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Abstract

To date, the most elegant and intriguing solution to the Strong CP problem
has been the Peccei-Quinn (PQ) mechanism. The PQ symmetry may, however, be
explicitly and badly broken by the quantum gravity effect. Then, to be consistent
with the measurement of the neutron electric dipole moment, it is expected that
the PQ symmetry is explicitly broken by only highly suppressed non-renormalizable
terms. In this thesis, to understand the origin of the PQ symmetry with such high
quality, we suggest one general mechanism where the PQ symmetry is protected well
by the gauge symmetry. We call this protection gauge symmetry as the gauged PQ
symmetry. For one effort, we apply the mechanism to the model where the origin
of the PQ symmetry breaking and the supersymmetry breaking is the same. From
this work, we find a cosmological problem with extra fermions introduced to cancel
the anomaly of the gauged PQ symmetry. Those fermions tend to behave as the
dark radiation and eventually induce an unacceptably large number of the effective
neutrino species. To resolve this problem, we propose one simple model with no
un-wanted fermions. This model is the first realistic axion model with the gauged

PQ symmetry.
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Chapter 1

Introduction

Non-observation of the neutron electric dipole moment (nEDM) severely constrains
the QCD vacuum angle § called the f-parameter as § < 107! [1]. Why is this
f-parameter so small? This is the Strong CP problem.

The most successful solution to the strong CP problem will be the Peccei-Quinn
(PQ) mechanism [2]. There, the PQ symmetry which is a global symmetry explicitly
broken by the QCD anomaly provides the pseudo-Nambu-Goldstone (NG) boson,
axion, after its spontaneous breaking. Below the QCD confinement scale, the axion
obtains its potential due to the anomaly. Elegantly, the axion potential minimum
corresponds to the § = 0 vacuum, and thus the axion cancels the §-term dynamically.

This axion potential may, however, be affected by quantum gravity effect [3-9].
Actually, once we assume that the global symmetries are broken by quantum gravity
effect, the non-renormalizable terms may be produced e.g. at the lowest order,

L= /\ﬂ + h.c. (1.1)
My,
where ¢ is the PQ breaking complex scalar field with some PQ charge, My, is the
reduced Planck mass, and the coefficient A is a complex coupling. Apparently, this
potential breaks the PQ symmetry explicitly, and thus the axion potential is modified
by

o5
L~ |A=—— cos(a/v+9) (1.2)

My,
where |\| denotes the absolute value of A\, § is the phase of A\, v is the VEV of ¢,
and the a is the axion field. This term drastically change the axion potential and
generally leads the O(1) shift from the CP-conserving potential minimum denoted
as Af = O(1) for typical scale of v ~ 109712 GeV. To match with the measurement

7



8 CHAPTER 1. INTRODUCTION

of the nEDM, the coupling A should be so small A < 107°°. Therefore, the Strong
CP problem still remains unsolved.

One solution to protect the PQ symmetry from the quantum gravity effect is
using gauge symmetries. Concretely, one simple model has been suggested by Barr
and Seckel in 1992 [10]. They have introduced an additional gauge symmetry U(1)’
and two complex scalar fields ¢(p) and ¢'(q) where p, ¢ denote the U(1)" charges.
For a concrete example, let us take ¢(10) and ¢’'(—1) in the following. These scalar
fields can acquire their VEV’s and provide the mass of the KSVZ quarks [11,12] by

the term,
L=ypQQ+y'¢'Q'Q, (1.3)

where Q, Q (Q', Q') are n (m) pair of the KSVZ quarks, y and 3’ are the couplings.
To cancel the triangle anomalies of U(1)'—=SM—SM and U (1) —Gravity—Gravity,
we take (n,m) = (1, 10) which is the only solution for the minimal number of the
above KSVZ quarks. When the scalar fields obtain the VEV’s, two NG bosons are
produced. Omne of them is eaten by the U(1) gauge field. Then, the other one
corresponds to the axion. Due to the gauge symmetry, the explicit breaking term is
suppressed as large as

9"
MY

L~ (1.4)
which is sufficiently suppressed to achieve the small shift of the potential minimum
AO < 10710 for (@) ~ (¢') ~ 10! GeV.

An essential point of the Barr-Seckel model is introducing two sectors with in-
dependent PQ symmetries if the U(1)" gauge coupling is switched off. There always
exists an anomaly free combination of two anomalous PQ symmetries. We can gauge
it, and then the gauge symmetry which is nothing but the U(1)" can work to protect
the axion potential if two scalar fields only couple with higher order term due to
their charge relation.

In this thesis, we show that this prescription can obviously apply to the wide
type of the axion models as shown in our work [13] once you notice the essential
point. We call this generalized prescription as “Gauged PQ mechanism”. Thanks
to our mechanism, the “remained Strong CP problem” can be generally solved!.

We also show that some extra SM singlet fermions must be added to cancel the

Tn the literature, there have been many attempts to achieve the PQ symmetry as an accidental
symmetry resulting from (discrete) gauge symmetries [10,14-28]. There have also been arguments
of the origin of the axion in string theory [29-31] and in extra-dimensional setups [32-38].



self-triangle anomaly of the gauged PQ symmetry, and those fermions generally
result in an unacceptably large number of effective neutrino species because as dark
radiation [39]. In the face of this cosmological problem, one simple solution is to
construct the model with no extra fermions for anomaly cancellations. To find out
a realistic model, we have also sought the probable identification that the gauged
PQ symmetry equals to the B — L gauge symmetry which is the most authentic
extension of the SM gauge symmetries [40]. This provides the first realistic model
with our mechanism.

This thesis is organized as follows. In Chapter 2, we briefly review the U(1)
problem and the Strong CP Problem. In Chapter 3, we review axion models as a
solution to the Strong CP problem. In Chapter 4, we also review the cosmology of
axion models. In Chapter 5, we review arguments that a global symmetry is broken
by quantum gravity. In Chapter 6, we show our works based on published three

papers. The final Chapter 7 is devoted to the conclusion of this thesis.
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Chapter 2

Strong CP problem

In this chapter, we review the U(1) problem and the Strong CP problem.

2.1 U(1) problem

The U(1) problem is an apparent contradiction between the meson spectrum from
the quantum chromodynamics (QCD) Lagrangian and the observed one.

Let us consider, the QCD Lagrangian in the massless limit of the up-quarks and
the down-quarks, where there seem to be global symmetries, SU(2), x SU(2)r x
U(1)y x U(1)a. There, SU(2)r, x SU(2)R is the chiral symmetry, and U(1)y is the
singlet vector transformation corresponding to the baryon symmetry. The U(1) 4
symmetry denotes the singlet axial transformation acting on the chiral fields differ-

ently,

ugp — exp(ia’)ur , up — exp(—ia)ur, (2.1)

dr — exp(id’)dr , dp — exp(—id)dp, (2.2)

where we take that uy, (ugr) are the SL(2, C) spinor fields of the 2 (2*) representation
of the up-quarks.! dj, (dg) is the same for the down-quarks. o' denotes the phase
of the transformation. This symmetry is broken spontaneously due to the quark
condensation (e.g. <uTLuR> # 0). Then, an “extra” pseudo-Nambu-Goldstone (NG)
boson with the mass comparable to the pion is predicted. You might think that the

extra one is the n meson. However, the situation is the same even if we regard the

!The Dirac spinor e.g. for the up-quark, u, is given as

w— ( v ) (2.3)

11



12 CHAPTER 2. STRONG CP PROBLEM

strange quark mass light as well as u and d quarks, as shown by S. Weinberg in
1975 [41]. Such light meson is, of course, not observed. This is the U(1)4 problem.?

A possible resolution to this problem is suggested by 't Hoot in 1986 [42] using
the axial anomaly of the U(1)4 and the vacuum structure of the QCD. Under the
global transformation in Eq. (2.1), the action is affected by the term proportional to

the total derivative,
/ d* €,,)o GHY GPO | (2.4)

where the G” is the gluon field strength, and the €, is the totally asymmetric
tensor with €y1203 = +1. The total derivative term does not contribute to the equation
of the motion. However, this term gives the non-zero contribution to the action under
certain gauge configurations (e.g. the so-called instanton®) in four-dimensional non-
Abelian gauge theory. What 't Hooft have shown in the QCD with the massless
quarks is that there is no goldstone pole of the U(1) 4 breaking under the instanton
background. Therefore, the structure of the QCD vacuum makes U(1)4 not a true
symmetry. There, the “extra” meson becomes heavy, and can be regarded as the 1’

meson with 957 MeV mass.

2.2 Strong CP problem

Recognizing the solution to the U(1)4 problem, the QCD Lagrangian includes the

so-called f-term,

2 ~
Lo= —Q#vac;w, (2.5)

where 6 is the parameter, the coefficient g is the QCD gauge coupling constant, and

Gl = %Ggaem,pg. Under the parity transformation, P, and the time transverse
transformation, 7', the gluon field strength becomes

PGyP™' =-G§; , PGLP™' =Gy, (2.6)

TGHT ' =Gy , TGLT ' =-GY,. (2.7)

Thus, the L4 becomes —Ly under each P, T transformation. This fact indicates the
Ly also violates C'P symmetry. In the following, we call this CP violating term as
the f-term.

2See Appendix A for more details about the U(1) problem.
3See Appendix C for the instanton.
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To understand the physical consequence of this 6-term, let us focus on the quark

mass terms and the f-term in QCD Lagrangian,

9

2
3272

L= (—M}LﬂquRf — M;chZLdef + h.c.) —0 Gflwéawj (28)

where the subscripts f is the three flavor indices, M}L(d) is the 3 x 3 complex matrix
of the mass parameter of the up-(down-)type quarks,denotes the conjugate of the

spinor field. Under the redefinition of these quark fields,

ugy = exp(iaf)iry , ury= exp(—iay)iry, (2.9)
drf = exp(iafc)cZRf , dpf = exp(—ia?)JLf, (2.10)
(2.11)

The Lagrangian becomes,

L = —(MPeFippans + ME*Sdppdpy + hec.) (2.12)
2 ~
— (+2) (ah+ afc))gg’?egyaw, (2.13)
!

where the f-term is changed from the effect on the measure for the path integral.
We can always redefine the fermion fields as all MF and MJ‘} are the real, and we
define the #-parameter in this basis as 6 for convenience.

The 6 is upper-bounded by the measurement of the neutron electric dipole mo-
ment (d,) [1],

1] < 10710 (2.14)

Why should this parameter 6 be so small? This is the Strong CP problem.

One may think that, even if we take the mass parameters to be real, the |0 ~ 7
seems to be another possible solution because the || = 7 does not produce the CP
violation effect. However, the relation between the mass parameter of the up-quark

(m,) and the one of the down-quark (mg),*

Mg — My _ m3.0 — Ma, —m2, +m?2, (2.15)
mq + my, m2, '
~ 0.3, (2.16)

and |mg| > |my| denotes the same sign between m,, and m,4. From the basis of the
real mass parameter, we can always change the basis by the redefinition of the dg

to cancel the 0-term,

dry = exp(—i0)dg;. (2.17)

4See Appendix A for the derivation of the relation.
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Now, the m, and the my have the opposite sign, which contradicts with the meson
mass relation. Therefore, the § must be near § = 0. It should be also noted that
the O-parameter is unphysical if there exist one or more massless quarks because the

f-term can always be shifted away by the redefinition of the massless quark fields.



Chapter 3

Peccei-Quinn mechanism

One idea to solve the Strong CP problem has been suggested by Peccei and Quinn
in 1977 [2,43]. They have proposed a theory where the 6 becomes the dynamical
variable i.e. the field, and then a minimum of the effective potential of that field
conserves the CP and P symmetry. Then, by Weinberg and Wilczek [44,45], it has
been shown that such field corresponds to a pseudo-NG boson called the axion of the
global symmetry, and is excluded by the measurement of the charge Kaon decay. We
call that global symmetry as the Peccei-Quinn symmetry or U(1)pg. The original

idea is applied to the model with the axion couples too weak to the SM particles.

3.1 PQWW model

Here, let us discuss the original PQWW model [2,43-45]. They introduced two
SU(2)r, doublet Higgs field, H, and Hg, which couples only to the up-type quarks

or the down-type quarks, respectively,

2

L = —(qourHy + qrdrHg+ h.c.) — V(H,, Hy) — 93371_2 Gé, (3.1)

where the hypercharges of the Higgs fields are H,(+1/2) and Hy(—1/2), qr, is the
SU(2)r, doublet quarks in SM. The indices of the flavor, the gauge group, the Lorentz
group, and the Yukawa coefficients are omitted for simplicity. The difference between

the H, and Hy is guaranteed by two discrete Z5 symmetry,

H, — —Hy,, ugp — —ug, (3.2)
and

Hy — —Hy, dp — —dg. (3.3)

15



16 CHAPTER 3. PECCEI-QUINN MECHANISM
The Higgs potential V (H,, Hy) should not allow the term (H,Hy)?. In this setup,
the Lagrangian is invariant under the following chiral rotation,

UR — emuR, dr — ede, H, — e_iaHu, H;— e_de. (3.4)

This symmetry is the U(1) pg symmetry. To find the axion components explicitly,

let us write down two doublet Higgs as

_( = _( HS
, and the neutral components H? and Hg obtain the vacuum expectation value

Uu/\/i, vd/\/Z

Uy + P .
HY = u\@ Lexp(iTy /vy, (3.6)
HY = 2 Plep(ing/vg), (3.7)

V2
where p, 4 is the real scalar field to the radial direction, and z, 4 is the real scalar
field to the phase direction. The one linear combination of the x, 4 is absorbed by
the Z-boson and the other one remains as the axion. From the mass term of the

Z-boson, the absorbed components, h,, are given by

Uy, UVd
= —g,——— S —
\J v+ 02 \/ V2 + 02

and 4/v2 + vg = v = 246 GeV. Therefore, the axion component, a, is obtained by

hz + x4 (38)

the following unitary transformation,

(i) g 2)(2) .

Now, let us focus on only the axion component,

v U4 G Vg .Uy G
HY = —Lex (2), HY = < ex <z> 3.10
u \/i p Vg U d \/i p Vg v ( )
By the redefinition of the quark fields,
UR = exp <—ivda> iR, dr = exp (_Z,vua> dr, (3.11)
Uy VU Vg v

the axion field can be erased from the up and down type Yukawa sector, but emerges

in the coupling to the gluon as in 6-term

2
g 3 (v, vy N oA
I S (Yu Y (4w G 12
Lagg 327T2v<vd+vu> (a—o¥) GG (3.12)
(3.13)
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where using,

0 = 9[3 <U“+”d>}1. (3.14)

For the later convenience, let us redefine the axion field,

a—v0 = a, (3.15)
i.e,
Loy =+ 3 (P4 ¥ 26a (3.16)
agg = 3271'2 vy vy) v '

To find the axion solve the Strong CP problem dynamically, let us redefine the quark
fields to erase the axion field from the GG coupling which corresponds to the inverse

transformation which is similar to Eq. (3.11) but only using u- and d- quark,

UR = exp (cuig> ur , dp=exp (cdz ) dg, (3.17)
v
cutecg = 3(”“+”d>. (3.18)
Vd Vy

Then, the Lagrangian of the axion after the decoupling of the heavy quarks except

for the u- and d- quarks is
1 9 .oaN _ .oa\ 5
L= 5(8a) — [mu exp (zcu;> UruR + mgexp (zcd;> drdp + h.cl , (3.19)

where the first term denotes the canonical kinetic term of the axion, m, and my
are the masses of the up- and down-quarks, respectively. Below the QCD scale, the

quarks condensate, and the neutral pion field 7¥ is produced,

B F2 0 _ B F2 0
ULUR — 5 exp( 7} ) , drdr — 02 T exp <—27;> (3.20)

Then, the low energy effective Lagrangian about the axion and the neutral pion is

2 0
L = 1((37@)2 + 1((377r0)2 + [—muB Fr exp < a +27T>
2 2 fr
B()Fg a 7T0
— Mg exp (zcdv — wa) + h.c.] (3.21)
= %(6@2 + %(871'0)2 (3.22)

a w0 a
—  myuBoF2 cos < fﬂ> — mgBoF? cos <cdv — f7r> (3.23)
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Notice that the axion-pion couplings from the quark kinetic term can be always
erased by appropriate choice of ¢, and ¢4 keeping the condition ¢, + ¢4 = 3(vy/vg +
vg/vy). The quadratic part of this Lagrangian is

1 1 1/ 720\ 0
£=5(0a) + 5(0n°) — 5 < i ) M2 ( 7; ) : (3.24)

a

where Ma2 -0 1s the 2 X 2 matrix of the axion and the pion mass squared,

M2 — < (mu + mq)Bo (—mycy + macq) BoFr /v ) . (3.25)
a,m (=mucy + maca)BoFr /v (mycs + mac?) BoF2/v?
For v > F;, the pion obtains the mass squared

m2 ~ (my +mq) B, (3.26)

and the other mass corresponds to the one for the axion,

2 o My Mg o 1
m, = (Cu -+ Cd)mBoFﬂ.ﬁ (327)

2F2

~ gl T 0(100 ke V)2, (3.28)

v2 (Mmy + my)

There, the axion field calms down to the vacua, which is equivalent to the a = 0
vacuum. In the other word, the axion cancels the #-term dynamically.

The PQWW model is immediately ruled out by the experiment. In PQWW
model, the PQ symmetry is spontaneously broken with the SU(2), xU(1)y breaking
in SM. Therefore, the axion decay constant is at most O(100) GeV, and then the
PQWW axion has a relatively large mixing with the neutral pion. For example, the
branching ratio of B(K* — ©* + axion) is estimated as [46],

Fr

2
B(K" — 7 4+ axion) =~ <v> B(K* — ot 4+ 7% (3.29)

12

107" (3.30)
On the other hand, this branching ratio is upper-limited by the KEK [47],
B(K" — 77 + axion) < 3.8 x 107® (90% C.L.). (3.31)

The PQWW axion is already excluded. This result leads to the invisible axion
model, where the PQ symmetry is spontaneously broken by the scalar fields of the
SM gauge singlet.
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3.2 KSVZ model

One of the invisible axion models has been proposed by Kim [11] and Shifman, Vain-
shtein and Zakharov [12] (the so-called KSVZ model). They introduced a vector-like
quark coupling with a scalar field which breaks the PQ symmetry spontaneously.
Due to the large vacuum expectation value of that scalar field, a vector-like quark
can obtain the mass around the PQ breaking scale.

We introduce a vector-like quark, @ and @, of 3 and 3 representation in SU(3).,
respectively. In the following, we call this vector-like quark as the KSVZ quark. The
KSVZ quark couples with a complex scalar field ¢,

L =—0QQ. (3.32)
The scalar potential of ¢ and SM Higgs boson H is
V(H,¢) = —m|H? = mg|o* + A [H|* + Xo|o* + Aug| HP|oP. (3.33)

In this Lagrangian, there exists a global PQ symmetry corresponding to the trans-

formation,
b — 2%, Q = e Q, Q — e Q (3.34)

where « is a phase. Note that the SM Higgs boson has no charge of the PQ symmetry
in KSVZ model. After the PQ symmetry is spontaneously broken by the VEV of the
extra scalar field, (¢) = vpq/V/2, the KSVZ quark generally obtain its mass around

vpg from the term in Eq. (3.32). The axion component is the phase direction of the

,

_ rq 4
¢ = 7 exp (ZUPQ> (3.35)

where the radial component is ignored. By the transformation of the
Q — e'vPQQ, (3.36)

the axion-gluon coupling as in Eq. (3.16) is obtained,
2
72 qa.

= 3.37
327‘(2 vpQ ( )

The decay constant of the invisible axion vpg is constrained from astrophysical

observation (See Sec. 3.6 for more details),

vpg 2 10° GeV. (3.38)
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The mass of the KSVZ axion is given by setting v — vpg and ¢, + ¢4 = 1 in
Eq. (3.27),

u 7rF7'r _ 1 9
Mg o Yl Mnfin g -2 (0 GeV) eV. (3.39)
My + Mg VPQ vPQ

As the generic property of the QCD axion, the axion-photon coupling plays a im-

portant role for its detection and constraint,

Loy = gCZ’Y FF, (3.40)

where F is the electromagnetic field strength tensor, F is its dual i.e. F;w =
1/2€,p0 FP?, and

Cemn (E 24+z>1+z Mg (3.41)

Jorr = 50 N Jz maFy

N 31+=z
where E and N are the electromagnetic and color anomaly of the axial current
associated with the PQ symmetry, and z is the up- and down-quark mass ratio,
z = TTZ ~ 0.56. In the KSVZ model, E/N = 0. Due to the mixing of the axion
with the neutral pion and the eta meson, the axion has a non-zero coupling with
photon even in the KSVZ model with only the SU(3). charged KSVZ quark. See
Appendix. E for the more detail derivation of the axion-photon coupling. Finally,
let us also comment on the case of introducing N pair of @, Q. Such KSVZ quark
can also obtain the mass with the coupling to the ¢, and then the axion coupling

with the gluon is

9 a
L= Nxk—GG. 3.42
3272 X upq (342)

The mass formula of the axion is changed by,

mﬂ'FT(

Mg ™ Ng. (3.43)

UPQ

Due to the blow-up of the SM gauge coupling at the GUT or the Planck scale, the
number of Nk is generally upper-bounded by Nx < 20.

3.3 ZDFS model

Another invisible axion model has been proposed by Zhitnisky [48] and Dine, Fischler
and Srednicki [49] (the so-called ZDFS model). There, an extra complex scalar field
which breaks the PQ symmetry spontaneously is introduced to the PQWW model.
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The Lagrangian in Yukawa sector is the same as the one in Eq. (3.1). The scalar

potential of two doublet Higgs boson and an extra complex scalar field ¢ is

VU \ 2 02\ 2
Vit Hao) = A (1P =) 0 (17 - ) (3.44)
’1)2 2
+ A <I<b\2 - 1;Q> (3.45)
+ (e1|Hy* + colHal®) @) + c3(H Hgp®* + h.c.)  (3.46)
+ | HyHg* + cs|H] Hyl?. (3.47)

The PQ symmetry corresponds to the following transformation,

qr — €qp,up — ¢ “up, dr — ¢"“dp, (3.48)

H, — e H, Hy— e 2Hy ¢ — e 2%, (3.49)

Due to the term H,Hy¢* in V(H,, Hg, ¢), the extra scalar field obtain the charge of
the PQ symmetry. To find the axion component, let us decompose H,, Hg, ¢ with

their phase directions and the vacuum expectation value,

v T v T vp . a
H, = 7%exp (zvu) , Hy = 7diexp (lv;l) , O = Tgexp (ZﬁPQ) . (3.50)
u

As discussed in the PQWW model, one of these components are absorbed into the

7 boson,

hy = — oy + Yoy, (3.51)
v v

Furthermore, another component Hjeayy obtains the mass from the term propor-

tional to c3 in Eq. (3.44),

V = s H,Hyg* = Sv,ug03gcos (“ 2 2“) . (3.52)
2 Vy Vg vpQ

Therefore, the axion component is the orthogonal direction to these two directions,

h. —vy /v vg/v 0 Ty,
Hheavy = —Ud/2\/N1 —UU/Q\/Nl ’qud/f)pQ\/ N1 Tq s (353)
a 20,03 /00?202 /002 opq /v’ a
where,
N, = \/v3/4+v§/4+v3v§/vg@ (3.54)

- 2x 2 _ 172
Vo= \/U%)Q"‘”a <x—|—:c_1) + 02 2z + 27 1)*, (3.55)
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and x = vy/v,. The axion component in H?, Hg, ¢ is

v .2z a Vg C 227l a
Hg = 7%6Xp <ZWU) s Hg ﬁexp (7,"1:_’_:1:_11)/> N (356)

¢ = Qiljgexp (z%) : (3.57)

By the transformation,

. 2r  a S22t a
UR — exp <_Zx g v’) uRr, dr — exp (_Zw—i—:c_lv’> dg, (3.58)

the axion-gluon coupling is obtained as
9 A A
‘Cagg - +32?6?GG (359)

The mass of the DFSZ axion is

mgF, 10° GeV
0= — T <6x1072 ( — ). 3.60
m v'/6 "~ % ( v'/6 > ( )
The axion-photon coupling in ZDFS model is
Loy = I PR (3.61)
ayy — ’ .

4
where g4y with E/N =8/3 in Eq. (3.41) (See Appendix E).

3.4 Composite axion model

The composite invisible axion model has been proposed by Kim [50], Kim and
Choi [51]. There, the axion is the composite meson by an extra confining force.
Let us consider the fermions charged under a new SU(N) confining gauge inter-

action in the representation,

(N,3)+ (N,3) + (N,1) + (N, 1), (3.62)

where N (N) denotes the (anti-)fundamental representation in SU(N), and 3 (3) is
the (anti-)fundamental representation in SU(3).. The last two fermions are singlet

in SU(3).. For these representations, we assign

QAav QAOU qAa qA, (363)

respectively. There, A is the SU(N) index, and « is the SU(3). index. Neglecting

the mass terms of these fermions and the coupling constant of the SU(3)., the



3.4. COMPOSITE AXION MODEL 23

Lagrangian possesses the SU(4)r, x SU(4)r x U(1)y x U(1) 4 global symmetry,

QAl QAl
QA2 » QAQ
043 — exp(iaz Ty, ) o | (3.64)
¢t ¢t
Qa1 Qa1
A . ama A
gAz = exp(iagT Sy (4),) gAz , (3.65)
qA qa
Q4 QA
At T
q‘f —  exp(iay) q‘f , (3.66)
0 @
Q4 QA
gﬁ —  exp(iaa) qf' (3.67)
qa qa

where T 4y, (TgU(4)R) is the generator of SU(4)r, (SU(4)Rr), af, af, ay, ay are
the phase of SU(4)r, SU(4)r, U(1)y, U(1)4, respectively. Note that the U(1)4
symmetry is the anomalous symmetry. These global symmetries are broken down
to SU(4)y x U(1)y below the confinement scale of SU(N) by the fermion bilinear

condensates,
Q' Qaa) = (¢"qa) = A (3.68)

where only the index A is contracted, Ay is a parameter of mass dimension 1. The

pseudo-NG boson by the representations in SU(3), is given by
8+3+3+1+1. (3.69)

The SU(3). charged pseudo-NG bosons obtain their masses from the knowledge
of the mass difference of the charged pion and the neutral pion mfr+ — mio =
(33.6 MeV)?, which is order-estimated from the radiative correction with the photon
propagation as

m2; —mZy = (@emFr)? ~ O(10 MeV)?, (3.70)

™
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where e denotes the fine-structure constant. Here, the radiative correction with

the gluon produces the masses of the colored pseudo-NG bosons around Ay,

Mecolored pNG boson == (\/OTCAN)2 = O(AN)2 (3'71)

There still remains two SU(3), singlets. One of them should be heavy like the 1’ in
QCD. Then, the last one corresponds to the axion, which gets the mass from the
SU(3). anomaly and the mixing with the neutral pion. The order of the axion mass

is estimated as

myFr
mg ~ O < Ax ) . (3.72)

3.5 Periodic axion potential and domain wall number

Before going to the discussion about the constraints on the axion model, let us discuss
the periodicity of the axion potential. To be specific, let us consider the KSVZ
model with the N flavor, where the interval of the axion under the decomposition
in Eq. (3.35) can be defined as,

e, [0, 27]. (3.73)
vpQ

After the decoupling of the KSVZ quarks, the axion couples with the gluon as in
Eq. (3.42),

L =Nx—2GG. (3.74)
vpPQ

Notice that, in this basis, the axion couples with the gluon only by the above term.
By the up and the down quark transformation in Eq. (3.17) of ¢, + ¢4 = Nk, the
axion-gluon coupling is erased. Below the QCD scale, the axion-pion potential in

Eq. (3.22) arises, and the potential can be re-written as [52],

Vo= —mfrFf\/ 1 % [1+ cos(Ni)]cos(r*/Fy — da),  (3.75)

 my —myg —sin(Ng0)
$a = my, +mg 1 — cos(Ng0)’ (3.76)

where § = a/vpg. On the vacuum, the pion 70 gets a VEV to cancel the ¢,, and

thus the axion potential is,

Vo= —mfrFf\/l - % [1 -+ cos(Nx6)]. (3.77)
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This shows that the axion potential has Ng degenerate vacua under the interval
0 < 0 < 27. As we discussed later, such Ng becomes important for the axion
domain wall. We define F, as the axion decay constant accounting the correct
axion interval (Here, F,, = vpg). The number of the degenerate vacua is called
the domain wall number (here, Nk is the domain wall number). This number is
generally determined by the color anomaly. For the domain wall number of different

models, see Sec. 4.1.

3.6 Astrophysical constraints on axion model
3.6.1 Horizontal branch stars

The so-called horizontal branch (HB) stars are powered by helium fusion to carbon

lg=1 1In existence

and oxygen with a core-averaged energy release of about 80ergg™
of the axion, the transition of the photon into the axion provides another energy

loss process. The energy loss rate per unit mass £ is given by [53]

2 7 2
gaw’yT Garyy -1 _.-1
Ex——"— 30 ———— ] er s, 3.78

Ampg 10710 GeV ! 88 (3.78)
where T is a typical temperature 103K, and pg is a typical density 10*gcm™3.
Therefore, the lifetime of the HB stars is reduced by a factor 80/(80 + 30) ~ 0.3
for gayy = 10710 GeV~!. On the other hand, the measurement of fifteen clusters
agrees with the expected helium-burning lifetime within about 10 % [54]. Thus, as

a reasonable upper-limit, we obtain
|Garyy| S 10710 GeV (3.79)
which corresponds to the vpq constraint,
vpq 2 107 GeV. (3.80)

3.6.2 Supernova 1987A

About twenty neutrinos from Supernova (SN) 1987A were observed at Kamiokande [55],
IMB [56] and Baksan [57]. There, several properties such as the energy of the neu-
trinos, the number of neutrinos, and the distribution during several seconds match
well with the theoretical expectation. If the axion exists, such properties will be
modified. Because the axion has a coupling with the nucleon (n), the axion is emit-

ted by nucleon bremsstrahlung n+mn — n+mn+a. This process reduces the duration
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of the neutrino signal, and thus constrains the large nucleon-axion coupling. The

axion emission rate per unit mass is roughly given by [53]

4
1037 (VPQ ) 2 T 11
€a =10 (GeV) <3() MeV) cee s (3:81)

where T is the temperature of the core of the SN. From the neutrino observation

from SN1987, the energy loss rate [58] is upper-bounded as
Ea <10Yerggtsh (3.82)
Therefore, we obtain the bound,
vpq = 10° GeV. (3.83)

Precisely, the constraint from the burst duration disappears at vpq S 108 GeV
because the large interaction with nucleons reduces the axion emission outside the
SN. Even smaller 10? GeV < vpg < 105 GeV is, however, constrained due to the
increased detection rate of the axion emitted from SN1987A at Kamiokande [59].
Therefore, using the constraints from both the HB stars and the SN1987A, the

axion decay constant is lower-bounded as,

vpg = 10° GeV. (3.84)

3.7 Axion detection

In this section, we briefly review direct detections of the axion by haloscopes and

helioscopes. See e.g. Refs. [60,61] for recent reviews about the axion detection.

3.7.1 Haloscope

In the haloscope [62,63], the dark matter axion is detected by using the coherently
oscillating axion conversion to the photon in a magnetic field. In a micro-wave
cavity, the coherently oscillating axion produces the monochromatic spectrum of
the photon, and the photon signal is maximized when a cavity resonant frequency
matches with m,. In the ADMX experiment [64], the frequency range is 460—890 Hz
which corresponds to the axion mass range 1.9 — 3.65 ueV. Recently, the experiment

constrains the QCD axion parameter region for the axion mass 2.66 — 2.81 ueV [65].
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3.7.2 Helioscope

In the helioscope [62], the axion from the sun is detected using the axion conversion
to the photon in a static uniform magnetic field. The probability of the axion
conversion to the photon under the transverse magnetic field over the length L is

proportional to a factor F. which parametrizes the coherence of the conversion [62],

2(1 — cosqlL)

(¢L)*
where ¢ is the momentum transfer from the axion to the photon, and L ~ 10m in
the CAST experiment [66,67]. For ¢L < 1, the factor F, is almost unity, which

F.= (3.85)

implies the probability is almost constant up to m, ~ 10~2eV and decreases for the
higher mass range. The CAST constrains gg,, < 8.8 x 10711 GeV~! (95% C.L.) for
me < 0.02eV [66,67].
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Chapter 4

Axion Cosmology

In this chapter, we discuss the cosmological evolution of the axion field in the fol-

lowing two cases.

e The PQ symmetry is restored after inflation and then broken due to the tem-

perature decreasing (PQ symmetry breaking after inflation)

e The PQ symmetry is broken during inflation and not restored after inflation

(PQ symmetry breaking during inflation)

4.1 PQ symmetry breaking after inflation

When the global U (1) pg symmetry is broken after the end of the inflation, the topo-
logical defects called the global cosmic strings! are formed around the temperature
T ~ vpq. In the numerical calculation [68,69,69-71], it is shown that the cosmic

strings follow the scaling law in O(1) Hubble time by emitting the axion,

I
Ps = t727 (41>

where p is the string tension,

t

p=7F2ln () : (4.2)
ow

Here, éy is the width of the global string. In accordance with the scaling law, the

cosmic string density in the radiation and matter dominated era is scaled as
4 3
ps x 1/a”, psx1/a’, (4.3)

respectively. This scaling is the same as the dominant one. Thanks to this property,

the O(1) number of the cosmic string exits in the universe for a long time. When

1See Appendix F.2 for the cosmic string solution.

29
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the temperature decreases further, the axion obtains the periodic potential below
the QCD phase transition temperature.

To find out the cosmology below the QCD confinement scale, let us concretely
consider the cases in the KSVZ model with Ng flavors of KSVZ quarks. As discussed
in Sec. 3.5, the axion potential has N degenerate vacua for 0 < a/F;, < 27 (here
F, = vpg in Eq. (3.77)). Around the center of the cosmic string, the phase changes

as
a/Fg: 0— 2m. (4.4)

Thus, the phase, Nxa/F,, changes from 0 to 2rNg. This means the N number
of the domain walls? are formed around the center of a cosmic string. On the
other word, the global U(1) pg symmetry is explicitly broken into the discrete global
symmetry Zy, by the quantum anomaly, and thus the domain walls are formed
with the Zy, breaking below the QCD transition temperature.

In the case of the Ng = 1, there is no degenerate vacuum, and thus the string-
domain wall system disappears in (1) Hubble time by emitting the axions. Such
emitted axions contribute to the present dark matter density. By the classical lattice
simulation [72], the total present density of the cold axion in Nx = 1 scenario is

estimated as

e\ (4.5)
-\ 1012GeV ’ '

Thus, the decay constant of the axion is upper-bounded by
F, <3x 10" GeV. (4.6)

for Qh? < 0.12.
On the other hand, the string-domain wall system in Nx > 1 is stable due to the
spontaneous breaking of the exact discrete symmetry. To clarify this string-domain

wall system, let us compare the energy of the domain wall, Eyy, and the string, Eg,

Ew _ o(1/H)?

Bs = a(i/H) 1)
~ NIQ{(}-I’ (4.8)

where o ~ m,F?/N?% is the domain wall tension. From this ratio, we find that the

dynamics of the domain wall dominates soon after its formation. The density of the

2See Appendix F.1 for the domain wall solution.
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domain wall is given by

mqF3(1/H)?
N -
= m F2H/N%. (4.10)

For the radiation and the matter domination era, the domain wall energy density is

scaled as
pw x 1/a%, pw o< 1/a®/2. (4.11)
Thus, the domain wall dominates the universe when pyy ~ M§1H 2 j.e.,

1074 F,
T ~ 4.12
Nx (1012 GeV) GeV, (4.12)

which conflict with the standard cosmology.

To solve the domain wall problem in Nx > 1, one can introduce the term which

explicitly and completely breaks the Zy, symmetry,
L =Be P8¢+ h.c., (4.13)

where B is the real parameter and dp is the phase. Because this term resolve the

degeneracy of the vacuum, the energy between domain walls is given by

BF,

Epr~r —o—. 4.14
"= N1/ 4
Comparing with the domain wall energy,
E BN
=B~ K_ (4.15)
Ew  m.F,H
Thus, the vacuum energy will dominate the dynamics at
BNg
H < : 4.16
~ mgky ( )

To evade the domain wall problem, this time must be earlier than the domain wall
domination time H ~ m,F2/ (MglNIQ(). This condition puts the lower-bound for the
parameter B as
maly
~ a2 ns e
MplNK

(4.17)

Using the astrophysical constraint F, > 10° GeV. The bias term changes the axion

potential as

V ~m2F?/N7(1 — cos(Nga/F,)) — BF,cos(a/F, + dp). (4.18)
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For the small a/F, < 1, the shift of the potential minimum of the axion is given by

a BF,psin(dp)
— . 4.1
F,  m2+ BF,cos(0p) (4.19)

To be consistent with the nEDM experiment, we require

ljF“éBSin(éB) <1010, (4.20)
m2 + BF,cos(dp)
Furthermore, to be consistent with the observed cold dark matter abundance, the
small B and F, are required. Therefore, these three conditions generally give the
non-trivial constraints for the three parameters F,, B, dg. From the numerical
calculation of the axion abundance in this scenario [73], it is founded that 05 must
be tuned as dp < 1072 for Nx = 6.

Finally, let us comment on the cosmology of the ZDFS model. In the ZDFS
model, the domain wall number, Nk, is larger than 1. Thus, one needs to solve
the domain wall problem e.g. by introducing the bias term. It should be noted that
the domain wall number in the ZDFS model is 3 or 6 for the coupling between the
PQ breaking scalar field and two Higgs doublets, £ = ¢*?H,Hy or L = ¢*H,Hy,

respectively.

4.2 PQ symmetry breaking during inflation

When the PQ symmetry is broken during the inflation, the inflation exponentially
expands a tiny domain, and then the topological remnants and the axions from
them are diluted away. There, the axion field with some value, ag, has spread in
and beyond our observable Universe. At the time of the QCD phase transition, the
axion obtains its mass and begins to roll down to its potential minimum because the
ag generally does not sit in the CP-conserving point. This oscillation energy density
contributes to the abundance of the cold dark matter. The axion dark matter
production mechanism by this oscillation is called as the misalignment mechanism.
In the following, let us estimate the current axion abundance from this mechanism.

The axion periodic potential is

F,
Ndom

2
v<a>=m2<T>( ) (1 = cos [a/(Fu/Naom)]) (4.21)

where F, and Ng,n are the axion decay constant and the domain wall number

defined in Sec. 3.5, m4(7T) is the axion mass depending on the temperature 7. Here,
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we use the power-law approximation obtained by the numerical calculation [74-76],

. A(%)CD T —3.34
T) = 4x10" for T > 0.26 A 4.22
ma( ) x Fa/Ndom <AQCD ) o ” Qep ( )

for T'< 0.26Aqcp.  (4.23)

where Aqop ~ 400 MeV. The equation of motion for the axion is

i+ 3H(T)a+m2(T)a =0 (4.24)
where the higher terms of a are ignored assuming the initial amplitude is not so large
(a < F,/N), denotes the physical time derivative, H(T') is the Hubble parameter,

R g* T?
H(T) === —
(T) R 9072 My

(4.25)

where R is the scale factor, My ~ 2.4 x 10'® GeV is the reduced Planck mass, g* is
the effective degree of freedom. The axion field oscillation starts at the temperature

To determined by the condition,

mq(To) = 3H(To), (4.26)
Using Eq. (4.22),
Fo/Naom \ "™ [ Aqcp
To ~1GeV | ——— —_ 4.2

0=1Ge (1012 G6V> 400 MeV )’ (4.27)

using ¢g* ~ 62 at 1 GeV. The axion density p, is

. 2

pa(T) = g + ma(T)Q%. (4.28)

Under the assumption that m, > H and thus the time average of the axion energy
density satisfies po(T) ~ (mq(T)%a?) = (d?), the variable p, R?/m, is time invariant.

Thus, the current axion abundance is given by [77]

0 0 0
PO pPoSo  Po 50
50 pa(To)/ma(To)
: — a 4-
oo i s(To) (4.30)
Fa/Ndom 119 AQCD
~ (0.180% | & _com —_— 4.31
0186, <1012 GeV) 400 MeV (431)

where h is the present Hubble parameter in units of 100 km/s/Mpc, p¥ is the present
axion density, pg ~ 1.05 x 107°h? GeVem ™2 is the critical density of the Universe,



34 CHAPTER 4. AXION COSMOLOGY

sop ~ 2890 cm ™3 is the current entropy demsity, m, is the axion mass below T <
0.26Aqcp in Eq. (4.23), C; = 1.85 is the factor correcting the contribution during
the era m, = H calculated by [78], the coefficient 6, is the free parameter relating

~

to the initial misalignment angle.

4.2.1 Constraint from isocurvature density perturbation

During inflation, the massless axion has a quantum fluctuation. When the PQ
symmetry is not restored after the end of the inflation, this fluctuation affects the

axion energy density below the QCD transition temperature as

Fu/Ny L9 A en
Qr? = 01862, | =& —_— 4.32
m‘ <1012 GeV) 400MeV J’ (432)
Hy 2
2 _ 2 2 2
e . . = . . —_— . 4'
= oot =+ (Gph ) (4.33)

where Hj is the Hubble parameter during inflation, Hj /(27 F,/Ngom) or 60 is the
quantum fluctuation [79-83] in the initial misalignment angle 6;,;. Such axion fluc-
tuations are independent of the inflaton’s one in the flat time slice, called the isocur-
vature density perturbations. Using the energy density fluctuation §Qh? due to the
isocurvature density perturbations, i.e. dQh? = 2(30/0,,)Q2h?, the power spectrum

of the isocurvature density perturbation is given by

SO\? 4 Hiys 2/70\?
PS*(m) —%(sza/Ndom> (QC) ’ (4.34)

where ). is the density parameter of the cold dark matter, Q.h? ~ 0.12. The
isocurvature density perturbation is stringently constrained by the observation of

the cosmic microwave background (CMB) as [84]
Ps./(Pc +Ps.) < 0.038, (4.35)

where Pg, ~ 2.20 x 1079 is the power spectrum of the curvature perturbations

measured by CMB observations [84]. Therefore, we obtain the following condition

1 Hy 270\ B
— (L ) () < 2x107M 4.36
02, (27rFa/Ndom> (Q) ~ e ’ (4.36)

equivalently,

H2 2 H 2 F /N 2.38
O+ | 5o ! / Niom <107 (4.37)
27 Fy / Ndom 27 Fy /Ndom 10'2 GeV
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For e.g. Fy/Ngom = 102 GeV, Oin; = 2/3, the constraint on Hj is obtained as
H; <3x10"GeV. (4.38)

Therefore, the Hubble parameter during inflation must be much smaller than the
current observation bound H; < 10'3 GeV if the PQ symmetry is broken during or

before the inflation and not restored after the end of the inflation.
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Chapter 5

Global symmetry and quantum
gravity

In this chapter, let us discuss the conjecture that all global symmetries are accidental
ones. In particular, we show that the U(1) global symmetry seems to be broken by

the wormhole effect.!

5.1 Global symmetries broken by wormhole
5.1.1 Wormbhole solution

Historically, in 1987, Giddings and Strominger [85] found a wormhole solution as an
instanton from the Euclidean action of a massless axion coupled to gravity, where
they introduced a three form field as the dual version of the axion theory. The
wormhole solution in the pseudo-scalar representation was obtained by Lee [86] in
1988, where it was shown that the wormhole solution appears if the charge conserva-
tion condition is added as the Lagrange multiplier. In these papers, only the axion
component is accounted, on the other word, the radial component of an original
complex scalar field is assumed to be frozen. As was first pointed out by Abbott
and Wise [87], the radial component is not fixed in reality. In Refs. [87,88], the
effect is investigated without the spontaneous symmetry breaking. Thus, in 1995,
Linde e.t.al studied and found the wormhole solution with a dynamical complex
scalar field and spontaneous symmetry breaking [30].

Here, let us derive the wormhole solution from the Euclidean action? as in [30],

8 = / i /g, (_]‘gpln @+ 300+ V(f)) (5.1)

!The meaning of the wormhole will be explained soon.
?Here, we omit the Gibbons-Hawking surface term for simplicity. It should be noted that its
effect is not so large in our following analysis (See Ref. [30] for more details).
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where f, 0 is defined from a complex scalar field ® = %ew, gy is the determinant of

the metric tensor (we will explain the metric soon), R is the scalar curvature, V'(f)

is the potential which has a minimum at f = fy and

d
arV Dls=p =V(Hly=pp = 0. (5.2)
Here, we assume that the solution is O(4) symmetric, and thus the metric becomes
ds®> = dp® + R(p)*dQ3, (5.3)
dQs = dx? + sin(x)?(d6? + sin(h)2de?), (5.4)

where d€3 is the line element of a unit three-sphere, R(p) is a function of p. Following

Ref. [86], the following charge conservation condition,

(3" = \/9gg" f20,0) = 0, (5.5)

is introduced as a Lagrange multiplier. This charge conservation originates from the
global U(1) symmetry induced by the phase rotation of the complex scalar ®, where

the current is given by
3" = /999, 1(0,27® — 00, ®) = \/geq" [20,9. (5.6)
Therefore, the action Sg is
Sp = S + / A2 ()9, 5, (5.7)

where A(z) is the lagrange multiplier. From the variational principle 6Sg = 0, three

equations for f, 6, X is obtained,

~(VGg ) + FO)2 +dvydf —2f0'N = 0, (5.8)
~(V3g 120 + 0u(\/gg 20" N) = 0, (5.9)
gt = 0, (5.10)

1 1
R“y_QgguyR = %Tuy, (511)

where the subscript ’ shows d/dp, the assumption of the O(4) symmetric solution
is applied, R, is the Ricci curvature tensor, 7T}, is the energy-momentum tensor

which is given by

1 1
Ty = 0ufouf — £20,00,0 — gy 50k forf— iakeake +V|. (5.12)
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The equation in Eq.(5.9) denotes A = 6 + constant. The current conservation

equation in Eq. (5.10) has a solution,

2R3 20" = Qw, (5.13)
where Qu denotes the charge. The non-trivial equations® are
3R/ QQ
" / w
_ = .14
A I 3RO dv/df 0, (5.14)
12 8T o iz/V 2
R)* -1 R V—-—| = 0 5.15
(F) + 3M?2 84 f2 RO + 2 ( )

To obtain the finite action, and avoid singularities in p = 0, let us take the following

boundary condition,

R'(0) =0, f(0) =0, f(p)lp—stoe — fo- (5.16)

In Ref. [30], the numerical solution assuming the potential,

A

V() =5 =% (5.17)

gives the value of the effective action?, Sg ~ O(10) for A ~ O(1), fo ~ O(10'2 GeV).
Let us interpret the wormhole solution physically [85]. First, for p — £o0, the
equation in Eq. (5.15) is

(R)? =1, (5.18)
which leads to R(p)?|,—+00 — p*. Thus, the metric for p — £00 becomes,
ds® = dp? + p*dQs, (5.19)

which shows that there are asymptotically Euclidean regions. On the other hand,
in particular, for |p| < oo, the universe is topologically S3 or the closed universe for
fixed p. The schematic picture by this interpretation is in Fig. 5.1. The wormhole
seems to represent the tunneling between two asymptotically Euclidean regions. In
the figure, each circle (denoted as S%) around the “throat” or the “tube” shows
a three-sphere S3 for fixed w. From this interpretation, some types of wormholes
are considered in large four-dimensional volume as in Fig. 5.2. In Fig. 5.2 on the

upper left, the tunneling between the same Euclidean region (a parent universe)

3The equations are invariant under the transformation, p <> —p.
“In Ref. [30], the effect from the Gibbons-Hawking surface term is included in the analysis, and
then it decreases the action by about 10 %.
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Figure 5.1: The schematic picture of a wormhole.

is represented. On the other word, it describes the creation (the extinction) of a
closed universe or a baby universe of topologically S? from (into) an asymptotically
Euclidean region. A type of wormhole as in Fig. 5.2 on the upper right is called
the semi-wormhole, where the baby universe is created although both ends of the
throat must be connected into asymptotically Euclidean regions far away (outside
the picture). As in Fig. 5.2 on the bottom, two different Euclidean regions are

connected by the wormhole.

5.1.2 Effects of wormhole

In 1998, Coleman [6, 7], Giddings and Strominger [5] show that the effect of the
wormbholes is to add local interactions to the Lagrangian. Here, let us see this in a
simple set-up.

To concretely see the wormhole effect in the theory, let us consider the transition
amplitude from an initial state to a final state with wormholes under the dilute-
gas approximation. For simplicity, we assume that there is only one kind of the
wormbhole (the baby universe). The configuration of wormholes is given in Fig. 5.3.
There, the black curve lines are the baby universes, and one large square denotes
the parent universe (the Euclidean region), and the black dots are the wormhole
locations on the parent universe. The initial state has one parent universe and n;

baby universes. The final state has one parent universe and ny baby universe. The
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Figure 5.2: The different types of wormholes.

m baby universes in the initial state directly evolve into the m baby universes in
the final state. There are n wormholes that begin and end in the parent universe.
Here, we denote the action of a semi-wormhole by Sy (So > 0). The transition
amplitude of one wormhole is proportional to exp(—Sp). Thus, the amplitude of one
geometry e.g. of the wormhole configuration in Fig. 5.3 is weighted by the factor
exp[—So(2n+n; +ny—2m)]. To obtain the total transition amplitude, we must sum
over all such geometries including the integration over the locations of the wormhole
on the parent universe. It should be noted that each inequivalent geometry should be
counted once and only once. For the fixed n;, ny, m, n, the number of inequivalent

geometries is,

(szl)Qn—&-ni—l—nf—Qm

(ni —m)!(ny —m)nl2n’

(5.20)

where Vy = [ d4x\/§ and K is assumed to be some dimensionful constant to keep
things simple [6].> By the factor (V4)?"t"i+n/=2m  the wormhole location on the
parent universe is integrated over. But, the geometry is redundantly summed over
only by this factor. By the factor (n; — m)!(ny — m)! in the denominator, the
redundancy of the initial and the final semi-wormholes are canceled. The factor
n!2™ is needed to correctly count the inequivalent geometry of the n wormbholes,

where 2" is required because we cannot distinguish the start and the final point of

5 Actually, the amplitude will include terms constructed from the fields on the manifold.
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Figure 5.3: The schematic picture of the wormhole configuration. The sheet shows the
parent universe. The black dot denotes the wormhole connection points with the parent
universe.

each wormhole. Combining these factors, we obtain the amplitude,

(efsoKw)2n+ni+nff2m

- 27 (n; —m)!(ny —m)n!’

(Aning )nm (5.21)

for fixed n;, ny, m, n. However, the simple sum over (Ap,n;)nm is not quite equal
to the transition amplitude (ns|e~%¢/f |n;), where |n;), (ny| are the normalized initial
and final states with n; and n; baby universes, respectively. Scry is the Euclidean

action. Actually, for (n’|n”) = 8,/,,#, we obtain the composition rule, e.g.

(0le™5<£10) =y (0]~ 4! [n) (nle™ 57 |0). (5.22)
n
On the other hand, the corresponding transition amplitude by (A,,» f)n,m is

D (Aoono = exp (2(e"PKV,)?). (5.23)

n
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If the composition rule is established, Ago =), AomfAnr’OG would be shown, but

ZAO,H’An’,On/! = Z(Z(Ao’n/)n//’o)(Z(An/70)n///70)n,! (524)

/7 2
exp ((e™50KV})?/2) k"
- Z( ( T ) n'! (5.25)
= exp (2(e ™ KVy)?) = Agy. (5.26)

Thus, we need the extra factor n’!. This factor arises from the n'! ways of identifying
the final state of Ag, with the initial state of A, , and thus

(nle=%17|0) = VnlAn . (5.27)

Then, let us consider the general case of A, ,, using the schematic picture in
Fig. 5.4. It is enough to consider the final state of one geometry labeled as M,
and the initial state of another geometry labeled by Ms. To see the composition
rule, the number of baby universes (n') is the same between the final state of M
and the initial state of My. In My (M) geometry, there are m; (mz) baby universes
which do not connect with the parent universe in M; (Msz). In this situation, the
inequivalent identifying way is n’! /mq!ms!. Therefore, one obtains the amplitude for

fixed n;, ng, m, n denoted as (nf\efseff]nﬁn,m,

T f (G—SOKVZL)Qn—&—ni—&—nf—?m

-8, ) o Tuny .
<nf|e ff|nz>n,m Y (Animf)n,m — 2”(ni — m)!(nf — m)!n!. (5.28)
By summing up for n, m, the total amplitude is
min(n;,ny) i
_Seff A e 1/26725'0 (KV4)2 nl‘nf' _SOKV nz+7lf—2 5 29
{nysle Ini) = ¢ mZ:o m!(n; —m)l(ny — m)!(e R 15.29)
Now let us calculate the following quantity,
(mafe” ) ), (5.30)

where 3 is some definite value, a, @ are creation and annihilation operators sat-
isfying the bose commutation relation, [a,a'] and |n) = 1/1/n!(af)"|0). Using the

wick’s theorem, the result is,

min(n1,n2) -
<TL2|65(&+&T)|TL1> _ 6’32/2 Z Wﬁﬂnpﬂw 2%

(ny — )(ng — r)lr!”’ (5.31)

r=0

Here, we omit some summation for simplicity, and thus A, denotes Y. (Aqp)n,m with the
appropriate summation of n, m.
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Figure 5.4: The schematic picture of the wormhole decomposition rule.

where we used Baker-Campbell-Hausdorff in the form,
exp(B(a +a')) = exp(Ba)exp(8 al)exp(5%/2). (5.32)

Comparing Eq. (5.31) with Eq. (5.29), one obtains § = e %0 KVj. Thus, we find
the wormhole effect in the —Sey/,

e O KVy(a+ah). (5.33)

Here, the operator Ay, = (a + &T) is Hermitian, and thus let us take its eigenvalue

by wm. If we write the transition amplitude in term of the eigenstate of @+ af, we
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find the following term in the action Sy,

~Sepf D ume KV, = / d* 2\ /GgCum Ke . (5.34)

No local operator connects any A,,,-eigenstate to the other A,,,,-eigenstate [6,89].
This implies that, for an observer who cannot detect baby universes like the human
being, the « is just an (arbitrary) parameter like #-angle in QC'D. Therefore, the
wormhole effect arises in the local Lagrangian as v, Ke 0.

Although we assume the factor K is some constant, the K is actually constructed
from the field, and thus we expect that the K can be described by an (infinite)
series of local operators in the effective field theory which is valid as distance greater
than some cutoff scale (e.g. the wormhole size ~ 27 R(0)). There are some hints
to obtain such local operators. The wormhole carries the charge, Qw, defined in
Eq. (5.13). This effect can be seen as the loss (production) of the charge from the
parent universe. Thus, for the wormhole with the charge ¢, the local operator will
reflect this symmetry breaking in the effective action,

1,0\

/ d*x\/Gg [gum L 199 + h.c.] = / d*z\/g4 {gme‘l—q <\/§ few) —i—h.c.] ,(5.35)
where ¢, is some dimensionless coupling, and L is some dimensionful parameter.
Furthermore, if we limit the Plank scale to infinitely large, the wormhole effect
must completely decouple from the effective field theory. Therefore, the dominant

wormbhole effect may be written by the local operator in the effective Lagrangian,
R (5.36)
My ’ '

where the charge is assumed to be quantized.” In the following of this thesis, we
expect the global symmetry breaking by such as the above operator.

To protect the global symmetry, there are (at least) two ways. One is to use
the gauge symmetry as we discuss later. Another one is to use the topological

suppression of wormhole effects (See Appendix for details).

5.2 Some comments about global and gauge symmetries

In this section, we discuss some comments about symmetries.

"In the following, we use the reduced Planck mass for the non-renormalized Planck mass sup-
pressed terms. It should be noted that Mpr, = v/87 My is used in e.g. Ref. [87], where the explicit
PQ breaking terms become more suppressed by inverse powers of /8.
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5.2.1 Non-compact gauge groups

Here, let us consider the relation between global symmetries and non-compact gauge
symmetries [9]. To obtain the model with a non-compact gauge group, let us in-
troduce fields with two relatively irrational charges, e.g. 1 and v/2 under an abelian
gauge symmetry. In any gauge invariant Lagrangian, these two fields never couple
with each other, thus there is a global abelian symmetry under which the field of
charge v/2 rotates. If we accept that there are no global symmetries (no conserved
global charges) in quantum gravity, such a model cannot couple with gravity. On

the other word, in quantum gravity, all continuous gauge symmetries are compact.

5.2.2 Weak gravity conjecture

If we take the limit that gauge couplings equal to zero, we obtain the global sym-
metries, and thus the gauge couplings must be lower-bounded in quantum gravity.
For a concrete example, let us consider the electrically charged black hole is given
by classical Einstein-Maxwell theory, i.e U(1) gauge theory coupling with gravity.

There, the metric is given as the Reissner-Nordstrom solution,
1

ds*> = f(r)dt* — f(r)er—erQE (5.37)
2GM  GQ?g?
fr) = 1-——+ r2g1 (5.38)

where G =1/ (87TM§1), M is the mass of the black hole, () is the integer charge, g;
is the coupling constant of U(1) gauge. The event horizon of the black hole is given
by the condition f(r) =0,

re = GM % \/(GM)? - GQ2g}. (5.39)

An imaginary square root is considered to be unphysical, and thus

‘Q’91Mp1
\V8m '

We can make a black hole of mass M ~ M), and a gauge coupling is arbitrarily

(GM)* > GQ%*¢? - M > (5.40)

small. Then, a black hole can obtain any charge as long as the condition in Eq. (5.40)
is satisfied. If there are no light particles with U(1) charge, such black holes even-
tually evaporate into Planck scale remnants. Such remnants are believed to cause
inconsistencies (See e.g. Ref. [90]). This problem is avoided if there are particles
with m|Q| < M. Combining the condition in Eq. (5.40), we obtain the following
bound,

8m™m

)
M,

g > (5.41)
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equivalently,
g > m2G. (5.42)

This bound implies that the gauge coupling constants are lower-bounded [91].
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Chapter 6

Gauged Peccei-Quinn symmetry
and its applications

In this chapter, we show our three papers [13,39,40] about the origin of the PQ
symmetry.

Before going to our works, let us discuss the so-called quality problem of the PQ
symmetry. As we discussed in Ch. 5, the PQ symmetry may be badly and explicitly
broken by the quantum gravity effect. Actually, the following non-renormalizable

term may be produced at the lowest order,!

|9|*¢
L= \—+4h.c, 6.1
i (61)
where ¢ is the PQ breaking complex scalar field with some PQ charge, and the coef-
ficient A is a complex coupling. Apparently, this potential breaks the PQ symmetry
explicitly, and thus the axion potential is modified by
5

L~ |)\\]&—l cos(a/v +9) (6.2)
p

where |\| denotes the absolute value of A\, § is the phase of A\, v is the VEV of ¢,
and the a is the axion field, i.e. ¢ = %v e’/ Because it is expected § = O(1),
this term drastically changes the axion potential, and generally leads the O(1) shift
from the CP-conserving potential minimum denoted as A = O(1) for a typical
scale of v ~ 10°712GeV. To be consistent with the measurement of the nEDM,

the shift from the CP-conserving vacuum, Af must be smaller than the measured

The other terms like %51 or more higher non-renormalizable terms may arise in the Lagrangian.
P
The generalization of the following discussion including such other terms is straightforward, and
thus we only consider the term in (6.1) for simplicity.

49
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upper-bound of the #-parameter,

U5
4

AO ~ |N————
| ’AQCDMPI

<1070, (6.3)

For the typical value of the v and the QCD confinement scale Aqcp, the coupling A

is required to be extremely tiny,

1011 A4
Al S 1077 ( ! USeV> ( Qe ) (6.4)

0.1 GeV

Therefore, the Strong CP problem still remains unsolved. This is so-called the

quality problem of the PQ symmetry.

6.1 Gauged Peccei-Quinn symmetry

In this section?, we show our mechanism to solve the quality problem, where the
gauge symmetry, namely gauged PQ symmetry, can protect the PQ symmetry from

the quantum gravity effect.

6.1.1 General prescription
Let us recall invisible axion models such as the KSVZ model [11,12] or the DSFZ
model [48,49]. There, the postulated anomalous global PQ symmetry is sponta-
neously broken with which the axion field associates. The non-perturbative effects
of QCD generate the axion potential through the axial anomalies.

Now let us bring two sectors of the invisible axion models. The two PQ symme-
tries in each sector, U(1)pg and U(1)pg, are explicitly broken by the QCD anoma-
lies, and the corresponding Noether currents ng and jI’ﬁQ, satisfy the anomalous

ward identities,

2 B 2 -
djpg = ?’%MGG . jpy = %NQGG . (6.5)

Here, G the gauge field strength of QCD, g; the QCD coupling constant. The
Lorentz indices and the color indices are suppressed. The coefficients N7 and N»
depend on each invisible axion model.

In the two anomalous symmetries, there is a linear combination which is free

from the QCD anomaly. Hereafter, we consider that the anomaly free combination

2Most part of this section is based on Ref. [13] published in the physics letters B,
(© 2017 American Physical Society.
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is a gauge symmetry, which we name the U(1),pqg symmetry. Here, we assume that
the U(1)4pq is free from all anomalies 3.

In each sector, breaking operators of the global PQ symmetries are forbidden by
the U(1)ypq symmetry. Therefore, the U(1),pq symmetry provides protection of
the PQ symmetries in each sector.

Let us further assume that there are no interactions between the two sectors
except for the gauge interactions. In this limit, the PQ symmetries in each sector
are broken only by the anomalies. It should be noted that the radiative corrections
generate interactions between the two sectors. Those corrections, however, do not
break the PQ symmetries in each sector since they are broken only by the U(1),pg
and the QCD anomalies. Therefore, in this limit, the theory possesses an accidental
U (1) symmetry in addition to the U(1),pq gauge symmetry. In the following, we call
this anomalous accidental symmetry, U(1),pg. As it has been noted, the U(1),pg
symmetry plays the role of the PQ symmetry for the PQ mechanism.

In reality, there are interaction terms between the two sectors. In particular,
there are terms which are invariant under the U(1),pq gauge symmetry but break
the U(1),pq symmetry. For example, let us consider operators O and Oy which
consist of fields in each sector, respectively. When these two operators have non-

vanishing and opposite U(1),pq charges, the interaction terms

1
ﬁﬁ@’ = WOlOQ + h.c. y (66)

M,

explicitly break the U(1)qpq symmetry. Here, do,, denote the mass dimensions
of the corresponding operators, and My, denotes the reduced Planck scale. Given
the general discussion that all global symmetries are broken by quantum gravity
effects, there is no principle to suppress these terms since it is consistent with gauge
symmetries.

From the current experimental upper limit on the § angle, § < 10710 [1],
such explicit breaking terms of the U(1),pg symmetry are, however, acceptable
as long as dp, + dp, > 10 when the PQ symmetries are spontaneously broken at
1019712 GeV [10,20,21].

6.1.2 Decomposition of U(1),pg and U(1),pq
Before moving to explicit examples, let us discuss how to decompose the U(1),pq and

the U(1)qpq symmetries. For that purpose, let us consider a simple example where

3The [U(1)gpg]® anomaly and the gravitational anomaly of U(1)ypg can be cancelled by adding
fermions which are singlet under the Standard Model gauge groups.
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the invisible axion candidates in the two sectors correspond to the axial components
of complex SM gauge singlet scalar fields ¢ and ¢’,
1

V2

Here, f, 5 are the decay constants of each sector and we keep only the axial compo-

6= Jfucll o= et (67)

nents, @ and b. The domains of them are given

a/fo=1[0,27), b/fy=1[0,2m), (6.8)

respectively.
Let us assume that the U(1)4pg gauge charges of the complex scalars are ¢ and

q', respectively. In this case, the axial components are shifted by,

a/fa— a/fa+qa, E/fb—>l~)/fb+qla, (6.9)

under the U(1),pq symmetry. Hereafter, we take the normalization of « such that
g and ¢’ are relatively prime integers without loosing generality.

From the covariant kinetic terms of ¢ and ¢, we obtain

E::?mﬁﬂgw2
= 5(00)* + S (9b)* — gAu(afad"a+ ¢ f,0"D)
2
+g§(q2f3 + ¢ fP) AL A"
1 1 1 2
§(aa)2 + §m?4 <AH — W@b) . (6.10)
where, g is the gauge coupling constant of U(1),pq. The mass of the U(1),pq gauge

boson, A, is given by,
m} = (@ f2 + 47 ) - (6.11)

In the final expression, we redefine the axial fields by

e

() (0 ()
q2f§+q/2be qfa  d'fo
The field b is the would-be Nambu-Goldstone boson, while the gauge invariant field
a corresponds to the PQ axion.

To extract an gauge invariant U(1),pg global symmetry, let us remember that
a gauge orbit of U(1),pg winds the domain of (a,b) more than once for ¢ # ¢’ (see

Fig.6.1). Then, the domain of a is given by the interval of the gauge orbit in the



6.1. GAUGED PECCEI-QUINN SYMMETRY 53
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0 a 27fa 0" & onfa  4nf,

Figure 6.1: (Left) A gauge orbit in the domain of (a,b) for ¢ = 2, ¢ = 3. The domain of a
is given by the interval between the orbits. (Right) The unwind gauge orbits.

domain since the field points connected by a gauge orbit is physically equivalent.
When we take that ¢ and ¢’ are relatively prime integers, we find the axion interval

in the figure is given by,

27rfafb

VEfe+ 21

fafb

VT2 + P fE

the U(1),pg symmetry is realized by the shift of the axion,

a= |0, (6.13)

Thus, with a decay constant,

F, = (6.14)

Fia = Fi +6pg (6.15)
with §pg ranging from 0 to 27 *.

The anomalous coupling of the axial components depends on models of the in-
visible axion models. In order for the U(1),pq symmetry is free from the anomaly,

the anomalous coupling should appear in the form of

2 !~ 7
_ Y ga qb) -~
Locp = 327T2N <fu, fb) GG, (6.16)
2
o 9s a ~
= 327T2N7FGGG . (6.17)

Here, N is a model dependent integer.

4We may extend our analysis where there is a kinetic mixing between & and b, although the
kinetic mixing does not change our discussion.
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6.1.3 Examples
Barr-Seckel Model

As the simplest example, let us discuss a model based on two KSVZ axion models [11,
12]. This example corresponds to the model discussed in [10].

In each KSVZ sector, the PQ symmetry is spontaneously broken by the VEVs
of complex scalars ¢ and ¢’ whose PQ charges are unity. In each sector, the scalars

couple to extra vector-like quarks via

L =yéQQ + h.c. , (6.18)

and
L=y¢QQ + h.c.. (6.19)

The PQ charges of the extra quarks are taken to be Q(0) and Q(—1) in the first
KSVZ sector and Q'(0) and Q'(—1) in the second sector. We assume that there are
Ny and N J’c flavors of the extra quarks in each sector.

Due to the QCD anomaly, the axion candidates in each sector have anomalous

coupling,

S\ fa Jo

Here, we define the axial components of the KSVZ scalars as in Eq. (6.7). From this

2 (N.a N.b 3
=5 (f“+ f>GG. (6.20)

expression, we find that a linear combination of the two PQ symmetries with the

charge assignments ¢(q) and ¢(¢) is free from the anomaly for
qd/q=—Ny/Nj . (6.21)

As discussed in the previous section, we regard the anomaly free PQ symmetry as the
U(1)4pg gauge symmetry, where ¢ and ¢’ are normalized so that they are relatively
prime integers.

Under the U(1),pqg symmetry, no explicit PQ breaking operators appear in each
sector. The interaction terms between the two KSVZ sectors, on the other hand,
generically break U(1),pq. In fact, the lowest dimensional operator which breaks
the U(1)qpg symmetry is given by,

1 /
— = 4ldl
Eﬂ,pQ— T F1a] 4¢) ¢ + h.c. (6.22)

pl
As we have seen in the previous section, the explicit breaking of the PQ symmetry
is acceptable when |g| + |¢’| > 10. Once this condition is satisfied, the anomalous

U(1)apq of an acceptable quality appears as a result of the U(1),pq gauge symmetry.
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Let us comment here that ¢ and ¢’ in our normalization are given by,
qg= N}/ngcd . 4 = —Nyf/Nged (6.23)

when Ny and N ]’c has common divisors, ng.q > 1. In this case, the anomalous

coupling of the axion is given by,

g: a =
S
[‘QCD = 3271_2 ngcd Fa GG 5 (624)

which means N = ng.q in Eq. (13).

Composite Axion Model

As a second example, let us apply our prescription to the so-called composite axion
model [50,51] ®. There, we consider an SU(N,) gauge theory with vector-like
fermions of SU(N.)xQCD quantum numbers,

Q(Ne,3),  Q(Ne,3),  q(Ne, 1), G(Ne,1) . (6.25)

This model possesses an axial U(1) symmetry with the charge assignments,

Q(), Q), q(=3), a(-3). (6.26)

This symmetry is free from the anomaly of SU(N,) but broken by the QCD anomaly.
We identify this symmetry with the anomalous PQ symmetry in the first sector. The
anomalous PQ symmetry is spontaneously broken at the dynamical scale of SU(N,),
where the axion appears as an composite field 6.

According to the general prescription, we further introduce another sector of the
composite composite axion where N, is replaced by N.. The PQ symmetry in this
sector is also broken spontaneously at the dynamical scale of SU(NY).

In this model, the anomalous couplings of the axion candidates are given by

2 ~ 17
9s Nca Nc b a/ya
L= G'G* . 6.27
32m? ( fa " o ( )
Here, the decay constants are taken so that the domains of a/F, = [0,27) and
b/fy = [0,27) coincide with the domains of the axial components of the quark

5For other attempts to obtain a high-quality PQ symmetry in the composite axion model, see
e.g. [27,92].

SThere are 15 light pseudo-goldstone modes associated with the chiral symmetry breaking at
AN, which are color charged except for the axion candidate. The colored pseudo-Nambu-Goldstone
bosons obtain masses of O(asAxn) where o = g2/4m. See e.g. [33].
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bilinears, QQ and Q'Q’, respectively. From Eq.(6.27), we find an anomaly free

combination is given by taking
q/q=—N./N., (6.28)

with which we identify the U(1),pg gauge symmetry in our general prescription.
The anomalous U(1),pqg symmetry is, on the other hand, given by Eq. (6.15). The
axion domain wall number corresponds to the greatest common devisor of N, and
N/.

Under the U(1)ypg symmetry, there are explicit breaking terms of the U(1),pg

Symmetry,

L (QQ)(QQ) (6.20)

Msllq\+3\Q’\—4
These operators does not spoil the PQ solution for 3(|q| 4+ |¢’|) > 10. Thus, for
example, a model with N. = 2 and N/ = 5 provides the origin of the anomalous PQ
symmetry for the successful PQ mechanism.
For ¢ = 3k or ¢ = 3K'(k,k’ € Z\{0}), there are additional lower dimensional
operators which break the U(1),pg symmetry,

1

L~ W(QQ)M(CI'@')W?’ ; (6.30)
pl
or
1 ! —
£~ W((@'q Qe (6.31)

pl

Those operators are harmless for |g| 4+ 3|¢’| > 10 or 3|g| + |¢’| > 10, which can be
satisfied for N, = 3 and N/ = 4 for example.

6.2 Domain wall problem in gauged PQ mechanism

Before going to the applications of the mechanism, let us discuss more details about
the domain wall problem in our mechanism. For convenience, we use Ngjom to denote
the domain wall number in this section.

As discussed in Sec. 4.1, the model with Ngom > 1 suffers from the domain wall
problem if the global PQ symmetry is broken after inflation since the average of
the axion field value in each Hubble volume is randomly distributed. To avoid the

domain wall problem, spontaneous breaking of the global PQ symmetry is required
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to take place before inflation, which in turn requires a rather small inflation scale to

avoid the axion isocurvature problem (see, e.g. Refs. [93,94]).

In our mechanism, if Ny and N } are relatively prime integers in Eq. (6.23),
the domain wall number is given as Ngom = 1, and thus it seems to be no discrete
symmetry which is broken by the VEV of the axion field and no domain wall problem
as discussed in Sec. 4.1. Still, however, there can be domain wall problems when the
global PQ breaking takes place after inflation. To see this problem, let us remember
that there can be various types of cosmic string configurations formed at spontaneous
symmetry breaking of the P(Q symmetries. For example, in the Barr-Seckel model,
when both the gauged and the global PQ symmetries are broken spontaneously after
inflation, there can be cosmic string configurations in which either the phase of ¢ or
¢’ takes 0 — 27 around configurations. It should be noted that those configurations
are the global strings and not the local string. Thus, the string tensions diverge in
the limit of infinite volume which is cut off by the Hubble volume. The local string,
on the other hand, corresponds to the configurations in which the phases of ¢ and ¢’
wind N ]’c times and Ny times simultaneously. With the U(1),pq gauge field winding
simultaneously, the tension of the local string is finite even in the limit of infinite

volume for the local string.

A striking difference between the global strings and the local strings is how the
axion field winds around the strings. Around the local strings, only the would-be-
Goldstone field winds, while the axion winds around the global strings. Thus, when
the axion potential is generated at around the QCD scale, the axion domain walls
are formed only around the global strings, while they are not formed around the
local strings. Once the domain walls are formed around the global strings, they
immediately dominate over the energy density of the universe, which causes the
domain wall problem. Therefore, for the domain wall problems not to occur, the

local strings should be formed preferentially at the phase transition.

The string tensions of the global strings and the local strings, however, depend
on model parameters. Thus, there is no guarantee that only the local strings prefer-
entially survive in the course of the cosmic evolution. As an example, let us consider
a case with (¢) > (¢). In this case, the cosmic strings are formed at the first phase
transition, i.e. (¢) # 0 with (¢') = 0. At this stage, strings around which the phase
of ¢ winds just once are expected to be dominantly formed. They are local because
we can take an appropriate charge normalization for the U(1),pq. As the tempera-
ture of the universe decreases, the string networks follow the scaling solution where

the number of the cosmic strings in each Hubble volume becomes constant (see, e.g.,
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Ref. [95]).

Once the temperature becomes lower than the scale of the second phase tran-
sition, i.e., (¢') # 0, the local strings formed at the first phase transition become
no more the local strings.” Besides, formations of the global strings of ¢ are also
expected at the second phase transition in which the phase of ¢/ winds just once.
To form a genuine local string, it is required to bundle N ]’c ex-local strings (formed
by ¢) and Ny global strings (formed by ¢') into a single string. However, the con-
fluence of global strings into a local string is quite unlikely as there is no correlation
between the nature of the cosmic strings in the adjacent Hubble volumes. Therefore,
when (@) > (¢'), the domain wall problem is expected to be not avoidable even if
Ngom = 1.8

In summary, let us list up possibilities to avoid the domain wall problem. The
first possibility is a trivial one where both the gauged and the global PQ symmetries
are broken before inflation. This solution does not require Ngom = 1. In this
possibility, there is a constraint on the Hubble scale during inflation from the axion
isocurvature problem.

The next possibility is only applicable for Nqom = 1 with NV ]/f =1and Ny > 1.
Here, it is assumed that the first phase transition (i.e. (¢) # 0) takes place before
inflation while the second phase transition (i.e. (¢’) # 0) occurs after inflation.
In this second possibility, the local strings formed at the first phase transition are
inflated away. The global strings formed at the second phase transition, on the other
hand, do not cause the domain wall problem as each of the global string is attached
to only one domain wall [72,73]. Notice that the global PQ symmetry is broken
after inflation end in this scenario solving the domain wall problem and the quality
problem of the global PQ symmetry.

In addition to these two possibilities, there can be another possibility which is
applicable for Ngom, = 1 with (¢) ~ (¢). In this case, there can be a possibility
where the local strings are preferentially formed at the phase transition. Besides,
the axion domain wall attached to the global strings may have very short lifetime
for Ngom = 1 even if they are formed. To confirm this possibility, detailed numerical
simulations are required, which goes beyond the scope of this paper.

It should be noted that the second possibility (and the third possibility if nu-

"The configuration of the gauge field formed at the first phase transition does not coincide with
the one required for the local string with (@)’ # 0.

8 As there is no corresponding discrete symmetry, the domain wall is not stable completely. For
{¢) > (¢'), however, the decay rate (i.e., the puncture rate and/or the rate of the breaking off) is
highly suppressed.
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merically confirmed) is one of the advantages of the gauged PQ mechanism over the
models in which the global PQ symmetry results from an exact discrete symmetry,
such as Zy. In such models, the axion potential also respects the Zy symmetry, and
hence, the domain wall problem is not avoidable when the global PQ symmetry is
spontaneously broken after inflation. In the gauged P(Q models, on the other hand,
it is possible that the global PQ symmetry is broken after inflation without causing

the domain wall problem nor the axion isocurvature problem.

6.3 Application to SUSY model

In this section?, let us discuss a further application of the gauged PQ mechanism to
the SUSY breaking model, where the PQ symmetry is simultaneously broken with
the dynamical SUSY breaking.

6.3.1 Gauged PQ mechanism in SUSY

First, let us briefly summarize a supersymmetric version of the gauged PQ mecha-

nism [13].

Would-be goldstone and axion superfields

As a simple example, let us consider two global PQ symmetries U (1) pg, and U (1) pg,,
which are broken by the VEVs of ®;, ®; and ®5, ®9, respectively. For instance,

such vacuum is achieved by the superpotential,
W = )\1X1(2(I>1(i)1 — A%) + )\2X2(2q)2(I)2 — Ag) . (632)

Here, ®; and ®; (i = 1,2) have charges +1 under U(1)pg, and have vanishing
charges under U(1)pg, (j # i), respectively. The superfields, X o, have vanishing
charges under both the PQ symmetries. The parameters A1 o are coupling constants,
and Aj o are dimensionful parameters. After the spontaneous breaking of the PQ

symmetries, ®’s lead to the Goldstone superfields A172,10

1 _ 1

D = —AeMM | Py = NN 6.33

1 \/§ 1 1 \/i 1 ( )
1 _ 1

(I>2 = 7A2€A2/A2 5 (132 = 7A26_A2/A2 . (634)

V2 2

9Most part of this section is based on Ref. [39] B
0Here, we set the origins of A; at which ®; = ®;, while (®;) # <<I>Z> for (A;) #0.
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By using the Goldstone superfields, the PQ symmetries are realized by,

Al/Al — Al/A1+ia1 , (Ozl 20—27'(') , (635)
AQ/AQ — Az/Az—}-iO[z , (042 = 0—27'(') . (636)

The PQ symmetries are communicated to the supersymmetric Standard Model
(SSM) sector by introducing extra quark multiplets as in the KSVZ axion model [11,
12]. Throughout this paper, we assume that the extra multiplets form 5 and 5
representations of the SU(5) gauge group of the Grand Unified Theory (GUT). Let
us suppose that ®1 o couple to Ny and N flavors of the KSVZ extra multiplets 5;,
5; (i = 1,2), respectively,

W = @15151 + 6)25252 . (637)

Through the above coupling, both the global PQ symmetries are broken by the
Standard Model anomaly. The anomalous breaking of the global PQ symmetries
lead to the anomalous coupling of the Goldstone superfields,
1 A1 A2
Wanom = 8? (N1A1 - N2A2) zl:vvlavvla ’ (638)
where, W (I = 1,2,3) denote the field strength superfields of the Standard Model

gauge interactions.'’ We normalize the gauge field strength so that the gauge kinetic

functions are given by

1 (0%
L= [§ W Wla}F Y he. (6.39)
with
i o
LA 4
T glg + ]2 ; (6 0)

where ¢g; and 0; are the gauge coupling constants and the vacuum angles of the
corresponding gauge interactions.

An important observation here is that there is a linear combination of the PQ
symmetries for which the Standard Model anomalies are absent. In fact, a U(1)
symmetry under which ®; 2 have charges ¢; and ¢ is free from the Standard Model

anomaly for

@1N1 —qaN2 = 0. (6.41)

"Here, the gauge indices of SU(3). and SU(2)r, are suppressed, and the GUT normalization is
used for U(1)y.
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In the gauged PQ mechanism, we identify the anomaly-free combination to be a
gauge symmetry U(1)gpg. The gravitational anomaly and the self-anomaly of the
U(1)gpq are canceled by adding U(1),pq charged singlet fields. Hereafter, we take
q1 and g9 are both positive and relatively prime numbers without loss of generality.

In the gauged PQ mechanism, one of the linear combinations of Ajo is the
would-be Goldstone supermultiplet, and the other combination corresponds to the
physical axion superfield. To see how the physical axion is extracted, let us consider
the Kahler potential of ®’s,

K =0le 209V ®) + 01209V, 4 ¢le 2129V 0y 4 229V d, | (6.42)

where V' and g are the U(1)4pq gauge supermultiplet and the gauge coupling con-
stant, respectively. Under the U(1)4pg gauge transformation, the gauge field is
shifted by,

29V — 29V’ =29V —i© +i0" | (6.43)
with © being the gauge parameter superfield. By substituting Eqs.(6.33) and (6.34),

the Kéhler potential is reduced to

Al + A Ab+ A
K = A?cosh <2qlgV - 12_11> + AZ cosh <2q2gV - 21;2> .(6.44)

The physical axion and the would-be Goldstone superfields A and G are obtained
by rearranging Ai > by

( G > - T ( e ) A (6.45)
¢ ) " @ g\ ad ape )\ 4l ) -

By using A and G, the Kéhler potential is rewritten by,

~ ZQQ A2 > 2(11 Al
K = A?cosh <2q1V - m—VA—I(AJr + A)) + AZ cosh <2q2V + mivAig(AT + A6.46)
where
Vv = v-2@ct+a), (6.47)

my

my = 2g,/q¢iAT +q2A3 . (6.48)

The final expression of Eq. (6.46) shows there is no bi-linear term which mixes A and
V. Therefore, we find that A corresponds to the physical axion superfield, while G
is the would-be Goldstone superfield which is absorbed by V' in the unitarity gauge.
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It should be noted that the physical axion A is invariant under the gauge U(1)4pg
transformation.

For a later purpose, let us discuss the domain and the effective decay constant of
the axion. The domains of the imaginary parts of A; 2 (corresponding to the phases
of ®15) are given by

Im[A;]  a;

A; = E = [07277) ) (Z = 172) ’ (649)

where a; = v/2Im[A;] and f; = v/2A;. When ¢; and ¢o are relatively prime integers,

the gauge invariant axion interval is given by [13],

21 f1 f2
0, g2 ). 6.50
\/7q%f%+q%f§> (6:50)

Accordingly, the global U(1)pg symmetry is realized by

a=+2Im[A] =

a a’ a

i =0—2 bl
i —>Fa FQ-I—(SPQ, (5PQ 0 ), (6.51)

where F, is defined as an effective decay constant,

_ fife _ V2A1 A5
VAR+a3  VEN+ @A

(6.52)

Accidental global PQ symmetry

In the present model, the lowest dimensional U(1),pq invariant operators which
break the global PQ symmetries are given by,

1

W~ M +q2—3
pl

(7% + 0701 | (6.53)
where Mpr, = 2.4 x 10'® GeV denotes the reduced Planck scale. When supersymme-
try is spontaneously broken in a separate sector, the above superpotential contributes

to the axion potential through the supergravity effects,!?

1y o(a)? M3/2  y@paa @
V ~ imaFa <F'a> + WA12A2IE + h.C. + e, (655)
p

2In supergravity, a superpotential term W; directly appears in the scalar potential as
V = (ni —3)mgye x Wi+ h.c., (6.54)

with n; being the mass dimension of W;.
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where m3/, denotes the gravitino mass. In the final expression, we use PPl =
A®ta+l joleta)/2¢ia/Fa and the intrinsic § angle of QCD is absorbed by the defi-
nition of the axion field. The first term represents the axion mass term due to the
QCD effects [44],

2 £2
9 mymg M fz
~ 6.56

where m,, 4 are the u- and d-quark masses, m, the pion mass, and fr >~ 93 MeV the
pion decay constant.
As a result, the effective 6 angle at the vacuum of the axion is given by,

1 msz/2 2 A\n
272 Fz—3 M1 A2
maF; Mgll 2

12

Heff
~ 1066—6~4(¢11+Q2) (6.57)
( M3/ )2 0.08 GeV\* A \® Ay \© (6.58)
106 GeV maFy 1012 GeV 1012GeV ) '
Thus, for ¢1 + ¢2 2 12, ms/g = 0O(10°) GeV, and Aj 2 = O(10'2) GeV, the explicit

breaking terms of the global PQ symmetries are small enough to be consistent with

the measurement of the neutron EDM, i.e. fog < 107! [1]. In this way, a high
quality global PQ symmetry appears as an accidental symmetry in the gauged PQ

mechanism.

6.3.2 Dynamical supersymmetry/PQ symmetry breaking

In this section, we discuss a model of a simultaneous breaking of supersymmetry and
the global PQ symmetry. As we are interested in solutions to the strong C' P-problem
without severe fine-tuning, it is natural to seek models in which the PQ breaking
scale is generate by dynamical transmutation. Thus, in the following, we construct
a model of a simultaneous supersymmetry/PQ symmetry breaking sector based on
a strong dynamics. For now, we do not consider the gauged PQ mechanism which

will be implemented in the next section.

Simultaneous breaking of supersymmetry and global PQ symmetry

As the simplest example of the dynamical supersymmetry breaking models, we con-
sider a model of supersymmetry breaking based on SU(2) gauge dynamics (the
IYIT model) [96,97]. The advantage of this model is that the nature of dynamical

supersymmetry breaking is calculable by using effective composite states.
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The model consists of four SU(2) doublets, Q; (i = 1 — 4), and six singlets,
Zij = —Zj; (i,j =1 —4). Those superfields couple via the superpotential

Wivir =Y _ M Z7QrQ (6.59)

where )\f} denote coupling constants with )\fj = —)\;?f = —)\élj. The maximal non-
abelian global symmetry of the IYIT model is SU(4) flavor symmetry, SU(4) ¢, which
is broken by )\fjl

The superpotential Eq. (6.59) respects a global U(1)4 symmetry with charges,
Z’s(+2), Q’s(—1), and a continuous R-symmetry, U(1)g, with Z’s(+2), @’s(0)
(Tab.6.1). The former is broken down to the discrete subgroup, Z4, by the SU(2)
anomaly, while the latter is free from the SU(2) anomaly. As we seek a solution
to the strong C'P problem not relying on global symmetries, we consider that the
Z4 and U(1)p symmetries are accidental symmetries and are broken by Planck sup-
pressed operators.

It should be noted, however, that a discrete subgroup of U(1)r, Zygr (N >
2), plays crucial roles in constructing the SSM. Without Zygr (N > 2) symmetry,
the VEV of the superpotential is expected to be of the order of the Planck scale.
Such a large VEV of the superpotential, in turn, does not allow a supersymmetry
breaking scale lower than the Planck scale due to the condition for the flat present
universe. In addition, it is also known that R-symmetry (or at least an approximate
R-symmetry) is relevant for supersymmetry breaking vacua to be stable [98,99].
Given its importance, we assume that the Zygr (N > 2) symmetry is an exact
discrete gauge symmetry [100-106].13 In this paper, we take the simplest possibility,
Zag, assuming a presence of an extra multiplet of the 5, 5 representations of the
SU(5) GUT. The Z4gr symmetry is free from the Standard Model anomaly when the
R-charges of the bilinear term of the Higgs doublets and that of the extra multiplets
are vanishing [107-110].14

In this model, we identify the global PQ symmetry with a U(1) subgroup of
SU(4)s (Tab.6.1). As it is a subgroup of SU(4)y, the PQ symmetry is free from the
SU(2) anomaly. Under the global U(1)pg symmetry, the superpotential is reduced
to

Wivir = M3Z2Q1Qs + M12%QsQu + Y N Z7Q1Q (6.60)

13In Ref. [25], it is proposed to achieve the global PQ symmetry as an accidental symmetry
protected by the exact discrete R-symmetry without relying on the gauged PQ mechanism.
MFor GUT models which are consistent with the Zsr symmetry, see, e.g., [111,112].
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Table 6.1: Charge assignment of the simultaneous symmetry breaking model. The
chiral superfields, Q’s, and Z’s, are the SU(2) doublets and singlets of the IYIT
model, respectively. The U(1)pg symmetry is a subgroup of the maximum flavor
symmetry of the IYIT model. The KSVZ extra multiplets consist of the 5 and 5
representations of the SU(5) GUT group. The U(1)r and U(1)4 symmetries are
accidental symmetries of the IYIT model. A discrete subgroup of U(1)g, i.e. Zsr
is assumed to be an exact symmetry. The R-charges of the KSVZ extra multiplets
are taken to be r5 +rz = 2.

Qi | Q3a | Z12(Z_) | Z3a(Zy) | Z13,14,23,24(Z5 (a=1—4)) 5 5
ST | 2 | 2 1 1 1 11
U(l)pQ +1 -1 -2 +2 0 —2 0
Ur | 0 | 0O 2 2 2 s | 73
TMa | =1 | =1 | +2 +2 2 240

where \’s are dimensionless coupling constants with S\fjl =0 forij =12,34 or kl =
12, 34. Hereafter, we take \13 = )\gﬁi = ) for simplicity,although it is straightforward
to extend the following analysis for M3 # A3}. As we will see shortly, the PQ
symmetry is spontaneously broken by the VEV of Q1Q2 and Q3Q4.

By assuming the KSVZ axion model, the PQ symmetry is communicated to the
SSM sector through couplings to the KSVZ extra multiplets in 5 and 5 representa-
tions of the SU(5) GUT,!?

1 _
W= — 55 . 6.61
T Q10 (6.61)

The PQ charges of the KSVZ extra multiplets are given in Tab.6.1. Hereafter,
we assume that there are Ny flavors of the KSVZ extra multiplets. Once (Q3Q4)
spontaneously breaks the PQ symmetry, the axion couples to the SSM sector via
Eq. (6.123) and the extra multiplets obtain masses of O((Q3Q4) /Mpr).

Now, let us discuss how supersymmetry and the PQ symmetry are broken spon-
taneously. Below the dynamical scale of SU(2) dynamics, A, the IYIT model is well
described by using the composite fields, M;; ~ Q;Q;, with an effective superpoten-
tial,

Wegg ~ AMZ_M{ +MZ M+ Ay AZEME + X (2M M_ + MEME — A?) . (6.62)

Here, M} ~ Q1Q2/A and M_ ~ Q3Q4/A denote the PQ charged mesons, while M

(a =1 —4) are the PQ neutral mesons. The coupling constants A and the singlets

15The KSVZ extra multiplets should be distinguished the extra multiplets required to cancel the
Standard Model anomaly of the Zsr symmetry.
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Zy’s are also rearranged accordingly. In the effective superpotential, the quantum
modified constraint 2M M_ + MoMgy — A? = 0 [113] is implemented by a Lagrange
multiplier field X.

By assuming that \’s are perturbative, and Ay (= \) are smaller than N’s, the
VEVs of M4 are given by

(M) = \}EA, (M) = \}§A | (6.63)

Other fields do not obtain VEVs of O(A).16 At this vacuum, the PQ symmetry is
spontaneously broken by (M) while supersymmetry is broken by the VEVs of the
F-components of Z, i.e.,

1

Fy. 7

A2 (6.64)

simultaneously.

Here, let us comment that the Z4r is not enough to restrict the superpotential
in the form of Eq. (6.59). In fact, there can be superpotential terms such as Zg or
ZoZ+ Z_ without the U(1) 4 (or Z4) symmetry. As those terms make the supersym-
metry breaking vacuum in Egs. (6.63) and (6.64) metastable, the coefficients of those
terms should be rather suppressed to make the vacuum long lived. Such suppression
can be achieved, for example, by assuming that a subgroup of Z4 and U(1)pg is an
exact symmetry where Zy’s are charged but Z. are neutral.!” It is also possible to
suppress the unwanted terms by extending the SU(2) dynamics of the IYIT sector
into a conformal window by adding extra doublets [114-116].

Axion supermultiplet

The degeneracy due to the PQ symmetry breaking is parametrized by the axion
superfield A,

1 1
My = —Ae? | M_ = ——Ae 4N, 6.65
with which the PQ symmetry is realized by
A/AN— A/A+ia, (a=0-2m). (6.66)

Here, we reduce the domain of the U(1)pg rotation parameter from o = 0 — 47 to
a = 0— 2, since all the SU(2) gauge invariant fields have the PQ charge of +2 (see

“The scalar components of Z+ and X obtain small VEVs of O(mg)).

17 As this symmetry is not broken spontaneously at the vacuum, and hence, Zy’s and My’s are
predicted to be stable. Thus, the simultaneous breaking of the IYIT sector should take place before
inflation to avoid the production of those stable particles if we assume the above symmetry.
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Tab.6.1). In other words, the sign changes of Q’s by a phase rotation with a = 27
can be absorbed by a part of SU(2) transformation.
The effective Kahler potential and superpotential of My and Z. are given by,

Kt ~ |24+ |2+ M + M P+ (6.67)
Weg ~ MM, Z_ +AM_Z, | (6.68)

where the ellipses denote the higher dimensional operators. By substituting the

axion superfield, the effective theory is reduced to

1

Kt ~ |Z4+|Z P+ 5(AT+ 42+, (6.69)
1

Weg ~ E)\A2(Z,€A/A—|—Z+€_A/A), (6.70)

with some irrelevant holomorphic terms omitted in the Kahler potential. The scalar

potential is accordingly given by,'8

At + A 1 2
V. ~ A2A*cosh < ;{ ) + §>\2A4 ‘Z+6_A/A — Z_eMA (6.71)
At + A
~ AZAY cosh< ;\L ) + NANT? . (6.72)

In the final expression, we rearranged the scalar fields by introducing complex scalar
fields S and T,

Z, = 12(S+T)6_A/A, (6.73)
1
Z_ = E(S—T)eA/A : (6.74)

so that the PQ symmetry is manifest in the scalar potential.

S

The above scalar potential shows that the complex scalar T and the real com-
ponent of A (the saxion) obtain masses of AA, around their origins. The complex
scalar filed S (the pseudo-flat direction) and the imaginary part of A (the axion a),
on the other hand, remain massless. The pseudo-flat direction eventually obtains a
mass from the higher order terms in the Kéhler potential. For perturbative A and
), the mass is dominated by the one-loop contributions [117-119],

(Fs = AA?) | (6.75)

m} =

4 2
<)\2(210g2 -1+ ) ) ts

3272 332/ A2

B Throughout the paper, we use the same symbols to describe the superfields and their scalar
components.
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with which the pseudo-flat direction is stabilized at its origin.'”

The superpotential in Eq. (6.70) also shows that the fermion partners of A (the
axino) and 7" obtain a Dirac mass of AA, with each other. The fermion partner of S
corresponds to the goldstino which is absorbed into the gravitino by the super-Higgs
mechanism.

Putting together, the model achieves dynamical breaking of supersymmetry and
the PQ breaking simultaneously. The axion supermultiplet splits into a massless
axion and massive saxion/axino with masses of the supersymmetry/PQ breaking

scale. The axion couples to the SSM sector via the coupling in Eq. (6.123), i.e.,

W ~

_ A2 ) _
A/A ia/F,
e85 ~ e 55, (6.76)
\/iMpl \/iMpl
where a = v/2Im[A] denotes the axion field and F, = v/2A. After integrating out
the extra KSVZ multiplets, the axion couples to the SM gauge fields through
Ny A

Wanom = @K

> WiWia (6.77)
!
with which the strong C'P problem is solved

Explicit breaking of the PQ symmetry

Now, let us discuss explicit breaking of the global PQ symmetry expected in quantum
gravity. In this model, the most relevant terms which break the global PQ symmetry

are given by, 2°

K K kA2
W —Z (Q1Q2)* + —5 7 (Q3Q4)* ~ ~— Z. M3 . (6.78)
M2 M2 M2

with s being a dimensionless coupling constant.?! The corresponding symmetry

breaking terms in the scalar potentials are given by,

Ve ko2 () o (A) At ne (6.79)
ks (g i .

9Here, we neglect the one-loop contributions from the U(1),po gauge interaction by assuming
that the gauge coupling constant is small. The contributions from the gauge interaction, in fact,
destabilize the origin of the pseudo flat direction [118-120].

20Here, we require that U(1)pg is not broken by renormalizable interactions as a part of definition
of the global symmetry.

*'Lower dimensional operators which break the PQ symmetry, such as Z}/Mpy, are forbidden
by the Zsr symmetry.
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Here, we inserted the VEVs of M4 and those of F-terms of Z1. Due to the explicit
breaking, the VEV of the axion, and hence, the effective 6 angle is shifted to

Of = ~— ~ Im[r) [ — — (6.80)
Fa My m‘%F‘g mod 27
0.08 GeV\* A 6
~ 1040><1m[m]< ) < = ) (6.81)
Mok, 1012GeV) |

Thus, unless Im[x]] is finely tuned to be smaller than O(107!1), the effective 0
angle is too large to be consistent with the measurement of the neutron electric
dipole moment (EDM) [1].

6.3.3 Gauged PQ extension of simultaneous breaking model

Let us now implement the gauged PQ mechanism to the model of the simultaneous
breaking of supersymmetry and the PQ symmetry in section 6.3.2. For that purpose,
we introduce an additional sector based on SU(3) dynamics which breaks a PQ
symmetry spontaneously. In the following, we call this model the SU(3)" model,

and put primes on the superfields and the symmetry groups in this sector.

SU(3) PQ symmetry breaking model

The SU(3)" model consists of three flavors of the (anti-)fundamental representa-
tion of SU(3), @', @', and nine SU(3) singlets, Z’. The charge assignment of the
global symmetries is given in Tab. 6.2. Under these symmetries, they couple via the
superpotential

Wpo = XNZ1Q1Q; (6.82)

Ikl
ij

U(1), is identified with the global PQ symmetry, U(1)’q, while the maximal flavor
symmetry, SU(3)r x SU(3)g, is completely broken by \'’s.

where A% denote coupling constants with (i, j, k,I = 1 — 3). The baryon symmetry,

In addition to the global U(l)’PQ symmetry, the superpotential possesses a con-

tinuous R-symmetry and a U(1)); symmetry (broken down to a Zg symmetry by

the SU(3)" anomaly) in Tab. 6.2. As discussed previously, however, we consider that
only Zsg is an exact symmetry, and assume that U(1)r and U(1), are accidental

symmetries broken by higher dimensional operators.??

2Without U(1)’y (or Zs), the superpotential terms such as Z’® are allowed even if we assume the
Zsr symmetry. Such terms, however, do not change the following discussion.
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Table 6.2: Charge assignment of the dynamical PQ symmetry breaking sector. The
chiral superfields, Q)'’s, and Z'’s, are the SU(3)’ triplets and singlets, respectively.
The U(1)pg symmetry corresponds to U(1)p symmetry in the SU(3)" sector. The
KSVZ extra multiplets are denoted by 5" and 5'. The U(1)r and U (1), symmetries
are accidental symmetries, with Z4r being an exact symmetry. The R-charges of
the KSVZ extra multiplets are taken to be r§ +r¢ = 2.

Q/ Ql Z/ 5/ 5/
SUBY | 3 3 1 1 1
U)po | +1 | —1 | 0 3 0
U(l)g 0 0 +2 rt T
UA)Y, | +1 | +1 | —2 || =3 | ©

Below the dynamical scale of SU(3)’, A/, the SU(3)" sector is well described by

the composite mesons and baryons,
M/ ~ Q/Q//A/ , Bg_ ~ Q/Q/Q//A/Z , B/_ ~ Q/Q/Q//AIQ ’ (6.83)

with an effective superpotential,

e = NNZ'M' + X' (B.B_ +det(M')/A — A?). (6.84)
Here, the second term implements the deformed moduli constraint by a Lagrange
multiplier field A" [113]. The mesons are neutral under U(1)p, while the baryons
have charges +3.
From the superpotential in Eq. (6.84), we find that the PQ symmetry is spon-
taneously broken by the VEVs of By. Accordingly, the vacuum is parametrized by
the Goldstone superfield A’,?3

1 /

B, = —AyeN/A 6.85
+ \/§ 2 ( )

1 /
B = AgemA/M2 6.86
o (6.86)

with Ay = v/2A’. By using A’, the PQ symmetry is non-linearly realized by
A’ A

As in the case of the IYIT sector, the domain of the PQ symmetry is reduced from
o/ =0—67 to o = 0— 27 as the SU(3)’ invariant fields have the PQ charges of +3.

%The origin of A’ is set at which B} = B, and (B/) # (B.) for (A’) # 0, accordingly.
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Table 6.3: The charge assignment of the gauged PQ symmetry and the Zsr sym-
metry. The singlet fields Y’s and Y”’s are introduced to cancel the self-triangle and
gravitational anomalies of U(1),pqg (see subsection 6.3.3).

Zy My B, B" 5 5 5/ 5/ Y Y’
Ulgro || £ | £ q2 - | —q 0 q2 0 q —q2
Zar 2 0 0 0 rs | rs | r5 | 7% 1 1

The U (1)’PQ symmetry in this sector is also communicated to the SSM sector
through the couplings to N} flavors of the KSVZ extra multiplets, 5" and 5. With
the charge assignment in Tab. 6.2, the baryons couple to the extra multiplets in the

superpotential,

1 — =~ ,—, A2 _
W=-—">5Q'QQ'55 ~ B' 5’5 . (6.88)
M3 M3

Once U(l)}DQ is broken, the axion obtains the anomalous coupling to the SSM gauge
fields, while the extra multiplets obtain masses of O(A’ /Mgl).

Gauged PQ symmetry

Now, we are ready to find out a model of the gauged PQ symmetry by combining the
simultaneous supersymmetry and the PQ symmetry breaking model in section 6.3.2
and the PQ symmetry breaking model in subsection 6.3.3. To apply the prescription
in section 6.3.1, let us first identify ®; with the meson operator M in section 6.3.2

and ®9 with the baryon operator B',, i.e.,

Oy = M, , (6.89)
o, =B, (6.90)

and assign U(1),pg charges of g1 and —ga to them (Tab. 6.3).2* Then, the anomaly-
free condition of the U(1),pq symmetry in Eq. (6.41) is given by,

@ Ny — Ny =0. (6.91)

Once the two sectors are put together by the gauged PQ symmetry, spontaneous
breaking of the PQ symmetries in the two sectors lead to the would-be Goldstone

and the axion superfield. The would-be Goldstone is absorbed into the massive

24The U(1)ypq charges of Q1,2 and Qs corresponds to ¢1/2 and ga2/3, respectively.
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U(1)y4pq gauge multiplet, and the saxion and the axino in the axion supermultiplet
obtain masses of the order of the supersymmetry breaking scale. As a result, the
simultaneous breaking model with the gauged PQ mechanism leaves only a light

axion which couples to the Standard Model gauge fields via Eq. (?7).

Accidental global PQ symmetry

As discussed in the previous section, the global PQ symmetry can be explicitly
broken by the U(1),pq invariant operator consisting of the fields in the two sectors.

Among the explicit breaking terms, the most relevant ones are given by,?’

K

W~ W(A(@Qz)qz‘l@’@/@’)“ (6.92)
p

+Z4(Q3Q4) 2 HQ'Q'Q)™) (6.93)

~ M<Z+M121B?1+ZM€“BF) : (6.94)

3q1+2q2—4
]\Ip1

with x being a dimensionless coupling constant. It should be noted that these terms
are consistent with the Z,p symmetry, and hence, no factor of ms/, is required unlike

the terms in Eq. (6.53). These operators roughly contribute to the axion potential,

L oyofa)? Im[kA] 99, \ 13, @
V ~ imaFa <F1a> WA 2A IE + h.C. + - s (695)

where the VEVs of My, B/,, and those of the F-terms of Zy are inserted, Therefore,
in the simultaneous breaking model with the gauged PQ mechanism, the effective 6

angle at the vacuum is given by,

1 A222 ABa
202 3q1+2q2—4
maFa Mplql q2

4 2 3
~ 10775640 +242) o 0.08 GeV A TN QI(6_97)
maFy 1012 GeV 1012 GeV

Ot (6.96)

Thus, for 3¢; + 2¢2 2 14, the explicit breaking of the global PQ symmetries are
small enough to be consistent with the measurement of the neutron EDM, i.e.,
Oor < 1071 [1].

25 There are lower dimensional operators which break the global PQ symmetry with M. replaced
by Mpr x Z4 in Eq. (6.92). The explicit breaking effects of those operators are comparable to the
ones of Eq. (6.92) due to suppressed A-term VEVs of Z1 = O(mgs,3).
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Mass spectrum of the KSVZ multiplets

The KSVZ multiplets, (5,5) and (5’,5’) were introduced to communicate the PQ
symmetries to the SSM sector. After PQ symmetry breaking, those extra multiplets

obtain supersymmetric masses of the order of

A2

MKSvz ~ =7, 6.98
T (6.98)
A/3

!

Mgsyvz ~ 339 0 (6.99)
Mgl

respectively (see Egs. (6.123) and (6.125)). The scalar components of the KSVZ
multiplets also obtain masses of O(mg/3) through supergravity effects. Thus, most
of the KSVZ multiplets become heavy and beyond the reach of the LHC experiments
except for the fermion components of (5',5’).26

The KSVZ extra multiplets are assumed to couple to the SSM particle via,

/
€ _ €
W~ M7Q1Q25 Ssm+ 4 Q'Q'Q'5 55 (6.100)
pl pl
~ emgsyz55sm + € mksyz 5 Bsm (6.101)

where 555 denotes the SSM matter multiplet, and () are coefficients. Here, we

take r5 = rf =1 so that 5 and 5’ have the same R-charges with 5557. Through the

mixing terms, the KSVZ extra multiplets decay immediately into the SSM particles.

Finally, let us note that there can be mixing terms between (5, 5) and (5, 5')
through,

W ~ LQlQQ5 5 + LQ’Q’Q%’ 5. (6.102)

My, M§1

Although these operators consist of the fields in the two PQ symmetric sectors, they

are invariant under not only the gauged PQ symmetry but also under the global

PQ symmetries. Thus, these terms do not affect f.. They do not affect the KSVZ

mass spectrum significantly neither. From these reasons, we neglect these mixing

terms throughout this paper.

PQ charges in the SU(3)’ model

For a given ¢; and ¢g, there are upper limits on A and A’ to achive a high-quality

global PQ symmetry (see Eq.(6.96)). The dynamical scales are also constrained

*The extra multiplet to achieve the Zsr symmetry also obtains the mass of O(my/s) from the
R-symmetry breaking effects [121].
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from below for an appropriate supersymmetry breaking scale and for heavy enough
KSV7Z extra multiplets. As a lower limit on the supersymmetry breaking scale, i.e.,

A, we require

AA2
m ~
3/2 NN

so that the observed Higgs boson mass, myg ~ 125GeV, is achieved by the grav-

>10TeV , (6.103)

ity mediated sfermion masses of O(my3/5). As a lower limit on the KSVZ extra
multiplets, we put
A/3

mysyz =~ e 2 750 GeV (6.104)
p

from the null results of the searches for a heavy b-type quark at the LHC experi-
ments [122-125].

In Fig. 6.2, we show the charge choices for SU(3)’ model for Neg = 1 and A = 1.
The charges colored by blue are excluded, with which 6. cannot be suppressed
enough for mg/y 2 O(1) TeV and mygy, 2 750 GeV.?" In the figure, we require
Oor < 10710 given O(1) uncertainties of the coefficients of the explicit breaking
terms. The figure shows that these constraints exclude relatively small charges as
the suppression of the explicit breaking term relies on large PQ charges.

The perturbative coupling unification of the SSM gauge coupling constants also
puts constraints on the charges. From the anomaly-free condition in Eq.(6.91), Ny

and N are given by
Nf = NGCD X q2 , N]/c = NGCD X q1 . (6.105)

As the extra multiplets contribute to the renormalization group evolutions of the
SSM gauge coupling constants and make them asymptotically non-free, the pertur-
bative unification puts upper limits on Ny and N}, and hence, on ¢; and go.

In Fig. 6.2, we color the charges by red, with which f.g < 10710 is not compatible
with the perturbative unification. Here, we use the renormalization group equation
at the one-loop level and require that g; 2 3 < 47 below the GUT scale, i.e., Mgyt ~
10'6 GeV. We also take the masses of the sfermions, the heavy charged /neutral Higgs
boson, and the Higgsinos to be at the gravitino mass scale. The gaugino masses are

assumed to be dominated by the anomaly mediation effects [126,127] which are

2"The charges colored by blue are not changed even if the lower limits on ms 2 and Mgy are
relaxed to mg/e 2 100 GeV and micsy 7 2 100 GeV.
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Figure 6.2: Constraints on charges q; and g in the SU(3)" model for Nocp = 1. The
allowed charges are colored by light blue and orange, although the orange colored charges
are allowed only for A’ 2 Mgur. The charges colored by blue lead to too large O.g or too
light KSVZ extra multiplets. The gauge coupling constants of the SSM blow up below the
GUT scale for the charges colored by red. The black colored charges are excluded as they
are not relatively prime.

roughly given by (see, e.g. [128]),

Mpino = 10_2 X m3/2 ) (6106)
Mwine =~ 3% 107 x mys (6.107)
Mgluine =~ 2.5 X 1072 X mgs (6.108)

although the constraints do not depend on them significantly as long as they are in
the TeV range. The gravitino mass is take to be within 10 TeV < mg/,, < 10PeV.
These choices are motivated by the pure gravity mediation model in Refs. [129-131]
(see also Refs. [132-135] for closely related models).?® In the renormalization group
evolution, we also take into account an extra multiplet required for the anomaly free
condition of the Z,r symmetry, whose masses are also at the gravitino mass scale.
The figure shows that the requirement for perturbative unification excludes the
charges with go > 7 (Ny > 7). This is expected as Ny flavors of the KSVZ extra
< 10PeV.? On the other hand, a

~

multiplets have masses of 10TeV < mggsyz
large ¢; is allowed. This is because the explicit breaking terms are suppressed by
(A /Mp1)3‘11, and hence, a high-quality global PQ is possible even for a large A’

as long as ¢ is large. For a large A’, m/cq,, also becomes large, with which the

%8Here, the Higgsino mediation effects neglected for simplicity. Besides, the gaugino spectrum is
deflected from the anomaly mediation in the presence of the KSVZ extra multiplets [136].

2If we restrict to mg /2 < 1PeV, the constraint becomes tighter and the charges with g2 > 5 are
excluded.
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perturbative unification is possible even if N J’c = q; is large. It should be noted,
however, that the effective field theory approach is no more reliable when A’ is too
close to the Planck scale. In the figure, we color the charges by orange if they require
alarge A’ i.e., 10" GeV < A’ < 107 GeV. For Nacp > 2, there are no appropriate

charges with which f.g < 1071 and the perturbative unification are compatible.

Parameter regions in the SU(3)’ model

In Fig.6.3, we show the parameter regions for a given ¢; and ¢». In each panel,
we take mgz/,, < 10PeV and A = 1, 101, 1072, respectively. The gray shaded
region is excluded, as fg < 10719 is not satisfied (see Eq. (6.96)). The perturbative
unification is not achieved in the blue shaded region. The red shaded region is
excluded for too light KSVZ extra multiplets, i.e., my g, < 750 GeV. The green
dashed lines are contours of the effective decay constant in Eq. (6.52).

The figure shows that the dynamical scale A’ is tightly constrained from above
to achieve f.g < 107! for the minimum charge choice, i.e., g, = 5 and ¢ = 1. This
is understood as the explicit breaking terms are not effectively suppressed for rather
small charges. As a result, the PQ breaking scales are required to be low to avoid
large explicit breaking effects. The upper limit on A’ becomes tighter for a larger
A as is expected from Eq.(6.96). Furthermore, as the dynamical scale A becomes
larger for a smaller A\, the upper limit becomes even tighter for a smaller A for a
given mg/y. The constraints from the perturbative unification are, on the contrary,
weaker since my gy z becomes larger for a smaller A for a given mg /.

An interesting property of the minimum choice is that the model predicts the
KSVZ extra multiplets (5’, 5) in the TeV range. This feature reflects the suppressed
fermion masses of the KSVZ extra multiplet in Eq. (6.99) caused by the composite
nature of the PQ breaking field, i.e., B’ , with a tight upper limit on A’. Thus, the
model with the minimum charge choice can be tested by searching for vector-like
colored particles at the LHC experiments.

For ¢y = 7 and ¢ = 1, the upper limit on A’ is weaker than for the mini-
mum choice. This is because the suppression factor of the explicit breaking term,
(A'/Mp;)3%, can be very small even for a rather large A’ due to a large exponent.
The constraint form the perturbative unification is, on the contrary, tighter for a
large q; as N ]’c is proportional to ¢;. For a large N }, the masses of the KSVZ extra
multiplets, m/y gy 4, is required to be high to avoid the blow-up of the gauge coupling
constants below the GUT scale.

For ¢ = 1 and ¢o = 7, the upper limit on A’ is also weaker than the minimum
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choice for A = 1 due to a strong suppression of the explicit breaking terms by
(A/Myp)?%. As the suppression factor is sensitive to A, the upper limit on A’ becomes

very tight for a smaller A for a given gravitino mass.

In all cases, we find that the gravitino mass is required to be in the hundreds TeV
or larger, and hence, the model can be consistent with the observed Higgs boson
mass achieved by the gravity mediated sfermion masses. It is also notable that
the dynamical scale A’ is larger than A in the allowed parameter region. Therefore,
both the accidental global PQ symmetry and supersymmetry are broken by the IYIT
sector while the gauged PQ symmetry is mainly broken by the SU(3)" sector. This
feature is attractive as it explains the coincidence between the global PQ breaking

scale and the supersymmetry breaking scale.

Before closing this subsection, let us comment on the axion dark matter abun-
dance. The axion starts coherent oscillation when the Hubble expansion rate be-
comes comparable to the axion mass, which leads to the present axion dark matter
density [77],

1.19
Qaxionh? ~ 0.2 x 62 _Fa . (6.109)
"\ 1012 GeV

Here, 6; is the initial misalignment angle of the axion field. Thus, the axion can be a
dominant component for dark matter of F, = O(10'?) GeV, i.e., Qpy =~ 0.12 [137].
As the figures show, F, = O(10'2) GeV is possible in a wide range of the parameter
space. Therefore, the model based on SU(3)’ can be consistent with the axion dark

matter scenario.?°

Cancellation of self- and gravitational anomalies

As mentioned in section 6.3.1, the gravitational anomaly and the self-anomaly of
U(1)gpq are canceled by adding U(1),pq charged singlet fields. In this subsection,
we show a concrete model of the anomaly cancelation.

In the IYIT sector and the SU(3)’ sector, the U(1)4pq charged fields are paired
with fields with opposite charges. Thus, the fields in these sectors do not contribute
to the self-anomaly nor the gravitational anomaly. The charges of the KSVZ extra

multiplets are, on the other hand, not paired, and hence, they contribute to the

30For my,5 > O(1) PeV, the wino is expected to be heavier than O(1) TeV, whose relic abundance
exceeds the observed dark matter density. In such parameter region, we need to assume either a
dilution mechanism of dark matter or R-parity violation.
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anomalies,
ASY? = —BNpg} +5Nq8 (6.110)
Agiyi%ational - _5NfCI1 + 5N}Q2 ) (6111)

respectively. The easiest way to cancel the anomaly is to introduce 5Ny singlet
superfields Y with a charge ¢; and 5V } singlet superfields Y/ with a charge —gs.
The charges of Y’s and Y'’s are given in Tab. 6.3.

As the singlet fields do not have mass partners with opposite charges, the su-
persymmetric masses of them are generated only after U(1),pq breaking. The mass

terms of Y’s are given by

1 A4
W~ —(Q3Q4)*YY ~ —YY . (6.112)
Mg, Mg,

Here, we take the Zyr charge of Y’s to be 1, so that their scalar and fermion
components are odd and even under the R-parity, respectively. As a result, the

fermionic components of Y’s obtain

A 4

while the masses of scalar components are dominated by the gravity mediated soft
masses of O(ms/2).

The supersymmetric masses of Y'’s are even smaller,

1

W~ —
MY

o A\
Q' QY'Y ~ N <> Y'Y’ . (6.114)
My
Here, we take the Zsp charge of Y”’s to be 1. As a result, the fermionic components
of Y'’s obtain,

2 A, °

while the masses of the scalar components of Y’s are dominated by the gravity
mediated soft masses as in the case of Y’s.3!

If those fermions are abundantly produced in the early universe, they contribute
to the dark radiation or dark matter and result in an unacceptably large number of

effective neutrino species, Ngg, or the overabundance of dark matter. To evade these

31There are mass terms proportional to Y'Y’ which can be lager than Eqgs. (6.112) and (6.114)
depending on the parameters. Even in such cases, there remain light fermions with masses either
my or my as the numbers of Y’s and Y”’s are different.
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problem, we assume that spontaneous breaking of U(1),pg takes place before the
end of inflation. We also assume that the gauge superfields of U(1),pq are heavier
than the reheating temperature after inflation. Furthermore, it is also assumed that
the branching fraction of the inflaton into Y’s and Y”’s are suppressed. With these
assumptions, we can achieve cosmologically consistent models where the self- and

the gravitational anomalies are canceled by the U(1)4,pg charged singlets.

SU(N)" dynamical PQ symmetry breaking model

So far, we have considered the dynamical PQ breaking sector based on the SU(3)
gauge theory. There, the deformed moduli constraint plays an important role to
break the global PQ symmetry (i.e., the baryon symmetry) spontaneously. In this
subsection, we discuss the models of dynamical PQ breaking based on SU(N) gauge
theory other than N = 3. We call such models, the SU(N)" dynamical PQ breaking
model.

First, let us consider the SU(2)’ model. With four fundamental representations of
SU(2)', @', the model exhibits the deformed moduli constraint. In this model, there
is no baryon symmetry, and the global PQ symmetry is identified with a subgroup
of the maximal non-abelian group SU(4)¢ as in the case of the IYIT sector. Then,
the global PQ symmetry breaking is achieved by introducing four PQ neutral singlet
superfields, Z'.32

In this model, the KSVZ extra multiplets coupling to the SU(2)’ sector obtain

masses via,
1 _
W~ —Q1Q55'5 | (6.116)
M,
leading to
A/2
mgsvz ~ : . (6117)
p

Thus, the SU(2)" model allows a rather small A’ compared with the SU(3)" model
to achieve m’; g, 2 750 GeV. It is even possible to be A" < A. The possibility of
A’ < A is, however, not very attractive as the model does not explain a coincidence
between the PQ breaking scale and the supersymmetry breaking scale.

Next, let us consider the SU(N)" (N > 3) model. In this case, the global PQ
symmetry is identified with the baryon symmetry which is broken by the deformed

32Tt is tempting to make the SU(2)" sector also be the IYIT supersymmetry breaking sector by
introducing six singlet fields, Z’s, instead. In this case, however, supersymmetry and the gauged
PQ symmetry are broken by the dynamics, while the global PQ symmetry is broken separately.
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/

moduli constraint as in the case of the SU(3)" model. As the mass terms of the

KSVZ extra multiplets, 5’ and 5/, are given by,

1 _ _ _
W~ W(Q’---Q’)y 5, (6.118)
pl
the dynamical scale A’ should be much higher than A to satisfy m/y gy, 2 750 GeV.
Here, Q- --Q denotes the baryon operators of the SU(N)' sector. The SU(N)’
models are very similar to the SU(3)" model except for the dynamical scale A’,

although we do not discuss details of the SU(N) model further.

6.4 B-L gauge symmetry as gauged PQ symmetry

As discussed in our mechanism application to the SUSY, the SM singlet fermions
introduced to cancel the anomaly tend to have light mass due to its gauged PQ
charge, and they are potentially produced from the decay of the inflaton and the
gauge field of the gauged PQ symmetry, and thus they contribute to the dark radi-
ation and result in an unacceptably large number of effective neutrino species. This
problem seems to be a general cosmological problem with our mechanism.

In this section®3, we find the model with no extra singlet fermions as one simple
solution to the above cosmological problem. To find out a realistic model, we have
also sought the probable identification that the gauged PQ symmetry equals to the
B — L gauge symmetry which is the most authentic extension of the SM gauge
symmetries. There, the B — L charges for matters are assigned as motivated by the
seesaw mechanism in the SU(5) GUT.

6.4.1 B - L as gauged PQ symmetry

Among the various extension of the Standard Model, B — L is the most plausible
addition. The anomalies of the B — L gauge symmetry are canceled by simply
introducing three SM singlet right-handed neutrinos Nz. The B — L extended
Standard Model naturally implements the seesaw mechanism by the spontaneous
breaking of B — L at the intermediate scale.

Having the SU(5) GUT in mind, it is more convenient to consider “fiveness”,
5(B — L) —4Y, instead of B — L, as it commutes with the SU(5) gauge group. The

fiveness charges of the matter fields are given by

10sm(+1) , Bsm(—3), Ngr(+5), (6.119)

33Most part of this section is based on Ref. [40)



6.4. B-L GAUGE SYMMETRY AS GAUGED PQ SYMMETRY 81

while the Higgs doublet, h, has a charge +2 (i.e. B — L = 0).3* Here, we use the
SU(5) GUT representations for the matter fields, i.e. 10sym = (qr, g, €r) and 5y
= (dg, /1), while Np denotes the right-handed neutrinos.

The seesaw mechanism is implemented by assuming that the right-handed neu-
trinos obtain Majorana masses from spontaneous breaking of fiveness. In this paper,
we assume that the Majorana masses are provided by the vacuum expectation value

(VEV) of a gauge singlet scalar field with fiveness, —10, i.e.,
¢(—10) , (6.120)
which couples to the right handed neutrinos,
L= —éyNgZ)NRNR + h.c. . (6.121)

Here, yn denotes a coupling constant, with which the Majorana mass is given by
My = yn (¢). By integrating out the right-handed neutrinos, the tiny neutrino

masses are obtained, via
L = y/5smNrh* + h.c., (6.122)

where y, also denotes a coupling constant.
Now, let us identify the gauged PQ symmetry with B—L, i.e., fiveness. Following
the general prescription of the gauged PQ mechanism in [13], let us introduce extra

matter multiplets which obtain a mass from the VEV of ¢;
L= quﬁ* 5[{5]{ + h.c. (6.123)

with yr being a coupling constant.® Here, the extra multiplets (5x,5x) are as-
sumed to form the 5 and 5 representations of the SU(5) gauge group, respectively.
As in the KSVZ axion model [11,12], the Ward identity of the fiveness current, js,
obtains an anomalous contribution from the extra multiplets,

g2

Oslsapnsk = ~ 393 1OFF" . (6.124)

Here, F® (a = 1,2,3) are the gauge field strengths of the Standard Model and g,
the corresponding SM gauge coupling constants. The Lorentz indices and the gauge

group representation indices are suppressed. The factor —10 corresponds to the
charge of the bi-linear, 555 (see Eq. (6.123)).

34The colored Higgs is assumed to obtain a mass of the GUT scale.
35The reason why the extra multiplets couple not to ¢ but ¢* will become clear shortly.
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In the gauged PQ mechanism, the U(1),pg gauge anomalies are canceled by a
contribution from another set of the PQ charged sector. For that purpose, let us
also introduce 10-flavors of extra matter multiplets (5, 5% ). We assume that they

obtain masses from a VEV of a complex scalar field ¢’ whose fiveness charge is +1;
L=y ¢ 555 + h.c., (6.125)

where the charge of the bi-linear, 5’K5’K, is set to be +1. With this choice, the
anomalous contributions of the Ward identity in (6.124) are canceled by the one

from (5%, 5%), i.e.,

975 | st ns ik = 0 - (6.126)

The fiveness charges of the respective extra multiplets are chosen as follows. To
avoid stable extra matter fields, we assume that 5 and 5% can mix with 5gy, so
that

5k(=7) , 5x(=3), 5 (+4) , 5k (-3) (6.127)

respectively. As a notable feature of this charge assignment, it cancels the [U(1)4pg]?
and the gravitational anomalies automatically without introducing additional SM
singlet fields. In fact, the [U(1),pg]® and the gravitational anomalies are propor-

tional to

[U)gpgl® < ((—10 — qx)* + (ax)?) (6.128)
+ 10 ((1 = qx)* + (@x)°) (6.129)
[gravitational] o ((—10 — gx) + (dx)) + 10 (1 - %) + (Tx))

with g and gy are the charges of 55 and 5, respectively. By substituting gx =
7y = —3, we find that both the anomalies are vanishing.

The anomaly cancellation without singlet fields other than the right-handed neu-
trinos is by far advantageous compared with the previous models [10,13,39]. The sin-
glet fields required for the anomaly cancellation tend to be rather light and longlived,
which make the thermal history of the universe complicated [39]. The anomaly can-
cellation of the present model is, therefore, a very important success as it is partly
motivated by thermal leptogenesis which requires a high reheating temperature after
inflation, i.e., T > 10° GeV [138-140].

Under the fiveness symmetry, the interactions are restricted to

_ _ 1 - = _ _
L = 10sm10smh* + 1055 h + BNgh™ — 5(]5 NgrNg + (25* 5D+ ¢/* 5/K5 + h.c.
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_V(¢a ¢,a h) . (6130)

Here, 5 collectively denotes (5sm,5k,5% ), and V (¢, ¢, h) is the scalar potential.
The coupling coefficients are omitted for notational simplicity. At the renormalizable
level, the above Lagrangian possesses a global U(1) symmetry, which is identified
with the global PQ symmetry. The global PQ symmetry corresponds to a phase
rotation of a gauge invariant combination, ¢¢''?, while the other fields are rotated

appropriately. The global PQ charges of the individual fields are generically given
by

/ 3
Q=% Q=0 (6131)

for {SM, Ng,5x,5} and {5}, respectively. Here, g5 denotes the fivness charge of
each field, and Qg 4 are the global PQ charges of ¢ and ¢ with Q4/Q4 # —10,
respectively.

The global PQ symmetry is broken by the QCD anomaly. In fact, under the
global PQ rotation with a rotation angle apg,

¢¢''0 = €072 x §g'0 | (6.132)
the Lagrangian shifts by,
2
APQYa 1a fa
1) = FeFe . 1

It should be noted that the normalization factor of Eq. (6.133) is independent of the
choice of the global PQ charge assignment for the individual fields.

Since the global PQ symmetry is just an accidental one, it is also broken by the
Planck suppressed operators explicitly. However, due to the gauged fiveness symme-
try, no PQ-symmetry breaking operators such as ¢" or ¢ (n > 0) are allowed. As a
result, the explicit breaking terms of the global PQ symmetry are highly suppressed,

and the lowest dimensional ones are given by,

/10
Lpg ~ 110'% + h.c. , (6.134)
where Mpy, ~ 2.44 x 108 is the reduced Planck scale. As we will see in the next
section, the breaking terms are acceptably small not to spoil the PQ mechanism in
a certain parameter space.
In the presence of the explicit breaking terms in Eq. (6.134), the QCD vacuum
angle is slightly shifted by3%

1 (9)(¢)" T (_(9) (@) \"
S TR Ve y o R (1010Gev><1011(}ev> - (6135)

36Hereafter, (¢) and (¢’) denote the absolute values of the VEVs of ¢ and ¢'.
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where m, denotes the axion mass. Such a small shift should be consistent with the
current experimental upper limit on the 6 angle, # < 1010 [1].

In Fig.6.4, we show the constraint on the VEVs of ¢ and ¢’ from the experi-
mental upper limit on Af. In the gray shaded region, the explicit breaking effect in
Eq. (6.135) is too large to be consistent with A9 < 1071°. The orange lines show the
contours of the effective decay constant in Eq. (6.14), which is mainly determined by
the smaller one between (¢) and (¢’). The figure shows that the model is consistent
with the the experimental upper limit on A# for (¢') < 10! GeV. As a result, we find
that the gauged PQ mechanism based on the fiveness can solve the strong CP prob-
lem while satisfying the astrophysical constraint from the observation of supernova
1987A, F, > 10® GeV [141], and the condition for successful thermal leptogenesis,
My = yn (¢) 2 10° GeV [138-140].

Several comments are in order. Since (5gm,5,5% ) have identical gauge charges,
they are indistinguishable from each other. Once ¢ and ¢’ obtain VEVs in the
intermediate scale, 11-flavors of them become mass partners of 5’s, and 3-flavors of
them remain massless. The SM 3-flavors of 5 are identified with those massless 5’s.

It should also be noted that the “inter-sector” interactions via 5 do not lead to
explicit breaking of the global PQ symmetry. To see this, it is the most convenient to
choose Qg = 0 and Qg =1 (see Eq. (6.131)), which leads to the global PQ charges,

¢'(+1) . 5k(+1), (6.136)

with the charges of {SM, Ng, ¢, 5,5} vanishing. As the fiveness invariant inter-
actions of 5 in Eq.(6.130) are also invariant under the global PQ symmetry in
Eq. (6.136), no explicit breaking terms are generated from the “inter-sector” inter-
actions.?7

In the low energy effective theory, the axion couplings to the SM fields are the
same with those in the KSVZ axion model except for those to the neutrinos. As
B — L is an accidental symmetry of the SM except for the neutrino masses, the
current couplings to the axion proportional to the fiveness can be absorbed by the
B — L rotation and U(1)y rotation. The non-vanishing couplings to the neutrinos
can also be understood from the fact that the axion in the present model also plays
a role of the Majoron [142] which is obvious in the limit of (¢') > (¢). However, it
seems very difficult to test the direct couplings between the axion and the neutrinos

in laboratory experiments.

3TNote that ¢¢''° is the lowest dimensional operators among all the global PQ breaking operators.
In this case, no larger explicit breaking terms are generated by radiative corrections other than the
anomalous breaking terms given in Eq. (6.133).
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6.4.2 Domain wall problem

Here, let us briefly discuss the domain wall problem and axion dark matter. As
discussed in [39], the model suffers from the domain wall problem for (¢) > (¢')
when global PQ symmetry breaking takes place after inflation. To avoid the domain

wall problem, we assume either one of the following possibilities;
(i) Both phase transitions of (¢) # 0 and (¢') # 0 take place before inflation.

(ii) The phase transition, (¢') # 0, takes place before inflation while the transition,
(¢) # 0, occurs after inflation.

The latter possibility is available as the fiveness charges of ¢ and ¢’ are relatively
prime and |qq| : |gp| = 10 : 1.38
For the first possibility, the cosmic axion abundance is given by,

) ) F 1.19
Quh? ~ 0.18 62 (1012Gev> , (6.137)

for the initial misalignment angle 6, = O(1) [143]. Thus, in the allowed parameter
region in Fig.6.4, ie., F, < 10'°GeV, relic axion abundance is a subdominant
component of dark matter. It should be also noted that the Hubble constant during
inflation is required to satisfy,

F —0.19
8 —1 a

to avoid the axion isocurvature problem (see Refs. [93,94]).3
For the second possibility, the cosmic axion abundance is dominated by the one
from the decay of the string-domain wall networks [72] (see Refs. [144-146] for more

recent up-to-date version),

2 Fa 1.19
Quh? ~0.035 £ 0.012 ( 570 (47 : (6.139)

Thus, the relic axion from the string-domain wall network can be the dominant
component of dark matter at the corner of the parameter space in Fig. 6.4. To avoid
symmetry restoration after inflation, we also require that the maximum temperature

during reheating [147],

Thaax ~ go ST HUA MY (6.140)

inf

38The domain wall problem might also be solved for (¢) ~ (¢') even if both the phase transitions
take place after inflation. To confirm this possibility, detailed numerical simulations are required.

39Here, we do not assume that the axion is the dominant component of dark matter but use the
axion relic abundance in Eq. (6.137) to derive the constraint.
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does not exceed (¢'), which leads to

/ 4 9 2
< 8 (¢') 10” GeV
Hipg <5 x10°GeV (1011 GoV Tr . (6.141)

Here, we use the effective massless degrees of freedom g, ~ 200, though the condition

does not depend on g, significantly.

6.4.3 Supersymmetric extension

The SUSY extension of the present model is straightforward. The SM matter fields,
the right-handed neutrinos, and the extra multiplets are simply extended to corre-
sponding supermultiplets with the same fiveness charges given in Egs. (6.119) and
(6.127). The Higgs doublets are extended to the two Higgs doublet supermultiplets
H, and Hj as in the minimal SUSY Standard Model (MSSM). The fiveness charges
are assigned to be H,(—2) and Hg(+2), respectively. The complex scalars ¢ and
¢’ are also extended to corresponding supermultiplets which are accompanied by
supermultiplets with opposite fiveness charges, ¢ and ¢’ (see Tab. 6.4).

Under the fiveness symmetry, the superpotential is restricted to*”

_ _ 1 - - _ _ - _
W = 10sq10syHy, + 10sMb5Hy + 5NgH, — §¢ NrNgr+ ¢ 555 + ¢ 5%5
+X (200 — v + Y (20'¢ —v'?) . (6.142)

Here, X and Y are introduced to make ¢ and ¢ obtain non-vanishing VEVs, which
are neutral under fiveness.*! The coupling coefficients are again omitted for nota-
tional simplicity. The SUSY extension again possesses the global PQ symmetry as
in the case of the non-SUSY model.

In addition to fiveness, we also assume that a discrete subgroup of U(1)g,
Znr (N > 2), is an exact discrete gauge symmetry. This assumption is crucial
to allow the VEV of the superpotential, and hence, the supersymmetry breaking
scale much smaller than the Planck scale.*? In the following, we take the simplest
possibility, Z4r with the charge assignment given in Tab. 6.4, which is free from

Z4r—SU(5)? anomaly and the gravitational anomaly.*® Tt should be noted that the

4%More generally, the Higgs bi-linear, H, Hy, also couples to X and Y. We assume that the soft
masses of the Higgs doublets are positive and larger than those of ¢’s and ¢’’s, so that the Higgs
doublets do not obtain VEVs from the couplings to X and Y. We may also restrict those couplings
by some symmetry.

41See [39] for details of the SUSY extension of the gauged PQ mechanism.

42 R-symmetry is also relevant for SUSY breaking vacua to be stable [98,99).

431t should be noticed that there is no need to add extra SU(5) singlet fields to cancel the
anomalies.
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Table 6.4: The charge assignment of the fiveness symmetry and the gauged Zjgr
symmetry. Here, we fix the Z4r charges of the Higgs doublets to 0 which is moti-
vated by pure gravity mediation model [129-131]. An extra multiplet (55,55) is
introduced to cancel the Zsp—SU(5)? anomaly [107].

10sMm 5 Ng H, Hy
fiveness +1 -3 +5 -2 +2
Zur +1 +1 +1 0 0
5 [ 55 | ¢ | 6 | & [ ¢ | X [ ¥
fiveness -7 +4 -10 +10 +1 -1 0 0
Zur +1 +1 0 0 0 0 +2 +2
5g SE
fiveness +3 -3
Zur -1 +1

mixed anomalies of Z,r and fiveness do not put constraints on charges since they
depend on the normalization of the heavy spectrum [100-106,108-110].44

Under fiveness and the gauged Z4r symmetry, the lowest dimensional operators
which break the global PQ symmetry are given by,

- _ m3/2 ¢¢/10+ m3/2 QZ_)QZ_)HO
P10y ME T 10M, M

(6.143)

It should be noted that a lower dimensional PQ breaking term, ¢’ °N R, is forbidden
by the Z4r symmetry. The above superpotential contributes to the shift of the QCD
vacuum angle mainly through the scalar potential,

N 8m§/2 ¢¢/10 Smg/Q &&/10
1000y MY T T00My M

Lpe + he., (6.144)

where mg/, denotes the gravitino mass. Compared with Eq. (6.134), the explicit
breaking is suppressed by a factor of (mg/, /Mpy)?. Accordingly, the shift of the

QCD vacuum angle is given by,

1 8m3p (9) ()
100 Mym2F?

_95 mg o 2 (@) <¢/> 10

where we assume (¢) = <¢_5> and (¢') = <55/ > for simplicity.*?

Af

(6.145)

“GQUT models consistent with the Zsr symmetry are discussed in, e.g., [111,112].

45 The following argument can be easily extended to the cases with (@) # <¢> and (¢') # <q§'>
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In Fig. 6.5, we show the constraints on the VEVs of ¢ and ¢’ from the experi-
mental upper limit on Af. Here, we take the gravitino mass, ms/, ~ 100 TeV, which
is favored to avoid the cosmological gravitino problem for T > 10 GeV [148-150].
For mg/5 ~ 100 TeV, the scalar partner and the fermionic partner of the axion also
do not cause cosmological problems as they obtain the masses of the order of the
gravitino mass and decay rather fast [151]. In the figure, the gray shaded region is
excluded by the constraint on Af < 107'°. Due to the suppression of the breaking
term in Eq. (6.144), the higher value of (¢’) is allowed compared with the non-SUSY
model. The higher (¢') is advantageous to avoid symmetry restoration after inflation
(see Eq. (6.141)), with which the domain wall problem is avoided in the possibility
(ii) (see section 6.4.2). Accordingly, the decay constant can also be as high as about
1012 GeV, which also allows the axion to be the dominant dark matter component
(see Eq. (6.139)). Therefore, we find that the SUSY extension of the model is more
successful.

It should be noted that the 11-flavors of extra multiplets at the intermediate scale
make the renormalization group running of the MSSM gauge coupling constants
asymptotic non-free. Thus, the masses of them are bounded from below so that
perturbative unification is achieved. In the figure, the gray shaded lower region
shows the contour of the renormalization scale M, at which at least one of g123
becomes 4m. Here, we use the one-loop renormalization group equations assuming
that the extra quarks obtain masses of (¢) and (¢'), respectively.*” The result shows
that the perturbative unification can be easily achieved for (¢') > 109710 GeV even

in the presence of 11-flavors of the extra multiplets.

16 As in [39], we will discuss a possibility where SUSY and B — L are broken simultaneously
elsewhere.

4"The masses of the sfermions, the heavy charged/neutral Higgs boson, the Higgsinos, and
(5r,5E) are at the gravitino mass scale, mg/2 =~ 100-1000 TeV. The gaugino masses are, on the
other hand, assumed to be in the TeV scale as expected by anomaly mediation [126,127]. This is
motivated by the pure gravity mediation model in [129-131] (see also Refs. [132-135] for similar
models), where the Higgsino mass is generated from the R-symmetry breaking [121].
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Figure 6.3: The constraints on the parameter reions for given PQ charges, ¢; and go. The
gray region is excluded as f.p < 10719 is not satisfied. The perturbative unification is not
achieved in the blue region. The red regions are excluded by m'y g\, , 2 750 GeV. The green
lines are the contours of the effective decay constant F,.
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Figure 6.4: The constraint on the VEVs of ¢ and ¢'. The gray shaded region is excluded
by A8 < 10719 for the non-SUSY model (see Eq. (6.135)). The orange lines are the contours
of the effective decay constant F,. In the blue shaded region, (¢) > (¢').
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Figure 6.5: The constraint on the VEVs of ¢ and ¢’ for the SUSY extension. The gray
shaded upper region is excluded for the SUSY model with ms/, = 100 TeV (see Eq. (6.145)).
The orange lines are the contours of the effective decay constant F,. In the blue shaded
region, (¢) > (¢'). The gray shaded lower regions are excluded as the gauge coupling
constants become non-perturbative below the GUT scale. The thin green region is excluded
by the Axion Dark Matter eXperiment (ADMX) [65] where the dark matter density is
assumed to be dominated by the relic axion.



Chapter 7

Conclusion

As we have reviewed in Chap. 2, the Strong CP problem is one of the longstanding
problems in particle physics. In the SM, the so-called #-parameter associated with
the violation of CP symmetry exists. The current measurement of the neutron
electric dipole moment sets a limit on the parameter, # < 1070 [1]. Why is the 6
so small? This is the Strong CP problem.

In Chap. 3, we have reviewed an elegant solution to the problem, the so-called
Peccei-Quinn mechanism [2,43-45]. There, one introduces the Peccei-Quinn sym-
metry which is almost exact but explicitly broken by the QCD anomaly.

In spite of the requirement of the exactness of the global Peccei-Quinn symmetry,
it is widely discussed that any global symmetries are broken by quantum gravity
effect as we have reviewed in Chap. 5. Unfortunately, if one takes such effect into
account, the Peccei-Quinn mechanism does not work well to solve the Strong CP
problem. One simple way to overcome this issue is by introducing the gauge sym-
metry. Actually, in the literatures, there are many attempts by using the (discrete)
gauge symmetry [10,14-28].

In this thesis, we have proposed a new general mechanism to provide an almost
exact accidental Peccei-Quinn symmetry by using an abelian gauge symmetry and
discussed its applications to models beyond the SM in Chap. 6.

In Sec. 6.1, we have shown our mechanism. Concretely, we have first intro-
duced two sectors with apparent independent Peccei-Quinn symmetries. There, an
anomaly free combination of two Peccei-Quinn symmetries always exists. We can
gauge it, and the gauge symmetry can work well to protect the global Peccei-Quinn
symmetry. We call the gauge symmetry as the gauged Peccei-Quinn symmetry and
call the mechanism as the gauged Peccei-Quinn mechanism [13]. Our mechanism

can obviously be applied to a wide range of axion models, e.g. the KSVZ model and

91
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the composite axion model.

For further application of the mechanism, we have first worked on the model,
where the Peccei-Quinn symmetry is broken with the dynamical supersymmetry
breaking simultaneously as we have discussed in Sec. 6.3. Following the gauged
Peccei-Quinn mechanism, we have introduced a new sector where the apparent global
Peccei-Quinn symmetry is broken dynamically and discussed the phenomenological
and the theoretical constraints on the model [39]. In consideration of the cosmology
in this model, we have noticed a general cosmological problem due to extra SM
gauge singlet fermions added to cancel the self-triangle anomaly of the gauged PQ
symmetry. Such singlets tend to become light and stable due to their charges of
the gauged Peccei-Quinn symmetry, and thus result in e.g. an unacceptably large
number of effective neutrino species if they are produced too much by e.g. the decay
from the inflation or the gauge boson of the gauged Peccei-Quinn symmetry.

To resolve the above cosmological issue, we have constructed a model without
un-wanted SM gauge singlets fermions in Sec. 6.4. Concretely, we have searched for
such solutions by applying our mechanism, where the gauged Peccei-Quinn mech-
anism is identified as the B — L gauge symmetry [40]. There, we have actually
found a model without unwanted singlets. In addition, in this model, most of the
issues such as the dark matter, the finiteness of neutrino masses, the baryon asym-
metry, and the hierarchy problem (for the supersymmetric version) are also solved
simultaneously. Furthermore, the domain wall problem can be avoided even if the
Peccei-Quinn symmetry is broken after inflation end (See also Sec. 6.2). Because
of these advantages and the simplicity in the extension of the SM, this model may
serve as a prime candidate to be embedded in a further unified model with some

GUT gauge group.
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Appendix A

More details about U(1) problem

In this Appendix, let us discuss the predicted light meson mass comparable to the
neutral pion mass.

Consider the QCD theory, where the mass term of the u—,d—, s—quarks are
neglected, and thus the Lagrangian possesses SU(3); x SU(3)g chiral symmetry.
This chiral symmetry is spontaneously broken to SU(3) by the condensation of
the quarks, and then the eight Nambu-Goldstone (NG) boson will emerge in the
low energy theory. Here, let us start from the chiral perturbation theory with the

matrix U including the eight NG bosons,

M
U = exp <1Fﬂ>, (A.1)
%7‘[‘0 + %,’70 Tt Kt
M = ™ st K| (A.2)
K- K0 _ %770

where M is a Hermitian matrix, 70, 7%, K° K% 7 are the scalar fields of the
neutral pion, the charged pion, the neutral kaon, the charged kaon and eta meson,
respectively. The F is a free parameter determined as F; ~ 93 MeV by calculating
the pion decay e.g. 7™ — pTv, in chiral perturbation theory. The matrix U is
transformed under the SU(3)r, x SU(3)g chiral symmetry by,

U — RULT, (A.3)

where R, L denotes the chiral rotation by the SU(3)r, SU(3)r, respectively. The

chirally invariant canonical kinetic term is

L= IfTr Ercalp (A.4)
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Actually, the SU(3)r, x SU(3) g symmetry is explicitly broken by the quark mass
term, and thus it leads to the masses of the eight Goldstone bosons. Concretely, the

quark mass term is written by

m, O 0
L =—qrMyqr, + h.c., M, = 0 mqg O , (A.5)
0 0 mg

where m,, mg, ms are the mass parameters of the up, down, strange quarks, re-

spectively.! Because this Lagrangian would be invariant if M, is transformed by
M, — RM,L, (A.6)

the mass for the NG bosons below the condensation scale comes from

_ F2Bg

L Tr(M,UT + UM)), (A7)

where By is a parameter determined soon. Then, the meson mass terms are given
by

By By

—7Tr (M, MQ] = -5 ((my +ma)m°7° + 2(my + ma)r 7™ (A.8)
+ 2(mg +ms) K°K° + 2(my, + mg) KT K~ (A.9)
2 o My +mg+4dms 2)
4+ —(my —mg)mtn+ . A.10
m, = ma)ay aEI) L (a0)

Ignoring the mass mixing of the 7% — 1, we obtain the lowest order mass formula,

m2 =m2, =m2, = By(my +ma), (A.11)
mio = Bo(ma+ms), (A.12)
mic = Bo(my +ms), (A.13)
ﬁozB%m+@+mﬁ. (A.14)

From these mass squared, we obtain some formula about the quark mass ratio e.g.
2 2 2 2
Mg — My Mo — My — Moo + Moy
mq + My, mio

0.3. (A.16)

(A.15)

12

In the second line, we subsitute mgo = 498 MeV, my+ = 494 MeV, m o = 135 MeV
and m_+ ~ 139 MeV.

We take these mass parameters as real and positive ones for simplicity.
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By the way, in the three quarks massless limit, the U(1) 4 symmetry in Eq. (2.1)
seems to be also the symmetry. Therefore, M includes another NG boson 7’ in the

effective Lagrangian,

oAl U ™ K W o0 0
- 1.0, 1.0 0 F
M= ™ st K Jr\[7r 0 7 0 JA.17)

where F/ is the unknown coefficient, but naively expected F,y ~ F; in QCD. The

mass term of the ¥, n°, 7’ is obtained from the formula in Eq. (A.8) as

2
1 1 F,
L = —By|my|—=m"+—=0"+ -0 A.18
0 u (\/§ \/677 \/an, 77 ( )
1 1 F ?
0 0 ™ /
4+ m ——71 + —=n + A.19
d ( N LR LAY Fﬁ/n) (A.19)
2 F ?
+ mg | =/ 2+ = . A.20
s ( 371 \/an/n> (A.20)
Then, the mass matrix of these mesons is
mut+mg My—mg (mu—mq)Fr
2 2V/3 2\/§Fn,
u ut +4ms (mu+m _2ms)F7r
Mr%eutral = 230 m2\/gnd = m6d n 3\7§Fn/ . (A21)
(mu—mg)Fr (mu+mg—2ms) Fr (Mmy+mgt+ms)F2
V6F,, 3V2F,, \/§F§,

In the limit of m,, mg — 0, there are two massless modes apparently. More con-

cretely, the three eigenvalues in that limit are

2By(2F% + F2)m
0, of ”2“)5 . (A.22)
3F77’
(A.23)
Then, its eigenvectors are given as
1 1 0 1 0
vi=| 0], v= —V2F, [A.24)

—— Fr T
0 \ F2+2F) V2F, \/2F2+ E) E.

respectively. In this basis, the meson mass squared matrix to the first order in
My, Mg corresponding to the massless mode is
\/g(mu—md)Fw
1/2F§,+F,2
V3(my—mg)Fr 3(my+mg)F2
\/2F2/+F2 2% +F?
n ™ n

My + My)
T M. T ( u
( U1 neutral¥1 Uy Mneutral“Q ) BO

T T . (A'25)
V5 Mpeutral¥1 %) Myeutral¥2
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There, the off-diagonal term can be negligible due to the cancellation of u, d-quark
masses. Thus, the component of (1, 1) roughly corresponds to the mass squared of

the neutral pion which is also obtained in Eq. (A.8),

m2 ~ Bo(my +mg). (A.26)

s

The mass of the extra meson is upper-bounded by

Vmalr (A.27)

Mextra =
\ F2+2F)

Therefore, the spontaneously broken down U(1) 4 demands a pseudo-NG boson with
mass less than /3m, although there is no observation of such meson. This is the
U(1) problem.



Appendix B

Instanton solution

In this section, let us discuss the instanton solution of the pure SU(2) gauge theory

in Euclidean space. The action is,

1
Sp = / d4x§tr(FWFW). (B.1)
Here, we use the SU(2) gauge field and its field strength as
Ta Ta,
A/J/ = ?AZ7 F#V == ?ng, (B2>

with the Pauli-matrices 7% (a = 1 — 3). To make the action finite, we assume the

boundary condition,
F, — 0 for |z| — oo, (B.3)

where |z| denotes the norm in the Euclidean space. This condition shows that the

gauge field becomes a pure gauge at |x| — oo and the gauge field,
A, — U(@)10,U(2), (B.4)

where Z is the unit vector of z. U is some function of &, which can be determined
soon. U~! is the inverse of the U. Note that the U(#) shows the mapping from the
S3 to the SU(2) space. This implies that there is some topological winding number
by the mapping from S® to S® as SU(2) space.

To obtain the concrete solution of U, let us find the condition that the action is

minimized. For this purpose, the following relation is useful,

/ d*wtr(F,, + )% >0, (B.5)
where F, wv s the dual of the field strength. Using,
(Fuw £ Fu)? = 2(F Fu £ FuFL), (B.6)
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the above condition in Eq. (B.5) leads to the inequality,

/ d*otr(F,, F'™) > ' / d4xtr(FWF“”)‘. (B.7)

The term on the right-hand side can be re-written by using,

2
KH = 4¢M tr {Ayﬁ,\Ap + 3A,,A,\Ap] , (B.8)
as,
4 [V 1 4 1
d*xtr(Fu, ") = 5 d*z 0, K" = 5 dotK,,. (B.9)

The last integral denotes the surface integral. The K, is so-called the Chern-Simons
current, and thus the total derivative term can be written by the topological winding

number, nyy, of the mapping from S3 to S® as,

6.2 d*z tr(F F™) = nyw, (B.10)

where n is an integer. Then the inequality in Eq. (B.7) is

/ d*ztr(F,, F*") > ’ / d*wtr(F, PP | = 1672 |nyy | (B.11)
This implies that the action is minimized when
Fl =+F,. (B.12)

The solution for satisfying the condition in Eq. (B.12) has been found by Belavin
et.al. in 1975 [152] as

-3
xo+iy o xT?
z3 + x?

U= , (B.13)

where 20

is one component in the Euclidean coordinate, and the other three com-
ponent is denoted as x* (a = 1,2, 3). This is the instanton solution, which gives the

n = 1 winding number.



Appendix C

Physical interpretation of
instanton

To obtain the physical interpretation of the instanton solutions, let us place our

system inside a box. Then, the vacuum condition is
Fg, =0, (C.1)

where this condition is taken outside very large volume and the time of the box. We

take the gauge fixing condition,
Ao(z) =0 (C.2)

where the A is the time component of the SU(2) gauge field. Under this gauge
fixing condition, the gauge transformation of the Ay by using the SU(2) unitary

matrix, U(z),
Ao(z) = Af(x) = U™ (2)doU (2), (C.3)

induces U~ (z2)9U (x) = 0, equivalently doU (x) = 0. Thus, the vacuum is described

by the time-independent space components of the gauge field,
Aij(x) = U Hx)0,U(x) (C.4)

where x denotes the label of the space in the three dimensions. To take the remaining

gauge freedom of the U(x) as U(x) = 1 at initial time ¢ — oo, we obtain
Ai(x) = 0. (C.5)
From the vacuum condition, this implies
0 = Fo; = 00 Ai(x) (C.6)
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which leads to A;(x) = 0 throughout the vacuum. The solution under the above
condition corresponds to the mapping from the SU(2) gauge group manifold to the
3 4 1 space-time with infinities identified as a vacuum. The solution is nothing but
the instanton solution discussed in Appendix B. To be more specific, the winding

number can be written by,

nw = / d*r0, K" = / d32(Koli—o0 — Koli—oo) (C.7)
= K(t=+400)—-K(t=—-00)=n4 —n_, (C.8)

where the I shows the spatial winding number (the pontryagin number) for U,

1 g
= 55 / B e [(UTO,U)(UT0;U)(UT0,U)), (C.9)
™
which gives some integer, and ny = K(t = +00), n_ = K(t = —o0). Therefore, the

instanton is the quantum tunneling from the state with n_ to the state with n..

Notice that the ny are not gauge invariant, but the n is the gauge invariant.



Appendix D

f-vacuum

As noticed in the previous section, the spatial winding number is changed by the
gauge transformation, and thus the true vacuum is expected as a superposition of

the n vacuum,
0) = e "n), (D.1)

where |n) denotes the state with the spatial winding number n, and |0) is the state
which is gauge invariant under the transformation of n — n + nyy. This is called
f-vacuum. The vacuum to vacuum transition amplitude should be given by the

Euclidean path integral formalism®,

<(9/|6_Ht’9> — En,mei(mel_ne) <m’€—Ht|n> (DQ)
= %m0 / DAyexp|—iv0 — / c] (D.3)
= 5(9/—0)ZU/DAVGXP[—iU9— /E] (D.4)

where [ L is e.g. the action of SU(2) pure gauge theory. There, v can be written
by the total derivative term in Eq. (B.10).

'We omit the normalization factor for simplicity.
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Appendix E

Axion-photon coupling

In this section, we calculate the axion-photon coupling. There, the axion mixing
with the neutral pion contributes to the axion-photon coupling as well as the triangle

anomaly between the PQ symmetry and the electromagnetic gauge symmetry PQ —

U(1)em = U(1)em-

E.1 Axion-photon coupling in KSVZ model

Let us consider the KSVZ model with one flavor of the KSVZ quark, i.e a pair of
the fundamental 3 and (anti-)fundamental 3 quarks in SU(3).. The KSVZ quarks

couple with the complex scalar field ¢,
L= —¢33, (E.1)

where the flavor indices and the coupling constant are omitted for simplicity. The

¢ spontaneously breaks the PQ symmetry by its VEV vpq,

o= ore exp(ia/vpQ) (E.2)

V2
where we only focus on the phase direction and a is the axion. By the transformation
of the KSVZ quarks,

3 — exp(—ia/vpQ)3, (E.3)

the axion-gluon coupling is obtained
2

g a A
= ——0GG. EA4
327T2 UPQGG ( )

At this stage, let integrate out the heavy quarks except for the up and down quarks,

and then redefine the axion a as a to cancel the f-term. On the other word, only
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the term,

2 ~

9 a4 A
= —GG E.5
327T2 UPQ ’ ( )

is proportional to GG now. In the following, we label the redefined axion @ just as
a for simplicity. Let us transform the up and down quarks to erase the axion-gluon

coupling,
ugp — exp(icya/vpg)ur , dr — exp(icga/vpg)dr, (E.6)
which produces the axion-photon coupling,
2 2 2
Jom O 2 1
L=— —3 = =
1672 vpg [Cu (3) e <3>

Below the confinement scale, the axion and pion Lagrangian is as in Eq. (3.22),

FF. (B.7)

L= %(6@)2—1—%(8%0)2 (E.8)

a 7Y a 7
_ muBgFg cos (Cuv + Fﬂ) — mdBoFTE cos (Cdv — Er) . (E.9)

The neutral pion-photon coupling from the chiral anomaly of SU(2) 4 is

() -G)

The neutral pion mixes with the axion, and after the diagonalization of the mass

0

92
= Jem FF. (E.10)

T
- 1672 F,

matrix,

(E.11)

o 1 [—mycy +mgcqg\ Fr
Tphs =~ T + = a
2 My, + My vpPQ

Aphys =~ . (E.12)
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Eventually, the axion-photon coupling is given by

g2 Gphys 2\ 2 1\?
L = —== 3 - = E.13
1672 vpg ~ | <3> e (3) (E-13)
2 2
1 - N
+ 2\ (1 TMuCu T MdCd rF (E.14)
3 3 My, + My
2
9em Ophys
= ———3 E.15
3271'2 ’UPQ ( )
2\%2  /1\? N2 /1N\%\ [y —my .
- -] = - == ——— || FF E.16
. [<3> *(3) <<3> <3> (mu+md> (E.16)
__ Gem Gphys 2 My +4ma (E.17)

3212 vpg 3 (My + my)

2
Jom 2my +4mgmy +mg mg ~
= — — FF E.18
32723 my +mg /Mamg MgFx “phys ( )
2
Jom 22+42+1 m, ~
= - — FF E.19
321232 +1 Jz mnF, P (E-19)

Here, we took ¢, = ¢4 = 1/2 to erase the kinetic mixing between the axion and

the pion below the confinement scale. In the fourth line, the KSVZ axion mass in
Eq. (3.39) is used. This result is equivalent to F = 0 in Eq. (3.41) for

Before going to the ZDFS model, let us consider the KSVZ model with Ny flavor
of a fundamental 5 and an anti-fundamental 5 representations in SU(5) GUT. These
KSVZ quarks obtain their masses by the coupling with the PQ breaking scalar field
¢ as in Eq. (E.1), i.e.

L = —¢55, (E.20)

where flavor indices are omitted for simplicity. The ¢ gets the VEV as ¢ =
vpg/V2exp(ia/vpg). By the transformation,

5 — exp(—ia/vpQ)5, (E.21)
the axion-gluon and the axion-photon coupling is obtained,

g a = 95 1\’ 2 0 o
L = Ny—GG LN 3| = 1 FF E.22
3272 opg T 1672 (3> T vpo (E.22)

2 2 2
g9 a .~  Gém 1 9| @ =~

= ——=—GG 3= 1)°| =—FF. E.23
3272 F, + 1672 [ <3) +(+1) Fy, ( )

In the second line, we define F, = vpg/Ny. Then, we repeat the discussion below

Eq. (E.4). Eventually, the axion-photon coupling is

g [8 22+4]z+1 mq

T 3272 |3 3 vz mgFy

JFF. E.24
3 3241 @phy (E.24)
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This result is equivalent to £ = 8N¢/3, N = Ny in Eq. (3.41).

E.2 Axion-photon coupling in ZDFS model

From Eq.(E.25), the axion component is in the neutral component of two Higgs
doublets,

v . 2z a Vg C 227l a Up a
Hg = 7%6Xp <Z:£—|—:1}_1’Ul> s Hg = ﬁeXp (Z{IZ‘—|—$_12}/> 7¢ = TSGXP (Z&}E25)

After the decoupling of heavy quarks and leptons except for the up quark, the down

quark and the electron, and the transformation of up and down quarks and electron

by
. 2x  a 227t a
UR — exp (—zx i U/> ug, dgp — exp (_Zac—l—xlv’> dr, (E.206)
227t a
eR — exp <_Z$—}—,f[j_11)/> €R, (E27)

the axion-gluon and axion-photon coupling at this stage are given by

2

‘- s e
e () o () ez e
_ 35;21%06 (E.30)
s [ () () i e

In the second line, F,, = v'/6 is used. Let us transform the up and the down quarks

again to erase the axion-gluon coupling,

. €T a
Ur — €xp |:Z <Cu + 3(1U—+-$_1)> _Fa:| UR, (E32)
dn = explifeat—" ) 2]4 (E.33)
R P d 3(x+ax71)) Fy, R ’

cutcqg+1/3=1. (E.34)
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Then, the axion-photon coupling becomes,

T T 2\ 2
— - (Z E.
(5o 3mrem) () (155)
N S W S AR
rtzt 3(zx+271) ) \3 3x+a!
2 2\ 2
<3W - ) (3> (.37)

2 ! 1 2+1 !
x4z cd 3 3x+ax1

The neutral pion-axion kinetic mixing is erased by choosing ¢, = ¢4. The effective

1672 " F,

FEF (E.36)

Jom o 0
1672 " I,

FF. (E.38)

Lagrangian of the neutral pion and axion system is

1 1
L = 5(aa)2+§(a7r0)2 (E.39)
0
_ 2 . ye .. ™
my, BoF= cos Kcu + 30+ x1)> . + FJ (E.40)
-1 0
— mgByF2 T )L T E.41
e [(C“ 3(x+w—1>> F. B (41

After the diagonalization of the mass matrix, the mass eigenstate of the pion and

the axion is

1 [ —myc, +mac,\ F,
0 Uty d s
~ - — 4 — E.42
Tphs e 2 ( My + My F, % ( )
Aphys ~ 4, (E.43)
, T
= _ E.44
“u Cut 3(x+a1)’ ( )
/ z!
= _— E.45
Cd cat 3(x+a~1) ( )

Due to the 7% coupling with the photon,

2\  [1)\?
3 3
we eventually obtain the axion-photon coupling,

2 =z 2\* (2 z! 1\?
S = R S) (B4
(3x+x1 Cu) <3> + <3x+x1 Cd) (3) (B-47)
N 1 r! (2 2 (1 2\ [ —mud, +mad,
3r+a! 3 3 my, + my

ggm a 2z n

= — FF. E.49
272 F, 142 ( )

2 0
_ Yem T

T 1672 F,

FF, (E.46)

1672 " F,

FF (E.48)
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This result can be rewritten as

2
Jom |8 21442142 mg -
Z_z FF E.50
32w2“[3 31+z2] vz maFy (E-50)
7TF7T
My vz m (E.51)

" 1+: F,



Appendix F

Solitons

Let us review the two types of the topological soliton, so-called the domain wall and
the (cosmic) string. Each soliton is further characterized by so-called the topological
charge. See e.g. Refs. [95,153] for more details.

F.1 Domain wall solution

Let us consider the following Lagrangian for a real scalar field, ¢, in 1+ 1 dimension,

L= L0u60% V(o) (F.1)
V) = D& —h) (F.2)

where A is a dimensionless coupling constant, and ¢ obtains the VEV, vp, for its
potential minimum. In the Lagrangian, there is a global discrete Zs symmetry,
¢ <> —¢. Thus, there are two degenerate vacua as (¢) = vp. The energy from this

Lagrangian is given by,
1. 1.
E = /dtdz <2¢2 + 50 2+ V(¢)) : (F.3)

To obtain the finite energy configuration, we require a boundary condition that the

scalar field ¢ must sit in their minimum at the space infinity i.e.,
lim|z|_>oo¢) — tvp. (F4)

In this condition, let us consider the time-independent equation of the local minimum

of the energy,

= 0FE = /dtdz( b 0p+ ;¢V(¢)) ,(;;V(qﬁ) = \¢? —v3)pdp, (F.5)

— ¢ + ANo? —vh)p = 0. (F.6)
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The solutions of this equation are given by,
AU D
=vptan |[£—=(2 — 20)| , E.7
b 220 - ) (F.1)
where zq is the free parameter showing the soliton center called the collective coor-
dinate. These solutions are nothing but the kink (domain wall) solutions.!

The two solutions can be characterized by a quantity called the “topological
charge”, (), defined by,

Q= N /d28z¢ =+2o0r —2, (F.8)
vp

for the ¢4 and the ¢_, respectively. The difference of the topological charge de-
notes that the two solutions are topologically inequivalent. Two solutions are to be
topologically equivalent if they cannot be continuously deformed into one another
without passing through a barrier of infinite action (energy). Let us check that
these kink solutions are topologically equivalent or not. We consider the scalar field

configuration ® which connects two equations continuously,

D(s,2) = g(s)d+(2) + h(s)p-(2) (0<s<1), (F.9)

where ¢(s), h(s) are continuous functions with the boundary conditions, g(0) =
h(1) =1 and g(1) = h(0) = 0. The static action is,

S(s) = / dzg®? ¢ 2@ —up)? (F.10)
= A /dz [(g — h)Q; + ((g — h)*tanh?(2') — 1)?|, (F.11)
4 cosh?(2/) ’

where 2/ = Mp(z — 29)/v/2. The first term becomes finite, but the second term

diverges for |g(t) — h(t)| # 1. Thus, if two solutions are topologically equivalent, we

can find the continuous solution for g(t), h(t) satisfying the condition, |g(t)—h(t)| #

1 for every 0 < s < 1. The boundary condition requires, however, g(0) — h(0) =

1, g(1)—h(1) = —1. This means that the continuous solution must pass the points of

|g(t)—h(t)| # 1. Therefore, we find that two solutions are topologically inequivalent.
On the other word, the quantity,

$(00) = ¢(—00), (F.12)

must be conserved, which is proportional to the topological charge in Eq. (F.8). The
axion generally has the periodic potential with n degenerate vacua, and thus stable

domain walls are formed as the solution connecting the adjacent vacua.

!The solution in 1+ 1 dimension is called kink. For higher space dimension, the solution is called
the domain wall. For example in 1 4 3 dimension, the solution separates two domains as a wall.
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F.2 String solution

In this section, we review the string solutions.

F.2.1 Local string

Let us consider the following Lagrangian for a complex scalar field, ®, in 1 + 2

dimension with U(1) gauge symmetry,

L = %ﬂh@ﬂ—iFWT@—ﬂdéy (F.13)
V(g) = M|®|* —vs)?, (F.14)

where F),, is the field strength of the U(1), and D), is the covariant derivative written
by

D, =0, —inceA,, (F.15)

where e is the coupling constant of the U(1) gauge symmetry, n. is the charge of
the ¢ in the unit of the e, ? and A, is its gauge field. The U(1) gauge symmetry
is spontaneously broken down after the field ® obtains its VEV as (®) = vg. To
obtain the finite solution, we require the following boundary condition at infinity of

the space under the gauge fixing Ag = 0,
|q)‘ — Vg, Fij — 0, Di® — 0, (F]_G)

where the subscripts ¢ and j denote the space indices. As in the case of the kink
solution, we can find the local string solution to solve the equation of the motion
from the condition of the local energy minimum. To do this, we take the following
ansatz,
, n
@:uwwwmwﬁz—%%;ﬁa—fm% (F.17)
e
where (r,6) is circular coordinate in the space (z,y) = (rcosf,rsind), €; is the

anti-symmetric tensor, n is the integer called the winding number, ¢(r) and f(r)

are continuous functions of the radius r with the boundary conditions,

®(00) = 1, f(oo) = 0, ¢(0) =0, f(o0) — 1, (F.18)

2The value of the n. has the physical meaning if there are the other scalar fields or matter fields
which have different U(1) charges in the theory.
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where the condition in Eq. (F.16) are satisfied, and the solution becomes non-singular
at 7 = 0. From the condition of the local energy minimum, we obtain two non-trivial

second-order equations,

d [1d 2
mn(mii)‘?”gez”%ﬁf =0 (F.19)
d (1d
Tdr <rdf>+””§r¢<¢2‘l>+”2ff2 -0 (F.20)

These equations are numerically solved, which is known as the vortex. The energy

of the vortex is roughly given by
T ~ 2rv’n (F.21)

for ene/(v/2\) =~ 1. The integer n in Eq. (F.17) denotes how many ® of the vacuum
configuration returns to its original value § = 0 while the space angle 6 runs 0 — 2.
The ¢ with the winding number n cannot be continuously transformed to the one
with the different winding number m (n # m) keeping the finite energy, and thus
the winding number labels the topologically inequivalent solutions. The non-trivial

solution as n # 1 is called the vortex (the string®) solution.

F.2.2 Global string

In the case of the global string, there is no gauge field, and then one of the conditions
in Eq. (F.16), i.e.

Di® — 0, (F.22)

cannot be satisfied. Due to this property, the energy of the global string is logarith-

mically divergent at far away from the string center,
1
/d2x|8¢<13]2 — 27Tn211§~/d7“. (F.23)
T

In the case of the cosmic string following the scaling law, the energy of the string is

roughly estimated as
B(t) ~ 2mv?(n + n*In(6s/H(t)), (F.24)

where H(t) is the Hubble constant, and the dg is the width of the string around

8s ~ 1/(2v\vg).

3In 1 + 3 dimension, the vortex solution is called the string.



Appendix G

Topological suppression of
wormbhole effect

To discuss the topological suppression of the wormhole effect, let us consider so-
called the Gauss-Bonnet term which exists in the general Euclidean action with

gravity,

Sap = / d*z\/9g (Raped R — 4R RY + R?). (G.1)

3272

In the geometry of the wormhole, this term can be written by the R(p) as,

/

3y [ R0 = R7(0))

sop = 2% fat MO0 (G.2)
- 327/00o drR"(r)(1 — R*(r)) (G-3)
_ 37” 0°° drdii (R’(r)—;lg(r)> (G.4)
_ 377 [R’(r)—;R/3(T)]:—>OOO. (G.5)

From the condition of the wormhole solution, R'(r) = 0 and R'(c0) = 1. Thus, the

Gauss-Bonnet term is
S =17. (G.6)

In Eq. (5.34), this Gauss-Bonnet term is included in the action Sp.

Thus, it implies that the global symmetry breaking by the wormhole effect can
be suppressed by the large value of . Even if we take ay,;, =1 and K = M§’1<1> (e.g.
® is the PQ breaking scalar field), the action is suppressed by the e™7,

—Oeff 2 /d4x\/g>gM§1<I>eV, (G.7)
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where the Sgp is included in Sy. If this estimation gives the maximum effect of the
PQ breaking by the quantum gravity effect, the quality problem can be solved for
v > 190.



Appendix H

Supersymmetry

In this section, we briefly review supersymmetry.

H.1 Superspace and Lagrangian

Supersymmetry is obtained by using a manifold of the (4-dimensional) spacetime
coordinate and four fermionic coordinates.! This manifold is called superspace [155,

156] and the coordinates are given as,
2", 0%, o (H.1)

where 6<, Ol are constant complex anticommuting two-component spinors with
mass dimension —1/2. Any fields on superspace can be expanded in a power series of
o<, 92[ with components of functions of spacetime. Those fields are called superfields.
To obtain the supersymmetry transformations, we define the following differential

operator acting on superfields,

.0 o .0 N
Qo= igge + (@00ad | Q= =iz — (0150, (12)
o' =i 2 4 ey, . Of = im0 _ (glem)s0 (H.3)
o] o Qh=igge - 0Nt O
where o# denotes the Pauli matrix and o = —&* for space indices k. Using these

operators, the supersymmetry transformation for the superfield S(z,6,6%) is given

by,

—i(eQ + €1QNS = S(z* + iec”0' +ic'540,60 + €,07 + €1) — S(z*,6,0"), (H.4)

!See e.g. Ref. [154] for more details.
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where €, €f denote infinitesimal. This equation shows that the supersymmetry trans-
formation is a translation in superspace. The supersymmetric theories can be de-
scribed by so-called chiral superfields, vector superfields, and spinor chiral super-
fields. To obtain these chiral superfields, it is useful to introduce the so-called chiral

covariant derivatives,

0 0
= — ) K T 63 [ __a T—/L «
Do = 50 +i(0"0")ady D a9, — (07" 0,, (H.5)
pto— 9 +i(6"0)%D pl—_9 _ i(00™) 40 (H.6)
o] mor e gt an ‘

o
which commute with Q, QL, and thus D,, Dg are supersymmetric covariant. From

the chiral covariant derivatives, so-called chiral superfield is defined by,
Dlo =o. (H.7)

Changing the coordinate by y* = x# 4 i015##, the chiral superfield can be expanded

® = B(y) + V200 (y) + 00 F (y), (H.8)

where ¢(y) is a complex scalar field, 1 (y) is two-components Weyl spinor field,
and F(y) is an auxiliary field. By the supersymmetry transformation, the scalar
component ¢(y), for example, changes to the fermion component ¥ (y). A vector
superfield, V, is defined as V' = V*. In Wess-Zumino gauge, a vector superfield is

expanded as,
Ve = —0T510A% + 0T0TON" + 606TA™ + %999*9@“ (H.9)

where a is the index of the gauge group generator, Aj is the gauge boson field, A
is two-components Weyl spinor field and D, is an auxiliary field. The spinor chiral

superfield W is defined from the vector superfield, and given in Wess-Zumino gauge
a a a Z s a . a
Wa = Xg +0aD" — S (0"5"0)aFy, — i00(a"V A1), (H.10)

where FJj, is the field strength, V,, is the gauge covariant derivative. Therefore, the

general renormalizable Lagrangian for a supersymmetric gauge theory is written by,

co— (Lol /d29wmwa+ (H.11)
= 1 590 ., Fc.c .

+ / d*0d%0" [ (29T VY $,] + ( / d2OW (®;) +c.c.) (H.12)
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where T% are generators of the gauge group, g, are their gauge couplings, the index
i denotes the label of different chiral superfields, W (®;) called the superpotential
is the holomorphic function of chiral superfields, 6, is a CP-violating parameter
inducing a total derivative term.? In the case of the abelian gauge vector superfield,
the term called Fayet-Iliopoulos term which proportional to [ d?>0d%0'V arises in the

Lagrangian.

H.2 R-symmetry

Some supersymmetric Lagrangians are invariant under so-called R-symmetry defined

by the following transformation of the general superfield S(z, 6, 67),
S(z, 0, 01) = €S (x, e7'20, e™gT), (H.13)

where « denotes a phase and rg is a parameter called R-charge of the superfield S.
For the chiral superfield of R-charge ry, the scalar, the fermion, and the auxiliary
fields obtain the charge r4, r4 — 1, ry — 2, respectively. For the vector superfields
in Wess-Zumino gauge, only the gaugino component obtains the non-zero R-charge,
+1. Furthermore, W carries R-charge +1.

H.3 Perturbative non-renormalization theorem

Here, let us prove the so-called non-renormalization theorem [157-159]. One rescales

the vector fields g,V® — V¢, and then consider the following general Lagrangian?,

_ 4192 [ / d2Oacyya +c.c] (H.14)
- /d29d29T (@1 (2V") @] + U 20 W (®,) —i—c.c] : (H.15)

where we omit the term proportional to 6, in Eq. (H.11) because the total derivative
terms have no effects on the perturbative theory. To prove the theorem, we introduce

two additional external gauge invariant chiral superfields Xr, Yg in the Lagrangian,

L = i[ / d2eXmewg+c.c} (H.16)
+ / d*0d%0" [0 2TV ) @] + { / d*O0YRW (®;) + c.c.|,  (H.17T)

2The definitions of integrations are in e.g. Ref. [154]
3For simplicity, we only consider the renormalizable terms. See Ref. [160] for more general proof
including non-renormalizable terms.
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which corresponds to the original Lagrangian when the scalar components of X and
YR are taken as 1/¢2 and 1, and the other components of the spinor and the auxiliary
components are zero. Assuming no gauge symmetry breaking and no supersymmetry
breaking, the Wilsonian effective (classical) Lagrangian of an ultra-violet cutoff scale

At can be written as

c

L, = /d%d%*AAc(qn,@T,V,XR,X;,YR,Y;) (H.18)

- [/dQHB,\C((I),W,XR,YR)—i—c.c : (H.19)

where A), denotes the gauge invariant function including chiral covariant deriva-
tives (Kahler potential), and B, denotes the gauge invariant holomorphic function
(superpotential). The form of By, can be limited by using two symmetries of the
Lagrangian in Eq. (H.16). One is the perturbative U(1)g symmetry, where Yg has
R-charge +2, X and ®’s are neutral, W’s are R-charge +1. Due to this symmetry,
B, has the form,

By, =Y o (®, XR) + WOV Dy (@, XR), (H.20)

where both f), and h), are gauge invariant holomorphic functions. Another sym-

metry in Eq. (H.16) is the translation of Xg by
Xp — Xp + i€, (H.21)

where £ is real. Under this imaginary constant transformation, only total derivative
terms arise in the Lagrangian of Eq. (H.16), and thus there is no effect in perturbative

theory. Due to this symmetry, the form of the B, can be determined as,
By, = YR (®) + WaW' (ex.0ap X + Drab(®)), (H.22)

where c), is a real cut-off dependent constant, and [, is a gauge invariant holomor-
phic function of ®’s. Here, we label the scalar components of Xg, Yz as ., y,, and
set the other components as zero. Because f), only depends on @, the form of f), is
invariant for arbitrary values of x, and y,.. When we take the limits of z,, — oo and
y — 0, the gauge couplings vanishes as 1/,/z, and the Yukawa couplings and the
other dimensionful couplings go to zero proportional to y,. In this limit, the graph
proportional to y, from the effective action is the same with a single vertex from Yg

from the original Lagrangian in Eq. (H.16). Thus,

oo (@) = W(D). (H.23)

“Below the cut-off scale, the Wilsonian effective Lagrangian gives the same S-matrix elements
as the original Lagrangian.
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This shows the non-renormalization theorem in the Wilsonian effective superpoten-
tial. The form of the coupling /), can be also determined. [y, When we take Y =0,
the original Lagrangian in Eq. (H.16) has the symmetry of equal number of ®, ®T,

and thus /), cannot depend on only @,
Uxcad(®) = Lx.0a, (H.24)

where Ly, has no @, ®f, Xp, Yr dependence. For Y = 0, the number of powers of

z,, Ny, of any diagrams with no external ®, ®'’s are given by,
Ny, =1- Np, (H.25)

where N7, is a number of loops of a diagram. This relation shows that the couplings
¢y, and L), is determined from the tree level and the one loop diagrams, respectively.
Therefore, taking Yp = 1 and X = 1/¢2, the ¢y, = 0, and L), is given as the one-

loop renormalized gauge coupling constant. We will use this result in Appendix H.5.

H.4 Soft supersymmetry breaking

The supersymmetry must be broken in nature, and thus we briefly discuss one type
of the “soft” supersymmetry breaking so-called the Planck scale mediated super-
symmetry breaking [161-167]. The meaning of “soft” is that the supersymmetry is
violated only by terms with positive mass dimension couplings.

The Planck scale mediated supersymmetry breaking is discussed in a theory with
a local SUSY called supergravity. To see concretely, let us quote the scalar potential

Vsq in supergravity theory (See e.g. Ref. [168] for more details),
Vsg = Fj P — 3e"/Mayww /M3, (H.26)

where all chiral superfields are replaced by their scalar components, K = ¢*'¢;
is called a minimal Kihler potential, K = 6K/d¢;, K; = dK/5¢*, and F; =
—eD/(ZMpl)(I/V;k + W*Kj/Mgl). Here, W} = SW*/8¢*. The local supersymme-
try is broken when some F; obtain the vacuum expectation values, and then the

superpartner of the graviton called gravitino obtains a squared mass,
m3, = (FF*) /(3MY). (H.27)

For an example of the Planck scale mediated SUSY breaking model, let us con-

sider the following superpotential and Kahler potential,

W = Weis(6) + Whia(X), K = ¢*¢; + X*X (H.28)



122 APPENDIX H. SUPERSYMMETRY

where W; is the visible sector superpotential with the visible sector chiral superfields
¢i, and Whq is the hidden sector superpotential with the hidden sector chiral su-
perfield X. Here, the visible sector includes the minimal supersymmetric standard
model superpotential. We assume that the supersymmetry is broken in the hidden

sector by non-zero vacuum expectation value,
<X> = woMpl, <Whid> = wlMgl, <5Whid/5X> = wQMpl, (H.29)

where wq is dimensionless quantity, wi, wsy are mass dimension +1 quantity. Requir-
ing that the vacuum energy density equals zero, the leading order scalar potential

is obtained as®,
Voo = (Wio)i(Wais)' +m3 00" ¢ (H.30)
el w2t (W) + (wiwd + |wo w? — 3w*)Wais + c.c.]. (H.31)
where we used the gravitino mass given by
mys = | (Fx) |/vV3My = e/ ). (H.32)

The second term in Eq. (H.30) provides the universal soft scalar squared mass, the
third and the fourth terms give the holomorphic couplings so-called b-term and a-
term, respectively. Due to the supersymmetry breaking, the masses of the superfield

components are split.

H.5 Non-perturbative corrections

In this section, let us discuss the non-perturbative effects in the Supersymmetric

QCD (SQCD).

H.5.1 Affleck-Dine-Seiberg Superpotential

Consider SU(N.) SQCD with Ny flavors and N, > Ny. When we assume there are
no superpotential terms at tree level, the theory can obtain three global symmetries
as in Tab. H.1. In the absence of a superpotential, one has some flat-directions with

vanishing D-terms,

Dg = g(@ (1), — BT 0] ) =0, (H.33)

5The superfields are replaced by their scalar fields. Note that we rescale the visible sector
2
superpotential, Weyis — e~ "0I"/2W i to obtain the scalar potential term as given in the global
supersymmetry.
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Table H.1: Field contents and charge assignments

| SUN.) | SUNy) | SUWNy) | UQ) | U)g
) O O 1 =E
— — _ f
) 0 1 O -1 | MR

f

where ¢ is the gauge coupling constant of SU(N,), T, is the generators of SU(N,.), j
is a flavor index of Ny flavors, m and n are color indices of SU(N.). Concretely, the
flat-directions can be labeled by the Ny number of VEV’s, v; (i = 1,..., Ny) [169],

U1
<§>T>=<<1>>: N B (H.34)
0 0

where (®) is a N, x Ny matrix. At the generic points of v; > 0(i = 1,..., Ny), the
SU(N.) gauge symmetry is broken to SU (N, — Ny). There, some of 2NN, chiral

supermultiplets are eaten by the gauge components, i.e.
(N2 —1) = (N, — Ng)? = 1) = 2NNy — N7. (H.35)

Thus, NJ% chiral supermultiplets remain massless, and this freedom is described by

an Ny x Ny matrix,
M} = ", (H.36)

which is gauge invariant. Due to the non-renormalization theorem of the superpoten-
tial, those massless freedoms are not affected by the superpotential in perturbative
ways. But, it may be possible to lift up such flat-directions by non-perturbative
terms in the superpotential.

Before going to look for non-perturbative terms in the Wilsonian effective super-
potential, let us introduce the so-called intrinsic cutoff scale. In the previous section
of the non-renormalization theorem, we show that the gauge couplings are only 1-
loop renormalized in the effective Wilsonian superpotential. The gauge coupling at

some cut-off scale u is given by,

o= (1), (1.37)

9 (w) 8 [




124 APPENDIX H. SUPERSYMMETRY

Table H.2: Field contents and charge assignments including the holomorphic intrin-
sic scale and U(1) 4.

| SUW.) | SUW,) | SUKNY) | UQ) | UM)s | U
P O O 1 NN 11
- _ _ f
) 0 1 0 —1 | e 1
AP 1 1 1 0 0 2Ny

where b = 3N, — Ny, and the gauge coupling g(x) becomes infinity at = A. We

can define the holomorphic gauge coupling 7 including the #-parameter,

. i0/b
%594_“2294_bm<M>:b¢n<Mi”. (H.38)

2t ¢*(p) 2w 2mi i 2mi
A=A = 2T, (H.39)

Then, we can also define the holomorphic intrinsic scale,

We can regard this holomorphic intrinsic scale as an external chiral superfield (no
corresponding measure in the path integral), and then we can define a spurious
symmetry U(1)4 in Tab. H.2.

Now, let us consider non-perturbative terms in the Wilsonian effective superpo-
tential by following the general method [158]. The superpotential which is invariant
under gauge symmetries and SU(Ny) x SU(Ny) flavor symmetry is described by,

Weg = A" (WW)™(det M)P, (H.40)

where n,m and p are real parameters, detM is the only form with MZJ under
SU(Ny) x SU(Ny) invariance, YW* is a spinor chiral superfield. From the periodicity
of 6 — 0 4+ 27, n must be an integer. Requiring the U(1)4 and U(1)g invariance,

2Nyp+2Ngn =0, 2p(Ny — N) +2m = 2. (H.41)
The solution is,
1—m
- —p=_——"" . H.42
U A ey (H.42)

The theory becomes a free theory if we switch off all couplings. On the other word,
we must be able to take weak coupling limit safely. Then, n > 0 is required, where

A — 0 corresponds to g(p) — 0 as some finite p. In the Wilsonian effective action,
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all terms must be expanded by positive powers of momentum (If not, the Wilsonian

effective action is not valid at low energy.), and thus m > 0. Therefore,
n>0,p<0,0<m<I1. (H.43)

For m =1, n = p = 0, and it is just the tree level field strength term. For m = 1,
we obtain so-called Affleck-Dine-Seiberg (ADS) superpotential [169],

1
A3N0_Nf Ne—N
) " (H.44)

WADS == C(Nc,Nf) <det]w

where C(N,, Ny) is the renormalization scheme dependent coupling depending on
N, and Ny. In the DR scheme, C(N;, Nf) = N. — Ny [169,170].° It should be
noted that the holomorphy of the superpotential means no complex conjugate of
the superfields, and thus a negative power of a superfield is allowed.” This potential
show that the vacuum is only at detM — oo and the flat-directions are lifted in
except such points.

For later convenience, let us add the tree level mass term and make all M;

components massive,

W = Waps + tr(m! M}), (H.45)

i
J
we obtain the following relation,

where m’ is a Ny X Ny mass matrix. Considering the vanishing F-term condition,

M = (m™")]

ABNe—Ng\ 1/(Ne=Ny)
( ) , (H.46)

detM

where m ™! is the inverse matrix of m. Here, we used the relation MZJ M Jk = detM b,
where M is a cofactor matrix of M. Taking the determinant of both sides of this
equation, detM can be written by m, A, N., Ny. Then, plugging the result into

the above equation,
M) = (m~1)] (A3Ne=Ns detm) /e, (H.47)

We will use this relation in the next section.

SPresicely speaking, the cutoff A must be labeled as An,,n, because the Ay, n, is determined
in the effective theory with N, Ny.

"By our definition, we start from the theory with no negative power of superfields. Even under
this assumption, the non-perturbative effect gives the ADS potential in the effective theory
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H.5.2 Quantum moduli space

Here, let us consider non-perturbative effects in SQCD with Ny = N, [113,171].
Before going to discuss the SQCD with Ny = N, let us check the flat-directions
of SQCD with Ny > N.. In the absence of the superpotential term, the theory

obtains some symmetries in Tab. H.1. Then, the D-flat directions are parametrized

as,
U1
(%] 0 0 _
_ UN,
(®) = , (@) = 0 0 ,  (H.48)
UN, 0 0
0 ... 0

where |v;|? = |9;2+p (i = 1... N,) with an arbitral real parameter p. On the points
that SU(IV.) gauge symmetry is completely broken, there are left 2N.N¢ — (N, 2.1

massless chiral supermultiplets. These massless freedoms can be described by,

M = "9, (H.49)
Bi1,---7iN,; = Py - 'q)nNciNc et (H.50)
Bivive = §mi | §rveivee, (H.51)

Generally, there are relations between M, B, and B. For example of N, = N 7, the

constraint (at classical level) is

B Cle""’jNC — Nc!Mjl o M-‘ch (H52)

1,0 0iN i1 in’

where [] shows antisymmetrization. In the following, we simply write this relation

as,
BB — detM = 0. (H.53)

In the following, we call M as meson fields, and B, B as baryon fields.

Now, we derive non-perturbative effects of N. = Ny. As we have seen in
Eq.(H.53), there is one classical relation between B, B, M. But, the relation is
changed by quantum effects. For example of N, = N; = 2, the massless degrees of

freedom are described by only meson fields, and the classical constraint is

detM = 0. (H.54)
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Let us remember the relation in Eq. (H.47),
M} = (m™1)] (A3Ne=Ns detm) /e, (H.55)

This relation is derived in the case of N, > Ny. But, it seems to be valid even in the
case of N, = Ny. Thus, when all quark mass turned on in N, = Ny, we will obtain

the constraint,
detM = ANe, (H.56)

The classical constraint of detM = 0 seems to be changed in Ny = N.. For another
example, at B = B = M = 0, the SU(N,) gauge symmetry is completely restored,
and the massless fields increases. It means the Kéahler potential is singular at the
origin because the Lagrangian is obtained by taking the field derivative of the Kahler
potential. One possibility to avoid this singularity is BB — detM # 0. From those

investigations, it is expected that the classical constraint is changed as,
detM — BB = A?Me, (H.57)

This constraint is described in the superpotential by using the Lagrange multiplier
field X,

W = X (detM — BB — A?Ne), (H.58)

Note that X has its kinetic term (is not an auxiliary field) and it becomes massive
when M or B obtain the VEV. We can check this result by integrating out one

flavor. Concretely, we describe the meson fields as,

& j
M = ('%Q QC > , (H.59)
1

where Mi/j is a (Ny — 1) x (Ny — 1) matrix, both N7 and P; denote the Ny — 1

component vectors. Y is a chiral superfield. Consider the superpotential,
W = X(detM — BB — A*Ne) 4 mY, (H.60)

where m denotes a mass of quarks. From the condition that all F-terms are zero,

we obtain the following relation,

YdetM' = A%V, (H.61)
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The matching condition® between the theory with Ny = N, and the theory Ny =
N.—11is

7nA”W::A%§£LD (H.62)

where Ay, n.—1 is the gauge invariant cutoff (the holomorphic intrinsic scale) in
N; = N, — 1. Then, we obtain,

2N.+1

W= Neleol (H.63)
det M

This is nothing but the ADS superpotential of Ny = N.—1. Thus, we conclude that
the non-perturbative effect in Ny = NN, can be described by

W = X (detM — BB — A*Me). (H.64)

Before closing this section, let us comment on the matching condition in Eq. (H.62).
The intrinsic holomorphic scale in Ny = N, is given by AS’VC, N, = pbe?™ (1) with
b = 2N,., where we explicitly write the u dependence of the coupling 7 as 7(u).
On the other hand, the intrinsic holomorphic scale in Ny = N, — 1 is given by

/ .~
1" 2miF!

Al])\/[aNc—l = 1/ 2™ (W) with b = 2N, + 1. Requiring 7 = 7 as u = p/ = m as the

matching condition, we obtain the condition A?V]Z N = A?V]Z ~ ! | as in Eq. (H.62).

8See the following discussion for more details.
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