :=
|1),40] + [0),(1]. The operators Vg(a) and Hy,,(x) represent potential and hopping terms
of the effective Hamiltonian H. (the figure 5.6). The unitary operator Uy is rewritten by

Uett(€,1,T) = exp (—iTHe(1,£,7)), (5.103)

where T := wT/h is the dimensionless operation time.
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|1’1>ICE: 1+€)w
Wl o .
nw
o
0,1
| >IcE:(_1+€)w
wlop_

Figure 5.6: Illustration of the effective Hamiltonian of the equation (5.100). The param-
eter £ is a real number representing the energy shift by the potential and the
parameter 7 is a complex number representing the hopping amplitude.

Then, the forward and backward transition probabilities (5.84) and (5.89) in the sec-
tion 5.2.2 are given by

Paea & B T) = Y (B 4)pSY (. T), (5.104a)
n=0,1

q/lf_’/li(g’n’ ~’T) = Z ﬂn(ga/lf)qgl_),gi(g,n,f), (5.104b)
n=0,1

with

P32 4 (.0, T) = Te[ 120 A Uet(8. 1, ) (Indy(nl @ 1) Al )ULg(€,0, )], (5.1052)
qay” 2. (£, T) = Tr{ 1) AU (€, 0, T) (1) (1l ® 14 Adl ) Uesi(€.1. )] (5.105b)
forn =0,1.

Let us calculate the coefficient y;._,;, of the equation (2.10). We now define unitary
operators

Sy =1 @ (11)(1] + e%]0)(0]), (5.106)
S, =0l ®I, (5.107)

where y is any real number, and a operator K as the complex-conjugate operator. These
operators satisfy

Sl |}’l, A>IC = |na /1>IC s (5108&)
SZ |na/1>lc = |1 - n’/’l)IC ’ (5108b)
K|n, ) = [n, )¢ (5.108c)
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forn = 0,1and A = 0,1, where |n, 1), == |n); ® 1).. The effective Hamiltonian Hg of
the equation (5.100) satisfies

S1He(w, £,7)S] = Hegw, &, e'X7), (5.109a)
SyHe(@, &,17)S5 = —Heg(w, —&, —1), (5.109b)
KHeg(w, &, MK = Heg(w, &,1%), (5.109¢)
and we thereby obtain
$1Uet(£.9.T)S] = Uenr(£, €40, T), (5.110a)
SyUei(£,9,T)S) = Uly(=&, -0, T), (5.110b)
KU.(&,, T)K = Uly(&, 9%, T). (5.110¢)

Inserting the equations (5.108) and (5.110) into the equations (5.105), we obtain

Py A (6. T) = pi” ; (€,€i%n,T) (5.111a)
= g7 (=&, -n.T) (5.111b)
=g\ (&%, T). (5.111c)

As can be seen from the above equations, the equations (5.105) do not depend on the phase
of the parameter 7, and we obtain

P (&l T) = pi2 4 (&9, T) (5.112a)
= poy o (<&, T) (5.112b)
=gy, (&1, 7). (5.112¢)

Therefore, we obtain

p/li_’/lf(g’ N, ;g’ T) = q/li—ﬂlf(g’ n, 6, T)
> (B A)p 4 (1", Inl, T), (5.113)

n=0,1

and hence o L
q/lf—vli(g’ 7, 69 T) _ p/lf—n'ti(g’ N, 6’ T)
p/'ti—n'tf(g’ n, 6’T) p/li—vlf(g’ 1, B’T)
As can be seen from the above result, the coefficient y;, _, 5, satisfies y;_.o = 1/%_1, and is
always equal to unity if 4; = A;, namely, 0 = 11 = 1.

Let us find ;_,o. Calculating p;,_o(&,7,8,T) and po_,(&,7,B,T), we obtain

Vo (81, B, T) = (5.114)

p1—>0(§9 n, 5’ T) = p0—>1(_§’ n, E’ T) = |77|2 TzSincz(f(g’ |77|)T) (5115)
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with
sinc(x) := sinx(x), (5.116)
2
f&, InD) = \J nl® + (3 42§> . (5.117)

Inserting the equation (5.115) into the equation (5.113), we obtain

Pioo(Em B T) = > T2 Y ma(B,0)sinc®(f((-=1)"E, In))T)

n=0,1
. 2 ~ . 2 ~
[ SEUGIIN EGCLN]
p0—>1(§’ n, 5’ T) = |77|2 TZ Z ﬂn(ﬁ’ 1)SiIlC2(f((—1)n§, |77|)T)
n=0,1
_ m'zlesincz(f(é’, DT) | sinc’(£(-¢, W)l' (5119
14eF 1+ ef

We thereby plotted y;_,o in the figures 5.7. The coefficient y;_,, wildly fluctuates around
unity, even exceeding unity often. This fluctuation of y;._,;, should be detectable in exper-
iments and provide evidence for the conventional derivation.

The conditions for y;_,, = 1 are 8 = 0 or the parameters £ and 7 satisfying

sinc®(f(&, [nDT) = sinc®(f (¢, n)T) (5.120)

which does not depend on the dimensionless inverse temperature 3 (the figures 5.7(b) and

5.7(c)).

5.4 Summary of this chapter

In this chapter, we have demonstrated the problem of the conventional approach of quan-
tum thermodynamic using the two-level system and derived the quantum version of the
Jarzynski equality using the new formulation of the work extraction.

For the demonstration in the section 5.1, we have shown that the variance of the en-
ergy obtained by the external agent diverges when the time evolution of the thermody-
namic system is approximated to a unitary one. Because of this, the conventional ap-
proach, which assumes the unitary dynamics of the thermodynamic system, is unsuitable
for quantum thermodynamics and we have to adopt the new formulation of the work ex-
traction.

In the section 5.2, we have adopted the measurement-based work extraction introduced
in the chapter 4 as the new formulation of the work extraction and shown the difference
between the conventional approach and the measurement-based work extraction using
the Jarzynski equality. As a result, the difference between the two approach appears in
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Figure 5.7: (a) Dependence of 3~!logy_,, on the parameters & and || for the dimension-
less operation time T = 5 and the dimensionless inverse temperature § = 0.4.
Its cross sections for (b) |5| = 47/5and (c) £ = 67/5. The unity of y;,_,¢ (namely,
the zero of log y,_,) does not depend on the dimensionless inverse temperature

g.

the coefficient y of the equation (5.72) in the cyclic process and the coefficient y;._, . of the
equation (5.87) in the non-cyclic process. Both coefficients are not generally equal to unity
in contrast to the case of the conventional approach, in which the coefficients were always
equal to unity. This difference is caused by describing the work extraction in terms of the
quantum measurement process. In the case of the cyclic process, the coefficient y is equal
to unity if and only if the time evolution is a “natural” thermodynamic process, in other
works, the time-evolution map is a unital. On the other hand, in the case of the non-cyclic
process, the coefficient y;, _, 5, does not generally become unity when the time evolution is
a “natural” thermodynamic process and widely fluctuates around unity in a simple model
of the section 5.3. This fluctuation can be expected to be detected experimentally and can
provide evidence for the present approach.
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Chapter 6

Quantum Fluctuation theorem under
continuously monitored control
parameter

In the previous chapter, we derived a quantum version of the Jarzynski equality using the
new formulation of work extraction in order to compare the conventional approach and
new formulation. As a result, we obtain the difference between the two approaches.

Note that the following difference exists between the work extraction processes in the
two approaches: the conventional approach clearly describes the motion of the controller,
such as a piston, because its motion is represented by a time-dependent parameter; on
the other hand, the new formulation in the section 5.2.2 does not clearly describe one
because we do not observe a control system except at the beginning and the end of the
work extraction them. Using the piston of a cylinder as an example, in the conventional
approach, we can distinguish between pushing the piston after pulling it and pulling it
after pushing; on the other hand, in the new formulation, we cannot distinguish.

In order to compare the two approaches under the more similar situations, we here
introduce the continuous measurement of the control system and derive another quantum
version of the Jarzynski equality for it.

In this chapter, we continuously observe a physical quantity of the control system to
describe the operation received the internal system and derive a quantum version of the
Jarzynski equality and the second law under this observation. To use for the derivation,
we first show time reversal introduced by Aberg [121]. We next derive a fluctuation rela-
tion under the continuously monitoring process using Aberg’s time reversal. After that,
we derive the Jarzynski equality under the continuously monitoring the control parame-
ter. Finally, we show the relation between the parameter change given the continuously
monitoring process and the second law of thermodynamics.

The contents of this chapter except the section 6.1.1 are the present results of the author
under the collaboration with Dr. H. Tajima.
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6.1 Time reversal of completely positive map

6.1.1 Aberg’s time reversal

In the standard quantum mechanics, time-reversal transformation for a state vector is
given by an antiunitary operator. In contrast, Aberg [121] defined a time-reversal map as
a linear map 7 satisfying the following conditions [121]:

T(AB) = T(B)T(A), (6.1a)
T(A") = (T(A), (6.1b)
Tr[T(p)] = Tr[p], (6.1c)
72 =1, (6.1d)

where A and B are bounded operators, p is a trace-class operator, Tr denotes the trace and
J is the identity map. Then we can derive the following properties of the time-reversal
map T [121]:

1. For the identity operator I, it satisfies 7'(I) = I.
2. When an operator Q is positive, 7(Q) is also positive.
3. When an operator U is a unitary operator, 7'(U) is also a unitary one.

4. When an operator P is a projection, 7'(P) is also a projection. Furthermore, when
the projection Q is orthogonal to P, 7(Q) is orthogonal to T'(P).

5. Let T4 and T'g denote the time-reversal map on the systems A and B, respectively.
Then, the following is satisfied: Trg[(T 4 ® T)(Oag)] = T 4(TrgOxg), Where Try is
the partial trace over the system B and O,3 is any operator on the composite system
AB.

As can be seen from the condition (6.1a), the time-reversal map 7" has a property of the
transpose. For a finite-dimensional system, let T denote the transpose defined by

AT =7 (W | Al ) [9) W, (6.2)

n,n’

where A is an arbitrary operator and { [¢,,) },, is an orthonormal basis set. Note that the
transpose depends on the choice of orthonormal basis. When T’ denotes the transpose
defined with respect to another orthogonal basis set { |¢,,) }, and a unitary operator W is
a transformation from { [¢,) }, to {|$,) },, the relation between two transposes is given
by [121]

AT = wwTaAT(wwT). (6.3)
The time-reversal map T can be represented by [121]

T(A) = UATUT, (6.4)
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6.1 Time reversal of completely positive map

where T is the transpose defined with respect to {[¢,)}, and U is a unitary operator
uniquely determined by 7" and { [¢,,) },,.

Let us describe the reason of calling the linear map 7" as “time reversal”. We assume
that a system is a quantum closed one with the Hamiltonian H. Let p; denote the initial
state of its time evolution. Then, the state p; after time ¢ is given by

pr = Up;U" (6.5)
with U := e~tH!/"_Using the conditions (6.1a) and (6.1b), we obtain
T(pp) = T(UpU") = T(W)'T(p)T (V). (6.6)

From the condition (6.1c) and the property 2, T(p;) and T'(p;) are states, too. Moreover,
from the property 3, the time-reversed unitary operator U is a unitary operator. Therefore,
we obtain

T(pp) = TWT(p)T(U)'. 6.7)

This equation describes the unitary evolution from the time-reversed final state 7'(p;) to
the time-reversed initial one 7'(p;) under the unitary operator 7(U). In particular, if the
map 7 satisfies 7(H) = H, which means that the Hamiltonian is invariant under the
time reversal, the time-reversed unitary operator 7(U) satisfies 7(U) = U. Then, the
equation (6.7) becomes

T(p1) = UT(p))U". (6.8)

This equation describes the forward unitary evolution from the time-reversed final state
T (py) to the time-reversed initial one T'(p;). Hence, the linear map T satisfying the condi-
tions (6.1) represents a time-reversal operation.

We note that the conditions (6.1) are not the most general definition of the time rever-
sal [121]. For the standard quantum mechanics, the time reversal is represented by an
antiunitary operator ® [13]. The corresponding map is given by T'g(p) :== ©p®'. How-
ever, the map Tg is an antilinear map, not a linear map. Therefore, the map T'g does not
satisfies the conditions (6.1).

We now rewrite the equation (6.5) as

pr = Upy), (6.9)

where the map U is a unitary time-evolution map with respect to the unitary operator U
and is given by U(p) := UpU" for any state p. Then, we can rewrite the time-reversed
unitary evolution of the equation (6.8) as

T(p1) = UP(T(py)), (6.10)

where © is defined by
3O = TH'T (6.11)

for any completely positive (CP) map ¢ [121]. Therefore, the translation from a time evo-
lution to a time-reversed one is represented by the © translation of the equation (6.11).
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Chapter 6 Quantum Fluctuation theorem under continuously monitored control parameter

6.1.2 Time reversal of continuous measurement

Can we obtain a time-reversed continuous measurement from the & translation? To con-
sider the continuous measurement, we first show the © translation of the general mea-
surement process. Let M, denote a measurement process with respect to a specific out-
come a and is given by an indirect measurement model in the form

Mo(p) = Trp[(Is ® PR)U(p @ op)UT], (6.12)

where Trp, p, Is, PY, o, and U are the partial trace over a measurement device D, p is an
initial state of a system of interest S, the identity operator of S, an projection of specific
eigenvalue a of a meter observable A on D, an initial state of D, and an unitary operator
on the total system, respectively The adjoint of a completely positive (CP) map given in
the appendix A gives

M) = Trp[Us ® op)U' (0 ® PR)U. (6.13)
and thereby obtain
ME(p) =T o Mo T(p) (6.14)
= Trp|Tsp(Us @ op)U'(T(0) @ PR)U)| (6.15)
= TrD[(IS ® Tp(op)Tsp(U)(p ® TD(PB))TSD(U)TL (6.16)

where 7 and T, are the time-reversal map on the system of interest S and the measure-
ment device D, respectively, and T'sp := T ® T'p. From the condition (6.1c) and the proper-
ties (2), (3) and (4) of the time-reversal map in the section 6.1.1, the operators o, T'sp(U)
and T PY are also a state of D, a unitary operator of the total system and a projection on
D, respectively. Defining another measurement process given by

M o(p) = Trp| (Is ® Tp(PR))Tsp() (o ® Tr(op)Tsp(U)] = T o My 0 T(0),  (6.17)

we obtain
M = ). (6.18)

Therefore, the © translation of the measurement process becomes the adjoint of another
measurement process. In general, the adjoint of the measurement process is not a mea-
surement process, because, the summation of the adjoint of the measurement processes
does not satisfy the trace preserving. However, when the summation is a unital map, the
adjoint of the measurement process becomes a measurement process. Hence, the & trans-
lation of the measurement process M'§ is a measurement process if and only if the sum-
mation )} M, is a unital map.

Let us consider the © transformation of the continuous measurement. From the sec-
tion 2.2.3, the continuous measurement with respect to a measurement record [a] :=
{a(t) | t € (0,T)}, where a(t) is a path of the measurement outcome, is given by

utN_l, Ma

N-2,EN—2

XX utz,tl Mal,tl utl,to’ (6'19)

N-1-tN-1 IN-2

Miq) = 1\1,1_{20 Usnty-s Ma
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6.2 Fluctuation relation under continuously monitoring process

where Uy, is a unitary evolution given by a unitary operator U(s, t) from time ¢ to s, M, ;
is an instantaneous measurement process at time ¢ with respect to a specific outcome a,
t, == nT/N and a,, := a(t,). To operator the © translation to the continuous measurement
of the equation (6.19), we obtain
o ._ 1; o o o o o o o
M[a] = I\III_IEO utlfo Malstl utz,tl Maz,tz XX utN—lJN—Z MaN—l,tN—1 utN,tN—l’ (6.20)
where we use the property (¢ x)° = x©¢° of the © translation.

For simplify, we assume that the time-reversal map T satisfies T7(U(s, t)) = U(s, t) for
any time ¢ and s. Then, the unitary evolution U is the invariant under the © translation:

U, = Uy, (6.21)

In the other hand, from the equation (6.18), ]V[(ft is the adjoint of another measurement
process ]V[;t Hence, the © translation of the continuous measurement (6.19) is given by

+
X X utN—htN—z MaN-l,tN—l utN,tN—l'

(6.22)

262

o = i v vl
Mg = 1\111—{20 Upyo Mayt, Uty ty Ma

As we can see the equation (6.22), the orders of unitary evolutions U, ;, ) and the (in-

stantaneous) outcomes a,, is a time-reversed one, however, M 2 is not a (instantaneous)
measurement process. Hence, the © translation of the continuous measurement is a
backward-like map, not a backward continuous measurement. Here, the “backward”
means that the measurement record is the reverse order given by [d] := { a(¢) | t € (0,T) }
with a(t) == a(T —t).

6.2 Fluctuation relation under continuously monitoring
process

We consider the fluctuation relation of a work extraction process with continuously mon-
itored control parameter. Let us consider a quantum closed system including an internal
system I, a control system C and an external agent E. The internal system is controlled by
a physical quantity A of the control system C, which is regarded as a control parameter
of the internal system I. The external agent E interacts with the composite system IC of
the internal system I and the control system C, and receives the energy as the work. We
assume that the interaction between the composite system IC and the external agent E
is activated from time O to T and is deactivated the other times. To monitor the change
of the control parameter, we measure the physical quantity A during the interaction (the
figure 6.1).

Let Hyc and Hg denote the Hamiltonian of the composite system IC and the external
agent E, respectively. We assume that the Hamiltonian Hyc of the composite system IC is
given by

Hyc = ; Hy(1) ® |4) (A, (6.23)
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Chapter 6 Quantum Fluctuation theorem under continuously monitored control parameter

Quantum closed system

_______________________________________________________________________________________________________________

{ Hamiltonian of IC: Hy¢ == ¥; H{(1) @ [A)c(Al i
i ."/ Control system C \\‘. i
. / State |1)¢ i i
i E J E Interaction Hamiltonian Hip; i
o i [Hic + Hg, Hinel = 0 i
P Internal system | i | I External agent E i
i i Hamiltonian H; (1) ‘ i Hamiltonian Hy i
o ® i i

’
\
~

______________________________________________________________________________________________________________

i\ ) Continuous measurement of
A=Y, M)A

Figure 6.1: Illustration of the quantum closed system in the section 6.2. The quantum
closed system is composed by three subsystems; an internal system I, a con-
trol system C and an external agent E. The continuous measurement of the
physical quantity A of the control system C is represented by the repetition
of the instantaneous measurement { M, }, of the physical quantity 4 (see the

equation (6.31)).

where H;(1) is the Hamiltonian of the internal system I depending on a specific eigenvalue
A of the physical quantity A and |4) is the corresponding eigenstate. According to this
Hamiltonian, the Hamiltonian of the internal system I is controlled by the state of the
control system (see the section 4.2). We assume that the initial state of the composite
system IC is the canonical distribution of the internal system I with a pure state |4;) of the
control system C:

—BH(4)

Z(4)

where 3 is an inverse temperature and Z;(4;) := Tr[e‘ﬁHI(’li)] is the partition function. The
corresponding Helmholtz free energy is given by F;(4;) := —f~!log Z;(1,).

Let H;,; denote the interaction Hamiltonian between the composite system IC and the
external agent E. The Hamiltonian of the total system between time 0 and T is given by

Hiy = Hic + Hg + Hiy, (6.25)

prc(Ay) = ® [4)(4il, (6.24)

and the time evolution of the total system from time ¢ to t’ (¢t,t’ € [0, T]) without mea-
surement is given by the unitary operator

U(lt' —t) :==exp [—%Htot(t’ — t)]. (6.26)

We here assume that the interaction Hamiltonian H;, satisfies the energy conservation
in the from
[HIC + HE’Hint] = 0 (627)
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6.2 Fluctuation relation under continuously monitoring process

Then, the unitary operator U satisfies the energy conservation
[Hic + Hg, U(1)] =0 (6.28)

fort € [0,T].

Let us measure the physical quantity A of the control system during the interaction to
monitor the change of the control parameter, using the continuous measurement in the
section 2.2.3. Let { M; }, denote the set of the instrument measurement of the physical
quantity A on the total system. We assume the energy conservation

[Hic + Hg, M, 3] =0 (6.29)

for all measurement outcomes A and any integral n, where { M, ; }n is the set of the Kraus

operator of M ; given by M ;(p) = Zn M, ;oM L ;- This means that the measurement pro-
cesses { M, }, do not cause a net energy transfer and the energy extracted by the external
agent E only comes from the composite system IC. The energy conservation (6.29) gives

M3 Prc+He,h = Pre+Hg,hMa (6.30)

for all outcomes 4 and all eigenvalues h of Hyc + Hg, where a map P, , of a Hermitian
operator A and the eigenvalue a of A is defined by P, ,(¢) := P, P, with the projection
P, of the eigenvalue a.

We define the continuous measurement of the physical quantity A with respect to a
specific measurement record [1] := {A(t) | t € (0,T) }, where A(¢) is a path of the mea-
surement outcome, in the total system by

My = Jm U M, U M, X X U MG, Uy (6.31)

with 7 := T/N, 4, :== A(nT/N) and U,(p) := U(t)pU"(t). Because of the energy conserva-
tions of the equations (6.28) and (6.30), the continuous measurement M satisfies

M Prac+Heh = Prc+He h M2 (6.32)

for any measurement record [4] and all eigenvalue h of H;c + Hg, and thereby we obtain

Mindatte+Hy) = Ja(tic+H) M) (6.33)

for any real number a and any measurement recored [1], where the map J 4 is defined by
Ja(e) =e A2 e 742,

Let T;c and T denote time-reversal maps on the composite system IC and the external
agent E, respectively. We assume that the time-reversal maps do not change the Hamilto-
nians:

T1c(Hye) = Hyc, (6.34)
Tg(Hg) = Hg, (6.35)
(TIC ® TE)(Hint) = Hips. (6-36)
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Chapter 6 Quantum Fluctuation theorem under continuously monitored control parameter

Then, the unitary operator U(t) of the equation (6.26) satisfies T(U(t)) = U(t). As in the
section 6.1.2, we define the backward-like map of the continuous measurement (6.31) by

]\7[‘[1] = Ma — hm UTM/T ‘UTMZ 5 X...XUT]\;[‘ZI'UT, (6.37)

where M :== TM T, [1] = {)t(t) | t € (0,T) } with A(¢) :== A(T — t) and 1,, := A(n7).

From the above setup, let us derive the fluctuation relation under the contmuously mon-
itoring process. The initial state of the composite system IC of the equation (6.24) and the
continuous measurement on the total system of the equation (6.31) yield the continuous
measurement in the external agent E in the form

Faoin1:(0) = Tric[1A6) Al M1 (orc () ® 0] (6.38)

for an arbitrary initial state o of the external agent E. Using the equation (6.37), we define
the backward-like map on the external agent E by

R/Tf,[i],ili(a ) = TrIC[|/Ti>C</Ti|]\7[ ] (orc(dr) ® U)], (6.39)

where I ® |1q) (4ol = TIC(II ® |/1a>c(/1a|) for o =i, f.
From the equation (6.33), we obtain

1
Mpic@) ® 0) = 75 Mz © Jpncrn (1Al © T, (0)) (6.40)
1
= Z G Jatic i ° M (14l ® I3, (0))- (6.41)
Inserting the above equation into the equation (6.38), we obtain
Zi(4¢)
Faeiaa(0) = ZI( ;)JﬁHE(TTIC lerc@M 3 (1) (Al ® I5h(0)]) (6.42)
= ePAAed) gy (TrIC [PIC(/lf)M[A](|/11>C</11| ® JBHE(U)>])’ (6.43)

where AF;(4, 4;) := Fi(4;) — Fi(4;) is the difference of the Helmholtz free energies. On
the other hand, from the equations (6.37) and (6.39), we obtain

R 17149 = Tric[orc@Mp (1)l © o) - (6.44)
Combining the equations (6.43) and (6.44), we obtain
Froag(0) = ePAEGe) g o RO il ° Jpr, (9)- (6.45)

Because the equation (6.45) satisfies any initial state o of the external system, we can
rewrite the equation (6.45) as

:F'/lf,[l],ﬂ,i = eﬁAFI(Af’/L)JBHERZef’[i]’ilJB_I}IE- (6.46)

The equation (6.46) is a relation between the forward and the backward-like processes
and the extension of the fluctuation relation between the forward and backward process
derived in the reference [121]. In particular, when the summation ), 1M, of the instru-
ment measurement{ M }, in the continuous measurement (6.31) is unital map, the equa-
tion (6.46) becomes the relation between the forward and backward continuous measure-
ment processes.
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6.3 Jargynski equality

6.3 Jarzynski equality

In this section, we derive the Jarzynski equality from the equation (6.46). We define the
work extracted by the external agent E in terms of the difference between the measured
energies before and after the process.

Let us denote the spectral decomposition of the Hamiltonian Hg by

Hg = Z E,P,, (6.47)
n

where E, and P,, are the eigenvalue of Hg and the corresponding projection, respectively.
Because the map Fj_ [4) 1, is a continuous measurement process, we can define the proba-
bility distribution of the extracted work W, the final state |A;) of the control system C and
the measurement recored [A] under the initial state |1;) of the control system C by

Po(W, 44, [114) = D, 8(W — Epy + En)Tt[PhFy 21,4, (PRoPE)], (6.48)
n,m
where §(x) is the delta function. In addition, the probability of the final state |1;) of the

control system C and the measurement recored [1] under the initial state |4;) of the control
system C is given by

Po(is [A1IA) = f AW PL(W, 20, (21140 (6.49)
= > Tr[PL,Fy, 1., (PEoPE)] (6.50)

n,m
= Tr[Fa, a1, © Pere(@)], (6.51)

where P4(e) = X, Paq(+) = X, Py * Py with the projection P, of the eigenvalue a of

the Hermitian operator A. Because P 4 is the trace preserving, Py, . p, = P, ® Py, and
Py, satisfies

146 {4 Per, (A) = ?HIC(|/1f>C</1f|A), (6.52)

P (Prc(A)) = pic(4y) (6.53)

for any operator A. We thereby have

Faoiinis © P (@) = Tric[1A6) A M 3 (01c() @ Per, ()] (6.54)
= Tric| 1AM 3y © Prryerrry (Prc(n) @ 0)] (6.55)
= Tric| 14D c (Al Perc+ 11, © M (pic(h) ® 0)] (6.56)
= Per, (Tric[ Pere (126 A M 11 (1) ® 0)) ) (6.57)
= P, © Fa111,2,(9), (6.58)
which is followed by
Pe(s, [A1|A) = Tr[Fy a1.0,(0)]- (6.59)
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Chapter 6 Quantum Fluctuation theorem under continuously monitored control parameter

Using Bayes’ rule, we obtain the probability distribution of the extracted work W under
the measurement recored [41] and the initial |4;) and final |A;) states of the control system

Casin
_ Pe(W, 24 [2]12y)

Pe(W|A, [A],4)) = 6.60
We define the conditional average by
<f(W)>/1f’[/1],/11 = def(W)PF(W|/1fa [A],Ai)’ (661)
where f(W) is an arbitrary function of the extracted work W.
Let us calculate (eF%) 2.1 Using the relation (6.46), we obtain
Tr[PEFy, 2.4, (PEGPE)] = eFAFi(An )Tr[PE Jpr, © R [ A o Iz, (Ph PE)] (6.62)
= PG BEREDTE [ PERS L (PRoPE)],  (663)

which is followed by

Pe(W, 2, [4]14;)
= ePAFIA) 37 S(W — By + Ep)e PEn~EnTy| PERS - - (PRoPE)|  (6.64)

n.m

_ eﬁAFl(/lf/l)e W Z 5(W E + En)Tr[PE Re /1] % (PE PE)] (665)

n.m

Therefor, we obtain

Tr|R® 51 : o P
(FW) _ BAF(A) r[ Ao[AL: HE(U)] (6.66)
A1, Pe(2y, [4112:)
Similarly to the equation (6.58), we obtain
=) _ S}
R/lf A4 1P, = ?HERZf,[Z],/L’ (6.67)
and thereby obtain
(e W>/1f i = Tlaae ePAF1(A, ) (6.68)
with
Tl’[ e[ A],4 (G)] ( )
I 6.69
P TP IATIA)

This is the quantum Jarzynski equality under the continuously monitored control param-
eter.

Note that the equation (6.68) focuses on the external agent E, not the composite system
IC; the coefficient y, 14,4, is given from the continuous measurement in the external agent
E. On the other hand, the quantum Jarzynski equality in the chapter 5 focuses on the
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composite system IC. However, we can rewrite the coefficient (6.69) as the coefficient
given from the continuous measurement in measurement of the composite system IC as
follows.

Let us define the continuous measurement of the composite system IC by

H1(p) = Trg[ M (e ® 0)], (6.70)

where p is an arbitrary state of the composite system IC and Try is the partial trace over
the external agent E. Then, we obtain

Pe(As, [AIA) = Tr[Fy, 21,4,00)] (6.71)
= Tr140) (A M 1) (ore (1) ® 9] (6.72)
= Tr[126) (A H 1 (orc (D) - (6.73)

On the other hand, using the equation (6.44), the numerator of the coefficient (6.69) is
rewritten by

Tr[?%;?f,[ il Zi(a)] = Tr[pic()M (14 (il ® )] (6.74)
= Tr| pic(ADF (1) (A . (6.75)

Therefore, we obtain the coefficient y;, 1) 4, given from the continuous measurement K4
of the composite system IC.

Applying the Jensen inequality (e/) > e!/? to the quantum Jarzynski equality (6.68), we
obtain

<W>/1f,[/1],/11 < —AF(45 4) + B~ log IZHIe (6.76)

This inequality is the second law under the continuously monitored control parameter.

Similarly to the chapter 5, the difference between the conventional approach and the
new formulation of the work extraction is given by the coefficient 3 [3; 1,- Obviously, the
coefficient y;. 14],4, is not generally equal to unity, and does not generally become unity
when the time evolution is a unital map. In particular, when the coefficient y; 73, is
greater than unity, the equation (6.76) permits the extracted work to break the second law.
However, as you will see in the next section, we show the fact that the probability of the
measurement record breaking the second law is very small.

6.4 Relation between control parameter and second law
Let us show the relation between the probability of the measurement record and the sec-

ond law.
Translating the equation (6.76), we obtain

P25, [2112) < Tr| RS ) 1 @] AP agina+ AFie0), (6.77)
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Chapter 6 Quantum Fluctuation theorem under continuously monitored control parameter

Using the equation (6.75) and Tr[% [ /1](,0)] < 1 for an arbitrary state p of the composite
system IC, we obtain

Te| RS 111.4.(0)] = Trl e ()4 (6.78)
< Pras DT [0 K g (I © 12 (il ) (6.79)
< Pras (0T [Kg (I @ 1) (A4 (6.80)
< Di Prax(4s), (6.81)

where [ is the identity operator on the internal system I, D; is the dimensional of the inter-
nal system I and p,,,,(4) is the maximal eigenvalue of p;c(1). Inserting the equation (6.81)
into the equation (6.77), we obtain

Pr(4, (1] Mi) < pmax(/lf)e_ﬁ((th,w,ai+AFI(/1f,/11‘)—[3—1 logDS), (6.82)

As we can see in the equation (6.82), the probability of the measurement record breaking
the upper limit of the second law of information thermodynamics

(W) < —AF; + B~ tlogD; (6.83)

exponentially decreases.
In particular, if the non-selective continuous measurement X := [D[A]X 4 of the com-
posite system IC is a unital map, we obtain

Kiay(L ® 1) (Ail) < K (I ® 1) o(Ail) S KU ® Ie) = I ® I, (6.84)

where I is the identity operator on the control system C. Then, using the equation (6.75),
we obtain

Te| RS 17110 < Trloc A ® 1)1 =1, (685)
and thereby obtain
P, [A]12,) < e PP agiaia +AFGedD), (6.86)

As we can see in the above equation, the probability of the measurement record breaking
the upper limit of the second law of thermodynamics exponentially decreases.

6.5 Summary of this chapter

In this chapter, we introduced the continuous measurement of the control system in order
to compare the conventional approach and the new formulation of the work extraction
under the closer situation.

In the section 6.1, we described the time reversal introduced by Aberg [121] and the time
reversal of continuous measurement to derive another quantum version of the Jarzynski
equality. From consideration of the time reversal of continuous measurement, we intro-
duced a backward-like continuous measurement, whose measurement record is given by
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the reverse order of a forward measurement record but which does not satisfies the prop-
erties of quantum measurement.

In order to derive the quantum version of the Jarzynski equality, we first considered
the relation between the forward and backward-like continuous measurements in the
section 6.2. As a result, we obtained the fluctuation relation between the forward and
backward-like continuous measurements of the equation (6.46). This relation is an exten-
sion of the fluctuation relation between the forward and backward processes, which was
derived in the reference [121].

Using the fluctuation relation in the section 6.2, we derived the quantum version of the
Jarzynski equality under the continuous measurement. As a result, we obtained the coef-
ficient 3 [2).4, as the difference from the conventional derivation of the Jarzynski equality.
Similarly to the quantum version of the Jarzynski equality in the chapter 5, the coefficient
Ya,[1],4; 1S not generally equal to unity. In other words, the influence of the work extraction
as the measurement process is not erased by the continuous measurement of the control
system C.

The coefficient y; [1.1, can be greater than unity, in which case the second law is vio-
lated. However, we can find that the measurement record violating the second law hap-
pens only with a small probability, and hence the second law is not violated in the expec-
tation over all the measurement records. In other words, we may experimentally detect
the difference between the conventional approach and the new formulation of the work
extraction with a small but finite probability.
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Chapter 7

Conclusion

In the present thesis, we derived quantum versions of the Jarzynski equality under the
two situations in the chapters 5 and 6.

In the chapter 5, we first showed that the variance of the energy obtained by the external
agent diverges when the time evolution of the thermodynamic system is approximated to
a unitary one. This result is a good counterexample of the conventional approach using
a time-dependent Hamiltonian. This counterexample revealed that the work extraction
of the conventional approach is unsuitable for quantum thermodynamics. We claim that
the work extraction from a microscope quantum system should be described as a quantum
measurement process in the chapter 4. We have applied the new approach to the quantum
Jarzynski equality. Our derivation of the quantum Jarzynski equality is essentially differ-
ent from the conventional derivation; our derivation correctly contains information about
the fluctuation of the actual work, namely, the energy gain of the external agent. The dif-
ference between the conventional and our derivation of the quantum Jarzynski equality
appears as the coefficient y in the cyclic process and the coefficient y;._, 5, in the non-cyclic
process. In the case of the conventional derivations in the cyclic and non-cyclic processes,
these coefficients y and y;._, ;, are always equal to unity, but those in the case of our deriva-
tion are not generally equal to unity. This differences are caused by describing the work
extraction in terms of the quantum measurement process. The coefficient y in the cyclic
process is equal to unity when the work extraction is the “natural” thermodynamic pro-
cess, which satisfies the second law of thermodynamic for an arbitrary operation. Hence,
the condition y # 1 is caused by the feedback effect of quantum measurement. On the
other hand, the coefficient y;,_, 5, in the non-cyclic process is not generally equal to unity
even when the work extraction is the “natural” thermodynamic process and widely fluc-
tuates around unity, which we exemplified for a simple model in the section 5.3. This
comes from the irreversibility of the control system. We expect to detect this fluctuation
experimentally and to provide evidence for the new approach.

In the chapter 6, we derived the quantum Jarzynski equality under the continuously
monitored control parameter and the relation between the continuously monitored con-
trol parameter and the second law of thermodynamics. Because the quantum Jarzynski
equality in the chapter 6 is unclear as to how the microscope quantum system is operated
by the external agent, we have resolved it by observing the control parameter continu-
ously. Similarly to the quantum version of the Jarzynski equality in the chapter 5, we
obtain the coefficient y;, [4) 1, which is not generally equal to unity, as the difference from
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Chapter 7 Conclusion

the conventional derivation.. Hence, the influence of the work extraction in terms of the
measurement process is not erased by the continuously monitored control parameter. The
coefficient y;. 14,1, can be greater than unity, in which case the second law is violated. On
the other hand, we find that the measurement record violating the second law happens
only with a small probability. Hence, the second law is not violated in the expectation over
all the measurement records. In other wards, we may experimentally detect the difference
from the conventional derivation with a small but finite probability.

Let us finally summarize two tasks remaining to be resolved. In the chapters 5 and 6,
we have assumed that the measurement process of the work extraction can measure the
energy loss of the internal system without errors; in other words, it can convert all of the
energy loss into the work. However, since the actual external agent is a thermodynamics
system, the energy transfer may be separated into the work and the heat. The work extrac-
tion process corresponding to this should be an incomplete process in which the extracted
work is not equal to the energy loss. In is an important issue to be resolved.

Moreover, in the chapter 6, we have assumed that the continuous measurement of the
control parameter preserves the energy of the total system. However, the actual contin-
uously monitoring of an observable generally gives rise to the energy exchange between
the measurement device and the monitored system. The continuous measurement should
take into account the energy change by the monitoring.
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Appendix A
Adjoint of CP map

An adjoint map X' of a completely positive (CP) map X is defined in
Tr[KT(B)A] = Tr[BK(A)], (A.1)

where A and B are arbitrary bounded operators. For the Kraus representation K(A) =
Zn K,AK},, we have
K(A) = ) KhAK,. (A.2)
n

Therefore, the adjoint X is also a CP map. Note that the adjoint of a trace preserving (TP)
CP map does not generally preserve the trace, because Tr[?C T(B)] = Tr[BX(I)] # Tr[B] for
any operator B, where I is the identity operator. The adjoint of a TPCP map X preserves
the trace if and only if the TPCP map X is a unital map, which satisfies K (I) = I.

Let K and £ denote CP maps. Then, the adjoint of K £ is equal to L'X ", because

Tr[(K L) (B)A] = Tr[B(K L)(A)] = Tr[K ' (B)L(A)] = Tr[LIKT(B)A]. (A.3)

We now consider the adjoint using the reference system. Let U denotes a unitary op-
erator on the system composed by a system S of interest and a reference system R. Then,
the CP map can be given by

H(A) = Trg[(Is ® PR)UA ® QU "], (A4)

where Py and Qy are positive operators on the reference system R, I is the identity oper-
ator on the system S and Try denotes the partial trace over the reference system R. Using
the cyclic property of the trace, we obtain

Tr[BK(A)] = Tr[BTrg [(Is ® Px)U(A @ Qr)U"]] (A.5)
= Tr[(B® Pr)U(A ® QU] (A.6)
= Tr[UT(B ® Qx)U(A @ Qy)] (A7)
= Tr|Trg[(Is ® Qr)U'(B ® Px)U]| Al. (A.8)

Therefore, the adjoint of K is represented by [121]

KT(A) = Trg[(Is ® Qr)UT(A ® PU]. (A.9)
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