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�#bi`�+i

S2`BQ/B+�HHv /`Bp2M bvbi2Kb ?�p2 � HQM; ?BbiQ`v Q7 bim/v BM K�Mv bm#}2H/b Q7 T?vbB+b �M/ T2`B@
Q/B+ /`Bp2b ?�p2 HQM; b2`p2/ �b ~2tB#H2 2tT2`BK2Mi�H iQQHb 7Q` +QMi`QHHBM; �M/ 2p2M 2M;BM22`BM;
MQM@2[mBHB#`BmK bvbi2KbX PrBM; iQ i?2 `�TB/ /2p2HQTK2Mi BM H�b2` �M/ mHi`�7�bi bT2+i`Qb+QTv
i2+?MB[m2b- i?Bb 7Q`K Q7 2M;BM22`BM; Q7 [m�MimK bvbi2Kb- r?B+? Bb mbm�HHv i2`K2/ �b 6HQ[m2i
2M;BM22`BM;- ?�b #2+QK2 �M 2K2`;2Mi }2H/ Q7 `2b2�`+? Qp2` i?2 H�bi /2+�/2X 1tQiB+ bi�i2b Q7
K�ii2`- i?�i �`2 MQi �++2bbB#H2 BM 2[mBHB#`BmK bvbi2Kb- ?�p2 #22M `2�HBx2/ #v K2�Mb Q7 6HQ[m2i
2M;BM22`BM;X AM i?Bb i?2bBb- r2 +QMbB/2` irQ �TTHB+�iBQMb Q7 6HQ[m2i 2M;BM22`BM; iQ iQTQHQ;B+�H
[m�MimK T?2MQK2M� �M/ MQMHBM2�` +H�bbB+�H bvbi2KbX

AM i?2 }`bi T�`i Q7 i?2 bim/v- r2 +QMbB/2` iQTQHQ;B+�H #�M/ bi`m+im`2b BM T2`BQ/B+�HHv /`Bp2M
bvbi2KbX � q2vH 72`KBQM- r?B+? Bb � T`QiQivTB+�H 2t�KTH2 Q7 iQTQHQ;B+�H b2KBK2i�Hb- ?�b `2@
+2MiHv �ii`�+i2/ +QMbB/2`�#H2 BMi2`2bi QrBM; iQ Bib 2tQiB+ K�;M2iB+ `2bTQMb2- M�K2Hv i?2 +?B`�H
K�;M2iB+ 2z2+iX >Qr2p2`- i?Bb `2bTQMb2 p�MBb?2b BM � bi�iB+ H�iiB+2 bvbi2K bm+? �b � bQHB/ #2+�mb2
q2vH 72`KBQMb b?QmH/ �TT2�` BM T�B`b rBi?BM � bBM;H2 #�M/ #2+�mb2 Q7 i?2 LB2Hb2M@LBMQKBv�
i?2Q`2KX >2`2- r2 T`2b2Mi � +QM+`2i2 KQ/2H QM � T2`BQ/B+�HHv /`Bp2M i?`22@/BK2MbBQM�H H�i@
iB+2 i?�i 72�im`2b � bBM;H2 q2vH 72`KBQM rBi?BM � bBM;H2 #�M/- i?2`2#v bm`T�bbBM; i?2 �#Qp2
HBKBi�iBQMX h?2 F2v B/2� Bb iQ miBHBx2 i?2 MQMi`BpB�H iQTQHQ;v BM i?2 6HQ[m2i mMBi�`v QT2`�iQ`-
M�K2Hv i?2 T2`BQ/B+Biv Q7 [m�bB2M2`;B2bX Aib MQMi`BpB�H iQTQHQ;v 2Mbm`2b i?2 T`2b2M+2 �M/ i?2
bi�#BHBiv Q7 � bBM;H2 q2vH 72`KBQM BM Bib [m�bB2M2`;v bT2+i`mKX "2+�mb2 Q7 i?2 2K2`;2Mi bBM;H2
q2vH 72`KBQM BM i?2 6HQ[m2i mMBi�`v QT2`�iQ`- � bTBM@TQH�`Bx2/ ;�b KQp2b T�`�HH2H iQ Bib bTBM
TQH�`Bx�iBQM mM/2` i?2 2ti2`M�H /`Bp2- r?B+? Bb � +QMb2[m2M+2 Q7 i?2 bTBM@KQK2MimK HQ+FBM; Q7
� q2vH 72`KBQMX JQ`2Qp2`- r?2M r2 �TTHv � K�;M2iB+ }2H/- � +m``2Mi ~Qrb �MiBT�`�HH2H iQ i?2
K�;M2iB+ }2H/ �M/ i?Bb +m``2Mi i�F2b � [m�MiBx2/ p�Hm2 7Q` bmBi�#H2 #�M/ }HHBM; �M/ i2KT2`@
�im`2- r?B+? Bb � 6HQ[m2i `2�HBx�iBQM Q7 i?2 +?B`�H K�;M2iB+ 2z2+iX "v ;2M2`�HBxBM; i?2 �#Qp2
B/2� iQ BM+Hm/2 bvKK2i`B2b- r2 ;Bp2 � iQTQHQ;B+�H +H�bbB}+�iBQM Q7 6HQ[m2i mMBi�`v QT2`�iQ`b BM
i?2 �HiH�M/@wB`M#�m2` bvKK2i`v +H�bb2b 7Q` �HH /BK2MbBQM�HBiB2b �M/ +QMbi`m+i +QM+`2i2 KQ/2Hb
rBi? MQMi`BpB�H iQTQHQ;B+�H MmK#2`b 7Q` 2�+? +H�bb �M/ /BK2MbBQM�HBivX 6`QK i?2b2 `2bmHib- r2
b?Qr i?�i �HH ;�TH2bb bm`7�+2 bi�i2b Q7 iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b +�M 2K2`;2
BM #mHF [m�bB2M2`;v bT2+i`� BM 6HQ[m2i bvbi2KbX

AM i?2 b2+QM/ T�`i Q7 i?2 bim/v- r2 +QMbB/2` T2`BQ/B+�HHv /`Bp2M MQMHBM2�` bvbi2Kb ;Qp2`M2/
#v MQMHBM2�` biQ+?�biB+ 2[m�iBQMbX AM T2`BQ/B+�HHv /`Bp2M [m�MimK bvbi2Kb- Bi Bb FMQrM i?�i
i?2B` /vM�KB+b Bb- QM �p2`�;2- /2b+`B#2/ #v � bi�iB+ 2z2+iBp2 >�KBHiQMB�M �++Q`/BM; iQ i?2
6HQ[m2i i?2Q`2K �M/ i?�i i?2 2z2+iBp2 >�KBHiQMB�M Bb bvbi2K�iB+�HHv /2i2`KBM2/ 7`QK i?2 ?B;?@
7`2[m2M+v 2tT�MbBQMX >Qr2p2`- r2 +�MMQi /B`2+iHv �TTHv i?Bb i?2Q`2K �M/ i?2 ?B;?@7`2[m2M+v
2tT�MbBQM iQ MQMHBM2�` +H�bbB+�H bvbi2Kb #2+�mb2 i?2v +�M #2 �TTHB2/ QMHv iQ HBM2�` 2[m�iBQMb
HBF2 i?2 a+?`ƺ/BM;2` 2[m�iBQMX >2`2- r2 Qp2`+QK2 i?Bb /B{+mHiv #v 2KTHQvBM; � K�bi2`@2[m�iBQM
�TT`Q�+? �M/ i?2`2#v /2p2HQT i?2 ?B;?@7`2[m2M+v 2tT�MbBQM Q7 i?2B` 2[m�iBQMb Q7 KQiBQMX Pm`
7Q`K�HBbK Bb �TTHB+�#H2 MQi QMHv iQ +H�bbB+�H bvbi2Kb #mi �HbQ iQ [m�MimK QM2b BM bvKK2i`v@
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#`QF2M T?�b2b �M/ +Qp2`b #Qi? BbQH�i2/ �M/ QT2M bvbi2KbX "v �M�HviB+�HHv 2p�Hm�iBM; i?2 ?B;?2`@
Q`/2` i2`Kb Q7 i?2 ?B;?@7`2[m2M+v 2tT�MbBQM- r2 }M/ i?�i �M 2z2+iBp2 2[m�iBQM Q7 KQiBQM /2`Bp2/
7`QK i?2 ?B;?@7`2[m2M+v 2tT�MbBQM r2HH /2b+`B#2b i?2 2t�+i iBK2 2pQHmiBQM 7Q` � ?B;?@7`2[m2M+v
/`Bp2X AM T�`iB+mH�`- 7Q` /`Bp2M /BbbBT�iBp2 bvbi2Kb- Bi r2HH `2T`Q/m+2b i?2 2t�+i /vM�KB+b mMiBH
i?2v `2�+? i?2B` MQM@2[mBHB#`BmK bi2�/v bi�i2bX h?Bb `2bmHi Bb BM bi�`F +QMi`�bi iQ /`Bp2M BbQH�i2/
bvbi2Kb- r?2`2 i?2 ?B;?@7`2[m2M+v 2tT�MbBQM rQ`Fb QMHv BM i?2 BMi2`K2/B�i2 `2;BK2 #27Q`2 i?2v
?2�i mT iQ BM}MBi2@i2KT2`�im`2 bi�i2bX h?2b2 �M�HviB+�H }M/BM;b �`2 MmK2`B+�HHv +QM}`K2/ 7Q` �
bBM;H2@#Q/v bvbi2K �M/ � K�Mv@#Q/v bvbi2K #v 2t�KTH2b Q7 i?2 E�TBix� T2M/mHmK rBi? 7`B+iBQM
�M/ � H�b2`@/`Bp2M K�;M2i +QmTH2/ rBi? � i?2`K�H #�i?- `2bT2+iBp2HvX 6BM�HHv- r2 T`2b2Mi �M
�TTHB+�iBQM iQ bTBMi`QMB+b- r?2`2 r2 /2KQMbi`�i2 �M QTiB+�H +QMi`QH Q7 � bTBM +?B`�HBiv #v �
H�b2`X



Sm#HB+�iBQM GBbi

h?Bb i?2bBb Bb #�b2/ QM i?2 7QHHQrBM; Tm#HB+�iBQMb,

(R) aX >B;�b?BF�r�- JX L�F�;�r�- �M/ JX l2/�- 6HQ[m2i +?B`�H K�;M2iB+ 2z2+i- �`sBp, R3yeXye3e3
UkyR3VX

(k) aX >B;�b?BF�r�- >X 6mDBi�- �M/ JX a�iQ- 6HQ[m2i 2M;BM22`BM; Q7 +H�bbB+�H bvbi2Kb- �`sBp,
R3RyXyRRyj UkyR3VX

h?2 7QHHQrBM; Tm#HB+�iBQMb �`2 MQi /B`2+iHv `2H�i2/ iQ i?Bb i?2bBb,

(j) hX uQb?BMQ- aX 6m`mF�r�- aX >B;�b?BF�r�- JX l2/�- *QHH2+iBp2 KQ/2b Q7 pQ`i2t H�iiB+2b BM
irQ@+QKTQM2Mi "Qb2@1BMbi2BM +QM/2Mb�i2b mM/2` bvMi?2iB+ ;�m;2 }2H/b- L2r CQm`M�H Q7
S?vbB+b kR- yR8yyR UkyRNVX (BMpBi2/ T�T2` BM aTQiHB;?i QM JmHiB+QKTQM2Mi J�ii2`)

(9) EX E�r�#�i�- aX >B;�b?BF�r�- wX :QM;- uX �b?B/�- �M/ JX l2/�- hQTQHQ;B+�H lMB}+�@
iBQM Q7 hBK2@_2p2`b�H �M/ S�`iB+H2@>QH2 avKK2i`B2b BM LQM@>2`KBiB�M S?vbB+b- L�im`2
*QKKmMB+�iBQMb Ry- kNd UkyRNVX (b2H2+i2/ BM 1/BiQ`bǶ >B;?HB;?ib)

(8) wX :QM;- uX �b?B/�- EX E�r�#�i�- EX h�F�b�M- aX >B;�b?BF�r�- �M/ JX l2/�- hQTQHQ;B+�H
T?�b2b Q7 MQM@>2`KBiB�M bvbi2Kb- S?vbB+�H _2pB2r s 3- yjRydN UkyR3VX (?B;?HB;?i2/ BM
oB2rTQBMi)

(e) wX :QM;- aX >B;�b?BF�r�- �M/ JX l2/�X w2MQ >�HH 2z2+i- S?vbB+�H _2pB2r G2ii2`b RR3-
kyy9yR UkyRdVX (b2H2+i2/ �b 1/BiQ`bǶ am;;2biBQM)

(d) aX >B;�b?BF�r� �M/ JX l2/�- AM~m2M+2 Q7 iQTQHQ;B+�H +QMbi`�BMib �M/ iQTQHQ;B+�H 2t+B@
i�iBQMb, .2+QKTQbBiBQM 7Q`KmH�b 7Q` +�H+mH�iBM; ?QKQiQTv ;`QmTb Q7 bvKK2i`v@#`QF2M
T?�b2b- S?vbB+�H _2pB2r " N8- Rj98ky UkyRdVX

(3) aX >B;�b?BF�r� �M/ JX l2/�- µ@bvKK2i`v #`2�FBM;, �M �H;2#`�B+ �TT`Q�+? iQ }M/BM; K2�M
}2H/b Q7 [m�MimK K�Mv@#Q/v bvbi2Kb- S?vbB+�H _2pB2r � N9- yRjeRj UkyReVX
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GBbi Q7 �##`2pB�iBQMb

Ç �a1S, �bvKK2i`B+ bBKTH2 2t+HmbBQM T`Q+2bb

Ç �w bvKK2i`v +H�bb2b, �HiH�M/@wB`M#�m2` bvKK2i`v +H�bb2b

Ç "w, "`BHHQmBM xQM2

Ç *J1, +?B`�H K�;M2iB+ 2z2+i

Ç *a, +?B`�H bvKK2i`v

Ç .J BMi2`�+iBQM, .xv�HQb?BMbFBB@JQ`Bv� BMi2`�+iBQM

Ç 1PJ, 2[m�iBQM Q7 KQiBQM

Ç 1h>, 2B;2Mbi�i2 i?2`K�HBx�iBQM ?vTQi?2bBb

Ç 6J >61, 6HQ[m2i@J�;Mmb ?B;?@7`2[m2M+v 2tT�MbBQM

Ç 6S 2[m�iBQM- 6S QT2`�iQ`, 6QFF2`@SH�M+F 2[m�iBQM- 6QFF2`@SH�M+F QT2`�iQ`

Ç :S 2[m�iBQM, :`Qbb@SBi�2pbFBB 2[m�iBQM

Ç >61, ?B;?@7`2[m2M+v 2tT�MbBQM

Ç GG: 2[m�iBQM, G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM

Ç L1aa, MQM@2[mBHB#`BmK bi2�/v bi�i2

Ç S>a, T�`iB+H2@?QH2 bvKK2i`v

Ç Za> BMbmH�iQ`, [m�MimK bTBM >�HH BMbmH�iQ`

Ç bGG: 2[m�iBQM, biQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM

Ç aSh T?�b2, bvKK2i`v@T`Qi2+i2/ iQTQHQ;B+�H T?�b2

Ç aa> KQ/2H, am@a+?`B2z2`Ĝ>22;2` KQ/2H

Ç hA, iQTQHQ;B+�H BMbmH�iQ`

Ç hELL 7Q`KmH�, h?QmH2bb@EQ?KQiQ@LB;?iBM;�H2@/2M@LBDb 7Q`KmH�

Ç h_a, iBK2@`2p2`b�H bvKK2i`v
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p

Ç ha*, iQTQHQ;B+�H bmT2`+QM/m+iQ`

Ç po >61, p�M oH2+F ?B;?@7`2[m2M+v 2tT�MbBQM

Ç qaJ, q2vH b2KBK2i�H



*QMi2Mib

R AMi`Q/m+iBQM R
RXR _Bb2 Q7 6HQ[m2i 2M;BM22`BM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXk S`2b2Mi bim/v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k
RXj *QMbi`m+iBQM Q7 i?2 i?2bBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j

k _2pB2r QM iQTQHQ;B+�H [m�MimK T?2MQK2M� e
kXR hQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b X X X X X X X X X X X X X X X X X X X X X e

kXRXR "�bB+ +QM+2Tib QM iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b X X X X X X e
kXRXk avKK2i`v@T`Qi2+i2/ iQTQHQ;B+�H T?�b2b X X X X X X X X X X X X X X X X X X X 3
kXRXj *H�bbB}+�iBQM Q7 iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b X X X X X X X X RR

kXk q2vH 72`KBQM �M/ +?B`�H K�;M2iB+ 2z2+i X X X X X X X X X X X X X X X X X X X X X X Rj
kXkXR q2vH 72`KBQM �M/ q2vH b2KBK2i�H X X X X X X X X X X X X X X X X X X X X X Rj
kXkXk *?B`�H K�;M2iB+ 2z2+i X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9

kXj �/B�#�iB+ iQTQHQ;B+�H TmKT X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8
kXjXR h?QmH2bb TmKT X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8
kXjXk :2M2`�H �/B�#�iB+ TmKTb X X X X X X X X X X X X X X X X X X X X X X X X X X X Re

j "`B27 `2pB2r QM 6HQ[m2i 2M;BM22`BM; R3
jXR 6HQ[m2i i?2Q`2K �M/ ?B;?@7`2[m2M+v 2tT�MbBQM X X X X X X X X X X X X X X X X X X R3

jXRXR 6HQ[m2i i?2Q`2K �M/ 2z2+iBp2 >�KBHiQMB�M X X X X X X X X X X X X X X X X X R3
jXRXk >B;?@7`2[m2M+v 2tT�MbBQM Q7 i?2 2z2+iBp2 >�KBHiQMB�M �M/ i?2 FB+F QT@

2`�iQ` X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky
jXk 6HQ[m2i 2M;BM22`BM; Q7 iQTQHQ;B+�H [m�MimK T?2MQK2M� X X X X X X X X X X X X X X kj

jXkXR 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b X X X X X X X X X X X X X X X X X X X X X X X X k9
jXkXk �MQK�HQmb iQTQHQ;B+�H BMbmH�iQ`b �M/ i?2B` +H�bbB}+�iBQM X X X X X X X X X k8
jXkXj �/B�#�iB+ iQTQHQ;B+�H TmKT `2pBbBi2/ 7`QK i?2 6HQ[m2i pB2rTQBMi X X X X kd

jXj 6HQ[m2i 2M;BM22`BM; Q7 Q`/2`2/ bi�i2b X X X X X X X X X X X X X X X X X X X X X X X X k3
jXjXR "Qb2@1BMbi2BM +QM/2Mb�i2b X X X X X X X X X X X X X X X X X X X X X X X X X X kN
jXjXk Zm�MimK J�;M2ib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kN

jX9 6HQ[m2i 2M;BM22`BM; Q7 +H�bbB+�H bvbi2Kb X X X X X X X X X X X X X X X X X X X X X X X jR
jX9XR E�TBix� T2M/mHmK �M/ /vM�KB+�H bi�#BHBx�iBQM X X X X X X X X X X X X X X jk
jX9Xk 6HQ[m2i T`2i?2`K�HBx�iBQM BM +H�bbB+�H bTBM bvbi2Kb X X X X X X X X X X X X j9

9 "`B27 `2pB2r QM +H�bbB+�H biQ+?�biB+ bvbi2Kb je
9XR G�M;2pBM 2[m�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X je

9XRXR G�M;2pBM 2[m�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X je
9XRXk J�bi2` 2[m�iBQM, i?2 6QFF2`@SH�M+F 2[m�iBQM X X X X X X X X X X X X X X X jd

pB



*PLh1Lha pBB

9Xk :2M2`�H +H�bbB+�H biQ+?�biB+ bvbi2Kb X X X X X X X X X X X X X X X X X X X X X X X X X jd
9XkXR 1[m�iBQM Q7 KQiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jd
9XkXk .Bb+`2iBx�iBQM T`2b+`BTiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X j3
9XkXj J�bi2` 2[m�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j3

9Xj aiQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM X X X X X X X X X X X X X X X X X X X X 9y
9XjXR 1[m�iBQM Q7 KQiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y
9XjXk J�bi2` 2[m�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

8 6HQ[m2i +?B`�H K�;M2iB+ 2z2+i 9k
8XR .2}MBiBQM Q7 i?2 KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9k

8XRXR hQTQHQ;B+�H MmK#2` Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` X X X X X X X X X X X X 98
8Xk .BbT2`bBQM �M/ /vM�KB+b rBi?Qmi � K�;M2iB+ }2H/ X X X X X X X X X X X X X X X X X 9e

8XkXR aBM;H2 q2vH 72`KBQM BM i?2 [m�bB2M2`;v bT2+i`mK X X X X X X X X X X X X X 9e
8XkXk hQTQHQ;B+�H TmKT rBi? bTBM@KQK2MimK HQ+FBM; X X X X X X X X X X X X X X 9d

8Xj 6HQ[m2i +?B`�H K�;M2iB+ 2z2+i X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8y
8XjXR .BbT2`bBQM, +?B`�H 72`KBQM mM/2` � K�;M2iB+ }2H/ X X X X X X X X X X X X X 8y
8XjXk *?B`�H i`�MbTQ`i �HQM; i?2 K�;M2iB+ }2H/ X X X X X X X X X X X X X X X X X X 8k

8X9 1tT2`BK2Mi�H BKTH2K2Mi�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89
8X9XR a2imT rBi? 87_# X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89
8X9Xk a2imT rBi? 173u# X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8e

8X8 *H�bbB}+�iBQM Q7 ;�TH2bb 6HQ[m2i bT2+i`� X X X X X X X X X X X X X X X X X X X X X X 8d
8X8XR 6HQ[m2i@"HQ+? QT2`�iQ`b rBi?Qmi +?B`�H bvKK2i`v X X X X X X X X X X X X X 83
8X8Xk 6HQ[m2i@"HQ+? QT2`�iQ`b rBi? +?B`�H bvKK2i`v X X X X X X X X X X X X X X X 8N
8X8Xj S2`BQ/B+ i�#H2 7Q` 6HQ[m2i@"HQ+? QT2`�iQ`b X X X X X X X X X X X X X X X X X ey

e 6HQ[m2i 2M;BM22`BM; Q7 MQMHBM2�` bvbi2Kb ej
eXR >B;?@7`2[m2M+v 2tT�MbBQM Q7 � +H�bbB+�H 2[m�iBQM Q7 KQiBQM X X X X X X X X X X X X e9

eXRXR 1[m�iBQM Q7 KQiBQM �M/ K�bi2` 2[m�iBQM X X X X X X X X X X X X X X X X X X e9
eXRXk >B;?@7`2[m2M+v 2tT�MbBQM Q7 � K�bi2` 2[m�iBQM X X X X X X X X X X X X X X ee
eXRXj .2i2`KBMBbiB+ bvbi2K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN
eXRX9 hBK2@BM/2T2M/2Mi /BzmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X dy

eXk o�HB/Biv �M/ +QMp2`;2M+2 Q7 i?2 ?B;?@7`2[m2M+v 2tT�MbBQM X X X X X X X X X X X X X dj
eXkXR 62r@#Q/v bvbi2K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dj
eXkXk J�Mv@#Q/v bvbi2K, T`2HBKBM�`B2b �M/ bi�i2K2Mib X X X X X X X X X X X X X d9
eXkXj J�Mv@#Q/v bvbi2K, /2`Bp�iBQM X X X X X X X X X X X X X X X X X X X X X X X de
eXkX9 J�Mv@#Q/v bvbi2K, /Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X d3

eXj E�TBix� T2M/mHmK rBi? 7`B+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X dN
eXjXR a2imT X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dN
eXjXk >B?@7`2[m2M+v 2tT�MbBQM �M/ 2z2+iBp2 2[m�iBQM Q7 KQiBQM X X X X X X X X X 3y
eXjXj *QKT�`BbQM #2ir22M i?2 iBK2@T2`BQ/B+ �M/ 2z2+iBp2 2[m�iBQMb Q7 KQiBQM 3R

eX9 aiQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM X X X X X X X X X X X X X X X X X X X X 3k
eX9XR >B;?@7`2[m2M+v 2tT�MbBQM �M/ i?2 2z2+iBp2 bGG: 2[m�iBQM X X X X X X X X 39
eX9Xk a?Q`i@iBK2 /vM�KB+b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 38
eX9Xj LQM@2[mBHB#`BmK bi2�/v bi�i2 X X X X X X X X X X X X X X X X X X X X X X X X 38

eX8 �TTHB+�iBQM iQ bTBMi`QMB+b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3e
eX8XR avMi?2iB+ .xv�HQb?BMbFBB@JQ`Bv� BMi2`�+iBQM BM � KmHiB72``QB+ bTBM +?�BM X 3d
eX8Xk 1K2`;2Mi p2+iQ` +?B`�HBiv #v H�b2` B``�/B�iBQM X X X X X X X X X X X X X X X 33



pBBB *PLh1Lha

d amKK�`v �M/ QmiHQQF NR
dXR amKK�`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X NR
dXk PmiHQQF X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nj

dXkXR 6HQ[m2i 2M;BM22`BM; Q7 iQTQHQ;B+�H T?2MQK2M� X X X X X X X X X X X X X X X Nj
dXkXk 6HQ[m2i 2M;BM22`BM; Q7 MQMHBM2�` bvbi2Kb X X X X X X X X X X X X X X X X X X Nj

� .2i�BHb Q7 K�i?2K�iB+b �M/ /2`Bp�iBQMb BM *?�Ti2` 8 N8
�XR *QMbi`m+iBQM Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k) X X X X X X X X X X X X X X X X X N8
�Xk "QmM/�`v +QM/BiBQM Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k) X X X X X X X X X X X X X Nd
�Xj .2`Bp�iBQM Q7 1[X U8XjkV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nd
�X9 6HQ[m2i@"HQ+? QT2`�iQ`b BM i?2 Qi?2` bvKK2i`v +H�bb2b X X X X X X X X X X X X X X N3

�X9XR hQTQHQ;B+�H BMp�`B�Mi BM 2�+? bvKK2i`v +H�bb X X X X X X X X X X X X X X X X N3
�X9Xk :2M2`�H K2i?Q/ 7Q` KQ/2H +QMbi`m+iBQM X X X X X X X X X X X X X X X X X X X Ryy
�X9Xj *QM+`2i2 KQ/2Hb BM 2�+? bvKK2i`v +H�bb X X X X X X X X X X X X X X X X X X Ryj

" .2i�BHb Q7 /2`Bp�iBQMb BM *?�Ti2` e Ryd
"XR _B;Q`Qmb `2bmHib QM /Bb+`2i2 bvbi2Kb X X X X X X X X X X X X X X X X X X X X X X X X X Ryd

"XRXR J�`FQp +?�BM QM � /Bb+`2i2 bT�+2 X X X X X X X X X X X X X X X X X X X X X X Ryd
"XRXk J�`FQpB�M [m�MimK K�bi2` 2[m�iBQM X X X X X X X X X X X X X X X X X X X X RyN

"Xk hrQ@/BK2MbBQM�H 72``QK�;M2i, }`bi Q`/2` X X X X X X X X X X X X X X X X X X X X X X RRy
"Xj hrQ@/BK2MbBQM�H 72``QK�;M2i, b2+QM/ Q`/2` X X X X X X X X X X X X X X X X X X X X RRk
"X9 JmHiB72``QB+ bTBM +?�BM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRj



*?�Ti2` R

AMi`Q/m+iBQM

RXR _Bb2 Q7 6HQ[m2i 2M;BM22`BM;

S2`BQ/B+�HHv /`Bp2M bvbi2Kb- r?B+? �`2 mbm�HHv i2`K2/ �b 6HQ[m2i bvbi2Kb BM T?vbB+b- ?�p2
�ii`�+i2/ BM+2bb�Mi BMi2`2bi 7Q` [mBi2 � HQM; iBK2 BM K�Mv bm#}2H/b Q7 T?vbB+b- r?2`2 � MmK#2`
Q7 BMi2`2biBM; T?2MQK2M� ?�p2 #22M 7QmM/ BM+Hm/BM; /vM�KB+�H HQ+�HBx�iBQM (N- Ry)- biQ+?�biB+
`2bQM�M+2 (RR- Rk)- �M/ /vM�KB+�H bi�#BHBx�iBQM (RjĜRe)X PrBM; iQ i?2 `�TB/ /2p2HQTK2Mib BM
H�b2` �M/ mHi`�7�bi bT2+i`Qb+QTv i2+?MB[m2b- Bi ?�b `2+2MiHv #22M b?QrM i?�i T2`BQ/B+ /`Bp2b +�M
#2 mb2/ �b ~2tB#H2 2tT2`BK2Mi�H iQQHb iQ +QMi`QH [m�MimK bvbi2Kb 7Q` `2�HBxBM; 2tQiB+ bi�i2b
Q7 K�ii2` BM+Hm/BM; 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b (RdĜkk) �M/ 6HQ[m2i iBK2 +`vbi�Hb (kjĜke)X
h?Bb 7Q`K Q7 2M;BM22`BM; Q7 [m�MimK bvbi2Kb- r?B+? Bb FMQrM �b 6HQ[m2i 2M;BM22`BM;- ?�b
#2+QK2 �M 2K2`;2Mi }2H/ Q7 `2b2�`+? Qp2` i?2 H�bi /2+�/2 (kdĜkN)X Aib F2v BM;`2/B2Mi Bb i?2
6HQ[m2i i?2Q`2K (jy-jR)- r?B+? Bb � i2KTQ`�H �M�HQ; Q7 i?2 "HQ+? i?2Q`2K �M/ /B+i�i2b i?�i i?2
iBK2 2pQHmiBQM Q7 � T2`BQ/B+�HHv /`Bp2M [m�MimK bvbi2K #2 /2b+`B#2/ #v � iBK2@BM/2T2M/2Mi
2z2+iBp2 >�KBHiQMB�M QM �p2`�;2X h?mb- Bi `2/m+2b i?2 T`Q#H2K BM � MQM@2[mBHB#`BmK bvbi2K
iQ �M �M�HvbBb Q7 � bi�iB+ 2z2+iBp2 >�KBHiQMB�M �M/ i?2`27Q`2 ;`2�iHv bBKTHB}2b i?2 T`Q#H2KX
h?2 2z2+iBp2 >�KBHiQMB�M Bb bvbi2K�iB+�HHv /2i2`KBM2/ 7`QK i?2 /`BpBM; T`QiQ+QH #v K2�Mb Q7
i?2 ?B;?@7`2[m2M+v 2tT�MbBQM- r?B+? Bb � T2`im`#�iBp2 2tT�MbBQM BM i?2 BMp2`b2 Q7 i?2 /`BpBM;
7`2[m2M+vX h?mb- #v +?QQbBM; � bmBi�#H2 /`BpBM; T`QiQ+QH- QM2 +�M i�BHQ` � bi�iB+ 2z2+iBp2
>�KBHiQMB�M rBi? /2bB`2/ T`QT2`iB2b- M�K2Hv 2M;BM22`BM; Q7 � >�KBHiQMB�MX

6HQ[m2i 2M;BM22`BM; Bb +QKKQMHv mb2/ BM mHi`�+QH/ �iQKB+ ;�b2b QrBM; iQ i?2B` 2t+2HH2Mi
+QMi`QHH�#BHBiv #v � H�b2` }2H/ (ky- jkĜj3)X � T`BK2 2t�KTH2 Bb i?2 `2�HBx�iBQM Q7 i?2 >�H/�M2
KQ/2H (ky- jN)X AM i?Bb 2tT2`BK2Mi- i?2 +QKTH2t M2ti@M2�`2bi@M2B;?#Q` ?QTTBM;b- r?B+? �`2
?�`/ iQ BKTH2K2Mi BM � bi�iB+ bvbi2K- +�M #2 BM/m+2/ #v b?�FBM; �M QTiB+�H H�iiB+2X �MQi?2`
`2K�`F�#H2 �+?B2p2K2Mi Bb i?2 `2�HBx�iBQM Q7 i?2 h?QmH2bb TmKT (9y- 9R)- r?2`2 i?2 [m�MiBx2/
i`�MbTQ`i T`Qi2+i2/ #v iQTQHQ;v Bb /2KQMbi`�i2/ mbBM; i?2 bi�i2@Q7@i?2@�`i H�b2` i2+?MQHQ;vX
6HQ[m2i 2M;BM22`BM; #v � H�b2` Bb �HbQ BMi2MbBp2Hv bim/B2/ BM bQHB/@bi�i2 bvbi2Kb #2+�mb2 Bi ?�b
TQi2MiB�H �TTHB+�iBQMb iQ mHi`�7�bi 2H2+i`QMB+b �M/ bTBMi`QMB+b (kk- kN- 9kĜ9N)X 6Q` 2t�KTH2-
T?QiQ@BM/m+2/ bmT2`+QM/m+iQ`b (8yĜ8k) �M/ H�b2`@BM/m+2/ /2K�;M2iBx�iBQM (8jĜ88) ?�p2 #22M
`2�HBx2/ 2tT2`BK2Mi�HHvX �//BiBQM�HHv- i?2`2 �`2 � MmK#2` Q7 i?2Q`2iB+�H T`QTQb�Hb mbBM; 6HQ[m2i
2M;BM22`BM; iQ BM/m+2 M2r bi�i2b Q7 K�ii2` BM b2KB+QM/m+iQ`b (Rd- 8eĜey)- bi`QM;Hv +Q``2H�i2/
2H2+i`QM bvbi2Kb (eRĜdy)- �M/ K�;M2ib (dRĜ3k)X

R
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RXk S`2b2Mi bim/v
AM i?Bb i?2bBb- r2 �TTHv 6HQ[m2i 2M;BM22`BM; iQ irQ }2H/b Q7 `2b2�`+?- M�K2Hv iQTQHQ;B+�H [m�M@
imK T?2MQK2M� �M/ MQMHBM2�` bvbi2KbX

_2+2Mi v2�`b ?�p2 rBiM2bb2/ `�TB/ T`Q;`2bb BM iQTQHQ;B+�H T?�b2b Q7 K�ii2` #Qi? 2tT2`BK2M@
i�HHv �M/ i?2Q`2iB+�HHv (3j-39)X AM � T2`BQ/B+�HHv /`Bp2M H�iiB+2 bvbi2K- �M 2z2+iBp2 >�KBHiQMB�M-
r?B+? Bb �M �M�HQ; Q7 � >�KBHiQMB�M BM � bi�iB+ bvbi2K- +�M TQbb2bb � iQTQHQ;B+�HHv MQMi`BpB�H
#�M/ bi`m+im`2 �M/ 2tQiB+ 2/;2 bi�i2b HBF2 � bi�iB+ >�KBHiQMB�M- M�K2Hv 6HQ[m2i iQTQHQ;B+�H
BMbmH�iQ` (Rd- 8e)X JQ`2Qp2`- T2`BQ/B+�HHv /`Bp2M H�iiB+2 bvbi2Kb +�M 2t?B#Bi iQTQHQ;B+�H #�M/
bi`m+im`2b i?�i �`2 T`Q?B#Bi2/ BM bi�iB+ bvbi2Kb #v miBHBxBM; MQMi`BpB�H iQTQHQ;v Q7 Bib iBK2@
2pQHmiBQM QT2`�iQ` (38Ĝ3d)X AMi2`2biBM;Hv- i?2 h?QmH2bb TmKT (33)- r?B+? Bb � +�MQMB+�H 2t�KTH2
Q7 iQTQHQ;B+�H TmKTb- 72�im`2b bm+? � H�iiB+2@T`Q?B#Bi2/ #�M/ bi`m+im`2- M�K2Hv � bBM;H2 +?B`�H
72`KBQMX �Hi?Qm;? b2p2`�H 2t�KTH2b rBi? bm+? H�iiB+2@T`Q?B#Bi2/ #�M/ bi`m+im`2b �`2 FMQrM BM
QM2 /BK2MbBQM (38- 3N)- +QM+`2i2 KQ/2Hb BM ?B;?2` /BK2MbBQM�HBiB2b �`2 biBHH H�+FBM;X JQ`2Qp2`-
� iQTQHQ;B+�H +H�bbB}+�iBQM Q7 ;2M2`�H H�iiB+2@T`Q?B#Bi2/ #�M/ bi`m+im`2b ?�b `2K�BM2/ 2HmbBp2X

AM i?2 }`bi T�`i Q7 Qm` rQ`F- r2 T`2b2Mi v2i �MQi?2` KQ/2H i?�i 2t?B#Bib � #�M/ bi`m+im`2
i?�i Bb T`Q?B#Bi2/ BM � bi�iB+ H�iiB+2 bvbi2K- BX2- � bBM;H2 q2vH 72`KBQMX Ai Bb r2HH@FMQrM i?�i �
bBM;H2 q2vH 72`KBQM Bb BKTQbbB#H2 iQ `2�HBx2 rBi?BM � bBM;H2 #�M/ Q7 � bi�iB+ i?`22@/BK2MbBQM�H
H�iiB+2 #2+�mb2 Q7 i?2 LB2Hb2M@LBMQKBv� i?2Q`2K (Ny-NR)X h?Bb H2�/b iQ i?2 �#b2M+2 Q7 i?2 +?B`�H
+m``2Mi Q`B;BM�iBM; 7`QK i?2 +?B`�H K�;M2iB+ 2z2+i (Nk-Nj)- r?B+? Bb � +m``2Mi ~QrBM; �MiBT�`�HH2H
iQ �M �TTHB2/ K�;M2iB+ }2H/X >Qr2p2`- r2 ?2`2 b?Qr i?�i QM2 +�M bm`T�bb i?2 �#Qp2 HBKBi�iBQM
BM bi�iB+ bvbi2Kb #v T`2b2MiBM; � +QM+`2i2 2t�KTH2 Q7 � T2`BQ/B+�HHv /`Bp2M H�iiB+2 bvbi2K i?�i
?�b � bBM;H2 q2vH 72`KBQM rBi?BM � bBM;H2 #�M/X h?2 T`2b2M+2 �M/ bi�#BHBiv Q7 � bBM;H2 q2vH
72`KBQM Bb 2Mbm`2/ #v i?2 MQMi`BpB�H iQTQHQ;v Q7 i?2 6HQ[m2i mMBi�`v QT2`�iQ`- r?B+? Bb i?2
iBK2@2pQHmiBQM QT2`�iQ` T2` QM2 T2`BQ/X AM Qm` /`BpBM; T`QiQ+QH- � bTBM@TQH�`Bx2/ i?2`K�H ;�b
KQp2b T�`�HH2H iQ Bib bTBM TQH�`Bx�iBQM- r?B+? Bb � K�MB72bi�iBQM Q7 i?2 bTBM@KQK2MimK HQ+FBM;
Q7 � q2vH 72`KBQMX q?2M � K�;M2iB+ }2H/ Bb �TTHB2/- � [m�MiBx2/ +m``2Mi ~Qrb �MiBT�`�HH2H
iQ i?2 K�;M2iB+ }2H/- r?B+? Bb � 6HQ[m2i `2�HBx�iBQM Q7 i?2 +?B`�H K�;M2iB+ 2z2+iX 6BM�HHv-
;2M2`�HBxBM; i?2 �#Qp2 /Bb+mbbBQM iQ BM+Hm/2 bvKK2i`B2b- r2 ;Bp2 � iQTQHQ;B+�H +H�bbB}+�iBQM Q7
6HQ[m2i mMBi�`v QT2`�iQ`b BM i?2 �HiH�M/@wB`M#�m2` bvKK2i`v +H�bb2b 7Q` �HH /BK2MbBQM�HBiB2b
�M/ +QMbi`m+i +QM+`2i2 KQ/2Hb BM 2�+? bvKK2i`v +H�bb �M/ /BK2MbBQM�HBivX 6`QK i?2b2 `2bmHib-
r2 b?Qr i?�i �HH ;�TH2bb bm`7�+2 bi�i2b Q7 iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b +�M #2
`2�HBx2/ BM #mHF [m�bB2M2`;v bT2+i`� BM 6HQ[m2i bvbi2KbX

AM i?2 b2+QM/ T�`i Q7 Qm` rQ`F- r2 +QMbB/2` +H�bbB+�H biQ+?�biB+ bvbi2Kb ;Qp2`M2/ #v MQMHBM@
2�` biQ+?�biB+ 2[m�iBQMbX lM7Q`imM�i2Hv- r2 +�M �TTHv M2Bi?2` 6HQ[m2i i?2Q`2K MQ` i?2 ?B;?@
7`2[m2M+v 2tT�MbBQM /B`2+iHv iQ i?2b2 bvbi2Kb #2+�mb2 Q7 i?2 MQMHBM2�`Biv �M/ i?2 biQ+?�biB+Biv
Q7 i?2B` 2[m�iBQMb Q7 KQiBQM #2+�mb2 i?2 6HQ[m2i i?2Q`2K Bb �TTHB+�#H2 QMHv iQ HBM2�` 2[m�iBQMb
HBF2 i?2 a+?`ƺ/BM;2` 2[m�iBQMX u2i- Bi Bb +H2�`Hv BKTQ`i�Mi iQ 2ti2M/ i?2b2 6HQ[m2i K2i?Q/@
QHQ;B2b 2bi�#HBb?2/ BM [m�MimK bvbi2Kb iQ MQMHBM2�` biQ+?�biB+ 2[m�iBQMb Q7 KQiBQMX am+? �
;2M2`�HBx�iBQM ?�b � rB/2 `�M;2 Q7 �TTHB+�iBQMb 7`QK Tm`2Hv +H�bbB+�H bvbi2Kb U2X;X- i?2 G�M;2pBM
bvbi2KbV iQ [m�MimK QM2b BM bvKK2i`v@#`QF2M T?�b2b U2X;X- "Qb2@1BMbi2BM +QM/2Mb�i2bV �M/ iQ
#Qi? BbQH�i2/ bvbi2Kb �M/ QT2M QM2b +QmTH2/ rBi? i?2`K�H `2b2`pQB`bX

hQ `2bQHp2 i?2 �#Qp2 T`Q#H2Kb- r2 /2p2HQT i?2 ?B;?@7`2[m2M+v 2tT�MbBQM 7Q` � +H�bbB+�H 6HQ@
[m2i bvbi2K /2b+`B#2/ #v � MQMHBM2�` biQ+?�biB+ 2[m�iBQMX h?2 F2v B/2� Bb mbBM; i?2 K�bi2`
2[m�iBQM +Q``2bTQM/BM; iQ Bib 2[m�iBQM Q7 KQiBQMX aBM+2 i?2 K�bi2` 2[m�iBQMb Bb HBM2�` rBi?
`2bT2+i iQ i?2 T`Q#�#BHBiv /Bbi`B#miBQM 7mM+iBQM �M/ T2`BQ/B+ BM iBK2- QM2 +�M b�72Hv �TTHv i?2
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6B;m`2 RXR, _2H�iBQMb #2ir22M +?�Ti2`bX

6HQ[m2i i?2Q`2K �M/ T2`7Q`K i?2 ?B;?@7`2[m2M+v 2tT�MbBQMX h?2 2z2+iBp2 2[m�iBQM Q7 KQiBQM
Bb Q#i�BM2/ 7`QK i?2 ?B;?@7`2[m2M+v 2tT�MbBQM Q7 i?2 K�bi2` 2[m�iBQM i?`Qm;? i?2 +Q``2bTQM@
/2M+2 #2ir22M i?2 2[m�iBQM Q7 KQiBQM �M/ i?2 K�bi2` 2[m�iBQMX "v �M�HviB+�HHv bim/vBM; i?2
+QMp2`;2Mi T`QT2`iB2b Q7 i?2 ?B;?@7`2[m2M+v 2tT�MbBQM- r2 b?Qr i?�i i?2 /2b+`BTiBQM #�b2/ QM
i?2 2z2+iBp2 2[m�iBQMb Q7 KQiBQM Q#i�BM2/ 7`QK i?2 ?B;?@7`2[m2M+v 2tT�MbBQM Bb p�HB/ 7Q` �
MQM@+?�QiB+ 72r@#Q/v bvbi2K �M/ � ;2M2`B+ K�Mv@#Q/v bvbi2K mM/2` � ?B;?@7`2[m2M+v /`Bp2X
hQ BHHmbi`�i2 i?2 T`Q+2/m`2 iQ Q#i�BM �M 2z2+iBp2 2[m�iBQM Q7 KQiBQM �M/ MmK2`B+�HHv bmTTQ`i
i?2 �#Qp2 �M�HviB+�H }M/BM;b- r2 +QMbB/2` i?2 7QHHQrBM; irQ 2t�KTH2b Q7 QT2M +H�bbB+�H bvbi2Kb,
UBV i?2 E�TBix� T2M/mHmK (Rj) rBi? 7`B+iBQM �M/ UBBV H�b2`@B``�/B�i2/ K�;M2ibX AM #Qi? +�b2b- r2
MmK2`B+�HHv +QM}`K i?�i i?2 2t�+i iBK2 2pQHmiBQM Bb r2HH `2T`Q/m+2/ 7`QK i?2 2z2+iBp2 2[m�@
iBQMb Q7 KQiBQM mMiBH i?2 MQM@2[mBHB#`BmK bi2�/v bi�i2bX h?Bb �;`22K2Mi Bb BM bi�`F +QMi`�bi iQ
i?2 `2bmHib BM +HQb2/ [m�MimK bvbi2Kb r?2`2 i?2 i`mM+�i2/ ?B;?@7`2[m2M+v 2tT�MbBQM 7�BHb iQ
+�Tim`2 i?2 2p2Mim�H ?2�iBM; iQ BM}MBi2@i2KT2`�im`2 bi�i2b (kd- N9ĜN3)X 6BM�HHv- r2 T`2b2Mi �M
�TTHB+�iBQM iQ bTBMi`QMB+b- r?2`2 r2 �M�Hvx2 � KmHiB72``QB+ bTBM +?�BM B``�/B�i2/ #v � +B`+mH�`Hv
TQH�`Bx2/ H�b2`X q2 b?Qr i?�i � bvMi?2iB+ .xv�HQb?BMbFBB@JQ`Bv� BMi2`�+iBQM (NN- Ryy) 2K2`;2b-
H2�/BM; iQ � bTB`�H K�;M2iB+ Q`/2` BM i?2 MQM@2[mBHB#`BmK bi2�/v bi�i2bX

RXj *QMbi`m+iBQM Q7 i?2 i?2bBb
h?Bb i?2bBb Bb +QMbiBimi2/ Q7 `2pB2rb �M/ irQ Q`B;BM�H rQ`Fb QM 6HQ[m2i 2M;BM22`BM;X h?2 `2bi
Q7 i?Bb i?2bBb Bb QmiHBM2/ �b 7QHHQrb,

*?�Ti2` k `2pB2rb b2p2`�H b2H2+i2/ iQTB+b BM iQTQHQ;B+�H [m�MimK T?2MQK2M�X AM a2+X kXR-
r2 }`bi Qp2`pB2r #�bB+ MQiBQMb QM iQTQHQ;B+�H BMbmH�iQ`b �M/ iQTQHQ;B+�H bmT2`+QM/m+iQ`b BM@
+Hm/BM; � #mHF iQTQHQ;B+�H BMp�`B�Mi- 2/;2 bi�i2b- �M/ i?2B` `2H�iBQM- M�K2Hv i?2 #mHF@2/;2
+Q``2bTQM/2M+2 (3j- 39)X h?2M- r2 /Bb+mbb bvKK2i`v@T`Qi2+i2/ iQTQHQ;B+�H T?�b2b- r?B+? �`2
iQTQHQ;B+�H T?�b2b Q7 K�ii2` T`Qi2+i2/ #v bvKK2i`B2b- �M/ i?2B` +H�bbB}+�iBQM #v K2�Mb Q7 i?2
E i?2Q`v (RyR- Ryk)X h?2 E i?2Q`v T`QpB/2b � TQr2`7mH K2i?Q/ Q7 +H�bbB7vBM; p�`BQmb ivT2b
Q7 iQTQHQ;B+�H T?�b2b BM bi�iB+ �M/ 6HQ[m2i bvbi2Kb (RykĜRy8)X AM a2+X kXk- r2 `2pB2r � q2vH



9 *>�Sh1_ RX ALh_P.l*hAPL

72`KBQM (Rye)- r?B+? Bb � T`BK2 2t�KTH2 Q7 iQTQHQ;B+�H b2KBK2i�HbX �7i2` T`2b2MiBM; Bib /2}MB@
iBQM- r2 /Bb+mbb �M 2tQiB+ K�;M2iB+ `2bTQMb2 Q7 � q2vH 72`KBQM FMQrM �b i?2 +?B`�H K�;M2iB+
2z2+i (Nk- Nj)X h?2M- r2 BMi`Q/m+2 � q2vH b2KBK2i�H (Ryd)- r?B+? Bb � bQHB/@bi�i2 �M�HQ; Q7 �
q2vH 72`KBQM- �M/ /Bb+mbb i?2 LB2Hb2M@LBMQKBv� i?2Q`2K (Ny-NR)X AM a2+X kXj- r2 /Bb+mbb �/B�@
#�iB+ TmKTb- r?B+? �`2 iQTQHQ;B+�H [m�MimK T?2MQK2M� BM /vM�KB+�H bvbi2Kb �M/ b?Qr bQK2
[m�MiBx2/ i`�MbTQ`iX q2 bi�`i 7`QK i?2B` r2HH@FMQrM 2t�KTH2- i?2 h?QmH2bb TmKT (33- Ry3)-
�M/ i?2M /Bb+mbb i?2B` +H�bbB}+�iBQM BM i2`Kb Q7 i?2 E i?2Q`v (Ryj)- b?QrBM; Bib +HQb2 `2H�iBQMb?BT
rBi? i?2 +H�bbB}+�iBQM Q7 iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b BM a2+X kXRX

*?�Ti2` j #`B2~v `2pB2rb 6HQ[m2i 2M;BM22`BM; �M/ Bib �TTHB+�iBQMbX AM a2+X jXR- r2 Qp2`pB2r
i?2 6HQ[m2i i?2Q`2K (jy-jR)- r?B+? Bb � 7mM/�K2Mi�H i?2Q`2K QM 6HQ[m2i 2M;BM22`BM;- �M/ i?2
?B;?@7`2[m2M+v 2tT�MbBQM Q7 i?2 2z2+iBp2 >�KBHiQMB�M (RyN- RRy)X hrQ p�`B�Mib Q7 i?2 ?B;?@
7`2[m2M+v 2tT�MbBQM- i?2 p�M oH2+F ?B;?@7`2[m2M+v 2tT�MbBQM (RyN- RRRĜRRj) �M/ i?2 6HQ[m2i@
J�;Mmb ?B;?@7`2[m2M+v 2tT�MbBQM (RR9)- �`2 BMi`Q/m+2/X h?2 +QMp2`;2M+2 T`QT2`iv Q7 i?2 ?B;?@
7`2[m2M+v 2tT�MbBQM BM �M BbQH�i2/ bvbi2K �M/ Bib `2H�iBQM iQ i?2 6HQ[m2i T`2i?2`K�HBx�iBQM
�`2 /Bb+mbb2/X AM a2+bX jXk �M/ jXj- r2 /Bb+mbb �TTHB+�iBQMb Q7 6HQ[m2i 2M;BM22`BM; iQ iQTQHQ;B@
+�H [m�MimK T?2MQK2M� �M/ bvKK2i`v@#`QF2M [m�MimK bvbi2Kb- `2bT2+iBp2HvX h?2 h?QmH2bb
TmKT `2pB2r2/ BM a2+X kXj Bb �;�BM �M�Hvx2/ 7`QK � 6HQ[m2i pB2rTQBMiX Aib [m�bB2M2`;v #�M/
bi`m+im`2 TQbb2bb2b � bBM;H2 +?B`�H 72`KBQM (38) i?Qm;? Bi Bb T`Q?B#Bi2/ BM � bi�iB+ H�iiB+2 bvbi2KX
6HQ[m2i 2M;BM22`BM; Bb �TTHB2/ iQ +QMi`QH bmT2`~mB/b �M/ K�;M2ib- r?B+? ?�p2 TQi2MiB�H �TTHB+�@
iBQMb iQ [m�MimK bBKmH�iBQMb �M/ 7mim`2 bTBMi`QMB+bX AM a2+X jX9- r2 /Bb+mbb bQK2 �TTHB+�iBQMb
Q7 6HQ[m2i 2M;BM22`BM; iQ +H�bbB+�H bvbi2KbX q2 }`bi +QMbB/2` i?2 E�TBix� T2M/mHmK (Rj)- r?B+?
Bb � r2HH@FMQrM 2t�KTH2 Q7 /vM�KB+�H bi�#BHBx�iBQM- �M/ M2ti /Bb+mbb i?2 `2+2Mi MmK2`B+�H �M/
�M�HviB+�H bim/B2b QM i?2 6HQ[m2i T`2i?2`K�HBx�iBQM BM /`Bp2M +H�bbB+�H bTBMb (RR8ĜRRd)X

*?�Ti2` 9 `2pB2rb biQ+?�biB+ +H�bbB+�H bvbi2Kb /2b+`B#2/ #v biQ+?�biB+ /Bz2`2MiB�H 2[m�@
iBQMbX q2 }`bi /Bb+mbb � T`QiQivTB+�H 2t�KTH2- i?2 G�M;2pBM 2[m�iBQM (RR3-RRN) BM a2+X 9XR �M/
i?2M +QMbB/2` � ;2M2`�H +H�bbB+�H biQ+?�biB+ bvbi2K BM a2+X 9XkX h?2 +Q``2bTQM/2M+2 #2ir22M
� biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQM �M/ � ;2M2`�H K�bi2` 2[m�iBQM Bb /Bb+mbb2/X AM a2+X 9Xj- r2
+QMbB/2` i?2 G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM (Rky- RkR) �M/ Bib biQ+?�biB+ ;2M2`�HBx�iBQM (Rkk)
7Q` i?2 mb2 BM *?�Ti2` eX h?2v /2b+`B#2 � K�;M2iB+ /vM�KB+b bm#D2+i iQ � /�KTBM; �M/ i?2`K�H
~m+im�iBQMb- �M/ �`2 rB/2Hv mb2/ BM bTBMi`QMB+bX

AM *?�Ti2`b 8 �M/ e- r2 T`2b2Mi Qm` Q`B;BM�H rQ`FbX
*?�Ti2` 8 �TTHB2b i?2 B/2� Q7 6HQ[m2i 2M;BM22`BM; iQ `2�HBx2 �M 2tQiB+ iQTQHQ;B+�H #�M/

bi`m+im`2 i?�i Bb MQi �++2bbB#H2 BM � bi�iB+ H�iiB+2 bvbi2KX AM a2+X 8XR- r2 /2}M2 Qm` KQ/2H QM �
T2`BQ/B+�HHv /`Bp2M i?`22@/BK2MbBQM�H H�iiB+2 �M/ b?Qr i?�i Bib 6HQ[m2i mMBi�`v QT2`�iQ` Bb +?�`@
�+i2`Bx2/ #v MQMi`BpB�H iQTQHQ;vX AM a2+bX 8Xk �M/ 8Xj- r2 �M�Hvx2 i?2 [m�bB2M2`;v bT2+i`� �M/
i?2 /vM�KB+b mM/2` � T2`BQ/B+ /`Bp2 rBi?Qmi �M/ rBi? � K�;M2iB+ }2H/- `2bT2+iBp2HvX qBi?Qmi
i?2 K�;M2iB+ }2H/- � bBM;H2 q2vH 72`KBQM �TT2�`b rBi?BM � bBM;H2 #�M/ Q7 i?2 [m�bB2M2`;v bT2+@
i`mK �M/ � +m``2Mi ~Qrb T�`�HH2H iQ Bib bTBM TQH�`Bx�iBQM QrBM; iQ i?2 bTBM@KQK2MimK HQ+FBM; Q7
i?2 q2vH 72`KBQMX AM i?2 T`2b2M+2 Q7 �M 2ti2`M�H K�;M2iB+ }2H/- � bTBM@TQH�`Bx2/ +?B`�H 72`KBQM
2K2`;2b #2ir22M i?2 G�M/�m ;�Tb BM i?2 [m�bB2M2`;v bT2+i`mKX h?Bb +?B`�H 72`KBQM ;Bp2b `Bb2 iQ
+?B`�H i`�MbTQ`i �MiBT�`�HH2H iQ i?2 K�;M2iB+ }2H/ mM/2` i?2 /`Bp2- r?B+? Bb � 6HQ[m2i `2�HBx�iBQM
Q7 i?2 +?B`�H K�;M2iB+ 2z2+iX AM a2+X 8X9- r2 /Bb+mbb 2tT2`BK2Mi�H BKTH2K2Mi�iBQMb BM i2`Kb Q7
mHi`�+QH/ �iQKB+ ;�b2b BM QTiB+�H H�iiB+2bX AM a2+X 8X8- r2 ;Bp2 � +H�bbB}+�iBQM Q7 iQTQHQ;B+�HHv
MQMi`BpB�H ;�TH2bb bT2+i`� Q7 6HQ[m2i mMBi�`v QT2`�iQ`bX q2 +H�`B7v Bib +HQb2 +QMM2+iBQM iQ i?2
+H�bbB}+�iBQM Q7 iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b BM a2+X kXR �M/ Bib /Bz2`2M+2 7`QK
i?�i Q7 �/B�#�iB+ TmKTb BM a2+X kXjX aQK2 K�i?2K�iB+�H #�+F;`QmM/- /2`Bp�iBQMb Q7 2[m�iBQMb-
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�M/ +QM+`2i2 KQ/2Hb 7Q` � ;Bp2M bvKK2i`v �M/ /BK2MbBQM�HBiv �`2 ;Bp2M BM �TT2M/Bt �X h?2
K�BM +QMi2Mi Q7 i?Bb +?�Ti2` Bb #�b2/ QM i?2 7QHHQrBM; Tm#HB+�iBQM,

(R) ǳ6HQ[m2i +?B`�H K�;M2iB+ 2z2+iǴ- a?Q >B;�b?BF�r�- J�b�v� L�F�;�r�- �M/ J�b�?BiQ l2/�-
�`sBp,R3yeXye3e3

�Hi?Qm;? i?2 +H�bbB}+�iBQM Q7 iQTQHQ;B+�HHv MQMi`BpB�H ;�TH2bb bT2+i`� Bb K�BMHv /QM2 #v i?2
+QHH�#Q`�iQ`- J�b�v� L�F�;�r�- r2 BM+Hm/2 Bi 7Q` i?2 b�F2 Q7 i?2 b2H7@+QMi�BM2/M2bb Q7 i?2
T`2b2Mi�iBQMX

*?�Ti2` e /2p2HQTb i?2 ?B;?@7`2[m2M+v 2tT�MbBQM 7Q` MQMHBM2�` biQ+?�biB+ bvbi2KbX AM
a2+X eXR- r2 /2`Bp2 i?2 ?B;?@7`2[m2M+v 2tT�MbBQM 7Q` � ;2M2`�H MQMHBM2�` biQ+?�biB+ 2[m�iBQM
#�b2/ QM i?2 K�bi2` 2[m�iBQM `2pB2r2/ BM a2+X 9XkX q2 b?Qr i?�i Qm` K2i?Q/ BM+Hm/2b �b bT2@
+B}+ 2t�KTH2b i?2 T`2pBQmb `2bmHib `2pB2r2/ BM a2+X jX9X AM a2+X eXk- r2 �M�HviB+�HHv 2t�KBM2 i?2
?B;?2`@Q`/2` i2`Kb Q7 i?2 6HQ[m2i@J�;Mmb ?B;?@7`2[m2M+v 2tT�MbBQM �M/ Bib +QMp2`;2Mi T`QT@
2`iv- r?2`2 r2 b?Qr i?�i i?2 2z2+iBp2 2[m�iBQM #�b2/ QM i?2 ?B;?@7`2[m2M+v 2tT�MbBQM Bb p�HB/
7Q` � MQM@+?�QiB+ 72r@#Q/v bvbi2K �M/ � ;2M2`B+ K�Mv@#Q/v bvbi2K mM/2` � ?B;?@7`2[m2M+v
/`Bp2X AM a2+bX eXj �M/ eX9- r2 �TTHv i?2 ?B;?@7`2[m2M+v 2tT�MbBQM iQ irQ 2t�KTH2b- i?2 E�TBix�
T2M/mHmK rBi? 7`B+iBQM �M/ BMi2`�+iBM; +H�bbB+�H bTBMb /`Bp2M #v � H�b2`- `2bT2+iBp2HvX AM #Qi?
2t�KTH2b- i?2 �M�HviB+�H }M/BM;b BM a2+X eXk �`2 MmK2`B+�HHv +QM}`K2/X AM a2+X eX8- r2 T`2b2Mi
�M �TTHB+�iBQM Q7 Qm` 7Q`K�HBbK iQ bTBMi`QMB+b- r?2`2 r2 /2KQMbi`�i2 � +QMi`QHH2/ ;2M2`�iBQM
Q7 � bTBM p2+iQ` +?B`�HBiv BM � bTBM +?�BM BM Bib MQM@2[mBHB#`BmK bi2�/v bi�i2X � /BbiBM+iBQM 7`QK
i?2 T`2pBQmb bim/v `2pB2r2/ BM a2+X jXj Bb +H�`B}2/X � `B;Q`Qmb �M�HvbBb QM � J�`FQp T`Q+2bb �M/
/2i�BH2/ +�H+mH�iBQMb Q7 i?2 ?B;?@7`2[m2M+v 2tT�MbBQM BM *?�Ti2` e �`2 ;Bp2M BM �TT2M/Bt "X
h?2 K�BM +QMi2Mi Q7 i?Bb +?�Ti2` Bb #�b2/ QM i?2 7QHHQrBM; Tm#HB+�iBQM,

(k) ǳ6HQ[m2i 2M;BM22`BM; Q7 +H�bbB+�H bvbi2KbǴ- a?Q >B;�b?BF�r�- >B`QvmFB 6mDBi�- �M/ J�b�?B`Q
a�iQ- �`sBp,R3RyXyRRyj

*?�Ti2` d +QM+Hm/2b i?2 i?2bBb rBi? � bmKK�`v �M/ bQK2 7mim`2 T`QbT2+ibX AM a2+X dXR- r2
;Bp2 � bmKK�`v 7Q` 2�+? +?�Ti2`X AM a2+X dXk- r2 /Bb+mbb bQK2 7mim`2 T`QbT2+ibX

h?2 `2H�iBQMb #2ir22M +?�Ti2`b �`2 BHHmbi`�i2/ BM 6B;X RXRX
h?`Qm;?Qmi i?Bb i?2bBb- r2 �/QTi � bvbi2K Q7 mMBib BM r?B+? i?2 SH�M+F +QMbi�Mi �M/ i?2

"QHixK�MM +QMbi�Mi i�F2M �b mMBiv, ! = kB = 1X



*?�Ti2` k

_2pB2r QM iQTQHQ;B+�H [m�MimK
T?2MQK2M�

hQTQHQ;B+�H T?�b2b Q7 K�ii2` (3j- 39- Ry8- Ryd) ?�p2 �ii`�+i2/ ;`QrBM; BMi2`2bi Qp2` i?2 H�bi
/2+�/2 BM K�Mv bm#}2H/b Q7 T?vbB+b BM+Hm/BM; +QM/2Mb2/@K�ii2` T?vbB+b- mHi`�+QH/ �iQKB+ ;�b2b-
T?QiQMB+b- �M/ K2+?�MB+bX hQTQHQ;B+�H T?�b2 i`�MbBiBQMb HB2 QmibB/2 i?2 :BMx#m`;@G�M/�m@
qBHbQM T�`�/B;K Q7 bTQMi�M2Qmb bvKK2i`v #`2�FBM; �M/ +�M Q++m` 2p2M BM MQMBMi2`�+iBM;
bvbi2KbX AM i?Bb +?�Ti2`- r2 }`bi BMi`Q/m+2 i?2B` #�bB+ MQiBQMb #v r�v Q7 � T`QiQivTB+�H 2t�KTH2-
� *?2`M BMbmH�iQ`- �M/ i?2M `2pB2r bvKK2i`v@T`Qi2+i2/ iQTQHQ;B+�H UaShV T?�b2b- r?B+? �`2
iQTQHQ;B+�H T?�b2b mM/2` +2`i�BM bvKK2i`vX 6BM�HHv- r2 Qp2`pB2r i?2 +H�bbB}+�iBQM Q7 iQTQHQ;B+�H
BMbmH�iQ`b UhAbV �M/ iQTQHQ;B+�H bmT2`+QM/m+iQ`b Uha*bV #v K2�Mb Q7 i?2 E i?2Q`vX

kXR hQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b

kXRXR "�bB+ +QM+2Tib QM iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b
q2 bi�`i 7`QK QM2 Q7 i?2 bBKTH2bi KQ/2Hb Q7 iQTQHQ;B+�H BMbmH�iQ`b UhAbV- BX2X- � *?2`M BMbmH�iQ`X
*QMbB/2` i?2 i`�MbH�iBQM�HHv BMp�`B�Mi bvbi2K QM � b[m�`2 H�iiB+2 rBi? i?2 7QHHQrBM; "HQ+?
>�KBHiQMB�M

h(k) = λ sin kxσx + λ sin kyσy + (t0 cos kx + t0 cos ky +m)σz =: d(k) · σ, UkXRV

r?2`2 k := (kx, ky) �M/ σ := (σx, σy, σz) �`2 i?2 irQ@/BK2MbBQM�H KQK2MimK �M/ i?2 S�mHB
K�i`B+2b- `2bT2+iBp2Hv (Rkj) Ui?2 H�iiB+2 +QMbi�Mi Bb b2i iQ #2 mMBivVX >2`2- λ, t0- �M/ m /2MQi2
i?2 bi`2M;i? Q7 � bTBM@Q`#Bi +QmTHBM;- i?2 ?QTTBM; �KTHBim/2- �M/ �M 2z2+iBp2 K�bb- `2bT2+iBp2HvX
S?vbB+�HHv- i?Bb KQ/2H /2b+`B#2b i?2 [m�MimK �MQK�HQmb >�HH 2z2+i `2�HBx2/ rBi? #Qi? i?2 bi`QM;
bTBM@Q`#Bi +QmTHBM; Uσx �M/ σy i2`KbV �M/ 72``QK�;M2iB+ TQH�`Bx�iBQM Uσz i2`KV- r?B+? +�M #2
T?vbB+�HHv `2�HBx2/ BM [m�MimK r2HHb rBi? �M �TT`QT`B�i2 �KQmMi Q7 K�;M2iB+ /QTBM; (Rk9)X

G2i |α,k⟩ �M/ E(α,k) #2 i?2 "HQ+? bi�i2 �M/ i?2 2M2`;v Q7 i?2 "HQ+? #�M/ α- `2bT2+iBp2Hv,
h(k) |α,k⟩ = E(α,k) |α,k⟩X q2 /2MQi2 i?2 U(1) "2``v +QMM2+iBQM �bbQ+B�i2/ rBi? i?2 Q++mTB2/
#�M/ �M/ i?2 +Q``2bTQM/BM; "2``v +m`p�im`2 �b Aki �M/ Fkxky(k)- `2bT2+iBp2Hv,

Aki := −i
∑

α:occ

⟨α,k| ∂ki |α,k⟩ , UkXkV

e
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6B;m`2 kXR, U�V AHHmbi`�iBQM Q7 � b[m�`2 H�iiB+2 rBi? +vHBM/`B+�H ;2QK2i`v �M/ i?2 +?B`�H 2/;2 bi�i2b
QM i?2 #QmM/�`v U`2/ �M/ r?Bi2 �``QrbVX U#V PM2@/BK2MbBQM�H 2M2`;v bT2+i`mK Q7 i?2 KQ/2H UkXRV
rBi? m = −1.5 �M/ t = 1X h?2 `2/ bQHB/ �M/ #H�+F /�b?2/ HBM2b bi�M/ 7Q` i?2 H27i@ �M/ `B;?i@KQpBM;
+?B`�H 2/;2 bi�i2b- `2bT2+iBp2Hv- r?BH2 �HH Qi?2` #Hm2 HBM2b �`2 #mHF 2M2`;v H2p2HbX _2T`Q/m+2/ 7`QK 6B;X
k Q7 _27X (Rk3)X Ü kyy3 #v i?2 �K2`B+�M S?vbB+�H aQ+B2ivX

Fkxky(k) := ∂kxAky(k)− ∂kyAkx(k). UkXjV

h?2 iQTQHQ;v Q7 i?2 "HQ+? >�KBHiQMB�M UkXRV Bb +?�`�+i2`Bx2/ #v i?2 }`bi *?2`M MmK#2`- r?B+?
Bb 2tT`2bb2/ #v i?2 bQ@+�HH2/ h?QmH2bb@EQ?KQiQ@LB;?iBM;�H2@/2M LBDb UhELLV 7Q`KmH� (33-Rk8),

Ch1 :=

∫
dk

2π
Fkxky(k). UkX9V

hQ #2 +QM+`2i2- i?2 }`bi *?2`M MmK#2` Q7 i?2 KQ/2H UkXRV Bb ;Bp2M #v i?2 rBM/BM; MmK#2` Q7
i?2 K�T k $→ d̂(k) := d(k)/|d(k)|,

Ch1 =

∫
dk

4π
d̂ ·
(
∂kxd̂× ∂kxd̂

)
=

⎧
⎪⎨

⎪⎩

1 0 < m < 2;

−1 −2 < m < 0;

0 otherwise.

UkX8V

_2K�`F�#Hv- i?Bb Tm`2Hv K�i?2K�iB+�H Q#D2+i ?�b � T`Q7QmM/ T?vbB+�H BKTHB+�iBQM, i?2 [m�MiB@
x�iBQM Q7 i?2 >�HH +QM/m+i�M+2 σH - r?B+? Bb +�HH2/ i?2 [m�MimK �MQK�HQmb >�HH 2z2+i (jN),

σxy =
e2

2π
Ch1, UkXeV

r?2`2 e Bb i?2 2H2K2Mi�`v +?�`;2X h?Bb [m�MiBx�iBQM Bb 2tTH�BM2/ 7`QK i?2 pB2rTQBMi Q7 �M 2/;2
bi�i2X q?2M r2 bQHp2 i?2 iB;?i #BM/BM; KQ/2H rBi? �M QT2M UT2`BQ/B+V #QmM/�`v +QM/BiBQM �HQM;
i?2 x UyV /B`2+iBQM Ub22 6B;X kXR U�VV- i?2 2M2`;v bT2+i`mK 2t?B#Bib ;�TH2bb +?B`�H 2/;2 bi�i2b �b
b?QrM BM 6B;X kXR U#VX h?2b2 �`2 mMB/B`2+iBQM�H 2/;2 bi�i2b HQ+�HBx2/ QM i?2 #QmM/�`B2bX q?2M
i?2 #mHF *?2`M MmK#2` Bb Ch1- |Ch1| TB2+2b Q7 2/;2 #�M/b rBi? +?B`�HBiv sgn (Ch1) �TT2�`X
h?Bb Bb �M 2t�KTH2 Q7 i?2 #mHF@2/;2 +Q``2bTQM/2M+2 (Rke), B7 � #mHF BMbmH�iBM; T?�b2 b?Qrb
bQK2 MQMi`BpB�H iQTQHQ;v- i?2`2 b?QmH/ #2 ;�TH2bb bi�i2b HQ+�HBx2/ QM i?2 `2�H@bT�+2 #QmM/�`B2bX
_2K�`F�#Hv- i?2 2tBbi2M+2 Q7 i?2 2/;2 bi�i2 �M/ i?2 [m�MiBx�iBQM Q7 i?2 >�HH +QM/m+i�M+2 UkXeV
�`2 `Q#mbi �;�BMbi /BbQ`/2` �M/ T2`im`#�iBQMb QM i?2 >�KBHiQMB�M �b 2tT2`BK2Mi�HHv p2`B}2/
rBi? ?B;? T`2+BbBQM (Rkd)X
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6B;m`2 kXk, 1M2`;v #�M/b 7Q` � QM2@/BK2MbBQM�H ǳxB;x�;Ǵ bi`BT BM i?2 U�V Za> T?�b2 λv = 0.1t �M/
U#V i?2 i`BpB�H T?�b2 λv = 0.4tX h?2 `2/ �M/ ;`22M HBM2b bi�M/ 7Q` i?2 ?2HB+�H 2/;2 bi�i2b HQ+�HBx2/ �i
/Bz2`2Mi #QmM/�`B2bX AM #Qi? +�b2b- λSO = 0.06t �M/ λR = 0.05tX h?2 BMb2i b?Qrb i?2 T?�b2 /B�;`�K
�b � 7mM+iBQM Q7 λv �M/ λR r?2M 0 < λSO ≪ tX _2T`Q/m+2/ 7`QK 6B;X k Q7 _27X (Rjy)X Ü kyy8 #v i?2
�K2`B+�M S?vbB+�H aQ+B2ivX

kXRXk avKK2i`v@T`Qi2+i2/ iQTQHQ;B+�H T?�b2b

PM2 Q7 i?2 #`2�Fi?`Qm;?b BM i?2 }2H/ Q7 hAb �M/ ha*b Bb i?2 /Bb+Qp2`v Q7 � [m�MimK bTBM >�HH
UZa>V BMbmH�iQ` (RkN-Rjy)- r?B+? Bb � T`BK2 2t�KTH2 Q7 i?2 aSh T?�b2bX AM aSh T?�b2b- � #mHF
iQTQHQ;B+�H BMp�`B�Mi �M/ 2/;2 bi�i2b �`2 bi�#H2 �;�BMbi i?2 /Bbim`#�M+2 i?�i `2bT2+ib � +2`i�BM
bvKK2i`vX lMHBF2 � [m�MimK >�HH bi�i2- i?2v �`2 7`�;BH2 �;�BMbi � T2`im`#�iBQM i?�i #`2�Fb i?2
bvKK2i`vX

Zm�MimK bTBM >�HH BMbmH�iQ`

h?2 Za> BMbmH�iQ` Bb }`bi BMi`Q/m+2/ �b � KQ/2H Q7 ;`�T?2M2 rBi? � bTBM@Q`#Bi +QmTHBM; (RkN-
Rjy)X Aib "HQ+? >�KBHiQMB�M `2�/b

h(k) =
5∑

a=1

da(k)γa +
5∑

a,b=1

dab(k)γab, UkXdV

r?2`2 γ(1,2,3,4,5) := (σx ⊗ σ0, σz ⊗ σ0, σy ⊗ σx, σy ⊗ σy, σy ⊗ σz) �`2 i?2 ;�KK� K�i`B+2b �M/
γab := (γaγb + γbγa)/2X >2`2- i?2 +Q2{+B2Mib da(k) �M/ dab(k) �`2 /2}M2/ #v

da(k) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

t0(1 + 2 cosx cos y) a = 1;

λv a = 2;

λR(1− cos x cos y) a = 3;√
3λR sin x sin y a = 4;

0 a = 5,
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dab(k) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−2t0 cos x cos y (a, b) = (1, 2);

λSO(2 sin 2x− 4 sin x cos y) (a, b) = (1, 5);

−λR cos x sin y (a, b) = (2, 3);

−
√
3λR sin x cos y (a, b) = (2, 4);

0 otherwise,

UkX3V

r?2`2 x := kxa/2 �M/ y =
√
3kya/2 �`2 i?2 MQ`K�HBx2/ KQK2Mi� Ua Bb i?2 H�iiB+2 +QMbi�Mi Q7

i?2 ;`�T?2M2VX h?2 T�`�K2i2`b t0 �M/ λv `2T`2b2Mib i?2 M2�`2bi@M2B;?#Q` ?QTTBM; �KTHBim/2
�M/ i?2 bi�;;2`2/ TQi2MiB�H #2ir22M i?2 bm#H�iiB+2b- `2bT2+iBp2HvX h?2 Qi?2` irQ- λR �M/ λSO-
`2T`2b2Mi i?2 bi`2M;i?b Q7 i?2 bTBM@Q`#Bi +QmTHBM;X

h?Bb "HQ+? >�KBHiQMB�M Bb BMp�`B�Mi mM/2` i?2 iBK2@`2p2`b�H bvKK2i`v Uh_aV Θ = i(σ0 ⊗
sy)K,

Θh(k)Θ−1 = h(−k), UkXNV

r?2`2 K /2MQi2b i?2 +QKTH2t +QMDm;�iBQMX >2`2- Θ b�iBb}2b Θ2 = −1- r?B+? BKK2/B�i2Hv H2�/b
iQ i?2 T`2b2M+2 Q7 i?2 E`�K2`b T�B`bX Aib #mHF iQTQHQ;B+�H MmK#2`- i?2 bQ@+�HH2/ Z2 BM/2t (−1)ν -
Bb /2}M2/ �b 7QHHQrb, 6Q` � "HQ+? bi�i2 |α,k⟩- r2 /2}M2 i?2 b2rBM; K�i`Bt w(k) rBi? Bib K�i`Bt
2H2K2Mi ;Bp2M #v wαβ(k) := ⟨α,−k|Θ |β,k⟩X h?2M- Bi b�iBb}2b

w(k) = −w(−k)tr, UkXRyV

r?2`2 tr /2MQi2b i?2 i`�MbTQb2 Q7 � K�i`BtX h?Bb BM/B+�i2b i?�i w(k) Bb �M �bvKK2i`B+ K�i`Bt
7Q` iBK2@`2p2`b�H BMp�`B�Mi KQK2Mi�- r?2`2 r2 /2MQi2 Bib S7�{�M �b Pf [w(k)]X» h?2 Z2 BM/2t
(−1)ν Bb /2}M2/ �b 7QHHQrb (RkN- Rjy),

(−1)ν :=
∏

k:TRIM

Pf [w(k)]√
Det [w(k)]

, UkXRkV

r?2`2 k `mMb Qp2` �HH i?2 iBK2@`2p2`b�H BMp�`B�Mi KQK2Mi�XÞ h?Bb #mHF iQTQHQ;B+�H BMp�`B�Mi
+�MMQi +?�M;2 �b 7�` �b i?2 #�M/ ;�T /Q2b MQi +HQb2 �M/ i?2 h_a Bb T`2b2`p2/X _2~2+iBM; i?2
MQMi`BpB�H #mHF BMp�`B�Mi- i?Bb KQ/2H ?Qbib ;�TH2bb ?2HB+�H 2/;2 bi�i2b QM i?2 #QmM/�`B2b �b b?QrM
BM i?2 H27i T�M2H Q7 6B;X kXk U`2/ �M/ ;`22M HBM2bVX h?2 ;�TH2bb TQBMi Q7 i?2 ?2HB+�H 2/;2 bi�i2b Bb
T`Qi2+i2/ #v i?2 h_a #2+�mb2 i?2 ?v#`B/Bx�iBQM #2ir22M i?2 2/;2 bi�i2b Bb T`Q?B#Bi2/ #v i?2
E`�K2`b i?2Q`2K- M�K2Hv i?2 bvKK2i`v T`Qi2+iBQM Q7 2/;2 bi�i2bX "2+�mb2 Q7 i?2 MQMi`BpB�H

»h?2 S7�{�M Pf (w) Q7 �M �bvKK2i`B+ K�i`Bt w = {wαβ |α,β = 1, 2, · · · 2N} rBi? bBx2 2N Bb /2}M2/ #v

Pf (w) :=
1

2nn!

∑

σ∈SN

sgn (σ)
N∏

i=1

wσ(2i−1)σ(2i), UkXRRV

r?2`2 SN Bb i?2 T2`Kmi�iBQM ;`QmT rBi? Q`/2` N X AM ;2M2`�H- r2 +�M b?Qr i?�i Pf (w)2 = Det (w) �M/ ?2M+2
Pf [w(k)] /

√
Det [w(k)] = ±1X

Þh?Bb 7Q`KmH� `2/m+2b iQ i?2 7�KQmb 6m@E�M2 T�`Biv 7Q`KmH� (RjR) r?2M i?2 bvbi2K ?�b �M BMp2`bBQM bvK@
K2i`vX



Ry *>�Sh1_ kX _1oA1q PL hPSPGP:A*�G Zl�LhlJ S>1LPJ1L�

?2HB+�H 2/;2 bi�i2b- i?2 bTBM >�HH +QM/m+i�M+2 Bb [m�MiBx2/ �b 7QHHQrb,

σSH =
e2

2π
. UkXRjV

h?2 2tBbi2M+2 Q7 i?2 2/;2 bi�i2 �M/ i?2 [m�MiBx�iBQM Q7 +QM/m+i�M+2 �`2 `Q#mbi �;�BMbi /BbQ`/2`
i?�i T`2b2`p2b i?2 h_a- i?Qm;? i?2v �`2 7`�;BH2 �;�BMbi /BbQ`/2` i?�i #`2�Fb i?2 h_a- bm+?
�b K�;M2iB+ BKTm`BiB2bX h?2 Za> BMbmH�iQ` �M/ i?2 [m�MiBx2/ bTBM >�HH +QM/m+i�M+2 ?�p2
2tT2`BK2Mi�HHv #22M `2�HBx2/ BM � >;h2 [m�MimK r2HH (Rjk) 7QHHQrBM; i?2 i?2Q`2iB+�H T`QTQb�H
(Rjj)X

Pi?2` bvKK2i`v@T`Qi2+i2/ iQTQHQ;B+�H T?�b2b

�MQi?2` 2t�KTH2 Q7 aSh T?�b2b �TT2�`b BM i?2 am@a+?`B2z2`Ĝ>22;2` Uaa>V KQ/2H (Rj9)- r?B+?
Bb � QM2@/BK2MbBQM�H KQ/2H rBi? �Hi2`M�iBM; ?QTTBM; �KTHBim/2X Aib >�KBHiQMB�M Bb ;Bp2M #v

H(t) =
L∑

j=1

(
t0
2
+ (−1)j

δ

2

)(
c†j+1cj + c†jcj+1

)
=
∑

k

(
c†k,A, c

†
k,B

)
h(k)

(
ck,A
ck,B

)
, UkXR9V

h(k) =
(
v + we−ik

)
σ+ +

(
v + we+ik

)
σ−, UkXR8V

r?2`2 ck,A (ck,B) Bb i?2 �MMB?BH�iBQM QT2`�iQ` Q7 � T�`iB+H2 rBi? KQK2MimK k �i i?2 bm#H�iiB+2 A
UBV +QMbiBimi2/ 7`QK i?2 2p2M UQ//V bBi2bc L Bb i?2 MmK#2` Q7 i?2 H�iiB+2 bBi2bX >2`2- v := t0+ δ
Uw := t0 − δV Bb i?2 ?QTTBM; �KTHBim/2 rBi?BM U#2ir22MV i?2 mMBi +2HHX h?2 "HQ+? >�KBHiQMB�M
h(k) ?�b +?B`�H bvKK2i`v U*aV Γ = σ3- r?B+? Bb 2tT`2bb2/ �b Γh(k)Γ† = −h(k)X q?2M |k⟩ Bb
� "HQ+? bi�i2 Q7 h(k) rBi? 2M2`;v E(k)- bQ Bb Γ |k⟩ rBi? 2M2`;v −E(k) #2+�mb2 Q7 i?2 *aX h?2
2M2`;v 2B;2Mp�Hm2 Q7 1[X UkXR8V Bb ;Bp2M #v E(k) = ±|v + we−ik|X Aib #mHF iQTQHQ;B+�H MmK#2`
Bb ;Bp2M #v i?2 rBM/BM; MmK#2` �`QmM/ i?2 ;�T@+HQbBM; TQBMi /2}M2/ #v v + we−ik = 0,

ν =

∫ 2π

0

dk

2π
∂karg

[
v + we−ik

]
∈ Z. UkXReV

q?2M i?2 #mHF iQTQHQ;B+�H MmK#2` Bb MQMi`BpB�H ν ̸= 0- |ν| TB2+2b Q7 x2`Q@2M2`;v KQ/2b �TT2�`
�i 2�+? 2/;2- r?B+? �`2 BKKmM2 iQ /BbQ`/2` �b 7�` �b i?2 *a Bb T`2b2`p2/X

�MQi?2` 2t�KTH2 Q7 aSh T?�b2b Bb i?2 EBi�2p +?�BM (Rj8)- r?B+? Bb � T`QiQivTB+�H 2t�KTH2
Q7 ha*bX Ai Bb � QM2@/BK2MbBQM�H 72`KBQMB+ bvbi2K BMi2`�+iBM; rBi? p@r�p2 bvKK2i`v �M/ Bib
"Q;QHBm#Qp@/2@:2MM2b >�KBHiQMB�M Bb ;Bp2M #v

h(k) := ∆ sin kτx + (t cos k − µ)τz, UkXRdV

r?2`2 t,∆- �M/ µ �`2 i?2 FBM2iB+ 2M2`;v- i?2 T�`BM; �KTHBim/2- �M/ i?2 +?2KB+�H TQi2MiB�H-
`2bT2+iBp2HvX >2`2- i?2 irQ #�M/b 7Q` KQK2MimK k �`2 bT�MM2/ #v i?2 L�K#m bTBMQ` (ck, c−k)-
rBi? ck #2BM; i?2 �MMB?BH�iBQM QT2`�iQ` Q7 i?2 72`KBQM rBi? KQK2MimK k- �M/ i?2 S�mHB K�i`B+2b
τ := (τx, τy, τz) �`2 i�F2M BM i?Bb #�bBbX h?2 }`bi i2`K `2T`2b2Mib i?2 p@r�p2 T�`BM; ;�T r?BH2
i?2 b2+QM/ QM2 `2T`2b2Mib i?2 >�KBHiQMB�M Q7 i?2 MQ`K�H bi�i2X h?Bb KQ/2H ?�b i?2 T�`iB+H2@?QH2
bvKK2i`v US>aV C = τxK, Ch(k)C−1 = −h(−k)X 6`QK i?2 S>a- h(k) b�iBb}2b h(0), h(π) ∈ R
�i i?2 T�`BiB+H2@?QH2@BMp�`B�Mi KQK2Mi� k = 0, π- 7`QK r?B+? r2 +�M /2}M2 i?2 Z2 BM/2t (−1)ν
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�b 7QHHQrb,

(−1)ν := sgn [h(0)h(π)] . UkXR3V

_2K�`F�#Hv- #2+�mb2 Q7 i?2 MQMi`BpB�H Z2 MmK#2`- i?2 EBi�2p +?�BM ?Qbi i?2 J�DQ`�M� x2`Q
KQ/2b �i i?2B` 2/;2b- r?B+? +�M #2 mb2/ �b � #mBH/BM; #HQ+F Q7 iQTQHQ;B+�H [m�MimK +QKTm@
i�iBQM (Rje)X q?BH2 i?2 J�DQ`�M� x2`Q KQ/2b BM � p@r�p2 bmT2`+QM/m+iQ` �`2 ?�`/ iQ `2�HBx2
BM � M�im`�H bQHB/@bi�i2 b2imT- Bi r�b T`2/B+i2/ i?�i i?2v �HbQ �TT2�` �i i?2 BMi2`7�+2 #2ir22M
� b2KB+QM/m+iQ` rBi? � bi`QM; bTBM@Q`#Bi +QmTHBM; �M/ �M s@r�p2 bmT2`+QM/m+iQ` (RjdĜRjN)X
6QHHQrBM; i?2b2 T`QTQb�Hb- i?2 x2`Q@#B�b +QM/m+i�M+2 T2�F �M/ i?2 7`�+iBQM�H CQb2T?bQM 27@
72+i Q`B;BM�iBM; i?2 J�DQ`�M� x2`Q KQ/2b �`2 Q#b2`p2/ BM � bmT2`+QM/m+iQ` QM i?2 iQT Q7 �
b2KB+QM/m+iQ` (R9y- R9R)X

kXRXj *H�bbB}+�iBQM Q7 iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b
�HiH�M/@wB`M#�m2` bvKK2i`v +H�bb2b

�b r2 ?�p2 2tTH�BM2/ BM i?2 T`2pBQmb bm#b2+iBQM- bvKK2i`B2b TH�v �M 2bb2MiB�H `QH2 BM i?2
2tBbi2M+2 Q7 aSh T?�b2b �M/ i?2 T`Qi2+iBQM Q7 i?2B` 2/;2 bi�i2bX avKK2i`B2b �`2- BM ;2M2`�H-
/BpB/2/ BMiQ irQ +H�bb2b, ;HQ#�H �M/ +`vbi�HHBM2 bvKK2i`B2bX 1t�KTH2b Q7 i?2 7Q`K2` BM+Hm/2 i?2
h_a- i?2 S>a- �M/ i?2 ;HQ#�H bTBM SU(2) bvKK2i`vX :HQ#�H bvKK2i`v /BpB/2b �M 2MiB`2 >BH#2`i
bT�+2 BMiQ i?2 /B`2+i bmK Q7 B``2/m+B#H2 `2T`2b2Mi�iBQMb Q7 i?2 bvKK2i`v ;`QmTX �bbmKBM;
i?�i i?2 ;HQ#�H mMBi�`v bvKK2i`B2b HBF2 i?2 bTBM SU(2) bvKK2i`v �`2 �H`2�/v /B�;QM�HBx2/- r2
+QMbB/2` i?2 `2K�BMBM; bvKK2i`B2b BM B``2/m+B#H2 #HQ+FbX h?2 `2K�BMBM; bvKK2i`B2b �`2 �M
�MiBmMBi�`v bvKK2i`v bm+? �b i?2 h_a �M/ S>a �M/ � mMBi�`v bvKK2i`v i?�i �MiB@+QKKmi2b
rBi? i?2 >�KBHiQMB�M bm+? �b i?2 *aX h?Qb2 bvKK2i`B2b +QMbiBimi2 i?2 �HiH�M/@wB`M#�m2` U�wV
bvKK2i`v +H�bb2b (R9k)X

�b 7mM/�K2Mi�H bvKK2i`B2b Q7 � 72`KBQM- r2 +QMbB/2` i?`22 bvKK2i`B2b- i?2 h_a Θ- i?2
S>a C- �M/ i?2 *a Γ- r?B+? �+i QM � "HQ+? >�KBHiQMB�M h(k) �b 7QHHQrb,

Θh(k)Θ−1 = h(−k), Ch(k)C−1 = −h(−k), Γh(k)Γ−1 = −h(k). UkXRNV

q?BH2 Γ Bb mMBi�`v, ΓiΓ−1 = i- Θ �M/ C �`2 �MiBmMBi�`v, ΘiΘ−1 = −i �M/ CiC−1 = −i- #2+�mb2
i?2v BM+Hm/2 i?2 +QKTH2t +QMDm;�iBQM KX h?2b2 �`2 �HH irQ@7QH/ bvKK2i`v, i?2B` b[m�`2b �`2
�Hr�vb 2Bi?2` +1 Q` −1 /2T2M/BM; QM i?2 `2T`2b2Mi�iBQM Q7 i?2 bvKK2i`B2bX 6Q` 2t�KTH2- i?2
h_a Θ = iσyK rBi? Θ2 = −1 �TT2�`b BM � bTBM@?�H7 bvbi2K- r?BH2 Θ = K rBi? Θ2 = 1 �TT2�`b
BM � bTBM@BMi2;2` bvbi2KX 6Q` i?2 +�b2 Q7 i?2 S>a- C = τxK rBi? C2 = 1 Bb mb2/ 7Q` � mbm�H
a* Uτ Bb i?2 bTBM QT2`�iQ` BM i?2 L�K#m #�bBbV- r?BH2 Θ = τyK rBi? C2 = −1 Bb +?Qb2M B7 i?2
bvbi2K ?�b � ;HQ#�H SU(2) bvKK2i`vX h?2 *a 2K2`;2b �b i?2 +QK#BM2/ bvKK2i`v Γ = ΘC
r?2M i?2 bvbi2K ?�b #Qi? i?2 h_a �M/ S>aX h?2 bB;M Q7 Bib b[m�`2 Bb i?2 T`Q/m+i Q7 i?Qb2 Q7
Θ �M/ C- BX2X- Γ2 = Θ2C2- r?2M i?2v +QKKmi2X

.2T2M/BM; QM i?2 T`2b2M+2 �M/ �#b2M+2 Q7 i?2 bvKK2i`B2b- iQ;2i?2` rBi? i?2 p�Hm2 Q7 i?2B`
b[m�`2 ±1- "HQ+? >�KBHiQMB�Mb �`2 /BpB/2/ BMiQ i?2 i2M +H�bb2b FMQrM �b i?2 �w bvKK2i`v
+H�bb2b Ub22 h�#H2 kXRVX lbm�HHv- i?2b2 i2M +H�bb2b �`2 #`QF2M /QrM BMiQ i?2 irQ rB/2` +H�bb2b,
i?2 +QKTH2t +H�bb �M/ `2�H +H�bb- �M/ �bbB;M2/ �M BMi2;2` s +�HH2/ � bvKK2i`v +H�bbX AM i?2
+QKTH2t +H�bb- irQ +H�bb2b- r?B+? �`2 +�HH2/ +H�bb � �M/ +H�bb �AAA- �`2 H�#2H2/ #v i?2 p�Hm2
s = 0 �M/ s = 1- `2bT2+iBp2HvX AM i?2 `2�H +H�bb- i?2 BMi2;2`b s = 0, 1, 2, · · · , 7 �`2 �bbB;M2/ iQ
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h�#H2 kXR, h2M7QH/@r�v iQTQHQ;B+�H +H�bbB}+�iBQM Q7 hAb �M/ ha*b 7Q` bT�iB�H /BK2MbBQM�HBiv d =
0, 1, · · · , 7 (RyR-Ryk-R9j) h?2 p�Hm2b ±1, 0 BM i?2 i?B`/- 7Qm`i?- �M/ }7i? +QHmKMb `2T`2b2Mi i?2 b[m�`2
Q7 Θ- C- �M/ Γ- `2bT2+iBp2Hv- r?2`2 0 b?Qrb i?2 �#b2M+2 Q7 i?2 bvKK2i`vX h?2 iQTQHQ;B+�H BMp�`B�Mi Q7
i?2 bvKK2i`v +H�bb (F, s) �M/ i?2 /BK2MbBQM�HBiv d Bb ;Bp2M #v i?2 E ;`QmT KF(s, d)X h?2 iQTQHQ;B+�H
MmK#2` 2Z K2�Mb i?�i i?2 b�K2 ivT2b Q7 2/;2 bi�i2b �Hr�vb �TT2�` BM T�B`bX h?2 E ;`QmTb BM � ?B;?2`
/BK2MbBQM�HBiv d ≥ 8 �`2 /2i2`KBM2/ 7`QK i?2 "Qii T2`BQ/B+Biv UkXkjVX

s +H�bb Θ C Γ d = 0 d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7

0 � 0 0 0 Z 0 Z 0 Z 0 Z 0
1 �AAA 0 0 1 0 Z 0 Z 0 Z 0 Z
0 �A 1 0 0 Z 0 0 0 2Z 0 Z2 Z2

1 ".A 1 1 1 Z2 Z 0 0 0 2Z 0 Z2

2 . 0 1 0 Z2 Z2 Z 0 0 0 2Z 0
3 .AAA −1 1 1 0 Z2 Z2 Z 0 0 0 2Z
4 �AA −1 0 0 2Z 0 Z2 Z2 Z 0 0 0
5 *AA −1 −1 1 0 2Z 0 Z2 Z2 Z 0 0
6 * 0 −1 0 0 0 2Z 0 Z2 Z2 Z 0
7 *A 1 −1 1 0 0 0 2Z 0 Z2 Z2 Z

i?2 2B;?i +H�bb2b �A- ".A- .- .AAA- �AA- *AA- *- �M/ *A- `2bT2+iBp2HvX

hQTQHQ;B+�H T2`BQ/B+ i�#H2

� "HQ+? >�KBHiQMB�M h(k) QM � d@/BK2MbBQM�H bT�+2 Bb 7Q`K�HHv � K�T 7`QK i?2 "w Td iQ i?2
bT�+2 Q7 >�KBHiQMB�MbX h?2 +QKTH2i2 +H�bbB}+�iBQM Q7 hAb �M/ ha*b Bb Q#i�BM2/ #v +H�bbB7vBM;
i?2b2 K�Tb mM/2` i?2 +QMbi`�BMi Q7 +2`i�BM bvKK2i`B2bX �b BM _27X (Ryk)- r2 rBHH bBKTHB7v
i?2 iQTQHQ;B+�H +H�bbB}+�iBQM #v `2TH�+BM; i?2 "w Td rBi? i?2 d@/BK2MbBQM�H bT?2`2 SdX h?Bb
`2TH�+2K2Mi �HHQrb mb iQ 7Q+mb QM d@/BK2MbBQM�H bi`QM; iQTQHQ;B+�H BMp�`B�Mib r?B+? /Q MQi
�TT2�` BM HQr2` /BK2MbBQM�HBiB2b- �M/ iQ B;MQ`2 r2�F iQTQHQ;B+�H BMp�`B�Mib (RjR)X

G2i mb b2i i?2 62`KB H2p2H Efermi iQ #2 x2`Q, Efermi = 0X *QMbB/2` +QMiBMmQmb /27Q`K�iBQM
Q7 i?2 Q`B;BM�H >�KBHiQMB�M h(k) BMiQ � bBKTH2` >�KBHiQMB�M r?Qb2 2B;2Mp�Hm2 bT2+i`mK Bb
ǳ~�ii2M2/Ǵ bQ i?�i i?2 2M2`;v 2B;2Mp�Hm2 K�v #2 2Bi?2` +1 Q` −1X h?2M- i?2 bT�+2 Q7 ~�ii2M2/
>�KBHiQMB�Mb 7Q`Kb i?2 :`�bbK�MMB�M

Gn,k =
U(N)

U(k)× U(N − k)
, UkXkyV

r?2`2 k UN − kV /2MQi2b i?2 MmK#2` Q7 Q++mTB2/ UmMQ++mTB2/V #�M/bX Ai Bb �HbQ rQ`i?r?BH2 iQ
BMi`Q/m+2 i?2 MQiBQM Q7 bi�#H2 2[mBp�H2M+2X hrQ 7�KBHB2b Q7 >�KBHiQMB�Mb �`2 bi�#Hv 2[mBp�H2Mi
B7 i?2v +�M #2 /27Q`K2/ iQ 2�+? Qi?2` �7i2` �//BM; Q` `2KQpBM; �M �`#Bi`�`v MmK#2` Q7 i`BpB�H
#�M/bX ai�#H2 2[mBp�H2M+2 +�M #2 BKTH2K2Mi2/ BMiQ i?2 b2i Q7 i?2 :`�bbK�MMB�Mb #v +QMbB/2`BM;
�M 2tT�M/2/ bT�+2 +�HH2/ i?2 +H�bbB7vBM; bT�+2 C0X h?2 +H�bbB7vBM; bT�+2 C0 BM+Hm/2b �M BM}MBi2
MmK#2` Q7 2ti`� Q++mTB2/ �M/ mMQ++mTB2/ #�M/b,

C0 :=
∞⋃

k=0

G∞,k. UkXkRV
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h?2 +H�bbB}+�iBQM Q7 hAb BM +H�bb � BM d /BK2MbBQMb Bb ;Bp2M #v i?2 ?QKQiQTv ;`QmT KC(s =
0, d) := πd(C0)X avKK2i`B2b BKTQb2 +QMbi`�BMib QM i?2 +H�bbB7vBM; bT�+2X 6Q` +H�bb �AAA- N = 2k
7QHHQrb 7`QK i?2 *a �M/ i?2 +H�bbB7vBM; bT�+2 #2+QK2b i?2 bm#b2i C1 :=

⋃∞
k=0 G2k,k Q7 C0X h?2

�MiBmMBi�`v bvKK2i`B2b- BX2X- h_a �M/ S>a- BKTQb2 7m`i?2` +QMbi`�BMibX �i i?2 bT2+B�H TQBMib
r?2`2 k �M/ −k +QBM+B/2- i?2 �HHQr2/ >�KBHiQMB�Mb �`2 /2b+`B#2/ #v i?2 2B;?i +H�bbB7vBM; bT�+2b
Rs Us = 0, 1, · · · , 7V Q7 i?2 `2�H E i?2Q`vX

6Q` � ;Bp2M bvKK2i`v +H�bb s- i?2 iQTQHQ;B+�H +H�bbB}+�iBQM Q7 hAb �M/ ha*b Bb Q#i�BM2/
�b � b2i Q7 bi�#Hv 2[mBp�H2Mi +H�bb2b Q7 K�Tb 7`QK Sd iQ i?2 +H�bbB7vBM; bT�+2 bm#D2+i iQ i?2
bvKK2i`v +QMbi`�BMibX h?2b2 +H�bb2b 7Q`K i?2 bQ@+�HH2/ E ;`QmT- r?B+? r2 /2MQi2 #v KC(s, d)
7Q` i?2 +QKTH2t bvKK2i`v +H�bb2b �M/ KR(s, d) 7Q` i?2 `2�H bvKK2i`v +H�bb2bX h?2 E ;`QmT 7Q`
i?2 �w bvKK2i`v +H�bb2b Bb b?QrM BM h�#H2 kXR- r?B+? 2t?B#Bib � `2K�`F�#H2 bi�B`@HBF2 T�ii2`M
Q`B;BM�iBM; 7`QK i?2 7mM/�K2Mi�H `2H�iBQM BM i?2 E ;`QmT,

KF(s, d+ 1) = KF(s+ 1, d), UkXkkV

r?2`2 F = R Q` CX h?�MFb iQ i?Bb `2H�iBQM- i?2 +�H+mH�iBQM Q7 KF(s, d) `2/m+2b iQ i?�i Q7
KF(s+ d, 0)- r?B+? Bb � x2`Q@/BK2MbBQM�H T`Q#H2K �M/ ?2M+2 +�M 2{+B2MiHv #2 bQHp2/ (Ryk)X q2
MQi2 i?�i i?2 iQTQHQ;B+�H MmK#2`b BM � ?B;?2` /BK2MbBQM�HBiv- d ≥ 2 7Q` i?2 +QKTH2t +H�bb2b �M/
d ≥ 8 7Q` i?2 `2�H +H�bb2b- i?2 E ;`QmTb �`2 /2i2`KBM2/ 7`QK i?2 "Qii T2`BQ/B+Biv (R99),

KC(s, d+ 2) = KC(s, d), KR(s, d+ 8) = KR(s, d). UkXkjV

h?Bb Bb i?2 `2�bQM r?v i?2 +H�bbB}+�iBQM i�#H2 Uh�#X kXRV Bb +�HH2/ i?2 iQTQHQ;B+�H T2`BQ/B+ i�#H2X
Ai Bb rQ`i? K2MiBQMBM; i?�i i?2 E i?2Q`v Bb � TQr2`7mH iQQH 7Q` +�H+mH�iBM; iQTQHQ;B+�H

BMp�`B�Mib Q7 K�Tb- �M/ ?2M+2 Bi ?�b #22M mb2/ 7Q` i?2 +H�bbB}+�iBQM Q7 p�`BQmb iQTQHQ;B+�H
T?�b2b �M/ T?2MQK2M� BM+Hm/BM; iQTQHQ;B+�H T?�b2b rBi? +`vbi�HHBM2 bvKK2i`B2b (Ry9-Ry8-R98)-
iQTQHQ;B+�H 2/;2 bi�i2b mMB[m2 iQ 6HQ[m2i bvbi2Kb (R9e)- �M/ 2p2M /vM�KB+�H iQTQHQ;B+�H T?�b2b
BM MQM@>2`KBiB�M bvbi2Kb (8)X

kXk q2vH 72`KBQM �M/ +?B`�H K�;M2iB+ 2z2+i
q2vH 72`KBQMb ?�p2 `2+2MiHv TH�v2/ � F2v `QH2 BM +`Qbb@72`iBHBxBM; B/2�b Q7 ?B;?@2M2`;v �M/
+QM/2Mb2/@K�ii2` T?vbB+bX q2vH b2KBK2i�Hb- r?B+? �`2 b2KBK2i�Hb i?�i TQbb2bb q2vH 72`KBQMb
�b i?2B` HQr@2M2`;v 2t+Bi�iBQMb- �`2 +�MQMB+�H 2t�KTH2b Q7 iQTQHQ;B+�H b2KBK2i�HbX h?2v �ii`�+i
;`QrBM; BMi2`2bi BM +QM/2Mb2/@K�ii2` T?vbB+b QrBM; iQ i?2B` 2tQiB+ K�;M2iB+ `2bTQMb2- M�K2Hv
i?2 +?B`�H K�;M2iB+ 2z2+i U*J1V- r?B+? r�b }`bi T`QTQb2/ �M/ /Bb+mbb2/ BM ?B;?@2M2`;v T?vbB+b
(Nk- Nj)X

kXkXR q2vH 72`KBQM �M/ q2vH b2KBK2i�H
AM RNkN- >2`K�MM q2vH b?Qr2/ i?2 2tBbi2M+2 Q7 � K�bbH2bb 72`KBQM BM i?2 .B`�+ 2[m�iBQM (Rye)-
r?B+? r�b H�i2` +�HH2/ i?2 q2vH 72`KBQMX Aib >�KBHiQMB�M Bb ;Bp2M #v

h(k) = σ · k, UkXk9V

r?2`2 k := (kx, ky, kz) Bb i?2 i?`22@/BK2MbBQM�H KQK2MimKX Aib "HQ+? bi�i2 |k⟩ b�iBb}2b σ |k⟩ =
±k̂ |k⟩- BKTHvBM; i?�i i?2 bTBM /B`2+iBQM Q7 |k⟩ Bb T�`�HH2H iQ Bib KQK2MimK- � T?2MQK2MQM
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FMQrM �b i?2 bTBM@KQK2MimK HQ+FBM;X Aib iQTQHQ;B+�H MmK#2` χ Bb ;Bp2M #v i?2 rBM/BM; MmK#2`
�`QmM/ i?2 ;�TH2bb TQBMi k = 0 +�HH2/ i?2 q2vH TQBMi,

χ =

∫

S2

dk F(k), UkXk8V

r?2`2 S2 �M/ F(k) �`2 � irQ@/BK2MbBQM�H bT?2`2 2M+HQbBM; i?2 ;�TH2bb TQBMi k = 0 �M/ i?2
"2``v +m`p�im`2 QM S2 �i k- `2bT2+iBp2HvX h?Bb iQTQHQ;B+�H MmK#2` +QmMib i?2 rBM/BM; MmK#2`
Q7 � ?2/;2?Q; bi`m+im`2 Q7 i?2 bTBM i2tim`2 Q7 i?2 "HQ+? bi�i2 |k⟩ �`QmM/ i?2 q2vH TQBMiX AM i?Bb
b2Mb2- � q2vH 72`KBQM Bb +�HH2/ � KQMQTQH2 BM i?2 KQK2MimK bT�+2X � `2K�`F�#H2 +QMb2[m2M+2
Q7 iQTQHQ;v Bb i?�i i?Bb KQMQTQH2 +?�`;2 T`Qi2+ib i?2 q2vH TQBMiX AM Qi?2` rQ`/b- r2 +�MMQi
`2KQp2 i?2 ;�TH2bb TQBMi #v � r2�F T2`im`#�iBQM rBi?Qmi i?2 T�B` �MMB?BH�iBQM rBi? � q2vH
TQBMi rBi? QTTQbBi2 KQMQTQH2 +?�`;2 #2+�mb2 Q7 i?2 +QMb2`p�iBQM Q7 i?2 KQMQTQH2 +?�`;2X AM
i?Bb b2Mb2- q2vH 72`KBQMb �`2 iQTQHQ;B+�H Q#D2+ib i?Qm;? i?2v �`2 ;�TH2bb mMHBF2 hAb �M/ ha*bX

AM bQHB/@bi�i2 #�M/ bi`m+im`2b- q2vH 72`KBQMb 2tBbi �b HQr@2M2`;v 2t+Bi�iBQMb Q7 � q2vH
b2KBK2i�H UqaJV (Ryd- R9dĜR9N)- r?2`2 i?2 /BbT2`bBQM `2H�iBQMb �`2 HBM2�` �`QmM/ i?2 ;�TH2bb
TQBMibX qaJb ?�p2 #22M /Bb+Qp2`2/ BM +QM/2Mb2/@K�ii2` bvbi2Kb [mBi2 `2+2MiHvX AM i?2 2�`Hv
kyR8- 7Qm` qaJ K�i2`B�Hb- h��b- h�S- L#�b- �M/ L#S- r2`2 /Bb+Qp2`2/ i?`Qm;? MmK2`B+�H
+�H+mH�iBQMb (R8y- R8R)- i?2 Q#b2`p�iBQM Q7 Bib bm`7�+2 bi�i2b FMQrM �b i?2 bm`7�+2 62`KB �`+b
(R8kĜR89)- �M/ i?2 K2�bm`2K2Mi Q7 �MQK�HQmb i`�MbTQ`i (R88ĜR8d)- `2�HBxBM; q2vH 72`KBQMb 7Q`
i?2 }`bi iBK2X Ai Bb FMQrM i?�i 2Bi?2` i?2 BMp2`bBQM bvKK2i`v Q` i?2 h_a Kmbi #2 #`QF2M iQ
`2�HBx2 � qaJ (R93-R83) �M/ i?�i i?2 q2vH TQBMib rBi? QTTQbBi2 +?B`�HBiv Kmbi �TT2�` BM T�B`b
rBi?BM � bBM;H2 #�M/ (Ny-NR)X � KQ/2H >�KBHiQMB�M Q7 � qaJ M2�` i?2 ;�TH2bb TQBMib k = ±λ
Bb ;Bp2M #v

h(k) =

(
(k + λ) · σ − λ0 0

0 −(k − λ) · σ + λ0

)
, UkXkeV

r?2`2 i?2 q2vH TQBMib �`2 HQ+�i2/ �i ±λ BM i?2 "w �M/ i?2 2M2`;v b?B7ib �i i?2 q2vH TQBMib �`2
;Bp2M #v ±λ0X � MQMx2`Q λ Uλ0V +Q``2bTQM/b iQ i?2 #`2�FBM; Q7 i?2 BMp2`bBQM UiBK2@`2p2`b�HV
bvKK2i`vX

kXkXk *?B`�H K�;M2iB+ 2z2+i
� q2vH 72`KBQM �ii`�+ib ;`2�i BMi2`2bi QrBM; iQ Bib T2+mHB�` K�;M2iB+ `2bTQMb2 FMQrM �b i?2
+?B`�H K�;M2iB+ 2z2+i (Nk-Nj) Q`B;BM�iBM; 7`QK i?2 +?B`�H �MQK�Hv (R8N-Rey)X hQ +H�`B7v i?Bb- r2
BMi`Q/m+2 � U(1) ;�m;2 }2H/ (A0,A) BM 1[X UkXkeV,

h(k, A0,A) =

(
(k + λ+A) · σ − λ0 − A0 0

0 −(k − λ+A) · σ + λ0 − A0

)
. UkXkdV

�7i2` BMi2;`�iBM; Qmi i?2 72`KBQM }2H/ mbBM; 6mDBF�r�Ƕb K2i?Q/ (ReR)- r2 Q#i�BM i?2 HQr@2M2`;v
�+iBQM Seff Q7 i?2 qaJ, Seff = S0+Sθ (RekĜRe8)X h?2 }`bi i2`K S0 Bb i?2 2z2+iBp2 �+iBQM Q7 i?2
.B`�+ b2KBK2i�H- BX2X- 1[X UkXkdV rBi? λ = λ0 = 0X h?2 b2+QM/ i2`K Sθ FMQrM �b i?2 θ@i2`K Bb
r`Bii2M �b

Sθ =
e2

16π2

∫
dxdtθ(x)ϵµνρλFµνFρλ, UkXk3V
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r?2`2 ϵµνρλ, Fµν - �M/ θ(x) �`2 i?2 iQi�HHv �MiBbvKK2i`B+ i2MbQ` rBi? `�MF 4- i?2 2H2+i`QK�;M2iB+
}2H/ i2MbQ`- �M/ i?2 >2�pBbB/2 bi2T 7mM+iBQM rBi? θ(x) = 1 BMbB/2 i?2 qaJ- `2bT2+iBp2HvX h?2
θ@i2`K Bb `2bTQMbB#H2 7Q` i?2 �MQK�HQmb 2H2+i`QK�;M2iB+ `2bTQMb2 Q7 i?2 qaJX h?2 +?�`;2
/2MbBiv ρ �M/ +m``2Mi j Q`B;BM�iBM; 7`QK i?2 θ@i2`K �`2 ;Bp2M #v

ρ :=
δSθ

δA0
=

e2

2π2
λ×B, UkXkNV

j :=
δSθ

δA
=

e2

2π2
λ×E +

e2

2π2
λ0B. UkXjyV

q?BH2 1[X UkXkNV �M/ i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[X UkXjyV ;Bp2 `Bb2 iQ i?2 �MQK�HQmb
>�HH 2z2+i- i?2 b2+QM/ i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[X UkXjyV ;Bp2b `Bb2 iQ i?2 *J1- i?�i
`2T`2b2Mib i?2 +m``2Mi T�`�HH2H iQ i?2 �TTHB2/ K�;M2iB+ }2H/ BX h?Bb Bb BM bi�`F +QMi`�bi iQ �
mbm�H K�;M2iQ@i`�MbTQ`i r?2`2 i?2 +m``2Mi ~Qrb T2`T2M/B+mH�` iQ B #2+�mb2 Q7 i?2 GQ`2Mix
7Q`+2X

h?2 i?2Q`2iB+�H T`2/B+iBQM Q7 i?2 *J1 BM � qaJ ?�b �`Qmb2/ +QMbB/2`�#H2 BMi2`2bi MQi
QMHv 7`QK +QM/2Mb2/@K�ii2` T?vbB+b #mi �HbQ 7`QK MQM@2[mBHB#`BmK bi�iBbiB+�H T?vbB+b #2+�mb2
Bi H2�/b iQ i?2 2tBbi2M+2 Q7 � MQMx2`Q +m``2Mi BM i?2 ;`QmM/ bi�i2 (Ree-Red)X >Qr2p2`- i?2 iQi�H
+m``2Mi 7`QK i?2 *J1 Bb 7QmM/ iQ p�MBb? BM �Mv bi�iB+ H�iiB+2 bvbi2K (Red) �b � +QMb2[m2M+2
Q7 i?2 LB2Hb2M@LBMQKBv� i?2Q`2K (Ny- NR)- r?B+? /B+i�i2b i?2 BKTQbbB#BHBiv Q7 `2�HBxBM; � bBM;H2
q2vH 72`KBQM BM � bi�iB+ H�iiB+2 bvbi2KX "2+�mb2 Q7 i?2 T2`BQ/B+Biv Q7 i?2 "w- irQ q2vH TQBMib
�`2 +QMM2+i2/ �i i?2 /22T BMbB/2 i?2 62`KB b2�- r?B+? ;Bp2b i?2 +Q``2+iBQM i2`K iQ 1[X UkXjyV
iQ +�M+2H Qmi i?2 +?B`�H +m``2MiX q2 +�M T`Qp2 i?�i i?2 M2i 2[mBHB#`BmK +m``2Mi �Hr�vb p�MBb?2b
B``2bT2+iBp2 Q7 H�iiB+2b- #�M/ /BbT2`bBQMb- �M/ i2KT2`�im`2 (Red)X LQi2 i?�i i?2 �MQK�HQmb >�HH
`2bTQMb2 BM 1[bX UkXkNV �M/ UkXjyV- QM i?2 Qi?2` ?�M/- Bb MQi T`Q?B#Bi2/ �M/ BM/22/ MmK2`B+�HHv
b?QrM iQ 2tBbi 2p2M BM � H�iiB+2 bvbi2K (Red)X

L2p2`i?2H2bb- +?B`�H@�MQK�Hv BM/m+2/ i`�MbTQ`i Bb 2tT2`BK2Mi�HHv /2i2+i2/ i?`Qm;? i?2 M2;@
�iBp2 K�;M2iQ`2bBbi�M+2 (R8R- R8e- R83- Re3ĜRdy)X AM qaJb- i?2 +?B`�H �MQK�Hv BM/m+2b � M2;@
�iBp2 K�;M2iQ`2bBbi�M+2 Q`B;BM�iBM; 7`QK i?2 +?B`�H x2`Q KQ/2b Q7 i?2 G�M/�m H2p2Hb �M/ i?2
bmTT`2bb2/ #�+Fb+�ii2`BM; Q7 72`KBQMb rBi? QTTQbBi2 +?B`�HBivX Ai Bb rQ`i?r?BH2 iQ K2MiBQM i?�i
MmK2`Qmb �ii2KTib iQ Q#i�BM � }MBi2 +?B`�H +m``2Mi ?�p2 #22M K�/2 (ReN- RdRĜRdd)- 2X;X- #v
BMi`Q/m+BM; � MQM@mMB7Q`K K�;M2iB+ }2H/ �M/ mbBM; MQM@2[mBHB#`BmK 72`KBQM /Bbi`B#miBQMX

kXj �/B�#�iB+ iQTQHQ;B+�H TmKT
*QMbB/2` � iBK2@/2T2M/2Mi >�KBHiQMB�M H(t) r?B+? ?�b � }MBi2 2M2`;v ;�T ∆ #2ir22M i?2
;`QmM/ bi�i2 �M/ i?2 }`bi 2t+Bi2/ bi�i2X AM �M �/B�#�iB+ TmKT- r2 +QMbB/2` H(t) rBi? T2`BQ/
T r?B+? Bb Km+? bHQr2` i?�M ∆−1, H(t) = H(t + T ) �M/ T∆ ≫ 1X �7i2` QM2 +v+H2- r?BH2 i?2
T�`�K2i2`b Q7 i?2 >�KBHiQMB�M `2im`M iQ Bib BMBiB�H p�Hm2- i?2 bi�i2 K�v MQi- r?B+? H2�/b iQ
[m�MiBx2/ i`�MbTQ`i T`Qi2+i2/ #v iQTQHQ;vX

kXjXR h?QmH2bb TmKT
�M �/B�#�iB+ +?�`;2 TmKT- M�K2Hv i?2 h?QmH2bb TmKT (Rd3)- Bb i?2 BMi2;`�i2/ +?�`;2 i`�MbTQ`i
/m`BM; �M �/B�#�iB+ +v+H2X h?2 TmKT2/ +?�`;2 Bb [m�MiBx2/ BMiQ �M BMi2;2` p�Hm2 �M/ b?Qrb
iQTQHQ;B+�H `Q#mbiM2bb �;�BMbi T2`im`#�iBQMbX � T`QiQivTB+�H 2t�KTH2 Q7 i?2 h?QmH2bb TmKT Bb
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;Bp2M #v _B+2@J2H2 KQ/2H (Ry3)- r?B+? Bb � QM2@/BK2MbBQM�H KQ/2H rBi? Bib ?QTTBM; �KTHBim/2b
�M/ bm#H�iiB+2 /Bz2`2M+2 p�`B2/ rBi? T2`BQ/ T X Aib >�KBHiQMB�M Bb ;Bp2M #v

H(t) :=
L∑

j=1

(
t0
2
+ (−1)j

δ(t)

2

)(
c†j+1cj + h.c.

)
+∆(t)

∑

i

(−1)ic†ici UkXjRV

=
∑

k

(
c†k,A, c

†
k,B

)
h(k, t)

(
ck,A
ck,B

)
, UkXjkV

h(k, t) := t0 cos kσx − δ(t) sin kσy +∆(t)σz, UkXjjV

r?2`2 ck,A (ck,B) Bb i?2 �MMB?BH�iBQM QT2`�iQ` Q7 � T�`iB+H2 rBi? KQK2MimK k QM i?2 bm#H�iiB+2
A UBV +QMbiBimi2/ 7`QK i?2 2p2M UQ//V bBi2bc L Bb i?2 MmK#2` Q7 i?2 H�iiB+2 bBi2bX >2`2- t0± δ(t)
`2T`2b2Mi i?2 �Hi2`M�iBM; ?QTTBM; �KTHBim/2b �M/ ∆(t) Bb i?2 TQi2MiB�H /Bz2`2M+2 #2ir22M i?2
bm#H�iiB+2bX >2`2- δ(t) �M/ ∆(t) �`2 T2`BQ/B+ BM iBK2 rBi? T2`BQ/ T X h?2 }`bi i2`K QM i?2
`B;?i@?�M/ bB/2 Q7 1[X UkXjRV Bb i?2 aa> KQ/2H rBi? iBK2@/2T2M/2Mi ?QTTBM; �KTHBim/2 r?BH2
i?2 b2+QM/ i2`K Bb i?2 TQi2MiB�H /Bz2`2M+2 #2ir22M i?2 2p2M �M/ Q// bBi2bX

ai�`iBM; 7`QK i?2 ;`QmM/ bi�i2 Q7 h(k, 0)- r2 +QMbB/2` i?2 �/B�#�iB+ +?�M;2 Q7 δ(t) �M/ ∆(t)
7`QK t = 0 iQ t = T X lM/2` i?Bb +v+H2- i?2 >�KBHiQMB�M `2im`Mb iQ Bib BMBiB�H p�Hm2 h(k, 0)
r?BH2 i?2 bi�i2 K�v MQiX AM �M �/B�#�iB+ TmKT- i?2 72`KBQMb �`2 TmKT2/ 7`QK H27i iQ `B;?i-
�M/ Bib TmKT2/ 72`KBQM MmK#2` N T2` +v+H2 Bb [m�MiBx2/- r?B+? Bb Q#i�BM2/ #v BMi2;`�iBM; i?2
�/B�#�iB+ +m``2Mi Jad (Rd3ĜR3y),

N =

∫ T

0

dt Jad(t) = − 1

2π

∫
dkdt Fkt(k, t) = −Ch1, UkXj9V

r?2`2 Fkt(k, t) Bb i?2 "2``v +m`p�im`2 Q7 i?2 Q++mTB2/ #�M/ Q7 H(k, t)X h?mb- i?2 TmKT2/
+?�`;2 T2` +v+H2 Bb [m�MiBx2/ B``2bT2+iBp2 Q7 i?2 /2i�BH2/ T�`�K2i2`b Q7 h(k, t)- �M/ bQH2Hv 2t@
T`2bb2/ #v i?2 }`bi *?2`M MmK#2` bBKBH�`Hv iQ i?2 *?2`M BMbmH�iQ`X h?Bb [m�MiBx�iBQM Bb bi�#H2
�;�BMbi T2`im`#�iBQMb- r2�F BMi2`�+iBQMb- �M/ /BbQ`/2`- bBKBH�`Hv iQ i?2 [m�MiBx2/ i`�MbTQ`i BM �
*?2`M BMbmH�iQ` (R3R)X h?2 _B+2@J2H2 KQ/2H Bb `2�HBx2/ BM mHi`�+QH/ �iQKB+ ;�b2b �M/ [m�MiBx2/
i`�MbTQ`i Bb Q#b2`p2/ (9y- 9R- R3k- R3j)X

kXjXk :2M2`�H �/B�#�iB+ TmKTb
�M �/B�#�iB+ TmKT Bb ;2M2`�HBx2/ iQ BM+Hm/BM; bvKK2i`B2b (Ryj- R39- R38)- r?2`2 i?2 TmKT2/
Q#D2+i Bb MQ HQM;2` � +?�`;2 #mi � 72`KBQM T�`Biv- +?�`;2b Q7 � E`�K2`b /Qm#H2i- �M/ bQ QMX
*QMbB/2` i?2 iBK2@/2T2M/2Mi >�KBHiQMB�M h(k, t)X h?2 h_a Θ- i?2 S>a C- �M/ i?2 *a Γ �+i
QM Bi �b 7QHHQrb,

Θh(k, t)Θ−1 = h(−k, t), Ch(k, t)C−1 = −h(−k, t), Γh(k, t)Γ−1 = −h(k, t). UkXj8V

LQi2 i?�i i?2 iBK2 t /Q2b MQi +?�M;2 Bib bB;M mM/2` i?2 �+iBQMX
h?2 E i?2Q`v 2KTHQv2/ 7Q` +H�bbB7vBM; hAb �M/ ha*b �HbQ T`QpB/2b i?2 +H�bbB}+�iBQM Q7 bm+?

iQTQHQ;B+�H �/B�#�iB+ TmKTbX �++Q`/BM; iQ 1[X UkXj8V- i?2 b2i Q7 �/B�#�iB+ TmKTb �`2 +H�bbB}2/
BMiQ i?2 i2M +�i2;Q`B2b 7`QK +H�bb � iQ +H�bb *A �b b?QrM BM h�#H2 kXRX �7i2` ~�ii2MBM; i?2
#�M/b �M/ B;MQ`BM; r2�F BMp�`B�Mib- r2 +�M `2;�`/ �M �/B�#�iB+ TmKT BM i?2 +QKTH2t U`2�HV
+H�bb rBi? bvKK2i`v +H�bb s �b � K�T 7`QK Sd+1 iQ i?2 +H�bbB7vBM; bT�+2 Cs URsVX aBKBH�`Hv iQ
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h�#H2 kXk, h2M7QH/@r�v iQTQHQ;B+�H +H�bbB}+�iBQM Q7 �/B�#�iB+ TmKTb 7Q` bT�iB�H /BK2MbBQM�HBiv d =
0, 1, · · · , 7 (Ryj)X h?2 MQi�iBQMb �`2 i?2 b�K2 �b BM h�#H2 kXRX

s +H�bb Θ C Γ d = 0 d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7

0 � 0 0 0 0 Z 0 Z 0 Z 0 Z
1 �AAA 0 0 1 Z 0 Z 0 Z 0 Z 0
0 �A 1 0 0 Z2 Z 0 0 0 2Z 0 Z2

1 ".A 1 1 1 Z2 Z2 Z 0 0 0 2Z 0
2 . 0 1 0 0 Z2 Z2 Z 0 0 0 2Z
3 .AAA −1 1 1 2Z 0 Z2 Z2 Z 0 0 0
4 �AA −1 0 0 0 2Z 0 Z2 Z2 Z 0 0
5 *AA −1 −1 1 0 0 2Z 0 Z2 Z2 Z 0
6 * 0 −1 0 0 0 0 2Z 0 Z2 Z2 Z
7 *A 1 −1 1 Z 0 0 0 2Z 0 Z2 Z2

i?2 +�b2 Q7 bi�iB+ hAb �M/ h*ab- r2 /2MQi2 i?2 E ;`QmT Q7 �/B�#�iB+ TmKTb rBi? �w bvKK2i`v
+H�bb (F, s) #v KAP

F (s, d)X h?2 bT�+2 Q7 K�Tb �7i2` i�FBM; i?2 [mQiB2Mi #v i?2 bi�#H2 2[mBp�H2M+2
7Q`K�HHv /2}M2b i?2 E ;`QmT KF(s, d, δ)- r?2`2 δ Bb i?2 MmK#2` Q7 +QQ`/BM�i2b i?�i /Q2b MQi
+?�M;2 i?2 bB;M mM/2` Θ, C- �M/ ΓX AM i?2 +�b2 Q7 �/B�#�iB+ TmKTb UkXj8V- r2 ?�p2 δ = 1- BX2X
KAP

F (s, d) = KF(s, d, 1)X AM i?2 +�b2 Q7 δ = 0- KF(s, d, 0) +QBM+B/2b rBi? i?2 E ;`QmT KF(s, d)
7Q` hAb �M/ ha*b rBi? i?2 b�K2 bvKK2i`v +H�bb (F, s)X h?2B` +H�bbB}+�iBQM Bb T2`7Q`K2/ #v
�TTHvBM; i?2 T2`BQ/B+Biv BM i?2 E i?2Q`v (Ryj),

KF(s, d, δ + 1) = KF(s+ 1, d, δ). UkXjeV

"v bm#biBimiBM; δ = 0 BM 1[X UkXjeV- r2 �``Bp2 �i i?2 +H�bbB}+�iBQM Q7 �/B�#�iB+ TmKTb �b b?QrM
BM h�#H2 kXkX *QKT�`BM; h�#H2b kXR �M/ kXk- r2 +�M }M/ i?�i i?2 +H�bbB}+�iBQM Q7 �/B�#�iB+
TmKTb BM � +2`i�BM bvKK2i`v +H�bb Bb i?2 b�K2 �b i?�i Q7 hAb �M/ ha*b #mi BM i?2 b?B7i2/
bvKK2i`v +H�bb,

KAP
F (s, d) = KF(s+ 1, d). UkXjdV

h?Bb Bb � M�im`�H ;2M2`�HBx�iBQM Q7 i?2 +Q``2bTQM/2M+2 #2ir22M i?2 h?QmH2bb TmKT �M/ i?2
*?2`M BMbmH�iQ`X AM 7�+i- 7Q` F = C, s = 0- �M/ d = 1- r2 ?�p2

KAP
C (0, 1) = KC(0, 1, 1) = KC(1, 1, 0) = KC(0, 2, 0) = Z, UkXj3V

r?2`2 r2 mb2/ 1[X UkXkkV BM i?2 b2+QM/ 2[m�HBivX h?2 E ;`QmTb KC(0, 1, 1) �M/ KC(0, 2, 0) ;Bp2
i?2 iQTQHQ;B+�H MmK#2` Q7 i?2 h?QmH2bb TmKT �M/ i?�i Q7 i?2 *?2`M BMbmH�iQ`- `2bT2+iBp2HvX



*?�Ti2` j

"`B27 `2pB2r QM 6HQ[m2i 2M;BM22`BM;

6HQ[m2i 2M;BM22`BM;- i?2 +QMi`QH Q7 [m�MimK bvbi2Kb mbBM; T2`BQ/B+ /`Bp2b- ?�b � HQM; ?BbiQ`v
Q7 bim/B2b BM +QM/2Mb2/@K�ii2` T?vbB+b- bm+? �b i?2 rQ`Fb QM i?2 BMp2`b2 6�`�/�v 2z2+i (R3e-
R3d)X _2+2MiHv- i?Bb +QM+2Ti ?�b �ii`�+i2/ `2M2r2/ BMi2`2bi QrBM; iQ i?2 `�TB/ /2p2HQTK2Mib
BM H�b2` �M/ mHi`�7�bi bT2+i`Qb+QTv i2+?MB[m2b (kdĜkN- 9e- 9d)X AM i?Bb +?�Ti2`- r2 }`bi `2pB2r
irQ F2v BM;`2/B2Mib Q7 6HQ[m2i 2M;BM22`BM;- M�K2Hv i?2 6HQ[m2i i?2Q`2K �M/ i?2 ?B;?@7`2[m2M+v
2tT�MbBQM U>61V- �M/ i?2M T`2b2Mi Bib �TTHB+�iBQMb iQ iQTQHQ;B+�H T?2MQK2M�- bvKK2i`v@#`QF2M
[m�MimK bvbi2Kb- �M/ +H�bbB+�H bvbi2KbX

jXR 6HQ[m2i i?2Q`2K �M/ ?B;?@7`2[m2M+v 2tT�MbBQM
jXRXR 6HQ[m2i i?2Q`2K �M/ 2z2+iBp2 >�KBHiQMB�M
G2i mb +QMbB/2` i?2 iBK2@/2T2M/2Mi a+?`ƺ/BM;2` 2[m�iBQM /`Bp2M #v � iBK2@/2T2M/2Mi >�KBH@
iQMB�M H(t),

i
d

dt
|ψ⟩ = H(t) |ψ⟩ , UjXRV

r?2`2 H(t) Bb T2`BQ/B+ BM iBK2 rBi? T2`BQ/ T , H(t) = H(t + T )- �M/ r2 /2MQi2 i?2 /`BpBM;
7`2[m2M+v �b ω, ω := 2π/T X h?2 iBK2 2pQHmiBQM QT2`�iQ` U(tf , ti) 7`QK ti iQ tf Bb 7Q`K�HHv ;Bp2M
#v

U(tf , ti) = Tt exp

[
−i

∫ tf

ti

dtH(t)

]
, UjXkV

r?2`2 Tt Bb i?2 iBK2@Q`/2`BM; QT2`�iQ`X
h?2 6HQ[m2i@Gv�TmMQp `2T`2b2Mi�iBQM i?2Q`2K- mbm�HHv +�HH2/ i?2 6HQ[m2i i?2Q`2K 7Q`

b?Q`i- /B+i�i2b i?�i U(tf , ti) #2 r`Bii2M BM i2`Kb Q7 � >2`KBiB�M QT2`�iQ` K(t) �M/ i?2 iBK2@
BM/2T2M/2Mi >�KBHiQMB�M HF �b 7QHHQrb (jy- jR- R33),

U(tf , ti) = e−iK(tf )e−iHF (tf−ti)eiK(ti). UjXjV

>2`2- HF , K(t)- �M/ e±iK(t) �`2 +�HH2/ i?2 2z2+iBp2 >�KBHiQMB�M- i?2 FB+F QT2`�iQ`- �M/ i?2
KB+`QKQiBQM QT2`�iQ`- `2bT2+iBp2HvX h?2 T?vbB+�H BKTHB+�iBQM Q7 i?2 6HQ[m2i i?2Q`2K Bb i?�i

R3
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i?2 iBK2 2pQHmiBQM Q7 i?2 iBK2@T2`BQ/B+ a+?`ƺ/BM;2` 2[m�iBQM UjXRV Bb ;2M2`�i2/ #v i?2 bi�iB+
2z2+iBp2 >�KBHiQMB�M HF �T�`i 7`QK i?2 FB+F QT2`�iQ`b �i BMBiB�H Ut = tiV �M/ }M�H Ut = tf V
iBK2bX h?2 FB+F QT2`�iQ` K(t) Bb iBK2@T2`BQ/B+ rBi? T2`BQ/ T �M/ Bib �p2`�;2 Qp2` QM2 T2`BQ/
p�MBb?2b,

K(t) = K(t+ T ),

∫ T

0

dt K(t) = 0. UjX9V

h?2 mMBi�`v QT2`�iQ` U(T, 0)- r?B+? /2b+`B#2b i?2 iBK2 2pQHmiBQM Qp2` QM2 T2`BQ/- Bb +�HH2/
i?2 6HQ[m2i QT2`�iQ`X 6Q` i?2 2B;2Mp�Hm2 e−iϵaT Q7 i?2 mMBi�`v QT2`�iQ` U(T, 0)- i?2 2tTQM2Mi
ϵa Bb +�HH2/ i?2 [m�bB2M2`;v BM �M�HQ;v rBi? i?2 2M2`;v BM � bi�iB+ bvbi2K rBi? a #2BM; i?2 H�#2H
Q7 i?2 2B;2Mbi�i2bX h?2 [m�bB2M2`;v Bb i?2 2B;2Mp�Hm2 Q7 i?2 2z2+iBp2 >�KBHiQMB�M HF ,

HF :=
∑

a

ϵa |ũa⟩ ⟨ũa| , UjX8V

r?2`2 |ũa⟩ Bb i?2 2B;2Mbi�i2X .2bTBi2 Bib �TT�`2Mi bBKBH�`Biv rBi? 2M2`;v BM � bi�iB+ bvbi2K- i?2
[m�bB2M2`;v ?�b QM2 BKTQ`i�Mi /Bz2`2M+2, i?2 [m�bB2M2`;v Bb T2`BQ/B+ rBi? T2`BQ/ 2π/T bBM+2
Bi Bb 7Q`K�HHv /2}M2/ BM i?2 2tTQM2MiB�H 7Q`K e−iϵaT X h?Bb �//BiBQM�H iQTQHQ;v ;Bp2b `Bb2 iQ
i?2 /Bz2`2M+2 �#Qmi `2�HBx�#H2 iQTQHQ;B+�H #�M/ bi`m+im`2b- �b r2 rBHH b22 BM a2+X jXkX 6`QK
i?2 2B;2Mbi�i2 |ũa⟩- r2 +�M +QMbi`m+i i?2 6HQ[m2i KQ/2 |ua(t)⟩ := e−iK(t) |ũa⟩ i?�i b�iBb7v i?2
T2`BQ/B+Biv, |ua(t+ T )⟩ = |ua(t)⟩ �M/ i?2 6HQ[m2i bi�i2 |ψa(t)⟩ := e−iϵat |ua(t)⟩ r?B+? Bb �
bi�iBQM�`v bi�i2 Q7 i?2 iBK2@/2T2M/2Mi a+?`ƺ/BM;2` 2[m�iBQM UjXRV,

i
d

dt
|ψa(t)⟩ = H(t) |ψa(t)⟩ , |ψa(t+ T )⟩ = e−iϵaT |ψa(t)⟩ . UjXeV

1[m�iBQM UjXjV Bb MQi � mMB[m2 /2+QKTQbBiBQM BM i2`Kb Q7 � iBK2@BM/2T2M/2Mi >�KBHiQMB�M
�M/ � iBK2@T2`BQ/B+ FB+F QT2`�iQ`X AM �MQi?2` /2+QKTQbBiBQM i?�i Bb `2H�i2/ rBi? i?2 J�;Mmb
2tT�MbBQM (R3N)- U(tf , ti) Bb r`Bii2M �b

U(tf , ti) = e−iKFM(tf )e−iHFM
F,ti

(tf−ti). UjXdV

>2`2- i?2 FB+F QT2`�iQ` K(t) Bb � iBK2@T2`BQ/B+ >2`KBiB�M QT2`�iQ` i?�i b�iBb}2b K(ti) = 0 �M/
i?2 2z2+iBp2 >�KBHiQMB�M HFM

F,ti
/2T2M/b QM i?2 BMBiB�H iBK2 tiX h?2 2z2+iBp2 >�KBHiQMB�M HFM

F,t

Bb mMBi�`v 2[mBp�H2Mi iQ HF /2}M2/ �#Qp2,

HFM
F,t = e−iK(t)HF e

iK(t). UjX3V

q?BH2 HF /Q2b MQi /2T2M/ QM i?2 BMBiB�H �M/ }M�H FB+F iBK2b ti �M/ tf - `2bT2+iBp2Hv- HFM
F,ti

?�b �
bTm`BQmb /2T2M/2M+2 QM i?2 BMBiB�H iBK2 ti (RyN-RRk-RRj-RNy)- `2bmHiBM; BM �`iB7�+im�H bvKK2i`v
#`2�FBM; (RRy)X .2bTBi2 i?Bb /`�r#�+F- i?2 /2+QKTQbBiBQM UjXdV Bb mb27mH 7Q` � ;2M2`�H �M�HvbBb Q7
i?2 ?B;?@7`2[m2M+v 2tT�MbBQM HBF2 Bib +QMp2`;2M+2 T`QT2`iB2b (N8- Ne- RR9)X "2bB/2b- Bi Bb mb2/ iQ
�M�Hvx2 i?2 HQM;@iBK2 #2?�pBQ` Q7 i?2 bvbi2K- 2X;X- ?2�iBM; �M/ �M 2t�+i bi2�/v bi�i2- #2+�mb2
HFM

F,ti=0 Bb /B`2+iHv `2H�i2/ rBi? i?2 6HQ[m2i QT2`�iQ` U(T, 0) �b U(T, 0) = exp
(
−iTHFM

F,ti=0

)
X
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jXRXk >B;?@7`2[m2M+v 2tT�MbBQM Q7 i?2 2z2+iBp2 >�KBHiQMB�M �M/ i?2
FB+F QT2`�iQ`

S`�+iB+�HHv- Bi Bb MQi `2�HBbiB+ iQ 2p�Hm�i2 i?2 2z2+iBp2 >�KBHiQMB�M �M/ i?2 FB+F QT2`�iQ` #�b2/
QM i?2 /2+QKTQbBiBQM UjXjV �M/ UjXdV- �M/ QM2 ?�b iQ `2Hv QM bQK2 �TT`QtBK�iBQMbX �M 2{+B2Mi
iQQH iQ +QKTmi2 i?2 2z2+iBp2 >�KBHiQMB�M BM i?2 ?B;?@7`2[m2M+v HBKBi Bb i?2 ?B;?@7`2[m2M+v
2tT�MbBQM U>61V- r?B+? Bb � T2`im`#�iBp2 b+?2K2 BM TQr2`b Q7 ω−1 (kd- k3)X *Q``2bTQM/BM; iQ
i?2 irQ /2+QKTQbBiBQM UjXjV �M/ UjXdV- i?2`2 �`2 irQ ivT2b Q7 i?2 >61X PM QM2 ?�M/- i?2 >61
#�b2/ QM 1[X UjXjV Bb +�HH2/ i?2 p�M oH2+F ?B;?@7`2[m2M+v 2tT�MbBQM Upo >61V Q` bBKTHv i?2
?B;?@7`2[m2M+v 2tT�MbBQM (RyN- RRRĜRRj)X PM i?2 Qi?2` ?�M/- i?2 >61 #�b2/ QM 1[X UjXdV Bb
+�HH2/ i?2 6HQ[m2i@J�;Mmb ?B;?@7`2[m2M+v 2tT�MbBQM U6J >61V Q` bBKTHv i?2 6HQ[m2i@J�;Mmb
2tT�MbBQM (Ne-RR9)X h?2 po >61 Bb mb2/ 7Q` i?2 �M�HviB+�H �M/ MmK2`B+�H +�H+mH�iBQM rBi? HQr@
Q`/2` i`mM+�iBQM #2+�mb2 Bi /Q2b MQi ?�p2 i?2 bTm`BQmb /2T2M/2M+2 QM i?2 BMBiB�H iBK2 r?B+?
i?2 6J >61 ?�bX h?2 6J >61 Bb mb2/ 7Q` � ;2M2`�H �M�HvbBb Q7 i?2 +QMp2`;2M+2 T`QT2`iB2b
#2+�mb2 Bib ;2M2`�H i2`K Bb FMQrMX

6B`bi 72r i2`Kb Q7 i?2 p�M oH2+F ?B;?@7`2[m2M+v 2tT�MbBQM

G2i mb 2tT`2bb H(t) BM i?2B` 6Qm`B2` ?�`KQMB+b

H(t) =
∞∑

m=−∞
Hme

−imωt, UjXNV

Hm =
1

T

∫ T

0

dtH(t)eimωt, UjXRyV

�M/ 7Q`K�HHv 2tT�M/ HF �M/ K(t) BM TQr2`b Q7 ω−1,

HF =
∞∑

m=0

H(m)
F , K(t) =

∞∑

m=0

K(m)
F (t). UjXRRV

>2`2- H(m)
F �M/ K(m)

F (t) �`2 Q7 i?2 Q`/2` Q7 O(ω−m)X hQ #2 +QM+`2i2- i?2 i?`22 H2�/BM; i2`Kb Q7
H(m)

F �`2 ;Bp2M �b 7QHHQrb (RyN- RRy),

H(0)
F = H0, UjXRkV

H(1)
F =

∑

m ̸=0

[H−m, Hm]

2mω
, UjXRjV

H(2)
F =

∑

m ̸=0

{
[H−m, [H0, Hm]]

2(mω)2
+
∑

m′ ̸=0,m

[H−m′ , [Hm′−m, Hm]]

3mm′ω2

}
. UjXR9V

h?2 i?`22 H2�/BM; i2`Kb Q7 K(m)
F (t) �`2 �HbQ ;Bp2M #v

K(0)
F (t) = 0, UjXR8V

K(1)
F (t) = −i

∑

m ̸=0

H−meimωt

mω
, UjXReV
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K(2)
F (t) = i

∑

m ̸=0

{
[H0, H−m] eimωt

(mω)2
+
∑

m′ ̸=0,m

[Hm′ , H−m] ei(m−m′)ωt

2m(m−m′)ω2

}
. UjXRdV

1[m�iBQMb UjXRkV �M/ UjXR8V BM/B+�i2 i?�i- BM i?2 HQr2bi Q`/2`- i?2 /vM�KB+b Bb ;2M2`�i2/ #v i?2
iBK2@�p2`�;2/ >�KBHiQMB�M, U(t, 0) ≈ exp (−iH0t)X h?Bb `2bmHi Bb +QMbBbi2Mi rBi? Qm` BMimBiBQM,
i?2 bvbi2K +�MMQi 7QHHQr � 7�bi /`Bp2 �M/ ?2M+2 722Hb i?2 iBK2 �p2`�;2 H0X h?2 /2`Bp�iBQM Q7
i?2 po >61 #�b2/ QM p�M oH2+FǶb /2;2M2`�i2 T2`im`#�iBQM i?2Q`v Bb ;Bp2M BM _27X (RRy)X

"v bm#biBimiBM; i?2 i`mM+�i2/ b2`B2b BMiQ 1[X UjXRRV- r2 +�M 2p�Hm�i2 i?2 iBK2 2pQHmiBQM
UjXjVX AM T�`iB+mH�`- B7 r2 B;MQ`2 i?2 KB+`QKQiBQM �M/ 7Q+mb QM i?2 �p2`�;2/ /vM�KB+b- r2 +�M
�TT`QtBK�i2 Bi #v i?2 bi�iB+ 2z2+iBp2 >�KBHiQMB�M, U(t, 0) ≈ exp (−iHF t)- r?2`2 i?2 �M�HvbBb Q7
i?2 MQM@2[mBHB#`BmK T`Q#H2K Bb MQr `2/m+2/ iQ � bi�iB+ QM2X *QMp2`b2Hv- #v i�BHQ`BM; i?2 iBK2@
/2T2M/2Mi >�KBHiQMB�M H(t)- QM2 +�M `2�HBx2 i?2 /vM�KB+b Q7 � bi�iB+ >�KBHiQMB�M HF rBi?
/2bB`2/ T`QT2`iB2bX h?Bb 7Q`K Q7 [m�MimK 2M;BM22`BM;- mbm�HHv i2`K2/ 6HQ[m2i 2M;BM22`BM;- MQr
`2+Q;MBx2/ �b � p2`b�iBH2 iQQH 7Q` +QMi`QHHBM; [m�MimK bvbi2Kb BM+Hm/BM; i?2 /vM�KB+ +QMi`QH
Q7 i?2 bmT2`~mB/@JQii BMbmH�iQ` i`�MbBiBQM (jkĜj9)- i?2 +`2�iBQM Q7 �`iB}+B�H ;�m;2 }2H/b (j8Ĝj3-
RNR)-» i?2 BKTH2K2Mi�iBQM Q7 FBM2iB+ 7`mbi`�iBQM �M/ iQTQHQ;B+�H T?�b2b (Rd-RN-ky-8e-38-RNjĜRNe)-
�M/ i?2 +QMi`QH Q7 K�;M2iBx�iBQM �M/ bTBM +?B`�HBiv (dRĜd9-deĜd3)X

:2M2`�H i2`K Q7 i?2 6HQ[m2i@J�;Mmb ?B;?@7`2[m2M+v 2tT�MbBQM

G2i H(m)
F,t0

#2 i?2 mi?@Q`/2` i2`K Q7 i?2 6J >61 Q7 HFM
F,t0 ,

HFM
F,t0 =

∞∑

m=0

H(m)
F,t0

, UjXR3V

r?2`2 H(m)
F,t0

Bb Q7 i?2 Q`/2` Q7 O(ω−m) �M/ t0 Bb i?2 BMBiB�H iBK2X lMHBF2 i?2 po >61- i?2 ;2M2`�H
i2`K 7Q` i?2 6J >61 Q7 HFM

F,t0 Bb FMQrM- r?B+? Bb ;Bp2M �b 7QHHQrb (R3N- RNd),

H(0)
F,t0

=

∫ t0+T

t0

dt H(t), UjXRNV

H(m)
F,t0

=
∑

σ∈Sm

(−1)m−ΘσΘσ!(m−Θσ)!

im(m+ 1)2m!T

×
∫ t0+T

t0

dtm+1 · · ·
∫ t0+t2

t0

dt1
[
H ′

m+1, [H
′
m, · · · [H ′

2, H
′
1]]
]

for m ≥ 1, UjXkyV

r?2`2 Sm Bb i?2 T2`Kmi�iBQM ;`QmT Q7 Q`/2` m- H ′
i := H(tσ(i))- �M/ Θσ Bb /2}M2/ #v Θσ :=∑m

i=1 θ [σ(i+ 1)− σ(i)] rBi? θ(x) #2BM; i?2 >2�pBbB/2 mMBi bi2T 7mM+iBQMX lbBM; i?Bb ;2M2`�H
i2`K- i?2 +QMp2`;2M+2 T`QT2`iv Q7 i?2 >61 Bb �M�Hvx2/ BM #Qi? 72r@#Q/v (RR9) �M/ K�Mv@
#Q/v (N8- Ne) bvbi2KbX LQi2 i?�i i?2 +QMp2`;2M+2 T`QT2`iv /Q2b MQi +?�M;2 7Q` irQ >61b
#2+�mb2 Q7 i?2 mMBi�`v 2[mBp�H2M+2 UjX3V #2ir22M HF �M/ HFM

F,t0 X

»h?Qm;? Bi Bb MQi 2tTHB+BiHv K2MiBQM2/ 7`2[m2MiHv- �M �`iB}+B�H ;�m;2 }2H/ Bb �M 2t�KTH2 Q7 6HQ[m2i 2M;BM22`@
BM;X AM 7�+i- i?2 _�#B 7`2[m2M+v Q7 �M �`iB}+B�H ;�m;2 }2H/ +`2�i2/ #v i?2 irQ _�K�M #2�Kb BM � Λ b+?2K2 Bb
T`QTQ`iBQM�H iQ i?2 BMp2`b2 7`2[m2M+v Q7 i?2 _�K�M #2�Kb- r?B+? +�M #2 `2;�`/2/ �b i?2 }`bi +Q``2+iBQM i2`K
H(1)

F Q7 i?2 po >61 UjXRRVX a22 _27bX (kd- RNk) 7Q` 7m`i?2` /Bb+mbbBQMbX
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6B;m`2 jXR, a?Q`i@ �M/ HQM;@iBK2 bi`Q#Qb+QTB+ /vM�KB+b Q7 U�V �M/ U+V i?2 2Mi`QTv /2MbBiv �M/ U#V
�M/ U/V 2M2`;v /2MbBiv Q7 /`Bp2M ?�`/@+Q`2 #QbQMb QM � QM2@/BK2MbBQM H�iiB+2 rBi? irQ #�M/b- r?2`2
Ω �M/ J0 /2MQi2 i?2 7`2[m2M+v Q7 i?2 /`Bp2 �M/ i?2 �p2`�;2 ?QTTBM; �KTHBim/2 iQ M2�`2bi@M2B;?#Q`
bBi2b- `2bT2+iBp2HvX 6Q` � HQr@7`2[m2M+v /`Bp2 UΩ/J0 = 1.00V- i?2 bvbi2K [mB+FHv ?2�ib mT iQ i?2 BM}MBi2
i2KT2`�im`2 bi�i2 rBi? i?2 K�tBKmK 2M2`;v �M/ 2Mi`QTv /2MbBiB2bX PM i?2 Qi?2` ?�M/- 7Q` `2H�iBp2Hv
?B;?@7`2[m2M+v /`Bp2b UΩ/J0 = 4.25, 7.00V- i?2 bvbi2K `2H�t2b iQ � 6HQ[m2i T`2i?2`K�H bi�i2b rBi?
}MBi2 2M2`;v �M/ 2Mi`QTv /2MbBiB2b- r?B+? �`2 r2HH /2b+`B#2/ #v i?2 i`mM+�i2/ >61X _2T`Q/m+2/ 7`QK
6B;X k Q7 _27X (Nd)X Ü kyRe #v i?2 �K2`B+�M S?vbB+�H aQ+B2ivX

*QMp2`;2M+2 T`QT2`iv Q7 i?2 ?B;?@7`2[m2M+v 2tT�MbBQM

J�i?2K�iB+�HHv- i?2 6J >61 Bb ;m�`�Mi22/ iQ +QMp2`;2 B7 H(t) b�iBb}2b
∫ T

0

dt∥H(t)∥ ≤ ζ, UjXkRV

r?2`2 ∥ · ∥ Bb i?2 QT2`�iQ` MQ`K �M/ ζ Bb � mMBp2`b�H +QMbi�Mi Q7 i?2 Q`/2` Q7 QM2 (RR9- R3N)X
>Qr2p2`- QM2 +�MMQi �TTHv i?Bb BM2[m�HBiv iQ K�Mv@#Q/v 6HQ[m2i bvbi2Kb #2+�mb2 i?2 H27i@?�M/
bB/2 Q7 1[X UjXkRV /Bp2`;2b BM i?2 i?2`KQ/vM�KB+ HBKBiX Zm�MimK K�Mv@#Q/v bvbi2Kb- BM ;2M@
2`�H- ?�p2 � H�`;2 MmK#2` Q7 2t+Bi2/ bi�i2b �M/ ?2M+2 +�M �#bQ`# 2M2`;v 7`QK �M 2ti2`M�H /`Bp2
rBi?Qmi HBKBi- H2�/BM; iQ 2p2Mim�H ?2�iBM; iQ � 72�im`2H2bb BM}MBi2@i2KT2`�im`2 bi�i2 �7i2` �
bm{+B2MiHv HQM; iBK2 (N9- Ne- RN3ĜkyR)X "�b2/ QM i?Bb 7�+i �M/ i?2 6HQ[m2i 2B;2Mbi�i2 i?2`@
K�HBx�iBQM ?vTQi?2bBb (N9- RN3ĜkyR)- r?B+? Bb � ;2M2`�HBx�iBQM Q7 i?2 2B;2Mbi�i2 i?2`K�HBx�iBQM
?vTQi?2bBb U1h>V (kykĜky9) iQ 6HQ[m2i bvbi2Kb- Bi Bb rB/2Hv #2HB2p2/ i?�i i?2 >61 Bb � /Bp2`@
;2Mi b2`B2b 7Q` � ;2M2`B+ [m�MimK K�Mv@#Q/v bvbi2K- i?Qm;? b2p2`�H 2t+2TiBQMb 2tBbi BM+Hm/BM;
�M BMi2;`�#H2 bvbi2K �M/ � K�Mv@#Q/v HQ+�HBx2/ bvbi2K (N9- kyy- ky8Ĝky3)X

L2p2`i?2H2bb- i?2 >61 T`QpB/2b � bmBi�#H2 �TT`QtBK�iBQM r?2M ω Bb bm{+B2MiHv H�`;2` i?�M
� ivTB+�H bBM;H2@T�`iB+H2 2M2`;v b+�H2 Q7 i?2 bvbi2K- �i H2�bi rBi?BM � iBK2 /QK�BM #27Q`2 i?2
bvbi2K ?2�ib mTX 6Q` HQ+�HHv BMi2`�+iBM; bvbi2Kb rBi? � }MBi2 bBM;H2@T�`iB+H2 2M2`;v- 2X;X HQ@
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+�HHv BMi2`�+iBM; bTBMb- 72`KBQMb- �M/ ?�`/@+Q`2 #QbQMb- Bi Bb `B;Q`QmbHv b?QrM i?�i i?2 2M2`;v
�#bQ`TiBQM `�i2 dE/dt Bb 2tTQM2MiB�HHv bK�HH mT iQ � +2`i�BM iBK2 (N8- Ne- N3- kyN),

1

N

dE

dt
≤ NV

N
exp

[
−O

(
ω

g

)]
, UjXkkV

r?2`2 g- N - �M/ NV �`2 i?2 K�tBKmK 2M2`;v b+�H2 T2` bBi2- i?2 MmK#2` Q7 bBi2b- �M/ i?2
MmK#2` Q7 bBi2b mM/2` i?2 /`Bp2- `2bT2+iBp2HvX h?Bb iBK2 /QK�BM- mbm�HHv i2`K2/ �b i?2 6HQ[m2i
T`2i?2`K�H `2;BK2- Bb 2tTQM2MiB�HHv HQM; rBi? `2bT2+i iQ ω �M/ i?2 i`mM+�i2/ 6J >61 H(m0)

TR :=∑m0

m=0 H
(m0)
F,t0

Bb �HKQbi +QMb2`p2/ rBi?BM i?2 6HQ[m2i T`2i?2`K�H `2;BK2,

∥U †(t, 0)H(m0)
TR U(t, 0)−H(m0)

TR ∥ ≤ 16g2k2−m0NV t, UjXkjV

r?2`2 k �M/ m0 ≈ ω/gk �`2 i?2 MmK#2` Q7 bBi2b �bbQ+B�i2/ rBi? i?2 BMi2`�+iBQM �M/ i?2 QTiBK�H
Q`/2` Q7 i?2 i`mM+�iBQM- `2bT2+iBp2HvX h?2 #QmM/ UjXkkV T?vbB+�HHv BKTHB2b i?�i- 2p2M i?Qm;? �
K�Mv@#Q/v bvbi2K +�M �#bQ`# � H�`;2 �KQmMi Q7 2M2`;v- i?Bb T`Q+2bb Kmbi #2 �++QKT�MB2/ #v
� H�`;2 MmK#2` Q7 bBM;H2@T�`iB+H2 2t+Bi�iBQMb �M/ ?2M+2 Bb 2tTQM2MiB�HHv bmTT`2bb2/X "2+�mb2 Q7
i?2 [m�bB@+QMb2`p2/ [m�MiBiv H(m0)

TR /2`Bp2/ 7`QK 1[X UjXkjV- � ;2M2`B+ UMQM@BMi2;`�#H2V K�Mv@
#Q/v bvbi2K �TT`Q�+?2b i?2 6HQ[m2i@:B##b bi�i2 exp(−βH(m0)

TR ) �7i2` i?2 BMBiB�H `2H�t�iBQMX
h?Bb i`�MbB2Mi bi�i2 Bb +�HH2/ i?2 6HQ[m2i T`2i?2`K�H bi�i2 BM �M�HQ;v rBi? i?2 T`2i?2`K�H
bi�i2 BM BMi2;`�#H2 bvbi2Kb mM/2` � bm//2M [m2M+? (kRyĜkRj)X h?2 2tBbi2M+2 Q7 i?2 6HQ[m2i
T`2i?2`K�H bi�i2 BM i?2 6HQ[m2i T`2i?2`K�H `2;BK2 Bb MmK2`B+�HHv p2`B}2/ BM [m�MimK bvbi2Kb
rBi? BMi2`�+iBM; bTBMb �M/ ?�`/@+Q`2 #QbQMb (N8ĜNd)X 6Q` 2t�KTH2- BM _27X (Nd)- /`Bp2M ?�`/@+Q`2
#QbQMb QM � QM2@/BK2MbBQM H�iiB+2 rBi? irQ #�M/b Bb bim/B2/X �b b?QrM BM 6B;X jXR- 7Q` `2H�iBp2Hv
?B;?@7`2[m2M+v /`Bp2b U`2/ �M/ v2HHQr +m`p2bV- i?2 bvbi2K i?2`K�HBx2b iQ � 6HQ[m2i T`2i?2`K�H
bi�i2 rBi? }MBi2 2M2`;v �M/ 2Mi`QTv /2MbBiB2b- r?B+? Bb r2HH /2b+`B#2/ #v i?2 i`mM+�i2/ 6J
>61X 6m`i?2`KQ`2- i?2 2tBbi2M+2 Q7 i?2 6HQ[m2i T`2i?2`K�H bi�i2 Bb /2KQMbi`�i2/ BM p�`BQmb
2tT2`BK2Mib mbBM; mHi`�+QH/ #QbQMB+ �M/ 72`KBQMB+ ;�b2b (kd- k3)X AM mHi`�+QH/ �iQKB+ ;�b2b-
6HQ[m2i 2M;BM22`BM; mbBM; � 6HQ[m2i T`2i?2`K�H bi�i2 Bb +QKKQMHv mb2/ 7Q` `2�HBxBM; 2tQiB+
iQTQHQ;B+�H #�M/ bi`m+im`2b (ky- jd- kR9- kR8)- FBM2iB+ 7`mbi`�iBQM (RNjĜRN8)- �M/ �`iB}+B�H ;�m;2
}2H/b (je- j3- kRe- kRd)X q2 }M�HHv MQi2 i?�i- r?BH2 i?2 T`2b2M+2 Q7 6HQ[m2i T`2i?2`K�H bi�i2b
Bb `B;Q`QmbHv T`Qp2M- HBiiH2 Bb FMQrM QM i?2 2t�+i bi2�/v bi�i2 i?�i �TT2�`b �7i2` i?2 6HQ[m2i
T`2i?2`K�H `2;BK2X q?BH2 i?2 bvbi2K b?QmH/ ?2�i mT iQ �M BM}MBi2 i2KT2`�im`2 bi�i2 B7 i?2
6HQ[m2i 1h> ?QH/b- i?2`2 KB;?i #2 �MQi?2` TQbbB#BHBiv (RN3) �M/ i?2 T`2+Bb2 +QM/BiBQM Q7 i?2
6HQ[m2i 1h> Bb MQi FMQrM bQ 7�`X Ai Bb �HbQ �M QT2M T`Q#H2K iQ mM/2`bi�M/ i?2 ?2�iBM; /vM�KB+b
7`QK � 6HQ[m2i T`2i?2`K�H bi�i2 iQ �M BM}MBi2 i2KT2`�im`2 bi�i2- 7Q` 2t�KTH2 r?2i?2` Bi Bb �
+`QbbQp2` Q` � MQM@2[mBHB#`BmK T?�b2 i`�MbBiBQMX

jXk 6HQ[m2i 2M;BM22`BM; Q7 iQTQHQ;B+�H [m�MimK T?2MQK@
2M�

q?2M � 6HQ[m2i bvbi2K Bb /2}M2/ QM � i`�MbH�iBQM�HHv BMp�`B�Mi H�iiB+2- Bib 6HQ[m2i QT2`�iQ`
Bb /2+QKTQb2/ �++Q`/BM; iQ i?2 KQK2MimK k, U(T, 0) =

∑
k U(k)- r?2`2 U(k) Bb +�HH2/

i?2 6HQ[m2i@"HQ+? QT2`�iQ` Q` i?2 6HQ[m2i mMBi�`vX h?2`2 �`2 irQ r�vb iQ �bbB;M MQMi`BpB�H
iQTQHQ;v BM 6HQ[m2i bvbi2Kb, UBV mbBM; i?2 2MiB`2 iBK2 2pQHmiBQM {U(t, 0)|0 ≤ t ≤ T}- UBBV mbBM;
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(a) (b) (c) (d)

6B;m`2 jXk, Zm�bB2M2`;v bT2+i`� Q7 HF 7Q` � bBM;H2 bTBM bi�i2 M2�` QM2 Q7 i?2 .B`�+ TQBMib BM i?2
iQ`mb ;2QK2i`v 7Q` /`BpBM; bi`2M;i? A = 0 U�V �M/ A = 0.3 U#VX � }MBi2 ;�T ∆ QT2Mb �i i?2 .B`�+
TQBMi BM 6B;X U#V i?`Qm;? i?2 2ti2`M�H /`Bp2X U+V a+?2K�iB+ BHHmbi`�iBQM Q7 ;�TH2bb +?B`�H 2/;2 bi�i2b
BM i?2 6HQ[m2i hA BM � H�b2`@B``�/B�i2/ ;`�T?2M2X U/V h?2 bT2+i`mK Q7 HF 7Q` � bBM;H2 bTBM bi�i2 M2�`
QM2 Q7 i?2 .B`�+ TQBMib BM i?2 bi`BT ;2QK2i`vX h?2 T�`�K2i2`b �`2 +?Qb2M �b ω = 7.5J �M/ A = 0.3X
h?2 #Hm2 �M/ ;`22M +m`p2b +Q``2bTQM/ iQ i?2 2/;2 bi�i2b BM i?2 mTT2` �M/ HQr2` 2/;2b BM 6B;X U+VX
_2T`Q/m+2/ 7`QK 6B;X j Q7 _27X (3e)X Ü kyRR #v i?2 �K2`B+�M S?vbB+�H aQ+B2ivX

i?2 6HQ[m2i mMBi�`v U(T, 0)X h?2 7Q`K2` ;Bp2b �MQK�HQmb iQTQHQ;B+�H BMbmH�iQ`b r?BH2 i?2 H�ii2`
;Bp2b 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b �M/ iQTQHQ;B+�H TmKTb BM+Hm/BM; i?2 h?QmH2bb TmKTX

jXkXR 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b
*QMbB/2` � ;`�T?2M2 B``�/B�i2/ #v � +B`+mH�`Hv TQH�`Bx2/ HB;?i rBi? �M 2H2+i`B+ }2H/ E(t) :=
∂tA(t)- r?2`2 A(t) := A (sin(ωt), cos(ωt), 0)tr Bb i?2 p2+iQ` TQi2MiB�HX h?`Qm;? i?2 ;�m;2
}2H/- i?2 ?QTTBM; �KTHBim/2 Q7 2H2+i`QMb �+[mB`2b i?2 S2B2`Hb T?�b2- r?2`2 i?2 iB;?i@#BM/BM;
>�KBHiQMB�M Bb ;Bp2M �b 7QHHQrb (3e),

H(t) = −t
∑

⟨r,r′⟩,s

eieA(t)·(r−r′)c†r,scr′,s. UjXk9V

>2`2- t �M/ cr,s �`2 i?2 #�`2 ?QTTBM; �KTHBim/2 �M/ i?2 �MMB?BH�iBQM QT2`�iQ` Q7 �M 2H2+i`QM �i
bBi2 r rBi? bTBM s =↑, ↓- `2bT2+iBp2HvX 6Q` � H�`;2 /`BpBM; 7`2[m2M+v ω (≫ t)- r2 +�M T2`7Q`K
i?2 po >61 iQ Q#i�BM i?2 2z2+iBp2 >�KBHiQMB�M M2�` i?2 .B`�+ TQBMi,

HF = H0 +
[H−1, H1]

ω
≈
∑

k

[
vG(σykx − σxkyτz) +

(vGA)2

ω
σzτz

]
, UjXk8V

r?2`2 vG = 3t/2 �M/ A := eAa �`2 i?2 p2HQ+Biv Q7 i?2 .B`�+ 2H2+i`QM �M/ i?2 /BK2MbBQMH2bb
T�`�K2i2` Q7 i?2 HB;?i BMi2MbBiv- `2bT2+iBp2Hv rBi? a #2BM; i?2 H�iiB+2 +QMbi�Mi Q7 i?2 ;`�T?2M2X
>2`2- kx �M/ ky �`2 i?2 KQK2Mi� K2�bm`2/ 7`QK i?2 .B`�+ TQBMi �M/ σi UτiV Bb i?2 S�mHB K�i`B+2b
`2T`2b2MiBM; i?2 bm#H�iiB+2 Up�HH2vV /2;`22b Q7 7`22/QKX

"v � T2`BQ/B+ /`Bp2- i?2 ;�T ∆ := 2v2GA2/ω QT2Mb �i i?2 .B`�+ TQBMi Ub22 6B;bX jXk U�V
�M/ U#VVX JQ`2Qp2`- i?2 `2bmHiBM; 2z2+iBp2 >�KBHiQMB�M HF /2b+`B#2b � *?2`M BMbmH�iQ` rBi?
*?2`M MmK#2` Ch1 = +1X h?Bb Bb �M 2t�KTH2 Q7 i?2 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b- iQTQHQ;B+�H
BMbmH�iQ`b BM/m+2/ #v T2`BQ/B+ /`Bp2b (Rd-R3-8e-3e-kR3)X "2+�mb2 Q7 i?2 MQMx2`Q *?2`M MmK#2`-
i?2 [m�bB2M2`;v #�M/ 72�im`2b i?2 +?B`�H /BbT2`bBQMb �b b?QrM BM 6B;X jXk U/V `2T`2b2MiBM; +?B`�H
2/;2 bi�i2b Ub22 6B;X jXk U+VVX

1tT2`BK2Mi�HHv- i?2 iQTQHQ;B+�H #�M/ bi`m+im`2b Q7 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b r2`2 Q#@
b2`p2/ BM mHi`�+QH/ �iQKB+ ;�b2b #v bQT?BbiB+�i2/ #�M/ bT2+i`Qb+QTv (ky- jd- kR9- kR8- kRN- kky)
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(a) (b) (c)

(d)

6B;m`2 jXj, U�V UG27iV a+?2K�iB+ BHHmbi`�iBQM Q7 [m�bB2M2`;v #�M/b Q7 �M �MQK�HQmb iQTQHQ;B+�H
BMbmH�iQ` UC Bb i?2 *?2`M MmK#2`VX *?B`�H 2/;2 #�M/b b?QrM �b i?2 `2/ +m`p2b �TT2�` �`QmM/ ϵ = π/T -
r?2`2 k∥ Bb i?2 KQK2MimK �HQM; i?2 2/;2 BM i?2 `B;?i };m`2X U_B;?iV �MQK�HQmb 2/;2 bi�i2b BM �
irQ@/BK2MbBQM�H bvbi2K rBi? iBK2@/2T2M/2Mi >�KBHiQMB�M H(t)X U#V 6Bp2@bi2T T`QiQ+QH Q7 i?2 KQ/2H
/2}M2/ BM 1[bX UjXkeV �M/ UjXkdVX U+V JQiBQM Q7 � T�`iB+H2 BM QM2 +v+H2 7Q` i?2 T�`�K2i2`b JT/5 = π/2
�M/ δAB = 0X q?2M � T�`iB+H2 bi�`ib 7`QK � #mHF bBi2- Bi `2im`Mb iQ Bib BMBiB�H bBi2 U#Hm2 HQQTV-
r?BH2 T�`iB+H2b bi�`iBM; 7`QK 2/;2 bBi2b T`QT�;�i2b �HQM; i?2 #QmM/�`v U`2/ �M/ ;`22M �``QrbV U/V
Zm�bB2M2`;v bT2+i`� Q7 i?2 #mHF U#Hm2V �M/ i?2 2/;2 U`2/ �M/ ;`22MV bi�i2b 7Q` T�`�K2i2`b JT/5 = π/2
�M/ δAB = 0X _2T`Q/m+2/ 7`QK 6B;bX R �M/ k Q7 _27X (kk8)X Ü kyRj #v i?2 �K2`B+�M S?vbB+�H aQ+B2ivX

�M/ BM bQHB/@bi�i2 bvbi2Kb #v �M;H2@`2bQHp2/ T?QiQ2KBbbBQM bT2+i`Qb+QTv (RN- kR)X AM mHi`�+QH/
�iQKB+ ;�b2b- bFBTTBM; KQiBQMb Q7 i?2 +?B`�H 2/;2 bi�i2b Q7 [m�MimK >�HH bi�i2b BM/m+2/ #v
�`iB}+B�H ;�m;2 }2H/b ?�p2 #22M Q#b2`p2/ (kRN- kky) mbBM; i?2 i2+?MB[m2 Q7 bvMi?2iB+ /BK2M@
bBQMb (kkR)X o2`v `2+2MiHv- 7QHHQrBM; i?2 Q`B;BM�H T`QTQb�Hb (Rd- 3e)- i?2 �MQK�HQmb >�HH 2z2+i
?�b #22M Q#b2`p2/ BM � H�b2`@B``�/B�i2/ KQMQH�v2` ;`�T?2M2- r?2`2 i?2 >�HH +QM/m+i�M+2 �T@
T`Q�+?2b i?2 [m�MiBx2/ p�Hm2 e2/2π r?2M i?2 62`KB H2p2H HB2b rBi?BM i?2 #�M/ ;�T (kk)X q2
MQi2 i?�i r?BH2 � 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ` +�M #2 `2�HBx2/ �b �M �HKQbi BbQH�i2/ bvbi2K BM
mHi`�+QH/ �iQKB+ ;�b2b- � +QmTHBM; rBi? �M 2MpB`QMK2Mi Bb MQi M2;HB;B#H2 BM � bQHB/@bi�i2 bvbi2KX
6m`i?2`KQ`2- QM2 Kmbi BMi`Q/m+2 /BbbBT�iBQM iQ T`2p2Mi ?2�iBM; �M/ bi�#BHBx2 6HQ[m2i iQTQHQ;@
B+�H BMbmH�iQ`bX 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b mM/2` /BbbBT�iBp2 2MpB`QMK2Mib- mbm�HHv i2`K2/
�b /BbbBT�iBp2 iQTQHQ;B+�H BMbmH�iQ`b- ?�p2 #22M bim/B2/ BM _27bX (8N- ey- kkkĜkk9)X 6BM�HHv- Bi Bb
rQ`i?r?BH2 iQ K2MiBQM i?�i i?2 `2�HBx�#H2 #�M/ bi`m+im`2b /2`Bp2/ i?`Qm;? i?2 >61 �`2 i?2
b�K2 �b i?Qb2 BM bi�iB+ bvbi2Kb #2+�mb2 HF Bb +QMiBMmQmbHv /27Q`K2/ BMiQ � bi�iB+ >�KBHiQMB�M
H0 #v i�FBM; i?2 ?B;?@7`2[m2M+v HBKBi ω−1 → 0X

jXkXk �MQK�HQmb iQTQHQ;B+�H BMbmH�iQ`b �M/ i?2B` +H�bbB}+�iBQM

�MQK�HQmb iQTQHQ;B+�H BMbmH�iQ`b �`2 iQTQHQ;B+�H T?�b2b Q7 K�ii2` mMB[m2 iQ 6HQ[m2i bvbi2Kb
i?�i ?�p2 MQ +QmMi2`T�`ib BM bi�iB+ bvbi2Kb (3e-3d-kk8)X AM T�`iB+mH�`- BM /`Bp2M irQ@/BK2MbBQM�H
bvbi2Kb- `Q#mbi +?B`�H 2/;2 bi�i2b +�M �TT2�` 2p2M i?Qm;? i?2 *?2`M MmK#2`b Q7 �HH i?2 #mHF
[m�bB2M2`;v #�M/b p�MBb? (3e- kk8) Ub22 6B;X jXj U�VVX

>2`2- r2 +QMbB/2` i?2 iB;?i@#BM/BM; KQ/2H QM � #BT�`iBi2 b[m�`2 H�iiB+2 BMi`Q/m+2/ BM
_27X (kk8)X h?2 ?QTTBM; �KTHBim/2b �`2 p�`B2/ BM � bT�iB�HHv ?QKQ;2M2Qmb #mi iBK2@T2`BQ/B+
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K�MM2` �b b?QrM BM 6B;X jXj U#VX h?2 >�KBHiQMB�M Q7 i?Bb bvbi2K Bb ;Bp2M #v

H =
∑

k

(
c†k,A, c

†
k,B

)
h(k, t)

(
ck,A
ck,B

)
, UjXkeV

h(k, t) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−J(σ+eib1·k + h.c.) + δABσz t ∈ [0, T/5] mod T ;

−J(σ+eib2·k + h.c.) + δABσz t ∈ [T/5, 2T/5] mod T ;

−J(σ+eib3·k + h.c.) + δABσz t ∈ [2T/5, 3T/5] mod T ;

−J(σ+eib4·k + h.c.) + δABσz t ∈ [3T/5, 4T/5] mod T ;

δABσz t ∈ [4T/5, T ] mod T,

UjXkdV

r?2`2 ck,X Bb i?2 �MMB?BH�iBQM QT2`�iQ` Q7 � T�`iB+H2 QM bm#H�iiB+2 X = A,B rBi? KQK2MimK
k �M/ b1 = −b3 = (a, 0) �M/ b2 = −b4 = (0, a)- rBi? a #2BM; i?2 H�iiB+2 +QMbi�MiX >2`2- δAB

/2b+`B#2b i?2 TQi2MiB�H /Bz2`2M+2 #2ir22M i?2 bm#H�iiB+2bX

6Q` i?2 T�`�K2i2` p�Hm2b JT/5 = π/2 �M/ δAB = 0- r2 +�M `B;Q`QmbHv T`Qp2 i?2 2tBbi2M+2
Q7 i?2 2/;2 bi�i2b i?�i T`QT�;�i2 �HQM; i?2 #QmM/�`vX 6Q` i?Bb T�`�K2i2` b2i- � T�`iB+H2 KQp2b
rBi? T`Q#�#BHBiv 1 #2ir22M M2B;?#Q`BM; bBi2b /m`BM; 2�+? ?QTTBM; bi2T Q7 i?2 +v+H2X � T�`iB+H2
BMBiB�HHv HQ+�i2/ �i � #mHF bBi2 K�F2b � HQQT �`QmM/ � TH�[m2ii2 �M/ `2im`Mb iQ Bib BMBiB�H TQbBiBQM
�7i2` QM2 +v+H2 �b b?QrM �b i?2 #Hm2 i`�D2+iQ`v BM 6B;X jXj U+VX >2M+2- i?2 #mHF 6HQ[m2i QT2`�iQ`
Bb i`BpB�H, U(T, 0) = 1- r?B+? H2�/b iQ i?2 ~�i #mHF #�M/b �b b?QrM BM 6B;X jXj U/VX PM i?2
Qi?2` ?�M/- � T�`iB+H2 BMBiB�HHv HQ+�i2/ �i �M 2/;2 bBi2 KQp2b �HQM; i?2 2/;2 rBi? irQ bBi2b
�7i2` QM2 T2`BQ/- `2bmHiBM; BM i?2 ;�TH2bb +?B`�H #�M/b BM i?2 [m�bB2M2`;v bT2+i`� U`2/ �M/ ;`22M
i`�D2+iQ`B2b BM 6B;X jXj U+VVX q?2M J �M/ δAB �`2 bHB;?iHv KQ/B}2/- i?2 ;�TH2bb +?B`�H bT2+i`�
�`QmM/ ϵ = π/T bm`pBp2 �M/ i?2 ~�i #mHF #�M/b bTHBi BMiQ irQ #�M/b rBi? i?2 p�MBb?BM; *?2`M
MmK#2`X h?2 `2bmHiBM; T?�b2 Bb +�HH2/ �M �MQK�HQmb iQTQHQ;B+�H BMbmH�iQ` BM i?2 b2Mb2 i?�i Bi
?�b MQMi`BpB�H 2/;2 bi�i2b- �Hi?Qm;? �HH i?2 #mHF *?2`M MmK#2`b p�MBb?X

G2i mb /2+QKTQb2 i?2 iBK2 2pQHmiBQM QT2`�iQ` U(t, 0) �++Q`/BM; iQ i?2 KQK2MimK k,
U(t, 0) =

∑
k U(k, t)X q?2M U(k, T ) Bb � i`BpB�H 6HQ[m2i mMBi�`v- i?2 iQTQHQ;B+�H +?�`�+i2`@

Bx�iBQM Q7 i?2 �MQK�HQmb hAb BM irQ /BK2MbBQMb Bb ;Bp2M #v i?2 i?`22@/BK2MbBQM�H rBM/BM;
MmK#2` ν Q7 i?2 K�T (k, t) (∈ T3) $→ U(k, t) (∈ SU(2)) (kk8),

ν =
1

8π2

∫
dtdkTr

[
Rt

(
RkxRky −RkxRky

)]
, UjXk3V

r?2`2 Ri = U †(k, t)∂iU(k, t)X 1p2M r?2M U(k, T ) Bb MQi � i`BpB�H 6HQ[m2i mMBi�`v- Ũ(k, t) :=
eiHF tU(k, t) Bb �M/ 1[X UjXk3V rBi? i?2 `2TH�+2K2Mi Q7 U rBi? Ũ ;Bp2b i?2 iQTQHQ;B+�H MmK#2`
Q7 i?2 �MQK�HQmb hAbX h?2 MmK#2` Q7 i?2 2/;2 bi�i2b +QBM+B/2b rBi? |ν| rBi? i?2B` +?B`�HBiv
/2i2`KBM2/ 7`QK Bib bB;M sgn (ν)- r?B+? Bb i?2 #mHF@2/;2 +Q``2bTQM/2M+2 7Q` �MQK�HQmb iQTQ@
HQ;B+�H BMbmH�iQ`bX _2+2MiHv- �MQK�HQmb 2/;2 bi�i2b ?�p2 #22M Q#b2`p2/ BM � irQ@/BK2MbBQM�H
/2bB;M2` bm`7�+2 TH�bKQM TH�i7Q`K �M/ � T?QiQMB+ +`vbi�H (kkeĜkk3)X

aBKBH�`Hv iQ bi�iB+ bvbi2Kb- bvKK2i`B2b- bm+? �b i?2 *a �M/ i?2 S>a- TH�v BKTQ`i�Mi `QH2b BM
T`Qi2+iBM; �MQK�HQmb 2/;2 bi�i2b (3d-kkNĜkjk)X h?2 �MQK�HQmb iQTQHQ;B+�H BMbmH�iQ`b T`Qi2+i2/
#v bvKK2i`B2b �`2- BM ;2M2`�H- +H�bbB}2/ #v i?2 K�T (k, t) $→ U(k, t) mM/2` +2`i�BM bvKK2i`v
+QMbi`�BMiX h?2B` +QKTH2i2 +H�bbB}+�iBQM Bb T2`7Q`K2/ i?`Qm;? i?2 ǳ>2`KBiB�MBx�iBQMǴ HU(k, t)
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h�#H2 jXR, h2M7QH/@r�v iQTQHQ;B+�H +H�bbB}+�iBQM Q7 �MQK�HQmb iQTQHQ;B+�H BMbmH�iQ`b 7Q` bT�iB�H /B@
K2MbBQM�HBiv d = 0, 1, · · · , 7 (R9e)X LQi�iBQMb �`2 i?2 b�K2 �b BM h�#X kXRX

s +H�bb Θ C Γ d = 0 d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7

0 � 0 0 0 Z⊕ Z 0 Z⊕ Z 0 Z⊕ Z 0 Z⊕ Z 0
1 �AAA 0 0 1 0 Z⊕ Z 0 Z⊕ Z 0 Z⊕ Z 0 Z⊕ Z
0 �A 1 0 0 Z⊕ Z 0 0 0 2Z⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2

1 ".A 1 1 1 Z2 ⊕ Z2 Z⊕ Z 0 0 0 2Z⊕ 2Z 0 Z2 ⊕ Z2

2 . 0 1 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z⊕ Z 0 0 0 2Z⊕ 2Z 0
3 .AAA −1 1 1 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z⊕ Z 0 0 0 2Z⊕ 2Z
4 �AA −1 0 0 2Z⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z⊕ Z 0 0 0
5 *AA −1 −1 1 0 2Z⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z⊕ Z 0 0
6 * 0 −1 0 0 0 2Z⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z⊕ Z 0
7 *A 1 −1 1 0 0 0 2Z⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z⊕ Z

Q7 i?2 mMBi�`v QT2`�iQ` U(k, t) (R9e),

HU(k, t) :=

(
0 U(k, t)

U †(k, t) 0

)
. UjXkNV

q2 MQi2 i?�i i?2 >�KBHiQMB�M HU(k, t) Bb � ;�TT2/ >�KBHiQMB�M rBi? ~�i /BbT2`bBQMb #2+�mb2
r2 ?�p2 [HU(k, t)]

2 = 1X 6`QK i?2 >2`KBiB�MBx�iBQM- i?2 +H�bbB}+�iBQM Q7 U(k, t) `2/m+2b iQ
i?�i Q7 i?2 >�KBHiQMB�M HU(k, t) rBi? i?2 �//BiBQM�H *aX �b b?QrM BM h�#H2 jXR- i?2 `2bmHiBM;
+H�bbB}+�iBQM Bb �M�HQ;Qmb iQ i?2 Q`B;BM�H T2`BQ/B+ i�#H2 BM h�#H2 kXR- #mi i?2 iQTQHQ;B+�H MmK#2`
Bb /Qm#H2/X h?Bb /Qm#HBM; `2~2+ib i?2 mbm�H �M/ �MQK�HQmb 2/;2 bi�i2b M2�` ϵ = 0 �M/ ϵ = π/T -
`2bT2+iBp2HvX 6Q` 2t�KTH2- i?2 iQTQHQ;B+�H MmK#2` BM +H�bb � BM irQ /BK2MbBQMb Bb ;Bp2M #v Z⊕Z-
r?2`2 i?2 }`bi Ub2+QM/V Z `2T`2b2Mib i?2 mbm�H U�MQK�HQmbV 2/;2 bi�i2bX

jXkXj �/B�#�iB+ iQTQHQ;B+�H TmKT `2pBbBi2/ 7`QK i?2 6HQ[m2i pB2r@
TQBMi

AMi2`2biBM;Hv- �M �/B�#�iB+ TmKT rBi?Qmi �Mv bvKK2i`v 72�im`2b � iQTQHQ;B+�HHv MQMi`BpB�H
#�M/ bi`m+im`2 BM Bib [m�bB2M2`;v i?�i Bb MQi �+?B2p�#H2 BM � bi�iB+ bvbi2KX hQ b22 i?Bb- +QMbB/2`
i?2 _B+2@J2H2 KQ/2H �M�Hvx2/ BM a2+X kXjX 6`QK i?2 �/B�#�iB+ i?2Q`2K- �M Q++mTB2/ bi�i2
rBi? KQK2MimK k `2im`Mb iQ i?2 b�K2 bi�i2 rBi?BM QM2 +v+H2c i?mb i?2 6HQ[m2i QT2`�iQ` Bb
/2+QKTQb2/ �++Q`/BM; iQ i?2 KQK2MimK k �M/ i?2 "HQ+?@#�M/ BM/2t α,

U(T, 0) =
∑

k,α

UF,α(k). UjXjyV

h?2M- i?2 TmKT2/ 72`KBQM +?�`;2 ν1d BM 1[X UkXj9V Bb `2r`Bii2M BM i2`Kb Q7 UF,α(k) �b 7QHHQrb (38),

ν1d =
∑

α:occ

∫ 2π

0

dk

2π
Tr[U †

F,α(k)i∂kUF,α(k)], UjXjRV

r?2`2 i?2 bmK
∑

α:occ Bb i�F2M Qp2` i?2 Q++mTB2/ #�M/bX aBM+2 i?2 h?QmH2bb TmKT /Q2b MQi
`2[mB`2 �Mv bvKK2i`v- i?2 [m�bB2M2`;v ?�b MQ �++B/2Mi�H /2;2M2`�+v �M/ ?2M+2 Uα(k) �+ib QM



k3 *>�Sh1_ jX "_A16 _1oA1q PL 6GPZl1h 1L:AL11_AL:

(a)

(b)

6B;m`2 jX9, U�V a+?2K�iB+ BHHmbi`�iBQM Q7 � b?�F2M QTiB+�H H�iiB+2X "v b?�FBM; i?2 H�iiB+2- i?2 ?QTTBM;
�KTHBim/2 J Bb `2MQ`K�HBx2/ iQ Jeff r?BH2 i?2 QM@bBi2 BMi2`�+iBQM U `2K�BMb mM+?�M;2/X U#V .vM�KB+�H
bmTT`2bbBQM Q7 i?2 ?QTTBM; �KTHBim/2 BM � b?�F2M QTiB+�H H�iiB+2X h?2 ?Q`BxQMi�H �tBb K0 := K/ω Bb
i?2 /BK2MbBQMH2bb /`BpBM; bi`2M;i? �M/ i?2 p2`iB+�H �tBb Bb i?2 `�iBQ |Jeff/J | #2ir22M i?2 `2MQ`K�HBx2/
�M/ #�`2 ?QTTBM; �KTHBim/2bX h?2 /�b?2/ +m`p2 b?Qrb i?2 i?2Q`2iB+�H +m`p2 �M/ i?2 /Bz2`2Mi K�`F2`b
+Q``2bTQM/ iQ /Bz2`2Mi /2Ti?b Q7 i?2 QTiB+�H H�iiB+2 �M/ /`BpBM; 7`2[m2M+B2bX _2T`Q/m+2/ 7`QK 6B;bX R
�M/ k Q7 _27X (kjd)X Ü kyyd #v i?2 �K2`B+�M S?vbB+�H aQ+B2ivX

� bBM;H2 #�M/X h?2`27Q`2- UF,α(k) Bb 2tT`2bb2/ BM i2`Kb Q7 i?2 [m�bB2M2`;v ϵα(k) �b UF,α(k) =
exp [−iϵα(k)T ]c i?2M- ν1d Bb `2r`Bii2M �b 7QHHQrb,

ν1d = T
∑

α:occ

∫ 2π

0

dk

2π
∂kϵα(k). UjXjkV

h?2 `B;?i@?�M/ bB/2 Bb i?2 iQi�H rBM/BM; MmK#2` Q7 i?2 [m�bB2M2`;v #�M/b �b k `mMb Qp2` i?2
"`BHHQmBM xQM2X

6Q` � mMBi rBM/BM; ν1d = 1- ϵα(k) Bb iQTQHQ;B+�HHv 2[mBp�H2Mi iQ ϵα(k) = k/T - BX2X- i?2 #�M/
Q7 � bBM;H2 +?B`�H 72`KBQMX Ai Bb FMQrM �b i?2 QM2@/BK2MbBQM�H LB2Hb2M@LBMQKBv� i?2Q`2K i?�i �
bBM;H2 +?B`�H 72`KBQM Bb BKTQbbB#H2 iQ `2�HBx2 BM � QM2@/BK2MbBQM�H bi�iB+ H�iiB+2 bvbi2K (Ny- NR)X
AM i?Bb b2Mb2- 6HQ[m2i bvbi2Kb +�M `2�HBx2 iQTQHQ;B+�H #�M/ bi`m+im`2b i?�i �`2 MQi �+?B2p�#H2 BM
bi�iB+ bvbi2Kb miBHBxBM; i?2 T2`BQ/B+Biv Q7 i?2 [m�bB2M2`;v bT2+i`mKX Pi?2` i?�M � bBM;H2 +?B`�H
72`KBQM- Bi Bb FMQrM i?�i � T�B` Q7 ?2HB+�H 72`KBQMb Bb FMQrM iQ #2 BKTQbbB#H2 iQ `2�HBx2 BM �
H�iiB+2 bvbi2K rBi? i?2 h_a- r?BH2 Bi +�M #2 `2�HBx2/ �b � [m�bB2M2`;v #�M/ BM � T2`BQ/B+�HHv
/`Bp2M H�iiB+2 bvbi2K rBi? i?2 h_a (3N- R39)X h?2 BKTQbbB#BHBiv Q7 Tm`2 H�iiB+2 `2�HBx�iBQMb Q7
bm`7�+2 bi�i2b Bb FMQrM iQ #2 /22THv +QMM2+i2/ rBi? i?2B` ;�TH2bb M�im`2 T`Qi2+i2/ mM/2` �
bvKK2i`v pB� [m�MimK �MQK�HB2b (kjjĜkj8)X

jXj 6HQ[m2i 2M;BM22`BM; Q7 Q`/2`2/ bi�i2b
AM i?2 �#Qp2 2t�KTH2b- r2 ?�p2 i`2�i2/ 6HQ[m2i 2M;BM22`BM; Q7 � iQTQHQ;B+�H T?�b2 Q7 MQM@
BMi2`�+iBM; T�`iB+H2b- r?B+? Bb 2bb2MiB�HHv � bBM;H2@T�`iB+H2 T`Q#H2KX 6HQ[m2i 2M;BM22`BM; Bb �HbQ
�TTHB2/ iQ K�Mv@#Q/v bvbi2Kb iQ +QMi`QH ?QTTBM; �KTHBim/2b �M/ BMi2`�+iBQMb- r?2`2 QM2 +�M
/vM�KB+�HHv K�MBTmH�i2 Q`/2` T�`�K2i2`b �M/ 2p2M BM/m+2 T?�b2 i`�MbBiBQMb (jkĜj9-dRĜd9-deĜ
d3-3y- RNjĜRN8-kjeĜkj3)X
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jXjXR "Qb2@1BMbi2BM +QM/2Mb�i2b

*QMbB/2` i?2 "Qb2@>m##�`/ KQ/2H QM � QM2@/BK2MbBQM�H b?�F2M QTiB+�H H�iiB+2 rBi? L bBi2b Ub22
6B;X jX9 U�VV,

H(t) = −J
L∑

j=1

(c†j+1cj + c†jcj+1) +
U

2

L∑

j=1

nj(nj − 1) +K cos(ωt)
L∑

j=1

nj, UjXjjV

r?2`2 cj, nj := c†jcj, K- �M/ ω �`2 i?2 �MMB?BH�iBQM QT2`�iQ` Q7 i?2 #QbQM �i bBi2 j- i?2 MmK#2`
QT2`�iQ`- i?2 bi`2M;i? Q7 i?2 b?�FBM;- �M/ i?2 b?�FBM; 7`2[m2M+v- `2bT2+iBp2HvX h?2 }`bi irQ
i2`Kb QM i?2 `B;?i@?�M/ bB/2 Q7 1[X UjXjjV /2b+`B#2 i?2 "Qb2@>m##�`/ KQ/2H rBi? ?QTTBM;
�KTHBim/2 J �M/ QM@bBi2 BMi2`�+iBQM U - r?BH2 i?2 i?B`/ i2`K `2T`2b2Mib i?2 TQi2MiB�H �`BbBM;
7`QK i?2 b?�FBM;X h`�Mb7Q`KBM; BMiQ i?2 +Q@KQpBM; 7`�K2 Q7 i?2 b?�FBM; �M/ T2`7Q`KBM; i?2
po >61 mT iQ i?2 HQr2bi Q`/2`- r2 Q#i�BM i?2 2z2+iBp2 >�KBHiQMB�M HF = H(0)

F X h?2 `2bmHiBM;
2z2+iBp2 >�KBHiQMB�M H(0)

F im`Mb Qmi iQ #2 i?2 b�K2 �b i?2 "Qb2@>m##�`/ KQ/2H QM � bi�iB+
H�iiB+2 #mi rBi? `2MQ`K�HBx2/ ?QTTBM;,

HF = −JJ0(K/ω)
L∑

j=1

(c†j+1cj + c†jcj+1) +
U

2

L∑

j=1

nj(nj − 1), UjXj9V

r?2`2 J0(x) Bb i?2 x2`Qi?@Q`/2` "2bb2H 7mM+iBQM (jk-jj)X aBM+2 r2 ?�p2 |J0(x)| ≤ 1- i?2 ?QTTBM;
Bb bmTT`2bb2/ �M/ 2p2M p�MBb?2b rBi? bmBi�#H2 /`BpBM; bi`2M;i? K- H2�/BM; iQ i?2 +QmMi2`BMimBiBp2
HQ+�HBx�iBQM BM/m+2/ #v � T2`BQ/B+ /`Bp2- r?B+? Bb FMQrM �b i?2 /vM�KB+�H HQ+�HBx�iBQM (Ry)X h?2
/vM�KB+�H HQ+�HBx�iBQM Bb Q#b2`p2/ BM "Qb2@1BMbi2BM +QM/2Mb�i2b Q7 87_# i?`Qm;? K2�bm`2K2Mib
Q7 i?2 #�HHBbiB+ bT`2�/ Q7 BMBiB�HHv HQ+�HBx2/ +QM/2Mb�i2b (j9-kje-kjd)X AM i?2b2 2tT2`BK2Mib- i?2
2tT�MbBQM Q7 i?2 +QM/2Mb�i2b Bb `2/m+2/ �M/ 2p2M +QKTH2i2Hv bmTT`2bb2/ BM i?2 bmBi�#H2 /`BpBM;
bi`2M;i?b K ≈ 2.4ω, 5.5ω �b b?QrM BM 6B;X jX9 U#VX JQ`2Qp2`- BM _27X (j9)- i?2 bmT2`~mB/@JQii
BMbmH�iQ` i`�MbBiBQM Bb BM/m+2/ #v �/B�#�iB+�HHv +?�M;BM; i?2 /`BpBM; bi`2M;i?X

Ai Bb rQ`i? K2MiBQMBM; i?�i 6HQ[m2i 2M;BM22`BM; Q7 "Qb2@1BMbi2BM +QM/2Mb�i2b Bb �TTHB2/
7Q` `2�HBxBM; +H�bbB+�H 7`mbi`�i2/ K�;M2ibX aBM+2 i?2 Q`/2`@T�`�K2i2` K�MB7QH/ Q7 � bmT2`~mB/
�M/ i?�i Q7 � +H�bbB+�H su KQ/2H �`2 #Qi? i?2 +B`+H2 S1- QM2 +�M miBHBx2 �M mHi`�+QH/ �iQKB+
;�b BM � bmT2`~mB/ `2;BK2 7Q` bBKmH�iBM; � +H�bbB+�H su KQ/2HX JQ`2Qp2`- mbBM; Bib ;`2�i
+QMi`QHH�#BHBiv- QM2 +�M +?�M;2 p�`BQmb T�`�K2i2`b BM i?2 KQ/2H BM+Hm/BM; bT�+B�H /BK2MbBQM�HBiv-
H�iiB+2 bi`m+im`2b- �MBbQi`QTB2b- �M/ 2p2M i?2 bB;M Q7 �M BMi2`�+iBQM- r?B+? �`2 ?�`/ iQ +QMi`QH
BM � mbm�H bQHB/@bi�i2 b2imT (RNjĜRN8)X 6BM�HHv- r2 MQi2 i?�i i?2 /vM�KB+�H HQ+�HBx�iBQM Bb �HbQ
Q#b2`p2/ BM bQHB/@bi�i2 bvbi2Kb (9j- 99- 9N)- r?2`2 i?2 BMbmH�iQ`@K2i�H i`�MbBiBQM Bb BM/m+2/X

jXjXk Zm�MimK J�;M2ib

*QMi`QHHBM; K�;M2iB+ K�i2`B�Hb #v H�b2` �ii`�+ib ;`QrBM; BMi2`2bi BM `2+2Mi v2�`b bBM+2 Bi +QmH/
Qz2` i?2B` mHi`�7�bi �M/ MQM@+QMi�+i K�MBTmH�iBQM (9e- 9d)X lbBM; � T2`BQ/B+ /`Bp2 #v H�b2` �b
� iQQH Q7 6HQ[m2i 2M;BM22`BM;- QM2 +�M /vM�KB+�HHv K�MBTmH�i2 i?2B` K�;M2iB+ Q`/2`b (dk- dj)
�M/ 2p2M +QMi`QH i?2B` BMi`BMbB+ BMi2`�+iBQMb- bm+? �b i?2 2t+?�M;2 BMi2`�+iBQM (d9- d8- dN) �M/
i?2 .xv�HQb?BMbFBB@JQ`Bv� U.JV BMi2`�+iBQM (de- 3yĜ3k)X



jy *>�Sh1_ jX "_A16 _1oA1q PL 6GPZl1h 1L:AL11_AL:

(a) (b)

6B;m`2 jX8, U�V 1tT2+i�iBQM p�Hm2 Q7 i?2 p2+iQ` +?B`�HBiv Vx
tot �b � 7mM+iBQM Q7 iBK2 BM i?2 �MiB72`@

`QK�;M2iB+ ssw +?�BM UjX9yV- r?2`2 δ = 0,π/2, �M/ π +Q``2bTQM/ iQ i?2 `B;?i@+B`+mH�`Hv- HBM2�`Hv-
�M/ H27i@+B`+mH�`Hv TQH�`Bx2/ H�b2`b- `2bT2+iBp2HvX U#V h?2 b�K2 �b BM U�V #mi rBi? � 72``QK�;M2iB+
BMi2`�+iBQMX _2T`Q/m+2/ 7`QK 6B;X j Q7 _27X (de)X Ü kyRe #v i?2 �K2`B+�M S?vbB+�H aQ+B2ivX

G�b2`@/`Bp2M KmHiB72``QB+ bTBM +?�BM

JmHiB72``QB+b �`2 K�i2`B�Hb i?�i 2t?B#Bi #Qi? 72``QK�;M2iBbK �M/ 72``Q2H2+i`B+Biv (kjNĜk9R)X "2@
+�mb2 Q7 i?2 +QmTHBM; #2ir22M i?2 bTBM /2;`22b Q7 7`22/QK �M/ i?2 TQH�`Bx�iBQM- KmHiB72``QB+
K�i2`B�Hb ?�p2 TQi2MiB�H �TTHB+�iBQMb iQ M2ti@;2M2`�iBQM bTBMi`QMB+b (k9k)X AM _27X (de)- Bi r�b
b?QrM i?�i- #v B``�/B�iBQM Q7 +B`+mH�`Hv TQH�`Bx2/ H�b2`b- � bvMi?2iB+ .J BMi2`�+iBQM (NN- Ryy)
2K2`;2b rBi? +QMi`QHH2/ K�;MBim/2 �M/ Q`B2Mi�iBQM- H2�/BM; iQ � bTB`�H K�;M2iB+ Q`/2`X JQ`2@
Qp2`- #v bT�iB�HHv KQ/mH�iBM; i?2 H�b2` BMi2MbBiv- � bTBM +m``2Mi +�M #2 ;2M2`�i2/X

*QMbB/2` � KmHiB72``QB+ bTBM +?�BM rBi? L bTBMb B``�/B�i2/ #v i?2 H�b2` }2H/ r?Qb2 2H2+i`B+
�M/ K�;M2iB+ }2H/b �`2 ;Bp2M #v

E(t) = E0 (cos(ωt+ δ),− sin(ωt), 0)tr , UjXj8V

B(t) =
E0

c
(− sin(ωt),− cos(ωt+ δ), 0)tr . UjXjeV

>2`2- δ = 0, π/2- �M/ π +Q``2bTQM/ iQ i?2 `B;?i@+B`+mH�`Hv- HBM2�`Hv- �M/ H27i@+B`+mH�`Hv TQH�`Bx2/
H�b2`b- `2bT2+iBp2HvX h?2 Qp2`�HH >�KBHiQMB�M H(t) Bb ;Bp2M #v

H(t) = H0 − P ·E(t)− gµBS ·B(t), UjXjdV

r?2`2 i?2 }`bi- b2+QM/- �M/ i?B`/ i2`Kb QM i?2 `B;?i@?�M/ bB/2 `2T`2b2Mi i?2 #�`2 >�KBHiQMB�M-
i?2 K�;M2iQ2H2+i`B+ +QmTHBM;- �M/ i?2 w22K�M +QmTHBM;- `2bT2+iBp2HvX >2`2- g �M/ µB �`2
G�M/2Ƕb g 7�+iQ` �M/ i?2 "Q?` K�;M2iQM- `2bT2+iBp2HvX >2`2- P �M/ S =

∑L
j=1 Sj �`2 i?2

iQi�H TQH�`Bx�iBQM �M/ i?2 iQi�H K�;M2iBx�iBQM- `2bT2+iBp2Hv- r?2`2 Sj Bb i?2 bTBM �i bBi2 jX q2
�bbmK2 i?�i i?2 K�;M2iQ2H2+i`B+ +QmTHBM; Bb i?2 �MiBbvKK2i`B+ K�;M2iQbi`B+iBQM ivT2- r?B+? Bb
r`Bii2M BM i?2 7QHHQrBM; 7Q`K,

P = gme

L∑

j=1

e1 × (Sj × Sj+1), UjXj3V
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r?2`2 gme `2T`2b2Mib i?2 bi`2M;i? Q7 i?2 K�;M2iQ2H2+i`B+ +QmTHBM; �M/ e1 = (1, 0, 0)tr Bb i?2 mMBi
p2+iQ` �HQM; i?2 +?�BM �tBbX h?Bb K�;M2iQ2H2+i`B+ +QmTHBM; Bb `2bTQMbB#H2 7Q` 2H2+i`B+ TQH�`Bx�iBQM
BM p�`BQmb bTB`�HHv Q`/2`2/ KmHiB72``QB+ K�;M2ib (k9jĜk9e)X 6`QK i?2 }`bi@Q`/2` po >61- i?2
2z2+iBp2 >�KBHiQMB�M HF Bb ;Bp2M #v

HF = H0 +
L∑

j=1

αβ cos δ

2ω
Vj,x +

L∑

j=1

β2 cos δ

2ω
Sj,z, UjXjNV

r?2`2 α := gmeE0 �M/ β := (gµBE0)/c �`2 i?2 MQ`K�HBx2/ 2H2+i`B+ �M/ K�;M2iB+ 2M2`;B2b-
`2bT2+iBp2HvX >2`2- Vj,x := e1 · (Sj × Sj+1) Bb i?2 p2+iQ` +?B`�HBiv �HQM; i?2 x /B`2+iBQM �M/
i?2 b2+QM/ i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[X UjXjNV /2b+`B#2b i?2 bvMi?2iB+ .J BMi2`�+iBQM
�HQM; i?2 x /B`2+iBQMX 6`QK i?2 2z2+iBp2 >�KBHiQMB�M UjXjNV- r2 2tT2+i i?2 ;2M2`�iBQM Q7 i?2
p2+iQ` +?B`�HBiv �b iBK2 2H�Tb2bX AM 6B;bX jX8 U�V �M/ U#V- i?2 iBK2 2pQHmiBQM Q7 i?2 iQi�H p2+iQ`
+?B`�HBiv Vx

tot :=
∑

j Vj,x 7Q` irQ /Bz2`2Mi +?QB+2b Q7 H0 Bb b?QrMX AM 6B;X jX8 U�V- H0 Bb i�F2M �b
i?2 �MiB72``QK�;M2iB+ ssw +?�BM

H0 = J
L∑

j=1

(Sj · Sj+1 −∆Sj,xSj+1,x) , UjX9yV

r?2`2 J > 0 �M/ ∆ �`2 i?2 �MiB72``QK�;M2iB+ +QmTHBM; +QMbi�Mi �M/ i?2 �MBbQi`QTv T�`�K2i2`-
`2bT2+iBp2Hv- r?BH2 6B;X jX8 U#V Bb Q#i�BM2/ 7`QK i?2 b�K2 H0 #mi i?2 72``QK�;M2iB+ BMi2`�+iBQM-
BX2X- J < 0X h?2 iBK2 2pQHmiBQM Bb +�H+mH�i2/ #v bQHpBM; i?2 a+?`ƺ/BM;2` 2[m�iBQM #v i?2 7Qm`i?@
Q`/2` _mM;2@Emii� K2i?Q/ �M/ i?2 BMBiB�H bi�i2 Bb +?Qb2M �b i?2 ;`QmM/ bi�i2 Q7 H0X AM #Qi?
+�b2b- i?2 }MBi2 p2+iQ` +?B`�HBiv Bb T`Q/m+2/ rBi? Bib p�Hm2 +QMi`QHH2/ #v i?2 ?2HB+Biv T�`�K2i2`
δ- r?B+? Bb +QMbBbi2Mi rBi? i?2 2z2+iBp2 >�KBHiQMB�M UjXjNVX >Qr2p2`- �7i2` � bm{+B2MiHv HQM;
iBK2- |Vx

tot| /2+`2�b2b #2+�mb2 Q7 i?2 ?2�iBM;X q?2M i?2 H�b2` BMi2MbBiv Bb bT�iB�HHv KQ/mH�i2/-
i?2 bT�iB�H ;`�/B2Mi Q7 Vj,x Bb BM/m+2/X 6`QK i?2 >2Bb2M#2`; 2[m�iBQM

i
dSj,x

dt
≈ [Sj,x, H0] = iJ (Vj−1,x − Vj,x) , UjX9RV

� bTBM +m``2Mi T`QTQ`iBQM�H iQ i?2 bT�iB�H ;`�/B2Mi Bb ;2M2`�i2/X

jX9 6HQ[m2i 2M;BM22`BM; Q7 +H�bbB+�H bvbi2Kb

S2`BQ/B+�HHv /`Bp2M +H�bbB+�H bvbi2Kb ?�p2 � HQM; ?BbiQ`v Q7 bim/v- r?2`2 � MmK#2` Q7 BMi2`2biBM;
T?2MQK2M� ?�p2 #22M 7QmM/ BM+Hm/BM; /vM�KB+�H HQ+�HBx�iBQM (N)- biQ+?�biB+ `2bQM�M+2 (RR-Rk)-
�M/ /vM�KB+�H bi�#BHBx�iBQM (RjĜR8)X JQiBp�i2/ #v `2+2Mi 2tT2`BK2Mi�H �M/ i?2Q`2iB+�H T`Q;`2bb
QM 6HQ[m2i 2M;BM22`BM; Q7 [m�MimK bvbi2Kb- i?Bb }2H/ �ii`�+ib `2M2r2/ BMi2`2biX AM i?Bb b2+iBQM-
r2 }`bi `2pB2r � r2HH@FMQrM 2t�KTH2 Q7 i?2 /vM�KB+�H bi�#BHBx�iBQM- BX2X- � E�TBix� T2M/mHmK-
�M/ i?2M im`M iQ i?2 `2+2Mi bim/B2b QM i?2 6HQ[m2i T`2i?2`K�HBx�iBQM BM +H�bbB+�H bvbi2Kb (RR8Ĝ
RRd)X
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6B;m`2 jXe, a+?2K�iB+ BHHmbi`�iBQM Q7 i?2 E�TBix� T2M/mHmK- r?2`2 i?2 bmbT2MbBQM TQBMi Qb+BHH�i2b
BM i?2 p2`iB+�H /B`2+iBQM rBi? �KTHBim/2 a �M/ 7`2[m2M+v ωX >2`2- θ, l- �M/ g �`2 i?2 �M;H2 K2�bm`2/
7`QK i?2 /QrMr�`/ TQbBiBQM- i?2 H2M;i? Q7 i?2 T2M/mHmK- �M/ i?2 ;`�pBi�iBQM�H +QMbi�Mi- `2bT2+iBp2HvX

jX9XR E�TBix� T2M/mHmK �M/ /vM�KB+�H bi�#BHBx�iBQM

h?2 E�TBix� T2M/mHmK Bb � T`QiQivTB+�H 2t�KTH2 Q7 /vM�KB+�H bi�#BHBx�iBQM- � +QmMi2`BMimBiBp2
bi�#BHBx�iBQM Q7 � bvbi2K #v � T2`BQ/B+ /`Bp2X Ai Bb � +H�bbB+�H `B;B/ T2M/mHmK rBi? �M Qb+BHH�iBM;
TQBMi Q7 bmbT2MbBQM Ub22 6B;X jXeV- r?2`2 θ Bb i?2 �M;H2 K2�bm`2/ 7`QK i?2 /QrMr�`/ TQbBiBQM
�M/ ω0 =

√
g/l Bb i?2 7`2[m2M+v Q7 i?2 MQ`K�H KQ/2 M2�` θ = 0 Ug �M/ l �`2 i?2 ;`�pBi�iBQM�H

+QMbi�Mi �M/ i?2 H2M;i? Q7 i?2 T2M/mHmK- `2bT2+iBp2HvVX h?2 TQBMi Q7 bmbT2MbBQM (xc, yc) Qb@
+BHH�i2b p2`iB+�HHv rBi? �KTHBim/2 a �M/ 7`2[m2M+v ω, yc = −a cos(ωt)X Aib 2[m�iBQM Q7 KQiBQM
U1PJV `2�/b (Rj- kd- RN3)

θ̈ = −ω2
0 sin θ −

a

l
ω2 cos(ωt) sin θ. UjX9kV

q?BH2 i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 /2b+`B#2b i?2 ;`�pBi�iBQM�H 7Q`+2- i?2 b2+QM/ QM2 Bb
i?2 BM2`iB�H 7Q`+2 �`BbBM; 7`QK i?2 Qb+BHH�iBQM Q7 i?2 bmbT2M/BM; TQBMiX AM r?�i 7QHHQrb- r2 rBHH
/2`Bp2 i?2 bi�#BHBiv Q7 i?2 BMp2`i2/ TQBMi θ = π #�b2/ QM i?2 7QHHQrBM; irQ r�vb, UBV � ?2m`BbiB+
/2`Bp�iBQM mbBM; � KmHiB@b+�H2 T2`im`#�iBQM �M�HvbBb (Rj-k9d)- UBBV � KQ/2`M /2`Bp�iBQM #�b2/ QM
i?2 po >61 (RRd-RN3)X

.2`Bp�iBQM Q7 i?2 bi�#BHBiv #�b2/ QM i?2 KmHiB@b+�H2 T2`im`#�iBQM �M�HvbBb

AM i?2 KmHiB@b+�H2 T2`im`#�iBQM �M�HvbBb- r?B+? Bb � FBM/ Q7 i?2 bBM;mH�` T2`im`#�iBQM i?2Q`v
(k93-k9N)- i?2 +H�bbB+�H p�`B�#H2 Bb /2+QKTQb2/ BMiQ � bHQr /vM�KB+b �M/ � `�TB/ KQiBQM �`QmM/
BiX 6Q` i?2 +�b2 Q7 i?2 E�TBix� T2M/mHmK- r?2M i?2 /`BpBM; 7`2[m2M+v Bb H�`;2 Uω0 ≪ ωV- i?2
�M;H2 θ +�M #2 `2;�`/2/ �b � bmK θ = θs + ξ Q7 i?2 bHQr p�`B�#H2 θs �M/ i?2 `�TB/ �M/ bK�HH
Qb+BHH�iBQM ξ ≪ 1X h?2M- mT iQ i?2 }`bi Q`/2` Q7 ξ- i?2 2[m�iBQM Q7 KQiBQM UjX9kV Bb ;Bp2M #v

θ̈s + ξ̈ = −ω2
0 sin θs − ω2

0 cos θsξ −
a

l
ω2 cos(ωt) sin θs −

a

l
ω2 cos(ωt) cos θsξ. UjX9jV
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"2+�mb2 Q7 i?2 bK�HHM2bb Q7 i?2 Qb+BHH�iBQM- BX2X- ξ̈ ≪ 1- r2 ?�p2

ξ̈ = −ω2
0 cos θsξ −

a

l
ω2 cos(ωt) sin θs −

a

l
ω2 cos(ωt) cos θsξ ≈ −a

l
ω2 cos(ωt) sin θs, UjX99V

r?B+? ;Bp2b

ξ =
a

l
cos(ωt) sin θs. UjX98V

am#biBimiBM; i?Bb BMiQ 1[X UjX9jV- r2 Q#i�BM

θ̈s = −ω2
0 sin θs −

a

l
ω2 cos(ωt) sin θs −

(a
l

)2
ω2 cos2(ωt) cos θs sin θs. UjX9eV

aBM+2 θs Bb � bHQr p�`B�#H2- cos2(ωt) +�M #2 `2TH�+2/ #v Bib �p2`�;2 1/2 Qp2` QM2 +v+H2 [0, T ]c
i?mb r2 Q#i�BM i?2 2[m�iBQM Q7 KQiBQM 7Q` θs,

θ̈s = −ω2
0 sin θs −

(aω
2l

)2
sin 2θs. UjX9dV

h?Bb Bb i?2 1PJ Q7 i?2 >�KBHiQMB�M HF = p2/2+ VF (θs)- r?2`2 p Bb i?2 +QMDm;�i2 KQK2MimK
Q7 θs �M/ VF (θs) Bb i?2 2z2+iBp2 TQi2MiB�H /2}M2/ #v

VF (θs) = −ω2
0 cos θs +

(
aω sin θs

2l

)2

. UjX93V

h?mb- i?2 ?B;?2bi TQBMi θ = π #2+QK2b bi�#H2 �#Qp2 i?2 +`BiB+�H 7`2[m2M+v ωc :=
√
2lω0/a

�M/ i?2 T2M/mHmK 2t?B#Bib �M Qb+BHH�iBQM �`QmM/ i?Bb BMp2`i2/ TQbBiBQMX h?Bb Bb �M 2t�KTH2 Q7
i?2 /vM�KB+�H bi�#BHBx�iBQMX h?2 /vM�KB+�H bi�#BHBx�iBQM Bb 2KTHQv2/ BM K�Mv �`2�b Q7 T?vbB+b
(R9ĜRe- k8yĜk8k) BM+Hm/BM; #2�K 7Q+mbBM; BM � bvM+?`Qi`QM FMQrM �b i?2 �Hi2`M�iBM;@;`�/B2Mi
7Q+mbBM; (R8- Re) �M/ i`�TTBM; BQMb BM i?2 S�mH i`�T (R9)X q?BH2 i?2 /vM�KB+�H bi�#BHBx�iBQM
Bb KQbiHv /Bb+mbb2/ BM 72r@#Q/v bvbi2Kb- Bib K�Mv@#Q/v ;2M2`�HBx�iBQM Bb `2+2MiHv /Bb+mbb2/
(k8jĜk88) �M/ KQ`2Qp2` /2KQMbi`�i2/ 2tT2`BK2Mi�HHv (k8e)X

.2`Bp�iBQM Q7 i?2 bi�#BHBiv #�b2/ QM i?2 p�M oH2+F ?B;?@7`2[m2M+v 2tT�MbBQM

6`QK i?2 pB2rTQBMi Q7 6HQ[m2i 2M;BM22`BM;- i?2 bi�#BHBiv Q7 i?2 BMp2`i2/ TQBMi +�M #2 2tTH�BM2/
7`QK i?2 bi�iB+ 2z2+iBp2 TQi2MiB�H /2`Bp2/ 7`QK i?2 po >61 (Rj- kd- RN3)X Ai Bb +H�`B}2/ BM
_27X (RRd) i?�i- 7Q` � +H�bbB+�H >�KBHiQM bvbi2K- i?2 po >61 Q7 �M 2z2+iBp2 >�KBHiQMB�M Bb
Q#i�BM2/ #v 7Q`K�HHv `2TH�+BM; i?2 +QKKmi�iQ` (1/i) [·, ·] �TT2�`BM; BM i?2 po >61 BM i?2
[m�MimK +�b2 UjXR9V #v i?2 SQBbbQM #`�+F2i {·, ·}X h?2 iBK2@/2T2M/2Mi >�KBHiQMB�M rBi?
1PJ UjX9kV Bb ;Bp2M #v

H(t) =
p2

2
−
[
ω2
0 +

a

l
ω2 cos(ωt)

]
cos θs, UjX9NV

7Q` r?B+? i?2 }`bi 72r i2`Kb Q7 i?2 po >61 Bb ;Bp2M �b 7QHHQrb (RN3),

H(0)
F =

p2

2
− ω2

0 cos θs, H(1)
F = 0, H(2)

F =
a

l
p2 cos θs + ω2

0

(
a sin θsω

2lω2
0

2

− a

l

)
sin2 θs. UjX8yV
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(a)

(b)

6B;m`2 jXd, U�V 1M2`;v ⟨Q(lT )⟩ �b � 7mM+iBQM Q7 i?2 MmK#2` l Q7 /`BpBM; +v+H2b- r?2`2 i?2 �M;H2
#`�+F2i ⟨·⟩ /2MQi2b i?2 2Mb2K#H2 �p2`�;2 Qp2` i?2 /Bz2`2Mi BMBiB�H bi�i2bX .Bz2`2Mi +QHQ`b +Q``2bTQM/
iQ /Bz2`2Mi /`BpBM; 7`2[m2M+B2b ΩX AMb2i, `2b+�H2/ 2M2`;v +m`p2b rBi? ?Q`BxQMi�H �tBb l/lmaxX U#V
o�`B�M+2 ⟨δQ(lT )⟩ Q7 Q(lT ) �b � 7mM+iBQM Q7 lX AMb2i, i?2 T2�F TQbBiBQM lmax Q7 ⟨δQ(lT )⟩ �b � 7mM+iBQM
Q7 ΩX _2T`Q/m+2/ 7`QK 6B;X R Q7 _27X (RRe)X Ü kyRN #v i?2 �K2`B+�M S?vbB+�H aQ+B2ivX

"v i�FBM; i?2 HBKBib a → 0 �M/ ω → ∞ r?BH2 F22TBM; i?2 p�Hm2 aω2/(lω2
0) }t2/- r2 Q#i�BM i?2

2z2+iBp2 >�KBHiQMB�M

HF = H(0)
F +H(1)

F +H(2)
F =

p2

2
+ VF (θs), UjX8RV

r?2`2 VF (θs) Bb i?2 2z2+iBp2 TQi2MiB�H /2}M2/ BM 1[X UjX93VX

jX9Xk 6HQ[m2i T`2i?2`K�HBx�iBQM BM +H�bbB+�H bTBM bvbi2Kb
Ai ?�b `2+2MiHv #22M b?QrM i?�i �M BbQH�i2/ BMi2`�+iBM; +H�bbB+�H bvbi2K mM/2` � 7�bi /`Bp2 �HbQ
2t?B#Bib i?2 6HQ[m2i T`2i?`2K�HBx�iBQM bBKBH�`Hv iQ � [m�MimK bvbi2K (RR8ĜRRd)X AM _27X (RRe)-
i?2 �mi?Q`b +QMbB/2` � +H�bbB+�H AbBM; +?�BM /2b+`B#2/ #v i?2 iBK2@/2T2M/2Mi >�KBHiQMB�M

H(t) =

{∑N
j=1 JSj,zSj+1,z + hSj,z t ∈ [0, T/2] mod T ;

∑N
j=1 gSj,x t ∈ [T/2, T ] mod T,

UjX8kV

r?2`2 J /2MQi2b i?2 M2�`2bi@M2B;?#Qm` BMi2`�+iBQM bi`2M;i?- r?BH2 h �M/ g �`2 i?2 K�;M2iB+
}2H/ bi`2M;i?b �HQM; i?2 z �M/ x@/B`2+iBQMb- `2bT2+iBp2HvX >2`2- Sj = (Sj,x, Sj,y, Sj,z) Bb i?2 bTBM
p�`B�#H2 �i bBi2 j rBi? mMBi K�;MBim/2, |Sj| = 1- �M/ Bib 2[m�iBQM Q7 KQiBQM Bb ;Bp2M #v i?2
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>�KBHiQM 2[m�iBQM, Ṡj,i = {Sj,i, H(t)}X h?2 BMBiB�H bi�i2 Bb i�F2M iQ #2 i?2 ;`QmM/ bi�i2 Q7 i?2
iBK2@�p2`�;2/ >�KBHiQMB�M

Have =
1

2

N∑

j=1

(JSj,zSj+1,z + hSj,x + gSj,x) , UjX8jV

r?2`2 � bK�HH `�M/QKM2bb Bb BMi`Q/m+2/ BM i?2 BMBiB�H bi�i2 iQ #`2�F Bib i`�MbH�iBQM�H bvKK2i`vX
h?2 MQ`K�HBx2/ 2M2`;v ⟨Q(lT )⟩ �7i2` l T2`BQ/b /2}M2/ #v

⟨Q(lT )⟩ := ⟨Have(Sj(lT ))⟩ − EGS

⟨Have⟩β=0 − EGS
UjX89V

Bb THQii2/ BM 6B;X jXd U�V- r?2`2 ⟨Have⟩β=0 �M/ EGS �`2 i?2 2M2`;B2b �i i?2 BM}MBi2@i2KT2`�im`2
bi�i2 �M/ i?�i Q7 i?2 ;`QmM/ bi�i2- `2bT2+iBp2HvX >2`2- i?2 �M;H2 #`�+F2i ⟨·⟩ /2MQi2b i?2 �p2`�;2
Qp2` i?2 `�M/QKM2bb BM i?2 BMBiB�H bi�i2X 6B;m`2 jXd U#V b?Qrb i?2 p�`B�M+2 ⟨δQ(lT )⟩ Q7 Q(lT )-
r?Qb2 T2�F TQbBiBQM l = lmax BM/B+�i2b i?2 QMb2i Q7 ?2�iBM;X

�b b?QrM BM 6B;X jXd U�V- �7i2` i?2 BMBiB�H `2H�t�iBQM Ul ! 103V- � HQM;@iBK2 TH�i2�m �TT2�`b
rBi? +QMbi�Mi ⟨Q(lT )⟩- �M/ }M�HHv i?2 bvbi2K ;Q2b iQ i?2 BM}MBi2@i2KT2`�im`2 bi�i2 rBi? K�t@
BKmK 2M2`;v Q(lT ) = 1X h?2 QMb2i lmax Q7 ?2�iBM; ;`Qrb 2tTQM2MiB�HHv rBi? `2bT2+i iQ ω
�b b?QrM BM i?2 BMb2i Q7 6B;X jXd U#VX h?2b2 MmK2`B+�H }M/BM;b BM/B+�i2 i?2 T`2b2M+2 Q7 i?2
6HQ[m2i T`2i?2`K�H `2;BK2 #27Q`2 ?2�iBM; mT i?�i Bb 2tTQM2MiB�HHv HQM; rBi? `2bT2+i iQ i?2
/`BpBM; 7`2[m2M+vX Ai r�b H�i2` �M�HviB+�HHv T`Qp2/ i?�i i?2 2M2`;v �#bQ`TiBQM BM � T2`BQ/B+�HHv
/`Bp2M +H�bbB+�H bTBM bvbi2K Bb 2tTQM2MiB�HHv bHQr rBi? `2bT2+i iQ i?2 /`BpBM; 7`2[m2M+v �M/
i?�i i?2 6HQ[m2i T`2i?2`K�H bi�i2 Bb r2HH �TT`QtBK�i2/ #v i?2 :B##b 2Mb2K#H2 rBi? `2bT2+i iQ
i?2 2z2+iBp2 >�KBHiQMB�M Q#i�BM2/ 7`QK � i`mM+�iBQM Q7 i?2 6J >61 (RRd)X
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"`B27 `2pB2r QM +H�bbB+�H biQ+?�biB+
bvbi2Kb

AM i?Bb +?�Ti2`- r2 #`B2~v `2pB2r +H�bbB+�H biQ+?�biB+ bvbi2Kb 7Q+mbBM; QM i?2 `2H�iBQM #2ir22M
i?2B` 2[m�iBQMb Q7 KQiBQM �M/ K�bi2` 2[m�iBQMbX q2 bi�`i 7`QK QM2 Q7 i?2 bBKTH2bi KQ/2Hb
Q7 biQ+?�biB+ bvbi2Kb- BX2X- � "`QrMB�M T�`iB+H2- �M/ i?2M +QMbB/2` � ;2M2`�H biQ+?�biB+ bvbi2K
/2b+`B#2/ #v � biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMX 6BM�HHv- r2 `2pB2r i?2 biQ+?�biB+ G�M/�m@
GB7b?Bix@:BH#2`i 2[m�iBQM- r?B+? Bb +QKKQMHv mb2/ 7Q` /2b+`B#BM; � KB+`QK�;M2i +QmTH2/ rBi?
� }MBi2@i2KT2`�im`2 i?2`K�H #�i?X

9XR G�M;2pBM 2[m�iBQM
h?2 G�M;2pBM 2[m�iBQM Bb � r2HH@FMQrM 2t�KTH2 Q7 biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMb (RR3- k8d)X
Aib bim/v ?�b 7Qbi2`2/ K�Mv 7mM/�K2Mi�H /2p2HQTK2Mib Q7 MQM@2[mBHB#`BmK bi�iBbiB+�H K2+?�MB+b
(RRN- k83) �M/ T`Q7QmM/ �TTHB+�iBQMb BM K�i?2K�iB+b (k8N) �M/ 2p2M BM }M�M+2 (key)X

9XRXR G�M;2pBM 2[m�iBQM
� "`QrMB�M KQiBQM r�b }`bi /Bb+Qp2`2/ BM i?2 bim/v Q7 � T�`iB+H2 bmbT2M/2/ BM � ~mB/X "2+�mb2
Q7 BM+2bb�Mi +QHHBbBQMb rBi? i?2 bm``QmM/BM; KQH2+mH2b BM i?2 ~mB/- � T�`iB+H2 mM/2`;Q2b � `�M/QK
KQiBQM- r?B+? Bb KQ/2H2/ #v i?2 G�M;2pBM 2[m�iBQM,

m
d2x

dt2
= −γ dx

dt
+ η(t), U9XRV

r?2`2 x,m �M/ γ �`2 i?2 TQbBiBQM- i?2 K�bb- �M/ i?2 ~Qr pBb+QbBiv Q7 i?2 T�`iB+H2- `2bT2+iBp2HvX
6Q` bBKTHB+Biv- r2 ?2`2 +QMbB/2` � QM2@/BK2MbBQM�H KQ/2H- �Hi?Qm;? ;2M2`�HBx�iBQMb iQ ?B;?2`
/BK2MbBQMb �`2 bi`�B;?i7Q`r�`/X h?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[X U9XRV /2b+`B#2b i?2
7`B+iBQM�H 7Q`+2 �M/ i?2 b2+QM/ QM2 Bb i?2 `�M/QK MQBb2 KQ/2HBM; +QHHBbBQMb rBi? i?2 bm``QmM/BM;
KQH2+mH2bX A7 i?2 `2H�t�iBQM iBK2b+�H2 Q7 i?2 bm``QmM/BM; KQH2+mH2b Bb b?Q`i 2MQm;?- Bi Bb M�im`�H
iQ �bbmK2 i?�i η(t) Bb � :�mbbB�M r?Bi2 MQBb2,

⟨η(t)⟩ = 0,

⟨η(t)η(t′)⟩ = Γnδ(t− t′), U9XkV

je
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r?2`2 Γn `2T`2b2Mib i?2 bi`2M;i? Q7 i?2 MQBb2- δ(t) Bb i?2 .B`�+ /2Hi� 7mM+iBQM- �M/ i?2 �M;H2
#`�+F2i ⟨·⟩ /2MQi2b i?2 2Mb2K#H2 �p2`�;2 Qp2` /Bz2`2Mi MQBb2 `2�HBx�iBQMbX h?2 b[m�`2 K2�M
p2HQ+Biv ⟨v2(t)⟩ b�iBb}2b

⟨v2(t)⟩ = ⟨v2(0)⟩e−
Γnt
2mγ +

Γn

2mγ
(1− e−

Γnt
2mγ ). U9XjV

AM i?2 HQM;@iBK2 HBKBi- ⟨v2(t)⟩ = Tte/m 7QHHQrb 7`QK i?2 2[mBT�`iBiBQM i?2Q`2K- rBi? Tte #2BM;
i?2 i2KT2`�im`2 Q7 i?2 bm``QmM/BM; KQH2+mH2bX h?2M- r2 Q#i�BM i?2 ~m+im�iBQM@/BbbBT�iBQM
i?2Q`2K,

Γn = 2γTte, U9X9V

r?B+? /B+i�i2b i?�i i?2 T�B` Q7 i?2 7`B+iBQM �M/ `�M/QK 7Q`+2b �+ib �b � i?2`KQbi�i 7Q` � G�M;2pBM
bvbi2K bQ i?�i i?2 i2KT2`�im`2 Bb r2HH /2}M2/ BM i?2 G�M;2pBM 2[m�iBQM U9XRVX �b r2 +�M b22
7`QK 1[X U9XRV- i?2 p2HQ+Biv `2H�t [mB+FHv 7Q` � bm{+B2MiHv H�`;2 7`B+iBQM m/γ → 0X AM i?Bb
HBKBi- r?B+? Bb FMQrMb �b i?2 Qp2`/�KT2/ HBKBi- 1[X U9XRV `2/m+2b iQ i?2 Qp2`/�KT2/ G�M;2pBM
2[m�iBQM,

dx

dt
= h(t), U9X8V

r?2`2 h := η/γX

9XRXk J�bi2` 2[m�iBQM, i?2 6QFF2`@SH�M+F 2[m�iBQM
"2+�mb2 Q7 i?2 `�M/QK M�im`2 Q7 i?2 2[m�iBQM- Bi Bb M�im`�H iQ +QMbB/2` i?2 T`Q#�#BHBiv /Bb@
i`B#miBQM P (x, t) 7Q` i?2 G�M;2pBM 2[m�iBQM U9XRVX h?2 2[m�iBQM ;Qp2`MBM; i?2 iBK2 2pQHmiBQM
Q7 P (x, t) Bb ;2M2`�HHv +�HH2/ � K�bi2` 2[m�iBQMX 6Q` 2t�KTH2- i?2 K�bi2` 2[m�iBQM 7Q` i?2
Qp2`/�KT2/ G�M;2pBM 2[m�iBQM U9X8V Bb ;Bp2M #v i?2 /BzmbBQM 2[m�iBQM,

∂tP (x, t) = D∂2xP (x, t), U9XeV

r?2`2 D := 2Tte/γ Bb i?2 /BzmbBQM +QMbi�MiX h?2 /2`Bp�iBQM Q7 1[X U9XeV Bb ;Bp2M BM a2+X 9XkX

9Xk :2M2`�H +H�bbB+�H biQ+?�biB+ bvbi2Kb

9XkXR 1[m�iBQM Q7 KQiBQM
G2i φ(t) = [φ1(t),φ2(t), · · · ,φN(t)] #2 � b2i Q7 +H�bbB+�H p�`B�#H2b /2b+`B#BM; i?2 bvbi2K- 2X;X-
i?2 TQbBiBQMb Q7 T�`iB+H2b 7Q` i?2 G�M;2pBM 2[m�iBQMX � +H�bbB+�H bvbi2K mM/2` � biQ+?�biB+ 7Q`+2
Bb mbm�HHv KQ/2H2/ #v i?2 biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQM (RRN- keR),

φ̇i(t) = fi (φ) +
N∑

j=1

gij (φ)hj(t), U9XdV
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r?2`2 ẏ := dy/dt Bb i?2 iBK2 /2`Bp�iBp2 �M/ hj Bb � :�mbbB�M `�M/QK p�`B�#H2b b�iBb7vBM;

⟨hi(t)⟩ = 0,

⟨hi(t)hj(t
′)⟩ = 2Dδijδ(t− t′), U9X3V

rBi? D #2BM; i?2 /BzmbBQM +QMbi�MiX q2 MQi2 i?�i r?2M r2 +QMbB/2` i?2 2[m�iBQM Q7 KQiBQM
7Q` � +H�bbB+�H }2H/ φr = [φr,1(t),φr,2(t), · · · ,φr,NI (t)]- i?2 bm#b+`BTi i BM 1[X U9XdV `2T`2b2Mib �
+QHH2+iBQM Q7 i?2 +QQ`/BM�i2 r �M/ i?2 BMi2`M�H /2;`22b Q7 7`22/QK aX h?2 2[m�iBQM Q7 KQiBQM Bb
r`Bii2M �b 7QHHQrb,

φ̇r,a(t) = fr,a (φ) +
NI∑

b=1

gr,ab (φ)hr,b(t). U9XNV

>2`2 r2 �bbmK2 i?�i i?2 2z2+i Q7 i?2 `�M/QK }2H/ Bb HQ+�H- BX2X- i?2 }2H/ φr �i r Bb �z2+i2/ #v
i?2 `�M/QK }2H/ hr �i i?2 b�K2 TQbBiBQM rX

9XkXk .Bb+`2iBx�iBQM T`2b+`BTiBQMb
q?2M G(φ) /2T2M/b U/Q2b MQi /2T2M/V QM φ- hj Bb +�HH2/ � KmHiBTHB+�iBp2 U�//BiBp2V MQBb2X
�b BM �Mv biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQM rBi? KmHiBTHB+�iBp2 MQBb2b- i?2 /Bb+`2iBx�iBQM mb2/ iQ
/2}M2 i?2 iBK2 2pQHmiBQM b?QmH/ #2 +�`27mHHv i�F2M BMiQ �++QmMi iQ Q#i�BM `2�bQM�#H2 T?vbB+�H
`2bmHibX 6Q` 2t�KTH2- BM i?2 biQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM- i?2 K�;M2iBx�iBQM Bb
T`2b2`p2/ B7 �M/ QMHv B7 i?2 ai`�iQMQpB+? T`2b+`BTiBQM Ub22 i?2 M2ti T�`�;`�T? 7Q` i?2 /2}MBiBQMV
Bb mb2/ (kek)X

h?Bb bm#iH2iv +�M #2 mM/2`biQQ/ #v HQQFBM; �i i?2 BMi2;`�H
∫ tf

ti

dtG(φ)h(t) =

∫ tf

ti

G(φ)dW (t) = lim
Nd→∞

Nd−1∑

n=0

G(φ̄n) [W (tn+1)−W (tn)] , U9XRyV

r?2`2 W := dh/dt Bb i?2 N @/BK2MbBQM�H qB2M2` T`Q+2bb �M/ ti = t0 < t1 < t2 · · · < tNd
= tf

�`2 i?2 iBK2b BM i?2 BMi2`p�H [ti, tf ]X >2`2- φ̄n Bb i�F2M 7`QK i?2 BMi2`p�H [φ(tn−1),φ(tn)]X aBM+2
i?2 qB2M2` T`Q+2bb Bb MQi +QMiBMmQmb- i?2 BMi2;`�H U9XRyV /2T2M/b QM i?2 +?QB+2 Q7 φ̄nX AM i?2
T`2b+`BTiBQM +�HH2/ i?2 α@T`2b+`BTiBQM- QM2 mb2b

φ̄(tn) := αdφn + (1− αd)φn+1, g(φ̄(tn)) = g [αdφn + (1− αd)φn+1] , U9XRRV

r?2`2 0 ≤ αd ≤ 1 �M/ φi := φ(ti)X» h?2 T`2b+`BTiBQMb rBi? αd = 0, 1/2- �M/ 1 +Q``2bTQM/ iQ
i?2 Aiô- i?2 ai`�iQMQpB+?- �M/ i?2 TQbi@TQBMi T`2b+`BTiBQM- `2bT2+iBp2HvX

9XkXj J�bi2` 2[m�iBQM
G2i P (φ′, t) Bb i?2 T`Q#�#BHBiv /2MbBiv 7Q` }M/BM; i?2 p�`B�#H2 φ = φ′ �i iBK2 t BM i?2 2MiB`2
T�`�K2i2` bT�+2 Q7 φX h?2 K�bi2` 2[m�iBQM 7Q` 1[X U9XdV- r?B+? Bb FMQrM �b i?2 6QFF2`@
SH�M+F 2[m�iBQM U6S 2[m�iBQMV- Bb /2`Bp2/ 7`QK i?2 bi�M/�`/ i2+?MB[m2 Q7 i?2 biQ+?�biB+ +�H+mHmb

»�Hi?Qm;? i?2 :`22F H2ii2` α Bb +QKKQMHv mb2/ iQ /BbiBM;mBb? i?2 α@T`2b+`BTiBQMb rBi? /Bz2`2Mi p�Hm2b Q7 α-
r2 /Q MQi mb2 Bi iQ �pQB/ TQbbB#H2 +QM7mbBQM rBi? i?2 :BH#2`i /�KTBM; α BM i?2 biQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i
2[m�iBQM BMi`Q/m+2/ BM a2+X 9XjX
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(Rkk- kekĜke9)X hQ i?Bb 2M/- r2 bi�`i 7`QK i?2 B/2MiBiv,

P (φ, t+ dt) =

∫
dφ0P (φ, t+ dt|φ0, t)P (φ0, t), U9XRkV

r?2`2 P (φ, t+ dt|φ0, t) Bb i?2 +QM/BiBQM�H T`Q#�#BHBiv Q7 }M/BM; φ �i iBK2 t+ dt- T`QpB/2/ i?�i
φ = φ0 �i iBK2 tX 1tT�M/BM; P (φ, t+ dt|φ0, t) BM TQr2`b Q7 ∆φ = φ− φ0- r2 Q#i�BM

P (φ, t+ dt|φ0, t) = δ(φ− φ0)−
∂δ(φ− φ0)

∂φi
⟨∆φi⟩+

1

2

∂2δ(φ− φ0)

∂φi∂φj
⟨∆φi∆φj⟩. U9XRjV

>2`2- r2 QKBi i?2 bmKK�iBQM Q7 i?2 `2T2�i2/ BM/B+2b i �M/ jX 6Q` /2`BpBM; i?2 K�bi2` 2[m�iBQM-
r2 2p�Hm�i2 i?2 `B;?i@?�M/ bB/2 BM i?2 Q`/2` Q7 dtX 6`QK 1[X U9XdV- r2 ?�p2

∆φi = fi(φ0)dt+ gij [φ0 + αd∆φ(t+ dt)]

∫ t+dt

t

dt′hj(t
′). U9XR9V

"v mbBM; 1[X U9X3V- r2 Q#i�BM

⟨∆φi⟩ = fi(φ0)dt+ 2Dαdgkl (φ0)
∂gil(φ0)

∂φk
dt, U9XR8V

⟨∆φi∆φj⟩ = 2Dgik (φ0) gjk (φ0) dt. U9XReV

*QK#BMBM; 1[bX U9XRkV �M/ U9XRjV- r2 ?�p2

P (φ, t+ dt)− P (φ, t) = − ∂

∂φi
[⟨∆φi⟩P (φ, t)] +

1

2

∂2

∂φiφj
[⟨∆φi∆φj⟩P (φ, t)] , U9XRdV

7`QK r?B+? i?2 K�bi2` 2[m�iBQM Bb /2`Bp2/,

∂P (φ, t)

∂t
=

∂

∂φi
[Fi(φ)P (φ, t)] +

∂2

∂φi∂φj
[Dij(φ)P (φ, t)] . U9XR3V

h?2 }`bi �M/ b2+QM/ i2`Kb QM i?2 `B;?i@?�M/ bB/2 `2T`2b2Mi i?2 /`B7i �M/ /BzmbBQM Q7 i?2
T`Q#�#BHBiv- `2bT`2+iBp2Hv- �M/ Fi �M/ Dij �`2 /2}M2/ �`2 7QHHQrb,

Fi(φ) := −fi(φ)− 2Dαdgkl(φ)
∂gil(φ)

∂φk
, U9XRNV

Dij(φ) := Dgik(φ)gjk(φ). U9XkyV

h?2 b2+QM/ i2`K 2Dαdgkl(φ)∂φk
gil(φ) QM i?2 `B;?i@?�M/ bB/2 Q7 1[X U9XRNV Bb +�HH2/ i?2 bTm`BQmb

/`B7i i2`KbX "v BMi`Q/m+BM; i?2 +m``2Mi Ji := −FiP −∂(DijP )/(∂φj)- r2 +�M `2r`Bi2 1[X U9XR3V
BMiQ i?2 +QMiBMmBiv 2[m�iBQM 7Q` P , ∂tP + ∂φiJi = 0- r?B+? b�iBb}2b i?2 +QMb2`p�iBQM Q7 i?2
T`Q#�#BHBiv,

∫
dφP (φ, t) = 1 �i �Mv iBK2 tX

6Q` i?2 +�b2 Q7 i?2 Qp2`/�KT2/ G�M;2pBM 2[m�iBQM U9X8V- r2 ?�p2 φi = x- fi = 0- �M/ gij = 1X
h?2 /BzmbBQM 2[m�iBQM U9XeV 7QHHQrb 7`QK i?2 ;2M2`�H K�bi2` 2[m�iBQM U9XR3V #v bm#biBimiBM;
i?2b2 `2H�iBQMb iQ 1[bX U9XRNV �M/ U9XkyVX
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9Xj aiQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM
h?2 +QMi`QH Q7 K�;M2iB+ K�i2`B�Hb HB2b �i i?2 ?2�`i Q7 i?2 +m``2Mi BM7Q`K�iBQM i2+?MQHQ;B2b �M/
i?2 /2p2HQTK2Mi Q7 bTBMi`QMB+b (k9k- ke8)X q?2M � 72``QK�;M2i Bb mb2/ iQ biQ`2 BM7Q`K�iBQM-
#Bib �`2 2M+Q/2/ �b i?2 Q`B2Mi�iBQM Q7 i?2 HQ+�H K�;M2iBx�iBQMX Ai Bb T`�+iB+�HHv BKTQ`i�Mi iQ
mM/2`bi�M/ i?2 BKT�+i Q7 i?2 /�KTBM; �M/ i?2`K�H ~m+im�iBQMb i?`Qm;? i?2 BMi2`�+iBQM rBi?
�M 2MpB`QMK2Mi #2+�mb2 i?2v /2i2`BQ`�i2 i?2 T2`7Q`K�M+2 Q7 K�;M2iB+ `2+Q`/BM; /2pB+2bX h?2
G�M/�m@GB7b?Bix@:BH#2`i UGG:V �M/ biQ+?�biB+ GG: 2[m�iBQMb �`2 +QKKQMHv mb2/ 7Q` /2b+`B#BM;
K�;M2iB+ /vM�KB+b mM/2` i?2b2 2z2+ibX

9XjXR 1[m�iBQM Q7 KQiBQM
G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM

h?2 G�M/�m@GB7b?Bix@:BH#2`i UGG:V 2[m�iBQM Bb � T?2MQK2MQHQ;B+�H 2[m�iBQM Q7 � 72``QK�;M2i-
r?B+? Bb 7Q`K�HHv i?2 iQ`[m2 2[m�iBQM rBi? /�KTBM; (Rky-RkR)X G2i mr �M/ H(t) #2 i?2 K�;M2iB+
KQK2Mi �i bBi2 r QM bQK2 H�iiB+2 L �M/ i?2 >�KBHiQMB�M U2M2`;vV Q7 i?2 bvbi2K- `2bT2+iBp2HvX
h?2 GG: 2[m�iBQM `2�/b

ṁr = −γmr ×Hr +
α

ms
mr × ṁr, U9XkRV

r?2`2 Hr = −δH/δmr Bb �M 2z2+iBp2 K�;M2iB+ }2H/ ;2M2`�i2/ #v i?2 bm``QmM/BM; bTBMb �M/
2ti2`M�H }2H/b rBi? H #2BM; i?2 +H�bbB+�H >�KBHiQMB�M Q7 i?2 bvbi2KX >2`2- α, γ- �M/ ms := |mr|
�`2 i?2 :BH#�`i /�KTBM;- i?2 ;v`QK�;M2iB+ `�iBQ- �M/ i?2 K�;MBim/2 Q7 i?2 K�;M2iBx�iBQM-
`2bT2+iBp2HvX AM r?�i 7QHHQrb- r2 b2i γ = 1X q2 �HbQ b2i i?2 K�;MBim/2 ms = 1 #2+�mb2
ms Bb T`2b2`p2/ BM 1[X U9XkRV, d|mr|/dt = 0 (kek)X h?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7
1[X U9XkRV /2b+`B#2b i?2 T`2+2bbBQM �`QmM/ Hr- r?BH2 i?2 b2+QM/ i2`K- i?2 bQ@+�HH2/ :BH#2`i
i2`K- /2b+`B#2b /�KTBM; iQr�`/ i?2 2z2+iBp2 K�;M2iB+ }2H/ HrX 6Q` � MmK2`B+�H bBKmH�iBQM-
r2 `2r`Bi2 1[X U9XkRV �b 7QHHQrb,

ṁr = −mr ×Hr +
α

ms
mr ×

[
−mr ×Hr +

α

ms
mr × ṁr

]
U9XkkV

= −mr ×
[
Hr +

α

ms
mr ×Hr

]
− α2ṁr, U9XkjV

⇒ ṁr = − mr

1 + α2
×
[
Hr +

α

ms
mr ×Hr

]
, U9Xk9V

r?2`2 r2 ?�p2 mb2/ ṁr ⊥ mr BM /2`BpBM; 1[X U9XkjVX

aiQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM

6Q` � bm{+B2MiHv bK�HH K�;M2iB+ /2pB+2- i?2`K�H ~m+im�iBQMb #2+QK2 `2H2p�Mi 7Q` /2i2`KBMBM;
i?2 K�;M2iBx�iBQM /vM�KB+bX AM RNej- "`QrM T`QTQb2/ � bBKTH2 ;2M2`�HBx�iBQM Q7 i?2 GG:
2[m�iBQM U9XkRV- r?B+? Bb FMQrM �b i?2 biQ+?�biB+ GG: UbGG:V 2[m�iBQM- BM r?B+? i?2`K�H
~m+im�iBQMb �`2 BMi`Q/m+2/ �b `�M/QK K�;M2iB+ }2H/b (Rkk)X h?2 bGG: 2[m�iBQM Bb rB/2Hv mb2/
BM i?2 }2H/ Q7 bTBMi`QMB+b �M/ T`Qp2/ iQ #2 � TQr2`7mH �TT`Q�+? iQ KQ/2HBM; mHi`�7�bi K�;@
M2iBx�iBQM T`Q+2bb2b (9e- 9d) HBF2 i?2 H�b2`@BM/m+2/ /2K�;M2iBx�iBQM (8j- kee- ked)- MQM@i?2`K�H
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K�;M2iBx�iBQM +QMi`QH (ke3)- �M/ bTBM@+m``2Mi ;2M2`�iBQM (keN-kdy) BM � 72``QK�;M2iX h?2 bGG:
2[m�iBQM `2�/b

ṁr = −γmr × [Hr + hr(t)] +
α

ms
mr × ṁr, U9Xk8V

r?2`2 hr(t) := [hr,1(t), hr,2(t), hr,3(t)] Bb i?2 `�M/QK K�;M2iB+ }2H/ �i r b�iBb7vBM;

⟨hr,a(t)hr′,b(t
′)⟩ = 2Dδabδr,r′δ(t− t′). U9XkeV

>2`2- D = 2kBTteα Bb i?2 /BzmbBQM +QMbi�Mi r?B+? b�iBb}2b i?2 ~m+im�iBQM@/BbbBT�iBQM i?2Q`2K-
r?2`2 Tte Bb i?2 i2KT2`�im`2 Q7 i?2 2MpB`QMK2MiX q2 +�M `2r`Bi2 1[X U9Xk8V BM i?2 7Q`K Q7
1[X U9XNV BM � K�MM2` bBKBH�` iQ r?�i r2 ?�p2 /QM2 BM /2`BpBM; 1[X U9Xk9V 7`QK 1[X U9XkRV,

ṁr = − mr

1 + α2
×
{
Hr + hr(t) +

α

ms
mr × [Hr + hr(t)]

}
. U9XkdV

9XjXk J�bi2` 2[m�iBQM
*QKT�`BM; 1[bX U9XdV �M/ U9XkdV- r2 Q#i�BM i?2 /`B7i �M/ /BzmbBQM }2H/,

fr = − m

1 + α2
×
(
Hr +

α

ms
mr ×Hr

)
+

2D

1 + α2
mr,

gr,ab =
1

1 + α2
ϵabcmr,c +

αms

1 + α2

(
δab −

mr,amr,b

(ms)2

)
, U9Xk3V

r?2`2 ϵabc Bb i?2 iQi�HHv �MiBbvKK2i`B+ i2MbQ` Q7 `�MF i?`22X q2 Q#i�BM i?2 6S 2[m�iBQM 7Q` i?2
bGG: 2[m�iBQM #v bm#biBimiBM; i?2b2 2[m�iBQMb BMiQ 1[b U9XR3V �M/ U9XkyVX 6Q` 2t�KTH2- BM i?2
+�b2 Q7 � bBM;H2 bTBM- r?2`2 mr = m �M/ Hr = H - r2 ?�p2

∂P (m, t)

∂t
+ div

{
− m

1 + α2
×
(
H +

α

ms
m×H

)
P (m, t)

+
D

1 + α2
m× [m× gradP (m, t)]

}
= 0. U9XkNV
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6HQ[m2i +?B`�H K�;M2iB+ 2z2+i

�b r2 ?�p2 `2pB2r2/ BM a2+X jXk- � rB/2 p�`B2iv Q7 #�M/ bi`m+im`2b T`Q?B#Bi2/ BM bi�iB+ H�iiB+2
bvbi2Kb mM/2` ;Bp2M bvKK2i`B2b +�M #2 `2�HBx2/ �b ;�TH2bb [m�bB2M2`;v bT2+i`� BM �/B�#�iB+
�M/ MQM@�/B�#�iB+ TmKTb (39- 38- 3N- R38- kdR)X 1t�KTH2b BM+Hm/2 � bBM;H2 +?B`�H 72`KBQM BM �
QM2@/BK2MbBQM�H H�iiB+2 rBi?Qmi bvKK2i`B2b (38)X q?BH2 bm+? `2�HBx�iBQMb #v 6HQ[m2i bvbi2Kb
?�p2 #22M bim/B2/ BM i?2 +QMi2ti Q7 �/B�#�iB+ TmKTb BM QM2@/BK2MbBQM�H H�iiB+2b (R3-3N-Rd3-R39)-
HBiiH2 Bb FMQrM QM i?2B` ?B;?2`@/BK2MbBQM�H �M�HQ;b (Rk3-R38-kdR)- BM T�`iB+mH�` i?2 `2�HBx�iBQMb
#v MQM@�/B�#�iB+ TmKTbX PM2 MQi�#H2 2t�KTH2 Q7 bm+? T`Q?B#Bi2/ #�M/ bi`m+im`2b BM ?B;?2`
/BK2MbBQM�HBiB2b Bb � bBM;H2 q2vH 72`KBQM QM � i?`22@/BK2MbBQM�H H�iiB+2- r?B+? Bb T`Q?B#Bi2/ #v
i?2 LB2Hb2M@LBMQKBv� i?2Q`2K (Ny- NR)X

AM i?Bb +?�Ti2`- r2 /2KQMbi`�i2 i?�i � bBM;H2 q2vH 72`KBQM +�M #2 `2�HBx2/ QM � T2`BQ/B+�HHv
/`Bp2M H�iiB+2- i?2`2#v Qp2`+QKBM; i?2 �#Qp2 HBKBi�iBQMbX Pm` KQ/2H Bb � i?`22@/BK2MbBQM�H
;2M2`�HBx�iBQM Q7 i?2 h?QmH2bb TmKT �M/ 72�im`2b � bBM;H2 q2vH 72`KBQM BM i?2 [m�bB2M2`;v
bT2+i`mK Q7 Bib 6HQ[m2i mMBi�`v QT2`�iQ`X q2 bim/v i?2 /vM�KB+b Q7 � bTBM@TQH�`Bx2/ i?2`@
K�H ;�b mM/2` Qm` /`BpBM; T`QiQ+QH �M/ b?Qr i?�i i?2 TmKT2/ 72`KBQM +?�`;2 �M/ ?2M+2 i?2
+m``2Mi ~Qr �HQM; Bib bTBM TQH�`Bx�iBQM �b � +QMb2[m2M+2 Q7 i?2 bTBM@KQK2MimK HQ+FBM; Q7
q2vH 72`KBQMbX JQ`2Qp2`- r?2M � bvMi?2iB+ K�;M2iB+ }2H/ Bb �TTHB2/- i?2 TmKT2/ +?�`;2 ~Qrb
QTTQbBi2 iQ i?2 K�;M2iB+ }2H/ 2p2M B7 �M BMBiB�H bi�i2 Bb MQi bTBM TQH�`Bx2/- Qz2`BM; � 6HQ[m2i
`2�HBx�iBQM Q7 i?2 +?B`�H K�;M2iB+ 2z2+i U*J1VX AM T�`iB+mH�`- �i ?�H7@}HHBM;- i?Bb TmKT2/ +?�`;2
+�M i�F2 � [m�MiBx2/ p�Hm2 i?�i Bb BM/2T2M/2Mi Q7 i?2 /2i�BH Q7 i?2 KQ/2HX Pm` T`QTQb�H +�M
#2 BKTH2K2Mi2/ #v mbBM; mHi`�+QH/ �iQKB+ ;�b2b- r?2`2 i?2 h?QmH2bb TmKT ?�b �H`2�/v #22M
2tT2`BK2Mi�HHv `2�HBx2/ (9y- 9R)X 6BM�HHv- #v ;2M2`�HBxBM; i?2 �#Qp2 B/2� iQ BM+Hm/2 bvKK2i`B2b-
r2 T`QpB/2 � iQTQHQ;B+�H +H�bbB}+�iBQM Q7 6HQ[m2i mMBi�`v QT2`�iQ`b BM i?2 �w bvKK2i`v +H�bb2b-
r?B+? Bb 7QmM/ iQ +QBM+B/2 rBi? i?�i Q7 ;�TH2bb bm`7�+2 bi�i2b Q7 bi�iB+ hAb �M/ ha*bX "v +QM@
bi`m+iBM; +QM+`2i2 KQ/2Hb BM 2�+? bvKK2i`v +H�bb �M/ /BK2MbBQM�HBiv- r2 b?Qr i?�i �HH ;�TH2bb
bm`7�+2 bi�i2b Q7 hAb �M/ ha*b +�M 2K2`;2 BM #mHF [m�bB2M2`;v bT2+i`� BM 6HQ[m2i bvbi2KbX

8XR .2}MBiBQM Q7 i?2 KQ/2H
q2 +QMbB/2` bTBM@?�H7 72`KBQMb QM � +m#B+ H�iiB+2 LC rBi? � bm#H�iiB+2 bi`m+im`2 BM i?2 i?B`/
/B`2+iBQM,

LC :=
{(

m1,m2,
m3

2

)∣∣∣m1,m2,m3 ∈ Z
}
, U8XRV

9k
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(a)

(b) Protocol /0 without magnetic field

(c) Protocol /10 with magnetic field

6B;m`2 8XR, U�V a+?2K�iB+ BHHmbi`�iBQM Q7 i?2 72`KBQM TmKTb U±
1 U`2/ �``QrbV- U±

2 U;`22M �``QrbV-
�M/ U±

h,3 U#Hm2 �``QrbV /2}M2/ BM 1[bX U8XjV �M/ U8X8V- QM i?2 i?`22@/BK2MbBQM�H H�iiB+2 LC - r?2`2
Lev �M/ Lod /2MQi2 i?2 bm#H�iiB+2b Q7 LC X h?2 /B`2+iBQMb Q7 i?2 �``Qrb /2b+`B#2 i?2 bTBM /B`2+iBQMb
Q7 72`KBQMbX U#V- U+V .`BpBM; T`QiQ+QHb UF Q7 i?2 TmKT U#V rBi?Qmi �M/ U+V rBi? � K�;M2iB+ }2H/-
r?2`2 Uq := exp(−i2πφx1x2) �M/ Us := exp(−iτsHs) �`2 i?2 iBK2 2pQHmiBQM QT2`�iQ` BM/m+2/ #v �
bm//2M brBi+?@QM �M/ @Qz Q7 � [m�/`mTQH2 TQi2MiB�H �M/ i?�i BM/m+2/ #v H�b2`@�bbBbi2/ ?QTTBM;b rBi?
>�KBHiQMB�M U8X98V- `2bT2+iBp2HvX

r?2`2 i?2 bm#H�iiB+2b Lev �M/ Lod �`2 /2}M2/ �b 7QHHQrb,

Lev := {(m1,m2,m3)|m1,m2,m3 ∈ Z} , Lod :=

{(
m1,m2,m3 +

1

2

)∣∣∣∣m1,m2,m3 ∈ Z
}
.

U8XkV

h?2 H�iiB+2 +QMbi�Mi alat Bb b2i iQ #2 mMBiv, alat = 1X �Hi?Qm;? r2 /Q MQi K�F2 �Mv /BbiBM+iBQM
#2ir22M i?2 bBi2b QM Lev �M/ i?Qb2 QM Lod- i?2v +�M #2 /BbiBM;mBb?2/ #v- 2X;X- BMi`Q/m+BM;
i?2 TQi2MiB�H /Bz2`2M+2X h?2 K�BM BM;`2/B2Mi Q7 Qm` KQ/2H Bb bTBM@b2H2+iBp2 h?QmH2bb TmKTb
(R3- 3N- Rd3) r?Qb2 iBK2 2pQHmiBQM UmMBi�`vV QT2`�iQ`b U±

j (j = 1, 2) �`2 ;Bp2M #v

U±
j :=

∑

x

∑

α,β=↑,↓

[
(P±

j )αβc†x±ej ,αcx,β + (P∓
j )αβc†x,αcx,β

]
=
∑

k

c†kV
±
j (kj)ck, U8XjV

r?2`2 x = (x1, x2, x3) �M/ k = (k1, k2, k3) /2MQi2 i?2 H�iiB+2 bBi2 �M/ i?2 +`vbi�H KQK2MimK-
`2bT2+iBp2Hv- ej Bb � mMBi p2+iQ` BM i?2 xj /B`2+iBQM- �M/ cx = (cx,↑, cx,↓) Bb i?2 �MMB?BH�iBQM
QT2`�iQ` Q7 � 72`KBQM rBi? bTBM α U↑ Q` ↓V �i bBi2 xX h?2 K�i`Bt P±

j := (σ0 ± σj)/2 Bb �
T`QD2+iBQM QT2`�iQ` QM � bTBM bi�i2 σj = ±1- rBi? σ0 �M/ σj (j = 1, 2, 3) #2BM; i?2 2 × 2
B/2MiBiv K�i`Bt �M/ i?2 S�mHB K�i`B+2b- `2bT2+iBp2HvX >2`2- i?2 6HQ[m2i@"HQ+? QT2`�iQ`b V ±

j (kj)
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�`2 i?2 4× 4 K�i`B+2b /2}M2/ #v

V ±
j (kj) :=

(
P±
j e∓ikj + P∓

j 0
0 P±

j e∓ikj + P∓
j

)
=

(
U±
j (kj) 0
0 U±

j (kj)

)
, U8X9V

r?2`2 U±
j (kj) := P±

j e∓ikj + P∓
j �M/ i?2 #�bBb b2i 7Q` i?2 7Qm` #�M/b Bb i�F2M �b U|↑, A⟩- |↑, B⟩-

|↓, A⟩- |↓, B⟩VX 6`QK i?2 T`QD2+iBp2 M�im`2 Q7 P±
j - mM/2` i?2 TmKT U+

j UU−
j V- 72`KBQMb BM � bTBM

bi�i2 σj = +1 U−1V �`2 /BbTH�+2/ #v QM2 H�iiB+2 bBi2 BM i?2 TQbBiBp2 UM2;�iBp2V xj /B`2+iBQM-
r?BH2 72`KBQMb BM � bTBM bi�i2 σ1 = −1 U+1V �`2 MQi- i?2`2#v �+?B2pBM; bTBM@b2H2+iBp2 i`�MbTQ`i
Ub22 `2/ �M/ ;`22M �``Qrb BM 6B;X 8XR U�VVX q2 �HbQ BMi`Q/m+2 bTBM@b2H2+iBp2 h?QmH2bb TmKTb
U±
h,3 r?B+? /BbTH�+2 72`KBQMb #v � ?�H7 H�iiB+2 bBi2 BM i?2 x3 /B`2+iBQM Ub22 #Hm2 �``Qrb BM 6B;X 8XR

U�VV,

U±
h,3 :=

∑

x

∑

α,β=↑,↓

[
(P±

j )αβc†
x±e3

2 ,α
cx,β + (P∓

j )αβc†x,αcx,β
]
=
∑

k

c†kV
±
h,3(k3)ck, U8X8V

r?2`2 i?2B` 6HQ[m2i@"HQ+? QT2`�iQ`b V ±
h,3(k3) �`2 /2}M2/ �b 7QHHQrb,

V +
h,3(k3) =

(
P3,− P3,+e−ik3

P3,+ P3,−

)
, V −

h,3(k3) =

(
P3,+ P3,−

P3,−eik3 P3,+

)
. U8XeV

h?2 /`BpBM; T`QiQ+QH Q7 Qm` iQTQHQ;B+�H TmKT Bb +QMbiBimi2/ Q7 2B;?i bm++2bbBp2 �TTHB+�iBQMb
Q7 U±

1 ,U±
2 - �M/ U±

h,3 �b b?QrM BM 6B;X 8XR U#V- r?2`2 i?2 iQi�H iBK2@2pQHmiBQM QT2`�iQ` Uwh
F 7Q`

i?2 r?QH2 7Qm` #�M/b Qp2` QM2 +v+H2 Bb ;Bp2M #v

Uwh
F := U−

1 U−
h,3U

−
2 U+

h,3U
+
1 U−

h,3U
+
2 U+

h,3 =
∑

k

c†kV
wh(k)ck, U8XdV

V wh(k) = V −
1 (k1)V

−
h,3 (k3)V

−
2 (k2)V

+
h,3 (k3)V

+
1 (k1)V

−
h,3 (k3)V

+
2 (k2)V

+
h,3 (k3) . U8X3V

h?2M- i?2 6HQ[m2i@"HQ+? QT2`�iQ` V wh(k) Bb /2+QKTQb2/ BMiQ i?2 irQ 2× 2 K�i`B+2b,

V wh(k) = UL(k)⊕ UH(k), U8XNV
UL(k) := U−

1 (k1)U
−
h,3 (k3)U

−
2 (k2)U

+
h,3 (k3)U

+
1 (k1)U

−
h,3 (k3)U

+
2 (k2)U

+
h,3 (k3) , U8XRyV

UH(k) := UL(k1, k2, k3 − 2π), U8XRRV

r?2`2 Uh,3(k) := U3(k/2) `2T`2b2Mib i?2 ?�H7@bBi2 i`�MbH�iBQM �HQM; i?2 x3 /B`2+iBQMX q2 `272`
iQ i?2 #�M/b r?B+? UL(k) UUH(k)V �+ib QM �b i?2 ǳHQr2`Ǵ Uǳ?B;?2`ǴV 6HQ[m2i #�M/bX 1[m�@
iBQM U8XRRV +�M #2 mM/2`biQQ/ 7`QK i?2 bm#H�iiB+2 bi`m+im`2 �HQM; i?2 x3 /B`2+iBQM �b 7QHHQrbX
Pm` KQ/2H +�M +QMiBMmQmbHv #2 /27Q`K2/ iQ � KQ/2H rBi?Qmi i?2 bm#H�iiB+2 /Bz2`2M+2- r?2`2 i?2
"`BHHQmBM xQM2 Bb 2ti2M/2/ 7`QK {(k1, k2, k3)|−π ≤ kj ≤ π} iQ {(k1, k2, k3)|−π ≤ k1, k2, k3/2 ≤
π}X 1[m�iBQM U8XNV BM/B+�i2b i?�i i?2 ǳHQr2`Ǵ 6HQ[m2i #�M/b +Q``2bTQM/ iQ i?2 bK�HH@k3 `2;BQM
−π ≤ k3 ≤ π- r?BH2 i?2 ǳ?B;?2`Ǵ QM2b +Q``2bTQM/ iQ i?2 7QH/2/ `2;BQM π < |k3| ≤ 2πX

q2 ?2`2�7i2` 7Q+mb QMHv QM i?2 ǳHQr2`Ǵ 6HQ[m2i #�M/b �M/ i?2 mMBi�`v QT2`�iQ` U(k) :=
UL(k)X �b r2 rBHH b22 #2HQr- i?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k) Bb � iQTQHQ;B+�HHv MQMi`BpB�H K�T
�M/ 72�im`2b � bBM;H2 q2vH 72`KBQM rBi?BM Bib [m�bB2M2`;v bT2+i`mKX Ai Bb rQ`i? K2MiBQMBM; i?�i
bm+? � MQMi`BpB�H K�T Bb Q#i�BM2/ 7`QK i?2 bK�b? T`Q/m+i- r?B+? Bb � K�i?2K�iB+�H K2i?Q/ Q7
+QMbi`m+iBM; iQTQHQ;B+�HHv MQMi`BpB�H K�Tb 7`QK � K�MB7QH/ HBF2 � iQ`mb (kdk)X a22 �TTX �XR 7Q`
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i?2 /2i�BH QM i?2 +QMbi`m+iBQMX � bi`�B;?i7Q`r�`/ +�H+mH�iBQM b?Qrb i?�i U(k) bi�vb � +QMbi�Mi
p�Hm2 −σ0 B7 k #2HQM;b iQ i?2 #QmM/�`v Q7 i?2 "`BHHQmBM xQM2 T3 := [−π, π]3 �M/ ?2M+2 b�iBb}2b
i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM QM T3 Ub22 �TTX �Xk 7Q` i?2 /2`Bp�iBQMVX

8XRXR hQTQHQ;B+�H MmK#2` Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ`
h?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k) BM 1[X U8XRyV 7Q`K�HHv /2}M2b � K�T 7`QK T3- i?2 "`BHHQmBM
xQM2- iQ U(n)- r?B+? Bb � bT�+2 Q7 mMBi�`v QT2`�iQ`b rBi? bBx2 nX Aib iQTQHQ;B+�H +?�`�+i2`Bx�iBQM
Bb ;Bp2M #v i?2 i?`22@/BK2MbBQM�H rBM/BM; MmK#2` W QM U(n),

W := −
∫

dk

24π2

3∑

i,j,k=1

ϵijkTr [RiRjRk] , U8XRkV

r?2`2 Ri := U †(k)∂kiU(k) (kdj)X hQ 2t�KBM2 i?2 MQMi`BpB�H iQTQHQ;v Q7 U(k)- r2 T�`�K2i`Bx2
i?2 2H2K2Mi U BM SU(2) BM i2`Kb Q7 u = (u1, u2, u3, u4) ∈ S3 �b 7QHHQrb,

U = u4σ0 + i (u1σ1 + u2σ2 + u3σ3) ,
3∑

k=0

(uk)
2 = 1. U8XRjV

A7 r2 T�`�K2i`Bx2 U(k) �b

U(k) = u4(k)σ0 + i (u1(k)σ1 + u2(k)σ2 + u3(k)σ3) , U8XR9V

u(k) = (u1(k), u2(k), u3(k), u4(k)) /2}M2b � K�T 7`QK T3 iQ S3- r?2`2 i?2 2tTHB+Bi 7Q`K Q7
u(k) Bb ;Bp2M #v

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u1(k) = − sin (k1) cos2
(
k2
2

)
cos2

(
k3
2

)
;

u2(k) = − cos2
(
k1
2

)
sin(k2) cos

(
k3
2

)
+ 1

2 sin(k1) cos
2
(
k2
2

)
sin(k3);

u3(k) = −1
2 sin(k1) sin(k2) cos

(
k3
2

)
− cos2

(
k1
2

)
cos2

(
k2
2

)
sin(k3);

u4(k) = 2 cos2
(
k1
2

)
cos2

(
k2
2

)
cos2

(
k3
2

)
− 1.

U8XR8V

6`QK 1[bX U8XRkV �M/ U8XR9V- W Bb 2tT`2bb2/ �b i?2 i?`22@/BK2MbBQM�H rBM/BM; MmK#2` QM
S3 (kdj),

W =

∫
dk

2π2

4∑

i,j,k,l=1

ϵijklui(k)
∂uj(k)

∂k1

∂uk(k)

∂k2

∂ul(k)

∂k3
. U8XReV

am#biBimiBM; 1[X U8XR8V BMiQ 1[X U8XReV- r2 Q#i�BM i?2 mMBi rBM/BM; MmK#2`,

W = 1. U8XRdV

Ai Bb rQ`i? K2MiBQMBM; i?�i i?2 rBM/BM; MmK#2` U8XRkV Bb � i?`22@/BK2MbBQM�H ;2M2`�HBx�iBQM
Q7 i?2 QM2@/BK2MbBQM�H rBM/BM; MmK#2` UjXjRV- r?B+? Bb mb2/ 7Q` � iQTQHQ;B+�H +?�`�+i2`Bx�iBQM Q7
i?2 h?QmH2bb TmKT (38)X AM i?Bb b2Mb2- Qm` KQ/2H +�M #2 `2;�`/2/ �b � i?`22@/BK2MbBQM�H �M�HQ;
Q7 i?2 h?QmH2bb TmKTX q?BH2 i?2 2tBbi2M+2 Q7 iQTQHQ;B+�HHv MQMi`BpB�H TmKTb +?�`�+i2`Bx2/ i?2
i?`22@/BK2MbBQM�H rBM/BM; MmK#2` U8XRkV ?�b �H`2�/v #22M /Bb+mbb2/ BM � T`2pBQmb bim/v (38)-
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Bib T?vbB+�H +QMb2[m2M+2 �M/ +QM+`2i2 KQ/2H ?�/ `2K�BM2/ 2HmbBp2X
�Hi?Qm;? U(k) ?�b i?2 MQMi`BpB�H rBM/BM; MmK#2` W - i?2 Qi?2` 6HQ[m2i@"HQ+? QT2`�iQ`

UH(k) �+iBM; QM i?2 ǳ?B;?2`Ǵ 6HQ[m2i #�M/b ?�b i?2 QTTQbBi2 rBM/BM; MmK#2` W = −1- �M/
?2M+2 i?2 iQi�H rBM/BM; MmK#2` p�MBb?2b, W = 0X h?Bb Bb i?2 b�K2 �b r?�i r2 ?�p2 BM
i?2 h?QmH2bb TmKT BM i?2 _B+2@J2H2 KQ/2H Ub22 a2+X kXjVX q2 ?�p2 irQ 6HQ[m2i@"HQ+? #�M/b
+Q``2bTQM/BM; iQ i?2 T�`iB+H2 �M/ ?QH2 #�M/b Q7 �M BMBiB�H >�KBHiQMB�M- r?B+? r2 H�#2H �b γ = 1
�M/ 2- `2bT2+iBp2HvX h?2B` QM2@/BK2MbBQM�H rBM/BM; MmK#2`b νγ �`2 r`Bii2M BM i2`Kb Q7 i?2B`
[m�bB2M2`;B2b ϵγ(k) �b 7QHHQrb,

νγ =

∫ π

−π

dk

2π

∂ϵγ(k)

∂k
. U8XR3V

q?2M i?2 6HQ[m2i@"HQ+? #�M/ γ = 1 ?�b � MQMi`BpB�H rBM/BM; MmK#2` νγ=1- � +?B`�H +m``2Mi
~Qrb mM/2` i?2 TmKT r?2M r2 bi�`i 7`QK i?2 ;`QmM/ bi�i2 Q7 i?2 BMBiB�H >�KBHiQMB�MX PM i?2
Qi?2` ?�M/- i?2 rBM/BM; MmK#2` Q7 i?2 Qi?2` 6HQ[m2i@"HQ+? #�M/ b?QmH/ ?�p2 i?2 QTTQbBi2
rBM/BM; MmK#2` νγ=2 = −νγ=1X h?mb- i?2 +m``2Mi rBi? i?2 b�K2 bi`2M;i? ~Qrb BM i?2 QTTQbBi2
/B`2+iBQM mM/2` i?2 TmKT B7 QMHv i?2 ?QH2 #�M/ Bb BMBiB�HHv Q++mTB2/X h?2`27Q`2- i?2 iQi�H
rBM/BM; MmK#2` p�MBb?2b, νγ=2 + νγ=1 = 0X aBKBH�` i?BM;b ?�TT2M BM bi�iB+ �M/ �MQK�HQmb hAb
�M/ ha*b, 2/;2 bi�i2b rBi? i?2 QTTQbBi2 iQTQHQ;B+�H MmK#2`b b?QmH/ �TT2�` BM T�B`b QM i?2
bm`7�+2b 7�+BM; rBi? 2�+? Qi?2` (3j-39-kk8)X PM2 +�MMQi BbQH�i2 QM2 Q7 i?2K rBi? }MBi2 MmK#2`b
Q7 #�M/bX

8Xk .BbT2`bBQM �M/ /vM�KB+b rBi?Qmi � K�;M2iB+ }2H/

8XkXR aBM;H2 q2vH 72`KBQM BM i?2 [m�bB2M2`;v bT2+i`mK

G2i heff(k) #2 i?2 2z2+iBp2 "HQ+? >�KBHiQMB�M Q7 U(k) /2}M2/ #v

U(k) =: exp [−iheff(k)T ] , U8XRNV

rBi? T #2BM; i?2 T2`BQ/ Q7 i?2 /`Bp2X AM r?�i 7QHHQrb- r2 b2i Bi iQ #2 mMBiv, T = 1X aBM+2 U(k)
Bb �M 2H2K2Mi Q7 SU(2)- Bib 2B;2Mp�Hm2b exp [±iϵ(k)T ] b�iBb7v

cos [ϵ(k)T ] =
Tr [U(k)]

2
= u4(k). U8XkyV

h?2`27Q`2- i?2 [m�bB2M2`;v ϵ(k) Bb Q#i�BM2/ 7`QK 1[X U8XR8V �b

ϵ(k) =
1

T
cos−1

[
2 cos2

(
k1
2

)
cos2

(
k2
2

)
cos2

(
k3
2

)
− 1

]
. U8XkRV

h?2 [m�bB2M2`;v bT2+i`� �HQM; i?2 HQQT +QMM2+iBM; Γ = (0, 0, 0)- M = (0, π, π)- �M/ K = (π, π, π)
�`2 b?QrM BM 6B;X 8Xk U�VX PM2 +�M b22 i?�i heff(k) p�MBb?2b QMHv �i i?2 Γ TQBMi- �`QmM/ r?B+?
i?2 /BbT2`bBQM `2H�iBQM Bb HBM2�`X aBM+2 U(k) +�M #2 2tT�M/2/ �`QmM/ i?2 Γ TQBMi �b

U(k) ≈ σ0 − ik · σ, U8XkkV
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6B;m`2 8Xk, U�V Zm�bB2M2`;v bT2+i`� ϵ(k) U#Hm2V �M/ −ϵ(k) U`2/V Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k)
BM 1[X U8XRyV �HQM; i?2 HQQT +QMM2+iBM; i?2 TQBMib K = (π,π,π)- M = (0,π,π)- �M/ Γ = (0, 0, 0)
rBi?BM i?2 "`BHHQmBM xQM2 T3 = {(k1, k2, k3)| − π ≤ kj ≤ π} Q7 i?2 +m#B+ H�iiB+2 LC X h?2 [m�bB2M2`;v
bT2+i`� 2ti2M/ Qp2` −π ≤ ϵ(k) ≤ πX U#V SmKT2/ 72`KBQM +?�`;2 ∆Q3 �b � 7mM+iBQM Q7 i2KT2`�im`2
Tte 7Q` i?2 bTBM@TQH�`Bx2/ i?2`K�H bi�i2 U8Xk8V rBi? i?2 #�M/ }HHBM; n = 0.1- r?2`2 EF Bb i?2 62`KB
2M2`;vX AM i?2 `2/ U#Hm2V +m`p2- i?2 BMBiB�H bi�i2 Bb 7mHHv TQH�`Bx2/ rBi? bTBM@mT UbTBM@/QrMV 72`KBQMbX
U+V SmKT2/ 72`KBQM +?�`;2 ∆Q3 �b � 7mM+iBQM Q7 i2KT2`�im`2 Tte �M/ i?2 #�M/@}HHBM; nX h?2 BMBiB�H
bi�i2 Bb i?2 i?2`K�H bi�i2 U8Xk8V TQH�`Bx2/ rBi? bTBM@mTX h?2 TmKT2/ +?�`;2 ∆Q3 #2+QK2b H�`;2 �i
HQr i2KT2`�im`2 �M/ HQr #�M/@}HHBM;X

7`QK 1[X U8XRyV iQ;2i?2` rBi? i?2 `2H�iBQM U±
j (k) ≈ σ0 ∓ iP±

j k 7Q` k ≈ 0- i?2 2z2+iBp2 >�KBH@
iQMB�M +�M #2 r`Bii2M �b

heff(k) ≈
k · σ
T

, U8XkjV

r?B+? +H2�`Hv BM/B+�i2b i?2 T`2b2M+2 Q7 � bBM;H2 H27i@?�M/2/ q2vH 72`KBQM �i k = 0X
� 72r `2K�`Fb �`2 BM Q`/2`X 6B`bi- i?2 [m�bB2M2`;B2b �`2 +QMbi�Mi #2ir22M i?2 M �M/ K

TQBMib- bBM+2 r2 ?�p2 U(k) = −σ0 QM i?2 #QmM/�`v Q7 T3X a2+QM/Hv- Qm` KQ/2H b?QmH/ #2
/BbiBM;mBb?2/ BM iQTQHQ;v 7`QK i?2 T`2pBQmb T`QTQb�Hb 7Q` `2�HBxBM; 6HQ[m2i@q2vH b2KBK2i�Hb
(e9-kd9Ĝk3k)- r?2`2 i?2 q2vH TQBMib �Hr�vb �TT2�` BM T�B`b rBi?BM � bBM;H2 #�M/ BM �++Q`/�M+2
rBi? i?2 LB2Hb2M@LBMQKBv� i?2Q`2KX 6BM�HHv- i?2 T`2b2M+2 �M/ bi�#BHBiv Q7 i?2 bBM;H2 q2vH
72`KBQM Bb 2Mbm`2/ 7`QK i?2 MQMi`BpB�H i?`22@/BK2MbBQM�H rBM/BM; MmK#2` U8XRkV �M/ ?2M+2 MQi
`2bi`B+i2/ iQ Qm` KQ/2HX AM 7�+i- i?2 bi�#BHBiv Q7 i?2 bBM;H2 q2vH 72`KBQM Bb b?QrM BM �MQi?2`
KQ/2H mbBM; �M �/B�#�iB+ TmKT (k3j)X

8XkXk hQTQHQ;B+�H TmKT rBi? bTBM@KQK2MimK HQ+FBM;
q2 MQr b?Qr i?�i i?2 /vM�KB+b mM/2` i?2 /`BpBM; T`QiQ+QH UF `2~2+ib i?2 bTBM@KQK2MimK
HQ+FBM; Q7 q2vH 72`KBQMbX h?2 iBK2 2pQHmiBQM Q7 i?2 bvbi2K Bb ;Qp2`M2/ #v i?2 /Bb+`2i2@iBK2
pQM@L2mK�MM 2[m�iBQM,

ρt+T = UFρtU †
F , U8Xk9V

r?2`2 ρt Bb � K�Mv@#Q/v /2MbBiv K�i`Bt �i iBK2 tX Ai Bb rQ`i? K2MiBQMBM; i?�i r2 /Q MQi ?�p2
i?2 MQiBQM Q7 i?2 ǳ;`QmM/ bi�i2Ǵ BM � 6HQ[m2i bvbi2K #2+�mb2 Q7 i?2 T2`BQ/B+Biv Q7 [m�bB2M2`;B2b-
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�M/ i?2`27Q`2 i?2`2 Bb MQ � T`BQ`B ;mB/BM; T`BM+BTH2 7Q` +?QQbBM; �M BMBiB�H bi�i2 mMHBF2 BM �M
�/B�#�iB+ TmKTX �b �M BMBiB�H bi�i2 ρ0- r2 ?2`2 i�F2 � i?2`K�H bi�i2 Q7 72`KBQMb QM i?2 H�iiB+2
LC ,

ρ0 =
∑

q,α

fFD,α(q) |q,α⟩0 ⟨q,α|0 , U8Xk8V

r?B+? +�M 2�bBHv #2 BKTH2K2Mi2/ BM mHi`�+QH/ �iQKB+ ;�b2bX >2`2- |q,α⟩0 Bb i?2 2B;2Mbi�i2 rBi?
KQK2MimK q (∈ [−π, π]2 × [−2π, 2π]) �M/ bTBM α =↑, ↓,

|q,α⟩0 =
∑

x

e−ik·x |x⟩ ⊗ |α⟩ , U8XkeV

r?2`2 |x⟩⊗|α⟩ `2T`2b2Mib i?2 HQ+�HBx2/ bi�i2 �i bBi2 x rBi? bTBM αX h?2 TQTmH�iBQM Q7 2B;2Mbi�i2b
Bb /2i2`KBM2/ 7`QK i?2 62`KB /Bbi`B#miBQM 7mM+iBQM fFD,α(q),

fFD,α(q) =

[
1 + exp

(
ϵ0(q)− EF

Tte

)]−1

, U8XkdV

r?2`2 Tte �M/ EF �`2 i?2 i2KT2`�im`2 �M/ i?2 62`KB 2M2`;v- `2bT2+iBp2Hv- �M/

ϵ0(q) := 2t1(1− cos q1) + 2t2(1− cos q2) + 2t3
[
1− cos

(q2
2

)]
U8Xk3V

Bb i?2 /BbT2`bBQM `2H�iBQM Q7 i?2 iB;?i@#BM/BM; KQ/2H QM LC rBi? KQK2MimK q- rBi? ti #2BM;
i?2 ?QTTBM; �KTHBim/2 BM i?2 xi /B`2+iBQMX q2 r`Bi2 i?2 }HHBM; BM i?2 BMBiB�H bi�i2 �b n,

n =

∑
q,α fFD,α(q)∑

q,α 1
, U8XkNV

hQ �M�Hvx2 i?2 /vM�KB+b mM/2` i?2 TmKT- r2 +�H+mH�i2 i?2 TmKT2/ 72`KBQM +?�`;2 ∆Q :=
(∆Q1,∆Q2,∆Q3)- r?B+? Bb /2}M2/ �b i?2 BMi2;`�H Q7 i?2 +m``2Mi Ji(t) Qp2` QM2 T2`BQ/,

∆Qi :=

∫ T

0

dt Ji(t), U8XjyV

Ji(t) :=
∑

ki

Tr

[
ρt
∂H(k, t)

∂ki

]
, U8XjRV

r?2`2 ρt �M/ H(k, t) �`2 i?2 /2MbBiv K�i`Bt �M/ i?2 BMbi�Mi�M2Qmb >�KBHiQMB�M- `2bT2+iBp2Hv- �i
iBK2 tX h?2M- ∆Q Bb b?QrM iQ #2 r`Bii2M �b i?2 �p2`�;2 Q7 i?2 p2HQ+Biv ∇kϵγ rBi? `2bT2+i iQ i?2
MQM@2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQM fγ(k) := ⟨k, γ| ρ0 |k, γ⟩ Ub22 �TTX �Xj 7Q` i?2 /2`Bp�iBQMV,

∆Q :=
1

N

∑

k,γ

fγ(k)∇kϵγ, U8XjkV

r?2`2 γ Bb i?2 H�#2H iQ /BbiBM;mBb? i?2 6HQ[m2i #�M/b �M/ N =
∑

k,γ fγ(k) Bb i?2 T�`iB+H2 MmK#2`X
LQi2 i?�i i?2 MQM@2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQM fγ(k) Bb /2i2`KBM2/ 7`QK fFD,α(k) �M/ i?2
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Qp2`H�T #2ir22M |q,α⟩0 �M/ |k, γ⟩ �b 7QHHQrb,

fγ(k) =
∑

q,α

fFD,α(q)| ⟨k, γ|q,α⟩0 |
2 =

∑

α

fFD,α(k)| ⟨uγ(k)|α⟩ |2, U8XjjV

r?2`2 uγ(k) Bb i?2 6HQ[m2i@"HQ+? bi�i2 rBi? KQK2MimK k �M/ #�M/ γX PM2 +�M b22 7`QK
1[X U8XjjV i?�i QM2 +�M 2z2+iBp2Hv `2bi`B+i QM2b2H7 iQ i?2 ǳHQr2`Ǵ 6HQ[m2i #�M/b |k3| ≤ π r?2M
i?2 #�M/ }HHBM; n b�iBb}2b n ≤ 0.5 �M/ i?2 62`KB ;�b Bb /2;2M2`�i2 �`QmM/ k = 0X hQ K�tBKBx2
i?2 TQTmH�iBQM fγ(k) BM i?2 ǳHQr2`Ǵ 6HQ[m2i #�M/b- r2 �bbmK2 t1, t2 < t3 �M/ ?2M+27Q`i? b2i
t1 = t2 = t0 �M/ t3 = 2t0X

hQ �M�Hvx2 i?2 2z2+i Q7 i?2 q2vH TQBMi k = 0- r2 }`bi +QMbB/2` i?2 HQr@i2KT2`�im`2 �M/
bK�HH #�M/@}HHBM; +�b2- r?2`2 QM2 +�M �M�HviB+�HHv +�H+mH�i2 ∆QX AM i?Bb +�b2- i?2 BMBiB�H bi�i2
?�b � HQ+�HBx2/ TQTmH�iBQM M2�` i?2 q2vH TQBMiX h?2 [m�bB2M2`;B2b ϵγ �M/ i?2 +Q``2bTQM/BM;
6HQ[m2i@"HQ+? bi�i2b |uγ(k)⟩ �`2 �TT`QtBK�i2/ M2�` k = 0 �b

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ϵγ=1(k) = |k|, |uγ=1(k)⟩ =
(

cos (θk/2) e−iφk

sin (θk/2)

)
;

ϵγ=2(k) = −|k|, |uγ=2(k)⟩ =
(

sin (θk/2) e−iφk

− cos (θk/2)

)
,

U8Xj9V

r?2`2 θk �M/ φk �`2 i?2 TQH�` �M/ �xBKmi? �M;H2b Q7 i?2 mMBi p2+iQ` k/|k|,

k

|k| = (sin θk cosφk, sin θk sinφk, cos θk). U8Xj8V

h?2M- r2 ?�p2
∑

γ

|uγ(k)⟩∇kϵγ ⟨uγ(k)| ≈ k̂(k̂ · σ), U8XjeV

r?2`2 i?2 TmKT2/ +?�`;2 ∆Q Bb +�H+mH�i2/ iQ #2

∆Q ≈ 1

N

∑

k,α

fFD,α(k) ⟨α|k̂(k̂ · σ)|α⟩ =
∑

k:FS k̂(k̂ · Sk)∑
k:FS 1

. U8XjdV

>2`2-
∑

k:FS /2MQi2b i?2 bmK Qp2` i?2 62`KB bT?2`2 �M/ Sk :=
∑

α fFD,α(k) ⟨α|σ|α⟩ Bb i?2 bTBM
TQH�`Bx�iBQM �i KQK2MimK kX h?mb- ∆Q Bb i?2 �p2`�;2 Q7 k̂(k̂ · Sk) Qp2` i?2 62`KB bT?2`2X
6Q` � bTBM@TQH�`Bx2/ BMBiB�H bi�i2 rBi? bTBM bi�i2 |α⟩- Sk Bb T�`�HH2H iQ ⟨α|σ|α⟩X h?2`27Q`2-
(k̂ ·Sk) Bb K�tBKBx2/ r?2M k̂ ∥ ⟨α|σ|α⟩- r?B+? ;Bp2b ∆Q ∥ ⟨α|σ|α⟩X h?mb- i?2 TmKT2/ +?�`;2
�M/ ?2M+2 i?2 +m``2Mi ~Qr T�`�HH2H iQ i?2 bTBM TQH�`Bx�iBQM- r?B+? Bb � K�MB72bi�iBQM Q7 i?2
bTBM@KQK2MimK HQ+FBM; Q7 � q2vH 72`KBQMX

hQ bmTTQ`i i?2 �#Qp2 �M�HviB+�H �`;mK2Mi- r2 MmK2`B+�HHv +�H+mH�i2 ∆Q �++Q`/BM; iQ
1[X U8XjkV 7Q` p�`BQmb i2KT2`�im`2 Tte �M/ i?2 #�M/ }HHBM; nX q2 �bbmK2 i?�i i?2 bTBM Bb
BMBiB�HHv TQH�`Bx2/ BM i?2 S3 /B`2+iBQM �M/ +�H+mH�i2 i?2 TmKT2/ 72`KBQM +?�`;2 ∆Q3 �HQM; i?2
x3 /B`2+iBQMX AM �HH i?2 +?QB+2b Q7 i?2 T�`�K2i2`b- r2 +QM}`K i?�i i?2 TmKT2/ +?�`;2b ∆Q1 �M/
∆Q2 BM i?2 Qi?2` /B`2+iBQMb p�MBb?X AM 6B;X 8Xk U#V- r2 THQi ∆Q3 �b � 7mM+iBQM Q7 i2KT2`�im`2
Tte 7Q` i?2 bK�HH #�M/ }HHBM; n = 0.1X AM i?2 `2/ U#Hm2V +m`p2- i?2 BMBiB�H bi�i2 Bb 7mHHv TQH�`Bx2/
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rBi? bTBM@mT UbTBM@/QrMVX .2T2M/BM; QM i?2 /B`2+iBQM Q7 i?2 bTBM TQH�`Bx�iBQM- i?2 +m``2Mi
rBi? i?2 b�K2 K�;MBim/2 ~Qrb BM i?2 QTTQbBi2- r?B+? Bb +QMbBbi2Mi rBi? i?2 �#Qp2 �M�HviB+�H
�`;mK2MiX h?2 TmKT2/ +?�`;2 ∆Q3 b�im`�i2b BM i?2 HQr@i2KT2`�im`2 HBKBi �M/ bm`pBp2b 2p2M
�i ?B;? i2KT2`�im`2b Tte ! EF X AM 6B;X 8Xk U+V- r2 T`2b2Mi i?2 i2KT2`�im`2 �M/ i?2 #�M/@}HHBM;
/2T2M/2M+2 Q7 ∆Q3 7Q` �M BMBiB�H bi�i2 TQH�`Bx2/ rBi? bTBM@mTX AM � rB/2 T�`�K2i2` `2;BQM- ∆Q3

i�F2b � TQbBiBp2 p�Hm2- r?B+? `2bmHib 7`QK i?2 2z2+i Q7 i?2 bTBM@KQK2MimK HQ+FBM; Q7 i?2 q2vH
72`KBQMX

8Xj 6HQ[m2i +?B`�H K�;M2iB+ 2z2+i

8XjXR .BbT2`bBQM, +?B`�H 72`KBQM mM/2` � K�;M2iB+ }2H/

q?2M � K�;M2iB+ }2H/ Bb �TTHB2/- � q2vH 72`KBQM 72�im`2b +?B`�H i`�MbTQ`i �HQM; i?2 �TTHB2/
K�;M2iB+ }2H/- r?B+? Bb � T?2MQK2MQM FMQrM �b i?2 *J1 (Nk- Nj)X � K�;M2iB+ }2H/ +�M #2
BMi`Q/m+2/ BM Qm` KQ/2H i?`Qm;? i?2 `2TH�+2K2Mi Q7 U±

2 BM 1[X U8XRyV rBi? U †
qU±

2 Uq Ub22 6B;X 8XR
U+VV- r?2`2 Uq := exp(−i2πφx1x2) Bb i?2 iBK2@2pQHmiBQM QT2`�iQ` BM/m+2/ #v � bm//2M brBi+?@QM
�M/ @Qz Q7 � [m�/`mTQH2 TQi2MiB�H (RNR- k39)X aBM+2 r2 ?�p2

U †
qV

±
2 (k2)Uq = V ±

2 (k2 − 2πφx1), U †
qU

±
2 (k2)Uq = U±

2 (k2 − 2πφx1), U8Xj3V

i?2 2z2+iBp2 >�KBHiQMB�M M2�` k = 0 Bb ;Bp2M #v

heff = (k +A) · σ, U8XjNV

rBi? A = (0,−2πφx1, 0) #2BM; i?2 p2+iQ` TQi2MiB�H Q7 � mMB7Q`K K�;M2iB+ }2H/ B = (0, 0,−2πφ)
BM i?2 G�M/�m ;�m;2X 1[m�iBQM U8XjNV /2b+`B#2b � q2vH 72`KBQM mM/2` i?2 K�;M2iB+ }2H/ Q7
bi`2M;i? Bs = 2πφ �HQM; i?2 (−z) /B`2+iBQMX

hQ /2i2`KBM2 i?2 [m�bB2M2`;v bT2+i`�- r2 }`bi /2`Bp2 � 6HQ[m2i �M�HQ; Q7 i?2 �m#`v@�M/`2B@
>�`T2` KQ/2H �b r2 /2`Bp2 i?2 >�`T2` >�KBHiQMB�M 7`QK i?2 irQ@/BK2MbBQM�H >�KBHiQMB�M Q7
2H2+i`QMb mM/2` � K�;M2iB+ }2H/ (k38-k3e)X G2i L1 #2 i?2 MmK#2` Q7 bBi2b �HQM; i?2 x1 /B`2+iBQMX
h?2 T�`iB�H 6Qm`B2` i`�Mb7Q`K Q7 U †

qU±
2 Uq �M/ U±

1 BM i?2 x2@ �M/ x3@�t2b �`2 ;Bp2M #v

U †
qU±

2 Uq =
∑

k2,k3

L1∑

x1=1

c̄†x1
U±
2 (k2 − 2πφx1)c̄x1 , U±

1 =
∑

k2,k3

L1∑

x1=1

(
c̄†x1±1P

±
1 c̄x1 + c̄†x1

P∓
1 c̄x1

)
, U8X9yV

r?2`2 c̄x1 := cx1,k2,k3 Bb i?2 �MMB?BH�iBQM QT2`�iQ` Q7 i?2 72`KBQM �i bBi2 x1 rBi? }t2/ KQK2Mi�
k2 �M/ k3X h?2M- /2}MBM; U±(x1) �b Ū±(x1) := U−

h,3(k3)U
±
2 (k2 − 2πφx1)U

+
h,3(k3)- r2 Q#i�BM

U−
h,3U

†
qU±

2 UqU+
h,3 =

∑

k2,k3

L1∑

x1=1

c̄†x1
Ū±(x1)c̄x1 , U8X9RV

UF = U−
1 U−

h,3U
†
qU−

2 UqU+
h,3U

+
1 U−

h,3U
†
qU+

2 UqU+
h,3 =:

∑

k2,k3

U ′(k2, k3), U8X9kV
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r?2`2 i?2 Qp2`�HH 6HQ[m2i@"HQ+? QT2`�iQ` U ′(k2, k3) Bb /2}M2/ BM 1[X U8X9kV �M/ ;Bp2M #v

U ′(k2, k3) =
L1∑

x1=1

(
c̄†x1+1ū1c̄x1 + c̄†x1

ū0c̄x1 + c̄†x1−1ū−1c̄x1

)
, U8X9jV

⎧
⎪⎨

⎪⎩

ū1 = P+
1 Ū−(x1 + 1)P+

1 Ū+(x1);

ū0 = P−
1 Ū−(x1 + 1)P+

1 Ū+(x1) + P+
1 Ū−(x1)P

−
1 Ū+(x1);

ū−1 = P−
1 Ū−(x1)P

−
1 Ū+(x1).

U8X99V

>Qr2p2`- i?2 mMBi�`v QT2`�iQ` U ′(k2, k3) rBi? MQMx2`Q φ /Q2b MQi b�iBb7v i?2 T2`BQ/B+ #QmM/@
�`v +QM/BiBQM �HQM; i?2 k3 /B`2+iBQM- BX2- U ′(k2, π) ̸= U ′(k2,−π)- #2+�mb2 i?2 ǳHQr2`Ǵ �M/
ǳ?B;?2`Ǵ 6HQ[m2i #�M/b �`2 +QmTH2/ i?`Qm;? i?2 [m�/`mTQH2 }2H/bX hQ +QKTH2i2Hv /2+QmTH2
i?2K 2p2M BM i?2 T`2b2M+2 Q7 i?2 [m�/`mTQH2 }2H/b- r2 BMi`Q/m+2 i?2 �//BiBQM�H iBK2 2pQHmiBQM
Us rBi? /m`�iBQM τs mM/2` � bi�iB+ >�KBHiQMB�M Hs /2}M2/ #v

Hs = Js
∑

x

(icx+e3
2
cx + h.c.), U8X98V

r?B+? +�M #2 BKTH2K2Mi2/ #v H�b2`@�bbBbi2/ ?QTTBM; (RNk)X "v imMBM; 2Jsτs = πφ/2- r2 Q#i�BM
i?2 r?QH2 iBK2@2pQHmiBQM QT2`�iQ` Ū(k2, k3) 7Q` i?2 ǳHQr2`Ǵ 6HQ[m2i #�M/b,

Ū(k2, k3) = Us(k3)U
′(k2, k3), U8X9eV

r?2`2 Us(k3) := exp [−i(πφ/2) sin(k3/2)] Bb i?2 6HQ[m2i@"HQ+? QT2`�iQ` �+iBM; QM i?2 ǳHQr2`Ǵ
6HQ[m2i #�M/bX h?`Qm;? � bi`�B;?i7Q`r�`/ +�H+mH�iBQM- r2 +�M b?Qr i?�i Ū(k2, k3) b�iBb}2b
i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM, Ū(k2, π) = Ū(k2,−π)X h?2 mMBi�`v QT2`�iQ` Ū(k2, k3) ;Bp2b
� 6HQ[m2i �M�HQ; Q7 i?2 �m#`v@�M/`2B@>�`T2` KQ/2H (k38- k3e) rBi? irQ T�`�K2i2`b k2 �M/
k3X q?2M i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM Bb BKTQb2/ BM i?2 x1 /B`2+iBQM- � +?�M;2 BM i?2
KQK2MimK k2 → k2 + ∆k Bb +QKT2Mb�i2/ 7Q` #v � b?B7i Q7 i?2 TQbBiBQM x1 → x1 + ∆k/(2πφ)
�HQM; i?2 x1 /B`2+iBQM- �M/ i?2`27Q`2 i?2 bT2+i`mK Q7 Ū(k2, k3) Bb BM/2T2M/2Mi Q7 k2X

6B;m`2b 8Xj U�V �M/ U#V b?Qr i?2 [m�bB2M2`;v bT2+i`� Q7 Ū(0, k3) 7Q` φ = 0 �M/ φ = 1/20- `2@
bT2+iBp2Hv- r?2`2 i?2 +QHQ` Q7 i?2 TQBMib `2T`2b2Mib i?2 bTBM TQH�`Bx�iBQM S3 := ⟨ua(k3)|σ3|ua(k3)⟩
Q7 2B;2Mbi�i2 |ua(k3)⟩X h?2 ~mt φ QT2Mb i?2 G�M/�m ;�T rBi? bBx2 2ωL := 2

√
2Bs ≈ 1.6 M2�`

i?2 q2vH TQBMi k3 = 0- �M/ � bTBM@TQH�`Bx2/ +?B`�H 72`KBQM 2K2`;2b BMbB/2 i?2 ;�TX h?2 2M2`;v
bT2+i`mK Q7 i?2 q2vH >�KBHiQMB�M U8XjNV mM/2` i?2 K�;M2iB+ }2H/ Bb ;Bp2M #v

ϵn(k3) =

⎧
⎪⎨

⎪⎩

√
k2
3 + nω2

L n > 0;

k3 n = 0;

−
√
k2
3 + |n|ω2

L n < 0.

U8X9dV

6B;m`2 8Xj U+V b?Qrb �M 2MH�`;2/ bT2+i`mK M2�` i?2 q2vH TQBMi �i k3 = 0 7Q` φ = 1/20- r?2`2
r2 +�M b22 ;QQ/ �;`22K2Mi #2ir22M i?2 MmK2`B+�H `2bmHi UTQBMibV �M/ i?2 �M�HviB+�H QM2 U8X9dV
U#H�+F /�b?2/ +m`p2bVX
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6B;m`2 8Xj, U�V- U#V Zm�bB2M2`;v bT2+i`� Q7 Ū(0, k3) rBi? ~mt U�V φ = 0 �M/ U#V φ = 1/20- r?2`2
i?2 +QHQ` Q7 i?2 TQBMib `2T`2b2Mib i?2 2tT2+i�iBQM p�Hm2 S3 Q7 σ3 7Q` 2�+? 2B;2Mbi�i2X U+V Zm�bB2M2`;v
bT2+i`mK rBi? φ = 1/20 M2�` i?2 q2vH TQBMi �i k3 = 0X h?2 /�b?2/ +m`p2b b?Qr i?2 /BbT2`bBQM U8X9dV
Q7 i?2 q2vH >�KBHiQMB�M U8XjNV mM/2` � K�;M2iB+ }2H/X

8XjXk *?B`�H i`�MbTQ`i �HQM; i?2 K�;M2iB+ }2H/
"2+�mb2 Q7 i?2 T`2b2M+2 i?2 +?B`�H /BbT2`bBQM- � bTBM@TQH�`Bx2/ r�p2 T�+F2i KQp2b BM i?2 /B`2+iBQM
QTTQbBi2 iQ i?2 �TTHB2/ K�;M2iB+ }2H/ mM/2` i?2 /`Bp2- r?B+? Bb � 6HQ[m2i `2�HBx�iBQM Q7 i?2
*J1X hQ b22 i?Bb- r2 +�H+mH�i2 i?2 TmKT2/ 72`KBQM +?�`;2 Q7 � /2;2M2`�i2 62`KB ;�b rBi? �
i?2`K�H BMBiB�H bi�i2 U8Xk8VX G2i mb r`Bi2 i?2 2B;2Mbi�i2 Q7 Ū(k2, k3) �b |k3, k2, b⟩- rBi? b #2BM;
i?2 H�#2H Q7 G�M/�m H2p2HbX h?2 iBK2 2pQHmiBQM Bb ;Qp2`M2/ #v i?2 /Bb+`2i2@iBK2 pQM L2mK�MM
2[m�iBQM ρt+T = UFρtU †

F �M/ i?2 TmKT2/ 72`KBQM +?�`;2 ∆Q3 �MiBT�`�HH2H iQ i?2 K�;M2iB+ }2H/
Bb /2}M2/ #v

∆Q3 =
1

N

∑

k2,k3,b

fk2,b(k3)
∂ϵb
∂k3

=

∑
k2,b

∫ π

−π
dk3
2π fk2,b(k3)∂k3ϵb∑

k2,b

∫ π

−π
dk3
2π fk2,b(k3)

, U8X93V

r?2`2 fk2,b(k3) := ⟨k3, k2, b| ρ0 |k3, k2, b⟩ Bb i?2 MQM@2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQMX PM2 +�M
b22 7`QK 1[X U8X93V i?�i ∆Q3 Bb i?2 bmK Q7 i?2 r2B;?i2/ �p2`�;2 Q7 i?2 rBM/BM;@MmK#2` /2MbBiv
∂k3ϵbX aBM+2 i?2 K�;M2iB+ }2H/ Bb �TTHB2/ BM i?2 (−z) /B`2+iBQM, B := (0, 0,−2πφ)- r2 2tT2+i �
M2i TmKT2/ +?�`;2 �HQM; i?2 (+z) /B`2+iBQM bi�`iBM; 7`QK �M mMTQH�`Bx2/ bTBM bi�i2X

6B;m`2 8X9 U�V b?Qrb i?2 TmKT2/ 72`KBQM +?�`;2 ∆Q3 �b � 7mM+iBQM Q7 i2KT2`�im`2 Tte

rBi? i?2 bK�HH #�M/ }HHBM; n = 0.1 �M/ ~mt φ = 1/10X h?2 BMBiB�H bi�i2b �`2 +?Qb2M �b �
7mHHv TQH�`Bx2/ bi�i2 rBi? bTBM@mT U`2/ bQHB/ +m`p2V- i?�i rBi? bTBM@/QrM U#Hm2 bQHB/ +m`p2V-
Q` �M mMTQH�`Bx2/ bi�i2 rBi? �M 2[m�H KBtim`2 Q7 i?2 bTBM bi�i2b UTm`TH2 bQHB/ +m`p2VX 6Q`
`272`2M+2- r2 T`2b2Mi i?2 b�K2 +�H+mH�iBQM #mi rBi?Qmi � K�;M2iB+ }2H/ U`2/- #Hm2- �M/ Tm`TH2
/�b?2/ +m`p2bVX 6Q` � rB/2 `�M;2 Q7 i2KT2`�im`2- i?2 TmKT2/ +?�`;2 Q7 i?2 /QrM@bTBM bi�i2 Bb
bmTT`2bb2/ #2+�mb2 Q7 i?2 G�M/�m ;�T- r?BH2 Bi Bb 2M?�M+2/ 7Q` i?2 mT@bTBM bi�i2 QrBM; iQ i?2
;�TH2bb +?B`�H /BbT2`bBQM ϵ ∝ k3X �b � `2bmHi- i?2 M2i TmKT2/ +?�`;2 ∆Q3 7Q` i?2 mMTQH�`Bx2/
bi�i2 i�F2b � TQbBiBp2 p�Hm2 BM i?2 T`2b2M+2 Q7 � K�;M2iB+ }2H/ UTm`TH2 bQHB/ +m`p2V r?BH2 Bi
p�MBb?2b rBi?Qmi � K�;M2iB+ }H2/ UTm`TH2 /�b?2/ +m`p2VX 6B;m`2 8X9 U#V b?Qrb i?2 i2KT2`�im`2
�M/ i?2 #�M/@}HHBM; /2T2M/2M+2 Q7 ∆Q3 rBi? ~mt φ = 1/10 7Q` �M mMTQH�`Bx2/ BMBiB�H bi�i2X AM
i?2 2MiB`2 T�`�K2i2` `2;BQM- ∆Q3 i�F2b � TQbBiBp2 p�Hm2- r?B+? Bb � K�MB72bi�iBQM Q7 i?2 +?B`�H
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6B;m`2 8X9, U�V SmKT2/ 72`KBQM +?�`;2 ∆Q3 �MiBT�`�HH2H iQ i?2 K�;M2iB+ }2H/ �b � 7mM+iBQM Q7
i2KT2`�im`2 Tte rBi? i?2 bK�HH #�M/ }HHBM; n = 0.1 �M/ ~mt φ = 1/10- r?2`2 EF Bb i?2 62`KB 2M2`;vX
h?2 `2/- #Hm2- �M/ Tm`TH2 bQHB/ +m`p2b +Q``2bTQM/ iQ i?2 i?2`K�H bi�i2 TQH�`Bx2/ rBi? bTBM@mT- i?�i
rBi? bTBM@/QrM- �M/ i?2 mMTQH�`Bx2/ BMBiB�H bi�i2b- `2bT2+iBp2HvX h?2 /�b?2/ +m`p2b b?Qr ∆Q3 7Q`
i?2 b�K2 BMBiB�H bi�i2b rBi?Qmi � K�;M2iB+ }2H/X U#V SmKT2/ 72`KBQM +?�`;2 ∆Q3 �b � 7mM+iBQM Q7
i2KT2`�im`2 Tte �M/ i?2 #�M/ }HHBM; n rBi? i?2 }t2/ ~mt φ = 1/10X h?2 BMBiB�H bi�i2 Bb �M mMTQH�`Bx2/
bi�i2X U+V SmKT2/ 72`KBQM +?�`;2 ∆Q3 �b � 7mM+iBQM Q7 i2KT2`�im`2 Tte 7Q` p�`BQmb p�Hm2b Q7 ~mt φX
h?2 #�M/ }HHBM; Bb }t2/ �b n = 0.1 �M/ i?2 BMBiB�H bi�i2 Bb �M mMTQH�`Bx2/ bi�i2X U/V SmKT2/ 72`KBQM
+?�`;2 ∆Q3 �b � 7mM+iBQM Q7 ~mt φX h?2 BMBiB�H bi�i2 Bb �M mMTQH�`Bx2/ bi�i2 �M/ i?2 i2KT2`�im`2 Bb
}t2/ iQ #2 x2`QX h?2 `2/ U#Hm2V TQBMib +Q``2bTQM/ iQ i?2 #�M/ }HHBM; n = 0.1 Un = 0.5V �M/ i?2 ;`22M
/�b?2/ HBM2 b?Qrb i?2 �M�HviB+�H 2tT`2bbBQM ∆Q3 = φ/2 BM 1[X U8X8RVX

i`�MbTQ`i Q7 i?2 *J1X AM 6B;X 8X9 U+V- r2 THQi i?2 i2KT2`�im`2 /2T2M/2M+2 Q7 ∆Q3 7Q` b2p2`�H
p�Hm2b Q7 ~mt φ 7Q` i?2 }t2/ #�M/ }HHBM; n = 0.1X h?2 M2i TmKT2/ +?�`;2 #2+QK2b H�`;2` 7Q`
H�`;2` φX

AM 6B;X 8X9 U/V- r2 T`2b2Mi i?2 x2`Q@i2KT2`�im`2 TmKT2/ 72`KBQM +?�`;2 7Q` �M mMTQH�`Bx2/
BMBiB�H bi�i2X h?2 #�M/ }HHBM; Bb }t2/ �i n = 0.1 Un = 0.5V 7Q` i?2 `2/ U#Hm2V TQBMibX �i
?�H7@}HHBM; n = 0.5- ∆Q3 Bb +HQb2 iQ φ/2 U;`22M /�b?2/ HBM2V- r?B+? �+im�HHv ?�b i?2 iQTQHQ;B+�H
Q`B;BM 2tTH�BM2/ �b 7QHHQrbX AM i?2 HBKBi t3 ≫ t1, t2- QMHv i?2 ǳHQr2`Ǵ 6HQ[m2i #�M/ Bb Q++mTB2/ �i
?�H7@}HHBM; n = 0.5 �M/ KQ`2Qp2` i?2 /Bbi`B#miBQM fFD,α(k) Bb mMB7Q`K �i i?2 x2`Q i2KT2`�im`2X
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h?2M- i?2 MQM@2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQM fk2,b(k3) �HbQ i�F2b � +QMbi�Mi p�Hm2,

fk2,b(k3) =
∑

q,α

fFD,α(q)| ⟨k3, k2, b|q,α⟩ |2 =
∑

q,α

| ⟨k3, k2, b|q,α⟩ |2 = ⟨k3, k2, b|k3, k2, b⟩ = 1.

U8X9NV

h?2`27Q`2- ∆Q3 BM 1[X U8X93V `2/m+2b iQ i?2 bmK Q7 i?2 QM2@/BK2MbBQM�H rBM/BM; MmK#2` Qp2`
�HH i?2 #�M/b /BpB/2/ #v i?2 MmK#2` Q7 #�M/b,

∆Q3 =

∑
k2,b

∫ π

−π
dk3
2π

∂ϵb
∂k3∑

k2,b
1

=

∑
k2,b

νb∑
k2,b

1
. U8X8yV

6Q` 2�+? k2- r2 ?�p2 i?2 (2L1)@G�M/�m #�M/b �M/ i?2 (φL1)@+?B`�H #�M/b i?`Qm;? i?2 K�;M2iB+
~mt φX 1�+? +?B`�H #�M/ ;Bp2b i?2 rBM/BM; MmK#2` νb = +1 �M/ ?2M+2 r2 ?�p2

∆Q3 =

∑
k2
φL1∑

k2
(2L1)

=
φ

2
. U8X8RV

q2 2KT?�bBx2 i?�i i?Bb [m�MiBx2/ TmKT2/ +?�`;2 p�MBb?2b BM mbm�H 6HQ[m2i@q2vH b2KBK2i�Hb
Q#i�BM2/ rBi? iQTQHQ;B+�HHv i`BpB�H U(k) #2+�mb2 H27i@ �M/ `B;?i@?�M/2/ q2vH 72`KBQMb �TT2�`
rBi? 2[m�H MmK#2`b rBi?BM � bBM;H2 #�M/ BM �++Q`/�M+2 rBi? i?2 LB2Hb2M@LBMQKBv� i?2Q`2KX
h?2 [m�bB2M2`;v #�M/ BM Qm` b2imT- BM +QMi`�bi- ?Qbib � bBM;H2@+?B`�HBiv q2vH 72`KBQM rBi?Qmi
� T�`iM2` Q7 QTTQbBi2 +?B`�HBiv rBi?BM � bBM;H2 #�M/- 2M�#HBM; mb iQ `2�HBx2 i?2 ǳK�tBK�HHv
BK#�H�M+2/Ǵ TQTmH�iBQM r?2`2 QMHv QM2 +?B`�H +QKTQM2Mi Bb Q++mTB2/X

8X9 1tT2`BK2Mi�H BKTH2K2Mi�iBQM
qBi? ?B;? b+�H�#BHBiv �M/ +QMi`QHH�#BHBiv (k3d)- mHi`�+QH/ �iQKB+ ;�b2b �`2 2t+2HH2Mi +�M/B/�i2b
7Q` BKTH2K2MiBM; i?2 6HQ[m2i *J1X h?2 +`m+B�H BM;`2/B2Mib �`2 i?2 bTBM@b2H2+iBp2 h?QmH2bb
TmKTb U±

j �M/ U±
h,3- r?B+? +�M #2 `2�HBx2/ #v � bTBM@/2T2M/2Mi QTiB+�H H�iiB+2 (k33ĜkNk) mbBM;

87_# Q` #v H�b2`@�bbBbi2/ imMM2HBM; (3N-kNj) mbBM; 173u#X AM #Qi? +�b2b- i?2 mMBi�`v QT2`�iQ`b Uq

�M/ Us +�M #2 BKTH2K2Mi2/ #v � bm//2M brBi+?@QM �M/ @Qz Q7 � [m�/`mTQH2 TQi2MiB�H (RNR-k39)
�M/ i?2 H�b2`@�bbBbi2/ ?QTTBM; (RNk)- `2bT2+iBp2HvX

8X9XR a2imT rBi? 87_#
_m#B/BmK Bb i?2 KQbi@mb2/ �iQKB+ bT2+B2b BM [m�MimK bBKmH�iBQM #�b2/ QM mHi`�+QH/ �iQKB+ ;�bX
h?2 bTBM@/2T2M/2Mi i`�MbTQ`i mbBM; bTBM@/2T2M/2Mi QTiB+�H H�iiB+2b ?�p2 �H`2�/v #22M `2�HBx2/
rBi? 87_# (kNR- kNk)X h?2 irQ bTBM bi�i2b |↑⟩ �M/ |↓⟩ �`2 +?Qb2M �b |↑⟩ = |F = 2,mF = −2⟩
�M/ |↓⟩ = |F = 1,mF = −1⟩X *QMbB/2` � i?`22@/BK2MbBQM�H QTiB+�H H�iiB+2 T`Q/m+2/ #v i?`22
Q`i?Q;QM�H H�b2` #2�Kb �M/ i?2B` `2i`Q`2~2+i2/ QM2bX hQ bmTT`2bb i?2 M�im`�H ?QTTBM; J - r2
�TTHv �M QTiB+�H }2H/ ;`�/B2Mi rBi? � bHQT2 ∆- r?B+? Bb bm{+B2MiHv bK�HH +QKT�`2/ rBi? i?2
H�iiB+2 /2Ti? V0 #mi H�`;2` i?�M J (j8- jd)X h?2 i?`22 T�B`b Q7 +QmMi2`T`QT�;�iBM; TH�M2 r�p2b
�`2 �HH HBM2�`Hv TQH�`Bx2/- �M/ r2 r`Bi2 i?2 �M;H2 #2ir22M i?2 TQH�`Bx�iBQM p2+iQ`b ep

1,+ �M/ ep
1,−

Q7 i?2 #2�Kb �HQM; i?2 x1 �tBb �b θ1- i?�i �HQM; i?2 x2 �tBb �b θ2- �M/ i?�i �HQM; i?2 x3 �tBb
�b θ3X h?Qb2 �M;H2b �`2 /vM�KB+�HHv +QMi`QHH2/ #v 2H2+i`Q@QTiB+�H KQ/mH�iQ`b #v `Qi�iBM; i?2
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TQH�`Bx�iBQM p2+iQ` Q7 i?2 `2i`Q`2~2+i2/ H�b2` #2�KbX h?2M- i?2 r�p2 p2+iQ`b ki,α (i = 1, 2, 3
�M/ α = +,−) �M/ i?2 TQH�`Bx�iBQM p2+iQ`b ep

i,α (i = 1, 2, 3 �M/ α = +,−) Q7 i?2 bBt H�b2`
#2�Kb �`2 ;Bp2M #v

k1,± = ±ke1, k2,± = ±ke2, , k3,± = ±ke3, U8X8kV

ep
1,±, = R1

(
±θ1
2

)
e2, , ep

2,± = R2

(
±θ2
2

)
e3, ep

3,± = R3

(
±θ3
2

)
e1, U8X8jV

r?2`2 Ri(θ) Bb i?2 `Qi�iBQM K�i`Bt �`QmM/ i?2 xi �tBb i?`Qm;? �M;H2 θ Ub22 6B;bX 8X8 U�V- U#V-
�M/ U+VVX h?2M- i?2 +`2�i2/ QTiB+�H TQi2MiB�H Up(x) �i i?2 TQbBiBQM x Bb ;Bp2M #v

Up(x) = us| [ep(x)]∗ · ep(x)|σ0 + uvBeff · σ, U8X89V
Beff = i [ep(x)]∗ × ep(x), U8X88V

ep(x) =
∑

i=1,2,3

∑

α=±
ep
i,α exp(iki,α · x+ φi), U8X8eV

r?2`2 us �M/ uv �`2 i?2 b+�H�` TQi2MiB�H �M/ i?2 p2+iQ` TQi2MiB�H- `2bT2+iBp2Hv (RNk)X >2`2- φi

Bb i?2 T?�b2 Q7 �M BM+QKBM; r�p2 �HQM; i?2 xi �tBb- r?B+? Bb T?�b2@HQ+F2/ �M/ +QMi`QHH2/ #v
�M �//BiBQM�H 2H2+i`Q@QTiB+�H KQ/mH�iQ`X q2 }`bi +QMbB/2` i?2 bTBM i`�MbTQ`i �HQM; i?2 x1@�tBb
i?`Qm;? i?2 +?�M;2b Q7 θ1 �M/ φ1X amTTQb2 us > uv > 0 �M/ r2 BMBiB�HHv b2i θ1 = θ2 = θ3 = 0
�M/ φ1 = φ2 = φ3 = πX AM i?Bb +�b2- i?2 �iQKb �`2 i`�TT2/ �i x = alat(m1,m2,m3) ∈ LC - r?2`2
alat = π/k Bb i?2 H�iiB+2 +QMbi�MiX �b r2 +?�M;2 (θ1,φ1) 7`QK (0, π) iQ (π, 2π)- �iQKb rBi? bTBM
bi�i2b σ1 = 1 �`2 /BbTH�+2/ #v QM2 H�iiB+2 bBi2 BM i?2 TQbBiBp2 x1 /B`2+iBQM- r?BH2 i?Qb2 rBi?
bTBM bi�i2b σ1 = −1 �`2 MQi- `2�HBxBM; bTBM@b2H2+iBp2 i`�MbTQ`i Q7 �iQKb rBi? σ1 = 1X 6Q` i?2
T�`�K2i2` +?�M;2 Q7 (θ1,φ1) 7`QK (0, π) iQ (π, 0)- �iQKb rBi? bTBM bi�i2b σ1 = −1 �`2 /BbTH�+2/
#v QM2 H�iiB+2 bBi2 BM i?2 M2;�iBp2 x1 /B`2+iBQM- r?BH2 i?Qb2 rBi? bTBM bi�i2b σ1 = 1 �`2 MQi-
`2�HBxBM; � bTBM@b2H2+iBp2 i`�MbTQ`i Q7 �iQKb rBi? σ1 = −1X h?2 bTBM@b2H2+iBp2 i`�MbTQ`i �HQM;
i?2 x2@ �M/ x3@/B`2+iBQMb +�M #2 �+?B2p2/ #v +?�M;BM; (θ2,φ2) �M/ (θ3,φ3)- `2bT2+iBp2HvX

�Hi?Qm;? 87_# Bb � #QbQM �M/ ?2M+2 i?2 Q#b2`p2/ TmKT2/ +?�`;2 ∆Q3 Bb /Bz2`2Mi 7`QK
i?�i b?QrM BM a2+X 8Xk- r2 biBHH 2tT2+i � MQMx2`Q ∆Q3 Q`B;BM�iBM; 7`QK i?2 +?B`�H /BbT2`bBQM BM
i?2 [m�bB2M2`;v BM 6B;X 8Xj U#VX aBM+2 i?2 TmKT2/ +?�`;2 ∆Q3 Bb H�`;2Hv /2i2`KBM2/ 7`QK i?2
/BbT2`bBQM M2�` i?2 q2vH TQBMi k = 0- � "Qb2@1BMbi2BM +QM/2Mb�i2 Q7 87_#- r?Qb2 KQK2MimK
/Bbi`B#miBQM �`2 HQ+�HBx2/ M2�` k = 0- �`2 bm{+B2Mi iQ Q#b2`p2 i?2 bTBM@/2T2M/2Mi i`�MbTQ`i
�M/ i?2 6HQ[m2i *J1X AM 6B;X 8X8 U/V- r2 +�H+mH�i2 ∆Q3 U#Hm2 TQBMibV- r?2`2 i?2 BMBiB�H bi�i2
Bb i�F2M �b "Qb2@1BMbi2BM +QM/2Mb�i2b �i i?2 KQK2MimK k = 0X q?2M i?2 i2KT2`�im`2 Bb
HQr 2MQm;?- i?2 BMBiB�H@bi�i2 /2MbBiv K�i`Bt ρ0 Bb ;Bp2M #v i?2 KBtim`2 Q7 i?2 "Qb2@1BMbi2BM
+QM/2Mb�i2b rBi? bTBM mT �M/ /QrM rBi? KQK2MimK k = 0,

ρ0 =
∑

α=↑,↓

|k = 0,α⟩ ⟨k = 0,α| . U8X8dV

�b b?QrM �b i?2 #Hm2 TQBMib BM 6B;X 8X8 U/V- ∆Q3 2t?B#Bib i?2 TQr2`@H�r #2?�pBQ` ∆Q3 ∝
√
φ

7Q` � bK�HH φ U;`22M /�b?2/ +m`p2VX
hQ Q#b2`p2 i?2 6HQ[m2i *J1- r2 K2�bm`2 i?2 b?B7i XC BM i?2 +2Mi2` Q7 K�bb rBi?BM QM2 +v+H2-

r?B+? +QBM+B/2b rBi? i?2 TmKT2/ +?�`;2 ∆Q mM/2` � b2KB+H�bbB+�H �TT`QtBK�iBQMX 6Q` i?2
Q#b2`p�iBQM- i?2 iBK2b+�H2 Q7 i?2 TmKT τpump b?QmH/ #2 K�/2 Km+? bK�HH2` i?�M i?2 /2+Q?2`2M+2
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(a) (b) (c) (d)

6B;m`2 8X8, U�V- U#V- U+V G�b2` +QM};m`�iBQMb Q7 i?2 bTBM@b2H2+iBp2 TmKTb U�V U±
1 - U#V U±

2 - �M/ U+V U±
h,3-

r?2`2 ki,α �M/ epi,α (i = 1, 2, 3 �M/ α = +,−) �`2 i?2 r�p2 p2+iQ`b �M/ i?2 TQH�`Bx�iBQM p2+iQ`b Q7 i?2
bBt HBM2�`Hv TQH�`Bx2/ H�b2` #2�Kb 7Q`KBM; �M QTiB+�H H�iiB+2X h?2 `2/ �M/ #H�+F �``Qrb `2T`2b2Mi i?2
r�p2 p2+iQ`b Q7 i?2 +QmMi2`T`QT�;�iBM; H�b2` #2�Kb �M/ ;`22M �``Qrb �`2 i?2B` TQH�`Bx�iBQM /B`2+iBQMb-
�M/ θi /2MQi2b i?2 �M;H2 #2ir22M epi,+ �M/ epi,−- �M/ φi /2MQi2b i?2 HQ+F2/ T?�b2 Q7 i?2 BM+QKBM; r�p2
�HQM; i?2 xi �tBbX U/V SmKT2/ 72`KBQM +?�`;2 ∆Q3 7Q` � #QbQMB+ �iQKB+ ;�b- r?2`2 i?2 BMBiB�H bi�i2
Bb i�F2M �b � "Qb2@1BMbi2BM +QM/2Mb�i2 �i i?2 KQK2MimK k = 0X

iBK2 τde Q7 i?2 bTBMX h?2 iBK2b+�H2 Q7 i?2 TmKT τpump Bb /2i2`KBM2/ 7`QK i?2 �/B�#�iB+Biv
+QM/BiBQM 7Q` i?2 H�iiB+2 bHB/BM;- BX2X- �pQB/BM; 2t+Bi�iBQMb iQ ?B;?2` "HQ+? #�M/bX h?Bb +QM/BiBQM
Bb b�iBb}2/ 7Q` τpump ≥ 40 µb2+ 7Q` i?2 H�iiB+2 /2Ti? V0 = 30Er- rBi? Er #2BM; i?2 `2+QBH
2M2`;v (kNR- kNk)X h?2 /QKBM�Mi K2+?�MBbK 7Q` /2+Q?2`2M+2 K�v #2 i?2 QM@bBi2 BMi2`�+iBQM
#2ir22M T�`iB+H2b (kNR)- #v r?B+? τde = kyy µb2+ 7Q` i?2 H�iiB+2 /2Ti? V0 = 25Er rBi? Er

#2BM; i?2 `2+QBH 2M2`;v Q7 87_# rBi? r�p2H2M;i? λ = 785 MKX q?2M i?2 bBM;H2 bTBM@b2H2+iBp2
h?QmH2bb TmKT QT2`�i2b rBi?BM 40 µb2+- �iQKb 2tT2`B2M+2 i?2 BMi2`�+iBQM 2M2`;v /m`BM; i?2
iBK2 τd,s = 40 µsec × (w/λ) rBi? w #2BM; i?2 bBx2 Q7 � r�p2 T�+F2i HQ+�HBx2/ �i � bBi2X h?2M-
i?2 iQi�H iBK2 τd,tot /m`BM; r?B+? i?2 �iQKb 2tT2`B2M+2 i?2 BMi2`�+iBQM Bb 2biBK�i2/ iQ #2
τd,tot = 8τd,sX aBM+2 (w/λ) ≈

√
V0/Er 7Q` � /22T QTiB+�H H�iiB+2 �M/ i?2 BMi2`�+iBQM 2M2`;v

∝ τ−1
de Bb T`QTQ`iBQM�H iQ (V0/Er)

4
3 (k3d)- τde/τd,tot = 8 7Q` i?2 H�iiB+2 /2Ti? V0/Er = 20X AM i?Bb

+�b2- i?2 QTiB+�H }2H/ ;`�/B2Mi rBi? i?2 QM@bBi2 2M2`;v /Bz2`2M+2 ∆ rBi? i2Mb Q7 F>x Bb bm{+B2Mi
iQ bmTT`2bb i?2 M�im`�H ?QTTBM; J = 0.02Er ∼ F>xX h?mb- 3 +v+H2b Q7 i?2 TmKTb +�M QT2`�i2-
r?B+? Bb bm{+B2Mi iQ Q#b2`p2 i?2 /BbTH�+2K2Mi Q7 i?2 +2Mi2` Q7 K�bb b?QrM BM 6B;X 8X9 U/VX
�MQi?2` HBKBi�iBQM Bb i?2 2t+Bi�iBQM iQ ?B;?2` "HQ+? #�M/b i?`Qm;? � [m�/`mTQH2 }2H/ TmHb2X
h?2 r2B;?i wexc Q7 i?2 2t+Bi2/ bi�i2b Bb ;Bp2M #v wexc ∝ φ(w/λ)2 (RNR) �M/ ?2M+2 Bi Bb M2;HB;B#H2
7Q` � r2�F K�;M2iB+ ~mt �M/ � /22T QTiB+�H H�iiB+2X

8X9Xk a2imT rBi? 173u#

JQiBp�i2/ #v i?2 `2+2Mi 2tT2`BK2Mib QM `2�HBxBM; bvMi?2iB+ ;�m;2 }2H/b (kRN- kN9) �M/ i?2
T`QTQb�Hb 7Q` BKTH2K2MiBM; ?2HB+�H ?QTTBM; (3N- kNj)- r2 +QMbB/2` v2i �MQi?2` BKTH2K2Mi�iBQM
b+?2K2 mbBM; 72`KBQMB+ �HF�HBM2@2�`i?@HBF2 �iQKb 173u# �M/ � H�b2`@�bbBbi2/ ?QTTBM; mbBM; i?2
2t+Bi2/ H2p2H 3S1X 6Q` i?2 BKTH2K2Mi�iBQM- r2 `2r`Bi2 U(k) �b i?2 +QK#BM�iBQM Q7 ?2HB+�H TmKTb
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�b 7QHHQrb,

U(k) = Ũ1(k1)Ũ3

(
k3
2

)
Ũ2(k2)Ũ3

(
k3
2

)
Ũ1(k1)Ũ3

(
k3
2

)
Ũ2(k2)Ũ3

(
k3
2

)
, U8X83V

r?2`2 Ũj(k) := e−i
σj
2 k Bb i?2 ?2HB+�H TmKTX h?2 irQ bTBM bi�i2b �`2 i�F2M �b |mF = −5/2⟩ �M/

|mF = −1/2⟩ BM i?2 ;`QmM/ bi�i2 K�MB7QH/ 1a0 rBi? F = I = 5/2X h?2 bBt@7QH/ /2;2M2`�+v
#2ir22M i?2 bTBM bi�i2b Bb HB7i2/ #v � w22K�M bTHBiiBM; ∆B,3 BM/m+2/ #v � mMB7Q`K K�;M2iB+
}2H/ BM i?2 x3 /B`2+iBQMX h?2 M�im`�H ?QTTBM; Bb bmTT`2bb2/ #v � K�;M2iB+ }2H/ ;`�/B2Mi
δB3 = ∆1x1 +∆2x2 +∆3x3- r?2`2 ∆1,∆2- �M/ ∆3 �`2 i?2 QM@bBi2 2M2`;v /Bz2`2M+2 �HQM; i?2
x1- x2- �M/ x3 /B`2+iBQMb- `2bT2+iBp2HvX 6Q` � H�iiB+2 /2Ti? V0 = 20Er- r?2`2 i?2 M�im`�H ?QTTBM;
J Bb ;Bp2M #v J = 0.02Er- i?2 w22K�M bTHBiiBM; ∆B,z Q7 i?2 Q`/2` Q7 i2Mb Q7 F>x Bb bm{+B2Mi
7Q` i?2 bmTT`2bbBQMX � bTBM@~BT ?QTTBM; �HQM; i?2 x3 /B`2+iBQM +�M #2 BM/m+2/ #v _�K�M H�b2`
#2�Kb `2bQM�Mi iQ i?2 2M2`;v /Bz2`2M+2 ∆3 (kNj)X h?2 ?2HB+�H TmKT +�M #2 BKTH2K2Mi2/ #v
i?Bb bTBM@~BT ?QTTBM; 7QHHQr2/ #v i?2 π TmHb2 (3N)X h?2 ?2HB+�H ?QTTBM;b Ũ1,2(k1,2) BM i?2 Qi?2`
irQ /B`2+iBQMb +�M #2 BKTH2K2Mi2/ #v � +QK#BM�iBQM Q7 i?2 π/2 TmHb2b �M/ i?2 ?2HB+�H TmKT
#2+�mb2 r2 ?�p2

Ũ1(k1) = e−
iπσ2

4 Ũ3(k1)e
iπσ2

4 , Ũ2(k2) = e
iπσ1

4 Ũ3(k2)e
− iπσ1

4 . U8X8NV

PM2 +�M b2H2+iBp2Hv BM/m+2 i?2b2 i?`22@/B`2+iBQM�H ?QTTBM;b #v K�FBM; ∆1,∆2- �M/ ∆3 /Bz2`2Mi
7`QK 2�+? Qi?2` �M/ i?`22 T�B`b Q7 _�K�M H�b2` #2�KbX h?Bb +�M #2 /QM2 �HbQ #v � T�B` Q7
_�K�M H�b2` #2�Kb �M/ /vM�KB+�HHv +?�M;BM; ∆1,∆2- �M/ ∆3X

hQ Q#b2`p2 i?2 6HQ[m2i *J1- i?2 iBK2b+�H2 Q7 i?2 TmKT τpump b?QmH/ #2 K�/2 Km+? bK�HH2`
i?�M i?2 HB72iBK2 τlife Q7 i?2 _�K�M BM/m+2/ ?QTTBM;X h?2 iBK2b+�H2 Q7 � _�K�M@BM/m+2/
?QTTBM; Ω QM � H�iiB+2 bvbi2K Bb Q7 i?2 Q`/2` Q7 F>x (kRN) r?2M i?2 QM2@T?QiQM /2imMBM; δ Q7
i?2 _�K�M T`Q+2bb Bb i�F2M iQ #2 Q7 i?2 Q`/2` Q7 R :>x (kNj-kN9)X AM i?Bb +�b2- i?2 bBM;H2 TmKT
QT2`�i2b rBi?BM QM2 KBHHBb2+QM/- H2�/BM; iQ i2Mb Q7 KBHHBb2+QM/ 7Q` QM2 +v+H2 Q7 i?2 TmKTX h?2
HB72iBK2 τlife ∼ δ/(γΩ) `2bmHiBM; 7`QK ?2�iBM; rBi? i?2 _�K�M T`Q+2bb Bb Q7 i?2 Q`/2` Q7 R b2+
7Q` i?2 HB72iBK2 Q7 γ = 850 Mb2+ (kN8)- r?B+? Bb Km+? HQM;2` i?�M �M �HF�HB@K2i�H bvbi2K (kN9)X
h?2`27Q`2- �i H2�bi � 72r i2Mb Q7 TmKTb +�M QT2`�i2 rBi?BM i?2 HB72iBK2- r?B+? Bb bm{+B2Mi 7Q`
i?2 Q#b2`p�iBQM Q7 i?2 6HQ[m2i *J1X

8X8 *H�bbB}+�iBQM Q7 ;�TH2bb 6HQ[m2i bT2+i`�
h?2 2K2`;2M+2 Q7 � bBM;H2 q2vH 72`KBQM Bb � +QMb2[m2M+2 Q7 i?2 MQMi`BpB�H iQTQHQ;v Q7 i?2
6HQ[m2i@"HQ+? QT2`�iQ` U(k)X h?Bb T?2MQK2MQM Bb ;2M2`�HBx2/ iQ � rB/2` `�M;2 Q7 H�iiB+2@
T`Q?B#Bi2/ #�M/ bi`m+im`2b mM/2` +2`i�BM bvKK2i`B2bX AM ;2M2`�H- iQTQHQ;B+�HHv MQMi`BpB�H
6HQ[m2i@"HQ+? QT2`�iQ`b �b mMBi�`v K�Tb 7`QK i?2 "`BHHQmBM xQM2 TQbb2bb ;�TH2bb [m�bB2M2`;v
bT2+i`�- bBM+2 � ;�TT2/ 6HQ[m2i QT2`�iQ` +�M +QMiBMmQmbHv #2 /27Q`K2/ BMiQ � i`BpB�H mMBi�`v-
2X;X- U(k) = 1N (R3- kNe)- r?2`2 1N Bb i?2 B/2MiBiv K�i`Bt rBi? bBx2 N X >2`2- N /2MQi2b i?2
MmK#2` Q7 #�M/bX G2i mb i�F2 � 6HQ[m2i@"HQ+? QT2`�iQ`

U(k) := Tt exp

[
−i

∫ T

0

dth(k, t)

]
∈ U(N) U8XeyV
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;Bp2M #v bQK2 mMBi�`v K�i`BtX q2 +QMbB/2` i?`22 bvKK2i`B2b BM i?2 �w +H�bb2b (RyR- Ryk)- BX2X
i?2 iBK2@`2p2`b�H bvKK2i`v Θ- i?2 T�`iB+H2@?QH2 bvKK2i`v C- �M/ i?2 +?B`�H bvKK2i`v Γ,

Θh(k, t)Θ−1 = h(−k, T − t), Ch(k, t)C−1 = −h(−k, t), Γh(k, t)Γ−1 = −h(k, T − t).
U8XeRV

AM i2`Kb Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ`b- i?2b2 bvKK2i`B2b �`2 2tT`2bb2/ �b 7QHHQrb (R3),

ΘU(k)Θ−1 = U †(−k), CU(k)C−1 = U(−k), ΓU(k)Γ−1 = U †(k), U8XekV

r?B+? +�M #2 `2r`Bii2M �b i?2 bvKK2i`B2b Q7 i?2 2z2+iBp2 "HQ+? >�KBHiQMB�M heff(k),

Θheff(k)Θ
−1 = heff(−k), Cheff(k)

−1C = −heff(−k), Γheff(k)Γ
−1 = −heff(k). U8XejV

q2 �HHQr �Mv +QMiBMmQmb /27Q`K�iBQM Q7 6HQ[m2i@"HQ+? QT2`�iQ`b r?B+? `2bT2+i i?2 bvKK2i`v
Q7 i?2 bvbi2K- �M/ +H�bbB7v i?2B` bi�#H2 2[mBp�H2M+2 +H�bb2b �++Q`/BM; iQ i?2 E@i?2Q`v (Ryk-Ryj)X
LQi2 i?�i r2 /Q MQi �bbmK2 2M2`;v ;�Tb Q7 i?2 [m�bB2M2`;v #�M/X

q2 2KT?�bBx2 i?�i i?2 bvKK2i`v `2bi`B+iBQMb U8XekV QM i?2 6HQ[m2i@"HQ+? QT2`�iQ` Bb /B7@
72`2Mi 7`QK i?Qb2 QM �/B�#�iB+ TmKTbX �b r2 +�M b22 7`QK 1[bX UkXj8V �M/ U8XejV- i?2 �w
bvKK2i`B2b �`2 BKTQb2/ QM i?2 BMbi�Mi�M2Qmb "HQ+? >�KBHiQMB�M h(k, t) BM �/B�#�iB+ TmKTb
r?BH2 i?Qb2 �`2 BKTQb2/ QM i?2 2z2+iBp2 "HQ+? >�KBHiQMB�M heff(k) Q7 i?2 6HQ[m2i@"HQ+? QT2`@
�iQ`b BM Qm` b2imTX

8X8XR 6HQ[m2i@"HQ+? QT2`�iQ`b rBi?Qmi +?B`�H bvKK2i`v
h?2 +H�bbB}+�iBQM Q7 i?2 mMBi�`v K�i`B+2b +�M #2 T2`7Q`K2/ BM � K�MM2` bBKBH�` iQ i?�i Q7
�MQK�HQmb 2/;2 bi�i2b BM a2+X jXk (R9e- kNd)X q2 +QMbi`m+i 7`QK i?2 6HQ[m2i@"HQ+? QT2`�iQ`
U(k) � >2`KBiB�M K�i`Bt

HU(k) =

(
0 U(k)

U †(k) 0

)
= σ− ⊗ U †(k) + σ+ ⊗ U(k), U8Xe9V

r?2`2 ⊗ /2MQi2b i?2 i2MbQ` T`Q/m+iX aBM+2 r2 ?�p2 [HU(k)]
2 = 12N - HU(k) Bb � ;�TT2/

>�KBHiQMB�M rBi? ~�i #�M/bX h?Bb >�KBHiQMB�M ?�b i?2 7QHHQrBM; *a,

Γ2HU(k)Γ
−1
2 = −HU(k), U8Xe8V

r?2`2 i?2 *a Γ2 Bb /2}M2/ #v

Γ2 =

(
1N 0
0 −1N

)
= σ3 ⊗ 1N . U8XeeV

h?2`27Q`2- i?2 +H�bbB}+�iBQM Q7 +H�bb@� UBX2X- MQ bvKK2i`vV 6HQ[m2i@"HQ+? QT2`�iQ`b BM d /B@
K2MbBQMb Bb 2[mBp�H2Mi iQ i?�i Q7 +H�bb@�AAA iQTQHQ;B+�H BMbmH�iQ`b BM d /BK2MbBQMbX q?2M i?2
6HQ[m2i QT2`�iQ` ?�b i?2 h_a ΘU(k)Θ−1 = U †(−k) rBi? ϵΘ := Θ2 = ±1- i?2 >�KBHiQMB�M
HU(k) ?�b i?2 7QHHQrBM; bvKK2i`B2b

Θ1HU(k)Θ
−1
1 = HU(−k), Θ2HU(k)Θ

−1
2 = −HU(−k), U8XedV
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r?2`2
Θ1 :=

(
0 Θ
Θ 0

)
= σ1 ⊗Θ, Θ2 := ϵΘ

(
0 −Θ
Θ 0

)
= −iϵΘσ2 ⊗Θ. U8Xe3V

h?2b2 bvKK2i`B2b �`2 `2;�`/2/ �b 2z2+iBp2 h_a �M/ S>a Q7 HU(k)X aBM+2 Θ2
1 = ϵΘ �M/

Θ2
2 = −ϵΘ- i?2 +H�bbB}+�iBQM Q7 +H�bb@�A U+H�bb@�AAV 6HQ[m2i@"HQ+? QT2`�iQ`b BM d /BK2MbBQMb

+Q``2bTQM/b iQ i?�i Q7 +H�bb@*A U+H�bb@.AAAV iQTQHQ;B+�H bmT2`+QM/m+iQ`b BM i?2 b�K2 /BK2MbBQM@
�HBivX aBKBH�`Hv- r?2M U(k) ?�b i?2 S>a CU(k)C−1 = U(−k) rBi? ϵC := C2 = ±1- r2 +�M
/2}M2

C1 :=

(
C 0
0 C

)
= σ0 ⊗ C, C2 := ϵCC1Γ2 = ϵC

(
C 0
0 −C

)
= ϵCσ3 ⊗ C, U8XeNV

bQ i?�i

C1HU(k)C
−1
1 = HU(−k), C2HU(k)C

−1
2 = −HU(−k), U8XdyV

rBi? C2
1 = C2

2 = ϵC X h?2`27Q`2- i?2 +H�bbB}+�iBQM Q7 +H�bb@. U+H�bb@*V 6HQ[m2i@"HQ+? QT2`�iQ`b
BM d /BK2MbBQMb +Q``2bTQM/b iQ i?�i Q7 +H�bb@".A U+H�bb@*AAV iQTQHQ;B+�H bmT2`+QM/m+iQ`b BM i?2
b�K2 /BK2MbBQM�HBivX

8X8Xk 6HQ[m2i@"HQ+? QT2`�iQ`b rBi? +?B`�H bvKK2i`v
L2ti- r2 +QMbB/2` i?2 +�b2b r?2`2 i?2 6HQ[m2i@"HQ+? QT2`�iQ` ?�b i?2 *a ΓU(k)Γ−1 = U †(k)X
h?2M- i?2 >�KBHiQMB�M HU(k) b�iBb}2b

Γ1HU(k)Γ
−1
1 = −HU(k), U8XdRV

r?2`2 Γ1 Bb �MQi?2` *a Q7 i?2 >�KBHiQMB�M,

Γ1 :=

(
0 −Γ
Γ 0

)
= −iσ2 ⊗ Γ. U8XdkV

"v +QK#BMBM; i?2 irQ +?B`�H bvKK2i`B2b U8Xe8V �M/ U8XdRV- r2 ?�p2

Γ1Γ2HU(k)(Γ1Γ2)
−1 = HU(k), U8XdjV

�M/ i?2`27Q`2 i?2 >�KBHiQMB�M HU(k) +�M #2 #HQ+F@/B�;QM�HBx2/ bBKmHi�M2QmbHv rBi? Γ1Γ2X 6Q`
i?2 mMBi�`v K�i`Bt V /2}M2/ #v

V =
1√
2

(
γΓ −γΓ
1N 1N

)
, U8Xd9V

r2 Q#i�BM i?2 #HQ+F@/B�;QM�HBx2/ >�KBHiQMB�M �M/ Γ1Γ2,

V †HU(k)V =

(
γΓU(k) 0

0 −γΓU(k)

)
= σ3 ⊗ γΓU(k), U8Xd8V

V †Γ1Γ2V = γ∗
(

1N 0
0 −1N

)
= γ∗σ3 ⊗ 1N , U8XdeV
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r?2`2 Γ1,2 ?�p2 Qz@/B�;QM�H 7Q`Kb BM i?Bb #�bBb,

V †Γ1V = −iγ∗σ2 ⊗ 1N , V †Γ2V = −σ1 ⊗ 1N . U8XddV

q?2M r2 �bbmK2 i?�i Θ �M/ C +QKKmi2 rBi? 2�+? Qi?2`, [Θ, C] = 0- Θ1,2 �M/ C1,2 �`2
2tT`2bb2/ BM i?2 M2r #�bBb �b 7QHHQrb,

V †Θ1V = ϵΘ(σ3Reγ − σ2Imγ)⊗ C, V †Θ2V = −i(σ2Reγ + σ3Imγ)⊗ C, U8Xd3V

V †C1V =

(
σ3

1 + γ2

2
+ σ1

1− γ2

2

)
⊗ C, V †C2V =

(
σ0

−1 + γ2

2
− σ1

1 + γ2

2

)
⊗ C. U8XdNV

h?mb- i?2 +H�bbB}+�iBQM Q7 HU(k) `2/m+2b iQ i?�i Q7 A(k) := γΓU(k)X LQi2 i?�i i?2 >2`KBiB+Biv
Q7 A(k) 7QHHQrb 7`QK i?2 *a Q7 U(k)X A7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` ?�b i?2 *a QMHv UBX2X- +H�bb
�AAAV- A(k) Bb � >�KBHiQMB�M rBi?Qmi bvKK2i`vX h?2`27Q`2- i?2 +H�bbB}+�iBQM Q7 +H�bb@�AAA
6HQ[m2i@"HQ+? QT2`�iQ`b BM d /BK2MbBQMb `2/m+2b iQ i?�i Q7 +H�bb@� iQTQHQ;B+�H BMbmH�iQ`b BM i?2
b�K2 /BK2MbBQM�HBivX 6Q` i?2 `2K�BMBM; +H�bb2b- r?2`2 i?2 6HQ[m2i@"HQ+? QT2`�iQ`b ?�p2 h_a-
S>a- �M/ *a- r2 B/2MiB7v i?2 bvKK2i`v Q7 A(k) #v mbBM; γ2 = Γ2 = ϵΘϵC X q?2M γ2 = 1- r2
}M/ 7`QK 1[bX U8Xd3V �M/ U8XdNV i?�i Θ1 �M/ C1 �`2 bvKK2i`B2b Q7 A(k) r?BH2 Θ2 �M/ C2 �`2
MQi #2+�mb2 Θ2 �M/ C2 ?�p2 Qz@/B�;QM�H 7Q`KbX h?2 bvKK2i`v +QM/BiBQMb 7Q` Θ1 �M/ C1 �`2
2tT`2bb2/ �b

CA(k)C−1 = A(−k), U8X3yV

�M/ i?Bb Bb i?2 h_a Q7 A(k)X h?2`27Q`2- i?2 +H�bbB}+�iBQM Q7 +H�bb@".A U+H�bb@*AAV 6HQ[m2i@"HQ+?
QT2`�iQ`b BM d /BK2MbBQMb Bb K�TT2/ iQ i?�i Q7 d@/BK2MbBQM�H +H�bb@�A U+H�bb@�AAV iQTQHQ;B+�H
BMbmH�iQ`bX q?2M γ2 = −1- r2 }M/ 7`QK 1[bX U8Xd3V �M/ U8XdNV i?�i Θ2 �M/ C2 �`2 bvKK2i`B2b
Q7 A(k) r?BH2 Θ1 �M/ C1 �`2 MQi #2+�mb2 Θ1 �M/ C1 ?�p2 Qz@/B�;QM�H 7Q`KbX h?2 bvKK2i`v
+QM/BiBQMb 7Q` Θ2 �M/ C2 �`2 2tT`2bb2/ �b

CA(k)C−1 = −A(−k), U8X3RV

r?B+? Bb i?2 S>a Q7 A(k)X h?mb r2 }M/ i?�i i?2 +H�bbB}+�iBQM Q7 +H�bb@.AAA U+H�bb@*AV 6HQ[m2i@
"HQ+? QT2`�iQ`b BM d /BK2MbBQMb Bb 2[mBp�H2Mi iQ i?�i Q7 +H�bb@. U+H�bb@*V iQTQHQ;B+�H bmT2`+QM@
/m+iQ`b BM i?2 b�K2 /BK2MbBQM�HBivX

8X8Xj S2`BQ/B+ i�#H2 7Q` 6HQ[m2i@"HQ+? QT2`�iQ`b
G2i KFB

F (s, d) #2 i?2 E@;`QmT Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ`b rBi? /BK2MbBQM�HBiv d �M/ i?2
�w bvKK2i`v +H�bb (F, s)X 6`QK i?2 �#Qp2 /Bb+mbbBQM- r2 Q#i�BM i?2 7QHHQrBM; `2bmHib QM i?2
+H�bbB}+�iBQM Q7 6HQ[m2i@"HQ+? QT2`�iQ`b,

KFB
F (s, d) = KF(s− 1, d) = KF(s, d+ 1), U8X3kV

r?2`2 KF(s, d) Bb i?2 E@;`QmT Q7 bi�iB+ hAb �M/ ha*b rBi? /BK2MbBQM�HBiv d �M/ i?2 �w bvK@
K2i`v +H�bb (F, s)X AM i?2 b2+QM/ 2[m�HBiv BM 1[X U8X3kV- r2 mb2 i?2 E@;`QmT BbQKQ`T?BbK UkXkkVX
1[m�iBQM U8X3kV b?Qrb i?2 2[mBp�H2M+2 #2ir22M i?2 +H�bb Q7 ;�TH2bb #mHF bi�i2b BM 6HQ[m2i bvb@
i2Kb �M/ i?�i Q7 bm`7�+2 ;�TH2bb bi�i2b Q7 bi�iB+ hAb �M/ ha*bX h?2 }M�H `2bmHib �`2 bmKK�`Bx2/
BM h�#H2 8XRX h?2b2 `2bmHib bi`QM;Hv bm;;2bi i?�i i?2 ;�TH2bb bm`7�+2 bi�i2b Q7 hAb �M/ ha*b-
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h�#H2 8XR, h2M7QH/@r�v iQTQHQ;B+�H +H�bbB}+�iBQM Q7 6HQ[m2i@"HQ+? QT2`�iQ`b 7Q` bT�iB�H /BK2MbBQM�HBiv
d = 0, 1, · · · , 7X h?2 MQi�iBQMb �`2 i?2 b�K2 �b BM h�#X kXRX h?2 6HQ[m2i bBM;H2 q2vH 72`KBQM BM
1[X U8XRyV +Q``2bTQM/b iQ +H�bb � BM d = 3X

s +H�bb Θ C Γ d = 0 d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7

0 � 0 0 0 0 Z 0 Z 0 Z 0 Z
1 �AAA 0 0 1 Z 0 Z 0 Z 0 Z 0
0 �A 1 0 0 0 0 0 2Z 0 Z2 Z2 Z
1 ".A 1 1 1 Z 0 0 0 2Z 0 Z2 Z2

2 . 0 1 0 Z2 Z 0 0 0 2Z 0 Z2

3 .AAA −1 1 1 Z2 Z2 Z 0 0 0 2Z 0
4 �AA −1 0 0 0 Z2 Z2 Z 0 0 0 2Z
5 *AA −1 −1 1 2Z 0 Z2 Z2 Z 0 0 0
6 * 0 −1 0 0 2Z 0 Z2 Z2 Z 0 0
7 *A 1 −1 1 0 0 2Z 0 Z2 Z2 Z 0

r?B+? +�MMQi ?�p2 Tm`2 H�iiB+2 `2�HBx�iBQM rBi?Qmi #mHF- +�M #2 `2�HBx2/ BM #mHF [m�bB2M2`;v
bT2+i`� Q7 T2`BQ/B+�HHv /`Bp2M H�iiB+2 bvbi2KbX 6Q` 2t�KTH2- i?2 bBM;H2 q2vH 72`KBQM T`2b2Mi2/
BM a2+X 8XR +Q``2bTQM/b iQ � bm`7�+2 bi�i2 Q7 � 7Qm`@/BK2MbBQM�H iQTQHQ;B+�H BMbmH�iQ` (Rk3)X
h?2 +Q``2bTQM/2M+2 rBi? ;�TH2bb bm`7�+2 bi�i2b Q7 hAb �M/ ha*b +�M #2 mM/2`biQQ/ 7`QK i?2
bvKK2i`v +QMbi`�BMib U8XejV QM i?2 2z2+iBp2 >�KBHiQMB�M heff(k)X 6Q` bBKTHB+Biv- +QMbB/2` i?2
+QMiBMmmK .B`�+ >�KBHiQMB�M heff(k) = k ·α- r?2`2 α Bb � b2i Q7 �MiB+QKKmiBM; K�i`B+2bX h?2
bi�#BHBiv +QM/BiBQM Q7 Bib ;�TH2bb TQBMi k = 0 Bb i?2 b�K2 �b i?�i Q7 bm`7�+2 bi�i2b Q7 hAb �M/
ha*b rBi? i?2 b�K2 �w bvKK2i`v +H�bb �M/ /BK2MbBQM�HBiv- H2�/BM; iQ i?2 b�K2 +H�bbB}+�iBQM
i�#H2X lbBM; i?2 T2`BQ/B+Biv Q7 i?2 [m�bB2M2`;v- i?Bb +QMiBMmmK .B`�+ >�KBHiQMB�M +�M #2 2t@
i`�TQH�i2/ iQ i?2 #QmM/�`v Q7 i?2 "`BHHQmBM xQM2 bm+? i?�i i?2 T2`BQ/B+Biv Q7 i?2 "`BHHQmBM xQM2
Bb b�iBb}2/X

aQK2 `2K�`Fb �`2 BM Q`/2`X hQ T`Qp2 i?2 +Q``2bTQM/2M+2 #2ir22M i?2 ;�TH2bb bm`7�+2 bi�i2b
Q7 hAb �M/ ha*b �M/ i?2 ;�TH2bb bT2+i`� Q7 6HQ[m2i@"HQ+? QT2`�iQ`b- r2 Kmbi }M/ i?2 iBK2@
/2T2M/2Mi >�KBHiQMB�M i?�i b�iBb}2b 1[X U8XeRV BM 2�+? bvKK2i`v +H�bbX q?BH2 i?2 +H�bbB}+�iBQM
BM i?Bb b2+iBQM Bb T2`7Q`K2/ #v +QMbB/2`BM; i?2 bvKK2i`v +QM/BiBQMb U8XekV 7Q` 6HQ[m2i@"HQ+?
QT2`�iQ`b- 1[X U8XekV /Q2b MQi M2+2bb�`v K2�M i?�i 1[X U8XeRV Bb b�iBb}2/X h?2`27Q`2- i?2
T`2b2M+2 Q7 +QM+`2i2 KQ/2Hb �`2- BM ;2M2`�H- � MQMi`BpB�H T`Q#H2KX AM �TTX �X9- r2 b?Qr i?2
�#Qp2 +Q``2bTQM/2M+2 #v +QMbi`m+iBM; +QM+`2i2 KQ/2Hb BM �HH i?2 bvKK2i`v +H�bb2b �M/ bT�iB�H
/BK2MbBQM�HBiB2b mT iQ i?`22X

q2 MQi2 i?�i i?2 +H�bbB}+�iBQM Q7 ;�TH2bb 6HQ[m2i bi�i2b BM d /BK2MbBQMb +QBM+B/2b rBi?
i?�i Q7 �MQK�HQmb 2/;2 UQ` bm`7�+2V bi�i2b Q7 6HQ[m2i hAb �M/ ha*b ;Bp2M #v mMBi�`v HQQTb
BM (d + 1) /BK2MbBQMb (R9e)X AM/22/- Bi ?�b #22M /Bb+mbb2/ i?�i i?2 ;�TH2bb 6HQ[m2i bT2+i`mK
+�M #2 `2�HBx2/ �b i?2 2/;2 bi�i2 Q7 i?2 �MQK�HQmb hAb �M/ ha*b (kk8)X q2 +�M BMi2`T`2i
Qm` `2bmHi iQ #2 � ;2M2`�HBx�iBQM Q7 i?Bb +Q``2bTQM/2M+2 iQ �HH i?2 �HiH�M/@wB`M#�m2` +H�bb2bX
h?2 +Q``2bTQM/2M+2 #2ir22M i?2 ;�TH2bb iQTQHQ;B+�H bBM;mH�`BiB2b �M/ iQTQHQ;B+�HHv MQMi`BpB�H
mMBi�`B2b ?�b #22M /Bb+mbb2/ BM i?2 +QMi2ti Q7 �MQK�HQmb hAb �M/ ha*b (R9e- kNe)X

6BM�HHv- r2 2KT?�bBx2 i?�i i?2 Q#i�BM2/ +H�bbB}+�iBQM Bb /Bz2`2Mi 7`QK i?�i Q7 �/B�#�iB+
TmKT BM a2+X kXj Ub22 h�#H2 kXk �M/ h�#H2 8XRVX AM 7�+i- i?2 E ;`QmT KAP

F (s, d) Q7 �/B�#�iB+
TmKTb rBi? /BK2MbBQM�HBiv d �M/ bvKK2i`v +H�bb (F, s) Bb `2H�i2/ rBi? i?�i Q7 i?2 6HQ[m2i@"HQ+?
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QT2`�iQ`b �b 7QHHQrb,

KFB
F (s, d) = KAP

F (s− 2, d). U8X3jV

q?BH2 i?Bb /Bz2`2M+2 /Q2b MQi ;Bp2b `Bb2 iQ �Mv /BbiBM+iBQM 7Q` i?2 +QKTH2t +H�bb F = C #2+�mb2
Q7 i?2 "Qii T2`BQ/B+Biv- BX2X- KAP

C (s − 2, d) = KAP
C (s, d)- Bi ;Bp2b /Bz2`2Mi iQTQHQ;B+�H MmK#2`

7Q` i?2 `2�H +H�bb F = R- r?B+? b?QmH/ H2�/ iQ /Bz2`2Mi i`�MbTQ`i T?2MQK2M�X h?2 /Bz2`2M+2
BM 1[X U8X3jV �`Bb2b 7`QK i?2 7QHHQrBM; irQ `2�bQMbX 6B`bi- i?2 BKTQb2/ bvKK2i`B2b UkXj8V �M/
U8XeRV �`2 /Bz2`2Mi, r?BH2 �M BMbi�Mi�M2Qmb "HQ+? >�KBHiQMB�M h(k, t) ?�b h_a- S>a- �M/
*a BM �/B�#�iB+ TmKTb- i?2 2z2+iBp2 "HQ+? >�KBHiQMB�M heff(k) ?�b i?2b2 bvKK2i`B2b BM Qm`
TmKTX a2+QM/Hv- i?2 �/B�#�iB+ +QM/BiBQM Bb MQi BKTQb2/ QM i?2 iQTQHQ;B+�H TmKTb +?�`�+i2`Bx2/
#v 6HQ[m2i@"HQ+? QT2`�iQ`bX hQ b22 i?Bb- +QMbB/2` i?2 +H�bb . BM QM2 /BK2MbBQM- r?2`2 QMHv
i?2 S>a Bb BKTQb2/X q?BH2 i?2 S>a ;Bp2b i?2 b�K2 bvKK2i`v +QMbi`�BMi Ub22 1[bX UkXj8V
�M/ U8XeRVV- �/B�#�iB+ �M/ MQM@�/B�#�iB+ TmKTb ?�p2 /Bz2`2Mi iQTQHQ;B+�H MmK#2`b- Z2 �M/ Z-
`2bT2+iBp2HvX h?2 7Q`K2` +Q``2bTQM/b iQ i?2 72`KBQM@T�`Biv TmKT (Ryj) r?BH2 i?2 H�ii2` +QmMib
i?2 MmK#2` Q7 +?B`�H J�DQ`�M� 72`KBQMb BM Bib [m�bB2M2`;v bT2+i`�X aBM+2 i?2 �/B�#�iB+Biv Bb MQ
HQM;2` BKTQb2/ BM � MQM@�/B�#�iB+ TmKT- i?2 Z2 BM/2t Bb BHH@/2}M2/X



*?�Ti2` e

6HQ[m2i 2M;BM22`BM; Q7 MQMHBM2�`
bvbi2Kb

�b r2 ?�p2 b22M BM *?�Ti2` j- 6HQ[m2i 2M;BM22`BM; ?�b p�`BQmb �TTHB+�iBQMb BM [m�MimK bvbi2KbX
h?2 6HQ[m2i i?2Q`2K �M/ i?2 ?B;?@7`2[m2M+v 2tT�MbBQM U>61V �`2 +QKKQMHv mb2/ i2+?MB[m2b
i?2`2 #2+�mb2 i?2v �HHQr mb iQ K�T MQM@2[mBHB#`BmK bvbi2Kb iQ 2z2+iBp2 bi�iB+ QM2b- i?2`2#v
;`2�iHv bBKTHB7vBM; i?2B` �M�HvbBbX Ai Bb i?2`27Q`2 +H2�`Hv BKTQ`i�Mi iQ 2ti2M/ i?2b2 i2+?MB[m2b
iQ +H�bbB+�H bvbi2Kb- BM T�`iB+mH�`- iQ /2p2HQT � ;2M2`�H 7`�K2rQ`F 7Q` T2`7Q`KBM; i?2 >61 Q7
i?2B` 2[m�iBQMb Q7 KQiBQM U1PJbVX AM 7�+i- bm+? � ;2M2`�HBx�iBQM TQi2MiB�HHv ?�b � rB/2 `�M;2
Q7 �TTHB+�iBQMb #2+�mb2 +H�bbB+�H 1PJb �TT2�` MQi QMHv BM +H�bbB+�H bvbi2Kb- 2X;X- � G�M;2pBM
bvbi2K BM #BQHQ;v �M/ +?2KBbi`v (RRN)- #mi �HbQ BM [m�MimK bvbi2Kb BM bvKK2i`v@#`QF2M T?�b2b-
2X;X- "Qb2@1BMbi2BM +QM/2Mb�i2b /2b+`B#2/ #v i?2 :`Qbb@SBi�2pbFBB U:SV 2[m�iBQM (kN3- kNN)X
�//BiBQM�HHv- Bi Bb /2bB`�#H2 iQ ;2M2`�HBx2 Bi iQ BM+Hm/BM; QT2M +H�bbB+�H bvbi2Kb #2+�mb2 � +QmTHBM;
rBi? �M 2MpB`QMK2Mi TH�vb �M BKTQ`i�Mi `QH2 BM T`2p2MiBM; i?2 bvbi2K 7`QK ?2�iBM; mT �;�BMbi
� T2`bBbi2Mi /`Bp2- �b 2KT?�bBx2/ BM i?2 bim/B2b QM QT2M [m�MimK bvbi2Kb (8N-ey-kkj-jyyĜjye)X

>Qr2p2`- i?2 >61 Q7 +H�bbB+�H 1PJb ?�b bQ 7�` #22M /2p2HQT2/ QMHv 7Q` >�KBHiQM bvbi2Kb
(RRd- RN3)X �Hi?Qm;? � ?2m`BbiB+ �TT`Q�+? #�b2/ QM i?2 KmHiB@b+�H2 T2`im`#�iBQM �M�HvbBb (k93-
k9N) Bb 7QmM/ iQ #2 bm++2bb7mH BM bT2+B}+ 2t�KTH2b (k8j- k89- jydĜjyN)- Bib +�H+mH�iBQM Q7i2M
#2+QK2b BMpQHp2/- r?B+? Bb mbm�HHv i?2 +�b2 rBi? i?2 bBM;mH�` T2`im`#�iBQM i?2Q`vX h?Bb K�F2b
i?2 �M�HvbBb Q7 � ;2M2`�H bvbi2K /B{+mHi �M/ HBiiH2 Bb FMQrM QM i?2 p�HB/Biv �M/ +QMp2`;2M+2
T`QT2`iv Q7 i?Bb T2`im`#�iBp2 2tT�MbBQMX PM2 /B{+mHiv BM i`2�iBM; +H�bbB+�H bvbi2Kb Bb i?�i
i?2 6HQ[m2i i?2Q`2K +�M #2 �TTHB2/ QMHv iQ HBM2�` /Bz2`2MiB�H 2[m�iBQMb HBF2 i?2 a+?`ƺ/BM;2`
2[m�iBQM (kd- jy- jR)- r?BH2 +H�bbB+�H 1PJb �`2- BM ;2M2`�H- MQMHBM2�`X �MQi?2` /B{+mHiv �`Bb2b
BM �M QT2M +H�bbB+�H bvbi2K +QmTH2/ iQ � i?2`K�H #�i?- r?2`2 � i?2`K�H ~m+im�iBQM �`Bb2b BM Bib
1PJ �b � biQ+?�biB+ p�`B�#H2X Aib `�M/QKM2bb #`2�Fb i?2 2t�+i T2`BQ/B+Biv Q7 i?2 1PJc i?mb
i?2 6HQ[m2i i?2Q`2K +�MMQi #2 �TTHB2/ /B`2+iHvX

AM i?Bb +?�Ti2`- r2 /2p2HQT i?2 >61 7Q` � ;2M2`�H T2`BQ/B+�HHv /`Bp2M +H�bbB+�H bvbi2KX Pm`
B/2� Bb bBKTH2 �M/ ;2M2`�H, mbBM; � K�bi2` 2[m�iBQM `�i?2` i?�M i?2 1PJ Bib2H7X aBM+2 i?2
K�bi2` 2[m�iBQM Bb HBM2�` BM i?2 T`Q#�#BHBiv /Bbi`B#miBQM 7mM+iBQM �M/ T2`BQ/B+ rBi? iBK2- QM2
+�M b�72Hv �TTHv i?2 6HQ[m2i i?2Q`2K �M/ T2`7Q`K i?2 >61X h?2 2z2+iBp2 1PJ Bb Q#i�BM2/
7`QK i?2 2tT�M/2/ K�bi2` 2[m�iBQM i?`Qm;? i?2 +Q``2bTQM/2M+2 #2ir22M �M 1PJ �M/ � K�bi2`
2[m�iBQMX Pm` K2i?Q/ Bb �TTHB+�#H2 MQi QMHv iQ BbQH�i2/ bvbi2Kb #mi �HbQ iQ QT2M bvbi2Kb
+QmTH2/ iQ i?2`K�H `2b2`pQB`b �b 7�` �b i?2v �`2 /2b+`B#2/ #v biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMbX
6m`i?2KQ`2- Bi +�M #2 mb2/ iQ � J�`FQp T`Q+2bb QM � /Bb+`2i2 bi�i2 bT�+2 HBF2 i?2 �bvKK2i`B+

ej
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bBKTH2 2t+HmbBQM T`Q+2bb U�a1SV (jRy-jRR) �M/ i?2 �#2HB�M b�M/TBH2 KQ/2H (jRk-jRj)X aBM+2 i?2
>61 Bb T2`7Q`K2/ BM � K�MM2` T�`�HH2H iQ � [m�MimK bvbi2K- QM2 +�M bvbi2K�iB+�HHv �M�Hvx2 i?2
?B;?2`@Q`/2` i2`Kb �M/ i?2 +QMp2`;2M+2 T`QT2`iv Q7 i?2 6J >61 #v �/�TiBM; i?2 i2+?MB[m2b
/2p2HQT2/ BM [m�MimK bvbi2Kb (N8- Ne)X h?2b2 `2bmHib �`2 ?�`/ iQ Q#i�BM #v i?2 KmHiB@b+�H2
T2`im`#�iBQM i?2Q`v #2+�mb2 Q7 i?2 +QKTH2tBiv Q7 i?2 +�H+mH�iBQMX 6`QK i?2b2 �M�Hvb2b- r2 }M/
i?�i i?2 6J >61 Bb- �i H2�bi �bvKTiQiB+�HHv- +QMp2`;2Mi 7Q` � ?B;?@7`2[m2M+v /`Bp2X JQ`2Qp2`-
7Q` � MQM@+?�QiB+ 72r@#Q/v bvbi2K �M/ � ;2M2`B+ K�Mv@#Q/v bvbi2Kb- i?2 >61 Bb 7QmM/ iQ r2HH
/2b+`B#2 Bib bi2�/v bi�i2 BM+Hm/BM; � 6HQ[m2i T`2i?2`K�H bi�i2 Q7 �M BbQH�i2/ bvbi2K �M/ � MQM@
2[mBHB#`BmK bi2�/v bi�i2 UL1aaV Q7 � /`Bp2M /BbbBT�iBp2 bvbi2KX hQ bmTTQ`i i?2b2 �M�HviB+�H
}M/BM;b- r2 MmK2`B+�HHv i2bi i?2 p�HB/Biv Q7 i?2 >61 #v irQ /`Bp2M /BbbBT�iBp2 bvbi2Kb, UBV
� E�TBix� T2M/mHmK rBi? 7`B+iBQM �M/ UBBV � H�b2`@B``�/B�i2/ K�;M2i /2b+`B#2/ #v i?2 bGG:
2[m�iBQMX *QKT�`BM; i?2 2t�+i iBK2@/2T2M/2Mi 1PJb �M/ i?2 2z2+iBp2 1PJb Q#i�BM2/ 7`QK
i?2 po >61- r2 +QM}`K i?�i i?2 H�ii2` r2HH �TT`QtBK�i2 i?2 7Q`K2` MQi QMHv 7Q` � b?Q`i iBK2
/m`BM; �M BMBiB�H `2H�t�iBQM #mi �HbQ 7Q` � HQM; iBK2 mMiBH i?2B` L1aabX h?Bb `2bmHi Bb BM bi�`F
+QMi`�bi iQ +HQb2/ [m�MimK bvbi2Kb r?2`2 i?2 i`mM+�i2/ >61 7�BHb iQ +�Tim`2 2p2Mim�H ?2�iBM;
iQ BM}MBi2 i2KT2`�im`2 (kd- N9ĜN3)X 6BM�HHv- r2 T`2b2Mi �M �TTHB+�iBQM iQ bTBMi`QMB+b- r?2`2 r2
�M�Hvx2 � KmHiB72``QB+ bTBM +?�BM B``�/B�i2/ #v � +B`+mH�`Hv TQH�`Bx2/ H�b2`X � bTB`�H K�;M2iB+
Q`/2` �TT2�`b BM i?2 L1aa i?`Qm;? � H�b2`@/`Bp2M .J BMi2`�+iBQMX

eXR >B;?@7`2[m2M+v 2tT�MbBQM Q7 � +H�bbB+�H 2[m�iBQM Q7
KQiBQM

eXRXR 1[m�iBQM Q7 KQiBQM �M/ K�bi2` 2[m�iBQM
*QMbB/2` � +H�bbB+�H bvbi2K mM/2` � T2`BQ/B+ /`Bp2 rBi? T2`BQ/ T - r?B+? Bb /2b+`B#2/ #v � b2i
Q7 +H�bbB+�H p�`B�#H2b φ(t) := [φ1(t),φ2(t), · · · ,φN(t)]X q2 �bbmK2 i?�i Bib 1PJ Bb ;Bp2M #v �
biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQM (jR9),

φ̇i(t) = fi [φ(t), t] +
N∑

j=1

gij [φ(t), t]hj(t), UeXRV

r?2`2 hj Bb � :�mbbB�M `�M/QK p�`B�#H2 rBi? i?2 J�`FQpB�M M�im`2 U9X3VX � J�`FQp T`Q+2bb QM �
/Bb+`2i2 bi�i2 bT�+2 Bb /Bb+mbb2/ �i i?2 2M/ Q7 i?Bb bm#b2+iBQMX h?Bb 2[m�iBQM Bb � ;2M2`�HBx�iBQM
Q7 1[X U9XdV BM i?�i i?2 /`B7i 7Q`+2 fi (φ, t) �M/ i?2 /BzmbBQM K�i`Bt gij (φ, t) #2+QK2 iBK2@
T2`BQ/B+ rBi? T2`BQ/ T , fi (φ, t+ T ) = fi (φ, t) �M/ gij (φ, t+ T ) = gij (φ, t)X 6Q` � +H�bbB+�H
}2H/ φr = [φr,1(t),φr,2(t), · · · ,φr,NI (t)]- Bib 1PJ Bb ;Bp2M #v

φ̇r,a(t) = fr,a [φ(t), t] +
NI∑

b=1

gr,ab [φ(t), t]hr,b(t), UeXkV

r?2`2 r Bb i?2 +QQ`/BM�i2 �M/ NI Bb i?2 MmK#2` Q7 i?2 BMi2`M�H /2;`22b Q7 7`22/QKX q2 ?2`2
+?QQb2 i?2 ai`�iQMQpB+? T`2b+`BTiBQM 7Q` i?2 �TTHB+�iBQM iQ i?2 bGG: 2[m�iBQM BM a2+X eX9 i?Qm;?
� ;2M2`�HBx�iBQM iQ i?2 Qi?2` T`2b+`BTiBQMb Bb bi`�B;?i7Q`r�`/ (jR9)X

1[m�iBQMb UeXRV �M/ UeXkV rBi? � }MBi2 /BzmbBQM +QMbi�Mi D > 0 �`2 +QKKQMHv mb2/ iQ
/2b+`B#2 /BzmbBp2 T`Q+2bb2b BM M�im`2- bm+? �b � G�M;2pBM KQiBQM (RRN) �M/ i?2 bTBM /vM�KB+b Q7
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� KB+`QK�;M2i (Rkk)X q?2M D = 0- 1[X UeXRV ;Bp2b � /2i2`KBMBbiB+ 2[m�iBQM, φ̇i(t) = fi [φ(t), t]-
r?B+? /2b+`B#2b �M QT2M +H�bbB+�H bvbi2K �i bm{+B2MiHv HQr i2KT2`�im`2 Q` � +HQb2/ +H�bbB+�H
bvbi2K BM+Hm/BM; � >�KBHiQM bvbi2KX Ai Bb rQ`i? K2MiBQMBM; i?�i 1[X UeXRV +�M /2b+`B#2 2p2M
[m�MimK bvbi2Kb BM bvKK2i`v@#`QF2M T?�b2b Q` i?2 b2KB+H�bbB+�H HBKBiX AM i?2 7Q`K2` +�b2- φ
�M/ 1[X UeXRV �`2 i?2 Q`/2` T�`�K2i2` �M/ Bib 2[m�iBQM- 2X;X- i?2 :S 2[m�iBQM (kN3-kNN) �M/ i?2
:BMx#m`;@G�M/�m 2[m�iBQM (jR8)- `2bT2+iBp2HvX 6Q` i?2 :S 2[m�iBQM- i?2 Q`/2` T�`�K2i2` φ =
{ψr}r∈Rd - rBi? d #2BM; i?2 bT�iB�H /BK2MbBQM�HBiv- `2T`2b2Mib i?2 K�+`Qb+QTB+ r�p27mM+iBQM-
rBi? Bib 2[m�iBQM r`Bii2M BMiQ i?2 7Q`K Q7 1[X UeXRV rBi? D = 0,

ψ̇r = −i

[
−∇2

rψr

2m
+ (µ+ gc|ψr|2)ψr

]
. UeXjV

>2`2- m- µ �M/ gc �`2 i?2 K�bb Q7 �iQKb- i?2 +?2KB+�H TQi2MiB�H �M/ i?2 +QmTHBM; +QMbi�Mi-
`2bT2+iBp2HvX �M 2t�KTH2 Q7 i?2 H�ii2` +�b2 Bb i?2 .B+F2 KQ/2H BM i?2 b2KB+H�bbB+�H HBKBi- r?B+?
/2b+`B#2b irQ@H2p2H �iQKb +QmTH2/ iQ � H�`;2 MmK#2` Q7 T?QiQMb BM � +�pBiv (jRe- jRd)X AM i?Bb
HBKBi- i?2 bvbi2K Bb /2b+`B#2/ #v i?2 2z2+iBp2 +QHH2+iBp2 �iQKB+ Tb2m/QbTBM J := (Jx, Jy, Jz) (∈
R3) �M/ i?2 +Q?2`2Mi@bi�i2 �KTHBim/2 a (∈ C) Q7 T?QiQMbX Aib 1PJ Bb /2`Bp2/ 7`QK i?2 1?`2M72bi
2[m�iBQM d⟨A⟩/dt = i⟨[H,A]⟩- r?B+? Bb ;Bp2M �b 7QHHQrb,

J̇ = (2λRe (a) , 0,ωa)× J , ȧ = −i (ωoa+ λJx) , UeX9V

r?2`2 ωa,ωo- �M/ λ �`2 i?2 �iQKB+ 7`2[m2M+v- i?2 QTiB+�H 7`2[m2M+v- �M/ i?2 +QmTHBM; +QMbi�Mi
#2ir22M i?2 T?QiQMb �M/ �iQKb- `2bT2+iBp2HvX

h?2 K�bi2` 2[m�iBQM +Q``2bTQM/BM; iQ 1[X UeXRV Bb ;Bp2M #v

∂P (φ, t)

∂t
=

∂

∂φi
[Fi(φ, t)P (φ, t)] +

∂2

∂φi∂φj
[Dij(φ, t)P (φ, t)] , UeX8V

r?2`2 Fi(φ, t) �M/ Dij(φ, t) �`2 i?2 /`B7i }2H/ �M/ i?2 /BzmbBQM K�i`Bt- `2bT2+iBp2Hv- r?B+? �`2
/2}M2/ �b 7QHHQrb,

Fi(φ, t) := −fi(φ, t)−Dgkl(φ, t)
∂gil(φ, t)

∂φk
, UeXeV

Dij(φ, t) := Dgik(φ, t)gjk(φ, t). UeXdV

1[m�iBQMb UeXeV �M/ UeXdV ;Bp2 i?2 `2H�iBQM #2ir22M �M 1PJ �M/ � K�bi2` 2[m�iBQMX q2 MQi2
i?�i i?2 K�bi2` 2[m�iBQM UeX8V +QMi�BMb QMHv mT iQ i?2 b2+QM/@Q`/2` /2`Bp�iBp2 Q7 φ #2+�mb2
i?2 `�M/QK p�`B�#H2 hj Bb J�`FQpB�M �M/ :�mbbB�MX AM Qi?2` rQ`/b- B7 i?2 K�bi2` 2[m�iBQM
+QMi�BMb ?B;?2`@Q`/2` /2`Bp�iBp2 Q` #2+QK2b �M BMi2;`Q@/Bz2`2MiB�H 2[m�iBQM- i?2 `�M/QK MQBb2
Kmbi #2 2Bi?2` MQM@J�`FQpB�M Q` MQM@:�mbbB�M (jR3Ĝjkk)X q2 rBHH +QKK2Mi QM i?Bb Bbbm2 �;�BM
BM a2+X eXRXkX

"v BMi`Q/m+BM; i?2 p2+iQ` }2H/b f := (f1, f2, · · · , fN) �M/ h := (h1, h2, · · · , hN)- �M/ i?2
K�i`Bt@p�Hm2/ 7mM+iBQM G := {gij}Ni,j=1- r2 +�M `2r`Bi2 1[X UeXRV BM +QKT�+i 7Q`Kb,

φ̇ = f(φ, t) +G(φ, t)h(t). UeX3V

aBKBH�`Hv- B7 r2 BMi`Q/m+2 i?2 p2+iQ` }2H/ F := (F1,F2, · · · ,FN) �M/ i?2 K�i`Bt@p�Hm2/ }2H/
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Equation of motion of 
a periodically driven system
!̇ = $ !, & + ( !, & ℎ &
→ non-linear & aperiodic

Master equation of 
a periodically driven system
*+, = div ℱ & , + div1 2 & ,
→ linear & periodic

Effective equation of motion
3̇ = 45 3 + 65 3 7 8

Effective master equation
98: = ;<= >5: + ;<=? @5:High-frequency expansion

Floquet theorem
High-frequency expansion

Step 1

Step 3

Step 2

6B;m`2 eXR, S`Q+2/m`2 7Q` T2`7Q`KBM; i?2 >61 Q7 i?2 +H�bbB+�H 1PJ /2b+`B#2/ #v i?2 biQ+?�biB+
/Bz2`2MiB�H 2[m�iBQM UeXRVX AM i?2 }`bi bi2T- r2 im`M iQ i?2 K�bi2` 2[m�iBQM UeX8V +Q``2bTQM/BM; iQ
1[X UeXRV- r?2`2 r2 T2`7Q`K i?2 >61 iQ Q#i�BM i?2 2z2+iBp2 K�bi2` 2[m�iBQM UeXk9V BM i?2 b2+QM/ bi2TX
6BM�HHv- BM i?2 i?B`/ bi2T- r2 }M/ � biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQM +Q``2bTQM/BM; iQ 1[X UeXk9VX

D := {Dij}Ni,j=1- 1[X UeX8V +�M #2 `2r`Bii2M BM � +QKT�+i 7Q`K,

∂tP (φ, t) = div (FP ) + div2 (DP ) , UeXNV

r?2`2 i?2 QT2`�iQ` div2 QM � K�i`Bt D′ = {Dij(φ)}ij Bb /2}M2/ #v div2(D′) := (∂2D′
ij)/(∂φi∂φj)X

6BM�HHv- r2 +QKK2Mi QM � J�`FQp T`Q+2bb QM � /Bb+`2i2 bT�+2X Aib K�bi2` 2[m�iBQM Bb r`Bii2M
BM i2`Kb Q7 i?2 i`�MbBiBQM K�i`Bt Wab(t) �b 7QHHQrb,

dpa(t)

dt
=
∑

b

Wab(t)pb(t), UeXRyV

r?2`2 pa(t) `2T`2b2Mib i?2 T`Q#�#BHBiv Q7 }M/BM; i?2 bvbi2K BM bi�i2 a �i iBK2 tX >2`2- Wab(t)
2tT`2bb2b i?2 i`�MbBiBQM 7`QK i?2 bi�i2 b iQ i?2 bi�i2 a �M/ b�iBb}2b i?2 T2`BQ/B+Biv Wab(t+T ) =
Wab(t)X "v BMi`Q/m+BM; i?2 p2+iQ` p(t) := (p1, p2, · · · , pN) �M/ i?2 K�i`Bt W := {Wab}Na,b=1 UN
Bb i?2 MmK#2` Q7 i?2 bi�i2bV- r2 +�M `2r`Bi2 1[X UeXRyV �b 7QHHQrb,

dp(t)

dt
= W (t)p(t). UeXRRV

eXRXk >B;?@7`2[m2M+v 2tT�MbBQM Q7 � K�bi2` 2[m�iBQM
�b K2MiBQM2/ �#Qp2- r2 +�MMQi �TTHv i?2 6HQ[m2i i?2Q`2K /B`2+iHv iQ +H�bbB+�H 1PJb #2+�mb2
i?2 Q`B;BM�H 2[m�iBQM UeXRV Bb M2Bi?2` HBM2�` rBi? `2bT2+i iQ φ MQ` iBK2@T2`BQ/B+ #2+�mb2 Q7 i?2
T`2b2M+2 Q7 i?2 `�M/QK p�`B�#H2 hj(t)X >Qr2p2`- r2 +�M �TTHv Bi iQ Bib K�bi2` 2[m�iBQM UeX8V
#2+�mb2 Bi Bb HBM2�` rBi? `2bT2+i iQ P �M/ iBK2@T2`BQ/B+X Pm` bi`�i2;v Bb bmKK�`Bx2/ BM 6B;X eXRX
h?2 >61 Q7 �M 1PJ Bb T2`7Q`K2/ pB� i?�i Q7 i?2 +Q``2bTQM/BM; K�bi2` 2[m�iBQMX

"v BMi`Q/m+BM; i?2 6S QT2`�iQ` Lt /2}M2/ #v

Lt(P ) = div [F(t)P ] + div2 [D(t)P ] , UeXRkV
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r2 +�M `2;�`/ 1[X UeX8V �b i?2 ǳa+?`ƺ/BM;2` 2[m�iBQMǴ /`Bp2M #v i?2 MQM@>2`KBiB�M iBK2@
T2`BQ/B+ ǳ>�KBHiQMB�MǴ H(t) := iLt (jkj),

i∂tP = H(t)P, UeXRjV

r?2`2 i?2 T`Q#�#BHBiv /Bbi`B#miBQM P TH�vb i?2 `QH2 Q7 � r�p2 7mM+iBQMX AM i?2 +�b2 Q7 � J�`FQp
T`Q+2bb QM � /Bb+`2i2 bT�+2 UeXRRV- H(t) Bb `2H�i2/ rBi? i?2 i`�MbBiBQM T`Q#�#BHBiv W (t) �b
H(t) := iW (t)X q2 +�M 7Q`K�HHv bQHp2 1[X UeXRjV �b P (φ, t) = U(t, 0)P (φ, t = 0)- r?2`2
U(t2, t1) Bb i?2 iBK2 2pQHmiBQM QT2`�iQ` 7`QK t1 iQ t2X 6`QK i?2 6HQ[m2i@Gv�TmMQp `2T`2b2Mi�iBQM
i?2Q`2K (jy-jR)- U(t2, t1) +�M #2 r`Bii2M BM i2`Kb Q7 i?2 2z2+iBp2 >�KBHiQMB�M HF �M/ i?2 FB+F
QT2`�iQ`b GF (s) �b 7QHHQrb (kd- RRy),

U(t2, t1) := Tt exp

[
−i

∫ t2

t1

H(t)dt

]
= U+

F (t2)e
−i(t2−t1)HFU−

F (t1) = eGF (t2)e(t2−t1)LF e−GF (t1),

UeXR9V

r?2`2 r2 BMi`Q/m+2 i?2 2z2+iBp2 6S QT2`�iQ` LF := −iHF BM i?2 H�bi 2[m�HBivX LQi2 i?�i i?2
6HQ[m2i@Gv�TmMQp `2T`2b2Mi�iBQM i?2Q`2K Bib2H7 /Q2b MQi `2[mB`2 i?2 >2`KBiB+Biv Q7 H(t) �M/
?2M+2 +�M #2 �TTHB2/ iQ i?2 �#Qp2 MQM@>2`KBiB�M a+?`ƺ/BM;2` 2[m�iBQMX

6Q` � 7�bi /`Bp2- r2 +�M 7Q`K�HHv 2tT�M/ i?2 2z2+iBp2 6S QT2`�iQ` LF �M/ i?2 FB+F QT2`�iQ`
GF BM TQr2`b Q7 ω−1 �b 7QHHQrb,

LF =
∞∑

m=0

L(m)
F , GF (t) =

∞∑

m=0

G(m)
F (t), UeXR8V

r?2`2 L(m)
F = O(ω−m) �M/ G(m)

F (t) = O(ω−m)X G2i mb 2tT�M/ Lt �M/ H(t) BM i?2B` 6Qm`B2`
?�`KQMB+b �b 7QHHQrb,

Lt =
∑

m

Lme
−imωt, H(t) =

∑

m

Hme
−imωt, UeXReV

r?2`2 Lm = −iHmX h?2M- #v bm#biBimiBM; Lm = −iHm BM i?2 po >61 BM [m�MimK bvbi2Kb BM
a2+X jXR- r2 Q#i�BM i?2 >61b Q7 LF �M/ GF (t)X 6Q` 2t�KTH2- i?2 }`bi i?`22 i2`Kb Q7 L(m)

F �M/
i?Qb2 Q7 G(m)

F (t) �`2 2tT`2bb2/ iQ #2

L(0)
F = −iH(0)

F = L0, UeXRdV

L(1)
F = −iH(1)

F = i
∑

m ̸=0

[L−m,Lm]

2mω
, UeXR3V

L(2)
F = −iH(2)

F = i2
∑

m ̸=0

{
[L−m, [L0,Lm]]

2(mω)2
+
∑

m′ ̸=0,m

[L−m′ , [Lm′−m,Lm]]

3mm′ω2

}
, UeXRNV

G(0)
F (t) = 0, UeXkyV

G(1)
F (t) = −i

∑

m ̸=0

L−meimωt

mω
, UeXkRV
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G(2)
F (t) = i2

∑

m ̸=0

{
[L0,L−m] eimωt

(mω)2
+
∑

m′ ̸=0,m

[Lm′ ,L−m] ei(m−m′)ωt

2m(m−m′)ω2

}
. UeXkkV

q2 MQi2 i?�i i?2 +QKKmi�iQ` [·, ·] Bb BMi2`T`2i2/ �b i?�i #2ir22M QT2`�iQ`b,

[S1,S2] (P ) := S1 [S2(P )]− S2 [S1(P )] . UeXkjV

q2 7m`i?2` MQi2 i?�i r2 ?�p2 i�F2M i?2 +QMp2MiBQM
∫ T

0 GF (t)dt = 0 bm+? i?�i i?2 2z2+iBp2 6S
QT2`�iQ` #2+QK2b iBK2@BM/2T2M/2MiX A7 r2 7Q+mb QM i?2 �p2`�;2/ /vM�KB+b B;MQ`BM; i?2 FB+F
QT2`�iQ` GF (t)- i?2 2z2+iBp2 2[m�iBQM Bb ;Bp2M #v i?2 7QHHQrBM; bi�iB+ K�bi2` 2[m�iBQM,

∂tP = LFP ≈
m0∑

m=0

L(m)
F P, UeXk9V

r?2`2 m0 Bb i?2 i`mM+�iBQM Q`/2`X aQ 7�`- r2 ?�p2 7Q+mb2/ QMHv QM i?2 po >61X >Qr2p2`- Bi
Bb bi`�B;?i7Q`r�`/ iQ ;2M2`�HBx2 Qm` �M�HvbBb iQ Qi?2` 2tT�MbBQMb HBF2 i?2 6J >61 (RR9)- i?2
"`BHHQmBM@qB;M2` 2tT�MbBQM (ej)- �M/ i?2 6HQ[m2i@a+?`B272`@qQHz i`�Mb7Q`K�iBQM (d9-dd-d3-jk9)X
6Q` 2t�KTH2- 7Q` i?2 6J >61 L(m)

F,t0
:=
∑∞

m=0 L
(m)
F,t0

- i?2 mi?@Q`/2` i2`K L(m)
F,t0

Bb ;Bp2M 7`QK
1[bX UjXRNV �M/ UjXkyV �b 7QHHQrb,

L(0)
F,t0

=

∫ t0+T

t0

dt Lt, UeXk8V

L(m)
F,t0

=
∑

σ∈Sm

(−1)m−ΘσΘσ!(m−Θσ)!

(m+ 1)2m!T

×
∫ t0+T

t0

dtm+1 · · ·
∫ t0+t2

t0

dt1
[
L′

m+1, [L′
m, · · · [L′

2,L′
1]]
]

for m ≥ 1, UeXkeV

r?2`2 L′
i := L(tσ(i))X

hQ +QKTH2i2 i?2 T`Q+2/m`2 BM 6B;X eXR- r2 Kmbi }M/ �M 1PJ r?Qb2 K�bi2` 2[m�iBQM +Q@
BM+B/2b rBi? i?2 i`mM+�i2/ 2z2+iBp2 K�bi2` 2[m�iBQM Q#i�BM2/ 7`QK i?2 >61 Ui?2 bi2T j BM
6B;X eXRVX 6Q` � J�`FQp T`Q+2bb QM � /Bb+`2i2 bT�+2- i?Bb +�M �Hr�vb #2 T2`7Q`K2/X >Qr2p2`-
i?Bb T`Q#H2K Bb- BM ;2M2`�H- MQMi`BpB�H 7Q` � +H�bbB+�H bvbi2K /2b+`B#2/ #v � biQ+?�biB+ /Bz2`@
2MiB�H 2[m�iBQM UeXRVX A7 i?2 2z2+iBp2 K�bi2` 2[m�iBQM BM+Hm/2b QMHv mT iQ i?2 b2+QM/@Q`/2`
/2`Bp�iBp2 i2`Kb ∂2(DijP )/(∂φi∂φj)- r2 +�M }M/ �M 1PJ i?`Qm;? 1[bX UeXeV �M/ UeXdVX h?Bb
+�b2 BM+Hm/2b b2p2`�H T?vbB+�HHv `2H2p�Mi bBim�iBQMb- 2X;X- i?2 +�b2b r?2`2 i?2 /BzmbBQM Bb �#@
b2Mi Q` iBK2@BM/2T2M/2MiX PM i?2 Qi?2` ?�M/- r?2M i?2 i`mM+�i2/ >61 Q7 � K�bi2` 2[m�iBQM
+QMi�BMb /2`Bp�iBp2b ?B;?2` i?�M i?2 b2+QM/@Q`/2` U2X;X- ∂3(D̃ijkP )/(∂φi∂φjφk)V- i?2 `�M/QK
p�`B�#H2 hj Kmbi #2 2Bi?2` MQM@J�`FQpB�M Q` MQM@:�mbbB�M (jR3Ĝjkk)X Ai Bb mM+H2�` r?2i?2`
QM2 +�M +QMbi`m+i � KQ/B}2/ biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQM 2p2M BM i?Bb +�b2- i?Qm;? b2p2`�H
�TT`QtBK�iBQM b+?2K2b ?�p2 #22M /2p2HQT2/ (keR-jk8)X 6BM�HHv- Bi Bb rQ`i? K2MiBQMBM; i?�i �M
2K2`;2Mi MQM@J�`FQp M�im`2 BM i?2 2z2+iBp2 ;2M2`�iQ` +�M �HbQ �TT2�` BM � [m�MimK bvbi2K,
i?2 iBK2 2pQHmiBQM Qp2` QM2 T2`BQ/ Q7 � iBK2@T2`BQ/B+ GBM/#H�/ 2[m�iBQM Bb- BM ;2M2`�H- MQi
;2M2`�i2/ #v � J�`FQpB�M ;2M2`�iQ` #mi � ;2M2`�iQ` rBi? � K2KQ`v F2`M2H (jke)X
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eXRXj .2i2`KBMBbiB+ bvbi2K

q2 ?2`2 +QMbB/2` i?2 bvbi2K rBi?Qmi /BzmbBQMb- BX2X- D = 0 �M/ hj(t) = 0X AM i?Bb +�b2- Bib
1PJ φ̇ = f(φ, t) +�M #2 `2;�`/2/ �b � ~Qr 2[m�iBQM ;2M2`�i2/ #v f(φ, t)X G2i fm #2 i?2
mi?@Q`/2` 6Qm`B2` ?�`KQMB+b Q7 f(φ, t), f(φ, t) =

∑
m fme−imωtX h?2M- Lm Bb r`Bii2M �b

Lm(P ) := −div(fmP )- �M/ i?2 +QKKmi�iQ` [Lm,Ln] Bb ;Bp2M #v

[Lm,Ln] (P ) = div [fmdiv(fnP )]− div [fndiv(fmP )]

= div {[(fm ·∇)fn − (fn ·∇)fm]P} = −div (− [fm,fn]cl P ) . UeXkdV

>2`2 i?2 +QKKmi�iQ` [A,B]cl #2ir22M irQ p2+iQ` }2H/b A �M/ B Bb /2}M2/ #v

[A,B]cl,j = (A ·∇)Bj − (B ·∇)Aj := Ai
∂Bj

∂φi
− Bi

∂Aj

∂φi
, UeXk3V

r?B+? Bb +�HH2/ i?2 GB2 #`�+F2i BM K�i?2K�iB+bX Ai Bb +H2�` 7`QK 1[X UeXkdV i?�i i?2 QT2`�iQ`b
Q7 i?2 7Q`K L := div(f ·) Bb +HQb2/ rBi? `2bT2+i iQ i?2 +QKKmi�iQ` UeXkjV- �M/ i?2`2#v i?2
2z2+iBp2 /vM�KB+b Bb /2b+`B#2/ #v i?2 `2MQ`K�HBx2/ /`B7i 7Q`+2 fF X h?2 mi?@Q`/2` po >61
f (m)
F Q7 i?2 /`B7i }2H/ Bb Q#i�BM2/ 7`QK H(m)

F #v `2TH�+BM; i?2 +QKKmi�iQ` [Hm, Hn] #2ir22M
>�KBHiQMB�Mb rBi? i?�i [fm,fn]cl #2ir22M /`B7i }2H/b- 7QHHQr2/ #v i?2 KmHiBTHB+�iBQM #v imX
h?2M- i?2 `2bmHiBM; 2z2+iBp2 1PJ mT iQ i?2 b2+QM/ Q`/2` BM ω−1 Bb ;Bp2M #v

φ̇ = fF (φ)

= f0(φ) + i
∑

m ̸=0

[f−m,fm]cl
2mω

−
∑

m ̸=0

{
[f−m, [f0,fm]cl]cl

2(mω)2
+
∑

m′ ̸=0,m

[f−m′ , [fm′−m,fm]cl]cl
3mm′ω2

}
.

UeXkNV

h?Bb `2bmHi Bb +QMbBbi2Mi rBi? i?2 J�;Mmb 2tT�MbBQM Q7 ;2M2`�H MQM@�miQMQKQmb UMQi M2+2bb�`BHv
iBK2@T2`BQ/B+V Q`/BM�`v /Bz2`2MiB�H 2[m�iBQM φ̇ = f(φ, t) (R3N- jkdĜjkN)X

�b � bT2+B�H +�b2- B7 i?2 /vM�KB+b Bb ;Qp2`M2/ #v bQK2 +H�bbB+�H >�KBHiQMB�M H(t)- i?2 /`B7i
}2H/ f(t) �M/ i?2 +QKKmi�iQ` [·, ·]cl �`2 `2TH�+2/ #v i?2 >�KBHiQM ~Qr �M/ i?2 SQBbbQM #`�+F2i
− {·, ·}- `2bT2+iBp2HvX h?2 K�bi2` 2[m�iBQM UeX8V Bb MQi?BM; #mi i?2 GBQmpBHH2 2[m�iBQMX G2i q
�M/ p #2 � +�MQMB+�H +QMDm;�i2 T�B`X h?2M- i?2 +H�bbB+�H p�`B�#H2 φ �M/ fm �`2 ;Bp2M #v

φ = (q,p), fm =

(
∂Hm

∂p
,−∂Hm

∂q

)
. UeXjyV

"v � bi`�B;?i7Q`r�`/ +�H+mH�iBQM- r2 Q#i�BM

[fm,fn]cl = −
(
∂ {Hm, Hn}

∂p
,−∂ {Hm, Hn}

∂q

)
. UeXjRV

h?2 �#Qp2 `2bmHib +Q``2+iHv `2T`Q/m+2 i?2 T`2pBQmb QM2b 7Q` T2`BQ/B+�HHv /`Bp2M BbQH�i2/ >�KBH@
iQM bvbi2Kb (kd- RRd- RN3) �M/ �`2 +QMbBbi2Mi rBi? i?2 J�;Mmb 2tT�MbBQM Q7 ;2M2`�H iBK2@
/2T2M/2Mi UMQi M2+2bb�`BHv iBK2@T2`BQ/B+V >�KBHiQM bvbi2Kb (jjyĜjjk)X
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eXRX9 hBK2@BM/2T2M/2Mi /BzmbBQM

q2 ?2`2 �bbmK2 i?�i i?2 /BzmbBQM K�i`Bt G �M/ ?2M+2 D �`2 iBK2@BM/2T2M/2Mi �M/ Lm Bb ;Bp2M
#v

L0(P ) := div (F0P ) + div2 [DP ] , Lm(P ) := div (FmP ) for m ̸= 0, UeXjkV

r?2`2 Fm Bb i?2 mi?@Q`/2` 6Qm`B2` ?�`KQMB+b Q7 F(t)X lM/2` i?Bb �bbmKTiBQM- QM2 +�M �Hr�vb
}M/ i?2 2z2+iBp2 1PJ +Q``2bTQM/BM; iQ i?2 2z2+iBp2 6S QT2`�iQ` LF B7 r2 i`mM+�i2 �i i?2
b2+QM/ Q`/2`X

6B`bi@Q`/2` T2`im`#�iBQM

6`QK 1[X UeXkkV- i?2 }`bi@Q`/2` po >61 Bb Q#i�BM2/ iQ #2

L(1)
F := i

∑

m ̸=0

[L−m,Lm]

2mω
= div

[
F (1)

F ·
]
, UeXjjV

F (1)
F :=

∑

m ̸=0

i

2mω
[(F−m ·∇)Fm − (Fm ·∇)F−m] =

∑

m ̸=0

i

2mω
[(f−m ·∇)fm − (fm ·∇)f−m] ,

UeXj9V

r?2`2 i?2 2z2+iBp2 6S QT2`�iQ` Bb ;Bp2M #v

LF (P ) = div
[
(F0 +F (1)

F )P
]
+ div2(DP ). UeXj8V

� +`m+B�H Q#b2`p�iBQM ?2`2 Bb i?�i QMHv i?2 /`B7i }2H/ Bb MQ`K�HBx2/c i?2M i?2 1PJ +Q``2bTQM/BM;
iQ i?2 6QFF2`@SH�M+? QT2`�iQ` UeXj8V Bb Q#i�BM2/ iQ #2

φ̇ = fF (φ) +G(φ)h(t). UeXjeV

>2`2 fF Bb i?2 `2MQ`K�HBx2/ /`B7i i2`K,

fF := f0 +
∑

m ̸=0

i

2mω
[(fm ·∇)f−m − (f−m ·∇)fm] . UeXjdV

h?2 iBK2 2pQHmiBQM rBi?Qmi i?2 FB+F QT2`�iQ` Bb Q#i�BM2/ #v bQHpBM; 1[X UeXjeVX LQi�#Hv- B7
fF `2T`2b2Mib i?2 TQi2MiB�H 7Q`+2 Q7 bQK2 TQi2MiB�H VF (φ) �M/ i?2 2MpB`QMK2Mi b�iBb}2b i?2
/2i�BH2/@#�H�M+2 +QM/BiBQM �i i2KT2`�im`2 Tte- i?2 L1aa Bb � +�MQMB+�H /Bbi`B#miBQM P (φ) ∝
exp [−VF (φ)/Tte] Q7 i?2 TQi2MiB�H VF (φ)X

h?2 iBK2 2pQHmiBQM rBi? i?2 FB+F QT2`�iQ` Bb +�H+mH�i2/ 7`QK i?`22 bi2Tb +Q``2bTQM/BM; iQ
i?2 i?`22 2tTQM2MiB�H QT2`�iQ`b exp [−GF (t1)]- exp [(t2 − t1)LF ]- �M/ exp [GF (t2)]- �b b?QrM BM
1[X UeXR9VX G2i mb }`bi +QMbB/2` i?2 2z2+i Q7 i?2 FB+F QT2`�iQ`b QM i?2 1PJX h?2 FB+F QT2`�iQ`
G(1)
F (s)- rBi? s (= t1, t2) #2BM; 2Bi?2` i?2 BMBiB�H@ Q` }M�H@FB+F iBK2- Bb ;Bp2M 7`QK 1[X UeXkkV �b

G(1)
F (s) = − 1

ω
div
[
f (1)
F,mic(φ, s) ·

]
, UeXj3V
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r?2`2 f (1)
F,mic Bb i?2 Qb+BHH�iBM; /`B7i }2H/,

f (1)
F,mic(φ, s) = −i

∑

m ̸=0

f−meiωs

2m
. UeXjNV

6`QK 1[X UeXjNV �M/ i?2 /2}MBiBQM Q7 �M 2tTQM2MiB�H QT2`�iQ`- exp [±GF (s)]P0(φ) Bb 7Q`K�HHv
i?2 bQHmiBQM Q7 i?2 K�bi2` 2[m�iBQM

∂P (φ, τ)

∂τ
= ∓div

[
f (1)
F,mic(φ, s)P (φ, τ)

]
, P (φ, τ = 0) = P0(φ), UeX9yV

�i iBK2 τ = 1/ωX h?mb- i?2 2tTQM2MiB�H exp [±GF (s)] ?�b i?2 7QHHQrBM; T?vbB+�H BMi2`T`2i�iBQM,
Bi Bb i?2 BMi2;`�iBQM Q7 i?2 ~Qr }2H/ f (1)

F,mic 7`QK τ = 0 iQ τ = 1/ω- r?2`2 τ Bb �M �mtBHB�`v iBK2
7Q` +�H+mH�iBM; i?2 FB+Fb �M/ 1/ω Bb i?2 /m`�iBQM Q7 i?2 FB+FX aBM+2 i?2 �#Qp2 2[m�iBQM /Q2b
MQi +QMi�BM i?2 /BzmbBQM i2`K- THm;;BM; P0(φkick) = δ(φkick −φ0) BMiQ 1[X UeX9yV- r2 `2r`Bi2 Bi
BMiQ i?2 2[m�iBQM 7Q` φkick,

dφkick

dτ
= ±f (1)

F,mic(φkick, s), φkick(τ = 0) = φ0. UeX9RV

h?mb- φ0 Bb K�TT2/ iQ i?2 bQHmiBQM Q7 1[X UeX9RV �i iBK2 τ = 1/ω #v i?2 FB+F QT2`�iQ`b
exp [±GF (s)]X LQi2 i?�i 1[bX UeX9yV �M/ UeX9RV �`2 �miQMQKQmb 2[m�iBQMb- BX2X- i?2v /Q MQi
2tTHB+BiHv /2T2M/ QM i?2 iBK2 τ X S`�+iB+�HHv- #2+�mb2 Q7 i?2 bK�HHM2bb Q7 i?2 BMi2;`�iBQM iBK2
1/ω- i?2 bQHmiBQM φkick(τ = 1/ω) Bb r2HH �TT`QtBK�i2/ #v i?2 1mH2` K2i?Q/,

φkick

(
τ =

1

ω

)
≈ φ0 ±

f (1)
F,mic(φ0, s)

ω
. UeX9kV

6`QK i?2 �#Qp2 /Bb+mbbBQMb- i?2 iBK2 2pQHmiBQM QT2`�iQ` U(t2, t1) = eGF (t2)e(t2−t1)LF e−GF (t1)

Bb +�H+mH�i2/ �b 7QHHQrb, G2i φ0 #2 i?2 BMBiB�H bi�i2 Q7 φX 6B`bi- iQ +�H+mH�i2 i?2 2z2+i Q7 i?2
BMBiB�H FB+F exp [−GF (t1)]- r2 BMi2;`�i2 1[X UeX9RV rBi? i?2 KBMmb bB;M QM i?2 `B;?i@?�M/ bB/2
�M/ s = t1 7Q` BMBiB�H +QM/BiBQM φ0,

dφkick

dτ
= −f (1)

F,mic(φkick, t1), φkick(τ = 0) = φ0. UeX9jV

h?2 bQHmiBQM �i iBK2 τ = 1/ω ;Bp2b i?2 bi�i2 �7i2` i?2 BMBiB�H FB+F- r?B+? r2 r`Bi2 �b φ1,
φ1 := φkick(τ = 1/ω)X L2ti- r2 2p�Hm�i2 i?2 2z2+iBp2 /vM�KB+b exp [(t2 − t1)LF ] #v BMi2;`�iBM;
1[X UeXjdV 7`QK rBi?BM iBK2 (t2 − t1) rBi? i?2 BMBiB�H bi�i2 Bb i�F2M �b φ1,

dφ

dt
= fF (φ) +G(φ)h(t), φ(t = 0) = φ1. UeX99V

h?2 bQHmiBQM �i t = t2 − t1 ;Bp2b i?2 bi�i2 �7i2` i?2 2z2+iBp2 ~Qr LF - r?B+? r2 r`Bi2 �b φ2,
φ2 := φ(t = t2 − t1)X 6BM�HHv- r2 BMi2;`�i2 1[X UeX9RV rBi? i?2 THmb bB;M QM i?2 `B;?i@?�M/ bB/2
�M/ s = t2 mT iQ iBK2 1/ω 7Q` i?2 BMBiB�H +QM/BiBQM φ2- �M/ +�H+mH�i2 i?2 }M�H FB+F exp [GF (t2)],

dφkick

dτ
= f (1)

F,mic(φkick, t2), φkick(τ = 0) = φ2. UeX98V
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h?2M- i?2 bQHmiBQM φ3 = φkick(τ = 1/ω) ;Bp2b i?2 bi�i2 �7i2` i?2 }M�H FB+F- �M/ ?2M+2 i?2 bi�i2
�TTHB2/ #v i?2 i?`22 QT2`�iQ`b e−GF (t1)- e(t2−t1)LF - �M/ eGF (t2) iQ i?2 BMBiB�H bi�i2 φ0X

a2+QM/@Q`/2` T2`im`#�iBQM

AM i?2 +�H+mH�iBQM �i i?2 b2+QM/ Q`/2`- i?2`2 �TT2�`b i?2 +QKKmi�iQ` #2ir22M L(P ) = div(FP )+
div2(DP ) �M/ L′(P ) = div(F ′P )- r?B+? Bb +�H+mH�i2/ �b 7QHHQrb,

[L,L′] (P ) = div [Fdiv(F ′P )]− div [F ′div(FP )] + div2 [Ddiv(F ′P )]− div [F ′div2(DP )]
UeX9eV

=: div [drf(F ,F ′,D)P ] + div2 [diff(F ′,D)P ] , UeX9dV

r?2`2 i?2 +Q``2bTQM/BM; /`B7i }2H/ drf(F ,F ′,D) := {drfi(F ,F ′,D)}Ni=1 �M/ i?2 /BzmbBQM K�@
i`Bt diff(F ′,D) = {diffij(F ′,D)}Ni,j=1 �`2 ;Bp2M #v

drfi(F ,F ′,D) = (F ·∇)F ′
i − (F ′ ·∇)Fi −

∂2F ′
i

∂φj∂φk
Djk, UeX93V

diffij(F ′,D) =
∂F ′

i

∂φk
Dkj +

∂F ′
j

∂φk
Dki − F ′

k

∂Dij

∂φk
. UeX9NV

h?2 b2+QM/@Q`/2` i2`K L(2)
F Bb ;Bp2M #v

L(2)
F (P ) = div(F (2)

F P ) + div2(D(2)
F P ), UeX8yV

F (2)
F :=

∑

m ̸=0

{
drf [drf [F0,Fm,D] ,F−m,D]

2(mω)2
+
∑

m′ ̸=0,m

− [F−m′ , [Fm−m′ ,Fm]cl]cl
3mm′ω2

}
, UeX8RV

D(2)
F :=

∑

m ̸=0

diff [F−m, diff (Fm,D)]

2(mω)2
, UeX8kV

r?B+? BM/B+�i2b i?�i MQi QMHv i?2 /`B7i p2+iQ` #mi �HbQ i?2 /BzmbBQM K�i`Bt Bb `2MQ`K�HBx2/ �i
i?2 b2+QM/ Q`/2`X h?2 FB+F QT2`�iQ` G(2)

F Bb ;Bp2M #v

G(2)
F (t) = div(F (2)

F,mic ·) + div2(D(2)
F,mic ·), UeX8jV

F (2)
F,mic = −

∑

m ̸=0

{
drf [F0,F−m,D] eimωt

(mω)2
+
∑

m′ ̸=0,m

[Fm′ ,F−m]cl e
i(m−m′)ωt

2m(m−m′)ω2

}
, UeX89V

D(2)
F,mic = −

∑

m ̸=0

diff [F−m,D] eimωt

(mω)2
. UeX88V

AM i?Bb +�b2- i?2 `2MQ`K�HBx2/ /`B7i }2H/ fF �M/ i?2 /BzmbBQM K�i`Bt GF �`2 /2i2`KBM2/ 7`QK
1[bX UeXeV �M/ UeXdVX 6Q` � b2KB@TQbBiBp2 K�i`Bt DF - i?2 /BzmbBQM K�i`Bt GF Bb mMB[m2Hv /2i2`@
KBM2/ 7`QK 1[X UeXdV mT iQ i?2 KmHiBTHB+�iBQM Q7 �M Q`i?Q;QM�H K�i`Bt O �M/ fF Bb /2i2`KBM2/
7`QK FF �M/ GF �b b?QrM BM 1[X UeXeVX LQi2 i?�i i?2 �K#B;mBiv rBi? O /Q2b MQi K�ii2` iQ
i?2 bi�iBbiB+b Q7 i?2 `�M/QK }2H/ h(t) Ub22 1[X U9X3VVX
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eXk o�HB/Biv �M/ +QMp2`;2M+2 Q7 i?2 ?B;?@7`2[m2M+v 2t@
T�MbBQM

J�i?2K�iB+�HHv- i?2 6J >61 Q7 � K�bi2` 2[m�iBQM Bb ;m�`�Mi22/ iQ +QMp2`;2 B7 Bib 6S QT2`�iQ`
Lt b�iBb}2b

∫ T

0

dt∥Lt∥ ≤ ζ, UeX8eV

r?2`2 ∥ · ∥ Bb i?2 QT2`�iQ` MQ`K �M/ ζ = O(1) Bb � mMBp2`b�H +QMbi�Mi (R3N)X h?2`2 �`2 irQ
T`Q#H2Kb QM �TTHvBM; i?2 #QmM/ UeX8eV iQ +H�bbB+�H bvbi2KbX 6B`bi- ∥Lt∥ �M/ ?2M+2 i?2 H27i@
?�M/ bB/2 Q7 1[X UeX8eV ;`Qrb HBM2�`Hv rBi? � bvbi2K bBx2 7Q` � K�Mv@#Q/v bvbi2KX a2+QM/Hv-
Lt mbm�HHv +QMi�BMb mM#QmM/2/ QT2`�iQ`b HBF2 � /2`Bp�iBp2 QT2`�iQ` ∂φi X �Hi?Qm;? i?2b2 irQ
T`Q#H2Kb K�F2 Bi ?�`/ iQ /Bb+mbb `B;Q`QmbHv i?2 p�HB/Biv �M/ i?2 +QMp2`;2M+2 Q7 i?2 6J >61
BM � ;2M2`�H +H�bbB+�H bvbi2K- i?2 >61 Bb 7QmM/ iQ #2 p�HB/ 7Q` MQM@+?�QiB+ 72r@#Q/v bvbi2Kb
�M/ ;2M2`B+ K�Mv@#Q/v bvbi2Kb �b r2 rBHH b22 #2HQrX

"27Q`2 �M�HvxBM; ;2M2`�H +�b2b- r2 +QKK2Mi QM bQK2 2t+2TiBQM�H +�b2b BM +H�bbB+�H bvbi2Kb
r?2`2 i?2 b2+QM/ T`Q#H2K /Q2b MQi �TT2�`- r?2`2 � `B;Q`Qmb /Bb+mbbBQM Bb �p�BH�#H2 mbBM; i?2
i2+?MB[m2b /2p2HQT2/ BM �M BbQH�i2/ [m�MimK bvbi2K (N8-Ne)X �M BKTQ`i�Mi 2t�KTH2 Bb � J�`FQp
T`Q+2bb QM � /Bb+`2i2 bi�i2 bT�+2 /2b+`B#2/ #v 1[X UeXRyVX aBM+2 i?2 /BK2MbBQM Q7 i?2 bi�i2 bT�+2
Bb }MBi2- i?2 i`�MbBiBQM K�i`Bt W (t) BM 1[X UeXRyV Bb � }MBi2@/BK2MbBQM�H K�i`Bt +QMbiBimi2/ 7`QK
#QmM/2/ QT2`�iQ`bX 6Q` i?2 6J >61 ΩF =

∑∞
m=0 Ω

(m)
F Q7 W (t) Ui?2 bm#b+`BTi t0 `2T`2b2MiBM;

i?2 BMBiB�H iBK2 Bb QKBii2/ 7Q` bBKTHB+BivV- r2 +�M b?Qr i?�i Ω(m)
F Bb- �i H2�bi �bvKTiQiB+�HHv-

+QMp2`;2Mi mT iQ i?2 Q`/2` m0 ∼ ω/(gk),

∥Ω(m)
F − Ω(m0)

F ∥ ≤ NO [(2gkT )m] for m ≤ m0, UeX8dV

�M/ i?�i i?2 2t�+i bi2�/v bi�i2 ΠSS Bb r2HH �TT`QtBK�i2/ #v i?2 bi2�/v bi�i2 Π(m0)
SS Q#i�BM2/

7`QK i?2 m0i?@Q`/2` i`mM+�i2/ 6J >61,

1

N
∥ΠSS − Π(m0)

SS ∥ ≤ O
[
(gτ)2k2−m0

]
. UeX83V

>2`2- g- N - τ - �M/ k �`2 i?2 K�tBKmK i`�MbBiBQM `�i2 T2` bBi2- i?2 MmK#2` Q7 bBi2b- i?2
`2H�t�iBQM iBK2b+�H2 iQ i?2 bi2�/v bi�i2- �M/ i?2 MmK#2` Q7 bBi2b �bbQ+B�i2/ rBi? i?2 BMi2`�+iBQM-
`2bT2+iBp2HvX a22 �TTX "XR 7Q` i?2 /2i�BH Q7 i?2 bi�i2K2Mi �M/ Bib /2`Bp�iBQMX

eXkXR 62r@#Q/v bvbi2K

6Q` � 72r@#Q/v bvbi2Kb- r?2`2 i?2 QMHv b2+QM/ T`Q#H2K �`Bb2b- i?2 >61 Bb 2tT2+i2/ iQ #2 +QM@
p2`;2Mi 7Q` � MQM@+?�QiB+ bvbi2K- ivTB+�HHv 7Q` � r2�FHv /`Bp2M bvbi2K mM/2` bi`QM; /BbbBT�iBQMX
AM i?Bb bvbi2K- Lt Bb 2tT2+i2/ iQ #2 � Gv�TmMQp +QMiBMmQmb,

|LtP0 − LtP
′
0| ≤ Ct |P0 − P ′

0| , UeX8NV
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r?2`2 P0 �M/ P ′
0 �`2 bQK2 T`Q#�#BHBiv /Bbi`B#miBQMb- �M/ Ct Bb bQK2 +QMbi�Mi BM/2T2M/2Mi Q7 ωX

h?2`27Q`2- r?2M ω Bb bm{+B2MiHv H�`;2 bm+? i?�i ω ≥ (2πmax0≤t≤T Ct)/ζ- r2 ?�p2
∫ T

0

dt∥Lt∥ ≤ T max
0≤t≤T

Ct ≤ ζ. UeXeyV

h?mb- 1[X UeX8eV Bb b�iBb}2/X h?2 �#Qp2 /Bb+mbbBQMb Bb +QMbBbi2Mi rBi? i?2 T`2pBQmb bim/B2b QM
i?2 +?�Qb �M/ i?2 #B7m`+�iBQM BM T2`BQ/B+�HHv /`Bp2M bvbi2Kb (jjjĜjje)X

PM i?2 Qi?2` #�M/- i?2 >61 Bb mb2H2bb 7Q` T`2/B+iBM; i?2 HQM;@iBK2 #2?�pBQ` Q7 � +?�QiB+
bvbi2K B``2bT2+iBp2 iQ r?2i?2` Bi Bb +QMp2`;2Mi Q` MQiX G2i L(m0)

TR �M/ P0 #2 i?2 i`mM+�i2/
6J >61 rBi? i`mM+�iBQM Q`/2` m0 �M/ bQK2 BMBiB�H T`Q#�#BHBiv /Bbi`B#miBQM- `2bT2+iBp2HvX
h?2M- irQ T`Q#�#BHBiv /Bbi`B#miBQMb �i iBK2 t rBi? /Bz2`2Mi i`mM+�iBQM Q`/2`b m′

0 �M/ m̃0- BX2X-
exp(L

(m′
0)

TR t)P0 �M/ exp(L(m̃0)
TR t)P0- �`2 [mBi2 /Bz2`2Mi 7Q` H�`;2 t #2+�mb2 Q7 i?2 QMb2i Q7 +?�QiB+

M�im`2X h?Bb BM/B+�i2b i?�i i?2 iBK2 2pQHmiBQM bi`QM;Hv /2T2M/b QM i?2 i`mM+�iBQM Q`/2` m0

�M/ i?�i i?2 6J >61 Bb mb2H2bbX

eXkXk J�Mv@#Q/v bvbi2K, T`2HBKBM�`B2b �M/ bi�i2K2Mib
AM � ;2M2`�H +H�bbB+�H K�Mv@#Q/v bvbi2K- i?2`2 �TT2�` #Qi? T`Q#H2Kbc i?2 2ti2MbBp2M2bb Q7
∥Lt∥ �M/ i?2 T`2b2M+2 Q7 mM#QmM/2/ QT2`�iQ`bX �Hi?Qm;? i?2 }`bi T`Q#H2K �TT2�`b 2p2M BM
BMi2`�+iBM; [m�MimK bTBM Q` 72`KBQMB+ bvbi2Kb- `B;Q`Qmb `2bmHib QM i?2 2M2`;v �#bQ`TiBQM �M/
i?2 2tBbi2M+2 Q7 i?2 6HQ[m2i T`2i?2`K�H bi�i2b �`2 Q#i�BM2/ #v 7mHHv miBHBxBM; i?2 #QmM/2/M2bb Q7
i?2B` HQ+�H QT2`�iQ`b (N8-Ne-N3-kyN)X PM i?2 Qi?2` ?�M/- Bi Bb [mBi2 ?�`/ iQ Q#i�BM � bBKBH�` #QmM/
QM i?2 +H�bbB+�H bvbi2Kb #2+�mb2 mM#QmM/2/ QT2`�iQ`b �`2 MQiQ`BQmbHv /B{+mHi iQ ?�M/H2 2p2M
BM K�i?2K�iB+bX L2p2`i?2H2bb- �b r2 rBHH b22 #2HQr- r2 +�M 2biBK�i2 i?2 ?B;?2`@Q`/2` i2`Kb BM
i?2 6J >61 #v +QK#BMBM; i?2 /BK2MbBQM�H �M�HvbBb rBi? i?2 i2+?MB[m2b /2p2HQT2/ BM [m�MimK
bvbi2Kb (N8-Ne)X q2 MQi2 i?�i bm+? � ;2M2`�H /Bb+mbbBQM Bb ?�`/ iQ Q#i�BM rBi?BM i?2 7`�K2rQ`F
Q7 i?2 KmHiB@b+�H2 T2`im`#�iBQM i?2Q`v (k93-k9N) #2+�mb2 Bib +�H+mH�iBQM #2+QK2b BMpQHp2/ 2p2M
BM HQr Q`/2`bX 6`QK i?Bb �M�HvbBb- r2 �`;m2 i?�i i?2 6J >61 Bb- �i H2�bi �bvKTiQiB+�HHv-
+QMp2`;2MiX JQ`2Qp2`- Bib i`mM+�i2/ b2`B2b Bb 7QmM/ iQ r2HH /2b+`B#2 i?2 bi2�/v bi�i2 7Q` �
;2M2`B+ K�Mv@#Q/v bvbi2K- 2X;X- � T`2i?2`K�H bi�i2 7Q` �M BbQH�i2/ bvbi2K �M/ � L1aa 7Q` �
/`Bp2M /BbbBT�iBp2 bvbi2KX

*QMbB/2` � ;2M2`B+ UMQM@BMi2;`�#H2V K�Mv@#Q/v bvbi2K- r?B+? Bb /2b+`B#2/ #v � +H�bbB+�H }2H/
φr Q#2vBM; i?2 1PJ UeXkVX q2 �bbmK2 i?�i i?2 /`B7i }2H/ fr �M/ i?2 /BzmbBQM K�i`Bt Gr /2T2M/
QM i?2 }2H/b φr′ QM- �i KQbi- k M2B;?#Q`BM; bBi2b Q7 rX h?�i Bb- i?2 BMi2`�+iBQM �M/ /BzmbBQM �`2-
�i KQbi- k@#Q/vX q2 BMi`Q/m+2 � /BK2MbBQMH2bb }2H/ φ̃r := (φr,1/φ0,1,φr,2/φ0,2, · · ·φr,NI/φ0,NI )-
rBi? φ0,i #2BM; i?2 ivTB+�H K�;MBim/2 Q7 φr,i- �M/ `2b+�H2 i?2 `�M/QK }2H/b h̃r := hr/

√
DX

6Q` 2t�KTH2- 7Q` i?2 :S 2[m�iBQM UeXjV- i?2 ivTB+�H K�;MBim/2 Q7 ψr Bb √
ρ0- rBi? ρ0 #2BM; i?2

�p2`�;2 /2MbBiv Q7 � +QM/2Mb�i2X h?2M- i?2 `2b+�H2/ 1PJ Bb ;Bp2M #v dφ̃r/dt = f̃r+G̃rh̃r- r?2`2
f̃r �M/ G̃r �`2 i?2 `2b+�H2/ /`B7i }2H/ �M/ /BzmbBQM K�i`Bt- `2bT2+iBp2HvX h?2 +Q``2bTQM/BM;
K�bi2` 2[m�iBQM Bb ;Bp2M #v

∂P

∂t
=
∑

r

[
∂

∂φ̃r,a

(
F̃r,aP

)
+

∂2

∂φ̃r,a∂φ̃r,b

(
D̃abP

)]
=:
∑

r

L̂r(t)P, UeXeRV

r?2`2 i?2 HQ+�H QT2`�iQ` L̂r(t) �+ib QM- �i KQbi- k M2B;?#Q`BM; bBi2b Q7 rX JQ`2 ;2M2`�HHv- r2
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/2}M2 i?2 HQ+�HBiv Q7 i?2 QT2`�iQ` �b 7QHHQrb, �M QT2`�iQ` A :=
∑

r Ar Bb b�B/ iQ #2 kA@HQ+�H B7
Ar /2T2M/b QM i?2 }2H/b QM- �i KQbi- kA M2B;?#Q`BM; bBi2b Q7 rX �++Q`/BM; iQ i?Bb /2}MBiBQM- i?2
6S QT2`�iQ` L̂(t) :=

∑
r L̂r(t) Bb � k@HQ+�H QT2`�iQ`X LQi2 i?�i � bBKBH�` /Bb+mbbBQM ?QH/b 7Q` �

J�`FQp T`Q+2bb QM � /Bb+`2i2 bT�+2 rBi? � i`�MbH�iBQM�HHv BMp�`B�M+2 #2+�mb2 Bib K�bi2` 2[m�iBQM
i�F2b i?2 7Q`K Q7 1[X UeXeRVX aBM+2 φ̃r Bb /BK2MbBQMH2bb- L̂r(t) ?�b i?2 T?vbB+�H /BK2MbBQM Q7
7`2[m2M+v- r?2`2 r2 r`Bi2 Bib ivTB+�H K�;MBim/2 �b ω0X 6Q`K�HHv- i?2 iBK2 2pQHmiBQM QT2`�iQ`
U(t, 0) Q7 1[X UeXeRV Bb ;Bp2M #v i?2 .vbQM b2`B2b,

U(t, 0) =
∞∑

m=0

1

m!

∫ t

0

dt1 · · ·
∫ t

0

dtmTt

[
L̂(t1) · · · L̂(tm)

]
= Tt exp

[∫ t

0

L̂(t′)dt′
]
. UeXekV

h?2M- i?2 2tTQM2Mi Ω(t) /2}M2/ #v U(t, 0) =: exp [Ω(t)] b�iBb}2b i?2 7QHHQrBM; /Bz2`2MiB�H
`2H�iBQM (R3N),

dΩ(t)

dt
=

∞∑

m=0

Bm

m!
adm

Ω(t)L̂(t), UeXejV

r?2`2 adΩL̂ :=
[
Ω, L̂

]
�M/ Bm Bb i?2 mi? "2`MQmHHB MmK#2`X

G2i mb 7Q`K�HHv 2tT�M/ i?2 2z2+iBp2 QT2`�iQ` ΩF := Ω(T ) BM TQr2`b Q7 ω−1 �b 7QHHQrb,

ΩF =
∞∑

m=0

Ω(m)
F , UeXe9V

r?2`2 Ω(m)
F = O(ω−m)X h?2 6J >61 Q7 i?2 2z2+iBp2 6S QT2`�iQ` L̂F := ΩF/T Bb Q#i�BM2/

#v Bi2`�iBp2Hv bm#biBimiBM; 1[X UeXe9V BMiQ 1[X UeXejV 7QHHQr2/ #v i?2 BMi2;`�iBQM Q7 t Qp2` QM2
T2`BQ/X q2 /2MQi2 i?2 mi?@Q`/2` i`mM+�i2/ b2`B2b Q7 ΩF �b Ω(m)

TR �M/ i?2 iBK2 2pQHmiBQM QT2`�iQ`
;2M2`�i2/ #v Bi �b U (m)(t),

Ω(m)
TR :=

m∑

m′=0

Ω(m′)
F , U (m)(t) := exp

[
tΩ(m)

TR

T

]
. UeXe8V

A7 i?Bb 7Q`K�H 2tT�MbBQM +QMp2`;2b- i?2 2t�+i iBK2 2pQHmiBQM U(t, 0) Bb r2HH �TT`QtBK�i2/ #v
U (m)(t)X 6Q` � ;2M2`B+ K�Mv@#Q/v bvbi2K- #2+�mb2 Q7 i?2 MQM@BMi2;`�#BHBiv Q7 i?2 bvbi2K-
i?2 bvbi2K 2[mBHB#`�i2b rBi? bQK2 ivTB+�H iBK2b+�H2b- r?B+? r2 /2MQi2 #v τ X h?2M- i?2 irQ
bi2�/v bi�i2b P (m)

SS := U (m)(t)P0 �M/ PSS := U(t, 0)P0 rBi? t ≫ τ /Q MQi /2T2M/ QM �M BMBiB�H
T`Q#�#BHBiv /Bbi`B#miBQM P0X q2 MQi2 i?�i τ /2}M2b i?2 iBK2b+�H2 Q7 i?2 BMBiB�H 2[mBHB#`�iBQM iQ
i?2 6HQ[m2i T`2i?2`K�HBx�iBQM 7Q` �M BbQH�i2/ bvbi2K �M/ i?�i Q7 i?2 `2H�t�iBQM iQ � L1aa 7Q`
� /`Bp2M /BbbBT�iBp2 bvbi2KX

AM r?�i 7QHHQrb- r2 rBHH +H�BK i?2 7QHHQrBM; irQ bi�i2K2Mib #�b2/ QM i?2 2p�Hm�iBQM Q7 Ω(m)
F X

q2 �bbmK2 i?�i i?2 /`BpBM; 7`2[m2M+v ω Bb Km+? H�`;2` i?�M kω0X UBV h?2 7Q`K�H 2tT�MbBQM
UeXe9V- �i H2�bi �bvKTiQiB+�HHv- +QMp2`;2b mT iQ i?2 Q`/2` m = m0 ≈ ω/(kω0),

∣∣∣Ω(m)
TR − Ω(m0)

TR

∣∣∣= O
[
(kω0/ω)

m0+1] for m ≤ m0. UeXeeV

UBBV h?2 2t�+i bi2�/v bi�i2 PSS Bb r2HH �TT`QtBK�i2/ #v i?2 bi2�/v bi�i2 P (m0)
SS Q#i�BM2/ 7`QK
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i?2 i`mM+�i2/ 6J >61 UeXe8V,

P (m0)
SS ≈ PSS. UeXedV

eXkXj J�Mv@#Q/v bvbi2K, /2`Bp�iBQM
h?2 mi?@Q`/2` i2`K Ω(m)

F rBi? m ≥ 1 Bb ;Bp2M 7`QK i?2 6J >61 BM 1[X UeXkeV �b 7QHHQrb,

Ω(m)
F =

∑

σ∈Sm

(−1)m−ΘσΘσ!(m−Θσ)!

(m+ 1)2m!

∫ T

0

dtm+1 · · ·
∫ t2

0

dt1adL̂m+1
adL̂m

· · · adL̂2
L̂1, UeXe3V

r?2`2 L̂i := L̂(tσ(i)) �M/ i?2 BMBiB�H iBK2 t0 BM 1[X UeXkeV Bb i�F2M iQ #2 x2`QX
h?2 ivTB+�H K�;MBim/2 Q7 i?2 +QKKmi�iQ` BM 1[X UeXe3V Bb 2biBK�i2/ 7`QK i?2 HQ+�HBiv Q7 L̂r

�b 7QHHQrbX *QMbB/2` irQ QT2`�iQ`b A =
∑

r Ar �M/ B =
∑

r Br- r?2`2 Ar UBrV /2T2M/b QM i?2
}2H/b QM- �i KQbi- kA UkBV M2B;?#Q`BM; bBi2b �M/ Bib ivTB+�H K�;MBim/2 Bb /2MQi2/ �b gA UgBVX
h?2B` +QKKmi�iQ` [A,B] =:

∑
r Cr Bb (kA + kB)@HQ+�H �M/ i?2 ivTB+�H K�;MBim/2 Q7 Cr Bb ;Bp2M

#v (kA + kB)gAgBX h?2`27Q`2- i?2 m@7QH/ +QKKmi�iQ` BM 1[X UeXe3V Bb (m + 1)k@HQ+�H �M/ Bib
ivTB+�H K�;MBim/2 Bb 2biBK�i2/ �b 7QHHQrb,

adL̂m+1
adL̂m

· · · adL̂2
L̂1 = O

[
N(ω0k)

m+1(m+ 1)!
]
, UeXeNV

r?2`2 N Bb i?2 MmK#2` Q7 bBi2bX *QK#BMBM; 1[X UeXeNV rBi? i?2 BM2[m�HBiv (−1)m−ΘσΘσ!(m −
Θσ)! ≤ m!/2m- r2 Q#i�BM

|Ω(m)
F | ! m!× 1

(m+ 1)2m!
× m!

2m
× Tm+1

(m+ 1)!
× (ω0k)

m+1(m+ 1)!N =
Nm!

(m+ 1)2

(
πkω0

ω

)m+1

.

UeXdyV

h?Bb BM/B+�i2b i?�i i?2 mi?@Q`/2` i2`K /2b+`B#2b i?2 +QHH2+iBp2 KQiBQM Q7 i?2 }2H/b QM (m+1)k
bBi2b 2t+Bi2/ #v � /`Bp2 �M/ i?�i bm+? � T`Q+2bb Bb bmTT`2bb2/ 2tTQM2MiB�HHv mT iQ i?2 Q`/2`
m = m0 ≈ ω/(kω0)X "v i�FBM; m = m0- r2 Q#i�BM Ω(m)

F ∼ Ne−ζ′m rBi? � +QMbi�Mi MmK#2`
ζ ′ = O(1)- r?B+? +QKTH2i2b i?2 /2`Bp�iBQM Q7 1[X UeXeeVX h?2M- r2 Q#i�BM

|Ω(m)
TR − Ω(m0)

TR | = O
(
Ne−ζ′m

)
for m ≤ m0, UeXdRV

r?B+? BM/B+�i2b i?�i i?2 i`mM+�i2/ b2`B2b Ω(m)
TR b22Kb iQ +QMp2`;2 mT iQ i?2 Q`/2` m ≤ m0X

L2ti- r2 2p�Hm�i2 i?2 /Bz2`2M+2 #2ir22M U−1(T, 0)Ω(m0)
TR U(T, 0) �M/ Ω(m0)

TR X G2i mb 2tT�M/
i?2K BM TQr2`b Q7 ω−1 �b 7QHHQrb,

U−1(T, 0)Ω(m0)
TR U(T, 0) =

∞∑

m=0

1

m!

∫ T

0

dt1 · · ·
∫ T

0

dtmTt

[
adL(t1) · · · adL(tm)Ω

(m0)
TR

]
=:

∞∑

m=0

AmΩ
(m0)
TR ,

UeXdkV

Ω(m0)
TR =

[
U (m0)(T )

]−1
Ω(m0)

TR U (m0)(T ) =
∞∑

m=0

m∑

r=0

∑

{li}ri=1

1

r!
ad

Ω
(l1)
F

· · · ad
Ω

(lr)
F

Ω(m0)
TR =:

∞∑

m=0

A′
mΩ

(m0)
TR ,

UeXdjV
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r?2`2
∑

{li}ri=1
/2MQi2b i?2 bmK Qp2` �HH i?2 b2ib Q7 BMi2;2`b {li}ri=1 i?�i b�iBb7v

∑r
i=1(li+1) = m

�M/ 0 ≤ li ≤ m0X AM i?2 6J >61- Ω(m0)
F Bb +?Qb2M bm+? i?�i A′

mΩ
(m0)
TR +QBM+B/2b rBi? AmΩ

(m0)
TR

7Q` �Mv m ≤ m0c i?mb r2 ?�p2

U−1(T, 0)Ω(m0)
TR U(T, 0)− Ω(m0)

TR =
∞∑

m=m0+1

(
AmΩ

(m0)
TR −A′

mΩ
(m0)
TR

)
. UeXd9V

lbBM; i?2 �`;mK2Mi 7Q` 7QH/2/ +QKKmi�iQ`b �`QmM/ 1[X UeXeNV- r2 Q#i�BM
∣∣∣AmΩ

(m0)
TR

∣∣∣!
(
4πkω0

ω

)m∣∣∣Ω(m0)
TR

∣∣∣,
∣∣∣A′

mΩ
(m0)
TR

∣∣∣!
(
8πkω0

ω

)m∣∣∣Ω(m0)
TR

∣∣∣. UeXd8V

h?mb- r2 ?�p2
∣∣∣U−1(T, 0)Ω(m0)

TR U(T, 0)− Ω(m0)
TR

∣∣∣!
(
8πkω0

ω

)m0 ∣∣∣Ω(m0)
TR

∣∣∣! Ne−ζm0 , UeXdeV

r?2`2 r2 mb2/ 1[X UeXdyV BM i?2 H�bi `2H�iBQMX 6BM�HHv- r2 Q#i�BM
∣∣∣U−1(ntT, 0)Ω

(m0)
TR U(ntT, 0)− Ω(m0)

TR

∣∣∣! nt

∣∣∣U−1(T, 0)Ω(m0)
TR U(T, 0)− Ω(m0)

TR

∣∣∣! Nnte
−ζm0 ,

UeXddV

r?2`2 nt Bb �M BMi2;2` �M/ ζ Bb � +QMbi�Mi MmK#2`X *QMbB/2` irQ �miQMQKQmb 2[m�iBQMb

dP (s)

ds
= Ω(m0)

TR P (s), UeXd3V
dP (s)

ds
= U−1(ntT, 0)Ω

(m0)
TR U(ntT, 0)P (s), UeXdNV

rBi? i?2 b�K2 BMBiB�H T`Q#�#BHBiv /Bbi`B#miBQM P0, P (s = 0) = P0- r?2`2 s Bb �M �mtBHB�`v iBK2X
6Q` � bm{+B2MiHv H�`;2 7`2[m2M+v ω- i?2 `2H�t�iBQM iBK2b+�H2 τ b�iBb}2b

ωτ ≪ eζm0 ≃ e
ζω
kω0 . UeX3yV

h?2M- 7`QK i?2 #QmM/ UeXddV- i?2 bQHmiBQMb U (m0)(s)P0 �M/ U−1(ntT, 0)U (m0)(s)U(ntT, 0)P0

Q7 1[bX UeXd3V �M/ UeXdNV- `2bT2+iBp2Hv- �i iBK2 s " τ b?Qrb �HKQbi bBKBH�` i?2`KQ/vM�KB+
T`QT2`iB2b,

U (m0)(s)P0 ≃ U−1(ntT, 0)U
(m0)(s)U(ntT, 0)P0. UeX3RV

"v �TTHvBM; U(ntT, 0) iQ i?2 #Qi? bB/2b Q7 1[X UeX3RV 7`QK i?2 H27i- r2 ?�p2

U(ntT, 0)U
(m0)(s)P0 ≃ U (m0)(s)U(ntT, 0)P0. UeX3kV

6Q` � ;2M2`B+ K�Mv@#Q/v bvbi2K- i?2 bi�i2 �7i2` i?2 `2H�t�iBQM ntT " τ Us " τV- U(ntT, 0)

U (m0)(s)P0 UU (m0)(s)U(ntT, 0)P0V �TT`Q�+?2b i?2 bi2�/v bi�i2 PSS UP (m0)
SS V i?�i Bb bQH2Hv /2i2`@
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KBM2/ 7`QK U(ntT, 0) UU (m0)(s)V,

U(ntT, 0)U
(m0)(ntT )P0 = U(ntT, 0)P0 = PSS, UeX3jV

U (m0)(ntT )U(ntT, 0)P0 = U (m0)(ntT )P0 = P (m0)
SS . UeX39V

*QK#BMBM; 1[bX UeX3kV- UeX3jV- �M/ UeX39V- r2 Q#i�BM PSS = P (m0)
SS - r?B+? +QKTH2i2b i?2 /2`Bp�@

iBQM Q7 1[X UeXedVX

eXkX9 J�Mv@#Q/v bvbi2K, /Bb+mbbBQM
6Q` �M BbQH�i2/ >�KBHiQM bvbi2K- 1[X UeXddV BM/B+�i2b i?�i i?2 i`mM+�i2/ 2z2+iBp2 >�KBHiQMB�M
H(m0)

TR := iΩ(m0)
TR /T Bb � [m�bB@+QMb2`p2/ [m�MiBiv- r?2`2 i?2 i`�MbB2Mi bi�i2 Bb ;Bp2M #v i?2

;2M2`�HBx2/ :B##b /Bbi`B#miBQM PSS ∝ exp(−H(m0)
TR /Tte)- r?B+? Bb FMQrM �b i?2 6HQ[m2i@:B##b

bi�i2 (RRd)X 6`QK 1[X UeXdRV- H(m0)
TR �M/ i?2 T`2i?2`K�H bi�i2 �`2 r2HH �TT`QtBK�i2/ #v �

HQr2`@Q`/2` i`mM+�iBQM H(m)
TR �M/ i?2 :B##b bi�i2 Q7 H(m)

TR - `2bT2+iBp2HvX q2 MQi2 i?�i r?BH2
K�+`Qb+QTB+ T`QT2`iB2b �`2 r2HH �TT`QtBK�i2/ #v i?2 i`mM+�i2/ 6J >61- HQ+�H /vM�KB+b Bb MQi
#2+�mb2 Q7 i?2 QMb2i Q7 +?�Qb (RRd)X

L2ti- r2 +QMbB/2` �M BbQH�i2/ bvbi2K i?�i Bb MQi � >�KBHiQM bvbi2K- bm+? �b � ;2M2`�H
/vM�KB+�H bvbi2K (jjd) �M/ � biQ+?�biB+ T`Q+2bb QM � /Bb+`2i2 bT�+2 BM+Hm/BM; i?2 �a1SX 6Q`
i?2b2 bvbi2Kb- i?2`2 Bb MQ � T`BQ`B K2i?Q/ iQ /2i2`KBM2 i?2B` bi2�/v bi�i2 HBF2 i?2 2[mBT�`iBiBQM
T`BM+BTH2 BM � >�KBHiQM bvbi2KX L2p2`i?2H2bb- i?2 �#Qp2 `2bmHib i2HH mb i?�i i?2 2t�+i bi2�/v
bi�i2b �`2 r2HH �TT`QtBK�i2/ #v i?2 i`mM+�i2/ 6J >61 Ω(m0)

TR X q2 FMQr 7`QK 1[X UeXdRV i?�i
Ω(m0)

TR Bb r2HH �TT`QtBK�i2/ #v i?2 HQr2`@Q`/2` i`mM+�iBQM Ω(m)
TR �M/ ?2M+2 r2 2tT2+i i?�i i?2

2t�+i bi2�/v bi�i2b �`2 Q#i�BM2/ 7`QK Ω(m)
TR X A7 i?2 6J >61 Bb /Bp2`;2Mi- i?2 bvbi2K Bb 2tT2+i2/

iQ }M�HHv #2+QK2 � 72�im`2H2bb bi�i2 rBi? � +?�QiB+ M�im`2- r?B+? Bb �M �M�HQ; Q7 �M BM}MBi2@
i2KT2`�im`2 bi�i2X h?Bb BKTHB2b i?�i bQK2 i`�MbB2Mi bi�i2 /2b+`B#2/ #v i?2 i`mM+�i2/ b2`B2b
Ω(m)

TR KB;?i 2tBbi BM � ;2M2`�H +H�bbB+�H bvbi2K- r?B+? Bb `2KBMBb+2Mi Q7 � 6HQ[m2i T`2i?2`K�H
bi�i2 (N8- Ne- N3- kyN)X

AM � /`Bp2M /BbbBT�iBp2 bvbi2K- i?2 bvbi2K `2H�t2b BMiQ �M L1aa rBi? iBK2 τ i?`Qm;? i?2
#�H�M+2 #2ir22M i?2 /`Bp2 �M/ /�KTBM;X h?2`27Q`2- i?2 bi2�/v bi�i2 PSS Bb MQi � i`�MbB2Mi
bi�i2 #mi �M L1aac i?mb i?2 i`mM+�i2/ >61 r2HH +�Tim`2b i?2 r?QH2 /vM�KB+b Q7 i?2 bvbi2K
mT iQ i?2 L1aaX h?Bb TQBMi Bb MmK2`B+�HHv +QM}`K2/ BM a2+bX eX9 �M/ eX8 #v �M 2t�KTH2 Q7 i?2
bGG: 2[m�iBQMX h?mb- r2 +�M +QMi`QH i?2 2t�+i bi2�/v bi�i2b Q7 +H�bbB+�H bvbi2Kb #v 6HQ[m2i
2M;BM22`BM;- �pQB/BM; i?2 T`Q#H2K Q7 ?2�iBM; BM BbQH�i2/ bvbi2KbX

"27Q`2 2M/BM; i?Bb b2+iBQM- r2 +QKK2Mi QM �M �TTHB+�iBQM Q7 i?2 �#Qp2 `2bmHib iQ [m�MimK
bvbi2KbX q?BH2 i?2 �#Qp2 /2`Bp�iBQM Bb +QM/m+i2/ rBi? +H�bbB+�H bvbi2Kb BM KBM/- bBKBH�` `2bmHib
�`2 Q#i�BM2/ 7Q` QT2M [m�MimK bvbi2Kb #v `2TH�+BM; i?2 +H�bbB+�H K�bi2` 2[m�iBQM UeX8V rBi? �
J�`FQpB�M [m�MimK K�bi2` 2[m�iBQM (jj3Ĝj9y),

dρ

dt
= −i [H(t), ρ] +

∑

i

(
Li(t)ρLi(t)

† − 1

2

{
Li(t)

†Li(t), ρ
})

=: LLind(t)ρ. UeX38V

>2`2- i?2 ;2M2`�iQ` Lt Q7 � +H�bbB+�H K�bi2` 2[m�iBQM Bb `2TH�+2/ #v i?2 GBM/#H�/B�M LLind(t)X
1[m�iBQM UeX38V ;Bp2b i?2 KQbi ;2M2`�H /2b+`BTiBQM rBi? J�`FQpB�M- +QKTH2i2Hv@TQbBiBp2- �M/
i`�+2@T`2b2`pBM; M�im`2 i?�i Bb �M/ +QMbBbi2Mi rBi? [m�MimK K2+?�MB+b (j9R)X �b � #v T`Q/m+i
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Q7 i?2 �#Qp2 �M�HvbBb- r2 +�M b?Qr i?�i i?2 >61 rQ`Fb 2p2M BM [m�MimK K�Mv@#Q/v bvbi2K
/2b+`B#2/ #v 1[X UeX38VX JQ`2 T`2+Bb2Hv- 7Q` i?2 6J >61 ΩF =

∑∞
m=0 Ω

(m)
F Q7 LLind(t)- r2 +�M

b?Qr i?2 U�bvKTiQiB+V +QMp2`;2M+2 Q7 Ω(m)
F mT iQ i?2 Q`/2` m0 ∼ ω/(gk),

∥Ω(m)
F − Ω(m0)

F ∥ ≤ NO [(2gkT )m] for m ≤ m0, UeX3eV

�M/ i?2 +Q``2bTQM/2M+2 Q7 i?2 2t�+i bi2�/v bi�i2 ρSS Bb r2HH �TT`QtBK�i2/ #v i?2 bi2�/v bi�i2
ρ(m0)
SS Q#i�BM2/ 7`QK i?2 m0i?@Q`/2` i`mM+�i2/ 6J >61,

1

N
∥ρSS − ρ(m0)

SS ∥ ≤ O
[
(gτ)2k2−m0

]
. UeX3dV

a22 �TTX "XR 7Q` 7m`i?2` /Bb+mbbBQMb �M/ i?2 /2`Bp�iBQM Q7 i?2 �#Qp2 `2bmHibX
� 72r `2K�`Fb �`2 BM Q`/2`X 6B`bi- r?BH2 i?2 >61 Q7 � GBM/#H�/B�M Bb- bQ 7�`- �TTHB2/ �M/

+QM}`K2/ iQ #2 p�HB/ MmK2`B+�HHv QMHv BM 72r@#Q/v bvbi2Kb (j9kĜj98)- i?2 �#Qp2 `2bmHib ?QH/
7Q` K�Mv@#Q/v bvbi2KbX a2+QM/Hv- i?2 2z2+iBp2 2[m�iBQM Bb MQi M2+2bb�`BHv #2 i?2 GBM/#H�/
2[m�iBQM UeX38V #2+�mb2 i?2 6HQ[m2i QT2`�iQ` U(T, 0) Bb- BM ;2M2`�H- MQi ;2M2`�i2/ #v � iBK2@
?QKQ;2M2Qmb J�`FQpB�M ;2M2`�iQ`X AM 7�+i- BM �M 2t�KTH2 Q7 � bBM;H2 [m#Bi +QmTH2/ rBi? �M
2MpB`QMK2Mi- i?2 2z2+iBp2 2[m�iBQM Bb 7QmM/ iQ #2 MQM@J�`FQpB�M (jke) #v mbBM; i?2 K2�bm`2b
Q7 MQM@J�`FQpB�MBiv (j9e- j9d)X 6BM�HHv- r?BH2 i?2 6J >61 Bb b?QrM iQ #2 �bvKTiQiB+�HHv
+QMp2`;2Mi 7`QK 1[X UeX3eV- Bi Bb mM+H2�` r?2`2 Bi Bb �#bQHmi2Hv +QMp2`;2MiX h?2 /Bp2`;2Mi M�im`2
Q7 i?2 >61 BM �M BbQH�i2/ bvbi2K Bb +HQb2Hv `2H�i2/ iQ � b?�`T `2bQM�M+2 �M/ 2M2`;v �#bQ`TiBQM
�bbQ+B�i2/ rBi? Bi (N9- Ne- RN3ĜkyR- j93- j9N)X aBM+2 i?2v �`2 bmTT`2bb2/ BM i?2 T`2b2M+2 Q7
/BbbBT�iBQM- i?2 6J >61 KB;?i #2 �#bQHmi2Hv +QMp2`;2MiX Ai Bb rQ`i? K2MiBQMBM; i?�i- r?2M
i?2 >61 Bb �TTHB2/ QMHv iQ i?2 >�KBHiQMB�M T�`i- BX2X- i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7
1[X UeX38V- Bi /Bp2`;2b �#Qp2 �M QTiBK�H i`mM+�iBQM Q`/2` (j8y)X

eXj E�TBix� T2M/mHmK rBi? 7`B+iBQM
AM i?Bb b2+iBQM- r2 i�F2 i?2 E�TBix� T2M/mHmK rBi? 7`B+iBQM �b �M 2t�KTH2 Q7 � /`Bp2M /BbbBT�iBp2
72r@#Q/v bvbi2K iQ i2bi i?2 p�HB/Biv Q7 i?2 >61X �Hi?Qm;? i?Bb Bb � bBM;H2@#Q/v T`Q#H2K- i?2
+QMp2`;2M+2 Q7 i?2 6HQm[m2i@J�;Mmb 2tT�MbBQM Bb � MQMi`BpB�H Bbbm2 #2+�mb2 i?2 mM#QmM/2/
QT2`�iQ` HBF2 ∂φ Bb T`2b2Mi �M/ i?2 /`BpBM; bi`2M;i? Bb T`QTQ`iBQM�H iQ ω2X

eXjXR a2imT
G2i mb BMi`Q/m+2 � 7`B+iBQM i2`K −γθ̇ BMiQ i?2 1PJ UjX9kV Q7 i?2 E�TBix� T2M/mHmK iQ 2Mbm`2
i?�i i?2 bvbi2K `2�+?2b iQ � bi�#H2 TQBMi �7i2` � HQM; iBK2X h?2 1PJ rBi? 7`B+iBQM Bb ;Bp2M #v

θ̈ = −γθ̇ −
[
ω2
0 +

a

l
ω2 cos(ωt)

]
sin θ. UeX33V

AM r?�i 7QHHQrb- r2 �M�Hvx2 i?Bb 1PJ mbBM; i?2 >61 /2p2HQT2/ BM a2+X eXR �M/ +QM}`K i?�i Bi
+Q``2+iHv `2T`Q/m+2b i?2 iBK2 2pQHmiBQM Q7 i?2 T2M/mHmK �M/ i?2 bi�#BHBiv �i i?2 BMp2`i2/ TQBMi
θ = πX q2 MQi2 i?�i i?2 bvbi2Kb Bb MQ HQM;2` � >�KBHiQM bvbi2K #2+�mb2 Q7 i?2 T`2b2M+2 Q7 i?2
7`B+iBQM i2`K- r?2`2 i?2 >61 T`2pBQmbHv /2p2HQT2/ 7Q` >�KBHiQM bvbi2Kb +�MMQi #2 �TTHB2/X
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eXjXk >B?@7`2[m2M+v 2tT�MbBQM �M/ 2z2+iBp2 2[m�iBQM Q7 KQiBQM

hQ �TTHv i?2 ;2M2`�H 7Q`K�HBbK /2p2HQT2/ BM a2+X eXR- r2 `2r`Bi2 1[X UeX33V BMiQ � }`bi@Q`/2`
Q`/BM�`v /Bz2`2MiB�H 2[m�iBQM rBi? `2bT2+i iQ θ �M/ v Uv Bb i?2 �M;mH�` p2HQ+BivV �b 7QHHQrb,

{
θ̇ = v,

v̇ = −γv −
[
ω2
0 +

a
l ω

2 cos(ωt)
]
sin θ.

UeX3NV

*QKT�`BM; 1[X UeX3NV rBi? 1[X UeXRV- r2 }M/ i?�i i?2 +H�bbB+�H p�`B�#H2 φ Bb � irQ@/BK2MbBQM�H
p2+iQ`, φ = (θ, v)X h?2 6Qm`B2` +QKTQM2Mib Q7 i?2 /`B7i 7Q`+2 f(φ, t) := f0 + f1e−iωt + f−1eiωt

�`2 ;Bp2M #v

f0(v, θ) :=

(
f0,θ
f0,v

)
=

(
v

−γv − ω2
0 sin θ

)
, f±1(v, θ) :=

(
f±1,θ

f±1,v

)
=

(
0

−aω2

2l sin θ

)
,

UeXNyV

�M/ i?2 /BzmbBQM K�i`Bt g p�MBb?2bX 6`QK i?2 po >61 BM 1[X UeXkNV- r2 Q#i�BM i?2 2z2+iBp2
/`B7i }2H/b f (1)

F (v, θ) �M/ f (2)
F (v, θ),

f (1)
F (v, θ) :=

i [f−1,f1]cl
ω

= 0, UeXNRV

[f0,f1]cl = f0,θ
∂f1

∂θ
+ f0,v

∂f1

∂v
− f1,θ

∂f0

∂θ
− f1,v

∂f0

∂v
=

aω2

2l

(
sin θ

−v cos θ − γ sin θ

)
, UeXNkV

f (2)
F (v, θ) := −

[f−1, [f0,f1]cl]cl + [f1, [f0,f−1]cl]cl
2ω2

=

(
0

−
(
aω
2l

)2
sin(2θ)

)
, UeXNjV

r?2`2 i?2 2z2+iBp2 1PJ Bb ;Bp2M �b 7QHHQrb,
{

θ̇ = v,

v̇ = −γv − ω2
0 sin θ −

(
aω
2l

)2
sin(2θ).

UeXN9V

*QKT�`BM; 1[bX UeX3NV �M/ UeXN9V- r2 }M/ i?�i i?2 Q`B;BM�H bi�iB+ TQi2MiB�H −ω2
0 cos θ Bb `2TH�+2/

#v i?2 2z2+iBp2 TQi2MiB�H

VF (θ) = −ω2
0 cos θ −

(aω
2l

)2
sin2 θ, UeXN8V

i?`Qm;? i?2 T2`BQ/B+ /`Bp2X q2 MQi2 i?�i VF (θ) Bb BM/2T2M/2Mi Q7 i?2 7`B+iBQM bi`2M;i? γ �M/
i?2 b�K2 �b i?2 QM2 Q#i�BM2/ 7`QK i?2 �M�HvbBb rBi?Qmi 7`B+iBQM (Rj-RN3)X "2+�mb2 Q7 i?2 b2+QM/
i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[X UeXN8V- i?2 2z2+iBp2 TQi2MiB�H /2p2HQTb � M2r HQ+�H KBMBKmK
�i θ = π �#Qp2 i?2 +`BiB+�H /`BpBM; 7`2[m2M+v ωc = (

√
2lω0)/aX aBM+2 (θ, v) = (0, 0) �M/ (π, 0)

�`2 #Qi? bi�iBQM�`v bQHmiBQMb Q7 1[X UeXN9V- i?2 bvbi2K +QMp2`;2b iQ 2Bi?2` Q7 i?2b2 TQBMib �7i2` �
bm{+B2MiHv HQM; iBK2 rBi? i?2 ?2HT Q7 i?2 7`B+iBQM −γvX h?2 bi2�/v bi�i2 �M;H2 θSS := θ(t → ∞)-
BM ;2M2`�H- /2T2M/b QM θ0- ω- v(t = 0)- �M/ γ- �b r2 rBHH b22 #2HQrX
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(a) (b)

! = #$!$ ! = %$!$
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6B;m`2 eXk, hBK2 2pQHmiBQM Q7 �M;H2 θ(t) 7Q` U�V bHQr Uω/ω0 = 10V �M/ U#V 7�bi Uω/ω0 = 20V /`Bp2b-
r?2`2 i?2 T�`�K2i2`b �`2 +?Qb2M �b a/l = 0.1 �M/ γ/ω0 = 0.2X h?2 `2/ �M/ #Hm2 +m`p2b �`2 Q#i�BM2/
#v bQHpBM; i?2 iBK2@/2T2M/2Mi 1PJ UeX3NV �M/ i?2 2z2+iBp2 1PJ UeXN9V- `2bT2+iBp2Hv- r?B+? �`2 BM
2t+2HH2Mi �;`22K2MiX ai�`iBM; 7`QK i?2 b�K2 BMBiB�H bi�i2 θ0 = 0.8π rBi? v = 0- i?2 �M;H2 �TT`Q�+?2b
0 7Q` i?2 bHQr /`Bp2 U�V- r?BH2 Bi �TT`Q�+?2b π 7Q` i?2 7�bi /`Bp2 U#VX h?2 Tm`TH2 /�b?2/ HBM2b b?Qr i?2
bi2�/v bi�i2 �M;H2 θSS - r?B+? Bb 2Bi?2` 0 Q` πX

eXjXj *QKT�`BbQM #2ir22M i?2 iBK2@T2`BQ/B+ �M/ 2z2+iBp2 2[m�iBQMb
Q7 KQiBQM

AM r?�i 7QHHQrb- r2 +QKT�`2 1[bX UeX3NV �M/ UeXN9V i?`Qm;? i?2 /vM�KB+b θ(t) �M/ i?2 bi2�/v@
bi�i2 �M;H2 θSSX h?2 T�`�K2i2`b a/l �M/ γ �`2 }t2/ �b a/l = 0.1 �M/ γ = 0.2ω0- `2bT2+iBp2HvX
h?2 iBK2 2pQHmiBQM Q7 θ(t) 7Q` bHQr Uω/ω0 = 10V �M/ 7�bi Uω/ω0 = 20V /`Bp2b �`2 b?QrM BM
6B;bX eXk U�V �M/ U#V- `2bT2+iBp2HvX h?2 BMBiB�H bi�i2b �`2 i�F2M �b (θ, v) = (0.8π, 0) BM #Qi?
+�b2bX h?2 `2/ �M/ #Hm2 +m`p2b �`2 Q#i�BM2/ 7`QK i?2 iBK2@/2T2M/2Mi 1PJ UeX3NV �M/ i?2
2z2+iBp2 1PJ UeXN9V- `2bT2+iBp2Hv- r?B+? �`2 BM 2t+2HH2Mi �;`22K2MiX �7i2` � bm{+B2MiHv HQM;
iBK2- i?2 T2M/mHmK �TT`Q�+?2b i?2 HQr2bi TQBMi θ = 0 7Q` i?2 bHQr /`Bp2 U�V #2HQr i?2 +`BiB+�H
7`2[m2M+v ωc- r?BH2 Bi �TT`Q�+?2b i?2 BMp2`i2/ TQBMi θ = π 7Q` i?2 7�bi /`Bp2 U#VX

AM 6B;X eXj U�V- r2 T`2b2Mi i?2 bi2�/v bi�i2 ǳT?�b2 /B�;`�KǴ Q7 i?2 T2M/mHmK 7Q` }t2/
T�`�K2i2`b v(t = 0) = 0 �M/ γ = 0.2ω0X q2 b22 i?�i i?2 BMp2`i2/ bi2�/v bi�i2 rBi? θ = π
Ub?�/2/ `2;BQM BM 6B;X eXj U�VV Bb T`272``2/ 7Q` �M BMBiB�H �M;H2 +HQb2 iQ π rBi? � 7�bi /`BpBM;-
r?BH2 Bi �TT`Q�+?2b i?2 HQr2bi TQBMi θ = 0 7Q` i?2 Qi?2` T�`�K2i2` `2;BQMX h?2 #QmM/�`v +m`p2
#2ir22M θSS = 0 �M/ θSS = π 7Q` i?2 2z2+iBp2 1PJ Bb /2i2`KBM2/ 7`QK i?2 2z2+iBp2 TQi2MiB�H
UeXN8V �b 7QHHQrb,

{
ω > ωc;

|θ − π| < arccos
[(

ωc
ω

)2]
.

UeXNeV

�Hi?Qm;? i?2 2z2+iBp2 1PJ UeXN9V U#Hm2 +m`p2 BM 6B;X eXj U�VV ;Bp2b � #QmM/�`v UeXNeV +HQb2
iQ i?�i Q#i�BM2/ 7`QK i?2 iBK2@/2T2M/2Mi 1PJ UeX3NV U`2/ +m`p2 BM 6B;X eXj U�VV- i?2`2 Bb �
bHB;?i /2pB�iBQM 2p2M BM i?2 ?B;?@7`2[m2M+v `2;BQM- r?B+? KB;?i +QMi`�/B+i i?2 p�HB/Biv Q7 i?2
>61X AM T�`iB+mH�`- BM i?2 ?B;?@7`2[m2M+v HBKBi- θSS/(2π) +QMp2`;2b iQ 1/4 7Q` i?2 2z2+iBp2 1PJ
U/�b?2/ #H�+F HBM2 BM 6B;X eXj U#VV- r?BH2 Bi +QMp2`;2b iQ 0.267 7Q` i?2 1PJ U/�b?2/ Tm`TH2 HBM2
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6B;m`2 eXj, U�V .2T2M/2M+2 Q7 i?2 bi2�/v@bi�i2 �M;H2 θSS QM i?2 BMBiB�H bi�i2 [θ(0), v(0)] = (θ0, 0)
�M/ 7`2[m2M+v ω- r?2`2 a/l �M/ γ/ω0 �`2 }t2/ BM i?2 b�K2 T�`�K2i2`b �b 6B;X eXkX AM i?2 b?�/2/
`2;BQM- i?2 �M;H2 �TT`Q�+?2b θ = π �7i2` bm{+B2MiHv HQM; iBK2- r?BH2 Bi �TT`Q�+?2b θ = 0 BM i?2 Qi?2`
`2;BQMX h?2 `2/ �M/ #Hm2 +m`p2b b?Qr i?2 #QmM/�`v Q#i�BM2/ 7`QK i?2 iBK2@/2T2M/2Mi 1PJ UeX3NV
�M/ i?�i Q#i�BM2/ 7`QK i?2 2z2+iBp2 1PJ UeXN9V- `2bT2+iBp2HvX U#V "QmM/�`v Q7 i?2 bi2�/v@bi�i2 �M;H2
θSS = 0,π Q#i�BM2/ 7`QK i?2 iBK2@/2T2M/2Mi 1PJ UeX3NV U`2/V- i?2 iBK2@BM/2T2M/2Mi 2z2+iBp2 1PJ
UeXN9V U#Hm2V- �M/ i?2 iBK2@BM/2T2M/2Mi 2z2+iBp2 1PJ UeXN9V rBi? i?2 FB+F QT2`�iQ` U;`22MVX h?2 `2/
�M/ ;`22M +m`p2b Qp2`H�T �HKQbi +QKTH2i2HvX h?2 #H�+F �M/ Tm`TH2 HBM2b �`2 ;mB/2b iQ i?2 2v2bX

BM 6B;X eXj U#VVX h?Bb /2pB�iBQM Bb- BM 7�+i- �ii`B#mi2/ iQ i?2 ω@/2T2M/2Mi +Q2{+B2Mi BM i?2 /`Bp2,
f±1 ∝ ω2X aBM+2 r2 }t a/l `�i?2` i?�M i?2 +Q2{+B2Mi aω2/(2l) Q7 f±1- i?2 `2bmHiBM; TQi2MiB�H-
i?2 b2+QM/ i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[X UeXN8V- Bb T`QTQ`iBQM�H iQ ω2X >Qr2p2`- r?2M r2
i�F2 BMiQ �++QmMi i?2 FB+F QT2`�iQ` GF (t) BM 1[X UeXR9V- r2 Q#i�BM T2`72+i �;`22K2Mi #2ir22M
i?2 iBK2@/2T2M/2Mi 1PJ �M/ i?2 2z2+iBp2 QM2- r?B+? �`2 b?QrM �b i?2 `2/ �M/ ;`22M +m`p2b
BM 6B;X eXj U#V- `2bT2+iBp2HvX h?2 �#Qp2 MmK2`B+�H `2bmHib �`2 +QMbBbi2Mi rBi? i?2 �M�HviB+�H
�`;mK2Mi BM a2+X eXkX

eX9 aiQ+?�biB+ G�M/�m@GB7b?Bix@:BH#2`i 2[m�iBQM

AM i?Bb b2+iBQM- r2 i`2�i � /`Bp2M +H�bbB+�H K�Mv@bTBM bvbi2K /2b+`B#2/ #v i?2 iBK2@/2T2M/2Mi
bGG: 2[m�iBQMX "v +�H+mH�iBM; i?2 iBK2 2pQHmiBQM Q7 i?2 K�;M2iBx�iBQM �M/ Bib iBK2 �p2`�;2
�i � L1aa- r2 +QKT�`2 i?2 iBK2@/2T2M/2Mi bGG: 2[m�iBQM �M/ i?2 2z2+iBp2 bGG: 2[m�iBQM
Q#i�BM2/ 7`QK i?2 >61X h?`Qm;? � /2i�BH2/ +QKT�`BbQM +?�M;BM; p�`BQmb T�`�K2i2`b BM+Hm/BM;
i?2 7`2[m2M+v- /BbbBT�iBQM bi`2M;i?- �M/ i2KT2`�im`2- r2 +QM}`K i?�i i?2 H�ii2` r2HH �TT`QtB@
K�i2b i?2 7Q`K2` 7Q` � HQM; iBK2 mT iQ i?2 L1aaX

*QMbB/2` i?2 bGG: 2[m�iBQM U9XkdV rBi? iBK2@/2T2M/2Mi >�KBHiQMB�M H(t),

ṁr = − mr

1 + α2
× {Hr(t) + hr(t) +

α

ms
mr × [Hr(t) + hr(t)]}, UeXNdV

r?2`2 Hr(t) = −(δH(t))/(δmr) Bb �M 2z2+iBp2 K�;M2iB+ }2H/ ;2M2`�i2/ #v i?2 bm``QmM/BM;
bTBMb �M/ 2ti2`M�H /`BpBM; }2H/bX *QKT�`BM; 1[bX UeXkV �M/ UeXNdV- r2 }M/ i?�i φr = mr
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6B;m`2 eX9, U�V a+?2K�iB+ BHHmbi`�iBQM Q7 � T2`BQ/B+�HHv /`Bp2M irQ@/BK2MbBQM�H 72``QK�;M2i rBi?
100× 100 bTBMbX h?2 M2�`2bi@M2B;?#Q` bTBMb �`2 +QmTH2/ rBi? � 72``QK�;M2iB+ BMi2`�+iBQM Q7 2t+?�M;2
BMi2`�+iBQM J �M/ � bi�iB+ K�;M2iB+ }2H/ Q7 bi`2M;i? Bs Bb �TTHB2/ BM i?2 mx /B`2+iBQMX U#V q?2M i?2
bvbi2K Bb B``�/B�i2/ #v � +B`+mH�`Hv TQH�`Bx2/ K�;M2iB+ }2H/ rBi? bi`2M;i? Bd- i?2 �p2`�;2 K�;M2iBx�@
iBQM Sz 2K2`;2bX U+V hBK2 2pQHmiBQM Q7 i?2 �p2`�;2/ K�;M2iBx�iBQM Sz 7Q` i?2 iBK2@/2T2M/2Mi bGG:
2[m�iBQM UeXNdV U`2/V- i?2 2z2+iBp2 bGG: UeXRyNV rBi? U#Hm2V �M/ rBi?Qmi U;`22MV i?2 FB+F QT2`�iQ`X
h?2 T�`�K2i2`b �`2 +?Qb2M �b J = 1,ω = 5J,Bd = 1.4J,Bs = 1.4J,α = 0.1- �M/ Tte = 0X

`2T`2b2Mib i?2 bTBM +QM};m`�iBQM- �M/ fr �M/ gr �`2 ;Bp2M #v

fr(t) = − mr

1 + α2
×
[
Hr(t) +

α

ms
mr ×Hr(t)

]
+

2D

1 + α2
mr, UeXN3V

gr,ab =
1

1 + α2
ϵabcmc +

αms

1 + α2

(
δab −

mamb

(ms)2

)
, UeXNNV

r?B+? /2b+`B#2 i?2 bTBM T`2+2bbBQM ;2M2`�i2/ #v Hr �M/ i?2 bTBM /BzmbBQM BM/m+2/ #v hrX
�b � +QM+`2i2 2t�KTH2- r2 +QMbB/2` � +H�bbB+�H 72``QK�;M2iB+ >2Bb2M#2`; KQ/2H QM � b[m�`2

H�iiB+2 Ub22 6B;X eX9 U�VV- r?Qb2 >�KBHiQMB�M H(t) `2�/b

H(t) = −J
∑

⟨r,r′⟩

mr ·mr′ − gµB

∑

r

B(t) ·mr, UeXRyyV

r?2`2 J > 0 Bb i?2 72``QK�;2MiB+ +QmTHBM; +QMbi�Mi �M/ B(t) Bb �M 2ti2`M�H K�;M2iB+ }2H/X
h?2 bmKK�iBQM

∑
⟨r,r′⟩ Bb i�F2M Qp2` �HH i?2 T�B`b Q7 i?2 M2�`2bi@M2B;?#Q` bBi2bX q2 K2�bm`2

i?2 2ti2`M�H K�;M2iB+ }2H/ BM mMBib Q7 gµB �M/ i?2`2#v b2i Bi iQ #2 mMBiv, gµB = 1X q2 �TTHv
� +B`+mH�`Hv TQH�`Bx2/ /`BpBM; K�;M2iB+ }2H/ Q7 bi`2M;i? Bd BM i?2 (mx,my) TH�M2 Ub22 6B;X eX9
U#VVX h?2 iQi�H }2H/ B(t) Bb ;Bp2M #v

B(t) = (Bs +Bd cos(ωt),−Bd sin(ωt), 0)
tr , UeXRyRV

r?B+? Bb /2+QKTQb2/ BMiQ i?2 6Qm`B2` ?�`KQMB+b �b 7QHHQrb,

B(t) = B0 +B1e
−iωt +B−1e

iωt, B0 = (Bs, 0, 0)
tr, B±1 =

Bd

2
(1,∓i, 0)tr. UeXRykV
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eX9XR >B;?@7`2[m2M+v 2tT�MbBQM �M/ i?2 2z2+iBp2 bGG: 2[m�iBQM
h?2 6Qm`B2` ?�`KQMB+b f±1 �M/ i?2 /`B7i 7Q`+2 f (1)

F,r Q#i�BM2/ 7`QK i?2 }`bi@Q`/2` po >61 �`2
;Bp2M 7`QK 1[bX UeXjdV �M/ UeXNNV �b 7QHHQrb Ub22 �TTX "Xk 7Q` i?2 /2`Bp�iBQMV,

f±1,r = − mr

1 + α2
×
(
B±1 +

α

ms
mr ×B±1

)
, UeXRyjV

f (1)
F,r =

i

ω

[
f1,r ·

∂f−1,r

∂mr
− f−1,r ·

∂f1,r

∂mr

]
= − mr

1 + α2
×
(
H (1)

F,r +
α

ms
mr ×H(1)

F,r

)
, UeXRy9V

H (1)
F,r =

iB−1 ×B+1

(1 + α2)ω
− α

iB−1 ×B+1

(1 + α2)ω
×mr. UeXRy8V

q?BH2 i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[X UeXRy8V /2b+`B#2b i?2 2z2+iBp2 K�;M2iB+ }2H/

b(1) :=
iB−1 ×B+1

(1 + α2)ω
=

(Bd)2

2ω(1 + α2)
e3, UeXRyeV

rBi? e3 = (0, 0, 1)tr #2BM; i?2 mMBi p2+iQ` T2`T2M/B+mH�` iQ i?2 TH�M2- i?2 b2+QM/ i2`K /2b+`B#2b
i?2 bQ@+�HH2/ bTBM@i`�Mb72` iQ`[m2 (j8RĜj89)X h?2 2K2`;2M+2 Q7 �M 2z2+iBp2 K�;M2iB+ }2H/ T�`@
�HH2H iQ i(B−1 ×B+1) +�M #2 [m�HBi�iBp2Hv mM/2`biQQ/ BM �M �M�HQ;v rBi? � [m�MimK bvbi2KX
AM i?2 T`2b2M+2 Q7 i?2 2ti2`M�H /`Bp2 Ĥ(t) = −B(t) · Ŝ- i?2 }`bi@Q`/2` po >61

Ĥ(1)
F :=

[Ĥ−1, Ĥ1]

ω
=

i

ω
(B−1 ×B+1) · Ŝ UeXRydV

`2T`2b2Mib i?2 2z2+iBp2 K�;M2iB+ }2H/ i(B−1×B+1)/ωX >Qr2p2`- r2 }M/ 7`QK 1[X UeXRyeV i?�i
Bib K�;MBim/2 /2+`2�b2b #v � 7�+iQ` Q7 (1 + α2)−1X JQ`2Qp2`- i?2`2 �TT2�`b i?2 bTBM@i`�Mb72`
iQ`[m2 �b � +QMb2[m2M+2 Q7 i?2 +QmTHBM; rBi? i?2 2MpB`QMK2Mi- r?B+? Bb �#b2Mi BM �M BbQH�i2/
bvbi2KX h?2 /`B7i }2H/ f (1)

mic,r +Q``2bTQM/BM; iQ i?2 FB+F QT2`�iQ` G(1)
F (t) Bb ;Bp2M #v

f (1)
mic,r(mr, t) := − mr

1 + α2
×
(
H(1)

mic(t) +
α

ms
mr ×H(1)

mic(t)

)
, UeXRy3V

r?2`2 H(1)
mic(t) = i (B−1eiωt −B+1e−iωt) /2b+`B#2b �M Qb+BHH�iBM; K�;M2iB+ }2H/X

h?2 b2+QM/@Q`/2` 2tT�MbBQM i2`K Bb Km+? KQ`2 +QKTHB+�i2/ QrBM; iQ i?2 `2MQ`K�HBx�iBQM
Q7 i?2 /BzmbBQM K�i`Bt GX h?2 2z2+iBp2 bGG: 2[m�iBQM Bb Q#i�BM2/ iQ #2

ṁr = − mr

1 + α2
×
[
HF,r +

√
1 + χrhr +

α

ms
mr ×

(
HF,r +

√
1 + χrhr

)]
, UeXRyNV

r?2`2 HF,r �M/ χr(mr) �`2 ;Bp2M �b 7QHHQrb Ub22 �TTX "Xj 7Q` i?2 /2`Bp�iBQMV,

HF,r :=
∑

r′:n.n.

(Jmr′ + δJr,r′) +BF + VF ×mr, UeXRRyV

χr(mr) := −
(

αBd

msω(1 + α2)

)2 3(ms)2 − (mr,z)2

2
. UeXRRRV

>2`2 i?2 bmK
∑

r′:n.n. Bb i�F2M Qp2` i?2 M2�`2bi@M2B;?#Q` bBi2b Q7 rX h?2 iQi�H 2z2+iBp2 2ti2`M�H
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K�;M2iB+ }2H/ BF - i?2 bTBM@i`�Mb72` iQ`[m2 VF - �M/ i?2 2z2+iBp2 BMi2`�+iBQM �`2- `2bT2+iBp2Hv-
;Bp2M #v

BF := B0 + b(1) + (1− α2)b(2) − αmsD

2(1 + α2)

δχr

δmr
, UeXRRkV

VF := − α

ms
b(1) − 2α

ms
b(2) +

D

2(1 + α2)

δχr

δmr
, UeXRRjV

δJr,r′ := J

(
αBd

msω(1 + α2)

)2

mr′,z

∑

r′:n,n

⎛

⎝
mr′,xδmr,r′,z

mr′,yδmr,r′,z

−mr′,zδmr,r′,x −mr′,yδmr,r′,y

⎞

⎠ , UeXRR9V

r?2`2 δmr,r′ := mr −mr′ �M/ b(2) Bb /2}M2/ #v

b(2) := −
(

Bd

2ω(1 + α2)

)2

Bse1. UeXRR8V

eX9Xk a?Q`i@iBK2 /vM�KB+b
AM 6B;X eX9 U+V- r2 +�H+mH�i2 i?2 iBK2 2pQHmiBQM Q7 i?2 bT�iB�HHv �p2`�;2/ K�;M2iBx�iBQM Sz :=
(1/N)

∑
r mr- rBi? N = 100×100 #2BM; i?2 MmK#2` Q7 bTBMb- mbBM; i?`22 /Bz2`2Mi 2[m�iBQMb, UBV

i?2 iBK2@/2T2M/2Mi bGG: 2[m�iBQM UeXNdV U`2/ +m`p2V- UBBV i?2 2z2+iBp2 bGG: 2[m�iBQM UeXRyNV
rBi?Qmi i?2 FB+F QT2`�iQ` GF U;`22M +m`p2V- �M/ UBBBV i?2 2z2+iBp2 bGG: 2[m�iBQM UeXRyNV rBi?
i?2 FB+F QT2`�iQ` GF U#Hm2 +m`p2VX q2 mb2 i?2 >2mM K2i?Q/ 7Q` MmK2`B+�H BMi2;`�iBQM Q7 i?2
bGG: 2[m�iBQM rBi? i?2 HBM2�`Bx�iBQM i2+?MB[m2 (j88)X

h?2 BMBiB�H bi�i2 Bb i�F2M �b i?2 7mHHv TQH�`Bx2/ bi�i2 �HQM; i?2 mx /B`2+iBQM- BX2X- mr =
(1, 0, 0)trX h?2 T�`�K2i2`b �`2 +?Qb2M �b J = 1, Bd = 1.4J,ω = 5J,Bs = 1.4J,α = 0.1- �M/
Tte = 0X �7i2` � HQM; iBK2 t ≫ (αJ)−1- i?2 bvbi2K �TT`Q�+?2b � L1aa- r?2`2 Sz Qb+BHH�i2b
rBi? T2`BQ/ T X "2+�mb2 Q7 i?2 2z2+iBp2 K�;M2iB+ }2H/ b(1)F (∥ e3)- i?2 HQM;@iBK2 �p2`�;2 S̄z Q7
Sz #2+QK2b TQbBiBp2X �b r2 +�M b22 7`QK 6B;X eX9 U+V- i?2 2z2+iBp2 bGG: 2[m�iBQM rBi? i?2
FB+F QT2`�iQ` U#Hm2 +m`p2V b?Qrb ;QQ/ �;`22K2Mi rBi? i?2 iBK2@/2T2M/2Mi bGG: 2[m�iBQM U`2/
+m`p2VX �Hi?Qm;? i?2 2z2+iBp2 bGG: 2[m�iBQM rBi?Qmi i?2 FB+F QT2`�iQ` U;`22M +m`p2V 7�BHb iQ
+�Tim`2 i?2 Qb+BHH�iBM; #2?�pBQ`- Bi +Q``2+iHv `2T`Q/m+2b i?2 HQM;@iBK2 �p2`�;2 S̄z 7Q` i?2 L1aaX

eX9Xj LQM@2[mBHB#`BmK bi2�/v bi�i2
AM 6B;X eX8- r2 b?Qr � +QKT`2?2MbBp2 �M�HvbBb QM i?2 /2T2M/2M+2 Q7 i?2 HQM;@iBK2 �p2`�;2 Q7 i?2
K�;M2iBx�iBQM S̄z QM U�V i?2 /`BpBM; 7`2[m2M+v ω- U#V i?2 /`BpBM; �KTHBim/2 Bd- U+V i?2 :BH#2`i
/�KTBM; α- �M/ U/V i2KT2`�im`2 TteX h?2 +m`p2b rBi? i?2 i?`22 +QHQ`b- `2/- ;`22M- �M/ #Hm2-
�`2 Q#i�BM2/ 7`QK i?2 i?`22 2[m�iBQMb UBV- UBBV- �M/ UBBBV- `2bT2+iBp2HvX 1t+2Ti 7Q` i?2 T�`�K2i2`
+?�M;2/ BM 2�+? T�M2H- i?2 T�`�K2i2`b �`2 }t2/ �b J = 1,ω = 7J,Bd = J,Bs = 1.4J,α = 0.1-
�M/ Tte = 0.2J X �b b?QrM BM 6B;X eX8 U�V- i?2 �p2`�;2 K�;M2iBx�iBQM S̄z(∝ ω−1) Bb BM/m+2/
#v i?2 2z2+iBp2 K�;M2iB+ }2H/ b(1)(∝ ω−1) �M/ i?2 iBK2@/2T2M/2Mi bGG: 2[m�iBQM UeXNdV �M/
i?2 2z2+iBp2 QM2 UeXRyNV �`2 BM 2t+2HH2Mi �;`22K2Mi BM i?2 ?B;?@7`2[m2M+v `2;BK2 ω/J > 5X
AM 6B;X eX8 U#V- i?2 /`BpBM; �KTHBim/2 Bb p�`B2/ 7`QK r2�FHv /`Bp2M UBd/J ≈ 0V iQ bi`QM;Hv
/`Bp2M UBd/J ! 1V `2;BK2b- r?2`2 i?2 2z2+iBp2 bGG: 2[m�iBQM rBi? FB+F QT2`�iQ`b b?Qrb
#2ii2` �;`22K2Mi 7Q` bi`QM; /`Bp2bX h?2 2z2+i Q7 i?2 :BH#2`i /�KTBM; Bb b?QrM BM 6B;X eX8
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6B;m`2 eX8, GQM;@iBK2 �p2`�;2 S̄z Q7 i?2 K�;M2iBx�iBQM �b 7mM+iBQMb Q7 U�V i?2 /`BpBM; 7`2[m2M+v ω-
U#V i?2 /`BpBM; bi`2M;i? Bd- U+V i?2 :BH#2`i /�KTBM; α- �M/ U/V i2KT2`�im`2 TteX h?2 `2/- ;`22M- �M/
#Hm2 TQBMib �`2 Q#i�BM2/ 7`QK i?2 iBK2@/2T2M/2Mi bGG: 2[m�iBQM UeXNdV- �M/ i?2 2z2+iBp2 bi�iB+ bGG:
2[m�iBQM UeXRyNV rBi?Qmi i?2 FB+F QT2`�iQ`b- �M/ i?2 2z2+iBp2 bGG: UeXRyNV rBi?Qmi i?2K- `2bT2+iBp2HvX
h?2 T�`�K2i2`b �`2 }t2/ �b J = 1,ω = 5J,Bd = 1.4J,Bs = 1.4J,α = 0.1- �M/ Tte = 0.2J - 2t+2Ti
7Q` i?2 T�`�K2i2` i?�i Bb p�`B2/ BM 2�+? T�M2HX h?2 BMb2i BM i?2 T�M2H U/V b?Qrb �M 2MH�`;2/ BK�;2
#2ir22M 0.12 ≤ S̄z ≤ 0.15X

U+V- r?2`2 i?2 +�H+mH�iBQM Bb T2`7Q`K2/ 7`QK r2�FHv /BbbBT�iBp2 Uα ≈ 0V iQ bi`QM;Hv /BbbBT�iBp2
Uα ! 1V `2;BK2bX AM 6B;X eX8 U/V- r?2`2 r2 p�`v i2KT2`�im`2 iQ bBKmH�i2 i?2 bGG: 2[m�iBQM
rBi? UTte > 0V �M/ rBi?Qmi UTte = 0V i?2 `�M/QK }2H/ hrX �Hi?Qm;? � bHB;?i /2pB�iBQM Bb pBbB#H2
#2ir22M i?2 iBK2@/2T2M/2Mi �M/ 2z2+iBp2 bGG: 2[m�iBQM Ub22 i?2 BMb2iV- i?2 H�ii2` +Q``2+iHv
`2T`Q/m+2b i?2 i2KT2`�im`2 /2T2M/2M+2 Q7 i?2 7Q`K2`- BX2X- i?2 bHQT2 Q7 i?2 +m`p2X 6`QK i?2
�#Qp2 `2bmHib- r2 +�M +QM+Hm/2 i?�i i?2 2z2+iBp2 bGG: 2[m�iBQM Q#i�BM2/ 7`QK i?2 >61 r2HH
�TT`QtBK�i2b i?2 Q`B;BM�H QM2- B``2bT2+iBp2 Q7 i?2 K�;MBim/2 Q7 i?2 /BbbBT�iBQM �M/ i?2`K�H
~m+im�iBQMX h?2b2 `2bmHib �`2 +QMbBbi2Mi rBi? i?2 �M�HviB+�H �`;mK2Mi BM a2+X eXkX

eX8 �TTHB+�iBQM iQ bTBMi`QMB+b
AM i?Bb b2+iBQM- r2 +QMbB/2` � KmHiB72``QB+ bTBM bvbi2K /2b+`B#2/ #v i?2 bGG: 2[m�iBQMX Pm`
b2imT Bb � +H�bbB+�H �M�HQ; Q7 _27X (de) `2pB2r2/ BM a2+X jXjX q?BH2 � p2+iQ` bTBM +?B`�HBiv �M/ �
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6B;m`2 eXe, U�V a+?2K�iB+ BHHmbi`�iBQM Q7 � KmHiB72``QB+ bTBM +?�BMX h?2 M2�`2bi@M2B;?#Q` bTBMb �`2
+QmTH2/ rBi? � 72``QK�;M2iB+ +QmTHBM; Q7 J �M/ i?2 K�;M2iQ2H2+i`B+ +QmTHBM; Q7 TQH�`Bx�iBQM P - r?B+?
Bb ;Bp2M #v 1[X UeXRRdVX h?2 bi�iB+ }2H/ Bs Bb �TTHB2/ BM i?2 mz /B`2+iBQMX U#V A``�/B�iBQM Q7 i?2 H�b2`
}2H/ rBi? 2H2+i`B+ }2H/ E(t) �M/ K�;M2iB+ }2H/ B(t) BM/m+2b i?2 2z2+iBp2 .J BMi2`�+iBQM DF �M/ i?2
2z2+iBp2 K�;M2iB+ }2H/ BF - H2�/BM; iQ � bTB`�H bTBM i2tim`2 �M/ 2K2`;2M+2 Q7 i?2 p2+iQ` +?B`�HBiv Vtot

x

�HQM; i?2 x /B`2+iBQMX h?2 bi�iB+ }2H/ Bb imM2/ iQ +�M+2H i?2 2z2+iBp2 }2H/ BF X

bTBM +m``2Mi ?�p2 #22M b?QrM iQ 2K2`;2 BM i?Bb bim/v- i?2v p�MBb? �7i2` � HQM; iBK2 i?`Qm;? i?2
?2�iBM; 2z2+iX PM i?2 Qi?2` ?�M/- i?2 bvbi2K `2�+?2b i?2 L1aa rBi? � }MBi2 p2+iQ` +?B`�HBiv
BM Qm` b2imT i?`Qm;? i?2 #�H�M+2 #2ir22M i?2 ?2�iBM; 2z2+i �M/ i?2 :BH#2`i /�KTBM;X

eX8XR avMi?2iB+ .xv�HQb?BMbFBB@JQ`Bv� BMi2`�+iBQM BM � KmHiB72``QB+
bTBM +?�BM

h?2 >�KBHiQMB�M HMF(t) i?�i r2 +QMbB/2` Bb ;Bp2M #v i?�i Q7 � 72``QK�;M2i UeXRyyV rBi? �
K�;M2iQ2H2+i`B+ +QmTHBM;,

HMF(t) = H(t)− P ·E(t). UeXRReV

>2`2- i?2 b2+QM/ i2`K `2T`2b2Mib i?2 K�;M2iQ2H2+i`B+ +QmTHBM;- r?B+? r2 +QMbB/2` ?�pBM; i?2
b�K2 7Q`K �b i?�i +QMbB/2`2/ BM a2+X jXj,

P =
∑

⟨r,r′⟩

Pr,r′ = gme

∑

⟨r,r′⟩

er,r′ × (mr ×mr′) , UeXRRdV

r?2`2 er,r′ := (r′ − r)/|r′ − r| Bb i?2 mMBi p2+iQ` +QMM2+iBM; i?2 M2�`2bi M2B;?#Q` bBi2b r �M/
r′- �M/ gme /2MQi2b i?2 K�;MBim/2 Q7 i?2 K�;M2iQ2H2+i`B+ +QmTHBM;X *QK#BMBM; 1[bX UeXRyyV
�M/ UeXRRdV- r2 Q#i�BM i?2 2tTHB+Bi 7Q`Kb Q7 H(t) �M/ i?2 2z2+iBp2 }2H/ Hr(t),

H(t) = −
∑

⟨r,r′⟩

[Jmr ·mr′ +Dr,r′(t) · (mr ×mr′)]−
∑

r

[Bs +B(t)] ·mr, UeXRR3V

Hr(t) =
∑

r′:n.n.

(Jmr′ +Dr,r′(t)×mr′) +Bs +B(t), UeXRRNV

r?2`2 Dr,r′(t) := gmeE(t)× er,r′ Bb i?2 .J +QmTHBM; BM/m+2/ #v i?2 2H2+i`B+ }2H/X
hQ Q#b2`p2 � bTB`�H bTBM i2tim`2 BM/m+2/ #v � H�b2`- +QMbB/2` � bTBM +?�BM �HB;M2/ �HQM; i?2

x /B`2+iBQM B``�/B�i2/ #v i?2 H�b2` }2H/ i`�p2HBM; �HQM; i?2 (−z) /B`2+iBQM Ub22 6B;bX eXe U�V �M/
U#VVX h?2 2H2+i`B+ }2H/ E(t) �M/ K�;M2iB+ }2H/ B(t) �`2 ;Bp2M #v

E(t) = E0 (sin(ωt), cos(ωt), 0)
tr , B(t) =

−e3

c
×E =

E0

c
(cos(ωt),− sin(ωt), 0)tr . UeXRkyV
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�Hi?Qm;? � `2�HBbiB+ KmHiB72``QB+ bvbi2K ?�b � bi`QM; i?`22@/BK2MbBQM�H M�im`2 (j8e- j8d)- r2
?2`2 �M�Hvx2 � bTBM +?�BM 7Q` bBKTHB+BivX 6`QK i?2 }`bi@Q`/2` po >61- i?2 2z2+iBp2 bi�iB+ }2H/
Hr,F �i bBi2 r Bb ;Bp2M 7`QK 1[X UeXjdV #v

Hr,F :=
∑

r′:n.n.

[Jmr′ +DF,r,r′ ×mr′ ] +Bs +BF

− αBF ×mr −
∑

r′:n.n.

αϵBϵE
2ms(1 + α2)ω

⎛

⎝
m2

s +mr′,yδmr,y

−mr′,yδmr,x

0

⎞

⎠ , UeXRkRV

DF,r,r′ =
ϵEϵB

2(1 + α2)ω
er,r′ =: DFer,r′ , BF =

ϵ2B
2(1 + α2)ω

e3, UeXRkkV

r?2`2 ϵE := gmeE0 �M/ ϵB := (gµBE0)/c �`2 i?2 MQ`K�HBx2/ 2H2+i`B+ �M/ K�;M2iB+ 2M2`;B2b-
`2bT2+iBp2Hv Ub22 �TTX "X9 7Q` i?2 /2`Bp�iBQMVX 1[m�iBQM UeXRkRV b?Qrb i?�i � bvMi?2iB+ .J
}2H/ DF,r,r′ 2K2`;2b 7`QK i?2 +QK#BM�iBQM Q7 i?2 K�;M2iQ2H2+i`B+ �M/ w22K�M +QmTHBM;b- BM
�//BiBQM iQ i?2 2z2+iBp2 K�;M2iB+ }2H/ BF i?�i �TT2�`2/ BM a2+X eX9X h?2 bi`QM;2bi K�;M2iB+
}2H/ ϵB Q7 i2`�?2`ix H�b2`b �ii�BMb 1 @ 10 h (j83-j8N) �M/ i?2 K�;MBim/2 Q7 gme +�M #2 H�`;2 BM
� ;B;�?2`ix `2;BQM (k9e-jeyĜjek)X 6Q` bi�M/�`/ K�;M2ib rBi? J = 0.1 @ 10 K2o- #Qi? ϵE/J �M/
ϵB/J +�M �+?B2p2 p�Hm2b Q7 0.1 @ 1X

6Q` � r2�F /BbbBT�iBQM α ≪ 1- Hr,F Bb �TT`QtBK�i2/ iQ #2

Hr,F ≈
∑

r′:n.n.

[Jmr′ +DF,r,r′ ×mr′ ] +Bs +BF , UeXRkjV

r?B+? Bb i?2 2z2+iBp2 }2H/ BM i?2 bGG: 2[m�iBQM rBi? i?2 bi�iB+ >�KBHiQMB�M

HF =−
L∑

j=1

[Jmj ·mj+1 +DFVj,x + (BF +Bs) ·mj] . UeXRk9V

>2`2- Vj,x := e1 · (mj × mj+1) Bb i?2 p2+iQ` +?B`�HBiv �HQM; i?2 x �tBbX PM2 +�M b22 7`QK
1[X UeXRk9V i?�i i?2 bvbi2K 2t?B#Bib � bTB`�H bTBM i2tim`2 i?`Qm;? i?2 bvMi?2iB+ .J BMi2`�+iBQM-
H2�/BM; iQ i?2 2K2`;2M+2 Q7 i?2 p2+iQ` +?B`�HBiv Ub22 6B;X eXe U#VVX hQ K�tBKBx2 i?2 iQi�H p2+iQ`
+?B`�HBiv V tot

x :=
∑L

j=1 Vj,x- r2 BMi`Q/m+2 � bi�iB+ }2H/ Bs �HQM; i?2 z �tBb iQ +�M+2H Qmi BF -
BX2X- Bs +BF = 0- r?B+? ?�b MQi #22M +QMbB/2`2/ BM i?2 T`2pBQmb bim/v (de)X qBi? i?2 Tm`2Hv
72``QK�;M2iB+ �M/ .J BMi2`�+iBQMb BM 1[X UeXRk9V- � bTBM bTB`�H bi�i2- r?B+? Bb FMQrM �b i?2
+?B`�H bQHBiQM H�iiB+2- 2K2`;2b r?Qb2 p2+iQ` +?B`�HBiv T2` bBi2 Bb ;Bp2M �b 7QHHQrb (jej- je9),

V tot
x

L
:=

1

L

∑

j

Vj,x = tan−1

(
DF

J

)
= tan−1

[
ϵEϵB

2(1 + α2)ωJ

]
. UeXRk8V

eX8Xk 1K2`;2Mi p2+iQ` +?B`�HBiv #v H�b2` B``�/B�iBQM
hQ /2KQMbi`�i2 i?2 2K2`;2Mi p2+iQ` +?B`�HBiv V tot

x T`2/B+i2/ 7`QK i?2 2z2+iBp2 i?2Q`v UeXRk8V-
r2 T2`7Q`K � MmK2`B+�H bBKmH�iBQM Q7 i?2 iBK2@/2T2M/2Mi bGG: 2[m�iBQM UeXNdV rBi? iBK2@
/2T2M/2Mi 2z2+iBp2 K�;M2iB+ }2H/ Hr(t) BM 1[X UeXRRNVX q2 }t i?2 w22K�M +QmTHBM; ϵB-
:BH#2`i /�KTBM; α- �M/ i2KT2`�im`2 Tte �b ϵB/J = 0.2- α = 0.05- �M/ Tte = 0- `2bT2+iBp2HvX
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6B;m`2 eXd, U�V aT�iBQi2KTQ`�H /vM�KB+b Q7 i?2 p2+iQ` +?B`�HBiv (Vj−1+Vj,x)/2 rBi? /`BpBM; 7`2[m2M+v
ω/J = 4X h?2 p2+iQ` +?B`�HBiv T2M2i`�i2b BMiQ i?2 bvbi2K 7`QK i?2 2/;2b j = 0, L- r?2`2 Bi bT`2�/b
mMB7Q`KHv Qp2` i?2 bvbi2K �7i2` � bm{+B2MiHv HQM; iBK2X U#V hBK2 2pQHmiBQM Q7 i?2 bT�iB�HHv �p2`�;2/
p2+iQ` +?B`�HBiv Vtot

x /L rBi? /Bz2`2Mi /`BpBM; 7`2[m2M+B2b ω/J = 4 U#Hm2V �M/ ω/J = 10 U`2/VX h?2
/�b?2/ HBM2b b?Qr i?2 p�Hm2b �i i?2 L1aabX U+V- U/V aT�iB�H T`Q}H2 Q7 Vj,x �i i?2 L1aa 7Q` irQ bvbi2K
bBx2b UL = 100 7Q` U+V �M/ L = 1000 7Q` U/VV BM i?2 L1aabX h?2 BMb2i BM 6B;X U/V b?Qrb i?2 HQ;�`Bi?KB+
THQi Q7 Vj,x/(maxjVj,x) 7Q` i?2 }`bi Ryy bBi2b 0 ≤ j ≤ 100X

h?2 BMBiB�H bi�i2 Bb b2i iQ #2 i?2 TQH�`Bx2/ bi�i2 mr = (0, 0,−1)- �M/ i?2 H�b2` Bb im`M2/ QM �i
t = 0X aBM+2 Vj,x 2K2`;2b 7`QK i?2 2/;2b �b r2 rBHH b22 #2HQr- r2 bQHp2 i?2 bGG: 2[m�iBQM rBi?
i?2 QT2M #QmM/�`v +QM/BiBQM- BX2X- m0 = mL+1 = 0X

AM 6B;X eXd U�V- i?2 bT�iBQi2KTQ`�H /vM�KB+b Q7 i?2 p2+iQ` +?B`�HBiv (Vj−1 + Vj,x)/2 Bb T`2@
b2Mi2/- r?BH2 i?2 iBK2 2pQHmiBQM Q7 i?2 bT�iB�HHv �p2`�;2/ p2+iQ` +?B`�HBiv V tot

x /L Bb THQii2/
BM 6B;X eXd U#VX AM i?2 BMBiB�H `2H�t�iBQM Ut ≤ 200J−1V- i?2 p2+iQ` +?B`�HBiv 2Mi2`b i?2 bvbi2K
7`QK i?2 2/;2b j = 0, L �M/ bT`2�/b mMB7Q`KHv Qp2` i?2 bvbi2K �7i2` � bm{+B2MiHv HQM; iBK2
Ut ∼ 104J−1VX h?`Qm;? i?2 #�H�M+2 #2ir22M i?2 /`Bp2 �M/ /�KTBM;- i?2 bvbi2K `2�+?2b � L1aa
rBi? +QMbi�Mi V tot

x /L U/�b?2/ HBM2b BM 6B;X eXd U#VVX AM 6B;bX eXd U+V �M/ U/V- r2 THQi i?2 bT�iB�H
T`Q}H2b Q7 Vj,x �i i?2 L1aab 7Q` i?2 +?�BM H2M;i?b L = 100 �M/ L = 1000- `2bT2+iBp2HvX 6Q` �
H�`;2` +?�BM H2M;i? UL = 1000V b?QrM BM 6B;X eXd U/V- i?2 p2+iQ` +?B`�HBiv BM i?2 L1aab Bb HQ+�H@
Bx2/ �i i?2 2/;2bX 6Q` � bK�HH2` bvbi2K UL = 100V b?QrM BM 6B;X eXd U+V- QM i?2 Qi?2` ?�M/- i?2
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6B;m`2 eX3, U�V J2�M p2+iQ` +?B`�HBiv Vtot
x /L �b � 7mM+iBQM Q7 U�V i?2 /`BpBM; 7`2[m2M+v ω �M/ U#V i?2

K�;M2iQ2H2+i`B+ +QmTHBM; ϵE X h?2 `2/ +m`p2b �`2 Q#i�BM2/ 7`QK i?2 bQHmiBQM Q7 i?2 bGG: 2[m�iBQM rBi?
� iBK2@/2T2M/2Mi 2z2+iBp2 }2H/ UeXRRNV r?BH2 ;`22M QM2b �`2 /`�rM 7`QK 1[X UeXRk8V i?�i Bb /2`Bp2/
7`QK i?2 po >61X

p2+iQ` +?B`�HBiv mMB7Q`KHv bT`2�/b Qp2` i?2 bvbi2K #2+�mb2 Q7 � `�i?2` HQM; HQ+�HBx�iBQM H2M;i?
U2X;X- ∼ 100 bBi2b 7Q` ω/J = 4VX LQi2 i?�i i?2 HQ+�HBx�iBQM H2M;i? #2+QK2b H�`;2` 7Q` H�`;2` ω �b
b?QrM BM i?2 BMb2i Q7 6B;X eXd U/VX h?Bb `2bmHi BKTHB2b i?�i QM2 +�M QTiB+�HHv BM/m+2 � imM�#H2
p2+iQ` +?B`�HBiv BM M�MQK�;M2ib �M/ /BbQ`/2`2/ bTBM bvbi2Kb r?2`2 BKTm`BiB2b 2z2+iBp2Hv TH�v
i?2 `QH2 Q7 #QmM/�`B2bX

6BM�HHv- r2 [m�MiBi�iBp2Hv +?2+F i?2 p�HB/Biv Q7 i?2 2z2+iBp2 i?2Q`v #v +�H+mH�iBM; i?2 /2@
T2M/2M+2 Q7 i?2 K2�M p2+iQ` +?B`�HBiv V tot

x /L �i i?2 L1aa QM i?2 7`2[m2M+v ω �M/ i?2 K�;M2@
iQ2H2+i`B+ +QmTHBM; ϵEX �b b?QrM BM 6B;X eX3- i?2 2z2+iBp2@i?2Q`v `2bmHib UeXRk8V U;`22M +m`p2bV
b?Qr 2t+2HH2Mi �;`22K2Mi rBi? i?2 p2+iQ` +?B`�HBiv Q7 i?2 2t�+i L1aab U`2/ +m`p2bV BM i?2
?B;?@7`2[m2M+v Q` r2�F K�;M2iQ2H2+i`B+@+QmTHBM; `2;BQMbX AM i?2b2 `2;BQMb- i?2 bvMi?2iB+ .J
BMi2`�+iBQM DF Bb bK�HH �M/ ?2M+2 i?2 >61 Bb 2tT2+i2/ iQ #2 ;QQ/- r?B+? Bb +QMbBbi2Mi rBi?
i?2 �M�HviB+�H �`;mK2Mi BM a2+X eXkX



*?�Ti2` d

amKK�`v �M/ QmiHQQF

dXR amKK�`v
AM i?Bb i?2bBb- r2 ?�p2 �TTHB2/ 6HQ[m2i 2M;BM22`BM; iQ iQTQHQ;B+�H [m�MimK T?2MQK2M� �M/
MQMHBM2�` +H�bbB+�H bvbi2KbX

AM *?�Ti2` k- r2 ?�p2 #`B2~v `2pB2r2/ iQTQHQ;B+�H [m�MimK T?2MQK2M�X ai�`iBM; 7`QK �
*?2`M BMbmH�iQ` iQ BHHmbi`�i2 #�bB+ +QM+2Tib QM iQTQHQ;B+�H T?�b2b Q7 K�ii2`- r2 ?�p2 /Bb+mbb2/
aSh T?�b2b- r?B+? �`2 iQTQHQ;B+�H T?�b2b T`Qi2+i2/ #v bvKK2i`B2b- �M/ i?2B` +H�bbB}+�iBQM #v
K2�Mb Q7 i?2 E i?2Q`v (RyR- Ryk)X AM aSh T?�b2b bm+? �b BM i?2 aa> KQ/2H �M/ i?2 EBi�2p
+?�BM (Rj8)- iQTQHQ;B+�H 2/;2 KQ/2b T`Qi2+i2/ #v bvKK2i`B2b 2K2`;2X h?2v �`2 BKKmM2 iQ
/BbQ`/2` i?�i T`2b2`p2b i?2 bvKK2i`B2bX L2ti- r2 ?�p2 Qp2`pB2r2/ q2vH 72`KBQMb �M/ Bib 2tQiB+
K�;M2iB+ `2bTQMb2- M�K2Hv i?2 *J1 (Nk- Nj)X q?2M � K�;M2iB+ }2H/ Bb �TTHB2/ iQ � q2vH
72`KBQM- � +?B`�H +m``2Mi ~Qrb T�`�HH2H iQ i?2 K�;M2iB+ }2H/ �b � +QMb2[m2M+2 Q7 [m�MimK
�MQK�Hv (RekĜRe8)X >Qr2p2`- � T�B` Q7 q2vH 72`KBQMb rBi? i?2 QTTQbBi2 +?B`�HBiv Kmbi �TT2�`
BM � q2vH b2KBK2i�H �b � +QMb2[m2M+2 Q7 i?2 LB2Hb2M@LBMQKBv� i?2Q`2K (Ny- NR)- �M/ i?2`27Q`2
i?2 +?B`�H +m``2Mi p�MBb?2bX 6BM�HHv- r2 ?�p2 /Bb+mbb2/ �/B�#�iB+ TmKTb �M/ i?2B` +H�bbB}+�iBQM
#v i?2 E i?2Q`v (Ryj)X h?2 +H�bbB}+�iBQM Q7 �/B�#�iB+ TmKTb b?Qrb i?2 b�K2 T2`BQ/B+ bi`m+im`2
�b i?�i Q7 hAb �M/ ha*b- r?B+? +�M #2 mM/2`biQQ/ 7`QK i?2 BbQKQ`T?BbK BM i?2 E i?2Q`vX

AM *?�Ti2` j- r2 ?�p2 /Bb+mbb2/ bQK2 #�bB+ +QM+2Tib Q7 6HQ[m2i 2M;BM22`BM; �M/ T`2b2Mi2/
Bib �TTHB+�iBQMb 7Q` +QMi`QHHBM; iQTQHQ;B+�H #�M/ bi`m+im`2b- bmT2`~mB/b- K�;M2ib- �M/ +H�bbB+�H
bvbi2KbX h?2 6HQ[m2i i?2Q`2K (jy-jR) /B+i�i2b i?�i i?2 iBK2 2pQHmiBQM Q7 � T2`BQ/B+�HHv /`Bp2M
[m�MimK bvbi2K #2- QM �p2`�;2- ;2M2`�i2/ #v � iBK2@T2`BQ/B+ >2`KBiB�M QT2`�iQ`- r?B+? Bb
mbm�HHv +�HH2/ �M 2z2+iBp2 >�KBHiQMB�MX h?2 2z2+iBp2 >�KBHiQMB�M Bb bvbi2K�iB+�HHv /2i2`KBM2/
7`QK i?2 >61- r?B+? Bb � T2`im`#�iBp2 2tT�MbBQM BM TQr2`b Q7 i?2 BMp2`b2 7`2[m2M+v (RyN-RRy)X
�Hi?Qm;? i?2 >61 Bb � /Bp2`;2Mi b2`B2b 7Q` � ;2M2`B+ K�Mv@#Q/v bvbi2K- Bib i`mM+�i2/ b2`B2b +�M
/2b+`B#2 i?2 i`�MbB2Mi bi�iBQM�`v bi�i2 #27Q`2 ?2�iBM; mT iQ �M BM}MBi2@i2KT2`�im`2 bi�i2- r?B+?
Bb FMQrM �b i?2 6HQ[m2i T`2i?2`K�H bi�i2 (N8- Ne- N3- kyN)X "v K2�Mb Q7 6HQ[m2i 2M;BM22`BM;-
2tQiB+ iQTQHQ;B+�H #�M/ bi`m+im`2b ?�p2 #22M `2�HBx2/ i?�i �`2 /B{+mHi U2X;X- i?2 >�H/�M2 KQ/2HV
�M/ 2p2M T`Q?B#Bi2/ U2X;X- � bBM;H2 +?B`�H 72`KBQMV BM � bi�iB+ H�iiB+2 bvbi2K (RN- ky- 9y- 9R)X
6HQ[m2i 2M;BM22`BM; Bb �HbQ �TTHB2/ iQ +QMi`QH bvKK2i`v@#`QF2M T?�b2b BM+Hm/BM; bmT2`~mB/b �M/
K�;M2ib- r?B+? ?�p2 TQi2MiB�H �TTHB+�iBQMb iQ [m�MimK bBKmH�iBQMb �M/ mHi`�7�bi bTBMi`QMB+bX
6HQ[m2i 2M;BM22`BM; BM +H�bbB+�H bvbi2Kb ?�b � HQM; ?BbiQ`v Q7 bim/v /�iBM; #�+F iQ i?2 bim/v
Q7 i?2 E�TBix� T2M/mHmK (Rj)- r?B+? Bb � T`QiQivTB+�H 2t�KTH2 Q7 /vM�KB+�H bi�#BHBx�iBQMX
_2+2MiHv- BbQH�i2/ +H�bbB+�H >�KBHiQM bvbi2Kb �`2 7QmM/ iQ �TT`Q�+? i?2 6HQ[m2i T`2i?2`K�H

NR
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bi�i2b #27Q`2 ?2�iBM; mT bBKBH�`Hv iQ BbQH�i2/ [m�MimK bvbi2Kb (RR8ĜRRd)X
AM *?�Ti2` 9- r2 ?�p2 #`B2~v `2pB2r2/ +H�bbB+�H biQ+?�biB+ bvbi2Kb /2b+`B#2/ #v biQ+?�biB+

/Bz2`2MiB�H 2[m�iBQMbX h?2 iBK2 2pQHmiBQM Q7 i?2 T`Q#�#BHBiv /Bbi`B#miBQM 7mM+iBQM Bb ;Qp2`M2/
#v � K�bi2` 2[m�iBQM- r?B+? Bb � HBM2�` 2[m�iBQM rBi? `2bT2+i iQ i?2 T`Q#�#BHBiv /Bbi`B#miBQM
7mM+iBQMX 6Q` � :�mbbB�M `�M/QK p�`B�#H2 rBi? i?2 J�`FQpB�M M�im`2- i?2 K�bi2` 2[m�iBQM
#2+QK2b � b2+QM/@Q`/2` /Bz2`2MiB�H 2[m�iBQM- r?B+? Bb FMQrM �b i?2 6S 2[m�iBQMX �b � +QM+`2i2
2t�KTH2- r2 ?�p2 /Bb+mbb2/ i?2 bGG: 2[m�iBQM (Rky-RkR)- r?B+? Bb � T?2MQK2MQHQ;B+�H 2[m�iBQM
7Q` � 72``QK�;M2i +QmTH2/ rBi? �M 2MpB`QMK2MiX AM i?2 bGG: 2[m�iBQM- � /�KTBM; �M/ � i?2`K�H
~m+im�iBQM i?`Qm;? i?2 BMi2`�+iBQM rBi? i?2 2MpB`QMK2Mi �`2 KQ/2H2/ �b i?2 :BH#2`i@/�KTBM;
i2`K �M/ � `�M/QK K�;M2iB+ }2H/- `2bT2+iBp2HvX

AM *?�Ti2` 8- r2 ?�p2 T`2b2Mi2/ � T2`BQ/B+�HHv /`Bp2M i?`22@/BK2MbBQM�H H�iiB+2 bvbi2K
i?�i 2t?B#Bib � bBM;H2 q2vH 72`KBQM BM Bib [m�bB2M2`;v bT2+i`mKX �Hi?Qm;? � bBM;H2 q2vH
72`KBQM Bb T`Q?B#Bi2/ #v i?2 LB2Hb2M@LBMQKBv� i?2Q`2K BM � bi�iB+ H�iiB+2 bvbi2K (Ny- NR)- QM2
+�M bm`T�bb i?Bb Q#bi�+H2 #v mbBM; i?2 iQTQHQ;v mMB[m2 iQ 6HQ[m2i mMBi�`v QT2`�iQ`b- M�K2Hv i?2
(2π/T )@T2`BQ/B+Biv Q7 i?2 [m�bB2M2`;vX Pm` KQ/2H T`QpB/2b i?2 }`bi 2t�KTH2 Q7 MQM@�/B�#�iB+
iQTQHQ;B+�H TmKTb +?�`�+i2`Bx2/ #v 6HQ[m2i mMBi�`v QT2`�iQ`b BM ?B;?2` bT�iB�H /BK2MbBQMbX
_2~2+iBM; i?2 bTBM@KQK2MimK HQ+FBM; Q7 � q2vH 72`KBQM- � +m``2Mi ~Qrb T�`�HH2H iQ i?2 bTBM
TQH�`Bx�iBQM mM/2` i?2 /`Bp2X q?2M � K�;M2iB+ }2H/ Bb BMi`Q/m+2/ BM Qm` /`BpBM; T`QiQ+QH- �
bBM;H2 +?B`�H 72`KBQM 2K2`;2b BM i?2 [m�bB2M2`;v bT2+i`mKX h?Bb H2�/b iQ i?2 +?B`�H +m``2Mi
T�`�HH2H iQ i?2 K�;M2iB+ }2H/- r?B+? Bb � 6HQ[m2i �M�HQ; Q7 i?2 *J1X h?`Qm;? � /2i�BH2/
MmK2`B+�H �M�HvbBb- r2 ?�p2 +QM}`K2/ i?�i i?Bb +?B`�H +m``2Mi bm`pBp2b Qp2` � rB/2 `�M;2 Q7
T�`�K2i2`b- 2X;X i?2 72`KBQM /2MbBiv- i2KT2`�im`2- �M/ i?2 bi`2M;i? Q7 i?2 K�;M2iB+ }2H/X AM
T�`iB+mH�`- �i i?2 ?�H7 }HHBM; �M/ x2`Q i2KT2`�im`2- i?Bb +m``2Mi i�F2b � [m�MiBx2/ p�Hm2 BM ?�H7
Q7 i?2 ~mt T2` bBi2X Pm` KQ/2H +�M #2 BKTH2K2Mi2/ BM mHi`�+QH/ �iQKB+ ;�b2b #v mbBM; i?2 bTBM@
/2T2M/2Mi QTiB+�H H�iiB+2 Q` � H�b2`@BM/m+2/ ?QTTBM;X :2M2`�HBxBM; i?2 �#Qp2 /Bb+mbbBQM- r2
?�p2 ;Bp2M i?2 iQTQHQ;B+�H +H�bbB}+�iBQM Q7 6HQ[m2i@"HQ+? QT2`�iQ`b BM i?2 �w bvKK2i`v +H�bb2b
#v K2�Mb Q7 i?2 E i?2Q`vX h?2 Q#i�BM2/ +H�bbB}+�iBQM b?Qrb i?2 b�K2 T2`BQ/B+ bi`m+im`2 �b i?�i
Q7 bi�iB+ hAb �M/ ha*b (RyR- Ryk)X h?Bb `2bmHi- iQ;2i?2` rBi? i?2 +QM+`2i2 KQ/2Hb +QMbi`m+i2/
BM �TTX �X9- b?Qrb i?�i �HH i?2 ;�TH2bb #�M/ bi`m+im`2b BM bi�iB+ hAb �M/ ha*b +�M #2 `2�HBx2/
�b [m�bB2M2`;v #�M/ bi`m+im`2b Q7 T2`BQ/B+�HHv /`Bp2M H�iiB+2 bvbi2KbX

AM *?�Ti2` e- r2 ?�p2 /2p2HQT2/ i?2 >61 Q7 +H�bbB+�H 6HQ[m2i bvbi2KbX lM7Q`imM�i2Hv- r2
+�MMQi �TTHv i?2 6HQ[m2i i?2Q`2K /B`2+iHv iQ +H�bbB+�H bvbi2Kb QrBM; iQ i?2 MQMHBM2�`Biv Q7 i?2B`
1PJb �M/ � `�M/QK MQBb2 KQ/2HBM; � i?2`K�H ~m+im�iBQMX h?2 F2v B/2� Bb mbBM;- `�i?2` i?�M
i?2 1PJ Bib2H7- i?2 K�bi2` 2[m�iBQM +Q``2bTQM/BM; iQ i?2 1PJ Q7 � bvbi2K- iQ r?B+? r2 �TTHv
i?2 6HQ[m2i i?2Q`2K �M/ T2`7Q`K i?2 >61X h?2 >61 Q7 i?2 1PJ Bb Q#i�BM2/ 7`QK i?�i Q7 i?2
K�bi2` 2[m�iBQM #v mbBM; i?2 +Q``2bTQM/2M+2 #2ir22M i?2 1PJ �M/ i?2 K�bi2` 2[m�iBQMX Pm`
7Q`K�HBbK Bb �TTHB+�#H2 iQ � rB/2 p�`B2iv Q7 bvbi2Kb 7`QK Tm`2Hv +H�bbB+�H iQ [m�MimK QM2b BM
bvKK2i`v@#`QF2M T?�b2b �M/ iQ #Qi? BbQH�i2/ �M/ QT2M QM2b �i �Mv i2KT2`�im`2- �b HQM; �b i?2B`
1PJb �`2 r`Bii2M �b MQMHBM2�` UbiQ+?�biB+V Q`/BM�`v /Bz2`2MiB�H 2[m�iBQMb Q` i?2v �`2 J�`FQp
T`Q+2bb2b QM /Bb+`2i2 bT�+2bX "v 2t�KBMBM; i?2 ;2M2`�iQ` Q7 i?2 iBK2 2pQHmiBQM- r2 }M/ i?�i i?2
>61 Bb 7QmM/ iQ #2 +QMp2`;2Mi 7Q` � MQM@+?�QiB+ 72r@#Q/v bvbi2KX 6m`i?2`KQ`2- #v 2p�Hm�iBM;
i?2 ?B;?2`@Q`/2` i2`Kb Q7 i?2 2tT�MbBQM- r2 ?�p2 7QmM/ i?�i Bi Bb- �i H2�bi �bvKTiQiB+�HHv-
+QMp2`;2Mi �M/ +Q``2+iHv `2T`Q/m+2b i?2 2t�+i MQM@2[mBHB#`BmK bi2�/v bi�i2 Q7 � ;2M2`B+ K�Mv@
#Q/v bvbi2KX h?2b2 }M/BM;b �`2 MmK2`B+�HHv +QM}`K2/ BM � bBM;H2@T�`iB+H2 bvbi2K �M/ � K�Mv@
#Q/v bvbi2K #v 2t�KTH2b Q7 i?2 E�TBix� T2M/mHmK rBi? 7`B+iBQM �M/ /`Bp2M K�;M2ib /2b+`B#2/
#v i?2 bGG: 2[m�iBQM- `2bT2+iBp2HvX AM #Qi? 2t�KTH2b- i?2 2z2+iBp2 1PJb Q#i�BM2/ 7`QK i?2
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>61 r2HH �TT`QtBK�i2 i?2 2t�+i iBK2 2pQHmiBQM 7Q` � HQM; iBK2 mT iQ i?2B` L1aaX h?Bb `2bmHi Bb
BM bi�`F +QMi`�bi iQ +HQb2/ bvbi2Kb r?2`2 i?2 i`mM+�i2/ >61 7�BHb iQ +�Tim`2 i?2B` bi2�/v bi�i2b-
BX2X- BM}MBi2@i2KT2`�im`2 bi�i2b �7i2` i?2 6HQ[m2i T`2i?2`K�HBx�iBQM (N8-Ne-N3-kyN)X 6BM�HHv- r2
?�p2 T`2b2Mi2/ �M �TTHB+�iBQM iQ bTBMi`QMB+bX q2 ?�p2 /2KQMbi`�i2/ �M QTiB+�H +`2�iBQM Q7 �
bTBM p2+iQ` +?B`�HBiv BM � KmHiB72``QB+ bTBM +?�BM #v � +B`+mH�`Hv TQH�`Bx2/ H�b2`- r?B+? +QmH/ #2
mb2/ 7Q` mHi`�7�bi ;2M2`�iBQM Q7 � bTBM +m``2MiX

dXk PmiHQQF
dXkXR 6HQ[m2i 2M;BM22`BM; Q7 iQTQHQ;B+�H T?2MQK2M�
6B`bi- r?BH2 i?2 iQTQHQ;B+�H +H�bbB}+�iBQM Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ`b ?�b #22M �+?B2p2/ �M/
+QM+`2i2 KQ/2Hb ?�p2 #22M +QMbi`m+i2/- i?2B` T?vbB+�H BKTHB+�iBQMb �`2 v2i iQ #2 +H�`B}2/X _2@
K�`F�#Hv- i?2 Q#i�BM2/ +H�bbB}+�iBQM Bb 7QmM/ iQ #2 /Bz2`2Mi 7`QK i?�i Q7 �/B�#�iB+ TmKTb (Ryj)-
BM/B+�iBM; i?�i MQM@�/B�#�iB+ TmKTb �M/ �/B�#�iB+ QM2b K�v 72�im`2 /Bz2`2Mi /vM�KB+�H `2@
bTQMb2b- 2X;X- iQTQHQ;B+�HHv T`Qi2+i2/ i`�MbTQ`i T?2MQK2M� �M/ i?2 `Q#mbiM2bb �;�BMbi /BbQ`/2`X
Ai rQmH/ #2 BMi2`2biBM; iQ bim/v i?2K BM /2i�BH #�b2/ QM i?2 KQ/2Hb T`2b2Mi2/ BM �TTX �X9 7Q`
2tTHQ`BM; iQTQHQ;B+�H T?2MQK2M� mMB[m2 iQ 6HQ[m2i bvbi2KbX

a2+QM/Hv- i?2 2z2+i Q7 i?2 T�`iB+H2 +Q``2H�iBQM QM Qm` KQ/2H b?QmH/ #2 BMp2biB;�i2/ bBM+2 Bi
Bb `2H2p�Mi BM bQHB/@bi�i2 bvbi2Kb �M/ mHi`�+QH/ �iQKB+ ;�b2b- �M/ ?2M+2 Bb 2tT2+i2/ iQ �z2+i
i?2 +?B`�H +m``2Mi Q7 i?2 6HQ[m2i *J1X JQ`2Qp2`- Bi Bb r2HH@FMQrM i?�i i?2 bi`QM; +Q``2H�iBQM
/`�K�iB+�HHv +?�M;2b i?2 iQTQHQ;B+�H +H�bbB}+�iBQM #Qi? BM bi�iB+ �M/ 6HQ[m2i bvbi2Kb- bm+? �b
i?2 `2/m+iBQM Q7 � iQTQHQ;B+�H BM/2t (je8-jee) �M/ �MQK�HQmb hAb �M/ ha*b +?�`�+i2`Bx2/ #v �
`�iBQM�H iQTQHQ;B+�H BM/2t (jedĜjeN)X h?2`27Q`2- i?2 BMi2`�+iBQM 2z2+i K�v �Hi2` i?2 iQTQHQ;B+�H
+H�bbB}+�iBQM QM MQM@�/B�#�iB+ TmKTb 2bi�#HBb?2/ BM i?Bb i?2b2b- r?2`2 2tQiB+ T?�b2b Q7 K�ii2`
KB;?i 2K2`;2X

dXkXk 6HQ[m2i 2M;BM22`BM; Q7 MQMHBM2�` bvbi2Kb
6B`bi- Bi rQmH/ #2 BMi2`2biBM; iQ bim/v �TTHB+�iBQM iQ 6HQ[m2i 2M;BM22`BM; BM bQHB/bX �Hi?Qm;? Bi
Bb �M�Hvx2/ �b BbQH�i2/ bvbi2Kb BM KQbi +�b2b 7Q` bBKTHB+Biv (dkĜd9- deĜd3- jdy- jdR)- � +QmTHBM;
rBi? �M 2MpB`QMK2Mi Bb mM�pQB/�#H2 BM � `2�HBbiB+ bQHB/@bi�i2 bvbi2KX 6m`i?2`KQ`2- MmK2`B+�H
bBKmH�iBQMb Q7 K�Mv@#Q/v bvbi2Kb �`2 HBKBi2/ iQ bK�HH bvbi2K bBx2b #2+�mb2 Q7 i?2 2tTQM2MiB�HHv
BM+`2�bBM; /BK2MbBQM Q7 i?2 >BH#2`i bT�+2bX Pm` �TT`Q�+? �HHQrb mb iQ bBKmH�i2 /`Bp2M +H�bbB+�H
bvbi2Kb rBi? +QMbB/2`�#Hv H�`;2` bvbi2K bBx2b i?�M [m�MimK QM2b- �M/ KQ`2Qp2`- r2 +�M i�F2
BMiQ �++QmMi i?2 2z2+i Q7 /BbbBT�iBQM �M/ i2KT2`�im`2 �i i?2 b�K2 iBK2X LQM@2[mBHB#`BmK
T?�b2 i`�MbBiBQMb �M/ +`BiB+�H T?2MQK2M� ?�p2 #22M BMi2MbBp2Hv bim/B2/ BM /`Bp2M /BbbBT�iBp2
+H�bbB+�H K�Mv@#Q/v bvbi2Kb (jy3-jdkĜjd8) �M/ Qm` i?2Q`v +�M T`QpB/2 � `2HB�#H2 7`�K2rQ`F 7Q`
T`2/B+iBM; �M/ 2p2M +QMi`QHHBM; i?2KX

a2+QM/Hv- � K�bi2` 2[m�iBQM Qz2`b � M�im`�H `2�HBx�iBQM Q7 i?2 MQM@>2`KBiB�M a+?`ƺ/BM;2`
2[m�iBQM �b K2MiBQM2/ BM a2+X eXRX _2+2MiHv- +QMbB/2`�#H2 2zQ`ib ?�p2 #22M K�/2 iQ 2tTHQ`2
MQM@>2`KBiB�M T?vbB+b #Qi? 2tT2`BK2Mi�HHv �M/ i?2Q`2iB+�HHv mbBM; i?2 bi�i2@Q7@�`i 2tT2`BK2Mi�H
i2+?MB[m2b BM �iQKB+- KQH2+mH�`- �M/ QTiB+�H T?vbB+b- BM T�`iB+mH�` i?2B` iQTQHQ;B+�H �bT2+ib (jdeĜ
j3N)X _2K�`F�#Hv- i?2 iQTQHQ;B+�H +H�bbB}+�iBQM Q7 bi�iB+ MQM@>2`KBiB�M bvbi2Kb (8- jNy- jNR) Bb
7QmM/ iQ #2 bB;MB}+�MiHv /Bz2`2Mi 7`QK i?2 >2`KBiB�M +QmMi2`T�`i (Ryk- R9j- jNk)X "2bB/2b-
>2`KBiB�M 6HQ[m2i bvbi2Kb ?Qbi mMB[m2 iQTQHQ;B+�H T?2MQK2M� i?�i ?�p2 MQ +QmMi2`T�`ib BM
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bi�iB+ QM2b BM+Hm/BM; �MQK�HQmb hAb �M/ ha*b (38- 3d- kk8) �M/ ;�TH2bb iQTQHQ;B+�H bT2+i`�
(R- 38- 3N)X h?2`27Q`2- Bi Bb M�im`�H iQ 2tT2+i i?�i- i?`Qm;? i?2 BMi2`TH�v #2ir22M i?2 MQM@
>2`KBiB+Biv �M/ � T2`BQ/B+ /`Bp2- MQM@>2`KBiB�M 6HQ[m2i bvbi2Kb �HbQ ?Qbi mMB[m2 iQTQHQ;B+�H
T?�b2b- r?B+? �`2 /Bz2`2Mi 7`QK #Qi? >2`KBiB�M 6HQ[m2i bvbi2Kb �M/ MQM@>2`KBiB�M bi�iB+
bvbi2KbX q?BH2 MQM@>2`KBiB�M 6HQ[m2i bvbi2Kb ?�p2 #22M bim/B2/ BM i?2 +QMi2ti Q7 [m�MimK
r�HFb (jNjĜjN8)- i?2B` `2�HBx�iBQMb �M/ T`QT2`iB2b Q7 iQTQHQ;B+�H 2/;2 bi�i2b BM +H�bbB+�H biQ+?�biB+
bvbi2Kb `2K�BM H�`;2Hv mM2tTHQ`2/X

6BM�HHv- Bi rQmH/ #2 BMi2`2biBM; iQ +H�`B7v i?2 `QH2 Q7 i?2 BMi2;`�#BHBiv Q7 � bvbi2K BM i?2
`2H�t�iBQM iQ � L1aaX AM i?2 +QMi2ti Q7 T2`BQ/B+�HHv /`Bp2M BbQH�i2/ [m�MimK bvbi2Kb- Bi Bb
FMQrM i?�i BMi2;`�#H2 bvbi2Kb b?Qr [mBi2 /Bz2`2Mi `2H�t�iBQM /vM�KB+b 7`QK MQM@BMi2;`�#H2
QM2bX JQ`2 T`2+Bb2Hv- i?2 ?2�iBM; Bb bmTT`2bb2/ 7Q` � ?B;?@7`2[m2M+v /`Bp2 BM �M BMi2;`�#H2 bvbi2K
#2+�mb2 Q7 i?2 T`2b2M+2 Q7 �M BM}MBi2 MmK#2` Q7 +QMb2`p2/ [m�MiBiB2b (N9- ky8- ky3)X q?BH2 �
bBKBH�` b+2M�`BQ K�v ?QH/ 7Q` � /`Bp2M /BbbBT�iBp2 bvbi2K- BX2X- �M BMi2;`�#H2 QM2 �M/ � MQM@
BMi2;`�#H2 QM2 2t?B#Bi /Bz2`2Mi `2H�t�iBQM T`Q+2bb2b �M/ �TT`Q�+? /Bz2`2Mi L1aab- MQ �M�HviB+�H
�M/ MmK2`B+�H bim/B2b ?�p2 #22M /QM2 bQ 7�`X h?2 �a1S Bb �TT`QT`B�i2 iQ i2bi i?Bb b+2M�`BQ
#Qi? �M�HviB+�HHv �M/ MmK2`B+�HHvX Aib K�bi2` 2[m�iBQM +�M #2 K�TT2/ iQ � MQM@>2`KBiB�M
ssw +?�BM- r?B+? +�M #2 bQHp2/ #v i?2 "2i?2@�Mb�ix K2i?Q/ (jNe-jNd)X Aib BMi2;`�#BHBiv +�M #2
+QMi`QHH2/ #v +QMbB/2`BM; � bi2T@rBb2 /`BpBM; T`QiQ+QH Q` #v BMi`Q/m+BM; �M �//BiBQM�H ?QTTBM;
i2`K i?�i #`2�Fb i?2 BMi2;`�#BHBivX
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.2i�BHb Q7 K�i?2K�iB+b �M/ /2`Bp�iBQMb
BM *?�Ti2` 8

AM �TTX �XR- r2 T`QpB/2 i?2 +QMbi`m+iBQM Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k) BM 1[X U8XRyV-
r?B+? ?�b i?2 MQMi`BpB�H i?`22@/BK2MbBQM�H rBM/BM; MmK#2` QM S3X AM �TTX �Xk- r2 /Bb+mbb i?2
#QmM/�`v +QM/BiBQM Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k)X AM �TTX �Xj- r2 /2`Bp2 i?2 2tT`2bbBQM
U8XjkV Q7 i?2 TmKT2/ 72`KBQM +?�`;2X AM �TTX �X9- r2 T`2b2Mi +QM+`2i2 KQ/2Hb rBi? i?2 6HQ[m2i@
"HQ+? QT2`�iQ`b i?�i 72�im`2 H�iiB+2@T`Q?B#Bi2/ #�M/ bi`m+im`2b BM �HH i?2 bvKK2i`v +H�bb2b �M/
bT�iB�H /BK2MbBQM�HBiB2b mT iQ i?`22X

�XR *QMbi`m+iBQM Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ` U(k)

� MQMi`BpB�H K�T 7`QK T3 iQ S3 Bb ;2M2`�HHv +QMbi`m+i2/ 7`QK i?2 bK�b? T`Q/m+i (kdk)- r?B+? Bb
� K�i?2K�iB+�H iQQH 7Q` +QMbi`m+iBM; � K�MB7QH/ 7`QK irQ K�MB7QH/bX G2i X UY V #2 � K�MB7QH/
�M/ x0 Uy0V #2 � TQBMi QM X UY VX h?2 bK�b? T`Q/m+i X ∧ Y Bb /2}M2/ �b i?2 T`Q/m+i bT�+2
X × Y rBi? i?2 bT�+2 ({x0}× Y )∪ (X × {y0}) B/2MiB}2/ rBi? � TQBMi QM X × Y X 6Q` 2t�KTH2-
i?2 bK�b? T`Q/m+i S1 ∧S1- rBi? S1 #2BM; � +B`+H2- Bb BbQKQ`T?B+ iQ i?2 irQ@/BK2MbBQM�H bT?2`2
S2X q2 T�`�K2i`Bx2 i?2b2 irQ +B`+H2b �b

S1 = {k|− π ≤ k ≤ π} , S1 = {k′|− π ≤ k′ ≤ π} , U�XRV

�M/ i�F2 x0 �M/ y0 �b k = ±π �M/ k′ = ±π- `2bT2+iBp2HvX h?2M- i?2 T`Q/m+i bT�+2 S1×S1 �M/
Bib bm#bT�+2-

({x0}× Y ) ∪ (X × {y0}) = {(±π, k′)|− π ≤ k′ ≤ π} ∪ {(k,±π)|− π ≤ k ≤ π} , U�XkV

�`2 B/2MiB}2/ rBi? i?2 "`BHHQmBM xQM2 T2 = [−π, π]2 Q7 � b[m�`2 H�iiB+2 �M/ Bib #QmM/�`v-
`2bT2+iBp2HvX �b r2 +�M Q#i�BM S2 7`QK T2 #v r`�TTBM; mT i?2 b[m�`2 [−π, π]2- i?2 bK�b?
T`Q/m+i S1∧S1- BX2X- i?2 b[m�`2 [−π, π]2 rBi? Bib #QmM/�`v B/2MiB}2/ rBi? � TQBMi- Bb BbQKQ`T?B+
iQ S2X h?2 BbQKQ`T?B+ K�TTBM; f1,1 Bb ;Bp2M #v

f1,1(k, k
′) :=

[
−2 cos2

(
k

2

)
cos2

(
k′

2

)
+ 1

]
e1 − cos2

(
k

2

)
sin (k′) e2 − sin (k) cos

(
k′

2

)
e3,

U�XjV

N8
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r?2`2 e1 = (1, 0, 0)tr, e2 = (0, 1, 0)tr- �M/ e3 = (0, 0, 1)tr �`2 i?2 mMBi p2+iQ`b BM i?`22 Q`i?Q;QM�H
/B`2+iBQMbX

�b r2 rBHH b?Qr #2HQr- i?2 MQMi`BpB�H K�T U(k) Bb +QMbi`m+i2/ 7`QK i?2 7QHHQrBM; BbQKQ`@
T?BbK (kdk),

S1 ∧ S1 ∧ S1 ∼= S2 ∧ S1 ∼= S3. U�X9V

G2i ξ = (ξ1, ξ2, ξ3)tr #2 � mMBi p2+iQ` QM S2- BX2X-
∑3

i=1(ξi)
2 = 1- �M/ k1 ∈ [−π, π] ∼= S1X h?2

BbQKQ`T?B+ K�TTBM; f : S2 × S1 → S3 Q7 i?2 b2+QM/ BbQKQ`T?BbK BM 1[X U�X9V Bb ;Bp2M #v

f2,1(ξ, k1) =
ξ1 − 1

2
sin (k1)a1 + cos

(
k1
2

)
(ξ3a2 + ξ2a3)−

[
sin2

(
k1
2

)
+ cos2

(
k1
2

)
ξ1

]
a4,

U�X8V

r?2`2 ai (i = 1, 2, 3, 4) �`2 mMBi p2+iQ`b BM 7Qm` /BK2MbBQMb /2}M2/ #v

a1 = (1, 0, 0, 0)tr, a2 = (0, 1, 0, 0)tr, a3 = (0, 0, 1, 0)tr, a4 = (0, 0, 0, 1)tr. U�XeV

h?2M- i?2 +QKTQbBiBQM Q7 f1,1 �M/ f2,1 /2}M2/ #v

ũ(k) = f2,1 [f1,1(k2, k3), k1] U�XdV

;Bp2b �M BbQKQ`T?B+ K�TTBM; #2ir22M S1 ∧ S1 ∧ S1 �M/ S3X aBM+2 i?2 BbQKQ`T?B+ K�TTBM;
f2,1 [f1,1(k2, k3), k1] iQ S3 M�im`�HHv ?�b � mMBi rBM/BM; MmK#2` �M/ i?2 /QK�BM Q7 S1 ∧ S1 ∧ S1

�M/ i?�i Q7 T3 �`2 #Qi? +m#B+ [−π, π]3- ũ(k) ?�b � mMBi rBM/BM; MmK#2`,

W =

∫
dk

2π2

4∑

i,j,k,l=1

ϵijklũi(k)
∂ũj(k)

∂k1

∂ũk(k)

∂k2

∂ũl(k)

∂k3
= 1. U�X3V

q2 MQi2 i?�i ũ(k) bi�vb +QMbi�Mi QM i?2 #QmM/�`v Q7 i?2 "`BHHQmBM xQM2 T3 = [−π, π]3,

ũ(k) = (0, 0, 0,−1) . U�XNV

q2 /2}M2 � +QMiBMmQmb /27Q`K�iBQM ũs(k) := R23(sk1/2)ũ(k) rBi? � /27Q`K�iBQM T�`�K2i2`
s(∈ [0, 1])- r?2`2 R23(θ) Bb � `Qi�iBQM K�i`Bt /2}M2/ #v

R23(θ) :=

⎛

⎜⎜⎝

1 0 0 0
0 cos θ − sin θ 0
0 sin θ cos θ 0
0 0 0 1

⎞

⎟⎟⎠ . U�XRyV

Ai 7QHHQrb 7`QK 1[X U�XNV i?�i ũs(k) = (0, 0, 0,−1) QM i?2 #QmM/�`v Q7 T3 �M/ ?2M+2 ũs(k) Bb
+QMiBMmQmb QM T3X 6m`i?2`KQ`2- +QK#BMBM; 1[bX U8XR8V- U�XjV- �M/ U�X8V- r2 Q#i�BM

ũs=0(k) = ũ(k), ũs=1(k) = u(k), U�XRRV

r?2`2 u(k) = [u1(k), u2(k), u3(k), u4(k)] Bb /2}M2/ BM 1[X U8XR8VX h?2`27Q`2- u(k) Bb �HbQ �M
BbQKQ`T?B+ K�TTBM; #2ir22M S1 ∧ S1 ∧ S1 �M/ S3 �M/ ?�b � mMBi rBM/BM; MmK#2` W = 1X
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�Xk "QmM/�`v +QM/BiBQM Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ`
U(k)

6`QK i?2 `2H�iBQM

U±
j (k) = e

∓ik
2

[
P±
j e

∓ik
2 + P∓

j e
±ik
2

]
= e

∓ik
2 Ũj(k), U�XRkV

r?2`2 Ũj(k) := e−i
σj
2 k- r2 ?�p2

U(k) =Ũ1(k1)Ũ3

(
k3
2

)
Ũ2(k2)Ũ3

(
k3
2

)
Ũ1(k1)Ũ3

(
k3
2

)
Ũ2(k2)Ũ3

(
k3
2

)
. U�XRjV

lbBM; Ũj(±π) = ∓iσj, σ1Ũ2(k)σ1 = Ũ2(−k) �M/ σ1Ũ3(k)σ1 = Ũ3(−k)- r2 ?�p2

U(±π, k2, k3) =− σ1Ũ3

(
k3
2

)
Ũ2(k2)Ũ3

(
k3
2

)
σ1Ũ3

(
k3
2

)
Ũ2(k2)Ũ3

(
k3
2

)
U�XR9V

=− Ũ3

(
−k3

2

)
Ũ2(−k2)Ũ3

(
−k3

2

)
Ũ3

(
k3
2

)
Ũ2(k2)Ũ3

(
k3
2

)
= −σ0. U�XR8V

aBKBH�`Hv- r2 ?�p2

U(k1,±π, k3) =− Ũ1(k1)Ũ3

(
k3
2

)
σ2Ũ3

(
k3
2

)
Ũ1(k1)Ũ3

(
k3
2

)
σ2Ũ3

(
k3
2

)
U�XReV

=− Ũ1(k1)Ũ3

(
k3
2

)
Ũ3

(
−k3
2

)
Ũ1(−k1)Ũ3

(
−k3
2

)
Ũ3

(
k3
2

)
= −σ0, U�XRdV

r?2`2 r2 mb2 σ2Ũ1(k)σ2 = Ũ1(−k) �M/ σ2Ũ3(k)σ2 = Ũ3(−k) BM i?2 b2+QM/ �M/ i?B`/ HBM2b-
`2bT2+iBp2HvX "v � bi`�B;?i7Q`r�`/ +�H+mH�iBQM Q7 i?2 T`Q/m+i Q7 2× 2 K�i`B+2b- r2 ?�p2

Ũ3

(
±π
2

)
Ũ2(k2)Ũ3

(
±π
2

)
= ∓iσ3Ũ1(±k2), U�XR3V

�M/ i?mb r2 Q#i�BM

U(k1, k2,±π) = Ũ1(k1)
[
∓iσ3Ũ1(±k2)

]
Ũ1(k1)

[
∓iσ3Ũ1(±k2)

]
U�XRNV

= −Ũ1(k1)Ũ1(∓k2)Ũ1(−k1)Ũ1(±k2) = −σ0, U�XkyV

r?B+? +QKTH2i2b i?2 /2`Bp�iBQM Q7 i?2 #QmM/�`v +QM/BiBQM U(k) = −σ0X

�Xj .2`Bp�iBQM Q7 1[X U8XjkV
6Q` i?2 iBK2@2pQHmiBQM QT2`�iQ` U(ki, t) := Tte−i

∫ t
0 dt′H(ki,t′) rBi? }t2/ KQK2MimK ki (i = 1, 2, 3)-

r2 ?�p2

∂U(ki, T )

∂ki
= −iU(ki, T )

∫ T

0

dt U †(ki, t)
∂H(ki, t)

∂ki
U(ki, t). U�XkRV
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6`QK i?2 bQHmiBQM Q7 i?2 a+?ƺ/BM;2` 2[m�iBQM- r2 ?�p2

J(t) =

∫ π

−π

dki
2π

Tr

[
ρ0U

†(ki, t)
∂H(ki, t)

∂ki
U(ki, t)

]
, U�XkkV

�M/ ?2M+2 Q#i�BM

∆Qi = i

∫ π

−π

dki
2π

Tr

[
ρ0U

†(ki, T )
∂U(ki, T )

∂ki

]

=
∑

γ,ki

fγ(ki)
∂ϵγ(ki)

∂ki
, U�XkjV

r?2`2 r2 mb2 fγ(ki) := ⟨γ, ki|ρ0|γ, ki⟩ �M/ U(ki, T ) =
∑

γ e
−iϵγ(ki)T |γ, ki⟩ ⟨γ, ki| BM i?2 H�bi HBM2-

rBi? γ #2BM; i?2 #�M/ H�#2H Q` [m�MimK MmK#2`b Qi?2` i?�M kiX h?mb- i?2 /2`Bp�iBQM ?�b #22M
+QKTH2i2/X

�X9 6HQ[m2i@"HQ+? QT2`�iQ`b BM i?2 Qi?2` bvKK2i`v +H�bb2b

�X9XR hQTQHQ;B+�H BMp�`B�Mi BM 2�+? bvKK2i`v +H�bb

"27Q`2 T`2b2MiBM; +QM+`2i2 H�iiB+2 KQ/2Hb- r2 B/2MiB7v i?2 iQTQHQ;B+�H BMp�`B�Mib 7Q` 6HQ[m2i@
"HQ+? QT2`�iQ`b 7Q` ;Bp2M bvKK2i`v +H�bb2bX 6Q` � 6HQ[m2i@"HQ+? QT2`�iQ` U(k) BM i?2 bvKK2@
i`v +H�bb (F, s)- Bib iQTQHQ;B+�H BMp�`B�Mi Bb ;Bp2M #v i?�i Q7 i?2 >2`KBiB�M K�i`Bt Hu(k) BM i?2
bvKK2i`v +H�bb (F, s− 1)- r?B+? Bb /2}M2/ �b 7QHHQrb,

Hu(k) :=

{
γΓU(k) with CS Γ;

σ+ ⊗ U(k) + σ− ⊗ U †(k) without CS Γ.
U�Xk9V

>2`2- γ Bb � +QKTH2t MmK#2` /2}M2/ #v γ2 = Γ2 = ±1X q2 MQi2 i?�i- rBi?Qmi i?2 *a- Hu(k)
Bb MQi?BM; #mi Bib ǳZ K�i`BtǴ (RyR) bBM+2 Bi ?�b � ~�ii2M2/ bT2+i`mK [Hu(k)]

2 = 1X �b r2 +�M
b22 7`QK h�#X 8XR- i?2`2 �`2 }7i22M MQMi`BpB�H +H�bb2b BM bT�iB�H /BK2MbBQM�HBiv d = 1, 2, 3- 7Q`
r?B+? r2 B/2MiB7v i?2B` iQTQHQ;B+�H BMp�`B�Mib QM2 #v QM2X

*H�bb � (F, s, d) = (C, 0, 1)- +H�bb . (F, s, d) = (R, 2, 1)- �M/ +H�bb *AA (F, s, d) = (R, 6, 1),
QM2@/BK2MbBQM�H rBM/BM; MmK#2`

aBM+2 i?2 *a Bb �#b2Mi BM i?2b2 +H�bb2b- Hu(k) Bb ;Bp2M #v Hu(k) = σ+ ⊗ U(k) + σ− ⊗ U †(k)-
r?2`2 Bib iQTQHQ;B+�H BMp�`B�Mi Bb ;Bp2M #v i?2 QM2@/BK2MbBQM�H rBM/BM; MmK#2`

ν1d := i

∫ π

−π

dk1
2π

Tr
[
U †(k1)∂kiU(k1)

]
. U�Xk8V
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*H�bb �AAA (F, s, d) = (C, 1, 2)- +H�bb .AAA (F, s, d) = (R, 3, 2)- �M/ +H�bb *A (F, s, d) =
(R, 7, 2), *?2`M MmK#2`

aBM+2 i?2 *a Γ Bb T`2b2Mi i?2b2 +H�bb2b- r2 ?�p2 Hu(k) = γΓU(k)- r?2`2 Bib iQTQHQ;B+�H MmK#2`
Bb i?2 *?2`M MmK#2`

Ch1 :=

∫
dk

2π

[
∂kxAky(k)− ∂kyAkx(k)

]
. U�XkeV

>2`2- Aki Bb i?2 "2``v +QMM2+iBQM Q7 i?2 "HQ+? bi�i2b |α,k⟩ Q7 i?2 HQr2` #�M/b Q7 Hu(k),

Aki := −i
∑

α

⟨α,k| ∂ki |α,k⟩ . U�XkdV

*H�bb � (F, s, d) = (C, 0, 3)- +H�bb �A (F, s, d) = (R, 0, 3)- �M/ +H�bb �AA (F, s, d) = (R, 4, 3),
i?`22@/BK2MbBQM�H rBM/BM; MmK#2`

aBM+2 i?2 *a Bb �#b2Mi BM i?2b2 +H�bb2b- Hu(k) Bb ;Bp2M #v Hu(k) = σ+ ⊗ U(k) + σ− ⊗ U †(k)X
Aib iQTQHQ;B+�H BMp�`B�Mi Bb ;Bp2M #v i?2 i?`22@/BK2MbBQM�H rBM/BM; MmK#2`

W := −
∫

dk

24π2

3∑

i,j,k=1

ϵijkTr [RiRjRk] , U�Xk3V

rBi? Ri := U †
3d(k)∂kiU(k)X

*H�bb .AAA (F, s, d) = (R, 3, 1), *?2`M@aBKQMb BMi2;`�H

aBM+2 i?2 *a Γ Bb T`2b2Mi BM i?Bb +H�bb- r2 ?�p2 Hu(k) = γΓU(k)- r?2`2 Bib iQTQHQ;B+�H BMp�`B�Mi
Bb ;Bp2M #v i?2 *?2`M@aBKQMb BMi2;`�H Q7 i?2 #2``v +QMM2+iBQM Ak1 /2}M2/ BM 1[X U�XkdV,

νCS := exp

(
i

∫ π

−π

dk1
2π

Ak1

)
. U�XkNV

*H�bb *AA (F, s, d) = (R, 6, 3), Z2 BMp�`B�Mi

aBM+2 i?2 *a Γ Bb T`2b2Mi BM i?Bb +H�bb- r2 ?�p2 Hu(k) = γΓU(k)X �Hi?Qm;? i?2 iQTQHQ;B+�H BM@
p�`B�Mi ν2 BM i?Bb +H�bb /Q2b MQi ?�p2 � +HQb2/ BMi2;`�H 2tT`2bbBQM- Bi +�M #2 /2}M2/ QT2`�iBQM�HHv
#v i?2 /BK2MbBQM�H `2/m+iBQM (Rk3- jNk) Q` i?2 JQQ`2@"�H2Mib �`;mK2Mi (jN3- jNN)X

*H�bb �AA (F, s, d) = (R, 4, 1), (R, 4, 2) �M/ +H�bb *AA (F, s, d) = (R, 5, 2), (R, 5, 3), Z2 S�`Biv

h?2 iQTQHQ;B+�H BMp�`B�Mib BM i?2b2 +H�bb2b �`2 r`Bii2M �b i?2 T`Q/m+i Q7 i?2 T�`BiB2b �i h_
iBK2@`2p2`b�H BMp�`B�Mi KQK2Mi�,

νpar =
∏

k

Pf [w(k)]√
det [w(k)]

, U�XjyV
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r?2`2 i?2 T`Q/m+i Bb i�F2M Qp2` �HH i?2 iBK2@`2p2`b�H BMp�`B�Mi KQK2Mi�X >2`2- w(k) Bb i?2
b2rBM; K�i`Bt i?�i b�iBb}2b

[w(k)]tr = −w(−k). U�XjRV

h?2`27Q`2- w(k) #2+QK2b �M �MiBbvKK2i`B+ K�i`Bt �i iBK2@`2p2`b�H BMp�`B�Mi KQK2Mi�- r?2`2
Pf [w(k)] /2MQi2b i?2 S7�{�M Q7 w(k)X G2i VTRS #2 i?2 mMBi�`v K�i`Bt Q7 Θ BM +H�bb �AA- BX2X
Θ = VTRSK- �M/ |u(k)⟩ #2 i?2 "HQ+? bi�i2 Q7 i?2 HQr2` #�M/ Q7 γΓU(k) 7Q` +H�bb *AAX h?2M-
w(k) Bb /2}M2/ �b 7QHHQrb,

w(k) :=

{
V †
TRSU(k) class AII;

⟨u(−k)|C|u(k)⟩ class CII.
U�XjkV

LQi2 i?�i 1[X U�XjRV Bb �miQK�iB+�HHv b�iBb}2/ 7`QK i?2 h_a ΘU(k)Θ† = U †(−k) 7Q` +H�bb �AA
�M/ 7`QK i?2 E`�K2`b i?2Q`2K 7Q` i?2 S>a C rBi? C2 = −1 7Q` +H�bb *AAX

6Q` +H�bb �AA- i?2 +Q``2bTQM/BM; >�KBHiQMB�M Hu(k) = σ+ ⊗ U(k) + σ− ⊗ U †(k) ?�p2 i?2
h_a Θ1 := σ1 ⊗ΘX "v i?2 mMBi�`v K�i`Bt Ṽ /2}M2/ #v

V =

(
VTRS 0
0 −1N

)
, U�XjjV

i?2 h_a Θ1 �M/ Hu(k) �`2 i`�Mb7Q`K2/ �b 7QHHQrb,

Ṽ †Θ1Ṽ = iσ2 ⊗ 1NK, Ṽ †Hu(k)Ṽ = −σ+ ⊗ w(k)− σ− ⊗ w†(k), U�Xj9V

r?2`2 w(k) Bb /2}M2/ BM 1[X U�XjkVX 6`QK i?2 iQTQHQ;B+�H BMp�`B�Mib BM +H�bb .AAA (9yy-9yR)- i?2
iQTQHQ;B+�H BMp�`B�Mi Q7 Hu(k) Bb ;Bp2M #v 1[X U�XjyV X 6Q` +H�bb *AA- r2 ?�p2 Hu(k) = γΓU(k)-
r?B+? Bb BM +H�bb �AA rBi? i?2 h_a C- BX2X CHu(k)C† = Hu(−k)X h?mb- Bib iQTQHQ;B+�H
BMp�`B�Mi Bb ;Bp2M #v i?2 Z2@T�`Biv BM 1[X U�XjyV- r?2`2 i?2 rBi? i?2 b2rBM; K�i`Bt Bb /2}M2/
�b 1[X U�XjkV (RjR- R39- 9yk- 9yj)X

h?2 �#Qp2 `2bmHib �`2 bmKK�`Bx2/ 7`QK i?2 }`bi iQ 7Qm`i? +QHmKMb Q7 h�#X �XRX

�X9Xk :2M2`�H K2i?Q/ 7Q` KQ/2H +QMbi`m+iBQM
AM r?�i 7QHHQrb- r2 T`2b2Mi +QM+`2i2 H�iiB+2 KQ/2Hb rBi? iQTQHQ;B+�HHv MQMi`BpB�H 6HQ[m2i@"HQ+?
QT2`�iQ`b BM �HH i?2 bT�iB�H /BK2MbBQM�HBiB2b mT iQ i?`22 �M/ i?2 bvKK2i`v +H�bb2b 2t+2Ti 7Q`
+H�bb �X

G2i σ̃1, σ̃2, σ̃3 #2 i?2 K�i`B+2b i?�i b�iBb7v i?2 �MiB+QKKmi�iBQM `2H�iBQM

σ̃iσ̃j + σ̃jσ̃i = 2δijσ̃0, U�Xj8V

r?2`2 σ̃0 Bb i?2 B/2MiBiv K�i`BtX h?2M- r2 /2}M2 i?2 6HQ[m2i@"HQ+? QT2`�iQ`b U1d(k1), U2d(k1, k2)-
�M/ U3d(k1, k2, k3) �b 7QHHQrb,

U3d(k1, k2, k3) := e
−ik1σ̃1

4 e
−ik2σ̃2

4 e
−ik3σ̃3

2 e
−ik2σ̃2

4 e
−ik1σ̃1

2 e
−ik2σ̃2

4 e
−ik3σ̃3

2 e
−ik2σ̃2

4 e
−ik1σ̃1

4 , U�XjeV
U2d(k1, k2) := U3d(k1, k2, 0) = e

−ik1σ̃1
4 e

−ik2σ̃2
2 e

−ik1σ̃1
2 e

−ik2σ̃2
2 e

−ik1σ̃1
4 , U�XjdV

U1d(k1) := U2d(k1, 0) = exp (−ik1σ̃1) . U�Xj3V
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h�#H2 �XR, hQTQHQ;B+�H BMp�`B�Mib 7Q` MQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b 7Q` bT�iB�H /BK2MbBQM�HBiv
d = 1, 2, 3 BM i?2 bvKK2i`v +H�bb 2t+2Ti 7Q` +H�bb �X h?2 MQi�iBQMb �`2 i?2 b�K2 �b BM h�#X kXR �M/ i?2
7Qm`i? +QHmKM `2T`2b2Mib i?2 T�B` Q7 i?2 iQTQHQ;B+�H BM/2t �M/ i?2 iQTQHQ;B+�H MmK#2` KFB(F, s, d)X
h?2 iQTQHQ;B+�H BM/B+2b ν1d, Ch1,W, νCS- �M/ νpar �`2 i?2 QM2@/BK2MbBQM�H rBM/BM; MmK#2` U�Xk8V-
i?2 *?2`M MmK#2` U�XkeV- i?2 i?`22@/BK2MbBQM�H rBM/BM; MmK#2` U�Xk3V- i?2 *?2`M@aBKQMb BMp�`B�Mi
U�XkNV- �M/ i?2 Z2 T�`Biv U�Xk8V- `2bT2+iBp2HvX �Hi?Qm;? ν2 Bb MQi 2tT`2bb2/ �b � +HQb2/ BMi2;`�H 7Q`K-
Bi +�M #2 /2}M2/ QT2`�iBQM�HHv #v i?2 /BK2MbBQM�H `2/m+iBQM Q` i?2 JQQ`2@"�H2Mib �`;mK2MiX h?2
�MiB+QKKmiBM; K�i`B+2b σ̃ �`2 i?2 #�bBb Q7 i?2 6HQ[m2i@"HQ+? QT2`�iQ`b BM 1[bX U�XjeV- U�XjdV- �M/
U�Xj3VX

+H�bb s d BMp�`B�Mi Θ C Γ σ̃

. 2 1 (ν1d,Z) 0 σ1K 0 (σ2)
* 6 1 (ν1d, 2Z) 0 iσ0 ⊗ τ2K 0 (σ2 ⊗ τ1)
�AAA 1 2 (Ch1,Z) 0 0 σ3 (σ1, σ2)
.AAA 3 2 (Ch1,Z) iσ2 ⊗ τ0K σ1 ⊗ τ0K σ3 ⊗ τ0 (σ1 ⊗ τ0, σ2 ⊗ τ0)
*A 7 2 (Ch1, 2Z) σ1 ⊗ τ0K iσ0 ⊗ τ2K iσ1 ⊗ τ2 (σ2 ⊗ τ2, σ3 ⊗ τ0)
�A 0 3 (W, 2Z) σ1 ⊗ τ0K 0 0 (σ1 ⊗ τ2, σ2 ⊗ τ2, σ3 ⊗ τ0)
�AA 4 3 (W,Z) iσ2 ⊗ τ0K 0 0 (σ1 ⊗ τ0, σ2 ⊗ τ0, σ3 ⊗ τ0)
.AAA 3 1 (νCS,Z2) iσ2 ⊗ τ0K σ1 ⊗ τ0K σ3 ⊗ τ0 (σ1 ⊗ τ0)
* 6 3 (ν2,Z2) 0 iσ0 ⊗ τ2K 0 (σ2 ⊗ τ1, σ3 ⊗ τ0, σ1 ⊗ τ0)
�AA 4 1 (νpar,Z2) iσ2 ⊗ τ0K 0 0 (σ1 ⊗ τ0)
�AA 4 2 (νpar,Z2) iσ2 ⊗ τ0K 0 0 (σ1 ⊗ τ0, σ2 ⊗ τ0)
*AA 5 2 (νpar,Z2) iσ2 ⊗ τ0K iσ0 ⊗ τ2K σ2 ⊗ τ2 (σ1 ⊗ τ0, σ2 ⊗ τ1)
*AA 5 3 (νpar,Z2) iσ2 ⊗ τ0K iσ0 ⊗ τ2K σ2 ⊗ τ2 (σ1 ⊗ τ0, σ2 ⊗ τ1, σ3 ⊗ τ0)

lbBM; i?2 �MiB+QKKmi�iBQM `2H�iBQM U�Xj8V- U3d(k1, k2, k3) +�M #2 `2r`Bii2M BM i2`Kb Q7 σ̃i �b
7QHHQrb,

U3d(k1, k2, k3) = u4(k1, k2, k3)σ̃0 + i [u1(k1, k2, k3)σ̃1 + u2(k1, k2, k3)σ̃2 + u3(k1, k2, k3)σ̃3] ,

U�XjNV
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u1(k1, k2, k3) := − sin (k1) cos2
(
k2
2

)
cos2

(
k3
2

)
;

u2(k1, k2, k3) := − sin (k2) cos
(
k1
2

)
cos2

(
k3
2

)
;

u3(k1, k2, k3) := − sin (k3) cos
(
k1
2

)
cos
(
k2
2

)
;

u4(k1, k2, k3) := 2 cos2
(
k1
2

)
cos2

(
k2
2

)
cos2

(
k3
2

)
− 1.

U�X9yV

LQi2 i?�i U3d(k1, k2, k3) b�iBb}2b i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM Q7 i?2 "`BHHQmBM xQM2 #2+�mb2
U3d(k1, k2, k3) = −σ̃0 QM Bib #QmM/�`vX

AM r?�i 7QHHQrb- r2 }`bi }M/ i?2 6HQ[m2i@"HQ+? QT2`�iQ`b rBi? i?2 bvKK2i`v +QM/BiBQMb
U8XekV- �M/ i?2M +QMbi`m+i iBK2@/2T2M/2Mi >�KBHiQMB�Mb rBi? i?2 bvKK2i`v +QM/BiBQMb U8XeRVX
G2i k #2 i?2 d@/BK2MbBQM�H KQK2MimK BM i?2 "`BHHQmBM xQM2 [−π, π]d �M/ σ̃ := (σ̃1, · · · , σ̃d)
#2 i?2 }`bi d 2H2K2Mib BM {σ̃1, σ̃2, σ̃3}X h?2 6HQ[m2i@"HQ+? QT2`�iQ`b U(k) = U1d(k), U2d(k)-
Q` U3d(k) b�iBb7v i?2 +QM/BiBQMb Q7 i?2 h_a Θ 7Q` 6HQ[m2i@"HQ+? QT2`�iQ`b BM 1[X U8XekV- BX2X-
ΘU(k)Θ−1 = U †(−k)- B7 σ̃ Bb Q// mM/2` Θ, Θσ̃Θ−1 = −σ̃X PM i?2 Qi?2` ?�M/- σ̃ Kmbi #2
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2p2M mM/2` i?2 S>a C �M/ i?2 *a Γ- BX2X- Sσ̃S−1 = σ̃ 7Q` S = C,Γ- bm+? i?�i U(k) ?�p2 i?2
S>a C �M/ *a Γ- `2bT2+iBp2HvX hQ bmKK�`Bx2- i?2 h_a Θ- S>a C- Q` *a Γ 7Q` 6HQ[m2i@"HQ+?
QT2`�iQ`b BM 1[X U8XekV �`2 b�iBb}2/ B7 σ̃ b�iBb}2b i?2 7QHHQrBM; +QM/BiBQMb,

Θσ̃Θ−1 = −σ̃, Cσ̃C−1 = σ̃, Γσ̃Γ−1 = −σ̃. U�X9RV

Ai Bb rQ`i?r?BH2 iQ K2MiBQM i?�i i?2b2 `2H�iBQMb �`2 MQi?BM; #mi i?2 bvKK2i`v +QM/BiBQMb 7Q`
i?2 Ubi�iB+V .B`�+ >�KBHiQMB�M H(k) = σ̃ · k BM i?2 b�K2 bvKK2i`v +H�bbX

h?2 6HQ[m2i@"HQ+? QT2`�iQ`b U1d(k), U2d(k)- �M/ U3d(k)- BM/22/- ?�p2 i?2 ;�TH2bb bT2+i`�
T`Qi2+i2/ #v bvKK2i`B2bX hQ b22 i?Bb- r2 }`bi +QMbB/2` i?2 +�b2 rBi? i?`22 bT�iB�H /BK2MbBQMbX
G2i θ #2 i?2 T�`�K2i2` /2}M2/ #v

cos(vθ) = u4, sin(θv) = −v U�X9kV

7Q` i?2 i?`22@/BK2MbBQM�H p2+iQ` v = (u1, u2, u3)- rBi? v := |v| = ±
√

1− (u4)2 #2BM; Bib MQ`KX
h?2M- i?2 2tTQM2MiB�H QT2`�iQ` exp(−iθv · σ̃) +�M #2 2tT�M/2/ �b

exp(−iθv · σ̃) = cos(θv)σ̃0 − i
sin(θv)

v
v · σ̃ = u4σ̃ + iv · σ̃ = U3d(k). U�X9jV

h?mb- i?2 2z2+iBp2 >�KBHiQMB�M Bb ;Bp2M #v

heff(k) = θv · σ̃, U�X99V

r?2`2 r2 b2i i?2 /`BpBM; T2`BQ/ �b mMBiv, T = 1X aBM+2 r2 ?�p2

[heff(k)]
2 = (θv)2σ̃0 =

[
cos−1(u4)

]2
σ̃0, U�X98V

Bib [m�bB2M2`;B2b ϵ3d(k) �`2 ;Bp2M #v

ϵ3d(k) = ± cos−1 [u4(k)] = ± cos−1

[
2 cos2

(
k1
2

)
cos2

(
k2
2

)
cos2

(
k3
2

)
− 1

]
. U�X9eV

h?Bb /BbT2`bBQM ?�b QMHv QM2 ;�TH2bb TQBMi k = 0- �`QmM/ r?B+? heff(k) Bb 2tT�M/2/ �b

heff(k) = σ̃ · k. U�X9dV

Ai Bb +H2�` i?�i- 7Q` � ;Bp2M bvKK2i`v +H�bb (F, s)- i?Bb ;�TH2bb TQBMi Bb T`Qi2+i2/ #v Bib bvKK2i`B2b
bBM+2 i?2 .B`�+ >�KBHiQMB�M σ̃ · k +�MMQi #2 ;�TT2/ Qmi rBi?Qmi #`2�FBM; i?2KX h?2 b�K2
/Bb+mbbBQM ?QH/b BM i?2 HQr2` /BK2MbBQM�HBiB2b d = 1, 2X

hQ b?Qr i?�i U(k) +�M #2 +QMbi`m+i2/ rBi? � iBK2@/2T2M/2Mi >�KBHiQMB�M h(k, t) i?�i
`2bT2+ib i?2 h_a Θ- S>a C- Q` *a Γ 7Q` iBK2@/2T2M/2Mi >�KBHiQMB�Mb BM 1[X U8XeRV- Bi Bb
bm{+B2Mi iQ T`Qp2 i?�i 2�+? ?2HB+�H TmKT exp(−iqkiσ̃i) Uq = 1, 1/2, 1/4V +�M #2 BKTH2K2Mi2/
rBi? � iBK2@/2T2M/2Mi >�KBHiQMB�M h(k, t) i?�i b�iBb}2b 1[X U8XeRVX hQ b22 i?Bb- +QMbB/2` i?2
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iBK2@/2T2M/2Mi >�KBHiQMB�M h(ki, t) /2}M2/ #v

h(ki, t) :=

⎧
⎪⎨

⎪⎩

−Jσ′
i 0 ≤ t ≤ Th/3;

2J(sin(qki)σ̃i + cos(qki)σ′
i) Th/3 ≤ t ≤ 2Th/3;

−Jσ′
i 2Th/3 ≤ t ≤ Th/3,

U�X93V

rBi? σ′
i #2BM; i?2 K�i`Bt i?�i b�iBb}2b

(σ′
i)
2 = 1, σ′

iσ̃i + σ̃iσ
′
i = 0. U�X9NV

q2 MQi2 i?�i i?2 }`bi �M/ i?B`/ T`Q+2bb2b BM h(ki, t) `2T`2b2Mi i?2 `Qi�iBQM Q7 i?2 BMi2`M�H
bi�i2b- r?BH2 i?2 b2+QM/ QM2 2tT`2bb2b � bTBM@/2T2M/2Mi imMM2HBM; �HQM; i?2 xi /B`2+iBQM rBi? �
bm#H�iiB+2 bi`m+im`2X q?2M JTh/3 = π/4- 7`QK i?2 bi`�B;?i7Q`r�`/ +�H+mH�iBQM mbBM; 1[X U�X9NV-
i?2 iBK2@2pQHmiBQM QT2`�iQ` Q7 h(ki, t) 7`QK t = 0 iQ t = Th Bb b?QrM iQ +QBM+B/2 i?2 ?2HB+�H
TmKT exp(−iqkiσ̃i),

Tt exp

(
−i

∫ Th

0

dth(ki, t)

)
= exp

(
iπσ′

i

4

)
exp

[
−iπ(sin(qki)σ̃i + cos(qki)σ′

i)

2

]
exp

(
iπσ′

i

4

)

U�X8yV
= exp(−iqkiσ̃i). U�X8RV

6`QK 1[X U8XeRV- h(ki, t) ?�b i?2 h_a Θ- S>a C- Q` *a Γ B7 σ′
i b�iBb}2b Θσ′

iΘ
−1 = σ′

i- Cσ′
iC

−1 =
−σ′

i- Q` Γσ′
iΓ

−1 = −σ′
i- `2bT2+iBp2HvX h?mb- i?2 ?2HB+�H TmKTb BM U(k) +�M #2 BKTH2K2Mi2/ B7

i?2`2 2tBbib d K�i`B+2b σ′ := (σ′
1, · · · , σ′

d) i?�i b�iBb7v

Θσ′Θ−1 = σ′, Cσ′C−1 = −σ′, Γσ′Γ−1 = −σ′. U�X8kV

AM bmKK�`v- MQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b mM/2` ;Bp2M bvKK2i`B2b +�M #2 +QMbi`m+i2/ #v
}M/BM; bmBi�#H2 K�i`B+2b σ̃ �M/ σ′ i?�i b�iBb7v i?2 bvKK2i`v +QMbi`�BMib U�X9RV �M/ U�X8kV-
`2bT2+iBp2Hv- �M/ i?2 �MiB+QKKmi�iBQM `2H�iBQM U�X9NVX

�X9Xj *QM+`2i2 KQ/2Hb BM 2�+? bvKK2i`v +H�bb

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb �AAA +�M 2tBbi BM d = 2X G2i mb i�F2 i?2 *a Γ �b
Γ = σ3X h?2M- σ̃ = (σ1, σ2) �M/ σ′ = (σ2, σ1) b�iBb7v 1[bX U�X9RV �M/ U�X8kV- `2bT2+iBp2HvX
Aib iQTQHQ;B+�H MmK#2` Bb i?2 *?2`M MmK#2` U�XkeV Q7 i?2 HQr2` #�M/ Q7 i?2 >2`KBiB�M K�i`Bt
γΓU2d(k)X 6Q` i?2 irQ@#�M/ KQ/2H /2}M2/ BM 1[X U�XjdV- γΓU2d(k) Bb `2r`Bii2M �b γΓU2d(k) :=
d(k1, k2) · σ- r?2`2 d(k1, k2) Bb i?2 i?`22@/BK2MbBQM�H p2+iQ` rBi? mMBi H2M;i? /2}M2/ #v

d(k1, k2) := [u2(k1, k2, 0),−u1(k1, k2, 0), u4(k1, k2, 0)] . U�X8jV

h?2M- i?2 *?2`M MmK#2` U�XkeV `2/m+2b iQ i?2 rBM/BM; MmK#2` Q7 d(k1, k2) QM S2,

Ch1 =

∫
dk

4π
d ·
(
∂d

∂k1
× ∂d

∂k2

)
= 1. U�X89V
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AM ;2M2`�H- � KQ/2H rBi? ?B;?2` *?2`M MmK#2` n (∈ Z) Bb Q#i�BM2/ #v `2TH�+BM; k1 BM U2d(k)
rBi? nk1X

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb �A +�M 2tBbi BM d = 3X G2i mb i�F2 i?2 h_a Θ
�b Θ = σ1 ⊗ τ0KX h?2M- σ̃ = (σ1 ⊗ τ2, σ2 ⊗ τ2, σ3 ⊗ τ0) �M/ σ′ = (σ0 ⊗ τ1, σ0 ⊗ τ1, σ1 ⊗ τ0)
b�iBb7v 1[bX U�X9RV- U�X9NV- �M/ U�X8kV- `2bT2+iBp2HvX h?2 iQTQHQ;B+�H MmK#2` Bb ;Bp2M #v i?2
i?`22@/BK2MbBQM�H rBM/BM; MmK#2` W BM 1[X U�Xk3VX am#biBimiBM; 1[X U�XjeV BMiQ 1[X U�Xk3V-
iQ;2i?2` rBi? σ̃ = (σ1 ⊗ τ2, σ2 ⊗ τ2, σ3 ⊗ τ0)- r2 Q#i�BM W = −2X � ?B;?2` rBM/BM; MmK#2`
2n (∈ 2Z) Bb Q#i�BM2/ #v `2TH�+BM; k1 BM U3d(k) #v −nk1X

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb ".A /Q MQi 2tBbi BM d = 1, 2- �M/ 3X
LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb . +�M 2tBbi BM d = 1X Aib iQTQHQ;B+�H MmK#2`

Bb ;Bp2M #v i?2 QM2@/BK2MbBQM�H rBM/BM; MmK#2` ν1d BM 1[X U�Xk8VX AM i?Bb +H�bb- r2 +�MMQi
+QMbi`m+i � MQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b #v mbBM; 1[bX U�XjeV- U�XjdV- �M/ U�Xj3V #2+�mb2
1[X U�Xj3V Bb ;2M2`�i2/ #v � i`�+2H2bb K�i`Bt σ̃i- r?2`2 ν1d �miQK�iB+�HHv p�MBb?2bX h?2`27Q`2-
r2 ?2`2 Kmbi +QMbB/2` �MQi?2` T`QiQ+QHX G2i mb i�F2 i?2 S>a BM i?2 J�DQ`�M� #�bBb C = σ3K-
r?2`2 σ3 = 1 U−1V +Q``2bTQM/b iQ i?2 `2�H UBK�;BM�`vV J�DQ`�M� }2H/X *QMbB/2` irQ bT2+B2b
Q7 72`KBQMb H�#2H2/ #v α = 1, 2 �M/ r2 /2MQi2 i?2 `2�H UBK�;BM�`vV J�DQ`�M� bi�i2 rBi?
KQK2MimK k1 �M/ bT2+B2b α #v |k1, R,α⟩ U|k1, I,α⟩VX h?2 S>a �+ib QM i?2 72`KBQMb rBi? h?2
/`BpBM; T`QiQ+QH Bb ;Bp2M #v i?2 iBK2@/2T2M/2Mi "HQ+? >�KBHiQMB�M h(k1, t) /2}M2/ #v

hD(k1, t) =

{
J |k1, I, 2⟩ ⟨k1, R, 1|+ h.c 0 ≤ t ≤ T/2;

Je−ik1 |k1, R, 1⟩ ⟨k1, I, 2|+ h.c T/2 ≤ t ≤ T.
U�X88V

aBM+2 |k1, R,α⟩ �M/ |k1, I,α⟩ �`2 i?2 2B;2Mbi�i2b Q7 C rBi? i?2 QTTQbBi2 T�`Biv- h(k1, t) ?�b
i?2 S>aX q?2M JT/2 = π/2- i?2 2MiB`2 6HQ[m2i QT2`�iQ` Bb /2+QKTQb2/ BMiQ i?2 irQ 6HQ[m2i
QT2`�iQ`b i?�i /Q MQi KBt i?2 bT2+B2bX h?2 6HQ[m2i@"HQ+? QT2`�iQ` UD(k1) i?�i �+ib QM i?2
bT2+B2b α = 1 Bb ;Bp2M #v

UD(k1) =
σ0 + σ3

2
e−ik1 +

σ0 − σ3
2

. U�X8eV

h?Bb QT2`�iQ`- BM/22/- ?�b i?2 S>a- CU(k1)C−1 = U(−k1)- �M/ � mMBi rBM/BM; MmK#2` ν1d = 1X
� ?B;?2` rBM/BM; MmK#2` n Bb Q#i�BM2/ #v `2TH�+BM; k1 rBi? nk1X

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb .AAA +�M 2tBbi BM d = 1, 2X G2i mb i�F2 i?2 h_a
Θ �M/ S>a C �b Θ = iσ2 ⊗ τ0K �M/ C = σ1 ⊗ τ0K- `2bT2+iBp2HvX h?2M- σ̃ = (σ1 ⊗ τ0, σ2 ⊗ τ0)
�M/ σ′ = (σ2 ⊗ τ2, σ1 ⊗ τ2) b�iBb7v 1[bX U�X9RV- U�X9NV- �M/ U�X8kV- `2bT2+iBp2Hv- �M/ ?2M+2
U(k) ?�b i?2 h_a �M/ S>aX 6Q` i?2 QM2@/BK2MbBQM�H KQ/2H U1d(k1)- Bib iQTQHQ;B+�H MmK#2` Bb
/2i2`KBM2/ 7`QK i?2 *?2`M@aBKQMb BMp�`B�Mi νCS /2}M2/ BM 1[X U�XkNVX 6`QK � bi`�B;?i7Q`r�`/
+�H+mH�iBQM- r2 Q#i�BM νCS = −1 7Q` U1d(k1) rBi? σ̃1 = σ1 ⊗ τ0X 6Q` i?2 irQ@/BK2MbBQM�H KQ/2H
U2d(k1, k2)- Bib iQTQHQ;B+�H MmK#2` Bb ;Bp2M #v i?2 *?2`M MmK#2` U�XkeV- r?B+? Bb Q#i�BM2/ iQ
#2 Ch1 = 1X

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb �AA +�M 2tBbi BM d = 1, 2, 3X G2i mb i�F2 i?2 h_a
Θ �b Θ = iσ2⊗τ0KX h?2M- σ̃ = (σ1⊗τ0, σ2⊗τ0, σ3⊗τ0) �M/ σ′ = (σ2⊗τ2, σ1⊗τ2, σ1⊗τ2) b�iBb7v
1[bX U�X9RV- U�X9NV- �M/ U�X8kV- `2bT2+iBp2Hv- �M/ ?2M+2 U(k) ?�b i?2 h_aX h?2 iQTQHQ;B+�H
BMp�`B�Mi 7Q` i?2 QM2@ �M/ irQ@/BK2MbBQM�H KQ/2Hb U(k) �`2 ;Bp2M #v i?2 Z2 T�`Biv U�XjyVX 6Q`
i?2 QM2@/BK2MbBQM�H KQ/2H- r2 ?�p2 Pf [w(k1)] /

√
det [w(k1)] = 1(−1) 7Q` k1 = 0 Uk1 = πV �M/
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?2M+2 νpar = −1X 6Q` i?2 irQ@/BK2MbBQM�H KQ/2H- r2 ?�p2

Pf [w(k)]√
det [w(k)]

=

{
1 k = (0, 0);

−1 k = (π, 0), (0, π), (π, π),
U�X8dV

r?B+? ;Bp2b νpar = −1X 6BM�HHv- +QMbB/2` i?2 i?`22@/BK2MbBQM�H KQ/2H U3d(k1, k2, k3)X Aib iQTQ@
HQ;B+�H MmK#2` Bb i?2 i?`22@/BK2MbBQM�H rBM/BM; MmK#2` W /2}M2/ BM 1[X U�Xk3VX am#biBimiBM;
1[X U�XjeV BMiQ 1[X U�Xk3V- iQ;2i?2` rBi? σ̃ = (σ1, σ2, σ3)- r2 Q#i�BM W = −1X

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb *AA +�M 2tBbi BM d = 2, 3X G2i mb i�F2 i?2 h_a Θ
�M/ S>a C �b Θ = iσ2⊗τ0K �M/ C = iσ0⊗τ2K- `2bT2+iBp2HvX h?2M- σ̃ = (σ1⊗τ0, σ2⊗τ1, σ3⊗τ0)
�M/ σ′ = (σ3 ⊗ τ2, σ0 ⊗ τ3, σ1 ⊗ τ2) b�iBb7v 1[bX U�X9RV- U�X9NV- �M/ U�X8kV- `2bT2+iBp2Hv- �M/
?2M+2 U(k) ?�b i?2 h_a �M/ S>aX h?2 iQTQHQ;B+�H MmK#2`b Q7 i?2 irQ@ �M/ i?`22@/BK2MbBQM�H
KQ/2Hb �`2 #Qi? ;Bp2M #v i?2 Z2 T�`Biv U�XjyV 7Q` i?2 iBK2@`2p2`b�H BMp�`B�Mi >�KBHiQMB�M
Hu(k) = γΓU(k)X "v � bi`�B;?i7Q`r�`/ +�H+mH�iBQM- r2 Q#i�BM

Pf [w(k)]√
det [w(k)]

=

{
−1 k = (0, 0);

1 k = (π, 0), (0, π), (π, π),
U�X83V

7Q` i?2 irQ@/BK2MbBQM�H KQ/2H �M/

Pf [w(k)]√
det [w(k)]

=

{
−1 k = (0, 0, 0);

1 other momenta,
U�X8NV

7Q` i?2 i?`22@/BK2MbBQM�H KQ/2HX h?mb- r2 Q#i�BM νpar = −1 7Q` #Qi? KQ/2HbX

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb * +�M 2tBbi BM d = 1, 3X G2i mb i�F2 i?2 S>a C
�b C = iσ0⊗ τ2KX h?2M- σ̃ = (σ2⊗ τ1, σ3⊗ τ0, σ1⊗ τ0) �M/ σ′ = (σ0⊗ τ3, σ1⊗ τ2, σ3⊗ τ2) b�iBb7v
1[bX U�X9RV- U�X9NV- �M/ U�X8kV- `2bT2+iBp2Hv- �M/ ?2M+2 U(k) ?�b i?2 S>aX h?2 iQTQHQ;B+�H
MmK#2` Q7 i?2 QM2@/BK2MbBQM�H KQ/2H Bb ;Bp2M #v i?2 QM2@/BK2MbBQM�H rBM/BM; MmK#2` ν1d BM
1[X U�Xk8VX �b � KQ/2H rBi? MQMi`BpB�H rBM/BM; MmK#2`- r2 +QMbB/2` i?2 T�B` Q7 i?2 /`BpBM;
T`QiQ+QH BM +H�bb . �M/ Bib iBK2@`2p2`b�HX h?2 r?QH2 iBK2@/2T2M/2Mi >�KBHiQMB�M hC(k1, t) Bb
i?2 /B`2+i T`Q/m+i hC(k1, t) = h(k1, t)⊕ [−h(−k1, t)]- r?2`2 h(k1, t) Bb /2}M2/ #v

h(k1, t) =

{
J |k1, R, 2⟩ ⟨k1, R, 1|+ h.c 0 ≤ t ≤ T/2;

Je−ik1 |k1, R, 1⟩ ⟨k1, R, 2|+ h.c T/2 ≤ t ≤ T.
U�XeyV

q?2M JT/2 = π/2- i?2 +Q``2bTQM/BM; 6HQ[m2i@"HQ+? QT2`�iQ` UC(k1) Bb ;Bp2M #v

UC(k1) = UD(k1)⊕ U †
D(−k1) = UD(k1)⊕ UD(k1), U�XeRV

r?2`2 UD(k1) Bb i?2 6HQ[m2i@"HQ+? QT2`�iQ` /2}M2/ BM 1[X U�X8eVX h?2 6HQ[m2i@"HQ+? QT2`�iQ`
UC(k1) BM/22/ ?�b i?2 S>a- CUC(k1)C−1 = UC(−k1)- �M/ � mMBi rBM/BM; MmK#2` ν1d =
2X �Hi?Qm;? r2 /Q MQi ?�p2 � +HQb2/ BMi2;`�H 2tT`2bbBQM 7Q` i?2 Z2 BMp�`B�Mi 7Q` i?2 i?`22@
/BK2MbBQM�H KQ/2H- r2 +�M +QKTmi2 Bi #v K2�Mb Q7 i?2 JQQ`2@"�H2Mib �`;mK2Mi (jN3- jNN)X
h?2 6HQ[m2i@"HQ+? QT2`�iQ` U3d(k) Bb ;Bp2M #v 1[X U�XjNV- k3 > 0 Uk3 < 0V +Q``2bTQM/b iQ i?2
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MQ`i? UbQmi?V ?2KBbT?2`2 Q7 S3X G2i mb /2}M2 � KQ/B}2/ KQ/2H Ũ3d(k) #v

Ũ3d(k) :=

{
U3d(k) for k3 ≥ 0;

u4(k)σ̃0 + u1(k)σ̃1 + u2(k)σ̃2 + u3(k)e3 for k3 < 0,
U�XekV

r?2`2 e3 := σ1 ⊗ τ1 i`�Mb7Q`Kb mM/2` i?2 h_a �M/ i?2 S>a �b Θe3Θ† = e3 �M/ Ce3C† = −e3-
`2bT2+iBp2HvX LQi2 i?�i Bib T�`BiB2b �`2 i?2 QTTQbBi2 iQ i?Qb2 Q7 σ̃3 bBM+2 Θσ̃3Θ† = −σ̃3 �M/
Cσ̃3C† = σ̃3X aBM+2 r2 ?�p2 7`QK 1[X U�X9yV i?�i

u4(k∥, k3) = u4(−k∥, k3), u1(k∥, k3) = −u1(−k∥, k3), U�XejV
u2(k∥, k3) = −u2(−k∥, k3), u3(k∥, k3) = u3(−k∥, k3), U�Xe9V

rBi? k∥ := (k1, k2) #2BM; i?2 KQK2Mi� Qi?2` i?�M k3- Ũ3d(k) 7Q` k3 < 0 /2}M2b � +QMiBMmQmb
/27Q`K�iBQM Q7 Ũ3d(k∥, 0) BMiQ � i`BpB�H BMbmH�iQ` i?�i b�iBb}2b

ΘŨ3d(k∥, k3)Θ
† = Ũ †

3d(−k∥, k3), CŨ3d(k∥, k3)C
† = Ũ3d(−k∥, k3). U�Xe8V

h?mb- 7`QK i?2 JQQ`2@"�H2Mib �`;mK2Mi- i?2 Z2 iQTQHQ;B+�H MmK#2` Bb ;Bp2M #v i?2 T�`Biv Q7 i?2
i?`22@/BK2MbBQM�H rBM/BM; MmK#2` W̃ Q7 i?2 >�KBHiQMB�M H̃u(k) := σ−⊗Ũ †

3d(k)+σ+⊗Ũ3d(k) BM
+H�bb �AAAX am#biBimiBM; 1[X U�XekV BMiQ 1[X U�Xk3V- r2 Q#i�BM W̃ = 1 �M/ ?2M+2 ν2 = (−1)W̃ =
−1X

LQMi`BpB�H 6HQ[m2i@"HQ+? QT2`�iQ`b BM +H�bb *A +�M 2tBbi BM d = 2X G2i mb i�F2 i?2 h_a Θ
�M/ S>a C �b Θ = σ1 ⊗ τ0K �M/ C = iσ0 ⊗ τ2K- `2bT2+iBp2HvX h?2M- σ̃ = (σ2 ⊗ τ2, σ3 ⊗ τ0) �M/
σ′ = (σ0⊗ τ1, σ1⊗ τ1) b�iBb7v 1[bX U�X9RV- U�X9NV- �M/ U�X8kV- `2bT2+iBp2Hv- �M/ ?2M+2 U(k) ?�b
i?2 h_a �M/ S>aX h?2 iQTQHQ;B+�H BMp�`B�Mi Bb ;Bp2M #v i?2 *?2`M MmK#2` U�Xk8V Q7 i?2 HQr2`
#�M/b Q7 i?2 >�KBHiQMB�M γΓU(k)X 6Q` i?2 irQ@/BK2MbBQM�H KQ/2H U2d(k1, k2)- Bib iQTQHQ;B+�H
MmK#2` Bb ;Bp2M #v i?2 *?2`M MmK#2` U�XkeV- r?B+? Bb Q#i�BM2/ iQ #2 Ch1 = −2X LQi2 i?�i
i?2 *?2`M MmK#2` Bb �Hr�v �M 2p2M BMi2;2` #2+�mb2 i?2 KQ/2H Bb +QMbiBimi2/ 7`QK irQ +QTB2b
Q7 � *?2`M BMbmH�iQ`- r?B+? �`2 `2H�i2/ #v i?2 h_aX

h?2 �#Qp2 `2bmHib �`2 bmKK�`Bx2/ 7`QK i?2 }7i? iQ 2B;?i? +QHmKMb Q7 h�#H2X �XRX



�TT2M/Bt "

.2i�BHb Q7 /2`Bp�iBQMb BM *?�Ti2` e

AM �TTX "XR- r2 T`2b2Mi `B;Q`Qmb /Bb+mbbBQMb QM � J�`FQp +?�BM QM � /Bb+`2i2 bi�i2 bT�+2 mM/2`
� T2`BQ/B+ /`Bp2 �M/ �M/ � T2`BQ/B+�HHv /`Bp2M J�`FQpB�M [m�MimK K�bi2` 2[m�iBQM- +QKT�`BM;
Bi rBi? i?2 `2bmHib QM �M BbQH�i2/ [m�MimK bvbi2K (N8- N3)X AM �TTbX "Xk- "Xj- �M/ "X9- r2
+�H+mH�i2 i?2 HQr@Q`/2` i2`Kb Q7 i?2 po >61 7Q` i?2 bGG: 2[m�iBQMb /2b+`B#BM; H�b2`@/`Bp2M
K�;M2ib �M�Hvx2/ BM a2+bX eX9 �M/ eX8X

"XR _B;Q`Qmb `2bmHib QM /Bb+`2i2 bvbi2Kb

"XRXR J�`FQp +?�BM QM � /Bb+`2i2 bT�+2

*QMbB/2` � J�`FQp +?�BM QM � H�iiB+2 rBi? N bBi2b rBi? i?2 ;2M2`�iQ` Q7 Bib K�bi2` 2[m�iBQM
#2BM; L̂(t),

∂P

∂t
= L̂(t)P, U"XRV

r?2`2 L̂(t) Bb T2`BQ/B+ BM iBK2 rBi? T2`BQ/ T , L̂(t) = L̂(t + T )X >2`2- L̂(t) �M/ P �`2 i?2
i`�MbBiBQM K�i`Bt W (t) �M/ i?2 T`Q#�#BHBiv /Bbi`B#miBQM 7mM+iBQM p(t) BM 1[X UeXRRV- `2bT2+iBp2HvX
q2 �bbmK2 i?�i i?2 bi�i2 bT�+2 QM � bBi2 Bb /Bb+`2i2- r?2`2 P Bb � }MBi2@/BK2MbBQM�H p2+iQ`X h?Bb
Bb BM bi�`F +QMi`�bi iQ i?2 +�b2 rBi? � +QMiBMmmK +H�bbB+�H p�`B�#H2 φ �M�Hvx2/ BM a2+X eXk- r?2`2
P Bb �M BM}MBi2@/BK2MbBQM�H p2+iQ` 2p2M BM � bBM;H2@T�`iB+H2 bvbi2K �M/ ?2M+2 � K�i?2K�iB+�HHv
`B;Q`Qmb `2bmHib �`2 ?�`/ iQ Q#i�BMX Ai Bb rQ`i? K2MiBQMBM; i?�i bQK2 Q7 J�`FQp T`Q+2bb2b
?�p2 �M 2t�+i +Q``2bTQM/2M+2 rBi? [m�MimK bTBM bvbi2Kbc 7Q` 2t�KTH2- L̂(t) 7Q` i?2 �a1S Bb
MQi?BM; #mi i?2 >�KBHiQMB�M Q7 i?2 MQM@>2`KBiB�M ssw +?�BM (jNe-jNd)X q2 �bbmK2 i?�i L̂(t)
Bb r`Bii2M BM i?2 7QHHQrBM; 7Q`K,

L̂(t) =
∑

X:|X|≤k

lX(t), U"XkV

r?2`2 X =
{
r1, r2, · · · , r|X|

}
�M/ lX(t) �`2 � b2i Q7 bBi2b rBi? Bib MmK#2` MQi KQ`2 i?�M k �M/

�M QT2`�iQ` �+iBM; QM i?2 bBi2b BM X- `2bT2+iBp2HvX h?Bb BM/B+�i2b i?�i i?2 i`�MbBiBQM T`Q+2bb
Q7 � T�`iB+H2 �i bQK2 bBi2 /2T2M/b QM i?2 bi�i2 QM- �i KQbi- k bBi2bX q2 �HbQ �bbmK2 i?�i i?2

Ryd
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i`�MbBiBQM `�i2 T2` bBi2 Bb #QmM/2/ 7`QK �#Qp2 rBi? g,
∑

X:X∈r

∥lX(t)∥ ≤ g, U"XjV

7Q` �Mv bBi2 rX q2 /2}M2 i?2 2z2+iBp2 ;2M2`�iQ` LF �M/ ΩF #v U(T, 0) =: exp (LFT ) �M/
ΩF := LFT - `2bT2+iBp2HvX 6Q` i?2 6J >61 ΩF =

∑∞
m=0 Ω

(m)
F - i?2 mi?@Q`/2` i2`K Ω(m)

F Bb ;Bp2M
#v 1[X UeXe3VX 6Q` � ;HQ#�H /`Bp2- mbBM; i?2 b�K2 i2+?MB[m2b �b i?�i mb2/ �M BbQH�i2/ [m�MimK
bvbi2K (N8- Ne)- r2 +�M #QmM/ Ω(m)

F 7`QK �#Qp2 �b 7QHHQrb,

∥Ω(m)
F ∥ ≤ 2gTN

(2gkT )mm!

(m+ 1)2
, U"X9V

r?B+? BKTHB2b i?�i Ω(m)
F Bb- �i H2�bi �bvKTiQiB+�HHv- +QMp2`;2Mi mT iQ i?2 Q`/2` m0 ∼ ω/(gk),

∥Ω(m)
F − Ω(m0)

F ∥ ≤ NO [(2gkT )m] for m ≤ m0. U"X8V

h?mb- i?2 /2`Bp�iBQM Q7 1[X UeX8dV ?�b #22M +QKTH2i2/X 6m`i?2`KQ`2- 7Q` t = mT ∈ mZ �M/
m0 = ⌊(8gkT )−1 − 1⌋- rBi? ⌊·⌋ #2BM; i?2 ~QQ` 7mM+iBQM- r2 +�M b?Qr i?2 7QHHQrBM; #QmM/ 7Q`
i?2 i`mM+�i2/ 6J >61 Ω(m0)

TR =
∑m0

m=0 Ω
(m)
F ,

∥U−1(t, 0)Ω(m0)
TR U(t, 0)− Ω(m0)

TR ∥ ≤ 16g2kT t2−m0N. U"XeV

1[m�iBQM U"XeV b?QmH/ #2 +QKT2`2/ rBi? i?2 #QmM/ UjXkjV QM �M BbQH�i2/ [m�MimK bvbi2KX AM
7�+i- 1[X UjXkjV Bb Q#i�BM2/ 7`QK 1[X U"XeV #v `2TH�+BM; Ω(m0)

TR �M/ U−1(t, 0) rBi? −iH(m0)
TR T

�M/ U †(t, 0)- `2bT2+iBp2Hv- #2+�mb2 i?2 #QmM/ UjXkjV Bb Q#i�BM2/ rBi?Qmi mbBM; i?2 >2`KBiB+Biv
Q7 H(t)X

AM i?2 +�b2 Q7 �M BbQH�i2/ [m�MimK K2+?�MB+b- 1[X UjXkjV b?Qrb i?�i H(m0)
TR Bb � [m�bB@

+QMb2`p2/ [m�MiBiv �M/ i?�i- iQ;2i?2` rBi? i?2 1h> (kykĜky9)- i?2 6HQ[m2i T`2i?2`K�H bi�i2
Bb ;Bp2M #v i?2 :B##b bi�i2 Q7 H(m0)

TR B7 H0 ≃ H(m0)
TR Bb MQM@BMi2;`�#H2X PM i?2 Qi?2` ?�M/-

QM2 +�MMQi /2i2`KBM2 i?2 bi2�/v bi�i2 7`QK 1[X U"XeV #2+�mb2 i?2`2 Bb MQ ;mB/BM; T`BM+BTH2 iQ
/2i2`KBM2 i?2 bi2�/v bi�i2 7Q` �M QT2M bvbi2KX h?2`27Q`2- r2 Kmbi �M�Hvx2 i?2 bi2�/v@bi�i2
T`QT2`iB2b BM �MQi?2` r�vX G2i mb /2}M2 Ω̄(m0)

TR #v Ω̄(m0)
TR := U−1(t, 0)Ω(m0)

TR U(t, 0) �M/ +QMbB/2`
i?2 7QHHQrBM; irQ K�bi2` 2[m�iBQMb,

∂P

dt
:=

Ω̄(m0)
TR P

T
, U"XdV

∂P

dt
:=

Ω(m0)
TR P

T
. U"X3V

q2 /2MQi2 i?2 bi2�/v bi�i2b Q7 1[bX U"XdV �M/ U"X3V #v Π̄(m0)
SS �M/ Π(m0)

SS - `2bT2+iBp2Hv,

Π̄(m0)
SS := exp

(
Ω̄(m0)

TR

τ

T

)
P0 = U−1(t, 0) exp

(
Ω(m0)

TR

τ

T

)
U(t, 0)P0, U"XNV

Π(m0)
SS := exp

(
Π(m0)

F

τ

T

)
P0, U"XRyV

r?2`2 P0 �M/ τ �`2 �M BMBiB�H T`Q#�#BHBiv /Bbi`B#miBQM �M/ i?2 `2H�t�iBQM iBK2b+�H2 iQ i?2 bi2�/v
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bi�i2b- `2bT2+iBp2HvX 6Q` � MQM@BMi2;`�#H2 BbQH�i2/ bvbi2K- � bi2�/v bi�i2 Bb bQH2Hv /2i2`KBM2/
#v +QMb2`p2/ [m�MiBiB2b HBF2 � >�KBHiQMB�MX �b � +QmMi2`T�`i- r2 ?2`2 �bbmK2 i?�i i?2 bi2�/v
bi�i2b ΠSS �M/ Π(m0)

SS Q7 i?2 irQ K�bi2` 2[m�iBQMb U"XRV �M/ U"X3V- `2bT2+iBp2Hv- �`2 BM/2@
T2M/2Mi Q7 i?2 BMBiB�H T`Q#�#BHBiv /Bbi`B#miBQMbX �bbmKBM; i?�i τ Bb bm{+B2MiHv b?Q`i2` i?�M
16g2kT τ 22m0 - r2 Q#i�BM 7`QK 1[X U"XeV i?�i

1

N
∥U−1(τ, 0)eΩ

(m0)
TR

τ
T U(τ, 0)P0 − Π(m0)

SS ∥ =
1

N
∥Π̄(m0)

SS − Π(m0)
SS ∥ ≤ O

[
(gτ)2k2−m0

]
. U"XRRV

h?mb- r2 Q#i�BM

1

N
∥eΩ

(m0)
TR

τ
T U(τ, 0)P0 − U(τ, 0)eΩ

(m0)
TR

τ
T P0∥ ≤ 1

N
∥U−1(τ, 0)Π(m0)

SS U(τ, 0)− Π(m0)
SS ∥ U"XRkV

≤ O
[
(gτ)2k2−m0

]
, U"XRjV

#2+�mb2 U(t, 0) Bb � T`Q#�#BHBiv K�i`Bt �M/ ?2M+2 Bib MQ`K Bb H2bb i?�M QM2X aBM+2 ΠSS �M/ Π(m0)
SS

�`2 BM/2T2M/2Mi Q7 i?2 BMBiB�H T`Q#�#BHBiv /Bbi`B#miBQM- r2 ?�p2

ΠSS = U(τ, 0) exp
(
Ω(m0)

TR

τ

T

)
P0 = U(τ, 0)P0, U"XR9V

Π(m0)
SS = exp

(
Ω(m0)

TR

τ

T

)
U(τ, 0)P0 = exp

(
Ω(m0)

TR

τ

T

)
P0. U"XR8V

h?2`27Q`2- r2 }M�HHv Q#i�BM

1

N
∥ΠSS − Π(m0)

SS ∥ ≤ O
[
(gτ)2k2−m0

]
, U"XReV

r?B+? BM/B+�i2b i?2 +QBM+B/2M+2 #2ir22M i?2 2t�+i bi2�/v bi�i2 ΠSS �M/ i?2 bi2�/v bi�i2 Π(m0)
SS

Q#i�BM2/ 7`QK i?2 6J >61X h?Bb +QKTH2i2b i?2 /2`Bp�iBQM Q7 1[X UeX83VX 6m`i?2`KQ`2- i?2
/Bz2`2M+2 #2ir22M Π(m0)

SS �M/ Π(m)
SS - r?B+? Bb Q#i�BM2/ 7`QK i?2 HQr2`@Q`/2` i`mM+�iBQM Um ≤ m0V-

Bb Q7 i?2 Q`/2` Q7 (2gkT )m 7`QK 1[X U"X8V- r?B+? ;Bp2b

1

N
∥ΠSS − Π(m)

SS ∥ ≤ O
[
(gτ)2k2−m0 + (2gkT )m

]
. U"XRdV

1[m�iBQM U"XRdV BM/B+�i2b i?2 +QBM+B/2M+2 #2ir22M i?2 2t�+i bi2�/v bi�i2 ΠSS �M/ i?2 bi2�/v
bi�i2 Π(m0)

SS Q#i�BM2/ 7`QK i?2 HQr@Q`/2` 6J >61X 6`QK i?2 �#Qp2 /Bb+mbbBQM- r2 +�M +QM+Hm/2
i?�i i?2 6J >61 /2p2HQT2/ BM *?�Ti2` e Bb p�HB/ 7Q` � J�`FQp T`Q+2bb QM � /Bb+`2i2 bi�i2
bT�+2X

"XRXk J�`FQpB�M [m�MimK K�bi2` 2[m�iBQM
*QMbB/2` i?2 GBM/#H�/ 2[m�iBQM UeX38V rBi? iBK2@/2T2M/2Mi >�KBHiQMB�M H(t) �M/ GBM/#H�/
QT2`�iQ`b {Li}i r?B+? �`2 /2}M2/ QM � H�iiB+2 rBi? N bBi2bX h?2 GBM/#H�/ 2[m�iBQM ρ̇ = LLind(t)ρ
Bb `2;�`/2/ �b � MQM@>2`KBiB�M a+?`ƺ/BM;2` 2[m�iBQMX q2 �bbmK2 i?�i H(t) �M/ i?2 /BbbBT�iQ`
�`2 r`Bii2M BM i?2 7Q`K Q7 1[X U"XkV i?�i b�iBb}2b 1[X U"XjV,

H(t) =
∑

X:|X|≤k

lH,X(t), U"XR3V
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∑

X:X∈r

∥lH,X(t)∥ ≤ gH , U"XRNV

∑

i

(
Li(t)ρLi(t)

† − 1

2

{
Li(t)

†Li(t), ρ
})

=
∑

X:|X|≤k

lL,X(t), U"XkyV

∑

X:X∈r

∥lL,X(t)∥ ≤ gL. U"XkRV

q2 7m`i?2` �bbmK2 i?�i i?2 >BH#2`i bT�+2 QM 2�+? bBi2 Bb }MBi2- r?2`2 i?2 /2MbBiv K�i`Bt ρ Bb
bT�MM2/ #v i2MbQ` T`Q/m+ib Q7 }MBi2@/BK2MbBQM�H K�i`B+2b {Mr}r QM 2�+? bBi2 rX h?2M- LLind(t)
Bb HQ+�H �M/ #QmM/2/ BM i?�i Bi +�M #2 r`Bii2M BM i?2 7Q`K Q7 1[X U"XkV i?�i b�iBb}2b 1[X U"XjV
7Q` bQK2 k �M/ gX q2 +�M /2`Bp2 1[bX UeX3eV �M/ UeX3dV BM i?2 b�K2 K�MM2` �b r2 /2`Bp2 i?2
bBKBH�` `2bmHib BM 1[bX UeX8dV �M/ UeX83V 7Q` � J�`FQp +?�BM QM � /Bb+`2i2 bT�+2X PM2 /Bz2`2Mi
TQBMi Bb i?2 /2`Bp�iBQM Q7 1[X U"XRjV r?2`2 r2 mb2 i?2 #QmM/2/ M�im`2 Q7 i?2 T`Q#�#BHBiv K�i`Bt
U(T, 0)X h?Bb b?QmH/ #2 `2TH�+2/ #v ∥U(T, 0)∥ ≤ 1- r?B+? Bb /2`Bp2/ 7`QK i?2 /BbbBT�iBp2 M�im`2
Q7 i?2 GBM/#H�/ 2[m�iBQM �b 7QHHQrb (9y9-9y8)X G2i ∥M∥tr :=

√
Tr (M †M) #2 i?2 i`�+2 MQ`K Q7

� K�i`Bt M X 6Q` i?2 /2MbBiv K�i`Bt ρt �i iBK2 t- r2 Q#i�BM 7`QK 1[X UeX38V i?�i

d

dt
∥ρt∥2tr = Tr

[
ρ†t

(
LLind(t) + L†

Lind(t)
)
ρt
]

U"XkkV

= Tr

[
∑

i

(
Li(t)ρtLi(t)

† − 1

2

{
Li(t)

†Li(t), ρt
})
]
+
(
Li(t) → L†

i (t)
)

U"XkjV

= −1

2

∑

i

(
∥ [ρt, Li] ∥2tr +

∥∥∥
[
ρt, L

†
i

]∥∥∥
2

tr

)
≤ 0. U"Xk9V

h?2`27Q`2- i?2 i`�+2 MQ`K ∥ρt∥tr Bb � KQMQiQMB+�HHv /2+`2�bBM; 7mM+iBQM Q7 t- r?B+? ;Bp2b

∥U(T, 0)ρ0∥tr = ∥ρT∥tr ≤ ∥ρ0∥tr, U"Xk8V

�M/ ?2M+2 ∥U(T, 0)∥ ≤ 1X

"Xk hrQ@/BK2MbBQM�H 72``QK�;M2i, }`bi Q`/2`
6Q` � bvbi2K�iB+ +�H+mH�iBQM Q7 � +QKKmi�iQ`- r2 `2r`Bi2 i?2 6S QT2`�iQ` BM i2`Kb Q7 i?2
�M;mH�` KQK2MimK QT2`�iQ`bX G2i mb /2}M2 i?2 �M;mH�` KQK2MimK QT2`�iQ`b Lr,a �M/ i?2
QT2`�iQ`b Kr,a �M/ Nr,a #v

Lr,a := −ϵabcmr,b
∂

∂mr,c
, Kr,a := ϵabcLr,bmr,c, Nr,a := Lr,a + αKr,a, U"XkeV

r?2`2 α Bb i?2 :BH#�`i /�KTBM; BM i?2 bGG: 2[m�iBQMX h?2b2 QT2`�iQ`b b�iBb7v i?2 7QHHQrBM;
+QKKmi�iBQM `2H�iBQMb,

[Lr,a, Lr′,b] = δr,r′ϵabcLr,c, [Kr,a, Kr′,b] = −δr,r′ϵabcKr,c, [Lr,a, Kr′,b] = δr,r′ϵabcLr,c, U"XkdV
[Nr,a, Nr′,b] = δr,r′ {ϵabcNr,c + α (Nr,amr,b −mr,aNr,b)} , U"Xk3V
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*QMbB/2` i?2 +QKKmi�iQ` #2ir22M i?2 QT2`�iQ`b Lα := −
∑

r div[fr,α · ] �M/ Lβ := −
∑

r

div[fr,β · ]- r?2`2 fr,γ Uγ = A,BV Bb ;Bp2M #v

fr,γ = − mr

1 + α2
×
(
Hr,γ +

α

ms
mr ×Hr,γ

)
. U"XkNV

6`QK i?2 2[m�iBQM

∂

∂ma
(ϵabcmr,bHr,c) = −ϵabcmr,a

∂

∂mr,b
(Hr,γ,c) = Lr ·Hr,γ, U"XjyV

r2 +�M `2r`Bi2 Lγ BM i2`Kb Q7 Nr �b 7QHHQrb,

Lγ =
∑

r

(
Lr · H̄r,γ + α Kr · H̄r,γ

)
=
∑

r

Nr · H̄r,γ, U"XjRV

r?2`2 H̄r,γ = Hr,γ/(1 + α2)X lbBM; 1[X U"Xk3V- r2 Q#i�BM

[LA,LB] =
∑

r

Nr

[
H̄A, H̄B

]
r,mag

, U"XjkV

r?2`2 i?2 +QKKmi�iQ`
[
H̄A, H̄B

]
r,mag

Bb /2}M2/ #v

[
H̄A, H̄B

]
r,mag

:= H̄r,A × H̄r,B +
αmr

ms
×
(
H̄r,A × H̄r,B

)

+
∑

r′

[(
H̄r′,A ·Lr′

)
H̄r,B −

(
H̄r′,B ·Lr′

)
H̄r,A

]

+
α

ms

∑

r′

[(
mr′ · H̄r′,A ×Lr′

)
H̄r,B −

(
mr′ · H̄r′,B ×Lr′

)
H̄r,A

]
. U"XjjV

h?mb- [LA,LB] /2}M2b i?2 /`B7i }2H/ rBi? K�;M2iB+ }2H/
[
H̄A, H̄B

]
r,mag

X 6Q` 2t�KTH2- r?2M
Hr,A = B−1 �M/ Hr,B = B+1- r2 Q#i�BM

[
H̄A, H̄B

]
r,mag

=
B−1 ×B+1

(1 + α2)ω
+
αmr

ms
× B−1 ×B+1

(1 + α2)ω
= b(1) +

αmr

ms
× b(1). U"Xj9V

h?2`27Q`2- r2 ?�p2

L(1)
F :=

∑

r

Lr ·
(
b(1) +

αmr

ms
× b(1)

)
, U"Xj8V

r?B+? ;Bp2b 1[X UeXRy8VX
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"Xj hrQ@/BK2MbBQM�H 72``QK�;M2i, b2+QM/ Q`/2`

h?2 b2+QM/@Q`/2` po >61 L(2)
F Bb ;Bp2M #v

L(2)
F = − [L−1 [L0,L1]] + [L1 [L0,L−1]]

2ω2
. U"XjeV

q2 /2+QKTQb2 L0 BMiQ i?2 i2`Kb QM i?2 2ti2`M�H }2H/- i?2 M2�`2bi@M2B;?#Q` BMi2`�+iBQM- �M/
i?2 /BzmbBQM �b 7QHHQrb,

Lext
0 =

1

1 + α2

∑

r

Lr ·B0, Lint
0 =

J

1 + α2

∑

r

Lr ·
∑

r′:n.n

mr′ , Ldif
0 = div2 (D · ) , U"XjdV

�M/ /2+QKTQb2 L(2)
F �++Q`/BM;Hvc L(2)

F = L(2),ext
F + L(2),int

F + L(2),dif
F X *QK#BMBM; 1[bX U"XjjV �M/

U"XjdV- r2 Q#i�BM

L(2),ext
F =

∑

r

Lr ·
(
(1− α2)b(2) +

2αmr

ms
× b(2)

)
, U"Xj3V

L(2),int
F =

∑

r

Lr · J
(

αBd

msω(1 + α2)

)2 ∑

r′:n,n

mr′,z

⎛

⎝
mr′,xδmr,r′,z

mr′,yδmr,r′,z

−mr′,zδmr,r′,x −mr′,yδmr,r′,y

⎞

⎠ U"XjNV

=:
∑

r

Lr ·
∑

r′:n,n

δJr,r′ , U"X9yV

L(2),dif
F = div

[(
2χr

1 + α2
mr

)
·
]
+ div2

[
χrDGGtr ·

]
, U"X9RV

r?2`2 δmr,r′ = mr −mr′ X h?2 Qp2`�HH 2z2+iBp2 K�bi2` 2[m�iBQM Bb ;Bp2M #v

∂tP =
∑

r

(
Lr · H̃F,rP

)
+ div

[(
2(1 + χ)

1 + α2
mr

)
P

]
+ div2

[
(1 + χ)DGGtrP

]
, U"X9kV

r?2`2 i?2 2z2+iBp2 }2H/ H̃F,rBb

H̃F,r =
∑

r′:n,n

(Jmr + δJr,r′) +B0 + b(1) + (1− α2)b(2) +

(
− α

ms
b(1) − 2α

ms
b(2)
)
×mr.

U"X9jV

"v /2}MBM; � M2r /BzmbBQM K�i`Bt GF #v GF := (1 + χ)1/2G- i?2 b2+QM/ �M/ i?B`/ i2`Kb QM
i?2 `B;?i@?�M/ bB/2 Q7 1[X U"X9kV �`2 `2r`Bii2M �b

div

[(
2(1 + χ)

1 + α2
mr

)
P

]
=
∑

r

Lr ·
(
−b(2),dif +

b(2),dif

ms
×mr

)
P + div (−dFP ) , U"X99V

div2
[
(1 + χ)DGGtrP

]
= div2

[
DGFG

tr
FP
]
, U"X98V
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r?2`2 dF,i := gF,kl∂kgF,il �M/

b(2),dif :=
Dms

2(1 + α2)

δχr

δmr
. U"X9eV

1[m�iBQM U"X9kV Bb i?2M `2r`Bii2M �b

∂tP =
∑

r

(Lr ·HF,rP ) + div (−dFP ) + div2
[
DGFG

tr
FP
]
, U"X9dV

r?2`2 HF,r Bb i?2 2z2+iBp2 }2H/ /2}M2/ BM 1[X UeXRRRVX *QKT�`BM; i?Bb 2[m�iBQM rBi? 1[X UeXdV-
r2 }M�HHv �``Bp2 �i i?2 bGG: 2[m�iBQM UeXRyNVX

"X9 JmHiB72``QB+ bTBM +?�BM
h?2 +�H+mH�iBQM Bb /QM2 BM � K�MM2` bBKBH�` iQ r?�i r2 ?�p2 /QM2 BM �TTX "XkX h?2 }`bi@Q`/2`
6S QT2`�iQ` L(1)

F Bb ;Bp2M #v

L(1)
F :=

∑

r

Lr ·
i

ω

[
H̄−1, H̄1

]
r,mag

, U"X93V

r?2`2 i?2 6Qm`B2` ?�`KQMB+b H̄±1 Q7 i?2 2z2+iBp2 }2H/ Bb

H̄±1 :=
∑

r′:n.n.

D± ×mr′ +B±, D± :=
gmeEd

2
(±i, 1, 0)tr , B± :=

Bd

2
(1,∓i, 0)tr . U"X9NV

"v � bi`�B;?i7Q`r�`/ +�H+mH�iBQM- r2 Q#i�BM

L(1)
F :=

∑

r

Lr ·H(1)
F,r, U"X8yV

H(1)
F,r :=

∑

r′:n.n.

(DF,r,r′ ×mr′) +BF − αBF ×mr −
∑

r′:n.n.

αϵBϵE
2ms(1 + α2)ω

⎛

⎝
m2

s +mr′,yδmr,y

−mr′,yδmr,x

0

⎞

⎠ ,

U"X8RV

r?2`2 DF,r,r′ �M/ BF �`2 /2}M2/ BM 1[X UeXRkkVX 1[m�iBQM UeXRkRV 7QHHQrb 7`QK i?2 +Q``2bTQM@
/2M+2 #2ir22M i?2 K�bi2` 2[m�iBQM �M/ i?2 1PJ 2tTH�BM2/ BM a2+X eXRX



�+FMQrH2/;2K2Mi

h?2 bim/B2b BM i?Bb i?2bBb r2`2 +QM/m+i2/ r?2M i?2 �mi?Q` r�b � S?X.X bim/2Mi �i S`Q7X J�b�?BiQ
l2/�Ƕb ;`QmT BM i?2 lMBp2`bBiv Q7 hQFvQX A rQmH/ HBF2 iQ 2tT`2bb Kv /22T b2Mb2 Q7 ;`�iBim/2 iQ
Kv +QHH�#Q`�iQ`b �M/ +QHH2�;m2bX

6B`bi Q7 �HH- A rQmH/ HBF2 iQ 2tT`2bb Kv /22T2bi ;`�iBim/2 iQ Kv bmT2`pBbQ`- S`Q7X J�b�?BiQ
l2/�- r?Q r�b � rQM/2`7mH i2�+?2` iQ K2 i?`Qm;?Qmi i?2 v2�`b r?2M A r�b BM ?Bb ;`QmTX A
�/KB`2 ?BK 7Q` ?Bb 2t+2HH2Mi i2�+?BM; bFBHHb- r?B+? ;`2�iHv ?2HT2/ K2 iQ �/p�M+2 Kv `2b2�`+?-
?Bb #`Q�/ BMi2`2bi `�M;BM; 7`QK mHi`�+QH/ �iQKB+ ;�b2b iQ MQM@2[mBHB#`BmK bi�iBbiB+�H K2+?�MB+b-
�M/ ?Bb BM/QKBi�#H2 bTB`BiX >2 bT2Mi TH2Miv Q7 iBK2 7Q` K2 /Bb+mbbBM; Kv `2b2�`+? i?Qm;? ?2
r�b �Hr�vb #mbvX �Hi?Qm;? A ?�p2 +�mb2/ � HQi Q7 i`Qm#H2 7Q` ?BK- ?2 FBM/Hv �M/ T�iB2MiHv
i�m;?i K2 ?Qr A b?QmH/ #2?�p2 iQ #2 bm++2bb7mH BM Kv +�`22`X Ai r�b ;`2�i TH2�bm`2 7Q` K2 iQ
#2 � K2K#2` Q7 ?Bb ;`QmT �M/ iQ `2+2Bp2 � S?X.X mM/2` ?Bb bmT2`pBbBQMX 6BM�HHv- A i?�MF ?BK
7Q` ?Bb +�`27mH `2�/BM; Q7 i?Bb i?2bBb- r?B+? +2`i�BMHv `2[mB`2/ HQib Q7 T�iB2M+2 �M/ iBK2X >Bb
BMbB;?i7mH +QKK2Mib bm#bi�MiB�HHv BKT`Qp2/ i?2 [m�HBiv �M/ `2�/�#BHBiv Q7 i?Bb i?2bBbX

A �HbQ �TT`2+B�i2 �HH i?2 K2K#2`b Q7 i?2 i?2bBb +QKKBii22- S`Q7X umbmF2 E�iQ- S`Q7X a?BMDB
hbmM2vmFB- S`Q7X J�b�FB Pb?BF�r�- S`Q7X uQb?BQ hQ`BB- �M/ S`Q7X L�QKB+?B >�i�MQ- 7Q` +�`2@
7mHHv `2pB2rBM; i?Bb i?2bBb �M/ 7Q` MmK2`Qmb BMbB;?i7mH +QKK2MibX 1bT2+B�HHv- A �+FMQrH2/;2
S`Q7X L�QKB+?B >�i�MQ 7Q` ?Bb +�`27mH `2�/BM; Q7 i?2 2MiB`2 i?2bBb- r?B+? ;`2�iHv BKT`Qp2/ Bib
`2�/�#BHBivX

A bBM+2`2Hv �TT`2+B�i2 +QMbB/2`�#H2 �bbBbi�M+2 7`QK Kv +QHH�#Q`�iQ`bX A �K ;`�i27mH iQ
.`X J�b�v� L�F�;�r� 7Q` K�Mv biBKmH�iBM; /Bb+mbbBQMb QM i?2 bim/v BM *?�Ti2` 8X >Bb /22T
mM/2`bi�M/BM; QM 6HQ[m2i T?vbB+b �M/ iQTQHQ;B+�H T?2MQK2M� �Hr�vb ?2HT2/ K2 � HQi iQ �/@
p�M+2 i?2 bim/v- rBi?Qmi r?B+? A +QmH/ MQi +QKTH2i2 BiX A rQmH/ �HbQ HBF2 iQ i?�MF ?BK 7Q`
r�BiBM; 7Q` K2 iQ +QKTH2i2 i?2 bim/v 7Q` ?�H7 � v2�` r?2M A i2KTQ`�HHv H27i 7`QK T?vbB+b 7Q`
� DQ# ?mMiBM;X L2ti- A �K ;`�i27mH iQ S`Q7X J�b�?B`Q a�iQ 7Q` ?Bb +QHH�#Q`�iBQM �M/ BM+2bb�Mi
2M+Qm`�;2K2MiX >2 �++2Ti2/ K2 �b � pBbBiBM; bim/2Mi �i A#�`�FB lMBp2`bBiv i?`Qm;? i?2 /Q@
K2biB+ /BbT�i+? T`Q;`�K Q7 i?2 S`Q;`�K 7Q` G2�/BM; :`�/m�i2 a+?QQHb- r?2`2 i?2 bim/v BM
*?�Ti2` e r�b BMBiB�i2/X .`X >B`QvmFB 6mDBi� �Hr�vb i�m;?i K2 i?2 7mM/�K2Mi�Hb Q7 bTBM bvb@
i2Kb- MQM@2[mBHB#`BmK T?vbB+b- �M/ bTBMi`QMB+b- r?B+? ;`2�iHv ?2HT2/ K2 +QKTH2i2 i?2 bim/v
BM *?�Ti2` eX A rQmH/ HBF2 iQ 2tT`2bb Kv ;`�iBim/2 iQ i?2 7Q`K2` �M/ T`2b2Mi K2K#2`b Q7
S`Q7X l2/�Ƕb ;`QmT- 2bT2+B�HHv iQ Kv +QHH�#Q`�iQ`b- S`Q7X a?mMbmF2 6m`mF�r�- .`X umiQ �b?B/�-
wQM;TBM; :QM;- h�FmKB uQb?BMQ- �M/ EQ?2B E�r�#�i�X A �HbQ i?�MF .`X E�xmv� 6mDBKQiQ �M/
_vmbmF2 >�K�x�FB 7Q` 7`mBi7mH /Bb+mbbBQMb QM MQM@2[mBHB#`BmK bi�iBbiB+�H K2+?�MB+bX A �K `2�HHv
i?�MF7mH iQ J`bX EBKBFQ EQr�b?B- J`bX �b�FQ h�F2m+?B- J`bX �v� h�K�B- �M/ J`bX umKBFQ
q�/�- r?Q ?2HT2/ K2 � HQi BM /2�HBM; rBi? �/KBMBbi`�iBp2 �z�B`bX

A ;`2�iHv �+FMQrH2/;2 }M�M+B�H bmTTQ`i 7`QK i?2 C�T�M aQ+B2iv 7Q` i?2 S`QKQiBQM Q7 a+B@
2M+2 UCaSaV i?`Qm;? i?2 S`Q;`�K 7Q` G2�/BM; :`�/m�i2 a+?QQHb ǳ�/p�M+2/ G2�/BM; :`�/m�i2
*Qm`b2 7Q` S?QiQM a+B2M+2Ǵ U�GSaV �M/ :`�Mi@BM@�B/ 7Q` CaSa _2b2�`+? 62HHQr UE�E1L>A

RR9
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:`�Mi LQX CSReCyjeRNVX A rQmH/ �HbQ HBF2 iQ i?�MF �GSa 7Q` i?2 bmTTQ`i QM Kv pBbBi iQ A#�`�FB
lMBp2`bBiv i?`Qm;? Bib /QK2biB+ /BbT�i+? T`Q;`�K �M/ umF�r� AMbiBimi2 7Q` h?2Q`2iB+�H S?vbB+b
UuAhSV 7Q` i?2 bmTTQ`i QM Kv pBbBi iQ uAhS i?`Qm;? Bib `2b2�`+?@pBbBi T`Q;`�KX A �K /22THv
;`�i27mH iQ :`�Mi@BM@�B/ 7Q` a+B2MiB}+ _2b2�`+? QM AMMQp�iBp2 �`2�b ǳhQTQHQ;B+�H J�i2`B�Hb
a+B2M+2Ǵ UE�E1L>A :`�Mi LQX CSR8>y838kV 7Q` i?2 bmTTQ`i QM Kv pBbBi iQ EvQiQ lMBp2`bBiv
i?`Qm;? Bib /QK2biB+ 2t+?�M;2 T`Q;`�K 7Q` vQmM; `2b2�`+?2`b �M/ 7Q` i?2 }M�M+B�H bmTTQ`i �M/
`2+QKK2M/�iBQM 7Q` �ii2M/BM; i?2 bmKK2` b+?QQH �M/ +QM72`2M+2 BM *�M�/�X h?`Qm;? Bib +QM@
72`2M+2b �M/ 2t+?�M;2 T`Q;`�Kb- A ?�/ H2�`M2/ � HQi QM iQTQHQ;B+�H [m�MimK T?2MQK2M� �M/
+QM/2Mb2/@K�ii2` T?vbB+bX A �TT`2+B�i2- 7`QK i?2 #QiiQK Q7 Kv ?2�`i- i?2b2 72HHQrb?BTb �M/
}M�M+B�H bmTTQ`i 7Q` +Qp2`BM; Kv `2b2�`+? �M/ HBpBM; 2tT2Mb2 /2bTBi2 ?�`b? 2+QMQKB+ +QM/BiBQMb
BM C�T�MX Ai r�b b?22` Hm+F 7Q` K2 iQ #2 2/m+�i2/ BM +QK7Q`i i?`Qm;?Qmi i?2 S?X.X +Qm`b2 �M/ A
#2HB2p2 i?�i i?Bb rQmH/ MQi ?�p2 #22M TQbbB#H2 rBi?Qmi ?m;2 2zQ`ib Q7 i?2 7�+mHiv K2K#2`b �M/
�+�/2KB+ bi�zb Q7 i?2 mMBp2`bBiB2b �b r2HH �b i?2 Q{+B�Hb Q7 i?2 JBMBbi`v Q7 1/m+�iBQM- *mHim`2-
aTQ`ib- a+B2M+2 �M/ h2+?MQHQ;v UJ1shVX �Hi?Qm;? i?2 2+QMQKB+ 2MpB`QMK2Mi BM C�T�M �M/
i?2 +B`+mKbi�M+2 bm``QmM/BM; #�bB+ b+B2M+2 `2K�BM b2p2`2- A ?QT2 i?�i i?Bb bmTTQ`i rBHH +QMiBMm2
7Q` i?2 T`2b2Mi �M/ 7mim`2 vQmM; b+B2MiBbibX

6BM�HHv- A rBb? iQ i?�MF Kv T�`2Mib- Pb�Km �M/ EBvQKB- r?Q ?�p2 �Hr�vb 2M+Qm`�;2/ K2
iQ Tm`bm2 Kv QrM r�v- r?B+? Bb BM/BbT2Mb�#H2 iQ +QKTH2i2 i?2 S?X.X +Qm`b2X



"B#HBQ;`�T?v

(R) aX >B;�b?BF�r�- JX L�F�;�r�- �M/ JX l2/�- ǳ6HQ[m2i +?B`�H K�;M2iB+ 2z2+i-Ǵ �`sBp T`2T`BMi
�`sBp,R3yeXye3e3- kyR3X

(k) aX >B;�b?BF�r�- >X 6mDBi�- �M/ JX a�iQ- ǳ6HQ[m2i 2M;BM22`BM; Q7 +H�bbB+�H bvbi2Kb-Ǵ �`sBp T`2T`BMi
�`sBp,R3RyXyRRyj- Q+i kyR3X

(j) hX uQb?BMQ- aX 6m`mF�r�- aX >B;�b?BF�r�- �M/ JX l2/�- ǳ*QHH2+iBp2 KQ/2b Q7 pQ`i2t H�iiB+2b BM
irQ@+QKTQM2Mi "Qb2@1BMbi2BM +QM/2Mb�i2b mM/2` bvMi?2iB+ ;�m;2 }2H/b-Ǵ L2r CQm`M�H Q7 S?vbB+b-
pQHX kR- TX yR8yyR- DmH kyR3X

(9) EX E�r�#�i�- aX >B;�b?BF�r�- wX :QM;- uX �b?B/�- �M/ JX l2/�- ǳhQTQHQ;B+�H mMB}+�iBQM Q7
iBK2@`2p2`b�H �M/ T�`iB+H2@?QH2 bvKK2i`B2b BM MQM@>2`KBiB�M T?vbB+b-Ǵ L�im`2 *QKKmMB+�iBQMb-
pQHX Ry- MQX R- TX kNd- kyRNX

(8) wX :QM;- uX �b?B/�- EX E�r�#�i�- EX h�F�b�M- aX >B;�b?BF�r�- �M/ JX l2/�- ǳhQTQHQ;B+�H T?�b2b
Q7 MQM@>2`KBiB�M bvbi2Kb-Ǵ S?vbX _2pX s- pQHX 3- MQX j- TX yjRydN- kyR3X

(e) wX :QM;- aX >B;�b?BF�r�- �M/ JX l2/�- ǳw2MQ >�HH 1z2+i-Ǵ S?vbX _2pX G2iiX- pQHX RR3- MQX ky-
kyRdX

(d) aX >B;�b?BF�r� �M/ JX l2/�- ǳAM~m2M+2 Q7 iQTQHQ;B+�H +QMbi`�BMib �M/ iQTQHQ;B+�H 2t+Bi�iBQMb,
.2+QKTQbBiBQM 7Q`KmH�b 7Q` +�H+mH�iBM; ?QKQiQTv ;`QmTb Q7 bvKK2i`v@#`QF2M T?�b2b-Ǵ S?vbX _2pX
"- pQHX N8- MQX Rj- TX Rj98ky- kyRdX

(3) aX >B;�b?BF�r� �M/ JX l2/�- ǳKm@bvKK2i`v #`2�FBM;, �M �H;2#`�B+ �TT`Q�+? iQ }M/BM; K2�M
}2H/b Q7 [m�MimK K�Mv@#Q/v bvbi2Kb-Ǵ S?vbX _2pX �- pQHX N9- MQX R- TX yRjeRj- kyReX

(N) "X oX *?B`BFQp- 6X JX Ax`�BH2p- �M/ .X GX a?2T2Hv�MbFv- ǳ.vM�KB+�H biQ+?�biB+Biv BM +H�bbB+�H �M/
[m�MimK K2+?�MB+b-Ǵ J�i?2K�iB+�H T?vbB+b `2pB2rb- pQHX k- TTX kyNĜked- RN3RX

(Ry) .X >X .mMH�T �M/ oX JX E2MF`2- ǳ.vM�KB+ HQ+�HBx�iBQM Q7 � +?�`;2/ T�`iB+H2 KQpBM; mM/2` i?2
BM~m2M+2 Q7 �M 2H2+i`B+ }2H/-Ǵ S?vbX _2pX "- pQHX j9- MQX e- TTX jek8Ĝjejj- RN3eX

(RR) GX :�KK�BiQMB- SX > M;;B- SX CmM;- �M/ 6X J�`+?2bQMB- ǳaiQ+?�biB+ `2bQM�M+2-Ǵ _2pX JQ/X S?vbX-
pQHX dy- MQX R- TTX kkjĜk3d- RNN3X

(Rk) SX CmM;- ǳS2`BQ/B+�HHv /`Bp2M biQ+?�biB+ bvbi2Kb-Ǵ S?vbB+b _2TQ`ib- pQHX kj9- MQX 9- TTX Rd8ĜkN8-
RNNjX

(Rj) SX GX E�TBix�- ǳ.vM�KB+ bi�#BHBiv Q7 i?2 T2M/mHmK rBi? pB#`�iBM; bmbT2MbBQM TQBMi-Ǵ aQpB2i
S?vbB+bĜC1hS- pQHX kR- MQX 8- TTX 833Ĝ8Nd- RN8RX

(R9) qX S�mH- ǳ1H2+i`QK�;M2iB+ i`�Tb 7Q` +?�`;2/ �M/ M2mi`�H T�`iB+H2b-Ǵ _2pX JQ/X S?vbX- pQHX ek-
MQX j- TTX 8jRĜ89y- RNNyX

(R8) 1X .X *Qm`�Mi- JX aX GBpBM;biQM- �M/ >X aX aMv/2`- ǳh?2 ai`QM;@6Q+mbBM; avM+?`QiQMě� L2r
>B;? 1M2`;v �++2H2`�iQ`-Ǵ S?vbX _2pX- pQHX 33- MQX 8- TTX RRNyĜRRNe- RN8kX

(Re) _X SX 62vMK�M- _X "X G2B;?iQM- �M/ JX a�M/b- ǳh?2 62vMK�M G2+im`2b QM S?vbB+b- oQHX AA, h?2
L2r JBHH2MMBmK 1/BiBQM, J�BMHv 1H2+i`QK�;M2iBbK �M/ J�ii2`-Ǵ 62vMK�M G2+im`2b QM S?vbB+b-
+?X kN- "�bB+ "QQFb- kyRRX

RRe
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(Rd) hX PF� �M/ >X �QFB- ǳS?QiQpQHi�B+ >�HH 2z2+i BM ;`�T?2M2-Ǵ S?vbX _2pX "- pQHX dN- MQX 3- TX y3R9ye-
kyyNX

(R3) hX EBi�;�r�- JX aX _m/M2`- 1X "2`;- �M/ 1X .2KH2`- ǳ1tTHQ`BM; iQTQHQ;B+�H T?�b2b rBi? [m�MimK
r�HFb-Ǵ S?vbX _2pX �- pQHX 3k- MQX j- TX yjj9kN- kyRyX

(RN) uX >X q�M;- >X ai2BM#2`;- SX C�`BHHQ@>2``2`Q- �M/ LX :2/BF- ǳP#b2`p�iBQM Q7 6HQ[m2i@"HQ+? ai�i2b
QM i?2 am`7�+2 Q7 � hQTQHQ;B+�H AMbmH�iQ`-Ǵ a+B2M+2- pQHX j9k- MQX eR8d- TTX 98jĜ98d- kyRjX

(ky) :X CQixm- JX J2bb2`- _X .2b#m[mQBb- JX G2#`�i- hX l2?HBM;2`- .X :`2B7- �M/ hX 1bbHBM;2`- ǳ1tT2`@
BK2Mi�H `2�HBx�iBQM Q7 i?2 iQTQHQ;B+�H >�H/�M2 KQ/2H rBi? mHi`�+QH/ 72`KBQMb-Ǵ L�im`2- pQHX 8R8-
TX kjd- MQp kyR9X

(kR) 6X J�?KQQ/- *X@EX *?�M- wX �HTB+?b?2p- .X :�`/M2`- uX G22- SX �X G22- �M/ LX :2/BF- ǳa2H2+iBp2
b+�ii2`BM; #2ir22M 6HQ[m2iĜ"HQ+? �M/ oQHFQp bi�i2b BM � iQTQHQ;B+�H BMbmH�iQ`-Ǵ L�im`2 S?vbB+b-
pQHX Rk- TX jye- D�M kyReX

(kk) CX qX J+Hp2`- "X a+?mHi2- 6X ai2BM- hX J�ibmv�K�- :X CQixm- :X J2B2`- �M/ �X *�p�HH2`B- ǳGB;?i@
BM/m+2/ �MQK�HQmb >�HH 2z2+i BM ;`�T?2M2-Ǵ �`sBp T`2T`BMi �`sBp,R3RRXyj8kk- MQp kyR3X

(kj) aX *?QB- CX *?QB- _X G�M/B;- :X Em+bFQ- >X w?Qm- CX AbQv�- 6X C2H2xFQ- aX PMQ/�- >X amKBv�-
oX E?2K�MB- *X pQM E2vb2`HBM;F- LX uX u�Q- 1X .2KH2`- �M/ JX .X GmFBM- ǳP#b2`p�iBQM Q7 /Bb+`2i2
iBK2@+`vbi�HHBM2 Q`/2` BM � /BbQ`/2`2/ /BTQH�` K�Mv@#Q/v bvbi2K-Ǵ L�im`2- pQHX 89j- TX kkR- K�`
kyRdX

(k9) CX w?�M;- SX qX >2bb- �X EvT`B�MB/Bb- SX "2+F2`- �X G22- CX aKBi?- :X S�;�MQ- AX@.X SQiB`MB+?2-
�X *X SQii2`- �X oBb?r�M�i?- LX uX u�Q- �M/ *X JQM`Q2- ǳP#b2`p�iBQM Q7 � /Bb+`2i2 iBK2 +`vbi�H-Ǵ
K�` kyRdX

(k8) LX uX u�Q- �X *X SQii2`- AX@.X SQiB`MB+?2- �M/ �X oBb?r�M�i?- ǳ.Bb+`2i2 hBK2 *`vbi�Hb, _B;B/Biv-
*`BiB+�HBiv- �M/ _2�HBx�iBQMb-Ǵ S?vbX _2pX G2iiX- pQHX RR3- MQX j- TX yjy9yR- kyRdX

(ke) .X oX 1Hb2- "X "�m2`- �M/ *X L�v�F- ǳ6HQ[m2i hBK2 *`vbi�Hb-Ǵ S?vbX _2pX G2iiX- pQHX RRd- MQX N-
TX yNy9yk- kyReX

(kd) JX "mFQp- GX .Ƕ�H2bbBQ- �M/ �X SQHFQpMBFQp- ǳlMBp2`b�H ?B;?@7`2[m2M+v #2?�pBQ` Q7 T2`BQ/B@
+�HHv /`Bp2M bvbi2Kb, 7`QK /vM�KB+�H bi�#BHBx�iBQM iQ 6HQ[m2i 2M;BM22`BM;-Ǵ �/p�M+2b BM S?vbB+b-
pQHX e9- MQX k- TTX RjNĜkke- kyR8X

(k3) �X 1+F�`/i- ǳ*QHHQ[mBmK, �iQKB+ [m�MimK ;�b2b BM T2`BQ/B+�HHv /`Bp2M QTiB+�H H�iiB+2b-Ǵ _2pX
JQ/X S?vbX- pQHX 3N- MQX R- TX yRRyy9- kyRdX

(kN) hX PF� �M/ aX EBi�Km`�- ǳ6HQ[m2i 1M;BM22`BM; Q7 Zm�MimK J�i2`B�Hb-Ǵ �MMm�H _2pB2r Q7 *QM@
/2Mb2/ J�ii2` S?vbB+b- pQHX Ry- MQX R- kyRNX

(jy) :X 6HQ[m2i- ǳam` H2b 2[m�iBQMb /Bz2`2MiB2HH2b HBM2�B`2b-Ǵ �MMX a+BX 1+QH2 LQ`KX amTX�- pQHX Rk-
MQX R33j- TTX 9dĜ33- R33jX

(jR) *X *?B+QM2- P`/BM�`v /Bz2`2MiB�H 2[m�iBQMb rBi? �TTHB+�iBQMb- pQHX j9X aT`BM;2` a+B2M+2 � "mbBM2bb
J2/B�- kyyeX

(jk) �X 1+F�`/i- *X q2Bbb- �M/ JX >QHi?�mb- ǳamT2`~mB/@AMbmH�iQ` h`�MbBiBQM BM � S2`BQ/B+�HHv .`Bp2M
PTiB+�H G�iiB+2-Ǵ S?vbX _2pX G2iiX- pQHX N8- MQX ke- TX key9y9- kyy8X

(jj) �X 1+F�`/i- JX >QHi?�mb- >X GB;MB2`- �X w2M2bBMB- .X *B�KTBMB- PX JQ`b+?- �M/ 1X �`BKQM/Q-
ǳ1tTHQ`BM; /vM�KB+ HQ+�HBx�iBQM rBi? � "Qb2@1BMbi2BM +QM/2Mb�i2-Ǵ S?vbX _2pX �- pQHX dN- MQX R-
TX yRjeRR- kyyNX

(j9) �X w2M2bBMB- >X GB;MB2`- .X *B�KTBMB- PX JQ`b+?- �M/ 1X �`BKQM/Q- ǳ*Q?2`2Mi *QMi`QH Q7 .`2bb2/
J�ii2` q�p2b-Ǵ S?vbX _2pX G2iiX- pQHX Ryk- MQX Ry- TX Ryy9yj- kyyNX

(j8) .X C�Fb+? �M/ SX wQHH2`- ǳ*`2�iBQM Q7 2z2+iBp2 K�;M2iB+ }2H/b BM QTiB+�H H�iiB+2b, i?2 >Q7bi�/i2`
#mii2`~v 7Q` +QH/ M2mi`�H �iQKb-Ǵ L2r CQm`M�H Q7 S?vbB+b- pQHX 8- MQX R- TX 8e- kyyjX
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(je) JX �B/2Hb#m`;2`- JX �i�H�- JX GQ?b2- CX hX "�``2B`Q- "X S�`2/2b- �M/ AX "HQ+?- ǳ_2�HBx�iBQM Q7
i?2 >Q7bi�/i2` >�KBHiQMB�M rBi? lHi`�+QH/ �iQKb BM PTiB+�H G�iiB+2b-Ǵ S?vbX _2pX G2iiX- pQHX RRR-
MQX R3- TX R38jyR- kyRjX

(jd) JX �B/2Hb#m`;2`- JX GQ?b2- *X a+?r2Bx2`- JX �i�H�- CX hX "�``2B`Q- aX L�b+BK#ĕM2- LX _X *QQT2`-
AX "HQ+?- �M/ LX :QH/K�M- ǳJ2�bm`BM; i?2 *?2`M MmK#2` Q7 >Q7bi�/i2` #�M/b rBi? mHi`�+QH/
#QbQMB+ �iQKb-Ǵ L�im`2 S?vbB+b- pQHX RR- TX Rek- /2+ kyR9X

(j3) *X CX E2MM2/v- qX *X "m`iQM- qX *X *?mM;- �M/ qX E2ii2`H2- ǳP#b2`p�iBQM Q7 "Qb2Ĝ1BMbi2BM
+QM/2Mb�iBQM BM � bi`QM; bvMi?2iB+ K�;M2iB+ }2H/-Ǵ L�im`2 S?vbB+b- pQHX RR- TX 38N- �m; kyR8X

(jN) 6X .X JX >�H/�M2- ǳJQ/2H 7Q` � Zm�MimK >�HH 1z2+i rBi?Qmi G�M/�m G2p2Hb, *QM/2Mb2/@J�ii2`
_2�HBx�iBQM Q7 i?2 ǴS�`Biv �MQK�HvǴ-Ǵ S?vbX _2pX G2iiX- pQHX eR- MQX R3- TTX kyR8ĜkyR3- RN33X

(9y) aX L�F�DBK�- hX hQKBi�- aX h�B2- hX A+?BMQb2- >X Px�r�- GX q�M;- JX h`Qv2`- �M/ uX h�F�?�b?B-
ǳhQTQHQ;B+�H h?QmH2bb TmKTBM; Q7 mHi`�+QH/ 72`KBQMb-Ǵ L�im`2 S?vbB+b- pQHX Rk- TX kNe- D�M kyReX

(9R) JX GQ?b2- *X a+?r2Bx2`- PX wBH#2`#2`;- JX �B/2Hb#m`;2`- �M/ AX "HQ+?- ǳ� h?QmH2bb [m�MimK
TmKT rBi? mHi`�+QH/ #QbQMB+ �iQKb BM �M QTiB+�H bmT2`H�iiB+2-Ǵ L�iX S?vbX- pQHX Rk- TX j8y- kyReX

(9k) wX Pp�/v�?m- ǳamTT`2bbBQM Q7 AM2H�biB+ 1H2+i`QM@1H2+i`QM a+�ii2`BM; BM �M/2`bQM AMbmH�iQ`b-Ǵ
S?vbX _2pX G2iiX- pQHX Ry3- TX R8eeyk- �T` kyRkX

(9j) aX Ar�B- JX PMQ- �X J�2/�- >X J�ibmx�FB- >X EBb?B/�- >X PF�KQiQ- �M/ uX hQFm`�- ǳlHi`�7�bi
PTiB+�H arBi+?BM; iQ � J2i�HHB+ ai�i2 #v S?QiQBM/m+2/ JQii h`�MbBiBQM BM � >�HQ;2M@"`B/;2/
LB+F2H@*?�BM *QKTQmM/-Ǵ S?vbX _2pX G2iiX- pQHX NR- TX y8d9yR- DmH kyyjX

(99) hX Ab?BF�r�- uX a�;�2- uX L�BiQ?- uX E�r�F�KB- >X AiQ?- EX u�K�KQiQ- EX u�Fmb?B- >X EBb?B/�-
hX a�b�FB- aX Ab?B?�`�- uX h�M�F�- EX uQM2KBibm- �M/ aX Ar�B- ǳPTiB+�H 7`22xBM; Q7 +?�`;2 KQiBQM
BM �M Q`;�MB+ +QM/m+iQ`-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX 8- TX 88k3- MQp kyR9X

(98) aX E�Bb2`- *X _X >mMi- .X LB+QH2iiB- qX >m- AX :B2`x- >X uX GBm- JX G2 h�+QM- hX GQ2r- .X >�m;-
"X E2BK2`- �M/ �X *�p�HH2`B- ǳPTiB+�HHv BM/m+2/ +Q?2`2Mi i`�MbTQ`i 7�` �#Qp2 h+ BM mM/2`/QT2/
u"�k*mjPe-Ǵ S?vbX _2pX "- pQHX 3N- TX R398Re- K�v kyR9X

(9e) �X EB`BHvmF- �X oX EBK2H- �M/ hX _�bBM;- ǳlHi`�7�bi QTiB+�H K�MBTmH�iBQM Q7 K�;M2iB+ Q`/2`-Ǵ _2pX
JQ/X S?vbX- pQHX 3k- MQX j- TTX kdjRĜkd39- kyRyX

(9d) CX@uX "B;Qi �M/ JX oQKB`- ǳlHi`�7�bi K�;M2iBx�iBQM /vM�KB+b Q7 M�MQbi`m+im`2b-Ǵ �MM�H2M /2`
S?vbBF- pQHX 8k8- TTX kĜjy- 72# kyRjX

(93) .X "QbbBMB- EX EQMBb?B- aX hQvQ/�- hX �`BK�- CX umKQiQ- �M/ JX Emr�i�@:QMQF�KB- ǳ62KiQb2+@
QM/ �+iBp�iBQM Q7 K�;M2iQ2H2+i`B+Biv-Ǵ L�im`2 S?vbB+b- pQHX R9- MQX 9- TTX jdyĜjd9- kyR3X

(9N) uX E�r�F�KB- >X AiQ?- EX uQM2KBibm- �M/ aX Ar�B- ǳai`QM; HB;?i@}2H/ 2z2+ib /`Bp2M #v M2�`Hv
bBM;H2@+v+H2 d 7b HB;?i@}2H/ BM +Q``2H�i2/ Q`;�MB+ +QM/m+iQ`b-Ǵ CQm`M�H Q7 S?vbB+b ", �iQKB+- JQH2+@
mH�` �M/ PTiB+�H S?vbB+b- pQHX 8R- MQX Rd- TX Rd9yy8- kyR3X

(8y) .X 6�mbiB- _X AX hQ#2v- LX .2�M- aX E�Bb2`- �X .B2Mbi- JX *X >QzK�MM- aX SvQM- hX h�F�v�K�-
>X h�F�;B- �M/ �X *�p�HH2`B- ǳGB;?i@AM/m+2/ amT2`+QM/m+iBpBiv BM � ai`BT2@P`/2`2/ *mT`�i2-Ǵ
a+B2M+2- pQHX jjR- MQX eyR9- TTX R3NĜRNR- kyRRX

(8R) qX >m- aX E�Bb2`- .X LB+QH2iiB- *X _X >mMi- AX :B2`x- JX *X >QzK�MM- JX G2 h�+QM- hX GQ2r-
"X E2BK2`- �M/ �X *�p�HH2`B- ǳPTiB+�HHv 2M?�M+2/ +Q?2`2Mi i`�MbTQ`i BM u"�k*mjPeX8 #v mHi`�7�bi
`2/Bbi`B#miBQM Q7 BMi2`H�v2` +QmTHBM;-Ǵ L�im`2 J�i2`B�Hb- pQHX Rj- TX dy8- K�v kyR9X

(8k) JX JBi`�MQ- �X *�Mi�HmTTB- .X LB+QH2iiB- aX E�Bb2`- �X S2`m++?B- aX GmTB- SX .B SB2i`Q- .X SQMiB`QHB-
JX _B++ǁ- aX _X *H�`F- .X C�Fb+?- �M/ �X *�p�HH2`B- ǳSQbbB#H2 HB;?i@BM/m+2/ bmT2`+QM/m+iBpBiv BM
Ej*ey �i ?B;? i2KT2`�im`2-Ǵ L�im`2- pQHX 8jy- TX 9eR- 72# kyReX

(8j) 1X "2�m`2T�B`2- CX@*X J2`H2- �X .�mMQBb- �M/ CX@uX "B;Qi- ǳlHi`�7�bi aTBM .vM�KB+b BM 62``QK�;@
M2iB+ LB+F2H-Ǵ S?vbX _2pX G2iiX- pQHX de- MQX kk- TTX 9k8yĜ9k8j- RNNeX
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(89) CX >Q?H72H/- 1X J�ii?B�b- _X EMQ``2M- �M/ EX >X "2MM2K�MM- ǳLQM2[mBHB#`BmK J�;M2iBx�iBQM
.vM�KB+b Q7 LB+F2H-Ǵ S?vbX _2pX G2iiX- pQHX d3- TTX 93eRĜ93e9- DmM RNNdX

(88) "X EQQTK�Mb- JX p�M E�KT2M- CX hX EQ?H?2TT- �M/ qX CX JX /2 CQM;2- ǳlHi`�7�bi J�;M2iQ@
PTiB+b BM LB+F2H, J�;M2iBbK Q` PTiB+b\-Ǵ S?vbX _2pX G2iiX- pQHX 38- TTX 399Ĝ39d- DmH kyyyX

(8e) LX >X GBM/M2`- :X _27�2H- �M/ oX :�HBibFB- ǳ6HQ[m2i iQTQHQ;B+�H BMbmH�iQ` BM b2KB+QM/m+iQ` [m�M@
imK r2HHb-Ǵ L�im`2 S?vbB+b- pQHX d- TX 9Ny- K�` kyRRX

(8d) "X .Ʀ`�- CX *�vbbQH- 6X aBKQM- �M/ _X JQ2bbM2`- ǳPTiB+�HHv 1M;BM22`BM; i?2 hQTQHQ;B+�H S`QT2`iB2b
Q7 � aTBM >�HH AMbmH�iQ`-Ǵ S?vbX _2pX G2iiX- pQHX Ry3- TX y8eeyk- D�M kyRkX

(83) JX 1x�r�- ǳS?QiQBM/m+2/ hQTQHQ;B+�H S?�b2 h`�MbBiBQM �M/ � aBM;H2 .B`�+@*QM2 ai�i2 BM aBHB+2M2-Ǵ
S?vbX _2pX G2iiX- pQHX RRy- TX ykeeyj- D�M kyRjX

(8N) >X .2?;?�MB- hX PF�- �M/ �X JBi`�- ǳ.BbbBT�iBp2 6HQ[m2i iQTQHQ;B+�H bvbi2Kb-Ǵ S?vbX _2pX "-
pQHX Ny- MQX RN- TX RN89kN- kyR9X

(ey) EX AX a22i?�`�K- *X@1X "�`/vM- LX >X GBM/M2`- JX aX _m/M2`- �M/ :X _27�2H- ǳ*QMi`QHH2/ SQTmH�@
iBQM Q7 6HQ[m2i@"HQ+? ai�i2b pB� *QmTHBM; iQ "Qb2 �M/ 62`KB "�i?b-Ǵ S?vbX _2pX s- pQHX 8- MQX 9-
TX y9Ry8y- kyR8X

(eR) �X :X :`mb?BM- �X :ƦK2x@G2ƦM- �M/ hX L2mT2`i- ǳ6HQ[m2i 6`�+iBQM�H *?2`M AMbmH�iQ`b-Ǵ S?vbX
_2pX G2iiX- pQHX RRk- TX R8e3yR- �T` kyR9X

(ek) JX "2MBiQ- �X :ƦK2x@G2ƦM- oX JX "�biB/�b- hX "`�M/2b- �M/ :X SH�i2`Q- ǳ6HQ[m2i 2M;BM22`BM; Q7
HQM;@`�M;2 T@r�p2 bmT2`+QM/m+iBpBiv-Ǵ S?vbX _2pX "- pQHX Ny- TX ky8Rkd- MQp kyR9X

(ej) hX JBF�KB- aX EBi�Km`�- EX u�bm/�- LX hbmDB- hX PF�- �M/ >X �QFB- ǳ"`BHHQmBM@qB;M2` i?2Q`v
7Q` ?B;?@7`2[m2M+v 2tT�MbBQM BM T2`BQ/B+�HHv /`Bp2M bvbi2Kb, �TTHB+�iBQM iQ 6HQ[m2i iQTQHQ;B+�H
BMbmH�iQ`b-Ǵ S?vbX _2pX "- pQHX Nj- MQX R9- TX R99jyd- kyReX

(e9) EX h�F�b�M- JX L�F�;�r�- �M/ LX E�r�F�KB- ǳG�b2`@B``�/B�i2/ EQM/Q BMbmH�iQ`b, *QMi`QHHBM;
i?2 EQM/Q 2z2+i �M/ iQTQHQ;B+�H T?�b2b-Ǵ S?vbX _2pX "- pQHX Ne- MQX RR- TX RR8Rky- kyRdX

(e8) EX h�F�b�M- �X .�B/Q- LX E�r�F�KB- �M/ uX u�M�b2- ǳG�b2`@BM/m+2/ iQTQHQ;B+�H bmT2`+QM/m+iBp@
Biv BM +mT`�i2 i?BM }HKb-Ǵ S?vbX _2pX "- pQHX N8- TX Rj98y3- �T` kyRdX

(ee) .X JX E2MM2b- �X /2 H� hQ``2- �X _QM- .X >bB2?- �M/ �X CX JBHHBb- ǳ6HQ[m2i 1M;BM22`BM; BM
Zm�MimK *?�BMb-Ǵ S?vbX _2pX G2iiX- pQHX Rky- TX RkdeyR- K�` kyR3X

(ed) CX GBm- EX >2D�xB- �M/ GX "�H2Mib- ǳ6HQ[m2i 1M;BM22`BM; Q7 JmHiBQ`#Bi�H JQii AMbmH�iQ`b, �TTHB@
+�iBQMb iQ P`i?Q`?QK#B+ hBi�M�i2b-Ǵ S?vbX _2pX G2iiX- pQHX RkR- TX RydkyR- b2T kyR3X

(e3) .X JX E2MM2b- JX *H��bb2M- JX �X a2Mi27- �M/ *X E�``�b+?- ǳGB;?i@BM/m+2/ /@r�p2 bmT2`+QM/m+@
iBpBiv i?`Qm;? 6HQ[m2i@2M;BM22`2/ 62`KB bm`7�+2b BM +mT`�i2b-Ǵ �`sBp T`2T`BMi �`sBp,R3y3Xy9e88-
�m; kyR3X

(eN) LX q�HH/Q`7- .X JX E2MM2b- CX S��bF2- �M/ �X CX JBHHBb- ǳ�MiB72``QK�;M2iB+ P`/2` �M/
LQM@1[mBHB#`BmK .Bbi`B#miBQMb BM i?2 6HQ[m2i@1M;BM22`2/ >m##�`/ JQ/2H-Ǵ �`sBp T`2T`BMi
�`sBp,R3yNXy3eyd- b2T kyR3X

(dy) EX >2D�xB- CX GBm- �M/ GX "�H2Mib- ǳ6HQ[m2i bTBM �M/ bTBM@Q`#Bi�H >�KBHiQMB�Mb �M/ /Qm#HQM@?QHQM
;2M2`�iBQMb BM T2`BQ/B+�HHv /`Bp2M JQii BMbmH�iQ`b-Ǵ �`sBp T`2T`BMi �`sBp,R3yNXyN3yy- b2T kyR3X

(dR) JX a�iQ- uX a�b�FB- �M/ hX PF�- ǳ6HQ[m2i J�DQ`�M� 1/;2 JQ/2 �M/ LQM@�#2HB�M �MvQMb BM �
.`Bp2M EBi�2p JQ/2H-Ǵ �`sBp T`2T`BMi �`sBp,R9y9XkyRy- kyR9X

(dk) aX h�F�vQb?B- >X �QFB- �M/ hX PF�- ǳJ�;M2iBx�iBQM �M/ T?�b2 i`�MbBiBQM BM/m+2/ #v +B`+mH�`Hv
TQH�`Bx2/ H�b2` BM [m�MimK K�;M2ib-Ǵ S?vbX _2pX "- pQHX Ny- MQX 3- TX y38R8y- kyR9X



Rky "A"GAP:_�S>u

(dj) aX h�F�vQb?B- JX a�iQ- �M/ hX PF�- ǳG�b2`@BM/m+2/ K�;M2iBx�iBQM +m`p2-Ǵ S?vbX _2pX "- pQHX Ny-
MQX kR- TX kR99Rj- kyR9X

(d9) CX >X J2MiBMF- EX "�Hx2`- �M/ JX 1+Fbi2BM- ǳlHi`�7�bi �M/ `2p2`bB#H2 +QMi`QH Q7 i?2 2t+?�M;2
BMi2`�+iBQM BM JQii BMbmH�iQ`b-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX e- TX edy3- K�` kyR8X

(d8) _X oX JBF?�vHQpbFBv- 1X >2M/`v- �X a2++?B- CX >X J2MiBMF- JX 1+Fbi2BM- �X qm- _X oX SBb�`2p-
oX oX E`m;Hv�F- JX AX E�ibM2HbQM- hX _�bBM;- �M/ �X oX EBK2H- ǳlHi`�7�bi QTiB+�H KQ/B}+�iBQM Q7
2t+?�M;2 BMi2`�+iBQMb BM B`QM QtB/2b-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX e- TX 3RNy- b2T kyR8X

(de) JX a�iQ- aX h�F�vQb?B- �M/ hX PF�- ǳG�b2`@.`Bp2M JmHiB72``QB+b �M/ lHi`�7�bi aTBM *m``2Mi :2M@
2`�iBQM-Ǵ S?vbX _2pX G2iiX- pQHX RRd- MQX R9- TX R9dkyk- kyReX

(dd) JX *H��bb2M- >X@*X CB�M;- "X JQ`Bix- �M/ hX SX .2p2`2�mt- ǳ.vM�KB+�H iBK2@`2p2`b�H bvKK2i`v
#`2�FBM; �M/ T?QiQ@BM/m+2/ +?B`�H bTBM HB[mB/b BM 7`mbi`�i2/ JQii BMbmH�iQ`b-Ǵ L�im`2 *QKKmMB@
+�iBQMb- pQHX 3- MQX R- TX RRNk- kyRdX

(d3) aX EBi�Km`�- hX PF�- �M/ >X �QFB- ǳS`Q#BM; �M/ +QMi`QHHBM; bTBM +?B`�HBiv BM JQii BMbmH�iQ`b #v
+B`+mH�`Hv TQH�`Bx2/ H�b2`-Ǵ S?vbX _2pX "- pQHX Ne- MQX R- TX yR99ye- kyRdX

(dN) �X PMQ �M/ aX Ab?B?�`�- ǳS?QiQ+QMi`QH Q7 K�;M2iB+ bi`m+im`2 BM �M BiBM2`�Mi K�;M2i-Ǵ S?vbX _2pX
"- pQHX N3- TX kR99y3- /2+ kyR3X

(3y) 1X �X ai2T�MQp- *X .mi`2Bt- �M/ JX AX E�ibM2HbQM- ǳ.vM�KB+�H �M/ _2p2`bB#H2 *QMi`QH Q7 hQTQ@
HQ;B+�H aTBM h2tim`2b-Ǵ S?vbX _2pX G2iiX- pQHX RR3- TX R8dkyR- �T` kyRdX

(3R) aX �X Pr2``2- ǳ6HQ[m2i iQTQHQ;B+�H K�;MQMb-Ǵ CQm`M�H Q7 S?vbB+b *QKKmMB+�iBQMb- pQHX R- MQX k-
TX ykRyyk- kyRdX

(3k) .X um/BM- .X _X :mH2pB+?- �M/ JX hBiQp- ǳGB;?i@AM/m+2/ �MBbQi`QTB+ aFv`KBQM �M/ ai`BT2 S?�b2b
BM � _�b?#� 62``QK�;M2i-Ǵ S?vbX _2pX G2iiX- pQHX RRN- TX R9dkyk- Q+i kyRdX

(3j) JX wX >�b�M �M/ *X GX E�M2- ǳ*QHHQ[mBmK, hQTQHQ;B+�H BMbmH�iQ`b-Ǵ _2pB2rb Q7 JQ/2`M S?vbB+b-
pQHX 3k- MQX 9- TTX jy98Ĝjyed- kyRyX

(39) sX GX ZB �M/ aX *X w?�M;- ǳhQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b-Ǵ _2pB2rb Q7 JQ/2`M
S?vbB+b- pQHX 3j- MQX 9- kyRRX

(38) hX EBi�;�r�- 1X "2`;- JX _m/M2`- �M/ 1X .2KH2`- ǳhQTQHQ;B+�H +?�`�+i2`Bx�iBQM Q7 T2`BQ/B+�HHv
/`Bp2M [m�MimK bvbi2Kb-Ǵ S?vbX _2pX "- pQHX 3k- MQX kj- TX kj8RR9- kyRyX

(3e) hX EBi�;�r�- hX PF�- �X "`�i��b- GX 6m- �M/ 1X .2KH2`- ǳh`�MbTQ`i T`QT2`iB2b Q7 MQM2[mBHB#`BmK
bvbi2Kb mM/2` i?2 �TTHB+�iBQM Q7 HB;?i, S?QiQBM/m+2/ [m�MimK >�HH BMbmH�iQ`b rBi?Qmi G�M/�m
H2p2Hb-Ǵ S?vbX _2pX "- pQHX 39- MQX kj- TX kj8Ry3- kyRRX

(3d) GX CB�M;- hX EBi�;�r�- CX �HB+2�- �X _X �F?K2`Qp- .X S2FF2`- :X _27�2H- CX AX *B`�+- 1X .2K@
H2`- JX .X GmFBM- �M/ SX wQHH2`- ǳJ�DQ`�M� 62`KBQMb BM 1[mBHB#`BmK �M/ BM .`Bp2M *QH/@�iQK
Zm�MimK qB`2b-Ǵ S?vbX _2pX G2iiX- pQHX Rye- MQX kk- TX kky9yk- kyRRX

(33) .X CX h?QmH2bb- JX EQ?KQiQ- JX SX LB;?iBM;�H2- �M/ JX /2M LBDb- ǳZm�MiBx2/ ?�HH +QM/m+i�M+2
BM � irQ@.BK2MbBQM�H T2`BQ/B+ TQi2MiB�H-Ǵ S?vbX _2pX G2iiX- pQHX 9N- MQX e- TTX 9y8Ĝ9y3- RN3kX

(3N) CX *X "m/B+?- uX >m- �M/ SX wQHH2`- ǳ>2HB+�H 6HQ[m2i *?�MM2Hb BM R. G�iiB+2b-Ǵ S?vbX _2pX G2iiX-
pQHX RR3- MQX Ry- TX Ry8jyk- kyRdX

(Ny) >X LB2Hb2M �M/ JX LBMQKBv�- ǳ�#b2M+2 Q7 M2mi`BMQb QM � H�iiB+2, UAVX S`QQ7 #v ?QKQiQTv i?2Q`v-Ǵ
Lm+H2�` S?vbB+b "- pQHX R38- TTX kyĜ9y- DmH RN3RX

(NR) >X LB2Hb2M �M/ JX LBMQKBv�- ǳ�#b2M+2 Q7 M2mi`BMQb QM � H�iiB+2, UAAVX AMimBiBp2 iQTQHQ;B+�H T`QQ7-Ǵ
Lm+H2�` S?vbB+b "- pQHX RNj- TTX RdjĜRN9- /2+ RN3RX
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(Nk) �X oBH2MFBM- ǳ1[mBHB#`BmK T�`Biv@pBQH�iBM; +m``2Mi BM � K�;M2iB+ }2H/-Ǵ S?vbX _2pX .- pQHX kk-
TTX jy3yĜjy39- /2+ RN3yX

(Nj) EX 6mFmb?BK�- .X 1X E?�`x22p- �M/ >X CX q�``BM;�- ǳ*?B`�H K�;M2iB+ 2z2+i-Ǵ S?vbX _2pX .-
pQHX d3- MQX d- TX yd9yjj- kyy3X

(N9) �X G�x�`B/2b- �X .�b- �M/ _X JQ2bbM2`- ǳ1[mBHB#`BmK bi�i2b Q7 ;2M2`B+ [m�MimK bvbi2Kb bm#D2+i
iQ T2`BQ/B+ /`BpBM;-Ǵ S?vbX _2pX 1- pQHX Ny- MQX R- TX yRkRRy- kyR9X

(N8) hX JQ`B- hX Emr�?�`�- �M/ EX a�BiQ- ǳ_B;Q`Qmb "QmM/ QM 1M2`;v �#bQ`TiBQM �M/ :2M2`B+ _2@
H�t�iBQM BM S2`BQ/B+�HHv .`Bp2M Zm�MimK avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RRe- MQX Rk- TX Rky9yR-
kyReX

(Ne) hX Emr�?�`�- hX JQ`B- �M/ EX a�BiQ- ǳ6HQ[m2iĜJ�;Mmb i?2Q`v �M/ ;2M2`B+ i`�MbB2Mi /vM�KB+b BM
T2`BQ/B+�HHv /`Bp2M K�Mv@#Q/v [m�MimK bvbi2Kb-Ǵ �MM�Hb Q7 S?vbB+b- pQHX jed- TTX NeĜRk9- �T`
kyReX

(Nd) JX "mFQp- JX >2vH- .X �X >mb2- �M/ �X SQHFQpMBFQp- ǳ>2�iBM; �M/ K�Mv@#Q/v `2bQM�M+2b BM �
T2`BQ/B+�HHv /`Bp2M irQ@#�M/ bvbi2K-Ǵ S?vbX _2pX "- pQHX Nj- MQX R8- TX R88Rjk- kyReX

(N3) .X �X �#�MBM- qX .2 _Q2+F- qX qX >Q- �M/ 6X #X ÏX >mp2M22`b- ǳ1z2+iBp2 >�KBHiQMB�Mb- T`2i?2`@
K�HBx�iBQM- �M/ bHQr 2M2`;v �#bQ`TiBQM BM T2`BQ/B+�HHv /`Bp2M K�Mv@#Q/v bvbi2Kb-Ǵ S?vbX _2pX "-
pQHX N8- MQX R- TX yR9RRk- kyRdX

(NN) hX JQ`Bv�- ǳ�MBbQi`QTB+ amT2`2t+?�M;2 AMi2`�+iBQM �M/ q2�F 62``QK�;M2iBbK-Ǵ S?vbX _2pX-
pQHX Rky- MQX R- TTX NRĜN3- RNeyX

(Ryy) AX .xv�HQb?BMbFv- ǳ� i?2`KQ/vM�KB+ i?2Q`v Q7 ǳr2�FǴ 72``QK�;M2iBbK Q7 �MiB72``QK�;M2iB+b-Ǵ
CQm`M�H Q7 S?vbB+b �M/ *?2KBbi`v Q7 aQHB/b- pQHX 9- MQX 9- TTX k9RĜk88- RN83X

(RyR) �X SX a+?Mv/2`- aX _vm- �X 6m`mb�FB- �M/ �X qX qX Gm/rB;- ǳ*H�bbB}+�iBQM Q7 iQTQHQ;B+�H BMbm@
H�iQ`b �M/ bmT2`+QM/m+iQ`b BM i?`22 bT�iB�H /BK2MbBQMb-Ǵ S?vbX _2pX "- pQHX d3- MQX RN- TX RN8Rk8-
kyy3X

(Ryk) �X EBi�2p- ǳS2`BQ/B+ i�#H2 7Q` iQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b-Ǵ �AS *QM72`2M+2 S`Q@
+22/BM;b- pQHX RRj9- TTX kkĜjy- kyyNX

(Ryj) CX *X uX h2Q �M/ *X GX E�M2- ǳhQTQHQ;B+�H /272+ib �M/ ;�TH2bb KQ/2b BM BMbmH�iQ`b �M/ bmT2`+QM@
/m+iQ`b-Ǵ S?vbX _2pX "- pQHX 3k- MQX RR- TX RR8Rky- kyRyX

(Ry9) hX JQ`BKQiQ �M/ �X 6m`mb�FB- ǳhQTQHQ;B+�H +H�bbB}+�iBQM rBi? �//BiBQM�H bvKK2i`B2b 7`QK *HBzQ`/
�H;2#`�b-Ǵ S?vbX _2pX "- pQHX 33- MQX Rk- TTX RĜRe- kyRjX

(Ry8) *X@EX *?Bm- CX *X uX h2Q- �X SX a+?Mv/2`- �M/ aX _vm- ǳ*H�bbB}+�iBQM Q7 iQTQHQ;B+�H [m�MimK
K�ii2` rBi? bvKK2i`B2b-Ǵ _2pX JQ/X S?vbX- pQHX 33- MQX j- TX yj8yy8- kyReX

(Rye) >X q2vH- ǳ:_�oAh�hAPL �L. h>1 1G1*h_PL-Ǵ S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7
a+B2M+2b- pQHX R8- MQX 9- TTX jkjĜjj9- RNkNX

(Ryd) LX SX �`KBi�;2- 1X CX J2H2- �M/ �X oBb?r�M�i?- ǳq2vH �M/ .B`�+ b2KBK2i�Hb BM i?`22@/BK2MbBQM�H
bQHB/b-Ǵ _2pX JQ/X S?vbX- pQHX Ny- MQX R- TX yR8yyR- kyR3X

(Ry3) JX CX _B+2 �M/ 1X CX J2H2- ǳ1H2K2Mi�`v 1t+Bi�iBQMb Q7 � GBM2�`Hv *QMDm;�i2/ .B�iQKB+ SQHvK2`-Ǵ
S?vbX _2pX G2iiX- pQHX 9N- MQX RN- TTX R988ĜR98N- RN3kX

(RyN) LX :QH/K�M �M/ CX .�HB#�`/- ǳS2`BQ/B+�HHv .`Bp2M Zm�MimK avbi2Kb, 1z2+iBp2 >�KBHiQMB�Mb �M/
1M;BM22`2/ :�m;2 6B2H/b-Ǵ S?vbX _2pX s- pQHX 9- MQX j- TX yjRykd- kyR9X

(RRy) �X 1+F�`/i �M/ 1X �MBbBKQp�b- ǳ>B;?@7`2[m2M+v �TT`QtBK�iBQM 7Q` T2`BQ/B+�HHv /`Bp2M [m�MimK
bvbi2Kb 7`QK � 6HQ[m2i@bT�+2 T2`bT2+iBp2-Ǵ L2r CQm`M�H Q7 S?vbB+b- pQHX Rd- MQX N- TX yNjyjN-
kyR8X
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(RRR) hX SX :`Qx/�MQp �M/ JX CX _�FQpB+- ǳZm�MimK bvbi2K /`Bp2M #v `�TB/Hv p�`vBM; T2`BQ/B+ T2`@
im`#�iBQM-Ǵ S?vbX _2pX �- pQHX j3- MQX 9- TTX RdjNĜRd9e- RN33X

(RRk) aX _�?�p- AX :BH�`v- �M/ aX 6Bb?K�M- ǳ1z2+iBp2 >�KBHiQMB�Mb 7Q` T2`BQ/B+�HHv /`Bp2M bvbi2Kb-Ǵ
S?vbX _2pX �- pQHX e3- MQX R- TX yRj3ky- kyyjX

(RRj) aX _�?�p- AX :BH�`v- �M/ aX 6Bb?K�M- ǳhBK2 AM/2T2M/2Mi .2b+`BTiBQM Q7 _�TB/Hv Pb+BHH�iBM; SQ@
i2MiB�Hb-Ǵ S?vbX _2pX G2iiX- pQHX NR- MQX RR- TX RRy9y9- kyyjX

(RR9) 6X *�b�b- CX �X Pi2Q- �M/ CX _Qb- ǳ6HQ[m2i i?2Q`v, 2tTQM2MiB�H T2`im`#�iBp2 i`2�iK2Mi-Ǵ CQm`M�H
Q7 S?vbB+b �, J�i?2K�iB+�H �M/ :2M2`�H- pQHX j9- MQX Re- TX jjdN- kyyRX

(RR8) �X _�D�F- _X *Bi`Q- �M/ 1X :X .X hQ``2- ǳai�#BHBiv �M/ T`2@i?2`K�HBx�iBQM BM +?�BMb Q7 +H�bbB+�H
FB+F2/ `QiQ`b-Ǵ CQm`M�H Q7 S?vbB+b �, J�i?2K�iB+�H �M/ :2M2`�H- pQHX 8R- MQX 9e- TX 9e8yyR- kyR3X

(RRe) PX >Qr2HH- SX q2BM#2`;- .X a2Hb- �X SQHFQpMBFQp- �M/ JX "mFQp- ǳ�bvKTiQiB+ S`2i?2`K�HBx�iBQM
BM S2`BQ/B+�HHv .`Bp2M *H�bbB+�H aTBM *?�BMb-Ǵ S?vbX _2pX G2iiX- pQHX Rkk- TX yRyeyk- D�M kyRNX

(RRd) hX JQ`B- ǳ6HQ[m2i T`2i?2`K�HBx�iBQM BM T2`BQ/B+�HHv /`Bp2M +H�bbB+�H bTBM bvbi2Kb-Ǵ S?vbX _2pX "-
pQHX N3- MQX Ry- TX Ry9jyj- kyR3X

(RR3) SX G�M;2pBM- ǳam` H� i?ûQ`B2 /m KQmp2K2Mi #`QrMB2M-Ǵ *QKTiX _2M/mb- pQHX R9e- TTX 8jyĜ8jj-
RNy3X

(RRN) LX :X o�M E�KT2M- aiQ+?�biB+ T`Q+2bb2b BM T?vbB+b �M/ +?2KBbi`v- pQHX RX 1Hb2pB2`- RNNkX

(Rky) GX G�M/�m �M/ 1X GB7b?Bix- ǳPM i?2 i?2Q`v Q7 i?2 /BbT2`bBQM Q7 K�;M2iB+ T2`K2�#BHBiv BM 72``Q@
K�;M2iB+ #Q/B2b-Ǵ S?vbX wX aQrD2imMBQM- pQHX 3- MQX R8j- TTX RyRĜRR9- RNj8X

(RkR) hX GX :BH#2`i- ǳ� T?2MQK2MQHQ;B+�H i?2Q`v Q7 /�KTBM; BM 72``QK�;M2iB+ K�i2`B�Hb-Ǵ A111 h`�Mb@
�+iBQMb QM J�;M2iB+b- pQHX 9y- MQX e- TTX j99jĜj99N- kyy9X

(Rkk) qX 6X "`QrM- ǳh?2`K�H 6Hm+im�iBQMb Q7 � aBM;H2@.QK�BM S�`iB+H2-Ǵ S?vbX _2pX- pQHX Rjy- MQX 8-
TTX ReddĜRe3e- RNejX

(Rkj) sX@GX ZB- uX@aX qm- �M/ aX@*X w?�M;- ǳ:2M2`�H i?2Q`2K `2H�iBM; i?2 #mHF iQTQHQ;B+�H MmK#2` iQ
2/;2 bi�i2b BM irQ@/BK2MbBQM�H BMbmH�iQ`b-Ǵ S?vbX _2pX "- pQHX d9- MQX 9- TX y98Rk8- kyyeX

(Rk9) *X@sX GBm- sX@GX ZB- sX .�B- wX 6�M;- �M/ aX@*X w?�M;- ǳZm�MimK �MQK�HQmb >�HH 2z2+i BM >; R@
v JM v h2 [m�MimK r2HHb-Ǵ S?vbX _2pX G2iiX- pQHX RyR- MQX R9- TX R9e3yk- kyy3X

(Rk8) JX EQ?KQiQ- ǳhQTQHQ;B+�H BMp�`B�Mi �M/ i?2 [m�MiBx�iBQM Q7 i?2 >�HH +QM/m+i�M+2-Ǵ �MM�Hb Q7
S?vbB+b- pQHX Rey- MQX k- TTX j9jĜj89- RN38X

(Rke) uX >�ibm;�B �M/ JX EQ?KQiQ- ǳ1M2`;v bT2+i`mK �M/ i?2 [m�MimK >�HH 2z2+i QM i?2 b[m�`2
H�iiB+2 rBi? M2ti@M2�`2bi@M2B;?#Q` ?QTTBM;-Ǵ S?vbX _2pX "- pQHX 9k- MQX Rj- TTX 3k3kĜ3kN9- RNNyX

(Rkd) EX pX EHBixBM;- :X .Q`/�- �M/ JX S2TT2`- ǳL2r J2i?Q/ 7Q` >B;?@�++m`�+v .2i2`KBM�iBQM Q7 i?2
6BM2@ai`m+im`2 *QMbi�Mi "�b2/ QM Zm�MiBx2/ >�HH _2bBbi�M+2-Ǵ S?vbX _2pX G2iiX- pQHX 98- MQX e-
TTX 9N9Ĝ9Nd- RN3yX

(Rk3) sX GX ZB- hX GX >m;?2b- �M/ aX *X w?�M;- ǳhQTQHQ;B+�H }2H/ i?2Q`v Q7 iBK2@`2p2`b�H BMp�`B�Mi
BMbmH�iQ`b-Ǵ S?vbX _2pX "- pQHX d3- MQX RN- TX RN89k9- kyy3X

(RkN) *X GX E�M2 �M/ 1X CX J2H2- ǳZm�MimK aTBM ?�HH 2z2+i BM ;`�T?2M2-Ǵ S?vbX _2pX G2iiX- pQHX N8-
MQX kk- TX kke3yR- kyy8X

(Rjy) *X GX E�M2 �M/ 1X CX J2H2- ǳwk iQTQHQ;B+�H Q`/2` �M/ i?2 [m�MimK bTBM ?�HH 2z2+i-Ǵ S?vbX _2pX
G2iiX- pQHX N8- MQX R9- TX R9e3yk- kyy8X

(RjR) GX 6m �M/ *X GX E�M2- ǳhQTQHQ;B+�H BMbmH�iQ`b rBi? BMp2`bBQM bvKK2i`v-Ǵ S?vbX _2pX "- pQHX de-
MQX 9- TX y98jyk- kyydX
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(Rjk) JX EƺMB;- aX qB2/K�MM- *X "`ɃM2- �X _Qi?- >X "m?K�MM- GX qX JQH2MF�KT- sX@GX ZB- �M/ aX@*X
w?�M;- ǳZm�MimK aTBM >�HH AMbmH�iQ` ai�i2 BM >;h2 Zm�MimK q2HHb-Ǵ a+B2M+2- pQHX jR3- TTX dee
GS Ĝ ddy- MQp kyydX

(Rjj) "X �X "2`M2pB;- hX GX >m;?2b- �M/ aX@*X w?�M;- ǳZm�MimK aTBM >�HH 1z2+i �M/ hQTQHQ;B+�H S?�b2
h`�MbBiBQM BM >;h2 Zm�MimK q2HHb-Ǵ a+B2M+2- pQHX jR9- MQX 83ye- TTX Rd8dĜRdeR- kyyeX

(Rj9) qX SX am- CX _X a+?`B2z2`- �M/ �X CX >22;2`- ǳaQHBiQMb BM SQHv�+2ivH2M2-Ǵ S?vbX _2pX G2iiX- pQHX 9k-
MQX k8- TTX ReN3ĜRdyR- RNdNX

(Rj8) �X uX EBi�2p- ǳlMT�B`2/ J�DQ`�M� 72`KBQMb BM [m�MimK rB`2b-Ǵ S?vbB+b@lbT2F?B- pQHX 99- MQX Rya-
TX RjR- kyyRX

(Rje) *X L�v�F- aX >X aBKQM- �X ai2`M- JX 6`22/K�M- �M/ aX .�b a�`K�- ǳLQM@�#2HB�M �MvQMb �M/
iQTQHQ;B+�H [m�MimK +QKTmi�iBQM-Ǵ _2pX JQ/X S?vbX- pQHX 3y- MQX j- TTX Ry3jĜRR8N- kyy3X

(Rjd) GX 6m �M/ *X GX E�M2- ǳamT2`+QM/m+iBM; S`QtBKBiv 1z2+i �M/ J�DQ`�M� 62`KBQMb �i i?2 am`7�+2
Q7 � hQTQHQ;B+�H AMbmH�iQ`-Ǵ S?vbX _2pX G2iiX- pQHX Ryy- MQX N- TX yNe9yd- kyy3X

(Rj3) GX 6m �M/ *X GX E�M2- ǳCQb2T?bQM +m``2Mi �M/ MQBb2 �i � bmT2`+QM/m+iQ`f[m�MimK@bTBM@>�HH@
BMbmH�iQ`fbmT2`+QM/m+iQ` DmM+iBQM-Ǵ S?vbX _2pX "- pQHX dN- MQX Re- TX ReR9y3- kyyNX

(RjN) uX P`2;- :X _27�2H- �M/ 6X pQM PTT2M- ǳ>2HB+�H GB[mB/b �M/ J�DQ`�M� "QmM/ ai�i2b BM Zm�MimK
qB`2b-Ǵ S?vbX _2pX G2iiX- pQHX Ry8- MQX Rd- TX Rddyyk- kyRyX

(R9y) GX SX _QF?BMbQM- sX GBm- �M/ CX EX 6m`/vM�- ǳh?2 7`�+iBQM�H �X+X CQb2T?bQM 2z2+i BM �
b2KB+QM/m+iQ`ĜbmT2`+QM/m+iQ` M�MQrB`2 �b � bB;M�im`2 Q7 J�DQ`�M� T�`iB+H2b-Ǵ L�im`2 S?vbB+b-
pQHX 3- TX dN8- b2T kyRkX

(R9R) oX JQm`BF- EX wmQ- aX JX 6`QHQp- aX _X SHBbb�`/- 1X SX �X JX "�FF2`b- �M/ GX SX EQmr2M?Qp2M-
ǳaB;M�im`2b Q7 J�DQ`�M� 62`KBQMb BM >v#`B/ amT2`+QM/m+iQ`@a2KB+QM/m+iQ` L�MQrB`2 .2pB+2b-Ǵ
a+B2M+2- pQHX jje- MQX ey39- TTX RyyjĜRyyd- kyRkX

(R9k) �X �HiH�M/ �M/ JX _X wB`M#�m2`- ǳLQMbi�M/�`/ bvKK2i`v +H�bb2b BM K2bQb+QTB+ MQ`K�H@
bmT2`+QM/m+iBM; ?v#`B/ bi`m+im`2b-Ǵ S?vbX _2pX "- pQHX 88- MQX k- TX RR9k- RNNdX

(R9j) aX _vm- �X SX a+?Mv/2`- �X 6m`mb�FB- �M/ �X qX qX Gm/rB;- ǳhQTQHQ;B+�H BMbmH�iQ`b �M/ bm@
T2`+QM/m+iQ`b, h2M7QH/ r�v �M/ /BK2MbBQM�H ?B2`�`+?v-Ǵ L2r CQm`M�H Q7 S?vbB+b- pQHX Rk- MQX e-
TX ye8yRy- kyRyX

(R99) _X "Qii- ǳPL hP_aAPL AL GA1 :_PlSa-Ǵ S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b Q7
i?2 lMBi2/ ai�i2b Q7 �K2`B+�- pQHX 9y- TTX 83eĜ833- DmH RN89X

(R98) EX a?BQx�FB �M/ JX a�iQ- ǳhQTQHQ;v Q7 +`vbi�HHBM2 BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b-Ǵ S?vbX _2pX
"- pQHX Ny- MQX Re- TX Re8RR9- kyR9X

(R9e) _X _Qv �M/ 6X >�`T2`- ǳS2`BQ/B+ i�#H2 7Q` 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b-Ǵ S?vbX _2pX "- pQHX Ne-
MQX R8- TX R88RR3- kyRdX

(R9d) sX q�M- �X JX hm`M2`- �X oBb?r�M�i?- �M/ aX uX a�p`�bQp- ǳhQTQHQ;B+�H b2KBK2i�H �M/ 62`KB@
�`+ bm`7�+2 bi�i2b BM i?2 2H2+i`QMB+ bi`m+im`2 Q7 Tv`Q+?HQ`2 B`B/�i2b-Ǵ S?vbX _2pX "- pQHX 3j- MQX ky-
TX ky8RyR- kyRRX

(R93) aX Jm`�F�KB- ǳS?�b2 i`�MbBiBQM #2ir22M i?2 [m�MimK bTBM >�HH �M/ BMbmH�iQ` T?�b2b BM j.,
2K2`;2M+2 Q7 � iQTQHQ;B+�H ;�TH2bb T?�b2-Ǵ L2r CQm`M�H Q7 S?vbB+b- pQHX N- MQX N- TX j8e- kyydX

(R9N) "X u�M �M/ *X 62Hb2`- ǳhQTQHQ;B+�H J�i2`B�Hb, q2vH a2KBK2i�Hb-Ǵ �MMm�H _2pB2r Q7 *QM/2Mb2/
J�ii2` S?vbB+b- pQHX 3- TTX jjdĜj89- K�` kyRdX

(R8y) >X q2M;- *X 6�M;- wX 6�M;- "X �X "2`M2pB;- �M/ sX .�B- ǳq2vH a2KBK2i�H S?�b2 BM LQM+2M@
i`QbvKK2i`B+ h`�MbBiBQM@J2i�H JQMQT?QbT?B/2b-Ǵ S?vbX _2pX s- pQHX 8- MQX R- TX yRRykN- kyR8X
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(R8R) aX@JX >m�M;- aX@uX sm- AX "2HQTQHbFB- *X@*X G22- :X *?�M;- "X q�M;- LX �HB/Qmbi- :X "B�M-
JX L2mT�M2- *X w?�M;- aX CB�- �X "�MbBH- >X GBM- �M/ JX wX >�b�M- ǳ� q2vH 62`KBQM b2KBK2i�H
rBi? bm`7�+2 62`KB �`+b BM i?2 i`�MbBiBQM K2i�H KQMQTMB+iB/2 h��b +H�bb-Ǵ L�im`2 *QKKmMB+�iBQMb-
pQHX e- TX djdj- DmM kyR8X

(R8k) aX@uX sm- AX "2HQTQHbFB- LX �HB/Qmbi- JX L2mT�M2- :X "B�M- *X w?�M;- _X a�MF�`- :X *?�M;-
wX um�M- *X@*X G22- aX@JX >m�M;- >X w?2M;- CX J�- .X aX a�M+?2x- "X q�M;- �X "�MbBH- 6X *?Qm-
SX SX a?B#�v2p- >X GBM- aX CB�- �M/ JX wX >�b�M- ǳ.Bb+Qp2`v Q7 � q2vH 72`KBQM b2KBK2i�H �M/
iQTQHQ;B+�H 62`KB �`+b-Ǵ a+B2M+2- pQHX j9N- MQX ek93- TTX eRjĜeRd- kyR8X

(R8j) "X ZX Gp- LX sm- >X JX q2M;- CX wX J�- SX _B+?�`/- sX *X >m�M;- GX sX w?�Q- :X 6X *?2M-
*X 1X J�ii- 6X "BbiB- oX LX ai`Q+Qp- CX J2bQi- wX 6�M;- sX .�B- hX ZB�M- JX a?B- �M/ >X .BM;-
ǳP#b2`p�iBQM Q7 q2vH MQ/2b BM h��b-Ǵ L�iX S?vbX- pQHX RR- TX dk9- kyR8X

(R89) GX sX u�M;- wX EX GBm- uX amM- >X S2M;- >X 6X u�M;- hX w?�M;- "X w?Qm- uX w?�M;- uX 6X :mQ-
JX _�?M- .X S`�#?�F�`�M- wX >mbb�BM- aX@EX JQ- *X 62Hb2`- "X u�M- �M/ uX GX *?2M- ǳq2vH
b2KBK2i�H T?�b2 BM i?2 MQM@+2Mi`QbvKK2i`B+ +QKTQmM/ h��b-Ǵ L�iX S?vbX- pQHX RR- TX dk3- kyR8X

(R88) sX >m�M;- GX w?�Q- uX GQM;- SX q�M;- .X *?2M- wX u�M;- >X GB�M;- JX sm2- >X q2M;- wX 6�M;-
sX .�B- �M/ :X *?2M- ǳP#b2`p�iBQM Q7 i?2 *?B`�H@�MQK�Hv@AM/m+2/ L2;�iBp2 J�;M2iQ`2bBbi�M+2
BM j. q2vH a2KBK2i�H h��b-Ǵ S?vbX _2pX s- pQHX 8- MQX j- TX yjRykj- kyR8X

(R8e) 6X �`MQH/- *X a?2F?�`- aX@*X qm- uX amM- _X .X /Qb _2Bb- LX EmK�`- JX L�mK�MM- JX PX �D22b?-
JX a+?KB/i- �X :X :`mb?BM- CX >X "�`/�`bQM- JX "�2MBix- .X aQFQHQp- >X "Q``K�MM- JX LB+FH�b-
*X 62Hb2`- 1X >�bbBM;2`- �M/ "X u�M- ǳL2;�iBp2 K�;M2iQ`2bBbi�M+2 rBi?Qmi r2HH@/2}M2/ +?B`�HBiv
BM i?2 q2vH b2KBK2i�H h�S-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX d- TX RReR8- K�v kyReX

(R8d) *X@GX w?�M;- aX@uX sm- AX "2HQTQHbFB- wX um�M- wX GBM- "X hQM;- :X "B�M- LX �HB/Qmbi- *X@*X
G22- aX@JX >m�M;- hX@_X *?�M;- :X *?�M;- *X@>X >bm- >X@hX C2M;- JX L2mT�M2- .X aX a�M+?2x-
>X w?2M;- CX q�M;- >X GBM- *X w?�M;- >X@wX Gm- aX@ZX a?2M- hX L2mT2`i- JX w�?B/ >�b�M- �M/
aX CB�- ǳaB;M�im`2b Q7 i?2 �/H2`Ĝ"2HHĜC�+FBr +?B`�H �MQK�Hv BM � q2vH 72`KBQM b2KBK2i�H-Ǵ L�im`2
*QKKmMB+�iBQMb- pQHX d- TX Rydj8- 72# kyReX

(R83) >X "X LB2Hb2M �M/ JX LBMQKBv�- ǳh?2 �/H2`@"2HH@C�+FBr �MQK�Hv �M/ q2vH 72`KBQMb BM � +`vbi�H-Ǵ
S?vbB+b G2ii2`b "- pQHX Rjy- MQX e- TTX j3NĜjNe- RN3jX

(R8N) aX GX �/H2`- ǳ�tB�H@o2+iQ` o2`i2t BM aTBMQ` 1H2+i`Q/vM�KB+b-Ǵ S?vbX _2pX- pQHX Rdd- MQX 8- TTX k9keĜ
k9j3- RNeNX

(Rey) CX aX "2HH �M/ _X C�+FBr- ǳ� S*�* TmxxH2, πy¹γγ BM i?2 σ@KQ/2H-Ǵ AH LmQpQ *BK2MiQ � URNe8@
RNdyV- pQHX ey- MQX R- TTX 9dĜeR- RNeNX

(ReR) EX 6mDBF�r� �M/ >X amxmFB- S�i? AMi2;`�Hb �M/ Zm�MimK �MQK�HB2bX Pt7Q`/, Pt7Q`/ lMBp2`bBiv
S`2bb- kyR9X

(Rek) �X �X wvmxBM �M/ �X �X "m`FQp- ǳhQTQHQ;B+�H `2bTQMb2 BM q2vH b2KBK2i�Hb �M/ i?2 +?B`�H �MQK�Hv-Ǵ
S?vbX _2pX "- pQHX 3e- MQX RR- TX RR8Rjj- kyRkX

(Rej) .X hX aQM �M/ LX u�K�KQiQ- ǳ"2``v *m`p�im`2- h`B�M;H2 �MQK�HB2b- �M/ i?2 *?B`�H J�;M2iB+
1z2+i BM 62`KB GB[mB/b-Ǵ S?vbX _2pX G2iiX- pQHX RyN- MQX R3- TX R3Reyk- kyRkX

(Re9) �X �X "m`FQp- ǳ*?B`�H �MQK�Hv �M/ .BzmbBp2 J�;M2iQi`�MbTQ`i BM q2vH J2i�Hb-Ǵ S?vbX _2pX
G2iiX- pQHX RRj- MQX k9- TX k9dkyj- kyR9X

(Re8) SX :Qbr�KB �M/ aX h2r�`B- ǳ�tBQMB+ }2H/ i?2Q`v Q7 UjYRV@/BK2MbBQM�H q2vH b2KBK2i�Hb-Ǵ S?vbX
_2pX "- pQHX 33- MQX k9- TX k98Ryd- kyRjX

(Ree) LX u�K�KQiQ- ǳ:2M2`�HBx2/ "HQ+? i?2Q`2K �M/ +?B`�H i`�MbTQ`i T?2MQK2M�-Ǵ S?vbX _2pX .-
pQHX Nk- MQX 3- TX y38yRR- kyR8X

(Red) JX JX o�xB72? �M/ JX 6`�Mx- ǳ1H2+i`QK�;M2iB+ _2bTQMb2 Q7 q2vH a2KBK2i�Hb-Ǵ S?vbX _2pX G2iiX-
pQHX RRR- MQX k- TX ykdkyR- kyRjX
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(Re3) .X hX aQM �M/ "X wX aTBp�F- ǳ*?B`�H �MQK�Hv �M/ +H�bbB+�H M2;�iBp2 K�;M2iQ`2bBbi�M+2 Q7 q2vH
K2i�Hb-Ǵ S?vbX _2pX "- pQHX 33- MQX Ry- TX Ry99Rk- kyRjX

(ReN) SX :Qbr�KB- CX >X SBtH2v- �M/ aX .�b a�`K�- ǳ�tB�H �MQK�Hv �M/ HQM;Bim/BM�H K�;M2iQ`2bBbi�M+2
Q7 � ;2M2`B+ i?`22@/BK2MbBQM�H K2i�H-Ǵ S?vbX _2pX "- pQHX Nk- MQX d- TX yd8ky8- kyR8X

(Rdy) >X@CX EBK- EX@aX EBK- CX@6X q�M;- JX a�b�FB- LX a�iQ?- �X P?MBb?B- JX EBi�m`�- JX u�M;-
�M/ GX GB- ǳ.B`�+ p2`bmb q2vH 62`KBQMb BM hQTQHQ;B+�H AMbmH�iQ`b, �/H2`@"2HH@C�+FBr �MQK�Hv BM
h`�MbTQ`i S?2MQK2M�-Ǵ S?vbX _2pX G2iiX- pQHX RRR- MQX k9- TX k9eeyj- kyRjX

(RdR) EX h�;m+?B- hX AK�2/�- JX a�iQ- �M/ uX h�M�F�- ǳS?QiQpQHi�B+ +?B`�H K�;M2iB+ 2z2+i BM q2vH
b2KBK2i�Hb-Ǵ S?vbX _2pX "- pQHX Nj- MQX ky- TX kyRkyk- kyReX

(Rdk) >X amKBvQb?B �M/ aX 6mDBKQiQ- ǳhQ`bBQM�H *?B`�H J�;M2iB+ 1z2+i BM � q2vH a2KBK2i�H rBi? �
hQTQHQ;B+�H .272+i-Ǵ S?vbX _2pX G2iiX- pQHX RRe- MQX Re- TX ReeeyR- kyReX

(Rdj) uX A#2 �M/ >X amKBvQb?B- ǳ*?B`�H J�;M2iB+ 1z2+i /m2 iQ AM?QKQ;2M2Qmb J�;M2iB+ 6B2H/b BM
LQM+2Mi`QbvKK2i`B+ q2vH a2KBK2i�Hb-Ǵ CQm`M�H Q7 i?2 S?vbB+�H aQ+B2iv Q7 C�T�M- pQHX 3e- MQX 8-
TX y89dyd- kyRdX

(Rd9) �X *Q`iBDQ- .X E?�`x22p- EX G�M/bi2BM2`- �M/ JX �X >X oQxK2/B�MQ- ǳai`�BM@BM/m+2/ +?B`�H K�;@
M2iB+ 2z2+i BM q2vH b2KBK2i�Hb-Ǵ S?vbX _2pX "- pQHX N9- MQX k9- TX k9R9y8- kyReX

(Rd8) .X AX SBFmHBM- �X *?2M- �M/ JX 6`�Mx- ǳ*?B`�H �MQK�Hv 7`QK ai`�BM@AM/m+2/ :�m;2 6B2H/b BM
.B`�+ �M/ q2vH a2KBK2i�Hb-Ǵ S?vbX _2pX s- pQHX e- MQX 9- TX y9RykR- kyReX

(Rde) hX J2M; �M/ CX *X "m/B+?- ǳlMT�B`2/ q2vH MQ/2b 7`QK GQM;@_�M;2/ AMi2`�+iBQMb, 6�i2 Q7 Zm�M@
imK �MQK�HB2b-Ǵ �`sBp T`2T`BMi �`sBp,R3y9Xy8yd3- kyR3X

(Rdd) JX LX *?2`MQ/m# �M/ �X *Q`iBDQ- ǳLQM@>2`KBiB�M *?B`�H J�;M2iB+ 1z2+i BM 1[mBHB#`BmK-Ǵ �`sBp
T`2T`BMi �`sBp,RNyRXyeRed- D�M kyRNX

(Rd3) .X CX h?QmH2bb- ǳZm�MiBx�iBQM Q7 T�`iB+H2 i`�MbTQ`i-Ǵ S?vbX _2pX "- pQHX kd- MQX Ry- TTX ey3jĜey3d-
RN3jX

(RdN) _X .X EBM;@aKBi? �M/ .X o�M/2`#BHi- ǳh?2Q`v Q7 TQH�`Bx�iBQM Q7 +`vbi�HHBM2 bQHB/b-Ǵ S?vbX _2pX "-
pQHX 9d- MQX j- TTX Re8RĜRe89- RNNjX

(R3y) .X sB�Q- JX@*X *?�M;- �M/ ZX LBm- ǳ"2``v T?�b2 2z2+ib QM 2H2+i`QMB+ T`QT2`iB2b-Ǵ _2pX JQ/X
S?vbX- pQHX 3k- MQX j- TTX RN8NĜkyyd- kyRyX

(R3R) ZX LBm �M/ .X CX h?QmH2bb- ǳZm�MiBb2/ �/B�#�iB+ +?�`;2 i`�MbTQ`i BM i?2 T`2b2M+2 Q7 bm#bi`�i2
/BbQ`/2` �M/ K�Mv@#Q/v BMi2`�+iBQM-Ǵ CQm`M�H Q7 S?vbB+b �, J�i?2K�iB+�H �M/ :2M2`�H- pQHX Rd-
MQX Rk- TX k98j- RN39X

(R3k) *X a+?r2Bx2`- JX GQ?b2- _X *Bi`Q- �M/ AX "HQ+?- ǳaTBM SmKTBM; �M/ J2�bm`2K2Mi Q7 aTBM *m``2Mib
BM PTiB+�H amT2`H�iiB+2b-Ǵ S?vbX _2pX G2iiX- pQHX RRd- MQX Rd- TX Rdy9y8- kyReX

(R3j) GX q�M;- JX h`Qv2`- �M/ sX .�B- ǳhQTQHQ;B+�H *?�`;2 SmKTBM; BM � PM2@.BK2MbBQM�H PTiB+�H
G�iiB+2-Ǵ S?vbX _2pX G2iiX- pQHX RRR- MQX k- TX yke3yk- kyRjX

(R39) GX 6m �M/ *X GX E�M2- ǳhBK2 `2p2`b�H TQH�`Bx�iBQM �M/ � wk �/B�#�iB+ bTBM TmKT-Ǵ S?vbX _2pX "-
pQHX d9- MQX RN- TX RN8jRk- kyyeX

(R38) �X JX 1bbBM- CX 1X JQQ`2- �M/ .X o�M/2`#BHi- ǳJ�;M2iQ2H2+i`B+ SQH�`Bx�#BHBiv �M/ �tBQM 1H2+i`Q@
/vM�KB+b BM *`vbi�HHBM2 AMbmH�iQ`b-Ǵ S?vbX _2pX G2iiX- pQHX Ryk- MQX R9- TX R9e3y8- kyyNX

(R3e) CX SX p�M /2` wB2H- SX aX S2`b?�M- �M/ GX .X J�HKbi`QK- ǳPTiB+�HHv@AM/m+2/ J�;M2iBx�iBQM _2@
bmHiBM; 7`QK i?2 AMp2`b2 6�`�/�v 1z2+i-Ǵ S?vbX _2pX G2iiX- pQHX R8- MQX 8- TTX RNyĜRNj- RNe8X
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(R3d) SX aX S2`b?�M- CX SX p�M /2` wB2H- �M/ GX .X J�HKbi`QK- ǳh?2Q`2iB+�H .Bb+mbbBQM Q7 i?2 AMp2`b2
6�`�/�v 1z2+i- _�K�M a+�ii2`BM;- �M/ _2H�i2/ S?2MQK2M�-Ǵ S?vbX _2pX- pQHX R9j- MQX k- TTX 8d9Ĝ
83j- RNeeX

(R33) CX >X a?B`H2v- ǳaQHmiBQM Q7 i?2 a+?`ƺ/BM;2` 1[m�iBQM rBi? � >�KBHiQMB�M S2`BQ/B+ BM hBK2-Ǵ S?vbX
_2pX- pQHX Rj3- MQX 9"- TTX "NdNě@"N3d- RNe8X

(R3N) aX "H�M2b- 6X *�b�b- CX �X Pi2Q- �M/ CX _Qb- ǳh?2 J�;Mmb 2tT�MbBQM �M/ bQK2 Q7 Bib �TTHB+�iBQMb-Ǵ
S?vbB+b _2TQ`ib- pQHX 9dy- MQX 8- TTX R8RĜkj3- kyyNX

(RNy) LX :QH/K�M- CX .�HB#�`/- JX �B/2Hb#m`;2`- �M/ LX _X *QQT2`- ǳS2`BQ/B+�HHv /`Bp2M [m�MimK
K�ii2`, h?2 +�b2 Q7 `2bQM�Mi KQ/mH�iBQMb-Ǵ S?vbX _2pX �- pQHX NR- TX yjjejk- K�` kyR8X

(RNR) �X aX aQ`2Mb2M- 1X .2KH2`- �M/ JX .X GmFBM- ǳ6`�+iBQM�H Zm�MimK >�HH ai�i2b Q7 �iQKb BM PTiB+�H
G�iiB+2b-Ǵ S?vbX _2pX G2iiX- pQHX N9- MQX 3- TX y3e3yj- kyy8X

(RNk) LX :QH/K�M- :X Cmx2HBmM�b- SX ƹ?#2`;- �M/ AX "X aTB2HK�M- ǳGB;?i@BM/m+2/ ;�m;2 }2H/b 7Q` mHi`�@
+QH/ �iQKb-Ǵ _2TQ`ib QM S`Q;`2bb BM S?vbB+b- pQHX dd- MQX Rk- TX Rke9yR- kyR9X

(RNj) CX ai`m+F- *X ƹHb+?H ;2`- _X G2 h�`;�i- SX aQHi�M@S�M�?B- �X 1+F�`/i- JX G2r2Mbi2BM- SX qBM/@
T�bbBM;2`- �M/ EX a2M;biQ+F- ǳZm�MimK aBKmH�iBQM Q7 6`mbi`�i2/ *H�bbB+�H J�;M2iBbK BM h`B�M@
;mH�` PTiB+�H G�iiB+2b-Ǵ a+B2M+2- pQHX jjj- MQX ey98- TTX NNeĜNNN- kyRRX

(RN9) CX ai`m+F- JX q2BM#2`;- *X ƹHb+?H ;2`- SX qBM/T�bbBM;2`- CX aBKQM2i- EX a2M;biQ+F- _X >ƺTTM2`-
SX >�mF2- �X 1+F�`/i- JX G2r2Mbi2BM- �M/ GX J�i?2v- ǳ1M;BM22`BM; AbBM;@su bTBM@KQ/2Hb BM �
i`B�M;mH�` H�iiB+2 mbBM; imM�#H2 �`iB}+B�H ;�m;2 }2H/b-Ǵ L�im`2 S?vbB+b- pQHX N- TX dj3- b2T kyRjX

(RN8) 6X :ƺ`;- JX J2bb2`- EX a�M/?QHx2`- :X CQixm- _X .2b#m[mQBb- �M/ hX 1bbHBM;2`- ǳ1M?�M+2K2Mi �M/
bB;M +?�M;2 Q7 K�;M2iB+ +Q``2H�iBQMb BM � /`Bp2M [m�MimK K�Mv@#Q/v bvbi2K-Ǵ L�im`2- pQHX 88j-
TX 93R- D�M kyR3X

(RNe) JX *X _2+?ibK�M- CX JX w2mM2`- uX SHQiMBF- uX GmK2`- .X SQ/QHbFv- 6X .`2BbQr- aX LQHi2-
JX a2;2p- �M/ �X ax�K2Bi- ǳS?QiQMB+ 6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b-Ǵ L�im`2- pQHX 9Ne- TX RNe-
�T` kyRjX

(RNd) AX "B�HvMB+FB@"B`mH�- "X JB2HMBF- �M/ CX SH2#�ƖbFB- ǳ1tTHB+Bi bQHmiBQM Q7 i?2 +QMiBMmQmb "�F2`@
*�KT#2HH@>�mb/Q`z T`Q#H2K �M/ � M2r 2tT`2bbBQM 7Q` i?2 T?�b2 QT2`�iQ`-Ǵ �MM�Hb Q7 S?vbB+b-
pQHX 8R- MQX R- TTX R3dĜkyy- RNeNX

(RN3) GX .Ƕ�H2bbBQ �M/ �X SQHFQpMBFQp- ǳJ�Mv@#Q/v 2M2`;v HQ+�HBx�iBQM i`�MbBiBQM BM T2`BQ/B+�HHv /`Bp2M
bvbi2Kb-Ǵ �MM�Hb Q7 S?vbB+b- pQHX jjj- TTX RNĜjj- kyRjX

(RNN) GX .Ƕ�H2bbBQ �M/ JX _B;QH- ǳGQM;@iBK2 "2?�pBQ` Q7 AbQH�i2/ S2`BQ/B+�HHv .`Bp2M AMi2`�+iBM; G�iiB+2
avbi2Kb-Ǵ S?vbX _2pX s- pQHX 9- MQX 9- TX y9Ry93- kyR9X

(kyy) SX SQMi2- �X *?�M/`�M- wX S�TBÉ- �M/ .X �X �#�MBM- ǳS2`BQ/B+�HHv /`Bp2M 2`;Q/B+ �M/ K�Mv@#Q/v
HQ+�HBx2/ [m�MimK bvbi2Kb-Ǵ �MM�Hb Q7 S?vbB+b- pQHX j8j- TTX RNeĜky9- kyR8X

(kyR) >X EBK- hX LX AF2/�- �M/ .X �X >mb2- ǳh2biBM; r?2i?2` �HH 2B;2Mbi�i2b Q#2v i?2 2B;2Mbi�i2
i?2`K�HBx�iBQM ?vTQi?2bBb-Ǵ S?vbX _2pX 1- pQHX Ny- MQX 8- TX y8kRy8- kyR9X

(kyk) CX JX .2mib+?- ǳZm�MimK bi�iBbiB+�H K2+?�MB+b BM � +HQb2/ bvbi2K-Ǵ S?vbX _2pX �- pQHX 9j- MQX 9-
TTX ky9eĜky9N- RNNRX

(kyj) JX a`2/MB+FB- ǳ*?�Qb �M/ [m�MimK i?2`K�HBx�iBQM-Ǵ S?vbX _2pX 1- pQHX 8y- MQX k- TTX 333ĜNyR-
RNN9X

(ky9) JX _B;QH- oX .mMDFQ- �M/ JX PHb?�MBB- ǳh?2`K�HBx�iBQM �M/ Bib K2+?�MBbK 7Q` ;2M2`B+ BbQH�i2/
[m�MimK bvbi2Kb-Ǵ L�im`2- pQHX 98k- TX 389- �T` kyy3X

(ky8) �X _mbbQK�MMQ- �X aBHp�- �M/ :X 1X a�MiQ`Q- ǳS2`BQ/B+ ai2�/v _2;BK2 �M/ AMi2`72`2M+2 BM �
S2`BQ/B+�HHv .`Bp2M Zm�MimK avbi2K-Ǵ S?vbX _2pX G2iiX- pQHX RyN- MQX k8- TX k8dkyR- kyRkX



"A"GAP:_�S>u Rkd

(kye) �X G�x�`B/2b- �X .�b- �M/ _X JQ2bbM2`- ǳ6�i2 Q7 J�Mv@"Q/v GQ+�HBx�iBQM lM/2` S2`BQ/B+ .`BpBM;-Ǵ
S?vbX _2pX G2iiX- pQHX RR8- MQX j- TX yjy9yk- kyR8X

(kyd) oX E?2K�MB- �X G�x�`B/2b- _X JQ2bbM2`- �M/ aX GX aQM/?B- ǳS?�b2 ai`m+im`2 Q7 .`Bp2M Zm�MimK
avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RRe- MQX k8- TX k8y9yR- kyReX

(ky3) hX Ab?BB- hX Emr�?�`�- hX JQ`B- �M/ LX >�i�MQ- ǳ>2�iBM; BM AMi2;`�#H2 hBK2@S2`BQ/B+ avbi2Kb-Ǵ
S?vbX _2pX G2iiX- pQHX Rky- TX kkyeyk- K�v kyR3X

(kyN) .X �X �#�MBM- qX .2 _Q2+F- �M/ 6X #X ÏX >mp2M22`b- ǳ1tTQM2MiB�HHv aHQr >2�iBM; BM S2`BQ/B+�HHv
.`Bp2M J�Mv@"Q/v avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RR8- MQX k8- TX k8e3yj- kyR8X

(kRy) JX :`BM;- JX Em?M2`i- hX G�M;2M- hX EBi�;�r�- "X _�m2`- JX a+?`2BiH- AX J�x2ib- .X �X aKBi?-
1X .2KH2`- �M/ CX a+?KB2/K�v2`- ǳ_2H�t�iBQM �M/ S`2i?2`K�HBx�iBQM BM �M AbQH�i2/ Zm�MimK
avbi2K-Ǵ a+B2M+2- pQHX jjd- MQX eRyy- TTX RjR3ĜRjkk- kyRkX

(kRR) JX JQ2+F2H �M/ aX E2?`2BM- ǳAMi2`�+iBQM Zm2M+? BM i?2 >m##�`/ JQ/2H-Ǵ S?vbX _2pX G2iiX-
pQHX Ryy- MQX Rd- TX Rd8dyk- kyy3X

(kRk) JX EQHH�`- 6X �X qQH7- �M/ JX 1+Fbi2BM- ǳ:2M2`�HBx2/ :B##b 2Mb2K#H2 T`2/B+iBQM Q7 T`2i?2`K�H@
Bx�iBQM TH�i2�mb �M/ i?2B` `2H�iBQM iQ MQMi?2`K�H bi2�/v bi�i2b BM BMi2;`�#H2 bvbi2Kb-Ǵ S?vbX _2pX
"- pQHX 39- MQX 8- TX y89jy9- kyRRX

(kRj) hX JQ`B- hX LX AF2/�- 1X E�KBMBb?B- �M/ JX l2/�- ǳh?2`K�HBx�iBQM �M/ T`2i?2`K�HBx�iBQM BM
BbQH�i2/ [m�MimK bvbi2Kb, � i?2Q`2iB+�H Qp2`pB2r-Ǵ CQm`M�H Q7 S?vbB+b ", �iQKB+- JQH2+mH�` �M/
PTiB+�H S?vbB+b- pQHX 8R- MQX RR- TX RRkyyR- kyR3X

(kR9) LX 6H b+?M2`- "X aX _2K- JX h�`MQrbFB- .X oQ;2H- .X@aX GɃ?K�MM- EX a2M;biQ+F- �M/ *X q2Bi@
2M#2`;- ǳ1tT2`BK2Mi�H `2+QMbi`m+iBQM Q7 i?2 "2``v +m`p�im`2 BM � 6HQ[m2i "HQ+? #�M/-Ǵ a+B2M+2-
pQHX j8k- TTX RyNR GS Ĝ RyN9- K�v kyReX

(kR8) JX h�`MQrbFB- 6X LX ɂM�H- LX 6H b+?M2`- "X aX _2K- �X 1+F�`/i- EX a2M;biQ+F- �M/ *X q2Bi2M#2`;-
ǳ*?�`�+i2`BxBM; iQTQHQ;v #v /vM�KB+b, *?2`M MmK#2` 7`QK HBMFBM; MmK#2`-Ǵ �`sBp T`2T`BMi
�`sBp,RdyNXyRy9e- kyRdX

(kRe) CX ai`m+F- *X ƹHb+?H ;2`- JX q2BM#2`;- SX >�mF2- CX aBKQM2i- �X 1+F�`/i- JX G2r2Mbi2BM- EX a2M@
;biQ+F- �M/ SX qBM/T�bbBM;2`- ǳhmM�#H2 :�m;2 SQi2MiB�H 7Q` L2mi`�H �M/ aTBMH2bb S�`iB+H2b BM
.`Bp2M PTiB+�H G�iiB+2b-Ǵ S?vbX _2pX G2iiX- pQHX Ry3- MQX kk- TX kk8jy9- kyRkX

(kRd) >X JBv�F2- :X �X aBpBHQ;HQm- *X CX E2MM2/v- qX *X "m`iQM- �M/ qX E2ii2`H2- ǳ_2�HBxBM; i?2 >�`T2`
>�KBHiQMB�M rBi? G�b2`@�bbBbi2/ hmMM2HBM; BM PTiB+�H G�iiB+2b-Ǵ S?vbX _2pX G2iiX- pQHX RRR- MQX R3-
TX R38jyk- kyRjX

(kR3) CX *�vbbQH- "X .Ʀ`�- 6X aBKQM- �M/ _X JQ2bbM2`- ǳ6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b-Ǵ T?vbB+� bi�imb
bQHB/B U__GV Ĝ _�TB/ _2b2�`+? G2ii2`b- pQHX d- MQX Rɢk- TTX RyRĜRy3- kyRjX

(kRN) JX J�M+BMB- :X S�;�MQ- :X *�TT2HHBMB- GX GBpB- JX _B/2`- CX *�i�MB- *X aB�b- SX wQHH2`- JX AM;mb+BQ-
JX .�HKQMi2- �M/ GX 6�HH�MB- ǳP#b2`p�iBQM Q7 +?B`�H 2/;2 bi�i2b rBi? M2mi`�H 72`KBQMb BM bvMi?2iB+
>�HH `B##QMb-Ǵ a+B2M+2- pQHX j9N- MQX ek88- TTX R8RyĜR8Rj- kyR8X

(kky) "X EX aim?H- >X@AX Gm- GX JX �v+Q+F- .X :2MFBM�- �M/ AX "X aTB2HK�M- ǳoBbm�HBxBM; 2/;2 bi�i2b
rBi? �M �iQKB+ "Qb2 ;�b BM i?2 [m�MimK >�HH `2;BK2-Ǵ a+B2M+2- pQHX j9N- MQX ek88- TTX R8R9ĜR8R3-
kyR8X

(kkR) �X *2HB- SX J�bbB;M�M- CX _mb2+F�b- LX :QH/K�M- AX "X aTB2HK�M- :X Cmx2HBɟM�b- �M/ JX G2r2Mbi2BM-
ǳavMi?2iB+ :�m;2 6B2H/b BM avMi?2iB+ .BK2MbBQMb-Ǵ S?vbX _2pX G2iiX- pQHX RRk- MQX 9- TX y9jyyR-
kyR9X

(kkk) >X .2?;?�MB- hX PF�- �M/ �X JBi`�- ǳPmi@Q7@2[mBHB#`BmK 2H2+i`QMb �M/ i?2 >�HH +QM/m+i�M+2 Q7 �
6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`-Ǵ S?vbX _2pX "- pQHX NR- MQX R8- TX R889kk- kyR8X
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(kkj) hX A�/2+QH�- hX L2mT2`i- �M/ *X *?�KQM- ǳP++mT�iBQM Q7 iQTQHQ;B+�H 6HQ[m2i #�M/b BM QT2M
bvbi2Kb-Ǵ S?vbX _2pX "- pQHX NR- MQX kj- TX kj8Rjj- kyR8X

(kk9) aX o�DM�- "X >Q`QpBix- "X .Ʀ`�- �M/ :X w�`�M/- ǳ6HQ[m2i iQTQHQ;B+�H T?�b2b +QmTH2/ iQ 2MpB`QM@
K2Mib �M/ i?2 BM/m+2/ T?QiQ+m``2Mi-Ǵ S?vbX _2pX "- pQHX N9- MQX RR- TX RR8R98- kyReX

(kk8) JX aX _m/M2`- LX >X GBM/M2`- 1X "2`;- �M/ JX G2pBM- ǳ�MQK�HQmb 1/;2 ai�i2b �M/ i?2 "mHF@1/;2
*Q``2bTQM/2M+2 7Q` S2`BQ/B+�HHv .`Bp2M hrQ@.BK2MbBQM�H avbi2Kb-Ǵ S?vbX _2pX s- pQHX j- MQX j-
TX yjRyy8- kyRjX

(kke) 6X :�Q- wX :�Q- sX a?B- wX u�M;- sX GBM- >X sm- CX .X CQ�MMQTQmHQb- JX aQHD�ÍBÉ- >X *?2M-
GX Gm- uX *?QM;- �M/ "X w?�M;- ǳS`Q#BM; iQTQHQ;B+�H T`Qi2+iBQM mbBM; � /2bB;M2` bm`7�+2 TH�bKQM
bi`m+im`2-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX d- TX RReRN- K�v kyReX

(kkd) aX JmF?2`D22- �X aT`�+FH2M- JX o�HB2Mi2- 1X �M/2`bbQM- SX ƹ?#2`;- LX :QH/K�M- �M/ _X _X
h?QKbQM- ǳ1tT2`BK2Mi�H Q#b2`p�iBQM Q7 �MQK�HQmb iQTQHQ;B+�H 2/;2 KQ/2b BM � bHQrHv /`Bp2M
T?QiQMB+ H�iiB+2-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX 3- TX RjNR3- D�M kyRdX

(kk3) GX CX J�+x2rbFv- CX JX w2mM2`- aX LQHi2- �M/ �X ax�K2Bi- ǳP#b2`p�iBQM Q7 T?QiQMB+ �MQK�HQmb
6HQ[m2i iQTQHQ;B+�H BMbmH�iQ`b-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX 3- TX Rjd8e- D�M kyRdX

(kkN) JX 6`m+?�`i- ǳ*QKTH2t +H�bb2b Q7 T2`BQ/B+�HHv /`Bp2M iQTQHQ;B+�H H�iiB+2 bvbi2Kb-Ǵ S?vbX _2pX "-
pQHX Nj- MQX RR- TX RR89kN- kyReX

(kjy) sX GBm- 6X >�`T2`- �M/ _X _Qv- ǳ*?B`�H 6HQr BM PM2@/BK2MbBQM�H 6HQ[m2i hQTQHQ;B+�H AMbmH�iQ`b-Ǵ
S?vbX _2pX "- pQHX N3- MQX Re- TX Re8RRe- kyR3X

(kjR) hX EBi�;�r�- JX �X "`QQK2- �X 62/`BxxB- JX aX _m/M2`- 1X "2`;- AX E�bb�H- �X �bTm`m@:mxBF-
1X .2KH2`- �M/ �X :X q?Bi2- ǳP#b2`p�iBQM Q7 iQTQHQ;B+�HHv T`Qi2+i2/ #QmM/ bi�i2b BM T?QiQMB+
[m�MimK r�HFb-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX j- TX 33k- DmM kyRkX

(kjk) .X *�`T2MiB2`- SX .2HTH�+2- JX 6`m+?�`i- �M/ EX :�r2/xFB- ǳhQTQHQ;B+�H AM/2t 7Q` S2`BQ/B+�HHv
.`Bp2M hBK2@_2p2`b�H AMp�`B�Mi k. avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RR9- MQX Ry- TX Rye3ye- kyR8X

(kjj) aX _vm �M/ aX@*X w?�M;- ǳAMi2`�+iBM; iQTQHQ;B+�H T?�b2b �M/ KQ/mH�` BMp�`B�M+2-Ǵ S?vbX _2pX "-
pQHX 38- MQX k9- TX k98Rjk- kyRkX

(kj9) PX JX amH2- sX *?2M- �M/ aX _vm- ǳavKK2i`v@T`Qi2+i2/ iQTQHQ;B+�H T?�b2b �M/ Q`#B7QH/b, :2M2`@
�HBx2/ G�m;?HBMǶb �`;mK2Mi-Ǵ S?vbX _2pX "- pQHX 33- MQX d- TX yd8Rk8- kyRjX

(kj8) *X@hX >bB2?- :X uX *?Q- �M/ aX _vm- ǳ:HQ#�H �MQK�HB2b QM i?2 bm`7�+2 Q7 72`KBQMB+ bvKK2i`v@
T`Qi2+i2/ iQTQHQ;B+�H T?�b2b BM UjYRV /BK2MbBQMb-Ǵ S?vbX _2pX "- pQHX Nj- MQX d- TX yd8Rj8- kyReX

(kje) *X 1X *`2{2H/- 6X aQHb- .X *B�KTBMB- PX JQ`b+?- �M/ 1X �`BKQM/Q- ǳ1tT�MbBQM Q7 K�ii2` r�p2b
BM bi�iB+ �M/ /`Bp2M T2`BQ/B+ TQi2MiB�Hb-Ǵ S?vbX _2pX �- pQHX 3k- MQX j- TX yj8eyR- kyRyX

(kjd) >X GB;MB2`- *X aB�b- .X *B�KTBMB- uX aBM;?- �X w2M2bBMB- PX JQ`b+?- �M/ 1X �`BKQM/Q- ǳ.vM�KB+�H
*QMi`QH Q7 J�ii2`@q�p2 hmMM2HBM; BM S2`BQ/B+ SQi2MiB�Hb-Ǵ S?vbX _2pX G2iiX- pQHX NN- MQX kk-
TX kky9yj- kyydX

(kj3) 6X J2BM2`i- JX CX J�`F- EX G�m#2`- �X CX .�H2v- �M/ >X@*X L ;2`H- ǳ6HQ[m2i 1M;BM22`BM; Q7 *Q`@
`2H�i2/ hmMM2HBM; BM i?2 "Qb2@>m##�`/ JQ/2H rBi? lHi`�+QH/ �iQKb-Ǵ S?vbX _2pX G2iiX- pQHX RRe-
MQX ky- TX ky8jyR- kyReX

(kjN) uX hQFm`�- aX a2FB- �M/ LX L�;�Qb�- ǳJmHiB72``QB+b Q7 bTBM Q`B;BM-Ǵ _2TQ`ib QM S`Q;`2bb BM S?vbB+b-
pQHX dd- MQX d- TX de8yR- kyR9X

(k9y) uX hQFm`� �M/ aX a2FB- ǳJmHiB72``QB+b rBi? aTB`�H aTBM P`/2`b-Ǵ �/p�M+2/ J�i2`B�Hb- pQHX kk-
MQX R9- TTX R889ĜR8e8X

(k9R) EX 6X q�M;- CX@JX GBm- �M/ wX 6X _2M- ǳJmHiB72``QB+Biv, i?2 +QmTHBM; #2ir22M K�;M2iB+ �M/
TQH�`Bx�iBQM Q`/2`b-Ǵ �/p�M+2b BM S?vbB+b- pQHX 83- MQX 9- TTX jkRĜ993- kyyNX



"A"GAP:_�S>u RkN

(k9k) aX J�2F�r�- aX PX o�H2Mxm2H�- hX EBKm`�- �M/ 1X a�BiQ?- 2/bX- aTBM +m``2MiX Pt7Q`/ lMBp2`bBiv
S`2bb- kyRdX

(k9j) >X E�ibm`�- LX L�;�Qb�- �M/ �X oX "�H�ibFv- ǳaTBM *m``2Mi �M/ J�;M2iQ2H2+i`B+ 1z2+i BM LQM@
+QHHBM2�` J�;M2ib-Ǵ S?vbX _2pX G2iiX- pQHX N8- MQX 8- TX y8dky8- kyy8X

(k99) JX JQbiQpQv- ǳ62``Q2H2+i`B+Biv BM aTB`�H J�;M2ib-Ǵ S?vbX _2pX G2iiX- pQHX Ne- MQX e- TX yedeyR-
kyyeX

(k98) AX �X a2`;B2MFQ �M/ 1X .�;QiiQ- ǳ_QH2 Q7 i?2 .xv�HQb?BMbFBB@JQ`Bv� BMi2`�+iBQM BM KmHiB72``QB+
T2`QpbFBi2b-Ǵ S?vbX _2pX "- pQHX dj- MQX N- TX yN99j9- kyyeX

(k9e) >X E�ibm`�- �X oX "�H�ibFv- �M/ LX L�;�Qb�- ǳ.vM�KB+�H J�;M2iQ2H2+i`B+ *QmTHBM; BM >2HB+�H
J�;M2ib-Ǵ S?vbX _2pX G2iiX- pQHX N3- MQX k- TX ykdkyj- kyydX

(k9d) GX .X G�M/�m �M/ 1X JX GB7b+?B+- *Qm`b2 Q7 i?2Q`2iB+�H T?vbB+bX pQHX R, J2+?�MB+bX Pt7Q`/- RNd3X

(k93) *X JX "2M/2` �M/ aX �X P`bx�;- �/p�M+2/ K�i?2K�iB+�H K2i?Q/b 7Q` b+B2MiBbib �M/ 2M;BM22`b A,
�bvKTiQiB+ K2i?Q/b �M/ T2`im`#�iBQM i?2Q`vX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- kyRjX

(k9N) aX >X ai`Q;�ix- LQMHBM2�` /vM�KB+b �M/ +?�Qb, rBi? �TTHB+�iBQMb iQ T?vbB+b- #BQHQ;v- +?2KBbi`v-
�M/ 2M;BM22`BM;X *_* S`2bb- kyR3X

(k8y) :X *�b�iB- AX :m�`M2`B- �M/ :X J�MiB+�- ǳ*H�bbB+�H bi�#BHBx�iBQM Q7 T2`BQ/B+�HHv FB+F2/ ?v/`Q;2M
�iQKb-Ǵ S?vbX _2pX �- pQHX 8y- MQX e- TTX 8yR3Ĝ8yk9- RNN9X

(k8R) >X qB2/2K�MM- CX JQbiQrbFB- �M/ 6X >��F2- ǳ�Hi2`M�iBM; FB+Fb �TT`QtBK�iBM; [m�bBKQMQ+?`Q@
K�iB+ }2H/b BM BQMBx�iBQM �M/ bi�#BHBx�iBQM-Ǵ S?vbX _2pX �- pQHX 9N- MQX k- TTX RRdRĜRRde- RNN9X

(k8k) *X PX _2BM?QH/- CX "m`;/ƺ`72`- JX hX 6`2v- �M/ 6X "X .mMMBM;- ǳ.vM�KB+�H ai�#BHBx�iBQM Q7 i?2
S2`BQ/B+�HHv EB+F2/ _v/#2`; �iQK-Ǵ S?vbX _2pX G2iiX- pQHX dN- MQX ke- TTX 8kkeĜ8kkN- RNNdX

(k8j) >X a�BiQ �M/ JX l2/�- ǳ.vM�KB+�HHv ai�#BHBx2/ "`B;?i aQHBiQMb BM � hrQ@.BK2MbBQM�H "Qb2@
1BMbi2BM *QM/2Mb�i2-Ǵ S?vbX _2pX G2iiX- pQHX Ny- MQX 9- TX y9y9yj- kyyjX

(k89) 6X EX �#/mHH�2p- CX :X *�TmiQ- _X �X E`�2MF2H- �M/ "X �X J�HQK2/- ǳ*QMi`QHHBM; +QHH�Tb2 BM "Qb2@
1BMbi2BM +QM/2Mb�i2b #v i2KTQ`�H KQ/mH�iBQM Q7 i?2 b+�ii2`BM; H2M;i?-Ǵ S?vbX _2pX �- pQHX ed-
MQX R- TX yRjey8- kyyjX

(k88) _X *Bi`Q- 1X :X .�HH� hQ``2- GX .Ƕ�H2bbBQ- �X SQHFQpMBFQp- JX "�#�/B- hX PF�- �M/ 1X .2KH2`-
ǳ.vM�KB+�H bi�#BHBiv Q7 � K�Mv@#Q/v E�TBix� T2M/mHmK-Ǵ �MM�Hb Q7 S?vbB+b- pQHX jey- TTX eN9Ĝ
dRy- kyR8X

(k8e) hX JX >Q�M;- *X aX :2`pBM;- "X CX G�M/- JX �M[m2x- *X .X >�KH2v- �M/ JX aX *?�TK�M- ǳ.vM�KB+
ai�#BHBx�iBQM Q7 � Zm�MimK J�Mv@"Q/v aTBM avbi2K-Ǵ S?vbX _2pX G2iiX- pQHX RRR- MQX N- TX yNy9yj-
kyRjX

(k8d) sX "B�M- *X EBK- �M/ :X 1X E�`MB�/�FBb- ǳRRR v2�`b Q7 "`QrMB�M KQiBQM-Ǵ aQ7i J�ii2`- pQHX Rk-
MQX jy- TTX ejjRĜej9e- kyReX

(k83) _X El"P- ǳ"`QrMB�M JQiBQM �M/ LQM2[mBHB#`BmK ai�iBbiB+�H J2+?�MB+b-Ǵ a+B2M+2- pQHX kjj-
MQX 9deR- TTX jjyĜjj9- RN3eX

(k8N) "X ǟFb2M/�H- ǳaiQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMb-Ǵ BM aiQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMb- TTX e8Ĝ39-
aT`BM;2`- kyyjX

(key) 6X "H�+F �M/ JX a+?QH2b- ǳh?2 T`B+BM; Q7 QTiBQMb �M/ +Q`TQ`�i2 HB�#BHBiB2b-Ǵ CQm`M�H Q7 TQHBiB+�H
2+QMQKv- pQHX 3R- MQX j- TTX ejdĜe89- RNdjX

(keR) >X _BbF2M- ǳ6QFF2`@TH�M+F 2[m�iBQM-Ǵ BM h?2 6QFF2`@SH�M+F 1[m�iBQM- TTX ejĜN8- aT`BM;2`- RNNeX
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(kek) AX .X J�v2`;Qvx- :X "2`iQiiB- �M/ *X a2`TB+Q- LQMHBM2�` K�;M2iBx�iBQM /vM�KB+b BM M�MQbvbi2KbX
1Hb2pB2`- kyyNX

(kej) qX hX *Qz2v �M/ uX SX E�HKvFQp- h?2 G�M;2pBM 2[m�iBQM, rBi? �TTHB+�iBQMb iQ biQ+?�biB+ T`Q#H2Kb
BM T?vbB+b- +?2KBbi`v �M/ 2H2+i`B+�H 2M;BM22`BM;X qQ`H/ a+B2MiB}+- kyy9X

(ke9) CX GX :�`+B�@S�H�+BQb �M/ 6X CX G�x�`Q- ǳG�M;2pBM@/vM�KB+b bim/v Q7 i?2 /vM�KB+�H T`QT2`iB2b Q7
bK�HH K�;M2iB+ T�`iB+H2b-Ǵ S?vbX _2pX "- pQHX 83- MQX kk- TTX R9NjdĜR9N83- RNN3X

(ke8) �X "`�i��b- �X .X E2Mi- �M/ >X P?MQ- ǳ*m``2Mi@BM/m+2/ iQ`[m2b BM K�;M2iB+ K�i2`B�Hb-Ǵ L�im`2
J�i2`B�Hb- pQHX RR- TX jdk- �T` kyRkX

(kee) lX �itBiB�- PX *?m#vF�HQ@62b2MFQ- _X qX *?�Mi`2HH- lX LQr�F- �M/ �X _2#2B- ǳlHi`�7�bi aTBM
.vM�KB+b, h?2 1z2+i Q7 *QHQ`2/ LQBb2-Ǵ S?vbX _2pX G2iiX- pQHX Ryk- MQX 8- TX y8dkyj- kyyNX

(ked) LX E�x�Mib2p�- lX LQr�F- _X qX *?�Mi`2HH- CX >Q?H72H/- �M/ �X _2#2B- ǳaHQr `2+Qp2`v Q7 i?2
K�;M2iBb�iBQM �7i2` � bm#@TB+Qb2+QM/ ?2�i TmHb2-Ǵ 1SG U1m`QT?vbB+b G2ii2`bV- pQHX 3R- MQX k-
TX kdyy9- kyy3X

(ke3) *X oB+�`BQ- *X _m+?2`i- 6X �`/�M�@G�K�b- SX JX .2`H2i- "X hm/m- CX GmMBM;- �M/ *X SX >�m`B- ǳPz@
`2bQM�Mi K�;M2iBx�iBQM /vM�KB+b T?�b2@HQ+F2/ iQ �M BMi2Mb2 T?�b2@bi�#H2 i2`�?2`ix i`�MbB2Mi-Ǵ
L�im`2 S?QiQMB+b- pQHX d- TX dky- �m; kyRjX

(keN) :X@JX *?QB- "X@*X JBM- EX@CX G22- �M/ .X :X *�?BHH- ǳaTBM +m``2Mi ;2M2`�i2/ #v i?2`K�HHv /`Bp2M
mHi`�7�bi /2K�;M2iBx�iBQM-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX 8- TX 9jj9- DmH kyR9X

(kdy) �X CX a+?2HH2F2Mb- EX *X EmBT2`- _X /2 qBi- �M/ "X EQQTK�Mb- ǳlHi`�7�bi bTBM@i`�Mb72` iQ`[m2
/`Bp2M #v 72KiQb2+QM/ TmHb2/@H�b2` 2t+Bi�iBQM-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX 8- TX 9jjj- DmH kyR9X

(kdR) JX h�?2`BM2D�/ �M/ .X o�M/2`#BHi- ǳ�/B�#�iB+ SmKTBM; Q7 *?2`M@aBKQMb �tBQM *QmTHBM;-Ǵ S?vbX
_2pX G2iiX- pQHX RR9- MQX N- TX yNe9yR- kyR8X

(kdk) JX L�F�?�`�- :2QK2i`v- iQTQHQ;v �M/ T?vbB+bX *_* S`2bb- kyyjX

(kdj) LX J�MiQM �M/ SX ami+HBz2- hQTQHQ;B+�H bQHBiQMbX *�K#`B/;2, *�K#`B/;2 lMBp2`bBiv S`2bb- kyy9X

(kd9) *X@EX *?�M- uX@hX P?- CX >X >�M- �M/ SX �X G22- ǳhvT2@AA q2vH +QM2 i`�MbBiBQMb BM /`Bp2M
b2KBK2i�Hb-Ǵ S?vbX _2pX "- pQHX N9- MQX Rk- TX RkRRye- kyReX

(kd8) >X >Ƀ#2M2`- JX �X a2Mi27- lX .2 :BQp�MMBMB- �X 6X E2KT2`- �M/ �X _m#BQ- ǳ*`2�iBM; bi�#H2
6HQ[m2iĜq2vH b2KBK2i�Hb #v H�b2`@/`BpBM; Q7 j. .B`�+ K�i2`B�Hb-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX 3-
TX RjN9y- D�M kyRdX

(kde) >X q�M;- GX w?Qm- �M/ uX .X *?QM;- ǳ6HQ[m2i q2vH T?�b2b BM � i?`22@/BK2MbBQM�H M2irQ`F
KQ/2H-Ǵ S?vbX _2pX "- pQHX Nj- MQX R9- TX R99RR9- kyReX

(kdd) CX@uX wQm �M/ "X@:X GBm- ǳ6HQ[m2i q2vH 72`KBQMb BM i?`22@/BK2MbBQM�H bi�+F2/ ;`�T?2M2 bvbi2Kb
B``�/B�i2/ #v +B`+mH�`Hv TQH�`Bx2/ HB;?i-Ǵ S?vbX _2pX "- pQHX Nj- MQX ky- TX ky89j8- kyReX

(kd3) GX "m++B�MiBMB- aX _Qv- aX EBi�Km`�- �M/ hX PF�- ǳ1K2`;2Mi q2vH MQ/2b �M/ 62`KB �`+b BM �
6HQ[m2i q2vH b2KBK2i�H-Ǵ S?vbX _2pX "- pQHX Ne- MQX 9- TX y9RRke- kyRdX

(kdN) _X q�M;- "X q�M;- _X a?2M- GX a?2M;- �M/ .X uX sBM;- ǳ6HQ[m2i q2vH b2KBK2i�H BM/m+2/ #v
Qz@`2bQM�Mi HB;?i-Ǵ 1SG U1m`QT?vbB+b G2ii2`bV- pQHX Ry8- MQX R- TX Rdyy9- kyR9X

(k3y) aX 1#B?�`�- EX 6mFmb?BK�- �M/ hX PF�- ǳ*?B`�H TmKTBM; 2z2+i BM/m+2/ #v `Qi�iBM; 2H2+i`B+ }2H/b-Ǵ
S?vbX _2pX "- pQHX Nj- MQX R8- TX R88Ryd- kyReX

(k3R) sX@sX w?�M;- hX hX PM;- �M/ LX L�;�Qb�- ǳh?2Q`v Q7 T?QiQBM/m+2/ 6HQ[m2i q2vH b2KBK2i�H
T?�b2b-Ǵ S?vbX _2pX "- pQHX N9- MQX kj- TX kj8Rjd- kyReX
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(k3k) wX u�M �M/ wX q�M;- ǳhmM�#H2 q2vH SQBMib BM S2`BQ/B+�HHv .`Bp2M LQ/�H GBM2 a2KBK2i�Hb-Ǵ S?vbX
_2pX G2iiX- pQHX RRd- MQX 3- TX y3d9yk- kyReX

(k3j) sX@ZX amM- JX sB�Q- hX "x/mb2F- aX@*X w?�M;- �M/ aX 6�M- ǳh?`22@.BK2MbBQM�H *?B`�H G�iiB+2
62`KBQM BM 6HQ[m2i avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RkR- TX RNe9yR- MQp kyR3X

(k39) JX >�72xB- �X aX aQ`2Mb2M- 1X .2KH2`- �M/ JX .X GmFBM- ǳ6`�+iBQM�H [m�MimK >�HH 2z2+i BM QTiB+�H
H�iiB+2b-Ǵ S?vbX _2pX �- pQHX de- TX ykjeRj- �m; kyydX

(k38) aX �m#`v �M/ :X �M/`û- ǳ�M�HviB+Biv #`2�FBM; �M/ �M/2`bQM HQ+�HBx�iBQM BM BM+QKK2Mbm`�i2
H�iiB+2b-Ǵ �MMX Ab`�2H S?vbX aQ+- pQHX j- MQX Rjj- TX R3- RN3yX

(k3e) SX :X >�`T2`- ǳaBM;H2 "�M/ JQiBQM Q7 *QM/m+iBQM 1H2+i`QMb BM � lMB7Q`K J�;M2iB+ 6B2H/-Ǵ S`Q@
+22/BM;b Q7 i?2 S?vbB+�H aQ+B2ivX a2+iBQM �- pQHX e3- MQX Ry- TX 3d9- RN88X

(k3d) AX "HQ+?- CX .�HB#�`/- �M/ qX wr2`;2`- ǳJ�Mv@#Q/v T?vbB+b rBi? mHi`�+QH/ ;�b2b-Ǵ _2pX JQ/X
S?vbX- pQHX 3y- MQX j- TTX 338ĜNe9- kyy3X

(k33) AX >X .2mib+? �M/ SX aX C2bb2M- ǳZm�MimK@bi�i2 +QMi`QH BM QTiB+�H H�iiB+2b-Ǵ S?vbX _2pX �- pQHX 8d-
MQX j- TTX RNdkĜRN3e- RNN3X

(k3N) .X C�Fb+?- >X@CX "`B2;2H- CX AX *B`�+- *X qX :�`/BM2`- �M/ SX wQHH2`- ǳ1Mi�M;H2K2Mi Q7 �iQKb pB�
*QH/ *QMi`QHH2/ *QHHBbBQMb-Ǵ S?vbX _2pX G2iiX- pQHX 3k- MQX N- TTX RNd8ĜRNd3- RNNNX

(kNy) :X EX "`2MM2M- *X JX *�p2b- SX aX C2bb2M- �M/ AX >X .2mib+?- ǳZm�MimK GQ;B+ :�i2b BM PTiB+�H
G�iiB+2b-Ǵ S?vbX _2pX G2iiX- pQHX 3k- MQX 8- TTX RyeyĜRyej- RNNNX

(kNR) PX J�M/2H- JX :`2BM2`- �X qB/2`�- hX _QK- hX qX > Mb+?- �M/ AX "HQ+?- ǳ*QMi`QHH2/ +QHHBbBQMb
7Q` KmHiB@T�`iB+H2 2Mi�M;H2K2Mi Q7 QTiB+�HHv i`�TT2/ �iQKb-Ǵ L�im`2- pQHX 9k8- TX Njd- Q+i kyyjX

(kNk) PX J�M/2H- JX :`2BM2`- �X qB/2`�- hX _QK- hX qX > Mb+?- �M/ AX "HQ+?- ǳ*Q?2`2Mi h`�MbTQ`i
Q7 L2mi`�H �iQKb BM aTBM@.2T2M/2Mi PTiB+�H G�iiB+2 SQi2MiB�Hb-Ǵ S?vbX _2pX G2iiX- pQHX NR- MQX R-
TX yRy9yd- kyyjX

(kNj) CX *X "m/B+?- *X G�~�KK2- 6X hb+?B`bB+?- aX JQMi�M;2`Q- �M/ SX wQHH2`- ǳavMi?2iB+ ?2HB+�H HB[mB/b
rBi? mHi`�+QH/ �iQKb BM QTiB+�H H�iiB+2b-Ǵ S?vbX _2pX "- pQHX Nk- MQX k9- TX k98RkR- kyR8X

(kN9) "X aQM;- *X >2- aX w?�M;- 1X >�DBv2p- qX >m�M;- sX@CX GBm- �M/ :X@"X CQ- ǳaTBM@Q`#Bi@+QmTH2/
irQ@2H2+i`QM 62`KB ;�b2b Q7 vii2`#BmK �iQKb-Ǵ S?vbX _2pX �- pQHX N9- MQX e- TX yeRey9- kyReX

(kN8) EX 1MQKQiQ- EX E�b�- JX EBi�;�r�- �M/ uX h�F�?�b?B- ǳPTiB+�H 62b?#�+? _2bQM�M+2 lbBM; i?2
AMi2`+QK#BM�iBQM h`�MbBiBQM-Ǵ S?vbX _2pX G2iiX- pQHX RyR- MQX ky- TX kyjkyR- kyy3X

(kNe) 6X L�i?�M �M/ JX aX _m/M2`- ǳhQTQHQ;B+�H bBM;mH�`BiB2b �M/ i?2 ;2M2`�H +H�bbB}+�iBQM Q7 6HQ[m2iĜ
"HQ+? bvbi2Kb-Ǵ L2r CQm`M�H Q7 S?vbB+b- pQHX Rd- MQX Rk- TX Rk8yR9- kyR8X

(kNd) hX JQ`BKQiQ- >X *X SQ- �M/ �X oBb?r�M�i?- ǳ6HQ[m2i iQTQHQ;B+�H T?�b2b T`Qi2+i2/ #v iBK2 ;HB/2
bvKK2i`v-Ǵ S?vbX _2pX "- pQHX N8- MQX RN- TX RN8R88- kyRdX

(kN3) *X CX S2i?B+F �M/ >X aKBi?- "Qb2@1BMbi2BM +QM/2Mb�iBQM BM /BHmi2 ;�b2bX *�K#`B/;2, *�K#`B/;2
mMBp2`bBiv T`2bb- kyykX

(kNN) .X JX ai�KT2`@Em`M �M/ JX l2/�- ǳaTBMQ` "Qb2 ;�b2b, avKK2i`B2b- K�;M2iBbK- �M/ [m�MimK
/vM�KB+b-Ǵ _2pB2rb Q7 JQ/2`M S?vbB+b- pQHX 38- MQX j- TTX RRNRĜRk99- kyRjX

(jyy) qX EQ?M- ǳS2`BQ/B+ h?2`KQ/vM�KB+b-Ǵ CQm`M�H Q7 ai�iBbiB+�H S?vbB+b- pQHX Ryj- MQX j- TTX 9RdĜ9kj-
kyyRX

(jyR) JX :`B7QMB �M/ SX > M;;B- ǳ.`Bp2M [m�MimK imMM2HBM;-Ǵ S?vbB+b _2TQ`ib- pQHX jy9- MQX 8- TTX kkNĜ
j89- RNN3X
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(jyk) .X qX >QM2- _X E2ixK2`B+F- �M/ qX EQ?M- ǳai�iBbiB+�H K2+?�MB+b Q7 6HQ[m2i bvbi2Kb, h?2
T2`p�bBp2 T`Q#H2K Q7 M2�` /2;2M2`�+B2b-Ǵ S?vbX _2pX 1- pQHX dN- MQX 8- TX y8RRkN- kyyNX

(jyj) _X E2ixK2`B+F �M/ qX qmbiK�MM- ǳai�iBbiB+�H K2+?�MB+b Q7 6HQ[m2i bvbi2Kb rBi? `2;mH�` �M/
+?�QiB+ bi�i2b-Ǵ S?vbX _2pX 1- pQHX 3k- MQX k- TX ykRRR9- kyRyX

(jy9) JX G�M;2K2v2` �M/ JX >QHi?�mb- ǳ1M2`;v ~Qr BM T2`BQ/B+ i?2`KQ/vM�KB+b-Ǵ S?vbX _2pX 1-
pQHX 3N- MQX R- TX yRkRyR- kyR9X

(jy8) .X oQ`#2`;- qX qmbiK�MM- _X E2ixK2`B+F- �M/ �X 1+F�`/i- ǳ:2M2`�HBx2/ "Qb2@1BMbi2BM *QM@
/2Mb�iBQM BMiQ JmHiBTH2 ai�i2b BM .`Bp2M@.BbbBT�iBp2 avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RRR- MQX k9-
TX k9y9y8- kyRjX

(jye) .X oQ`#2`;- qX qmbiK�MM- >X a+?QK2`mb- _X E2ixK2`B+F- �M/ �X 1+F�`/i- ǳLQM2[mBHB#`BmK
bi2�/v bi�i2b Q7 B/2�H #QbQMB+ �M/ 72`KBQMB+ [m�MimK ;�b2b-Ǵ S?vbX _2pX 1- pQHX Nk- MQX e- TX yekRRN-
kyR8X

(jyd) aX "X .mii� �M/ JX "�`K�- ǳ�bvKTiQiB+ /Bbi`B#miBQMb Q7 T2`BQ/B+�HHv /`Bp2M biQ+?�biB+ bvbi2Kb-Ǵ
S?vbX _2pX 1- pQHX ed- MQX e- TX yeRRRR- kyyjX

(jy3) aX "X .mii�- ǳS?�b2 i`�MbBiBQMb BM T2`BQ/B+�HHv /`Bp2M K�+`Qb+QTB+ bvbi2Kb-Ǵ S?vbX _2pX 1- pQHX eN-
MQX e- TX yeeRR8- kyy9X

(jyN) uX q�M �M/ _X JQ2bbM2`- ǳLQM2[mBHB#`BmK b2H2+iBQM Q7 K�;M2iB+ Q`/2` BM /`Bp2M i`B�M;mH�` su
�MiB72``QK�;M2i-Ǵ S?vbX _2pX "- pQHX N3- MQX R3- TX R399jk- kyR3X

(jRy) hX JX GB;;2ii- AMi2`�+iBM; T�`iB+H2 bvbi2Kb- pQHX kdeX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- kyRkX

(jRR) >X aTQ?M- G�`;2 b+�H2 /vM�KB+b Q7 BMi2`�+iBM; T�`iB+H2bX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- kyRkX

(jRk) SX "�F- *X h�M;- �M/ EX qB2b2M72H/- ǳa2H7@Q`;�MBx2/ +`BiB+�HBiv, �M 2tTH�M�iBQM Q7 i?2 Rf7 MQBb2-Ǵ
S?vbX _2pX G2iiX- pQHX 8N- TTX j3RĜj39- DmH RN3dX

(jRj) SX "�F- *X h�M;- �M/ EX qB2b2M72H/- ǳa2H7@Q`;�MBx2/ +`BiB+�HBiv-Ǵ S?vbX _2pX �- pQHX j3- TTX je9Ĝ
jd9- DmH RN33X

(jR9) JX oX JQ`2MQ- wX :X �`2M�b- �M/ .X :X "�`+B- ǳG�M;2pBM /vM�KB+b 7Q` p2+iQ` p�`B�#H2b /`Bp2M #v
KmHiBTHB+�iBp2 r?Bi2 MQBb2, � 7mM+iBQM�H 7Q`K�HBbK-Ǵ S?vbX _2pX 1- pQHX NR- MQX 9- TX y9kRyj- kyR8X

(jR8) SX *X >Q?2M#2`; �M/ �X SX E`2F?Qp- ǳ�M BMi`Q/m+iBQM iQ i?2 :BMx#m`;ĜG�M/�m i?2Q`v Q7 T?�b2
i`�MbBiBQMb �M/ MQM2[mBHB#`BmK T�ii2`Mb-Ǵ S?vbB+b _2TQ`ib- pQHX 8dk- TTX RĜ9k- kyR8X

(jRe) JX CX "?�b22M- CX J�vQ?- "X .X aBKQMb- �M/ CX E22HBM;- ǳ.vM�KB+b Q7 MQM2[mBHB#`BmK .B+F2
KQ/2Hb-Ǵ S?vbX _2pX �- pQHX 38- MQX R- TX yRj3Rd- kyRkX

(jRd) GX "�F2K2B2`- �X �Hp2`K�MM- �M/ >X 62?bF2- ǳ.vM�KB+b Q7 i?2 .B+F2 KQ/2H +HQb2 iQ i?2 +H�bbB+�H
HBKBi-Ǵ S?vbX _2pX �- pQHX 33- MQX 9- TX y9j3j8- kyRjX

(jR3) EX E�M�x�r�- hX a�;�r�- �M/ >X >�v�F�r�- ǳaiQ+?�biB+ 1M2`;2iB+b 7Q` LQM@:�mbbB�M S`Q+2bb2b-Ǵ
S?vbX _2pX G2iiX- pQHX Ry3- MQX kR- TX kRyeyR- kyRkX

(jRN) EX E�M�x�r�- hX a�;�r�- �M/ >X >�v�F�r�- ǳ>2�i +QM/m+iBQM BM/m+2/ #v MQM@:�mbbB�M �i?2`K�H
~m+im�iBQMb-Ǵ S?vbX _2pX 1- pQHX 3d- MQX 8- TX y8kRk9- kyRjX

(jky) _X wr�MxB;- ǳJ2KQ`v 2z2+ib BM B``2p2`bB#H2 i?2`KQ/vM�KB+b-Ǵ S?vbB+�H _2pB2r- pQHX Rk9- MQX 9-
TX N3j- RNeRX

(jkR) >X JQ`B �M/ >X 6mDBb�F�- ǳPM MQMHBM2�` /vM�KB+b Q7 ~m+im�iBQMb-Ǵ S`Q;`2bb Q7 h?2Q`2iB+�H S?vbB+b-
pQHX 9N- MQX j- TTX de9Ĝdd8- RNdjX

(jkk) 6X >��F2- ǳai�iBbiB+�H i`2�iK2Mi Q7 QT2M bvbi2Kb #v ;2M2`�HBx2/ K�bi2` 2[m�iBQMb-Ǵ BM aT`BM;2`
i`�+ib BM KQ/2`M T?vbB+b- TTX N3ĜRe3- aT`BM;2`- RNdjX
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(jkj) >X >BM`B+?b2M- ǳLQM@2[mBHB#`BmK +`BiB+�H T?2MQK2M� �M/ T?�b2 i`�MbBiBQMb BMiQ �#bQ`#BM; bi�i2b-Ǵ
�/p�M+2b BM S?vbB+b- pQHX 9N- MQX d- TTX 3R8ĜN83- kyyyX

(jk9) JX "mFQp- JX EQHQ/`m#2ix- �M/ �X SQHFQpMBFQp- ǳa+?`B2z2`@qQHz h`�Mb7Q`K�iBQM 7Q` S2`BQ/B+�HHv
.`Bp2M avbi2Kb, ai`QM;Hv *Q``2H�i2/ avbi2Kb rBi? �`iB}+B�H :�m;2 6B2H/b-Ǵ S?vbX _2pX G2iiX-
pQHX RRe- MQX Rk- TX Rk8jyR- kyReX

(jk8) EX E�M�x�r�- hX :X a�MQ- hX a�;�r�- �M/ >X >�v�F�r�- ǳ�bvKTiQiB+ .2`Bp�iBQM Q7 G�M;2pBM@HBF2
1[m�iBQM rBi? LQM@:�mbbB�M LQBb2 �M/ Aib �M�HviB+�H aQHmiBQM-Ǵ CQm`M�H Q7 ai�iBbiB+�H S?vbB+b-
pQHX Rey- MQX 8- TTX RkN9ĜRjj8- kyR8X

(jke) a+?M2HH �H2t�M/2`- 1X �M/`û- �M/ .X a2`;2v- ǳAb i?2`2 � 6HQ[m2i GBM/#H�/B�M\-Ǵ �`sBp T`2T`BMi
�`sBp,R3yNXRRRkR- kyR3X

(jkd) 6X aTB`B;- ǳ�H;2#`�B+ �bT2+ib Q7 T2`im`#�iBQM i?2Q`B2b-Ǵ *2H2biB�H K2+?�MB+b- pQHX ky- MQX 9- TTX j9jĜ
j89- RNdNX

(jk3) �X �X �;`�+?2p �M/ _X oX :�KF`2HB/x2- ǳ*?`QMQHQ;B+�H �H;2#`�b �M/ MQMbi�iBQM�`v p2+iQ` }2H/b-Ǵ
CQm`M�H Q7 aQpB2i J�i?2K�iB+b- pQHX Rd- MQX R- TTX Re8yĜRed8- RN3RX

(jkN) �X �X �X :�KF`2HB/x2 �M/ _X o- ǳh>1 1sSPL1LhA�G _1S_1a1Lh�hAPL P6 6GPqa �L.
h>1 *>_PLPGP:A*�G *�G*lGla-Ǵ J�i?2K�iB+b Q7 i?2 laa_@a#Q`MBF- pQHX j8- MQX e- TX dkd-
RNdNX

(jjy) CX �X Pi2Q �M/ CX _Qb- ǳh?2 J�;Mmb 2tT�MbBQM 7Q` +H�bbB+�H >�KBHiQMB�M bvbi2Kb-Ǵ CQm`M�H Q7
S?vbB+b �, J�i?2K�iB+�H �M/ :2M2`�H- pQHX k9- MQX k9- TX 8d8R- RNNRX

(jjR) aX h�MB- ǳ*�MQMB+�H h`�Mb7Q`K�iBQM :Qp2`MBM; h2KTQ`�H .2p2HQTK2Mi BM *H�bbB+�H J2+?�MB+b-Ǵ
�K2`B+�M CQm`M�H Q7 S?vbB+b- pQHX je- TTX kNĜjk- D�M RNe3X

(jjk) _X �X J�`+mb- ǳ>B;?ɢP`/2` hBK2ɢ.2T2M/2Mi S2`im`#�iBQM h?2Q`v 7Q` *H�bbB+�H J2+?�MB+b �M/ 7Q`
Pi?2` avbi2Kb Q7 6B`biɢP`/2` P`/BM�`v .Bz2`2MiB�H 1[m�iBQMb-Ǵ h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b-
pQHX 8k- TTX 93yjĜ93yd- K�v RNdyX

(jjj) CX �X "H�+F#m`M- >X CX hX aKBi?- �M/ LX :`QfM#2+?ɢC2Mb2M- ǳai�#BHBiv �M/ >QT7 #B7m`+�iBQMb BM
�M BMp2`i2/ T2M/mHmK-Ǵ �K2`B+�M CQm`M�H Q7 S?vbB+b- pQHX ey- TTX NyjĜNy3- Q+i RNNkX

(jj9) JX oX "�`im++2HHB- :X :2MiBH2- �M/ EX oX :2Q`;BQm- ǳPM i?2 /vM�KB+b Q7 � p2`iB+�HHv /`Bp2M /�KT2/
TH�M�` T2M/mHmK-Ǵ S`Q+22/BM;b Q7 i?2 _Qv�H aQ+B2iv Q7 GQM/QM �, J�i?2K�iB+�H- S?vbB+�H �M/
1M;BM22`BM; a+B2M+2b- pQHX 98d- MQX kyRe- TTX jyydĜjykk- kyyRX

(jj8) "X SX J�MM �M/ JX �X EQTHQr- ǳavKK2i`v #`2�FBM; #B7m`+�iBQMb Q7 � T�`�K2i`B+�HHv 2t+Bi2/
T2M/mHmK-Ǵ LQMHBM2�` .vM�KB+b- pQHX 9e- MQX 9- TTX 9kdĜ9jd- kyyeX

(jje) 1X AX "miBFQp- ǳ�M BKT`Qp2/ +`Bi2`BQM 7Q` E�TBix�Ƕb T2M/mHmK bi�#BHBiv-Ǵ CQm`M�H Q7 S?vbB+b �,
J�i?2K�iB+�H �M/ h?2Q`2iB+�H- pQHX 99- MQX kN- TX kN8kyk- kyRRX

(jjd) aX qB;;BMb- AMi`Q/m+iBQM iQ �TTHB2/ MQMHBM2�` /vM�KB+�H bvbi2Kb �M/ +?�Qb- pQHX kX aT`BM;2`
a+B2M+2 � "mbBM2bb J2/B�- kyyjX

(jj3) oX :Q`BMB- �X EQbb�FQrbFB- �M/ 1X *X :X am/�`b?�M- ǳ*QKTH2i2Hv TQbBiBp2 /vM�KB+�H b2KB;`QmTb
Q7 LɢH2p2H bvbi2Kb-Ǵ CQm`M�H Q7 J�i?2K�iB+�H S?vbB+b- pQHX Rd- TTX 3kRĜ3k8- K�v RNdeX

(jjN) :X GBM/#H�/- ǳPM i?2 ;2M2`�iQ`b Q7 [m�MimK /vM�KB+�H b2KB;`QmTb-Ǵ *QKKX J�i?X S?vbX- pQHX 93-
MQX k- TTX RRNĜRjy- RNdeX

(j9y) >X SX "`2m2` �M/ 6X S2i`m++BQM2- h?2 i?2Q`v Q7 QT2M [m�MimK bvbi2KbX :`2�i *H�`2M/QM ai`22i,
Pt7Q`/ lMBp2`bBiv S`2bb- kyykX

(j9R) >X@SX "`2m2`- 1X@JX G�BM2- �M/ CX SBBHQ- ǳJ2�bm`2 7Q` i?2 .2;`22 Q7 LQM@J�`FQpB�M "2?�pBQ` Q7
Zm�MimK S`Q+2bb2b BM PT2M avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX Ryj- TX kRy9yR- MQp kyyNX
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(j9k) 6X >�//�/7�`b?B- CX *mB- �M/ 6X JBMi2`i- ǳ*QKTH2i2Hv SQbBiBp2 �TT`QtBK�i2 aQHmiBQMb Q7 .`Bp2M
PT2M Zm�MimK avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RR9- MQX Rj- TX Rjy9yk- kyR8X

(j9j) aX _2bi`2TQ- CX *2``BHHQ- oX JX "�biB/�b- .X :X �M;2H�FBb- �M/ hX "`�M/2b- ǳ.`Bp2M PT2M Zm�MimK
avbi2Kb �M/ 6HQ[m2i ai`Q#Qb+QTB+ .vM�KB+b-Ǵ S?vbX _2pX G2iiX- pQHX RRd- MQX k8- TX k8y9yR- kyReX

(j99) *X JX .�B- wX *X a?B- �M/ sX sX uB- ǳ6HQ[m2i i?2Q`2K rBi? QT2M bvbi2Kb �M/ Bib �TTHB+�iBQMb-Ǵ
S?vbX _2pX �- pQHX Nj- MQX j- TX yjkRkR- kyReX

(j98) *X JX .�B- >X GB- qX q�M;- �M/ sX sX uB- ǳ:2M2`�HBx2/ 6HQ[m2i i?2Q`v 7Q` QT2M [m�MimK bvbi2Kb-Ǵ
�`sBp T`2T`BMi �`sBp,RdydXy8yjy- kyRdX

(j9e) JX JX qQH7- CX 1Bb2`i- hX aX *m#Bii- �M/ CX AX *B`�+- ǳ�bb2bbBM; LQM@J�`FQpB�M Zm�MimK .v@
M�KB+b-Ǵ S?vbX _2pX G2iiX- pQHX RyR- TX R8y9yk- Q+i kyy3X

(j9d) �X _Bp�b- aX 6X >m2H;�- �M/ JX "X SH2MBQ- ǳ1Mi�M;H2K2Mi �M/ LQM@J�`FQpB�MBiv Q7 Zm�MimK
1pQHmiBQMb-Ǵ S?vbX _2pX G2iiX- pQHX Ry8- TX 8y9yj- DmH kyRyX

(j93) SX q2BM#2`;- JX "mFQp- GX .Ƕ�H2bbBQ- �X SQHFQpMBFQp- aX o�DM�- �M/ JX EQHQ/`m#2ix- ǳ�/B�#�iB+
T2`im`#�iBQM i?2Q`v �M/ ;2QK2i`v Q7 T2`BQ/B+�HHv@/`Bp2M bvbi2Kb-Ǵ S?vbB+b _2TQ`ib- pQHX e33-
TTX RĜj8- kyRdX

(j9N) SX qX *H�2vb- aX .2 "�2`/2K�+F2`- PX 1X �`�#v- �M/ CX@aX *�mt- ǳaTBM SQH�`Bx�iBQM i?`Qm;?
6HQ[m2i _2bQM�M+2b BM � .`Bp2M *2Mi`�H aTBM JQ/2H-Ǵ S?vbX _2pX G2iiX- pQHX RkR- TX y3y9yR- �m;
kyR3X

(j8y) hX a?B`�B- CX h?BM;M�- hX JQ`B- aX .2MBbQp- SX > M;;B- �M/ aX JBv�b?Bi�- ǳ1z2+iBp2 6HQ[m2iĜ:B##b
bi�i2b 7Q` /BbbBT�iBp2 [m�MimK bvbi2Kb-Ǵ L2r CQm`M�H Q7 S?vbB+b- pQHX R3- MQX 8- TX y8jyy3- kyReX

(j8R) CX *X aHQM+x2rbFB- ǳ*m``2Mi@/`Bp2M 2t+Bi�iBQM Q7 K�;M2iB+ KmHiBH�v2`b-Ǵ CQm`M�H Q7 J�;M2iBbK �M/
J�;M2iB+ J�i2`B�Hb- pQHX R8N- MQX R- TTX GRĜGd- RNNeX

(j8k) GX "2`;2`- ǳ1KBbbBQM Q7 bTBM r�p2b #v � K�;M2iB+ KmHiBH�v2` i`�p2`b2/ #v � +m``2Mi-Ǵ S?vbX _2pX
"- pQHX 89- MQX Rj- TTX Nj8jĜNj83- RNNeX

(j8j) JX hbQB- �X :X JX C�Mb2M- CX "�bb- qX@*X *?B�M;- JX a2+F- oX hbQB- �M/ SX qv/2`- ǳ1t+Bi�iBQM Q7
� J�;M2iB+ JmHiBH�v2` #v �M 1H2+i`B+ *m``2Mi-Ǵ S?vbX _2pX G2iiX- pQHX 3y- MQX RN- TTX 9k3RĜ9k39-
RNN3X

(j89) 1X "X Jv2`b- .X *X _�HT?- CX �X E�iBM2- _X LX GQmB2- �M/ _X �X "m?`K�M- ǳ*m``2Mi@AM/m+2/
arBi+?BM; Q7 .QK�BMb BM J�;M2iB+ JmHiBH�v2` .2pB+2b-Ǵ a+B2M+2- pQHX k38- MQX 89kN- TTX 3edĜ3dy-
RNNNX

(j88) aX a2FB �M/ JX JQ+?BxmFB- aFv`KBQMb BM K�;M2iB+ K�i2`B�HbX aT`BM;2`- kyReX

(j8e) hX JBv�/�B- EX EBFm+?B- >X EQM/Q- aX a�FF�- JX �`�B- �M/ uX Ab?BF�r�- ǳJ�;M2iB+ S`QT2`iB2b Q7
*`RfjL#ak-Ǵ CQm`M�H Q7 i?2 S?vbB+�H aQ+B2iv Q7 C�T�M- pQHX 8k- TTX RjN9ĜR9yR- �T` RN3jX

(j8d) JX a?BMQx�FB- aX >Qb?BMQ- uX J�b�FB- CX@BX EBb?BM2- �M/ uX E�iQ- ǳ6BMBi2@h2KT2`�im`2 S`QT2`iB2b
Q7 h?`22@.BK2MbBQM�H *?B`�H >2HBK�;M2ib-Ǵ CQm`M�H Q7 i?2 S?vbB+�H aQ+B2iv Q7 C�T�M- pQHX 38-
TX yd9dRy- DmM kyReX

(j83) >X >B`Q`B- EX a?BMQFBi�- JX a?B`�B- aX h�MB- uX E�/Qv�- �M/ EX h�M�F�- ǳ1ti`�Q`/BM�`v +�``B2`
KmHiBTHB+�iBQM ;�i2/ #v � TB+Qb2+QM/ 2H2+i`B+ }2H/ TmHb2-Ǵ L�im`2 *QKKmMB+�iBQMb- pQHX k- TX 8N9-
/2+ kyRRX

(j8N) �X S�b?FBM- 6X CmM;BM;2`- "X J�v2`- *X a+?KB/i- PX a+?m#2`i- .X "`B/�- _X >m#2`- �M/ �X G2Bi@
2MbiQ`72`- ǳZm�MimK S?vbB+b qBi? lHi`�#`Q�/#�M/ �M/ AMi2Mb2 h2`�?2`ix SmHb2b-Ǵ A111 CQm`M�H
Q7 a2H2+i2/ hQTB+b BM Zm�MimK 1H2+i`QMB+b- pQHX RN- MQX R- TX 39yRey3- kyRjX

(jey) uX h�F�?�b?B- _X a?BK�MQ- uX E�M2FQ- >X Jm`�F�r�- �M/ uX hQFm`�- ǳJ�;M2iQ2H2+i`B+ `2bQM�M+2
rBi? 2H2+i`QK�;MQMb BM � T2`QpbFBi2 ?2HBK�;M2i-Ǵ L�im`2 S?vbB+b- pQHX 3- TX RkR- /2+ kyRRX
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(jeR) .X >ɃpQM2M- lX L�;2H- hX _ǤǤK- uX CX *?QB- *X GX w?�M;- aX S�`F- �M/ aX@qX *?2QM;- ǳJ�;M2iB+
2t+Bi�iBQMb �M/ QTiB+�H i`�MbBiBQMb BM i?2 KmHiB72``QB+ bTBM@Rfk bvbi2K GB*mkPk-Ǵ S?vbX _2pX "-
pQHX 3y- MQX Ry- TX Ryy9yk- kyyNX

(jek) aX 6m`mF�r�- JX a�iQ- �M/ aX PMQ/�- ǳ*?B`�H P`/2` �M/ 1H2+i`QK�;M2iB+ .vM�KB+b BM PM2@
.BK2MbBQM�H JmHiB72``QB+ *mT`�i2b-Ǵ S?vbX _2pX G2iiX- pQHX Ry8- MQX k8- TX k8dky8- kyRyX

(jej) CX@BX EBb?BM2- EX AMQm2- �M/ uX uQb?B/�- ǳavMi?2bBb- ai`m+im`2 �M/ J�;M2iB+ S`QT2`iB2b Q7 *?B`�H
JQH2+mH2@"�b2/ J�;M2ib-Ǵ S`Q;`2bb Q7 h?2Q`2iB+�H S?vbB+b amTTH2K2Mi- pQHX R8N- TTX 3kĜN8- kyy8X

(je9) uX hQ;�r�- uX EQmb�F�- aX LBb?B?�`�- EX AMQm2- CX �FBKBibm- �X aX Pp+?BMMBFQp- �M/ CX EBb?BM2-
ǳAMi2`H�v2` K�;M2iQ`2bBbi�M+2 /m2 iQ +?B`�H bQHBiQM H�iiB+2 7Q`K�iBQM BM ?2t�;QM�H +?B`�H K�;M2i
*`L#jae-Ǵ S?vbX _2pX G2iiX- pQHX RRR- MQX RN- TX RNdky9- kyRjX

(je8) GX 6B/FQrbFB �M/ �X EBi�2p- ǳ1z2+ib Q7 BMi2`�+iBQMb QM i?2 iQTQHQ;B+�H +H�bbB}+�iBQM Q7 7`22 72`KBQM
bvbi2Kb-Ǵ S?vbX _2pX "- pQHX 3R- MQX Rj- TX Rj98yN- kyRyX

(jee) GX 6B/FQrbFB �M/ �X EBi�2p- ǳhQTQHQ;B+�H T?�b2b Q7 72`KBQMb BM QM2 /BK2MbBQM-Ǵ S?vbX _2pX "-
pQHX 3j- MQX d- TX yd8Ryj- kyRRX

(jed) >X *X SQ- GX 6B/FQrbFB- hX JQ`BKQiQ- �X *X SQii2`- �M/ �X oBb?r�M�i?- ǳ*?B`�H 6HQ[m2i S?�b2b
Q7 J�Mv@"Q/v GQ+�HBx2/ "QbQMb-Ǵ S?vbX _2pX s- pQHX e- MQX 9- TX y9Rydy- kyReX

(je3) �X *X SQii2`- hX JQ`BKQiQ- �M/ �X oBb?r�M�i?- ǳ*H�bbB}+�iBQM Q7 AMi2`�+iBM; hQTQHQ;B+�H 6HQ[m2i
S?�b2b BM PM2 .BK2MbBQM-Ǵ S?vbX _2pX s- pQHX e- MQX 9- TX y9RyyR- kyReX

(jeN) GX 6B/FQrbFB- >X *X SQ- �X *X SQii2`- �M/ �X oBb?r�M�i?- ǳAMi2`�+iBM; BMp�`B�Mib 7Q` 6HQ[m2i
T?�b2b Q7 72`KBQMb BM irQ /BK2MbBQMb-Ǵ �`sBp T`2T`BMi �`sBp,RdyjXydjey- kyRdX

(jdy) CX >2`#`v+? �M/ sX wQiQb- ǳGB;?i@BM/m+2/ K�;M2iBx�iBQM BM � bTBM a4R 2�bv@TH�M2 �MiB72``QK�;@
M2iB+ +?�BM-Ǵ S?vbX _2pX "- pQHX Nj- MQX Rj- TX Rj99Rk- kyReX

(jdR) �X �X wpv�;BM- ǳJ�;M2iBx�iBQM Q7 � [m�MimK bTBM bvbi2K BM/m+2/ #v � HBM2�` TQH�`Bx2/ H�b2`-Ǵ
S?vbX _2pX "- pQHX Nk- MQX 8- TX y899y8- kyR8X

(jdk) *X /2M "`Q2+F- CX JX _X S�``QM/Q- �M/ _X hQ`�H- ǳLQBb2@AM/m+2/ LQM2[mBHB#`BmK S?�b2 h`�MbB@
iBQM-Ǵ S?vbX _2pX G2iiX- pQHX dj- MQX k8- TTX jjN8ĜjjN3- RNN9X

(jdj) "X EX *?�F`�#�`iB �M/ JX �+?�`vv�- ǳ.vM�KB+ i`�MbBiBQMb �M/ ?vbi2`2bBb-Ǵ _2pX JQ/X S?vbX-
pQHX dR- MQX j- TTX 39dĜ38N- RNNNX

(jd9) >X 6mDBb�F�- >X hmim- �M/ SX �X _BFpQH/- ǳ.vM�KB+ T?�b2 i`�MbBiBQM BM � iBK2@/2T2M/2Mi :BMx#m`;@
G�M/�m KQ/2H BM �M Qb+BHH�iBM; }2H/-Ǵ S?vbX _2pX 1- pQHX ej- MQX j- TX yjeRyN- kyyRX

(jd8) oX SQTFQp- JX a�H2`MQ- �M/ :X JX a+?Ƀix- ǳ�bvKK2i`B+ bBKTH2 2t+HmbBQM T`Q+2bb rBi? T2`BQ/B+
#QmM/�`v /`BpBM;-Ǵ S?vbX _2pX 1- pQHX d3- MQX R- TX yRRRkk- kyy3X

(jde) *X 1X _Ƀi2`- EX :X J�F`Bb- _X 1H@:�M�BMv- .X LX *?`BbiQ/QmHB/2b- JX a2;2p- �M/ .X EBT- ǳP#b2`@
p�iBQM Q7 T�`BivĜiBK2 bvKK2i`v BM QTiB+b-Ǵ L�im`2 S?vbB+b- pQHX e- TX RNk- D�M kyRyX

(jdd) uX *X >m �M/ hX GX >m;?2b- ǳ�#b2M+2 Q7 iQTQHQ;B+�H BMbmH�iQ` T?�b2b BM MQM@>2`KBiB�M Sh@
bvKK2i`B+ >�KBHiQMB�Mb-Ǵ S?vbX _2pX "- pQHX 39- MQX R8- TX R8jRyR- kyRRX

(jd3) >X a+?QK2`mb- ǳhQTQHQ;B+�HHv T`Qi2+i2/ KB/;�T bi�i2b BM +QKTH2t T?QiQMB+ H�iiB+2b-Ǵ PTiX G2iiX-
pQHX j3- MQX RR- TTX RNRkĜRNR9- kyRjX

(jdN) :X "�`QMiBMB- _X G�#QmpB2- 6X aim#2M`�m+?- �X oQ;H2`- oX :m�``2`�- �M/ >X Pii- ǳ*QMi`QHHBM;
i?2 .vM�KB+b Q7 �M PT2M J�Mv@"Q/v Zm�MimK avbi2K rBi? GQ+�HBx2/ .BbbBT�iBQM-Ǵ S?vbX _2pX
G2iiX- pQHX RRy- MQX j- TX yj8jyk- kyRjX
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(j3y) aX J�Hx�`/- *X SQHB- �M/ >X a+?QK2`mb- ǳhQTQHQ;B+�HHv S`Qi2+i2/ .272+i ai�i2b BM PT2M S?QiQMB+
avbi2Kb rBi? LQM@>2`KBiB�M *?�`;2@*QMDm;�iBQM �M/ S�`Biv@hBK2 avKK2i`v-Ǵ S?vbX _2pX G2iiX-
pQHX RR8- MQX ky- TX kyy9yk- kyR8X

(j3R) >X *�Q �M/ CX qB2`bB;- ǳ.B2H2+i`B+ KB+`Q+�pBiB2b, JQ/2H bvbi2Kb 7Q` r�p2 +?�Qb �M/ MQM@>2`KBiB�M
T?vbB+b-Ǵ _2pX JQ/X S?vbX- pQHX 3d- MQX R- TTX eRĜRRR- kyR8X

(j3k) hX 1X G22- ǳ�MQK�HQmb 1/;2 ai�i2 BM � LQM@>2`KBiB�M G�iiB+2-Ǵ S?vbX _2pX G2iiX- pQHX RRe- MQX Rj-
TX RjjNyj- kyReX

(j3j) SX S2M;- qX *�Q- *X a?2M- qX Zm- CX q2M- GX CB�M;- �M/ uX sB�Q- ǳ�MiB@T�`BivĜiBK2 bvKK2i`v
rBi? ~vBM; �iQKb-Ǵ L�im`2 S?vbB+b- pQHX Rk- TX RRjN- �m; kyReX

(j39) "X S2M;- aX EX ƹx/2KB`- JX GB2`ix2`- qX *?2M- CX E`�K2`- >X uBHK�x- CX qB2`bB;- aX _Qii2`- �M/
GX u�M;- ǳ*?B`�H KQ/2b �M/ /B`2+iBQM�H H�bBM; �i 2t+2TiBQM�H TQBMib-Ǵ S`Q+22/BM;b Q7 i?2 L�iBQM�H
�+�/2Kv Q7 a+B2M+2b- pQHX RRj- MQX k8- TTX e398Ĝe38y- kyReX

(j38) qX *?2M- aX EX ƹx/2KB`- :X w?�Q- CX qB2`bB;- �M/ GX u�M;- ǳ1t+2TiBQM�H TQBMib 2M?�M+2 b2MbBM;
BM �M QTiB+�H KB+`Q+�pBiv-Ǵ L�im`2- pQHX 893- TX RNk- �m; kyRdX

(j3e) .X G2vF�K- EX uX "HBQF?- *X >m�M;- uX .X *?QM;- �M/ 6X LQ`B- ǳ1/;2 JQ/2b- .2;2M2`�+B2b- �M/
hQTQHQ;B+�H LmK#2`b BM LQM@>2`KBiB�M avbi2Kb-Ǵ S?vbX _2pX G2iiX- pQHX RR3- MQX 9- TX y9y9yR-
kyRdX

(j3d) uX sm- aX@hX q�M;- �M/ GX@JX .m�M- ǳq2vH 1t+2TiBQM�H _BM;b BM � h?`22@.BK2MbBQM�H .BbbBT�iBp2
*QH/ �iQKB+ :�b-Ǵ S?vbX _2pX G2iiX- pQHX RR3- MQX 9- TX y98dyR- kyRdX

(j33) >X w?Qm- *X S2M;- uX uQQM- *X qX >bm- EX �X L2HbQM- GX 6m- CX .X CQ�MMQTQmHQb- JX aQHD�ÍBÉ-
�M/ "X w?2M- ǳP#b2`p�iBQM Q7 #mHF 62`KB �`+ �M/ TQH�`Bx�iBQM ?�H7 +?�`;2 7`QK T�B`2/ 2t+2TiBQM�H
TQBMib-Ǵ a+B2M+2- pQHX j8N- MQX ejdN- TTX RyyNĜRyRk- kyR3X

(j3N) JX �X "�M/`2b- aX qBii2F- :X >�`�`B- JX S�`iQ- CX _2M- JX a2;2p- .X LX *?`BbiQ/QmHB/2b- �M/
JX E?�D�pBF?�M- ǳhQTQHQ;B+�H BMbmH�iQ` H�b2`, 1tT2`BK2Mib-Ǵ a+B2M+2- pQHX j8N- MQX ej3R- kyR3X

(jNy) EX E�r�#�i�- EX a?BQx�FB- JX l2/�- �M/ JX a�iQ- ǳavKK2i`v �M/ hQTQHQ;v BM LQM@>2`KBiB�M
S?vbB+b-Ǵ �`sBp T`2T`BMi �`sBp,R3RkXyNRjj- /2+ kyR3X

(jNR) >X w?Qm �M/ CX uX G22- ǳS2`BQ/B+ h�#H2 7Q` hQTQHQ;B+�H "�M/b rBi? LQM@>2`KBiB�M "2`M�`/@
G2*H�B` avKK2i`B2b-Ǵ �`sBp T`2T`BMi �`sBp,R3RkXRy9Ny- /2+ kyR3X

(jNk) �X SX a+?Mv/2`- aX _vm- �X 6m`mb�FB- �M/ �X qX qX Gm/rB;- ǳ*H�bbB}+�iBQM Q7 iQTQHQ;B+�H BMbm@
H�iQ`b �M/ bmT2`+QM/m+iQ`b-Ǵ �AS *QM72`2M+2 S`Q+22/BM;b- pQHX RRj9- TTX RyĜkR- kyyNX

(jNj) JX aX _m/M2` �M/ GX aX G2pBiQp- ǳhQTQHQ;B+�H h`�MbBiBQM BM � LQM@>2`KBiB�M Zm�MimK q�HF-Ǵ
S?vbX _2pX G2iiX- pQHX Ryk- MQX e- TX ye8dyj- kyyNX

(jN9) .X EBK- JX E2M- LX E�r�F�KB- �M/ >X P#mb2- ǳ6HQ[m2i hQTQHQ;B+�H S?�b2b .`Bp2M #v Sh
avKK2i`B+ LQMmMBi�`v hBK2 1pQHmiBQM-Ǵ �`sBp T`2T`BMi �`sBp,ReyNXyNe8y- kyReX

(jN8) GX sB�Q- sX w?�M- wX >X "B�M- EX EX q�M;- sX w?�M;- sX SX q�M;- CX GB- EX JQ+?BxmFB- .X EBK-
LX E�r�F�KB- qX uB- >X P#mb2- "X *X a�M/2`b- �M/ SX sm2- ǳP#b2`p�iBQM Q7 iQTQHQ;B+�H 2/;2
bi�i2b BM T�`BivĜiBK2@bvKK2i`B+ [m�MimK r�HFb-Ǵ L�im`2 S?vbB+b- pQHX Rj- TX RRRd- DmH kyRdX

(jNe) .X .?�`- ǳ�M 2t�+iHv bQHp2/ KQ/2H 7Q` BMi2`7�+B�H ;`Qri?-Ǵ BM S?�b2 i`�MbBiBQMb- pQHX N- TX 8R-
:P_.PL "_1�*> a*A Sl"G Gh. *fP ah"a Gh. SP "Ps Ny- _1�.AL:- "1_Ea- 1L:@
G�L. _:R 3CG- RN3dX

(jNd) GX@>X :r� �M/ >X aTQ?M- ǳ"2i?2 bQHmiBQM 7Q` i?2 /vM�KB+�H@b+�HBM; 2tTQM2Mi Q7 i?2 MQBbv "m`;2`b
2[m�iBQM-Ǵ S?vbX _2pX �- pQHX 9e- MQX k- TTX 399Ĝ389- RNNkX

(jN3) CX 1X JQQ`2 �M/ GX "�H2Mib- ǳhQTQHQ;B+�H BMp�`B�Mib Q7 iBK2@`2p2`b�H@BMp�`B�Mi #�M/ bi`m+im`2b-Ǵ
S?vbX _2pX "- pQHX d8- MQX Rk- TTX jĜe- kyydX
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(jNN) EX a?BQx�FB- hQTQHQ;B+�H BMbmH�iQ`b �M/ bmT2`+QM/m+iQ`b, +H�bbB}+�iBQM Q7 iQTQHQ;B+�H +`vbi�HHBM2
T?�b2b �M/ �tBQM T?2MQK2M�X S?. i?2bBb- EvQiQ lMBp2`bBiv- kyR8X

(9yy) �X SX a+?Mv/2` �M/ aX _vm- ǳhQTQHQ;B+�H T?�b2b �M/ bm`7�+2 ~�i #�M/b BM bmT2`+QM/m+iQ`b rBi?Qmi
BMp2`bBQM bvKK2i`v-Ǵ S?vbX _2pX "- pQHX 39- TX yey8y9- �m; kyRRX

(9yR) sX@GX ZB- hX GX >m;?2b- �M/ aX@*X w?�M;- ǳhQTQHQ;B+�H BMp�`B�Mib 7Q` i?2 62`KB bm`7�+2 Q7 �
iBK2@`2p2`b�H@BMp�`B�Mi bmT2`+QM/m+iQ`-Ǵ S?vbX _2pX "- pQHX 3R- TX Rj98y3- �T` kyRyX

(9yk) GX 6m- *X GX E�M2- �M/ 1X CX J2H2- ǳhQTQHQ;B+�H BMbmH�iQ`b BM i?`22 /BK2MbBQMb-Ǵ S?vbX _2pX G2iiX-
pQHX N3- MQX Ry- TX Rye3yj- kyydX

(9yj) wX q�M;- sX@GX ZB- �M/ aX@*X w?�M;- ǳ1[mBp�H2Mi iQTQHQ;B+�H BMp�`B�Mib Q7 iQTQHQ;B+�H BMbmH�iQ`b-Ǵ
L2r CQm`M�H Q7 S?vbB+b- pQHX Rk- MQX e- TX ye8yyd- kyRyX

(9y9) >X aTQ?M- ǳ�TT`Q�+? iQ 2[mBHB#`BmK 7Q` +QKTH2i2Hv TQbBiBp2 /vM�KB+�H b2KB;`QmTb Q7 L@H2p2H
bvbi2Kb-Ǵ _2TQ`ib QM J�i?2K�iB+�H S?vbB+b- pQHX Ry- MQX k- TTX R3NĜRN9- RNdeX

(9y8) >X aTQ?M- ǳ�M �H;2#`�B+ +QM/BiBQM 7Q` i?2 �TT`Q�+? iQ 2[mBHB#`BmK Q7 �M QT2M L@H2p2H bvbi2K-Ǵ
G2ii2`b BM J�i?2K�iB+�H S?vbB+b- pQHX k- MQX R- TTX jjĜj3- RNddX


