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Chapter 1

Introduction

1.1 Background

This thesis is intended to study the mean curvature flow with driving force.

Precisely, we consider a family {I'(¢) };>o of hypersurfaces satisfying:
V=—k+A4 onT(t) c R", (1.1.1)

T(0) = T. (1.1.2)

Here V is the outer normal velocity, x is the mean curvature, A is a positive constant.
We aim to consider the initial hypersurface I'y has singularity.

This research is motivated by [14], the mean curvature flow with driving force
under the Neumann boundary condition in a two-dimensional cylinder with period-
ically undulating boundary. In [14], they only consider the condition that for initial
curve Iy = {(z,y) € R? | y = uo(z)} with |uj(z)] < M for some M. They show
that the interior point of I'(t) = {(z,y) € R? | y = u(x, )} never touches the bound-
ary and ['(t) remains graph. Therefore, the problem can be studied by the classical

quasilinear parabolic theory. If removing the assumption |uy(z)| < M, when u(z,t)
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r'(t)

Touch point r(t)

oQ oQ

Figure 1.1: Curve touching Figure 1.2: After touching

touches the boundary, the singularity will develop (Figure 1.1). Noting Figure 1.2,
after touching, I'(t) possibly separates into two parts and become non-graph (I'(¢)
can not be represented by y = u(x,t)). This makes us analyze what will happen
after touching boundary. Noting that I'(¢f) may become non-graph, we tend to use
the level set method established by [5]. In Chapter 3 and Chapter 5, we consider our
problem by level set method and identify whether the interface evolution is fattening
or not.

For mean curvature flow with driving force, recently, there are some researches. In
[13], Z. Liu shows that any solution starting as a convex, smooth, compact, embedded
hypersurface remains so like the result of G. Huisken. Moreover, the solutions can

be classified into three cases by its behaviors. In 2016, [10] consider the following
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free boundary problem called (Q)

( Ugy

u=T s + Ay 14+u2, x € (a(t),b(t), 0<t<T,

u(a(t),t) =0, u(b(t),t) =0, 0 <t <T,

uz(a(t),t) = tan0_(t), uy(b(t),t) = —tanf,(t), 0 <t < T,
\ u(z,0) = up(x), a(0) <z < b(0),

Q)

where 0 < 01 < 7/2. The family I'(t) = {(z,vy) | v = u(z,t), a(t) < x < b(t)}
moves by (1.1.1) in the plane and keeps the endpoints on the z-axis with the same
fixed contact angles. They also classify the solutions into three cases and give the
asymptotic behavior in each case.

In Chapter 4, we also give the results of the classification of the solutions in the

plane, however, without assuming the convexity of the initial curve.

1.2 Main results

We consider the initial hypersurface I'y has singularity at the origin and is sym-
metric to z, y-axis. Iy is given as in Figure 1.3. (The precise setting is given in
Chapter 3 and 5.) We want to identify the fattening phenomenon related to the
singular angle v. Moreover in Chapter 4, we classify the curvature flow with driving
force in the plane into three cases and give the asymptotic behavior in each case.

In the case singular angle v = 7/2, we introduce our main assumptions (A+),
(A—). Consider

V=—k+A on AT(t) c R*M, (1.1.1%)

A*(0) = Ay, (1.1.2%)

where Ag = 'y N {z > 0}. (Figure 1.4). By level set method, as introduced in
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Figure 1.3: Initial hypersurface Iy

0 (b, 0)

Figure 1.4: Initial curve Ay
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Chapter 2, there exists unique viscosity solution ¢ of the following level set equation

Oy = |V¢|div(%) + A|V¢| in R™™ x (0,7),

¢(I7y70> = al(x7y>’

where a;(x,y) is chosen such that Ag = {(z,y) | a1(z,y) = 0} and {(z,y) | a1(x,y) >
0} is bounded. The results in appendix show that the zero set of ¢ is not fattening
in a short time. Indeed, thanks to Theorem 2.3.7, the zero set of ¢ can be written

into

AT(t) = {(z,y) eRXR"| $(x,y,t) =0}
= {(@y) e RxR" | [y| = v(z,1), a.(t) <w < bu(B)},

for 0 < t < T,. Moreover, (v,as,b.) is the solution of the following free boundary

problem

Here a, and b, are called the end points of A*(¢).
Assumption (A+): There exists § > 0 such that a.(t) >0 for 0 <t < §.
Assumption (A—): There exists 6 > 0 such that a,(t) <0 for 0 <t < 9.
In Chapter 3, we consider the flow in the plane with singular angle v = 7 /2.
Theorem 3.1.1 shows that under the assumption (A—), the outer evolution and

inner evolution are away from origin. By uniqueness results we can prove they are
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Figure 1.5: Main assumptions

coincide. Therefore, the interface evolution I'(¢) of (1.1.1) with initial curve I'y is not
fattening.

In Theorem 3.1.2, assuming (A+) holds, the inner evolution is separated and the
outer evolution is connected. This means the interface evolution I'(t) of (1.1.1) with
initial curve I'y is fattening.

In Chapter 4, we continue to consider the curvature flow with driving force in
the plane. Assume the solution I'(¢) is given in Theorem 3.1.1. Theorem 4.1.1 and
Theorem 4.1.2 classifies I'(¢) into three cases: Expanding, Bounded and Shrinking.
Expanding. I'(¢) remains embedded for all ¢ > 0 and expands to infinity, as t — 0.
Bounded. I'(¢) remains embedded and bounded for all £ > 0. Moreover, I'(t)
converges to a sphere with radius 1/A4, as t — oc.

Shrinking. I'(¢) remains embedded until it contracts to a point at some finite time

T. Moreover, in Theorem 4.1.3, we can prove the asymptotic behavior for I'(¢) near
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singular time 7" is a sphere. As a corollary, I'() becomes convex eventually.

To help readers understand the three cases, we give a simple example. Consider
a family of circles 0Bg) (here we omit the center) evolving by V' = —x 4 A. Thus,
R(t) satisfies

We can easily get that
Expanding. When Ry > 1/A, R(t) 1 oo, as t — 0.
Bounded. When Ry = 1/A, R(t) = 1/A, for 0 <t < o0;
Shrinking. When Ry < 1/A, there exists Tg, < oo such that R(t) | 0, as t — Tg,;

In Chapter 5, we consider the mean curvature flow in higher dimensions and give
the criteria in judging whether the interface evolution fattening or not.

For the singular angle v = 7/2, in Theorem 5.1.1, we prove the same results of
Theorem 3.1.1 and Theorem 3.1.2 in higher dimensions.

In Theorem 5.1.2, for n > 2, we can find an angle «,, € (0,7/2), as long as
0 < v < «p, the interface evolution I'(¢) is not fattening. Moreover, I'(t) will
separate into two disjoint components.

In Theorem 5.1.3, for n = 1, as long as 0 < v < 7/2, the inner evolution always
separates into two disjoint components. However, the outer evolution is connected.
This means the interface evolution I'(¢) is fattening.

At last, we can conclude the results of Chapter 3 and Chapter 5 into following

tables:
Table 1.1: Singular angle v = /2
Assumption (A+) |n=1 n>2
Outer evolution Connected Connected
Inner evolution Separated Separated
Result Fattening Fattening




Chapter 1. Introduction

Table 1.2: Singular angle v = /2

Assumption (A—) |n=1 n>2

Outer evolution Connected Connected
Inner evolution Connected Connected
Result Non-fattening Non-fattening

Table 1.3: Singular angle v < /2

n=1,0<y<7/2|n>20<v<a,
Outer evolution Connected Separated
Inner evolution Separated Separated
Result Fattening Non-fattening

Compare these results with the results in [2]. S. Angenent, T. Ilmanen and D.L.
Chopp shows that for mean curvature flow V = —x in R3, there exists a € (0,7/2)
such that
(1). when singular angle v € [, 7/2], the interface evolution is fattening.

(2). when singular angle v € [0, «v), the interface evolution is not fattening.
We note that when the singular angle v = 7/2, the interface evolution always be-

comes fattening. It is the most different from the case with driving force.

1.3 A short review of mean curvature flow

For the classical mean curvature flow:
V = —kg,

there are many results. Concerning this problem, G. Huisken [11] shows that any

solution that starts out as a convex, smooth, compact, embedded surface remains so

7

until it shrinks to a "round point” and its asymptotic shape is a sphere just before it

disappears. He proves this result for hypersurfaces of R"*! with n > 2, but M. Gage
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and R. Hamilton [7] show that it still holds when n = 1, the curves in the plane.
M. Gage and R. Hamilton also show that embedded curve remains embedded, i.e.
the curve will not intersect itself. M. Grayson [8] proves the remarkable fact that
such family must become convex eventually. Thus, any embedded curve in the plane
shrinks to "round point” under curve shortening flow. But in higher dimensions
it is not true. M. Grayson [9] also shows that there exists a smooth flow that
becomes singular before shrinking to a point. His example consisted of a barbell:
two spherical surfaces connected by a sufficiently thin "neck”. In this example, the
inward curvature of the neck is so large that it will force the neck to pinch before
shrinking. This result can be also proved by Angenent’s doughnuts (seeing [3]).
Moreover, in [1], A. Altschuler, S. B. Angenent and Y. Giga study the flow whose
initial hypersurface is a compact, rotationally symmetric hypersurface but pinching
on z-axis by level set method. They prove the hypersurface will separate into two

smooth hypersurfaces after pinching.

1.4 Key methods

In this research, one of the most important tools is the level set method. An-
alytic foundation of the level set method is first established by L. C. Evans and J.
Spruck [6] and independently by Y. G. Chen, Y. Giga and S. Goto [5] in 1991; see
also [4]. Adjusting the theory of viscosity solutions in [6] the mean curvature flow
equation is studied in detail while in [5], more general geometric evolution equations
including the mean curvature flow equation with a driving force term are studied.
They prove the existence and uniqueness of the interface evolution. However, the
interface evolution possibly become fattening, first observed by [6]. Seeing our ini-
tial hypersurface has singularity at origin, we tend to use the level set method and

identify the interface evolution is fattening or not.

10
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Another important tool is the intersection number principle. But for the problem
with driving force, the intersection number may increase. In [10], they give the
extended intersection number principle to conquer this difficulty. Precisely, assume
(u1,a1,b1), (ug,as,by) are the solutions of (Q) with contact angles 61, #% and initial
functions wuj, u2. Let u}, uj be the straight line extensions of u; and uy such that
ul, uy in CY(R x [0,T)). They prove the intersection number between u} and uj}
is non-increasing provided that 6} # 60%. If ) = 62, the intersection number
will not increase provided that bi(t) # by(t) and decrease at to, where t, satisfies
bi(to) = ba(ty). Similarly for a(t). These results are called “extended intersection
number principle”. However, we cannot use the result directly. We will study the

intersection number and give their applications in Chapter 2.

1.5 Organization of this thesis

The rest of this paper is organized as follows. In Chapter 2, we provide some
preliminaries, which include level set method established by [5], a priori gradient
estimates and the intersection number principle. In Chapter 3, we introduce the
results in [17]. We study the curvature flow with driving force by the level set method
and give the sufficient conditions for fattening and non-fattening. In Chapter 4, we
continue to study the curvature flow with driving force in the plane. The solutions
given in Chapter 3 can be classified into three cases and the asymptotic behaviors in
each case are identified. To get the asymptotic behavior in Shrinking case, we need
a distance comparison principle for curvature flow with driving force. G. Huisken
first proves the principle for classical curve shortening flow in [12]. Seeing future, the
distance comparison principle for curvature flow with driving force only holds under
some special conditions. These results are included in [17] and [16]. In Chapter

5, we consider our problem in higher dimensions included in [15]. The criteria for

11
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fattening and non-fattening are given. In Chapter 6, we give the nonfattening results

for a-domain.
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Chapter 2

Preliminaries

In this chapter, we give some useful preliminaries. In Section 2.1, we introduce
the level set method and give the notion of the viscosity solution of level set equation.
In Section 2.2, we give the interior estimates for the graph equation. In Section 2.3,

we introduce the intersection number principle and give the application.

2.1 Level set method

First, we recall one of the main methods—Ilevel set method in this thesis. The
level set method is first introduced by [5] and [7], [8] independently.

Let I'(t) be a smooth family of smooth, closed, compact, embedded hypersurfaces
in RY given by I'(t) = {z|¢(z,t) = 0,2 € RV} for some ¢ and {z | ¥(z,t) > 0} is
bounded. If I'(¢) evolves by (1.1.1), we can see that ¢ (z,t) satisfies

Vy

Uy = \VMdiV(W) +AIVy[on {(z,t) [ ¢(x,1) = 0}.

14
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Next we consider the equation in whole space

Ve ) + A|Vy| in RN x (0,T). (2.1.1)

Equation (2.1.1) is called the level set equation of (1.1.1). Theorem 4.3.1 in [9] proves
the existence and uniqueness of the viscosity solution for (2.1.1) with ¢(x, 0) = ¢ (z).

Here vy(x) is a bounded and uniform continuous function.

z=y(x,y,1)

/ r(t) ={(x,y)|w(xy.t)=0}

Figure 2.1: Level set method in R?

Level set method Using the solution of level set equation, we introduce the

level set method.

Definition 2.1.1. (1) Let Dy be a bounded open set in RY. A family of open sets
{D(t) | D(t) C RN}goer is called an (generalized) open (or inner) evolution of

(1.1.1) with initial data Dy if there exists a viscosity solution ¢ of (2.1.1) that satisfies
D(t) = {x € RY | ¢(z,t) > 0}, Dy = {z € RY | ¢(x,0) > 0}.

(2) Let Ejy be a bounded closed set in RY. A family of closed sets {E(t) | E(t) C

R }oior is called a (generalized) closed (or outer) evolution of (1.1.1) with initial

15
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data Ej if there exists a viscosity solution ¢ of (2.1.1) that satisfies
E(t) = {z € R" | ¥(z,1) > 0}, Ey = {z € R" | ¥(z,0) > 0}.

The set I'(t) = E(t) \ D(t) is called an (generalized) interface evolution of (1.1.1)
with initial data I'o = Ey \ Do.

Remark 2.1.2. (1) For open set Dy and Ey = Dy, we often choose
(z,0) = max{sd(x,0Dy), —1}

where
diSt(l’,&Do), WS Do,

sd(z,0Dy) =
(,0D0) _dist(x,dDy), = ¢ Do,

(2) Seeing that the choice of ¥(z,0) is not unique, Theorem 4.2.8 in [9] implies
that the open evolution D(¢) and closed evolution F(t) are both independent of the
choice of ¥ (z, 0).

(3) Generally, even if Ey = Dy, we can not guarantee E(t) = D(t). If E(t)\ D(t)
has interior points for some t, we call the interface evolution is fattening. Respec-
tively, if E(t) = D(t), for all 0 < t < T, we say the interface evolution is not
fattening.

(4) If Dy and Dy are symmetric to z;-axis, then it is also true for D(t) and E(t).

Since level set equation (2.1.1) is invariance under orthogonal transformation.
We now list some fundamental properties of open evolution and closed evolution

of (1.1.1). (All the results listed below can be found in Chapter 4 of [9])

Theorem 2.1.3. (Semigroups) [9]. Denote N(t) and M(t) being the operators such
that N(t)Dy = D(t) and M(t)Ey = E(t), fort > 0. Then we have N(t)D(s) =
D(t +s) and M(t)E(s) = E(t+s), for anyt >0, s > 0.

16
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Theorem 2.1.4. (Order preserving property or comparison principle) [9]. Let Do,
D}, be two open sets in RY and let Ey, E}y be two closed sets in RN . Then

(1) N(t)Dy C U(t)D}, if Dy C D};

(2) M(t)Ey C M(t)E|, if Ey C Ej;

(3) N(t)Dy C M(t)Ey, if Dy C EY;

(4) Eo C Dy and dist(Ey, 0Dy) > 0, then M(t)Ey C N(t)Dy.

Theorem 2.1.5. (Monotone convergence) [9].

(1) Let D(t) and {D;(t)} be open evolutions with initial data Dy and D,y respec-
twely. If Djo T Do, then Dy(t) T D(t), t >0, i.e., U D;(t) = D(t);

(2) Let E(t) and {E;(t)} be closed evolutions ujz?flL initial data Ey and Ejy respec-
tively. If Ejo | Eo, then E;(t) | E(t), t >0, i.e., () E;(t) = E(t).

i>1
Theorem 2.1.6. (Continuity in time) [9]. Let D(t) and E(t) be open and closed
evolutions, respectively.

(1a) D(t) is a lower semicontinuous function of t € [0,T), in the sense that
for any to > 0, and sequence x, € (D(t,))¢ with x, — xo, t, — to, the limit
zo € (D(ty)). If D(0) is bounded so that C.(D(ty)) is compact, this implies that for
any ty > 0, € > 0 there is a § > 0 such that |t — to| < & implies D(t) D Cc(D(ty)).

(1b) E(t) is an upper semicontinuous function of t € [0,T), in the sense that for
any to > 0, and sequence x,, € E(t,) with x, — o, t, — to, the limit zo € E(ty). If
E(0) is bounded so that N.(E(to)) is compact, this implies that for any to > 0, € > 0
there is a 6 > 0 such that |t — to| < & implies E(t) C N(E(to)).

(2a) D(t) is a left upper semicontinuous in t in the sense that for any ty € (0,7T),
zo € (D(1y))¢ there is a sequence x, — x¢ and t, Tty with x,, € (D(t,))°. Moreover,
for any to € (0,T), € > 0 there exists a 6 > 0 such that to — 0 < t < to implies
C.(D(#)) € Dito).

(2b) E(t) is a left lower semicontinuous in t in the sense that for any ty € (0,7,

xrog € E(ty) there is a sequence x, — xo and t, T to with x, € E(ty). Moreover,

17
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for any ty € (0,T), € > 0 there exists a 6 > 0 such that to — 0 < t < to implies
N(E(t)) D E(to).

Here N (A) = {x € RY | d(x,A) < €}, for A is a closed subset in RY and
C.(A) = N (A°), for A is an open subset in RY.

Theorem 2.1.7. (Separate) Let {D;(t)}o<i<7 be the open evolution of V = —k+ A
and {Ds(t) }o<i<r be the open evolution of V.= —r — A. If D1(0) N Dy(0) = 0, then
Di(t)NDy(t) =0 for 0 <t <T.

The proof of this theorem is similar to Theorem 3.5 in [1]. We omit it.

Remark 2.1.8. For A > 0, even if D;(0) and D5(0) are disjoint, D;(t) and Ds(t) may
intersect. The basic reason is that the level set equation (2.1.1) is not orientation

free(If w is a solution, there does not hold that —u is also a solution for (2.1.1)).

In Chapter 3 and Chapter 5, to prove the fattening results, we need the following
lemma. This lemma gives the construction of an open evolution containing two

disjoint components.

Lemma 2.1.9. Assume D:(t) and Ds(t) being the open evolution of (2.1.1) with
D1(0) = Uy and D4(0) = Us. And D(t) is denoted as the open evolution of (2.1.1)
with D(0) = Uy UUs. If D1(t) N Dy(t) =0 for 0 <t < T, then D(t) = D;(t) U Ds(t),
0<t<T.

Under the condition A = 0, Dy(t) N Dy(t) = () holds automatically provided that
D1(0) N D9(0) = 0. But for A > 0, it is not true. Therefore, we give the assumption

Proof. First, we assume 0 =: min dist(D;(t), Da(t)) > 0. We define

0<t<T

ai(z) = max{sd(z,dD;(0)),0}, x ¢ RN i=1,2.

18
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XN +1

Xya = @ (X, 1) Xy = ¢2(th)

\

Figure 2.2: Proof of Lemma 2.1.9

Let ¢; be the viscosity solution of level set equation (2.1.1) with ¢(z,0) = a;(z),
i = 1,2. By the theory in [9], ¢i(x,t) € C.(RYN x [0,T]) and D;(t) = {z € RV |
@i(x,t) > 0}. Moreover, p; = 0 in RV \ D;(t), i = 1,2.

Our assumption implies that suppy; and suppyps, are seperated by d. Denote
¢ =: max{y1, p2}. For any open set B and diam(B) < 6,

p(r) = @1(z) or pa(x), v € B,

where diam(B) = sup{|z —y| | x,y € B}. Seeing the definition of viscosity solution,
¢ is also a viscosity solution of (2.1.1). Then D(t) = {x | p(z,t) > 0} = D;1(t)UDs(t),
for0<t<T.

Next we prove the result only under the assumption Dy (¢)NDo(t) = 0,0 <t < T.
Consider D! (t) = {z | pi(x,t) > 1}

We claim that ogignT dist(D] (tg, Di(t)) > 0, for all j. If Oging dist(Di(t), Dj(t)) =
0, for some j, then there exist t, € [0,7] and sequences {z,,} C Di(to), {ym} C
D (to) such that

1 1
[T — Ym| = 0, @1(zm, t0) > 7 02 (Ym, to) > I
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Then there exists z, such that lim z,, = lim y,, = . Then
m—00 m—00

1 1
e1(w,t0) > = >0, pa(z,t0) > ~ > 0.
J J

Consequently, x € D (to)NDs(t) # 0, contradiction. Then we have 0r2i<nT dist(D(t), Di(t)) >
0, for all j. By the argument in the first step, there holds D’(t) = Di(t) U D5(t)
is the open evolution with initial openset {z | ¢1(z,0) > 1} U{z | p2(z,0) > 1}, for
0<t<LT. / /
Noting fj DI(0) U D}(0) = U; UU, and using Theorem 2.1.5, D(t) = fjl Di(t) =
=

Jj=1

U DI(t) U Di(t) = Dy(t) U Dy(t), for 0 <t < T. O
j=1

Theorem 2.1.10. (Local smoothness for graphs) Suppose that 1 is a viscosity solu-
tion of (2.1.1). Assume in an open region U X (t1,t2),

{(z,t) [ =0} NU = {(z,1) | an = g(',1), 2" € U’}

where ' = (1, ,an-1), U =UN{xy =0} and g is continuous in U’ x (t,1s).

Then the function g is a viscosity solution of

9z, 9z;
(5 - ImIn A TR
gt ( J 1 |vg|2)g iLj | g|

or

gxing
gt = (5 —vgyz) a5 —A\/1+]Vg|2

lj_1+

If the normal velocity of {(z,t) | ¥ =0} NU is upward (downward), we choose “+”
(“=7) in above graph equation.

Moreover, g is C* in the region U’ x (t1,1s).

The proof can be seen similarly in [8] (Theorem 5.1 and Theorem 5.4). Here we
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omit it.

2.2 A Priori estimates

In this section, we give the interior gradient estimate.

Graph equation Let u(z,t) be some function on an open subset of R” x R, then
the graph of u(z,t) is a family of hypersurfaces in R"*'. The family of hypersurfaces
moves by V = —x + A if and only if

. (5 _ 11—“) s, £ AVT T [VuP,

Vul?

where the signs of the last terms are determined by direction of the driving force.

Under the case A =0,

(s U, Uy,
AT T e ) e

The gradient estimate in entire space R" is given by [6]. The local gradient estimate

is also given by [8]. In this thesis, the local gradient estimate under the condition

A > 0 is important. We prove it similarly as in [8].

Theorem 2.2.1. For u € C*(Qr) N C°(Qy), u satisfies

up = (51-- - %) Upie, £ A1+ [Vul?, (2.2.1)

1+

For the condition “+7(“="), we assumeu < 0(u > 0)in Qr, u(0,T) = —vo(u(0,T) =
vo). Then
|Vu(0,T)| < (3 + 16vg)e*”,
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1 A
where K = 2003 (4n + — +4A+ —) + 2, Qp = B1(0) x

T 2’00

1, i=j

6ij: .
0,777

[44

Proof. We only prove the case "+”. For the case “—”

(0,27) and

44 b

, we can consider “—u” to

get the result. Denote w = /1 + |Vu|?, V' = u,,/\/1 + |Vul]?, ¥ = §;; — v'v7. We

define the operator L as

Lh = g hga; — hy + AV hy,.

We let h = n(x,t,u(z,t))w, where n is a non-negative function and will be iden-

tified in future. By calculation,

Lh = gij(wxmﬂ + Wy, (77)96]' + (n)wiwﬁj + w(n)ww)

— (n)ew — nwy + AvF(wem + (0),

= nLw +wLn+ 297w, (n)s,

= nLw+wLn + 29" w,, (

Then

L)

he; — wxjn)

w

Lh— 29755 h, = (Lw — 2972222 4wl
7= ey = (Lw — 29" — - wln.

We claim that
W, W
Lw —2¢"—= > 0.
w

Therefore, there holds
Lh — 29ij%hxj > wln.
w

22
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We begin to prove the claim. Seeing

k 1 k.1l

wxixj =V u:ckxixj + E(uzkxzuxkxj —vv uxkxiuxlxj

),

PATRT

we have
ij k ij N YRy ij
9 Wz 2 V"G Uy 0 = V ((g uxixj)xk - gxkuiviwj)
k T T Ty k i
= V" | Utg,, — A—2 — VG2 Upia -
V14 |Vul
Combining
g 1 . , Uy, Uy
1] o J Y] 1 J
9z, = w(V Uz;ay, —i—Vquxk) + w3 Way 5
ku,
k ij k T j i
Vg ’Uzkzizj = w; — Av Wy, + ” <yﬂuwﬁk + VU, —
_ Ak 2 i
= W — AV Wy + — G Wa, Wy,
w
Therefore
ij > A 2
9" Weyz; 2 Wy — AV Wy, —+ Eg Wy, Wy -
Then

2 .
Lw > Eg”wxiwxj.

We complete the proof of the claim.
Next we choose n = f o ¢(x,t,u(x,t)),

ote0.2) = (5= + 11~ W))*

2’00

and

(@) = 5o — 1.

23
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When ¢ > 0, there holds

1 1 —-yx|2 2t 2t
zZ T o5 - y W, — 7 /Ly Pz :__51
6= g O = b, = — iy Briay = — 03
Consequently, when ¢ > 0, 2 <0, 0 <t < 2T,
, A7
0<¢<2, Y ¢ < o <16

By calculation,

LT] = g”fﬂ(¢xz + ¢ZU/I1)(¢IJ + ¢zuxj) + gljf/<¢x,xj + ¢Z/U/I¢SC]‘)
- f,<¢t + ¢zut) + Al/kf/(gbxk + qbzua:k)
"
> / (szz + szuﬂm) + f/(gw@cizj — o+ AVk@Ck) + f'¢.Lu
2 1 2t |Vul? 1—|z|?
o w? 7t QUouxi +f ( 1+ |Vu|2> T
2t Ug,,
) s
Combining
g A
Lu = l]um:v — U + Al/kux =,
B
there holds
(55 ) r(c o
Ln > =— -8+ —4n — = —4A ) — f'o.
= e 8v? / T I'e V14 [Vul?
" [ |Vul? , 1 A
> = -8 —4n — = —4A — —
— ow? \| 8} J " 20
K?eK9 (|Vul? X 1 A
= — Kef? [ —dn — = —4A — —
w? ( 8vd 8) e < " 2?}0)
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When |Vu| > max{16vg, 2}, we have

2 2 2
|Vu| >3, |Vul - 1+ |Vu| .
1602 =% 16— 20

Then

2659 | T2 1 A
Ly > Kervu +K6K¢(—4n———4,4——>

w? 160} T 2ug
K?eK¢ 1 A
> Kef?(—4n — — —4A — —
- 2008 + Kem?(—dn T 2@0)
K 1 A
= Kef? —4n— = —4A—— | >0
¢ (2%3 " 2vo> ’

1 A
when we choose K = 20vj(4n + T +4A+ 2—) +2, Qr = B1(0) x (0,27).
Vo

Therefore by (2.2.2), there holds
Lh — 29@‘%}% >0on {h>0or |Vu| > max{16vy,2}}.

By maximum principle,

(€§ —DHw(0,7) = h(0,T) < max

" h=0 and |Vu|=max{16v0,2}

< (2K —1)max{\/1 + (16v9)2, V5}.

Consequently, w(0,T) < e25(3 + 16vy). H

Remark 2.2.2. (1) In Theorem 2.2.1, Qr can be replaced by Qr = Bg(zo) % (0,27)

and vy = u(zo,T). Then the conclusion becomes

Vau(zo, T)| < e2K(3+ 16“—R0),
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; 2 44 A
where K = 20% (4n + R? + N + 2_210) +2. We can set v(z,t) =

then we can use Theorem 2.2.1 for v(x,t).

uw(Rz + o, R*t)
R )

(2) When u is the solution of (2.2.1) for “+” without the assumption “u < 07,
we can set

v=u—M—¢

where M = sup [u| and € > 0. Using (1) in Remark 2.2.2 to v, we can deduce

Qr
M —u(0,T 7
IVu(0,T)| < <3—|—16 u(R7 )+e> (2R
~ 20(M —u(0,T) +¢)? R® 44 A
bere . an o B 44 2.
where R2 n+T+R+2(M+€—u(O,T)) "

Tending € — 0, we have

M ~
Vu(0,T)| < (3 + 325) e

_ goMQ( R? 4A> 20AM
)+ = +2

WhereK:F 4”+?+R R2

Then we can get the next corollary by (2) in Remark 2.2.2 and the same method

as in [1].

Corollary 2.2.3. For s; < sy, p >0 and x¢o € R™ we set
Q= Bp({lf[)) X (81, 82).

Suppose that u € C3(Q) solves the equation (2.2.1) in Q with M = sup |u| < co. For
Q

any € > 0 there is a constant C' = C(M,e,n) such that

(Vu| < C on Q. = B, (1) X (51 + €, 59).
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Remark 2.2.4. (1) From Corollary 2.2.3 and [11], there exist Ci(M, €, n) such that
]Vku\ < Cy, (x,t) € Byac(xg) % (51 + 2€2, 55).

(2) Noting C' and C}, are all independent of s, if the solution u exists for all ¢ > sy,

S9 can be chosen as oo.

2.3 Intersection number principle

In this section, we introduce another important method—-intersection number
principle and give their applications.

A short review of the research in the intersection number The Sturmian
theorem states that the number of zeros(counted with multiplicity) of a solution of

linear parabolic equation of the type
up = a(x, t)ug, + b(x, t)u, + c(z, t)u

doesn’t increase with time, provided that w is defined on a rectangle zq < x < x4,
0 <t <Tand u(xj,t) #0for j =0,1, for all t € (0,7"). This result also holds for
the number of sign changing rather than the number of zeros of u(-,t).

It is well known that the intersection number between two families of rotationally
symmetric hypersurfaces I';(t) and T's(t) evolving by V' = —k is non-increasing(
[3]). However, this result is not true in the case A > 0. Indeed seeing future, the
intersection number between two families of rotationally symmetric hypersurfaces
evolving by V' = —k+ A may increase. The intersection number between two families
of rotationally symmetric hypersurfaces is defined as follows:

Intersection number for rotationally symmetric hypersurfaces For two

rotationally symmetric hypersurfaces I'(¢) and T'y(¢) are given by I'1(t) = {(z,y) €
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RXxR"|r=wu(z,t)} and I'y(t) = {(x,y) € R X R" | r = us(x,t)}. The intersection
number between I'y () and I'y(¢) denoted by Z[I";(t), ['2(¢)] is defined by the number
of intersections between u; (-, t) and us(+, t).

Extended intersection number principle First we introduce a more general

result about the intersection number in the plane. Consider the following problem

which we call (Q):

( U
U =

1 _:3;2 + A/ 1+u2, x € (a(t),bt)), 0<t<T,
u(a(t),t) =0, u(b(t),t) =0, 0 <t <T,
L(a(t),t) =tan0_(t), u,(b(t),t) = —tanb,(t), 0 <t < T,

\ u(x,0) = ug(x), a(0) <z < b(0),

Q)

where ug € Cla(0),b(0)] N C*(a(0),b(0)) and 6. (t) are smooth functions with values
in [0,7/2]. Let

{(z,y) |y = tan0_ (1) (x — a(t)),y < 0}, 0_(t) < /2

1(t) ==
71 (t) {(z,y) | # = a(t),y <0}, 0_(t) = 7/2,

{(.ﬁE,y) ’ Y= —tan(9+(t)(:v - b(t))>y < 0}7 9+(t) < 7T/2

o(T) :=
Y2(t) {(z,y) | © = b(t),y <0}, O,.(t) =7/2,

and

3(t) == {(z,9) [y = u(z,1), a(t) <z < b(1)}.
The extension curve of u(-,t) is given by
V() = n(t) Una(t) Urs(t).

Proposition 2.3.1. Let u'(z,t), a'(t) < = < b'(t) be solution of (Q) for 0L(t) €
[0,7/2), and u*(z,t), a®(t) < x < b*(t) be solution of (Q) for 63(t) = 7 /2, for 0 <
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t <T. Let~'(t) be the extension curve of u'(x,t), respectively. Then Z[y'(t),v2(t)] is
non-increasing int € [0,T) and is finite for each t € [0,T). Moreover, Z[y'(t),v*(t)]
will drop when v'(t) intersects v*(t) tangentially.

For the proof of this proposition, it is similar as the proof of the Proposition 2.4

in [10]. Here we omit it.

Remark 2.3.2. (1). Proposition 2.4 in [10] only give the results under 6%, € (0,7/2),
i=1,2.
(2). For ¢, = 7/2, i = 1,2, the results in Proposition 2.3.1 are not true. We

conclude the results in Remark 2.3.6.

We consider higher dimensional condition.

Horizontal and vertical graph equations If I'(¢) is a family of rotationally
symmetric hypersurfaces in R™™! then parts of I'(£) may be represented either as
horizontal graph, r = u(x,t), or vertical graph, = = v(r,t), where (x,y1, -+ ,yn) €
R and 7 = \/y? +y3 + - + 2.

If T'(t) is given as a horizontal graph, then I'(t) evolves by V = —k + A in R™™!

and the direction of the driving force points to the positive direction of r = |y| axis

if and only if u satisfies the horizontal graph equation

1
Ou_ e _n=1 Ty (2.3.1)

ot 1+u2 u

If T'(¢) is given as a vertical graph, then T'(¢) evolves by V = —x + A in R*™! if and

only if v satisfies the vertical graph equation

v ) n—1
— =T -+ A/ 1 2 2.3.2
ot 1+ v? e o ( )

or

ov v n—1
o - — A1+ 02, 2.3.3
o 1+ Y o (2:33)
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where the signs in the last terms are determined by the direction of the driving force

(we choose “+(—)” when the direction of the driving force is rightward(leftward)).
Moreover, a smooth family of smooth, closed, embedded hypersurfaces given by

I(t) ={(z,y) e RxR" | r =u(z,t),a(t) <z < b(t)} evolves by V = —k + A if and

only if u satisfies horizontal graph equation (2.3.1) and following:
u(b(t),t) = u(a(t),t) =0, ug(a(t),t) = —u,(b(t),t) =00, 0 <t <Ty, (2.34)

u(z,t) >0, a(t) <z <b(t), 0 <t<Ty, (2.3.5)
u(z,0) = ug, a(0) <z < b0). (2.3.6)

Theorem 2.3.3. Two smooth families of smooth, closed, embedded hypersurfaces
given by Ty(t) = {(z,5) € RXR" | 7 = uy(2,8), ax(t) < & < by(8)}, Talt) = {(,3) €
R xR | r=wug(z,t),as(t) <z < bo(t)} evolve by V = —k+ A in R 0<t<T.
Then either Ty = 'y for all t € (0,T), or the number of intersections of I'1(t) and
[y(t) is finite for all t € (0,T). In the second case, if ai(t), bi(t), az(t) and by(t)
are all different and their order remains unchanged for all t € (0,T), this number
is nonincreasing in time, and decreases whenever I'1(t) and T'y(t) have a tangential

intersection.

We only give the sketch of the proof. For example, if the order of aq, by, as, by is
given by ay(t) < az(t) < bi(t) < ba(t), 0 < t < T, the intersections are only in the
interval [ag(t), b1 (t)]. Since uy(az(t),t)—us(az(t),t) # 0and uy (b (t),t)—ua(by(t),t) #
0, 0 < t < T, using Theorem D in [2], the intersection number between u; and
ug is not increasing and decreases when tangentially intersecting in [as(t), b1 (2)].
Consequently, the intersection number between I'y(t) and I's(f) is not increasing.
We can prove the other conditions with the same method.

Using the intersection number principle, we can prove following gradient estimate.

We postpone the intersection number arguments in Lemma 2.3.5.
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Theorem 2.3.4. T'(t) = {(z,y) € R"™ | r = u(x,t),as(t) < 2 < by(t)} is a smooth
family of closed, smooth, embedded hypersurfaces in R*™ 0 <t <T. IfT(t) evolves
by V = —k+ A in R" there is a function o: Ry x Ry — R such that

luz(x,t)] < o(t,u(x,t))

holds for 0 < t < T, as(t) < = < by(t). The function o only depends on M =

max  u(z,0) and T.
az(0)<z<b2(0)

Proof. Let wy(r) € C*°((0,+00)), wy(r) > 0 and

0, 0<r<M+1
1L,r>M+2 '

X =W, (r)

____________________________

Figure 2.3: Proof of Theorem 2.3.4

We let w be the unique solution of the vertical equation (2.3.3) with the boundary
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condition

w,(0,¢) =0, t>0

and initial condition

w(r,0) = wy(r), r > 0.

Differentiating (2.3.3) in r,
pe = a™ (r,t)per + 0" (r,t)p, + c*(r,t)p, (2.3.7)

where p = w,, a*(r,t) = 1/(1+ w2), b*(r,t) = 2w, /(1 + w2)? + (n — 1)/r -

Aw,/\/T+ w2, ¢*(r,t) = —(n —1)/r%

By the maximum principle, we have for all r,¢t > 0, w, > 0 and supw,(r,t) is
nonincreasing in time. It follows from classical estimate for parabolic g(iolation that
all derivative of w are uniformly bounded for r,¢ > 0.

We claim that for any ¢ satisfying 0 < § < M + AT, there exists A5y > 0 such

that Asr decreases with respect to 0 and

AsT

p(r,t) >e "t (2.3.8)

for 6 <r < M + AT.
We only prove the claim for § small by constructing a subsolution. Let p be the
solution of

p,=a"(r,t)p + b (r,t)p +c(r,t)p, r>5/2, t >0,

with boundary condition p(6/2,t) = 0, ¢ > 0 and initial data p(r,0) = wo(r), r > §/2.

Since |w,| < sup |wj(r)], sup  |w,,| depends only on ¢ and T'. Seeing coef-
r>0 r>6/2, 0<t<T

ficients a*, b*, ¢* depending on w,., w,, and r, a*, b*, ¢* are all smooth and bounded

for some constant depending on ¢ and 7', for r > 6/2, 0 < t < T. Using the property
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of Green’s function in half space, we can get the estimate (2.3.8) for p (seeing [4]).

Noting p(r,0) = p(r,0), r > 6/2 and p(6/2,t) > 0 = p(d/2,t), then there holds
that p > p, for r > d/2,t > 0. Here we complete the proof of the claim.

Since p(r,t) > 0 for r > 0, the inverse of z = w(r, t) exists, denoted by r = v(x, t).
Seeing the normal velocity of x = w(r, t) is leftward, the normal velocity of r = v(z, t)
is upward. Therefore, v(z,t) satisfies the horizontal graph equation (2.3.1) with the
free boundary condition

v(a(t),t) =0, v.(a(t),t) = oo, xl_i>rbr(1t)v(x,t) = 00, rE)Ibr(lt) ve(z,t) = 00, t > 0.
Let () = {(z,y) € R"™ | r = v(x,t),a(t) < x < b(t)} and E¢(¢) denote the
translation of ¥(¢) given by

r=w(r,t)+¢.

Y¢(t) can be also represented by r = v(x — &, 1), a(t) + & <z < b(t) + & Let aq(t)
and by (t) be the end point of X¢(¢), then ay(t) = {+a(t), bi(t) = £+b(t). Obviously,
for (xo,to) € (az(to), ba(to)) x (0,T), there exists & € R such that

U(l’o — f,to) = U([Eo,to).

By the following Lemma 2.3.5, we can deduce that the graph of u(z,ty) intersects
v(x — &, tg) only once.
Next we claim

Ve (20 — &, o) > ug(0,10).

If not, v, (g — &, to) < ug(xo,to), then there exists & > 0, such that

u(z, to) > v(x — &, o),
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for all z € (zg,x9 + ). Since lim wv(x,tg) = +oo and max  u(z,ty) < oo,
xz—b1 (1) az(to)<z<ba(to)

Ye(to) intersects I'(tg) at least twice. This yields a contradiction.

| x=w(r,t0)+§ |

at)  b) &) al) & bL,)TZ bL)

Figure 2.4: Proof of Theorem 2.3.4

By maximum principle, it is easy to see r = u(x,t) < M + At < M + AT,
as(t) <z < by(t), 0 <t <T. Combining (2.3.8), there holds
1 Av(zofg,to),T Au(zo,to),T

Uz (o, To) < <e to =e o = o(tg, u(xo, to))-
$< ) U}r(v(l'o - gvtO)atO) ( ( ))

By considering the reflection $(0) = {(z,y) | + = —wo(r)} and the equation
(2.3.2) with w,(0,t) =0, t > 0 and w(r,0) = we(r), r > 0, the bound for —u,(zo, to)

can be got similarly. N

Lemma 2.3.5. X¢(t) and ['(t) is given in the proof of Theorem 2.3.4, then X¢(t)

intersects T'(t) at most once.

Proof. By the same argument as Theorem 2.3.3, the intersection number between

Ye(t) and I'(f) is not increasing provided that a;(t), bi(t), a2(t) and by(t) are all
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different and that their order remains unchanged. So we only prove this result when
the order of a1 (t), by(t), as(t) and by(t) changes.

Case 1. Assume a;(t) < as(t) < bi(t) < ba(t), t <ty and a1(t) < as(t) < bo(t) <
bi(t), t > ty. And for ¢t < ty, X¢(t) does not intersect I'(t). Then X(t) does not
intersect I'(t), for ¢ > to.

() r'(t) Z.(t)

r(t)

a(t) a(t) b,(t) b, (® a(t) a,(t) b,(t) b(t)

Figure 2.5: Case 1 Figure 2.6: Case 1

Since libn(l )v(x — &, ty) = 400 and u(by(te),t2) = 0, there exists a positive ¢
x—b1(t2

independent of ¢, such that v(z — & t2) > u(z,ts), bi(te) —d < & < bi(t2). By

continuity, there exists € such that
"U(bl(tg) -0 — f,t) > U(bl(tg) — (5, t), to —e<t<ity+e (239)

and

’U(.I' — f,t) > U(l’,t), b1<t2) —o<z< bg(t), to <t <ty+e (2310)

The assumptions in this case imply boundary condition
u(ag(t),t) —v(ag(t) —&,t) <0, tg—e <t <ty+e
and initial condition

U(I,tQ — 6) < 'U(.% — €7t2 — 6), a2(t2 — 6) <z < bl(tg) — 0.
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Combining the other boundary condition (2.3.9), using maximum principle in domain

Uty —e<t<tate ([az(t), b1(t2) — 6] x {t}),
there holds
u(z,t) <v(r —&t), as(t) <a <bi(ty) =9, ta—e<t<ty+e

Seeing (2.3.10), u(z,t) < v(r —&,t), as(t) <z < by(t), to <t < ty+e. It means that
Ye(t) does not intersect I'(t), for t5 <t < t3 + €. So by Theorem 2.3.3, ¥¢(¢) does
not intersect I'(t), for ¢ > t,.

Case 2. Assume a;(t) < as(t), X¢(t) does not intersect I'(¢), t < t3 and a;(t3) =
&Q(tg).

Z:(1) <t e z(1)

a®a,® b b,()” a(t)=a,(t) " b(b) b,®

t>t;

Z:® i r(t)

a(t) a(t) 'bi() b, (t)

Figure 2.7: Case 2

Since lim( )ugc(x,t) = 00, there exist d; and e such that r = wu(z,t) can be
rx—az(t

expressed as © = h(r,t), 0 < r < 0y, t3 — € < t < t3 + €. The assumptions in this
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case imply that
w(51,t) +£ < h(él,t>, tg —e<t<tz+e.

It is easy to see w(r,t) + & and h(r,t) satisfy the vertical graph equation

_ _We M=
14 w? r
w,(0,) =0, t >0,

1
w, — A1 +w2, 0<7r <4y, t3—e<t<ts+te,

Wy

and w(r,t3 —€) +& < h(r,t3—€). By strong maximum principle, w(r,t)+& < h(r,t),
for 0 <r <0y, t3 — € <t < t3+e. Contradiction to a;(t3) = as(t3). It means that
this case does not happen.

Case 3. Assume as(t) < bo(t) < a1(t) < bi(t), t < tg and as(t) < ai(t) < bo(t) <
bi(t), t > tg.

()

a,(0) b)) b ) 3,10) a(t) b() bt

Figure 2.8: Case 3 Figure 2.9: Case 3

Obviously, X¢(t) dosen’t intersect I'(t), t < tg. Noting lim w,(z,t) = —oo and

m%bg(t)

lim v, (x — &, t) = oo, there exists € such that
z—aq(t)

Uz (x,t) —v(x —&1) <0, a1(t) <z < by(t), te <t <tg+e.
Seeing u(ai(t),t) —v(ai(t) —&,t) > 0 and u(be(t),t) — v(bo(t) — &, 1) < 0, u(x,t)

intersects v(x — &£, t) only once in [a1(t), ba(t)], t6 < t < tg + €. Consequently, X¢(t)
intersects I'(t) only once, tg < t < tg + €. So by Theorem 2.3.3 we have Y(t)
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intersects I'(t) only once, t > t4.

The other conditions can be investigated similarly as the three cases above. We
note that the intersection number increases only in Case 3.

Then we can conclude that

1. if a1(0) < a2(0), X¢(t) does not intersect I'(¢).

2. if az(0) < a1(0) < b2(0), X¢(t) intersects I'(¢) at most once.

3. if by(0) < a1(0), Xe(t) intersects I'(t) at most once.(Only in this case, the
intersection number may increase)

We complete the proof. O]

Remark 2.3.6. The intersection number between two closed, compact, embedded,
rotationally symmetric hypersurfaces I'1(t) = {(z,y) € RxR" | r = uy(x,t),a;1(t) <
z <bi(t)}, Ta(t) = {(z,y) € RXR" | r = ug(x,t),as(t) < x < bo(t)} is denoted by
Z(t) := Z[[1(t),To(t)]. If T;(t) evolve by V = —k + A in R"!| using Theorem 2.3.3
and the same methods in Lemma 2.3.5, we can similarly prove

(a). If Z(t) > 0,0 <t < tg, then Z(t) does not increase for 0 <t < t.

(b). If Z(to) =0, then Z(t) <1,ty <t <T.

In this remark, observing the proof of Case 3 in Lemma 2.3.5, it also holds
that the intersection number possibly increases once in the cases a;(0) > by(0) or
az(0) > b1(0). The results in this remark can be proved similarly as Lemma 2.3.5.

Using the opinion in this remark similarly, since Z(0) < 1 in Lemma 2.3.5, there

holds Z(t) <1lforO0<t<T.

By the arguments of intersections, we can prove the following theorem.

Theorem 2.3.7. Let T'(t), t € [0,T), be a family of smooth hypersurfaces evolving
by V = —k + A in R*™. If T(0) is obtained by rotating the graph of a function
around the x-axis, then so are the I'(t) fort € [0,T).
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For the proof of Theorem 2.3.7, we see that I'(¢) is also rotationally symmetric
because the equation is rotationally invariance. Since I'(0) is obtained by rotating
the graph of a function around the z-axis, I'(0) can be written into I'(0) = {(z,y) €
R xR"™ | r = vo(z)} for some function vy(z). It means that all straight vertical plane
x = c intersects I'(0) at most once. Using the same argument in Lemma 2.3.5, we
can prove that every vertical plane z = ¢ intersects I'(¢) at most once. Then T'(¢)
can be also written into {(x,y) € R x R" | r = u(z,t)}. We omit the details.

In our problem, seeing future, the hypersurface evolving by V' = —k + A maybe
intersect itself at z-axis. To conquer this difficulty, we refer to the definition of

a-domain in [1].

Definition 2.3.8. We say a domain U is an a-domain if

(1). U € R™"! is an open set of the form
U={(z,y) e RxR" | r <u(zx)}.

(2). I ={x € R|u(z) >0} is a bounded, connected interval. Let the endpoints
of I be a; < as.

(3). u is smooth on I;

(4). OU intersects each cylinder 0C, with 0 < p < o twice and these intersections

are transverse, where C, = {(z,y) € R"™ | r < p}.

We observe that the boundary OU of an a-domain U does not intersect itself
at y = 0. The condition (3) implies OU is a smooth curve, except possibly at its
endpoints (aq,0), (az,0). The condition (4) implies that there exist d;,02 > 0 such
that

u(ar + 61) = u(az — 62) = «,
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Figure 2.10: a-domain

and
, >0, IE(al,a1+5l],
u'(x) =
<0, x € |ag — 09, a3).
Therefore, the inverse of u|(4, 4,45, a0d U|[ay—5,,0,] €Xist, denoted by vy, vy : [0, 0] —
R. By the implicit function theorem, they are smooth in (0, a]. Moreover, v/ (r) > 0,

vh(r) <0, (0 <r < a) and
OUNC, ={(r,y) eER"™0<r<a, z=uv(r), i=1,2}.

The two components of JU N C, are called the left and right caps of OU.

If U is an a-domain, by Theorem 6.0.3, there exists Ty and D(t) be the open
evolution with D(0) = U such that dD(t) is smooth and D(t) = {(z,y) € R? | Jy| <
u(z,t),a(t) < x < b(t)} for 0 < t < Ty. Moreover, (u,a,b) satisfies (2.3.1), (2.3.4),
(2.3.5).

Next we prove Lemma 2.3.9 and 2.3.10 by the arguments of intersection number.

Following Lemma 2.3.9 and 2.3.10 show the open evolution starting as a-domain
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does not intersect itself at z-axis in short time.

Lemma 2.3.9. Forn = 1, let U be an a-domain. Then there exists tf; > 0 such
that D(t) denoted the open evolution with D(0) = U is an (a+ At)-domain, 0 < t <
min{t®, Ty }.

Lemma 2.3.10. For n > 2, there exists t3; > 0 such that D(t) is an a(t)-domain

for all 0 < t < min{t®, Ty}, where a(t) is the solution of the following equation

n—1
a(t)

Q)= A— (2.3.11)

with initial data a(0) = .
Using Proposition 2.3.1, we prove Lemma 2.3.9.

Proof of Lemma 2.5.9. Since U is an a-domain, using Theorem 6.0.3, there exists Ty,
such that dD(t) is smooth and 9D(t) = {(z,y) € R? | ly| = u(z,t),a(t) <z < b(t)}
for 0 <t < Ty. Here (u, a,b) satisfies

w= —m AT 2, ((2.3.1%))

1+ u2

with (2.3.4), (2.3.6).

Since U is not contained in the cylinder C,, there exists a small ball B.(P) C
U\ C,. By (1) in Theorem 2.1.4, there holds B (P) C D(t) for 0 < t < ¢;. Here
€(t) satisfies

. 1

with €(0) = e. Since B.(P)N C, = 0, by (1b) in Theorem 2.1.6, there exists t; > 0,
such that By (P) N Cagrar =0, 0 <t < t;. Then

Be(t)<P) C D(t) \ Ca+At; 0<t<ty.
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This implies for all 0 < ¢y < &%, p < o + Aty, y = p intersects y = u(z,ty) at least
twice. Here ¢ = min{dy,#;}.

On the other hand, for 0 < p < a+ Atg, 0 < tq < Ty, y = p— Aty intersects ' (0)
exactly twice (y!(t) is constructed in Proposition 2.3.1). Proposition 2.3.1 shows
that y = p intersects v!(to) at most twice.

Therefore 0C, intersects 0D(ty) exactly twice, 0 < ¢ty < min{t, Ty }.

Choosing ty = min{ty, Ty}, D(t) is an (a + At)-domain, 0 < ¢ < ty. The proof
is completed. O

Figure 2.11: Proof of Lemma 2.3.9 Figure 2.12: Proof of Lemma 2.3.9

We continue to prove Lemma 2.3.10. We note for the problem,

n—1
"y=A— —— ¢
/(1) NOR > 0,

a(0) = a,

the following results hold.
(1) when o < (n — 1)/A, there exists T, < oo such that a(t) | 0 as t — T, and
lim a(t) = (n—1)/A4,;
t——o0
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(2) when a = (n —1)/A, a(t) = (n—1)/A for 0 < t < o0
(3) when a > (n — 1)/A, a(t) t oo as t — oo and lim «(t) = (n —1)/A.

t——00
Proof of Lemma 2.3.10. Since U is not contained in the cylinder C,, there is a small
ball B(P) C U\ C,. By (1) in Theorem 2.1.4, B.;)(P) C D(t) for 0 < t < ¢;. Here

e(t) is the solution of the following equation

n

€(t)

with initial data €(0) = € and d; is the maximal time for the solution existing.

ft)=—-A——, 0<t<6 (2.3.13)

Let 02 be the maximal existence time of the solution for equation (2.3.11) with
initial data a/(0) = a.

Theorem 2.1.7 implies B (P) N Cyy = 0 for 0 < t < t&%. Here
tg = min{él, 52}

Therefore,

Bew(P) € D(t) \ Cagwy, 0 <t <tp.

Then for all 0 < p < «a(t), 0C, must intersect 0D(t) at least twice for 0 < t < tf.
On the other hand, Fix 0 < p < a(ty) and 0 < ¢ty < min{t, Ty}, and let p(t) be
the solution of the equation (2.3.11) with initial data p(0) = p. Next we prove that
0C,, intersects 0D(ty) at most twice.
By comparison principle for ordinary differential equation, we have p(—ty) < «a.
This means y = p(—ty) intersects y = u(x,0) only twice. Noting p(t — ty) > 0 for
t>0,

y=p(t—to) >u(a(t),t) =0, y = p(t —to) > u(b(t),t) =0 for t > 0.
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By Theorem D in [2], Zjaq) (0 (p(t — to), u(-,t)) is not increasing for ¢ > 0. Then

Ziawpw) (Pt —to),ul- 1)) < Ziao).000)(p(—t0), u(-,0)) = 2.

Therefore 0C, intersects 0D(t,) exactly twice, for 0 < ¢t < min{t{;,Ty;}. Conse-
quently, D(¢) is an «(t)-domain for 0 < ¢ < min{t%, Ty }. O

Proposition 2.3.11. For tf; and Ty given in Lemma 2.3.9 and 2.53.10, there holds
te < Ty.

To prove this proposition, we need the following lemma.

Lemma 2.3.12. Assume that D(t) = {(z,y) € RxR" | |y| < u(z,t),a(t) <z <
b(t)} is a p-domain for 0 <t <T. Let wy < wq such that

CpNAD() = {(2,y) | © = wi(y,t) or & = ws(y, 1)}

Then

lim w1 (yv t) = w1 (ya T) and lim w2(y7 t) = W2 (y7 T)
t—T t—T

exist and these convergences are uniformly convergent for |y| < &. Moreover, vy (ry,T)
< 1(r2, T) and va(ry, T) > va(re, T) for 0 < 71y < 1y < &, where vi(r,t) = wi(y,t)

and vo(r,t) = we(y, t).

Proof. wi(y,t) and wy(y,t) satisfy the equation (2.2.1), respectively for "F7. We
only prove the result for w;(y,t). Since w; is uniformly bounded, Corollary 2.2.3
and Remark 2.2.4 imply that derivatives ngl, j = 1,2, are uniformly bounded
for 0 < [y] < Z, % < t < T. Consequently, % is bounded for 0 < [y < £,
T <t < T. So there exists w; (y, T') such that w; (y, t) converges to w; (y, T') uniformly

for 0 <|y| <5, ast—T.
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Note that the following hold

vy ,p ovy

and

(%1 1%
E(T,O) >0for0<r< 5

In fact, differentiating (2.3.3) in r,
pe = a(r, prr + b, Dy + c(r, O, (23.7)

where p = w,, a(r,t) = 1/(1 + w?), b(r,t) = —2w,w,,./(1 + w?)? + (n — 1)/r —
Aw,/\/1+w?, ¢(r,t) = —(n — 1)/r?%. Strong maximum principle implies

%>0f0r0<r<£,()<t§T.
or 2

Therefore v, (r1,T) < vi(ry,T) for 0 < ry < 7y < §. Similarly, we can prove the

conclusion for vs. O
Proof of Proposition 2.5.11. If Tyy < t;. By Lemma 2.3.10, there exists p > 0 such
that D(t) is a p-domain for 0 < ¢t < Ty

We divide dD(t) into two parts: dD(t) = (9D(t) N {r < p/2}) U (OD(t) N {r >
p/2}).

Step 1. 0D(t) N {r < p/2}

Since 0D(t) is a p-domain, there exist w; < wq such that 0D(t) N {r < p} =
{(,9) | 2 = wn(y,£), Iyl < pYU{(@, ) | = = waly,t),ly| < p}. By the same argument
as in Lemma 2.3.12, ngi, j=1,2, 7= 1,2, are uniformly bounded for 0 < |y| < £,
v <t < Ty. Therefore, the mean curvature of dD(¢) N {r < p/2} is uniformly
bounded for & < ¢t < Ty.

Step 2. dD(t) N {r > p/2}
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Recalling 0D(t) = {(z,vy) | |y| = u(z,t),a(t) < x < b(t)}, by Lemma 2.3.12,
vi1(p/4,Ty) < vi(p/2,Ty) and va(p/4,Ty) > va(p/2,Ty). Then for any sufficiently
small € > 0 for all ¢ close to Ty there holds

[Ul (p/27 t), UQ(p/zv t)] - (Ul (p/47 t) T € U2(p/47 t) - 6)' (2'3'14)

Theorem 2.3.4 shows that u, is bounded for |y| > p/4. ie. wu, is bounded in
[vi(p/4,t),v2(p/4,t)], t close to Ty. Remark 2.2.4 implies that u,, is uniformly
bounded in (vi(p/4,t) + €,v2(p/4,t) — €), t close to Ty .

Therefore, (2.3.14) shows that u, and u,, are uniformly bounded for = € [v1(p/2, 1),
ve(p/2,1)], t close to Tyy. Consequently, the curvature of 0D(t)N{r > p/2} is bounded
for t close to Tyy. Here we show that the curvature of dD(t) is uniformly bounded as

t T Ty. It contradicts that dD(t) become singular at Ty . O

Remark 2.3.13. (1). In Lemma 2.3.10, 0 < t < min{t®, Ty} is equivalent to 0 < t <
o

(2). Seeing the choice of t¢, t& <, it U C W.

Bibliography

[1] S. Altschuler, S. Angenent, and Y. Giga. Mean curvature flow through singu-
larities for surfaces of rotation. J. Geom. Anal., 5:293-357, 1995.

[2] S. Angenent. The zero set of a solution of a parabolic equation. J. Reine. Angew.

Math., 380:79-96, 1988.

[3] S. Angenent. Parabolic equaitons for curves on surfaces-part II.  Annals of

Mathematics, 133(1):171-215, 1991.

46



Chapter 2. Preliminaries

[4]

[5]

[10]

[11]

J.R. Cannon. The One-Dimensional Heat Equation. Cambridge University
Press, 1984.

Y.G. Chen, Y. Giga, and S. Goto. Uniqueness and existence of viscosity solutions

of generalized mean curvature flow equations. J. Diff. Geom., 33:749-786, 1991.

K. Ecker and G. Huisken. Mean curvature evolution of entire graphs. Annals

of Math, 130:453-471, 1989.

L.C. Evans and J. Spruck. Motion of level sets by mean curvature I. J. Differ-
ential Geom., 33(3):635-681, 1991.

L.C. Evans and J. Spruck. Motion of level sets by mean curvature II1. J. Geom.

Anal., 2:121-150, 1992.

Y. Giga. Surface evolution equations-A level set approach. Monographs in Math-
ematics, Birkhauser, 2006.

J. Guo, H. Matano, M. Shimojo, and C. Wu. On a free boundary problem
for the curvature flow with driving force. Archive for Rational Mechanics and

Analysis March, 219(issue 3):1207-1272, 2016.

O.A. Ladyzhenskaya, V. Solonnikov, and N. Ural’ceva. Linear and quasilinear
equations of parabolic type. Translations of Mathematical Monographs, 23 A.
M. S., 1968.

47



Chapter 3

The criteria for fattening and
non-fattening phenomenon in the

plane

In this chapter, we want to introduce the results in [8]. In [8], we consider a
family of axisymmetric curves evolving by its curvature with driving force in the
plane. However, the initial curve is oriented singularly at origin. We investigate this
problem by level set method and give some criteria to judge whether the interface

evolution is fattening or not.

3.1 Introduction

Curvature flow with driving force, precisely, is given by
V=-rk+Aonl(t) CR? (1.1.1)
['0) =Ty, (1.1.2)
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where V' is the outer normal velocity of I'(¢),  is the curvature of I'(#) and the sign
is chosen such that the problem is parabolic. The constant A called driving force is
positive.

In this research, the initial curve I'y is symmetric to x and y-axis. Let Ay =

Ty N {z > 0} be closed, smooth, embedded given by
Ao = {(z,y) € R?* | |y| = up(x),0 <z < by}.

Here ug is even and ug € C[—by, by ﬂCOO((—bO, 0)U(0, bo)) for by > 0. Consequently,
Lo = {(z,y) € R* | Jy| = uo(), —bo < = < by}

and Ty is singular at origin (Figure 3.1).

By the assumption of Ay, there hold
up(z) >0, 0 <z < by

and

up(0) = up(bp) = 0, lim wuy(z) = — lim wugy(z) = oo.
z—0*t a—by

Main assumptions. Before giving our main results, we first consider another

problem.
V=—k+A on AT(t) C R?, (1.1.1%)

AT(0) = Ao, (1.1.2%)

(Figure 3.2). We consider this problem by level set method. As introduced in Chapter
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Iy :{(X1 Y)||Y|:uo(x)1_bo = ngo}

Ny\/\
I~

(b,,0)

Figure 3.1: Initial curve I'y

| \/\j(bom

Figure 3.2: Initial curve Ag
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2, there exists unique viscosity solution ¢ of the following level set equation

Vo
Vo
¢(x7 Y, 0) = a1<$7y)7

= |Vo¢|div(—=—) + A|V¢| in R? x (0,T),

where a;(x,y) is chosen such that Ag = {(z,y) | a1(z,y) = 0} and {(z,y) | a1(x,y) >
0} is bounded. The results in appendix show that the zero set of ¢ is not fattening
in a short time. Indeed, thanks to Theorem 2.3.7, the zero set of ¢ can be written

into
A () = {(z,y) € R* | ¢(z,y,1) = 0} = {(z,y) € R?[ |y = v(z,1),a.(t) <z < ba(1)},

for 0 < t < T,. Moreover, (v, ay,b,) is the solution of the following free boundary

problem

+ + A1+ 42, x € (a.(t),bi(t)), 0 <t < T,
u(as(t),t) =0, u(b.(t),t) =0, 0 <t <T,,

Uz (ax(t),t) = 00, uz(bi(t),t) = —o0, 0 <t < T,

u(x,0) = ug(x), 0 <z < by.

2
Uz

\

Here a, and b, are called the end points of A™(¢).
Assumption (A+): There exists § > 0 such that a.(t) > 0 for 0 <t < 6.
Assumption (A—): There exists § > 0 such that a.(t) <0 for 0 <t < 4.
The assumptions (A+) and (A—) for a.(t) seem not to be understood easily. We
explain the assumptions by giving some sufficient conditions.

The curvature of Ag at origin is denoted by x(O). Noting that

K(0) = — lim ul /(1 + (u})?)/?

z—0t

51



Chapter 3. The criteria for fattening and non-fattening phenomenon in the plane

(A+) (A-)

"
Y

olla® b 20| o b. (t)

Figure 3.3: Main assumptions

and

we can prove that
(a). if K(O) < A, there holds a.(t) < 0, for ¢ small;
(b). if K(O) > A, there holds a.(t) > 0, for ¢ small.

Here we give our main results.

Theorem 3.1.1. Assuming the assumption (A—) holds, then there exists Ty > 0
such that the interface evolution T'(t) for (1.1.1) with initial curve 'y is not fattening
for 0 <t < Ty. Moreover, T'(t) can be written into T'(t) = {(z,y) € R* | |y| =
u(z,t), —b(t) < x < b(t)}. Here (u,b) is the unique solution of the following free
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boundary problem

UCECE

=T tAVIHE, —b(t) <z <), 0<t<T, (3.1.1)

Uy

u(b(t),t) = u(=b(t),t) = 0, uz(—=b(t),t) = —ugy(b(t),t) =00, 0 <t <Ty, (3.1.2)
u(z,0) = ug(x), —by < x < by. (3.1.3)

Precisely, we say (u,b) is the solution of (3.1.1), (3.1.2) and (3.1.3), if

(1). b(t) is a positive function and b € C([0,T1)) N C((0,TY)).

(2). w € C(Dr) N C*(Dygy), where Dy, = Up<yery ([—b(2),b(t)] x {t}) and
Dy = Upcrery ((=0(2),b(2)) x {t}) (We must note that Dy, # Dy, ).

(3). (u,b) satisfies (3.1.1), (3.1.2) and (3.1.3).

The definition of interface evolution and fattening are given in section 2.

Indeed, seeing future, the solution (u,b) given by Theorem 3.1.1 satisfies
u(z,t) >0, =b(t) <z <b(t), 0 <t <T.

This impies that I'(¢) is a family of embedded curves for 0 < t < Tj. Let T' be the

maximal smooth time given by
T = sup{t | I'(s) is smooth and embedding, 0 < s < t}.

We now give a sufficient result to have a fattening phenomenon.

Theorem 3.1.2. (Fattening)
Assuming the assumption (A+) holds, the interface evolution I'(t) for (1.1.1) with

initial data Ty is fattening.

Theorem 3.1.1 and Theorem 3.1.2 can be explained by Figure 3.4 and 3.5. ¢ in
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Figure 3.4 and 3.5 is the unique viscosity solution of

R )
o = |Vso|d1v<|v—§|> + AV in R? x (0, T),

QO(SE,y,O) = CLQ(.CL",:(/),

where aq(z,y) satisfies I'y = {(z,y) | a2(x,y) =0} and 'y = {(x,y) | az(x,y) > 0} is
bounded. Let I'(t) = {(z,y) | ¢(x,y,t) = 0}.

AT® ={(x ) eR?[p(x,y,t) =0}

s

—b(t) a.(t) \|O b.(t) |b(t) >

VAV

Figure 3.4: a.(t) < 0 in Theorem 3.1.1

e

!

AT ()

2

The role of a.(f) in main theorem. Let (u,b) be the unique solution of the

free boundary problem

u$$
1 2
+ uz

Uy =

+ Ay 14 u2, —b(t) <z <b(t), 0 <t<T, (3.1.1)

w(b(t),t) = u(—=b(t),t) = 0, wp(—b(t),t) = —uz(b(t),t) =00, 0 <t <T1, (3.1.2)

u(z,0) = ug(x), —by < x < by. (3.1.3)
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M= {(xy) e R?|p(x, y,t) =0}

AVAVAve

VAV.VaN

Figure 3.5: a.(t) > 0 in Theorem 3.1.2

Obviously, the flow I'*(t) = {(z,y) | |y| = u(z,t), —b(t) < x < b(t)} satisfies (1.1.1),
(1.1.2) naturally.

On the other hand, let (v, a., b.) be the solution of the problem (*). If a.(¢) > 0,
0 <t <4, the flow

AT() = {(z.) | [yl = v(2. 1), au(t) <z < bu(t)}

does not intersect the flow

A~(t) ={(==z.y) | (z,y) e AT(D)},

for 0 < t < §. Denote A(t) = A*(t) UA~(t). Obviously, A(t) also satisfies (1.1.1).
Seeing I'*(0) = A(0) = Iy, this means there exist two types of flows I'*(¢) and
A(t) evolving by V' = —k + A with the same initial curve I'y. Therefore under this
condition, the solution of the original problem (1.1.1), (1.1.2) is not unique. Indeed,
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seeing the proof of Theorem 3.1.2, the flow I'*(¢) is the boundary of closed evolution
and the flow A(t) is the boundary of open evolution.

If a.(t) < 0,0 <t <o, AY(t)NA(t) # 0. Obviously, A(t) = AT(t) UA(¢)
does not satisfy (1.1.1). But A*(¢) plays the role of a sub-solution (in the proof of
Lemma 3.2.6). Using this sub-solution, the boundaries of the open evolution and
closed evolution are away from the z-axis. Moreover, the derivatives and the second
fundamental forms of them can be proved uniformly bounded. By the uniqueness
result (Proposition 3.2.4), we can prove they are the same. Since the interface evo-
lution T'(¢) is imposed to be symmetric to the y-axis, I'(¢) are perpendicular to the
y-axis for ¢t > 0, but this condition does not hold at time ¢ = 0.

In our problem, if A =0, since a,(t) > 0 always holds, the interface evolution is
fattening.

Motivation. This research is motivated by [7], the mean curvature flow with
driving force under the Neumann boundary condition in a two-dimensional cylinder
with periodically undulating boundary. In [7], they only consider the condition that
for initial curve {(z,y) € R? | y = ug(x)} with |uj(z)] < M for some M. They
show that the interior point of T'(t) = {(x,y) € R? | y = u(z,t)} never touches the
boundary and T'(¢) remains graph. Therefore, the problem can be studied by the
classical parabolic theory. If removing the assumption |uj(x)| < M, when u(z,t)
touches the boundary, the singularity will develop (Figure 3.6). Noting Figure 3.7,
after touching, I'(¢) possibly separates into two parts and become non-graph (I'(¢)
can’t be represented by y = u(z,t)). This makes us analyze what will happen after
touching boundary. Noting that ['(¢) may become non-graph, we tend to use the
level set method established by [2]; see also Evans and Spruck [3], [4], [5], for the

mean curvature flow, where fattening phenomenon is first observed.

o6
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r'(t)

Touch point r(t)

oQ oQ

Figure 3.6: Curve touching Figure 3.7: After touching

3.2 Identity for the outer evolution and inner evo-
lution

In this section, we prove the fattening and non-fattening results. It is necessary
to identify whether the outer evolution and inner evolution are identical.

Denote U = {(z,y) € R? | |y| < ug(x),—by < z < by}. By assumption of g in
Section 3.1, we know that U N {z > 0} is an a-domain with smooth boundary, for
some « > 0.

We choose vector field X € C'(R?\ {(0,0)} — R?) such that

(i) At any P € OU not on the z-axis has (X,n(P)) > 0, where n is inward unit
normal vector at P.

(ii) We set X ((z,y)) = (0,—y/|y|), near (0,0) and set X = (—1,0) near (b,0),
X = (1,0) near (—b,0).

We note that X has no definition at (0,0).

o7
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Since X # 0 on 90U \ {(0,0)}, there exists a neighbourhood V' O 9U such that
| X| >8>0 for some 6 > 0in V' \ {(0,0)}.

Proposition 3.2.1. For p small enough, there exists a smooth curve ¥ C V\{(0,0)}
with

(i) X(P) ¢ TpX at all P € 3, i.e., ¥ is transverse to the vector field X ;

(i) £ =0U in {(z,y) | ly| = 2p};

(1)) SN {(x,y) | ly| < p} consists of discs Ay. = {(£c,y) | ly| < p} and pipe
By={(z,y) | —~d <z <d |yl = p}.

Figure 3.8: Proof of Proposition 3.2.1

Proof. Because U N {x > 0} is an a-domain, there exist d;, 7; and 0 < §; < ; such

that

uo(0;) = uo(7;) = uo(—9;) = uo(—7;) = 2%

and

OUNCo ={(z,y) | v =Fv(y), [yl <ot U{(z,y) |z =Fw(y), |y| <a},

o8
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where v, w € C®((—a,a)) and 0 < v(y) < w(y) for |y| < o. Here ¢, is decreasing
and ~; is increasing in j, respectively.

We let w; € C*°((—a/277 1, a/2771)) be defined as following

(8%
Y2, 0 <yl < CYESE
wj(y) = o
w(y), 55 <yl <

«
21

And u; € C*((—6j_1,0;-1)) is defined as following
%, x € [075j+2]a

uj(z) =
up(z), = € [65,0,-1).

Let ¥; consist of three parts: {(z,y) | |y| = uj(x), = € (=0;,6;)}, {(z,y) | v =
+w;(y), |yl < a/27} and dUN{|y| > «/27}. Tt is easy to see that for j sufficient large,
¥, € V\{(0,0)} satisfies (i), (ii), (iii) for ¢ = vj42, p = a/27* and d = §;,». H

Denote o(P,t) : ¥ x (—0,d) — V (V is given at the begining of this section and ¥
is given by Proposition 3.2.1) the flow generated by vector field X in R2. Precisely,
o(P,t) is defined as following:

do(P,t)

——=X(o(Pt)), PecX
S = X(o(P1), Pes

o(P,0)=P, PeX.

Seeing (i) in Proposition 3.2.1, for any C! function u : ¥ — R, “the image
of w under ¢”"—{c(P,u(P)) | P € X} is a C! curve. Conversely, for any curve
[ C V being C! close to ¥, there exists a unique C! function v : ¥ — R such that
I'={o(P,u(P))| P € £}. In other words, the map o(-,t) defines a new coordinate
from ¥ to V. Therefore, if I'(t) C V(0 < t < T) is a smooth family of smooth

curves and C! close to ¥, there exists a unique function v € C*°(X x (0,7)) such

29
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that I'(t) = {o(P,u(P,t)) | P € ¥}. Let z be the local coordinate on an open subset
of X, If T'(t) evolves by V' = —k + A, under this coordinate u satisfies the following
equation

ou D?u

T a(z,u, uz)@ +b(z,u,u,). (3.2.1)
Here a, b are smooth functions in their arguments Section 3 in [1]. And a is
always positive so that (3.2.1) is a parabolic equation.

For example, o(-,t) is the flow defined as above. We can easily deduce that

(x,p—1t), P € By,
O(P’ t) = <_C+tay)7 P c Afca
(C_t7y)7 PeAm

where we choose the local coordinates:
(1). (x, py) on By, for |y| = 1;
(2). (xc,y) on AL..
Assume I'(t) is symmetric to z-axis. Therefore, on By, u only depends on z, t

and satisfies

g = (T, U, Uy Uy + b(x, u, uy), (3.2.2)

where a(z,u,u,) = 1/(1 +u?) and b(x,u,u,) = —A\/1 + u2.
On AL, u only depends on y, t. Then on A, u satisfies

w = a(y, u, uy)uy, + b(y, u,uy), (3.2.3)

where a(y,u, uy) = 1/(1 4+ u2), b(y, u, uy) = —A\/T+u2.

Remark 3.2.2. In R™™!, b obtained above may not be smooth. For example,

-1
Uy Yoo 1 — A1+ u2,

- I1+u2 p—u
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on {(z,y) € RxR" | |y| = p,—d < x < d}. In this case, b = ;‘%i —Ay/1+u2 It
is easy to see b is not smooth at u = p. This is the most difficult point in higher

dimension. We consider it in Chapter 5.

Lemma 3.2.3. For smooth function v(x,t) on V x (0,T), where V is a compact set,
let m(t) be
m(t) = max{v(x,t) |z € V}.

Then there ezists P, € V' such that v(P;,t) = m(t) and m/(t) = v(P,t) fort > 0.
This is a well known result, for example, seeing [6].

Proposition 3.2.4. Let I'i(t), T's(t), t € [0,T] be two families of curves with
o HT(t)) the graph of ui(-,t) for certain u; € C(X x [0,T]). Assume u; are
smooth on ¥ x (0,T] and smooth on ¥\ (Ai. U By) x [0,T]. If T'1(0) = T'5(0),
then T'y1(t) =Ty(t), 0 <t < T.

The assumption “u; are smooth on ¥x (0, T and smooth on ¥\ (AL .UBg)x[0,T]”
means that it is not necessary that the parts of I';(t) near origin and end points are

smooth up tot = 0.

Proof. Consider v(P,t) = uy(P,t) — us(P,t). From our assumptions, we have v €
C(X x [0,7]) and that v is smooth on ¥ x (0,7] and ¥ \ (AL. U By) x [0,7).
Moreover, v(P,0) = 0. Define m(t) = max{v(P,t) | P € X}. We want to show
that m/(t) < Cm(t) for some constant C. Choose P; as in Lemma 3.2.3 such that
m(t) = v(P;,t) and m/(t) = v( P, t).

Case 1. P, € By, since u; satisfy the equation (3.2.2), v satisfies a parabolic
equation

vy = ay(z, t) Vg + b1 (z, )0y,

where ay(z,t) and by (z,t) is smooth, and a;(z,t) > 0. Since v attains its maximum
at Py, v,.(Py,t) =0 and v,,(P;,t) < 0. Then v (P, t) < 0. Considering Lemma 3.2.3,
m/(t) < 0.
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Case 2. P, € A... We only consider P, € A_.. Then in the y-coordinates of

A_,, u; satisfy (3.2.3). Therefore v = u; — u, satisfies a parabolic equation
UV = CLQ(Z/, t)vyy + bQ(y7 t)vy~

Seeing v, (P, t) = 0 and vy, (P, t) <0, m'(t) <O0.
Case 3. P, € ¥\ (AL. U By). Then we can choose coordinate z on some
neighbourhood of P, on ¥ and w; satisfy (3.2.1). We may write this equation as

u = F(z,t,u,u,,u,,). Then v = uy — ug satisfies
v = ag(z,t)v,, + b3(z,t)v, + c3(z, t)v,

where

az = a(z,uy, (uy),)

and 1
CS(Z,t) - / Fu(zataueaug’UZz)d07
0

where 4’ = (1 — 0)uy + Ou;. As mentioned in equation (3.2.1), a3 is positive.

By the assumption, outside of the disks A4, and the pipe By, u; are smooth up to
t = 0, so the coefficient c3(z,t) is bounded, 0 < ¢ < T, saying by |c3(z,t)| < M < 0.
The constant M may depend on the choice of local coordinate z. Noting ¥ is compact,
by easy covering argument, we can choose M independent of the choice of local

coordinate. Since v, (P, t) =0, v,,(P,t) <0,
'Ut(Pt,t) S Cg(Pt,t)U(Pt,t) S M/U(Pt, t)

Consequently, m/(t) < Mm(t).

Combining the three cases, we have m/(t) < C'm(t), for some constant C' > 0.
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Considering m(0) = 0, m(t) < 0. Conversely, we can prove M (t) = min{v(P,t) |
P € X} > 0. Therefore u; = us. We complete the proof. O

Lemma 3.2.5. There erists a sequence of closed sets Ej such that EY are o/29-
domains and E; | U. Where U is given at the beginning of the section and E°

denotes the interior of the set E.

Proof. We choose §; as in Proposition 3.2.1. We can construct v; € C°°((—by, by))

being even such that

/2, x € (—06;/2,0;/2),

v(w) = ug(z), z € [—bo, —6;] U [9;, bo,

vi(r) > up(z), € [~bo,bo] and vi(x) > 0, x € (;/2,0;). It is easy to see v; | ug
uniformly in [—by, by].

Let E; = {(z,y) | |y| < vj(z), —by < x < bp}. Since v; | oy uniformly in
[=bo, bo], E; L U. It is easy to check EY are a/2/-domain. O

Lemma 3.2.6. Let the same assumption in Theorem 3.1.1 be given. Then there
exists t1 > 0 such that, for all ty satisfying 0 < ty < t1, the second fundamental
forms and derivatives of OE;(t) are uniformly bounded for ty <t < t;, where E;(t)
denote the closed evolution of V = —k + A with E;(0) = E.

J

Proof. Let Ey(t) = {(z.9) | Iyl < vy, )},
Step 1. For all ¢, satisfying 0 < ¢, < § (0 given by Theorem 3.1.1), there exists

a constant ¢ > 0 such that
v;(0,t) > ¢, t2/2 <t <.

Let U*(t) denote the bounded set with QU (t) = A (t). Since Ut (0) = UN{z >
0} C E; = E;(0), there holds U*(t) C E;(t). By our assumption that a.(t) < 0, for
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0 <t <4, there holds (0,0) € UT(t) C E;(t), 0 <t < 6. For all t5 € (0,0), there
exists ¢ > 0 such that v;(0,¢) > ¢, to/2 <t <.

Step 2. Construction of auxiliary balls.

Since U N {z > 0} is an a-domain, there exist £y > f; > 0 such that uy(£5;) =
up(£P2) = a and ug(x) < 0 for & > By, uy(z) > 0 for 0 < & < fy. There exist p >
and 0 < g < (3 such that uy(£q) = ue(£p) = %. We consider the points

Q = (-p,0), P = (p,0),

Figure 3.9: Proof of Lemma 3.2.6

Since P € U and P’ € U', there exists € such that B.(P) C U and B.(P") c U".
Consequently, B.(P) U B.(Q) C E° and B.(P') U B.(Q') C E°. Then for j large
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enough, B.(P)U B.(Q) C Ef and B.(P') U B(Q') C Ef. By (4) in Theorem 2.1.4,

Bey(P) U By (Q) C E;(1)°, (3.2.4)

0 <t < d3. By (1b) in Theorem 2.1.6, there exists d3 > 0 such that

Ben)(P') U By (Q') C Ej(t)", (3.2.5)

for 0 < t < d3. Where €(t) is the solution of (2.3.12) with €(0) = ¢, 0 < t < ;.
Choose d; independent of j such that €(t) > €/2, 0 < t < ds.

£(t) /\Bs(t)
¢ \J/ | \u
dﬁ/ B, Bs(t)\\E
| AY { 1 1

Figure 3.10: Proof of Lemma 3.2.6

Step 3. Divide 0F;(t) into two parts by auxiliary balls.

Since for all p < «, C, intersects JF; at most four times, by Proposition 2.3.1,
there exists ¢y > 0 such that C, intersects dE}(t) at most four times for 0 < ¢ < .
By continuity, we can deduce that there exists d, such that for all p < «, the equation

vj(x,t) = p has just one root for z > p for all ¢ < ¢,. By symmetry, it also holds for
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T < —p.

Choosing t; = min{tg, d2, d3, 04}, Step 1 and intersection number argument show
that E;(t)° are all c-domains, t5/2 < ¢t < t;. Let d < min{c,e/4}. By (3.2.4) in
Step 2, we have vj(x,t) > d, for t5/2 <t < t, |v —p| < \/€2(t) —d? or |[x +p| <
\€2(t) — d?. Seeing €(t) > €/2, there holds

V3

vj(z,t) > din Q= (—p— S EPt \/Tge) X (ta/2,t1).

For x < —p, by (3.2.5) in Step 2,
vi(z,t) < af2 —€(t) <a/2—¢€/2, © < —p, 0<1t<1.

This is also true for = > p.

Step 4. The derivatives and second fundamental forms of JF;(t) are bounded
in Q' = [—p,p] X (t2,t1).

Since v;(x,t) > din Q = (—p — \/Tge,p + ‘/Tge) X (t2/2,t1), Theorem 2.3.4 implies
that vj, are uniformly bounded in 2. By Remark 2.2.4, vj,, are uniformly bounded
in .

Step 5. The derivatives and second fundamental forms of 0E;(t) are bounded
forx < —pandx>p, ty <t <ty

We only consider for x < —p. For 0 < ¢ < t;, the part of 0E;(t) on x < —p
can be represented by = = w;(y,t), for |y| < a/2, t € (0,t;). And w; satisfy the
equation (2.2.1) in the condition “—” and n = 1. Then Corollary 2.2.3 and Remark
2.2.4 imply that all %wj(y, t), k = 1,2, are uniformly bounded for |y| < a/2 —€/2,
ty <t < t; and for any t5 > 0. Then the derivatives and second fundamental forms

of OF;(t) are uniformly bounded for x < —p, ty <t < t;.
The proof of this lemma is completed. [
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Lemma 3.2.7. There exist U; being open and U; N{x > 0} being an a-domain such
that U; T U as j — oo.

Proof. Since U N {x > 0} being a-domain, for j > 1, there exist §; satisfying 0 <
§; < & such that ug(d;) = «/27, where dy satisfies ug(£dy) = a and uf(z) > 0 for
0 <2 < dp. We set u; € C°((—by, by)) and even satisfying

0, =0,

UJ(I) B uo(x)a LS [—bo, _5j] Y [5j’b0]’

and u;(z) < ug for x € [~by, bo], uj(z) > 0 for x € (0,0;).
Let U; = {(z,y) | ly| < wj(x)}. Obviously u; 1 up, then U; T U. It is easy to
check U; N {z > 0} are a-domain. O

Lemma 3.2.8. Let the same assumption in Theorem 3.1.1 be given. Then there
exists t1 > 0 such that for all ty satisfying 0 < to < t1, the second fundamental forms
and derivatives of OU,(t) is uniformly bounded, to < t < t;, where U;(t) is the open
evolution of V. = —k + A with U;(0) = Uj.

This lemma can be proved similar as in Lemma 3.2.6.

Proof of Theorem 3.1.1. Seeing Lemma 3.2.6 and 3.2.8, 9U(t), OE(t) are smooth
curves and homeomorphic to the curve X given by Proposition 3.2.1. Consequently,
oU(t), OE(t) satisfy the assumption of Proposition 3.2.4, 0 < ¢t < T}, for some T}
satisfying 0 < T} < t1. Here t; is given by Lemma 3.2.6 and 3.2.8. Then there holds
oU(t) = 0E(t), 0 <t < Ty. The proof of Theorem 3.1.1 is completed.

Moreover, by Theorem 2.1.10 and Theorem 2.3.7, T'(t) = {(z,y) € R? | |y| =
u(z,t),—b(t) < x < b(t)} and (u,b) is the solution of the following free boundary
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problem

( Uz

U= T + A\ 1+u2, x e (—b(t),b(t), 0<t<T,
u(=b(t),t) = 0, u(b(t),t) =0,0 <t <T,

Uz (—=b(t),t) = 00, uy(b(t),t) = —o0, 0 <t <T,

u(z,0) = ug(x), —by < x < by.

]

Remark 3.2.9. Indeed, in Proposition 3.2.4, it is not necessary that the parts of I';(t)
near end points are smooth up to t = 0. Therefore, we can remove the assumption

that I'y is smooth at end point (—by,0) and (b, 0).

Proof of Theorem 3.1.2. 1t is sufficient to show that there is a ball B such that
B C E(t)\ U(t), for some t.

Closed evolution FE(t). Since Ef (given by Lemma 3.2.5) are a/2/-domain
with smooth boundary, by Lemma 2.3.9, there exists a positive time ¢, t; < § (0
is given in Theorem 3.1.2) such that F;(t)° are (At + «/27)-domain for 0 < t < t;.
Combining F;(t) | E(t), we have E(t)° is an At-domain, 0 < ¢ < ¢;. Therefore E(t)°
is an Aty /2-domain, t1/2 <t < t;.

Open evolution U(t). Let U*(t) be the bounded open domain with U= (t) =
A*(t). Thus the left end point of U (#) and the right end point of U~ (¢) are (a.(t),0)
and (—a.(t),0), respectively. By the assumption in this theorem a,(t) > 0,0 <t < 4,
it means that —a.(t) < a,(t), 0 <t < §. Therefore, UT(t)NU(t) =0, 0 <t < 0.
From Lemma 2.1.9, the inner evolution U(t) satisfies U(t) = U™t (t) U U (¢), for
0<t<h.

By (2a) in Theorem 2.1.6 (the boundary of open evolution evolves continuously)
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At
and a(t) > 0, there exists §; < Tl such that

Bs, ((0, %)) NU(t) =0, % <t<ty
and
By, (0, %)) c E(b), % i<t
Aty t
Then B, (0, =11)) C T(t) = E() \U(t), for o <t <t O
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Chapter 4

Asymptotic behavior for curvature

flow with driving force in the plane

In this chapter, we want to introduce the researches in [12] and [13]. We want to
classify the solution given in Chapter 3 into three cases and consider the asymptotic

behavior in each case.

4.1 Introduction

In [12] and [13], they classify the solution of the following problem and give their

asymptotic behavior

gy = Mz + Ay 14u2, xe( b(t), 0<t<T, (4.1.1)

1+ u?
u(=b(t),t) = 0, u(b(t),t) =0, 0 <t <T, (4.1.2)
e (—b(t), 1) = 00, up(b(t),t) = —00, 0< t < T, (4.1.3)
(@, 0) = ug(z), by < a < by, (4.1.4)
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where ug € C®((—bo, bo)) NC([—bo, bo]) is even and satisfies ug(x) > 0, —by < & < by.
Moreover, we assume the curve I'y = {(z,y) | |y| = wo(z), —by < & < by} is smooth
and embedded. The constant A called driving force is positive.

Recall constant T being the maximal time such that I'(t) = {(z,y) € R?* | |y| =
u(z,t), —b(t) <z < b(t)} is smooth and embedded for 0 <t < T.

Theorem 4.1.1. (Classification) Denote

h(t) = t
) —b(t)nii)éba)u(x’ )

and

L) = {(z,y) | lyl = u(z, 1), =b(t) <z <b(t)}.

Then T'(t) must fulfill one of the following situations.

(1). (Ezxpanding) The maximal smooth time T = oo and both h(t) and b(t) tend
to 0o, as t — 00.

(2). (Bounded) The maximal smooth time T = oo and both h(t) and b(t) are
bounded from above and below by two positive constants, ast — oo.

(3). (Shrinking) The mazimal smooth time T < oo and both h(t) and b(t) tend
to 0, ast — T.

Theorem 4.1.2. (Asymptotic behavior)
(1). (Ezxpanding) The mazimal smooth time T' = oo and that both h(t) and b(t) tend
to 0o ast — co. Then there exist ty > 0, Ry(t), Ro(t) such that

Br,)(O) C U(t) C Br,)(0), t > to,

where U(t) = {(z,y) € R* | |y| < wu(x,t), z > 0}. Moreover tlim Ri(t)/t =
—00
tlim Ry(t)/t = A.
—00
(2). (Bounded) The mazimal smooth time T = oo and that both h(t) and
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b(t) are bounded from above and below by two positive constants for t > 0. Then

tlim du(I'(t),0B1/4(0)) = 0. Here dy denotes the Hausdorff distance.
—00

Next we give the asymptotic behavior for the Shrinking case.

If T < o0, seeing Corollary 4.2.6, there exists ty such that u(z,t) loses all its local
minimum, ¢ty < ¢t < 7" and I'(t) shrinks to the origin, as ¢t — 7.

Noting that the initial function wug is even, u(x, t) is also even. Therefore for every
t > tg, u(x,t) is increasing for x € (—b(t),0) and u(x, t) is decreasing for = € (0, b(t)).
Moreover, h(t) = u(0,t), t > to.

Results for Shrinking. Under the case 7' < oo, we introduce the following

similarity transformation (first used by [4]):

x 1
z = , T=—=In(T"—1 4.1.5
s "= (4.05)
and
1
w(z,7) = —=e"u(v2e T2, T — e ?7). 4.1.6
(2,7) 7 ( ) (4.1.6)
We also define
P(r) = “— (T — e27) and q(r) = —=¢"B(T — ¢=27)
)= — — T) = — — .
V2 Y
Obviously, r(17) = w(0,7) = (1)11<ax ( )w(z,T), 7> —11In(T — t). Then u satisfies
—q(7)<z<q(T

(4.1.1), (4.1.2), (4.1.3), (4.1.4) if and only if w satisfies

wr = 7 112;2 — 2w, +w+ V2A4eTT\/1+ w2, z € (—q(1),q(1), T>71, (4.1.7)
w(—=q(7),7) = wlq(r),7) =0, 7 > 7, (4.1.8)
w,(—q(7),7) = 00, w.(q(7),7) = —00, T > Ty, (4.1.9)
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1
V2T

where 7p = —1InT. The stationary problem for (4.1.7), (4.1.8), (4.1.9), (4.1.10) is

ug(V2Tz), = € [—b(0)/V2T,b(0)/v2T], (4.1.10)

wo(z) == w(z, 1) =

given by
1iz;g —2p.+¢=0, 2 € (-3,7), (4.1.11)
e(=q) = ¢(q) =0, (4.1.12)
©:(—7) = 00, ¢:(q) = —o0, (4.1.13)

for some . Obviously, ¢(z) = /1 — 2% and § = 1 are the unique solution of the
above stationary problem (4.1.11)-(4.1.13).

Then we have the following theorem.

Theorem 4.1.3 (Asymptotic behavior). The solution (w(z,7),q(T)) of problem

(4.1.7)-(4.1.10) converges to the unique solution (¢(z),q) of (4.1.11)-(4.1.13) point-

wise, as T — +00, where w and ¢ are considered as 0 outside the interval.
Furthermore, there exists t; such that T'(t) is strict convex for t; <t < T. Equiv-

alently, uz.(x,t) <0, for =b(t) < x < b(t), t; <t <T.

Remark 4.1.4. Indeed, we can prove the graph of w(z, T) converges to the graph of

¢(z) under the Hausdorff distance.

Note that our result does not assume convexity for initial data as in [9], since we
assume symmetry to the the initial curve.

The most important tool in proving the asymptotic behavior for Shrinking case
is the comparison principle for extrinsic and intrinsic distances. Let the flow G :
[0, L.(t)] x [0,T) — R? be the smooth closed curves evolving by the classical curve
shortening flow

0 0?

EG(S, t) = @G(S, t),

where s denotes the arc length parameter, L,(t) denotes the perimeter of G(-,¢). For
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any two points on mean curvature flow G(s, t), denoted by G(sy,t), G(s2,t). Denote
d = |G(s1,t) — G(sg,t)|. | = |sa — s1| is the length of the curve between G(sy,1),
G(sg,t). More precisely, [ and d are called the intrinsic and extrinsic distances,
respectively. The paper [7] shows that m(t) = min )}(d/l)(sl,.s’g,t) is

(51,82)€[0, L (£)] X [0, L (¢
non-decreasing in time. The ratio between extrinsic and intrinsic distance is also

used by [10] and [11].

In our problem, if we let F satisfy
L(t) = {(z,y) € R* | |y = u(z, 1), =b(t) <& < b(t)} = {F(s,t) € R® | s € [0, L(1)]},

L(t) denotes the perimeter of I'(¢). Then F satisfies

0 0?
—F(S,t) = @F(S,t) — AN,

where N denotes the unit inner normal vector. We will see the result in [7] does not
hold in our problem. Seeing future, the curvature flow with driving force does not

intersect itself interior, but could intersect itself exterior.

4.2 Formation of sigularity

In this section, we want to identify the singular formation of I'(¢) at the singular

time 1" < oo. Recall
T = sup{t > 0 | I'(s) is smooth and embedding, 0 < s < t}. (4.2.1)

For curve shortening flow, Grayson shows that any curve shortening flow starting
as a close smooth curve only shrinks to a point when becoming singular. But under

the condition with driving force, there is no any result. I will show the formation of
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singularity under the asymmetric assumption.

Following Theorem 4.2.5 shows that axisymmetric flow will pinch at z-axis at
singular time 7. As a corollary, combining intersection number principle, we can
show the flow given by Theorem 3.1.1 shrinks to origin at singular time 7.

By Sturmian theorem, the numbers of local maxima and local minima are a finite
nonincreasing function of time. It follows that, after a while, the numbers of local
maxima and local minima are constants. After discarding an initial section of the
solution, we may even assume that x +— wu(x,t) has m local minima and m + 1 local
maxima. Let these minima and maxima be located at {&;(t) }1<j<m and {n;(¢) }o<j<m,

respectively. And order the §;(t) and 7;(¢) so that

=b(t) <mo(t) < &u(t) <m(t) < -+ < &n(t) < () <b(D). (4.2.2)

Since the number of critical points of u(-,t) drops whenever u(-,t) has degenerate
critical point, the minima and maxima of u(-, ¢) are all nondegenerate. By the implicit

function theorem the ;(¢) and n;(¢) are therefore smooth functions of time.

Lemma 4.2.1. The limits
lim b(t) = b(T)

t—=T

and

lim &;(t) = &(T), lim n;(t) = n;(T)

t—T t—T

exist.

Proof. We prove this lemma by the method from [1], first developed by [2]. However,
in our proof, there is a little difference, since the intersection number between two

flows evolving by V' = —k + A may increase. The method in [1] should be modified.
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First, we prove thHTl b(t) exists. By the vertical equation
—

Wy = Wrr —|—A\/1—|—’U}z,

14+ w?

we can derive V' (t) = w,,(0,t)+A < A because of w,,.(0,¢) < 0. Then b(t)— At is non-
increasing. It is easy to see b(t) — At is bounded for ¢ < T. Therefore thn% (b(t) — At)
—
exists. Consequently, }m% b(t) exists.
—

Next, we prove }m% &;(t) exists. We assume
—

hrtnﬁsTup &(t) > h?i}l%lf &;(1).

We can choose xg € (lign iTnf €;(t),limsup&;(t)) and zo # 0. Without loss of general-
- t—T
ity, we assume —b(7T") < zp < 0 < b(T'). Since ;(t) is continuous in ¢, there exists a

sequence t,, — 1" such that
&i(tm) = xo and uy(xo, ty,) = 0.

We let I'(¢) be the reflection from I'(£) about & = . Consequently, a(t) := 20— b(t)
and b(t) = 2z + b(t) are the end points of I'(¢). Obviously, I'(t) also evolves by
V =—k+Aand a(T) < —b(T) < g < b(T) < b(T). For t being sufficiently close to
T, a(t) < —b(t) < zo < b(t) < b(t), i.e., the order of @(t), b(t), —b(t), b(t) does not
change. Using Theorem 2.3.3, since I'(t,,,) intersects ['(t,,) at z, tangentially, the
intersection number between I'(¢) and T'(¢) will drop infinite times, for ¢ close to T.
But Theorem 2.3.3 shows that the intersection number between I'(¢) and I'(¢) is finite
(the choice of z implies I'(¢) is not identity to I'(¢)). This yields a contradiction. [J

Lemma 4.2.2. If&;(T) < n;(T), then for any compact interval [c,d) C (§;,(T),n;(T)),
there ezists t; and 6 > 0 such that u(x,t) > 6 for x € [¢,d], t € [t1,T). (Similarly
fOT’ nj—l(T) < §j<T)J _b(T) < UO(T); nm(T) < b(T))
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Proof. Let [a,b] C (§(T'),n;(T)) be any compact interval, then there exists t; < T'
such that [a,b] C (&(t),n;(t)) and uy(x,t) > 0, x € [a,b], t € (t;,T). Denoting
0 = arctanu,, 0 satisfies

0, = cos? 00,, + Asin00,.

On the other hand, we let p(z,t) = ee~“sin(A(x — a)), where A = 7/(b — a),
c> AT+ 2% 0 < e <. Since g, <0, x € [a,b] and seeing

sin(ee™“ sin(\(z — a)))
sin(A(x — a))

'—A/\ cos(A(z —a))| < A,

there holds

pr = o oy — Asingp, < ¢p — pup — Asin g,
sin(ee= sin(A(z — a)))

= ee “sin(A(z — a)) <—c + A7 — AX S0\ — a)) cos(A\(x — a))>
< ee “sin(AMx —a))(—AXT — X2+ A+ Adm) =0,

for x € [a,b], t € (t1,T). Since u,(x,t;) is bounded from below for some positive
constant in [a,b], we can choose ¢ > 0 small enough such that ¢(x,t;) < 0(z,t1).
Seeing

la,t) =0 < 6(a,t), p(b,t) =0<0(b,t), t € (t1,T).

By maximum principle,
O(x,t) > @z, t), a<z <b, t; <t<T.
Consequently,

u, > arctanu, = 0 > ee”“sin(\(x — a)), x € [a,b], t € (t,T).
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efct
U > €

(1 —cos(A(x —a))), x € [a,b], t € (t1,T).

Then for all [¢,d] C (a,b), u is uniformly bounded from below for x € [c,d], t €
[ty T). 0

Lemma 4.2.3. thHYl“ u(z,t) = u(x, T) ezists, and u(x,t) converges uniformly to u(x,T),
—

forx € R, ast — T. The function u is smooth at (x,t) € R x (0,T] provided that

u(z,t) > 0. We interpret that u(x,t) = 0 outside (a(t),b(t)).

Proof. By Lemma 4.2.2, for all [e,d] C (&-1(T),&(T)), u(z,t) > 6, x € [, d],
t € [t1,T). By Theorem 2.3.4, u, is uniformly bounded on [¢,d] x [t;,T"), which
implies aa—g;u(x, t), i = 1,2 are bounded on any compact subinterval of (¢, d). On the
other hand, from equation, u;(z,t) is uniformly bounded on such interval, so that
u(+,t) converges uniformly on any such interval.

The same idea can be applied to the conditions in the intervals (—b(7"),& (7))
and (&,,(T),b(T)). Since outside of [—=b(T),b(T)], u(x,T') is considered to be 0, the
result is true.

Except at —b(T), b(T") and &;(7T')s, u(z,t) converges pointwise for every x not
equaling —b(T"), b(T"), &(T), as t — T. The convergence is uniform on any interval
that does not contain any of the points.

Next we want to prove the functions u(-,t) are equicontinuous for 7/2 <t < T.

Assuming x; < w9, if @y, xo are both not in the interval (—b(T),b(T)), the
conclusion is obvious. Assume z; € (=b(T),b(T)).

Suppose that |u(xq,t) — u(za,t)| > €. Then either u(zy,t) > € or u(xq,t) > €
or both (since u is positive); we assume the first one. From Theorem 2.3.4, |u,| <

o(€e/2,T/2) whenever u(x,t) > €/2, T/2 <t <T. Thus, if u(z,t) > €/2 on (x1,x2),

|u(z1,t) — u(za, t)] €
2T Z T TR S el T)2)

If u(z,t) < €/2 some where in the interval (z1,25), then there is a smallest x3

79



Chapter 4. Asymptotic behavior for curvature flow with driving force in the plane

satisfying z1 < x3 at which u(z3,t) = €/2. On the interval (zq,x3), u(z,t) > €/2.

Then
u(wy, t) — u(ws, t) €
— > — > .
TS BTN S T D T/2) T 20(e/2,T/2)

So for every € > 0, choose § = ¢/(20(¢/2,T/2)) so that

u(z,t) — ulz2,t)| <,

|zy — xo| < 9, for T/2 <t <T.

Thus u(z,t) is equicontinuous. Noting that u(z,t) converges to u(x,T) in R\
{&(T),—b(T),b(T)} and R\ {&(T), —b(T),b(T)} is dense in R, the proof is com-
pleted. O

Lemma 4.2.4. If u(no(T),T) > 0 holds, then —b(T) < no(T) < b(T).

Proof. Since u(no(T'),T) > 0, there exists 6 > 0 such that § = Oi?iTu(ng(t), t). We

consider

T = U(|y|vt)7

being the inverse function of |y| = u(x,t) for x € (a(t),no(t)) and let w(y,t) =

”_ "

v(lyl,t). w(y,t) satisfies the equation (2.2.1) for the condition and “‘n = 17,
ly| < 9,0 <t <T. Clearly w is uniformly bounded, so Corollary 2.2.3 and Remark
2.2.4 imply that aa%k”(y,t), k = 1,2 are bounded for |y| < /2, T/2 <t < T. So the
limit function w(y,T") obtained by Lemma 4.2.3 is smooth for |y| < /2.

As the proof of Lemma 2.3.12, using maximum principle, v,.(r,7) > 0, 0 < t <
0/2. Consequently, —b(T') = v(0,T) < v(6/2,T) < no(T). no(T) < b(T) can be

proved similarly. [

Theorem 4.2.5. (Formation of singularities)
1. If m =0, u(no(T), T) = 0 and b(T') = 0. This implies that I'(t) shrinks to the

origin O, ast — T.
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2. If m > 1, there is j such that w(&;(T),T) =0, 1<j <m.

Proof. 1. First, we prove for m = 0, i.e., u(z,t) only has one maximum without local
minimum. We prove this by contradiction.

Case 1. If u(no(T"),T) > 0, from Lemma 4.2.4, —b(T) < no(T) < b(T). T'(¢)
can be divided into three parts A;(t), As(t) and As(t), for ¢ being very close to T,
where A;(t) and Ay(t) are the left and right caps of I'(t), As(t) is the middle part
of I'(t) away form z-axis. It is easy to show the derivatives and second fundamental
forms of Ay, Ay and Aj are uniformly smooth for ¢ — T'(We can similarly prove as
in Lemma 2.3.12), which contradicts to I'(t) becoming singular at 7.

Case 2. If b(T) > 0, there holds —b(T") < no(T) or no(T) < b(T'), assuming
—b(T) < no(T). By Lemma 4.2.2, for every [c,d] C (=b(T),no(T)), u(x,t) > 6 >0
in [c,d] x [t1,T). Then u(ny(t),t) > 9, t; <t < T. Consequently, u(ny(T),T) > 0.
By the same argument as in Case 1, we get a contradiction. Here we complete the
proof under the condition m = 0.

2. For m > 1, if w(&(T),T) > 0, for any 1 < j < m, we can divide I'(¢) into
three parts as above for ¢ being close to T' (seeing Figure 4.1). Then we can get
contradiction similarly as in the case m = 0. So there is j such that w(&;(T"),T) = 0.

]

Corollary 4.2.6. There is t; satisfying 0 < t; < T such that u(z,t) loses all its local

minima for t € [t1,T). Moreover, I'(t) shrinks to a point, ast — T.

Proof. Denote h(t) = _b(t)rrie}éb(t)u(x,t). By Proposition 2.3.1, we can deduce that,
for ¢ satisfying t; < t < T given, when p < min{Aty, h(t)}, y = p intersects y =
u(z,t) only twice.

We assume u(x,t) does not lose its all local minima. From Theorem 4.2.5, there
exists j, 1 < j < m such that u(&;(7T"),7) = 0. So we can choose ty such that o <

to < T and U(£j<t0),t0) < At,. ObViOHSly, U(éj(to),to) < h(to), then U(fj(to),to) <
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. V
| |

Figure 4.1: Case 2 in Theorem 4.2.5

min{Ats, h(to)}. Consequently, y = p = u(&;(to),to) intersects y = u(z,ty) three
times. Contradiction.

Therefore, there is ¢, such that u(x,t) will lose its all local minima for t € [t;,T).
Seeing the proof in Theorem 4.2.5 for m = 0, u(no(7),T) = 0 and b(T) = 0. It
means that I'(¢) shrinks to a point, as t — T O

Remark 4.2.7. All the arguments in this section can be used to prove for any z-
axisymmetric curve, since the fact that u(-,t) is even in [—b(t),b(t)] is not used in

the proofs.

4.3 Classification of the solutions

In this section, we will prove Theorem 4.1.1. Let

h(t)= max  u(w,t), U(t)=2b(t).

—b(t)<z<b(t)
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Denote U(t) being the open domain with U (t) = I'(t).
Before proving the main results, we give a simple example for understanding the
results. Consider a family of circles 0Bp) (here we omit the center) evolving by

V = —k 4+ A. Therefore, R(t) satisfies (2.3.12), precisely,

R(t)=A— ==, t>0,

We can easily get that
(1). when Ry < 1/A, there exists Tk, < oo such that R(t) | 0, as t — Tgy;
(2). when Ry =1/A, R(t) = 1/A, for 0 <t < o0;
(3). when Ry > 1/A, R(t) 1 oo, as t — 0o. Moreover, by L’Hospital rule,
lim R(t)/t = lim R'(t) = lim (A — 1/R(t)) = A.
t—o0 t—oc0 t—o0
This example shows a special case for our main results.
The following lemma says that h(ty) can become arbitrary large when [(to) is

large enough. We prove it by Proposition 2.3.1. Although the proof of Lemma 4.3.1

is similar as in [5], for the reader’s convenience, we still give the proof for detail.

Lemma 4.3.1. For any 7 € (0,T7) and M € (0, A7/2), there exists Iy, > 0 such
that, when l(ty) > lpr, for some ty € [1,T), it holds h(ty) > M.

Proof. For given 7 € (0,7") and M € (0, A7/2), we choose R, such that

Ry >

SN

Let R(t) be the solution of (2.3.12) with R(0) = Ry. Since Ry > 1/A, R(t) increases
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in t. Therefore R'(t) > A —1/Ry > A/2. Integrating the inequality, there holds
R(t) > Ry + A1/2 > Ry + M.
So there exists 7, € (0, 7] such that
R(m) = Ry + M.
Now we let
W (x,t) == VR(t)? — 22— Ry, z € [o_(t),0.(t)], t € (0,7],

where o_(t) = —y/R(t)? — R% and o, (t) = \/R(t)? — R2. And we denote
VR(t)* — R
7 .

0

04 (t) = arctan

Obviously, 7/2 > 0,(t) > 0. Therefore, (W (x,t),0.(t)) is the solution of (Q) with
04 (1)

We choose Iy, == o.(11) —o_(11) = 2¢/R(11)? — R2 = 2/M%+2RyM. Let
71(t) and v*(¢) be the extension of u(z,t) and W (x,t) as in Proposition 2.3.1. So by

Proposition 2.3.1, we can deduce

Z(7'(to),7* (1)) < Z(7'(to — 5),7*(m1 — 9)), for s € [0, 7).

Since the extended curve (7, — s) converges to the z-axis, as s — 71, the right-hand

side of the above inequality equals 2 for s sufficiently close to 71. Consequently,

Zy (to), 7 (m1)] < 2.
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Assuming I(to) > Iy, for some ¢y € [7,T), then o4 (7) satisfy
—b(to) < (71(71) < O—+(7—1) < b(to)

Hence ' (t) intersects y*(7;) twice below the z-axis. Therefore, Z[y!(ty),v*(1)] = 2.
This implies that u(z,tg) > W (x, 1) on the interval [o_(7), 04 (71)]. Consequently,
h(t(]) > M. O]

The following corollary shows that as long as [(¢) is unbounded, I'(¢) will become

“Expanding”.

Corollary 4.3.2. Assume T = oo and there exists a sequence s,, — oo such that

[(8$m) — 00, as m — co. Then [(t) — oo and h(t) — oo, as t — oo.

Proof. We can use the same argument as in Lemma 4.3.1, there exist C' > 1/A and my
such that u(z, s;m,) > /(C + Rp)? — 22 — Ry. Obviously, \/(C + Ry)? — 22 — Ry >
V0?2 — 22, —C < x < C. Therefore u(z, 5,,,) > VC? — 22, —C < x < C. This
implies that

Bo(0) C U(smy),

recalling QU (t) = I'(t). Then by comparison principle, we get
Bew(0) CU(t 4+ sm,), t> 0.

Here C(t) is the solution of (2.3.12) with C'(0) = C. Seeing the choice of C' and
the example at the beginning of this section, we can deduce C'(t) — oo, as t — oo.

Therefore h(t + $,,) > C(t) = 0o and I(t + sp,) > 2C(t) — 00, as t — 0. O

Corollary 4.3.3. If there exists a sequence s,, — 00, asm — oo such that h(s,,) —

0, as m — oo, then l(s;,) — 0, as m — oo.
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Proof. Using Lemma 4.3.1 with M = h(s,,),

I(sm) < larr = 20/ M2 + 2RoM = 27/ h(5,,)% + 2Roh(sp)

Then we have I(s,,) — 0. O
Corollary 4.3.4. If T = oo, then h(t) is bounded from below.

Proof. If not, there exists another sequence s,, — oo such that h(s,,) — 0, as
Sm — 00. By Corollary 4.3.3, I(sp,) — 0, as s,, — oo. Then there exists s,,, and
r < 1/A such that

U(smy) € B((0,0)),

recalling U (t) being the domain with OU(t) = I'(t). Then by Theorem 2.1.4, we have
U(t + smq) C Br((0,0)),

where 7(t) is the solution of (2.3.12) with r(0) = r. Seeing the example at the
beginning of this section, B, ((0,0)) shrinks to origin in finite time. Then it is also
for U(t). This contradicts to T = co.

Hence h(t) is bounded from below. O

Lemma 4.3.5. Assume T = oo and there erists a sequence s,, — 0o such that

h($m) — 00, as m — oo. Then I(t) — oo and h(t) — oo, ast — c©.

Proof. 1f I(t) is unbounded, by Corollary 4.3.2, h(t) — oo and [(t) — oo, t — o0.
The result is true. Next we prove [(t) is unbounded by contradiction. Assume [(t)
is bounded.

Step 1. We are going to prove that tliglo b(t) exists. If liminf b(t) < limsup b(t),

t—oo t—00
we can choose xg such that

liminf b(t) < zp < limsup b(t).

t—o00 t—00
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We consider the function u;(z) = \/1/A% — (x + 1/A — x0)2. Obviously, (u;(z), zo—
2/A, x) is the solution of the problem (Q) with 6L = 7/2.

Seeing b(t) — x¢ changes sign infinite many times as t varying over [0, 00), there
exists a sequence p,, — oo such that u(x, p,,) intersects u;(z) tangentially at .

Arguing as in Lemma 2.3.5, the intersection number between wu(z,t) and u(z)
drops at = = b(p,,) = xo and t = p,,. Therefore, the intersection number between
u(z,t) and uy(z) drops infinite many times. This yields a contradiction. Then we
let v := tlgglo b(t).

Step 2. We deduce the contradiction.

Choose t; = 4/A%. Since h(s,,) — oo, Lemma 2.3.9 implies for all p < Aty, y = p
intersects y = u(z,t) only twice, ¢t > t;. Here we choose py = 2/A. Then there exists

w(y,t) > 0 such that

Coo ML) = {(2,9) | v = w(y,t) or v = —w(y, 1)},

recalling C, = {(x,y) € R?* | |y| < p}. Here w(y,t) satisfies (2.2.1) under the
condition "4+” and n = 1, for |y| < po, t > t;.
Since w(0,t) = b(t) is bounded for ¢ > 0, by Corollary 2.2.3 and Remark 2.2.4,

A w

W(y,t}, k = 1,2,3, are uniformly bounded for |y| < po/2, t > t; + €2, From

equation, ‘g%,j’w(y,t), k = 1,2, are also bounded for |y| < po/2, t > t; + ¢*. For any
sequence t,, — oo and any [a, b] C [0,00), on a subsequence there exists w (y, t) such
that

w(-, - +tm,) — wi in C*Y([~po/2, po/2] x [a,b]),

as j — 00. The limit function ws (y,t) also satisfies (2.2.1) with the condition “+”

and n = 1. Moreover, w;(0,t) = ]lggo b(t + ty,,) = v and gywl((),t) =0,1€ [a,b].
Next, we consider the function wy(y) = v — 1/A + \/1/A%Z — y2. wy(y) satisfies

(2.2.1) with the condition “4” and n = 1. Moreover, w(0) = v and %wg(O) =0. So
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wy (y, t) intersects wq(y) at y = 0 tangentially for all ¢ € [a, b]. By intersection number
principle, there holds wy(y,t) = wa(y), ly| < po/2. Then we have 88—“;1(1/14,15) =
‘98—1’;2(1/14) = oo. However, from the definition of wy, ‘98—“;1((1;, t) is bounded for |y| < 1/A
(w; is independent of ). This is a contradiction.

We complete the proof. O]

Lemma 4.3.6. Assume T = oo. If h(t) is bounded from above, then h(t) and I(t)

are bounded from above and below.

Proof. By Corollary 4.3.4 and 4.3.2, h(t) is bounded from below and [(¢) is bounded
from above.

Next, we prove [(t) is bounded from below by contradiction. Assume there exists
a sequence s,, — oo such that [(s,,) — 0.

Since h(t) is bounded from below, by Lemma 2.3.9, there exist py and t; such
that for all p < pg, y = p intersects y = u(x,t) only twice for ¢ > t;. Then we let
w(y,t) > 0 such that

Coo NT(t) = {(z,9) | 2 = w(y, 1) or x = —w(y,)}.

Arguing as Step 1 in Lemma 4.3.5, v = tlim b(t). By l(sm) — 0, we have v = 0.
—00
Arguing as Step 2 in Lemma 4.3.5,

w(:, ) = wy in C3([0, po/2)),

as t — oo. Here wyi(y) = —1/A+ /1/A%? —y? < 0. But seeing w(y,t) > 0, there
holds wy (y) > 0 for |y| < po/2. Contradiction.
Therefore h(t) and [(t) are bounded from below. O

Proof of Theorem /4.1.1. 1. Maximal smooth time 7" < oo. As shown in Corollary
4.2.6,1(t) - 0and h(t) - 0,ast - T.
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2. Maximal smooth time T" = oo.
2-1. h(t) is unbounded, Lemma 4.3.5 shows that I(t) — oo, h(t) — oo, as t — 0.
This yields the case “Expanding”.
2-2. h(t) is bounded, Lemma 4.3.6 shows that (f) and h(t) are bounded from above
and below. This yields the case “Bounded”. O

4.4 Asymptotic behavior

In this section, we prove Theorem 4.1.2.

Proof of the Expanding case in Theorem 4.1.2. In this case, since h(t) and [(t) tend
to infinity, using the same argument as in the proof of Corollary 4.3.2, there exist ¢,
and C' > 1/A such that

Bc((0,0)) € U(to)-

Therefore, Be)((0,0)) C U(ty + t), where C(t) satisfies (2.3.12) with C'(0) = C.
Consequently, Be—1,)((0,0)) C U(t), t > to,

On the other hand, seeing U(0) being bounded, there exists R > 1/A such that
U(0) C Br((0,0)). Then U(t) C Br((0,0)), where R(t) also satisfies (2.3.12) with
R(0) = R.

Denoting R;(t) = C(t—to) and Ry(t) = R(t), Br,1)((0,0)) C U(t) C Br,)((0,0)),
t > to. By the example at the beginning of this section, we have tlggo Ri(t)/t =
tliglo Ry(t)/t = A. We complete the proof. O

Before proving the asymptotic behavior of the condition “Bounded”, we give the

following lemma.

Lemma 4.4.1. Under the condition “Bounded”, there exists t. such that uy,(z,t) <
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0 for x € (—=b(t),b(t)), t > t.. Recalling

P(t) ={(z,y) | [yl = u(z,t), =b(t) <z <b(t)}.

By Proposition 2.3.1, we can easily prove that there exists ¢, such that for all
straight line [, [ intersects 'N{y > 0} at most twice. This proof is similar as Theorem
1.3 in [5]. Here we omit it.

Lemma 4.4.1 implies that I'(t) is convex for ¢ > t¢,. Noting I'(¢) is symmetric to

x,y-axis, I'(t) can be represented by polar coordinates. Let
L(t) ={(x,y) | x = p(0,t) cos b, y = p(f,t)sind, 0 <O <27}, t>t,.

By calculation, it is easy to check p satisfies the following equation

202+ p% 1
b= Ol A\ 0< 0 <2m >t
pPP+ps  plog+p*) P

p(0,t) = p(2m,t), t > t.,
po(0,t) = pe(2m,t), t > t..

(4.4.1)

Lemma 4.4.2. Under the condition “Bounded”, there exist two positive constants

p1 and py such that

p1 < p(0,t) <py, 00 <27, t > 1"

Moreover, pg(0,t), peg(6,t) and peee(0,t) are bounded for 0 < 6 < 2w, t > t*.

Proof. Combining I'(t) is convex and b(t), [(t) are bounded from above and below,
obviously, p is bounded from above and below.

Then by quasilinear parabolic theory in [8], pg(0,t), pea(0,t) and peee(6,t) are
bounded for 0 < 0 < 27, t > t*. O
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Proof of the Bounded case in Theorem 4.1.2. For any sequence s,, — oo, by Lemma
4.4.2 and interval [a,b] C [0, 00), there exists p* € C%1(]0, 2] x [a,b]) such that on
a subsequence

Pl + Sm,;) = p*in C*1([0,27] x [a,b]).

Let x = p*(0,t) cos 0 and u*(z,t) = p*(0,t)sind. And let b*(t) = p*(0,t). There-
fore, (u*, —b*,b*) is a solution of problem (Q) with 6. (¢) = m/2. By the same method
as Step 1 in Lemma 4.3.5, for some positive constant v, the limit function b*(¢) = v,
t € [a,b].

Consider the function u, = /1/A42 — (z + 1/A — v)2. Obviously, (u.,v —2/A,v)
is the solution of problem (Q) with 0.(x) = m/2. Obviously, u*(z,t) intersects u.(z)

at (v,0) tangentially, for all ¢ € [a,b]. Then u*(z,t) = u.(z), t € [a,b]. Since u* is
symmetric to y-axis, v = 1/A. Consequently, p* = 1/A. Seeing the limit function p*

is independent of the choice of the subsequence s,,,, we have
p(-t) = p* in C*([0, 27]).

Here we complete the proof O

4.5 Comparison principle between extrinsic and

intrinsic distances

To get the asymptotic behavior for Shrinking, in this section, we give a comparison
principle between extrinsic and intrinsic distances.

First, we give some basic results for general mean curvature flow with driving
force. For A = 0, the results are proved by Gage and Hamilton in [3]. Let M be an

one-dimension Riemannian manifold and F : M x [0,T) — R? be a smooth map. F
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satisfies

%F(p, t) = kN — AN, (4.5.1)

where the sign of k is determined by

2

0
@F(S, t) = KJN,

where we recall N is the unit inner normal velocity, s is the arc length parameter.
In this section, for convenience, we take M = S! with parameter p. Let F :
S' x [0,T) — R? be a closed embedded curve moving by (4.5.1).

Using the arclength parameter s,

9 10

ds  vdp

where v = |OF /0p|. The sign of x will be determined by

O’F
@ = rkN.
Let T be the unit tangent vector given by
_ OF/op
|OF /0p|
The Frenet equations show that
Lo T\ 0 kK T
vip \ N —# 0 N

Define € by T = (cos,sin ). We can deduce that

0s

09 Kk
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Lemma 4.5.1.
ov

ot
Proof. By (4.5.1) and the Frenet equations,

= —k%v + Arv.

Ov ORI _ (k) = (T, Fy) = (T (N~ AN),)

= (T,(k —A)N,) = (T, —vk(k — A)T) = —k%v 4+ Akv.

Lemma 4.5.2. Denote | = fppf vdp = s(p2) — s(p1), p1,p2 €S, then

ol s(p2) s(p2)
— = A/ Kkds —/ K2ds.
ot s(p1) s(p1)

In particular, dL(t)/dt = 2mA — fOL(t) k2ds, where we recall L(t) is the perimeter of

the curve.

Proof. Using Ov/0t = —k*v + Akv and 00/ds = k, this lemma can be proved at

once. N

We note that the arc length parameter s depends on ¢, then 0/0t does not com-

mute with 9/0s. The following lemma gives the relation between them.

Lemma 4.5.3.
0 0 0 0 9 0
—— = — — Ar)—.
tos ~ asar T A,
Proof. Apply Lemma 4.5.1, we get
00 _ 0(10\_090 09 (1N\0 _0900 _ woitd
otds ot \vdp) 0sot Ot \v)op 0Osot v2  Op
00 9 0
= £a+(ﬁ _AH>$.
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O
The derivatives of T and N are related as follows:
Lemma 4.5.4. R N 5
= a—':N and e —G—/ZT.
Proof. By Lemma 4.5.3, (4.5.1) and Frenet equations,
aa—rf = gj; = 352(]9;;5 + (k2 — AH)%—E = %(KN — AN) + (k* — Ak)T
= %N — (k* — AR)T + (k* — Ar)T = %N.
On the other hand,
0= %(T,N) = <%N,N> + (T, %—lj)
Note that ON /0t must be perpendicular to N. We complete the proof. ]
Lemma 4.5.5.
0 _ o
at  Os
Proof. Since T = (cos,sinf)
aa—’f = %(— sin @, cos 0).
On the other hand, we use the formula in Lemma 4.5.4 to calculate
%—rf = —%N = %(— sinf, cos ).
Comparing components the proof is completed. O
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Lemma 4.5.6. Let S(t) be the area enclosed by the curve F(-,t). Then

d

Proof. By Gauss-Green’s Theorem,

L(t)
S(t):—%/o (F, N)ds.

Using above lemmas, we get
ds(t) B 1/2”<8F N)d 1/2”<F avN>d 1/2W<F 8N>d
dt - 2, Y’ 2), Vot 2 )y e P
1 2 1 2
= —5/ (/{N—AN,UN>dp—§/ (F, (—K*v + Akv)N)dp
0 0

e Ok 1 1 Lo
+ 5/0 (F,U%T>dp——7r+§AL(t)—§/o (F, AkN)ds

1 [L® 1 [L® 1 [L®
+ —/ (F, k*N)ds — —/ Kds — —/ x*(F,N)ds
2 Jo 2 Jo 2 Jo

1 1 [t®
= —2m+ JAL(t) - -/ (F, A
0

2
= —2m+ AL(%).

oT

s

1 L(t)
Yds = —2m + —AL(t) + —/ ds
2 2/,

In the third and fifth equalities, we use the integral by parts. O

Next we are going to prove the comparison principle for extrinsic and intrinsic

distances under mean curvature flow with driving force in a special case.

Theorem 4.5.7. For our flow

L) = {(z,y) | lyl = ulz, 1), =0(t) <= <b(t)}, o <t < T,
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let d =2x and l(z,t) = [* \/1+u2dx, 0 <2 <b(t). Then

O = Sy

is strictly increasing provided that m(t) < 1, for to <t < T, where

w:;smf,

where we recall ty is defined in Section 4.1 such that u(x,t) loses all its local mini-

mum, to <t <T.

Remark 4.5.8. (1) The quantities d and [ are the extrinsic and intrinsic distances

between (—z,u(z,t)) and (z,u(z,t)) and [ < L(t)/2. Hence d = 2z and [ =

2 [ /14 uide.

(2) Noting that lim+ d/v¥ =1, d/v can not attain its minimum which is less than
z—0
latz=0.

Proof. Case 1: Let 0 < x¢p < b(t) be a minimum point of d/v¢ defined through the

relation
m(t) = (d/v)(xo,1).
Then
o2
@E(%,t) >0
and
0 d 2 2dcosa
0=——(zo,t) = — — 1+ u?
ep ) =G T I
where o = I(z,t)m/L. Consequently,
1 d

= —cosa,

NS
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at x = xg. Let 0 < 8 < /2 satisfy tan § = —u,(xo, t)(recall u,(xo,t) < 0), then
= (o) = (cosa ) ) (452
cos 8= ————(zg,t) = | — cosa | (xo,1). 5.
T+u2 (8 ’

Since d/v(xo,t) < 1, we observe that 0 < o < § < 7/2. Moreover,

0% d 4 cos o 4 cos o
0 < @2@/)(%’ = — e V14 u2— \/1—|—u2+—cosoz1+u)

N 47TdSlIlOé(1+ 2) 2dcos o Uylyy 47Tdsmoz<1+ 2) 2dcosa  Ugylyy
_— uy) — = Uy) —
Li? DT e D TR ire
Ar2d 9 2dcos o Uylyy
- T(1+ux)_ 2 )
L v: /14 ul

where we invoke (4.5.2) and ¢ = L/msin(Ir/L). Consequently,

2dcosa Uplyy Ar2d

TR

(4.5.3)

8[ o Ug 2uxut
— (o, t V14 uide | (zo,t) = duy b
g \Fo (/ > 0 Y vy * Zo

Zo UtUyy 2UpUgy l )
/ (1+ u2)3/2d33 = L+ 2" (2o, t) + 2Auy(x0,t) — /0 k2ds
— 20 2 2
— 2Aarctanu,(xo,t) = m( ) —2Atan 8 — [ K*ds+2Ap0,

where we again invoke (4.5.2) and tan § = —u,(zo,t). Using the Holder inequality,

I l 2
l/ k2ds > </ mds) = 452 (4.5.4)
0 0
L L 2
L/ K*ds > (/ /ﬁds) = 47°. (4.5.5)
0 0
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. L L
m'(t) = % (%) (xo,t) = —d:;zna (27TA —/0 /£2ds) + dl;;za <27TA —/0 /12d8>

_ d cos « (( 2 Uy ( ) 2Atan f — / K2ds + QAﬁ)

2 1+ u2)3/?
2Ad cos o dcosa  2upty, dsina [T 9
= ¢—(( anf — ) — (tana — ) — R )3/2( t>+W/o K“ds
dicosa (% deosar (! 4dr?  dcosa L
- —— d 2ds > — t = 2d
L /o k°ds + e /OFL s > ¢L2+ e (tan « a)/o k°ds
N dcosa/l 2d8>_4d7r2+47rdcosa(tana_a)+452dcosa__47rdacosa
V2 Jo YL V2L w2 Y2L
n 43%d cos o B 43%d cos o B 402d cos o -
l1)? R l1)? ’

where we use (4.5.2), (4.5.3), (4.5.4), (4.5.5) and tan a— « is increasing, 0 < a < /2.
Case 2: For zg = b(t) such that

m(t) = (d/)(wo,1).

Since u(x,t) is increasing for —b(t) < z < 0 and decreasing for 0 < x < b(t),

to <t < T, welet x = v(y,t) be the inverse of y = u(x,t) in the first quadrant.

Consider
2f L+ vy dy, y >0,
E(:’J’t) = h(t 2
=2 [ /1 + vy, t)dy, y <0,

lling A(t) = u(0,t) = ).
recalling h(t) = u(0,t) 7b(t)1ri%)ib(t)u(x )

It is easy to see l(z,t) = L(u(z,t),t), for 0 < x < b(t), specially, 1(b(t),t) =
L(0,t). Since y = 0 is an interior point and ) = = sm ﬁ—L’T is smooth, we can prove
this case similarly as in case 1. The proof is now complete. O

Similarly, we can obtain
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Theorem 4.5.9. For our flow
D(t) = {(29) | [yl = uo,0),—b(t) <z < BB}, to <t <T,

where ty is the same as in Theorem 4.5.7. Let

Yy
d =2y, andl:2/ \/ 1+ vi(y,t)dy, 0 <y < h(t),
0

where v(y,t) is the inverse of u(x,t) in the first quadrant as in the proof of Theorem
4.5.7. Then
m(t) = min d/¢

0<y<h(t)

is strictly increasing provided that m(t) <1, to <t <T.
Using Theorems 4.5.7 and 4.5.9, we obtain

Corollary 4.5.10. There exists a constant C' > 0 such that
d>Cl, tg<t<T,

where d and | are the extrinsic and intrinsic distances in Theorem 4.5.7 or 4.5.9. In

particular,

h(t) > CL(t) and b(t) > CL(t),ty < t < T

Remark 4.5.11. To explain the geometric meaning in the proof of Theorem 4.5.7, we
will give the calculation in geometric method for closed curve moving by (4.5.1).
Let F: S!'x[0,7) — R? be a family of closed embedded curves moving by (4.5.1).

In this remark, we let

d(p1,p2,t) = [F(p1,t) — F(p2,t)], U(p1,p2,t) = [s(p1) — s(p2)l,

where s denotes the arc length parameter at time ¢. 1 is also defined as in Theorem
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4.5.7 by
L lr
Y = —sin—.
We define
m(t) = min  d/Y(p1, pa,t).

(p1,p2)ESt xSt

Assume that d/v attains its minimum at (pi, p2) € S*' x S!, ie.,

m(t) = (d/¢)(p1,p2,t) < 1.

Here we abuse the notation (p;,ps) to shorten the notations in the following argu-
ment.

Let s be the arc length parameter at time ¢ and without loss of generality 0 <
s(p1) < s(p2) < L/2 such that I(p1, p2,t) = s(p2) — s(p1). Next we represent [, d by

arclength parameter

[ =s9—s; and d = |F(s1,t) — F(sa,1)].

Then
0 . 2
(951 (d/w)@l’p%t) = 07 1= 17 2 and (aSZaS] (d/w>)2><2(p17p27t) > 0.
Let
OF F(p27t) _ F(plvt)
i = s ,t d = .
€ 0s; (p1. ps; ) and w d(p1,p2,t)
Then there holds
0 , d
0= Tl(d/¢)(p1,p2,t) = —% + W COS &,
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where oo = I(py, p2, t)7/L = (s(p2) — s(p1))7/L € (0,7/2). Consequently,

d
(w,e;) = ECOS a, 1=1,2 (4.5.6)

at (p1,pe,t). We can choose 0 < § < m/2 such that
cos B = (w,e;) = d/1cosa < cosa. (4.5.7)

Then 8 > a.
Since matrix (%{;(d/'[b))2x2(p1,p2, t) is non-negative, then for every vector £ €
105

R? there holds
32
&Si(?sj

&( (d/)),, (P10, )" >0, (4.5.8)

where &' denotes the transposition of £.

In view of relations of (4.5.6), there are two possible cases:

Case 1: e; = e5. We choose £ = (1,1) in (4.5.8).

0<(1, 1)(88?88‘(d/w))QXQ(pl,p27t)(1, 1)t = %(w, (KN)(p2,t) = (KN)(p1, 1))
’ (4.5.9)
Case 2: e] # e3. We choose € = (1,—1) in (4.5.8).
0 < (1,—1>(ajasj(d/¢))2x2<p1,p2,t>(1,—1)t
= N t) — (N 0) +
Then ,
T < 5 (N, 1) = (=N 1, 1). (45.10)

Since there is no t derivative in above calculation, more precise calculation is neces-

sary which is found in [7], Theorem 2.3. Here we safely omit it.
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Therefore, by (4.5.1) and Lemma 4.5.2

oo R

9 (d doy 18d  d (1dL | ol
9t \ %

ot

ot L dt

[ dL )
——smoz—i——cosoz— —— COS (¢

+ 1( aF(pz,t) aF(pl,t»: d (1(27TA /OKst)sina

dip 2

I
+ (A/ nds—/ Ii2d8>COSOé—i<27TA—/ m2ds)cosa)
0 0 L 0

2Ad

(< — AN(pa,t) — (5 — AN(p1, D) = — o sina

dyp P?

dA ! 2rdlA A
— —cosa/ kds + ——— T cosa — —(w, N(pa,t) — N(p1, 1))

P2 2L (&

(0

dl /L )
— ——cosa K“ds.

V2L 0

In the following step, we assume that

T2

—g@’aN(PzJ) — N(p1,t)) > 0.

Seeing Figure 4.2, there holds

—§<W,N<p2,t> — N(p1,t)) = % sin 3.

Case 1: e; = ey. By calculation,

dA /l
— Ccos kds = 0.
Y2 0
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F(p.t)

Figure 4.2: Assumption (4.5.11)

Then
o (4 > —MjsinajL—ZFdlAcosa—l—Q—Asinﬁ—{—dSinOé/L/ezds%—dcosa/l/des
a\y) — (U8 V2L (0 mp? Jo V2 Jo
dl /L2 2A(. d.) d /Lz
— ——cos« k“ds > — | sinf8 — —sina | + —=(sina — acos « K*ds
V2L 0 (0 (0 7T¢2( ) 0
> 0,

where we use (4.5.7), (4.5.9), d/v < 1 and sina — acosa > 0, for 0 < a < 7/2.
Case 2: e # es.

Using Holder inequality,

2

I !
l/ k2ds > (/ /de) = 452
0 0
L L 2
L/ K2ds > (/ /{ds) = 472,
0 0

and
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2 d > —Mjsina——QBdAcosa—i——27leAcosa+%sinﬁ—l——dSina/Lﬁzds
o\v) — @2 P2 2L (8 T Jy
deosa 1, dl L 4md
+ e /OHdS_W_LCOSOé/OHdS_L2¢
2A d d g
> — |sinff—fFcosf —(— sina—acosoz)—l——sina—acosa/ k2ds
= S )+ =5 )|
N dcosa/llgds_ 4m2d - 4m2d (sina—acosa)+dcosa/l/-@gds— 4m2d
v o L2y = wLy? v Jo
_4do’*cosa N dcosoz/lﬁzd8> _4da?cosa +4d62(:osoz -
- ly? v Jo B l? ly? ’

where we use (4.5.7), (4.5.10), (4.5.12), d/¢p < 1, B > « and sina — acosa is
increasing for 0 < a < /2.

A sufficient condition for the assumption (4.5.11) is that the line connecting
F(ps,t) and F(py,t) lies in the domain surrounded by the curve. In Theorem 4.5.7,
the conclusion that d/t is increasing provided that d/v) < 1 is true in the direc-
tion (2x¢,0) instead of all directions, since the line connecting (—zo, u(xo,t)) and
(o, u(zo,t)) just enough lies in the domain surrounded by the curve I'(¢). This is
the key point under the condition A > 0. We cannot guarantee that d/v is non-
decreasing in every direction even if d/1 is very small. We construct such an example

in Section 4.7.

4.6 Asymptotic behavior for Shrinking

Lemma 4.6.1. For the shrinking case in Theorem C, there exist C7,Cy > 0 such

that
b(t) h(t)

VT —t VT —t
Proof. Since u(x,t) has only one maximum at z = 0, it is easy to see that 0 <

L(t) < 4h(t) 4+ 4b(t) — 0, 0 < S(t) < 4b(t)h(t) — 0, t — T. Using Lemma 4.5.6 and

C; < < Cyand C) <

SCQ,tO<t<T.
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S(t) — 0, L(t) — 0 as t — T, there holds
T
S(t)=2n(T —1t) — A/ L(s)ds =2n(T —t)+ o(T — t).
t

By isoperimeter inequality L(t)? > 4w S(t),

L 2
lim inf *) >
t—T —t t—T T — ¢

Using Corollary 4.5.10, there exists C' > 0 such that
h(t) > C'L(t) and b(t) > CL(t).
Then there exists C'; > 0 such that

b
lim inf
T =

> (' and liminf ht) > (.
t—T

Nk

Using similarity transformation (4.1.5) and (4.1.6), there exists C; > 0 such that
r(r) > Cr and g() > Ci.

We next prove upper bounds for 7(7), ¢(7) by contradiction argument. Assume
that if there exists a sequence 7, — oo such that r(7;) — 0. S(7) denotes the area
enclosed by w(z,7) and axis z. By calculation,

N a(r) PO u(e, tyde  S(t)
aﬂzzé wle s = 20T = 0 <

for some C'. Since w(z, ) is even in z and w(z, 1) is monotone decreasing for z > 0,

aw(—%,m) < §(Tk) <C, Vk.
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Consequently, w(—a /2,7;) is bounded for all k. Consider the extrinsic and intrin-
sic distances between (—Cy /2, w(—C1/2,7,)) and (C1/2,w(C,/2,74)) after transfor-
mation, denoted by d(7;;) and [(73,), respectively. Then there hold d(7;) = C; and
’I“(Tk)—w(—a/Q, k) < Z~(Tk) By the argument above, since w(—a/Q, 1) is bounded,

[(1x) — 00, as k — oo. Then d(13,)/l(1) — 0, as k — oo.

Consider the extrinsic and intrinsic distance between

(—/2(T = t2)C1 /2, u(—/2(T — 14)C1/2, ) and (v/2(T — t)C1 /2, u(~/2(T — tx)C1/2, 1)),

denoted by d(t) and I(tx) < L(tx)/2, respectively. By calculation,

d(ty) = /2(T — t)d(7) and U(t,) = /2(T — t,)l(73).

Then d(tx)/l(tx) = d(m%) /() — 0, as k — oo, which contradicts to Corollary 4.5.10.
Therefore, r(7) is bounded. Similarly it also holds for ¢(7). Consequently,

o <Y o and o < 0

Cs.
VT —1 = JT—t~ °

IN

O

For the lemma above, it is obvious that there exist D, Dy > 0 such that D; <
r(7) < Dy and Dy < q(7) < Ds.
Since w(z,7) is increasing for —¢(7) < z < 0 and decreasing for 0 < z < ¢(7),

T > —% In(T — ty), we can represent w = w(z,7) under polar coordinate,

z=p(0,7)cosb,
w(z,7) = p(0,7)sinb,
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0<60<m7>—3In(T — o). Consequently, p(0,7) satisfies

Poo 205 + p° V2 . 1
pr = — +p+—Ae T\ /ps+pE 0<O<m 7>——In(T —t),
p*+pg plp + p?) p ’ 2
(4.6.1)

1
pe(0,7) = po(m,7) =0, T > —5 In(T — ty). (4.6.2)

Lemma 4.6.2. For any given € > 0, there exist positive constant Cy and By such

that
K ok 1
|Wp(077-)| <C/€a |ﬁp(977)| <Bk7 k:1727 ) OSQSW, TE_EIH(T_tO)_I_E

Proof. Firstly, we prove that there exist constants p;, po > 0 such that p; < p < ps.
Since 7(7) < D3, ¢(7) < Dy and w(z, 7) has only one maximum point at z = 0,
it is easy to get p < V/2Dy := p,.

Consider the intrinsic and extrinsic distances, [(7) and d(7), respectively, between

(W(Dy/2,7),D1/2) and (=W (Dy/2,7),D;/2), where z = W(r,7) is the inverse of
r = w(z,7), for = > 0. By Corollary 4.5.10, d(r) > Cl(r). Note that d(r) =
2W (D, /2,7) and I(t) > r(7) — D1/2 > Dy/2. Then W(D,/2,7) > CD,/4. Since
z = W(r,7) is decreasing with respective to r, W(r,7) > W(Dy/2,7) > CD,/4,
0 <r < D;/2 Itis easy to see p > min{D;/2,CD,/4} := p;.

Next, we are going to prove our main result. We extend p by even and periodic

in 0. Using the interior estimates in [8], we can get

k k

1
| =—p(0,7)| < Bi, 0<0 <7, 7> —=In(T —ty) + e
otk 2

O

Proof of Theorem 4.1.3. Firstly, We introduce the following Lyapunov functional
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borrowed from [6] (The Lyapunov functional also is used by [5]):
q(7)
Blut,) = [ e {-FEUED T e
—q(7)
We can compute that
d q(7) 2 2
et = [ 7w e { - ZEEED 1 uden) a +
—q(7)

where

a(7) 2 2
J = \/§A€_T/ exp {—M} wr(z,7)dz.

—q(7) 2

We consider the following integral

q(T) 2 2
/ exp {_HU_(T)} w2, 7Yz
—q(7) 2

TE w4 V2Ae T w?| dz

1+ w?

q(T)
</
—q(7)

q(7) w |w ‘ w
< — = + V24 3 /1 + widz.
{/() (1 +w2)*2 \/1+ \/1+w§

We note that |¢(7)|, |w(z, 7)| are bounded. By Lemma 4.6.2, the curvature |w,,/(1+
w2)*2 = [(=ppoo+205+p°)/ (Pg+p*)*/?| is bounded, 0 < 0 <, 7 > —5 In(T—to) +e.
Then

q(7)
|| < Clx/iAe_T/ V1 +widz < CivV2Ae77(2r (1) + 2¢(7)) < Ce™™,
—q(7)

for 7 > —3In(T — to) + €. Consequently,

/ |J|dT < oc.
—% In(T—tp)+e
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We note that
1
E(w(,7)) <2r(r)+2q(1) <C, 7> —éln(T —tp) + €.

Therefore

oo q(7) 2 2
/ / w?(z,T) exp {—M} (14 w.(2, 7)) 2dzdr < 0.

%ln(T—to)—‘re —q(7) 2

Finally, it suffices to show that, for any sequence 7,, — 400, the sequence
(w(z,7n),q(7,)) has a subsequence that converges to (p,q), as n — oo, where (¢, q)
is the solution of (4.1.11)-(4.1.13)(more precisely, the graph of r = w(z, 7;,) converges
to the graph of r = ¢(z) under the Hausdorff distance).

We set

wy(z,7) =w(z, 7+ 1), (7)) =q(T+ ), pu(0,7)=p(0, 7+ 1), T € [a,a+ 1],

where @ > —1In(T — ty) + . By Lemma 4.6.2, %pn(Q,T) and %pn(Q,T) are

uniformly bounded for n, § € [0,7], 7 € [a,a + 1], k = 1,2,3, j = 1,2. Then
there exists p*(0,7) such that p, converges to p* in C*1([0, 7] X [a,a + 1]) as n —
oo. Consequently, wy(z,7) converges to w*(z,7) as n — oo, where w*(z,7) =

p*(0,7)sinf. Obviously, w*(z, ) satisfies

wr = :U_Z;E — 2w, +w, 2z € (—=¢"(7),¢" (7)), T € [a,a+ 1], (4.6.3)
w(=q¢* (1), 7) =w(¢"(r),7) =0, 7 € [a,a + 1], (4.6.4)
w,(—¢* (1), 7) = 00, w,(q*(7),7) = —00, T € [a,a+ 1], (4.6.5)

where ¢*(7) denotes the limit of g, (7) defined as above.
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We next prove wi(z,7) = 0. By the argument of Lyapunov function above,

7'+7'n 2
/ / (2,7 4+ 7) exp{ dtw (2’7+Tn)}(1+w§(z,T+Tn))_1/2dsz

T+Tn 2

a(r) 2
< / / (z,7 exp{ %(Z’T)} (1+w?(z, 7)) V2dzdr.
™Tw+a

Using p,, converges to p* in C*!([0.7] x [a,a + 1]) and letting n — oo,

[ e {-ZHOPED e =0

which implies w! = 0 for —¢*(7) < z < ¢*(7). So (w*,¢(7)) is a stationary solution
of (4.6.3)-(4.6.5). Since the problem (4.1.11)-(4.1.13) is unique, ¢*(7) = @, where

G is a constant. Therefore, we prove that (w(z,7,),q(7,)) converges to (¢,q) up
to a sequence. Therefore, we have (w(z,7),q(7)) — (¢,q), as 7 — oo. Indeed,
(0,7) = (V1 — 22,1). The proof of Theorem 4.1.3 is complete.

Since I'(t) can be represented by F(p,t) : S! x [0, T). Seeing the proof of Theorem
413,

wZZ
(T w27

as 7 — 00. Then for 7 large enough w,, < 0 for —¢(7) < z < ¢(7). Consequently,

— 1, uniformly on S* N {y > 0},

K(p,T) =

seeing the relation between w and u, there exists t; such that u,, < 0, for —b(t) <

r<b(t),ty<t<T. O
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4.7 An example for mind/¢y =0

In this section we give an example that the comparison principle for extrinsic and

intrinsic distances does not hold for A > 0. First, we give some curves.
2. 2 2
n=A{@y) | (@—-3)+y" =R -L <y <R}

where L > 1/Aand L < R < 2/A.

2. 1
n={(r.y) | lv— 5l = VR - L[* 2L —d <y < —L -4},

where 0 < 0 < min{L/4,2/A — 1,/(2/A)? — L?}.

2 1
1 ={(@y) [ly+2L+30] =60 <z < 5 — VR - L2 -4},

We connect 71, 72, 73 smoothly by short curves, called I'y. Extend I'; by even,
denoted by T'g. Let I'(¢) be the maximal smooth solution of V' = —k + A with initial
curve I'y and we show that the curve T'(¢) will intersect itself in a finite time. By the

construction of Iy, there exist 1/A < R; < R such that
BR1 (Q/Av O) - U» BR1 (_Q/Aa 0) - U»

where U is the domain surrounded by I'g. Let R;(¢) be the solution of

1
Ry(t)’

RiH)=A-
with R(0) = R;. Then 0Bg, ) evolves by V' = —x + A with 0Bg,. By comparison

principle,
BRl(t)(Q/A,O) C U(t), BRl(t)(—Q/A,O) C U(t),

111



Chapter 4. Asymptotic behavior for curvature flow with driving force in the plane
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Figure 4.3: Initial curve I'y

where U(t) is the domain surrounded by I'(t). Let Ry(t) be the solution of

Ry(t) = —A - P%(t)
with Ry(0) = Ry := min{2/A — \/(2/A)2 — L? — 6, L/2}. Then 0B, evolves by
V = —k — A with 0Bpg,. Here we note the direction of the driving force must
be reversed. Since U C R?\ Bg,(0,—3L/2 — §), by comparison principle, U(t) C
R?\ Bp,1)(0, —=3L/2—40), 0 < ¢ < ty, where t, is the maximal existence time of Ry(t).
Note that t, is independent on R and R;. We can choose R and R; very closed to

2/A and seeing R;(t) — oo as t — oo, then there exists g, o < to such that

BR1(to)(2/A’ 0) N BR1(t0)(_2/A7 0) 7é @
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Combining U(t) C R? \ Bp,w)(0,—3L/2 — §), 0 < ¢ < to, this implies there exists

t1, t1 < to < tg such that I'(¢;) intersects itself at origin. It means that m(t;) =
mind/y = 0.
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Chapter 5

Mean curvature flow with driving

force in higher dimension

In this Chapter, we introduce the results in [4], mean curvature flow with drving
force in higher dimensions. In [4], they give the criteria for fattening and non-

fattening.

5.1 Introduction

We consider
V=-k+Aonl(t) cR", (1.1.1)

I'(0) = T, (1.1.2)

where T'(t) is a smooth family of hypersurfaces embedded in R™™!, V' is the outer
normal velocity of I'(¢), x is the mean curvature of I'(f) and A > 0, called driving
force, is a constant. Here the sign of x is taken so that the problem is parabolic. For
example, under the definition, the mean curvature of unit sphere in R**! is n.

In this chapter, we consider the initial data I'g is smooth except for origin and
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Chapter 5. Mean curvature flow with driving force in higher dimension

0 (b,,0)

Figure 5.1: Initial hypersurface I'y

can be wrriten into
Lo ={(z,y) e RxR" [ |y| = uo(x), —bo <z < bo}, (5.1.1)

where ug(z) is even and satisfies ug(x) > 0, for x € (—by,0) U (0,bg), uo(0) =
up(—bo) = uo(by) = 0. Since I'y is smooth at (—b,0,---,0) and (b,0,---,0), it is
easy to see that uj(—by) = —uy(by) = +oo.

Assume

v := lim arctan ugy(z) € [0, /2], (5.1.2)

w0t
seeing Figure 5.1.
Main assumptions for v = 7/2. Under the condition v = 7/2, let Ay =
TFon{(z,y) e RxR™ |z > 0}.

We consider another problem.

V =—k+A on AT(t) c R", (1.1.1%)
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A*(0) = A (1.1.2%)

(Figure 3.2).
As in Chapter 3, let ¢ be the unique solution of

O = |V<]§|div(v—¢) + A|V¢| in R™ x (0,T),

V¢l
¢(x7ya0) = a'l(xvy)7

where a;(z,y) satisfies Ay = {(z,y) | ai(z,y) = 0} and {(z,y) | ai(z,y) > 0} is
bounded. The results in appendix show that the zero set of ¢ is not fattening in a

short time and the zero set of ¢ can be written into
AT(t) = {(z,y) € R" [ g(a,y, 1) = 0} = {(z,9) € R"™ | [y| = v(2,1), a.(t) <z < bu(t)}

for 0 < t < T,. Moreover, (v,as,bs) is the solution of the following free boundary

problem

( Uy n

U= e ;1 + A1+ u2, z € (a,(t),b.(t), 0 <t < T,

w(an(t),t) = 0, ulb,(t),t) =0, 0< t < T.,

Ua(as (), 1) = 00, uy(bu(t),t) = —00, 0 < t < T}, (**)
u(z,0) = ug(x), 0 <z < by,

u(z,t) >0, x € (a.(t),b.(t)), 0 <t <T..

\

We call a, and b, the end points of AT (¢).
Assumption (A+): There exists § > 0 such that a,(t) > 0 for 0 <t <.
Assumption (A—): There exists § > 0 such that a.(t) <0 for 0 <t < 6.

For example, if K(O) < A, then, since
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a.(t) < 0 for any small ¢ > 0. Similarly, if x(O) > A, a(t) > 0 for any small ¢ > 0.

Here

K = lim | —
w=0t \ (T +u2)3? /142
denotes the mean curvature of Ay at the origin O.

Here we present our main results.

Theorem 5.1.1. Let I'y and 7 be defined by (5.1.1) and (5.1.2).
Assume vy =m/2, n > 2.
(1) If the assumption (A—) holds, then there exists T > 0 such that the interface
evolution T'(t) for (1.1.1) with initial hypersurface Ty is not fattening for 0 <t < T.
(2) If the assumption (A+) holds, then the interface evolution I'(t) for (1.1.1)

with initial hypersurface Iy is fattening.

Theorem 5.1.2. Let 'y and 7 be defined by (5.1.1) and (5.1.2).

Then there exist o, € (0,7/2) (n > 2) such that oy, — 7/2, as n — oo and if
0 < v < ay, then there exists T., such that the interface evolution I'(t) for (1.1.1)
with initial hypersurface Iy is not fattening for 0 <t <T.,.

Theorem 5.1.3. Let I'y and vy be defined by (5.1.1) and (5.1.2).
Assume 0 <~y < m/2, for n = 1.
The interface evolution T'(t) for (1.1.1) in R? with initial curve Ty is fattening.

The definitions of fattening, non-fattening, outer-evolution, inner-evolution and
interface evolution are given in section 2.
Theorem 5.1.1 can be explained by Figure 3.4 and Figure 3.5. ¢ in Figure 3.4

and Figure 3.5 is the unique viscosity solution of

\V4 .
wiﬁ + A|Ve| in R™! % (0,7),

¢(z,y,0) = as(z,y) in R"* x (0,7),

Pr = |V90|diV(
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where ay(z,y) satisfies Ty = {(z,y) € R"™ | ay(z,y) = 0} and {(x,y) € R" |
as(z,y) > 0} is bounded. Let T'(¢) = {(x,y) € R"" | p(x,y,t) = 0}.

Motivation. In Chapter 3, we consider the mean curvature flow with driving
force starting as singular initial curve in the plane and get the same results as in
Theorem 5.1.1 under the condition n = 1. In this chapter, we give some criteria to
judge whether the interface evolution starting as singular hypersurface is fattening
or non-fattening in higher dimension. Combining the results in [5], we can conclude
the results as the following tables. In the following tables, “Connected” means that
the evolution is a connected set and “Separated” means that the evolution consists

of two disjoint components.

Table 5.1: Singular angle v = 7/2

Assumption (A+) |n=1 n>2

Outer evolution Connected Connected
Inner evolution Separated Separated
Result Fattening Fattening

Table 5.2: Singular angle v = /2

Assumption (A—) |n=1 n>2

Outer evolution Connected Connected
Inner evolution Connected Connected
Result Non-fattening Non-fattening

Table 5.3: Singular angle v < 7/2

n=1,0<y<7/2|n>20<vy<a,
Outer evolution Connected Separated
Inner evolution Separated Separated
Result Fattening Non-fattening

The role of a,(t) in Theorem 5.1.1. Seeing Proposition 5.4.1, we can prove
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Chapter 5. Mean curvature flow with driving force in higher dimension

there exists a unique solution (u,b) of the following free boundary problem

uxm

—1
T AT, b)) <a<b(t), 0<t<Ti,  (5.1.3)

U =
14+ u? u

u(b(t),t) = u(=b(t),t) =0, uy(—=b(t),t) = —uy(b(t),t) =00, 0 <t < Ty, (5.1.4)
u(z,0) = ug(x), —by < x < by, (5.1.5)
u(z,t) >0, —=b(t) <z <b(t), 0 <t <T. (5.1.6)

Precisely, we say (u, b) is the solution of (5.1.3), (5.1.4), (5.1.5) and (5.1.6), if

(1) b(t) is a positive function and b € C([0,T3)) N C*((0,Ty)).

(2) u € C(Dp) NC*!(Dr,), where D, = Ug<yery ([—b(t), b(t)] x {t}) and D, =
Uo<t<ry ((=b(2), b(t)) x {t}) (We must note that Dy, # Dr,).

(3) (u,b) satisfies (5.1.3), (5.1.4), (5.1.5) and (5.1.6).

Obviously, the flow I'*(t) = {(z,y) | |y| = u(x,t), —b(t) < x < b(t)} satisfies
(1.1.1), (1.1.2) naturally.

Let (v, ax, bs) be the solution of the problem (*). If the assumption (A+) holds,
the flow

AT(@) = {(z.) | Iyl = v(2, 1), au(t) <z < bu(1)}

does not intersect the flow

A~(t) ={(=z,y) | (z,y) € AT ()},

for 0 <t < §. Denote A(t) = A*(t) UA~(t). Obviously, A(t) also satisfies (1.1.1).
Seeing ['*(0) = A(0) = Ty, this means that there exist two types of flows ['*(¢) and
A(t) evolving by V' = —k + A with the same initial curve I'y. Therefore under this
condition, the solution of the original problem (1.1.1), (1.1.2) is not unique. Indeed,
from the proof of Theorem 5.1.1, we see that the flow I'*(¢) is the boundary of the
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closed evolution and the flow A(t) is the boundary of open evolution.

If a.(t) < 0for 0 <t <&, AT(t)NA=(t) # 0. Obviously, A(t) = AT(t) UA~(t)
does not satisfy (1.1.1). But A*(¢) plays the role of a sub-solution (in the proof of
Lemma 5.2.4). Using this sub-solution, the boundaries of the open evolution and
closed evolution are away from the z-axis. Moreover, it can be proved that the
derivatives and the second fundamental forms of them are uniformly bounded. By
the uniqueness result (Proposition 5.2.2), we can prove they are coincide.

For classical mean curvature flow i.e. A = 0 and under the condition v = 7/2,
since a,(t) > 0 always holds, the interface evolution is fattening.

Background. In 1995, [1] considered the classical mean curvature flow in di-
mension n, n > 2. They proved that the singular formations for axisymmetric flow
can only be shrinking or pinching. Moreover, they used level set method to show
that after pinching, the interface evolution is non-fattening and separated into some
disjoint connected components. Indeed, this result can be seen as a special condition
A =0 and v = 0 in this paper.

Mean curvature with driving force under the condition v = 7/2 and n = 1, the
curve in plane, has been considered in [5] recently. The same results as in Theorem
5.1.1 are given in [5]. In this paper, we give more general criteria to judge whether
the interface evolution starting as singular initial hypersurface is fattening or non-

fattening.

5.2 Singular angle v = /2

In this section, we consider the case v = m/2 and prove Theorem 5.1.1.
Denote U = {(z,y) € R"™ | |y| < ug(x), —by < x < by}. By assumption of ug in
Section 5.1, we know that U N {x > 0} is an a-domain with smooth boundary, for

some « > 0.
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Chapter 5. Mean curvature flow with driving force in higher dimension

We choose vector field X € C'(R"!\ {O} — R™) such that

(i) At any P € QU not on the z-axis has (X, n(P)) > 0, n(P) is the inward unit
normal vector to OU at P.

(ii) We set X((x,y)) = (0,—y/|y|), near O and set X = (—1,0,---,0) near
(b,0,---,0), X = (1,0,---,0) near (—b,0,---,0).
We note that X has no definition at O.

Since X # 0 on OU \ {O} and |X| = 1 near O, by continuity, there exists a
neighbourhood V' O 9U such that | X| > 6 > 0 for some § > 0in V' \ {(0,0)}.

Proposition 5.2.1. For p small enough, there exists a smooth hypersurface ¥ C
V\{O} with

(i) X(P) ¢ TpX at all P € 3, i.e., ¥ is transverse to the vector field X ;

(ii) ¥ = 0U in {(z,y) | [yl = 2p};

(i) XN {(z,y) | ly| < p} consists of discs Ay = {(£e,y) | ly| < p} and pipe
By =A{(z,y) | —d <2 <d,[y| = p}.

The proof of this proposition is similar as Proposition 3.2.1. We omit it.

Denote o(P,a) : 3 x (=6,0) — V (V is given at the begining of this section
and ¥ is given by Proposition 5.2.1) the flow generated by vector field X in R™*1.
Precisely, o(P, «) is defined as following:

% _ X(o(P,a)), PEY,

o(P,0)=P, PekX.

By (i) in Proposition 5.2.1, for any C' function u : ¥ — R, “the image of u
under 0”:= {o(P,u(P)) | P € ¥} is a C! hypersurface. Conversely, for any curve
I' € V which is C' close to ¥, there exists a unique C' function v : ¥ — R
such that I' = {o(P,u(P)) | P € ¥}. In other words, the map o(-,t) defines
new coordinates from ¥ to V. Therefore, if I'(t) C V(0 < t < T) is a smooth
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family of smooth hypersurfaces and C' close to X, there exists a unique function
u € C®(X x (0,7)) such that I'(t) = {o(P,u(P,t)) | P € ¥}. Let z = (21, , 2p)
be the local coordinates on an open subset of 3. If T'(t) evolves by V = —k + A,

under these coordinates u satisfies the following equation

ou

i a;j(z,u, Vzu)Vizju +b(z,u, V,u). (5.2.1)

Here {a;;} is a smooth, positive matrix. Precisely, we can see Section 3 in [2].
Consequently, (5.2.1) is a parabolic equation.

For example, o(-, «) is the flow defined as above. We can easily deduce that

(x,p—a), P € By,
J(‘P? Oé) = <_C+ C%Z/)a P S A—m
(c—a,y), PeA,,

where we choose the local coordinates:
(1). (z, py) on By;
(2). (£c,y) on AL..
Suppose that I'(¢) is symmetric to z-axis. Then, on By, u depends only on x, t

and satisfies

PR S et N ) (5.2.2)

- 1+u2 p—u

In this case, b = Zf_i — Ay/1+4+u2. For n > 2, it is easy to see b is not smooth
at u = p. This is the most significant difference between the condition n = 1 and
condition n > 2.

On AL, since u depends only on y = (y1, -+ ,y,), u satisfies

1+

Uy, Uy
U = (61] — yl—quj,LP> uyiyj — A\/ 1+ IVUP (523)
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Proposition 5.2.2. Forn > 2, let I';(t), t € [0,T] be two families of hypersurfaces
with o= *(T;(t)) the graph of u;(-,t) for certain u; € C(X x [0,T]), j = 1,2. Let
D;(t) be bounded open domain with 0D;(t) =T';(t) and assume that D;(t) are a(t)-
domain, j = 1,2. Moreover, assume that u; are smooth on ¥ x (0,T] and smooth
on X\ (A U By) x [0,T]. And suppose that p — u; are bounded from below on
Y\ (AL UBy) x [0,T). If

(1). T;(t) evolves by (1.1.1);

(2). T1(0) = I'5(0);

(3). Jy wdt < oo,

then T'y(t) = Ta(t) for 0 <t <T.

Proof. Consider function v(P,t) = ui(P,t) — ug(P,t). From our assumptions, there
holds v € C(X x [0,T]) and v is smooth on (X \ At. U By) x [0,T] and smooth on
¥ x (0,T]. Moreover v(P,0) = 0. We define M(t) = max{v(P,t) | P € ¥}. Choose
P, as in Lemma 3.2.3 such that M (t) = v(P,,t) and M'(t) = v, (P, t).

Case 1. P, € By, u; satisfy

= e " T (5.2.2)

- I1+u2 p—u

Obviously, v satisfies the following equation
vy = a (2, 1)Vpe + b (2, )0, + ()0,

where a'(z,t) > 0 and c!(x,t) = m. Since v attains its maximum at P,
then v, (P, t) = 0 and v,, (P, t) < 0. So we have v,(P;,t) < ¢! (z,t)v. By assumption

that D; are «(t)-domain, then p —u; > «(t), j = 1, 2. Therefore,

n—1
a?(t)

Ut(Pbt) S U(Ptat)'
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Consequently, M'(t) < Z55 M(t).

o?
Case 2. P, € ¥\ (Ai. U By). Then we can choose coordinates z on some

neighbourhood of P, on ¥ and w; satisfy (5.2.1). We may write this equation as
u; = F(2,t,u, Vu, V?u). Then v satisfies

vy = a?j(z,t)vzizj + b?(z,t)vzi + (2, v

where

1
cZ(z,t):/ Fu(z,t,u’, Vul V?u?)de,
0

where u® = (1 — 0)ug + 0uy and {a};} is a positive definite.

Since v is smooth on ¥\ (AL, U By) x [0,7] and p — u; are bounded from below
on ¥\ (Ai.UBy), 0 <t < T, then there exists a positive constant C' such that
|c%(z,t)] < C. The constant C' may depend on the choice of local coordinates z.
By compactness of ¥, 3 has a finite covering consisting of neighborhoods of local
coordinates, and we can choose C' independent of the choice of local coordinates.

Since Vo (P, t) = 0, {v.,.,(F;, 1)} is negative semi-definite,
(P, t) < (P, t)u(Py,t) < Cu(P,t).

Consequently, M'(t) < CM(t).
Case 3. P, € Ai.. We only consider P, € A_.. Then in the z-coordinates of
A_., u; satisfy the full graph equation

Uy, Uy,
Uy = (523 — TV;P) inyj - A\/ 1+ ’VUP (523)
Hence v = u; — uy satisfies a linear parabolic equation

vy = a?j(z, )V, + b (2, t)vs,,
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where {a;} is positive definite. Obviously, Vu(P;,t) = 0 and {v.,., (P, t)} is negative
semi-definite. It follows that M'(¢) < 0.
From the three cases above, if we put

n—1
N0

+ C,
then there holds M'(t) < r(t)M(t). Consequently, by the assumption of «(t),
M(t) < M(0)ehor®ds — g,

By considering m(t) = min{v(P,t) | P € X}, we can similarly prove m(t) > 0.
Therefore 'y () = T'a(t) for 0 <t < T. O

Note that the intial curve in our problem is singular at z-axis. The assumption
that “D,(t) are a(t) domain” in Proposition 5.2.2 means that I';(¢) “escape” from

origin with speed «(t). If the “escape speed” satisfies

T 1
/ S dt < oo,
o (1)

we can get the uniqueness.
Following Lemmas 5.2.3 and 5.2.4 can be proved by similar argument to the
argument in R? (Chapter 3). For reader’s convenience, we give the proof of Lemma

5.2.4.

Lemma 5.2.3. There exists a sequence of closed sets E; such that ES are /27 -
domains and E; | U. Here U is given at the beginning of the section and E° denotes

the interior of the set E.

Lemma 5.2.4. Let the same assumption of (1) in Theorem 5.1.1 be given. Then

there exists t; > 0 such that, for all ty satisfying 0 < ty < ty, the second fundamental
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forms and derivatives of OE;(t) are uniformly bounded for to <t < t;, where E;(t)
denote the closed evolution of V.= —k + A with E;(0) = E; and E; are given in
Lemma 5.2.5.

Proof. Let Ej(t) = {(,y) | ly| < v;(z,1), —¢;(t) <z <¢;(t)}.
Step 1. For all ¢, satisfying 0 < t5 < § (J given by assumption (A—)), there

exists a constant ¢ > 0 such that
v;(0,t) > ¢, t2/2 <t <.

Let U*(t) denote the bounded set with QU (t) = AT (t). Since Ut (0) = UN{z >
0} C E; = E;(0), Ut (t) C E;(t). By our assumption that a.(t) < 0 for 0 < ¢t < 6,
O e U*(t) C E;(t) for 0 <t <. For all t, € (0,6), there exists ¢ > 0 such that
vj(0,t) > c for /2 <t < 6.

Step 2. Construction of four auxiliary balls.

Since U N {x > 0} is an a-domain, there exist B > 1 > 0 such that ug(+5;) =
up(£P2) = a and ug(x) < 0 for & > B, uy(z) > 0 for 0 < o < 1. There exist p > [,
and 0 < g < (B3 such that ug(4q) = ue(£p) = %. We consider the points

Q = (_pv O)’ P = (pv 0),

Q/ = <_pa O./), P = (p7 O'/)'

Since P € U and P’ € U", there exists e such that B.(P) C U and B.(P") C U".
Consequently, B.(P) U B.(Q) C E° and B.(P') U B.(Q') C E°. Then for j large
enough, B.(P) U B(Q) C Ej and B(P') U B(Q') C Ef. Comparison principle
shows that

B (P) U B (Q) C Ey(t)° (5.2.4)
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Figure 5.2: Proof of Lemma 5.2.4

for 0 <t < d9. By Theorem 2.1.7,

B (P) U B (@) C Ey(t) (5.2.5)

for 0 < t < 69. Here €(t) is the solution of (2.3.13) with ¢(0) = € on the interval
[0,61). Take d5 independent of j such that e(t) > €/2 for 0 <t < Js.

Step 3. Divide 0F;(t) into two parts by auxiliary balls.

Since for all p < /2, C, intersects OF; at most four times, by the intersection
number argument as in the proof of Lemma 2.3.10, there exists ¢y > 0 such that C,
intersects OE(t) at most four times for 0 < ¢ < ¢y. By continuity, we can deduce
that there exists d, such that for all p < «, the equation v;(x,t) = p has just one
root for x > p for all t < 4. By symmetry, it also holds for z < —p.

Put t; = min{tg, 02, 03,d4}. Then Step 1 and intersection argument show that

E;(t)° are all c-domains for ¢5/2 < t < t;. Let d < min{c,e/4}. By (5.2.4) in
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oy %
¢ kj/ _| \u
d// B.« Bs(t)\\z
| hY 4 1
Kj—p @

Figure 5.3: Proof of Lemma 5.2.4

Step 2, we have v;(x,t) > d for t3/2 < t < t; and x with |z — p| < \/€*(t) — d? or
|z + p| < \/€2(t) — d?. By €(t) > €/2,
V3 V3

'Uj(JT,t) > din Q= (_p - Tevp_{_ TE) X (t2/27t1)

For x < —p, by (5.2.5) in Step 2,
vj(x,t) < af2 —€e(t) < a/2—¢€/2for x < —p, 0 <t <t.

This is also true for x > p.

Step 4. The derivatives and second fundamental forms of 0F;(t) are bounded
in Q' = [—p,p| x (ta, t1).

Since vj(z,t) > din Q = (—p — ‘/Tge,p + \/Tge) X (t2/2,t1), Theorem 2.3.4 implies
that v;, are uniformly bounded in Q. By Remark 2.2.4, v;,, are uniformly bounded
in €.
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Step 5. The derivatives and second fundamental forms of 0E;(t) are bounded
forx < —pand x> p, ty <t <t

We only consider for x < —p. For 0 < ¢ < t;, the part of 0F;(t) on x < —p
can be represented by =z = w,(y,t) for |y| < a/2, t € (0,t;), and w; satisfy the
equation (2.2.1) in the condition “—” and n = 1. Then Corollary 2.2.3 and Remark
2.2.4 imply that all 2 3y kw] (y,t), k = 1,2, are uniformly bounded for |y| < a/2 —€/2,
ty <t <ty and for any t5 > 0. Then the derivatives and second fundamental forms
of OF;(t) are uniformly bounded for x < —p, t, <t < t;.

The proof of this lemma is completed. [

Lemma 5.2.5. Let the same assumption in Theorem 5.1.1 hold. Then there exists
t1 > 0 such that for all ty € (0,t1), the second fundamental forms and derivatives
of QU (t) is uniformly bounded for to < t < ty, where U(t) is the open evolution of
V=—-k+AwithU(0)="U.

Lemma 5.2.5 is able to be proved as Lemma 5.2.4.

As mentioned in Proposition 5.2.2, in order to get the uniqueness, we must
give the estimate of “escape speed”. Let Ry be taken small enough such that
Bpr,((Ro,0,---,0)) U Bg,((—Rp,0,---,0)) C U. In next lemma, we construct a

sub-solution.

Lemma 5.2.6. (Sub-solution) Take Ry as above. Function u is even and defined by

Ror(t
V(r(t) + R(1))? — /() — 22, 0 <z < s,

V() — (z — )Q,RS);%<$<RO+R()

u(z,t) =

Here r(t) = t3/* and R(t) satisfies R" = A —n/R, R(0) = Ry. Then there exists
t. > 0 such that (u, Ry + R(t)) is a sub-solution of (5.1.3), (5.1.4), (5.1.5), (5.1.6)
for 0 <t < t,.
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Proof. We can easily deduce that |R(t) — Ry| = O(t), as t — 0. Since r(t) = t3/* >
R(t), for sufficient small ¢, u is well-defined for small ¢.

1. Positive: Obviously, ug(z,t) > 0 for =Ry — R(t) < x < Ry + R(t).

2. Initial condition: By the choice of Ry, u(x,0) = /Ry — (z + Rg)? < ugp(x) for
0<x<Ryand Ry < by.

3. Boundary condition: Obviously, at boundary,

and

Qz(_RO - R(t)’ t) = _Qm(RO + R(t)7t) = 00.

4. Interior: For -2« 2 < Ry + R(t) or —Ry — R(t) < © < —RROA, u(z,t) =

R(t)+r(t) t)+r(t)
VR2(t) — (z — Ry)? satisfies (5.1.3). Next we only need prove u is a sub-solution of
(5.1.3) for — Rﬁ()):-(;zt) <z< Ri;’fﬁzt) and ¢ small. By calculation,
2
2 T
1+ u; oY
_ T2 .
Upy = (7”2 . .%2)3/2’
R+ R)
o Jr+RP-R} Vr?—a?
Therefore,
u n— (r+R)("+R) 1
u — ——=4 —A\/1+ u? = —
a 1+ u? B (r+ R)? — R? Vo2 2o
n—1 Ar <(r+R)(r’+R') , 1
J— —_— /," —_—
VIr+R?2—R -2 =22 r2—a2" /(r+ R)?— R? r
n—1
+

(7"+R)2—R8—7“.
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Since |R'(t)| is bounded, R(t) is bounded from above and below for small ¢, and

r(t) = t*, we can deduce that

1 1
= - O(t73/8)7
(r+R2—R2 /(r+R—Ry)(r+ R+ Rp)
(r+R)(" +R) =0t
as t — 0. Consequently,
U n—1 :
w = e AV SO Gt Gt Gy

t=34(OLY8 — Cutt/? — Oy 4+ Cut*’®) < 0

Ror(t)
R)+r (1)

Then there exists t, > 0 such that u is a sub-solution of (5.1.3) in viscosity sense for

for any sufficient small ¢ > 0. It is easy to check that u is C! at z =

0<t<t,.

We complete the proof. ]

Corollary 5.2.7. Recall U = {(z,y) € R™™ | |y| < uo(x), by < x < by} and E(t)
be the outer evolution of U. Then there exists t* > 0 such that, for each t € [0,t*),
E(t) can be described as follows,

E(t) ={(z,y) e R" | |y| < v(w,1), —bi(t) <z < bi(t)}.

Here (v,by) is the uniqueness solution of (5.1.3), (5.1.4), (5.1.5), (5.1.6) on the
interval [0,t*). Moreover, there ezists a(t) with fot* QQL(t)dt < 00 such that E(t)° is

a(t)-domain for t < t*.

Proof. Let E;(t) be given by Lemma 5.2.4. Since {(z,y) € R""! | |y| < u(x,0)} C
E;(0) = {(z,y) € R [ [y < v;(2,0), —¢;(0) < = < ¢;(0)}), {(z,y) € RxRY |
yl < u(e,t)} € Ei(t) = {(z,y) € R"™ | |y| < vi(x,t), —¢;t) < @ < ¢(t)} for
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0 <t <t, and for all j.
By r(t) = t3/*, |R(t) — Ry| = O(t) and boundedness of R(t) from below as t — 0,
there exists t* > 0 such that

w00 = /() + RP — B~ /0 = /70 (\/r@) +2R() + O 2T r<t>)

for t < t*. If we taken
at) = Ct*8 for 0 < t < t*,

then fg a+(t)dt < 00. Therefore, E;(t)° are all a(t)-domains. Moreover, (v;, ¢;) sat-
isfy (5.1.3), (5.1.4), (5.1.6). By E;(0) } E(0), Theorem 2.1.5 and the same method
as in Lemma 5.2.4, we can show that E;(t) | E(t) and derivatives and second funda-
mental forms of E;(t) are uniformly bounded. (v,b;) = 315& (vj,¢;) is the solution of
(5.1.3), (5.1.4), (5.1.5), (5.1.6). Moreover, {(z,y) € R"™™ | |y| < u(z,t)} C E(t) for
0 <t<t* E(t)°is also an a(t)-domain 0 < ¢t < t*. The uniqueness of the solution

follows from Proposition 5.2.2. [

Proof of (1) in Theorem 5.1.1. Let E(t) and U(t) be the closed and open evolution
of (1.1.1) with E(0) = U and U(0) = U, respectively.

Let U™ (t) denote the bounded open set with U™ (t) = AT (t). Since UT(0) =
Un{z > 0} Cc U = U(0), there holds U*(t) C U(t). By our assumption that
a.(t) < 0for 0 <t <6, 0 € Ut(t) C U(t) for 0 < ¢t < 0, where ¢ is given in

assumption (A—). This means that QU (t) escapes away from origin. Therefore,
{(z,y) e R"™ | [y| < u(z,t)} CU®), 0<t<T,

where T' = min{t*, 9, ¢, }. (Recall #; is given by Lemma 5.2.5) Consequently, U(t) is
also an «a(t)-domain. For small ¢, we can easily check that OE(t) and OU (t) satisfy
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the assumption in Proposition 5.2.2. We get 0E(t) = 0U(t) for 0 <t < T.
We complete the proof. O]

Proof of (2) in Theorem 5.1.1. Choose 11 < min{t*,6}. Here ¢ is given in assump-
tion (A+), and t* is given in Corollary 5.2.7.

Let U%(t) be the bounded open domain with U*(t) = A*(¢). Thus the left end
point of U™ (t) and the right end point of U~ (t) are (a.(t),0,---,0) and (—a.(t),0,-,0),
respectively. By assumption (A+), —a.(t) < a.(t), 0 <t < Ty. Therefore, UT(t) N
U (t) =0, 0 <t < 4. From Lemma 2.1.9, the inner evolution U(t) satisfies
Ult)y=Ur(t)UU(t), for 0 <t <.

Corollary 5.2.7 shows that E(t)° is an «a(t)-domain for 0 < ¢t < T}. By a(t) =
Ct3/3, there exists small enough p such that the ball

T T
Bp((o,C(ZU?’/S,o, .-,0)) C E(t), 71 <t<T

and
T T
B,,((O,C(Zl)3/8,0, 0N NU) =0, 71 <t<T.
This means that the interface evolution I'(¢t) = E(t) \ U(t) has interior. O

Remark 5.2.8. (1) In the proof of (1) in Theorem 5.1.1, we get the closed evolution
and the open evolution are all connected sets. Therefore, they are homeomorphic.
Moreover, using the unique result, we can prove that they are coincide.

(2) In the proof of (2) in Theorem 5.1.1, we get the closed evolution is connected

and the open evolution is separated. Therefore, they are not homeomorphic.

134



Chapter 5. Mean curvature flow with driving force in higher dimension

5.3 Singular angle v < 7/2 with n > 2

In this section, we give the proof of Theorem 5.1.2. First, we introduce the

following similarity transformation: for 7" > 0,

x 1
z = Q(T—t)’ T = —Eln(T —t) (5.3.1)

and

w(z,7) = —=eu(v2e T2, T — 7). (5.3.2)

Sl

Then u satisfies

SR S e S Wiy (5.1.3)

- 14 u2 u
if and only if w satisfies
_ Y bw— " BT AT (5.3.3)
w, = T+ u? 2w, + w ” e w2. 3.

In 1992, [3] shows that there is a torus shape self-similar solution of (1.1.1) for A =0
called “Angenent shrinking doughnut”. The self-similar solution remaining the shape
of doughnut shrinks to a point. Moreover, in [1], using this self-similar solution, they
prove that after a rotational hypersurface pinches, the hypersurface will be separated
into two disjoint components. We also expect to prove Theorem 1.2 by using some
self-similar solution of (1.1.1), however, it is difficult to find such solution. Therefore,

we construct a compact self-similar super-solution of (5.1.3).

Proposition 5.3.1. (Super-solution of equation (5.3.3)) Denote W := C' —+/p? — 22,
—p<z<p.

Forn > 2, for every C, p with C* + p*> < n and C > p > 1, there exists 7o(C, p)
such that W is a super-solution of (5.5.8) for —p < z < p, T > To.

Forn =2, Fiz0 € (0,1), ¢ € (0, 20) arbitrary. Then, for each 1+0ey < p < C' <
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1+ €q, there exists 1o(C, p) such that W is a super-solution of (5.3.3) for —p < z < p,

T > Tgp.

Proof. By calculation,

w, =0,
_ z
W, =
02 — 22
and
W,, = p—2
zz (p? — 22)3/2'

For convenience, we put ¢ = \/p? — 22 for —p < z < p.

_zz _1 _
1 +ws
1 n—1 2
= -+ —C+q+" \/_Ae‘Tp
q C—q q
1 -1 2
G T N Y
q C—q q q
1

- m<Cq2_(P2+02—n)q—C+p20_\/§Ae—rp(C_q)>'

Forn > 2, if p>4+C? < nand p < C, we can deduce C¢*>—(p*+C?—n)q—C+p*C of

the right hand side of the formula above attains its minimum at ¢ = 0. Consequently,

77 wzz -7/ 2 1 2 -7

Therefore, if p > 1, then there exits 79(C, p) such that

_zz _1 _
W, — w_2+zwz—ﬁ+nT—\/§Ae T\/1+@§>O
1+ w3 w

for 7 > 7.

For n = 2, C¢* — (p* + C* — 2)q — C + p?C attains its minimum at 2+2%2_2'
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Consequently,
p— wZZ p— J— 1 —T —92
W, — _2+zwz—w+:—\/§Ae \/ 1+ w?
1+ w3 w
1 (C*+ p* —2)? ) _
> — +(p* = 1)C —V24epC).
70— q)( 10 ( ) )

Then fixed § € (0, 1), for any € € (0,26) and 1+ 6y < p < C < 1+ ¢,

_(C2 +p%—2)2 LA -10 > 80ey — 36€2 _ 20€y — 92
AC P = U1+ 0e) (1 0ey)

Therefore, there exists 7(C, p) > 0 such that

_ZZ 1 — J—
W, — — 42w, — T+ — — V2Ae T\ 1+ 72 > 0
1 +w; w

for 7 > 7. O

Remark 5.3.2. Under the condition n > 2, in the proof of Proposition 5.3.1, for
convenience, we assume

p?+C? <n.

Indeed, it is not necessary. In the proof, we can use that Cq?>—(p*+C?%—n)q—C+p*C

_ p°>4+C%—n

attains its minimum at ¢ el

Corollary 5.3.3. Let w and 1y be given by Proposition 5.3.1. Then for T < e™™,

(2, t:T) = V2(T — Y@ (ﬁ)

is a super-solution of equation (5.1.3) for —p/2(T —t) <z < py/2(T —1), 0 <t <
T.

This result is obvious by Proposition 5.3.1. Here we omit the proof.
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Remark 5.3.4. For n = 2, recall v given in Section 1 and ¢, given by Proposition
5.3.1. Then for all 0 <~ < arctan /(1 + €9)? — 1, we can choose p and C satisfying
1 < p<C <1+ ¢ such that

o2 — 2
—

v <

For n > 2, it 0 < v < arctan+/n — 2, we can choose p, C' satisfying 1 < p < C

VT

P

VO
p

and p? + C? < n such that
v <

It is obvious that the cone

lyl = |z]

is the envelop of the family of hypersurfaces {|y| = Xw(z/\)}r>o-
By the property of ug, we can get

Ny

y=—————|z[ > uo(2),

for small |z|.

Therefore, there exists T'(p, C') such that for all 0 < T < T'(p, C),
u(z,0;T) > up(x),

—pV2T <z < pV2T.

Proof of Theorem 5.1.2. As mentioned in Remark 5.3.4, we choose

arctan /(14 €¢)2 — 1, n =2,

arctany/n — 2, n > 2.

Obviously, a,, — 7/2, as n — 0.
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For every v < a,,, we choose C' and p as in Remark 5.3.4. Let T, < min{T(p, C), e},
where 79(p, C') is given by Proposition 5.3.1 and T'(p, C) is given by Remark 5.3.4.
Next we show that for every 0 < ¢t < T, the origin O € E(t)¢. Let flow

LT) = {(z,y) | lyl =u(z,t,T), —p/2(T —t) < < p\/2(T - 1)},

0 <t <T. Remark 5.3.4 shows that for every 0 <t < T,

T(0;) N E(0) = 0.

By comparison principle, we can easily show that

[(s;t)NE(s) =0, 0<s<t.

(Noting that I'(s,t) is a hypersurface with boundary, we must consider the compar-
ison principle in interior and boundary separately. By comparison principle, 0FE(s)
can not touch I'(s, ) interior. At the boundary, gradient of %(x, s,t) is infinity. The-
orem 2.3.4 and 2.3.7 implies that OE(s) can not touch I'(s, ) at the boundary. The
details are left to the reader) Especially,

{0} N E(t) =T(t;t) N E(t) = 0.

Therefore for every 0 < t < T, there holds O € E(t)".

Here we show that E(t) is separated into two connected components, for 0 <
t < T,. Let E*(t) (E~(t)) and U*(t) (U (t)) be the outer evolution and inner
evolution of V = —k + A with E¥(0) = UNn{z > 0} (E~(0) = UnN {x < 0}) and
UH0)=Un{z >0} (U (0)=Un{z <0}), respectively.

Since U N{z > 0} and U N{z < 0} are a-domains and E*(¢t) N E~(t) = 0, using
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Theorem 6.0.3, we obtain
OET(t) =0U™(t), OE~(t) =0U(t), 0 <t < T,.
Therefore
OE(t) =0ET(t)UOE~(t) =0U T (t)UdU (t) =dU(t), 0 <t < T,.

Here we complete the proof. O

Corollary 5.3.5. Let ug be a function as in Section 5.1 and let v be the constant
in (5.1.2). Forn > 2 and 0 < v < a,, there is no solution of the following free

boundary problem,

TT -1
Yor N0 AT @2, —bt) <z <b(t), 0<t<Ty,  (51.3)

:1—|—u§ u

U

u(b(t),t) = u(=b(t),t) = 0, uy(—b(t),t) = —u,(b(t),t) =00, 0 <t <Ty, (5.1.4)
u(z,0) = up(x), —by < x < by, (5.1.5)
u(z,t) >0, —=b(t) <z <b(t), 0 <t<Th. (5.1.6)

Proof. Assume that there exists the solution (u,b) of the free boundary problem.
We can use the approximate argument similarly as in Lemma 5.2.3 to prove that the

outer evolution F(t) is written as follows
E(t) = {(z.y) [R™ [ |yl < ul, 1), —b(t) <= < b(t)}.

This contradicts that E(t) is separated into two connected components. O
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5.4 Singular angle v < /2 with n =1
In this section, we give the proof of Theorem 5.1.3.

Proposition 5.4.1. (Connected Outer evolution) Let uy be a function as in Section
1. In the plane, there is Ty > 0 such that (u,b) is a unique solution of the following

free boundary problem,

u:m:

= 1oz PAVIHuE, —b(t) <o <b(t), 0<t<T, (5.1.3%)

Uy

u(b(t),t) = u(=b(t),t) =0, u,(—b(t),t) = —u,(b(t),t) =00, 0 <t <Ty, (5.1.4)
u(z,0) = ug(x), —by < x < by, (5.1.5)
u(z,t) >0, —=b(t) <z <b(t), 0<t<T. (5.1.6)

Moreover, the outer evolution
Et) ={(z,y) € R?*| |y| < u(x,t),-b(t) <2z <b(t)}, 0<t<Th.

Proof. Using the approximate argument as in Lemma 3.2.5, we can prove that there

exists 77 > 0 such that E(t)° is At-domain, 0 < ¢t < T}. Moreover,
E(t) ={(z.y) €eR* | ly| < u(z,t),=b(t) <z <b(t)}, 0<t < T3,

Here (u, b) is the unique solution of (5.1.3%), (5.1.4), (5.1.5), (5.1.6). For the precise

proof, we can see [5] similarly. Here we omit the details. ]

Remark 5.4.2. Indeed, it is determined by the existence of the solution (u,b) of
(5.1.3%), (5.1.4), (5.1.5), (5.1.6) whether the outer evolution is connected or sepa-
rated.
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Under the condition n = 1, saying roughly, if u satisfies

w= — AT 2, (5.1.3%)

T4

and u(z,0) = ug(x) > 0, by comparison principle, u(z,t) > 0, ¢ > 0. This means
that the problem always has a “positive” solution in the plane. This can be explained
precisely by Lemma 2.3.9

However, under the conditon n > 2, the equation

1
w=—zm T ATl (5.1.3)

:1+u920 u

_n—1»

has the “contraction power We can not ensure that the problem has a
“positive” solution with u(z,0) = ug(z) > 0. Lemma 5.2.6 shows that if v = 7/2,

this problem has a unique “positive” solution.

Proposition 5.4.3. (Separated inner evolution) Suppose 0 < v < w/2. Let (u,a,b)
be the solution of the following problem

umz
1+ u?

+ AV 1+u2, a(t) <z <b(t), 0<t<Ty, (5.1.3%%)

U =

u(b(t),t) = wu(a(t),t) =0, ug(a(t),t) = —u,(b(t),t) =00, 0 <t <Ty, (5.1.4%)
u(x,0) = ug(x), 0 <z < by, (5.1.5%)
u(z,t) >0, a(t) <z <b(t), 0 <t<T. (5.1.6)

Then there exists 6 > 0 such that a(t) >0, 0 <t < 0. Moreover, the inner evolution

U(t) can be written as follows,

Ut)=Urt)UU (t), 0 <t <9,
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where UT(t) = {(z,y) € R?*| ly| < u(z,t), a(t) <z < b(t)} and U~ (t) = {(—=z,y) |
(z,y) e UT(1)}.

Proof. We claim that there exists 6 > 0 such that a(t) > 0 for 0 < ¢ < 4. If the claim
holds, UT(t) N U~ (t) = 0, 0 < ¢t < ¢. Using Lemma 2.1.9, U(t) = Ut (t) N U (¢),
0<t<o.

We give the sketch of the proof of the claim.

Let v < 7 < /2. Define a family of circles

vA(y) = AC' — \/(AC cos(m/2 — 71))2 — y2.

It is easy to find that the envelop of {vy}xso is |y| = tany .
Let {(z,y) | * = vo(y), —0p < y < do} be the left cap of OU N {z > 0}.

By the choice of =1, if necessary, choose dy smaller such that
vo(y) < tan(m/2 —n)lyl, —do <y < do.
Consider the following inverse equation

— WA 142, =
= — —0g <y < 0

with v(y,0) = tan(m/2 —~1)|y|. Since the initial function is not smooth, we modify it
by the family {v)}r>0 near the origin. Let v, (y,t) be the solution with the modified

initial data. We calculate

1
(0,0) = ACcos(m/2 — 1) A = oo,

—U
ot

as A — 0. Therefore, there exists constant C' > 0 such that v)(0,¢) > Ct, for ¢ small.
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It is easy to see vy(0,t) — a(t), for every t small. Then
a(t) > Ct, 0 <t <,

for some 0. Here we complete the proof.

]

Proof of Theorem 5.1.3. This result is an easy consequence of Proposition 5.4.1 and

Proposition 5.4.3. O
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Chapter 6
Appendix

In this section, we want to prove that there exists unique smooth family of smooth

hypersurfaces I'(t) satisfying
V=—k+A onl(t)c R" (1.1.1)

where I'(0) = OU and U is an a-domain.
Seeing QU is not necessary smooth, we also use the level set method and prove
the interface evolution is not fattening.
We choose smooth vector field X : R"™! — R™"*! such that
(i) At any point P € 0U not on the z-axis has (X (P),n(P)) > 0, n is inward unit
normal vector at P.
(ii) Near the two end points of U, X is constant vector with X = +ey = (+1,0,--- ,0).
Since X # 0 on the compact OU, there is an open neighbourhood V' O 90U on
which | X| > § > 0 for some 6 > 0.

Proposition 6.0.1. For small enough p > 0 there exists a smooth hypersurface
X CV with
(1) X(P) ¢ TpX at all P € X, i.e., ¥ is transverse to the vector field X .
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Figure 6.1: Vector field X

(i) ¥ = 0U in {(z,y) € R x R" | |y| > 2p}.
(111) XN {(z,y) € RxR™ | |y| < p} consists of two flat disks A, = {(a,y) € RxR" |
lyl < p} and Ay = {(b,y) € R x R™ | |y| < p} for some a < b.

Seeing Figure 6.2, this proposition can be proved as in Proposition 3.2.1.
Let ¢' : R"* — R (¢t € R), t € (=6, d) be the flow generated by vector field X

on R"*! determined by

We denote o(P, s) := ¢*(P). Suppose I'(t) C V(0 <t < T) are smooth hypersur-
faces with o= 1(T'(¢)) being the graph u(-,t) for u : X x [0, T) — R. Let 21,29, -+ , 2,
be local coordinates on an open subset of X. If I'(¢) evolving by V' = —k + A, then

in these coordinates u satisfies the following parabolic equation

ou

i a;;(z, u, Vzu)Vizju + b(z,u, V,u). (3.2.1)
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oU

Figure 6.2: Proof of Proposition 6.0.1

For example, on A,, by calculation, o(y1,,y2,* ,Yn,S) = (@ — S, Y1, Y2, , Yn)-

Then u satisfies the ”—" condition of (2.2.1).

Proposition 6.0.2. For n > 1, let I'i(t), T2(¢)(0 < t < T) be two families of
hypersurfaces and o~ (T;(t)) be the graph of u;(-,t) for certain u; € C(X x [0,T)).
Assume that the u; are smooth on ¥ x (0,T) as well as on ¥\ (A, U Ap) x [0,T).
Then if the T';(t) evolve by V. = —k + A and if I'1(0) = I'y(0), then there holds
[y(t) =To(t) for0 <t <T.

The proof is similar as in Proposition 3.2.4. Here we omit it.

Theorem 6.0.3. If U is an a-domain with smooth boundary, let D(t) and E(t) be
the open and closed evolutions of V.= —k + A with D(0) = U and E(0) = U. Then
there exists T > 0 such that 0D(t) and OE(t) are smooth hypersurfaces for 0 <t <T
and 0D(t) = OE(t). Moreover, denoting ¥(t) = 0D(t) = OE(t), 3(t) can be written
into X(t) = {(z,y) € RxR" | |y| = u(x,t),a(t) <z < b(t)} and (u,a,b) is the
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#(P,u(P)),Pex

Figure 6.3: The transportation from ¥ to I"

solution of the following problem

¢ —1
Up = 11:5:;2 _n + AV1+4u?, x € (a(t),b(t), 0 <t <T,

u(a(t), t) =0, u(b (t),t) =0, 0<t<T, (%)
ugz(a(t),t) = 0o, u,(b(t),t) = —o0, 0 <t <T,
| u(z,t) >0, € (a(?),b(t)), 0 <t <T.

Proof. We only give the sketch of the proof. By approximate argument, dD(t) and
OE(t) are smooth hypersurfaces and can be represented by o (P, u;(P)), for some u;,
j = 1,2. Then we can use Proposition 6.0.2 to prove 0D(t) = OFE(t). Therefore
['(t) = OE(t) can be represented by I'(t) = {(z,y) € R x R" | |y| = u(z,t),a(t) <
x < b(t)}. Using Theorem 2.1.10, (u, a,b) is the solution of (**). O
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